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Preface 

Many publications both in Russia and abroad are devoted to the analysis of 
the buckling of thin-walled structures, and the solutions of many important 
problems have been obtained. In spite of the variety of books that are avail
able on this subject however, there is no one book which contains a general 
overview of buckling problems and sound base of methodology for the qualita
tive study of a large number of different types of problems. This gap may be 
partially filled by the monograph "Asymptotic Methods in Buckling Theory of 
Elastic Shells", which is a revised and extended edition of the monograph "The 
Stability of Thin Shells. Asymptotic Methods" by P.E. Tovstik published in 
1995 in Russian. 

The book contains numerous results developed by the authors and their 
pupils by means of the application of asymptotic methods to the problem of 
shell buckling. Previously these methods have been applied to problems of 
shell statics and vibrations. 

There are many new results in this rather compact book. The static stabili
ty problem for the case of small membrane deformations and angles of rotation 
is studied completely. In the general formulation, the principal questions on 
the development of local buckling modes are studied. The results presented 
give a clear, qualitative picture which is necessary for further development of 
modern numerical methods. 

One of the unique features of the book is the large bibliography of litera
ture on the application of asymptotic methods to the problems of thin shell 
buckling. The reference list includes Western as well as the Russian literature 
on asymptotic methods. The Russian material has generally been translated 
into English but is still not widely known, despite the high standards prevalent 
in this body of research. 

The book is directed both to researchers working on the analysis and con
struction of thin-walled structures and continuous media and also to math
ematicians who are interested in the application of asymptotic methods to 
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VI Preface 

problems of thin shell buckling. The book may also be useful for graduate and 
post-graduate students of Mathematics, Engineering and Physics. 

The present book is a result of the scientific cooperation of the Depart
ments of Theoretical and Applied Mechanics of the Faculty of Mathematics 
and Mechanics at St. Petersburg State University in Russia and Department 
of Mechanical and Aerospace Engineering at Carleton University in Ottawa, 
Canada. The authors would like to express their special thanks to the editors 
of the book, Prof. Peter R. Frise from the University of Windsor and Prof. 
Ardeshir Guran from the Institute of Structronics and also to Prof. John 
Goldak amd Prof. D.R.F. Taylor of Carleton University whose support of 
the program of scientific cooperation between St. Petersburg and Carleton 
University made it possible to prepare this manuscript. 

This work was supported in part by Russian Foundation for Fundamental 
Research (grants 9801.01010, 0101.00327) and Soros International Foundation 
(grant # 54000) and the Natural Sciences and Engineering Research Council 
of Canada under Dr. Frise's individual research grant. 

Our special thanks to Mrs. V. Sergeeva who typeset the main part of the 
book and drew most of the pictures. We would also like to thank our students 
N. Kolysheva, Yu. Dyldina, Yu. Balanina, N. Vasilieva, E. Kreis, A. Yam-
barshev, V. Braulov, and M. Antonov for their help in preparation of the 
manuscript. 

Peter Tovstik and Andrei Smirnov 
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Introduction 

Buckling analysis is one of the important elements in the modelling of thin-
walled structures in many different branches of engineering including shipbuild
ing, missile-building, and civil and mechanical construction. 

The development of numerical methods of solution for the problems of shell 
buckling (as in the other problems of shell theory) has reached a level such tha t 
virtually any problem can be solved numerically. Examples of the methods in 
use include orthogonal sweep techniques for loaded shells of revolution. In 
cases tha t do not permit the separation of variables one can use different vari
ational methods such as the finite element method which has been developed 
extensively over the last thirty years and is now widely accepted in engineering 
practice. 

Because of the development of numerical methods, it is worthwhile to reex
amine the role and importance of analytic methods. In simple cases, analytical 
methods can give the exact solution to a problem. In many other cases, they 
provide with adequate precision, an approximate solution and allow us to sim
plify the numerical solution which can help to speed to numerical process and 
lower computat ional costs. Acquaintance with the analytic results also helps 
to clarify the problem qualitatively and assists in gaining an understanding of 
the mechanism of buckling. 

Asymptot ic solution methods using the thin shell approximation have taken 
the leading place among the available analytical methods. 

The rather small class of buckling problems of elastic, smooth, thin shells 
under conservative surface and edge loads is considered below. The use of the 
static stability criterion yields the linear boundary value problem which may 
be solved effectively by means of asymptotic methods. 

In order to do this, solution of shell buckling problems which require the 
application of the dynamic stability criterion, or the solution of non-linear 
boundary value problems are left aside. In particular, buckling under dynamic 
loads, buckling of shells in a gas flux, parametric buckling problems and non-
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2 Introduction 

linear problems of shallow shell buckling will not be considered in this book. 
Likewise, the effect of initial imperfections is not taken into account. 

Development of approximate asymptotic formulae for expected buckling 
modes and corresponding critical loads is the basic subject of the book. Shells 
with various neutral surface geometry and load and support conditions are 
analyzed. 

Significant attention is given to construction of localized buckling modes, 
in which many small pits appear. 

In some cases these pits cover the entire neutral surface while in other 
cases the localization of buckling modes near some weak lines or points on the 
neutral surface occurs. This localization is related to non-homogeneity of the 
initial stress-strain state, or to variability of shell Gaussian curvature and/or of 
shell thickness. Localization in the neighbourhood of an edge may be related 
to specific features of the edge support. 

In publications on thin shell buckling (see [21, 22, 59, 61, 149, 175]) one 
can find numerous examples of buckling modes which are localized in neigh
bourhood of certain lines or points (for example, the buckling problem for a 
stretched spheroid under external pressure when the pits form along the equa
tor). However, the analytical description of these localized buckling modes 
that result from the asymptotic solution of the buckling equations is practi
cally absent in shell theory monographs. This fact prompted the authors to 
write this book. 

The methods of solution of the buckling problems used below are based on 
the methods of the asymptotic solution and qualitative analysis developed by 
A.L. Goldenveizer and his pupils [51, 52, 57, 70, 88] in connection with the 
problems of shell static, vibration and buckling. 

From the point of view of asymptotic solutions, shell free vibration and 
buckling have much in common. This is because, in both cases, we come to 
the boundary value problem with a small parameter in the higher derivatives. 
The main difference is that in the buckling problems we are interested only in 
the smallest (or, perhaps only in the smallest few) eigenvalues. 

The typical situation for an asymptotic integration of equations with non-
constant coefficients is that when in the integration domain, transition lines 
appear [15, 57, 88, 125, 180], (they are called caustics in the field of acoustics 
[174]) the region is separated into parts with qualitatively different solution 
behaviour. In shell buckling problems the transition lines separate the part of 
the neutral surface which contains the pits which appear under buckling. 

The lowest eigenvalue in which we are interested corresponds to the buck
ling mode which has pits only on a small portion of the neutral surface (i.e. lo
calised in the neighbourhood of the weakest line or point). The peculiarities 
of asymptotic methods used below are connected with this circumstance. 

In the case when the weakest point does not coincide with a shell edge, we 
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have used the method for construction of the buckling mode that was proposed 
by V.P. Maslov [99]. 

In cases tha t permit the separation of variables, the boundary value prob
lem becomes one-dimensional and the turning points play the role of transition 
lines. Investigation of turning points in shell theory problems was begun by 
N.A. Alumyae [5]. If the weakest line does not coincide with the shell edge, we 
approach the case of two close turning points. For construction of the buckling 
mode the one-dimensional version of V.P. Maslov's method [99] is used. How
ever, if the weakest line coincides with the shell edge then we have the turning 
point s i tuated near the edge. 

For construction of semi-momentless buckling modes for cylindrical and 
conic shells localized near the weakest generatrix, an algorithm based on an 
asymptotic separation of variables is suggested. In this case the buckling mode 
in the circumferential direction is similar to tha t obtained by V.P. Maslov's 
method. 

To read this book, it is not necessary that the reader have a specific knowl
edge in a field of asymptotic integration of equations. All of the required 
information is given in the text. The solutions are presented in the form of 
formal asymptotic series written in powers of relative shell thickness. The al
gori thm for the development of the coefficients of the series are indicated and 
for the first few terms of the series, the explicit expressions are given in many 
cases. As a rule, the series diverge and by increasing the number of terms, 
the part ial sums of these series do not satisfy the equations and boundary 
conditions with increasing accuracy. 

Proof of the asymptotic character of these series, in other words the state
ment that the error incurred after substi tuting the required function by the 
first few terms of the series is on the order of the first neglected term is beyond 
the scope of this book. 

Let us now briefly describe the structure of the book. 
In Chapters 1 and 2 the well-known equations of the two-dimensional theory 

of thin elastic shells and the buckling equations which come from the static 
criterion are given. 

Chapter 3 contains classical solutions for simple shell buckling problems, 
such as the buckling of a shallow or cylindrical shell under a homogeneous 
membrane stress-strain state. 

In the remaining chapters (with the exception of the final Chapter 14) the 
initial stress-strain s tate is assumed to be membrane and any pre-buckling 
deformations are not taken into account. 

In Chapters 4 and 5 the problems which allow the separation of variables are 
considered. In Chapter 4, the buckling modes for shells of revolution which 
are localized in the neighbourhood of the weakest parallel which does not 
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coincide with a shell edge are presented. In Chapter 5, the buckling modes for 
a cylindrical shell under non-homogeneous axial pressure are developed. 

In Chapter 6, the buckling modes for convex and cylindrical shells localized 
in the neighbourhood of the weakest point which does not coincide with a shell 
edge are constructed. 

The next 4 chapters (from 7 to 10) are devoted to the consideration of semi-
momentless buckling modes for cylindrical and conic shells. For such shells the 
pits formed under buckling stretch along the generatrix. If the stress-strain 
s tate varies in the circumferential direction then the localisation of buckling 
mode near the weakest generatrix will occur. The external normal pressure, 
torsion, and bending are typical loads which can cause this buckling mode. The 
effect of boundary conditions on the critical buckling load is also examined. 

In Chapter 11 the buckling of shells of revolution with negative Gaussian 
curvature is investigated. Under buckling, this type of shells generally displays 
pits which cover the entire neutral surface. 

Chapter 12 presents a discussion of the buckling of weakly supported shells. 
The relationship between the bending of the neutral surface and the buckling 
of the shell is examined. 

The problems for the shells with initially membrane stress-strain state that 
results 

The buckling modes localized near a shell edge are considered in Chapter 13. 
Again the initial stress-strain state of the shell is assumed to be membrane. 
In some cases, buckling is connected with a weak edge support while in other 
cases, the weakest line or point coincides with the edge. 

Chapter 14 concludes the book and provides a t reatment of buckling prob
lems where the initial stress-strain state is a combination of membrane, bend
ing and edge effects. This type of stress-strain state is referred to as a general 
stress-strain s tate in this book. The initial stress-strain s tate is represented as 
the sum of a membrane stress-strain state and an edge effect. Problems when 
the transition to a general formulation slightly changes the buckling load, and 
problems when the membrane formulation gives incorrect values of the buck
ling load are considered. 

In reading selected chapters it is useful to note tha t in Chapters 1-3 well-
known introductory information is presented, Chapters 4-11 are divided into 
four parts (weakly connected to each other) according to the method of asymp
totic integration used: (i) Sections 4 and 5, (ii) Section 6, (iii) Sections 7, 8, 9 
and 10 and (iv) Section 11. Finally Chapters 12, 13 and 14 contain information 
of general nature and are largely independent of the earlier par ts of the book. 



Basic notation 

Three digit indexing of equations is used in the book. Each equation index 
number includes the number of the chapter, the number of the section within 
the chapter, and finally the number of the equation. For brevity the chapter 
number is omitted if we refer to equations from within the same chapter, and 
the chapter and section numbers are omitted if we refer to equations from the 
same section. 

Two digit indexing of figures, tables and remarks is used, comprising the 
number of the chapter and the number of the figure, table or remark. 

To designate the order of a function, ip(h*), so as to compare it with another 
function, \l>{ht), as h* —> 0 (or fi,e —> 0) the symbols O, o, ~ are used. 

The notation ip = 0(tp) indicates the existence of a constant A > 0 which 
is independent of h* and \ip\ < A\4>\. Sometimes instead of <p = 0(ip) we write 

The notation tp = o(tp) means that tp/if> —> 0 as h* —»• 0. The symbol ~ 
is used for functions of the same asymptotic order, that is (p ~ ip means that 
ip = 0(VO and ip = 0{<p) simultaneously. 

Basic Symbolic Notation 

a, 0 (a i , a2) — orthogonal curvilinear coordinates of a point on the neutral 
surface; 

A, B (A\, A2) — Lame's coefficients on the neutral surface; 
E — Young's modulus; 
ei , e2, n — unit vectors of the coordinate system connected with a point 

on the neutral surface before deformation; 
e*, e\, n* — unit vectors of the coordinate system connected with a point 

on the neutral surface after deformation; 
Sij — membrane strains in the neutral surface; 
£i, u> — membrane strains in the linear approximation; 
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6 Basic notation 

e — a small parameter , e8 = / i*/(12(l — v$)) e > 0; 
£o — a small parameter , e6 = / i^/(12(l — UQ)), S0 > 0; 
i — an imaginary unit, i = \f—\, 
h — the shell thickness; 

ho — the characteristic shell thickness in the case of a shell of non-constant 
thickness; 

h„ — the dimensionless shell thickness, the principal small parameter , h* — 
h/R>0; 

Eh Eh3 

K = 7T, and D = -—— ^- — the shell stiffnesses; 
1 — i/z 12(1 — v1) 

&ij &2 — the principal curvatures of the neutral surface; 
L\, Li — sizes of a shallow shell; 
A — load parameter (A > 0); 
H — a small parameter , u\A — h%(l2(l — VQ)), /i > 0; 
Mi, Hi, H — projections of internal stress-couples into the uni t vectors 

e*, n* related to the unit length before the deformation; 
P i , P, M\, M — external forces and moments on an edge of a shell of 

revolution (see Figure 1.3); 
v — Poisson's ratio; 
p, q — wave numbers; 
II — potential energy of deformation of a shell; 
9i, 92, 9 (9i, 92, 9*) — projections of the vector of external load intensity 

into unit vectors e\, e^, n, (e*, e*2, n*) related to the unit area of the neutral 
surface before the deformation; 

•Ri) R-2 — the principal radii of curvature of the neutral surface; 
R — the characteristic linear size of the neutral surface; 
Qi, Qi — shear stress-resultants related to the unit length before the de

formation; 
T{, S{, S — projections of internal stress-resultants into unit vectors e*, e*2 

related to the unit length before the deformation; 
ti — membrane dimensionless initial stress-resultants; 
t — the index of variation of a stress-strain state (see Section 1.3); 
s — the length of an arc generatrix (for shells of revolution and shells of 

zero curvature); 
<fi — angle in the circumferential direction; 
9 — angle between the axis of rotation and the normal (for a shell of 

revolution); 
U{, w (u, v, w) — projections of displacement; 
Wi, 7f — angles of rotation of unit vectors e;, n in the linear approximation; 
Xi, T — bending and torsional strains of the neutral surface in the linear 

approximation. 



Chapter 1 

Equations of Thin Elastic 
Shell Theory 

In this chapter we will consider the relations of the theory of surfaces and 
surface deformations, the equilibrium equations of shell theory, the constitu
tive relations and some approximations of these equations and relations. The 
reader can become acquainted with the derivation and detailed discussion of 
these equations in monographs [12, 24, 28, 33, 51, 52, 87, 111, 119] and others. 

1.1 Elements of Surface Theory 

Consider the curvilinear coordinate system a, f3 on the undeformed shell 
neutral surface. The system axes coincide with the lines of curvature. The 
position of a point M on the neutral surface is defined by its radius vector 
r = r(a, /?). 

We introduce local orthogonal coordinate system by means of unit vectors 
ei , e-2, and n , where 

I dr I dr dr 9r 
C1 = W e2=B~W n = e ^ ^ A - ^ ' B=d-p- ( h L 1 ) 

The first and second quadratic forms of the surface are: 

I = ds2=A2da2 + B2df32, 11= ^-da2 + ^d/32, (1.1.2) 

where ds is the arc length on the surface, R\, R? are the principal radii of 
curvature. We also use the notation ki = R^~ . 

7 



8 Chapter 1. Equations of Thin Elastic Shell Theory 

Here A, B, Ri, and R2 are the functions of the coordinates a and /? satis
fying the Codazzi-Gauss relations. 

R2dp' 
1 dB 

(1.1.3) 

1 

R1R2 

The following formulae for the differentiation of unit vectors are valid: 

dei _ _}_d_A A_ dex _ 1 dB 

da ~ Blpe2+Ri™' ~W~Adae2' 
de2 1 dA de2 I dB B 
da B dp dp A da R2 

dn A dn _ B 
a»7 ~ ~R~iei ~dp~~~R2

e2' 

After deformation, a point M occupies position M*, which is defined by the 
radius vector r*. We assume that 

T*=T + U, U = uie\ + u2e2 + wn, (1.1.5) 

where U is the displacement vector and ux, u2 and w are its projections on 
the unit vectors before deformation. 

Assuming 

1 d r * , 1 
-7-*— = I1 + £ i ) e i + w i e 2 - 7i™, 

-p -^-3- = (1 + £2) e2 + oj2ex - f2n. 

we get 

_ 1 dui I dA w _ 1 du2 1 dB w 
£ l = A~da~+ A~B'dpU2~R'1'

 £2= B~dJ + ~AB~l)a~Ul ~ R~2' 

1 du2 1 &4 1 dux 1 8B 
Wl = A-fo-ABW"1' U'2=BW~AB^U2' (1-L7) 

_ 1 dw «i _ 1 <9w «2 
7 1 ~ ~A~da~~~R1~' 7 2 _ _ B ^ " ^ ' 

After deformation the coordinates a and /? become non-orthogonal. We 
then introduce unit vectors 

1 9r* 1 dr* „ el x e$ 
e i = A:aa7' e2 = 5:^- ' n = - 5 s r - (1-L8) 
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where 6 is the angle between e\ and e*2 ( e ' e l = cos#). 

In the deformed state the first quadratic form of the surface is 

I, = Al da2 + 2 i»f l , cos6dad/3 + B2d/32, (1.1.9) 

where 
1 1 

£11 = £l + ^ (£1 + W l + 7l ) , £22 = £2 + ^ (£2 + w2 + ll) > 
COS0 = £12 = U +£ iW 2 + £ 2 ^ 1 +7172 , (1.1.10) 

A* = A2(l + 2en), B2 = B2 (1 + 2e2 2), W = W l + W 2 . 

The values en , £12 and £22 are the membrane strains of the neutral surface 
and we assume that they are small compare to unity. The variables e\, to and £2 
are the membrane strains in the linear approximation. For small deformations 
wi and w2 are the rotation angles of the unit vectors B\, e2 in the tangential 
plane, and 71 and 72 are the rotation angles for the normal n. 

After deformation the second quadratic form of the surface may be repre
sented as 

II, = Luda2 + 2L12da d/3 + L22dp2, (1.1.11) 

where 

d2r* d2r* d2r* 

The expressions for Lij can be found by formulae (4), (6) and (8) which 
are complicated non-linear functions of the displacements. We can write the 
approximate formulae in which the terms of the second order with respect to 
the displacements are neglected 
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With the same precision the derivatives of the unit vectors after deformation 
have the form [61] 

de\ 1 dA „ / 1 d(Bu) 1 dA, \ , / 1 \ , 

de*2 IdB , / 1 0(J4W) 1 9 B t \ , / 1 \ , 

da \Bt d/3 B da J l B d/3 

de\ ( 1 8B, u8A\ , wdB t _ , ,, , , ^ 
- T^J )e2--7^-< + Brn*, (1.1.14) 5/? V-4* da A dp J * Ada 

d/3 \R2 ' V V R2) 

In the linear approximation the relationships for the unit vectors both be
fore and after the deformation are the following 

e* = e i + w 1 e 2 - 7 i n , 

e\ = e2 + w2ei - ~f2n, (1.1.15) 

n* = n + 7 i d +72e 2 . 

The discussion below is limited to the small displacement case since the 
application of the approximate formulae (13)—(15) does not allow us to consider 
problems with finite (but not small) displacements and rotation angles of a shell 
element. The case of finite displacements and rotation angles is discussed in 
[87, 26, 131]. 

1.2 Equilibrium Equations and Boundary Con
ditions 

The equilibrium equations of a deformed element of the shell are 

— (BFi) + — (AF2) + ABq = 0, 
da dp ,12 jx 

-(BG1)+-(iG2) + ^5e;xF1+4fl,e^xf2 = 0. 
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Here F\ and G\ (F2 and G2) are the stress-resultant and the stress-couple 
vectors related per the unit length before the deformation acting on the line 
a = const (/? = const) and q is the intensity of the external surface loads per 
the unit area before the deformation (see Figure 1.1). If the intensity of the 
external surface loads q* per the unit area after the deformation is introduced 
(for example, the hydrostatic pressure) then the last term in the first relation 
(1) is to be replaced by A*B*q* sin 6. 

Figure 1.1: The stress-resultants and stress-couples acting on a shell element. 

We introduce the projections of these vectors on the basis vectors after 
deformation 

F i = Tte\ + Sie*2 + Qin*, 

F2 = T2e*2 + S2e\ + Q2n*, 
(1.2.2) 

d = ffie*-Mie£, G2 = M2el - H2e*2, 

q = q\e\ + qle*2 + q*n*. 

The scalar equilibrium equations are obtained by projecting equation (1) 
onto the basis vectors after deformation and using formulae (1.14). Then we 
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can write [61] 

djBTj) AdB* d(AS2) B 8A. „ OA 

-AB (T - ^ ) Q 2 + ABq\ = 0, 

d(AT2) B dA. d{BSi) A dB. dB 

-AB (T - | 0 Qx + ABq*2 = 0, 

d{BQlX+8SAQl+AB(±+\Ti+ 

da 80 \Ri 

+AB (Si + S2) T + AB Q - + x2\ T2 + AB q* - 0, 

d(BHi) + d(AM2) + (AQB+_ _ d{Aw)\ H^+ 

da dp \A. da dp 

dA __ dB „, 
dp da 

d[AH2) + d(BMi) + (_B_0A. _ d(BuY R ^ 

(1.2.3) 

dp da \B* dp da 

+BA,Q1 + AB.Q2 + {^.-^)M2+ 

dB TT dA , , 
+ JT-UH2- ^ w M i = 0, 

da dp 

A.BSi - AB.S2 + AB f1- + xA Hi~ 

-AB (^- + x2\ H2 - {Mi - M2) ABr = 0. 

We consider shells of absolutely elastic isotropic Hookeian material, with 
Young's modulus E and Poisson's ratio v. To derive two-dimensional shell 
theory equations we use the Kirchhoff-Love hypotheses. Let us take the con-
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stitutive relations in the form introduced by V. V. Novozhilov and L. I. Bal-
abukh [119] 

Ti = # ( e n + 1/622), 

T2 = Kfaz + veu), 

Mi = D{xi + vx2), 

h2r\ _ K{l-V) ( n~T 
Si~ 2 — V 1 2 w w 

M2 = D(}<2 + i / x i ) , (1.2.4) 

Hi = H2 = H = D{\-v) T, 

Eh „ Eh3 

K = 
\-v2' 

D = 
12(1 - i / 2 ) ' 

The error due to these relations is discussed in Section 1.3. 
System (3) contains terms of different orders. For elastic shells made of 

metal, the values of e n , e\2, £22, £i, w, e2 are small compared to unity. There
fore, in order to simplify system (3) these terms may be neglected compared 
with 1. It assumed that the functions A and B have equal orders and increase 
weakly with differentiation. As a result, it may be assumed that in system (3) 

A* = A, 5* = B (1.2.5) 

and the terms containing u may be omit. After these simplifications system 
(3) has the form: 

djBT,) OB d(AS2) dA 
da dp dp dp 

+AB ffi ^ - + x 1 ) g 1 - ( r - ^ ) g a 

d(AT2) dA djBSi) ^dB 
dp da da da 

+AB 92 ^ + x 2 ) g 2 - ( r 
i i i 

Q i 

a(BQi) , a(^Q2) 
9a ^ 

+ .4B 
Ri 

+ xi Ti + 

+r (S1! + 52) + ( — + *2 ) T2 + 9* 

0, 

= 0, 

(1.2.6) 
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da dp dp da 

dp da da dp 

By virtue of relations (4), the last equation (3) is satisfied identically and 
is not included in system (6). 

formulae (2) give the projections of the surface loads on the axes after 
deformation and they are convenient in the case of the follower loading case. 
If the load is introduced by its projections on the axes before deformation 

q = qiei + q2e2 + qn, U-2-7) 

then, by virtue of (1.15) in equations (3) and (6) 

q* = g i - w 2 g 2 - 7 i 9 . 

q* = q2-u!iq1-f2q, (1.2.8) 

q* = g + 7i 9i+7292-

Systems (3) or (6) are of the eighth order. Therefore, four boundary con
ditions must be introduced at each shell edge. First, we consider edge a = a0. 
If the edge is clamped we introduce the values of 

«i, U2, w, 7i- (1.2.9) 

If some generalized displacements (9) are not given then we introduce the 
corresponding generalized forces: 

H 1 dM 
TU 5 1 + - ; Q i - ^ , M,. (1.2.10) 

At a free edge all variables (10) must be set. 
Instead of (9) and (10) we can also write the expressions for geometric and 

static variables that must be given at a shell edge which does not coincide with 
the coordinate line (see [24, 51]). 

Let t be the unit vector of a tangent to the edge and m be the unit vector 
of the normal laid in the tangent plane and directed incide the shell, \ is the 
angle between the unit vectors e\ and m (see Figure 1.2). 

We can write the relations for the generalized displacements and stress-
resultants corresponding to them, which are to be introduced at this edge 

um = Uicosx + t^s inx , 
vt = - u i s i n x + u2cosx, (12 11) 
w, 
1m = 7i c o s X + 72 sin x; 
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vhere 

e2 

Figure 1.2: The slanted edge. 

Tm = T1cos2x+{Si + S2)smxcosx + T2sm2x-

- Hmt I — - — J sin x cos x, 

Qn; 

M„ 

(T2 - Ti) sin x cos x + Si cos2 x ~ S2 sin2 %+ 

. s i n 2 x . c o s 2 x 
+ tlmt | — h 

Ri R2 

Qi 
1 dHmt\ , / _ 1 8Hmt , 

c o s x + Q2 - — a . | s i n x , B dp J *• Y" A da 

Mi cos2 x + 2/f sin x cos x + M2 sin2 x , 

(1.2.12) 

-H"mt = H (cos2 x - sin2 x ) + (M 2 - M i ) sin x cos x • (1.2.13) 

The stress-resultants in (10) and (12) are introduced by their projections on 
the unit vectors e*, e\, n* after deformation and displacements Ui, w are the 
projections on the unit vectors e\,e2,n before deformation. If the external 
edge load keeps its direction under deformation, it is convenient to use the 
projections of the stress-resultants on the unit vectors before deformation. 
Then instead (2), we get 

Fi=T[ei + S'ie2 + Q'in. (1.2.14) 

Therefore, due to (1.15), instead of generalized forces (10) one must introduce 
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(1.2.15) 

on edge a = a0 the values 

M i . 

formulae (12) may be transformed in the same way. 
In addition to the above assumptions we limit this development to bound

ary conditions, described as either fixed or free conditions in the generalized 
directions (9) or (11). We will consider only the simple case when the gener
alized displacement or generalized force corresponding to it is equal to zero at 
the edge. In the other words, it is assumed tha t the boundary stiffness in each 
direction coinciding with the axes of the trihedron ( m , t, « ) , is equal either 
to infinity or to zero. 

Therefore at each edge four boundary conditions should be introduced 

um = 0 or Tm = 0, 

vt = 0 or St = 0, 
(1.2.16) 

ID = 0 or Qmt, = 0, 

ym = 0 or Mm = 0 

Also we will not consider the cases of elastic support of the type um + /3 Tm = 0 
or support by a rib. 

We denote variants of the boundary conditions by four-figure numbers of 
O's and l 's where 1 indicates the support in the corresponding direction and 
placing the digits in the same orders as the conditions in (16). For exam
ple, 1111 means a clamped edge, 0000 means a free edge and 0110 means a 
simple support . The boundary conditions are often denoted by C, and 5,-
(i = 1 ,2 , . . . , 8) [21] (see Table 1.1). 

1.3 Errors of 2D Shell Theory of Kirchhoff-
Love Type 

The entire system of the equations of 2D shell theory of the Kirchhoff-Love 
type consists of five equilibrium equations (2.6), seven constitutive relations 
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Table 1.1: The boundary conditions 

um = 0 
Tm=0 

0 

0 

0 
0 
0 
0 
0 
0 

w» = 0 
St=Q 

1 
1 
1 
1 
0 
0 
0 
0 
1 

I 

1 
1 
0 
0 
0 
0 

w = 0 
On , = 0 

1 
1 
0 
0 
1 
1 
0 
0 
1 

1 

0 
0 
1 
1 
0 
0 

7m = 0 
Mm=0 

1 
0 
1 
0 
1 
0 
1 
0 
1 

0 

1 
0 
1 
0 
1 
0 

1 
0 

Ci 
Si 

c5 
s5 
c 3 
s3 
c7 
s7 
c2 

s2 

Ce 

s6 
CA 

SA 

c 8 
Ss 

clamped edge 

simply supported edge 
(Navier's conditions) 

free edge 

(2.4), nine relations for small strains, angles of rotation and displacements 
(1.7) and (1.13) and three formulae for the nonlinear membrane deformations 
(1.10). Therefore the entire system consists of 24 algebro-differential equations 
in 15 cinematic and 9 force unknowns 

« i , u2, w, e i , e2 , wi, w2, 71, 72, xi, x 2 , r, e n , e22, £12, 

TUT2,SUS2,M1,M2,H,Q1,Q2 

The solution of this system with four boundary conditions on each edge 
is called the general stress-strain state of a shell. In the cases when the de
formations may be ignored the stress-strain state is called shortly the stress 
state. 

In this section the error arose under transition from 3D nonlinear equations 
of the theory of elasticity to 2D equations of the theory of shells is discussed. 
We also give the classification of the partial stress-strain states of a shell, 
which not necessarily satisfy the boundary conditions. As a rule for linear 
problems the general stress-strain s tate is a sum of the part ial stress-strain 
states. 
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To make the asymptotic estimates and to compare the orders of the specific 
terms we introduce, for convenience, a small thickness parameter 

h* = ^ , (1.3.2) 

where R is a characteristic linear size of the neutral surface, for example, the 
radius of the curvature, and ho is the characteristic shell thickness. In the case 
of a shell of a constant thickness we assume ho = h. 

Errors in shell theory equations are caused, in the most cases, by the Kirch-
hoff-Love hypotheses, which leads to one or another variant of the constitutive 
relations. At the same time, the expressions for strains and the equilibrium 
equations generally can be written exactly. 

Firstly we discuss the errors of the linear shell theory. The equations of the 
shell theory contain linear and quadratic terms in unknowns (1). The linear 
theory is obtained assuming all quadratic terms be equal to zero. 

In [121] it was shown that for the linear theory of shells the error A of the 
Kirchhoff-Love hypotheses has the order of the relative shell thickness, i.e. 

A ~ A * . (1.3.3) 

In (see [52, 77]) the similar estimates for the shell stress-strain state unessen
tially differed from the above one have been obtained. 

Let us introduce the index of variation t of stress-strain state as 

~A-*z, (1.3.4) 

where z is any unknown function which determines this state. We will deter
mine, through ~, the values of the same asymptotic order. A more general 
error estimation than (3) has the form 

A ~ m a x { / i „ , hl~2t) , (1.3.5) 

and it follows from here that estimates (3) and (5) coincide as t = 1/2. In [52] 
it was shown that, by choosing more complicated constitutive relations than 
(2.4) the error A can be reduced to 

A~hl~2t, Q^t<l, (1.3.6) 

as t < 1/2. The advantages and disadvantages of this approach are discussed 
in [52]. 

Remark 1.1. The error of the shell theory equations is denoted in formulae 
(3), (5) and (6) by A. The error of the fixed equation is equal to a fraction of 

max 
dz 
da 

i 

dz 
dp 
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the maximum of the omit ted terms and the main term of this equation. The 
error of the system is equal to the maximum of its equation errors. The error of 
the system depends on the type of solution (mainly on its index t of variation, 
see (4)). It may occur that the order, A s , of the error of the solution is not 
equal to the order, A, of the error of the system. For example in [56] for the 
problem of free vibrations of a shell of revolution it was shown tha t the solution 
error is larger than the system error. Instead of (6) the est imate As ~ hl~3t 

is valid. A similar growth of error may also occur when buckling modes are 
analyzed. Here we do not consider this problem. For typical buckling modes 

11"? 
t <J 1/2 and we may expect tha t A s < hj as A ~ h*. We note also tha t 
for the integral solution characteristics, such as the frequency of vibrations or 
the critical load, the order of their errors A \ does not exceed the order of the 
system error A. 

Later in this book, the constitutive relations of type (2.4) will be used. 
T h a t is why in each equation, terms of order /i* and smaller in comparison 
with the main term may be neglected without losing accuracy (see [120]). 

In linear shell theory the problem of comparing the orders of terms for char
acteristic part ial stress-strain states such as membrane, pure bending, semi-
momentless, simple edge effect, or a general stress-strain s tate which is a com
bination of some of these stress-strain states and the definition of which are 
given below has been studied extensively [24, 52, 57]. 

The order of each of the non-linear terms depends on the level of the ex
ternal surface and boundary loading. Each buckling problem is characterized 
by its own level of load and pre-buckling strains. 

We denote the maximum value of the membrane pre-buckling strains by e 

e = m a x { | e u | , | e i 2 | , |£22|} • (1.3.7) 

Further, in relations similar to (7) we will omit the module sign in esti
mat ing the absolute values of the variables. In the book we only consider the 
pre-buckling stress-strain states for which the following estimate is valid 

e<K, (1.3.8) 

which means that the order of e is not larger than the order of /i*. In particular 
the estimate 

e ~ / i , (1.3.9) 

is valid for the buckling of a membrane stress-strain state for a convex shell 
(see Section 3.1) and also for a moderately long cylindrical shell under axial 
compression (see Section 3.4). 
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For the buckling of a cylindrical shell under external pressure (see Sec
tion 3.5) or torsion (see Section 3.6) one can use the estimate 

e«h*. (1.3.10) 

Let us now consider one formula of (1.10) 

£ n £i + ^{4+^>l + J2i)- (1.3.11) 

Generally, a small value of e\\ does not necessarily lead to small values of S\, 
u\, and 7 J . Indeed for pure plate bending, under which the plate turns into 
a cylindrical shell, en = 0, but £i, 71 ~ 1. That is why we assume that both 
the linear membrane strains and the squares of the angles of rotation are also 
small variables 

max{ei, u,u>i, 7,2} < h*. (1.3.12) 

Assumption (12) limits the class of buckling problems considered below. In 
fact, this assumption has already been used in Sections 1.1 and 1.2 to simplify 
the geometric relations and equilibrium equations. 

In some buckling problems characterized by a large bending of the neutral 
surface estimates (8) does not hold. In particular, in the case of the axisym-
metric deformation of a shell of revolution under axial compression the part of 
the neutral surface has the form close to the mirror reflection from the plane 
orthogonal to the axis of symmetry 00. In Figure 1.3 the generatrix of the 
shell of revolution before the deformation (solid line) and after the deformation 
(dashed line) is shown. 

o 

Figure 1.3: The large bending of the neutral surface 
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In the area of the large bending (near the point A in Figure 1.3) the fol
lowing estimates are valid 

{eue2}~hl<2, xx~R-lh-;112. (1.3.13) 

The error A increases and for its order instead of (3) we have 

A ~ / i i / 2 . (1.3.14) 

In [167, 168] the constitutive relations for such type of problems have been 
obtained by means of the asymptotic integration of the 3D nonlinear equations. 
These relations generalizing equations (2.4) have the relative error of order /i». 
In particular, expression for T\ has the form 

Ti = K(ei + ue2 + M2 + Ehh^), (1.3.15) 

where the additional terms with the multipliers b\ and 62 take into account the 
quadratic dependence of stresses on strains and in their turn the multipliers 
61 and 62 depend on the nonlinear elastic properties of shell material. 

Errors of 2D shell equations and of their simplified forms are discussed in 
[13]. 

In the book the problems involving the estimates (13) and (14) are not 
1/2 analyzed. In Section 14.1 one problem in which £ ~ hj is pointed out. 

The special assumptions on the character of the stress-strain state and the 
form of the neutral surface lead to further simplification of equations (2.6), 
(2.4), (1.7), (1.10), (1.13). Below we give the classification of the characteristic 
stress-strain states of a shell proposed by Goldenveiser [52] and Novozhilov 
[119]. This classification is based upon the relations between tangential and 
bending strains (stresses) and the index of variation of the stress-strain state, 
t. The maximal tensile-compressive stresses, as and bending stresses ab are 
equal to 

as = - max-fTl, T2, Su S2], <rb = ^ max{Mi, M2, H). (1.3.16) 

Further in this section the relations between the orders of crs and at, ob
tained in [52] are given. 

1) For the membrane (momentless) stress-strain state as ~^> ab and t = 0. 
The shear stress-resultants Q\ and Q2 may be omit in the first three relations 
(2.6). In the next chapters we consider membrane pre-buckling stress-strain 
state. In more details the membrane stress-strain state is discussed in Sec
tion 1.4. For the membrane stress-strain state with the index of variation 
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t = 0 the following order relation ab ~ h\as is valid. If we suppose that 
0 < t < 1/2 then 

<rb ~ h2
t~

4tas as 0 < t < 1/2. (1.3.17) 

2) For the pure bendings stress-strain state , the shell neutral surface de
forms without tensile and shear, i.e. en = e12 = £22 = 0. If the nonlin
ear tangential strains are replaced with their linear approximations, then the 
stress-strain state with £1 = u = £2 = 0 is called infinitesimal pure bendings. 
In accordance with assumption (12) we do not make a difference between pure 
bending and infinitesimal pure bendings. The buckling modes for the weakly 
supported shell of revolution are close to the pure bendings. 

3) If the tensile deformations of the shell neutral surface are small compared 
to its bending deformations, i.e. 

maxJEi, u, £2} -C i?max{xi, r, x2}, (1.3.18) 

then the corresponding stress-strain state is called the pseudo-bendings. Such 
buckling modes are characteristic for shells of zero and negative Gaussian cur
vature. 

4) The bending of the shell neutral surface generates the pure moment 
stress-strain state, for which the bending deformations and stresses are signif
icantly larger than the tangential deformations. For 0 < t < 1/2 the relation 
opposite to (17) 

<rs~hl-4t(Tb as 0 < < < 1/2. (1.3.19) 

is valid. 
5) Under buckling of shells of zero Gaussian curvature under external pres

sure and/or torsion the pseudo-bending leads to the semi-momentless stress-
strain state, for which one of the bending moments may be neglected Mi <C 
M2 . For such stress-strain state the indices of variations in axial and circum
ferential directions (so-called partial indices of variation), t\ — 0 and t? = 1/4 
are different 

dz dz 1/4 
da op 

where z denotes any of variables (1). 
6) For the combined stress-strain state the tangential and bending stresses 

have equal orders crs ~ "V As it follows from relations (17) and (19) for this 
state t — 1/2. The detailed description of this state is given in Section 1.5 (see 
formulae (5.1) and (5.2)). The buckling of convex shells and cylindrical shells 
under axial compression is accompanied with the combined stress-strain state. 

7) The above mentioned stress-strain states do not always satisfy the bound
ary conditions and the stress-strain state called the edge effect may form in the 
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neighbourhood of the shell edges. Consider the edge a = c*o. All variables (1) 
describing the edge effect decrease exponentially away from the shell edge and 
have different indices of variations in the edge direction, t\ < 1/2, and in the 
direction that is orthogonal to the edge, t, = 1/2: 

^~h:1/2z, ^ - h ^ ' z , < 2 < l / 2 . (1.3.20) 
oa op 

If i2 = 0, then the edge effect is called the simple edge effect. If the edge effect 
depends on the pre-buckling stresses it is called the non-linear edge effect (see 
Section 14.1). 

8) The partial case of the general stress-strain state is called the moment 
stress-strain state if it is a combination of the membrane (or semi-momentless) 
stress-strain state and the edge effect. In particular, estimate (3) is valid for 
moment stress-strain states. 

Next we write the simplified equations for the characteristic stress-strain 
states of a shell. 

1.4 Membrane Stress State 

This state is characterized by slow variation of unknown functions (t = 0). 
Displacements u,- and w are small variables of equal orders. In the general 
case, the strains e,-, u, 7,-, and Rxi are also small variables of equal orders. 
The bending stresses are less than the membrane stresses 

{MiR-^HR-^Qi} ~ h2,{Ti,S}. (1.4.1) 

The membrane stresses satisfy the non-linear system of equations 

da oa A 0/3 
HAT,) 8A d(B*S) 
-bT~ ~W1+ ~^da~ + ABq- - °' ( L 4 .2 ) 

(*1 + xi) Ti + (*2 + * 2 ) T2 + 1ST + q* = 0 , 

Ti = K {en + VE21), T-2 = K (e22 + ven), S = —^ Ke12-

If the curvatures k{ are not equal or close to zero in the entire domain 
being considered, then in the third equation of system (2) the non-linear terms 
XjTi, rS may be neglected. Further, if the surface deformation in the entire 
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domain is far from the bending e* = w = 0, then in constitutive relations (2) 
the non-linear membrane strains may be linearized 

dJBT,) 8B d(A*S) _ 

~d-a—-^T2 + ^dF + ABqi - °-
d(AT2) dA d{B*S) _ 

-dp--w 1 + ~B^T+ q2 " 0> 

kiTi + k2T2 + q = 0, 

71 = ff(ei+i/e2), T2 = K(e2 + ve1), S 
l - v 

•Ku, 

(1.4.3) 

i.e. we get linear membrane equations [52, 119]. 
Let us write the explicit formulae for the membrane stresses for some par

ticular load cases. 

Figure 1.4: Shell of Revolution. 

Consider a shell of revolution where as the curvilinear coordinates a,/? we 
introduce the meridian arc length s and the circular angle <p (see Figure 1.4). 
Then 

„ , „ „ • „ d9 1 dB 
A=l, B = R2smV, — = —-—, -3— = —cos I 

as R\ as 

(1.4.4) 

where 6 is the angle between the axis of rotation and the normal on the neutral 
surface. Let the shell be limited by two parallels (si ^ s ^ s2) and be under 
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the axially symmetric and inversely symmetric (which, in effect, resembles a 
wind load on a building) surface and edge loads. We assume that 

qi{s,<p) = q%(s) + q{{s) cos <p, 

q(s,<p) = q° (s) + q1(s) cos <p. 

Then we get (see [16]). 

„ FZR2 MyR2 TXR2 

Mz t (My R2 cos 6 Fx s = 2^+{-^^—i^r**' 
(1.4.6) 

where 

«2 

Fx = Pl- ivFq, Fq= J (q{ cos 9 + ql+q1 sin9) B ds, 

s 

« 2 

My = Mi + Pi02 + T / ( P V COS 0 - (F, + P2gJ) sin0) ds, 

s 

S 2 «2 

FZ = P + 2TT (q%sm9-q°cos0)Bds, z2 = sine ds, 

S S 

*fq°2l Mz = M + 2TT / o W ds. 

Here forces P and Pi and moments M and Mi, acting on edge s = s2, are 
shown in Figure 1.4, and Fx, Fz, My, and Mz are the projections of the 
principal force vector and principal moment vector of the external edge load 
and surface load acting on the part of a shell between the parallels s and s2. 

We consider also an arbitrary conic or cylindrical shell. As curvilinear 
coordinates we take the lines of curvature s, ip in such a way that A = 1, P i = 
oo. Let the shell be subjected to surface loading gi, q2, q, and stresses T\ = 
fi{<p), S = f2{<f), be defined at edge s = s2(<p). Then the shell stress-strain 
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state is a membrane stress state with the stress-resultants (see [52], Chapter 13) 

1 
Ti = 

S = 

B / 
(dA_T2^_ 
\d<p ds 

B2fi+ I I ^ - T 2 ^ + Bgi ) ds 

-R2q, B2 = B (s2) 
52 

1 
52 

B2f2+ I [ B ^ + B2q2 ) ds 

(1.4.7) 

(1.4.8) 

Assuming s = s\ in (7), we find stresses TJ and S at the other shell edge. 

1.5 Technical Shell Theory Equations 

Here we will examine the mixed stress-strain state for which the membrane 
and bending stresses are of the same orders. We need to make some assump
tions to characterize this state. Let the index of variation t be t = 1/2 and 
let 

w ~ h*R, ki ~ R 1, U j < t o . (1.5.1) 

Then from the equilibrium equations, the constitutive relations and the geo
metrical relations we find the orders of all unknown functions 

max{u,} ~ hj w; 

max{£j,u,,£jj} ~ R_1w ~ ht; 

max{7,} ~ /i* R~xw ~ hj ; 

max{x;,r} ~ h~1R~2w ~ R~lm, 

max{Ti, 5} ~ KR~lw ~ Kh*; 

maxjQi} ~ hl^KR-1™ ~ KhZJ2; 

max{Mi,H} ~ KKw ~ KRh2,. 

(1.5.2) 

Relations (2) give the orders of the maximum values of variables from one 
group. 

We can use the orders of the relations above to simplify equations (2.6), 
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(2.4), (1.13), (1.10), (1.7). We then obtain 

da da Aop 

d(AT2) dA d(B2S) _ 

~W " lpTx + ~Bda- + ABq> ' °' 
1 (d{BQx) d(AQ2)\ 

AB {-Jo- + —dT) {l X) X 

+2TS + (k2 + x2)T2 + q* = 0, 

^ - > + ̂ + ^ = •• 

where 

Tx = K{eu + ve22), T2 = K{e22 + ven), 

Mi = D ( x i + i/x2), M2 = D(x2 + uxi), 

y S = LjLKen, H = {\-V)DT, 

(1.5.3) 

1 2 1 3«i 1 dA w 
en = e i + 2 7 i , *i = J " ^ " + ^ 00 " 2 ~ TV 

1 2 1 du2 1 3 5 u> 
£22 = £ 2 + ^ 7 2 , £2 = B-dJ + AB^Ul-R-2' 

£12 = w+7i72 , 
_ B d /u2\ A d / « r 

W ~ A~d^\~B)JrB~dJi\A, 
I dw I dw 

X l ~ fa \A~fa) + IB2"dp 1)0' 
1 ( \ dw\ 1 dB dw 

3/? \B dp) BA2 da da' 
1 3 / 1 3uA 1 dB dw 
Bdp\Ada) BA2 da dp 

1 d (}_dw\ 1 dAdw 
Ada \BdpJ AB2 dp da' 

file:///A~fa
file:///BdpJ
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System (3) is known as the system of equations of the technical shell theory 
[32, 61, 109, 171, 175]. All of the simplifications made in defining this system 
introduce an error of order h* due to (1) and (2). Thus, this system may 
be considered to be exact within the limits of the Kirchhoff-Love hypotheses 
under the assumptions described above (see (1) and t = 1/2). 

We note some peculiarities of this system. There are no shear stress-
resultants in the first two equations. In the third equation all of the terms 
are equally significant. In the expressions for £;J , both terms are of the same 
orders and there are no tangential displacements in the expressions for 7,-, x,-
and r. System (3) was used as the starting point for many researchers in this 
field. We will also consider this system further in the book. 

Without surface tangential loading (gj = g2 = 0) system (3) can be written 
in the compact form ([61]) 

-DAAw + (*!_+ xi) Ti + 2TS + (k2 + x2) T2 + q* = 0 

A A $ + Ar2x2 + Ar2xi + x x x 2 - r 2 = 0 1 A A „ , , . . , , _ 2 _ n (1-5-4) 
Eh 

where 

. 1 
Aw — —— 

AB 

d (Bdw\ d (Adw 
fa \~A~do~) +~dp V^5/? 

(1.5.5) 

is the Laplace operator in the curvilinear coordinates and the membrane stress-
resultants may be expressed through the stress function $ as 

1 0 / 1 d$\ 1 dBd$ 
Bd/3 \Bdl3J A2B da da' 

r, = IifI^ + -LM^ (1.5.6) 
2 Ada \A da J B* A dp dp* 

1 ( 5 2 $ 13,4 5$ \dBd§\ 

~ ~AB \da~dp ~ A Jp ~da~ ~ ~B ~da~~dd~) ' 

For these T{, S the first two equilibrium equations are valid with the relative 
errors of order ht, but for AriA;2 = 0 systems (3) and (4) are equivalent. 

R e m a r k 1.2. Here, equations (4) are obtained assuming that D = const, 
Eh = const. For shells with variable thickness and elastic material properties 
with an error of order h*, the first terms in (4) must be replaced by 

-A(DAw), A Q ^ A * ) . (1.5.7) 

It often occurs that the shell stress-strain state is a sum of the main stress-
strain state and an edge effect. We consider an edge effect which has the 

file:///~A~do~
file:///Bdl3J
file:///da~dp
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large index of variation (t = 1/2) in the neighborhood of line a = ao in the 
direction orthogonal to the edge and small index of variation (t' = 0) in the 
edge direction. Such an edge effect spreads in a band, the width of which is of 

1/2 
order RhJ at the line a = ao. To describe the edge effect we may use system 
(3). 

1/2 
With an error of order hj we can also use the following equation [61] 

„ dAw m 82w Eh / 1 i/ \ , n „ r n. 

where 

dx = Ada, ^L + q*1=0, T2 = v T x - ^ . (1.5.9) 
ox tii 

d2W 
The term T\ „ is non-linearly dependent on the loading and that is why 

equation (8) usually is called the non-linear edge effect equation. 
If 

dB 
5 = 0, ^ - = 0 at a = a0, (1.5.10) 

da 

the accuracy of equation (8) increases, and the error is of order h*. 
We note that if the load level satisfies estimate (3.9), the first four terms 

in (8) are of the same orders. For smaller loads, we arrive at the simple edge 
effect equation 

-"£-!-=•• <"•»> 

For shells of revolution equation (8) is discussed in Section 14.1. 

1.6 Technical Theory Equations in the Other 
Cases 

We obtained equations (5.3) using three important assumptions 

< = - , i«~i?-1 / iH . = h0, ki~R-\ (1.6.1) 

but the equations have wider applicability. Let us discuss the cases when some 
of assumptions (1) are not fulfilled. 
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The assumption tha t w ~ h0 affects only the relative values of the non
linear terms in the third equation (5.3) and in the expressions for e , j . For 
w <C ho system (5.3) becomes linear after neglecting the non-linear terms. 

Let 0 < t < 1/2, i.e. the stress-strain state has smaller index of variation 
than the simple edge effect. In this case, systems (5.3) and (5.4) can also be 
used but their accuracy decreases and the error A i is of order 

A i ~ / i f . (1.6.2) 

This error is mainly caused by neglecting the tangential displacements in ex
pressions (1.7) for 7,- and by the fact tha t functions (5.6) do not accurately 
satisfy the first equilibrium equations. 

Cases when the neutral surface deformation is close to bending, i.e. the 
values of £,-,u>,£ij are small due to the reduction of the main terms in the 
expressions for these values, require special consideration. In this case 

£,-, w, Sij <^R~1w. (1.6.3) 

and this case will be discussed in Section 12.1. 

1.7 Shallow Shells 

Let us suppose that \Rk{\ <C 1 (here R is the characteristic size of a shell). 
In this case the error in equations (5.3) and (5.4) decreases and becomes equal 
to 

A i ~ max{Rki} • h2J . (1.7.1) 

Assuming that A, B, k\, ki are approximately constant, one can simplify 
the form of these equations. For A = B = 1 equations (5.4) turn to [171, 173, 
175]. 

<92$ / , 82w\ 
-DAAw+w(kl + ^ + 

d2$ f, d2w\ o s2$ d2w t n ni9s 
+^{k^w)-2do-op o^ + q = °' (L7'2) 

1
 A A ^ , 92w , a2w d2w d2w ( o2w \2 

For k\ = &2 = 0 equations (2) become the plate non-linear bending equations 
[29, 46, 72], the errors of which are of order e (see (3.7)). The mathematical 
aspects of existence and uniqueness of solutions of boundary value problems 
in the nonlinear theory of plates and shallow shells are duscussed in [107, 108, 
178]. 
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. 1 9 
£ u = £ i + 7 i 7 i + - 7 i , 

. 1 9 
£22 = £2 + 7275 + 2 72. 

£12 = w + 7 j 7 2 + 7 * 7 i + 7 i 7 2 -

7? = 

72* = 

i dw* 

A da 

1 dw* 
B dp 

1.8 Initial Imperfections 
Let the unperturbed neutral surface of the shell be defined by the parame

ters A, B, R\ and R2. Function w'(a,j3) defines the initial normal deviations 
of the real surface from the unperturbed one. The projections of displacement 
which was caused by the deformation of the shell are denoted by u\, u2, and 
w. Then u\, u2, w' + w are projections of the total displacement. We assume 
that w* < hg. 

Equations (5.3) and (5.4) must be modified to account for the initial im
perfections. The following relations are valid 

(1.8.1) 

In the third equilibrium equation (5.3) and in equations (5.4) x, r are replaced 
by X{ + x*, T + T', where x* = Xi(w'), r* = r(w'). Then equations (5.4) are 
represented as 

- D A Aw + ( h + xx + x{) T1 + 2{T + T')S+ 

+ {k2 + x2 + xl)T2 + q* = 0 , 
1 (1.8.2) 

— - A A $ + fci><2 + k2x\ + x\x2 - T2 + 
Eh 

x\x* + x2x\ — 2TT* = 0. 

The above relations are valid with relative errors of order /i*, if the index of 
variation w* is not larger than 1/2. We will not consider shells with initial 
imperfections beyond this point. 

Buckling of shells with imperfections of the neutral surface and post-buck
ling behaviour of the imperfect shells are considered in [9, 10, 11, 19, 48, 61, 
64, 76, 148, 149] 

1.9 Cylindrical Shells 

For a cylindrical shell we assume that 

A = B = R, Jfci = 0, k2(/3)=R~1k(l3), (1.9.1) 

where, for a non-circular cylindrical shell, R is the characteristic radius of 
curvature. For a circular shell k(f3) = 1. 
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Many buckling problems involving cylindrical shells can be solved on the ba
sis of systems (5.3) or (5.4) after simplification by means of formulae (1). Some 
problems however, especially for long cylindrical shells, cannot be described by 
these equations. An example is that of semi-momentless stress-strain states, 
for which 

d2w d2w 

and states for which the contour of the shell-cross section is not deformed 
(or only slightly deformed). For such stress-strain states, the shear stress-
resultants in the first equilibrium equations and the tangential displacements 
in the expressions for the bending deformations must not be omitted. 

We can write a system of equations for a non-circular cylindrical shell 

9Ti dS n . 

dT2 0S_ 
dp + da -^f+^z-R{k2 + x2)Q2 + Rq*2 = 0, 

^ - + ^ + i J [ x 1 r 1 + 2 r 5 + ( * 2 + x 2 )T 2 + «*] = 0, 

8H 8M2 

- « - + -57T + AQ2 = 0, 
da dp 
dH 
dp 

£ i 

da 

1 dux 

R~~da~' 
1 (dux du2 

R~\!)p~+~da~ 
1 d2w 

(1.9.3) 

1 (du* u 
£ 2 = — ~K7, kw R\dp 

1 d fdw 
" l ~ R2da2' *2 ~ R?dp\dp+kU2 

1 d fdw , 

The expressions for e,j and the constitutive relations we take in the form 
of (5.3). 

There exists a number of different versions in notation for the resolving 
equations of a circular cylindrical shell [27, 33, 47, 61, 135, 141, 173, 175] and 
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others. Below we will present the equations which are valid descriptions of 
both the fast varying and the semi-momentless states mentioned above 

(1.9.4) 
-DAAw+-^~+T1x1+2Sr + T2(± + x2)+q* = 0, 

— A A $ + - X 1 + K1X2-T
2 = 0, 

where the stress function $ is introduced by formulae 

l~ B?dp' B?dadf3' 2~R2da*+R- l ' 

Here and in (5.4) we assume that q\ = q\ — 0. 
With an error of order e (see (3.7)) we can surmise that in (3) and (4) 

"»=£(£+-)- "• • • •» 
System (4) is valid for almost all of the stress-strain states considered below. 

The various stress-strain states are characterized by different main terms of the 
system. Buckling problems of long cylindrical shells under axial compression 
are not, however, described by system (4) (see Sections 2.3 and 2.4). 

1.10 The Potential Energy of Shell Deforma
tion 

We can write an expression for the potential energy of shell deformation as 

n = n, + n* = 

- / / K (e2
u + 2z/e11e22 + e\2 + — ^ 1 2 ) dn + 

n 

\ If D (x2 + 2vxxx2 + K\ + 2 (1 - v) r2) dQ, 

n 

dQ. = AB dad/3, (1.10.1) 

where the potential energy of shell extension and bending are denoted by II£ 

and YlH respectively. As in Section 1.2 we neglect the difference in metrics of 
the neutral surface before and after deformation. 
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The first variation of the potential energy is equal to 

fll = ff(T1Sen + T2Se22 + SSe12 + 

a 

+M18x1 + 2H8T + M28x2\dQ, (1.10.2) 

where 

S = S1-^-=S2-§-, (1-10.3) 
tt2 tl\ 

and the other stress-resultants and stress-couples are given by formulae (2.4). 
We can also write the elemental work 8 A of the external surface load q and 

the edge stress-resultant vectors F/, and the edge stress-couples vectors Gk 
as 

8A= [J q8U<m+ I(FkSU + Gk6u\ds, (1.10.4) 

where 8U and 8u> are vectors of the elemental displacement and rotation. 
The equilibrium equations and static boundary conditions can be obtained 

from the relation 

8U = 8A (1.10.5) 

for any virtual displacement 8 U of the neutral surface that satisfied the geo
metric boundary conditions. 

