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Abstract

Radiative flows of reacting gas mixtures with strong vibrational and chemical nonequilibrium are studied on the
basis of the kinetic theory. A closed system of macroscopic equations, taking into account the coupling of vibrational
relaxation, chemical reactions and radiative transitions, is derived. © 2000 Published by Elsevier Science B.V. All

rights reserved.

1. Introduction

Recent experimental and theoretical results on
nonequilibrium kinetics in high temperature and
high enthalpy flows prove the existence of a strong
coupling between the processes of vibrational re-
laxation and chemical reactions. This is the reason
for rapid development of the state-to-state models
of reacting gas flows, the peculiarity of these
models is that they are not based on any quasi-
stationary (Boltzmann or Treanor) distribution
over vibrational energy. During the last decade,
the state-to-state vibrational-chemical kinetics in
various gas flows has been studied by many au-
thors. One can cite here the results concerning high
temperature flows in the relaxation zone behind
shock waves [1-4], expanding flows in nozzles
[5-8], flows in the boundary layer developing
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around a vehicle during the re-entry phase [9,10],
and flows near a blunt body [11]. The transport
theory in the state-to-state approach has been de-
veloped in Refs. [4,12,13], and the results of Refs.
[14-16] show a significant influence of the non-
equilibrium vibrational distributions on the heat
transfer. Nonequilibrium state-to-state reaction
rates have been considered in Refs. [8,17,18], and a
noticeable effect of nonequilibrium vibrational ki-
netics on the dissociation rate coefficients has been
found.

It is well known that the vibrational relaxation
and chemical reactions are usually accompanied
by radiation. A wide variety of radiative transi-
tions corresponding to different high temperature
conditions is considered in Refs. [19,20]. Experi-
mental aspects of radiative processes have been
discussed by a great number of authors (see, for
instance, Ref. [21]), one should mention an im-
portant role of radiative transitions for the laser
technology, photochemistry, and shock tube
measurements. A mutual effect of relaxation and
radiation has to be studied experimentally as well
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as theoretically. Some analytical quasi-stationary
vibrational distributions taking into account
spontaneous radiative transitions have been ob-
tained in Refs. [22-24]. The influence of laser ra-
diation on the excitation of vibrational degrees of
freedom and on the chemical reaction rates is
considered in Ref. [25].

Another important problem is the estimation of
the heat transfer caused by radiation for the cal-
culation of thermal protection systems. The mac-
roscopic equations of aerothermochemistry,
taking into account the radiative effects, are given,
for instance, in Refs. [26-28], using these equa-
tions, the contribution of the radiative flux to the
total energy flux has been evaluated (see Ref. [27]
for a review of results). However, equations given
in Ref. [27] are based on the one-temperature
model assuming the existence of thermal equilib-
rium Boltzmann distribution over vibrational
energy.

The objective of the present paper is to
generalize the state-to-state model elaborated in
Refs. [4,13] in order to take into account the ra-
diative processes. Our aim is to give a closed de-
scription of a nonequilibrium flow of gas mixture
with coupled vibrational relaxation, dissociation,
recombination, exchange reactions, absorption
and emission of photons on the basis of the
rigorous kinetic theory.

We suppose that the following relation between
the characteristic times of different processes in a
reacting mixture takes place:

Tel < Trot K Tyibr < Treact ™~ Trad ™~ 0. (l)

Here ¢, Trot, Tvibrs Treact> Trad are, respectively, the
mean times between the elastic collisions, those
with change of rotational and vibrational energy,
chemical reactive collisions, and the ones leading
to absorption and emission of a photon; 0 is the
macroscopic time. Condition (1) is found to be
valid in many experiments [21], it describes the
rapid equilibration of translational and rotational
modes of molecules and slow vibrational relax-
ation, chemical reactions and radiative processes.
Moderate gas temperatures are considered when
ionization and electronic excitation of atoms and
molecules may be neglected.

2. Kinetic equations

The gas flow is simulated on the basis of
the kinetic equations for distribution functions.
The motion of particles is considered in a six-
dimensional phase space, its coordinates are the
three components of the position r and three
components of the momentum p. According to the
quantum theory, a radiation field may be regarded
as being equivalent to a collection of particle-like
entities called photons [20]. Photons may be
characterized by the following properties: they all
move with the speed of light ¢, their energy is de-
termined by their frequency v:

& = hv, (2)

where /i is the Planck’s constant, and they carry a
momentum

hv
=—Q,
pv c vy (3)

where Q, is the unit vector defining the direction of
travel of the photon. One should recognize that the
analogy between photons and material particles is
not complete, and in some instances, essential
differences exist.

