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B. H. M aJ10aii.Mo8 

o MHHHMAJIbHOH TIOBEPXHOCTH BPAIIJ;EHH.H 

1. TIepy HMKOJIMI MaKCMMOBWIa flOHTepa npMHa,n;JIe)KMT O,LJ;MH M3 JIY'UIIMX y~e6BB

KOB no BapMall,MOHHoMY MC~MCJIeHMIO [1]. Ero KHMra 6bIJIa nO,LJ;llMCaHa K ne~aTM 27 
1941 r. KaK OTMeTMJI B npe,LJ;MCJIOBMM B. H. CMMPHOB, nOCJIe,n;HfUl KoppeKTypa 6bIJIa C,LJ;aBa 

H. M. flOHTepoM 29 anpeJI.H 1941 r. 3a'n.HTb ,LJ;HeM ,n;o ero KOH~MHbI, nOCJIe,n;oBaBIl1eM 4 Mail! 

1941 r. C BOJIHeHMeM 6epeM MbI B pyKM 3TO CO~MHeHMe 3aMe~aTeJIbHOrO MaTeMaTMKa. 

Y'Ie6HMK H. M. flOHTepa OTJIM'IaIOT nOJIHOTa M Tll1,aTeJIbHOCTb aHaJIM3a M3y'laeMbIX ~ 

npocoB. OH M cero,LJ;H.H '1MTaeTC.H C 60JIbIl1MM MHTepecoM. BMecTe C TeM 3a npOIl1e)J.DIDie 

65 JIeT BapMal1,MOHHOe MC'IMCJIeHMe nOJIY'lMJIO ,n;aJIbHeMIl1ee pa3BMTMe KaK BIl1Mpb, TaK I 

BrJIy6b [2, 3, 4, 5]. ,n;a)Ke HeKOTopble KOHKpeTHble BonpOCbI, paCCMOTpeHHble B [1], Tenep 

MbI nOHMMaeM JIy'lIl1e. B 3TOM CB.H3M OCTaHOBMMC.H Ha KJIaCCM'IeCKOM 3a,n;a'le 0 MMHMMaJIbH 

nOBepxHocTM Bpall1,eml.H M ,n;onOJIHMM aHaJIM3 H. M. rlOHTepa CJIy'la.H ,LJ;Byx CTal1,MOHapHbIX 

KpMBbIX. 

2. HanoMHMM nocTaHoBKY 3a,n;a'lM 0 MMHMMaJIbHOM nOBepxHocTM Bpall1,eHM.H: 

a 

J(y) := 27f Jy(xh/l + [Y'(x)J2dx --t min, 
(1) 

-a 

y( -a) = yea) = A. 

3,n;eCb a, A - nOJIO)KMTeJIbHble KOHCTaHTbI. PeIl1eHMe 6y,n;eM MCKaTb Ha MHO)KeCTBe <PYHKqIIH 

y(x), nOJIO)KMTeJIbHbIX M HenpepbIBHo ,n;M<p<pepeHl1,MpyeMblx Ha oTpe3Ke [-a, a]. 
KaK M3BeCTHO [1, c. 36-40], ,LJ;ByxnapaMeTpM'IeCKoe ceMeMCTBO JIarpaH)KeBbIX KpMBbD:. 

(3KcTpeMaJIeM) ,LJ;JI.H 3a,n;a'lM (1) onpe,n;eJI.HeTC.H <P0PMYJIOM 

x+c
y(x) = Ach--. (2) 

A 

B CMJIY cMMMeTpM'IHOCTM KpaeBblx YCJIOBMM C = O. KOHCTaHTY A > 0 HaM,n;eM M3 ypaBHe1:l1Ui 

a 
AchA = A. (3) 

0603Ha'lMB t = a/A, <pet) = ch(t)/t, nepenMIl1eM nOCJIe,LJ;Hee ypaBHemle B BM,n;e 

A
<pet) = -. (4) 

a 

HCCJIe,n;yeM ypaBHeHMe (4). 
<DYHKl1,M.H <pet) Ha nOJIyocM (0, +(0) MMeeT npOM3Bo,n;HylO 

, ( ) tsht - cht sht ( h ) <p t = =-t-ct t. 
t2 t2 

OTMeTMM, 'ITO 

et + e- t 2 
cth t = t -t = 1 + -:U--l'e - e e 
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.HCHO (Pl1c. 1), 'ITO Y Pa3HOCTI1 t - cth t cy~eCTByeT e,ll,I1HCTBeHHbIM nOJIO)KI1TeJIbHbIM KOpeHb 

to, npl1'IeM to > 1. ::ha Pa3HOCTb OTpl1l~aTeJIbHa npl1 0 < t < to 11 nOJIO)KI1TeJIbHa npl1 t > to. 
3Ha'II1T, to }lBJI}leTC}I e,ll,I1HCTBeHHOM TO'IKOM MI1HI1MyMa <PYHK~11 c.p(t) Ha (0, +00) (Pl1c. 2). 
IIpl1 3TOM 

chto 1 1 

c.p(to) = -h- = shto = = ..jt2o _ 1 =: ko· 


ct to v'cth
2 to - 1 

HeTPY,ll,HO COC'IHTaTb, 'ITO ko = 1,50888 .... 

y 

1 

o to 

y = cth t 

Puc. 1. Puc. 2. 