1.11 Problems and Exercises 
1.1. Find the index of variation for the function F(x, h) = g(x) sinh (z) for 

z ~ h~tf(x) as h —> 0 assuming f'(x) ^ 0 and t > 0. 

Answer The index of variation is equal to t. 

1.2. Find the general index of variation, and the direction in which the 
partial index of variation is minimal as h —>• 0 for the following functions: 

a) F(x, y, h) = g(x) sin (z(x — ay)), where z — h~t, 

b) F(x, y, h) = exp (z~ J, where z = h~f, 

assuming t > 0. 

Answer For a) and b) the index of variation is equal to —t. 
For a) in the direction x = ay the partial index of variation is equal to 0. 
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For b) in the direction x = 0 the partial index of variation is equal to 0. 

1.3. Derive relations (1.13) and (1.14) using formulae (1.4-1.10) 

1.4. Derive relations (4.6) from the equilibrium equations for the part of a 
shell of revolution between the parallels s and s = s2 • Prove that the obtained 
stress-resultants satisfy (4.3). 





Chapter 2 

Basic Equations of Shell 
Buckling 

The various research methods of the buckling of shells under static loading are 
briefly discussed in this Chapter (see also [12, 15, 21, 33, 45, 48, 61, 62, 95, 
123, 166, 149, 170, 175, 178] although only one of these will be employed in the 
following chapters. The approach presented in this book will permit the ex
amination of the stability of equilibrium states under conservative surface and 
edge loading by determination of the critical loads using linearized equilibrium 
equations which will be presented below. 

2.1 Types of Elastic Shell Buckling 

The equilibrium state or motion of a mechanical system is termed stable if 
the deviation from this state at the moment t is as small as desired for any 
sufficiently small perturbations at the initial moment of time t — 0. 

The general method of research in stability is to study perturbed motion 
in the neighbourhood of unperturbed motion. The method (the dynamic cri
terion of stability) for conservative mechanical systems was first proposed by 
Lagrange. A.M. Liapunov later developed an accurate mathematical theory of 
motion stability [86]. 

The dynamic criterion can be used for any problem of shell stability but 
the study of perturbed shell motion is a much more difficult problem than the 
study of its equilibrium states. That is why, unless it is necessary, the dynamic 
criterion is rarely used for in the stability analysis of shell equilibrium states. 
Later on in the book only the problems with the conservative loads are studied, 
for which the bifurcation (Euler) or the limit point citeria may be used. For 

37 
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these class of problems these criteria are equivalent to the dynamic criterion. 

It is important to note, however, tha t the use of the dynamic criterion is 
the only possibility in a number of cases. Examples would be problems of shell 
motion stability under dynamic [85, 146, 147, 176] and non-conservative loads, 
such as the motion of a shell in a gas flux [124, 176, 177], and parametr ic shell 
instability [17, 48, 126]. In this work these problems are not considered and 
the dynamic criterion of stability is not used. 

We will consider a shell loaded with static conservative surface and edge 
loads. Loads are referred to as conservative, if the work done by them de
pend only on the end states and do not depend on the way of deformation. In 
particular, loads which do not change their values and directions, are conser
vative. However, these loads do not comprise the entire class of conservative 
loading. Hydrostatic pressure loads, the direction of which depend on the 
stress-strain state, are also conservative. Note that only the dynamic criterion 
gives accurate results for cases of static non-conservative loads [17, 126, 182]. 

In classical problems of linear elasticity where infinitely small deformations 
are assumed, the equilibrium conditions are assumed to be satisfied by the 
forces acting on the undeformed elastic system. This assumption which is es
sential for Kirchhoff 's general uniqueness theorem [75] leads to unique solutions 
for such linear problems. On the other hand, in formulating buckling prob
lems this assumption is dropped and the equilibrium conditions are satisfied 
by the forces acting on the deformed elastic system. This leads to an essen
tially nonlinear formulation of such problems in the sense tha t displacements 
are not linearly proportional to the externally applied loads, and, in fact, often 
the deformation of a structure will not be uniquely determined by the applied 
loading. 

According to Kirchhoff's theorem there is only one set of solutions of 
stresses, strains, and displacements for an elastic body in equilibrium, sat
isfying all basic equations of linear elasticity for a given body load and bound
ary conditions. In fact, any two sets of solution for the same body load and 
boundary conditions, at most may differ only by the rigid body displacement 
of the system, i.e., the difference in any two sets of solution describes the rigid 
body motion of the system. Therefore, the solution of the such linearly formu
lated problem is always stable. The sufficient condition required for satisfying 
Kirchhoff's theorem is that the potential energy of the elastic system should 
be a positive definite function. This condition is fulfilled for shells (see Section 
1.10). 

The physically non-linear formulation of the problem (i.e., the non-linear 
dependencies of the stresses on the strains) is not considered below. Only 
buckling, which is caused by the geometric non-linearity of the problem, is 
studied. The geometric non-linearity is the non-linear dependence of the strains 
on the displacements and on the non-linear terms, due to the difference of the 
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coordinate systems before and after deformation. On the physically non-linear 
problem of shell buckling refer to [61, 79, 119, 167, 168]. 

As with any elastic system it is possible to consider two types of shell 
buckling from the equilibrium state [1]. The first type is connected with the 
bifurcation (or branching) of the equilibrium states, and the second is accom
panied with the appearance of the limit point. 

C 

O w O w O w 
(a) (b) (c) 

Figure 2.1: Relationship between load and deflection for an ideal shell. 

The relationships between the load (P) and the characteristic deflection (w) 
are plotted schematically in Figure 2.1. Considering Figures 2.1 (a) and (b) let 
the load increase smoothly from zero, remaining less then P*. The equilibrium 
state is then stable, the deflection is uniquely determined (the section OB 
in Figure 2.1). For P ^. P* one or more adjacent equilibrium states BE, in 
addition to the basic one BD, appear in the neighbourhood of point B. Point 
B is called the bifurcation point of the equilibrium states. The equilibrium 
states in the neighbourhood of point B can be both stable and unstable. In 
Figure 2.1 the unstable equilibrium states are plotted by the dotted lines. The 
basic equilibrium state CD is, as a rule, unstable. The stable equilibrium state 
BE after bifurcation is plotted in Figure 2.1 (a). The case when there are no 
stable equilibrium states close to point B, is shown in Figure 2.1 (b). 

Point B in Figure 2.1 (b) is the buckling point. For P ~^ Pt the adjacent 
equilibrium states are unstable. 

Rigorously speaking, point B in Figure 2.1 (a) cannot be called the buckling 
point. But for P « P» a modification of the deflection shape occurs, and the 
deformation abruptly increases with the small increase in the load. It is clear 
that the evaluation of P* is important in engineering analysis. Taking this into 
account it is reasonable to call P* the critical load. The same term is used in 
the cases of Figure 2.1 (b) and 2.1 (c). 

Figure 2.1 (c) shows the case when the deflections grow abruptly as the 
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loading increases smoothly to P„, i.e. 

jp^°o as P - > P » . (2.1.1) 

Buckling occurs at point C. The arc of curve CD consists of the unstable 
equilibrium states. There are no close equilibrium states for P > P» and there 
is no restructuring of the buckling mode, only the growth of its amplitude as 
P approaches P*. Point C is called the limit point. 

We can now show some characteristic examples. The buckling of a circu
lar cylindrical shell under homogeneous external pressure follows the scheme 
shown in Figure 2.1 (a); the buckling of a circular cylindrical shell under ax
ial compression corresponds to Figure 2.1 (b) and the buckling of the convex 
shallow shell under normal loading is illustrated in Figure 2.1 (c). 

The deformation of a thin shell under large displacements is much more 
complicated than is shown in Figure 2.1. Arc BD includes other bifurcation 
points besides point B. Arcs BE and CD may contain points of the secondary 
bifurcation and so on. Among these equilibrium states there are both stable 
and unstable states and the translation from one stable equilibrium state to 
another can be accomplished continuously (see point B in Figure 2.1 (a)) or 
by an abrupt jump (points B and C in Figures 2.1 (b) and (c)). 

At the present time an understanding of the deformation of thin shells un
der large deflections is not fully developed even for shells of simple geometry. 
The problem of shallow shell deformation and the axisymmetric deformation 
of shells of revolution has been studied in some details [29, 38, 107, 108, 138, 
145, 149, 156, 170, 178]. The bifurcation points of the axisymmetric equilib
rium state of shells of revolution into non-axisymmetric state have also been 
obtained mainly by numerical methods [22, 149, 156, 170]. 

The non-axisymmetric deformation of shells of revolution is considered in 
[95]. We note also works [132, 133], in which the geometric research methods 
for studying buckling are used. 

It is not normally necessary for the analysis of real structures to obtain a 
detailed picture of post-buckling shell behaviour because in this case the shell 
has failed and is no longer of interest. Exceptions to this are shells which work 
in the large displacement regime. 

For engineering analysis it is necessary to determine the critical load P , 
accurately. But in many cases the comparison of theoretical and experimental 
values of P , reveals their essential divergence. For example, in the problem of 
a cylindrical shell under compression by an axial force, the theoretical value of 
P , exceeds the experimental one by a factor of two or three and this divergence 
has been systematically observed in many experiments [33, 59, 61]. 

This flaw in the theory of shell stability was resolved by taking into account 
small imperfections, mainly of the neutral surface. It becomes clear that the 



2.1. Types of Elastic Shell Buckling 41 

critical load is very sensitive to these imperfections [9, 10, 11, 19, 64, 148]. 

Figure 2.2: The relationship between the load and deflection for an ideal shell 
and for a shell with imperfections. 

The comparison of the "load-deflection" curves for an ideal shell and a 
shell with imperfections is shown in Figure 2.2. Curve OBNE corresponds 
to the ideal shell and is similar to the curve plotted in Figure 2.1 (b), the 
curve OCQG corresponds to a shell with imperfections. Arc OC of this curve 
corresponds to the pre-buckling stress-strain state. Arcs EN and QG show 
the stable post-buckling equilibrium states under large deflections. 

We will introduce the following notation to assist in the analysis. The 
ordinates P " and P " of points B and C are called the upper critical loads 
for the ideal shell and the shell with imperfections. The smallest load under 
which the post-buckling stable equilibrium state is possible, is called the lower 
critical load. In Figure 2.2, points N and Q correspond to the lower critical 
loads Pj and Pj;. 

Calculation of P " and P " is comparatively simple problem. Explicit ana
lytical expressions for P " have been obtained for many problems of ideal shell 
buckling. In a number of cases it is possible to evaluate P " by means of one 
of the numerical methods [62, 95, 115, 170]. The evaluation of P^ and Pj is, 
however, a complicated non-linear problem, which is not completely solved at 
the present time. 

A very important question is which load should be taken as the designed 
load in an actual design. The obvious answer might be to take P" , but its 
evaluation is complicated because, as a rule, the actual imperfections present 
in the shell are unknown. At the same time it occurs that the approximate 
values of PJ; obtained by approximation of the deflection by a series with a few 
terms (one or two) retained, agrees very well with experimental results. The 
following studies reveal, however, that Pi essentially depends on the accuracy 
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of the deflection approximation and sometimes for a large number of terms it 
is equal to 1% of P " or it may be negative. That is why at the present time 
the upper critical load of a shell with imperfections P" is taken as the correct 
value in actual designs [1, 48, 77]. 

2.2 The Buckling Equations 

Buckling equations are obtained by considering variations of the nonlinear 
equations, introduced in Chapter 1 (for example, equations (1.2.6) or (1.5.3) 
or (1.5.4) or (1.9.4)). 

To this end, each unknown function u,-, w, Ti, Mi,..., in these equations is 
replaced by u? + u,-, w° + w, T?+Ti, M° + Mi,.... Here, functions «?; w°,... 
describe the initial stress state. The stability of this initial state which satisfies 
the nonlinear system of equations is to be investigated. Functions u,-, w, . . . 
describe the adjacent infinitesimally close equilibrium state. They satisfy the 
linear homogeneous equations (the buckling equations) and the homogeneous 
boundary conditions, that are obtained as a result of linearization by w,, w, . . . 
of the initial non-linear equations. 

The existence condition for the non-trivial solution of the buckling equation 
is used for the evaluation of the critical load. In dealing with buckling problems 
it is convenient to assume that the load varies proportionally to a loading 
parameter A > 0. Then the pre-buckling state functions (u°, w°, Tf, M,-, . . . ) 
and the coefficients of the buckling equations depend on A. In this way, the 
buckling problem is reduced to an eigenvalue problem. The least (positive) 
eigenvalue is taken as the first critical value A = A* leading to the corresponding 
buckling mode. Such an approach is called equilibrium or Euler analysis of 
stability due to L. Euler who in 1744 used this approach to study the stability 
of axially compressed bars. His paper [36] is considered to be the first work on 
structural stability. 

In the general case the buckling equations are rather complicated (see [60, 
61]) and are not written here. Later in this book simplified forms of the 
buckling equations, applicable under specific cases depending on the character 
of the initial stress state and buckling mode are presented. 

2.3 The Buckling Equations for a Membrane 
State 

The membrane stress state of a shell is described by equations (1.4.3). Let 
the displacement u°, w° and the stress-resultants T°, S° characterising this 
state, be weakly varying functions of a and /? (i.e. the index of variation 
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t° = 0). Then, due to estimate (1.3.8) and assuming that the deformation 
of the neutral surface is far from bending, we can conclude, that the neutral 
surface before and after deformation may be identified. In other words, we may 
assume, that before buckling occurs the shell is stressed, but not deformed (see 

[!])• 
The form of the buckling equations depends on the expected buckling mode. 

We will consider the case that the buckling mode can be assumed to satisfy 
the hypotheses of Section 1.5 that led to equations of the technical shell theory 
(1.5.3). In other words, the buckling is of a local nature and is accompanied 
by the formation of a large number of small pits. 

Under these assumptions we obtain the buckling equations from (1.5.3) 

0, 

0, 
(2.3.1) 

0. 

The rest of the buckling equations have the form of (1.5.3) and in the elasticity 
relations one should take £,-,- = £;, £12 = w. Both equations (1) and (1.5.3) are 
written in the projections on the unit vectors after deformation. Therefore, in 
the case of a follower load in (1) 

Xi = X2 = Z = 0. (2.3.2) 

If the surface load does not change direction (this would be referred to as 
a "dead" load) and is introduced by its projections (1.2.7), then 

Xi = - W 2 9 2 - 7 1 9 , 
X2 = -uiqi-ftq, (2.3.3) 
Z = 7i9'i + 72tf2-

Therefore, in the case of a follower surface load the load parameter A is 
introduced into the stability equations only through stress-resultants Tf and 
5°. In the case of a "dead" load A is also introduced through Xi, and Z. 
In the case of the follower load X\ — Xi = 0 and it is possible to introduce 
stress function <I> by means of formulae (1.5.6). Then the system of buckling 
equations takes the form 

-DAAw + A^w + Afc$ = 0, 

4rAA<i> + Akw = 0, (2-3-4) 

1 fdjBTj) dB 1 d(A2S)\ 

1 (d{AT2) dA 1 d(B2S)\ 

1 (diBQi) d(AQ2y 
+ + kiTi + k2T2+ 

AB \ da ' dp 

+T?Xi + 2S°r + T2°x2 + Z 
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where A is the Laplace operator (1.5.5) 

1 
AkW = ki><2 + fc2xi = 

AB 
d fk2Bdw\ d fkiAdw 

da V A da J dp \ B dp (2.3.5) 

AC
T = Tfx! + 2S°T + T2°xr2. 

Substituting the expression for xt, and r from (1.5.3) into (5) and using 
the membrane equations for 7}°, and S° we get 

where 

ATW = — 

A?w = ATW + TW, 

8 (BT?dw\ d (A7$dw* 

(2.3.6) 

da V A da J dp \ B dp 
d ( dw\ d 

+ da- {^W) + dp (*£)]• (2.3.7) 

- 7i9i - 7292 

Substituting (6) into the first equation of (4), we obtain the equilibrium 
equation in the projection on the normal to the neutral surface before defor
mation. 

The operators DAAw, AkW, Ajw in (4) and (7) are formally self-adjoint. 
This means that integrating by parts several times the integral ff vAkU dQ. in 
the domain fi occupied by a shell, we arrive at the integral ff uAkV dQ. and 
an integral by the boundary contour 7. 

The term Tw in (6) makes system (4) not self-adjoint. At the same time 
the follower surface load with a projection on the plane which is tangent to 
the neutral surface, is non-conservative. It should be noted that the non-
conservative term Tw is relatively small. Indeed, let t > 0 be the index of 
variation of the buckling mode. This term then has order h^ compared to the 
main terms in (4). 

Since the method used here is, strictly speaking, not valid for non-conser
vative loads we suppose further that Tw = 0, i.e. considering the follower 
load we restrict ourselves to a normal follower load (normal pressure). Then 
system (4) may be rewritten in the form 

-DAAw + ATw + Ak$ - 0, 

—-AA$ + Akw = 0. 
hifi 

(2.3.8) 

In the case of a "dead" surface load (i.e. one which does not follow the 
direction of the shell deformation) the terms Xi in equations (1) differ from 
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zero and that prevents the introduction of function $ by formulae (1.5.6). 
However by neglecting these terms, we make the error of the same order h^, 
as that under transition from system (1) to system (8). In the case of "dead" 
surface loads the non-conservative term Tw is absent and system (8) is suitable 
for a surface load of any direction. 

The errors of systems (1) and (8) have orders h™ and for t = 1/2 coincide 
with the error of the original Kirchhoff-Love hypotheses. For t < 1/2 the 
precision of these equations may be insufficient. By identifying the form of 
the neutral surface before and after deformation we can write the buckling 
equations 

J _ fdjBT,) _d_B_ ld(A2S)\ _Q1,X 

AB \ da da 2 A dp J Ri 
J _ fd(AT2) _dA 1 d(B*S)\ _Q1.X 

AB\ dp dp l B da J R2 

1 fd(BQ1) d(AQ2)\ 
AB {-da— + ~W~) + ' ' + k2 2 + 

+ T?X1+2S°T + T$X2 + Z 

where, unlike (1), the geometric variables 7,-, x,- and r should be calculated by 
the exact formulae (1.1.7) and (1.1.13). 

For a initial membrane stress state the buckling equations are equivalent 
to the variation equation 

fll = 0, (2.3.10) 

where 

n = n£+nx + nT) 

and 

n£ = \jJK U\ + 27el£2 + e\ + ]~~^2\ dil, 
n 

UT=HI ( T i ° 7 1 2 + 2 5 ° T I 7 2 + n i l ) dn' 
n 

and IT* is the same as that in (1.10.1). Here the deformations e,-, u, m, and r 
and the rotation angles 7, are linear functions of the additional displacements 
originating under transition to the adjacent equilibrium state. We denote 
the additional potential energy appearing under transition to the adjacent 
equilibrium state by n . 

= 0, 

= 0, 
(2.3.9) 

= 0, 

(2.3.11) 
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For a non-circular cylindrical shell, in notat ion (1.9.1), the buckling equa
tions may be written as 

where x,- ,r may be evaluated by formulae (1.9.3) and (1.9.6), and the stress-
resultants Ti,S are connected with $ by formulae (1.9.5). 

In the problem of axial compression of a long cylindrical shell, system 
(12) gives an incorrect result. To correct it one must take into account the 
difference in metrics of the neutral surface before and after deformation, which 
was neglected above. The value of T2 in (12) must be calculated by formula 
[61]. 

Now, according to (1.9.3) and (1.9.6) system (12) may be written in the 

form 

/ A 2 d2w w\ 1 3 2 $ T? (02w OuA 

T2° fd2w + d{ku2) _ duA + 25° / d2w + d(ku2y +z^0 

(2.3.14) 

R2 \d(32 d/3 da J B? \dad(3 da 

Eh R3da2 

System (14) contains terms, depending on u\ and u2, which are essential 
only if inequality (1.9.2) holds. For such stress states we make an approxima
tion with the assumption that e2 = w = 0 and get the following relations 

dux du2 du2 , „ „ . , > 
^ T + ^ — = 0, —--kw = 0 2.3.15 
dp da op 

closing system (14). 

2.4 Buckling Equations of the General Stress 
State 

Consider two types of the initial stress state: (i) the moment stress state, 
which is a sum of the membrane stress s tate and the edge effect and (ii) the 
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general stress state, which is a sum of the membrane stress state and the stress 
state (may be fast varying) due to local imperfections of the neutral surface. 
In both cases the the neutral surfaces before and after deformation cannot be 
identified. Indeed, let the initial deflection to0 ~ h, then for the edge effect the 
initial changes of curvature x?, r° ~ .ft-1, i.e. they are not small. 

Let the conditions of applicability of the system of equations of the technical 
theory (1.5.3) be fulfilled and assume that the initial stress state is the sum of 
a membrane stress state and an edge effect. The buckling equations we take 
in the form 

d_BTL_d_B_ lO(A'S) = 

da da 2 A dp 
dAJh_8A 18(B2S) 

dp dp B da 

-DAAw+k1T1 + k2T2- ( 2 A 1 ) 

~ JB-L [5(Tl°71 + T l 7 l ° + 5 ° 7 2 + ̂  " 
- -^-^[MT^+T^ + S^t+Sj?)] = 0. 

This system may be written also through the stress function <3> in the form 

-DAAw+ ATw + Ak$ + A?$ = 0, 

1 (2-4-2) 
—-AA$ + Akw + A°kw = 0, 
fcih 

where 

A°$ = x\Tx + x\T2 + 2T°S, 

AJV = H\H2 + >$x\ - 2r°r, 
(2.4.3) 

and Ti and S are expressed through <3> by formulae (1.5.6). The operators 
A, Afc and Ay are the same, as in (3.8). 

The boundary conditions which are to be introduced to solve systems (3.8), 
(3.9) and (2) are obtained by linearization of variables (1.2.9)-(1.2.15). We con
sider edge a = a0 and assume that the external boundary load is conservative. 

Then, with an error of order h* we will equate to zero the generalized 
additional displacements u\, u2, u, 7x or stress-resultants Ti, S, Q\t, Mi, 
where 

1 r) M 
Qu = Qi~ g^J - Thx - S°J2 - 7?Ti - J°2S. (2.4.4) 
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If the initial stress state is membrane then the last two terms in (4) may be 
I In 

neglected (with an error of order hj ). 
Let there exist initial imperfections of the form w*. We can represent the 

entire deflection in the form w* + w° + w, where the term w* + w° describes 
the initial stress state, the stability of which is being considered and w is the 
additional deflection. Equations (1.8.2) give the buckling equations 

-DAAw + ATw + Afc$ + A£$ + A J $ = 0, 

— - A A $ + Akw + A°kw + A'kw = 0. ^ ' ' ' 
Eh K K 

The initial imperfections, w*, are included in the operator AJ, which is 
obtained from (3) replacing w° by w*, and in the term ATW, in which the 
initial stress-resultants T°, S° depend on w' and may be found from system 
(1.8.2). 

2.5 Problems and Exercises 

2.1 Using dynamic criterion investigate the stability of the equilibrium 
state w = 0 for the simply supported bar under axial compression. The bar 
has a material density of p. (Note that, unlike in Euler criterion, using the 
dynamic criterion one needs to know the mass distribution of the system.) 

2.2 The horizontal pipe carries a fluid. The pipe has a length L, modulus 
of elasticity of E, and the moment of inertia / . The velocity of the flow is V 
with a mass of m per second flowing through the pipe. Determine the stability 
of the tube if: 

1) both ends of the pipe are simply supported; 
2) one end of the pipe is fixed with the other end being free. 

2.3 Use the kinetic approach to investigate the stability of the equilibrium 
state w = 0 of a massless bar when subjected to the axial follower load. The 
bar is clamped at the bottom but it carries a mass m at its top. 

2.4 Derive buckling equations (2.3.9) based on variational equation (2.3.10). 

Hint . Firstly represent the variations 8T1£ and STl* in the form 

SUe = / / ( T i f c i + T2Se2 + SSu>)dn, 

a 

SIl* = [[(Mrfx! + M2Sx2 + HSr)dn. 



Chapter 3 

Simple Buckling Problems 

In this chapter we will analyze buckling problems for a membrane homogeneous 
stress state. Consider a shallow shell and circular cylindrical shell, for which 
the problem leads to equations with the constant coefficients. The shell edges 
are assumed to be simply supported which allows us to write the explicit form 
of the solution. We will also consider the buckling modes for which a shell is 
covered by a regular pattern of small pits. 

In addition, for the case of a non-homogeneous membrane stress state we 
will determine an estimate for the critical load by means of the energy method 
and obtain the expected buckling modes (see Section 3.6) 

3.1 Buckling of a Shallow Convex Shell 

Consider the buckling of a thin, shallow shell under a membrane stress 
state as determined by the initial stress-resultants 7}° and 5°. The metric 
coefficients A and B, the curvatures kj and stress-resultants T® and S° are 
assumed to be constant. 

As buckling equations we take system (2.3.8), which, in this case has con
stant coefficients. We can write the system in the dimensionless form 

H2AAw + XAtw - A f c$' = 0, 
(3.1.1) 

/ i 2 AA$' + Afeti> = 0, 

49 
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where 

_ d2w d2w 
dx2 dy2 ' 
, d2w , d2w 

AkW = k2— + kl — , (3.1.2) 

d2w n d2w d2w 
ox* oxoy dy2, 

In (1) and (2) the following notation is used: 

{T°,T°,S°} = -\Ehn2{h,t2,t3}, 

! - - R ^ - h" I _ Ri' ^ ~ 12(1-u2)R2 ~ 

PB 
y = JT' 

hi 
1 2 ( 1 - I / 2 ) 

(3.1.3) 

Here fi > 0 is a small parameter, A > 0 is an unknown load parame
ter. It is assumed, that the loading is one-parametric, i.e. that the initial 
stress-resultants increase proportional to a parameter A, under loading. This 
assumption doesn't violate the generality since, under such loading, any stress 
state may be obtained. The symbol "minus" in the first group of formulae (3) 
is introduced for convenience, since buckling is characterised by compressive 
(negative) stress-resultants Tf. Below, the prime symbol by $ is omitted. 

The solution of system (1) we seek in the form 

K $ } = {wQ,$0} exp liPX + q y \ , (3.1.4) 

where WQ, <&Q, p, and q are unknown constants. 

After substitution in (1) we find the equation which wave numbers p and 
q satisfy. We write this equation in a form, solved with respect to A 

\-t< \ - (P2 + <?2)4 + (*2p2 + fcl<?2)2 „ , , , 
" / ( p ' q ) ~ (pi+mhP2+2tspq+t2q

2) { 3 L 5 ) 

While not considering the question of satisfying the boundary conditions, 
we assume, that p and q may attain any real values. The critical value Ao of 
the parameter A is given by formula: 

(+) 
A0 = m i n / = f(po,qo)- (3.1.6) 

P,9 
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Let 

p = rcos<p, q = r sirup, (3.1.7) 

then the function / has the form: 

f = r2a(ip) + r-2b(ip) (3.1.8) 

and its minimum by r may be found immediately 

(+) 2(k2cos2<p+kisin2<p) _ 
m i n / = — : '•• — c(y>). (3.1.9) 

r t\ cos2 <p + 2t3 simp cos if) + t2sm <p 
Now 

(+) 
A0=min{c(v?)} = c(^0), (3.1.10) 

f 

and the minimum is calculated by ip, for which c(<p) > 0 (the (+) symbol 
in (10) and also in (6) and (9) remind us of this). Since the shell is convex 
* i , k2 > 0, the numerator of c((p) is positive for all <p. 

If simultaneously 

t i < 0, <2 < 0, tl-tit2<0, (3.1.11) 

then the denominator of c(ip) for all <p is non-positive and the shell will not 
buckle since there are no compressive initial stresses acting in any direction. 

If inequalities (11) are not fulfilled simultaneously, then 

4&iAr2 , tiki - t2k2 + r 3 sgn t 3 

*0 = T~Z—m.—i > cotipo- —— , 
' i* i + '2«2 + T3 2k2t3 (3.1.12) 

r3 = ({tiki - t2k2)
2 + 4 * i M ! ) 1 / 2 > o. 

Due to (3) the critical values of the stress-resultants T° and S° satisfy the 
equality 

((T°R2 - T°Ri)2 + 4RiR2(S°)2y - T»R2 - T°Ri = J f f t . (3.1.13) 
V3(l - v2) 

The above solution was obtained in [139]. Earlier, the problem without 
shear stress (S° — 0) was solved in [134]. Similar solutions for some partial 
cases of loading have been found by geometric methods in [132, 133]. 

The upper critical loads, given by A.V. Pogorelov in [132, 133] differ from 
those found by other authors by the factor y/\ — v2. The difference may be 
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explained as follows. The basis is the search for the potential energy of shell 
deformation under bending. One of the potential energy components is the 
potential energy of tangential deformation (II£) which is concentrated in the 
neighbourhood of the fold appearing during the isometric transformation of 
the surface (see (2.3.12)) 

n-4//( e'( + 2veie2 +e\+ —^-u'1 I dil 

To calculate this energy the author assumed that £i ^ 0 and e2—u> = 0. 
Actually the equality £2 = 0 introduces a non-existent tie on the surface defor
mat ion. If in evaluating II£ we assume that £2 = —v£i (which corresponds to 
the minimum of the II£ by £2) then the results given by A.V. Pogorelov's geo
metrical method [133] for the upper critical loads coincide exactly with those 
obtained by the buckling equations. 

Let us consider some special cases. 

Pure shear. 

Let T° — T2 = 0 and S° ^ 0. Then the critical value of the stress-resultants 
and the parameters of the buckling mode are the following 

Eh2
 ± fki 2 o ^1^2 

S°= . cot<p0 = \-±, rg = 2 , , . (3.1.14) 
^/Z{\-u2)RiR2 V * 2 ° *i + *2 V ; 

The absence of external normal pressure. 

Due to (1.4.3) tiki + t2k2 = 0 and formula (13) can be simplified as 

((T?fRl + (SyRiR2)> = f* (3.1.15) 

The absence of shear stress. 

In this case directly from (9) we find 

. 2*2 n ^0 Eh2 

Ao = - — , fo = 0, Ti — h ' L R2y/3(1 - v2) 

for tiki > t2k2; (3.1.16) 

2ki ir 0 _ Eh2 

A 0 — ——, ¥>0 — 77 > 12 — ~ 
h ' ^ 2 ' - Riy/Hl-U2) 

for tiki<t2k2. (3.1.17) 

The case when tiki = t2k2 is special and is considered in Section 3.3. 
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3.2 Shallow Shell Buckling Modes 
It follows from (1.4) tha t in all of the cases considered above, the buckling 

mode is in the form of a system of pits which are highly elongated in one 
direction. The pits are inclined to axis Y by the angle — ipo and spread from 
one edge of the shell to the other. The distance between two neighbouring pits 
is 

AZ = ^ (3.2.1) 
ro 

and is of order \/Rh. The buckling mode physically resembles a washing board. 
In particular, for the case of pure shear 

4/3(1-i/2) 

and for S° = 0, txkx > t2k2 

2nVhR2 

y i2 ( i - *2) 

and the pits are elongated in the Y-direction. 
It is clear tha t the buckling mode constructed satisfies none of the boundary 

conditions. The simplest boundary condition to satisfy is tha t of a simple 
support for a rectangular plane shell without shear. The boundary conditions 
of a simple support (Navier's conditions) for x — 0 and x — l\ have the form 

u2 ~ w = Tx = Mi = 0 

or 

d2w <92$ 

The conditions for y — 0 and y = l2 are introduced similarly. Here U = 
LiR~x where L,- are the shallow shell sizes in a plane. 

The functions 

r AT r ^ I • VmX . qny 
\w, 9} = \w0, $ o ) sin sin 

ami: unn . . 
pm = ——, qn-—,—, m,n~ 1 , 2 , . . . (3.2.5) 

<i h 
satisfy these conditions. From (1.5) we find A m „ . The critical value of A is 
equal to 

(+) 
A0 = min Am>„, (3.2.6) 
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where the minimum we seek to those m, n for which A m n > 0. 
Let us consider the case when t\k\ > <2&2J ^3 = 0, for which the pits 

are elongated along axis Y. It was stated above tha t for arbitrary p and q 
the minimum is attained at p0 = y/k\, q0 = 0. Tha t is why minimum (6) is 
at tained at n = 1 and pm which is closest to po. We can estimate the difference 
between Ao and Ao- By taking into account tha t | pm — po | < 7T/i/(2/i) we find 
that 

I Ap - A0 | 7T2 

Ao - ^ 1 2 ( 1 - j / 2 ) 

Therefore if Ri, Li ~ R error (7) has order h*. 
While it is more difficult to construct the buckling modes for S° ^ 0 and 

for the other boundary conditions it is relatively easy to solve the problem for 
5° = 0 in the case when two opposite edges of a rectangular plane shell are 
simply supported and at the other two edges arbitrary boundary conditions 
are introduced. 

The exact construction of a buckling mode was introduced above. Now let 
us consider the estimate of the critical load under different boundary condi
tions. Here we can make two statements . 

First, since the buckling mode has a local character, increasing the stiffness 
of the boundary (up to a clamped edge support condition u\ — u2 = w = 
71 = 0) may lead to an increase of the critical value of the load parameter A 
compared to (1.12) only by a small value of order h*. This s tatement will be 
proved at the end of Section 3.6. 

Second, there exist 8 variants of weak shell edge support (with arbitrary 
support of the other edges) for which the parameter A decreased. The buckling 
mode does not cover the entire neutral surface but rather it is localized in the 
neighbourhood of the weakly supported edge. This case will be considered in 
Section 13.4. 

R e m a r k 3 . 1 . Generally speaking, the method of study described above 
is not valid for shells of negative {k\k2 < 0) and zero {k\k2 = 0) Gaussian 
curvature. 

Indeed, let k2 > 0 and fci < 0. Then we find from (1.9) and (1.10) that 

Ao = 0, r0 = 0, cotipo =±J-'j^-, 

from which it follows that the order of the critical load decreases and the 
distance between the pits, due to (1), increases. The angle of inclination of the 
pits ip, depending on the initial stresses, could only be found. An exception to 
this is the case when k\ = T% = 5° = 0 and this will be examined in Section 
3.4. 

R2h 2Rz
2h 

LI RiLl T?R2 

(3.2.7) 



3.3. The Non-Uniqueness of Buckling Modes 55 

3.3 The Non-Uniqueness of Buckling Modes 

For the condition 

T?R2 = T%RX < 0, S° = 0 

the critical load could be found simply from 

2k2 2Ari 

(3.3.1) 

ti 

1 K 2 - i 2 n i -
Eh2 

vW^2 
(3.3.2) 

but the buckling mode is still indeterminate. 
Let p and q in (1.4) be arbitrary values. We can write (1.5) in the form 

z = 
k2p

2 + kiq2 

(p2 + q2) 2^2 " 
(3.3.3) 

Figure 3.1: Wave numbers for the special case of a convex shell. 

It is clear that the critical load is realized for z — \, i.e. for any p and q, 
lying on the curve 

(see Figure 3.1 or in polar coordinates (1.7)) 

r2 = fc2 cos2 <p + k\ sin2 <p. 

(3.3.4) 

(3.3.5) 
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If p and q are fixed and satisfy equation (4), then the pits (as in Section 
3.2) are highly elongated in the same direction. However, now both ± p and 
±q satisfy equation (4). Composing the linear combination of the functions 

exp I - (±px ± qy) I (3.3.6) 

we obtain the possible buckling mode 

{w, $ } = {WQ, *o} sin fc^l sin ^ M , (3.3.7) 

where p and q satisfy equation (4), and XQ and j/o are arbitrary. 

R e m a r k 3 .2 . Similar to (1.4) buckling modes (7) are obtained not depend
ing on any boundary condition. The importance of constructing such modes is 
tha t they reflect the principal qualitative peculiarities of the buckling modes 
for real boundary conditions in this, and other more difficult problems (such 
as those with variable initial stresses, curvatures, etc.). As for the critical load, 
the value of Ao sought here is a good first approximation of the critical load. 
The following discussion confirms this s tatement . 

If the shell has a rectangular planar form and its edges are simply supported, 
then mode (2.5) satisfies both equations (1.1) and boundary conditions (2.4). 
Due to (3), relation (2.6) may be replaced by searching for the minimum 

k2p
2
m+k1ql 

" " " I ~ i w i •*-17 "Tim ~— / n . *> \ •} 

(Pm + rny 
m i n | z m „ — 1 | , zmn = -j-£—|—2\2~- \6.i-o) 

For small h* points pm and qn are situated rather densely on (p, q) plane 
and the majority of them lie in the neighbourhood of curve (4). We note that 
for 

zmn - 1 ~ hlJ2 (3.3.9) 

^ f ^ ~ h. (3.3.10) 
Ao 

The special case considered here is impor tant in the problem of the buckling 

of a spherical shell under external pressure. For that T° = T® — — — , R\ — 

i?2 = R and by formula (2) we can find the critical external pressure (see 

[61, 183]) 

qo= , 2Eh2 (3.3.11) 
y ^ 3 ( 1 - v?)R2 V 

file:///6.i-o
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Although a complete sphere is not a shallow shell, within each pit, the shell 
may be considered as shallow and that justifies the use of equations (1.1). 

Remark 3.3. It should not be supposed that the buckling of a real shell 
occurs by a mode for which the difference \zmn — 1| is a minimum. Initial im
perfections and other factors not taken into account tend to distort the picture. 
On the other hand, the fact that eigenvalues Amn concentrate near Ao has a 
large effect on the sensitivity of the critical load to any initial imperfections. It 
is known that a spherical shell under external pressure (mentioned above) and 
a cylindrical shell under axial compression are the most sensitive (see Section 
3.4). For both of these problems, buckling with many modes can occur. 

The increase in sensitivity is caused by two factors. The more likely is that 
an occasional imperfection is close to one of the buckling modes and the other 
is that multiple and adjacent eigenvalues are more sensitive to perturbations 
(imperfections) than a simple one. This problem is considered in more detail 
in [14, 78, 145, 150]. 

3.4 A Circular Cylindrical Shell Under Axial 
Compression 

Let us consider the buckling problem of circular cylindrical shell of radius 
R and length L\ under a membrane stress state T° < 0, T | = 5° = 0. For the 
case of a shell of moderate length {L\ ~ R) we can use equations (1.1) as the 
buckling equations, in which 

ki = 0, k2 = l, 0<x<ll = -±, 0 < y < 2 7 r . (3.4.1) 

If edges x — 0, and l\ are simply supported (2.4), then the specific case 
considered in Section 3.3 takes place and the buckling mode is defined by 
formula (3.7), in which p and q satisfy equation (3.4) 

(p2 + q2f=P2, (3A2) 

and the critical load, by virtue of (3.2) is equal to 

A0 = - , T° = , ^ (3.4.3) 
tx l v /3 ( l -z , 2 ) i ? V ; 

Formula (3) has been obtained by R. Lorenz [94] and S.P. Timoshenko 
[154]. 

The set of values of p and q satisfying (2) which is a couple of circles of 
radius 1/2 is shown in Figure 3.2. 
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Figure 3.2: Wave numbers for axial compression of a cylindrical shell. 

Satisfying the boundary conditions and the periodic conditions by y we find 
that p and q may take on only the discrete values 

firmr , qn = pn, x0~0 (3.4.4) 

(m = 1 ,2 , . . . , n = 0 , 1 , 2 , . . . ) . The expected buckling mode is possible for a 
couple of values (m, n) for which the value of 

is close to unity. Among them are the values pm = 1 and qn = 0, i.e. 

n = 0, m 
Li I I < / 1 2 ( 1 - I / 2 ) _ , 

— ?7 — F=̂ = — 'Oi npR WRh 

(3.4.5) 

(3.4.6) 

corresponding to an axially symmetric buckling mode. 
Formula (3) is inapplicable for very long and very short shells and so we 

will now consider them separately. 
Consider sufficiently long shells where /0 > 1 (see (6)), then we can apply 

formula (3). If IQ < 1 then we assume m — 1, and n — 0 and the critical load 
is then equal to 

T° = - Eh2 

y/l2(l-v2)R 
(l2o+lo2)- (3.4.7) 

If, besides that , IQ <§; 1, then neglecting the first term in (7) we come to the 
Euler formula 

T° = 
Eh37T2 

\2{l-u2)L\ 
(3.4.8) 
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for the buckling of a beam-strip cut out from the shell by generators. 
Now consider long shells. It follows from Figure 3.2 that among the ex

pected buckling modes there are modes for which pm and qn are simultaneously 
close to zero (i.e. m and n are small). This case corresponds to the smaller 
variation of the stress state and system of equations (1.1) is not applicable. 

For small pm and qn p^ -C q„ (see Figure 3.2), i.e. inequality (1.9.2) is 
fulfilled and we can use systems (2.3.12) and (2.3.13). We seek the solution in 
the form 

{w, (f)} = {wQ, cj>o} sin -^— sin ny, 

PmWQ pmX . 
u\ = — cos sin ny, «2 = 

linz \i 

As a result we get 

T? • f 4 (A2, + n ' ) 2 - 2"2 + 1 , 
Eh=^{^ A»,(l + „-») + 

w0 . pmx 
sin cos ny. 

n (j, 

A2 

(A2l + n2)2 ( 1 + n - 2 ) 

(3.4.9) 

(3.4.10) 

where Am = rmv/li. By means of this formula we can also get formulae (3) 
and (8). In the case A2^ -C n2 formula (10) may be simplified 

^ = m i n ( / ( " 2 - 1 ^ 2
+

 A- X (3 4 11) 
Eh ^ f \l(ni + l) +n2(n2 + l)J- (6AAl> 

Minimizing it by Am we get the formula developed by P. Southwell and S.P. Tim-
oshenko [61], generalizing (3) for the case of small n 

^ - V S & ^ T T ' ^ = " » ^ T , (3.4,2) 

For very large l\ the case when m = n = 1 takes place. In this case we find 
from (11) 

Eh /TI-X 2 

T" = - ^ U J ' (3-413) 
and the buckling of the shell occurs in a manner similar to a rod of circular 
cross-section. 

Comparing the values of T°, given by formula (12) for n — 2 and by formula 
(13) we find that buckling occurs similar to a rod with 

£ > 3.7(f)"2. (3.4,4) 

More accurately, the effect of the critical loads T° on the characteristics of 
the shell are studied in [45, 61]. 
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3.5 A Circular Cylindrical Shell Under Exter
nal Pressure 

We will now consider the buckling problem of a membrane stress state 

T? = S° = 0, T$ = -qR (3.5.1) 

of circular cylindrical shell described in Section 3.4. In the case of simply 
supported edges the buckling mode is 

7TX 

w = WQ sin — sin ny. (3.5.2) 
«i 

After substitution into equations (2.3.14) we find 

T° = - min - ^ - [f ((A2 + n2)2 - In2 + l) + A?(A2 + n2)~2] , (3.5.3) 

where Ai = 7r//i, l\ = L\/R. 
First, we will consider a moderately long thin shell (/( < 1, Ai ~ 1). 

Minimizing by n and assuming that we can neglect \\ and 1 compared to n2 

in (3) (i.e. (n ~ hZ ' )), we approximately get 

T2° = - min Eh UAn2 + A^n -6) . (3.5.4) 
n 

We could also obtain this formula by starting with system (1.1). 
Minimizing (4) by n we get the Southwell-Papkovich formula [61, 104, 127, 

144] 

T2° _ 4Ehfi4n2 _ 0.856 E ( h5 \1/2 

q ° - ~ l l - 3R ~ (1-1/2)3/4 \L\lp) ' (ibb> 

where 

! /2 , , 0 / n 3 \ 1/4 

no ( \ \ l/2 / n 3 \ i/i 

Buckling occurs for an integer n which is closest to UQ. For these n, the 
critical value qo may be obtained more precisely by means of formula (3). The 

1 / 9 

error of formula (5) is of order hj and is a result of the inaccuracy of formula 
(4) and with necessity of transition to an integer value of n. 

From formulae (5) and (6) it follows that both q0 and n0 decrease with the 
growth of shell length L\. The dependence of q0 on the length of the shell 
may be also used to explain why buckling mode (2), has one half-wave in the 

file:///L/lp
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longitudinal direction. The case of a few half-waves is similar to the case of a 
shorter shell. 

The minimum value of n is equal to 2. For sufficiently long shells (Ai < /i) 
we can neglect the second term in (4), and for n = 2 we get 

Eh3 

90 = 4 ( 1 - „ » ) # • ( 3 5 - 7 ) 

This is the Grashof-Bress formula [18]. The shell length is not introduced 
in formula (7). This formula can be derived by considering the buckling of a 
ring made from a shell under an external follower pressure [1]. 

The dependence of no and #0 on the shell parameters for small no = 2-6 is 
studied in [61]. 

Let us now consider the combined loading of a cylindrical shell under an 
axial force and a normal pressure (Tf, T2° ^ 0, S° = 0). We will restrict the 
discussion to the case of a moderately long shell with simply supported edges 
and consider system (1.1). It occurs [61], that for T° < 0 (as in the case when 
T° = 0) that the buckling mode has only one wave in the longitudinal direction 
and a few waves in the circumferential direction (m = 1, n ~ /i* ). 

With an error of order hj , the critical values of the stresses T° and T% 
can be found from the relation 

„4 ( A2 + n2}4 + gA2 + lln^ (A2 + n 2 ) 2 + A4 = 0j ( 3 5 8 ) 

which, with an error of the same order may be written as 

2 r 1 + c £ T 2 = £ 2 + r 2 , (3.5.9) 

where 
T"-0 T-iO 

J i J2 (3.5.10) 

Tl = - 2Ehfi2, T2* = - cEhXm3, c = 4 • 3~ 3 / 4 = 1.755. 

Here TI and r2 are the nondimensional stresses related to the critical values 
obtained in (4.3) and (5). The critical value of T-I for fixed T\ we get from (9) 
minimizing it by £. This dependence is represented in Figure 3.3. 

For r2 < 0, (the internal pressure) the value of T\ does not depend on T? in 
the linear approximation and so the buckling mode is axially symmetric. For 
T\, T2 > 0 the curve is close to straight line T\ + T? = 1. The tangents to this 
curve drawn through points (1,0) and (0,1) are 

• n + 0 . 8 7 7 r2 = 1, 0.866 n + r2 = 1. (3.5.11) 

This case of combined loading is discussed in more detail in [45, 61, 155]. 
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Figure 3.3: Dimensionless stress-resultants for a cylindrical shell under com
bined loading. 

3.6 Estimates of Critical Load 

The problems considered in this chapter comprise the class of shell buck
ling problems which have exact closed form solutions. In subsequent chapters 
different approximate solutions will be developed. The order of the critical 
loads for membrane buckling are obtained by energy methods. Generally, the 
results given below are contained in [54, 55]. A similar approach was used in 
[57, 158] in which shell free vibrations were studied. Applications of various 
variational principles to shell theory are discussed in [169]. 

Membrane stress state buckling may be studied starting from the variation 
problem which comes from (2.3.10) 

A = min ( + )J, J = n2n'T 
(3.6.1) 

where 

e\ + 2z/£ie2 + el H — w2 
£ E0h0 2JJ E0 

n*=w= V/*£?[xl+2^2+^+2(1 - ̂ ^ 

(3.6.2) 

Here, A > 0 is an unknown load parameter. The minimum in (1) is taken 
over all possible complementary displacements u\, «2, w, for which the value 
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of J in (1) is positive (the (+) sign reminds us of this) and which satisfies 
the geometric boundary conditions. We assume that the small parameter /u 
(or /i+) in (1) is the only essential parameter . In other words, we analyze a 
moderately long shell with smoothly varying metrics, curvature and membrane 
initial stresses. 

The value of J in (1) does not depend on the range of the complementary 
displacements and therefore, we will assume for convenience tha t w ~ R and 
all geometric shell sizes are related to R. Then, all the variables in (1) become 
non-dimensional. 

The research method used below consists of the substitution into (1) of 
various displacements which satisfy the geometric boundary conditions. For 
the load parameter , A, we obtain an estimate of the upper bound. The symbol 
O is used instead of ~ in the case when the exact order with respect to h* of 
the est imated variable, is not found. 

It is clear tha t Tl'e > 0, H'^ > 0 for any of the displacements U{, w. The 
value of H'T may have any sign depending on T̂ ° and S°, but we are interested 
only in displacements for which H'T > 0. Consideration of the quadrat ic form 
in 71 and 72 in the expression for II^, shows tha t such displacements exist 
only in cases when inequalities (1.11) are not fulfilled simultaneously. In the 
other words it is necessary for buckling that at least one of the inequalities be 
fulfilled 

T° < 0 or T2° < 0 or (S 0 ) 2 - T?T$ > 0. (3.6.3) 

These inequalities provide the existence of the directions along which the 
compressive initial stresses act. Condition (3) is not necessary in the entire 
domain Q. occupied by the shell. It is sufficient that this condition be fulfilled 
only in a certain portion £li of this domain. 

Let us consider the system of equations 

ei = e2 = w = 0, (3.6.4) 

where the tangential deformations £,-, u are defined in (1.1.7), (1.1.10). The 
non-trivial solutions of this system with respect to U{, w, satisfying the ge
ometric boundary conditions are called infinitesimal surface bending. If, for 
them, the values of x,-, r differ from zero then we have non-trivial bending. 

We assume tha t there exists non-trivial bending for which the displacements 
Ui, w are slowly varying functions (index of variation t = 0). Then we obtain 
from (1) the following estimates 

X = 0(K), T° = o(^pi, T0=max{7;°,S0}. (3.6.5) 
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The estimate A ~ /i» takes place in the buckling problem for a long or free 
cylindrical shell under external pressure (see (5.7)), and also in the buckling of 
a weakly supported shell of negative Gaussian curvature (see Section 12.2). 

Later it will be shown (see Chapter 12) that in the case when non-trivial 
bending exists, functional (1) does not give the asymptotically exact value of 
the critical load A as ft* —> 0, although estimate (5) is valid. 

To explain this, we represent A in the form A = a0h" + o(h^). Then, if 
bending exists, function (1) gives the correct value of a and in the general case, 
an incorrect value of do. At the same time for the other cases considered in 
this section, the accuracy of (1) is sufficient for the evaluation of both a and 
a0. 

Now, we assume that no non-trivial solution satisfying the geometric bound
ary conditions of system (4) exists. As the test functions for the substitution 
into (1) take first the displacement field 

m = M2 = 0, w = <p(a,P)sinz, z = h~*f (a,{3). (3.6.6) 

The geometric boundary conditions are fulfilled by a special choice of func
tion ip that is assumed to vanish together with the few first derivatives on the 
boundary of domain 12. 

•7T- 1 + ( T77T I > 0 has index of variation t. Substitution 
da) \d/3J 

of (6) into (1) gives 11̂  = 0(1), W„ ~ h~4t. The integrand in 11^ takes the 
form 

L — 2t 2 2 

ht \p cos z 
dfV „ dfdf , fdf 
da~) +2t3dp~da- + f2\dp 

+ 0(h:f) (3.6.7) 

and if conditions (3) are fulfilled it is possible to find functions (p and / in (6) 
for which 0 < 11^ ~ h~2t. The substitution of these estimates into (1) gives 
J = Oik*-1 + hl~2t) and for t = 1/2 we obtain J = O(l) . 

Hence, independent of the shape of the shell and the method of shell support 
we obtain under the above assumptions 

A = 0(1), T0 = o ( ^ Y (3.6.8) 

For "well" supported convex shells (&i&2 > 0) estimate (8) is exact i.e. 
A ~ 1 (see Sections 3.1, 12.3, 13.4). Here the shell is called "well supported" 
if restrictions on the displacements prevent neutral surface bending. 

In the case of weakly supported shells, estimate (8) may be improved, 
however we will not consider this case here (see Chapter 12). 

We will, however, try to improve estimate (8) for arbitrarily supported 
shells of zero and negative Gaussian curvature. Let us consider a shell of zero 
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dA 
curvature k\ = 0. By virtue of the Codazzi-Gauss relation (1.1.3) -77-7 = 0. 

The displacement field we take in the form [158] 

«i = /i»Vi sin z, u2 — hl<f2 cos z + h^ips sin z, 

w = tpsmz, z = Ktf(/3), /'(/?) ^ 0 , (3.6.9) 
B2 d(<p2/B) k2B 1 d<p2 

ri=-Af—do—' <P* = ^T<P> VS = -JJ-^-

By direct substitution we can verify that (ei,£2,w) ~ h2*. Hence H'£ ~ h4t 

n ^ ~ h~4t. Further 71 ~ 1, 72 ~ h~* and by virtue of (2) 
* J 

0 < n^, ~ h~2t for T° < 0, 

0 < n^, ~ h-f for T2° = 0, S° + 0, 

0 < n^, ~ 1 for T2° = 5° = 0, 7\0 < 0 and 

for T2° > 0, {S0)2 - T?T$ > 0. 

(3.6.10) 

Substituting the above estimates into (1) and minimizing by t in the three 
cases of (10) we obtain respectively t = 1/4 and 

A = o(/ly
4), T° = °(Eh°(it)5/\ (3611) 

A = O(I), T° = ° (^r) -

For the particular case of a circular cylindrical shell, the first and third 
estimates have been given in Sections 3.5 and 3.4. We note that in the case of 
A ~ 1, displacements (6) for t = 1/2 lead to the same estimate. Therefore, the 
improvement of the general estimate (8) takes place only in the first two cases. 

Remark 3.4. Estimates (11) remain valid in the case when the inequalities 
in (10) are fulfilled only in a certain (not too small) portion fli of domain fi. 
To obtain estimate (11) we take the function in (9) which is non-zero only in 
fii. We deal in a similar way in obtaining estimate (8), if conditions (3) are 
fulfilled in a portion of domain Q.. 

Now we consider a shell of negative Gaussian curvature, i.e. k\k2 < 0. We 
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take 

ui =K<pi cos z, <pi=Aki[—\ ip 

- l 

u2 = ht<p2cosz, <P2 = Bh(j£) *>> ( 3 ' 6 ' 1 2 ) 

w = <psinz, z = h~tf(a,/3), 

where function / satisfies the equation 

For such displacements we find e,-, u> ~ hi. Let us turn to the estimation of 
Tl'T and assume tha t k\ < 0, k2 > 0. 

The method of the construction of displacements (12) imposes complemen

tary restriction (13) for 7— and — contained in (7). The requirement that 

(7) be positive leads to the condition 

T°k2-T%k1- S°\/-kik < 0. (3.6.14) 

If this condition is fulfilled at least in a part of domain Cl, there are displace
ments for which 0 < 11^ ~ h~2t. 

After substi tution into (1) and minimization by t we find 

* = 1/3, A = 0(/ti /3), T° = otEh0(^\ J. (3.6.15) 

Condition (14) imposes stronger restrictions on the initial stress-resultants 
Tf, S° than do conditions (3). If conditions (3) are fulfilled, but (14) are 
not fulfilled, then buckling occurs. However it is possible to guarantee only 
est imate (8) for the critical load. 

R e m a r k 3 .5 . The improvement of estimate (8) is connected with the 
construction of surface pseudo-bending i.e. such surface displacements (9) and 
(12) for which the tangential deformations are small. 

So far we considered neither the cases of weak shell support nor the cases 
when the Gaussian curvature of the surface changes its sign. 

The estimates of the critical load obtained in this section and the expected 
buckling modes are used below for construction of the asymptotic solutions. 

Let us return to the case considered in Sections 3.1-3.2 (ki,k2 > 0) and 
prove tha t the increase of stiffness in the boundary support does not greatly 
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increase the critical value compared to the value given by (1.12). We write the 
displacements in the form 

ui = p a wo cos z, U2 = fibwo cos z, 

w = w0sinz, z = fi~1(px + qy) + z0, 

_ (q2 - vp2)(k2p
2 + kiq

2) ki (3.6.16) 

p{p2 + q2)2 P ' 
b= (p2 - yq2)(k2p

2 + kiq
2) k2 

q{p2 + q2)2 q ' 

where the values of p and q have been found in Section 3.1. Substitution of 
(16) into (1) for too = 1 gives A equal to (1.12). 

Now we take WQ = WQ(X, y) and require that 

w0 = ^ = 0 , x,y€T, (3.6.17) 

where T is a contour of domain Q. Then functions (16) satisfy the condition 
of a clamped support. For each integral 11^, 11^., H'T in (1) we have 

K'j^rfj f[w2
0dn + O(n2), / i - > 0 , j = e,x,T, (3.6.18) 

n 

where n*- are such that it is possible to write formula (1.5) in the form A0 = 
(11° + n ^ ) ^ ) - 1 . It follows from above that A < A0 + 0{n2). 

3.7 Problems and Examples 

3.1. Based on system (2.3.8) derive the system of equations describing 
the membrane pre-buckling axisymmetric stress-strain state of the shell of 
revolution. Use the curvilinear coordinates (s,(p), where s is the length of the 
genetatrix and ip is the angle in the circumferential direction. 