The distribution functions f;(r,p,.,?) are in-
troduced for every chemical species ¢, vibrational i
and rotational energy level j, and for photons
fu(r,p,,?). The kinetic equations for distribution
functions have a form:

Ofeij | P Ofeyj

—— 4= cijy 4
ot m, or U @)
of, ofy

E-FCQ\V or —J‘,, (5)

where m, is the mass of a material particle. The
collision operators J.; and J, describe all the col-
lisions leading to the change of distribution func-
tion. They can be written as a sum of several terms
corresponding to different processes:
1 inel d

Jaj = Jg + I +J§;?‘°‘+Jcrf]. . (6)
The collision operators of elastic and inelastic
collisions J, and J;g.el correspond to the collisions
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of material particles, which do not result in the
change of chemical species:

Acij + Aga < Acij + Aaurs (7)

Acij + Aga = Aciry + Aacr- (8)

Elastic collisions (7) lead to the change of only the
particle velocities, and in collisions (8), the internal
state of molecules also varies. Reaction (8) can
describe the inelastic rotational-translational (RT)
exchange, vibrational-translational (VT) and vib-
rational-vibrational (VV) exchange of vibrational
quanta. Taking into account the detailed balance
principle, the operator J2¥' may be written in the
form [29,30]:

inel l k/
Juj = E / fc’i’j’fd’k’l’i Seijfari
AR S5 J’sk’l’

x wehik! dp, dp, dp). (9)

Here, 57, is the statistical weight, p_, p, are the

momenta of colliding particles, p,, p), are their

momenta after the collision, W;,dulk’/‘ " is the prob-

ability per unit time of the transition of particles at
the internal states 7, j and k, / and possessing the
momenta p, and p, to particles at the internal
states 7/, /' and k', /' with the momenta p., p,.
The expression for Jf}j can be casily deduced from
Eq. 9) ifone assumes i =7, j=j, k=K, [ =1.
The collision operator of chemical reactive
collisions J;;*** describes exchange reactions:

Acij +Adk1 - Actj’ + Ad’k’l’ (10)

and dissociation-recombination process in a mix-
ture of diatomic molecules and atoms:

Aeij + Agu < Agwr +Ae +Aypr. (11)
Therefore,

react exch diss—rec
ch] JLI] +JL’1] . (12)

The expressions of J& and J§= ™ are given in
Refs. [30-34] and have the form:

(d

K
exch __ 1] Ski
Juj = E / Seipfaowr —— — feijfar
dc'd'klil j' k' Sy /Sk’ r
/dl o /k/l/
X ch zjkl dp,dp, dp,,
(13)
diss-rec __ ’/ kl
Jeij = E / St farh® — feiifau
dklk'l! /»’l’
L‘,f/ d, K
W ijkl dp, dp r dp, dp,;
(14)

VVci,lf’,;I,i;jW nd W‘;,fljilk’ are the probabilities per
unit time of the chemically active collision result-
ing in exchange reactions, and of the collision with
dissociation of the molecule of cth species at the
ith and jth vibrational and rotational levels inter-
acting with the molecule dth species at kth and /th
vibrational and rotational levels; ¢/, /' are the
atomic species product of dissociation, £’ and /" are
the vibrational and rotational levels of the partner
after the collision.

Among the radiative collisions, the ones leading
to absorption, emission and scattering of photons
may be distinguished. In an absorption process, an
entire photon is removed from the incident beam
and the photon’s energy is deposited in the mate-
rial particle. The inverse process is an induced
emission, in this case, photons of a particular fre-
quency in the incident beam stimulate an excited
particle to emit a photon in the same direction as
the beam and at the same frequency. These two
processes are described by the reaction,

Acij + hy — Aci’j’ + 2hv. (15)

An isolated excited particle is also capable of
emitting a photon, even in the absence of stimu-
lating radiation. This process is referred to as
spontaneous emission and has no corresponding
inverse process:

Acij — Aci’j’ —+ hV. (16)

Scattering of photons by a material particle occurs
as a result of the following reaction:



62 E.V. Kustova, A. Chikhaoui | Chemical Physics 255 (2000) 59-71

A+ hv > Aoy + 1. (17)

