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Abstract

Transport properties of carbon dioxide with strongly excited asymmetric vibrational mode are studied on the basis of
kinetic theory treatment. The kinetic model takes into account anharmonism of molecular vibrations and different rates of
various energy exchanges. The method of transport coefficients derivation is proposed. The calculation of nonequilibrium
specific heats is carried out using a non-Boltzmann distribution of the molecules over vibrational energy levels. The effect of
strong vibrational excitation and anharmonicity on thermal conductivity, shear and bulk viscosity coefficients is estimated.

1. Introduction

Development of laser physics, plasma chemistry, atmosphere physics, dynamics of expanding flows and other
fields of modern sciences requires the prediction of nonequilibrium transport properties in polyatomic gases.
The first attempt of description of thermal conductivity in molecular gases was done by Eucken [1]. He derived
an empirical model which connects thermal conductivity with heat capacity of internal degrees of freedom.
More rigorous models were developed for weak-nonequilibrium conditions [2-5] on the basis of kinetic theory.
Thermal conductivity coefficients of CO, under strong vibrational nonequilibrium conditions were considered
in Refs. [6,7]. However, in all these works the complex structure of the molecule CO, was neglected, and
various vibrational modes were not distinguished. Actually, a precise description of internal modes and their
interaction remains complicated. Real gas effects such as anharmonism of molecular vibrations, different rates
of various energy exchange inside and between modes can disturb the equilibrium distribution functions and
impact essentially on transport terms. The vibrational kinetics of polyatomic gases taking into account these
peculiarities was studied in Refs. [8-10]. The kinetic model of dissipative processes in polyatomic gases
considering the vibrational energy exchange within and between models was proposed in Ref. [11]. Transport
properties of CO; simulated by a set of harmonic oscillators were investigated in Ref. [12].

Strong excitation of asymmetric vibrations occurs in many cases such as flows in nozzles and gasdynamic
lasers [13,14], experiments on laser fluorescence [15] or nonequilibrium plasmas and discharges [10]. In
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the present paper transport coefficients in carbon dioxide with strongly excited asymmetric vibrational mode
are studied on the basis of the kinetic theory treatment taking into account anharmonic effects. The linear
tri-atomic molecule CQO; is simulated by a rigid rotator and a set of three anharmonic oscillators. The modified
Chapman-Enskog method is used for the determination of distribution functions and evaluation of transport
terms. It is shown that anharmonism of molecular vibrations and non-Boltzmann distribution of molecules over
vibrational levels can influence significantly the specific heats and thermal conductivity coefficients.

2, Kinetic equations

The carbon dioxide molecule is a linear triatomic molecule which, in the ground electronic state, has three
vibrational degrees of freedom. The first mode is the symmetric stretching mode with frequency »;, the second
is the doubly degenerate bending mode with frequency v,, and the third is the asymmetric stretching mode with
frequency v;3.

Vibrational energy of linear tri-atomic molecules is defined as follows [16]:
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Here i}, i, i3 are the vibrational quantum numbers corresponding to the symmetric, bending and asymmetric
modes, d; is the degree of degeneracy of the kth mode, ! is the additional quantum number describing the
projection of the angular momentum of the bending vibrations onto the axis of the molecule, ! is the wave
number of kth mode, xj; and yg; are the constants of anharmonicity.
Rotational energy levels are described by the rigid rotator model. Vibrational and rotational energy levels are
assumed to be independent, i.c.

with j the rotational quantum number and g;; the total internal energy of the molecule.

The system of Boltzmann kinetic equations for the distribution functions f;;(r,u,t) of each vibrational
i= (il, ib, i3) and rotational j species over velocities u and spatial and temporal co-ordinates r and t can be
written in the form of Wang Chang and Uhlenbeck [3]:
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where the collisional operator J;; has the form:
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in which a-‘:/.{,",ll is the differential cross section for inelastic scattering into a solid angle d2£2 of the molecules

at the ith and kth vibrational levels and j th and [th rotational ones, g is the relative velocity, while s;; = s;5;,
s; and s; are the vibrational and rotational statistical weights. The collisional operator represents the sum of
several terms which describe collisions of different types:

Jij = JT + JRR 4 JBT 4 W+ Y+ I+ IR (5)
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The term J[I is concerned with elastic collisions, J& and JXT represent collisions with rotational and rotational-
translational energy exchanges, J,-‘j’-” corresponds to collisions with exchange of all kinds of energy. The collision

integrals J,.‘;V " and J,“;V " describe collisions with vibrational energy transfer within and between vibrational modes,
and can be written as a sum of terms:

4 w/ wy wy

J,‘;V =Jijl +Jij2 +Jij3 , (6)
" w wy! w!