Answer The system has the form (3.1.1), where 

<fc = - A W * = 1 ' 2 

where T£(s) are the membrane pre-buckling stresses, A is a loading parameter, 
4 h2 B(s) , , 

p = pirn, p is a small parameter p = — T „, 6 = ——-, w(s, <p) = 
12(1 — l/^jK H 

w(s) cos(m<p), and $(s, <p) — $(s) cos(ray>), 
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3.2. The membrane pre-buckling axisymmetric stress-strain state of the 
shell of revolution is described by system of equations (3.1.1) (see Problem 3.1) 
Construct the asymptotic expansions of the solutions of the system 

Answer 
1 f 

u>(s,fi) ~"^2fihwk(s)exp- p(s)ds 
k=o V Js° 

$(s, n) ~ ^2 ^^k (s) exp - / p(s)ds 
k=0 

where p(s) is a root of equation 

,2 r V n / , hr'Vf, r>\ , f,_ _2 k^ 
P'-Tl +*[tiPt--Tr) P'-T, + *1P 62 7 V P V b2 J V 62 

«.-(•-£)(»" 
and 

3.3. Derive from (3.6.4) relations for the tangential displacements U\ and 
«2 for the shells of zero and negative Gaussian curvature (3.6.9) and (3.6.12). 
Derive the estimates (3.6.11) and (3.6.15). 

Hint Represent the deflection in the form w = <p sin z. 



Chapter 4 

Buckling Modes Localized 
near Parallels 

The buckling modes of convex shells of revolution under axisymmetric mem
brane initial stress states are considered in this chapter. Only buckling prob
lems in which the deflections are localized near some parallel (henceforth called 
the weakest parallel) are studied. It is assumed that the weakest parallel is 
sufficiently far from the shell edges to avoid edge effects. 

4.1 Local Shell Buckling Modes 

The buckling modes of thin elastic shells under initial membrane stress 
states may be divided into two classes. In the first class the buckling concavity 
occupies all or the greater part of the shell surface. A typical example of this 
class is the buckling of a shallow convex shell under external pressure. The 
second class is when the buckling mode consists of many small pits formed on 
the surface of the shell. 

The size and position of the pits and the value of the buckling load essen
tially depend on some determining functions such as the radii of the curvature 
of the neutral surface, the shell thickness, the initial membrane stresses, etc. In 
simple cases when these functions may be assumed to be approximately con
stant, the buckling pits occupy the entire shell surface (see Section 3.1). This 
case is important, for example, for the buckling of a circular cylindrical shell 
under axial compression (see Section 3.4) or under external lateral pressure 
(Section 3.5) or torsion (Section 9.1). Shells with negative Gaussian curvature 
also, as a rule, lose their stability by modes for which the pits occupy the entire 
shell surface (see Chapter 11). 

69 
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If the determining functions vary from point to point of the neutral surface 
then localization of the buckling mode will occur. 

For the first localization type, the pits are localized near the weakest line 
on the shell surface. The buckling modes of convex shells of revolution under 
axisymmetric loading (discussed in this Chapter) and of cylindrical shells under 
combined action of an axial force and a bending moment (Chapter 5) are 
problems of this type. 

The second localization type is possible for convex shells for which the small 
buckling pits are concentrated near the weakest point on the neutral surface. 
The buckling mode of a convex shell of revolution under combined loading may 
be of this type (see Chapter 6). 

Let us note that the for these localization types it is more difficult to find 
the buckling modes if the weakest point or line is close to an edge of the 
shell. In this case it is necessary to satisfy the boundary conditions and to 
take into account the initial bending stresses and pre-buckling deformations 
(see Chapter 14). 

The third localization type is possible for the shells of zero Gaussian cur
vature (i.e. for cylindrical and conic shells). Buckling is accompanied by the 
appearance of concavities which are stretched along the shell generatrix from 
one shell edge to another. The depth of the concavities is maximum near the 
weakest generatrix and decreases fast away from the generatrix. The buckling 
modes of non-circular cylindrical and conic shells (and of circular shells with 
slanted edges) under external pressure or torsion have these forms. This type 
of buckling occurs for circular cylindrical shells in bending (see Chapters 7 and 
9). 

We note tha t for the second and third localization types there exist two 
buckling modes characterized by very close critical loads. 

For the case when the weakest line or point is far from a shell edge the 
approximate analytical formulae for buckling modes and upper critical loads 
have been obtained in assumption that the relative shell thickness is small. 
Unfortunately, if weakest point or line is close to a shell edge, the results are 
not so simple. 

4.2 Construction Algorithm of Buckling Modes 

This algorithm is an one-dimensional version of Maslov's algorithm [99]. In 
shell buckling problems this algorithm was used in [160, 163] (see also [15, 88]). 

We describe this algorithm using, as an example, the self-adjoint ordinary 
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differential equation of order In 

k=0 X 7 

where fi > 0 is a small parameter and the coefficients a^ are real and depend 
linearly upon the parameter A > 0 

ak=a'k-Xa'i, a'k, a'k' € C°° (4.2.2) 

and the functions a'k and aj.' are infinitely differentiable with respect to x. 
At each end of the interval (x\, x?) the n self-adjoint boundary conditions 

are introduced, but we do not satisfy them exactly. We seek eigenvalues, A ' m ' , 
for the parameter , A, for which there exist localized solutions of equation (1) 
which exponentially decay when x approaches the ends of the interval (x\, x^). 
We will s tudy only the case when there exists a point XQ (X\ < XQ < X2) 
such that these solutions exponentially decay as \x — XQ\ increase. Point xo is 
referred to as the weakest point. 

Some shell buckling problems may be reduced to this problem after sepa
ration of the variables. As a rule we get a system of equations of type (1) with 
coefficients regularly depending on the parameter \i. The algorithm described 
below may be also used in this case without major changes. 

If we seek the solution of equation (1) as a formal series 

w(x,fi) = y^ii-'wj(x) exp \ — I p(x)dx>, (4.2.3) 
3=0 ^ J > 

then p(x) satisfies the algebraic equation 

n 

5> fc(x)p2fc = 0. (4.2.4) 
fc=0 

Function (3) satisfies the decaying condition mentioned above if there exist 
points x\, x\ such that 

9p (a ; ) > 0 for x > x\, 

Qp(x) = 0 for z | <$ a: <̂  z5, (4.2.5) 

9p (a ; ) < 0 for x < x\. 

The simultaneous fulfilment of conditions (5) is possible only in the case 
when the roots of equation (4) are multiple for x = x\ and x = x\. In the 
neighbourhood of points x = x* and x = x\ (which are called the turning 
points) solutions (3) with limited Wj(x) do not exist. 
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To construct limited asymptotic solutions in this case, the s tandard equa
tion method [84] has been used in [57, 157]. Further we propose a simpler 
method, which is based on the assumption tha t the turning points x\ and x*2 

are close to each other and that the coefficients of equation (1) are real. We 
seek a solution satisfying the decaying condition as a formal series 

w{x, n) = wt exp { i (fi-1/2p0li + (1/2) < 2 ) } , (4.2.6) 

where 

X> f c / 2 MO, t = »~1/2 {' - *o) - (4-2.7) 
fc=0 

and Wk(i) are polynomials in £. Parameter A is also expanded into a series in 

A* 

A = A 0 + / x A i + ^ 2 A 2 + . . . (4.2.8) 

Here uifc(£), \k, XQ, po and a may be found after substi tution into equation 
(1). Satisfying the decay condition for solution (6), we find tha t po must be real 
and 9 (a) > 0. For tha t XQ is the weakest point, parameter po characterizes 
the oscillation frequency of function w, and 9 ( a ) gives the rate of decrease of 
the function ampli tude when x deviates from XQ. 

To find the parameters xo and po we resolve equation (4) in A 

I X OOP2* 
A = ^ = / ( p , * ) . (4.2.9) 

£<(*)p 2 f c 

fc=0 

Let the minimum 

A 0 = m i n { / ( p , a : ) } = / ( p o , x o ) (4.2.10) 

exists for real p and x\ <Z. x <^. X2, and x\ < xo < x^, and the second differential 
of function / at point (po, *o) is the positive definite quadrat ic form 

d2f = f„ dp2 + 2fpx dp dx + fxx dx2>0. (4.2.11) 

Here derivatives f° , / ° and fxx are evaluated at point (po, XQ). 
We rewrite equation (1) in the form 

H ( - i H ^ , x, \,v) w = 0, (4.2.12) 
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where 

k-0 j=0 

are polynomials of order In in p. After the substitution of solution (6) in 
equation (12) we obtain 

H (po + /i1/2 « - « 4 ) - *o + Hll2L Ao + Mi + • • • , A*) £ fk/2wk (0 = °-

(4.2.13) 

The expansion into a power series of fi1'2 leads to equations 

k 

Y,HU)xvk.j = 0, * = 0 , 1 , 2 , . . . , (4.2.14) 
i=o 

where the first differential operators H^> are 

HW = # ( P o , x0, A 0 ,0) , 

*<» = i l l i ^ - 2 i . { i - , - . ^ ) + (4.2.15) 

+ HI (ae - a | ) + \ H°„e+*i # °+#°; 
S # „ d2H 

-tip — <-j , ripx p dp ' p:E dp <9x' 

The superscript ° on the derivatives indicates that they are calculated for 

p = Po, x = x0, A = A0, ft = 0. 

Since, due to (10) 

#(°) = ffp° = tf ° = 0, (4.2.16) 

we examine the equation H^w0 = 0. This equation has a solution in the form 
of a polynomial in £, only if the coefficient at £2 is equal to zero, from which 
we get 

H°p a2 + 2H°px a + H°xx = 0. (4.2.17) 
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Taking into account that 

uO _ uO fO rrO _ TTO fO 
npp — n\Jpp> npx — ~ n\Jpxi 

H° — — H° f° tf° — — — H° 
nxx n\Jxx> nn r) npxl 

we obtain 

a=Zlk±iLt r=^D>0, D = f„ fmm - (&)a . (4.2.18) 
JPp 

According to (11) D > 0. 
Equation H^ wo = 0 may be written in the form 

^ ? - c ( 2 ^ + W o ) + ^ ^ = 0, (4.2.19) 

where c = r/fpp, d=2/fpp. 
For 

A1 = AJm) = r f i + m j , m = 0 ,1 ,2 , . . . (4.2.20) 

equation (19) has a solution in the form of Hermite's polynomial [69] 

w0(Z) = Hm(9), 6 = yfit. (4.2.21) 

The Hermite polynomials satisfy the equation 

Mm[Hm(9)] = ^ ^ - 2 9 ^ + 2mHm^0, (4.2.22) 

and three first polynomials are the following 

H0(9) = l, H1(9) = 29, H2(9)=492-2. 

The polynomials Hm(9) are either even or odd. 
Let us construct the following terms in series (6) and (8). Function iui(() 

due to (14) may be found from the equation H^w\ + H^3'wo = 0, which after 
substitution 9 = y/c^, has the form 

Mm[w1{0)] = Pml{9), (4.2.23) 

where Pm\{9) is a known polynomial in 9. Equation (23) has no polynomial 
solution for an arbitrary right hand side but only in the case when the orthog
onality condition 

00 

(PmUHm)= J Pml(9)Hm(9)e-e2!2d9 = 0 (4.2.24) 
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is satisfied. 
We note the following property of operators (15), H^"\ If the polynomial 

P(£) is even then the polynomial H^P(^) is even for even n and odd for 
odd n. 

If the polynomial P(£) is odd then the polynomial H^P(^) is odd for even 
n and even for odd n. It follows that condition (24) is always fulfilled. We 
chose the solution of equation (23), satisfying the condition {w\, Hm) = 0. 

The following approximation leads to the equation 

# (4 ) 

wo = 0, 

which may be rewritten in the form 

Mm[w2(0)] = Pm 2(0) . (4.2.25) 
Polynomial Pm2{0) contains the term 2r~1\2Hm(0), where the value of 

A2 may be found from the condition (Pm2, Hm) = 0. This process may be 
continued infinitely. At the even step 2 k the value of correction A& for the 
eigenvalue of A may be found. 

The critical value A* may be obtained for m = 0 in formula (20) and 

K = X0 + fi~ + O{fi2), w0(t) = \. (4-2-26) 

Above we also studied the case when m ^ 0, since it does not require addi
tional computations. The information about the distance between the critical 
value and the other eigenvalues may be used to estimate the sensitivity of the 
critical value to perturbations (imperfections) and also for the development of 
numerical algorithms for the calculation of A*. 

When we seek the minimum of (10), two essentially different cases are 
possible 

Po = 0 (case A) 
P o f 0 (case B). y ' 

Remark 4.1. Case A may only take place if f^x = 0. In this case eigen-
functions (6) are real and eigenvalues (8) are simple. They may be expressed 
by formulae 

*->(„ = »P (-*^1) [*. (^pl) + o(,-/", 
A = A 0 + ^ ( m + - ) r + 0(ii2), 

(4.2.28) 
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where 

A0 
0 _ 2 ( a K - « o « i ) 

« ) 
Jxx dx2\a%J' 

r ~ \Jxx Jpp) > c — \Jxx) \Jpp) ' 

(4.2.29) 

All of the functions in formulae (29) are calculated for x = XQ. The eigenfunc-
tion for m = 0 is plotted in Figure 4.1. 

Figure 4.1: The eigenfunction when p0 = 0. 

Remark 4.2. In case B eigenfunctions (6) are complex. Since equation 
(1) is real, both the real part of function (6) and the imaginary part are eigen
functions. It may seem that the corresponding eigenvalue (8) is double, but 
this is incorrect, since series (6) and (8) are asymptotic (and not convergent) 
series and they do not exactly represent the eigenvalues and eigenfunctions. 
Two real eigenfunctions correspond to each eigenvalue (8), the asymptotic 
representations of which are the following 

„(i) (3tu)* COSZJ — 9u>* sinzj) exp < ^— — > , (4.2.30) 

where 
p0(x -x0) 5Ra(x *o)2 

+ i ']' i = i,2. 

The initial phase, 9j, has quite definite values 6\ and 02 (0 ^ 0\, 62 < 2n). 
Eigenfunctions (30) for m = 0 are shown in Figure 4.2. Moreover, the exact 

eigenvalues corresponding to eigenfunctions (30) are different. We denote them 
as A'™'1) and \^m'2\ The following estimate is valid for any N 

AA = A ^ 1 ) - A(m'2) = O (»N) 

Henceforth, we will call such eigenvalues asymptotically double which refers 
to the fact that they are nearly (but not exactly) the same and approach each 
other. 
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Figure 4.2: The even and odd eigenfunctions when po ^ 0. 

The method of the asymptotic integration used here does not permit the 
determination of the difference AA and the values of the initial phases 9\ and 
02 • For one particular case these values will be found by numerical integration 
in Section 5.3. 

4.3 Buckling Modes of Convex Shells of Revo
lution 

We will now introduce curvilinear coordinates on the neutral surface of a 
shell of revolution. As the first coordinate we chose the generatrix length s' 
(s'j <; s' ^ s'2) and as the second, the circumferential angle ip. We start analysis 
with system (2.3.8) rewritten in a dimensionless form as in (3.1.1) 

u.2A(dAw) + \Atw- Afc$ = 0, 
^ A ^ A ^ + A f c w = 0, 

(4.3.1) 

where, for a shell of revolution 

Aw — 

AfcW = 

A,w = 

id_ 
b ds 
ld_ 
b ds 
10_ 
b ds OS 

1 d2w 
b2 dip2' 

ki d2w 
+ b2lhp~2' 

t2 d2w 
+ 

i d 
b2 d(p2 b ds <3 

dw 
d(p + 

t3 d2w 
b dsdtp' 

(4.3.2) 
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Here 

, 4 _ hi Eh3(l-v2) _1 = Eoh1 B_ 

12(l-i/0
2)i?2' E0hl(l-viy 9 Eh' R' 

ki = W isi>s'} = R{si>s}> {T?,S°}=-\T{ti,t3}, ( 4 3 ' 3 ) 

T = Eohofi
2, » = 1 , 2 . 

The functions b, d, g, &,• and <,• do not depend on the angle <p. Systems (1) 
is written for the case when parameters E, v and h depend on s (see Remark 
1.1). Typical value of these parameters are denoted by EQ, VQ and ho. If E, v 
and h are constant then d = g = 1. 

We seek a solution of system (1) with n waves in the circumferential direc
tion in the form of (2.6) 

w(s,tp,n) = io ,exp j i ( / / - 1 / 2 p 0 £ + l / 2 a £ 2 ) + in {<p - <p0)} , (4.3.4) 

where £ = p~ll2(s — So), and w* has the form of (2.7). 
We seek the function $ in the same form (4). 
The function / in formula (2.9) is 

U ^ d(P
2 + q2)4 + g(k2p

2 + kiq
2)2 

f (P. P, S) = —* 9^ 1 (4.3.5) 
(p2 + <72)* (tlP2 + 2t3Pq + t2qi) 

where q = pb~l, p = pin. Function (5) differs from function (3.1.5) only by 
multipliers d and g. As in Section 3.1, we assume tha t k\k2 > 0 and also 
tha t conditions (3.6.3) are satisfied. In domain —oo < p < oo, 0 ^ p < oo, 
si ^ s <C s2 we seek the minimum of the function / 

A 0 = m i n ( + ) { / } = / ( p 0 , / > o , s o ) , (4.3.6) 
P,P,s 

assuming that parameter p changes approximately continuously. We then ob
tain 

A0 = min5
 ( + ) { T ( S ) } = 7 ( * O ) , 

i(s) = , , J ; : ' , TS = ( ( t 1 * i - < 2 * 2 ) +4*1*2*1) • 
tiki+t2k2 + T3 \K ) (4 3 7) 
6(fc2r0 + &i)2 (9\llA Poro K ' ' ' ( 5 ) ' -

r0 = ( 2 * 2 < 3 ) ~ {tiki -t2k2 + r 3) . 

P0= r2 + l ^ ' P0 = 
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Here, the values po, po and ro are evaluated for s = so. The parallel s = s0 

in which the function j(s) attains its minimum is called the weakest parallel. 
The buckling pits are localized near parallel s = s0. We assume that the shell 
edge supports do not cause buckling. In Chapter 13 we will list the cases of 
weak edge support for which buckling occurs near the shell edge. 

We can write the expressions for initial membrane stress-resultants T° and 
S° for a shell under axial force P and torsional moment M, applied to edge 
s = S2, and under external surface loadings g,(s) and q(s) applied to the shell 
surface (see (1.4.6)) 

^o PR* R*'[ ( & BdB\ 

»i 

** = - ^ k - ^ + « r k / ( " S + ' f i ^ ) J S ' <«•"> 

The stress resultants may be transformed to the dimensionless stress-resul
tants ti due to (3). The extraction of the multiplier A (the load parameter) from 
the initial stress resultants Tf and S° is arbitrary and the choice of parameter 
A depends on the problem at hand. The finite results do not depend on that 
choice. 

Let us study some particular cases of shell loading. We are going to use 
the algorithm described in Section 4.2 which is the reason that the discussion 
is limited to cases when the weakest parallel is far from a shell edge. 

Let the initial shear be absent (£3 = 0). In this case formulae (7) are not 
convenient and may be replaced by 

l{s)=2-^{gdfl\ P o = 0, P{s) = b(^pj , po = P(s0) (4.3.9) 

for <2&2 > tiki and 

l{s) =
 2-h{gdfl\ po=(iRy\ po = Q (4.3.10) 

for tiki > ^2^2- Here, as in (7), evaluating po and po we assume that s = so-
If tiki = <2^2 for s = SQ then as in Section 3.3 numerous buckling modes 

are possible. 
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Remark 4.3. It follows from the results of this Section that the often used 
method of coefficient "freezing" allows us to correctly find the value of Ao in 
the expansion of (2.8) and parameters p0 and n in buckling mode (4). To find 
the correction Ai and the parameter a in (4) determining the buckling mode 
localization it is necessary to use the more detailed study given below. 

4.4 Buckling of Shells of Revolution Without 
Torsion 

Let us first study the case <2&2 > ^l^i in which buckling is mainly deter
mined by the hoop stress-resultants, T°. This case is described by formulae 
(3.9) and was called case A in Section 4.2. The critical load and buckling mode 
are given by formulae (2.28) and (2.29). 

For m = 0 we get 

A = Xo+fiXi +0(fi2), 

,y) = e x p | - c ( 8 ^ o ) 2 } c o 8 n ( y - y > o ) [l + O (/i1'2)] , ^ ' ^ w [s 

where 

A 0 = m i n , 7 ( S ) , X, = 1/2 (/»„ / ° . ) 1 / 2 , c = {tfj fj"2 , 

n - p o / i " 1 , l(s)=^(9d)1", P(')=b(ij)1'A> (4-4.2) 

ds2 ' \p dsj ' Jpp kxq ' 

The values of f°s and f° in formulae (2) are evaluated for s = SQ- The 
initial phase y7o in (1) is arbitrary and therefore the critical load is double. Due 
to inequalities /° 5 > 0 and f° > 0 inequality (2.11) is satisfied. The transition 
from a non-integer value of n — po/*_1 to the closest integer number of waves 
in the circumferential direction n does not change the terms given by (1) for 
A. 

The buckling mode shown in Figures 4.1 and 4.3 illustrates the fact that 
the buckling pits are elongated in the meridional direction. The tangential 
displacements u\ and u-i are of order ft compared with the normal deflection 
w. Now let us study some particular loading cases. 

Let a shell which has the form of a cupola or spheroid be under the normal 
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Figure 4.3: The buckling mode of a convex shell of revolution at t2k2 > tiki. 

homogeneous pressure q. Then, due to formulae (3.8) we get 

The case T2Ri < T°R2 which we are examining corresponds to external 
pressure (q > 0) for R2 < Ri and to internal pressure for R2 > 2R\. If we 
assume tha t 

\q\ = \TR~l, T = E0h0fi
2 

then in formulae (2) 

h = 
go 

2kn 

2k2 - h 
h = —2p—q°' 1o = sgnq. 

(4.4.4) 

(4.4.5) 

Assuming tha t the weakest parallel s = SQ is far from a shell edge, one may 
use formulae (1) to evaluate the critical load and buckling mode. If parameters 
E, v and h are constant then d = g = 1 and the expression for the critical load 
may be rewritten in the form 

1 = 
2Eh2 f / k2(ki - k2) 

^ 3 ( l - i / 2 ) {2RiR2-R
2
2) I fX\k2(ki-2k2) 

21 1/2 
ki — 2k2 d2 ( kikl \ 1 / d , , , , N 

1/2 

kik2 ds2 \ki-2k2J k\b* \ds + 0(P2)}. 
(4.4.6) 
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Here all of the functions are evaluated at the point where s = SQ, which may 
be found from the minimum condition for function 

7(«) 
4 * i A | 

(4.4.7) 
2*2 - * i 

As an example we will study an ellipsoid of revolution generated by the rotation 
of an ellipse with semi-axes O,Q and 6Q around axis 6Q (see Figure 4.4). 

Figure 4.4: An oblate (S < 1) and a prolate (S > 1) ellipsoid of revolution. 

As a characteristic size we take R = OQ. Then 

* 2 = (sin2 6 + S2 cos2 6>) 
1/2 

6 = * 2 sin( S = b0a0 , 

* 1 = < J - 2 * ^ , 

d - h — 

(4.4.8) 

where 9 is an angle between the axis of revolution and a normal to the shell 
surface. 

First we will consider an prolate ellipsoid (S > 1) under external pressure. 
The weakest parallel is the equator (point B in Figure 4.4). By using formulae 
(6) and (2), we obtain 

2 Eh2 

1+ 
V3( l - i / 2 K(2«P- l ) 

h_\ 1 / 2 ( J 2 - 1 ) ( 4 J 2 - 1 ) 1 / 2 

, < W y 3 ( l - i / 2 ) ( 2 * 2 - l ) 
+ o(M (4.4.9) 

n^m^)^yf\ c=,-4(Ma_1/2) 
1/2 

Under internal pressure, ellipsoid bucking may occur for 2<S2 < 1. In this 
case the critical values of parameters q and n may be found by different for
mulae according to the sign of 28 — 1. 
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Indeed, function (7) attains its minimum at the weakest parallel. For 1 < 
26 < V2 this minimum is attained at the equator and the critical pressure q 
and wave number n may be found by the same formulae (9) as for external 
pressure. For 25 < 1 function (7) attains its local maximum at the equator 
and minimum at 

/ 3<J2 

01 = arcsinW — — , 62 = n - $i (4.4.10) 

(point C in Figure 4.4), i.e. the pits move away from the equator. 
The critical values of q and n are equal to 

lQEh262 

? = -
a2 ^3 (1 -1 /2 ) L1 + 

* V ' V 193(1-4*) V /2
 + 0 ( M 

,a0J \W6 ^12(1 - v2) 
(4.4.11) 

For 26 = 1 we have f°, = 0. In this case, the condition f°s > 0 is not 
satisfied and formula (1) for the buckling mode must be made more precise, 
since it does not provide for the decrease of the deflection away from parallel 
s = So- However, for estimating q and n, one may use formulae (9) and (11). 

The problem of ellipsoid buckling under homogeneous pressure is also con
sidered in [30, 110, 175] . 

We will now study the buckling of a shell of revolution under an axial tensile 
force (P > 0). In this case, by virtue of (3.8) 

T,° - PR2 TP - PR2 <?° - 0 (A 4 12) 
J l - 2 7 r £ 2 ' • 2 ~ 2nB2R1'

 b ~ "' ^AU) 

Assuming that XT = P/(2nR) we get 

tl = ~bk~2'
 t2 = &k' 7(s)=2(<7<O1/2sin20, (4.4.13) 

where the angle 9 is the same as in formula (8) (see Figure 4.4). 
If parameters E, v and h are constant (d = g — 1) then function ~/(s) 

attains its minimum at one of the edges (we recall that the shell is convex). 

Let the shell thickness now depend on s. Then function j(s) = —-̂ — sin2 6 
• "o . 

and cases when this function attains its minimum inside the shell are possible. 
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We consider an ellipsoid of revolution (8) which has its minimum wall thickness 
at its diameter 

h (a) = hQ [1 + a (<? - TT/2)2] , a > 0, (4.4.14) 

For a > 1 the diameter is the weakest parallel and the critical values of P and 
n are equal to 

2irEhl 

>/3(l-^a) 

h0 
1+ - 7^ 

a0 

1/2 
( « - l ) 1/2 

b2 
o (3(1-./')) 

1/4 + 0(ft„) 
(4.4.15) 

</\2{\-u2) /^oo^1/2 

The buckling mode described by formula (1) is shown in Figure 4.3. 
Now we consider the combined loading by an axial force P and a homoge

neous pressure q and find the cases in which the buckling modes are the same 
as in Figure 4.3. For an ellipsoid of revolution of constant thickness described 
above we assume 

P = 2ira0TP0\, 

. <?o Po 
t\ = 

q = TaQ
1q0X, q0 = sgnq, 

q0{2k2 - ki) P0ki 
(4.4.16) 

U = 
2fc2 2k2 b2k2' 

Then buckling occurs near the equator if 

I: i _ S2 < ^ < (1 - <$2) (l - 4<52) , 
<7o 

II: ( I _ * 2 ) ( I _ 4 J 2 ) < H ^ < i _ 2 * 2 , 
9o 

+ b2k2 • 

go 

1o - 1 . 
(4.4.17) 

The domains determined by these inequalities are shown in Figure 4.5. 
Due to formulae (1), (2) and (3.3) the critical values of P and q may be 

determined from the relation 

- ^ + 9 ( 2 * 2 - l ) = 
2Eh2 

iran v^i-^K 
i+ 

'h((S2 - 1) go + 2 Pp) ((4*2 - 1) (S2 - 1) go - 2 Pp) 

v / 3 ( l - z / 2 ) a o ( ( 2 J 2 - l ) g 0 + 2Po)2 

1/2 

+ (4.4.18) 

+ 0 (M 
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2P/q0 

Figure 4.5: Critical value domains for the buckling of an ellipsoid near an 
equator. 

which generalizes formula (9) for the case when P ^ 0. 
In all of the cases considered above the hoop stress-resultant T® was the 

main stress determining buckling. Now we come to the case when 

<iAri > t2k2, (4.4.19) 

and the principal compressive stress-resultant T° is that on the meridian. In 
this case, according to formula (3.10), the load parameter is equal to 

A0 = min(+)|^(W)1/2} (4.4.20) 

Let the parameters E, v and h be constant (d = g = 1). Then, in the case 
considered of combined loading or in cases when the shell is under either an 
axial force P or a normal pressure q, function (20) attains its minimum at one 
of the edges. 

Let us now consider a shell of non-constant thickness, h = h(s). Let min
imum (20) be attained at s = so (*i < *o < ^2)- Then, due to (3.10) the 
buckling mode is axisymmetric and is described by function (3.4) for n = 0. 
The buckling mode is the set of axisymmetric concavities the depth of which 
decreases away from parallel s = SQ 

w = exp{i(fi-
1/2Pot+l/2ae)} (l + O (p1'2)) , 

A = Ao + ^Ai + O ^ 2 ) . 
(4.4.21) 
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Instead of (3.5) we can take function (3.5) in the form 

dp4+gk% 
tip 

For the evaluation of the parameters in (21) we then obtain 

1/4 

f=«_L_Zp1. (4A22) 

Po ( —r , Ai - 1/2 I /°p f°s - (f°3) ) , f°p - —, 
\ a J v ' ti (4.4.23) 

.n , d fd\ ,n , d2 fd\ 1 d2 fgkl 

n 

(if fpS = 0 then f°s = 7°, ). Parameter a may be calculated by formula 
(2.18). Here all of the variables are evaluated at s = so- The critical load is 
asymptotically double (see Remark 4.2) and the corresponding buckling modes 
which are nearly identical for close values of load are shown in Figure 4.2. 

As an example consider the same ellipsoid of revolution (14) with variable 
thickness under an axial compressive force (P < 0). Assuming that P = 
—2naoT\, we obtain 

7 ( s ) = 2 ^ M ^ ) = 2^) s m 2 , ( 4 4 2 4 ) 

ho ho 

Buckling near the equator occurs for a > 1 and the asymptotically double 
critical load is equal to 

p = 2nEh2 

^3(1-^) 

ho\1/2a2 {a-iyl2 

ao) b2 ( 3 ( i _ z / 2 ) ) 1 1 + 1 - ) %._\. Li /4+0(M (4.4.25) 

We note that the absolute value of the critical force found above coincides with 
the absolute value of the critical load in the case of tensile loading of the shell 
(see (15)), but that the buckling modes are essentially different. 

Remark 4.4. The formulae for the critical load (see (1), (6), (9), (11), (18) 
and (25)) all have the same structure. They consist of a main term which may
be found by the method of freezing coefficients and of small corrections of the 

1 /2 
relative order hj . Due to (2.28) the next eigenvalue of the load parameter 
may be obtained by increasing this correction by a factor of three. 

4.5 Buckling of Shells of Revolut ion Unde r Tor
sion 

Let us now study the buckling of shells of revolution under homogeneous 
pressure q, axial force P and torsional moment M > 0. We introduce the 
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load parameter as 

A 
M 

2nR2T' 

Then due to (3.3) and (3.8) we get 

q0 P0 q0 (2k2 - ki) Pokt 
H = ~i 7 T T ~ J *2 = ^To r 2k2 b2k2' 

1 
2/52 

t3-~v> Po = 
PR 

9o 

b2k2' 
2irR3q 

(4.5.1) 

(4.5.2) 

M ' 3U M 
Assuming that conditions (3.6.3) are satisfied, we find by formulae (3.7) 

A0 = m i n , ( + ) 7 ( s ) =j(s0), 

y{s) = 2 6 2 ^ ( W ) 1 / 2 go6 ' | (A2 | ki 
2k2

 + \ A + k2 

1/2' - 1 

r0 =A-JA* + * I 

*=TT + £ » 

, t a n * 0 = - r o , (4.5.3) 

Figure 4.6: The buckling mode of a convex shell of revolution under torsion. 

In the case when the weakest parallel so is far from a shell edges (see Figure 
4.6) the buckling mode is given by (3.4) which we can write in the form 

%+a-f- + n(r-^))+0(^)\, (4.5.4) -ce/2 cos 
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where £ = p~1'2(s~so) and a = a\ +ic. The values of po and n were found in 
Section 4.3 and a and Ai are evaluated for m = 0 by means of formulae (2.18) 
and (2.20), in which the function / must be taken in the form of (3.5). 

As in (4.1), concavities (4) are elongated (their sizes are of order RhJ x 
RhJ ) and they are inclined to the meridian by the angle \P0 (tan\Po = — ro)-

Let us now study some particular cases. First, we assume that the torsional 
moment M > 0 and P = q = 0 and that the parameters E, v and h are 
constant. We also assume that function b(s) is an even function in s — so. 
Then, for «i < s0 < s2 we find from (3), (3.7), (2.18), and (2.20) that the load 
parameter A and the coefficients in (4) are the following 

A = Ao + p A i + 0 ( / i 2 ) , A0 = 7(so), 

7 (s) = 2 6 2 v / M l , A: = 1/2 (/°. /p°p)1 /2 , 

2 62 iff (4.5.5) 
fpp = - ^ = ( 5 At?-2 *!*, + *») , t a n t f 0 = m Jpp ~ VWhy " U " V * 2 ' 

7 ° , \ 1 / 2 V2hbk2 v _ . „ 
7o~ ' n - " 7 T T T T ' Po = - , , , , ai = 0. 

J p p / ^ ( * i + * 2 ) fc! + Ar2 

The calculations show that for an ellipsoid of revolution, function j(s) is 
convex upwards and therefore it can not attain the minimum within the interval 
(si i s2) (see formulae (7) below). However, for some convex shells of revolution 
this is possible. Indeed, by using the Codazzi-Gauss relations (1.1.3) we can 
rewrite function f(s) in the form 

7(s) = 2(-6 36") 1 / 2 . (4.5.6) 

Taking b(s) = 1 - as2 - /3s4, we find that for a > 0 and 2/? > a2 function "f(s) 
attains its minimum at s = 0. 

Assuming that the parameters E, v and h are constant, we try to find in 
which cases the ellipsoid under combined simultaneous loading of M, P and 
q has the weakest parallel at the equator. By using designations (1), (2), and 
(4.8) we rewrite the conditions (7 > 0, 7" > 0) in the form 

A! = 

q0S
2 + Ai > 0, 

(2P0 + (S2 - 1) go) + 4<J2 >0, 

-2g0Ai<J2 (S2 - 1) + 

+ (2P0 + (S2 - 1) go) (2Po + (S2 - 1) (1 - 2<J2) go) + 4J2 < 0. 

(4.5.7) 
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For buckling at the equator these three inequalities must be satisfied simulta
neously. For that, the critical values of dimensional parameters M, P and q 
satisfy relations 

nqa0 

bo + J (a0 P + n q a0 (b% - a2
0)} + b2a^M2 

4 7ra2£0/ioA<2(l + 0 ( / i ) ) . 
(4.5.8) 

Let us consider inequalities (7) in more detail. It is clear that for go = 0 
the last of inequalities (7) is not satisfied. Let now g0 ^ 0 and PQ = 0. The 
domain of parameters go and S in which buckling at the equator is possible is 
shown by the cross-hatching in Figure 4.7. 

?o 

3 

O 

-3 m 
A B 

Figure 4.7: The domains of the critical values in the buckling of an ellipsoid 
near an equator. 

The transition of the point (go, 6) through the bound of the stability domain 
I (</o > 0) and through the part AC of the bound of the domain II (go < 0) 
means that the weakest parallel deviates away from the equator. In approach
ing the domain II boundary BC the critical values of q and M increase (as 
in formula (4.9) as 282 —> 1), and after the transition through this boundary 
shell buckling does not occur (at the equator) since inequalities (3.6.3) are not 
satisfied. 

4.6 Problems and Exercises 

4.1 Consider the boundary value problem 

fj,4w""+ 2fi2Xw"+ a0(x)w = 0, a0(x) = 2 - c o s z , n < 1 

with the boundary conditions w(±\) = u / (± l ) = 0. 
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i) Derive an approximate relation for the asymptotically double eigenvalues 

A n s w e r 
\=l + u.V2(± + m) + 0(ti2). 

ii) For fi = 0.1 and /i = 0.01 find numerically several lower eigenvalues and 
compare them to each other and to their asymptotic values obtained before. 

H i n t Under numerical integration seek A for odd and even eigenfunctions 
separately solving the boundary value problems with the boundary conditions 
iu'(0) = w"'{0) = w( l ) = u)'(l) = 0 and iu(0) = w"(0) = w(l) = u / ( l ) = 0 
correspondingly. 

iii) Verify that the eigenvalues weakly depend on the boundary conditions 
solving numerically the initial boundary value problem and the boundary value 
problem with the boundary conditions tw(±l) = i o " ( ± l ) = 0 for \i = 0.1 and 
/i = 0.01. 

4 .2 Consider buckling of oblate (6 < 1) ellipsoid of revolution under exter
nal hydrostatic pressure. Find critical loading. 

4 . 3 For ellipsoid of revolution under external hydrostatic pressure plot the 
function of critical loading vs. axes ratio S. 

4.4 Find the critical load for a shell of revolution if the torsional moment 
M > 0 , P = g = 0 and the parameters E, v and h are constant, assuming 
function b(s) be an even function in s — SQ. 



Chapter 5 

Non-homogeneous Axial 
Compression of Cylindrical 
Shells 

This Chapter will present a treatment of buckling problems for a cylindrical 
shell of moderate length under a membrane stress state and a non-homogeneous 
axial pressure which can be solved by separating the variables. The edges 
of the shell are assumed to be simply supported. It is also assumed that 
the determining functions (the axial compression, shell thickness and elastic 
characteristics of the material) do not depend on the longitudinal coordinate 
but may depend on the circular coordinate. Buckling modes localized in the 
neighbourhood of the weakest generatrix are considered, and are developed by 
means of the algorithm described in Section 4.2. 

The buckling of a cylindrical shell under non-homogeneous axial pressure, 
particularly under a bending moment, has been considered in many previous 
studies (see reviews [59, 61, 149]). In [68], the Bubnov-Galerkin method was 
applied and the deflection was approximated by a double trigonometrical series. 
In [151, 153] the method of asymptotic integration described below was used. 

Long cylindrical shells subjected to a bending moment can experience flat
tening of the cross-section - this is called the Dubjaga-Karman-Brazier effect 
and it must be taken into account (see [12, 61]) in most analyses. The flat
tening effect on the critical load for moderately long simply supported shells 
examined below is, however, not significant and will not be considered here. 

91 
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5.1 Buckling Modes Localized near Generatrix 

Under the assumptions made above we can write the system of buckling 
equations in the form (see (2.3.8), (4.3.1)) 

d2w 3 2 $ 

Ox Ox ^ _ L 1 j 

2 A / i * *x , 92w n A d2 d2 

where dimensionless coordinates x and y, similar to those of Section 3.4 are 
introduced, 

T? = -XTtlt T= Eohofi2, (5.1.2) 

and the other notat ion (fi, d, g and £2) is the same as in (4.3.3). Here, t\, k2, 
d and g depend on y and are assumed to be infinitely differentiable. 

The shell occupies the region 0 sj x ^ / = L/R, y\ ^ y ^ y2, where L is 
the shell length, and R is the characteristic radius, taken as the length unit. 
The simple support conditions (3.2.4) are introduced at the curvilinear edges 
x — 0,1. The boundary conditions at edges y = yk may be arbitrary. For a 
shell which is closed in the circumferential direction, the periodicity conditions 
by y must be fulfilled. 

Separating the variables as 

w (x, y) = wm(y) sin -^—, $ (x, y) = $m( j / ) sin -^—, 
^ ** (5.1.3) 

miv fi 
Pm = —-,—, m = 1,2, . . . , 

we get the system of ordinary differential equations for unknown functions 

wm{y) and &m(y) 

Am (dAmwm) - Xtip^Wm + k2p
2
n$m = 0, 

d2 (5-1-4) 

Am (g-1 A m $ m ) - k2pmwm = 0, Am=p2
n + H ' / * ) 2 ^ -

As in Section 4.2, we seek a solution of system (4) in the form (note that 
the subscript m in wm and $ m is omitted) 

w(y,fi) = iy» e x p j j ^ _ 1 / 2 g o C + l / 2 a C 2 ) } , 

OO 

«,. = ^ / / / ^ ( C ) , C = »-1/2(y-yo), (5.1.5) 
fc=0 

A = A0 + ^ 1 H 
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We seek function $ in the same form as (5). For 3 a > 0 solution (5) 
approaches zero away from the weakest generatrix y — y0. To find function 
$ instead of the boundary conditions on the edges y = yk or the periodicity 
conditions the assumptions S> o > 0 and 2/1 < 2/o < 2/2 should be used. 

For the evaluation of Ao we have 

A0 = min, i y > m{/} = /(go, 2/o), 

d(p2
m + q2)4 + 9k2

2p: ,2 i „2^4 , „ J.2^4 (5.1.6) 
/ 

trfM + q*) 2^2 

Here the minimum is evaluated for 0 ^ q2 < oo, y\ ^ j / i j 2/2, rn = 1,2,... 
Let the minimum of (6) be attained for g = go, y = yo a n d m = m0. First, we 
assume that m (and hence pm) is fixed and also that k2 > 0-

Now we rewrite (6) to the form 

/ ( , „ ) = M ( , + I ) „ = M^!(;)-,7 = ! ^ . („ 7 ) 

As in Section 4.2, there are possible two cases here: go = 0 (case A) and 
q0 ^ 0 (case B). 

The minimum of / is attained for z = 1 in which case it is equal to 

A0 = m i n {7(2/)} = 7(2/0) (5.1.8) 
y 

or for go = 0 and it then is equal to 

A'0 = min{7'}=7'U/o), y =
d ^ + / ^ . (5.1.9) 

Gase >1 occurs if Ag < Ao, otherwise if Ao < A0, then the case B occurs. 
If Ao = A'0, then we have a special case which does not fit the scheme of 

Section 4.2 and which will be considered in Section 5.2. We will consider all of 
these cases, since each of them may occur under specific conditions depending 
on the relationship of the various parameters to each other. 

After the weakest generatrix 2/0 (or 2/0) is found, it is useful to choose the 
values of E0, v0, h0} R and t\ such, that 

d = g = k2 = l, t 1 = = 2 for y = y0 {y = y'0). (5.1.10) 

For that, due to (8) and (9) 

Ao = l, K = \{p2m+p-m
2)- (5-1.11) 
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Hence, case A takes place if pm > 1, and case B takes place if pm < 1. If the 
shell is short and 

L < n n R = n 
2*>2 \ l / 4 R2h 

1 2 ( 1 - i / 2 ) 
(5.1.12) 

then due to (3) pi > 1 for m—\ and case A takes place. 

Let inequality (12) be fulfilled, then due to (4.2.28), for the load parameter 
eigenvalues and buckling modes we have 

w 
(m,p) <y-y'afl(^) Hp^(y-j/0)j+O(^ s in • 

1/2 

PmX 

^ = \(p2m+ Pm') + H (p + \ ) U (1 - Pm") j £ \ + Ofr 

where m = 1, 2 , . . ., p = 0, 1, . . . and 7' is given by (9), 

1/2 

(5.1.13) 

c = 
1 d2j 

2 ( 1 - P m 4 ) r f y ( , 2 
(5.1.14) 

Note tha t the eigenvalues A(m,p) are simple. 

Parameter \(m'p> a t tains its minimum for m = 1, p — 0. For that , HQ = 1, 
the buckling mode is a single pit , and A'1 '0) gives a critical load close to (3.4.7) 
for a short circular cylindrical shell. 

Now we pass to case B. Let pm < 1 and assume that relations (10) are 
valid. Then Ao = 1 and condition z = 1 gives 

90 =Pm -P2
m- (5.1.15) 

If we differentiate (7), we find 

f° = 
Jqq 
Jqy 

f° --Jyy 

16(1 — 

Pm 
= 0, 

fl + 
dyo 

Pm) 

(-\ayo (W5) 
(5.1.16) 

Now we can determine the buckling mode and asymptotically double critical 
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value of parameter A by using the formulae of Section 4.2 

wW(x, y) = e-^-^")2/(2.) L s fio(y-y0) + e . \ + 0 ( ^ i / 2 ) sin 

A = l + ^ 4 ( 1
p m

P m ) / ° y y / 2 + 0 ( p 2 ) , (5.1.17) 

/ P f° \ 1 / 2 

1 6 ( l - P r o ) 

Here, as in (4.2.30), the phases 0\ and 92 are not found. The buckling mode 
is a system of pits, whose depth decreases away from the weakest generatrix. 

5.2 Reconstruction of the Asymptotic Expan
sions 

Consider the case when m varies. Then due to (1.3), pm takes on a sequence 
of discrete values. We will examine the dependence of A on pm. Let pm < 1, 
then due to (1.11) and (1.17) Ao = 1 and does not depend on pm, and the term 
of order p. decreases as pm increases and vanishes for pm = 1. 

Nevertheless, for pm ~ 1, (1.17) are not applicable, since f° = 0 despite 
assumption (4.2.11). If pm = 1 then c = oo and the term p A2, which is 
not written out in (1.17) but for one particular case is given in (5.3.3), also 
approaches infinity. 

For pm > 1, parameter A shows a stronger dependence on pm. Due to 
(1.11) the value of Ao increases with pm. For pm ~ 1 (1.13) are not applicable 
for the same reason as (1.17) (see also (3.6)). 

From the above development it follows that parameter A reaches its mini
mum for pm ~ 1, hence the case when pm ~ 1 deserves special consideration. 
Let us assume that 

pm = l+ep'm, A = l + e2A', y-yo = £ri 

h 2 xi/6 (5-2.1) 

. 1 2 ( 1 - ^ ) 

and seek a solution of system (1.4) in the form 

^ V w / % ) , $ = ^efc$(fc)(r?). (5.2.2) w = 
fc=o k=o 



96 Chapter 5. Non-homogeneous Axial Compression of Cylindrical Shells 

In the zeroth approximation after substituting (2) into (1.4) we obtain the 
fourth order equation 

A d4w° . o , x d2w° dw° 

+ (a7/2 + a3»7 + 4 p £ - 2 A ' ) w° = 0, (5.2.3) 

where coefficients a,- and a depend on the first and second derivatives of the 
functions t\, ki, d and g for y = yo and do not depend on s. In the case when 
the first derivatives of these functions are equal to zero for y = yo, we have 
arj = 0 and equation (3) is simplified 

d4 

" = £? > o-
(5.2.4) 

Here 7 is given by (1.7). 
We seek the values of A', for which the non-trivial solutions of equations 

(3) or (4), converging to zero as 77 —> ±00, exist. These equations are not 
integrable in the known functions, however, the fact that the coefficients of 
these equations do not depend on p, provides the opportunity to make the 
following conclusions. 

For pm ~ 1 the critical load differs from Ao = 1 by a quantity of order pAl3 

(for pm < 1 this difference has order p. due to (1.17)). For pm ~ 1, the index 
of variation of the solution in the y direction is equal to t = 1/3 (see (1)), for 
pm < 1 it is equal to t = 1/2, and for pm > 1 it is equal to t = 1/4. In other 
words, in the neighbourhood of pm — 1 buckling mode reconstruction takes 
place. 

Let us consider equation (4). Applying Fourier transform 

00 

ti;0(ij) = - T L f wF{u)eiu"idLj (5.2.5) 
V 2 7T J 

— 00 

we come to a second order equation for function wF (u>). 

a ^ f + [ 2 A ' - 4 ( ^ + W
2 ) 2 ] ^ = 0. (5.2.6) 

We transform this equation to a form with only two parameters A and k, 

^ + (A-(x* + kf)wF = 0, (5.2.7) 
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where 

= (?)'"- - 4 ; f • A4G ; ) 

2/3 

(5.2.8) 

For each A; (—oo < k < oo) there exists the countable set A,(&) of values 
of A, for which there exist non-trivial solutions of equation (7) converging to 
zero as x —>• ±oo. Functions A0(k) and Ai(Ar) are given in Figure 5.1. 

A 
6 

5 
4,-
j 

" ^ . . - ' 3 

X ^ 2 
1 

i i i 

A i 
t / / / 

y 
t 

t 
t 

t > 

/ 

' 

A0 

' 
- 3 - 2 - 1 0 1 2 k 

Figure 5.1: Functions Ao(fc) and Ai(Ar). 

By virtue of (1) and (8) we get 

' a \ 2 / 3 

1/3 

\W = l + 2^^y/3Ai(k) + 0(u.*), 

k = H-Wfrm - 1) 
(5.2.9) 

Function Ao(Ar) attains its minimum Ao = 0, 905 for k = —0.44. Hence, the 
critical load is minimal for 

P m = 1 - 0.44/z2/3 ( ^ ) 
a \ i / 3 

4/ 

and is equal to 

Amin= 1 + 1.81 (J) fl* + 0{f). 

(5.2.10) 

(5.2.11) 

For other pm < 1 the critical load differs from this value by an amount of order 
li (see (1.17)). 

It should be noted that for k < 0, the curves of Ao and Ai approach each 
other as |A;| increases (see Figure 5.1). This means that the eigenvalues are 
asymptotically double for pm < 1. 
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5.3 Axial Compression and Bending of Cylin
drical Shell 

Let us consider a circular cylindrical shell with constant parameters h, E 
and v under axial force P and bending moment M\ (see Figure 5.2). The curvi
linear shell edges are simply supported and the initial stress state is assumed 
to be membrane and defined by the stress 

T° 
2nR + 

M\ cos y 
nR2 ' 

(5.3.1) 

Mi 

Figure 5.2: The non-homogeneous axial compression of a cylindrical shell. 

For Mi < 0, PR + 2Mi < 0, the generatrix j / 0 = 0 is the weakest one. Let 
us assume that in (1.2) 

2{a + cosy) PR 
ti = — —: -, a = „ , , > - 1 . a + l 2 Mi 

(5.3.2) 

Assuming that d = g = &2 = 1 m the formulae of Section 5.1 we now 
find that for pm < 1 the buckling mode is given by expression (1.17). In this 
case due to symmetry it is possible to define angles #i and 02, namely (?i = 0, 
6-2 = 7r/2, that correspond to the even and odd buckling modes by y. The 
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method used here gives the same critical load for these modes [151] 

A 1 + 2 M j ' / (Q) ( i -^y / 2
+ 

+ ^ 

2pm 

(1-Pm)<{v(0) <y(0)(-6pg, + 2 1 p r o - 1 4 ) 
4Pm<i'(0) 6 4 p m ( l - p m ) + 

Mi = 

<i'(0) = 

+ 0(/*3), 

2nR2XT 

(5.3.3) 

2 M a 
1 + a ' 
2 * { v ( o ) = 2 

T= Ehfi2, 

1 + a ' 1 + a 

In [151] to analyze the differences in critical load corresponding to even and 
odd buckling modes, system of equations (1.4) has been integrated numerically. 
The following boundary conditions correspond to the even mode 

w' = w'" = $ ' = $" ' = 0 at y = 0, n, 

and to the odd mode 

w = w" = $ = $" = 0 at y = 0, n. 

(5.3.4) 

(5.3.5) 

For problems with parameters — = 0.01, / = — = 2, a = l and v = 0.3, 
R H 

the values of A are given in Table 5.1 for various values of pm. 

Table 5.1: Critical buckling loads and wave numbers for a cylindrical shell 
under combined loading 

/ 

Pm 

0.173 

0.518 

0.691 

0.864 

0.951 

II 
^even 

1.180667 

1.076492 

1.051833 

1.024585 

1.010245 

III 
Aodd 

1.180671 

1.076494 

1.051847 

1.031065 

1.031077 

IV 

Aa 

1.1706 

1.0734 

1.0486 

1.0257 

1.0177 

In columns II and 77/ the values of A e v e n and Aodd corresponding to the 
even and odd buckling modes found by integrating of system (1.4) are given. 
The values of Aa found by formula (3) are presented in column IV. It follows 
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from Table 5.1 that for pm < 1 the values of Aeven and Aodd are rather close, 
hence the treatment of Aa, as if it is asymptotically double is justified. The 
values Aeven and Aodd diverge as pm approaches unity. In each case the smaller 
critical load corresponds to the even buckling mode. 

Now let pm > 1. The buckling mode is given by expression (1.13) for p = 0, 
and parameter A is equal to 

A = \ (P2
m+Pm

2)+Vpm
3 (-\t'{(0) (Pm ~ I ) ) ' + P 2 3 *iv (o)04-i) 

<"foi 
, A A \ _ n (95pg, -64p6 l + 172p2, + 64p2,+45) 

(5.3.6) 

Here P and M\ are determined by the same formulae (3). If m = 1 for a short 
shell (see (1.12)) the buckling mode is in the form of a single pit. By virtue of 
(1.13) 

u>' 
1,0) = e X P{-^}S i nv(1 + O ( / i l / 2 ) ) ' <5-3-7) 

where 

c = [ 2 ( i - P r 4 ) ( i + " ) ] 1 / 2 , pi = ! ^ - (5-3-8) 

For the next (odd according to y) buckling mode UJ'1,1) ~ j/u/1 '0) corre
sponds to 

A = \ (Pm + P-2) + 3 p p - 3 (-\t»(0) (P8
m ~l))12 + 0 (/?). (5.3.9) 

For pm ~ 1 we can use the results of Section 5.2. We represent the critical 
load in the form 

A = l + 2 ^ / 3 A . ( / : ) ( 4 ( 1 + a ) ) - 2 / 3
 + o(^)! 

k = ^ - 2 / 3 4 1 / 3 ^ _ 1 } ) 

where functions Ao(fc) and A\(k) are shown in Figure 5.1. 

Consider an example from [152]. Let — = 0.001, I = 2, a = 0 and v = 0.3. 
H 

In Figure 5.3 parameters Aeven and Aodd obtained numerically for even and 
odd buckling modes respectively are shown. 

For pm < 1, the values Aeven and Aodd approach each other. A comparison 
of numerical and asymptotic results is presented in Table 5.2. For even and 
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Figure 5.3: Load parameters for even and odd buckling modes of a cylindrical 
shell under non-homogeneous axial compression. 

Table 5.2: Critical buckling loads and wave numbers for a cylindrical shell 
under combined loading 

Pm 

1 

0.50 

0.90 

0.95 

1.00 

1.05 

1.15 

1.30 

\even 

2 

1.0516 

1.0138 

1.0055 

1.0041 

1.0108 

1.0480 

1.1523 

Aodd 

3 

1.0519 

1.0165 

1.0111 

1.0143 

1.0240 

1.0660 

1.1756 

\even 

4 

1.0348 

1.0126 

1.0078 

CO 

1.0168 

1.0495 

1.1523 

Aodd 

5 

1.0348 

1.0126 

1.0078 

CO 

1.0203 

1.0640 

1.1726 

\ even 

6 

-

1.0093 

1.0046 

1.0034 

1.0113 

-

-

Aodd 

7 

-

1.0104 

1.0093 

1.0136 

1.0222 

-

-

odd buckling modes the numerical values of A are given in columns 2 and 3. 
Columns 4 and 5 give the values for pm < 1 found by formula (4) (they are the 
same for even and odd modes since the eigenvalues are asymptotically double) 
and the values for pm > 1 obtained by formulae (6) and (9). For pm tn 1 
formulae (4), (6) and (9) are not applicable, and that is why in the columns 6 
and 7 the values of A found by formula (10) are given. 

The results in Table 5.2 illustrate the fact that the asymptotic formulae 
derived for pm < 1, pm m 1 and pm > 1, cover all possible values of pm 

and so the areas of their applicability intersect. The asymptotically double 
eigenvalues for pm < 1 transforms for pm > 1 to eigenvalues which differ by 
order \i (see (6) and (9)). 

file:///even
file:///even
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5.4 The Influence of Internal Pressure 

It was noted in Section 3.5 that for a shell under axial compression, the 
tensile stress-resultant T%, generated by the internal pressure does not affect 
the critical load and also that the buckling mode is axisymmetric. In the cases 
of non-homogeneous compression considered in this Section the buckling mode 
is not axially symmetric. Therefore, a more significant effect of the tensile 
stress T2° on the value of the critical load should be expected. This question 
will be considered below (see also [97]). 

Let the initial membrane stress state be defined by stress-resultants T®(y) 
and T$ (y). We add to the left side of the first equation (1.4) the following 
term 

-*<-'*>•£(<><»> ^ ) . <5-«> 
where t2 is related to T% by an expression similar to (1.2). We assume that 
t2 < 0 . 

Instead of (1.6), in this case function / has the form 

1 (hpm+t2ql)(pl + q^- {--> 

The value of A0 may be found by the minimization of / by q, m and y. As in 
Section 5.1 we assume that relations (1.10) apply at the weakest generatrix. 

For pm ;> 1, the minimum of A0 = m i n / is reached for q0 — 0 and it is 
equal to A0 = i ( p ^ + p - 2 ) . 

For pm < 1 the minimum is reached for go ^ 0, and Ao > 1. To verify this, 
let us represent / in the form 

f=hh, 2f1=z+K /2=(l + ¥ r > * = * £ + £ ! . (5.4.3) 
z \ Pm / Pm 

We have /1 ^ 1, f2 > 1, and /1 = 1 for gi = s/pm - Pm, a n d h - 1 for g2 = 0. 
The inequality Ao > 1 is fulfilled since q\ ^ q2. 

For different values of t2 the dependence of Ao on pm is shown in Figure 
5.4. 

Now consider a shell of moderate length. By virtue of (1.3) we may assume, 
that there exists a number m such that pm ~ 1. Unlike the case considered in 
Section 5.2, the case where pm = 1 and g0 = 0 is not special here for t2 < 0. 
Indeed, from (2) we find that 

fo __fo , 0 _ fl f0 _ j£_ (d + gk\\ 
/ « - *2. hy ~ u> hy ~ dy2

0 \ h ) ' [ ' 
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Figure 5.4: The load parameter for a cylindrical shell under non-homogeneous 
axial compression and an internal pressure. 