In this study, the gas flow at moderate tempera-
ture is simulated when the degree of ionization
and electronic excitation is negligibly small
(T < 6000-8000 K). In this case, one may take into
account only the bound-bound radiative transi-
tions between internal energy levels of molecules
and neglect the transitions between electronic
states and also bound—free and free—free radiative
transitions. Under this condition, the collision
operator of radiative processes is obtained in the
form:

Jc‘f]‘d Ja abs 4 ij]“‘. (18)
The collision operator Jg** describing simulta-
neously processes (15) and (16) can be constructed
in the following way:

Jem- abs __ E : L\ 1]
CI/ / ﬂ’l v, ')

ﬁl](f" (‘L\»z;j + mctjlj))dpvdplm

(19)

where W ,}’ , VI/C‘,",{‘,-"/-"/ are, correspondingly, the
probabilities per unit time of induced and spon-
taneous emission of a photon with frequency v by
an excited particle of ¢ chemical species at ith
vibrational and jth rotational level, ;" is the
probability of absorption of a photon resulting in
excitation of a particle ¢ from the initial state (¢, ;)
to the more energetic state (i, /).

The probabilities Wf“’,j”, W 7" and w ,,’j, are
not independent and should be related by the
principle of detailed balance. Under conditions of
thermodynamic equilibrium, the differential reac-
tion rates for each microscopic process and for the
corresponding inverse process are equal, and

therefore the following relation is satisfied:

eq ov, ij cv, i)
eq fu g4 VI/L‘V-, I'j_ req VVL ij 20
ﬂ ev,i'j T fi’ + ev, i'j " ( )
s b 2
fcl/ W Wi

The distribution functions of material particles
under conditions of thermal and chemical equi-
librium £} are obtained in Ref. [30] and in the case
considered their ratio is equal to

f;‘ei(’]" S;’ i’ Agi il il
= XD (#) (1)

cij ij
where k is the Boltzmann constant, 7" is the gas
temperature, Aej,, =& — €, & Is the internal
energy of a molecule ¢ chemical species at ith
vibrational and jth rotational level. For bound—
bound radiative transitions, the frequency of a
photon corresponds to the frequency of the tran-
sition between two discrete energy levels, and
therefore v = v;7y = Agysy/h. Thus, rearranging
the terms in Eq. (20), one obtains

LV 1/ ch i
(‘ / cv, ij ) (22)

1=
p =
& e
2 Zendf _
s e il 28 ( ) 1
U ey, ij

The equilibrium distribution function of photons
/34 is connected with the Planck’s function de-
scribing the specific intensity of equilibrium black
body radiation [20], and may be found under the
form:

2/K
exp (&) —1°

Comparing Eqgs. (22) and (23), one can conclude
that the probabilities of absorption, induced and
spontaneous emission are related to each other by
the relations:

1= (23)

c oV, ij ( v, i'j'
Si’j’ VVCV, iy VI/CW ij > (24)
o, i'f
WL’-,i.i — 3 (25)
W i'j /5
cv,ij

These relations are similar to the ones connecting
the spectral Einstein coefficients for absorption,
induced and spontaneous emission.

Finally, the collision operator J&7** may be
written in the next form:

=3 / (ffa, ﬁ,,(ﬁ ))

x W dp, dp,.

oy, ij

(26)
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Similarly, the collision operator of photons
scattering has been found:

J;(;dt = Z / (f f;lj ﬂljf) CL;‘ zjlj dpv dpv’ dp,ca

(27)

where W, ,j” is the probability of scattering of a
photon with frequency v by a particle of ¢ species
at ith vibrational and jth rotational level.

The probabilities Wf,,d,j,é/ ¥ of different pro-

cesses are defined by the expression [30]:

dd TR Pe Py |,ca.ijKr
VVCd,ljk[ ‘ m - ch,ijk[ (pc‘?pd?pc’?pd’))
c
(28)
Jdd' iRl

where 10, 47" " (P, Pa» Py Py) is the formal cross-
section of the corresponding process. For further
development, it is useful to introduce the differ-
ential cross-sections of various processes ai,‘f::j’;{”"ﬂ
It is also conventional to determine the distribu-
tion functions of material particles in the phase
space (r,u), where u is the microscopic velocity of

a particle. It is obvious that
Sui(X 0, ) = m fo(r, p,, 1). (29)