J";V =Jlj 12 + JU 2 + Ju 13 . (7)

Collisions with vibrational-translational energy exchange are characterized by the operator J,.‘j’.’ which can also
be expressed as a sum of three terms.

It is known that in real gas flows the rates of various processes can differ significantly. Thus, for the
equilibration of the translational degrees of freedom, only a few collisions are needed, whereas vibrational
relaxation requires several thousand collisions [9,17]. The macroscopic kinetic model depends essentially
on the relations between characteristic times of different processes. Strong nonequilibrium conditions appear
when some of characteristic relaxation times become comparable with the macroscopic time #, and hence the
right-hand side of the kinetic equation (3) can be written as a sum of terms of different orders [7,18]:

af ij afij _ l rap 1

a %ar —sJij + i (8)
where & = Ty5p /74 is a small parameter, 7, and 75 are the mean times between frequent and rare collisions, J,-'j‘.’p
and Jf} are the collision operators for rapid and slow processes. The structure of these operators is determined
by the specific flow conditions. Thus, in the general case, for a linear triatomic molecule with strongly excited
vibrational degrees of freedom, nonresonant W’-exchange within modes is much more probable than exchange
of vibrational energy between different modes and VI" exchange [9]. In the particular case of the CO; molecule,
Fermi resonance [16] results in increasing the probability of near-resonant exchange between the symmetric and
bending modes. Strong coupling of the symmetric and bending modes is typical for flows behind shock waves,
in nozzles and discharges [14,15]. Under conditions of essential excitation of the third mode the equilibration
of the combined Fermi-resonance mode is found to be more rapid when compared to the relaxation of the
asymmetric vibrations [15]. A number of experiments on laser fluorescence [13,15] and measurements of
vibrational temperatures in laser mixtures containing CO, [14] show that the symmetric and bending modes
can often be considered to be in equilibrium with the rotational and translational degrees of freedom. In this
case the hierarchy between relaxation times is the following:

Tir <TRr ~ TRR < TW/,, ~ TW, ~ Tvn, K Tvi ~ Twy ~ TVRT ~ 6. 9

This relation is also valid for fiow behind a strong shock wave, except for the zone of relaxation of the
combined mode, which is rather short when compared to the length of the relaxation zone for the vibrational
energy.

3. Zeroth-order approximation

For the solution of Eq. (8) the generalized Chapman-Enskog method is used. Distribution functions
fij(r,uc,t) are expanded in power series of the parameter £ (¢ < 1). The zeroth approach gives the fol-
lowing relation [18]:

TR, @) =0. (10)

Under conditions (9) integral operators of rapid and slow processes can be written as:
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The logarithm of the zeroth order distribution function In f, / s;; is found to be a linear combination of the
summational invariants npu’\) (A=1,2,...) of the most frequent collisions (eigenfunctions of the linearized
collisional integral of rapid processes i;p). The invariants for all collisions are the number of particles
(«//“) 1), the momentum (¢(2) = mu, m is the molecular mass), and the total energy of the molecule

(1//(3) = mu®/2 + €; +&;). In strong nonequilibrium conditions there exist also additional invariants of the rapid
process. For the harmonic oscillator model W exchange is resonant, and the vibrational energy of the molecule
is conserved in rapid processes. For the anharmonic oscillator models this quantity is not conserved due to
the nonequidistant separation of the vibrational levels. The number of vibrational quanta was found to be an
additional collisional invariant for diatomic gases [19]. For polyatomic molecules under conditions (9), the
number of vibrational quanta of the asymmetric mode is conserved in nonresonant Wj exchange (‘/’i(j'4) =13).

Actually, this last invariant exists only for the lower vibrational levels, when the most frequent collisions
do not include resonant exchange between the neighboring levels in each mode. In addition, the probability
of VI exchange increases rapidly with vibrational quantum number for the anharmonic oscillator, and for the
upper levels becomes comparable with the probability of W transfers [19]. Taking these features into account
leads to a complex form for the distribution function. Such a distribution has been derived for diatomic gases
in Refs. [20,21]. It is also known that for a high degree of vibrational excitation, a strong interaction occurs
between vibrational modes, and that in the quasi-continuum region they cannot be distinguished. The vibrational
kinetics of the CO; molecule with mixed modes in the upper levels has been studied in Ref. [10]. The present
work is restricted to those levels of the asymmetric mode for which nonresonant processes are more probable.
Vibrational modes are assumed to be separable.