Now the critical load and buckling mode can be found by formulae (4.2.28) 

A = l + f(/°X)1/2 + <^2). «= (f) • 
z \JyyJ (5.4.5) 
^ e x p { - ^ ( r / - j / o ) 2 } ( l + 0 ( ^ 1 / 2 ) ) . w — s in • 

The main difference between the present problem and a case without stress-
resultant <2 is that here, buckling necessarily occurs for pm — 1 while if ti = 0, 
buckling is also possible for pm < 1 (see Figure 5.4). 

It should be noted that pm ~ 1 corresponds to the deformation half-wave 
length Lx in the longitudinal direction, which is equal to 

Lx = 7r R (A = 7r 
Rh 

1/2 

(5.4.6) 
ymi-^2); 

where R is the radius of the curvature of the directrix at its weakest point. 

5.5 Buckling of a Non-Circular Cylindrical Shell 

We will now examine the buckling of a non-circular cylindrical shell under 
homogeneous axial pressure. The shell parameters E, v and h are assumed to 
be constant. As a typical size, R, we take the largest radius of the curvature of 
the directrix and let yo = 0 be the weakest generatrix. Then under the above 
assumptions 

d = g = l, h=2, k2 = k2(y), fc2(0) = 1. (5.5.1) 

file:///JyyJ
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Let £2(0) > 0, then for the construction of the critical load and buckling 
mode, the results of Sections 5.1 and 5.2 may be applied and we can write the 
formulae for the load parameter A. Let buckling occur with m half-waves at 
the generatrix (see (1.3)). Then for pm < 1, due to formula (1.17) we find 

A = l + 2/W —k%(0)) +0(n2), (5.5.2) 
V Pm J 

For pm ~ 1 according to (2.9) we have 

k=p" 

(5.5.3) 

p2/3 \k%(0), 

where Ao(fc) is obtained from Figure 5.1. At last, for p m > 1, formula (1.13) 
gives 

A = \{pm + Pm
2) + » (2-\Pm

2 - Pm
6) *£ (0 ) ) 1 / 2 + O {n2). (5.5.4) 

We consider for example, a shell with a cross-section in the form of an 
ellipse with semi-axes a and b (a > b). Then, in (2)-(4) we should assume that 

b2 a2h2 b2 - a2 

, / , N 1/2 (5.5.5) 

Pm = </12(l - ^2) I U, 
By virtue of (1.2) the stress-resultant, T°, is related to A by the expression 

= Eh2aX 
1 ^V12!1-^2) 

To evaluate the critical value Tf we should minimize A from formulae (2)-(4) 
by m. 

5.6 Cylindrical Shell with Curvature of Vari
able Sign 

For &2 = 0 in the case when pm ^ 1, the solution constructed in Section 5.1 
is not applicable. At the same time, the weakest generatrix is where fc2 = 0 . 
It is assumed below that 

MO) = 0, MO) = fe20 > 0. (5.6.1) 
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These conditions are fulfilled for a shell which has a generatrix with a point 
of inflection as shown in Figure 5.5. The weakest generatrix yo = 0 is marked 
with point A. 

Figure 5.5: The generatrix of a cylindrical shell with the curvature of variable 
sign. 

We now return to system of equations (1.4) and assume that d — g = t\ = 1 
for y = 0. As before, we seek solutions that exponentially decay as |y| increases. 
Assuming that k'20 ~ 1, we find the minimum value of parameter A, for which 
such a solution exists. 

Let us consider a thin shell of moderate length. Then in (1.3) / ~ 1 and 
parameter pm has values which are very close to each other. We minimize A 
by m, assuming that parameter pm is continuous. 

We assume in system (1.4) that 

y = Hta-lr], pm=naa, A = / /A ' , a , A ' ~ l (5.6.2) 

and equating the orders of the main terms we find that 

i = /? = 2/3, a = 1 / 3 . (5.6.3) 

Now, the solution of system (1.4) we seek in the form 

oo oo 

k-0 k=0 (5.6.4) 

A = eAo + e3A! + - - - , e = p 2 ' 3 , 

and we require that all functions Wk{rj), ^k(v) converge to zero as r) —>• ±oo. 
In the zeroth approximation we have the system of equations 

( W / T - I ) 2 - A ) ™ 0 + ^ O = 0, & 3 ( ^ 2 - l ) 2 * 0 - ^ o = 0, (5.6.5) 

where 
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The next approximations for Wk and $fc satisfy non-homogeneous equa
tions, the left sides of which coincide with the left sides of equations (5), and 
the right sides of which include functions which depend on the earlier approx
imations. 

As in Section 4.2, due to the alternation of parity of functions Wk(i]), the 
solutions of equations in the even approximations converge to zero as 77 —> ±00 
always exist. The values Ai, A2 and . . . in (4) are evaluated from the existence 
condition for functions w^, W4, and . . . which decrease to zero as 77 —» ±00. 

Consider the zeroth approximation in more detail. As in Section 5.2, after 
applying the Fourier transform (2.5) we arrive at the second order system of 
equations 

= &V +1)2^, 
d& 

= b3{u2 + l)2wF-AwF. (5.6.7) 

By means of numerical integration we find the first eigenvalue, Ao(fe), for 
which a non-trivial solution of system (7) converging to zero for u> —>• ±00 
exists. We obtain from (6) 

A0 = (^0)2 /36-1A0(6). (5.6.8) 

Figure 5.6 shows a plot of function b 1Ao(6). It corresponds to the buckling 
mode which is even by w and odd by <J>. 

1.5 b 

Figure 5.6: The function b 1Ao(b). 

The minimum value of A by pm is reached for 

6 = 0.466, Pm = A«1/3(*2o)1/3& (5.6.9) 
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and it is equal to 

A = 1.577 (nk'20)
2/3 + O{u.2). (5.6.10) 

For a discrete change in the parameter pm, buckling occurs for one value 
of pm determined by (1.3) which is closest to value (9). 

Let us give the expression for the characteristic deformation half-wave 
length Lx in the direction of the x axis 

Lx = E £ i * = 7 r i ? 6 - V 2 / 3 ( ^ o ) ~ 1 / 3 (5-6.11) 
Pm 

or in dimensional variables 

If the shell length is L < Lx, then it should be assumed that 

m = l , Pm =Pl = ——. (5.6.13) 

As before, the critical load is defined by formula (8), where Ao(6) is taken 
from Figure 5.6, and for 6 S> 1 

A0(6) = 63 + V2 + O(6- 3 ) . (5.6.14) 

The curve b2 + b~1y/2 is shown in Figure 5.6 as a dotted line. 
To derive formula (14) in system (7) we make the substitution u> = b~3'2u>i. 

Then in the zeroth approximation we come to the Weber equation [69] 

d2wF 

du>2 + ( A - 6 3 - 2 w 2 ) w^ = 0. (5.6.15) 

For A — 63 = y/2 (1 + 2n), n = 0,1, 2 . . . this equation has solutions which 
converge to zero as wi —>• ±oo. Formula (14) is obtained for n = 0. 

Since in this problem it is inconvenient to use the radius of the curvature 
of the directrix as the characteristic shell size R, we can write the formula 
for the critical compressive stress-resultant T° in the dimensional variables. 
Accounting for (1.2) the main term of (4) gives 

If = -Eh 
(5.6.16) 

b3 = b3 

( h2 d f 
V 1 2 ( l - * / 2 ) d s V 

n3hm3 

L3^/I2(l - i / 2 ) " (~) 1 ds VR2/0. 

-'Aoib) 
- 1 
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The problem considered here is, to some degree, similar to the buckling 
problem of a simply supported plate under compression in one direction. The 
buckling of a short plate occurs with one half-wave in the longitudinal direction 
while the buckling of a long plate displays several half-waves [16]. 

5.7 Problems and Exercises 

5.1 Examine the buckling of a non-circular cylindrical shell under homoge
neous axial pressure, when k^y) = y2n + 1. Find the critical pressure. 

5.2 Find the critical compressive stress-resultant T® for a short cylindrical 
shell with curvature of variable sign where 6 = d i > l . 

Answer 
EhW ( y ^ 

1 1 2 ( l - t / 2 ) L 2 I + 6? 

where the main term coincides with the Euler formula (3.4.8), while the second 
term in the parentheses takes into account the bending of the directrix. 

5.3 Obtain critical load under axial compression of the non-circular cylin
drical shell of moderate length and constant thickness h. The shell cross-section 
is an ellipse with the semi-axes do and &o (ao < bo)-

Hint Find the ellipse curvature and apply relation (2.11). 

Answer 

r1 = ,. Ehla „,fi + i . 8 i ^ 2 - a 2 ) N 2 / 3 

&V12(1-^2) V ' V 4a2 

h2a2 

1 2 ( l - i / 2 ) 6 4 ' 

To calculate the axial force multiply the stress-resultant T\ by the length 
of the ellipse arc. 

5.4 Obtain the critical load for the circular simply supported cylindrical 
shell of radius R, moderate length L ~ R and constant thickness h under 
bending moment Mi . 

Hint Use relation (2.11). 

Answer 

M1 = IvtfEhi? (l + 0.72//3) , / = 1 2 ( 1 ^ 2 ) J ^ 2 . 
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5.5 Obtain the critical load for the simply supported short (L < ir/iR) 
circular cylindrical shell of radius R and constant thickness h under bending 
moment Mi . 

Hint Use relation (1.13). 

Answer 

2*R*EV (h(P2i + Pi*) + /i Ofe1)V 2) . 

h2 _ fnvR 
12(1 - u2)R? ' Pl = ~T~' 

5.6 Obtain the critical load for the cylindrical panel with the curvature 
of variable sign of the moderate length L ~ {a, 6}, and constant thickness h 
under axial compression. The panel generatrix has a sine form Y = a sin(X/b), 
—7T&/2 < X < 7r6/2. The panel is simply supported at the curvilinear edges 
x = 0, L and clamped at the rectilinear edges X = ±7:6/2. 

Hint Use relation (6.10). 

Answer 

T1 = 1.577^ (1 2 ( 1_; )
2 ; ( a 2 + 6 2 ) ) 2 / 3 . 

.A -





Chapter 6 

Buckling Modes Localized 
at a Point 

In this Chapter we will consider the buckling of a thin shell for which the 
determining functions (see Sections 4.1 and 6.1) are variable in both directions 
under a membrane stress state. We seek the buckling modes which are localized 
in the neighbourhood of weak points which are assumed to be located far from 
the edges of the shell. 

Under these assumptions we will construct the buckling modes of a con
vex shell [101, 160, 163] and a cylindrical shell under non-homogeneous axial 
compression [164]. 

6.1 Local Buckling of Convex Shells 

Consider membrane stress state buckling tha t is defined by the initial stress-
resultants T° and S°. We assume that the determining functions (stress-
resultants 7]° and S°, metric coefficients A\ and A2, curvatures ki and &2, 
thickness h and the elastic characteristics of the material E and v) depend 
on the curvilinear coordinates <*i and a? and are infinitely differentiable with 
respect to them. Here the values A, B, a and (3 are denoted by A\, A2, a\ 
and a2-

The buckling equations we take in the form of (2.3.8), (4.3.1) 

p 2 A ( d A w ) + A A t u ) - A f c $ = 0, 

^ A f o r ^ A f c J + AfctD = 0, 

111 



112 Chapter 6. Buckling Modes Localized at a Point 

AiA2
/-r'dai \Ai 3a,-

1 Y ^ 9 (Ajkj dw 

where 

. 1 v-^ d (' At dw 

AkW = —Y Ji- ( ̂ l ^L ) , (6.1.2) 
A1A2^dai \ Ai daij' 

A 1 v ^ 9 (Ajti dw , dw \ . . 1 „ . . . 
AtW=A^22da-i{'A-d^ + t3d^)' J,J = l'2' 3+l-
Here, all of the linear variables are referred to the characteristic size of the 

neutral surface, R, and retain their original designations. The dimensionless 
stress-resultants ti are related to the stress-resultants Tf and S° by expressions 
(4.3.3) 

(T°,T°,S°) = -XE0hQ^(tl,t2,t3). (6.1.3) 

The small parameter fi and functions d and g are also defined by formulae 
(4.3.3). 

We assume that kik2 > 0. Let point a* = a* be fixed and change the 
determining functions in system (l) by their values at this point. Then we 
come to system (3.1.1), with constant coefficients, the solution of which has 
been constructed in Section 3.1 in the form of (3.1.4) 

(to,*) = (IBO.SO) c' " - 1 ( P I « > + P ^ ) , (6.1.4) 

where A satisfies the relation 

A =
 d (ll + <12

2)
4 + 9 {k2qj + kiq

2
2)

2
 q.= EL (6 15) 

(?? + ?1)2 (*i9? + 2*39192 + <29l)' ' A'' 

Now we vary the point a* = a* . The right side in (5) is a function of the four 
arguments p,- and a* which we denote by f (p,,a*). Let 

A 0 = m i n { / } = / ( p ? , a ° ) , (6.1.6) 
Pi,a' 

where we seek the minimum for all a* on the neutral surface and for real values 
of pi. To evaluate this minimum it is convenient first to find the minimum by 
Pi for fixed a* using the results of Section 3.1. 

Let the minimum of (6) be attained at p,- = p°, a* = a° and let the weakest 
point a° be far from the edge of the shell. Then 
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The solution of system (1) which decreases exponentially away from point 
a? in all directions, is constructed below. Here we will not consider the ques
tion of satisfying the boundary conditions but rather we will assume that the 
mentioned decay replaces the satisfaction of the boundary conditions. 

The case when point a° coincides with a shell edge is more complex, since 
then we must satisfy the boundary conditions. This case is considered in 
Section 13.7. 

The method of construction of the solution of system (1) is a generaliza
tion of the algorithm described in Section 4.2 for the case of two independent 
variables a i and «2-

We also assume that the function /(p,-, a,) has a strong minimum at point 
(p°,a°) and also that the quadratic form d2f is positive definite 

d 2 / = £ ^ : ^ ; > 0 > (s-i-8) 
i,i=i ' 3 

where (x\, X2, £3, £4) = (pi,P2, <*i, 012), and the derivatives are evaluated at 
point x®. 

We are looking for the formal asymptotic solutions of system (1) in the 
neighbourhood of point a° in the form [99] 

(«;,*) = (w(ak,fi), *(«*,/*)) e^~ls^\ (6.1.9) 

and we require that 

<3S(a°k) = 0, 9 5 H > 0 ( a * # a 2 ) . (6.1.10) 

The last inequality leads to the fast damping of functions (9) and as a 
consequence provides the possibility of not satisfying the boundary conditions. 

We can find functions S(ak), w(ak,fi) and $((**/*) by substituting them 
into system (1). Let us make a substitution for the independent variables 

ak = a°k+n^2Ck, * = 1 , 2 , (6.1.11) 

and expand S into a series in £k 

k K k,l K ' 

where SR = O (fj,3'2). 
Substituting (12) into (9) we note that H~1SR = O (/i1/2) and this term 

may be included into w and $ . Therefore, we seek S(ak) in the form 

S(ak) = ixx>2 (p»Ci +P2C2) + £ 5 > « C * G , (6-1.13) 
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where p°k provides a minimum value of (6) and the symmetric matrix with 
constant elements So = {ski} is still unknown. Due to (10) 5So is a positive 
definite matrix. We seek functions w and $ in the form 

oo oo 

«5 = 5>*/V(c,-), <i = £ y / ^ ( c o , (6.1.14) 
fc=0 k=0 

where wk and $fc are polynomials in Q. Simultaneously we find the expansion 
of the load parameter from the existence condition for this solution 

X = X0 + nXi+n2X2+-- (6.1.15) 

In Section 6.2 the algorithm for constructing the polynomials wk(Q) and 
4>fc(£;) and unknown parameters A,- and Ski is given. Here we note that, as 
in Section 4.2 (case B) each eigenvalue (15) is proven to be asymptotically 
double. Due to (9) the buckling mode is given by the relation 

{-^4 (?Rw cosz - 9 w sinz) exp < —CT S2C \ > (6.1.16) 

where 

C = (G,C2)
T, So = S!+i52 . 

As in Section 4.2, the initial phase 9 takes on one of two possible values (0 ^ 
6\, 02 < 27r), which cannot be determined by the proposed method. For 
the smallest eigenvalue corresponding to the critical value A, in the zeroth 
approximation w ~ 1 (see Section 6.2). 

The size of the buckled area is of order R hj and is covered by a series 
of stretched pits the sizes of which are of order RhJ x RhJ . These pits 
are inclined in the a2 direction by angle y>o such that tan <po — —P2/P1 (see 

Figure 6.1). 
The main difference between this mode and that described in Section 3.2 

is the decay in the depth of the pits away from point a° (see Figure 6.1). 

6.2 Construction of the Buckling Mode 

We assume that w = w\ and $ = u>2 and substitute (1.9) into (1.1). The 
result we write as 

Y,Hnk (-ip JL, aj, A u>fce"«"l5<"'-> =0, n = 1,2, (6.2.1) 
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In «̂ «° 

Figure 6.1: The buckling mode of a convex shell localized near the weakest 
point. 

where H(pj, aj,p) are polynomials in pj such that 

# n ( —in T;—> oij, p, ) z — n4A(dAz) +/ i 2AA (z, 
V d<Xj J 

H2Xz = -Hl2z = fi2Akz, H22Z = p4A (ji_ 1Az). 

We introduce the expansions 

Hnk (Pj,(*j,n) = H°k(pj,aj) - inHlk{j>j,aj) + ••• , 

then, by virtue of (1.2) and (1.15) 

H°n = d(ql + q\f - X0H°, H°12 = -H& = k2q\ + kiq
2

2, 

H°22 = 9-Hll + ll)\ H? = tiq\ + 2t3qiq2 + t2ql 

TTO „ P" 

LA\A2 m OOLm dpm A„ 

(6.2.2) 

(6.2.3) 

(6.2.4) 

where Snk is the Kronecker delta. 
We transform (1) to the variables Q using formulae (1.11) and taking into 

account (1.13) we obtain 

£ Hnk (p° + »1/2(J2 sJiO "'" ^ 7 ) > a°j + /^1/20- A m = 0. (6.2.5) 

If we expand the left side in a power series of / i 1 ' 2 we get 

(6.2.6) 
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where the first operators Pnk are 

lnk - 2 ^ 
J L 

dc 

i2 

lnk 24̂  3^°0Cr + 3a? 3p° I2 V ' 0 0 
j ^ o V Z -

2 i 0^--* ir)+ 5 3ft (E 8 i '«"»^-rac 5p?<?P° vf 

d2 

- ^ ^ - ^ " - d c T d c ; ) dQ dCr 
ihnk-

(6.2.7) 

Here hJ
nk are the values of functions H3

nk at a, = a°, and p,- = p°. 
Substituting series (1.14) into (6) we get the sequence of systems of equa

tions 

Yynk< = 0- " = 1-2 (6.2.8) 

E(W+w+w) = o,.. 

(6.2.9) 

(6.2.10) 

The determinant of system (8) we denote as 

h0 = H°(a°,p°)=h<l1h°2+(h0
12y (6.2.11) 

and note that the equality h° — 0 corresponds to equality (1.6). 
We next introduce w\ = / ^ ( / i ^ ) - 1 ^ . System (9) is compatible by virtue 

of (1.7) and (7). We can write 

^ ( ^ - E M W ) - 1 

and the compatibility condition for system (10) is then 

(6.2.12) 

(6.2.13) 
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where 

L0Z = -^ti{AZcc) -iZ^FC - (^tiF + XidA Z, 

C = (Ci,Ca)
T, z c = ( ^ , ^ ) , z« = {^k}> 

D=^[SoASo + BTSo + S0B + C], F = AS0 + B, di =/i?/i§2> 

2 J , 0 1 ( a2i,0 1 r ^ 2 L 0 d2h A n-[ d2h° \ r = f ^ ° 1 
dp°m dp°n 

(6.2.14) 

Here C and Zf are two-dimensional vectors, Z^, A, B and C are second 
order square matrices, tr X denotes the sum of the diagonal matrix elements 
X, and T is the matrix transpose operation. 

Equation (13) has a solution in the form of a polynomial in Ci and £2 only 
if 

2D = S0AS0 + BTSo + SoB + C = 0, (6.2.15) 

From this equation one can find So. To solve equation (15) we use the algorithm 
developed in [99]. We note that the fourth order matrix 

AT 2 ) (6.2.16) 
B1 C r 

is positive definite due to inequality (1.8), since 

d2h° d2f 
dxm dxn dxmdxn' 

Consider the system of vector equations 

-BTu-Cv = /3u, Au + Bv=/3v, (6.2.18) 

where u and v are two-dimensional vectors. 
Let /? = /?j be the eigenvalues of/?, for which system (16) has non-trivial 

solutions Uj and Vj, where j = 1,2,3,4. Since matrix (17) is positive definite 
it follows that f3j are pure imaginary numbers. 

Let 

Pk=iuk, /3k+2 = -iu>k, w f c >0 , k = 1 , 2 . (6.2.19) 
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The following orthogonality condition is valid 

uT
mvn - uT

nvm = 0 , pm+Pn± 0. (6.2.20) 

We introduce the second order matrices U and V the columns of which 
coincide with the vectors u\, u<i and v\, v^. Then 

S0 = UV~1, (6.2.21) 

and So does not depend on the normalization of uk and vk . We can verify 
directly the satisfaction of equation (15). The relation u\v2 = u^vi leads to 
the symmetry of matrix So. 

We will now prove that matrix S2 is positive definite. Consider the quadratic 
form T = xTSox. We must prove that SJT > 0 for any x ^ 0. After substitu
tion y = V~xx we get 

T = yTTy, T = {7m„} = VTU = {vT
mun}. (6.2.22) 

From (18) we find 

vT
kuk = ~ (ulAuk + 1uT

kBvk + vT
kCvk) . (6.2.23) 

Due to the fact that matrix (16) is positive definite, the expression in the 
parentheses is also positive. Then we note that u\, t>\ is the eigenvector that 
corresponds to /?3 = — iu>i and use equality (20) ujv2 = vju?. We then obtain 
712 =721 and it follows that 9 T > 0 . 

Now we come to the solution of equation (13). We make a substitution for 
the independent variables £ = Vrj. As a result, matrix F becomes 

F' = K _ 1 F l / = diag(io;1,iw2). (6.2.24) 

In its turn, equation (13) may be written as 

fc.m 
^ dw\ (wi +w 2 , A 0 

+ 2_JJkr\k -— + I Aidi I w\ = 0, 

(6.2.25) 

where 
A> = {akm} = V-iA(V-y. 

We introduce arbitrary integers m, n ;> 0 and seek the solution of equation 
(25) in the form of a polynomial with the main term n™^. Then for 

A (r" ) = rfr1iwi(m + 2 J + W 2 i n + 2 (6.2.26) 



6.3. Ellipsoid of Revolution Under Combined Load 119 

the unknown polynomial has the form 

wl = Pmn = n?r%+ Y, P^iti, (6-2-27) 
k<m,l<n 

where the coefficients pki are uniquely defined and the sums of the indices k + l 
at each te rm are odd if m + n is odd and even if m + n is even. 

The critical load is determined by the expression 

,(0,0) W i + W 2 o _ i (c o 9S\ 
Avi — ^ , wx = 1. (6.2.28) 

We are not considering here the development of higher order approxima
tions which may be made by methods similar to that presented in Section 4.2 
(see also [160]). 

6.3 Ellipsoid of Revolution Under Combined 
Load 

We will now consider an example [101] that illustrates the material of the 
two previous Sections. We will study an prolate ellipsoid of revolution under 
a homogeneous external pressure q and a bending moment M\. The vector 
My is assumed to be orthogonal to the axis of symmetry (see Figure 1.3). 
Parameters E, v and h are constant. 

Let us introduce a system of curvilinear coordinates 9, <p (0 < 9Q ^ # ^ 
f ~ #0) 0 ^ <p < 2n) on the neutral surface of the ellipsoid. Here we will use 
the same notat ion as in Section 4.4 (see Figure 4.4) and as the characteristic 
size, R, we will take the smaller semi-axis R = ao-

Under only pressure q, buckling of the ellipsoid occurs in the neighbour
hood of the weakest parallel (equator) #o = T / 2 (see Section 4.4). Under the 
combined loading of the pressure and a moment Mi, the points of the equator 
are under different load conditions and we can expect tha t buckling will occur 
in the neighbourhood of the weakest point. 

In the problem under consideration the initial stress-resultants are the fol
lowing (1.4.6) 

0 _ _ 1 Mi cos <p 0 _ Mi cos 9 sin ip 
l ~ 2 2<? 7 r B 2 s i n 0 ' ~ 7 r 5 2 s i n 0 ' (6.3.1) 

Let 

2RX J * TTB2RlSme 

XEhu2 

a0 

Mi = ira%qm. (6.3.2) 
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Then by virtue of (1.3) and (4.4.8) we get 

_ 1 mk\ cosip 1 k2 mk\ cos (p 
1 = W2~ sin30 ' t2 = V2~2P+ S2sm39 ' 

m kn cos 0sin <p , . , „ •>/>\i/2 r 60 
t3 = —=TT - , ^2 = (sin2 9 + S2 cos2 6) ' , <J = — > 1. 

sin 6 a0 

(6.3.3) 

Let m > 0. If 

then 0° = 7r/2, y>° = 0 is the weakest point. Assuming that conditions (4) 
are fulfilled, we can construct the buckling mode and find the critical load by 
means of the method discussed in Sections 6.1 and 6.2 . 

Under the above assumptions we have in (1.5) 

d = g=l, A1 =
 S^, A2 =

 S-^, (6.3.5) 

the values of £,• and k2 are defined by formulae (3). In (1.6) the minimum 

A0 = 2 U i + J 2 - i j (6.3.6) 

is attained at 

p° = 0, P°2 = S-\ 0° = n/2, <p° = 0. (6.3.7) 

By means of formulae (2.14), (2.17) and (1.5) we can find the elements of 
matrices A, B and C. In the case under consideration, matrices A and C are 
diagonal and B is a trivial matrix. The non-zero elements of matrices A and 
C are the following 

a n = 4(62 + 2m-l)S-s(62 + m-l/2)-1, 

a22 = 8 8~6, 

c u = 2 [(S2 - 1) {AS2 -l)-m(S2 + 2)] S~8(82 + m - 1/2)-1, K ' ' ' 

c22 = 2m<J-8((J2 + m - l / 2 ) - 1 . 

By directly solving equation (2.15) we find that 

. 1/2 - 1 / 2 . 1/2 - 1 / 2 n /a o n\ 
«11 = iC[[ a n , s22 = ic22a22 , S\2 = s2i = U (0.J.9J 
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and the critical value of the load parameter is 

A = Xo+nXi + Oin2), 
1 l (6.3.10) 

Al = TTj- {y/duCu + V«22C22 ) , di = -rg (S2 + 171 - 1/2) , 

where Ao is given by formula (6). Formula (10) agrees with (2.28) and we can 
determine the other eigenvalues for the load parameter by means of (2.26) 

Al " S T ijaiicn 1 " i + o J + V/(I22C22 I n2 + -

nlt n2 = 0 ,1 ,2 , . . . 
(6.3.11) 

We note that for m = 0, (10) transforms to (4.4.9) which was obtained 
without the bending moment Mi. 

The zeroth approximation for the buckling mode is the following 

w(0,(p)=expl-— sn\0--j +s22<p2 >• 

COB(l-+(pk\+0(jiV*) k= 1,2. 
(6.3.12) 

As before, the initial phases <pi and ip? cannot be obtained by this method. 
However, by taking into account symmetry we can find that p\ = 0 and 
<f2 = T / 2 . The buckling pits are elongated in the meridional direction and 
their depths decrease away from point ($ — —, ip = 0). 

Let 0 < c < 1. Then liol < c, if 

'11 ( * - f ) +s22'p2 + 2fi\nc^0, (6.3.13) 

i.e. the pits cover an ellipse with its centre at the weakest point. 
Finally, we will consider a numerical example. Let S = 1.5, m = 1, ao/h = 

500, v — 0.3 and c = 0.1. Using the above formulae we find that fj. = 0.0246, 
A0 = 0.727, Ai = 1.145 and A0 + ^Ai = 0.755. 

Ellipse (13) is elongated in the parallel direction and has semi-axes lengths 
0.36 and 1.67 i.e. in the circumferential direction, the depth of the pits de
creases sufficiently slowly. Each pit fills angle A<p = 0.116 in the circumferential 
direction. For (pi = 0 the buckling mode is even by 9 and by ip. In Figure 6.2 
the contour lines for the buckling modes w(0, ip) for w — 0 and w — ±0.5 are 
shown. 
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Figure 6.2: The buckling mode of a elliptic shell localized near the weakest 
point. 

6.4 Cylindrical Shell Under Axial Compression 

Let us now consider the buckling of a cylindrical shell under axial com
pression. The initial stress state is assumed to be membrane. 

In the case of a circular cylindrical shell when the determining functions are 
constant and the shell edges are simply supported the waves due to buckling 
cover the entire neutral surface (see Section 3.4). If the compression is non-
homogeneous in the circumferential direction, the buckling pits are localized 
in the neighbourhood of the weakest generatrix (see Chapter 5). 

The general case of a non-circular cylindrical shell with variable determining 
functions is considered below. On the shell surface there may exist a weak point 
in the neighbourhood of which the buckling mode is localized. Assuming that 
this point exists and that it is far from the shell edges, approximate expressions 
for the critical load and the buckling mode are found. 

We will use the system of equations (1.1) which in this case has the form 

fi2A(dAW) + \ 
dx (<•£)-

Ax2A(^-1A$) + fe2 

d2$ 
dx2 

82W 
dx2 

o, 

o, 
(6.4.1) 

where 

d = 
Eh3(l-v$) 
E0h

3
0(l-^)' 

— \Tt\, i?2 

9 = 

Rk; 

Eh 
Eoho 

h2
0 

12 (1 - v2) B? ' 
d2 

T=E0hol>', A=— + w . 

(6.4.2) 

The functions E(x,y), h(x,y), v(x,y), h(x,y) and k2(y) are assumed to be 
infinitely differentiable. 
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Relation (1.5) may be rewritten as 

* = f(x,y,p,q) = f°(x,y)C-±^—, (6.4.3) 

where 

£,«,>•», c = *->. *= ( * ) . . = -£ , , 
Evaluating the minimum of function / by all of its arguments we get 

Ao = min/° = / V ) 2 / 0 ) , C = l - (6-4-5) 

Let function f° attain its minimum at point (x°, y°), the second differential 

d2f = Y,fkldxkdxu fkl = J ^ , (x,y) = (xux2) (6.4.6) 
OXfc OXi 

at this point is the positive definite quadratic form and the point (a;0, y°) is 
situated far from the edges of the shell. 

We choose R, ho, EQ and t\ in such a way that 

<i = 2, k2 = d = g=l (6.4.7) 

at point (x°,y°). Then Ao = 1, which agrees with the Lorenz-Timoshenko 
formula (3.4.3). 

As in Section 6.1 we seek a deflection shape that decreases away from the 
weakest point (x°,y°). However, since the values of p° and q° could not be 
uniquely determined from the minimum condition for / , we can not use the 
method employed in Section 6.1 for the present problem. 

We apply Fourier transform 

oo oo 

W{x,y)= w{p,q)eiz'dpdq, $ (x,y) = jj<p (p,q) eiz' dpdq, (6.4.8) 

— oo —oo 

where z* = / i _ 1 [p (x - x°) + q (y - y0)]. Then we expand the coefficients of 
system (1) into a power series in x — x° and y — y°. As a result, after the 
elimination of <p for w (p, q) we get the equation 
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where 

h{pk,n) = H(pk,x°k,n), hk = —T, hkl 

dxk 
dx°kdx°' •• 

(Pi,Pa) = (p,«), H = H°-iuH1+--

H = d i P +q) ~XhP + (^W' H=2{lb8t+m)-
(6.4.10) 

We transform equation (9) to the variables z and r by means of the formulae 

P Q 
z = P2 + q2' 

T = 
,2 _i_ „2 p2 + g 

(6.4.11) 

and we seek a solution which is localized at z$ — 1, r = ro in the form (ZQ = —1, 
T = — TQ leads to the complex conjugate solution) 

0 0 

W (p,g i / i ) = u)e-(«C +»" )/2, u) = 5;/i*/4u,fc(C,'?), " ^ - , d > = > . / l - ^ ( C l f | , , 
k=o (6-4.12) 

z = H V / 2 C , r = r0 + / J 1 / 4 ^ , A = 1 + u \ t + /j3/2A2 + . • • , 

where wk are unknown polynomials in C and n, a, b, TQ and \k are unknown 
constants (5ft a > 0, U b > 0). 

Substitution (12) into equation (9) gives 

where 

(yL0 + U
1'4L1+^2L2 + ---)w = Q, 

L0w = (lot2 -Xi)w + ih U-QZ ~ «C2 + 2 ) w~ 

(6.4.13) 

hi f d 

T{dC~a<:] w' 
LiW = T] L'0w + ih<i-h2\-Q£-a(i dr) 

— bn I w, 

1 7 / ( 9 \ 
L2W = 2 V2L'oW - A2* - - y f -7; bnj w + L*w, 

E dtp dz _ 1 . . 

k 'dxJWu ~ aij + 4ih' 

(6.4.14) 
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Here f° and ip are the same functions as in (4), lj and Uj are functions of 
To, operators L'0 and L'0' are obtained from Lo after the substitutions instead 
of the coefficients l\ and In their first and second derivatives by r0 (the first 
term in Lo becomes zero). We denote the terms that do not influence wo(C,»?) 
and A2 due to (2.1) by L*w. 

Let us consider the equation L0w0 = 0. This equation has a solution in the 
form of a polynomial in C if the coefficient of C2 is equal to zero. This yields 

a = {r-ih)ln\ r = ( 4 / i i - Z 2 ) 1 / 2 = ( 4 a u ) 1 / 2 > 0 . (6.4.15) 

For 

Ax = Ajn) = r (n + ± V n = 0 , l , 2 , . . . (6.4.16) 

the equation L0W0 — 0 has the solution 

w0(C,r,)=v0(v)Hn(9), e = aC, a = (j-J , (6.4.17) 

where t>o(»7) is still an unknown function, and Hn(0) is the Hermite polynomial 
of the n-th order that satisfies the equation 

d^ii du 
Mnu=-^-29 — + 2nu = 0, H0(6) = 1. (6.4.18) 

The equation of the first approximation L0W1 + L^wo = 0 after transition 
to the variable 0 takes the form 

Mnw1 = F1(9)r1vo(v) + F2(9) f^--bti\v0 = F(e,ri), (6.4.19) 

where 

Fi(9) = -lk^H'ri-2aeH^-aHn + ^-Hn\ + 

+ i^(eH'n-^Hn+
1-Hn), (6.4.20) 

r \ a 2 / 

ftW = !(£!,„-,„(„*.._£,,.)) 
are known polynomials. 

Equation (19) has a solution in the form of a polynomial if 

e2 

f F(9,r,)Hn{0)e~^de = O. (6.4.21) 
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Condition (21) gives the equation dr/dro — 0 for the evaluation of TQ and 
equation (19) has the solution 

«>i(0, r,) = «ifo) Hn(9) + W ? ) Gi(0) + (~ -br,v0\ G2(0), (6.4.22) 

where v\ (TJ) is an unknown function, 

d = Atf H'n + A3Hn+2, G2 = A3H'n+A4eHn, 

A1=-A2, A2 = ( 4 a 2 r ) - 1 ( a 2 / ' 1 1 + 2 i a / ' 1 ) , (6-4-23) 

A3= -ar~1ll2-2A4, A4 - - (ar)-1(al12 + il2). 

Now we come to the second approximation 

L0w2 + Liw1 + L2w0 = 0. (6.4.24) 

Condition (21) of the existence of a solution of equation (24) in the form of a 
polynomial in £ leads to 

-Q\§--brlj v0 + (Rr]2-X2)v0 = 0, (6.4.25) 

where 

Q = -xh2 -r \A4\
2 = - alx (aua22 - a\2) > 0, 

R - 2U+l \l'{1\a\2 + il'{(a2-2a)-4 |a/ 'n + iZ'j |21 = (6.4.26) 
16 r 

2n+l d2r _ 1 d2X1 

4 drj'^'drf' 

If 

b = R1'2Q-1'2>0, A2 = A2
m,n) = ( 2 m + l ) ( Q i ? ) 1 / 2 , m = 0 , l , . . . 

(6.4.27) 

then equation (25) has a solution in the form of the polynomial v0(rj) = 
Hm(b-^V). 

The parameter r in (12) could be found from the minimum condition for 
Ai, thus R> 0 in (26). 
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We give the final expression for A 

A = A(m,„) _ i + (2n+l) / ja 1
1{ 2+ 

+/i3 '2(2m + 1) (2n + l ) 1 / 2 (4a 1 1 ) - 3 / 4 K'1(a1 1a2 2 - a 2
2 ) ] 1 / 2 + 0 (/i2) 

m, n = 0,1, 2 , . . . 
(6.4.28) 

As in Section 6.1 each eigenvalue A(m,n) is asymptotically double. Buckling 
corresponds to the smallest eigenvalue, which is obtained from (28) for m = 
n = 0. The neighbouring eigenvalues allow us to conclude that the critical load 
is sensitive to any initial imperfections. 

6.5 Construction of the Buckling Modes 

Let us find the buckling mode which corresponds to the critical load ob
tained previously. In order to do this we substitute expression (4.12) into 
integral (4.8) assuming that w = 1 + O (/i1^4)- We get 

+oo 

W(x,y) = Jj{l + 0{^4))expl-(px' + qt/)-

— OO 

-\aC2-\bV
2\dpdq, (6.5.1) 

where we denote x' = x - x° and y' = y — y°. In (1) we come to the integrating 
variables C and n. By virtue of (4.11) and (4.12) we find 

p = po + /i1/2p2C + f*1/4Pif) + M1/2P3'?2 + • • • 

q = go + M1/2g2C + ̂ 1/4gi77 + Ju
1/2g3'7

2 + ---

where 

Po = 2 , go = ToPo, pi = q2 = - 2 Topi, 

Qi = ~P2 = (1 - r0
2) pjj, p3 = (3 r 2 - l) pg, q3 = r0 (r2 - 3) p§. 

Evaluating integral (1), we get 

W = C e - « e x p { - ( p 0 z ' + g o 2 / ) } ( l + 0 ( ^ 1 / 4 ) ) , 

f _ {Pix' + qiy'f (p2x' + q2y')2 

(6.5.2) 

(6.5.3) 

(6.5.4) 

2fi3P(b-2i^^(p3x' + q3y')) " 2/xa 
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It follows from (4) that buckling is accompanied by the formation of a series 
of elongated pits inclined by angle 7 to the cylinder generatrix (tan 7 = — r^1). 
The distance between the centres of the pits is 2-KU\ (1 + TQ). The factor e -^ in 
(4) describes slowly varying pit amplitudes (depths) and phases. 

We fix c > 0 and find the domain in which 3?£ < c. Outside of this domain, 
the deflections are smaller than e _ c . The domain bound is given by the curve 

jpix' + qiy') b (P2x' + q2y') ^ « _ 

2 ̂ 3/2 [fc2 + 4/i"1 fax' + q3y'f] 21* la 
(6.5.5) 

and we obtain the inequalities 

12.. . A 1 / 2 

\P2x' + q2y'\ < 
2 |a | 2 c^ 

IPix' + q^l^^Ho, 

= H1/2a0, 

60 = l e a — U 2 

b \" + ( l + r 2 ) S R a 

1/2 (6.5.6) 

The domain obtained above is reminiscent of the form of an the ellipse with 
semi-axes 

S'2a0(l + T*), VL3'%(1 + TS). 

The large semi-axis of the "ellipse" is inclined to the cylinder generatrix by 
the angle S (tan S = 2r0(l - r0

2) - 1) . 
The buckling mode is shown schematically in Figure 6.3. The series of 

strongly elongated pits inclined to axis x by angle 7 covers an "ellipse" whose 
size is of order u1!2 x //3/4 that is inclined to axis x by angle S. 

Two linear combinations of the real and imaginary parts of (4) are the 
eigenfunctions. As was found in Section 6.1, we cannot find the coefficients of 
this linear combination by use of the present method. 

Let us return to the evaluation of TQ. By virtue of (4.14) 

011 = /i°i(l - T2)2 - 4/1°2ro(l - r2) + 4/2°2r0
2- (6.5.7) 

The value of r0 may be found by minimizing the function a n . According 
to the above assumption on f°(x, y), the value of TQ is unique for / ° 2 ^ 0 and 

A V o X ) , | r 0 | < \ / l + / ? 2 - / ? , 

Let fi2 - 0. Then for /ft < 2 /2°2 we get r0 = 0. 

0 Jr. 12 
f° Jn 

(6.5.8) 

We are not considering the case where /ft = 2 / 2 2 since an = 2 /2 2(1 + r^) 

and d2an/dT2 = 0 for r0 = 0. For /ft > 2/2°2 we get r0 = ± (l - /2°2 / /f t)1 / 2-
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y 
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pxx' + qxy = Q 

Figure 6.3: The localized buckling mode of a cylindrical shell near the weakest 
point. 

In the last case, due to the existence of two values of To, the critical load is 
asymptotically tetra-multiple and the buckling mode is a linear combination 
of the forms described above for ±ro. The expected buckling mode is shown 
schematically in Figure 6.4. The domain filled with pits is comprised of a 
combination of the two elongated " ellipses". 

Figure 6.4: The localized buckling mode of a cylindrical shell at a/?2 > (1 —a)2. 

As an example, we will consider the bending of a circular cylindrical shell 
with variable thickness. We take 

t\ = 2 cos y, h = ho 
1 — a cos fix 

0 < a < 1. (6.5.9) 
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The weakest point is then x° = y° = 0. We get 

f°(x,y) 1<x0-
KQ cos y' ; / i i = 7 T 3 f e > ^ = °- /22 = 1- (6-5.10) 

For / ? ! < 2/2°2, i.e. a/?2 < (1 - a ) 2 we get r0 = 0, 

A = 1 + A* (A°i)1/2 + //3 /2(4/1°1)-1/4(2 - / ? , ) ! / ' + O (p2). (6.5.11) 

In this case the pits are elongated in the circumferential direction and the 
"ellipse" filled by them is elongated along generatrix y = 0 in contrast with 
the previous case (see Figure 6.5). 

y 

4$MM§ N 

Figure 6.5: The localized buckling mode of a cylindrical shell at a/?2 < (1 —a)2 

For a/?2 > ( 1 - a ) 2 we find 

70 

A 

= ± 1 -
( l - « ) ; 

a/32 

2 \ 1/2 

1 + 2fl[1~7f, 
1/2 

+ (6.5.12) 

/ 1 \ 5 / 4 / 4 \ 1 / 2 

and the buckling mode is shown in Figure 6.4. 
In conclusion, we note that the buckling modes constructed in Sections 6.4 

and 6.5 (especially the mode shown in Figure 6.4) look rather unusual. Perhaps 
this is related to the assumptions made in Section 4.1, the major one of which 
states that the determining functions (for example, the thickness) are variable, 
but change slowly, while at the same time the neutral surface imperfections, 
which are characterized by faster variability, are not taken into account. 

6.6 Problems and Exercises 

6.1. Prove that the parameter of the critical load A has expansion (1.15) in 
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integer powers of// whereas mode (1.14) is expanded in the series in fractional 
powers of p. In particular, prove that the term A3/2^3/'2 in (1.15) vanishes. 

6.2. Consider a prolate truncated ellipsoid of revolution under the external 
pressure q and edge force Pi (see Figure 1.3). For Pi = 0 the equator is the 
weakest line. Find the position of the weakest point for Pi ^ 0 and the critical 
load in the zeroth approximation. 

Hint Use relations (1.4.6) to calculate the stress-resultants, formulae (4.4.8) 
for the parameters of ellipsoid and (1.5) to determine the weakest point and 
the critical load. 

6.3. Consider prolate truncated ellipsoid of revolution under the external 
pressure q and edge force Pi (see Figure 1.3). With the help of formulae (5.3) 
and (5.4) for /i = 0.02, TQ = ±0.5, 6 = 1 construct the level lines for four real 
buckling modes which are odd or even in x' and y' respectively. 

Hint One of this modes is schematically plotted in Figure 6.2. 





Chapter 7 

Semi-momentless Buckling 
Modes 

In this Chapter we will study the class of buckling problems for shells with 
zero Gaussian curvature under a membrane initial stress state. For this class 
of problems the buckling concavities are stretched along the asymptotic lines 
of the neutral surface and may be localized near one (the weakest) line. The 
additional stress state appearing under buckling is a semi-momentless state 
[119]. The method may be applied to cylindrical and conic shells of moderate 
length, the cross-section of which need not necessarily be circular and the edges 
of which are not plane curves. The two-dimensional problem may be reduced 
to a sequence of fourth order one-dimensional problems. In some particular 
cases for cylindrical shells, approximate solutions have been obtained. 

In this Chapter we will use the results obtained in [100, 152, 161, 162, 163]. 
Buckling problems for non-circular cylindrical shells and shells with variable 
thickness are also studied in [6, 7, 8, 23, 34, 42, 83, 122, 149, 181] and others. 

7.1 Basic Equations and Boundary Conditions 

We will consider the buckling of a conic shell under a membrane stress state. 
In the neutral shell surface we introduce an orthogonal system of curvilinear 
coordinates s, <p, where s = R~1s', s' is the distance between the point of a 
surface and the cone vertex, R is the characteristic size of the neutral surface, 
tp is the coordinate in a directrix which is so chosen that the first quadratic 
surface form is equal to da2 = R2(ds2 + s2dip2). The radius of curvature, R2, is 
equal to R2 = .Rs&_1(<£>). The shell is closed in the circumferential direction, 
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tp, and it has two edges 

si((p) < s < s2((p), 0<<P<<Pi, (7.1.1) 

where ipi is the length of a curve which is formed by the intersection of a 
cone and a sphere of unit radius with its centre at the vertex of the cone. 
For example, for a straight circular cone with the vertex angle 2a we have 
ipi = 27rsina. 

We can rewrite system (6.1.1) in the form 

where 

e4A(dAw) + Xs2Atw- A f e $ = 0, 

e 4 A ( 5 - 1 A $ ) + Afcu; = 0, 
(7.1.2) 

A t u> 
l\l d ( dw 
s _s dtp \ dip 

d ( dw 
+ TT [sti-jr-

os V os 

+ 
d dw 

ds \ dip J dip + 
d dw 

'57 
1 d2w 1 5 

A w = — -x - r + - -FT 
dip2 s ds 

+ 
dw 

S 57 

Akw 
k d2i 

s ds2 ' 

hi 

(T?,T°,S°) = -\E0h0e
6 (tut2,t3), 

Eh3{l-vZ) Eh 

12(1-v2)R2' E0h
3
0(l - v2)' Eoho 

(7.1.3) 

The functions h(ip) > 0, s»(y), ii{s,<p), d(s,ip), g(s,ip) are assumed to be 
infinitely differentiable and the orders of their derivatives are not greater than 
the orders of the original functions. 

R e m a r k 7.1 . The infinite differentiability of the coefficients of system (2) 
is necessary for the construction of all of the terms of the asymptotic series 
(2.3). To construct only the first few terms, the existence of only the first few 
derivatives is necessary. 

The buckled stress state consists of the main stress s tate and the edge effect 
at the shell edges (1). Here the main state is semi-momentless [119] and in 
the circumferential direction it has an index of variation equal to 1/4 and 

-r—7r ~ ht, TT-^-. At each edge (1) four homogeneous boundary conditions 
dip2 ds* 
are introduced but in constructing the main state we may satisfy only two 
boundary conditions at each edge. The problem of choosing these conditions 
is discussed in Section 8.4. 
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In Section 7.2 we will study only one case of simply supported edges (S2 in 
Table 1.1) 

Tm = vt = w = Mm = 0 at s = si, s = s2, (7-1-4) 

where Tm and MTO are the stress-resultant and the stress-couple respectively in 
the direction orthogonal to the edge, and vt is the displacement in the direction 
tangential to the edge (see (1.2.11) and (1.2.12)). To construct the main stress 
state with an error of order e2 we must satisfy the conditions 

w = $ = 0 at s = s\, s = s2. (7.1.5) 

If the shell edge is a plane curve supported by a diaphragm which is rigid in-
plane but flexible out-of-plane, then we must reformulate boundary conditions 
(4) but conditions (5) are valid with an error of the same order e2. Some other 
variants of the boundary conditions may also be reduced to conditions (5) (see 
Section 8.4). 

7.2 Buckling Modes for a Conic Shell 

Let ti,t2,t3 = 0 (1 ) . Then, due to formulae (3.6.11) and (1.3) we have 
estimates 

A ~ 1 at t2 > 0, (7-2.1) 

A~A;r 1 / 4 at < 2 = 0 , i 3 ^ 0 , (7.2.2) 

and it is sufficient that conditions in estimates (1) and (2) be fulfilled, at least 
in some subdomain of the neutral surface G. 

We start with the case when t2 > 0 in some subdomain of G. Then, buckling 
occurs such that concavities are elongated in the longitudinal direction from 
one shell edge to the other. This is the situation where a conic or cylindrical 
shell is buckling under external pressure (see Section 3.5). In this Section 
we assume additionally that the shell generatrices are under different loading 
conditions (the meaning of this assumption will be clarified below) and the 
buckling mode does not spread over the entire neutral surface but rather is 
localized near the weakest generatrix. 

Under these assumptions we can seek the solution of system (1.2) in the 
form 

w (a, <p, e) = w, exp {i (e"1/2? C + (1/2) a C2)} , 
OO 

«,, = JV/ 2
W n (C, S ) , C = e-1'2(<p-<Po), (7.2.3) 

n=0 

A = Ao + eA 1 +e 2 A 2 - l - . . . , 3 a > 0 , 
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where wn(C, s) are polynomials in £. 
We seek the function $ in the same form as (3). The value of parameter 

q which determines the buckling mode oscillation in the direction <p is real. 
The weakest generatrix is ip = ipo and parameter a characterizes the rate of 
decrease of the depth of the buckling concavities as we go away from the weak
est generatrix. We note that mode (3) generalizes solution (4.2.6) for ordinary 
differential equation (4.2.1). Here solution (3) depends also on variable s. 

To determine unknown functions wn, $„ and the values of q, a, <p0 and A„, 
we substitute solution (3) into system (1.2) and equalize the coefficients by the 
same powers of e1/2. We expand the coefficients of system (1.2) depending on 
<p in a power series of <p — (po = e1' 2C-

First, it is convenient to express function $« through w* by virtue of second 
equation (1.2). We get 

$* 
461 /2 / , .dw*\ 

aQw* -i -ZT I + 
w* 
„4 

gq5 dip 

— taw* 
d2w, 

gs^ ds2' 

+ 

Now, the first equation of (1.2) gives the sequence of equations 
mining functions wn, which may be written in the form 

H0wQ = 0, H0u>i + Hiw0 = 0, H0w2 + H\W\ + H2w0 = 0, .. 

Here 

(7.2.4) 

for deter-

(7.2.5) 

H0z = 

Htz = 

H2z = 

H.z 

k2 da4 

^A2z + -^-z-X0Nz, Nz 
q2t2 

gs3q 
•z, 

dH0 dH0 \ , .8H0dz 
a — 1—-— 1 Qz — i 

dq 

„2 

dip 

d2H0 + 2a 

dq dC 

d2H0 d2H0 
Cz-

— i \ a 

dq2 ' "" dq dip d(p2 

d2H0 d2H0\ dz 1 d2H0 
• + c dq2 ^ dqdip)^ d( 2 dq2 

i d2H0 

2 dqd(p 
z + Htz-XiNz, 

. . fdt3 _ _ dz 

i z + 5C2 

(7.2.6) 
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The substitution of solution (3) in the boundary condition w = 0 for 
s = sk{ip) gives 

wo((,s)=0, w1((,s) + Cs'-^ = 0, 
ds (7.2.7) 

u»2(C. «) + C « ' - 5 - + ^r ( a ' r - o - + * " ^ r = 0, . . . 

and from the condition $ = 0 we obtain, taking into account formula (4), 

d2w0 d2wi d3w0 

OS* OS1 OS-* (n 2 g\ 

5s2 ^ s 3s 3 ^ 2 V ds4 ^ 8s3 J q ds3 

Let us consider the boundary value problem in the zeroth approximation 

k2(fo) d2 ( ad
2w0\ q4d . AT 

wo — 3 , = 0 at s = si(v?0), s = «2(v:,o)-

(7.2.9) 

In addition to the principal parameter Ao this problem also contains two 
parameters, q and <p0. For fixed values of q and ipo the minimum eigenvalue 
Ao is a function of these parameters, i.e. Ao = f(q,fo)- Here, for problem (9) 
we consider only positive eigenvalues. We denote 

\0
0=mm{f(q,<p0)} = f(q0,<p°0). (7.2.10) 

Below we will omit the superscript (°) on A° and (p°. 
The conditions 

<9A0 9A0 / 7 0 1 1 i 
-5—= — = 0 at q-qa, <P = fo (7.2.11) 

must be fulfilled. 
As in the previous Sections (see formulae (4.2.11) and (6.1.8)) we assume 

that the second differential of function / at point (qo, <fo) is a positive definite 
quadratic form, i.e. 

d2f = \qqdq2 + 2 \wdq dip + Aw(fy>2 > 0, (7.2.12) 
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where we denote the partial derivatives of / with respect to the corresponding 
variables for q = q0, <p = <fio by Xqq, Xqv>, and \ v v . 

In order to evaluate the derivatives in (11) and (12) we may differentiate 
problem (9) by parameters q and ipo- For example, 

dH0 dX0 H0wq + —— wo 7j— NWQ = 0, 

dHo d\0 
n0Wu, + —— w0 - -5— Nw0 = 0, 

d<p0 Ofo 
,dw0 d2wip td

3w0 
wv + * -s— = -fHF + * -5-3- = °» 

OS OS* OSd 

d2wq 

ds* 
= 0; 

(7.2.13) 

8 = 81, S = S2-

Problems (13) are non-homogeneous boundary value problems "on spec
trum". The existence condition for a solution of a problem "on spectrum" 

Hoz + G{s) = 0, z+gok 
ds12 + #2fc = 0, 8 = Sk 

is the equality 

«2 

/ 
kh 

w0G ds + — 5 - I g0k -rrf- + 9ik 
d3w0 dwp 

1s~ = 0, 

(7.2.14) 

(7.2.15) 

where the complex conjugate values are denoted by the bar symbol. 
Now, equalities (11) transform to 

/ _ dH0 

JW°^q-" 

dH0 

(7.2.16) 

Wods + 
k2s s' (' dwo d wo d WQ dw0 = 0. 

For derivatives in (12) we write only the expression for Xqq which is 

.j^U^lw^^ wo) ds = 0. (7.2.17) 
«2 '2 

-Xqq / w0Nw0ds + 
8q 8q2 

« 1 » 1 

We come now to solution of the sequence of equations (5) taking into ac
count boundary conditions (7) and (8). In the zeroth approximation we get 

«;o(C,*) = -Po(0«'g(*), (7.2.18) 
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where the w° is an eigenfunction for problem (9) under conditions (11), and P0 

is an unknown function to be determined from the following approximations. 
In the first approximation we get 

H0w i + r P I dH° _L
 dH° CPo[a — h - — 

dq 0<po 
t»n o, 

Wi+CPos' 
,dwl _d2w 33...0 

i + C V ^ ^ 
(7.2.19) 

at Sfc. 

Due to formulae (13)—(16), the existence condition for the solution of prob
lem (19) is analogous to equalities (11) from which the parameters go and ip° 
have been found. In particular, it follows tha t a non-arbitrary generatrix may 
be introduced as the weakest one in formula (3). From (19) we then obtain 

«>i(C, «) = Pitt) ™°o +<Po{Q(awq + wv) - iPo(C)wq (7.2.20) 

where wq and w^, are solutions of problems (13) for WQ = w® and both functions 
Pa and P\ are unknown. 

In the second approximation we have the equation from which taking into 
account boundary conditions (7), (8) and due to (15), we get the existence 
condition for the solution W2 

LP0 = - 1 \qqP'Q' + &CP0' + (v - Ai + ^ 6 + ctA P0 = 0, (7.2.21) 

where 

0 — l \Q, \qq -\- Xqtpj , 2C — d Xqq + ZdAq^ + A<^, 

' = £ / (< 6Hy 

dq 

o _ -o dHo 
-Wu, — W, <p w0 dq 

UV ds+ 

+ 
4k2s3s' fdw°0 d3w°0 dw°0 d3w°0 

ds ds3 ds ds3 

«2 

-2i w^H+w^ds 

«2 

f w°0Nw°0ds. 

(7.2.22) 

Condition c = 0 is necessary for the existence of a polynomial form solution 
of equation (21). From the square equation c = 0 according to (12) we find 
the unique value of a such that 9 a > 0. 
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For 

c = 0, Ai = (n+-jb + T), n = 0 ,1 ,2 , . . . (7.2.23) 

equation (21) has the solution Po — Hn(Q, where Hn are n-th degree Hermite 
polynomials. The most interesting case is when n = 0 and Hn = 1 since in 
this case the value of Ai is a minimum. Indeed, due to (22) and (12) b > 0. 

The following approximations may be constructed in a similar fashion. We 
note only that Wk(C, s) are either even or odd polynomials in £ and the existence 
condition for w2k+2 gives 

L P2k + AfcPo + F2k(C) = 0, AT > 0, (7.2.24) 

where the L is the operator in the left side of equation (21) for c = 0. 
The value of Afc may be found from the existence condition for a polynomial 

form solution of (24). If the polynomials Wk, Pk and Fk are even, then the 
polynomials Wk+i, Pk+i and Fk+\ are odd and vice-versa. That is why the 
equation L P2k+i + F2k+i = 0 always has a polynomial solution. 