IIpI1XO,lJ,HM K CJIe,ll,yIO~eMY BbIBO,ll,Y: 

npl1 A/a> ko ypaBHeHl1e (4) HMeeT ,ll,Ba pellleHH}I 0 < t1 < t2, 
npl1 A/a = ko ypaBHeHl1e (4) HMeeT O,ll,HO pellleHHe to, 
npl1 A/a < ko ypaBHeHHe (4) He I1MeeT pellleHI1M. 

Hac HHTepecyeT nepBbIM CJIY'IaM, KOr,ll,a YPaBHeHHe (4) I1MeeT ,ll,Ba pemeHH}I. COOT

BeTCTBeHHO YPaBHeHHe (3) TaK)Ke I1MeeT ,ll,Ba pellleHH}I: Al = a/t1, A2 = a/t2, npH'IeM 

Al > A2 > O. 9TO 3Ha'II1T, 'ITO npl1 A/a> ko cy~eCTBYIOT ,ll,Be CTa~OHapHble Kpl1Bble 

Yk(X) = Akch(X/ Ak), k = 1,2. Ha o6eHx Kpl1BbIX BbIllOJIH}leTC}I YCI1JIeHHOe YCJIOBl1e JIe

)KaH,ll,pa. KaKoM H3 HHX OT,ll,aTb npe,ll,llO'ITeHl1e C TO'IKI1 3peHH}I nOCTaBJIeHHOM 3a,LJ,a'IH 

MHHHMI13a~1111 nOBepxHocTH Bpa~eHI1}1? 

3. ,lJ;JI}I OTBeTa Ha 3TOT Bonpoc HY)KHO 3anl1CaTb ypaBHeHl1e .HKo611, cooTBeTcTBYIO~ee 

CTa~110HapHOM KPI1BOM Yk(X), 11 HaMTI1 ero rJIaBHOe pellleHl1e. YpaBHeHHe .HKo6H B ,ll,aHHOM 

CJIY'Iae HMeeT BH,ll, [1, c. 85] 

/I 2 I 1(x)

U - Ak th Ak U + A~ U = O. 

lrJIaBHOe pemeHHe Uk (X) onpe,ll,eJI}leTC}I Ha'IaJIbHbIMl1 YCJIOBI1}1MI1 U( -a) 0, u ( -a) = 1. 
KaK nOKa3aHO B [1, c. 85], 

(5) 

CnpaBe,ll,JII1BOCTb <P0PMYJIbl (5) JIerKO npOBepl1Tb, C,ll,Ha:{,) BbIB8CTH ee COBceM HenpOCTO. 
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4. Cy~eC'l'Bye'l' 60JIee perYJI.HpHbIH: cnoc06 HaXO)K~eHH.H Uk(X) [5, c . 124-127]. ,LJ;JI.H 

3TOrO B ,ll;ByxnapaMe'l'pWfeCKOM CeMeH:CTBe 3KCTpeMaJIeH: (2) HY)KHO Bb~eJIHTb o~Honapa

Me'l'pW-IeCKOe CeMeH:CTBoy(x,a), HCXOM H3 YCJIOBHH: y(-a) = A, y'(-a) = a. 3~ecb a 

napaMeTp. PacnHIlleM YKa3aHHble YCJIOBH.H no~06Ho 

\ h -a + c = A -a + c 
AC A ,sh--- =a.

A 
O'l'CIO~a CJIe~eT, "I.TO (-a + c) / A = arsh a H 

A . 
A = c = a + A arsha.

vl1 +a 2 ' 

TaKHM 06Pa30M, 
x + c(a)

y(x, a) = A(a)ch A(a) . (6) 

B 3TOM CeMeH:CTBe cTaIIHOHapHa.H KpHBa.H Yk(X) COOTBeTcTByeT napaMeTpy a = ak Ta

KOMY, "I.TO A(ak) = Ak H c(ak) = O. IIoJIY"I.aeM 

arshak = -a/Ak = -tk, ak = -shtk· 

<PaKT TeopHH 3aKJIIO"I.aeTC.H B TOM, "I.TO 

Uk(X) = y~(x, ak). (7) 

BOCnOJIb3yeMC.H 3TOH: <POPMYJIOH:. IIOCKOJIbKY 

Aak Ashtk 
N(ak) = (1 + a~)3/2 ch3tk 

= Akchtk - ashtk sh"::"- shtk [XSh"::" - Ak Ch "::"] . 
ch2tk Ak ch2tk Ak Ak 

Tenepb (5) CJIe~yeT H3 (7). 
OTMeTHM; B "I.aCTHOCTH, "I.TO 

2a tkShtk tkshtk - chtk 

ch2tk t~ 

(8) 
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5. ECJUI CTaIJ;MOHapHa51 KpMBa51 Yk (x) 51BJI51eTC5I TO<IKOH (cJIa6oro) JIOKaJIbHOrO MMHM

lI!yMa <PYHKIJ;MOHaJIa J (y), TO B HeM BbIllOJIH5IeTC5I Heo6xo,LI,MMOe yCJIOBMe OnTMMaJIbHOCTM 