The normalizing conditions for the distribution function are written using the system of collision invariants:

n=Z/f,~j du=Z/f,-(j°) du, (13)
pu_Z/muf,, du—Z/mu O du, (14)
pU = Z/(———+s,+s,> fij du= Z/( +s,+e,) £ du, (15)

pW3=Zi3/f,~j du=2i3/f,§.‘” du . (16)
ij ij

Here n is the total number of particles, v is the macroscopic velocity, p is the density, W is the average number
of vibrational quanta in the asymmetric mode per unit mass, U is the total energy per unit mass:

pU = 3nkT + pE; + pE, (17)

where k is the Boltzmann constant, T is the gas temperature, and E;, E,, are respectively the rotational,
vibrational energy per unit mass.

Starting from the system of collisional invariants and using the normalizing conditions (13)-(16), the
distribution function in the zeroth Chapman-Enskog approximation method is found to be

0 o M _me _E _ gy,
15" =772, xP( T kT kT)X" (18)



A. Chikhaoui, E.V. Kustova/Chemical Physics 216 (1997) 297-315 301

Here ¢ = u — v is the peculiar velocity. Partition functions are defined as follows:

3/2 . .
Z = <2777nk_T) , Z'=Zsf exp (—kEJT—) , Zv=Zs,- exp (—:—}) X;. (19)
j i

The term X; describes the deviation of the zeroth-order distribution function from the equilibrium Maxwell-
Boltzmann distribution, and is due to the conservation of some additional quantities in the most frequent
collisions [18]. In the present case X; is determined by the conservation of the number of vibrational quanta
in the asymmetric mode is:

X: = exp (y3i3) . (20)

The parameter 3 is defined from the normalizing condition (16) and can be expressed in terms of the
“effective” temperature of the first level of the asymmetric vibrational mode:

€ 1 1
Y3 = % (T - 73) s €13 = &p,00,1 - 2n
Thus the distribution function (18) takes a form
2 . .

© o My (M8 sz ien  hen -

fi" = Z7.7, P ( 2T~ kT~ AT kT ) ' (22)
Nonequilibrium populations of vibrational levels n; = iy i iy ATE obtained from Eq. (22) as follows:

_nsi & — 3813 i3€n3

M=z, e"p( ;T K ) ' (23)

One can see that the distribution (23) represents a Boltzmann distribution of the molecules over the vibrational
levels in the symmetric and bending modes and an analogue of the Treanor distribution in the asymmetric
mode. For vibrational equilibrium, with 73 = 7, it reduces to the equilibrium Boltzmann distribution with
temperature 7. If the anharmonism of the vibrations is negligible, then Eq. (23) reduces to the nonequilibrium
multi-temperature Boltzmann distribution, with the vibrational temperature of the asymmetric mode T> = T5.

Fig. 1 represents reduced level populations of asymmetric mode rg g0 ;, /7 as functions of i3 at T = 1000 K for
different 75 as well as the corresponding Boltzmann distributions for the harmonic oscillator model. One can
conclude that for T3 < T the deviation of (23) from the Boltzmann distribution is negligible. The discrepancy
becomes noticeable for equilibrium conditions (i.e. 73 = T'), and increases essentially with the nonequilibrium
factor T3 /T. Populating the more energetic higher levels will therefore have a significant effect on nonequilibrium
specific heats.

4. Macroscopic equations

The macroparameters p, v, U and W are found from the following system of equations.
Equation of mass conservation:

d
2L pVr=0; (24)
dr
Equation of momentum conservation:
dv

pg; +VP=0; (25)
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Equation of total energy conservation:
daUu
p-d—t+Vq+P:Vv=0; (26)

Relaxation equation for the mean number of vibrational quanta in the third mode (it is written in the
dimension of energy):

d (e;3W:
p—(s—;——ﬁ +Vg; = Zi3s.3/15} du. (27)
ij

Here P is the pressure tensor:

P=Z/mccf,-j du; (28)
i

q is the heat flux:
2
mc
q=;/(—2—+8i+€j)cfij du; (29)
and g, is the flux of vibrational quanta in the third mode:
g =Zi3813/cfij du. (30)
i
In the zeroth approximation ¢® = ¢{») =0, P‘) = pI, p = nkT, I is the unit tensor. For the derivation of
the first-order distribution functions and transport terms nonequilibrium specific heats must first be defined.
5. Nonequilibrium specific heats

On the basis of zeroth-order distribution functions (22) the nonequilibrium specific heats at constant volume
are introduced, as follows:

“SF Tame ST T Gh
OE\(T,T3) OE (T, T3)
63= vaT , 6{3:_‘,3_1'3_-' (32)

Here translational, rotational and vibrational energy per unit mass E,, E,, E, are defined as:

PE(T) = 3nkT,
= SO du= =S sjexp (— L
PE(T) = ‘Zj/sjfu du Z ;sj exp ( kT) ,

= O du = = , _&—bEis i€
PEV(T, T;) _,Zj/elfu du Zi:sln, Z Ze, exp ( T iTs ) . (33)

For gas temperatures higher than room temperature the rotational specific heat can be defined classically:
¢r = k/m (except for the light molecules Hj, D;). Vibrational specific heats depend on both gas temperature
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and the temperature 73; they differ from the equilibrium specific heats and those calculated with the harmonic
oscillator model. Thus, for the harmonic oscillator ¢! = cT(T) and ¢ = ¢ (T3).
It is conventional to introduce the definition of the averaged value (£), of £ over the vibrational spectrum:

1 — 3813 3613
- Z&m = ZE, exp ( T . ) , (34)
and (£);, the averaged value of £; over the rotational spectrum:
1 Ej
= Z%:f,-ew (—ﬁ) (35)

After carrying out differentiation one can obtain the following expressions for the vibrational specific heats:

k & & — 3813 i — §3€13
r_K i
o (), - (7)) @
k &; I3€13 E; i3€13
ot il aitd . 37
“Em <<kT kT > <kT> < kT >> (37)

For a clearer understanding of further developments, it is necessary to introduce additional modified specific
heats:

d (esW3(T,T3)) d (esW3(T.T3))
Ca = aT > CZV‘J = 3T3 4 (38)
and total specific heat:
oU
c,,=ﬁ=c.+c,+c3. (39)

The expressions for ¢, and ¢’} have the forms:

kT3 (/ize13 & — izen3 i3€; & — i3€13
T 13813 & — 13813\ 3 & — 13E13
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k i3€13 2 13813 g
3 _ N A
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For thermal equilibrium (73 = T) the total vibrational specific heat is ¢, = cI + c*. This value has been
calculated for CO, in the temperature range 300-4500 K for varying numbers of vibrational energy levels. The
results are plotted in Fig. 2. Furthermore, the dimensionless specific heats (divided by k/m) are considered
with the same notation. One can see that by increasing the gas temperature the upper levels become populated
significantly, and consideration of only the lower levels leads to irregular behavior of c¢,, with a consequent
underestimation of its values. Thus, consideration of the 10 first levels in each mode gives reasonable values
for ¢y up to temperatures of 1000 K. Then, for temperatures up to 2500 K 30 levels are sufficient for a good
estimation of c,. Finally, for higher temperatures (7 < 6000 K) 60 vibrational levels in each mode need to be
taken into account. The influence of anharmonism on the equilibrium specific heat reaches 5% at T = 4500 K,
and increases with temperature.

The effect of strong excitation of the asymmetric mode on specific heats is presented in Figs. 3 and 4 where
their dependence on T; is plotted at different T. Both ¢! and ¢ increase with T3 and T. The comparison with
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Fig. 1. Level populations of the CO; asymmetric mode nyp ;, /n Fig. 2. Thermal equilibrium CO; specific heat ¢, as a function of
for different values of T3 for T = 1000 K. Comparison with the T calculated with different numbers of vibrational levels. Compar-
harmonic oscillator model. ison with the harmonic oscillator model.

specific heats calculated for the harmonic oscillator model shows the essential discrepancy for large values
of the nonequilibrium factor ¥ = 73/T. This deviation is related to the increased populations of the upper
vibrational levels in the case of the anharmonic oscillator (see Fig. 1). The surprising behavior of the specific
heat ¢T3 at T = 500 K is explained by the strong influence of the non-Boltzmann vibrational distribution at high
values of the nonequilibrium factor, y > 5-6. It is interesting to note that peaks, corresponding to y ~ 6-8,
are achieved at the maximum vibrational energy store at several lower levels. Further decreasing of the specific
heat ¢ with increasing vy is due to the re-distribution of vibrational energy over vibrational levels and the shift
of its maximum towards the higher levels. A similar behavior of the specific heat in excited diatomic gases was
obtained in Ref. [21].

6. First-order approximation

The first-order distribution functions are found from the following linear integral equation:

dfy

J:;}P (f(o),f(0)¢) = i

— ]lsjl (f(o),f(o)) . (42)

Here ¢;; is the perturbation term, ,.(jl) = ¢y ,.(jo).