In fact, the values of Afc (k > 2) are not found below. First, because of the 
difficulty of the calculations and, second, since the value of A2 depends on the 
terms which were omitted in the derivation of system (1.2). That is why the 
above discussion is important only to justify the expansion by powers of e (3) 
of the parameter A. In [42] the correction of the second order A2 is found for a 
cylindrical shell with a slanted edge under uniform external pressure. For this 
aim instead of system (1.2) the more exact system (1.2.6) was used. 

Separating the real and the imaginary parts in (3) we find that each eigen
value A is asymptotically double. The buckling mode has the form 

w = (3? wt cos z — 9 w* sinz) exp < — ( 2 3 a > , 
I 2 J (7.2.25) 

Z = e - l / 2 g o C + _ C 2 s K a + ^ 

As in Section 4.2 the method used here does not permit the determination of 
the initial phase 0 — const which is equal to 0 < 9\, 92 < 2n, nor does it allow 
one to distinguish the corresponding eigenvalues. 

Remark 7.2. It follows from the method of solution that the results 
obtained are also valid for a shell which is not closed in the circumferential 
direction. It is only necessary that the weakest generatrix be far from the shell 
rectilinear edges. 
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7.3 Effect of Initial Membrane Stress Resul
tants 

In Section 7.2 we assumed in developing the solution that the initial stress-
resultants T?, T2° and S° had the same orders and that the stress-resultant TS 
was compressive (see (2.1), and also (1.3), which represents the dimensional 
stress resultants T®, T$ and S° through the dimensionless ones t\, t% and £3). 

Under this assumption, the terms Ao + eAi in expansion (2.3) for the critical 
load depend only on the stress-resultant <2 and not on t\ and £3. 

Indeed, in this case the function WQ(S) is real and 77 = 0 in (2.23). The 
value of A2 depends on <i and £3 (see (2.3)) and to derive A2 it is necessary to 
assemble the next two approximations. 

In order to estimate the effect of the stress-resultants t\ and t3 on A we use 
the following method. We assume temporarily that the variables £2, £ti, and 
etz are of the same order, i.e. the order of variables t\ and £3 are greater than 
the order of <2- This assumption causes the operators N and H* in (2.5) to 
change 

Nz = SJlz-iq£(^.z + 2t3^] = N0z + ieNiz, 
S \OS OS J 

H,z = £ \ — ( s h — ) - - - ^ - z 
[ds \ ds J 2 dsdipo 

The rest of the formulae obtained above are still valid. Taking Nz in the form 
of (1), we represent the boundary value problem (2.9) as following 

H0w0 = Hoowo - ieX0Niw0 = 0 (7.3.2) 

and expand its solution in a power series in e 

w0 = woo + iswoi + £2u>02 +••• , A0 = AQ + e2A02 + . . . (7.3.3) 

Here WQQ and AQ are the same as in (2.9). 
The function WQI(S) is the solution of the non-homogeneous problem 

rj2 

#oow>oi - XQNIWOO = 0, w01= 2 = 0, s = si,s2, (7.3.4) 

which is always solvable due to (2.15) because 

/ wooNiWoods = 0. (7.3.5) 

7.3.1 
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The coefficient A02 may be found from the solvability condition for the 
boundary value problem for W02 and it is equal to 

»2 «2 

A02 = A°z _ 1 / w00NiWoids, z = \ wooN0w0ods. (7.3.6) 

« i « i 

For that A02 < 0 since z > 0 and according to (4) 

/ w00Niw0ids = - w0iNiw00ds = - (A°) / w0\H0ow0ids < 0. (7.3.7) 

Sl «1 Si 

By using (2.22) and (2.23) we can represent the critical value of the param
eter A in the form 

A = A° + eAi + e2A'2 + (7.3.8) 

Here, Ai = 6/2 and 6 are the same as in (2.23) and e2A'2 are terms of order e2 , 
depending on t\ and £3, 

1 
• s2 

/ («>01 
dHm 0 dNi dH00 

WtfO + A 0 W Q O - ^ — w^o — u>oo 8q dq « V i -

ds -\ g— (^oi^oo - ^ d o ^ o i j 

where 

V<pO 
dwpo 

wvi = dip 

Substi tuting too from (3) into (2.22) we may obtain (9). 
In the particular case, when 

8H{ 00 
= 0, 

d(p0 

formula (9) is simplified and 

9sk 

d<po 
= 0, k = l,2, 

(7.3.9) 

(7.3.10) 

(7.3.11) 

«2 

A'2 = z~l \ (wooH*w0o + Ao^oo-ZViWoi) ds. (7.3.12) 

Now let us discuss the buckling modes described by function (2.3) when 
there are no compressive stress-resultants T° on the neutral surface but there 
are shear stress-resultants 5 ° . 



7.4. Semi-Momentless Buckling Modes of Cylindrical Shells 143 

Let t2 < 0 and stress-resultant £3 be such that et3 has order not less than 
the order of t2. Note that we do not exclude the case when t2 = 0. Concerning 
the stress-resultant t\, we assume that its order is not larger than the order of 

The boundary value problem in the zeroth approximation has the form 

k2 d2 ( ^d2w^\ q4w0 
"T n T 

, . / q2t2w0 . / dt'3 dw0\\ , - „ , „ , 
+ H—— + t q r o j s - + 2 t 3 -d7)) = 0 ' (7313) 

q* ds2 \ 8s2 J s3 

, . 2 J „„_ . o.i 

where t'3 — et3 and the boundary conditions are of the same form as in (2.9). 
This problem has a real discrete spectrum but the eigenfunctions are complex. 

Indeed, let WQ be an eigenfunction. We multiply (13) by WQ and integrate 
it from si to s2. Then we get 

«2 

f/k"s" O"w0 k2s3 82^ 2 «4 

<f ds2 
1 I | 2 \ , 

+ ~3 \W°\ ) d S 

8 2 . 2 
(7.3.14) 

/ ( 
1 t2 I I2 , W 9V dU\\j 

S ' ' v OS OS ) 

where we denote WQ = u + iv. It is possible to show that there exists an infinite 
set of both positive and negative eigenvalues. As in Section 7.2 we denote the 
minimum positive eigenvalue Ao by f(q, ipo). We make the following evaluations 
in a manner similar to that in Section 7.2. 

7.4 Semi-Momentless Buckling Modes of Cylin
drical Shells 

Let the shape and size of a cylindrical shell be determined by the following 
relation 

Si(lf) < S < S2(ip), 0<<p<ip2 

da2 = R2 (ds2 + d<p2), R2 
R (?-4-1) 

* ( ¥ > ) ' 

where the R is the characteristic radius of curvature. For a circular cylindrical 
shell, R is its radius and <p2 = 27r, k (<p) = 1. 

The direct transition from a conic to a cylindrical shell is not simple since 
in (1) «i, s2 —*• °° and <p2 —>• 0. But we still may use all of the relations derived 
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in Sections 7.1-7.3 for the case of a cylindrical shell by replacing all of the 
factors s" in them by unity. 

For a cylindrical shell the boundary value problem in the zeroth approxi
mation (2.9) has the form 

e o2 ( «92u,o\ , 4 . 2, 
9 -5-5- + dq*w0 - \oq't2w0 - 0, I" ds2 \ ds" / (7.4.2) 

d2w0 wo= Q , = 0 at s = si, s = s2. 

All of the formulae in this Chapter are given for non-constant variables E, 
v and h through which the variables d and g are expressed according to (1.3). 
If E, v and h are constant then we assume that d — g = 1. 

If the variables g, d and t2 do not depend on s then problem (2) has an 
explicit solution 

. T T ( S - S I ) dq2 TTAk2g 
wo = sin ; , Ao = — + , 6 , l(<p) = s2-si, (7.4.3) 

/ t2 12' 9 

from which we find 

Ao = imn \TU\-TT) ' % = -&r lfi = ipa 

(7.4.4) 

and the value of Ai in (2.3), by virtue of (2.22) and (2.23), is equal to 

A1 = l / 2 ( A , g A ^ - A ^ ) 1 / 2 , (7.4.5) 

where 

16d . „ d fd 
Xqq-i7' Xw-8qod^{r2 

\tptp — ?o 
d\ l4d 32 (k2g 

(7.4.6) 

d<p2
0 \t2J Wgdyl \lAh)\' 

Here, all of the functions are evaluated at the weakest generatrix <p = <po-
We note that the zeroth approximation for the critical load, Ao, coin

cides with the value obtained by the Southwell-Papkovich formula for a cir
cular cylindrical shell of constant length L\ — Rio and radius Rk$ (here 
'0 = l{<Po), k0 = k(<p0)) (see (3.5.5)). 

In the following examples we evaluate both the zeroth approximation and 
the first correction for a critical load. In Examples 1, 2 and 4 we assume that 
parameters E, v and h are constant. 

file:///tu/-tt
file:///tptp
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Example 7.1. Consider the buckling of a circular cylindrical shell of mod
erate length with a sloped edge under homogeneous external pressure p. 

Let 

si{<p)=0, s2(<p) = l (<p)=l0 +(cos<p-l) ta.n/3, (7.4.7) 

where /? is the edge slope angle. 
In (3), (4) and (6) we assume that ti = 1, k = 1. Then 

4?r 8 _ 37T4 

^°-°' Ao - sWv q° ~ If' 
\ - ifi \ - n \ - 47 r t a n P 
Aqq — 10, Aqv — U, Avlp — o3/4/2 

(7.4.8) 

and the critical value of pressure is the following 

For fc* = 1 we get the Southwell-Papkovich formula which corresponds to 
the maximum shell length. The second term in k„ takes into account the slope 
edge influence. For example, for /? = 45°, v — 0.3 and R/h = 400 the slope 
edge increases the critical load by 14%. 

Example 7.2. Consider the buckling of a non-circular cylindrical shell 
of moderate length L\ under homogeneous external pressure p. The weakest 
generatrix is <po with minimum curvature k (<p). As a characteristic linear size, 
R, we take the maximum radius of curvature of the generatrix. 

Then k (ipo) = 1 and we assume 

p = Ehe6XR-\ (7.4.10) t2-k^y 

Then due to (4)-(6) we get 

' = £ 

A - J?L \ - i f i \ - n \ - 2 7 r 3 l / 4 dH 

0 — - 3 / 4 1 ' 11 ~ ' 9¥> — ' Af<P — i a,„2 > 

^° (7.4.11) 
4 7 r e 6 £ / i , , 1 37/8e f,d2k\1/2 „ . .. 

For A;» = 1, as in the previous example, we get the Southwell-Papkovich 
formula for a circular cylindrical shell of radius R. 
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E x a m p l e 7 .3 . Now we will consider the buckling of a circular cylindrical 
shell of constant length and variable thickness in the circumferential direction 
under homogeneous external pressure p . 

The weakest generatr ix is tha t with the min imum thickness. In the neigh
bourhood of this generatr ix (y>o = 0) let the shell thickness have the expansion 

h(v)=h0(l+^y (7.4.12) 

Suppose tha t the parameters E and v are constant , we find t ha t 

- l 

(7.4.13) 

ow 

p 

' (4)-(6) 

d = 

give 

47r Eh0e
6 

~ 3 3 / 4 Li 

( ' • 

K* , 

aip2^ 

2 

* . = 

) " • 

1 + 

9 

3 7 /8J 

• ( ' + 

'2a LA 
,3TVRJ 

ap1 

2 

1/2 

e 

E x a m p l e 7 .4 . Let us look at the buckling of a cantilever circular cylindri
cal shell of constant length L\ = / R under non-homogeneous (in the circum
ferential direction) external pressure. Let the load paramete r A describe the 
pressure p by the expression p — po<2, where po = A E h s6 R_1. 

We introduce the dimensionless initial stress-resultants J,- as 

t\ = — — s 2 (« i cos <p + 4«2 c o s 2<p), 

<2 = 1 + <*i cos ip + «2 cos 2<p, (7.4.15) 

<3 = s (ot\ sin<p + 2a2sin2y>), 0:1,0:2 > 0 . 

This problem was solved in [61] by means of the Bubnov-Gale rk in method 
using a large number of coordinate functions and below, we will compare our 
results with those obtained in [61]. 

Let a\ + 012 > 0. Then the weakest generatr ix is (po = 0. Keeping the two 
first t e rms in expansion (2.3) we get the critical value of pa ramete r p0 in the 
form 

4TT Ehe6k* eAi , - , , „ > 
P=&n j M . n , n y k* = 1 + ̂ r- (7.4.16) 

3 J ' 4 L\ (1 + at\ + or2)
 Ao 

Using the relations derived in Section 7.2 yields 

i r w , . yi 1/2 . 47T3- 3 / 4 -Sai 
a= - A 0 ( a i + 4 a 2 ) , Ao = 7 7 7 - - r , Aj = — —— 7.4.17 

4 L J < (1+0:1+02) 1 + ai + 02 
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and the expression for the parameter /t* which takes into account the variable 
load is 

We introduce the length of a half-wave concavity in the circumferential 
direction A<p and parameter p which takes into account the decrease in depth of 
the concavity in the circumferential direction away from the weakest generatrix. 
We obtain 

A „ = ^ = 1.132„, , = i ^ f ^ = 0.513 f - ^ ± ^ ) 1 / 2 , . (7.4.19) 

The depths of the concavities are proportional to 1, e~p, e~4p, . . . 
We may use expansions (2.3) under the assumption that the number of 

waves in the circumferential direction is large. Taking into account the expres
sions for Aip and y we conclude that the proposed method is valid for shells of 
moderate length. As length L\ increases, the value of Aip also increases and 
the accuracy of the method decreases. 

From a qualitative point of view, formula (19) fully agrees with the results 
of [61]. Quantitatively, the error in formula (19) essentially depends on the 
problem parameters. The most unfavourable combination of parameters is 
R/h = 100 and L\/R — 10 for which the error attains 15 % for some values of 
c*i and a2. Where h/R and L\jR decrease, the error also decreases and for 
R/h = 400, Li/R = 2.5 it is less than 5 %. 

In Figure 17.4 of [61] the buckling mode for R/h = 1000, Lx/R - 10, 
OL\ = 0.5 and a.2 = 0 is shown. The localization of the concavities at the 
weakest generatrix (po = 0 is clearly seen. In this case, formulae (20) give 
Aip = 36.4°, p = 0.186. This means that the depths of the concavities are 
proportional to 1, 0.83, 0.48, 0.19, 0.05. One can see in Figure 17.4 that 
A<p ca 30°. We note that in this case the error in formula (19) is less than 1 %. 

Formula (19) does not account for the initial stress-resultants T° and S°. 
Their contribution may be estimated by use of (3.8) and (3.12). As a result 
one must add the term 0.181 (c*i + 4 a 2 ) ( l + «i + a2)~

1y2, to the value of k*. 
This term partly takes into account terms of order e2. 

In [61] the even functions in <p were used as the coordinate functions for the 
Bubnov-Galerkin method. That is why the buckling mode obtained, w(s,<p), 
is also an even function in <p. For a load which is very close to the critical load, 
the odd buckling mode can also occur. 

The method of this chapter is generalized in [40] for buckling of cylindrical 
shells (pipes) joined with a mitred joint under homogeneous external pressure 
and in [102] for wave propagation in a non-circular cylindrical shell. 
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7.5 Problems and Exercises 
7.1. Consider the buckling of a circular cylindrical shell of moderate length 

with a sloped edge under homogeneous external pressure p. Plot the graph of 
the function of critical pressure vs edge slope angle when the other parameters 
are constant. 

7.2. Consider the buckling of a non-circular cylindrical shell with the simple 
supported edges s = 0, I of moderate length L\ = Rl under homogeneous 
external pressure p, when generatrix is an ellipse with semi-axes ao and &o 
(ao > bo). Find the critical pressure. Plot the graph for critical pressure vs. 
eccentricity. 

Answer 
The critical pressure may be found by formula (4.11) in which 

S = 3(^-l), 
difl 

yhere 

R = ^ , k(ip) = (cos2e + Sfsin2e)3/2, 
do 

-—= kl, dl = — > 1. 
dip OQ 

For R/h — 400, v — 0.3, / = 1 and Si = 2 the critical pressure for an elliptic 
shell is 52 % larger than the critical pressure for a circular shell of radius R. 

7.3. Consider the buckling of a non-circular cylindrical shell with the sim
ple supported edges s = 0, / of moderate length L\ — Rl under homogeneous 
external pressure p, when generatrix is an ellipse with semi-axes ao and &o 
(ao > bo). Note that for an elliptic shell the critical load obtained is asymptot
ically tetra-multiple since in the neighbourhood of each generatrices #o — 0,7r 
two buckling modes corresponding to nearly identical loads may exist. This 
problem permits the exact separation of the variables 

{w, $}(s, ip) = {w, $}{<p) sin — 

and may be reduced to the system of ordinary differential equations of the 
eights order. 

Construct even and/or odd with respect to the ellipse diameters modes 
solving the problem numerically on the quarter of ellipse 0 < 9 < TT/2. 

Similar calculations for the problem of shell free vibrations has been made 
in [81]. 
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Hint. The evenness and oddness conditions have correspondingly the fol
lowing forms 

w' = w'" = $ ' = $ '" = 0, w = w" = $ = $ " = 0. 

7.4. Prove that the parameter of the critical load A has expansion (2.3) 
in integer powers of e whereas mode w„ is expanded in the series in fractional 
powers of e. In particular, prove that the term A3/2£3^2 in (1.15) vanishes. 





Chapter 8 

Effect of Boundary 
Conditions on 
Semi-momentless Modes 

In this chapter we will study the same problems as in Chapter 7 but we will 
present the solutions in another analytical form. Here we will seek the unknown 
functions as an integer power series of the small parameter e. 

Various boundary conditions in addition to simply supported are studied 
and the problem of the separation of the boundary conditions (i.e. of extracting 
two linear combinations of four boundary conditions), which must be satisfied 
under the development of the main stress state is solved. 

The dependence of the critical load on the boundary conditions is also 
examined. 

8.1 Construction Algorithm for Semi-Moment-
less Solutions 

Consider system (7.1.2) 

e4A (d A w) + Xe2Atw - Afc$ = 0, 
(8.1.1) 

e4A{g-1A$) + Akw = 0 

under the same assumptions as in Section 7.1. 
In Section 7.2 the solution of this system in the form of a power series 

(7.2.3) of e1/2 was developed. Here we will construct the solution in the form 

151 
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of a formal asymptotic integer powers series of e. 

oo 

e) = w ° e x p | - q(f)d<pj, 

A = A0 + eAi + eX2 H 

w° = £V 
n=0 (8.1.2) 

The function $ is represented in the same form. As in the previous Sections 
we seek the solution which exponentially decreases away from the weakest 
generatrix <p = (p0 that is provided by fulfilment of the conditions 

9g(¥>o) = 0, 9 a > 0 , a=-p~- (8.1.3) 
dip0 

(compare with the conditions in (7.2.3)). 
The substitution of solutions (2) into equation (1) leads to a sequence of 

equations for the unknown functions q (p), wn(s, <p) and $„(s, <p) and the values 
of An. For simply supported edges (see conditions (7.1.4) and (7.1.5)) in the 
zeroth approximation we come to the boundary value problem 

. 32$o qAd d2w0 g4 

K-5-5 rw0 + X0Nwo = 0, K-5-5-H r $ o = 0 , 
osz s*5 as1 gsA 

a2t 
N= ; w0 — $0 = 0 at s — sxUp), s = s2(<p), 

s 

(8.1.4) 

which after the elimination of $0 is comparable to problem (7.2.9). In the 
solution of problem (7.2.9) we assumed that q and ip are the independent 
parameters and then the eigenvalue Ao = f (q,<p) was found as a function of 
these parameters. Then, due to (7.2.10) we searched for the minimum value 
of Ao by q and ip and the corresponding values of X°, go and ip0. 

Here we assume that the value of Ao is fixed and is equal to A°, the angle 
ip is the variable parameter and the function q — q (<p) is unknown. Then the 
equality 

Ag = /(«(?>)>¥>) (8-1-5) 

may be considered as an equation for evaluating q (<p). If relations (7.2.11) and 
(7.2.12) are fulfilled then equation (5) has a unique solution in the neighbour
hood of ip — (po satisfying conditions (3). 

It follows from the expansion of / (q, ip) in formula (5) in a power series in 
q — go and ip — po that 

Xqq(q - go)2 + 2Aw(g - g0) {<p - <p0) + Xvv{<p - <Po)2 + • • • = 0. (8.1.6) 

To find a we get the same quadratic equation c = 0 (see (7.2.22)). 
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By substituting solution (2) into equation (1) in the first approximation we 
obtain 

k -z-T- - ^ - wx + \0N w1 + \iNw0+ 

+ ?(*"£+,£(«">-)-

• \ (<,4 9W(> , d t 3 \ n 

d V q^_ _ i_ f V 5$o 2_d_f«!NuNl = o 
3s2 £s3 s3 V 5 9<P d(p\g) °J 

and mi = $ i = 0 at s = Sk(<p), k = 1,2. 
Let wo(«. v)> ^o(s, V7) be anon-zero solution of problem (4). Then V (<p) WQ, 

V (<p) $o is also its solution. This allows us to replace in formula (7) WQ and $o 
by Vu>o and V$o respectively. Problem (7) is a non-homogeneous boundary 
value problem " on spectrum". To obtain the compatibility condition for this 
problem we multiply the first equation (7) by u>o, the second equation by <J>0, 
add them and then integrate with respect to s. 

We then obtain the equation for the function V (<p) 

id\1d^ + j_±(d\lz\v + XiV = 0 
dq d<p 2z d<p \ dq J 

? M A d d dq d <8-L8> 
z = I WQN wods, — = — 1-dip df dip dq 

» i 

Due to (7.2.11) we obtain dXo/dq = 0 at <p = y>o and that is why the 
solution of equation (8) in the form 

V{ip) = (<p - <p0)
n [v0 + vi (<p-<p0) + •••}, n = 0 , l , . . . (8.1.9) 

exists for 

Ai = - i ( a A , , + A , v ) ( n + - ) . (8.1.10) 

This result coincides with (7.2.23). In particular, for n = 0 we obtain formula 
(7.4.5) 

1 / \ 1/2 

^ = 2 ( ^ V ~ ^ J • (8.1.11) 
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We will not consider higher order approximations because these formulae are 
very complicated and also because system (1) is not sufficiently accurate since 
it does not contain some terms which effect the second approximation. 

8.2 Semi-Momentless Solutions 

In Section 8.1 we developed only the functions w and $ and studied simply 
supported boundary conditions. In order to examine other types of boundary 
conditions it is necessary to have expressions for the other functions which 
describe the stress-strain state of the shell. 

In this Section we will find the displacements («i = u, U2 = v), the normal 
rotation angles (7;), the tangential stress-resultants (Tj, S), the stress-couples 
(M,, H) and the shear stress-resultants (Qi). 

Let us introduce the dimensionless values (marked with prime symbols) 
with the relations 

(«{,«/) = ±(ui,w), (T;, S>, Q;.) = - i - (Ti,s, Qi), 
K rj0hQ (8.2.1) 

Later, we will omit the prime symbols for simplicity. 
Any of mentioned functions we denote by x and seek them in the form 

similar to (1.2), 

. * 
x(s,v,e) = x°exp{- q{v)d<p), x° = e«°(-> £ snx°n(s, <p), (8.2.2) 

where the a0 is the index of intensity depending on the choice of the function 
x and ao(w) = ao($) = 0. As a rule, we will find two first terms of series (2). 

The second equation in (1.1) gives the relation between the functions $° 
and w° 

0 s^k_g_ 5 V _ 4iegs3 d_ f 9 V \ _ 
q4 8s2 q5 0<p V 9s2 ) 

-»»"£(*>^ (823) 

Due to formulae (1.5.6) we get 

4 n a2<t , 1 9$\ c_ 4 a / i 0 * \ _ 4s
2$ 

r ' = ( 4 ? ¥ + ^ ' s=-eT,{-.a;)> T2 = £V> ^ 
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and after the substi tution of (2) and (3) we obtain 

s2 s2 \ dip 

4 / | W 1 3<E0' 

\s2 dip2 s ds 

us \ s J as \s o<p 

<92$° 
12 ~ £ ds2 • 

To evaluate the displacements we use formulae 

-f^L-kw + u] = e2 = I(r 2- i /Ti) . 

1 du 9 /v\ 2(1 +J/) „ 
- O - + * Q - ( - = w = —i ^ 5 
s dip os \sJ g 

and according to formula (2) we find 

n e2s2k d fw0^ q2 ds\s (T) + 

i£3s2dS 

, 4 

\ < r s o<p\q) qs oip\ ql / / 

/ 2 a / t / $ ° \ 2 ( l + z/)s d /<E°\ ks2 d ( d_(u^\ 

I 3s V s2# / 5 ds\sJ q4 ds\ ds\ s J 

2 fl / 1 9 p 9 /Arw° 

3s \ s g 2 3ip \ g 3 y (f)) 

(8.2.5) 

(8.2.6) 

+ (8.2.7) 

gs 3y> \ g 2 d<p\ q q ) q dip\ q2 I) J J 

. kw° e2 d /kw° , 
i£ + — ^ + 

- ) • q d<p\ q 

? /kw°\\ 

q dip \q d<p \ q I) q3 ds\ s J gs 
^3(-—(-—(—W ks2 d (w°) uq®° 
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Then, by using formulae 

_ dw 1 dw 
OS S dip 

_ d2w 1 d2w 
as2 s2 ay?2 

d (\ awN 

T — — 

ds \s dip J 

Mi = e*vdxu M2 = £8dx2, (8-2-8) 

H = £8{\-u)dT, 

1 d . M, . M 2 1 <9# W j , fi 

s w s s dip 

Q2 = F ^ + A <37i+<272 e6, 
s ay? 

we find 

(8.2.9) 

n dw° „ io „ 1 dw° 
7 i = - - 5 — . 72 = «> *—> 

ds es s d<p 

M° = i/M$, M° = J-w° + —- [2q—— + q'w° 
s2 sz \ dip 

«• = « v ( - ^ + i|(^) + ̂ | ( ^ ) ) + 

+Ae6(<i7i+<372), 

The expressions for the generalized displacements u m , vt, w and 7 m and for 
the corresponding generalized stresses Tm, St, Qm and Mm at edge s = so(y) 
which does not coincide with the line of curvature we find according to formulae 
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(1.2.11) 

- „o 

-r 
rpO 

s? 
o° 

M° 

= u cosx + u sinX; vt 

= 7?cosx + 72 s m Xi 7? 

— u° sin x + v° cos x, 

= T1
0cos2x + 25°s inxcosx + T2°sin2x, 

= (T° - T°) sin x cos x + 5° cos 2X , 

+ ( ^ - ^ | f ) s i n x + A e
6 ( f „ j 7 ^ + < T 7 t

0 ) , (8-2.10) 

(M2° - Mj0) sin x cos x + H° cos 2x, 
dw° 1 d /i/dw°\\ 
s3 s ds\ s 11 eV s° s ds \ s 

= <icos2x + 2t 3s inxcosx + i2sin2x, 

= {h - < i ) s i n x c o s x + ^3Cos2x, 

= M1°cos2x + 2 / f ° s i n x c o s x + M j sin2x-

Here, m and t are the geodesic normal and the tangent to curve s = sa(ip), 
the angle x is shown in Figure 8.1. The values of Q\a and Q^* are given for 
the case when the edge load maintains its original direction. 

Figure 8.1: The parallel coordinates near a slanted edge. 

One must substitute the linear combinations of these solutions and the 
edge effect solutions into the boundary conditions. The edge effect solutions 
are developed in the next section. 
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8.3 Edge Effect Solutions 
Consider a conic shell where the edge does not coincide with the line of 

curvature and is given by the equation s — so(<p) in the coordinate system s, 
(p introduced in Section 7.1. 

In the neighbourhood of an edge we introduce the orthogonal system of 
parallel coordinates sm, ipt ([24]), where the curve sm = 0 coincides with the 
shell edge, the lines tpt = const are the geodesic normals to the edge, (ft is the 
value of ip at the edge and R sm is the distance between the point and the edge 
as measured along the geodesic normal (see Figure 8.1). Let |x| < —, i.e. the 

generatrices are nowhere tangent to the edge. 
The coordinates s, ip and the coordinates sm, ipt are related by formulae 

s = s(sm,<pt) = (sl + 2sQsm cosX + Sm) 
1/2 

= s0 + s m c o s x + TT- s i n X + 0(sm)> 

I \ (sms\nx\ / e o n 
f = f(sm,ft) = ft + arcsin I l = (8.3.1) 

= ft + — sinx 5" s l n X c o s X + 0 ( s „ ) , 
so *o 

si 

so = s0(ft), x = X(ft), t a n x = - —, 
so 

where the derivative with respect to ft is marked by a prime symbol. 
The first surface quadratic form is 

da2 = R2 (ds2
m + B2{sm,ft) df2) , Bt = Bt0 (1 + xtsm) + O («^), 

BtQ = (s2
0 + s'0

2)1 2 = - f 2 _ , Ht = 5- 0
3 («§ + 2s'0

2 - SQs'A , 
V / cos x ^ ' 

where R~lxt is the geodesic curvature of an edge. 
For a cylindrical shell, formulae (1) and (2) take the form 

s=s0 + smcosx, f = ft + sms'mx, t a n x = - s ' 0 > 
/ 2N1/2 1 (8.3.3) 

Bto=[l + s0) = , xt= - s ' 0 ' cos 3 x, 
V / cos x 

and the rest of formulae (2) are the same. 
The edge effect solutions in the case when the curvilinear coordinates do 

not coincide with the lines of curvature are constructed in [24, 52]. 
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Let y be one of the functions describing the stress-strain state of a shell. 
We seek these solutions as the formal series 

v> 

y{sm,ipt,e) =yeemr^exp{1- fqd<p}, 

%o (8.3.4) 
OO 

n=0 ^ 

where ye
n are polynomials in m. 

The variability of solutions (4) with respect to sm is greater than with 
respect to <pt (the indices of variation are equal to 1/2 and 1/4 respectively). 
The functions WQ and w\ do not depend on m and they are arbitrary functions 
in tpt- The functions w„, (n ^ 2) are polynomials in m and they contain 
arbitrary terms depending on ipt. The number ae(y) describes the edge effect 
intensity for function y. 

The operators included in equations (1.1) in the coordinate system sm, ipt 
have the form 

1 d ( dw\ 1 d ( 1 dw\ d2w 
Aw = - - — Bt -z— + 

Akw 

Bt dsm \ dsmJ Bt dipt \Bt d<pt J ds2^ 
1 r d (Bt dw \ 3 / 1 di. , 

Bt [dsm \Rt dsmJ dsm \Rmt d<pt 

d f_\_ dw_\ _d_ f 1 dw 

dipt \Rmt dsmJ dipt \RmBt dipt 
l t d Rt d x 2 

~ — I 1 
Rt \dsm BtRmt dipt 

where 

1 _ k cos2 x 1 _ fe sin x cos x 1 _ k sin2 \ 

Rt SQ Rmt so Rm
 so 

(8.3.5) 

(8.3.6) 

The approximate expressions (5) are given with an error of order e2. All 
of the solutions found later in this section will be determined with the same 
accuracy. 

After the substitution of (4) into (1.1) we get the equation for r 

4 , 4 (•> , e 6 V n 4 9 k2 cos4 x , i q s'p (»-}7\ 

\ r J dsg s0Bto 

from which we get r 

r = rj=r0l3j + eb + O(e2), $ + 1 = 0, j = 1,2,3,4 (8.3.8) 
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and the relations 

Pi 

9k c o s 2 x / 1 2eb\ 

s0 [r] r* ) W 
(8.3.9) 

we = WQ + e w\, $ e = $ o + e ^ i -

We find the tangential stress-resultants Tm and St by formulae (see (1.5.6)) 

Tm=eA j _ _a_ / j _ j9^\ j _ aBt 5$ 
5 t 9yt \-Bt *ty>t/ Bt dsm ds 

d ( 1 <9$ 

<9sm V # t dpt / ' 

(8.3.10) 

from which we obtain 

it 
Tm = e2 I r x , - ^ r ) $ e + ^ ( 2q ^ - + B t o ^ - I T M ^ I , 

B 2 

S? = - e ~ $ e - e2 

B to 

n2 

r d$e 

Bto dipt ' 

^ l + Bto—( A 
dft dipt \Bt0 

To develop the displacements um, vt we use the relations 

( l - j / 2 ) T m dum w 
= £m+V£t = TT- + USrn f^m 

^ 1 dvt 1 3 5 , ID 

2 ( l + i / ) 5 t 

and finally we obtain 

Bt d<pt ' Bt dsm
 m Rt/ ~ 

_ J_ dum d f^t_\ 2w 
mt Bt d^t * dsm \Bt) Rmt 

(8.3.11) 

(8.3.12) 

v.* = e2 k (sin2 x + v cos2 x) •> 2? k vq sin x cos2 x . 
— we — e —7i w 

rs0 

2 2k sin x cos x 

rs0 

r2s2 

we + 

, 3 [2i(l + v)q , , i q k (sin2 x + v cos2 x ) e 
+ e — — $ - 7. we 

\ g Bt0 r2 s0 Bto 

(8.3.13) 

The expressions for the values of fm, Mm and Qm+, which may be contained 
in some boundary conditions are the following 

7m = £ 2TWe, 

Q , 

Me 

n _ — dHmt ne 

Bt dipt 

sAdr2we, 

e dr3we. 
(8.3.14) 
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We note tha t in the case when tan x = s'o = 0 (i.e. the edge coincides with 
the line of curvature or is tangent to it) the order of the value v\ decreases. 

8.4 Separation of Boundary Conditions 

In this Section we will discuss the problem of the determination of the two 
main boundary conditions from four boundary conditions (1.2.16) 

u m = 0 or Tm = 0, 

vt = 0 or St — 0, 

w = 0 or Qmt = 0, 

fm = 0 or Mm = 0 at s = s0, 

which must be satisfied in developing the semi-momentless solutions. Here, 
we will consider only the simple case when the generalized displacement or 
generalized force corresponding to it is equal to zero at the edge. In the other 
words, it is assumed tha t the boundary stiffness in each direction coinciding 
with the axes of the trihedron (m, t, n), is equal either to infinity or to zero. 

Note tha t elastic support of the type um + /3Tm — 0 is not considered. 
In Table 8.1 the intensity indices of the semi-momentless solutions ao which 

are found in Section 8.2 and of the edge effect solutions cte (see Section 8.3) 
are given for the functions included in conditions (1). 

We make a difference between the case of sin% = 0 and sin% ^ 0. The 
first case takes place if a shell edge coincides with the line of curvature. In 
particular, if a shell of revolution is limited by a parallel. We have the same 
case when sin x = 0 only at the point of the intersection of the edge and the 
weakest parallel <p = <po. 

The determination of the main boundary conditions for shells of revolution 
is discussed in [57]. For the case of a free edge, the main boundary conditions 
are found in [24, 25, 123]. 

The relative intensity of semi-momentless solutions (compared with edge 
effect solutions) is characterized by the value of A a = ao — a e (see Table 8.1). 
For the main boundary conditions, the value of A a must be strictly less than 
for the additional boundary conditions. For tha t to be true the following 
condition, A, must be fulfilled (see [57]): 

in the zeroth approximation both the semi-momentless solutions included 
in the main boundary conditions and the edge effect solutions included in the 
additional boundary conditions must be independent. 

In order to satisfy this condition, as a rule, it is necessary to use linear 
combinations of boundary conditions. Let x\ = X2 = 0 be the independent 

(8.4.1) 
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Table 8.1: The intensity indices 
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linear combinations forming the main boundary conditions and £3 = X4 = 0 
provide the additional boundary conditions. We consider the value of 

S = min{Aa3 , Aa 4 } - max{Ac*i, A a 2 } , Aa,- = Aa(x;) . (8.4.2) 

We conclude that the problem of separation of the boundary conditions is 
solved if 6^ 2. 

In order determine whether or not the solutions are linearly dependent in 
Table 8.1, we represent the functions which, with an error of order e2, are 
proportional to the semi-momentless solutions and to the edge effect solutions 
respectively. The coefficients of proportionality and the coefficients a; and &,• 
may be found from the formulae given in Sections 8.2 and 8.3. 

In calculating the entries of column III for the semi-momentless solutions, 
the terms containing derivatives of unknown functions with respect to ip have 
been eliminated. For example, consider the value of v° at s'0 ^ 0. Retaining 
the first two terms in relation (2.7) we obtain 

v° = C1w° + C2^-, Ci = Ci{ip,e), C2 = 0 ( e C i ) , (8.4.3) 

If the boundary condition v° = 0 is introduced at edge s = s° then 
w°(so(<p), ip) = 0{e). Differentiating this relation with respect to <p we 
obtain 

dw° . dw° ,_ , , ,. , , , 
_ + s ' 0 _ = O { £ ) , (8.4.4) 

and then 

v° = Cxw° - C2s'0 ^ - + 0 (e2ClW°) . (8.4.5) 
os 

It follows from Table 8.1 that the semi-momentless solutions v, vt, w and 
Mi are proportional to each other with an error of order e2 and solutions um, 
vt, w, 7 m , Qmt and Mm are proportional to each other with an error of order 
e. The edge effect solutions are proportional if they contain the multiplier r 
(see Column V) in equal powers or in powers which differ by four. 

Below, the determination of the main boundary conditions is made for all 
16 variations of boundary conditions that follow from (1), though not all of 
these variants are equally interesting for the practical problems. 

First, let us study a simple case when the edge tangent at the weakest point 
is orthogonal to the generatrix (s'0 = 0). In this case due to (3.7) and (3.8), 
6 = 0 and the values r in (3.4) are proportional to the roots of equation (3.8) 
$ + 1 = 0. 



164 Chapter 8. Effect of Boundary Conditions on Semi-momentless Modes 

Assuming at the beginning that the edge under consideration s = So((p) is 
s = S2(tp) (s2 > Si). Then we can write 

A . = ^ ± ^ - (».«) 

The edge effect integrals which decreases away from the edge s = S2 correspond 
to these roots. 

Let us examine the case of excluding the edge effect solutions from the main 
boundary condition 

x° + xe (Cirf + C2r() = 0, r5 = r 0 ^ , j = 1,2 (8.4.7) 

by the use of two additional boundary conditions 

a? + a | ( C 1 r f ' + C 2 r « i ) = 0, i = 1,2. (8.4.8) 

Here, two cases are possible. In the first f3 is equal to one of the values a; or 
differs from it by 4. For example, let /? = ot\. Then the linear combination 

xo _ £_^i = 0 ( 8 4 9 ) 
a i 

does not contain any edge effect solutions. 
In the second case f3 ^ oc\,ot2 and excluding the edge effect solutions we 

obtain the formula 

*° = xe E (- l )" ' sgn (/?,-,-/?,) 2C- ^4~a', (8.4.10) 
i=rl,2 

where 

/? - at = 4 Hi + a°, oij — a,- = 4 riji + atji, 

Oi=l\^-2\(-l)a°, {«? ,««} = {1,2,3}, 

(8.4.11) 

and rii and riji are integers. 
For example, at 0 = —1, a i = 0, a% = 1 formula (10) has the form 

x wM4_^4V (8.4,2) 
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Naturally, by means of this method we exclude only the main terms of 
the edge effect solutions. If we wish to exclude the higher order terms it is 
necessary to repeat the procedure. 

We also neglect the mutual effect of the edge effect solutions at edges s\ and 
s2 • That is why below we will only discuss the conditions at one of the edges 
without dependence on the boundary conditions at the other edge. Below it is 
assumed by default that so = s2 > «i • 

Remark 8.1. If we consider edge s0 = si < s2 then in (10) we must 
change the value r0 by - r 0 . If s'Q ^ 0 then in (3.7) 6 ^ 0 and formula (10) 
must be corrected. In the case when s0 = s2, the value of r0 must be changed 
by ra+eb\/2 and in the case when s0 = si it must be changed by — r0 + eby/2. 

The 16 boundary condition variants considered here may be split into four 
groups depending on which boundary conditions are to be satisfied in the 
integration of system (1.4) 

1) the clamped support group consists of 6 variants (1111, 1110, 1101, 
1100, 1011, 1010) and in the zeroth approximation leads to the conditions 

^0 = ^ = 0; (8.4.13) 
OS 

2) the simple support group also consists of 6 variants (0111, 0110, 0101, 
0100, 0011,0010) 

Wo = $ 0 = 0; (8.4.14) 

3) the weak support group contains 2 variants (1001, 1000) 

(=0 = S ( T ) = * <»•"»> 
d fw0\ d ($> 
o~s 

4) and the free edge group also contains 2 variants (0001, 0000) 

$ o = ^ = 0. (8.4.16) 
OS 

We can write (1.2) for the loading parameter 

A = Ao + eAi +e2A2 + ••• 

The groups differ from each other by the main terms A0. But it occurs that 
within one group the values of Ao and Aj coincide and in all cases the value of 
Ai is determined by (1.11). 

The difference between the boundary conditions within one group are re
vealed in the terms e2A2. Below, for the clamped support and simple support 
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groups, we can write the main boundary conditions more accurately by keeping 
the terms of order e2 which allow us to evaluate the value of \2- For the weak 
support and free edge support groups this cannot be done since the accuracy 
of the edge effect solutions developed in Section 8.3 is not sufficient. Also, such 
boundary conditions are quite rare in real buckling problems. 

It should also be noted that in most cases we specify the group by the 
tangential boundary conditions. The variants 1011, 1010, 0011 and 0010, in 
which the tangential condition S — 0 is the additional boundary condition are 
clearly exceptions. 

We will now study the clamped support group in detail. For variants 1111, 
1110, 1101 and 1100 the main boundary conditions are the tangential condi
tions 

u° = v° = 0, (8.4.17) 

which in the zeroth approximation by virtue of (2.7) lead to conditions (13). 
According to (2.7) we get 

w° = 0{e2), — = 0(e2) at s = s0. (8.4.18) 

From this point onward we will normalize the solutions assuming that away 
from the edges the deflection w° is of order unity. 

We begin with the case of clamped support 1111 (in other words u = v = 
w = 71 = 0 ) . According to estimate (18), the edge effect intensity is e2 times 
less than what is shown in Table 8.1 and 

A a ( u ) = 0, A « ( D ) = - 2 , A a (10) = 2, A a (71) = 4 , (8.4.19) 

i.e. due to (2) S = 2 for conditions (17). In order to make conditions (17) 
more accurate we eliminate the edge effect in condition u = 0 by means of the 
relations 

U° + e2 — (r^C1+r^C2)=Q, 
S° (8.4.20) 

w° + C1+C2 = 0, r1C1 + r2C2 = 0. 

According to formula (12) we can more precisely determine the main boundary 
conditions which take into account terms of order e2 

u°-e2^^w0 = 0, v° = 0. (8.4.21) 
soro 

It follows from Table 8.1 that the edge effect intensity of function v is two 
orders of magnitude smaller (with respect to e) than the intensity of function 
u and the condition v° = 0 does not change. 
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For the variant 1110 (ie. u = v = w = M\ = 0) similar calculations give 

u0 _ £2 J ^ _ w0 = Qj M 0 = 0 ( 8 4 2 2 ) 

s0r0V2 

For the remaining two variants, 1101 and 1100, (i.e. u = v = Qi* = 0, 
ji = 0 or Mi = 0), conditions (17) may be used with an error of order e5. 
To estimate the error, we take into account the previously noted decay of the 
intensity of the edge effect by virtue of (18) and note that the edge effect 
solutions for the functions u and Qi* are proportional to each other. The 
parameters A differ in cases 1101 and 1100 by the same order of e5 

In cases 1011 and 1010 (ie. u = S\ = w = 71 = 0 or M\ = 0) the conditions 

u 
0 _ „„o 0, (8.4.23) 

are main ones and S — 2 due to (2) and Table 8.1. 
In case 1011, conditions (23) after being made more precise are the following 

uo + £ij^so = Qj wo+ i*lr g 0 = 0> ( g 4 2 4 ) 

91 y/2egqk 

and in case 1010, the second term in the left hand side of the second condition 
(24) increases by a factor of two. 

Now let us study the simple support group and write the modified main 
boundary conditions for all 6 variants 

V2xts0 ) w°-

-.0, v° = 0 (0111); 

y o + g 2 _ £ A i * o = 0 | vo = 0 ( o n o ) . (8.4.25) 
s0r0V2 

T f + £ 4 ^ ^ = 0' "° = 0 (0101); 

Tj0 = 0, v° = 0 (0100); 

s3
0r

3
QV2 ds q \ 8lr0y/2j 

w o _ £ 2 1 d_^ + j4ro S 0 = Q 

r0V2 ds egkqV2 

To_£
iJoxlso = Qt w0 +

 islroV2s0 = Q ( 0 0 1 ( ) ) 

q egqk 
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It follows from these formulae that for the four first variants, the tangential 
boundary conditions are the main ones and for the remaining two variants 
that the non-tangential condition, w° = 0, becomes the most important. The 
correction terms in conditions (25) are of order e2 compared to the main ones. 
Conditions T° = v° — 0 in case 0100 provide an error of order e4. 

Now we will briefly discuss the problem of separation of the boundary 
conditions at a slanting edge (s'0 ^ 0). As in the case when s'0 = 0, the 
boundary conditions split into four groups 

1) the clamped support group (1111, 1110, 1101, 1100), 
2) the special group (1011, 1010), 
3) the simplesupport group (0111, 0110, 0101, 0100, 0011, 0010, 1001,1000), 
4) the free edge group (0001, 0000). 
In the zeroth approximation for the clamped support group, the simple 

support group and the free edge group, the main boundary conditions (13), 
(14) and (16) are the same as in the case when s'0 = 0, but the redistribu
tion of the boundary conditions between the groups must be noted. Variants 
1011 and 1010, which previously belonged to the clamped support group, now 
form a special group for which the main boundary conditions in the zeroth 
approximation have the form 

u,° = ^ - a , - * ° = 0. (8.4.26) 
os 

The variants 1001 and 1000 which earlier formed the weak support group 
are now contained in the simple support group. Here we keep only the correc
tion terms in the main boundary conditions that are of order e compared to 
the main terms, unlike the case S'Q — 0 when we keep the corrections terms up 
to order e2. 

Let us first study the clamped support group. It follows from Table 8.1 
at s'0 ^ 0 that the main terms of solutions u^ and v® are linearly dependent. 
That is why we introduced their linear combinations u° and v° (see Table 8.1) 
for which we can find the edge effect solutions by means of formulae 

ue = M ^ c o s x - < s i n x , ve = ue
m sin* + ve

t cos*. (8.4.27) 

In all of the variants the conditions u° = v° — 0 dominate and according to 
(2.7) they give with an error of order e2 

as q os2 

In order to derive the main boundary conditions (26) for the special group 
it is necessary to exclude the edge effect solutions. This may be done by means 
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of formula (10). As a result we can write for variant 1011 

i\/2k g 3 . 
u°m = S°-£t"/ 9<lCOS Xw° = 0 (1011) (8.4.29) 

r0So 
from which we get conditions (26) with 

<y2r0 sin2 x , , 
a i = - = - . (8.4.30) 

V2 kg so cosx 
In a similar way we obtain a2 = 2 ax in formula (26) for variant 1010. Here we 
are neglecting terms of order e. 

For the simple support group we find that, with an error of order e2, for 
variants 0111, 0110, 0101, 0100, 0011, and 0010, the conditions T£ = v? = 0 
(or w° = 0) are dominant and that leads to conditions (14). For variants 1001 
and 1000 the main conditions are u „ = 5° = 0 which due to (2.10), (2.7) and 
(2.5) take on the form 

w0+ iesp g ^ = $ 0 _ iesp g ^ = ( ) 

q sin x cos x ds q sin x cos x os 

Finally we study the free edge conditions 0000 (i.e. T^ = 5° = Q^* = 
M°, = 0). According to formulae (2.5) and (2.10) solutions T„ and S° are 
linearly dependent (the main terms) and that is why instead of 5° we use the 
linear combination 

S° = S° cosx + T° sinx- (8.4.32) 

According to Table 8.1, the difference between the orders of the semi-
momentless solutions and the orders of the edge effect solution are equal to 
each other 

A « ( T m ) = 0, A a (S*) = 2, A a ( Q m * ) = 3 , A a ( M m ) = 2, (8.4.33) 

from which it follows that the condition T^ = 0 is the dominant one. 
To derive the second main condition we eliminate from function 5* the 

edge effect solutions (in the zeroth and first approximations) by using the rest 
of the boundary conditions. As a result we obtain the linear combination 

for which Aa = 0. After the transformations, the main boundary conditions, 
with an error of order e2, take on the form 

gO = y_2igWm0_i£«W _ ^ W = 0 . (8.4.35) 
OS K Sg k \ S0 J OS 

We note that, under the construction of conditions (34) it is necessary to use 
the refined edge effect solutions (see Remark 8.1). 



170 Chapter 8. Effect of Boundary Conditions on Semi-momentless Modes 

8.5 The Effect of Boundary Conditions on the 
Critical Load 

In Section 8.4 some variants of the main boundary conditions are intro
duced. We can write them in the general form 

'.?* + c'i*H = 0 at s = sk(ip), (8.5.1) 

where 

ltk=l!k(w°,&)=AikW° + B l k ^ + Clk*° + D{k^, ^ = 1 , 2 , 

(8.5.2) 

and the coefficients AJ
ik, B\k, ... may depend on <p and q. 

Following the transformations of Section 8.1 we find that the boundary 
value problem in the zeroth approximation consists of equations (1.4) and the 
boundary conditions 

J?fc(u>o,*o) = 0 at s = sk(ip). (8.5.3) 

Conditions (3) may be of one of the types (4.13)-(4.16) and (4.25) and in all the 
cases the boundary value problem in the zeroth approximation is self-adjoint. 

In the first approximation we come to the boundary value problem consist
ing of equations (1.7) and the boundary conditions 

&(u>i,*i)+&(ii>o,*o) = 0 at 8 = sk{<p). (8.5.4) 

As in Section 8.1 we introduce the function V(<p) and write the compati
bility condition for the first approximation 

l^q-l^
+2-Zd^{Z^a-)V+{Xl-r,)V = 0- (8-5'5) 

The value of dXo/dq = 0 at ip — ipo- The solution of this equation of type 
(1.9) which is regular at tp = ip0 exists if 

X1 = r, + (1/2 + n) (A,,AW - A ^ ) 1 / 2 . (8.5.6) 

Here, the value of r\ depends on the type of boundary conditions in the zeroth 
approximation. For boundary conditions (4.13)—(4.16) it is equal to 

1 f2A3*7l*o|2 ,, | 2 V • . , ,2ft2s' , \ 
" = --z{-^{-9—

dKI2J+*gAoKI2(^— -h) + 
+ ̂ _ W o _ * 1 _ + _ 4 0 _ 1 1 , 1 _ j j ^. 

(8.5.7) 



8.5. The Effect of Boundary Conditions on the Critical Load 171 

In this Section we will not study boundary conditions (4.25). From the physical 
sense of the problem r) is real. Direct calculations show that in all of the cases 
considered above (except for the special group 1011 and 1010 at s' ^ 0 which 
have not been considered) we get 

7̂  = 0, (8.5.8) 

i.e. the critical load parameter may be found by the formula 

\ = \0 + e\1 + O(s2), A1 = i ( A g g A w - A ^ ) 1 / 2 . (8.5.9) 

If we take the boundary conditions contained in one group both for s' — 0 and 
for s' ^ 0 and evaluate A, then the differences in the results is of order e2. 

The complete development of the term e2A2 in the expansion for A in e is a 
complex problem the solution of which one must start by using a more precise 
initial system than system (1.1). We will not solve this problem here and 
the discussion will be limited to the development of the £2A2 portion of this 
term which inside one group of boundary conditions depends on the particular 
choice of boundary conditions. Here we will assume that s' = 0, i.e. the edge 
is straight. 

We can write the regularity condition for the second approximation (which 
is similar to conditions (6) and (7)) and keep only the terms which depend on 
the boundary conditions. Then we get 

f
2A'2 = e 2 ( r / 2 - r ? 1 ) , 

k fd$>2 - , dw0 dw2 = 5 $ 0 
»72,1 = - £ — WO - $ 2 ~X 1" - 5 — $ 0 - » 2 - 5 — 

Z \ OS OS OS OS 

where 772 and 771, which are independent of each other, take into account the 
boundary condition effect at s = s2 and at s = s\. The formulae for 7/2 are 
given below. 

R e m a r k 8.2. For specific boundary condition we represent the loading 
parameter in the form 

A = A0 + s Ai + e2(A'2 + A'2') + 0(e3) , 

where the term A'2 is determined above and the term A2 depending on the error 
of system (1.1) is unknown. Since the terms Ao, Ai, and A2 are the same for the 
boundary conditions from one group the differences A2i — A'2 • may be used to 
analyze the effect of the boundary conditions within one group. Here indexes i 
and j are the numbers of boundary conditions within the group. As it follows 
from relation (10) effects A'2,- are to be summarized for the both edges. 

V u . u . i u ; 
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If we do not know X'2 then the term \'2 may be omitted in the expression 
for A. For a cylindrical shell the value A2' is found in [42]. Numerical results 
for the various shell parameters and for various boundary conditions (identical 
for the both edges) are ptrsented in [22] 

Consider the clamped support group (4.13). The modified main boundary 
conditions for all 6 variants contained in the group have the form of (4.17), 
(4.21), (4.22), (4.24) or generally 

w° = e>Clt ^ = — + £2C2, (8.5.11) 
os s 

where C\ and C2 linearly depend on $0, -7;—• According to formulae (10) we 
OS 

find that 

* = - I ( C A - C , * E ( T ) ) - (••»•») 

By means of formulae (2.7) and (2.5) we can obtain the expressions for C\ 
and C2 for all 6 variants 

Ci = ai , C2 = a2 + a3 (1111); 

C i = a i , C2 = a2+-a3 (1110); 

Ci = ai , C2 = a2 (1101,1100); (8.5.13) 

Ci = a4, C2 = a2 + a5 (1011); 

C i = 2 a 4 , C2 = a2 + a5 (1010), 

where 

ai = r®o, a3 = , 7 — $ 0 , 
(8.5.14) 

gk\pl as V s J ' 5 gk ds \ s 

In order to simplify (12) and (13) we use Remark 8.2 and change (13) by 

Ci = 0, C2 = a3 (1111); 

C*i = 0, C2 = ^a3 (1110); 

Ci = 0, C2 = 0 (1101,1100); (8.5.15) 

Ci = 0 4 — 01, C2 = a5 (1011); 

Ci = 2 a 4 - a i , C2 = a5 (1010), 
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which leads to the following expressions for 772 

( l ) _ V2q4V2 . ,2 . , 
h ~ _ _3_ „ 1*01 (Hl l ) i 

(1110); r/2
3) = 0 (1101, 1100); 

% 
<7 S 3 T o ^ 

42 ) = l / 2 ^ 

% 
W _ "<?2 / i 9 * 0 ^ . 9*o \ «3ro 

* 0 - 5 — + * 0 a 
5 2 V os as 

a / * 0 

(5) - ! l i ! f *_ *̂£L a. *- ^*° "\ _ g 3 r ° ^ 
5 2 

% ' = — ^ I *o ^ — + *o „ 5 2 V as os 

ds \ s 

d / * 
ds V s 

(1011); 

(1010). 

(8.5.16) 

Here ro and z are evaluated by (3.7) and (1.8). By calculating 771 (for edge 
s = si), the value of ro must be changed by —r0. 

It is simple to verify that the larger value of 7/2 corresponds to the more 
stiff support namely 

n^ > ^ > nf\ ^>^>^\ ^>^K (8.5.17) 

We will now study the simple support group. By differentiating the equality 
w (.* (ip) ,<p) = 0 at s' = 0 twice with respect to (p we obtain 

82w dr. 

dip2 ds' 

and then according to (2.7), condition v° — 0 takes on the form 

n , xts
2 dw° 

w = e 

(8.5.18) 

(8.5.19) 
q2 ds 

By using relations (2.5) and (19) we write conditions (4.25) in the form 

<D° = e2 a(i) 0 dw° ( i ) 5$° 
d7 + a2 ~ds~ wo = £, (a(0 * £ + a(.) ̂ , f (8.5.20) 

and then due to (10) we obtain 

dw0 ^ = ~ l ^ 
ds 

2 (,) <9*o dw0 , (i) 9w)0 9*o , (i) 
ds ds ds ds 

9*o 
as 

(8.5.21) 
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Here the index i (i — 1,2,... ,6) means the number of the boundary condition 
variant (using the same sequence of variants as in (4.25)). For simplicity we 
use Remark 8.2 and give only the non-zero coefficients a£' 

(l) _ gks fr0xfs2V2 , q2V2^ 
ai -7%{~F~~^ + 

,w_£*^L (0110); < 

,(5) _ (3) (5) _ (5) _ J _ _ *t^_ (8.5.22) 

As with the clamped support group, the inequalities 

W>W>$\ $>>W>$\ W > vi5) > 49) (8.5.23) 

are fulfilled for arbitrary values of —— and ——. 

as os 
formulae (10), (16) and (21) may be used to study of the effect of boundary 

conditions on the critical load. The main disadvantage of this approach is that 
the initial stress state is assumed to be membranous up to the edge while, 
in reality, the initial stress state is not truly membrane at the edge and the 
magnitude of the initial bending stresses (strains) depends on the particular 
type of boundary condition. This question will be discussed in more detail in 
Chapter 14. 

The results obtained in this Chapter are valid if the shell has an initial 
tensile strain such that under the external load the stress state becomes truly 
membrane. 