Hereafter, the same nomenclature for the distri-
bution functions in different phase spaces is re-
tained. Following the procedure described in
Refs. [30,33], the collision operators may be re-
written in such a form:

mcl z kl
gy /i E / Serjfaw // — feiifan
Akl Sw
/k/ll
X gchCd ijkl d Q ' d' dlld, (30)
c od 3
Jesh _ Z Lons L SiiSk [ Memy
cij iy dklsc’ Sd/ [
dedRIT R iR ¢
/d/ /k/l/ 2
—feijfari gch'cd ikl d°Q. duy,

(31)

dklk'l k’l’

3

s¢sd m

diss—rec __ 2 3 lj kl c
& B / JelyJaerlt ( My )

C/fld, K
—feiifar | 8eaOeq ijii du, duy du, duy,

(32)
Jcelrjn abs __ / < fcu fctj <f» ))
x cotyy/ dp, dul,
(33)
le(;al = Z / < v’ﬁz _f;'ijfv>
x ey dp,dp, dul. (34)
Jd iR Jfd KT ANy

Here, o, 41" s Ocaiu » Owi;’ are, respectively,
the differential cross-sections of binary and triple
collisions of material particles, and of the inter-
action of photons with material particles, g, is the
relative velocity of colliding particles, dQ., is
the solid angle in which the relative velocity after
the collision can appear. Strictly speaking, the
relative velocity of the motion of a particle and a
photon is g., = ¢ —u.. However, one can neglect
the magnitude of u. compared to the speed of light,
and thus, ¢ appears in Egs. (33) and (34) instead of
g.,. Note that in Egs. (30)—(34), the distribution
functions of material particles is defined in terms
of the velocity, f.; = f.(r,u.,t), whereas the
distribution functions of photons are expressed in
terms of the momentum, f, = f,(r,p,, ).

3. Zero-order solution and macroscopic equations

The dimensionless kinetic equations are given
by

afci' afcl l ra S

o Ty =g (35)
y P

%f + cQ, af J{“p+J‘?l. (36)
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Here, J.;7, J;*P and J3;, J3! are the collision oper-
ators of rapid and slow processes, & = T,/ 7y 1 the
small parameter, 7., Ty are the average times
between the frequent and rare collisions, respec-
tively. For the solution of these kinetic equations,
the Chapman-Enskog method generalized for
rapid and slow processes [30,35] may be used. The
solution is found as an expansion of the distribu-
tion functions in a power series of the parameter &:

foy = &4 (37)

The zero-order approach gives the following rela-
tion:

S (FOf0) =7 (9, 1%) = 0. (38)

It is known that the zero-order distribution
function is determined by the summational invar-
iants of the most frequent collisions (eigenfunc-
tions of the linearized collision operator of rapid
processes J,;") [30]. The collision invariants are
found under specific flow conditions.

Under condition (1), the operators of rapid and

slow processes may be written in the form:

rap __ gel rot
Jcij = ‘]cij + Jcij ) (39)
JP =0, (40)
sl __ gvibr react rad
Jcij - Jcij + Jcij + Jc[j 9 (41)
=, 42)

One can observe that in the conditions of slow
radiative processes equation (38) for the zero-or-
der distribution function of photons, /(¥ is satis-
fied identically. It means that the formalism of
asymptotic methods of small parameter cannot be
applied for determination of the photon distribu-
tion functions. Therefore, f, are to be found di-
rectly from microscopic equations (36).

The collision invariants of any collision of ma-
terial particles are wﬁ}j) =1, %Z.“) = MUy,
(u=1-3 are the spatial indices), lpﬁf} =
meu?/2 + €. For photons YU = p (u=1-3),
¥ = hv. Besides that there exist additional in-
variants of the most frequent collisions. In condi-
tions of slow vibrational relaxation and chemical

reactions, any variable a. independent of the
velocity and the rotational energy level j and de-
pending arbitrary on ¢ and i is conserved:
1//5,?]*5) =da,, (A=1,...,N, where N = )" 1).