Upon converting to the peculiar velocity ¢ and taking into account the zeroth-order distribution functions
(22) and macroscopic equations (24)-(27) in zeroth-approach, one can express d fi(jo) /dt in the form:
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where
(&1, =&~ €, &L =&~ (O, (44)

with average values defined by Eqs. (34) and (35), and R given by:
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Proceeding from Eq. (43), the solution of Eq. (42) can be found to have the form
D= (—%AUVlnT —A(3)V1 T; — —B,, Vv — —F,,Vu - -G,,) (46)
in which functions A;;, Afj” B;j, Fij, Gij depend on the microscopic velocities # and the macroparameters
n(r,t), v(r,t), T(r,t), T5(r,t), and can be obtained from the linear integral equations which follow from

Eq. (42) after substituting Eq. (43) into Eq. (42) and equating the coefficients of the gradients of the same
macroparameters. Finally, these integral equations take the forms:

5 YR s — ien]
i (0) iy B &i 713813
nly(A) = fi ( 2+[kr]r+[ xT ]) (47)
&
nli;(A®) = fO¢ [';T”‘] (48)
nl;(B) =2f (€cC - i), (49)
ey (o (0 3 Te—bes]
nIzj(F) f (p(cucaa — cac@) ((C 2 + kT .
g /A R R S (50)
kTl T kT3 T 3
R 3 &; — ize I
- (0) o) 2_2 &i — 3813
nI.,(G) (p(cuc,T,? — (;56{3) ((C ) + [ kT ]v
’ 7 . 4
£Ej Cy 313 | Cu 1 £(0 0
Sl ) oo _ (B3] Cu) | plp©) gy 1
+[kT]r> T [kn]vn g (51)
where
m .
2kT

is the reduced peculiar velocity, and /;; is a linearized operator of rapid processes:
1 oty
i) == / FPED (B + b — By — bior) gt duy; 0. (52)

kLij? keI

From the normalizing conditions (13)-(16) additional constraints for the functions A = A(e)e, A® =
A® (¢)e, F, G are derived:

z:m/fi(jo)Ac2 du=0, Zm/f,-(jo)A(”c2 du=0, (53)
ij ij
Z/ OF du=0, Z/ DG du=0, (54)
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/ ‘0’( +e,+a,)qu=0, (55)

Z/ (0)( +s,+e,>Gdu=O. (56)

These constraints should be taken into account for the solution of the integral equations (47)-(50).

7. Transport terms

First-order distribution functions provide the following expression for the pressure tensor P:
=(p—pe)d —2uS -9V -vl. (57)

Here u, 7 are the shear and bulk viscosity coefficients, prel is the relaxation pressure:
kT
’u=T6[B’B]’ n=kI' [EF], pre = kT [FG] . (58)

The bracket integrals are as defined in Ref. [22]:

[A,B] =Z/1,~,-(A)B.-j du,
i

while the functions B, F and G are determined from the linear integral equations (49)-(51).

The bulk viscosity appears in the expression for the pressure tensor as part of viscous dissipation. In a flow
field, V - v # O corresponds to pure expansion or compression of the gas. This process involves directly only
the translational degrees of freedom. A certain time is needed to equilibrate translational and internal degrees
of freedom through inelastic collisions. This time is determined by nonresonant and inelastic rapid processes:
RT exchange, W’ and W transfers and VI" exchange in the symmetric and bending modes. The appearance of
the relaxation pressure pr is connected with the existence of slow VI3 and VRT processes, together with rapid
inelastic ones.

The expression for the total heat flux q is:

g=—AVT — AP VT;. (59)

It contains the gradients of two temperatures VT and VT3;. The thermal conductivity A is a sum of three
terms A = A, + Ar + Ay, where A, and A, are translational and rotational thermal conductivity coefficients.
The coefficient Ay = AL 4+ A2 4+ AP, in which the first and second terms are connected to the transfer of
vibrational energy in the first and second vibrational modes, which are in equilibrium with the rotational and
translational modes, and the third term appears due to the rapid nonresonant W' vibrational energy exchanges
in the asymmetric mode, and vanishes for the harmonic oscillator. For the A-coefficients the following equations
are obtained:

kT3

3)
[A A1+ 32 [49.4], (60)
A$3) - % [A,A(3)] + g [A(S)’A(3)] , (61)

in which the functions A and A® are solutions of Eqs. (47)-(48).
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One can notice that shear and bulk viscosity coefficients and all thermal conductivity coefficients are deter-
mined by cross sections for the rapid processes. On the other hand, the expression of the relaxation pressure
includes in addition cross sections for the slow processes.