BTOporo nop5l,LI,Ka: rJIaBHOe peIlleHMe ypaBHeHM5I 5IKo6M Uk(X) nOJIO)KMTeJIbHO Ha (-a,a). 
IIOCKOJIbKY <P'(t2) > 0 (CM. pMC. 2), TO, COrJIaCHO (8), u2(a) < O. 8TO 3Ha<IMT, <ITO Y2(X) He 

:RBJI5IeTC5I TO<IKOH JIOKaJIbHoro MMHMMYMa. 

B CMJIY TOM)Ke <P0PMYJIbI (8) ul(a) > O. IIoK~eM, <ITO Ul(X) > 0 Ha (-a,a], T. e. Ha 

Yl (X) BbIllOJIH5IeTC5I YCMJIeHHOe YCJIOBMe 5IKo6M. B 3TOM CJIY<Iae TeOpM5I rapaHTMpyeT, <ITO 

Yl (X) - TO<IKa CTpororo JIOKaJIbHOrO MMHMMYMa. 

I1MeeM 

U~(X)= ;iCh(:) [C'(adA1-xA'(ad]. 

B KBa,LI,paTHbIX cKo6Kax CTOMT JIMHeHHM no x <PYHKIJ;M5I, n03TOMY ui (x) 06paIu;aeTC5I B HYJIb 

Ba (-a, a) He 60JIee <IeM B O,LI,HOH TO<IKe. TaK KaK Ul (-a) = 0, ui (-a) = 1 R Ul (a) > 0, TO 

Heo6xo,LI,MMO Ul (x) > 0 Ha (-a, a]. ,l1;eMcTBMTeJIbHO, eCJIR ,LI,OnYCTRTb, <ITO CYIIJ;eCTByeT TO<IKa 

~ E (-a, a); B KOTOPOH Ul (~) = 0, TO B TO<IKe MaKCRMYMa "I <PYHKIJ;RR Ul (x) Ha [-a,~] 6Y,LI,eT 

Ul(T/) > 0 R ui(T/) = o. BOJIee Toro, B TO<IKe MMHRMYMa Ul(X) Ha ["I, a] npOR3BO,LI,HM ui(x) 
e1IJ;e pa3 06paTRTC5I B HyJIb, <ITO, KaK OTMe<IaJIOCb, HeB03MO)KHO. 

6. IIpe,LI,llo<ITRTeJIbHocTb CTaIJ;MOHapHoH KPMBOH Yl (x) no cpaBHeHMIO C Y2(X) MO)KHO 

y CTaHoBRTb 60JIee HenOCpe,LI,CTBeHHbIM nYTeM, eCJIR nOKa3aTb, <ITO J(yd < J(Y2)' I1MeHHo 

3TRM MbI Tenepb R 3aHMeMC5I. 

TeopeMa. Cnpa6ea,l/,U60 'Hepa6e'HCm60 J(yt) < J(Y2)' 

,l1;o K a3 aTe JI b CT B O. BOCnOJIb3yeMc5I <popMYJIaMM 

2ch2 x = ch2x + 1, sh2x = 2shxchx. 

TIOJIY<IRM 

J(Yk) = 27rAk J
a 

ch2 
:k dx = 27rAk J

a 

(Ch ~: + 1) dx = 
-a 0 

(9) 

TIOCKOJIbKY Ch(tk)/tk = A/a, TO 

(10) 

BBe,LI,eM <PYHKIJ;MIO 

(A)2 1 
'l/J(t) = ~ th t + t ' t E (0, +00), 

M BbI<IRCJIRM ee npOR3BO,LI,HYIO: 

(A)2 
t2 

[(A)2 1'l/J' (t) = - - 1 - -1 = - 1 - - c.p2 (t) . 
a ch2t ch2t a 
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COrJIaCHO Onpe,11.eJIeH11IO <PYHKIJ;1111 c.p(t) 11 BhI60py TO'IeK tI, t2, 11MeeM 'ljJ'(tJ) = 0, 'ljJ'(t2) = 0, 
'ljJ'(t) > 0 np11 t E (tI, t2)' B 'IaCTHOCT11, 'ljJ(tt) < 'ljJ(t2)' IIepen11caB <P0PMYJIY (10) B BI1,11.e 

np11,11.eM K 3aKJIIO'IeH11IO TeOpeMhI. 
3aMe'IaH11e. 113 (9) CJIe,11.yeT, 'ITO 

7. BOJIee o6IIJ;I1e pe3YJIhTaThI, CBH3aHHhle C M11H11MaJIhHhIM11 nOBepXHOCTHM11, npe,11.CTaB
JIeHhI B [6]. 

Summary 

M alozemov V. N. On the minimal rotation surface. 

N. M. Guenter's analysis of the case of two stationary curves in the classic problem of the 
minimal rotation surface is supplemented. 
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