Remark 8.3. Here we obtain the formula for the critical load in the form 
A = Ao+eAi+ e2A'2 + - • •, where the main term, Ao, is found from the solution of 
the boundary value problem in the zeroth approximation. The term eAi takes 
into account the localization of the buckling mode at the weakest generatrix. 

For boundary conditions which are contained in one group, the first two 
terms coincide and the third summand, e2X'2, takes into account the effect of the 
boundary condition within the group and does not depend on the localization 
effect. These results may be used also for axisymmetrically loaded cylindrical 
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and conic shells of revolution. In these cases A = Ao + £2X'2, the buckling pits 
occupy the entire shell surface and the term e2A^ (as in the general case) takes 
into account the boundary condition effect. 

8.6 Boundary Conditions and Buckling of a Cy
lindrical Shell 

As it was noted above in Section 7.4, the formulae for a cylindrical shell 
may be obtained from the formulae for a conic shell given above by the formal 
substitution of 1 instead of sa. In this case the neutral surface metric is defined 
by (7.4.1). 

The boundary value problem in the zeroth approximation consists of the 
equations 

k^TT+-*o = 0, k^-^-q4dw0 + Xq2t2wo = 0 (8.6.1) 
os'1 g os 

and the boundary conditions at edges s = s\(ip) and s = S2(<p) which, accord
ing to the type of support, may have the form of (4.13)-(4.16) and condition 

(4.15) is to be replaced by —— = —— = 0. 
Os os 

In cases when the values of d, g and t2 do not depend on s, problem (1) 
may be resolved in the elementary functions. We will consider three variants 
of the main boundary conditions at two edges, namely 

(i) clamped support—clamped support, 
(ii) clamped support—simple support, 
(iii) simple support—simple support. 
In the following formulae the value of a corresponds to the minimum eigen

values. 
(i) If at both edges, clamped support conditions (4.13) are introduced then 

cos aC cosh aC , Ida ( cos aC cosh aC 

cos a /2 cosh a / 2 ' V 3 \ cos a /2 cosh a / 2 / (S 6 21 

(ii) If at edge s — s2 clamped support conditions (4.13) and at edge s = si 
simple support conditions (4.14) are introduced then 

sinaC sinh a( . Ida / s inaC sinh aC 

sinh a V 3 \ sin a sinh a y (8 6 31 

a = 3.9266, (=^-^-. 
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(iii) If at both edges simple support conditions (4.13) apply then 

w0 = \/2sma£, $ 0 = W-—sinaC, a = ir, C = — j ~ ^ - (8.6.4) 

To simplify the following formulae we will assume that the normalization 
in (7.1.3) is such that d = g = k = t2 = la,t the weakest generatrix ip = <po. 
Then, due to (3.7) r0 = 1. 

As in Section 7.4 we find 

4a 31/,4a 
A° = 3374/' q° = ~—' l(f)-s2-si, z = 31/4a, (8.6.5) 

where z is the same as in (1.8) and (5.10). 
We assume that edge s — S2 is considered and s'2(<po) = 0 . In order to 

evaluate the value of 772, which takes into account the effect of the support 
(see (5.10)), we use formulae (5.16), (5.21) and (5.22). We can then write the 
values of functions u>o and $0 and their derivatives which are contained in 
these formulae 

. . , , 3 $ 0 5.366 
<Po =1.155, —— = —-— (clamped—clamped), 

os I 

$0 = 1.155, -5— = —'-r— (simple support—clamped), 
ds I 

dw0 _ 5.71 d$0 _ 3.12 
ds I ' ds I 

dwQ _ 4.44 <9£o _ 2.565 
~ds~ ~ F ' !h~~ V~ 

(clamped—simple support), 

(simple support—simple support). 

(8.6.6) 

The effect of the support at edge s = s% on the critical load A can be 
described by the parameter 77* introduced by 

\~\0 + e2
m = \0(l + £-nt), n* = 1-^- (8-6.7) 

/ " ' " X 

The term eAi is not included in (7) since it does not depend on the boundary 
condition variant within a given group. 

If we consider the buckling of an axisymmetrically loaded circular cylin
drical shell with straight edges and with constant values of E, v and h then 
Ai = 0 (see Remark 8.3). Formula (7) takes into account only the effect of the 
support on edge s = s2. For edge s = s\, a similar term must be introduced. 
If edges s = s\ and s = s2 are supported identically then the effect of the type 
of support is doubled. 
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Table 8.2: Parameter r)„ corresponding to the boundary conditions 

/ 

mi 
1110 

1101, 1100 

1011 

1010 

clamped—clamped 

II 

1.414i/2 

0.707 u2 

0 

1.494 v - 0.788 

1.494 v - 1.576 

III 

0.29 

0.14 

0 

-0.77 

-2.56 

simple support—clamped 

IV 

\A\Au2 

0.707 v2 

0 

1.524 v - 0.816 

1.524i/ - 1.631 

V 

0.29 

0.14 

0 

-0.81 

-2.66 

Table 8.3: The simply supported edge 

/ 

0111 

0110 

0101 

0100 

0011 

0010 

clamped—simple support 

II 

1.295 - 0.354 * , + 

+ 0.070x? 

0.024x? 

0.647 

0 

1.161 - 0.139*, 

-0.386 - 0.193** 

III 

2.27 

0.87 

1.47 

0 

0.88 

-2.63 

simple support—simple support 

IV 

1.223 - 0 .419*,+ 

+ 0.071*2 

0.036 **2 

0.612 

0 

1.125 - 0.241*, 

-0.408 - 0.241 * , 

V 

1.55 

1.31 

1.39 

0 

0.36 

-3.11 

In columns II and IV of Tables 8.2 and 8.3, the values of 77, corresponding 
to the boundary conditions of column / are given. Table 8.2 is for the clamped 
edge, s = S2, and Table 8.3 corresponds to the simply supported edge, s = sz-
Columns II in both Tables correspond to the clamped edge s = s\ and columns 
IV are for the simply supported edge, s = s\. 

It follows from (7) and Tables 8.2 and 8.3 that the boundary condition 
effect within one group is determined by the value of e2l~lr]9 and depends on 

file:///A/Au2
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Table 8.4: Main boundary conditions 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

S = S i 

clamped 

clamped 

simple support 

clamped 

clamped 

simple support 

simple support 

weak support 

weak support 

free 

s = s2 

clamped 

simple support 

simple support 

weak support 

free 

weak support 

free 
weak support 

free 

free 

A0/ 

8.30 

6.89 
5.51 

4.15 

3.29 

2.75 

0 
0 

0 

0 

three dimensionless parameters 

y = —£—(12(1-1/ ' )) , v, x * = i x t = — , (8.6.8) 

and for the straight edge x* = 0. 
As an example, consider the same shell as in Example 7.1. We take R/h = 

400, L0/R = 4,/3 = 45°, and v = 0.3. Then x , = 4, and e2 /"1 = 0.0227. 
In columns 77/ and V of Tables 8.2 and 8.3 the value e2/-1?;* for the above 

mentioned parameters is given (in percentages). 
One can see that, within the clamped support group, the boundary con

dition effect at edge s = S2 does not exceed 3%, and for the simple support 
group it does not exceed 5%. This influence increases (as ^/Tu) with the shell 
thickness. 

In general the boundary condition effect within a given group is small. The 
effect of the boundary conditions on the parameter A when going from one 
boundary condition group to another is stronger. The reader may compare 
the results. 

Table 8.4 includes all possible combinations of main boundary conditions 
in the zeroth approximation and the corresponding values of Ao. For the first 
three lines in Table 8.4, the dependence of the parameter A on the full boundary 
conditions was discussed above. The method of studying buckling proposed in 
Chapters 7 and 8 is not valid for the variants shown in the last four lines in 
Table 8.4 since in these cases the buckling mode is not localized. The cases of 
shells of revolution are discussed in Chapter 12. 
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The boundary condition effect on the critical normal pressure for the buck
ling of a circular cylindrical shell has been extensively studied in [22, 61, 113, 
136, 143, 149] and others. In [143] the numerical results are given as a function 
of the parameter zm = L {Rh)~ll2{\ — v2)ll4 which is related to our parameter 
e2l~l (see (7) and (8)). The effect of the boundary conditions on the shell par
allel on the upper critical load of the shell reinforced with the ring is examined 
in [41, 42]. 

In [39] buckling of a mitred pipe joint consisting of two connected circular 
cylindrical thin shells with slope edges under homogeneous external pressure 
is analyzed. 

8.7 Conic Shells Under External Pressure 

Consider a conic shell with constant parameters E, v and h under a constant 
external pressure p. We assume that 

s 
*2 = r7^T> P = 

XEhe6 . / / i \ 5 / 2 

= A t f ( £ ) ( l 2 ( l - ^ ) ) ~ 3 / 4 (8.7.1) 
k{<p)' F R 

and write the zeroth approximation system in the form [103] 

d2w0 a $ 0 n #2$o awo , m , n , 0 - ^ 

^ + ( i 3 ^ = °> -w"o~=^yr+a bwo = 0' (8J-2) 

which is convenient for comparison with a cylindrical shell. 
Here introduce the designations 

s =(l-xy)s2, l = S2 — si, H = IS^1, 

q4 = ai>, ^ = kl-2s3
2, X0 = br), rj = A:3 /2^3 7 4 / -1 . 

(8.7.3) 

Shell edges si(y>) and S2(<p) due to (3) are transformed into y = 1 and y = 0 
at which the two main boundary conditions must be introduced. Here we will 
only consider shells with clamped (4.13) or simply supported (4.14) edges. 

For x = 0 w e obtain a cylindrical shell and the case of >c = 1 corresponds 
to a conic shell closed in a vertex. In the last case of system (2) for y = 1 there 
is a singular point and the boundary conditions at y = 1 are replaced by the 
limiting conditions for the solution. 

System (2) is not integrable analytically in the known functions. By nu
merical solution of boundary value problem (2) with corresponding boundary 
conditions at edges y — 0,1 for the fixed values of a and n one can obtain 
function 6 = b (a, K) and then find its minimum with respect to a and x. 
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Conditions (7.2.11) determining A§ and the values of go, and ipo may be 
written in the form 

— = — = 0 ?h. = b—+——=0 (8 7 4) 
dq da 'dip dip dx dip 

The first of these equations determines the functions 

a = a(x), b°{x) = b(a{x),x), (8.7.5) 

And from the second of equations (4) we find the weakest generatrix <p = <p0 

and the corresponding values of 

^o = mK, it = aoV'o, (8.7.6) 

where 

a0 = a(x0), b% = b°(x0), (8 7 7) 
x0 = x(tpQ), Vo = tp (<Po), Vo = ,n(lPo)-

To use formula (1.11) to evaluate the correction e\\ of the value A° one 
must find the values \qq, \qv, and \ w . Due to (3), (4), and (5) we get 

where 

\ q = i]obaaaq, 

\ip = 11obaa<lq (<V ~ axX<p) , 

\ip — b rftpq, + b„ {qoHw + 2nlfixv) + 

+ rjobaaa^ {ay — 2aitxv>) + ^ob^x^, 

4 go aoYv 
aa = " — 

(8.7.8) 

V'o ' V'o 
(8.7.9) 

With subscripts we denote the derivatives with respect to the corresponding 
variables calculated at g = go and tp = <po. To derive (8) we use the relation 
ba>e = —baaa,x obtained by means of differentiating the first of equations (4) 
by x. 

In order to use formulae (8) for calculations it is necessary to know the 
functions b°(x), a(x), b^x), a^x), baa{x), and b^^x), which are determined 
in the numerical solution of boundary value problem (2). 

Figure 8.2 shows plots of the functions b°(x), a0{x), baa(x), and bitit(x) for 
four boundary condition variants: simple support—simple support (SS), sim
ple support—clamped {SC), clamped—simple support (CS), and clamped— 
clamped (CC). In each case, the wider shell edge is mentioned first. 
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O 0.5 \ x O 0.5 

Figure 8.2: The functions b°(x), a0(x), baa(x), and bKi{(x) 

1 x 

The functions b* and a* may be found approximately by means of numer
ically differentiating curves 6° and a which are shown in Figure 8.2. 

As it is expected for small values of x, the curves SC and CS for functions 
b°(x) and ao(x) in Figure 8.2 converge since for shells which are nearly cylin
drical it is not important which of the edges is clamped or simply supported. 
On the contrary, for x ~ 1 the pair of curves labelled SS, SC and CS, CC 
converge since then the shell stiffness increases as the shell edge approaches the 
cone vertex and the type of support for the narrow edge becomes unimportant. 

System (2) at y — x~l has an essential singular point [142, 180]. If x is 
close to 1, then the singular point is close to edge point y = 1 that influences 
the behaviour of the curves as shown in Figure 8.2. It is especially notable for 
functions baa(x) and bitH(x) since, after differentiating, the oscillation ampli
tude increases. 

Under these assumptions the existence of the weakest generatrix ip = tpo is 
connected with the variability of functions n (<£>) and x(<p) (see (3)) which is 
determined by the dependence of functions s\, S2, and k on <p. 

In particular, we are interested in a circular conic shell with a slanted edge 
and vertex angle 2a (see Figure 8.3). The upper edge is inclined by angle (3 
to the lower edge. As a characteristic size, R, we take the lower edge radius. 
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Figure 8.3: The slanted conic shell. 

Then 

k = cot a, «2 = — , ' (</>) = *2 
(1 + c) (1 — /o sin a) 

1 + c cos <P 

0 ^ </> ^ 27rsina, x = /s ina , c = tan a tan j3 < 1, (8.7.10) 

I1 sin a I 
Ao = sin a (cos a)3l2b* (x), 

where the IQ = I (0) corresponds to the longest generatrix. 
From the last formula it follows due to (4) that function 6* attains its min

imum value at the weakest generatrix. Function b*(x) is shown in Figure 8.4. 

1 * 

Figure 8.4: The functions b*{x) and d{x). 
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In the buckling problem of a circular cylindrical shell with a slanted edge 
under a homogeneous external pressure, the longest generatrix is also the weak
est (see Example 7.1). It then follows from (10) and Figure 8.4 for a conic shell 
with xm < 0.5 that the longest generatrix also is the weakest one. Here, we 
denote the value of x corresponding to the longest generatrix by xm. 

If x > 0.5 the dependence of b* on x is more complex. 
If the narrow shell edge is clamped (see the curves CC and SC in Fig

ure 8.4), then function b*(x) is monotonic and at x —>• 1 (the full cone) it 
converges to b*(l) = 26.75 for clamped support of the wide edge (CC) and to 
6*(1) = 18.30 for simple support of the wide edge (SC). 

The difference between b*(x) and b* (1) is less than 1 % for x > x\, where 
xi = 0.55 in case CC and x\ = 0.63 in case SC. That is why, if xm > xi, 
we recommend the use of A = Ao at b* — b*(l) in the analysis. The correction 
term eAi (see (1.2)) may be neglected since it takes into account the local 
character of the buckling mode, but in our case b*(x) is close to constant. This 
contradicts the assumption about the local character of the buckling mode. 

If the narrow shell edge is simply supported then the function b*(x) has an 
infinite number of minimums at x —>• 1, only one of which at x = XQ can be 
seen in Figure 8.4 (see curves CS and SS). 

We have x0 = 0.53, b*(x0) = 26.27 in case CS and x0 = 0.59, b*(x0) = 
17.85 in case SS. For xm > XQ we recommend that one use in the analysis 
A = Ao at b* — b*(xo) and that the term eAi be neglected for the same reason 
as before. 

Let us now return to the case when xm < 0.5 and by means of (1), (1.2), 
(1.11) and (8) represent the critical pressure in the form 

>~<T(»»-*rHH<$&T^ 
1/2 

+ ( 

(8.7.11 

where 

6° 
xo = /osina, AQ = — (cos a ) 3 / 2 , 

n 0 a a 1 - x0) I . XQby, \ 4a0 ' 6aa(l -x0) ( x0b, 

6° V b° 

For the boundary condition variants considered, the function d(x) is shown 
in Figure 8.4. For x > 0.5 this function approaches zero which agrees with the 
earlier proposal about neglecting the term eAi. For a = x0 — 0, (11) is valid 
for a cylindrical shell with a slanted edge and in the case when both edges are 
simply supported it coincides with (7.4.9). 
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For a circular conic shell with straight edges we assume that d = 0 in (11), 
and that the number of waves n in the circumferential direction is equal to 

_ q sin a _ I a\{>t) R2h2 cos2 a 
U ~ ~~T~ = V 12 (l-v2) L4 

where a0{x) is shown in Figure 8.2. 

8.8 Problems and Exercises 

8.1 Derive formula (4.10). 

8.2. Solve numerically the buckling problem for circular cylindrical shell 
under external normal pressure that is a linear function in coordinate s for 
different main boundary conditions at edges s = 0,1. The results represent in 
the form of a table similar to Table 8.4. 

Hint. Integrate system (6.1) for k — g = q = 1, <2 = s/l. 

8.3 Find the weakest generatrix of the truncated non-straight conic shell 
under external homogeneous pressure. The shell edges are the circles lying in 
the parallel planes and one of the generatrices is orthogonal to these planes. 
Consider various boundary conditions. 

Hint. Use the results of Section 8.7. The required generatrix may be found 
from the equation drj/dip = 0. 

i / u 

(8.7.13) 



Chapter 9 

Torsion and Bending of 
Cylindrical and Conic 
Shells 

In this Chapter we will consider the buckling of shells of zero Gaussian cur
vature with the same modes stretched along the generatrices as in Chapters 7 
and 8. It is assumed that the initial stress-resultant T$ equals to zero or small 
and that buckling occurs due to the shear stress-resultant 5° . Such a stress 
state may appear in a shell which has loads applied to its edge. The inter
nal pressure that leads to the appearance of hoop, T$, and axial, Tf, tensile 
stress-resultants on reinforced shells are also considered. 

When writing this Chapter we used the results obtained in [61, 97, 98, 103, 
152, 159]. 

9.1 Torsion of Cylindrical Shells 

Let us consider the buckling of a cylindrical shell of moderate length under 
combined loading assuming that the shear stresses are dominant. 

Instead of formulae (7.1.3) we introduce new notation 

(T?,T°,S°) =XE0hos5(e-H0
1,et0

2,t°3), (9.1.1) 

which means that the critical value of the shear stress-resultant S° has order 
greater than the critical value of the stress-resultant T$ • The orders of the 
stress-resultants T°, T® and 5° are chosen in such a way that all of these stress-
resultants affect the zeroth approximation for the boundary value problem 
when *?,*§,*§ — 1. 

185 
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We assume that the values d, g and t° do not depend on s. Then the 
boundary value problem in the zeroth approximation has the coefficients that 
are constant in s and we can write the following equation 

+ d q4wo — XQN WO = 0, 
k2g d4w0 

q4 ds4 

n d2Wn „ . n Own r, n 

Nw0 = t1 —-± + 2iqt°3—^- q2t°2w0. osz os 

The general solution of equation (2) has the form 

(9.1.2) 

w 0 = J2CkePk"> pk = iq1xk, 
k = \ 

and for x/, we get the fourth order equation 

x4 + a2X2 + (I3X + 014 = 0, 

where 

a2 = 
AQ<J 

0.3 
2Aô 3 

0 4 
d AQ^2 

gk2 ' gk2q ' gk2 gk2q2 

We represent the roots of equation (4) as 

xit2 = a±if, X3,4— -a± /?, 

then 

2 N l / 2 

3a
2 = /? 2 - f+(3a 4 + (2 /? 2 + | ) : 

(9.1.3) 

(9.1.4) 

(9.1.5) 

(9.1.6) 

Y = 2a2+ f32 + a2, (9.1.7) 

a3 = la {f + 7
2 ) . (9.1.8) 

We only consider the boundary condition groups of clamped and simply 
supported types (see Section 8.4). If, on both edges s = 0 and s = I, the same 
boundary conditions apply then the equation which determines the parameter 
AQ has the form 

tan/3i coth 71 
cos 2«i 

sinh7i cos/?i 

(<*i,/?i,7i) = 9i («,/?>7) > qi=Q2l, 

(9.1.9) 
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where 
2/3 7 

6a2 + a2 

8a2/?7 

for w0 = w'0 = 0, (9.1.10) 

• - , 0 o , 0/P2 i >2 , i 2 r t 2 , \ f O T W ° = W 0 = °- (9 .1 .11) 
(2a2 + 2p2 + a?,y + 4a2(2a2 + a2) 

If there are different boundary conditions on the edges (WQ = w'0 = 0 for 
s = 0 and wo = w0' = 0 for s = I or vice-verse), then instead of (9) we have 
the equation 

4a 7 sin2ai _ p (2/?2 - 2a2 + a2) 
t a n / ? 1 - 7 ( 6 a 2 + 2/? 2+a 2) 

tanh7i + 
(2/?2 - 2a2 + a2) cos/?i cosh 71 

(9.1.12) 

We will first consider the buckling of a circular cylindrical shell with con
stant parameters I, h, E and u under pure torsion. In this case 

t°1=t°2 = a2 = 0, d = g = k = 4 = a4=l. (9.1.13) 

Then equation (9) coincides with the equation obtained in [159], and equa
tion (12) coincides with the equation derived in [152]. Equations (9) and (12) 
may be easily solved by taking an arbitrary value of/?, evaluating a and 7 by 
formulae (7) and fi\ from equations (9) and (12), and then evaluating q and 
Ao by formulae (9), (5) and (8). 

We note that in the neighbourhood of the critical load 71 ~ 10, and there
fore we can simplify equations (9) and (12) replacing the square brackets in the 
right sides by unity. We represent the results obtained in the form proposed 
in [61] 

s° , / h> \ 5 / 8 / R \ 1 / 2 

T0 — — = ks E 
h Kd-^v, w (9114) 

n0 = — - L ' 
2^ D 6 \ l / 8 

e "V h2L4 

where r0 and no are the critical shear stress and the number of waves in the cir
cumferential direction. The dimensionless coefficients ks and kn depend on the 
boundary conditions and for the clamped edge—clamped edge (CC), clamped 
edge—simply supported edge (CS) and simply supported edge—simply sup
ported edge (SS) cases their values are 

ks = 0.770, fcn=4.41, /? = 0.320 (CC), 

ks = 0.738, Ar„=4.15, /? = 0.332 (CS), (9.1.15) 

*, = 0.703, &n=3.87, /? = 0.345 (SS), 
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and 

A0 = 12 5 / 8 * , r 1 / 2 , q0 = l2-1<*knr
1t2, kn = 121/8g1

1/2. (9.1.16) 

Comparing the critical stresses for shell pure torsion in the cases of simply 
supported and clamped boundary conditions we note that they differ by 10%. 
It can be seen in Table 8.4, that the same difference for buckling under external 
normal pressure is 50%. 

The weak dependence on the boundary conditions noted above allows us to 
use the following approximate method [61, 175] in solving the torsion problem. 
In solution (3) we keep only two terms (k — 3,4) and satisfy only one boundary 
condition, w = 0, on each shell edge. Then instead of (9) and (12) we get the 
equation 

t a n / ? i = 0 , /?I = TT. (9.1.17) 

As a result we obtain the values 

fcs = 0.74, * „ = 4 . 2 , (9.1.18) 

which usually are referred to as the classical values [61]. 
A reviews of the works on the problem under consideration are given in 

[61, 149]. We also note the works [3, 58], in the first, the influence of the 
boundary conditions on the critical load and in the second the influence of 
non-linear terms on the critical load were studied. 

We can use formulae (14) only for shells of moderate length. The inequality 
no > 1 (for example, no ^ 5) may be the applicability criterion for formulae 
(14). We will not consider long shells, but it should be noted that for sufficiently 
long shells, no = 2, and the critical load does not depend on the length but is 
determined by the relation [137] 

E f h2 \ 3 / 4 

^ = 4^((T^w) • (9-L19) 

9.2 Cylindrical Shell under Combined Loading 

We will now consider the buckling of a circular cylindrical shell of moderate 
length under combined torsion, internal pressure and axial force. We assume 
that the parameters E, v and h are constant. The stress-resultants Tf, T% are 
assumed to be known and the stress-resultant 5° to be unknown. Instead of 
(1.5) we denote 

a2 = t\, a3 = — (4=1), a4 = l + \ (9.2.1) 
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Referring the initial stress-resultants to the corresponding critical values we 
introduce instead of (1) 

— 1/2 -*̂ 2 
a2 = 2 i l i , a3 = 7.0 R3q1 , a 4 = 1 + 5 . 5 1 — , 

9i 
where 

R - ai 

0 ' 
R - P 

Po 
R3 = 

TO 

<T° = 2Ee\ p 0 = 
4TT Ehee 

(9.2.2) 

(9.2.3) 

Here <Xi is the axial tensile stress, <T\ is the critical value under axial compres
sion (see (3.4.3)), p is the internal pressure, po is the critical value of external 
pressure for a simply supported shell (see (7.4.9) for kt = 1), and TQ is the 
critical value for the tangential stress under torsion (see (1.14) for ks = 0.74). 

fli = -0 .5 

O 1 2 3 R2 -1 0 1 2 

Figure 9.1: The functions ^ ( i ^ ) and fc„(i?2)-

In Figure 9.1 the dependencies of R3 and kn on R2 for different values of R\ 
are shown. The solid curves correspond to a shell with clamped edges, while 
the dashed curves correspond to a shell with simply supported edges. The 
results were obtained by the numerical solution of equation (1.9) followed by 
the minimization by the parameter gx, connected with the number of waves, 
n, in the circumferential direction. The compressive stress-resultants T° and 
Tj correspond to negative values of Ri and R2. 

In Figure 9.1 one can see that the difference between the results for shells 
with clamped and simply supported edges decreases as Rx and R2 increase. 
For cases when this difference is not taken into account the numerical results 
are given in [61]. 

We can also write approximate formulae for R3 and kn assuming tha t Ri 
or R2 are large. The roots (1.6) of equation (1.4) we represent in the form of 
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part of the negative power series in the large parameters R\ or R?. We find 
i?3 from the equation (1.9) in the same form. 

First, let us consider the case of a large internal pressure (R2 S> 1, .ff 1 = 0). 
In this assumption /? <C 1. We assume that /? = 0 in (1.7) and (1.8) and get 

« = ( ^ ) 1 / 4 , 72 = 2*2, J f e ^ I ' V / * . (9.2.4) 

Minimizing R3 by q\, we find 

i?3 = 0.949 R\12, kn = 2.264 R\'2. (9.2.5) 

formulae (5) do not reveal the dependence of R3 on the boundary condi
tions. To correct (5) we retain terms of order (32. From equation (1.9) we find 
approximately that 

/? = T ( ? i - C r \ (9-2.6) 

where £ = 0.47 in the case of clamped edges and £ = —0.94 in the case of 
simply supported edges. Now we can write a more precise formula for R3 

R3 = 0.9A9Rl/2ll + — =• I . (9.2.7) 
V ^ ( l - o . s e c ^ 1 ) 2 ; 

formulae (5) and (7) show that R3 and kn increase as R2 , and the relative 
uence of the boundary conditions decreases as i?J . 
In [61] in the case R2 < 1 it is recommended to use the approximate formula 

R3 = 1 + 0.207 R2- 0.00175 R\, (9.2.8) 

obtained by the approximation of the dependence of R3 on R2, found numeri
cally. We also note the similarity of formula (5) and formula R\ — R2 = 1 (see 
[61]) for large values of R2. 

Now we consider buckling under torsion for large axial expanding stresses 
(Ri 3> 1, R2 ~ 1)- We represent the roots of equation (1.4) in the form of 
(1.6). Then for 02 > 1 we get approximately 

2a2 2a2 

From equation (1.9) we have approximately 

o L ( / g = > / a § - 4 a a o 4 > ^ ^ ( g ^ g ) 

/ ? = — f - — , (9.2.10) 
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where the parameter rj takes into account the influence of the boundary condi
tions and rj = (TTRI)"1 in the case when the shell edges are clamped and t] ~ 0 
in the case when the shell edges are simply supported. 

Equating the expressions obtained for /?, we get 

Minimizing Rz by 171, we find 

/ o 3 / 2 N 1 / 2 

i ? 3 = 1 . 2 1 r-1— +0.62fli iJ2 , fc„ = 6.06 itf'2. (9.2.12) 

It follows from the last formula that the relative difference of R3 for shells 
with clamped and simply supported edges decreases as i?J~ as R\ increases. 

9.3 A Shell with Non- Const ant Parameters Un
der Torsion 

In this Section we will assume that t\ = t\ — 0, and the variables ^3, k, I, 
g and d may depend on ip. In other words, we will examine the torsion of a 
non-circular cylindrical shell of length, wall thickness and elastic properties all 
of which vary in <p. Since these variables do not depend on s we may use the 
results of Section 9.1. 

By virtue of (1.5) and (1.8) we have 

Ao = ^ g a ( / ? 2 + 7 2 ) , (9.3.1) 

where formulae (1.7) give the dependence of a and 7 on /? and tpQ (through 
04). To make the study of the dependence of a and 7 on ipo more convenient 
we make the substitution 

(a,/?,7) = 4 / 4 ( a o , / ?o ,7o ) . (9.3.2) 

Then Ao may be represented as 

*o = f{q,<Po) = F(<p0)G[p0{q,<p0)], (9.3.3) 

where /?o(<7, fo) is the solution of the equation \P (/?Q) = i] (<po) q~2, where we 
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denote the right hand side of equation (1.9) or (1.12) by ri(/?0). Here 

*(/3o) = ^ ( j r + a r c t a n n ^ ) ) " 1 , 

G(/?o)=[V(/?o)]_1/2ao(/?0
2 + 7o2), 

3«0
2 = ^ o 2 + ( 3 + 4/?o4)1/2, To2 = 2 ^ + /?0

2, {™A) 

„ , , 1 fk6g3d5\1/S , , 1 fgk2\1/4 

In transition to approximate equation (1.17) we should assume that \P(/?o) = 

ft*-1. 
The weakest generatrix could be evaluated after the minimization of F (<po) 

by ipo- Keeping the designation <po for this generatrix we normalize the deter
mining parameters in such a way that relations (1.13) are satisfied. Then 

F(fo) = lo1/2, v(<Po) = lo\ lo = l(<Po). (9.3.5) 

Minimizing now by q, we come to the same formulae (1.16), in which we 
should take / = IQ . 

To evaluate the first correction 

eXi = \e(XqqX^-X2
qv>)1/2 (9.3.6) 

for the load parameter AQ we calculate the second derivatives in (6) and obtain 

Xqq = bulQ , Xqlfi = —&12^0 ~j , 
d<p0 (9.3.7) 

, d?F .3,2 (dr, V 
A w - a 2 2 ^f + &22/° [dyj • 

where the functions F and rj are given by formulae (4). The constants 022 
and bjj depend only on the boundary conditions and are determined by the 
formulae 

a22 = 12 5 / 8 ^ , 6n = 4.123/4fc-66, 612 = 2.125/8fc-56, 

d2Gfd^^ (9-3-8) 

622 = I2^k-H, b = 
dPo \dpo 

where ks and kn have the values of (1.15). To finish the calculations we must 
find the value of b. For the cases described by (1.15) and (1.18) we obtain 
respectively 

6 = 385.6, 6 = 265.5, 6 = 172.7, 6 = 283.0. (9.3.9) 
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It follows from the form of the coefficients 6,j tha t the value of eAi does not 
di) 

depend on the terms containing ——. 
dtpo 

The final result we write as 

( h2L' \"" (<i>F\11'' n l , . 

c 
k*k 

1/2 

where TQ is determined by formula (1.14), and the multiplier k* takes into 
account the variability of the determining parameters . Coefficient c depends 
on the boundary conditions and is equal to 

c = 0.305, c = 0.310, c = 0.316, c = 0.308, (9.3.11) 

Here the values of c are written in the same sequence as in (9). Since these 
values are close to each other, we can take an average value of c — 0.310 for 
all cases. 

The correction term O (e2) in (10) depends not only on the main but also 
on the additional boundary conditions. As we noted before, for a complete 
evaluation we should start with the system of equations which is more precise 
than (8.1.1). 

By virtue of (7.2.3) the rate of decrease of the depth of the pits away from 

the weakest generatrix ip — <po is determined by the multiplier e\~
anf~f0) J, 

where 

9 a . „ fR4{l-v2)\1/S (d2F\U2 

ai = T = L7H-b^J UiJ • (9312) 

For example, we consider the torsion of a non-circular cylindrical shell of 
the constant (moderate) length with constant parameters E, v and h. 

The torsion occurs due to axial moment M , applied to the body to which 
the shell is at tached. Let the generatrix have an elliptic form with semi-axes 
ao and &o (cio > &o)- Two generatrices passing through the points of the ellipse 
B and B' (see Figure 9.2) are the weakest. 

To satisfy relations (1.13) we take the radius of curvature of the ellipse at 
point B i.e. R = d^b^ as the unit length. Under torsion point TV moves by an 
amount proportional to r = ON, and the stress-resultant S° is proportional 
to the projection of this displacement on the tangent to the ellipse at point N. 
In accordance with this fact we take 

«g = r^=f! + x! t M 1 ] tV / a . * = - < ! • (9-3.13) 
3 b0 Vl+<*4tan2^y a0

 v ; 
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N JL 

Figure 9.2: An elliptic cylinder in torsion. 

For an ellipse we have 

k = *-3 (sin2 e + p cos2 ef2 = f1 + < ? a j ^ 3 / 2 = (4Y 
V ; \ 1 + J4 tan2 V / 

tan0 = 5 2 t an^ , F (<p) = (<g)5/4 , ^ 

d2F 
dip2 

V>=o 

5 ( l - « ^ 2 ) 
4<J2 ' 

M 
• / 

S°r COBp 

1 

* = o ~ rf2' 

Rd6 

(9.3.14) 

The critical value of tangential stresses, r, on the weakest generatrix is 
evaluated by means of formula (10), and the critical value of the torsional 
moment is obtained after the evaluation of integral (14) and is equal to 

M = 4K{S')a0b0hT, 8' = %/l-<*2, 

1/8 
T = ksE h'X h 

K = 1 + 0.39 

TT/2 

/ i 2 L 6 ( l - < J 2 ) 4 ^ 1 / 8 

( l - i / ' ) a g 

K{Cl) = J ( l - a 2 s i n 2 x ) i / 2 -

+ 0(e2), 
(9.3.15) 

Here depending on the boundary conditions, constant ks takes one of the 
values in (1.15), and K(a) is the complete elliptic integral of the first kind (a 
table for K{a) can be found, for example, in [67]). 
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9.4 Bending of a Cylindrical Shell 
Let us consider the bending by a transverse force, Pi, (see Fig. 1.3) of a 

console circular cylindrical shell of moderate length. The initial stress state is 
considered to be membrane and 

T° = - ^ 1 cos<p, T° = 0, S° = ^- sin<p, 
1 TTRL *' L

2 *R y' (9.4.1) 
0 ^ s ^ l = - , 0 <C ip <C 2TT. 

Parameters E, v and h are assumed to be constant. In accordance with (1.1) 
take 

\Ehe5 = ~ , 4= sin (p. (9.4.2) 
TTR 

For a moderately long shell, buckling leads to the formation of pits in 
the neighbourhood of the two weakest generatrices <po = if- where the shear 
stresses are maximum. To evaluate the critical value of force Pi we use formulae 
(1), (1.14) and (3.10). Then 

P?=*RhT0kt, k. = 1 + 0.31 {—^—\ +0(e2), (9.4.3) 

where To is the critical value of the tangential stresses under torsion (see (1.14)), 
and k* takes into account the variability of the shear stresses. Formula (3) does 
not include the influence of the stress-resultant Tx

0 which is of order e2. 
We note that the critical value of P® is asymptotically tetra-multiple, i.e. 

four linearly independent buckling modes are possible and the values of P\ 
which are very close to P° correspond to them. As a rule, the eigenvalues 
are asymptotically double (see Remark 4.2). Here the tetra-multiplicity is 
connected with the existence of the two weakest generatrices <po = ± | - . 

It is interesting to compare formula (3) with the results (see [61]), obtained 
numerically by the Bubnov-Galerkin method which approximates bending by 
a piece of a double trigonometric series. For 1 ̂  ^ ^ 5, 100 ^ ^ <C 500 the 
difference between the results is 1—3 %, and formula (3) gives the smaller values 
of stress than [61]. For j - = 1000 the difference is 4% which probably means 
that the difficulties of approximating bending by a piece of a trigonometric 
series increases as the shell thickness decreases. The buckling mode given in 
[61] qualitatively agrees with the form determined by expression (7.2.25). 

For long shells, due to (1), the compressive stress-resultants if increase and 
shell buckling occurs in the neighbourhood of point s = I, <p = IT. Comparing 
the critical load under axial compression and torsion in the zeroth approxima
tions we get the applicability condition for formula (3) 

L < 0 . 6 ( l - I / 2 ) 1 / 4 / l -
1 / 2

J R 3 / 2 , (9.4.4) 
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where, in evaluating r0 by (1.14), we take ks — 7.4. 
We will now consider the buckling of a cylindrical shell under bending by 

transverse force, Pi, and torsion by axial moment, M, applied to the shell 
edge, s = 0. Instead of (1) and (2), in this case we get 

0 Pi . M 0 sin ip + m 
TTR 2-KR1 1 + m 

m ~ 2QR' x~ 1 + m **' 

(9.4.5) 

where TQ has the same value as in (1.14), and 

Here, unlike the case when M — 0 for M > 0 only one generatrix ipo = \ 
(see Figure 9.3) is the weakest. 

Figure 9.3: A force and a moment acting on a shell. 

The numerical results obtained in solving this problem by the Bubnov-
Galerkin method can be found in [61]. They agree with formula (5) to the 
same degree as in the case M = 0. 

9.5 The Torsion and Bending of a Conic Shell 

In this Section we will consider the buckling of a straight circular conic 
shell with constant values of E, v and h under bending by transverse force, 
Pi , and torsion by axial moment, M, (see Figure 9.3) applied to the largest 
base of the shell. We denote the base radius and the shell generatrix length 
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by R and L respectively. Then according to (1.4.6) we have membrane initial 
stress-resultants 

mo _ P}_ *ycosy a0 Pi(siny? + m) 0 _ 
J l ~ Tripsin a (1-xy)2' A ~ T r P ( l - x y ) 2 ' J 2 " U' [^A) 

where designations (8.7.3) and (4.5) are used 

M , L 
s = s2(l -xy), l = s2-si, x = ls2

l, m = 2 ^ " p - ' l = ~R~' ( 9 - 5 2 ) 

We also take 

S° = Ehe*\t3, t 3 = . " i n ^ m (9.5.3) 
(1 + m) (1 - xy)2 

We assume that Pi ^ 0, M ^ 0, then the critical values Pi and M are related 
to A by the expression 

2RP? + M° = 2TVR2E he5X. (9.5.4) 

The system of equations of the zeroth approximation (8.1.4) we can write 
in the form 

d2w0 a4$o _ 
dy2 (1 - xy)3 

<92<3>o a4w0 2ia6 / dw0 

(9.5.5) 

(1 - xy) -x \- xw0] = 0, 
dy2 (1 - xy)3 (1 - xy)3 V" '"J" % 

where 

/ cos a \ , (m+l)b /cos 3 a sin2 a \ .„ „ „. 
q = „ . , a, A = r-1— ~ . (9.5.6) 

V x2 sin a / m + sin tp \ xz J 
For a fixed value of x, let the smallest positive eigenvalue be b = b(a). We 

then obtain 

b0=mmb(a) = b(a0). (9.5.7) 

a 

formulae (8.1.2) and (8.1.11) give 

/ ^ • 9 \ 1/4 / 
/ cos° a sin a \ , I 

A = -= 60 1 + 
£ / *» V'4f baa ^ 

+ ^ - T ^ , 1 U + ° ( £ ) • (958) 
° \ s i n 2 a c o s a / \(m+l)b0J '' v ; 
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In [98] the numerical integration of system (5) for two boundary condition 
variants, i.e. clamped—clamped (CC) and simply supported—simply sup
ported (SS) has been done 

w0 = —— = 0 for y = 0, y = 1, 
dy 

w0 = $ 0 = 0 for y = 0, y = 1 
(9.5.9) 

d2b 
and graphs of the functions a0(x), 6o(-*) and baa(x) = —-^ have been plotted 

CLCLn 

in Figure 9.4. 

1 K O 

Figure 9.4: The functions ao(x), bo(x), and baa{x). 

For m = 0 and m = oo formulae (4) and (8) give the solutions of the 
bending and pure torsion of a conic shell. As in the case of a cylindrical shell 
(see Section 9.4), for m = 0, the eigenvalue A is asymptotically tetra-multiple 
and for 0 < m < oo it is asymptotically double. The number of waves in the 
circumferential direction, n, under pure torsion (m = oo) is equal to 

' 1 2 ( l - i / 2 ) i i 6 c o s 2 a \ 1 / 8 , , n=l z ^ J aoW- (9.5.10) 

The area of applicability of the formulae obtained above is determined 
by two inequalities, the first being n ^> 1, and the second being similar to 
inequality (4.4). The latter means that the initial stress-resultant T° does not 
exceed its critical value under axial compression 

L < 7.4 (1 - x ) 2 (1 + m)2 6-2 (1 - i,2)1/4 ( ^ | 
r.1 \ 1/2 

R^cosa\ (9.5.11) 

For a = x = 0 due to xR = L sin a, formulae (4) and (8) evolve to formulae 
(4.5) and (4.6) for a cylindrical shell. 
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9.6 Problems and Exercises 
9 . 1 . Derive approximate relation (2.7) describing the effect of the initial 

pressure on the critical load under torsion. Integrate equation (9.2) numerically 
for shells with (i) clamped and (ii) simply supported edges and compare the 
numerical and asymptotic results. 

9 .2 . Derive approximate relation (2.12) describing the effect of the initial 
tensile stress-resultant on the critical load under torsion. Integrate equation 
(9.2) numerically for shells with (i) clamped and (ii) simply supported edges 
and compare the numerical and asymptotic results. 

9 . 3 . Consider the buckling under torsion of a circular cylindrical shell with 
a sloped edge with constant parameters E, v and h. 

A n s w e r 
We take 

/ = Zo + ( c o s p - l ) t a n a , ^ = 1, F (cp0) = / ~ 1 / 2 , l0 = -=• 
H, 

Formula (10) for the critical value of r gives 

„ „„ / h2 t an 4 a \ , , , , . 

where a is the slope angle and the stress To is determined by formula (1.14) 
for a shell of constant length L. The critical value of the torsional moment is 
equal to M = 2irR2tiT. The buckling pits are localized in the neighbourhood 
of the weakest generatrix which is also the longest. 

9 .4 . Derive relation (4.6) for the critical load under combined loading by 
torsion and bending by force. 

9 .5 . Study buckling of circular cylindrical shell under torsion moment M 
and bending moment Mi which are applied on the edge s = I (see Fig. 1.3). 

H i n t Use relations (1.4.6) and (3.10). 





Chapter 10 

Nearly Cylindrical and 
Conic Shells 

In Chapters 7 through 9 we considered the buckling modes of moderately long 
cylindrical and conic shells. Those modes are characterized by pits which are 
stretched in the direction of the generatrix. It is clear tha t a buckling mode 
cannot vary greatly if the bending of the generatrix is small. In this Chapter 
the results of Chapters 7-9 are extended to shells which are nearly cylindrical 
and conic. 

We will consider a shell such tha t the deviation, i.e. difference between its 
geometry and that of a shell of zero curvature, affects the critical load in the 
zeroth approximation. It proves to be, tha t under this condition the ampli tude 
of deviation must be of order (Rh)ll2. The function describing the deviation 
should not increase significantly under differentiation because otherwise the 
proposed method of construction of the solution is not valid. Similar problems 
for free vibrations are solved in [105, 106]. 

10.1 Basic Relations 

Let us first describe the geometry of the shell to be considered. The neu
tral surface of the shell is a nearly conic surface and is referred to as the 
basic surface. On the basic conic surface we introduce a system of orthogonal 
curvilinear coordinates s, <p similar to those used in Section 7.1. 

Let e° , e\, n° be the unit vectors of this coordinate system (n° = e ' x e " ) . 
We denote the deviation from the basic surface by Fo(s,<p) which is equal to 
the distance along the normal n° from a point TQ on the basic surface to a 
point r on the neutral surface of the shell (see Figure 10.1). 

201 
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Then we can write 

r = r0 + F0n° = R(se1 + n0Fn°), F0=/i0RF, (10.1.1) 

where R is the characteristic size of the neutral surface and ^o is a small 
parameter. 

Figure 10.1: A nearly conic surface. 

Coordinates s and <p are the curvilinear coordinates in the neutral surface 
(in the general case they are non-orthogonal). By means of formulae (1.1.4) 
we get: 

dr 

dr 

d<p 

d2r 

32r 

= R(e\ + u.0Fsn°), 

| ^ = R[(s-n0kF)e0
2 + n0Fv,n°], 

= RnoFssn°, 

= R (1 - nok Fs) e\ + noFsipn° , 

= R (n0kF-s) e\- no (2A; F«, + kipF)e%+ 

+ ( / iofw + k(s- nok F ) J n ° , 

(10.1.2) 

dsdp 

82r 

where function k = k [ip) is the same as in Section 7.1. 
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The first quadratic form of the surface is equal to 

da2 - R2(A2ds2+ 2AB cos xds dtp + B2dtp2) , 

A2 = l + n2
0F

2, B2 = (s - p0k F)2 + fi2F2, (10.1.3) 

fJ-oFsFp 
C0SX = -AB— 

In the general case we obtain very complicated expressions for the radii of 
curvature which are not represented here. In order to simplify these expressions 
we will take advantage of the close proximity of the shell neutral surface to the 
basic surface and assume that /zo <S 1, and function F is of order 1 and does 
not increase significantly under differentiation. In other words, we also assume 
that the derivatives Fs, Fv, Fss, Fstp and F w have the orders not larger than 
unity. 

From (3) we find that cosx = O(nl), i.e. the coordinate system s, tp in 
the neutral surface is almost orthogonal with an error of order (i\. 

We obtain for the radii of curvature 

p p 
—- = /i0ki +O(fil), —— = Hoku + O(fi2

0), 
III ^ 1 2 

— = - + fi0k2 + O(nl), 
ri-z s 

where functions k\, k\2, and k% depend on s, tp and are equal to 

&i = Fss, k12 = s~2 (F^ - sFSip), 

k2 = 8-2(k2F + 8F,+Fvv). 

As the basic system we choose the same system as (7.1.2) 

e4A(dAw) + \e2Atw-Ak$ = 0, 

e4A(5r-1A$) + Afcu; = 0, 

(10.1.4) 

(10.1.5) 

(10.1.6) 
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in which the operators A, A t and At unlike (7.1.3) have the form 

1 0 / 1 dw\ 1 d / dw\ 
AW=TO^{T0-^) + B-08-S{BO^)> 5 O = « - M F , 

A 1 — ( *2 —} l —( dw\ 
Bo dtp \B0 dtp J Bo ds \ dip J 

1 d ( dw\ 1 d ( dw\ 
+ To~fy{t3-ds~) + B~od~s{Botl-ds-)' 

A w - — — (— — \ + — — (k — \ + 
B0 dtp \B0 dtp J Bo ds \ 12 dtp J 

u0 d / , dw\ 1 d („ (k , \ dw 
+ kdlp-{k"^) + B-od-s{B°{-s+^)l)s-

(10.1.7) 

and the other notation is the same as in (7.1.3). 
We choose a characteristic deviation, FQ, so as to get the effect of it in 

the zeroth approximation of the iterative process, which has been developed 
in Sections 7.2 and 8.1. We assume for that 

" » = £ l (•• = « ( ! - % . ) • <10L8» 

i.e. we assume that the characteristic value of FQ is of order (Rho)1'2-

10.2 Boundary Problem in the Zeroth Approx
imation 

We seek a solution of system (1.6) in the same form as (8.1.2). First let us 
consider the case when t2 > 0 (at least in part of the neutral surface), and t\ 
and tz are not larger than t2 respectively. Then in the zeroth approximation, 
we obtain the system of equations 

k -—£- - Ari — $ 0 Two + \0Nwo = 0, 
Osz s sa 

d2w0 , q2 , q4 , . . . q2t2w0 

fc-5-5 ki—w0-\ ? $ o = 0, Nw0 = , 
os1 s gsA s 

(10.2.1) 

which differs from system (8.1.4) only by the second terms. 



10.2. Boundary Problem in the Zeroth Approximation 205 

Remark 10.1. If the shear stresses are dominant for buckling then it 
should be assumed in (1) that 

where t® are introduced by formulae (9.1.1). 

In solving system (1) it is necessary to define two main boundary conditions 
at each shell edge s = Sk{f) (see Section 8.4). As in Section 7.2 the smallest 
eigenvalue Ao is a function of two parameters q and ipo 

A o = / ( g , ^ o ) . (10.2.3) 

We can find the zeroth and the first approximations for the load parameter 
by function / under the same assumptions as in Section 7.2. 

Ag + eA1 + 0 ( e 2 ) , 

mmqiVo{f(q,<p0)} = f(qo,<P°0), (10.2.4) 

2 \fmfvp ~ fqtp) 

Thus, we can obtain most of the information on the buckling type by ana
lyzing the function f (q,<fo)- If this function has a distinct minimum at point 
(qo,<fio) (see (7.2.12)), then the buckling concavities are localized in the neigh
bourhood of line ip = <PQ, and the load parameter, A, is determined by formula 
(4). The minimum is termed distinct if function f (q,<fo) has the only min
imum in the interval \q — qo\ ~ /z1/2. At the same time the concavities are 
stretched along lines <p = const. 

If the coefficients k, k\, d, g and <2, a n d the value of Sk do not depend on 
ip, then function / does not also depend on <po, i.e. 

Ao = /(<?). (10.2.5) 

Here the buckling concavities spread over the entire shell surface, and we should 
minimize / by the values q = ne, where n is the integer wave number in 
the circumferential direction. This case corresponds to the buckling under 
axisymmetric loading of a shell of revolution which is nearly conic. 

Let us now consider the special cases. 

A0 -

Ai 

file:///fmfvp


206 Chapter 10. Nearly Cylindrical and Conic Shells 

10.3 Buckling of a Nearly Cylindrical Shell 

Let the shell neutral surface be nearly a cylinder, the parameters of which 
are defined by relations (7.4.1). System of equations (2.1) has the form 

k-w-^-- kiq2$Q-q4dw0+ \0q
2t2wo = 0, 

ds2 - (10.3.1) 
kiq2w0 +qig~1$o = 0. 

d2w0 

<9s2 

If the functions k\, d, g and t2 do not depend on s, then system (1) has an 
explicit solution. 

The function k\ does not depend on s, if lines ip = const in the neutral 
surface have constant curvature R^1 = R~le2ki. In this case F0 = F00 + s2F02, 
where Foo and F02 may depend on <p (see (1.1) and (1.5)). We note that for 
FQ ~ [Rh)1'2 the surfaces the cross sections of which <p = const are circles or 
parabolas could not be destinguished in the zeroth and first approximation in 
e. 

Functions d and g do not depend on s, in particular, if E, v and h do 
not depend on s or if they are constant (in the last case we may assume that 
d = g = l). 

Let k\, d, g and t2 not depend on s. In the case of simply supported edges 
we can write 

w0 = $0 = 0 at s = sk(<p), (10.3.2) 

and the solution of system (1) is represented in the simplest form. We now 
have 

• a(s-si) 
wo = sin , l(<p) = s2 — si, a = 7r, 

, , . dq2 g I' , kct2 

Xo = f{q^o) = — + —&[kiq + 1 5 -

We write the function / in the form 

76 

2 (10.3.3) 

/=6F(x ,a) , F = X
2

+ ^ ± ^ l x = cq, 

•-*.•(&)"•• >-wr- »(^r ( 1 0 '3 4 ' 
For an axisymmetrically loaded shell of revolution the functions a, b and 

c do not depend on <po- The critical load is evaluated by minimizing F by 
q = qn = ne (or by xn). In Figure 10.2 the minimum value of F and the corre
sponding value of x are represented by curve SS which depends on parameter 
a characterizing the curvature of the generatrix. 
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O -5 O 5 a 0 - 5 O 5 a 

Figure 10.2: Functions F(a) and x{a). 

For convex shells (a > 0) both the critical load bF and the wave number 
n in the circumferential direction (n = qs~1) increase as the curvature ki 
increases. For shells of negative Gaussian curvature (a < 0) the load and the 
wave number decrease as \k\\ increases. 

Now, let functions a, b and c depend on tp0. Then the parameters 90 and 
<PQ are determined from the minimum condition for function / by x, <po, i.e. 
by the equations 

Fs = 0, bipF + bFaaip = 0. (10.3.5) 

To evaluate the correction Ai by formula (2.4) we calculate the second 
derivatives 

Jqq — 0 C r xx j 

fqip = b c (Fxxq <V + FxaCttf.), (10.3.6) 

Uv = b^F+(2alpblp + atp<pb)Fa-bq1cl>Fxx + ba2
ipFaa. 

Remark 10.2. For the applicability of formula (2.4) it is necessary to 
verify the fulfilment of two conditions: e~1qo S> 1 (for example, s~1qo ^ 4 — 6) 
and g _ 4 Ai /^ 1 ^ 1. The first condition means that there are many concavities, 
and the second means that they damp sufficiently fast in the <p direction. 

Example 10.1. We will now consider a shell obtained as a result of slightly 
bending the axis of symmetry of a circular cylindrical shell (see Figure 10.3) 
under homogeneous external pressure. We assume that the shell edges are 
simply supported. In the case under consideration &i = — A;iocoŝ > and the 
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other determining functions are constant. We assume that 

-kiolcostp (Ario > 0), 6 = / - ; - i I1'2. (10.3.7) 

^0 = 0 

Figure 10.3: A Bent Cylindrical Shell. 

It is clear (see curve SS for function F(a) in Figure 10.2) that line ipo = 0 
for which the parameter a is a minimum is the weakest. Due to (4) and (6) we 
get from formula (2.4) for the critical load that 

A = /o + | ( / „ / w ) ; / 2 + 0(e2), h = l-xF, 

/ „ = 4 8 a 2 ( a 2 + a x 2 ) x - 8 + 8a 2 *- 4 , 

fw = 2Ario(a2 + aa ; 2 )x - 4 . 

(10.3.8) 

We can calculate by means of formulae (8) at a = TT and a = — kiol- For 
the values of a we take the values of F and x from Figure 10.2. 

To illustrate, we will take the following numerical values of the shell pa
rameters: v = 0.3, R/h = 500, / = L/R = 2 and k\o = 1- The maximum value 
of deflection of the generatrix F m a x is related to parameter a by the following 
equation 

• * m a x — 
a L 

8 V l 2 ( l - ^ 2 ) i ? 2 

1/4 

(10.3.9) 

and for the shell being considered, F m a x = 6.15 h. For a = - 2 we find F = 3.6 
and x = 1.76 from Figure 10.2. Now we can evaluate fqg = 22.2, fw = 0.766, 
/o = 1.8 and A = 2.12 by formulae (8). 
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Let us verify the fulfilment of the inequalities given in Remark 10.2. We 
have e~1qo = 8, e~l\if~1 = 0.6, from that we find that the second inequality 
in Remark 10.2 is not valid, i.e. the depth of the pits decreases too slowly in 
the circumferential direction. 

Compare the load parameter A = 2.12 with the corresponding values of 
A for the other three problems. For a simply supported circular (k\ = 0) 
cylindrical shell A = 2.755. For a concave shell of revolution (hi = —1) A = 1.8 
and lastly for a convex shell of revolution (&i = 1) A = 4.1. It follows from 
these data that, at first, the small amount of bending of the shell generatrix 
causes a significant change in the critical load and secondly the critical load of 
the shell with a curved axis is close to the critical load of the corresponding 
shell with negative Gaussian curvature but slightly larger. 

Now we proceed to discussion of the case of a shell with clamped edges. 
Instead of (2) we have 

w0 = - p p = 0 at s = sk(<p). (10.3.10) 

Calculate the function f(q,<fo) by the same formula (3) or (4), in which 
a •£ 7r, but a depends on the parameters of the problem and may be determined 
from equation 

a 8 
a tan-+/? tanh | = 0, 02 = a2 + 2ax2, (10.3.11) 

in which we use the same notation as in (4). To evaluate x from equation (5), 
Fx = 0 we do the following. First, from equation (11) we numerically find the 
function a — a (Q, where £ = a x2 and then 

F = x2 + (a2 + C)2 x~6 (10.3.12) 

and the equation Fx = 0 gives 

z8 = 3 ( a 2 + C ) 2 - 2 C ( o : 2 + C) ( 2 a a f + 1). (10.3.13) 

Therefore, three values, a, x and F are functions of (,. Changing £, we can 
find the functions F (a) and x (a). These functions are marked by letters CC 
in Figure 10.2. 

From Figure 10.2 we find that for a > 0, i.e. for convex generatrices, 
function F increases and becomes closer to function F for a simply supported 
shell as a grows. For a < 0, function F first decreases until the value F = 7.55 
is reached at a = —2.3, and then it increases as \a\ increases, in contrast to 
the case of simply supported shell. The wave numbers in the circumferential 
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direction are a little larger for a clamped shell than for a simply supported 
shell. 

For a shell of revolution with the same parameters as in the previous ex
ample we obtain the following results. For a convex shell with ki = 1 we get 
A = 5. For a cylindrical shell A = 4.15 and for the concave shell with ki = — 1 
we obtain A = 3.8. Hence, for a clamped shell, the deformation of its gener
atrix affects the critical load relatively less than for a simply supported shell. 