8. Transport coefficients

For the solution of the integral equations (47)-(51) the functions A, A’, B, F and G are expanded into
triple series of orthogonal Sonine polynomials [22] and polynomials used by Wang Chang and Uhlenbeck [3]
and by Waldmann and Triibenbacher [23]:

Ay = ZchZa,,,qsg;;(c%Pj‘”) (Z) P (—#f—”) : (62)
AP = ZZTcZa'(S)IJ‘(r) (1_13(%3) ’ (63)

B = Zb (ChH (cC-ict), (64)
Fy= er;drpqu;ﬂcz)P“” (Z) P (—k;ﬂ Cn TT3 ’Z;‘;) (65)
Gy = %;g,pqsf;;(cz)li”’) (kT) P (-—ﬁ‘i - %%’2‘;}3> . (66)

Basic functions of the Waldmann-Triibenbacher polynomials differ from those usually applied for the derivation
of transport coefficients [2]. They are chosen in accordance with the right-hand sides of equations (47)-(51),
so that the system of algebraic equations for the coefficients of expansion can be simplified and then the
transport coefficients can be expressed in terms of the first non-vanishing members of the series (62)-(66).

Using a procedure similar to that elaborated in Refs. [20,21] for diatomic gases, systems of linear algebraic
equations for the coefficients of expansions (62)-(66) are obtained. The coefficients of these systems are the
bracket integrals depending on cross sections of the rapid processes.

Solution of the systems for a,,, and a‘® provides the following expressions for the heat conductivity
coefficients:

5k A1 k A3
=-_1 A==,
METR MEaaS (67)
kA, T 3 3k2T (,'T3
=-—=c, AP====
Ae=5a e VT B s (68)
Determinants A; (i=1,2,3) and A are composed of bracket integrals A, pprqq [20]:
Arripprag = | S PP P & — i3e13 C. s )P(p )P(q) i — 13813 c (69)
rr'ppiqq 3/2% kT 3/2 ———kT i

The integral as; is also a bracket integral defined as:

i3€ i3e
axn = [Pi(l) (——17333) c PV <—“27333) C] . (70)
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Once the simplifications based on the assumptions of Mason and Monchick [2] have been made, the
bracket integrals A, ppr4, and a2 can be expressed in terms of the nonequilibrium specific heats, the elastic
2% integrals [22]:

o0
(Lr) kT 12 2y 2r+3 )
o= g exp(—gp)g "2 dgo,
0

QW = 9W(g) =27r/{1 —cos’ x(b,g)}bdb, (71)

and the inelastic collision integral B containing the inelastic cross sections of all frequent collisions:

2 KT\ g — €13 3813
B= 7z (mn) _ Z SijSkt EXP <_ KT kT
ijkl
/ Iklll
g & —kieiz  ksgz —) g (Ae)? i 204 7
_ﬁ — T T3 eXp( )g ( 8) o-zjkl g - ( )

Here Ae is the defect of resonance in nonresonant inelastic collisions:

1
As=k—f(a,./ +&y +ey +ep —& — & —& —&). (73)

Since vibrational and rotational energy have been assumed to be independent, A& can be represented as a sum
of resonance defects of the rotational and vibrational energy, Ae = Ae" 4+ Ag¥. Then, as far as VRT exchange is
considered to be a slow process, one can neglect the product of Ag" and Ae". Therefore integral 8 also can be
divided into two parts, B, and B,, containing, respectively, the cross sections of RT exchanges and all frequent
vibrational transfers (W', W', VI, VI»).

Thus we obtain the following expressions for A,/ ppre, and aoa:

= 400Dl 4 3p, (74)
Atioooo = 40232 + BB + BB, Aoo1001 = Acoor10 = 0,
Acorigo = 402" Ve + 28, A100100 = Aot1o0 = — 3B (75)
Agooor1 = 402Dl 4 %ﬂv s Atoooor = Aoroo10 = —§ﬂv-

By using the theory of Parker [24] for the rotational relaxation time 7, the integral B; can be written in
terms of the time 7, as
Bo= s (76)
ncy T
Calculation of the integral By is rather complicated. Theoretically, it can also be expressed in terms of relaxation
times of each vibrational exchange: W', W”, VI, VI,. Nevertheless, there are no experimental data available
for relaxation times of the different modes in CO,. For the calculation of B, the generalized SSH theory [9,25]
has been used to obtain an analytical expression for B,. This approach is not quite rigorous, but it can be
applied to estimate the order of magnitude. In this way S, is found to be one to three orders of magnitude
smaller than ..
At this step all A-coefficients have been obtained as functions of the nonequilibrium specific heats, elastic
collisional integrals, the rotational relaxation time and the probability of different vibrational energy transfers.
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Table 1
Comparison between the thermal conductivity coefficients (A, 103 W/Km) calculated on the basis of exact (Egs. (67)-(68)) and
approximate (Eq. (77)) models for CO; at T3 =2000 K