The macroscopic parameters corresponding to
the collision invariants are given by

S [fdu =3 [ du =
J J

(43)
0:17 y L, 1:07' s Le,
S [ ufegdu =S me [ s duc = pv.
cij cij
(44)
mcccz ci c c
Z / ( 7 Tty +8)fc,-jduc
cij
CE
-3 / (’"2 g —&-sc)ﬁ.(i?)duc
cij
3
= EnkT + pErot + pEvibr + PEf (45)

Here, n. is the level population of ith level of
chemical species ¢, L, the number of chemical
species, L., the number of vibrational levels in ¢
chemical species, v, the macroscopic gas velocity,
p = mn,, the gas density, C, = u. — v, the pe-
culiar velocity, n =) _n,., the total number den-
sity of particles, sj.'", the rotational energy of a
molecule ¢ chemical species at ith vibrational level,
&, the vibrational energy, &, the energy of for-
mation of particles of ¢ species, and E,y, Eyip, and
E; are, respectively, the rotational energy, vibra-
tional energy and energy of formation per unit
mass.

One can introduce a mean momentum of pho-
tons per unit volume, 7, and a mean radiative
energy per unit volume, &aq:

n= / PSdp, = / hf, dp,. (46)

Note that for these quantities, there are no nor-
malizing conditions similar to Eqgs. (43)-(45) for
macroscopic parameters of material particles.
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On the basis of the system of collision invari-
ants and wusing the normalizing conditions
(43)-(45), the zero-order distribution function
of particles fé(}) is obtained in the form of the
Maxwell-Boltzmann distribution over velocity and
rotational energy depending on the nonequilibri-
um level populations of chemical species [35,13]:

£0 _( me )3/2”cfs7 ox mC; &
Jar =\omkr )z P\ 2kr Tkr )

5" is the rotational statistic weight, and Z7, the
rotational partition function. The distribution
function (47) is expressed in terms of macroscopic
parameters n(r,t), v(r,t), T(r,?).

Following Ref. [20], it is conventional to define
a specific intensity /, of the radiation field in such a

way
I,dvdQ, = chvf, dp,, (48)

(47)

dQ, denotes an element of solid angle defined by
the unit vector €,. Thus, taking into account re-
lation (3),

L=/ (49)

The mean momentum of photons 7 and radiation
energy &.q in terms of intensity have the form:

1 00
= ) / / [vﬂv dVdQv,
c 0 4n
1 00
(grad = / / Iv dv dQv
¢ Jo 4n

Consequently, Eq. (36) for f, may be rewritten in
terms of 7,:
101, ol, m*v?

T —:—Jfad
¢ Ot oo 3T

(50)

In the general case, there is an infinite set of fre-
quencies v at which a photon can appear. In
practical calculations, the number of equations R
corresponds to the number of characteristic fre-
quencies in a flow. The equations for the specific
intensity in form (51) are equivalent to the equa-
tions of radiative transfer [20].

Now, let us derive the macroscopic equations.
For the vibrational level populations n.(r,?) sim-
ilarly to Ref. [13], one can obtain

dn,;
= civ' V- cchi :Rch

s +n V+ V- (V) (52)
c=1,...,L,i=0,...,L.

Here, V,; is the diffusion velocity of ¢ species at the
ith vibrational level:

nchci - Z /Cc,fcij duca
J

the right-hand side of the equations are defined as

Ri=2). / Joydue = RE + RS + R (33)
J

cij

Eq. (52) represent the equations of detailed
vibrational-chemical kinetics taking into account
radiative transitions.

The conservation of momentum in the general
case may be expressed in the form:

dv 0on
pgt o TV PV Pua=0. (54)
One can notice that only a partial derivative of =
appears in Eq. (54), because there is no reason to
write Eq. (36) in terms of peculiar velocity. In this
equation, P, P4 are the tensors of pressure for
material particles and photons:

P= Z /mcCcCc,fcij du,,

cij

1 o0
Pq = / P.c.fdp, = - /0 A 1,Q,9,dvdQ,.

It should be noted that the transfer of momentum
in a photon—particle collision is very small, be-
cause usually the momentum carried by photons
is much less compared to the momentum of ma-
terial particles. Therefore, the contribution of =«
and P4 to the conservation equation of momen-
tum may be neglected, and Eq. (54) takes the usual
form:

dv

pgtV-P=0. (55)
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On the contrary, the exchange of energy in the
photon—particle collision is not negligible because
the energy of a photon is of the same order of
magnitude that the kinetic energy of a material
particle. Therefore, the conservation of total en-
ergy is written as follows:

dU N 06 1ad
dt ot

+V-q+V-qu+ P:Vv=0
(56)