10.4 Torsion of a Nearly Cylindrical Shell 

Now we will assume that the shear stress-resultant S° dominates buckling 
and so we introduce the load parameter A by formula (9.1.1). Then in the 
zeroth approximation we have the system of equations 

<92$o 
k -5-5 kiq2<b0 - d q4w0 + A0Nw0 = 0, 

ud2w° u 2 ^ - i 4* n t10-4-1) 
k-^-p-kiq'wo+g V $ 0 = 0, 

OS* 
n d2w0 „. n dwo , n 

Nw0 = <? - ^ + 2iqt°3^- q2t°2w0. 
OS* OS 

We assume that the functions fci, d, g and t% do not depend on s. Then 
system (1) may be solved by the same method as in Section 9.1. Taking its 
solution in the form of (9.1.3) and (9.1.4), we obtain the expressions (instead 
of (9.1.5)) for coefficients a^ 

a 2 = A o i ? + 2fc1 a ; j = 2 A o < ! ^ = _d_ + Xo4_ + _k]_ 
gk2 kq2' gk2q' gk2 gk2q2 k2q4 

To determine the critical load we may use equations (9.1.9) or (9.1.12) 
according to the type of shell edge support. 

We will present the results of the solution of equation (9.1.9) only for the 
case of pure torsion (t° = t2 = 0) of a shell of revolution with constant param
eters E, v, h and ki. In this case formulae (2) have the form 

a2 = —, a3 = 7.0 R3q-1/2, a4=l + ^ , (10.4.3) 
9i 1\ 

yhere 

r 

TO 

q1=q2l, R3 = - , a = k1l, (10.4.4) 
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CC 

SS\ | 
-10 - S O 5 10 a -10 -5 O 5 10 a 

Figure 10.4: Functions Rz(a) and kn(a). 

and r0 is defined by formula (9.1.14) at ks = 0.74. 
Figure 10.4 shows plots of functions Ra(a) and kn (a), where kn = 121^8g1' 

is the coefficient in formula (9.1.14). In this Figure the curves corresponding 
to shells with simply supported and clamped edges are marked respectively by 
SS and CC. 

10.5 Problems and Exercises 

10.1. Consider nearly cylindrical shell of revolution under external normal 
pressure. One of the shell edges is simply supported, the other is clamped. 
Plot graphics of the function F(a) for the critical loading and x(a) for the 
number of waves in the circumferential direction (see 10.3.4). Compare the 
graphs with those given in Figure 10.2. 

Hint Assume a = 3.92 in (3.3) in accordance with formula (8.6.3). 

10.2. Consider a nearly conic shell of revolution with the generatrix of 
constant small curvature A;i under external normal pressure. Study numerically 
the effect of the problem parameters on the critical load and the number of 
waves in the circumferential direction for the buckling mode. 

Hint Solve system of equations (2.1) applying the method described in 
Section 8.7. 

10.3. Consider a nearly conic shell of revolution with the generatrix of 
constant small curvature ki under torsion. Study numerically the effect of 
the problem parameters on the critical load and the number of waves in the 
circumferential direction for the buckling mode. Compare the results with 
those for nearly cylindrical shell under torsion given in Figure 10.4. 

Kn 

10 

n 
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Hint Solve system of equations (2.1) applying the method described in 
Section 9.5. 



Chapter 11 

Shells of Revolution of 
Negative Gaussian 
Curvature 

The stability of the membrane axisymmetric stress state of shells of revolution 
with negative Gaussian curvature will be considered in this Chapter . Assuming 
tha t the Gaussian curvature is not small, the buckling modes of this class of 
shell differs from those of shells which have positive or zero Gaussian curvature. 

The localization of the deformation in the neighbourhood of lines (Chapter 
4) or points (Chapter 6) is an important characteristic for shells of positive 
curvature while the deformation pits stretched along the generatrices (Chapters 
7-10) are characteristics of shells of zero curvature, for example, under external 
normal pressure. This property is caused by the fact that the deformations 
have a tendency to spread along the asymptotic lines of the neutral surface. 

In contrast, shells of revolution with negative Gaussian curvature have two 
systems of asymptot ic lines. This fact leads to buckling modes, under axisym
metric loading, which spread along the entire neutral surface and results in a 
system of buckling pits which is reminiscent of a chess board. 

All of the problems considered in this Chapter (in contrast to those exam
ined in Chapters 6 through 10) allow separation of the variables and may be 
reduced to a system of eighth order ordinary differential equations. It is not 
difficult to solve this system by means of a numerical method [73, 115, 170]. 
In this Chapter we wish to clarify the qualitative side of the buckling of shells 
with negative Gaussian curvature by means of an asymptotic solution. 

The buckling of an axisymmetrically loaded shell of alternating Gaussian 

213 
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curvature, the generatrix of which has a point of inflection is also considered. 
In preparing this Chapter the results of [90, 91, 92, 130, 165] have been 

used. 
It should be noted that at the present time an asymptotic solution of the 

problem of the buckling of a non-axisymmetrically loaded shell of revolution 
with negative Gaussian curvature has not yet been developed. 

11.1 Initial Equations and Their Solutions 

The critical load and buckling mode of a shell of revolution with negative 
Gaussian curvature depend on whether or not the tangential boundary con
ditions guarantee the absence of infinitesimally small neutral surface bending. 
First, we assume that there is no bending of the neutral surface. Then, it 
follows from (3.6.15) that the index of variation of the additional stress state 
under buckling t = 1/3 and we may use the system of equations of shallow 
shells (4.3.1) which we can rewrite in the form 

elA{dAw) + so\Atw- Afc$ = 0, 

e g A ( 5 - 1 A $ ) + AfcW = 0, 
(11.1.1) 

where 

£n = 
hi 

12(l-v$)R2' 
(T°,T°,S°)=-\E0h0ei(t1,t2,t3), (11.1.2) 

and the other notation is the same as in (4.3.1). Introducing the parameter A 
by formulae (2) we take into account the expected order of the initial stress-
resultants (see (3.6.15)). 

The coefficients of system (1) do not depend on <p and that is why it is 
possible to separate the variables. We find the solution of system (1) with m 
waves in the circumferential direction as a formal power series in £o 

w{s,<p) = ^ £ o W n ( s ) e x p I — (pif+ / qds) \ , (11.1.3) 

where m — e^lp. By virtue of (3.6.15) t = 1/3, that is why p ~ 1. 
The substitution of (3) into (1) leads to a sequence of systems of equations. 

We find from the system of the zeroth approximation Afc$o = A^wo = 0 

1 /9 

<? = ?i,2 = ± ( - ^ - f j ) • <7i>°< 92 =-qi- ( H - l - 4 ) 
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In the first approximation we obtain the system of equations for the eval
uation of wo and <3>o 

2j,/^(v^»») + £(|-n*» o, 

(^*o)-£(£-l)a"o+ (1LL5) 

+A0 (q
2U+ 2 y ( 3 + ^ t 2 J WO = 0. 

For the evaluation of wn, $ n for n ^ 1 we obtain the non-homogeneous system 
of equations, the left sides of which coincide with the left sides of equations 
(5), and the right sides are expressed through previously known functions Wj 
and $ j where j < n. 

Noting that q has two values (4), and system (5) is of the second order, 
we may construct four linearly independent solutions of system (1) of the type 
of (3). We call these solutions the main solutions. Four other (additional) 
solutions are edge effect solutions 

(S,^) = ^ ^ ( S ) ^ 2 e x p { £ - 3 / 2 / (r + eor1) ds+^V (11.1.6) 

where 

9*1 (11.1.7) 

We may find the eigenvalues of the load parameter A by substituting the 
linear combination of solutions (3) and (6) into the boundary conditions which 
are introduced on shell edges s — s\ and s = S2- However, it is more convenient, 
similar to Section 8.4, to separate the boundary conditions at each of the shell 
edges and to determine two main boundary conditions which must be satisfied 
under construction of the main integrals. 

11.2 Separation of the Boundary Conditions 

For all of the functions which determine the stress-strain state (in particular 
the functions contained in the formulation of the boundary conditions) we can 
represent the main solutions and the solutions of the edge effect respectively 
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Table 11.1: Indices of intensity 
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X 

u 

V 

w 

7i 

Ti 

S 

Qu 

Mi 

II 

A> 

1 

1 

0 

- 1 

1 

1 

3 

4 

/ / / 

—ikiq~1Wg 

—ibk2p~1Wg 

iqwl 

IV 

Pe 

3 
2 

2 

0 

3 

2 

1 

1 
2 
9 

2 

3 

V 

i 0 

(fci +j /Ar 2 ) r - 1 i i ) e 

((2 + ^) fc 2 - fe 1 )^< 

0*2/>2
 e 

r262 wo 

igpfo e 

— r - w° 
rb 

-dr3W(j 
dr2WQ 

VI 

*P 

1 
~ 2 

- 1 

0 

1 
2 

0 

1 
2 
3 

2 

1 

in the form 

x°(s,P,£o) - z0(s>e0)exp{—(p<p+qds)j, 
OO 

x°(s,e0) = 4o(r)Ee^SW. 
n=0 

5 

ye(s,(p,e0) = j / e ( s , e 0 ) e x p | y ^ + e^3 / 2 / (r + e o r ^ d s j , 

Jo 
OO 

ye(S)£o) = 4' (x )Eeo / 22/n(«)-

(11.2.1) 

(11.2.2) 

Functions x% and J/Q a n ^ t n e corresponding indices of intensity /?o(z) and 
/?e(x) are presented in Table 11.1. Table 11.1 gives the dimensionless func
tions introduced by formulae (8.2.1) and contained in the formulation of the 
boundary conditions. 
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Table 11.2: The boundary conditions 

/ 

1 

2 

3 

4 

II 

u = v = 0 

Tj = v = 0 

w = S' = 0 

7\ = 5 = 0 

III 

1111 

1110 

1101 

1100 

1011 

1010 

0111 

0110 

0101 

0100 

0011 

0010 

1001 

1000 

0001 

0000 

IV 

3/2 

3/2 

2 

5/2 

1/2 

1/2 

1/2 

1 

3/2 

3/2 

1/2 

1/2 

1 

3/2 

1 

1 

We note that u°,v° ~ EQW° and all of the tangential additional stress-
resultants for the main solutions (i.e. T°, T° and S°) have the same order. 

Remark 11.1. Table 11.1 differs only in notation from Table 5.3 in [57], 
which contains the solutions of non-axisymmetric vibrations of shells of rev
olution with negative Gaussian curvature which have m ~ e^"1 waves in the 
circumferential direction. This is caused by the fact that both the load term 
eo\Atw in system (1.1) and the inertial terms in the vibration problem [57], 
are not the most important and are included only in the first approximation. 

While the low-frequency vibration problem and the buckling problem for 
shells of revolution with negative Gaussian curvature are very similar, differ
ential equations (1.5) for wo and $ 0 and (13.10) from [57] are different. The 
problems also differ since the main interest in the buckling problem is in the 
smallest value of parameter A. 

The boundary conditions can be separated using the same method as in 
Section 8.4. We consider 16 boundary condition variants obtained as a result 
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of equating to zero one of the values in each column 

u v w 7i (1) M n « 
Ti S Qlt M1 (0) (ii.<t.a) 

We mark these variants by four-digit series of ones and zeros as was done in 
Section 1.2. 

The results of the separation of the boundary conditions are remarkably 
similar to those obtained in Section 8.4. In the zeroth approximation the 
boundary conditions separate into four groups: the clamped support group, 
the simple support group, the weak support group and the free edge group. 
Each group contains the same conditions as in Section 8.4. 

The boundary conditions which form a group are presented in column III 
of Table 11.2. The numbers a such that the error incurred in transforming 
from the complete boundary value problem to the simplified problem does not 
exceed e% are contained in column IV. The simplified problem is solved by 
substituting the linear combination of the main solutions (1) into the main 
boundary conditions which are shown in column II of Table 11.2. 

Since solutions (1) are expanded in an integer power series in eo, and so
wn 

lutions (2) are expanded in a power series in e0 the parameter A is also 

expanded in a power series in e0 

A = A0 + 4 / 2 Ai + e0A2 + £o/2A3 + • • • (11-2.4) 

If a ^ 1 then Ai = 0, since the contribution of the solutions of the edge 
effect begins from terms of order EQ . The parameter Ai differs from zero for 
five boundary condition variants for which a = 1/2 (see Table 11.2). For these 
variants the transformation to the simplified problem has a maximum error of 
order e0 . 

As in Section 8.4, by eliminating the edge effect solutions we may reduce 
the incurred error. We do not consider all of the cases in detail but limit 
the discussion to one example. We consider at edge s = s2, the boundary 
conditions 0010 or 

T1 = S = w = M1-0. (11.2.5) 

As can be seen in Table 11.2, the replacement of conditions (5) by the 
1/2 conditions T\ = v = 0 for the main solutions has an error of order e0 . 

We can calculate the corrected conditions by means of formulae (8.4.9) and 
(8.4.10). We then obtain 

-2 iV2b\r\ 

elbk2 ' " ' "' ~" ' y/£opgk2 
T? + ^-M°=0, w0+ ^ Z ° ' 7 5° = 0. (11.2.6) 
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Taking into account the relation between the orders of w° and S° (see 
Table 11.1), we note that in the second of conditions (6), the second term 
has order e0 with respect to the first one. In the first condition of (6) the 
correction term has the relative order of e0 (and so it may be neglected). To 
prove this we must consider that M° is proportional to w°, and by virtue of 

•tin 

the second of conditions (6), w° has the order e0 • In the example considered, 
Ai ^ 0 in expansion (4). 

11.3 Boundary Problem in the Zeroth Approx
imation 

We can reduce system of equations (1.5) to a second order equation 

in which 

2ggl6
4*f 

1 p ( * l - * 2 ) 2 ' 

Vk = \fbk2q\ w0k, 

In equation (1) only function fk(s) depends on the sign of qk at t3 ^ 0, i.e. 
under torsion. If t 3 = 0 then equation (1) coincides with the equation obtained 
in [91], if, in contrast t\ = t2 = 0, then it coincides with that obtained in [92] 
which considered torsional buckling. We note that in [91, 92], in contrast to 
system of equations (1.1), more precise initial system in displacements have 
been taken. 

We can now write the expressions for the displacements u, v and w and 
stress-resultants T\ and S in the zeroth approximation which are contained in 
the formulation of the boundary conditions (see Table 11.2). Due to (2.1) and 

, _ J _ fi}^. i 29fc*3 P<2 
2k2 \ p bqi b2qi/ ,^ 3 ^\ 

2igqkb
4k% ( k2\

 1 / 2 dyk 
* 0 f c = -

p4 (k2 - Ari)2 \bqij ds 

file:///bqij


220 Chapter 11. Shells of Revolution of Negative Gaussian Curvature 

Table 11.1 we find 

u - u* (j/ i e*^ - y2e~ix>>) eimf, 

v = v* (yie^ + jfee-'*) timf, 

w = w* (yie^ + y2e-ii') eimf 

Ti = Tf (yie'> - y^e'^) eimf> 

S = S* (y[e^ + 2/2e-'>) eim^, 

s 

i> = i>(s) = qids, 

(11.3.3) 

Here y\ and y2 are the solutions of equations (1) for k = 1,2. The multi
pliers u* ,v*, T* and S* are cancelled after substitution into the boundary con
ditions and further we do not need to know their explicit form. The boundary 
conditions which the solutions t/i and y2 of equation (1) must satisfy depend 
on the main boundary condition variant being considered. 

Remark 11.2. We indicated two tangential conditions which characterize 
the group and set in column II of Table 11.2. At the same time, it follows 
from Table 11.2 that condition v = 0 means that at least one of conditions 
v = 0 or w = 0 is introduced. 

If at the shell edge (for example, at s = s\) u = v = 0, then by virtue of 
formulae (3) we obtain y\ = y2 = 0. 

If Ti = S = 0, then yi = y2 = 0. 
However, if we consider one of the cases where T\ = v = 0 o r « = 5' = 0, 

then the functions yi or y2 are not separated in formulating the boundary 
conditions. In the case where T\ = v = 0 at s = s\, the boundary conditions 
have the form y\ + y2 = 0, y[ — tf2 = 0, and in the case where u = S = 0 they 
have the form y\ — y2 = 0, y[ + y'2 = 0. In both cases we obtain the non-linear 
condition 

(yi!fc)' = 0 for s = su (11.3.4) 

connected the functions yi or y2. 

t _ -iki 

p \ i i ) 

w* -e^1 (bk2qi)~1/2 ; 

1 f?(ki-k2)* \ b J 
_ 2igb3kl (k2qf\ 

^(*i -*2) 2 V b J 
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Let us now formulate and discuss the boundary value problems in which 
parameter Ao is the smallest eigenvalue. At the same time we will consider 
here the general case when the initial shear stresses differ from zero, i.e. t$ ^ 0 
(2). The case where tz = 0 is considered in Section 11.4. 

If the conditions of shell edges s = s\ or s = s2 are clamped u = v = 0, 
then we come to two Sturm-Liouville problems for the functions y\ and y2, 
which satisfy equations (1) and the conditions 

yk=0 for s = si, s = S2- (11.3.5) 

We may also evaluate the eigenvalues for this problem, \(k>, by minimiza
tion of the functional 

A(fc) = nf{^|r}' * = 1>2> ( n - 3 - 6 ) 
where 

«2 *2 s2 

h = jf{y')2ds, h = J rWda, lik) = j fky
2ds. (11.3.7) 

»i »i J I 

The unknown value Ao is obtained as a result of minimization by p and k, i.e. 

Ao = min(A( , £ ) j . (11.3.8) 
p,k I J 

Let t3 > 0 in fk for definiteness. Then I{
3
1] > i f ' , and A'1) < A<2). That 

is why 

A o = m i n ( ^ ± ^ \ ( 1 L 3 .9 ) 

By virtue of (2) and (1.4), functions / and fk do not depend on p. That 
is why in (6) and (9), h, I2 and 1^ do not also explicitly depend on p. 
Calculating in (9) the minimum by p we obtain 

A0 = 3 - 2 - 2 / 3 m m j ^ | O , Po = m0s0 = ( ^ j ^ . (11.3.10) 

Consequently, the minimum is attained for finite values of p0, different from 
zero, and buckling occurs for the integer values of m, which is the closest to 
m0. 
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If clamped conditions are introduced at edge s = si, and edge s = S2 is 
free (i.e. T\ = S — 0) then all of the formulae written above are valid with the 
only difference being that functions yk satisfy the conditions 

V*(*i) = 0, y'k{s2) = 0. (11.3.11) 

In both cases considered here the buckling deformation in the zeroth ap
proximation has the form 

s 

w = w*yx cos/3(s,tp), (3 = m (ip - <p0)-i / q\ds, (11.3.12) 
£o J 

where j/i satisfies equation (1) and boundary conditions (5) or (11) and <po is 
an arbitrary constant. 

Assuming in (12) tha t /? = const, we note tha t the function w(s,<p) de
scribes the set of m pits which are inclined at a variable angle 

( k,V/2 

7 ( s ) = - a r c t a n 1 - r M (11.3.13) 

to the generatrix. 
Let edge s = si be clamped, u = v = 0, and further let there be only one 

tangential support (u = S = 0 or v — T\ = 0) introduced at edge s = S2-
First, consider the case when v = T\ = 0. We now arrive at the bound

ary value problem in which we must determine the smallest value of Ao such 
tha t the non-trivial solutions y\ and y? of equations (1) exist and satisfy the 
boundary conditions 

J / I = J / 2 = 0 at s = si, (11.3.14) 

yiei^+y2e-i,l" = 0t y ' ^ - j / 2 e - ' ^ = 0 at s = s2, (11.3.15) 

where ^2 = 4> {s2) (see formula (3)). It is clear tha t the functions ?/i and y2 

are complex-valued. We assume 

yi=y\e-^\ y2 = y°2e
i^. (11.3.16) 

Then for real functions y\ and y2, conditions (14) at s = s\ and condition 
(4) at s = s2 must be fulfilled. The deformation mode has the form 

w {s, <p) = w* (yi cos/?! + j/2 cos /32) , 

1 f (11.3.17) 
fik = m (ip - tpo) -\ / qkds 

£o J 
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and represents the superposition of two systems of pits which overlap and are 
inclined at angles 7 and —7 to the generatrix. At the same time y° + y% — 0 
at s = S2-

In the case of conditions u = S = 0a,ts = S2 for the determination of Ao 
we have the same boundary value problem, however, in contrast to the case 
where v = T\ = 0 one should take yj — y° = 0 at s = S2. 

As in the case when both shell edges are clamped the value Ao may be 
determined by minimizing the functional 

A 0 = m i n { V L\ (H.3.I8) 

p ^ \ ^ ( 4 1 } + 4 2 ) ) J 

where 

S 2 «2 * 2 

/<*> = J f (ylfds, 4fc> = J f-1 {Vlf ds, / f = Jfk (y°k)
2ds, 

«1 »1 S i 

(11.3.19) 

and 

J/? = vl = ° a t * = *i, 

y ? - I ^ = 0, y?' + «§' = 0 at S = S2-
(11.3.20) 

We note that the last of boundary conditions (20) is natural and may be 
omitted when we choose the functions y\ and 3/2 • 

As in the case when both shell edges are clamped, it follows from (18) that 
the minimum is attained for a finite value of p which is not equal to zero. 

Boundary conditions which allow non-trivial bending of the neutral surface 
are considered in Section 11.5. 

11.4 Buckling Modes Without Torsion 

In the case where £3 = 0 by virtue of (3.2) coefficient fk in (3.1) does not 
depend on the choice of q\ or qi and that is why the functions j/i and 7/2 satisfy 
the same equation (3.1). This fact causes the buckling mode to change as will 
be discussed below. 

Let us consider the case when conditions u = v = 0 are introduced on both 
shell edges. To determine Ao we arrive at boundary value problem (3.1) and 
(3.5), however the buckling mode is not determined uniquely and is represented 



224 Chapter 11. Shells of Revolution of Negative Gaussian Curvature 

by formula 

w (s, tp) = w* 2/1 C\ cos (m (<p - <pi) + ip (s)J + 

+ C2 c o s ( m ^ - ^ ) - ^ (*))], (H.4.1) 

where C\, C2, fi and ^2 are arbitrary. 
Deformation (1) represents the result of the overlapping of two systems of 

pits which are stretched along the asymptotic lines of the neutral surface. 
We may turn from deformation form (1) to the form 

w (s,ip) — w* ycos m(ip — >po)cos(il> (s) — ipo), (11.4.2) 

where in the zeroth approximation y>o and V'o are arbitrary. Deformation (2) 
describes a chess board system of pits. The constant cpo also remains arbitrary 
under the development of a higher approximation, and the constant rpo may 
be found. 

Let one of the four boundary condition variants for which a > 1 (see 
Table 11.2) is introduced at each of the shell edges s = si, s = 82- Then 
when developing the next approximation we may neglect the non-tangential 
boundary conditions. In expansion (2.4) Ai = 0, coefficient A2 and constant ipo 

have two values A2 , V'o a n ( i A2 , ipg , and Aj = — X2 • This construction 
for the vibration problem of a shell of negative curvature has been done in [89]. 

Therefore, the critical value A is given by the approximate formula A = 
Ao + £oA2 , Aj < 0 and by virtue of the arbitrariness of <po, two independent 

(2) buckling modes correspond to it. The value A = A0 + £oA2 differs from the 
critical one by a small amount of order EQ and two buckling modes correspond 
to it. 

Now let conditions u — v = 0 be introduced at edge s = «i, and condi
tions v = T\ = 0 be introduced at s = s2- As in Section 11.3, in the zeroth 
approximation we come to boundary value problem (3.1) with boundary con
ditions (3.14) and (3.15). However, since y\ and j/2 satisfy the same equation, 
it follows from (3.14) that j/2 = Cy\. Then we obtain from conditions (3.15) 

j/i ( e^ 2 + Ce-'"*J) = 0, j/'i ( e^ 2 - C e-**') = 0. (11.4.3) 

As a result, the boundary value problem splits into two problems. They 
consist of equation (3.1) and the boundary conditions 

yi(*i)=yi(*2) = 0, C = e2i^ (11.4.4) 

or conditions 

yi(si) = y[(s2) = 0, C = -e2i^. (11.4.5) 
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It is clear that problem (3.1), (5) gives the smallest value of A0. 
The deformation mode in the zeroth approximation is determined uniquely 

w (s, <p) = w* 1/1 cosm (cp — ipo) sinl — / qids J (11.4.6) 

but ipo is still arbitrary. As in the case of condition u = v = 0 on both edges, 
deformation (6) describes a system of pits resembling a chessboard. However, 
in contrast to the case of condition u = v = 0 on both edges the boundary 
value problem for fixed m has no eigenvalues close to the critical one. 

11.5 The Case of the Neutral Surface Bending 

Let the boundary conditions belong to the second or third group (see Ta
ble 11.2 and Remark 11.2) and let them be introduced at both shell edges. 
Under the construction of the main solutions in the zeroth approximation we 
satisfy the boundary conditions 

v=Ti=0 or u = S = 0. (11.5.1) 

At some characteristic shell sizes (eigensizes) (see [20, 49, 172]) the bending 
of the neutral surface is permitted, and it leads to the decrease in the order 
of the critical load. That is why the equation for the determination of Ao 
essentially differs from the ones obtained in Sections 11.3 and 11.4. 

To formulate this equation at t$ ^ 0 (i.e. under torsion) we introduce the 
fundamental system of solutions yk\ and j/fc2 of equation (3.1), which at s = s\ 
satisfies the initial conditions 

l/*i = 0, J/M = 1; y*2 = l, 2/fc2 = 0> * = l , 2 . (11.5.2) 

Then, in order to determine Ao we come to the equation 

(!/ii!fc2 + Vi2!fci)'l = ± V T H 2 C O S 2 I / > 2 , (11.5.3) 
\s=s2 J (S2) 

in which we take the "plus" sign if the same boundary conditions (1) are 
introduced at both shell edges, and the "minus" sign if the conditions are 
different. 

Later, we will arrive at the general case where t3 ^ 0, but now let us assume 
that ts = 0. Then j/ij = y?j and equation (3) in the case of the same boundary 
conditions as (1) has the form 

yny'i2 = -Tr\sm2Tp2> (11.5.4) 
/ 1*2) 
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and in the case of different boundary conditions has the form 

,./ _ / ( « i ) 2 . 

where 

1p2 

2/112/12 = _ 7 7 7 T c o s ^ 2 ' (11.5.5) 

32 

\k& dS- ( 1 L 5 - 6 ) 

We will now consider in more detail the case when both shell edges are 
simply supported (v — T\ = 0). The other cases may be considered in a 
similar fashion. 

Let the parameters of the neutral surface and the number m be such that 
sin ip2 = 0. We then have again the Sturm-Liouville problem, which consists 
of equation (3.1) and the boundary conditions 

J/i(*i) = l/i(*2) = 0. (11.5.7) 

For the given m let the minimum eigenvalue for this problem be Ao(m). 
For its approximate evaluation we assume in (3.6) that y = 1. Then 

A0(ra) 

»2 

p2Li f ds L\ - \ —, L2= fids, p = e0m. (11.5.8) 

To determine if the value Ao (m) is critical or not we must consider the other 
values of m. 

Let now sinV'2 ^ 0. The functions y^i and yki satisfy the Volterra integral 
equations 

s t 

2/fc2=l- [([Fkitjynttjdh 
5 l Si 

(11.5.9) 

7 / (0 ' 

where 

Fk(s) = X0p
4fk(s)-p6f-1(s), A = 1 , 2 . (11.5.10) 

We can solve equation (9) by means of an iterative method starting with 
2/fci = 2/fc2 = 0- This method converges faster with smaller values of the 
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functions \Fu\- For £3 = 0 we take only the functions j/n and y\2 (since 
y2j = j/ij). Assuming that \Fk\ <̂C 1 we limit the discussion to approximate 
solutions (9) in the form 

s s t 

*"(*) = /y^*' yi2 = l~j(lFl{il)dil)jlj)- (1L511) 
Si Si Si 

After substituting into (4) we obtain the approximate formula 

sin2 ^2 . P2LI . . 
^ H - i r r + T 1 (11.5.12) 

p^L\L2 L2 

which generalizes formula (8). 
The critical value of parameter Ao is Ao = minAo(m). The cases when 

sin ip2 is close to zero for a small value of m are the least favourable for shell 
stability. We note that sin i\>2 = 0 approximately corresponds to the case when 
the neutral surface has bending satisfying the conditions v = 0 at s = s\ and 
s = s2. 

Now we obtain a formula of the same type as (12) for £3 ^ 0. First let us 
take the approximate solutions of equations (9) in the form 

Vk\ -

Vki --

'J fit) 
Si 

s t 

» l s i 

IUFk{u)I " dh dn)f-Mdt, 
f(h) V fit) 

S l 

. , , dt 
h)dt 

(11.5.13) 

fit)' 

The substitution into equation (3) after neglecting terms of order |-Ffc|2 

leads to the same equation (12) in which L\ has the previous value and 

' 2 

L2 = \jih + h)ds. (11.5.14) 
» i 

Recalling (3.2) we note that the value of L2 does not depend on £3, consequently 
the effect of torsion is not detected in the approximation being considered. 

If the shell is loaded only under torsion (i.e. t\ = t2 = 0, t3 ^ 0) then 
L2 = 0 and formula (12) is not valid. 

To obtain a more accurate relation in the case when all tj ^ 0, we retain 
terms of order \Fk\2 in solutions of the same type as (13). Then equation (3) 
may be written in the form 

AoP%L 2 + \lpsLxL3 = sin21/>2 + p6L\, (11.5.15) 

file:///Fu/-
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where L\ and L^ are given by formulae (8) and (14) and 

— /(/^7-(/(/^')7)2 <»-> 
5 l S i Si Si 

For L2 7̂  0, L3 ^ 0 equation (15) allows us to account for the effect of 
torsion on the critical load. 

However, for L2 = 0 (i.e. under pure torsion) equation (15) leads to an 
unexpected result: if the neutral surface size is close to the eigensize for small 
m then it does not cause (in contrast to the case where <3 = 0,fi ,(2 ^ 0 ) a 
decrease in the order of the critical load. Indeed, let sin ip2 = 0 for small m 
(p <C 1)- Then Ao(m) ~ p _ 1 , i.e. decreasing m (starting from the same value) 
leads to an increase of Ao (m). We will discuss this question again in Sections 
11.6 and 12.2. 

We may make some remarks about formulae (12) and (15). These formulae 
were developed under the assumption that \Fk\ -C 1, m 3> 1, which may 
be not fulfilled simultaneously. For small m (for example, m = 2 or m = 3) 
constructed solution (1.3) does not guarantee the required accuracy since both 
system (1.1) and the solution method are not sufficiently accurate. Cases when 
the neutral surface has bending for small m will be considered in Chapter 12. 

It follows from (12) and (15) that the critical value of the parameter Ao 
for a shell of revolution of negative curvature with support (v = 0) at each 
shell edge may change in range from values of order unity to values of order el 
depending on the size of the shell. 

Let <T be the characteristic value of the membrane initial shell stresses 
under buckling. We consider the dimensionless value <x* = a/(Eh*), where 
h* = ho/R. Then for strongly supported shells with negative curvature, er„ ~ 

1/3 
h* (see formula (1.2) and Sections 11.3 and 11.4). 

For shells which have one support v = 0 or u = 0 at each edge, the order 
1 /3 

of <T, varies from hj to h* depending on the size of the shell. It follows from 
Table 11.2 that the same result is obtained if we replace condition v = 0 by 
w = 0orifv = w = 0 simultaneously, however, the composition of conditions 
u = w — 0 gives <T* ~ h* . 

In order to compare the results we recall that for the strongly supported 
shells of positive curvature a* ~ 1 (see (3.1.3)), and for the shells of zero 

111 
curvature under external pressure <r* ~ hj (see (3.5.5)). 

11.6 The Buckling of a Torus Sector 

To illustrate the results of Sections 11.3-11.5 we will now consider the buck
ling of a torus sector which has negative Gaussian curvature, under the axial 
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force P and the torsional moment M, applied to shell edges si and s2 ( see 

Figure 11.1). The torus is obtained by rotation of an arc of a circle of radius 
R around axis 00'. Let Ro be a distance between the centre C of this circle 
and the axis. We take R as the unit length. Then 

hi = — 1, b= a — cos s, k2 = b 1 
cos s, £ > > • (11.6.1) 

Figure 11.1: A torus sector. 

By virtue of (1.4.6) the initial stress-resultants are the following 

P T° 
rpO r rj-,0 -»1 1 ~ 2nRPk2'

 2 ~ k2' 

We take in (1.2) 

lp Ip 

then 

P = 2irREhe%RP, 

M = -2irR2Ehs4RM, 

o o _ M 
° 2TTR262 

t3 = ~W' 

Rp ^ —A lp, 

RM = A/M-

(11.6.2) 

[11.6.3) 

(11.6.4) 

We introduce lp and ZM and seek the critical values of the parameter A > 0. We 
will consider both compressive (lp > 0) and tensile (lp < 0) stress-resultants 
Tj0. T°, however due to symmetry we can only consider the case when IM ^ 0. 

The numerical parameters in the example are: a = 1.5, v = 0.3, s2 = 
- S i = TT/4 and h/R = 0.003, then e0 = 0.0968. 
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RM 

^ '•te 
J*^£ 

* r 
y 

0 - 3 O 3 6 RP 

Figure 11.2: The loading parameters acting on the torus at buckling. 

Consider the various types of shell edges supports. First, let both edges be 
clamped. This is then the boundary value problem (3.1), (3.5) for k = 1. The 
numerical solution is represented by curve 1 in Figure 11.2. Buckling occurs 
for m = 8. We obtain from approximate formula (3.10) at Rp ^ 3 that at 
y = cos 2s the value of Ao which is larger than the exact solution by not more 
than 1%. At the same time we find mo = 8.3, and by virtue of (3.10) the value 
mo does not depend on the parameter 7 = IP/IM-

If edge s = s\ is clamped, and edge s = s2 is simply supported then on 
edge s — s2 we arrive at condition (3.4). The results of numerical integration 
are shown as curve 2 in Figure 11.2. If Rp < 0.7, buckling occurs for m = 7, 
and if Rp > 0.7 buckling occurs for m = 8. 

If edge s = Si is clamped, and edge s = s2 is free, we come to boundary 
value problem (3.1), (3.11) for k = 1. The corresponding results are shown as 
curve 3 in Figure 11.2. If Rp ^ 5, buckling occurs for m = 7. 

As the tensile axial stress (Rp > 0) increases, curves 1, 2 and 3 in Figure 
11.2 approach each other. To explain this effect, note tha t by virtue of (3.2) 
and (3) 

fk(s) = =— cos s (a - cos s) ^-j-1 r=. (11.6.5) 
cosz s \ ) coss (a — cos sy 

For lp < 0 we have f2(s) < 0 for all s, and fi(s) > 0 for all s, if 7 > - 0 . 8 4 . 
For —0.84 > 7 > —2.8 the function f\ (s) changes its sign in the interval (s\, s2) 
while at the same time near the endpoints of this interval f\(s) < 0. It follows 
tha t the solutions of the corresponding boundary value problems are damped 
as we approach edges s\ and s2 and the solution is less dependent on the type 
of support . Localization of the buckling mode near parallel s = 0 occurs in a 
manner similar to that described in Section 4.2. 

If we change the wave number m in the circumferential direction then the 
eigenvalue Ao(m) of the corresponding boundary value problem has a minimum 
for m = 7 or m = 8 in all of the cases considered (see, for example, curve 4 in 
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Figure 11.3, which corresponds to the case when lp = IM = 1 with clamped 
edge s = si and free edge s = S2). 

We have another picture in the case of simply supported edges s = s\ and 
s — s2. It follows from approximate formulae (5.12) and (5.15) that the value 
of A0(ra) depends on smip2(m), and the critical load depends on whether or 
not sin ip2 is close to zero for a small value of m. We recall that if sin ip2 is 
close to zero it means that the shell size is close to the eigensize. 

X(m) 

2 

1 

O 4 6 8 10 m 

Figure 11.3: The values of A(m). 

For simply supported edges we come to boundary value problem (3.1), (5.2), 
(5.3). The solution, after minimization by m are shown as curve 4 in Figure 
11.2. We have sin Y>2 = 0.18 at m = 3 and that is why without torsion (IM = 0) 

lP 
while under small torsion (7 = -— > 0.4) buckling occurs for m — 3. Under 

iM 
pure torsion (without any axial force) shell buckling takes place for m = 7. As 
was noted in Section 11.5, if the shell size is close to eigensize then the critical 
load and buckling mode are not affected. The calculation shows that the same 
case also takes place under tensile stresses P and small compressive stresses 
(7 < 0.4). 

It follows from above that curve 4 in Figure 11.2 has two distinct parts. 
The left hand portion of the curve corresponds to m = 3 and to the buckling 
mode close to surface bending, and the right portion of the curve corresponds 
to m = 6 — 9. 

We will now consider another shell with the same parameters and «2 = 
—si = 0.86. For this shell sin ^2 = 0 if m = 4. Let the shell edges be simply 
supported. The graphs of A0(m) for lP = 1, lM z= Q (curve 1), for lp = 0.5, 
lM = 1 (curve 2) and for lp — 0, IM = 1 (curve 3) are plotted in Figure 11.3. 
For comparison, curve 4 gives Ao(m) for a shell, one edge of which is clamped 
and the other is free for lp = IM — 1 • 

Curves 1 and 2 have two minimums at m = 4 and m — 7, the first is caused 
by bending. One can see that the effect of bending decreases as the torsion 
becomes relatively larger. 

J I L 
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11.7 Shell with Gaussian Curvature of Variable 
Sign 

There are two types of shells of revolution with alternating Gaussian cur
vature. Toroidal shells, the curvature k2 of which changes sign at some specific 
line (point A in Figure 11.4a) is the first type. The development of asymptotic 
solutions of the equations of statics, dynamics and buckling of this type of 
shell has been the subject of many studies (see, for example, [12, 24, 82, 119]). 
We note especially the papers [20], in which the specific type of quasi-bending 
of the neutral surface is introduced [53]. In the present Section we will not 
discuss this problem in detail. 

O 

O' 

(a) 

Figure 11.4: The two types of shells in which the Gaussian curvature changes 
sign. 

We will consider shells the curvature k\ of which changes sign at some 
parallel s = s* (point A in Figure 11.4b). The generatrix has a point of 
inflection at point A. We assume that k[(s*) < 0, i.e. the part s» < s ^ s2 of 
the shell has negative curvature. 

We begin with system of equations (1.1) and seek its solution in the form 
of (1.3) or (3.3). It follows from (1.4), that q1 = q2 — 0 at s = st, i.e. point 
s* is the turning point for system of equations (1.1). In the neighbourhood of 
s — s* by virtue of (1.4), qi ~ (s — s*)1/2 and equation (3.1) has a singular 
point s = s*. We consider only the case without torsion (t^ = 0). Then, in the 
neighbourhood of point s = s* equation (3.1) has two solutions of the form 

y (!) = l + a i ( s - S , ) + 

„(2) ( * - s*)1/2 [1 + 6i ( * - * . ) + • • • ] . 
(11.7.1) 
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At the same time by virtue of (3.3), all solutions of system of equations (1.1) 
are non-regular. 

We seek the regular solutions of system (1.1) in the form 

1 (*, <P) w^(s,e0)U(r1) + w^(s,eo)^ (11.7.2) 

where U (rj) is the solution of the Airy equation 

d2U 
+ VU = 0, i? = eo2/3C(«), (H-7.3) 

drf 

and the functions io(fe) are the formal power series in £Q 

( f c ) = e 7*(«0£ £ 2; w (M) ( s ) . (n.7.4) 
w 

(=0 

In the same form (2) we seek the rest of the functions, determining the stress-
strain state of the shell. 

At this point we will discuss further constructions very briefly. The details 
may be found in [130, 165], where the initial system of equations more accurate 
than (1.1) has been considered. However, this circumstance does not effect the 
zeroth approximation. 

Unknown functions (,{s), w^k'l\s) are determined as a result of substituting 
solutions (2) into system of equations (1.1). They are regular at s = s„, and 

n(s) = {i~0I
qids) • (1L75) 

We assume that the shell edges are sufficiently far from point s = s„, i.e. 

e ^ 1 J qids»l, SQ1 J {qxlds^l. (11.7.6) 
S . S i 

Then rj (S2) 3> 1, — n (si) 3> 1 and substituting solutions (2) into the boundary 
conditions we may use the asymptotic formulae for the Airy functions as 77 —> 
±00 (see [15, 63]), 

U\ ~ 7r -1 '277 -1/4cos7, Ui ~ 7r_1/ '2j;~1/4sin7, r\ —>• 00; 

I7l ~ (l/2)7T-1/2(_ f ?)-l/4e-« j [ / 2 _ 7 r - l / 2 ( _ r ? ) - l / V i , , _»_oo , 

(11.7.7) 
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In searching for u>( •' we arrive at second order differential equations. 
Therefore, noting that equation (3) also has two linearly independent solu
tions, U\ and U2, in total four solutions of system (1.1) of type (2) have been 
developed. 

It follows from (7) that for s > s„, all solutions (2) oscillate. For s < s* 
two solutions corresponding to U = U\, decrease exponentially away from the 
turning point, and the other two solutions corresponding to U = U2, increase 
exponentially away from the turning point. 

If at least one support u = 0 ,u = 0 o r w = 0 i s introduced at edge s = s\, 
which borders the part of the shell which has positive curvature, this edge 
cannot cause buckling. To satisfy the boundary conditions at edge s — s2 we 
must take two solutions (2) for U = U\, assuming tha t , since they decrease 
exponentially for s < s*, they approximately satisfy any boundary conditions 
at s = s\. 

We can now also present the explicit form of the main (real) terms of 
solutions (2) for U = U\ using asymptotic formulae (7) as r) —> 00 (i.e. for 
s > «*) 

u = (-Ciy^ simp*+C2yW cosip*) \u*\cosm(<p — <po), 

v = (Ci j / 1 ) cos I/J* + C22/2) sin^)„) \v* \ sin m (ip — fo), 

w = (C i? / 1 ' cos ij)t + C22/2 ' sin^>„) \w* \ cos m (ip — <po), 

Ti = (-CiyM'sin Ti>t + C2yW cos ^)\T?\ cos m(<p-<p0), (11.7.8) 

S = (Ciy^'cosijt + C2y
{2)> sin^) \S*\sinm(<p-^0), 

ip*{s) = — qids- - , 
£o7 4 

where C\, C2 and <po are arbitrary constants, t / 1 ' and T / 2 ' are the solutions of 
equation (3.1) which have expansions (1) at s = s» and u*, v* ... are deter
mined by formulae (3.3). 

Under the above assumptions for determining Ao we should substi tute so
lution (8) into the main boundary conditions at s = s2. 

Let clamped conditions u = v — 0 be introduced at s = s2 • Then the above 
substi tution leads to the equation 

2/ ( 1 ,(s2,Ao)2/ ( 2 )(s2 ,Ao) = 0, (11.7.9) 

from which it follows that the critical value Ao is equal to the smallest roots 
of equations 7/1) = 0, y^ = 0, into which equation (9) may be split. It can 
be shown tha t it is the equation y^(s2, Ao) = 0 which gives the critical value 
of A0. 
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The buckling mode in the zeroth approximation has the form 

w(s,<p) = w0cosm{tp - ip0), w0—e0 wi(s) U\ [rj (s, e0)], (11.7.10) 

where w\(s) does not depend on EQ. For the case where s > s*, by virtue of 
(7) 

wo = j/^1^|«)*|cosV'*. (11.7.11) 

For the case when s < st, the function WQ exponentially decreases as \s — s*| 
increases, and for s > s*, it oscillates as shown in the graph of WQ(S) in Figure 
11.5. The portion of the shell with negative Gaussian curvature is covered by 
a system of pits that resembles a chess board. In the neighbourhood where 
s = st, the pits are deepest. 

s 2 5 

Figure 11.5: Schematic of function WQ(S). 

Now, let the conditions v = T\ — 0 be introduced at s = «2- Then the 
equation for the determination of Ao has the form 

cos2tf3. + i / ( 2V1 ) ' | sin2V>2*=0, ih. = t/>2(s*). (11.7.12) i ) , / 2 ) ' ! 2T 'y 

By virtue of the identity / (j/1)*/2)' — y^y^') = const equation (12) is writ
ten in the form 

2/(1)V2) = - T ^ C C S 2 V>2*, cj = gb3 (-k[k2) 
1/2 

(11.7.13) 

where cj is calculated at s = st. 
In this case as in Section 11.5, we may obtain the approximate formula for 

Ao if cos ^2* is close to zero for small m. Using the inequality \Fi\ <g 1, we 
take the approximate solutions of equation (3.1) in a form similar to (5.11) 
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Now equation (13) gives 

cos2V2* , P2Lx* 
A° (m) = „4r T + 0 L\tL2t IJ2* 

(11.7.15) 
fds f 

L\* = / -r, L2* = / / ids . 

In the case of the boundary conditions u = S = 0 at s = s2 we obtain similar 
results with the only difference being that cos2 ip2, is replaced by sin2 ^2* in 
(13) and (15). 

11.8 Problems and Exercises 

11.1. Derive the system of equations of the second approximation for 
functions w\(s) in (1.3) 

11.2. Derive equations (3.1) for the particular case of hyperboloid of rev
olution of one sheet x 2 /a 2 — j / 2 /6 2 = 1 under combined axial compression P, 
external pressure q° and torsion M. 

Hint To obtain the dimensionless stress-resultants use relations (1.4.6). 
Geometric functions in (3.1) and (3.2) are 

k2 = a^ \l0% sin2 9 — 62cos2 9, b = k^ sin9, 

jti = - a ^ o - 2 * 2 , d( )lds = - f e i d( )/d9, 

where 9 is the angle between the axis of revolution and the normal. 

11.3. Find the critical load and the wave number in the circumferential 
direction for hyperboloid of revolution of one sheet x 2 /a 2 — J/2/6Q

 = 1 under 
axial compression P. Shell edges 9\ = 2TT/3 and 92 = 47r/3 are clamped. 
Assume ao/h = 0.005, &o = «o, v = 0.3, and d = g = 1. 

Hint For arbitrary m solve boundary value problem (3.1) with the bound
ary conditions y{9\) = y(92) = 0. Then find the minumum of function A(m). 

11.4. Use approximate relations (3.10) to determine Ao and mo for Prob
lem 11.3 assuming y — (92 — 9){9 — 9\). Compare the result with that of 
Problem 11.3. 

11.5. Consider Problem 11.3 assuming shell edges 9\t2 = 7r/2±#o, #o < T / 4 
to be simply supported. Find the eigensizes of the shell. 
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Hint For arbitrary m and 9 solve boundary value problem (3.1) with the 
boundary conditions y'(0\) = y' (O2) — 0. Obtain the function A(m, 0) and 
then find its minumum. 

11.6. Use approximate relation (5.12) to solve Problem 11.5 and compare 
the results. 





Chapter 12 

Surface Bending and Shell 
Buckling 

In this Chapter the buckling of a membrane axisymmetric state of a weakly 
supported shell of revolution will be considered. The case when non-trivial 
bending of the neutral surface exists which, as a rule, leads to a decrease in 
the order of the critical load, are also considered. 

We will also consider cases without pure bending that satisfy the bound
ary conditions but with deformations of the neutral surface that are close to 
bending. Such deformations lead to a decrease in the order of the critical load 
compared to that for a well supported shell. 

12.1 The Transformation of Potential Energy 

It is noted above that the consideration of deformations which are close to 
neutral surface bending imposes a special requirement on the accuracy of the 
initial system of equations. That is why the expressions which specify (2.3.10) 
and (2.3.11) are introduced here. 

As in Section 2.2, we represent the unknown functions in the form of sums 
u° + Ui, w,° + Wi, T° +Ti, M° + Mi, . . . and expand potential energy (1.10.1) 
as the sum of homogeneous terms with respect to the additional unknowns U{, 
w, ... (henceforth, for brevity we will refer to the initial displacements u° and 
to the additional displacements u,- and in the same manner we refer to other 
unknowns). 

n = n£ + n „ = n° + u°H + n* + nj, + n£
2 + nl + • • •, (12.1.1) 

where 11° and Il£. are calculated by formulae (1.10.1), (1.1.10) and (1.1.13) for 

239 
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displacements u° while at the same time, 11° is non-linear in u°. Further we 
can write 

nj = II ( ifeh + s°e\2 + T 2 °4 2 ) <m, 

Ui = ff (Mfxi + 2 H°T + M2°x2) dQ, 

(12.1.2) 

where 7̂ ° and M° are the initial stress-resultants and stress-couples and Xj 
and r are calculated by formulae (1.1.13) for displacements «,-, and 

4 = ei + e?e* + w?w,- + 7,?7i, ( 1 2 x 3 ) 

e\2 = w + ejw2 + w^ei + e^wi + w Je2 + 7? 72 + 727i • 

Here e°, wf and 7? are calculated by formulae (1.1.7) for displacements u°, 
and £,-, w,- and 7,- are calculated by formulae (1.1.7) for displacements it*. 

The second order terms in u,- are equal to 

n 2 = n 2 1 + n 2 T , (12.1.4) 

n f = \lf [T? (el + w? + 7l
2) + T2° (£

2 + W
2 + 72

2) + 
n 

+ 5° (eiw2 + £2^1 + 7172)] dfi, (12.1.5) 

where II21 is calculated by formula (1.10.1), in which deformations etj are 
taken from (3). In (2) 11^ is calculated for displacements u,. 

Let SA be the elementary work of external forces (1.10.4) on displacements 
8ui. We represent SA as a sum 

6A = 8A1 + SA2, (12.1.6) 

where 8A\ and SA2 depend on w° and Sut while at the same time SA\ does 
not depend on u,-, and SA2 linearly depends on M,-. 

Then, in order to determine the initial state, u°, one can use equation 
(1.10.5) 

6nl + SUi = SAi (12.1.7) 

and the additional state u; is determined from the equation 

6n? + 6Tgr + 6Tll = 6A2. (12.1.8) 
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In the case of a conservative external load we may introduce the work of 
the external forces, A (u° + «,•) which depend on the displacements. Let us 
represent it as in (1), in the form 

A = A0 + A1 + A2 + --- , (12.1.9) 

where AQ does not depend on M», A\ linearly depends on «,-, and A2 has 
quadratic terms in u* (i.e. u2, UjUj). 

If the external load is "dead", i.e. the surface and boundary loads main
tain the same value and direction when the shell deforms, then the work, AQ, 
linearly depends on w°, A\ linearly depends on Ui, and the other terms in (9) 
are absent (A2 = A3 = • • • = 0). 

For a conservative load we may substitute differential relation (8) in the 
finite relation 

n£
21 + n f + ul = A2. (12.1.10) 

The discussions of this Section have had a general character until now. At 
this point we will consider the buckling of a shell of revolution under a mem
brane axisymmetric stress state, with some simplifying assumptions. Namely, 
we will ignore any pre-buckling shell displacements. We assume that under 
buckling, the bifurcation into a non-axisymmetric form takes place. We also 
assume that the external load q and the initial stress-resultants Tf and S° 
linearly depend on the loading parameter A 

q^XR-'Tq0, (Tf,S°) = -XT(titt3), T = E0h0n
2, (12.1.11) 

where we assume that A, q° = q°(s) and U = U(s) are dimensionless. 
Under these assumptions, in the case of a conservative external load we 

may write the buckling problem in a variational form similar to (3.6.1) 

. l+) IT + n4R2Il' . hi , 
A = min(+> £ * * , ^ = _ — 2 _ _ 12.1.12 

«i ii2u.'T 12(1-V2)RQ 

where we calculate the minimum by all w,-, which satisfy the geometric bound
ary conditions and for which the value of 11^ is positive. Here n£ and Il'H are 
the same as in (3.6.1), and 

n!r = (A2-II
2T)(\T)-1 . (12.1.13) 

Analyzing the buckling modes close to bending, we may neglect in (5) terms 
containing £,• and w, and according to (11) we can write 

* - * / / 
«i W + w?) + t2 (7! + " I ) + 2 *37i72+ 

r 0 , 

+ ^ - ( 7 i « + 72") dSl, (12.1.14) 
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where Sc = 0 for " dead" external loads and Sc = 1 for a follower normal pressure 
which is also a conservative load. Furthermore, we assume that Sc = 1. 

Let the additional stress-strain state under buckling have high variability 
(the index of variation t > 0, see (1.3.4)). Then with an error of order h™ 
we may neglect the terms with uif and Sc in (14) (see [55], and also (2.3.11), 
(3.6.2)). In some of the cases considered below, t = 0, and if we do not keep 
these terms in determining the critical load we incur an error which, while 
small, does not converge to zero with /i*. 

12.2 Pure Bending Buckling Mode of Shells of 
Revolution 

Let us consider the system of equations e\ = £2 = w = 0 and seek its 
solution in the form 

u = u(s)cosnvp, v = v (s) sin nvp, w = w (s) cos nvp. (12.2.1) 

Then, this system has the form 

^ - i * r ° ' llU+BV--R2=
0> BTS{B)-BU = ° <12'2-2) 

and leads to the equation 

= ( f l * E ( 5 ) ) - » ' ^ - = «- <"•»> 

Let non-trivial bending (i.e. the solutions of system (2) which satisfy all of 
the geometrical boundary conditions) exist. Then in (1.12) II^ = 0 and 

A = //2 min (+)j ' (m,«j(m)) , J' = ? ^ - , (12.2.4) 
Ui(m) llrp 

where the minimum is calculated for all possible cases of bending. 
As was noted in Section 3.6, the existence of bending decreases the critical 

load. In cases where there is no bending or the deformations closely resemble 
bending A ~ 1 (as follows from (1.12)). At the same time with bending A ~ /i». 

The method used here is similar to the method of studying low frequency 
shell vibrations (see [57]). The difference is that in the case of vibration there is 
a quantity which is proportional to the shell kinetic energy in the denominator 
of functional (4). Also, the solution of buckling problems for weakly supported 
shells is less important, from a practical point of view, than the solution of 
vibration problems. 



12.2. Pure Bending Buckling Mode of Shells of Revolution 243 

Listed below are the main cases of support under which a shell of revolution 
has non-trivial bending. 

A shell in the shape of a cupola has bending if its edge is free. 
A shell with two edges has bending if only one support is applied at one of 

its edges. 
A shell with two edges has bending if one of the edges (s = s\) is supported 

by a diaphragm, which is absolutely rigid in-plane and absolutely flexible out-
of-plane. In this case the geometrical boundary conditions have the form 

ujsinfl - ucosO = 0, v = 0 for s = s i , (12.2.5) 

where 9 is the angle between the axis of revolution and the shell normal . Here 
we should actually satisfy only the condition v = 0. At the same t ime the first 
of conditions (5) is automatically fulfilled by virtue of e2 = 0. 

A shell with two free edges has for each m two-parametric set of bending 
and we should minimize functional (4) in this set. 

A shell which has positive Gaussian curvature with two edges, has no bend
ing for m ^ 0, if at least one support is introduced at each of its edges. 

The question of the existence of bending for a shell of revolution of zero 
curvature may be easily solved, since one can write explicitly the set of solutions 
of system (2). For a cylindrical shell 

u = C2~, v = Cl-+C2-^-, w = d + C2^ (12.2.6) 

mA m mR R 

and for a conical shell 

sin a 2 u = G 
1 - 1 

v = Ci C2 —, (12.2.7) 
ms2 m \ ') 

_ s „ sin2 a — m2 

w = Ci + Ci = , 
s2 cos a m1 cos a 

where 2a is the angle at the top of the cone, C\ and C2 are arbitrary constants, 
and s is the distance from the top of the cone. 

A shell of negative Gaussian curvature may have bending if at each of its 
edges only one support is introduced (or the edge is supported by a d iaphragm). 
Bending exists for some shell eigensizes for which boundary value problem 
(3) has eigenvalues m2 where m is an integer for corresponding boundary 
conditions which depend on the support type. 

A shell with torsional moments applied to its edges will not buckle by pure 
bending modes. It follows from this fact, tha t by virtue of (1.14), U'T = 0 in 
(4). In other words, the initial stress-resultant, S°, does not do work on the 
additional displacements (1) which agrees with the finding of Section 11.5. 
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Let us now consider some examples. 
Let a shell be under an external follower pressure q*(s). We denote g** = 

max{g*(s)}. Then for the critical pressure, we find by formulae (4) and (1.11) 
that 

where the functional J' is the same as in (4). 

Example 12.1. Consider a long cylindrical shell under constant external 
pressure q*. Let the boundary supports not be introduced or at least let 
their effect be negligible. Then, by virtue of (5) the following are bending 
deformations 

u = 0, v=—, w-\ (12.2.9) 
m 

and formula (4) gives Ao = (m2 — l) u2. For m = 2 we come to the well-known 
Grashof-Bress formula (3.5.7). In this problem, u>2 = 0, and the correction 
introduced in ITj, is not revealed. 

Example 12.2. Next, consider a moderately long cylindrical shell of length 
L and radius R under external pressure q*(s). Let edge s = 0 be simply 
supported (7\ = v — w = Mi = 0), and edge s = L be free. The bending 
deformations are then 

u = - L , v=-£-, w=l (12.2.10) 
m2 Rm R 

Then by (4) we obtain 

L 

Jq = l-[s2q°(s)ds. (12.2.12) 

o 

If, in (1.14) we omit terms with w,2, then we obtain instead of (12) 

L L 

J, = J?f *V (-) *> - L*J*>_X) I ^ *>• (12-2.13) 
o o 

In particular, for homogeneous external pressure q° = 1 and for m = 2 we 
find by (11) and (12) that 

/ ' = 3 ( l + ^ | ^ ) J " 1 , Jq = L (12.2.14) 
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We note that as the shell length (/ -> oo) increases, formula (14) evolves 
into the Grashof-Bress formula. 