Eqgs. (67)-(68) Eq. (77)

T(K) AS,S) Avt Ar A /\5,3) Avt Ar A

1000 8.5388 26.600 10.063 29.133 8.5561 26.600 10.168 28.933
1200 9.8035 31.638 11.495 33.223 9.8241 31.639 11611 33.002
1400 10.989 36.220 12.834 37.036 11.013 36.221 12.961 36.794
1600 12.110 40452 14.098 40.626 12.137 40.454 14.235 40.365
1800 13.177 44412 15.301 44.034 13.207 44413 15.448 43.753
2000 14.198 48.150 16.450 47.286 14231 48.152 16.607 46.987
2200 15.180 51.708 17.555 50.406 15.216 51.710 17.722 50.089
2400 16.127 55.113 18.621 53411 16.165 55.115 18.798 53.075
2600 17.043 58.388 19.652 56.314 17.085 58.390 19.838 55.960
2800 17.933 61.549 20.653 59.127 17.977 61.552 20.848 58.756
3000 18.798 64.610 21.626 61.859 18.844 64.612 21.830 61.470

The expressions for the thermal conductivity can be further simplified under the assumption that Ag = 0 (in this
case the integrals B; = By = 0). The validity of this assumption for diatomic gases, except for light molecules
with large rotational cross sections, is proved in Refs. [20,21]. In the present consideration, it is obvious that
the term B; contributes much more in the expressions (74)-(75) than does B,. Moreover the cross sections of
RT exchange for CO; are similar in magnitude to those for N, and O,. Thus, one can expect that the influence
of the defect of resonance on the thermal conductivity of CO; is rather small. Under the assumption Ae = 0
formulas (67)-(68) retain only nonequilibrium specific heats and elastic (2-integrals:

A = KT L o KT
' T 32matD © T gmaD
an
3T & _ 3T 4
Aw = Sma D v A= 8m.()(1’”cva'

Thermal conductivity coefficients have been calculated on the basis of both exact formulas of the kinetic
theory (67)-(68) and approximate expressions (77). A comparison of the results is given in Table 1. Again, as
in the case of diatomic gases, good agreement between the two approaches is shown, the maximum discrepancy
of 1% is found in the rotational thermal conductivity coefficient A,. However, the influence of inelastic collision
integrals on the total thermal conductivity coefficient A, in the expression of the total heat flux (59), does
not exceed 0.5%. Therefore, approximate formulas (77) give a good accuracy, and inelastic collision integrals
can be neglected in the calculation of the thermal conductivity in CO, with strong vibrational excitation.
Nonequilibrium effects are taken into account in the expressions for the specific heats. It is obvious that the
assumption Ae = 0 cannot be applied for the calculation of the bulk viscosity and relaxation pressure.

The following expression is obtained for shear viscosity coefficient:

S5kT

H=e00D (78)
The bulk viscosity and relaxation pressure depend upon Ag, and can be divided into two terms:
N=7c+N,  Prel = Pret + Prer- (19

Finally, the bulk viscosity coefficients can be obtained in the next form:
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Fig. 5. Thermal equilibrium CO; heat conductivity coefficient A, F1g._26. Thermal conductivity coefficients A, Av, Ar, A
10~2-W/m-K as a function of 7. Comparison with experiment, (10=% - w/ m - K) as functions of T at 73 = 3000 K (curves
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The expression obtained for the relaxation pressure is rather complex. Nevertheless, an estimation of its value
shows that the contribution of p. to the pressure tensor is negligible.

9. Results and discussion

The transport coefficients for gaseous CO, have been calculated for various temperatures. In order to validate
the model, a comparison of the total equilibrium thermal conductivity coefficient Ay = A+A{> with experimental
values [26,27] is presented in the temperature range 300-1500 K (Fig. 5). The following semi-empirical
formula fitting the experimental data in this temperature range has been given in Ref. [26]:

105 Aexp = —2400 + 2.16 x 1072 T — 3.244 x 1076 T2, @D

where Aexp is given in cal cm~1s~!' K~ T in K. The overall uncertainty in Aexp is £2%. The parameters of
a Lennard-Jones potential taken from Ref. [28] were used for the calculation of the elastic collision integrals.
One observes good agreement between the calculated values of the thermal conductivity coefficients and their
experimental values. The mean deviation does not exceed 2.5%.