Here, U is the total energy of material particles per
unit mass:

pU = %nkT + pEro + pEyipr + ,OE/‘;
q is the heat flux for material particles:

=3 /("

cij

c C+g”+8 +g> (,fc,jduc,

and q,,q is the radiative heat flux:

Qo = / hveQ, f,dp, = / / 1,Q,dvdQ,.
0 4n

The expressions for all transport terms of ma-
terial particles have been derived in Refs. [4,13].
In particularly, it has been shown that in this
approach the heat flux is determined by the gra-
dients of the gas temperature, number densities of
atomic species and nonequilibrium populations of
all vibrational levels of molecular species. The
transport coefficients involved in the expressions
for V., P and q are also obtained in Ref. [13].
Concerning the radiative flux, it can be found
using the solution of equations of radiative
transfer (51).

Eqgs. (52), (55), (56) and (51) represent a closed
system of equations describing the flow of a re-
acting and radiating gas mixture under strong
nonequilibrium conditions. It is interesting to
mention that in the zero-order approximation of
the Chapman-Enskog method, the diffusion ve-
locity and heat flux by material particles vanish as
a result of the Maxwellian distribution over ve-
locities (V,; =0, q = 0). However, the term con-
taining radiative flux ¢q,, should be kept in
Eq. (56) in the Euler approximation, because it

depends on the specific intensity /, (distribution
function of photons f,) that is not determined by
the order of approximation of the Chapman-
Enskog method.

4. Application to a flow of diatomic gas with
VYV, vibrational-translational vibrational energy
exchange,dissociation and radiative transitions

In the Euler approximation for steady-state
one-dimensional flow, Eq. (52) of detailed vibra-
tion—dissociation kinetics in diatomic gas taking
into account radiative transitions between discrete
vibrational levels are given by

d(l)l’li) _ RVT +RVV +Rdiss +Rrad

dx ] i i i (57)
i=0,...,L,
d(vn,) diss
= R 58
dx a ( )

where v is the flow velocity in the x direction, #;,
the population of ith vibrational level, n, the
number density of atoms, RYT, RYY, R¥ss| R the
production terms due to VT, VV vibrational en-
ergy exchange, dissociation-recombination and
radiative transitions, respectively. These produc-
tion terms may be written using the expressions for
the collision integrals derived in Section 2 substi-
tuting the zero-order distribution function (47).
Thus, the production terms due to collisions of
material particles are obtained in Refs. [1,17,18] in
the next form:

VT mol mol
R/ = npol g (k2'ny — kj'ny)

KA
(59)
+n, Z (kiing — kiin;),
i
RV =Y (k nony — k% n, nk)7 (60)
k’,;é];c/.f;i
RIS = e (kigho? — k)
(61)

at at
+ 1 (krec 1”4 - kz diss”? )
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Ry =2 R, (62)

Here, k2, k3 and k% are the rate coefficients
for the TV (i — k) vibrational-translational ener-
gy transitions in a collision with a partner M (M
is a molecule or an atom) and VV (i,k — i, k')
vibrational energy exchange between two mole-
cules; Ao, k., are the state-to-state rate coeffi-

cients of recombination to the ith level, k%L, k2.
are the rate coefficients of dissociation from the ith
level. All the above introduced rate coefficients
represent the cross-sections of corresponding
processes averaged over velocities and rota-
tional energies. The relations connecting the rate
coefficients with the cross-sections are given in
Ref. [17].

There exist different models for the calculation
of the rate coefficients of vibrational energy ex-
change. One of the most popular analytical ap-
proach, based on the semi-classical first-order
perturbation theory, a collinear collision model
and an exponential repulsive potential, is the SSH
theory [36]. Its generalization for anharmonic os-
cillators is given in Refs. [25,37]. However, for
high-collision velocities and for high quantum
numbers, the SSH theory does not have any theo-
retical basis. Exact quantum trajectory calculations
of the rate coefficients for vibrational transitions
have been performed by Billing [38,39]. Unfortu-
nately, the direct use of these results in numerical
calculations is hardly possible. As to experimental
data for VV and VT energy transfer, up to now, at
high vibrational quantum numbers, they have been
obtained only for a few heteronuclear species, and
only for low temperatures. An analytical nonper-
turbative semiclassical forced harmonic oscillator
model has been elaborated in Ref. [3], it gives
correct values for the probability of VV and VT
transitions (including multi-quantum ones) at high
temperature conditions. Besides that one should
mention the model proposed in Ref. [40], this
model is based on the information theory.