The shear viscosity coefficient does not depend on the vibrational temperature, and hence also not on the
degree of nonequilibrium. Its comparison with the experimental data given in Ref. [29] for temperatures
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Table 2
Shear viscosity coefficient x, 10~ . kg/m - s, experimental (prexp [28]1) and calculated (pcqrc), o is the deviation from experiment in %

T(K) Mexp Mcaic ag
300 15.03 15.186 -1.03792
400 19.77 19.712 0.293374
500 24.13 23.841 1.197679
600 28.1 27.659 1.569395
700 31.74 31.228 1.613106
800 351 34.595 1.438746
900 38.23 37.792 1.145697
1000 41.18 40.843 0.818358
1100 43.99 43.77 0.500114
1200 46.69 46.587 0.220604
1300 49.32 49.308 0.024331
1400 51.89 51.941 —0.09828
1500 54.43 54.497 —0.12309

300~1300 K is shown in Table 2. Again good agreement is obtained between the calculated values and the
experimental data. The mean deviation is less than 0.6%.

Thermal conductivity coefficients for nonequilibrium conditions are presented in Figs. 6-8. In Fig. 6 the
temperature dependence for each A-coefficient for 73 = 3000 K is shown. All thermal conductivity coefficients
rise with the temperature. It should be pointed out that for CO, the contribution of the vibrational degrees of
freedom to the thermal conductivity is much greater than it is for diatomic gases. Thus, for N,, with moderately
excited vibrations, the vibrational thermal conductivity coefficient is of the same order as A, and smaller than
A;. For CO;, the coefficient Ay, exceeds A, and the coefficient /\5,3) is close to A;.

Fig. 7 gives the temperature dependence of the vibrational thermal conductivity coefficient A{> for different
values of the vibrational temperature 75. Equilibrium values of this coefficient are also shown. One can see that
for T3 < T, the values of A{*>) are less than the corresponding equilibrium ones and at 73 > T the opposite is
true. The thermal conductivity coefficients A$,3) and Ay, are shown as functions of the vibrational temperature 73
in Fig. 8. Both )«53) and A, increase with T3. Coefficients calculated for the harmonic and anharmonic oscillator
models are compared. The effect of anharmonicity on Ay, does not exceed 4-5%, and reaches 10-12% for /\‘(,3).

The shear and bulk viscosity coefficients as functions of T for 73 = 3000 K are given in Fig. 9. Both
the shear and rotational bulk viscosity coefficients increase with temperature. The vibrational bulk viscosity
coefficient %, is much larger than 7, and u, and decreases rapidly with temperature. Such a behaviour arises
from the temperature dependence of the relaxation times. It is known that at high gas temperatures vibrational
relaxation becomes more and more rapid, in contrast to rotational relaxation [9,17]. In this context note the
large values of 1, compared to those for the other viscosity coefficients. It has been shown for diatomic gases
[30] that at T ~ 500 K the vibrational part of the bulk viscosity far outweighs the rotational part: 5, /7, ~ 105,
Paradoxically, in many experiments on sound absorption it is not noticeable unless quite low frequencies are
employed. In this case sound absorption is rather difficult to measure. Ultrasonic absorption, which is the
predominant means for measuring bulk viscosity, reveals only the rotational part of  [30]. However, the
contribution of the vibrational bulk viscosity to the pressure tensor can be significant.

10. Conclusions

Strong excitation of the asymmetric vibrational mode of CO,, as simulated by an anharmonic oscillator
model, leads to a non-Boltzmannian distribution of molecules over the vibrational energy levels. This influences
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Fig. 7. The vibrational thermal conductivity coefficient /\\(,3),
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Comparison with the equilibrium values of /\53).

(10-2. W/m - K) as fanctions of T3 for T = 1000 K (curves
1 and 2) and the corresponding coefficients calculated for the
harmonic oscillator model (curves 3 and 4).

directly the essentially nonequilibrium specific heats. They differ both from the equilibrium ones and specific
heats calculated using the harmonic oscillator model. The system of macroparameters contains the average
number of vibrational quanta in the third mode W3 (or the temperature T3 associated with the first vibrational
level of the asymmetric mode), and the system of macroscopic equations has to be supplemented by a
relaxation equation for W;. Transport terms contain additional coefficients, such as bulk viscosity, relaxation
pressure, and several additional thermal conductivity coefficients. The contribution of inelastic collision integrals
to the thermal conductivity of CO; is negligible, nonequilibrium effects can be taken into account through
nonequilibrium specific heats. The energy storage in the asymmetric mode has no essential effect either on the
shear and rotational bulk viscosity coefficients or on the thermal conductivity coefficients associated with the gas
temperature gradient VT (i.e. A, A; and Ay), whereas its impact on the coefficients )15,” and 7, is important.
The effect of anharmonicity increases with the temperature, even at equilibrium and increases significantly for
nonequilibrium conditions.
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