Taking into account only single-quantum
transitions, the expression for RYT and RYV can be
rather simplified [18,25,37]:

VT __ mol at
R =niy (”molki+1,i + nalki+l,i)

mol at
+ 1 (nmolki_l,i + natk,-_l_’j>

(63)
= (o (R + R
(KL L) )
L L
R,YV = N1 Z k,kffr,lnk +niy Zkﬁll’}k”kﬂ
k=0 k=0
L
-y (kﬁfjf"nkﬂ + kff;."jlnk). (64)

k=0

Dissociation—recombination reaction rates can
also be simulated using different models. We will
discuss two of them: the ladder climbing model
[1,9,10,18] and the Treanor—Marrone one
[2,18,41]. The ladder climbing model is based on
the assumption that molecules dissociate only
from the last level, and each molecule reaching this
level dissociates immediately with the probability
equal to unit. Thus, the dissociation rate is deter-
mined by the stream of molecules to the last level
from the lower-lying levels caused by VV and VT
vibrational energy transitions.

In case, when dissociation may happen from
any vibrational level, the expression for k%iq can
be derived using the results of Ref. [41]. Following
this paper, the state-to-state rate coefficients may
be connected with the thermal equilibrium rate

coefficient ké?fs)ﬁeq by the expression [2,18]:

KM = z.(T, Uk (65)

i,diss diss,eq?

with the nonequilibrium factor Z;(7, U) defined as
Z(T U) . Zvibr(T) ex & (1 4 1 (66)
= o) PR\ ) )

Here, ¢; is the vibrational energy of ith level, s; is
the vibrational statistical weight (s; =1 for
diatomic molecules), the vibrational partition
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function at “temperature X,
form:

Zyie (X Zs, exp ( - —) (67)

Zn(X), has the

The parameter of the model U has a dimension
of temperature and describes how rapidly the
dissociation probability decreases for low levels.
The case U = oo corresponds to the equal proba-
bility of dissociation from any vibrational level.
The thermal equilibrium rate coefficient kdm eq AN
be computed using the generalized Arrhenius law.
The parameters of the Arrhenius formula for
various dissociation reactions are given in many
sources [21,28,42].

Recombmatlon rate coefficient £

rec, is con-
nected with k, giss DY the detailed balance principle
[17,43]:

3/2
k(M) _ k}dlss th(Wlmoi> (2 kT) 3/221

rec,i mama rot
& — D
X exXp — kT ;

Mmel 1S the mass of molecules, m,, m, are the
masses of atoms, which compose a molecule, D is
the dissociation energy of a molecule.

The production rate due to radiative transitions
R™ neglecting scattering may be written on the
basis of the collision integral (19). Let us introduce
the spectral Einstein coefficients associated to the
specific intensity /,:

(68)

1 1 t

Libuey A, dv = £, dp,. (69)
h3 o
Eav,l‘jﬂjf dQv dv = VK}”J dp‘,. (70)

Coefficients by, by, a;yy are the Einstein coef-
ficients for absorption, induced and spontaneous
emission, respectively As well as the probabilities
Wy, W' they are related by the detailed bal-
ance pr1n01ple

ay jjitjt 87'[}1\)3
b .

(71)

Sty byyip = Sijbvijiy s 5
v.ijil ! c
The production term R™ after substituting the
zero order distribution function (47) takes the
form:

Rrad Z Z (nl//// / ]b‘,,/,]d\/dgv

’<i jj<j

—ny'(/ / Lby iy dvdQ, (72)
0 4n
1 o0
L / / ity dvdﬂv>>.
T Jo 4n

Here, n;; is the population of the internal energy
level with vibrational and rotational quantum
numbers 7 and ;.

For bound-bound transitions the integral
Einstein coefficients are usually defined in the
form:

Bijiy = /0 by vy dv, (73)

Ajjiy = /0 aygjiy dv. (74)

These coeflicients describe probabilities of all ra-
diative transitions, which contribute to the tran-
sition (ij — ’j'). With the assumption that /, and
hv are slowly varying functions of frequency over
the line width, the integral Einstein coefficients are
related by the expressions similar to Eq. (71) with v
corresponding to the center of line. Under this
assumption, one can put /, ~ I, ;7 = const, where
1,7y is the mean specific intensity of the rota-
tional-vibrational line. Then the expression for
R™ may be simplified:

rad
R™ = E E (”f'/'lv,iﬁ'/'Bi’j’ij
r<i jJj<Jj (75)

N (1 v By + Alﬁ/’i’f’) ) .

Here, we have taken into account the isotropic
character of spontaneous emission.

As there exists a quasi-stationary Boltzmann
distribution over rotational energy, one can define
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the averaged values of I, 7By, IyivyBsyy; and

Ayjyy over rotational spectrum:

SI‘II/ /B, il Si.
LBy = Z # 28 ( - k_}>7

JJ'<i rot

"
S Il t/l/Bl’/ ij &y
LBy = E TeXp —ﬁ )

JJ'<i rot

S Ay g
Ay = I ex <’>
;/ Z;ol p kT

1, may be interpreted as a mean specific intensity
of vibrational line, B;;, B;7, A;» as the Einstein co-
efficients for the radiative transitions correspond-
ing to the vibrational transition (i — ). In this
case, the production rate R™! is given by the ex-
pression similar to the one obtained in Ref. [25]:

R;ad = Z (ni’l\gii’Bi’i —n; (Luii’Bii’ + Aii’))- (76)

P’<i

The Einstein coefficients can be calculated using
the method described, for instance, in Refs.
[19,20].

Equations of detailed vibration—dissociation
kinetics (57), with production terms (61)—(64), and
(75) should be coupled with the conservation
equations of momentum and total energy and
equations of radiative transfer. In the Euler ap-
proximation for stationary one-dimensional flow
conservation, Egs. (55) and (56) are reduced to
equations,

dv dp

—+—=0, 77
dx'+’dx (77)
dU dqrad dv .

where p = nkT is the pressure.

The equations of radiative transfer neglecting
the scattering take the form:
dr,
a:R;ad, V= V,V2,..., Vg, (79)
I, describes the specific intensity of radiation

propagating in the positive direction of the axis x.
The right-hand sides of these equations are given by

ra 1
Rb d = h\)z ( <1 b‘ lﬂj 47'5 av,iji’j’)

ijil '
U (80)
—ni’j’lvbv,ﬂj'ij> ,

or, after performing the averaging over rotational
spectrum,

1
Riad = h\); (I’l, ([ bv il + — yp ay it ) — n,-/Ivb‘,vl-,i> .
(81)

It should be mentioned here that these expressions
are obtained without usual assumption about local
thermal equilibrium.

The infrared radiation intensity of N, first pos-
itive band has been calculated in a flow of disso-
ciating nitrogen N, behind a strong shock wave
(Fig. 1). The free stream conditions are as follows:
My =15, T, =293 K, p, =100 Pa, initially gas
supposed to be in equilibrium. Three different
approaches have been used for the calculations:
the model presented above, the multi-temperature
model based on the quasi-stationary nonequilib-
rium Boltzmann distribution, and the one-
temperature model based on the local thermal
equilibrium assumption. One can see that both
quasi-stationary approaches give an overestima-
tion of the intensity. This fact can be explained by
the different behaviour of the N, concentrations

_ a A
- N W b~ 00O
| | | | | ]
\ \

S, kW/ecm Ssr

—
o
o

0.2 0.4 0.6 0.8 1
X, cm

Fig. 1. Infrared radiation intensity of N, first positive band, S
kW /cm?, sr, as a function of x. Curve 1 represents present ap-
proach, curves 2, 3, the multi-temperature and one-temperature
approaches, correspondingly.
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computed using different models (see Refs. [4,13])
for a discussion of the macroscopic parameters
behaviour).

5. Conclusions

A closed system of macroscopic equations de-
scribing the flow of a reacting and radiating gas
mixture under strong nonequilibrium conditions is
derived on the basis of the kinetic theory. This
system consists of the equations of detailed
vibration—dissociation kinetics coupled with the
radiative transfer equations and conservation
equations of the momentum and total energy.
Solution of these equations is important for the
investigation of radiation from the nonequilibrium
regions of a gas flow with slow vibrational relax-
ation and chemical reactions. The model can be
applied for the calculation of radiation intensity in
different conditions, this is useful for the validation
of various models for rate coefficients of chemical
reactions and vibrational energy transitions. An-
other important application is the computation of
the total energy and radiative fluxes in the regions
of strong nonequilbrium near re-entering bodies.
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