We obtain from formula (13) for m = 2 

' , = 1 - 4 7 5 - ( 1 2 - 2 1 5 ) 

For hydrostatic pressure which increases linearly with depth 

„"(,) = 1-1, Jq = \ , Jq=\~jp, (12-2.16) 

where the values of Jq are obtained respectively by (12) and (13). This last 
problem models the buckling of an empty cylindrical pail immersed in a con
tainer of liquid. 

12.3 The Buckling of a Weakly Supported Shell 
of Revolution 

In this Section we will consider cases when the shell edge supports pre
vent pure bending of the neutral surface, but there are shell deformations 
that closely resemble bending. In [57] which considers low-frequency shell 
vibrations, the possible tangential bending of the neutral surface, i.e. shell 
deformations which satisfy (2.2) and the tangential supports, are introduced. 
It was shown in [57] that in the case of vibration, the existence of possible 
tangential bending leads to a decrease in the order of the lowest frequency. It 
will become clear in the Section below that this result is not always valid in 
buckling problems. 

Let us begin with (1.12) and represent the additional stress-strain state as 
a sum of three terms: the bending, membrane and edge effect 

w = wh + wm + we. (12.3.1) 

The bending deformations satisfy equation (2.2) and the membrane deforma
tions satisfy the system of membrane equations 

dTx 5 ' m x rn 
_ L + _ ( T l _ T 2 ) + _ 5 = 0 , 

±(B*S)-B>mT2=0, | - + g = 0, (12.3.2) 

Ehsi = Ti - vT2, Ehe2 = T2- vTu Ehw = 2{l + v)S 

and in this system Tl'£ > 0. 
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We assume that wb ~ 1, wm ~ ^Qfm, we ~ /zae. Then am > 0, since 
otherwise the bending deformation is not dominant. 

Due to (1) we can represent all the variables in (1.12) as the sum of three 
terms, for example, 

£ l = e b + e m + £ e ( g ^ f l ^ x i ^ + xjn + X? . (12.3.3) 

Then 

Wp = n£ + nf, + n£e. 

Here II™, 11^, IIj,, II®, 11 .̂ and II|, are constructed by substituting into (3.6.1), 
(1.14) and (1.15) the bending and membrane deformations and deformations 
due to the edge effect, II™e (II^e, IIj.6) are bi-linear integrals of a form which 
consists of membrane (or bending) and edge effect deformations. 

It can be shown that the order of the last terms in (4) is always less than the 
sum of the first two term. Below, we find only the main term in the expansion 
A by the powers of \i and that is why we omitted the last terms in (4). For 
the same reason, by virtue of am > 0 we omit the membrane compared to the 
bending deformations. 

As a result (1.12) has the form 

A = m i n W ^ m t f f l n ^ Z C . Z* = nt+»4R2ni, (12.3.5) 
". pi1 (n£ + nf,) 

while at the same time, the orders of the variables in (5) for m ~ 1 are the 
following 

n m _ / i 2 « m . n k , n £ ~ l ; Ze~n2o"+1. (12.3.6) 

Estimating the orders of Ilf and 11 .̂ we take into account that the edge 
effect solutions are essential only in a band whose width is of order /i. The 
order of Ilj, depends on the edge conditions in the neighbourhood of the edge 
s = SQ being considered, namely 

n j ~ /i2«<=-* for h (s0) ± 0, 

n j ~ / z 2 ^ for tl(s0) = 0, | * i ( * o ) | + | M « o ) | # 0 . (12.3.7) 

Hj, ~ u201^1 in the other cases . 

At the same time we assume that all | £,| < 1. 

(12.3.4) 
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We can now present some more useful formulae for the edge effect solutions 

tfj(8,ri = Fj(8,rie"-lr*-°\ v) + R 2 ^ = 0, (12.3.8) 

where y is any unknown function, y^ are power series in fi, the higher order 
terms of which are constant, while the others are polynomials in powers of s. 

The following estimates and relations for the higher terms of series (8) are 
then valid 

w e , 7 | ~ na°; we,wf,W2,we ~ / / a e + 1 ; >c2,f
e ~ fJ.a'~1; 

r we vuf r 2 (12.3.9) 

fl R2 R2 \l* 

Here, the subscript j is omitted. 
We can write the solution of the edge effect in the zeroth approximation 

w = C\ e x p — - - + C2e^P—- -, (12.3.10) 

where C\ and C2 are constants to be determined later, so is the edge parallel 
in a neighbourhood of which the edge effect (5ft r , < 0 for s0 = si < ^2) is 
constructed. Then 

z* =»Bc1c2(j!p) (I + OM), 

fWT = ^ ( n C f + Anr2C,C2 ( n + r,)'1 + ( 1 2 3 1 1 ) 

+ r 2 C 2
2 ) ( < 1 ( s 0 ) + O ( / i ) ) . 

The multiplier 7r, which appears in the integration by <p in the numerator 
and denominator (5), is omitted. 

We write Ze (with an error of order (i) for different types of support con
ditions 

for Q] 

"B("b> !GI) 

3 \ 1/2 

for Q^ = 0, 71 + 7 ? = 0 ; (12.3.12) 
1/2 

Ze = 

for wb + we = 0, M* = 0; (12.3.13) 

for w b + we = 0, 7^ + 7^ = 0, (12.3.14) 
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where all of the values are calculated at s = SQ . The value of Tlj, is compara
tively small in all of the cases considered later. 

Beginning with a shell of positive curvature with one edge, s = SQ, i.e. 
the shell is a cupola. For fixed m system (2.2) has a unique solution ub, vh, 
wb, which is regular in the top of the cupola. 

First we introduce the support 71 (s0) = 0. Then, by virtue of (6), (9), (12) 
we find 

/ / \ 
a e = l , am = 2, \=—^{l + 0(n))~n; 

So 

n£ = \j [h («? + 7?) + h H + 7l) + (12.3.15) 

*cq°, 
+ —5~(«7i + V72) 

K 
Bds, 

where Ze is determined by (12), and in order to calculate life we take the 
bending deformations. 

Remark 12.1. For a strongly supported convex shell A ~ 1, for a shell 
which has non-trivial bending A ~ fi2. It follows from (15) that support 
introduced 71 (so) = 0 leads to an increase in the order of the parameter A 
(A~/ i ) . 

Now we can show that the minimum value A is obtained for m — 2. For 
this we assume that m^> 1, and find a solution of system (2.2) in the form 

xb(s,m) = m^J2m~kx«^e±mIPdS> P=B\lt) ' ( 1 2 ' 3 1 6 ) 

fc=o ^ l ' 

where x is any unknown function. 
Let wb ~ 1, then 

ub,vb~m-1; 7^,72 ~ « ; * i , *2, rb ~ m2. ' (12.3.17) 

Let us study the case when the sign is positive in formula (16). Then 
functions (16) increase fast with the growth of s. That is why in calculating 
the integrals of the functions of type (16), the order of the integral is m times 
less than the order of the integrand. Indeed, for ip'(s) > 0 we have [15, 37] 

52 

/ f(s) exp(mi/'(s)) ds 
jn%l>'(s2) V m 2 em</>(*2). (12.3.18) 
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It is not difficult to find the order of the variables in (14) 

ll% = 0(m), \~nm, (12.3.19) 

from which it follows that under buckling, m — 2. 

Now let the support w (s0) = 0 be introduced (or simultaneously two sup
ports w (so) = 7i(«o) = 0). The same developments show that in this case 
buckling occurs for m ~ / /_ 1 while at the same time A ~ 1, i.e. the existence 
of the possible tangential bending (under its construction the non-tangential 
supports w = 0 and 71 = 0 are neglected) does not lead to a decreasing in the 
order of the critical load. This means that the buckling problem differs from 
the vibration problem, for which in this case a decrease in the order of the 
natural frequency does take place. 

The difference mentioned is related to the denominator in (1.12). In the 
vibration problem, the main term in H'T is w2 (see [57]), while in the case of 
buckling, the dominant term is the quantity tif2 + 2*37172 + *272 > which is of 
order m2w2. 

Consider a convex shell with two edges and limit the discussion to the case 
when edges s = si and s = s2 are simply supported. As was noted above, if 
we introduce one or two supports described by (2.5), the neutral surface has 
non-trivial bending. We assume that the supports do not allow non-trivial 
bending. The free vibrations of such a shell are considered in [57] and we will 
use a similar method here for the buckling problem. 

Let us take the bending solution (16) 

w^ = (wo(s) + O (m *) ) exp< m I pds >, 
\ > l J J (12.3.20) 

w0 = (R1R2)
1/\ 

which damps far away from the free edge s = s2 • 

To satisfy the boundary conditions at s = Si we add to the solution the 
functions w\, wm and we which are respectively the bending solution, mem
brane solution and the edge effect solution which damps far away from edge 
s = si. 

By virtue of (20), w\ ~ 1. We can calculate the values of the variables in 
(5) for m 3> 1. The values of Il£. and LT̂  are determined by the contribution of 
Wi in the neighbourhood of edge s = s2, where the displacements and bending 
deformations are most essential. 
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We now have 

nb = m3R1 

n T = 

4 5 2 

m R 

1 + 
Ri 

\v Ri (I + O ^ - 1 ) ) , 
R\ J R\ 

-(to + Oim-1)^, t0 = h^- + t 

[12.3.21) 

where Ri, B and to are calculated at s = «2- The other variables in (5) depend 
on the form of the boundary conditions at s = s±. 

We will consider only the case when u — v = 0a.ts = si. Using relations 
developed in [57] we obtain 

n? 
4 B V 

m R\ 
»2 

1 -)- — I -l- 4 — 
RiJ Ri 

- l 

(l + Oim-1 

c =2 pds, 

(12.3.22) 

where Ri and B are calculated at s = s\, and the value of II™ is determined 
by the contribution of the tangential deformations in the neighbourhood of 
edge s = «i. In the case under consideration the non-tangential boundary 
conditions in the zeroth approximation are not essential and the values II | , 
n ^ and Ily in (5) are secondary. 

We find in the zeroth approximation 

A (m) = A i / / - 2 m - 2 e - m c + A2/<
2m2 (12.3.23) 

where the constants A\ and A^ which do not depend on /i and m are obtained 
by substitution of (21) and (22) into (5). 

By minimization of A (m) by m we get 

\ 2 2 
A0 ~ /i m 0 , 

mo ~ c xln (/z 4) (12.3.24) 

For shells of positive curvature with free edges the decrease in the order of 
the critical load is typical and is caused by the difference between the math
ematical rigidity of the surfaces and the physical rigidity of the shells. This 
problem has been analyzed in [54, 55]. 

Estimates (24) are obtained under particular assumptions on the boundary 
conditions at edge s = si and the type of load. For other boundary conditions 
which do not allow pure bending, estimates (24) are valid and only the con
stants in these estimates are changed (for example, constant M in the estimate 
m0 ~ M l n / / - 1 ) . 
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The effect of the initial stress-resultants t{ is more essential. Formula (21) 
for I ly , and also estimate (24) are valid only for to(s2) ^ 0. We note that the 
value to is proportional to the external normal pressure. 

Let £0(^2) = 0 and <o(s2) 7̂  0, which is valid for an empty shell entirely 
immersed in a liquid (see Figure 12.1a). In this case, instead of (21) and (24) 
we obtain the estimates 

n£ m0 In// 1, A0 ~ H2ml, (12.3.25) 

i.e. of order AQ increases compared to (24). 

Figure 12.1: An empty convex shell immersed in a liquid (water). 

Now, let the top portion of the shell be not loaded, i.e. 

t1=t2=to = 0 

t0>0 

for s0 < s ^ s2 , 

for si <C s < SQ 
(12.3.26) 

(see Figure 12.1b). In this case the unloaded part of the shell acts as a support . 
The order of Ao increases as s2—so gets larger and under condition (29) buckling 
modes close to bending do not occur. 

Indeed, instead of (21) and (23) we now have 

n§, Co 

«2 

-2 pds, 
(12.3.27) 

A (m) ~ A-m^m^e™0 + Ain~aii i(c-co) 

where a,-, j3, /?, and A, depend on the boundary conditions and characteristics 
of the loading. For conditions u = v = 0 at s = si and t0(so) / O w e have 
/? = 1, a.i = Pi = 2. The minimization by m gives 

An Ha°mn 

a0 = 

0 • - fj. m0 , 

_ Q2 ( c - Cp) - Q I C Q 

m 0 ~ In fi x , 

/?2 ( C - Co) - /?lC0 

(12.3.28) 

A> = 
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at the same time estimates (28) are valid only for c*o > 0. But, if 

a0 ^ 0 (12.3.29) 

we then obtain Ao ~ 1, mo ~ p _ 1 , i.e. the loading order does not decrease. 
We note that condition ao > 0 imposes restrictions only on the location of 

parallel SQ which separates the loaded and unloaded portions of the shell. In 
particular, for a\ = a? for a shell which is symmetrical with respect to plane 
s = s* = 1/2 (s2 — «i), condition a0 > 0 has the form «o > «* • 

12.4 Weakly Supported Cylindrical and Coni
cal Shells 

The effect of the boundary conditions on the critical value of the load 
parameter A was considered in Chapter 8. It follows from Table 8.4 that for 
the four last boundary condition variants, the order of A decreases. These 
variants are considered in more detail below. 

We begin with the case of a cylindrical shell. Let the parameter A be intro
duced by (1.11). Then by virtue of (7.1.3) for a "well" supported cylindrical 
shell 

\~ft- \=!i3.r, + 0(ji2), m o - / ! " 1 ' 2 , (12.4.1) 

where the parameter n is given in the last column of Table 8.4. In this case 
the shell edge condition is considered to be "well" supported if 77 ^ 0. 

The other variants of (weak) support we divide into two groups: supports 
which do and do not, allow pure bending. For the first group we get 

A ~ / J 2 , mo = 2, \ = n2J' + 0{ft3), (12.4.2) 

where J' is introduced by (2.4). If the shell is under an external normal pressure 
(see examples 12.1 and 12.2) then J' = 3 J~l or J' is represented by (2.11) 
depending on whether bending case (2.9) or (2.10) satisfies the given supports. 
It occurs that all of the variants in lines 8—10 of Table 8.4, and the variants 
in line 7, without restriction on the angle of rotation 71 neither for s — 0 nor 
for s = L allow the bending. In the first case we consider bending (2.9), in 
the second case bending (2.10). Reading Table 8.4 one should use formulae 
(8.4.13-16) in which we list the corresponding complete boundary conditions. 

Next let us consider the type of support for which rj = 0 and which, on 
the other hand, do not allow pure bending. Let one of the boundary condition 
variants of simple support be introduced on edge s — 0, and one of the variants 

file:///~ft-
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of boundary conditions from the free edge group be introduced on edge s = L 
(see line 7 of Table 8.4 and formulae (8.4.14) and (8.4.16)). 

We take bending (2.10) which satisfies all of the supports except support 
by the angle of rotation (71 = 0), if it is introduced. That is why we add to 
bending (2.10) (if necessary) the edge effect solutions in the neighbourhood of 
edges s = 0 and s = L 

w- wb + we0 + weL, 1, fim. (12.4.3) 

We are considering a moderately long shell and that is why we can neglect 
the interaction of the edge effect solutions. Unlike (3.1) in (3) the membrane 
deformation wm is not introduced since it does not contribute the zeroth ap
proximation, the only one which we are considering here. 

Substituting (3) into (1.12) or into (3.5) and keeping the main terms we 
obtain 

Ze0 + ZeL + p 4 i ? 2 n b 

n2nb (12.4.4) 

That by virtue of (3.12) and (3.14) gives us 

A(m) = 

+ l / 6 ( m 2 - l ) 2 / V 1 + 6 ( 1 - " ) 
m2/2 (W)~\ (12.4.5) 

where I = LjR, 

<*o = < 

OIL 

for 0110, 0100,0010, 
for 0101, 0011, 
for 0111, 

for 0000, 

for 0001 

(12.4.6) 

(see the notation for the boundary conditions introduced in Section 8.4 and 
Table 1.1). 

In (5) the first term is proportional to the energy of deformation caused by 
the edge effect solutions in the neighbourhood of edges s = 0 and s = L, and 
the second term is proportional to the bending deformation energy. 

Let a0 + OCL > 0. By virtue of (3.15) for t2 > 0 we have 

L 

n £ = m 2 ( n % + 0 ( m - 2 ) ) , Ub
T0=^js2t2ds. (12.4.7) 
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Now, minimization (5) by m yields 

A o = ^ / 3 ( Q 3 ^ b ^ 3 / 2 ( l + 0(^)) 

m0 

n
 T° x i / 4 (12-4.8) 

Thus, we obtain the estimates 

Ao~/x3 / 2 , m 0 ~ / i - 1 / 4 , (12.4.9) 

which falls between estimates (1) and (2). 
The accuracy of (8) for Ao is not high. Formula (5) for integer m which is 

the closest to mo, is more accurate and has an error of order /i. 
We can now write the expression for Ily in the case when the shell is loaded 

by external pressure q* (s) and axial force P 

0 

where t\ is introduced by (1.11) for P = 2nRT®. In the case of compression, 
t\ > 0. If we additionally load the shell by a torsional moment then it does not 
effect the parameter A within the accepted limits of accuracy since the integral 
of the term 2*37172 (1-14) is cancelled (7172 ~ sin rrvp cos mcp and the integral 
by ip is equal to zero). 

Now let us consider conical shells. As in the case of cylindrical shell esti
mates (1) are also valid for "well" supported conical shell. If the supports allow 
pure bending then estimates (2) are valid. We will consider the intermediate 
cases. The total displacement we will represent in form (3) again. 

For different boundary conditions for s = s\ and s = s2 we can take 
different linear combinations of bending (2.7) 

(12.4.11) 

sin a 
9 

s - sk 

, v = 
msk 

(0111,0110, 

sin a 

m 2 — 
• 2 ' " -sin a 

s — Sk sin2 a , w= + 
Sk cos a m z cos a 

0101,0100 for s = sk); 

s m s — Sk 

msk m2 - sin2 a ' sk cos a 

(0011,0010 for s = sk); (12.4.12) 

u = 0, v = , w 
m,S2 «2 cos a 

(1001,1000 for * = *i, s = s2); (12.4.13) 
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We will use formulae (11) and (12) in the case when the conditions of the 
simple support group are introduced on edge s = Sk and the conditions of the 
free edge group apply on the other edge, i.e. conditions 0000 or 0001. We use 
bending (11) when support v(sfc) = 0 is introduced, and bending (12) when 
it is not, but support w(sfc) = 0 does exist. We use bending (13) in the case 
when weak support conditions are introduced on both edges s = si and s = s2-

Let us now write the expressions for the potential energy due to bending 
(11)-(13). 

R2ni 

R2lt 

(ra2 1) 
2 sin a cos2 a 

+ x-2<2-*W-1 + 

l - * 2 2(1 - x ) 
2 ^ 2 <> H3-k ^ 

(m2 - l ) 2 

2 sin a cos2 a 
ln;> 

( l - J / ) s i n 2 a ( l - x 2 ) C 2 

2m'2 x2 

« 2 ' 

; (12.4.14) 

(12.4.15) 

Formula (14) is obtained for bending (11) and (12) where in case (11) £ = 1, 
and in case (12) £ = m2 (m2 — sin2 a) . If simple support conditions apply 
on the wide edge (s = S2), we assume in (14) that k = 2, and if they apply on 
the narrow edge we assume that k = 1. Formula (15) corresponds to bending 
(13). 

We can now begin to calculate the potential energy due to the edge effect 
solutions by assuming that 

R = B (s2) = «2 sin a. (12.4.16) 

Using formulae (3.12-14) we find the expressions for Z\ 2 for different supports 
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(they are marked in the parentheses) 

I 
Z\ ~ —r=/jx_1/2u)2(cosa)3/2 + u.2Rww'cos a+ 

v 2 

+ - L x 1 / y 5 f i V 2 ( c o s a ) 1 / 2 > V2 

Z\ = —-j= [iw2(cos a)zI2 + fi2Rww'cos a+ 
v 2 

+ ^=u3R2w'2 (cos a)112 (0111); 
A/2 

Z\ = - L x - ' / > 2 (cos a ) 3 / 2 , (12.4.17) 
2v2 

Z| = ^ f ^ 2 ( c o s a ) 3 / 2 (011°); 
Zf = -^rx

1/2u.3R2w'\cosa)1/2, 
2\/2 

Z§ = ~u.zR2w'2 (cos a)112 (0101,0011,1001,0001); 
2v2 

Zf = Z | = 0 (0100, 0010, 0000,, 1000). 

We calculate the value of Z e for each edge separately and that is why the 
contribution of the edge effect in the neighbourhood of shell edges s — s\ and 
s = S2 are denoted respectively by Z\ and Z%. Here w and w' are taken by 
formulae (11)-(13). 

For the parameter A by virtue of (4) we have 

A ( m ) = ( ^ + Z2
e + / f i 2 n ^ ) ( / / 2 n ^ ) _ 1 , (12.4.18) 

where Ily. is calculated by formula (3.15), and also IlJj. ~ m2. 
If Z\ = Z\ = 0 then estimates (2) are valid. 
If w = 0 in (17) then Zf + Z\ ~ y? and we come to estimates (9). 
In cases 0111 and 0110 we have w(sk) ^ 0 and by virtue (11) w(sk) = 

m _ 2 t a n a . Minimizing A by m we come to the estimates 

A 0 ~ / / 5 / 4 , m 0 ~ ^ - 3 / 8 , (12.4.19) 

which fall between estimates (1) and (9). 
Estimates (19) are not valid for cylindrical shells since, by virtue of (2.6) 

for the bending of a cylindrical shell, w(0) = 0 for v(0) = 0. 
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E x a m p l e 12 .3 . Consider the buckling of a cylindrical shell and two conical 
shells, the top edge of which are free and on the lower edge one condition from 
the simple support group is introduced (see Figure 12.2). 

The radius R of the cylindrical shell is equal to the radius of the larger base 
of the conical shell. The height of all of the shells is equal to L. The shells are 
loaded by an external hydrostatic pressure q*(s) which linearly changes with 
the height. We assume tha t q*(s) = q**q°(s), where q** is the maximum value 
of the pressure on the lower shell edge. 

L --

L-E 

--

a o c 

Figure 12.2: Cylindrical and conical shells in a liquid. 

For the cylindrical shell, case "a" 

q° = l - - , h=0, t2 = q°, 

for the conical shell, case " b " 

n _ * 2 - * q°s 

S2 - * 1 ' 

n S - S i 

S2 cos a 

S2 - « 1 

The following relations are valid 

Eh2X 

_ (S2-s)2(s2+2s) 
H — —-X / r — — , *2 

0 SS2 («2 — s i ) cos a 

_ (s-s1)*(2s + s1) 
n — -z -. r , t2 = 

o SS2 («2 — *i) cos a «2Cosa 

q°s 

(12.4.20) 

(12.4.21) 

(12.4.22) 

L = 

R2^/l2(l-u2)' 

i i ( l - x ) 

R = S2 sin a , 

«i 
(12.4.23) 

tan a s2 

We suppose tha t R/h = 400, v = 0.3, x = 0.5, t a n a = 0.5. Then L = R. 
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Table 12.1: The critical values of AQ 

No. 

1 

2 

3 

4 

5 

6 

Boundary Conditions 

0111 

0110 

0101 

0011 

0100 

0010 

v = w = 7i = 0 

v = w — 0 

v = 71 = 0 

w = 71 = 0 

v = 0 

w = 0 

Cylinder (a) 

m 

4 

2 

3 

3 

2 

2 

Ao 

0.0888 

0.0186 

0.0650 

0.0650 

0.0186 

0.0186 

Cone (b) 

m 

3 

3 

2 

3 

2 

2 

Ao 

0.0798 

0.0350 

0.0472 

0.0531 

0.0168 

0.0181 

Cone (c) 

m 

4 

3 

2 

2 

2 

2 

Ao 

0.372 

0.229 

0.132 

0.105 

0.073 

0.063 

The critical values of Ao and the corresponding values of m for different 
boundary conditions are represented in Table 12.1. 

For the cylindrical shell we take bending (2.10) which exactly satisfies sup
ports numbers 2, 5 and 6 and the corresponding value of Ao may be found by 
(2.4). The introduction of the additional support 71 = 0 increases Ao, and 
buckling occurs for m ^ 3 (see formulae (5) and (8)). 

For the conical shell we take bending (11) or (12) depending on the bound
ary conditions and Sfc = s\ corresponds to case " b " (support at the narrow 
edge). We find the parameter Ao by means of formula (18). Here, pure bending 
takes place only in cases number 5 and 6. 

In the other cases, the appearance of the deformation energy (Z\ or Z\ in 
(18)) associated with the edge effect leads to an increase in the value of Ao. 

Condition numbers 1 and 2 for the conical shell lead to estimates (19), 
and condition numbers 3 and 4 lead to estimates (9). In the example under 
consideration / i 1 / 4 = 0.4 and the difference between these estimates is not 
revealed since the other parameters of the problem are dominant . 

The order of the critical load for the cylindrical shell and for the conical 
shell supported at the narrow edge (case " b " ) , are approximately the same. 
The conical shell supported at the wide edge is more rigid. 

It can be seen from a comparison of numbers 3 and 4, and also 5 and 6 in 
Table 12.1 that in some cases, support v = 0 is more rigid, while in the other 
cases support w — 0 is more rigid. 



12.5. Weakly Supported Shells of Negative Gaussian Curvature 259 

12.5 Weakly Suppor ted Shells of Negat ive Gaus
sian Curva tu re 

It is a characteristic of shells of revolution with negative Gaussian cur
vature tha t if only one support at each edge is applied the shell may have 
bending which satisfies these supports. If this is the case the size of the shell 
is termed the eigensize. This property of shells with negative curvature has 
been extensively analyzed (see [4, 31, 51, 52, 56, 57, 91, 119]). Below we will 
consider the less often studied problem of the effect of non-tangential sup
ports and small variations from the eigensize on the critical load (see also 
[50, 90, 118, 128, 129]). 

Since there exist many different boundary condition variants we will con
sider only the case when conditions similar to the simple support group are 
applied at both shell edges, s — s\ and s — s2. For this group of supports 
the condition where T\ = 0 (see (8.4.14)) is characteristic. As was noted above, 
we can represent the additional stress-strain state as a sum of three terms (3.1) 
and use variational formula (3.5) to determine the critical load. 

Let us discuss the estimate of the value II™, in formula (3.5) by considering 
the auxiliary system of equations which is equivalent to equation (2.3) 

dx R2, „ dy x , „ 

-r-mid-y = 0' ; r - m ^ 7 T = °- 12-51 

as BRi as BR2 

We can represent the displacements ub, vb and wb of the shell under 
bending and stress-resultants 7 \ , T2 and S (in accordance with the static-
geometrical analogy), which are the solutions of system (3.2), in terms of so
lutions x and y of system (1) 

wb = - ^ , vb = By, wb = B'x + mR2y; 

J \ _ = _R2i j2___R|y_ s _ x 
E0h0 B2 ' E0h0 ~ RiB2'' E0h0 ~ S 2 

The displacements um, vm and wm, which are generated by stress-resultants 
(3), may be found from the same formulae (2) 

Bxm 

um = - — , vm = Bym, wm = B'xm + mR2y
m, (12.5.4) 

B2 

where, by virtue of (3.2) xm and ym satisfy non-homogeneous system (1) and 

(12.5.2) 

(12.5.3) 
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are equal to 

xm = d(s) Xl + C2(s) x2, y™ = Ci(«) 2/1 + C2(s) y2, 

S 

-Id , ,'2{l + v)xx2 , f, 1vR2 , R\\ R\yy2\ , 
ci = -i ( — W 3 — ^ - - R T ^ - B ^ ; (12-5-5) 

« 1 

C 2 = -2(1 + , ) ^ / ^ ^ ^ ^ 

• / ( 2 5 3 V Ri R\) B3 

S i 

Here x and j / are the solutions of system (1) determining stress-resultants 
(3). The fundamental set of the solutions of system (1) is formed by Xk and 
j/fe, which satisfies (for definiteness) at s = s\ the conditions 

x\- 3/2 = 1, x2 = yi=0. (12.5.6) 

The multiplier g is determined by (4.3.2), and for constants E, v and h we 
have g = 1. 

After integration by parts the expression 

II? = -±— f (Tiei + T2s2 + Sw) B ds (12.5.7) 
Z-C/Ofto J 

»1 

we obtain by virtue of (3.2) 

B n™ = 3— (Txt.- + S , m ) | j = s 2 = I (</mz - x™y) \s=s2, (12.5.8) 
2£, 

since um = vm = 0 for s = «i. 
Let the support i> = 0 be introduced at s — s\ and s = s2 and let for some 

m ^ 2 be yi(s2) = S and \5\ -C 1. 
Then bending (2) for x — m~lx\, y = m~ly\ exactly satisfies the conditions 

vb(si) = 0 and approximately satisfies the condition vh(s2) = 0 (the multiplier 
m _ 1 is introduced to get wb ~ 1). 

To compensate for the error in condition «(s2) = 0we introduce the mem
brane deformation determining by (3) and (5) 

x = Dlx1 + D2x2, y = DlVl+D2y2, (12.5.9) 

where D\ and D2 are unknown constants. We take D2 = 0, then by virtue of 
(3) and (6), condition T\ = 0 is fulfilled (exactly at s — «i and approximately 
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at s = s2)- We can determine the constant D\ from the condition 2/b(s2) + 
ym(s2) = 0. With an error of order S we then obtain [128]. 

A = - J * M - n? = JLrf(.a)> c = £ i M (12.5.10) 
a3/2(s2) mJ la 

where a = Ci{s2) for ar = xi and y = y1. 
Let edges s = si and s = s2

 De free in the tangential directions (Xi = S — 
0), however, support w = 0 is introduced, i.e. due to (2) 

(k = y + f3kx = 0, & = - - ? - for s = sk, k=l,2. (12.5.11) 
mR2 

We take the bending given by (2) for 

x = m - 1 (xi - Pix3), y = m ' 1 (y i - /? l2 /2), (12.5.12) 

then w (si) = 0. 
Let £2 = tf/m and |tf| <g 1, i.e. the condition w (s2) = 0 is fulfilled approx

imately. As above, to compensate for the error in satisfying this condition we 
introduce the membrane deformation determined by (3), (5) and (9). In order 
to determine constants D\ and D2 in (9) we have equation w° + wm = 0 or 

ym + (l2x
m + G = 0 for s = s2. (12.5.13) 

The second equation for D\ and D2 we obtain, accounts for the requirement 
that the energy, II™, be minimal. This condition has the form D2 + 0\DX — 0. 
Finally, we obtain 

2 (2/2 + /?2*2)
2 («2i + 2 A « n - /?iV2) 

^ = J / i - / ? i2 / 2 +/?2(* i - / ? i^2) , (12.5.14) 

aik = Ci(s2) for x = xk, y = yk, i,k= 1,2, 

at the same time, in calculating c\ and 8 we take the functions xk and y2 at 
s = s2- For /?i = /?2 = 0 formula (14) turns into (10). 

Consider formula (3.5) 

A (m) = (LT£
m + Z^ + Z2

e + fi4R2Ul) ( / i 2 n ^ ) _ 1 . (12.5.15) 

For all of the boundary condition variants considered 

iTf ~ ^ , Ul ~ m4, n§, ~ m2, (12.5.16) 
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however, the order Zf depends on the boundary condition variant and by virtue 
of (3.12-14) is equal to 

Zf = 0 
Zf ~ n3m2 

Zf ~ urn'2 

Zf ~ \im~2 + n3m2 

We use here the estimates wh ~ 

(0100,0010); 

(0101,0011); 

(OHO); 

(0111), x = 1,2. 

(12.5.17) 

1 and 7^ ~ m. 
For these boundary condition variants, the orders of the terms in the ex

pression for A(m) (see (15)) are presented in Table 12.2. 

Table 12.2: The orders of the terms 

1 

0100,0010 

0101,0011 

0110,0111 

A(m) 

2 

52 2 2 

62 2 2 - j—j- + n + H2m2 

S2 1 2 2 

\&\<f 
Ao 

3 

H2 

m 

4 

2 

2 

1 

V/1 

H2 -C (5 < 1 

Ao 

5 

(^)l 

// + (M)» 

pt^-f / / ) 1 

m 

6 

(0 
(0 

For fixed values of m, the value of S is a measure of the deviation of the shell 
size from the eigensize. It is clear that S depends on m and that is why the 
minimization of A(ra) by m may be carried out only in sorting by m = 2, 3 , . . . . 
We recall that A ~ ju2/3 and m ~ n~2lz, if for all m < / i - 2 / 3 the shell sizes are 
not close to the eigensizes (S ~ 1). 

We formally assume that S does not depend on m, and minimize the ex
pressions in the second column of Table 12.2 by m. For S = 0 or \S\ < fi2 the 
results of the minimization are presented in columns 3 and 4 of Table 12.2, and 
for larger values of S the results are given in columns 5 and 6 of that table. 

It follows from Table 12.2 that if only one support, v = 0 or w = 0, is applied 
at each of the edges, and the shell size is close to the eigensize (\S\ < p2) for 
m = 2, then buckling occurs for m = 2, and also A ~ //2. 

The introduction of the additional support 71 = 0 keeps the wave number 
(m = 2) under the buckling value. However, it leads to an increase in the 
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order of the critical load (A ~ /i). If, simultaneously the order of the quantity 
S increases (\6\ ^$> fi2) and (or) supports are introduced of type v = w = 0, 
then buckling will occur for m > 2. 

Remark 12.2. The term 11™/ (^U^) for m » 1 becomes the first term 
in (11.5.12). A value close to zero indicates that the size of the shell is close 
to the eigensize. 

If, instead of the condition of simple support, we impose clamped conditions 
(see (8.4.13)), then in this case the existence of the possible tangential bending 
does not lead to a decrease in the order of the critical load compared to A ~ 

For example, if for some shell eigensizes there exists bending satisfying the 
supports, u = 0, at both edges, then the introduction (even at one edge) of 
an additional non-tangential support w = 0 immediately increases the order 
of the critical load from A ~ \j? to A ~ /i2/3. 

Example 12.4. Consider the buckling of a hyperboloid of revolution under 
a homogeneous external pressure (see Figure 12.3). Let it be formed by the 
revolution of hyperbola x2a~2 — z2b~2 = 1 around the z axis. We have [119] 

Rl = -a-Ac2R\, R2 = a2(a2-(a2+c2)coS
2e)~1/2. (12.5.18) 

After change of the independent variables due to formula 

9 
c f R2(9)d9 \( . 1 + TCOS0 

)) = / — — = - arcsin —; — 
' a2 J sine 2 V r ( l + cos(?) 

T T / 2 

. 1 - 7 - C O S 0 \ C2 , . „ , , „ , 
- a r c s i n — , r = 1 + - j (12.5.19) 

T (1 - cos9) J az 

the coefficients of system of equations (1) become constant. 
Let the supports 

v (Oi) = v (92) = 0 (12.5.20) 

be introduced. Then the shell eigensize (for which system (1) has a non-zero 
solution satisfying the conditions y{9\) = y (92) = 0) are determined by the 
equation 

smm(m-m) = 0, rik=T,(9k), (12.5.21) 

from which it follows in particular that if the shell sizes are the eigensizes for 
some m, then they are also the eigensizes for 2m, 3m, . . . . 
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z 

\ J 
A 

Figure 12.3: The hyperboloid of revolution. 

Let us consider a numerical example [128]. As the eigensize of the surface 
we will take R - c. Let u - 0.3, c/a = 2, cos6»! = 1/3 and q° = 1 (in (1.11)). 
Then, due to (19) and (20) rji = TT/4 and the shell sizes are the eigensezes for 
m = 2, if 02 = 7T - #1 = 01. V2 = - T / 4 -

Let only supports (20) be introduced, however, the shell differs from the 
eigensize (02 = 0*, + A). In Figure 12.4 the dependence of A on A is shown for 
m = 2 and m = 4 and for h/R = 0.003 (solid lines) and h/R = 0.01 (dotted 
lines). 

160-

80 

O -0.04 O 0.04 A 

Figure 12.4: The load parameter for hyperboloid buckling. 

These graphs agree with the results represented in the first line of Table 
12.2. Namely, for small deviations in shell geometry from its eigensize, buckling 
occurs for m = 2, while for large deviations, buckling occurs for m = 4. 
The value of A which separates these cases, increases with the dimensionless 
thickness. 

J I I I L 
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12.6 Problems and Exercises 
12.1. Construct for m = 2,3,4,5 bendings of the neutral surface of the 

shell of revolution that has the form of the elliptic cupola. 
Hint. Construct numerically solutions of equation (2.3) regular at the apex 

of the cupola. Use geometric functions from (4.4.8). 
12.2. Construct the solution that has a form of bending for the spherical 

cupola. 
Hint Use relations (2.2) and (2.3) for RX = R2 = R,B = Rsm6. 
Answer 

9 8 0 
u= ( l - c o s 0 ) t a n m + 1 - , v = s i n 0 t a n m - , « = (m + cos0) tanTO - . 

12.3. Consider buckling of the weightless semi-spherical shell of the radius 
R and thickness h entirely immersed in a container of liquid of the density 7. 
The shell edge is free. The force P = (2/3)7r7?37 balancing the Archimedean 
force is applied at the apex of the shell. 

Hint. Use relation (2.4) and the bending obtained in Problem 12.2 for 
m = 2. Under calculation stresses t\ and t2 in (1.14) use relations (1.4.6) for 
q° = 7_R(1 — sin#) and P = (2/3)irR3*f. The rest loads are equal to zero. 

12.4. Find the exact eigensizes of the hyperboloid of revolution of one 
sheet described in Problem 11.3 and Problem 11.5 for the boundary conditions 
v(6i) — v(02) = 0. Compare with the results with the approximate values 
obtained from equation sin^2 = 0, where ^2 is given by (11.5.6). 





Chapter 13 

Buckling Modes Localized 
at an Edge 

In this Chapter we will discuss the buckling modes of shells of revolution under 
a membrane stress state localized in the neighbourhood of the shell edge. The 
influence of moments on the initial stress state and pre-buckling deformations 
will be considered in Chapter 14. Weak edge support and variability of the 
determining parameters cause the appearance of these buckling modes. 

Modes of this type are possible for convex shells and also for shells of zero 
Gaussian curvature under axial pressure. Localization of buckling modes in 
the neighbourhood of an edge for shells of zero Gaussian curvature under other 
types of loading (external pressure, torsion) and for shells of negative Gaussian 
curvature does not take place (see Chapters 7-12). As will be shown below, a 
weak edge support may significantly lower the critical load while at the same 
time, the variability of determining parameters changes it only slightly. 

13.1 Rectangular Plates Under Compression 

As an example illustrating the effect of localization of the buckling mode 
due to a weak edge support , consider the buckling of a rectangular plate under 
pressure. The buckling equation has the form [16] 

Edges y ~ 0 and y — b (see Figure 13.1) are assumed to be simply supported 

w=—^- = 0 at y = Q, y = b. (13.1.2) 
ay1 
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Figure 13.1: A rectangular plate under compression. 

Under cylindrical bending of the plate, the deflection does not depend on 
x and has the form w = WQ sin — . The critical value of the load is equal to 

6 

T,=T: 
n2D 

b2 ' 
(13.1.3) 

If edges x = 0, x = a are also simply supported, then the deflection (for 
b < a) has the form w — WQ sin ^~ sin ^ , and the critical value of T2 is equal 
to 

r2 = Ar, A = 1 + (13.1.4) 

where T is defined in (3). As the plate length a increases (b/a —> 0) A —> 1, i.e. 
the critical load approaches (from above) value (3) under cylindrical bending. 
The same result takes place for all other type of supports of edges x = 0 and 
x = a except in the case when at least one of the edges is free. 

For example, let edge x = 0 be free, and x = a be clamped, i.e. 

d2w d2w _ 

dx2 dy2 

d3w ,n . 8zw 
^ - 3 + ( 2 - ^ ) ^ ^ = 0 
da;3 

w = 0 

dxdy2 

dw 
dx 

We seek the buckling mode in the form 

for x — 0, 

for x = a. 

> (x, y) = (Cie -
 T * + C2e~ " " + C3e ' " + C4e '" ) si s i n • 

ny 

(13.1.5) 

(13.1.6) 
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where C{ are arbitrary constants and 

8=jl-V\, r = \fl + y/\ = y/2 - s2 (A < 1). (13.1.7) 

The substitution of these expressions into boundary conditions (5) leads to 
an equation for evaluation of A 

s (r2 - v)2 - r (v - s2)2 -\ (s (r2 - u)2 + 

+ r(v-s2)2y-^ = 0 . (13.1.8) 

We study equation (8) for a > i . That is why we neglected terms of order 
exp{—2a/6} in deriving this equation. If we express r through s by formula (7), 
we find that for sufficiently large a/b, equation (8) has the single root s > 0. 
Parameter A can be expressed over this root due to (7) by the expression 
A = (1 — s2)2 . The values of s and A for different ratios a/b for î  = 0.3 are 
given in Table 13.1. 

Table 13.1: The values of s and A for different ratios a/b 

na/b 

s 

A 

25 

0.0186 

0.9993 

30 

0.0324 

0.9979 

35 

0.0375 

0.9972 

40 

0.0400 

0.09968 

00 

0.0436 

0.9962 

For v = 0.3, equation (8) has a real root if iva/b > 22.7. If ira/b < 22.7', the 
solution should be sought in a form which differs from (6). This case will not 
be considered here. It may be notes that the buckling of the rectangular plates 
under different boundary conditions and values of ratio a/b is considered, for 
example, in [16, 175]. 

The buckling of a plate with two free edges x = 0, x = a is considered in 
[65] and the effect of decreasing the load compared to (3) is revealed. In spite 
of the difference between the boundary conditions at x = a (clamped edge in 
our case and free edge in [65]), for a/b = oo the results (A = 0.9962, see Table 
13.1) are identical. This fact is related to the localization of the deflection near 
the free edge x — 0. As a result, the boundary conditions at x = a do not 
effect the critical load. 

Indeed, for sufficient large values of a/b we may assume that C3 = C4 = 0 
in (6) and satisfy only the first two conditions (5) at x = 0. As a result we 
come to the equation 

s(r2-v)2-r(v-s2)2 = 0, (13.1.9) 
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which follows from (8) as a/b —• oo. 
It follows from Table 13.1 that the localization mentioned above takes place 

only for sufficiently long plates, since in this case s is small compared to unity. 
Indeed, from (9) we can approximate that 

- * * ! - * = < ' (13.1-10) 
- {2-i>y - (2 

from which it follows that the decrease in the load is connected with the in
equality v ^ 0. 

Note that more significant decreasing of the critical load (from 43% to 75%) 
takes place for the plate, when the buckling mode is localized at the free edge 
y = 0 (see [43]). 

In the work below, considering shell buckling we reveal the same localization 
of the deflection with a simultaneous decrease of load. However, for shells, this 
effect is more important than it is for plates. 

13.2 Cylindrical Shells and Panels Under Axial 
Compression 

Let us consider the influence of the boundary conditions on the buckling of 
a circular cylindrical shell of radius R under a homogeneous membrane stress 
state caused by axial pressure. As an initial system of equations for moderately 
long shells we take system (3.1.1) 

where 

2 . . „. d2w 
u.2AAw+2\^—-

ox-1 

d2 d2 -
dx2 dy2 ' 1 

-dx2=0, ^ A 4 + f e J = 0 , 

h2 

- ° \ F / , / / 2 ;;4 -- . \ h h i i , p. - 1 2 ( 1 _ J , 2 ) i J 2 . 

0 ^ x ^ / = L/R. 

(13.2.1) 

(13.2.2) 

Here x = x'/R is the dimensionless length of the generatrix and ip is the angle 
in the circumferential direction. 

It was noted (see Section 3.4), tha t the classical critical value of the load 
parameter Aci = 1, obtained by Lorenz and Timoshenko, is valid for many 
buckling modes, including axisymmetric modes. These modes satisfy the con
ditions of simple support at x = 0 and x = I. 

For more rigid support of the shell edges, the critical load increases, but 
only slightly, due to the local character of the buckling pits. The critical load 

file:///hhii
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increases only for rather short shells (see [61, 66]) and we will not consider the 
short shell case here. 

Let us consider cases when weaker support leads to a decrease in load. We 
will begin with the case of axisymmetric buckling modes of a shell with free 
edge x = 0. We seek the non-trivial solutions of the equation 

/ ^ + 2 A / i 2 ^ + W = 0, (13.2.3) 
ox* oxz 

satisfying at x — 0 the conditions 

Qi - 7?7i = 0, Mi = 0, 

that may be written as 

, d3w „, dw d2w / , o o ^ \ 

" ft? + 2 A * r = 0' a ^ = 0- (13-2-4) 

For that we assume that the external pressure at edge x = 0 does not 
change direction under shell deformation, and that the term — T®^\ in the 
first of equations (4) gives the projection of this loading on the (internal) shell 
normal after deformation. 

We seek the solution satisfying the condition 

w - > 0 for a:->oo, (13.2.5) 

which replaces the boundary conditions at the other shell edge. 
The direct verification shows that for A = 1/2 the function 

w{x) = e-fsmN^-^ (13.2.6) 

satisfies both (3) and also (4) and (5). This solution is constructed in [74]. 
Due to the presence of // in the denominator, deflection (6) damps fast away 
from edge x = 0. 

Under at least one of the supports w = 0 or for 71 = 0 there are no 
axisymmetric buckling modes localized in the neighbourhood of this edge and 
A= 1. 

Let us try to find the non-axisymmetric buckling modes localized in the 
neighbourhood of edge x = 0. We will consider 16 boundary condition variants 
in which generalized displacements (1.2.9) or corresponding to them general
ized forces (1.2.10) are equal to zero except that the deflection, w, corresponds 
to the generalized shear stress resultant 

1 a IT 
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We seek the solution w (x, <p) of system (1) in the form 

4 

'(X,P) = ^Ckwk e x p j - (pkx + q<p)j, (13.2.8) w [ 

where Ck are arbitrary constants, wk are fixed constants (below we assume 
tha t wk = 1) and pk are unknown constants satisfying the relations 

(Pl + q2)4-2\pl(pl + q2)2+pi=0, 9 p f c > 0 . (13.2.9) 

The last of the above relations provides the damping of solution (8) away from 
edge x = 0. For A < 1 equation (9) has four solutions, satisfying inequality 

(9). 
For a shell which is closed in the circumferential direction q = /im. For 

a cylindrical panel with simply supported rectilinear edges <p = 0, <p = <po, 
q — ^^- (m is an integer). The value of q may be found from the minimum 
conditions for A. 

Other unknown functions ( $ , u, v, 71, T\, S, Q\* and M i ) we seek in the 
same form as (8) with corresponding substi tutions for w. We write the values 
$fc, uk, . . . in (8) (subscript k is omitted) 

p2w u- p (u p2 — q2) w 
$ = — —o, u = 

(p2 + q2) i(p2 + q2) 

fiq(q2 + {2 + v) p2) w 
v = i j — — > 

i (p2 + q2) 

rr, Eh 0^ ^ Eh ^ „ Eh 
T1 = -—q2^>, T2 = - — p 2 $ , S= — pq$, 

Pw 9W », p . 2 / 2 , 2\ (13.2.10) 
7 l = -f—-, 72 = ^ — , Mi = -Ehp,2(p2 + vq2)w, <• ' 

1 \i K 1 fi R 

M2 = - Eh/i2 (q2 + up2)w, 

QU= EJL?i(jP + (2-v)pq*-2\p), 

Q 2 .= ^ti(q3 + (2-v)p2q-2\qt2), 

which are included in the formulation of the boundary conditions. 
If we substi tute solutions (8) into the boundary conditions at x = 0 then 

we come to a system of four linear equations in Ck • If the determinant of the 
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system is equal to zero then 

A(A,g) = 0 (13.2.11) 

we get the equation for the evaluation of A. 
The case, when q2 <C 1 is the simplest. For the seven boundary condition 

variants 

(0000), 

(1000), 

(0100), 

(0010), 

(0001), 

(1100), 

(1010), 

A = 1/2 

A = 1/2 

A = 1/2 

A = 1/2 

A = 1/2 

A = 1/2 

A = 1/2 

Ti = S = Qi , = Mi = 0 

u =S = Qu=M1=0 

Ti = u = Qi , = Mi = 0 

Ti = S = w = M 1 = 0 (0010), A = 1/2; (13.2.12) 

Tj = S = Qu = 7i = 0 

u — v — Qit = Mi = 0 

u = S = w = M i = 0 

equations (11) has a root A < 1, moreover in all cases this root is equal to 1/2 
(the designations for the boundary conditions introduced in Section 8.4 and in 
Table 1.1 are in the parentheses). For supports more rigid than (12), equation 
(11) for q2 <C 1 has no roots (except for boundary conditions (15), see below). 

It follows from the above that for boundary conditions (12), a decrease in 
the critical load takes place. However, it remains unclear whether this decrease 
would be larger than a factor of two at q ~ 1. 

We turn to the case q ~ 1. Let A = cos^ and 0 < ip < ^. Then roots of 
(9) in which we are interested are the following 

Pi,3= 2 {rcoS2±COS2j + 2{rSm2±Sm2 
i 2 \ 1/2 

r = ( (cos ip - 4q2) + s i n 2 ^ J , tan 0 = 

0 < 9 < 7T. 

sin V' 
c o s %l> — Aq2 ' 

(13.2.13) 

The roots p2,4 differs from P13 by the sign of the real part. 
If q2 <C 1, then roots pk are equal approximately to 

pi,2 = ±cos — + i sin—, P3,4 9 2Pi ,2- (13.2.14) 

The use of expression (14) give us double the decrease in A for boundary 
conditions (12). 
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Figure 13.2: The loading parameter for a cylindrical shell with a weakly sup
ported curvilinear edge under axial compression (1 - 0000, 2 - 0100, 3 - 1000, 
4 - 1100, 5 - 0010, 1010, 0001, 6 - 0101). 

The roots A = A (q) of equation (11) for q ^ 0 are given in Figure 13.2. In 
addition we also have found a new type of boundary condition 

7\ =v = Qu = 7i = 0 (0101), (13.2.15) 

for which a decrease in the critical load is also possible (but by not more than 
3 % ) . It should be noted, that A —> 1 as q —> 0, therefore this case does not fit 
(12). 

Curves 1, 2 and 6 in Figure 13.2 have minimums at q=0 .31 , 0.20 and 0.36 
respectively. Other curves have minimums at q = 0. The greatest decrease in 
the critical load takes place in the free edge case (curve 1) and is equal to 38 % 
of the classical value. This result was obtained in [117]. We note tha t curve 5 
corresponds to three different boundary condition variants. 

R e m a r k 13 .1 . The applicability domain for the results of Section 13.2 is 
restricted to two circumstances. 

First, the shell is assumed to be semi-infinite. T h a t is why it is necessary 
to determine whether the shell length is sufficient for the necessary damping 
of the deflection away from edge x = 0. At the same t ime, the shell cannot 
be too long, since for very long shells under pressure, the beam buckling mode 
can occur. 

Second, curves 3, 4 and 5 increase monotonically with q and for shells which 
are closed in the circumferential direction, the minimum is at tained at m — 
2, where m is the number of the half-waves in the circumferential direction. 
However, for small values of m, the accuracy of system (1) is insufficient. 
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Let us estimate the shell length for which the deflection decreases by N 
times. We have 

l^l0 = n\aN(Qp3)~
1 . (13.2.16) 

For that, due to (14) 9 p 3 = q2 sin f ~ 1/2 q2, which corresponds to A ~ 1/2. 
For example, for q = 0.31, v = 0.3 and TV = 10 we have 

!. = £ = » (A)1". ,13,-17, 

If condition (16) is not fulfilled then we cannot neglect the mutual influence 
of shell edges x — 0 and x = I and we must satisfy the boundary conditions at 
both edges. These cases will not be considered here. 

Many works have been devoted to the problem of the influence of the bound
ary conditions and shell length on the value of the critical load for cylindrical 
shells under axial compression. The references may be found in [21, 22, 61, 149]. 

Let us consider a cylindrical panel which is simply supported at the recti
linear edges. For this panel q = fin/tpo. If angle <po is sufficiently small (for 
example, <po <; 7r/6), then we can use (after verifying condition (16)) equa
tions (1) and the results following from these equations, which are shown in 
Figure 13.2. 

The results for a shell which is closed in the circumferential direction qual
itatively corresponding to curves 3, 4, 5 (the curve number depends on the 
introduced boundary condition) with minimums at q = 0 are shown in Fig
ure 13.2. Quantitatively, the results in Figure 13.2 must be made more precise. 
However, the fact that the critical load decreases remains true. 

13.3 Cylindrical Panel with a Weakly Supported 
Edge 

Here the problem is solved under the same assumptions as in Section 13.2. 
It is assumed that the curvilinear edges x = 0 and x = I are simply supported 
and various boundary conditions at <p = 0 are considered. Attention is con
centrated on the boundary conditions for which the buckling is localized in the 
neighbourhood of this edge and also for which the critical load decreases. 

We seek the solution of system (2.1) in a form similar to (2.8) 

W{X,<P) = ^CfcWfcexp J - (px + qky) I (13.3.1) 
fc=i ^ ' 

and formulae (2.10) are still valid. 
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The roles of parameters p and q are different than they were in Section 13.2. 
Here, p = ^j^, n = 1,2,..., and qk are the roots of equation (2.9), for which 
9<7fc > 0. We then have 

gi,2 = ri (±cos Y + isin Y J , q3>A = r3 ( ±cos -^ + isin ~ j , (13.3.2) 

ri,3 = ( p 2 = F p 3 c o s - + p 4 j , tan ^ i | 3 = 
sin 

± cos p 
2 F 

where the upper sign corresponds to the first subscript and A = cos^i. 
For p <C 1 in formulae (2) we may assume approximately that 

ri = r3 = y/fi, 01 = - , 6»3 = 7 r - - . (13.3.3) 

As in Section 13.2 we search for the values of A by equating the fourth order 
determinant to zero 

Ai(A,p) = 0 (13.3.4) 

Let first p < l . We then take approximate formulae (3) and find that the 
decrease in the critical load takes place for six boundary condition variants at 
<p = 0 

T2 = 5 = Q2* = M2 = 0 

T2 = u = Q2* = M2 = 0 

T2 = S = Q2t = 7 2 = 0 

T2 = u - Q2* = 72 = 0 

T2 = S = w = M 2 = 0 

v = S = Q2* = M2 = 0 

(0000), 

(0100), 

(0001), 

(0101), 

(0010), 

(1000), 

A0 =0.113; 

A0 =0.223; 

A0 = 0.223; 

A0 =0.419; 

A0 = 0.809; 

A0 =0.809. 

(13.3.5) 

Let root A (p) of equation (4) converge to Ao as p —> 0. Then for the other 
10 boundary condition variants, equation (4) has no roots, for which A0 < 1. 

It follows from (5), that the free edge tp — 0 generates a decrease in the 
critical load by a factor of nine. The least rigid are supports u = 0 and 72 = 0, 
and the most rigid are supports v = 0 and w = 0. If we simultaneously 
introduce two or more supports (except the case when u = j 2 = 0 and one 
more case, which is shown below) it prevents the appearance of the buckling 
mode which is localized in the neighbourhood of edge <p = 0. 
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Figure 13.3: The load parameter for a cylindrical panel with a weakly sup
ported rectilinear edge under axial compression (1 - 0000, 2 - 0001, 3 - 0100, 
4 - 0101, 5 - 0010, 6 - 1000, 7 - 1100). 

The numerical solution of equation (4) for p > 0 is shown in Figure 13.3. 
As in Section 13.2, we find here one more variant of the boundary condition 
(curve 7) 

Q 2 , = M 2 = 0 (1100), (13.3.6) 

for which a buckling mode localized near ip = 0 is possible and A(0) = 1. The 
maximum decrease in the critical load is 3.7 % and is obtained for p ~ 0.5. For 
the other six boundary condition variants which are listed in (5), the functions 
X(p) (curves 1-6 in Figure 13.3) increase monotonically with p. Hence, the 
buckling mode occurs for the least possible value of p, namely for 

7T/Z 

T' (13.3.7) 

For shells of moderate length, p -C 1, and we take from the left side of the 
graph the value of A(p). The value p ~ 1 corresponds to a short shell. 

In the case p < 1 we represent the buckling mode in the form 

TTX 
w(x,y) = y (77) s i n — , i) = VVP-

For six variants of the weak support of the rectilinear edge y = 0 listed in (5) 
the functions Y(rj) are shown in Figure 13.4. One can see that for the larger 
values of Ao the deflection decrease slower away from the shell edge. 

Let us consider the problem of buckling mode localization for p <C 1 • By 



278 Chapter 13. Buckling Modes Localized at an Edge 

0 

Y 

0 

Y 

0000 X0=0.113 l_ 0001 

0100 

10 1 

X0=0.223 

10 *1 

0010 X0 =0.809 j I 

0101 

Xo=0.223 

10 n 

X0=0.419 

Figure 13.4: Functions Y(rj). 

virtue of (2) and (3) 

m i n { 9 ? f c } 
fc 

VP- 4> 

and the deflection decreases by N times for 

<P>f 
filnN 

V ^ s i n -
o.4i ( i - ^ ) - 1 7 8 ! ^ 

LVi 
1/4 

In TV 

"7T' 
sin — 

4 

(13.3.8) 

(13.3.9) 

where cos'0 = Ao and the value of Ao is defined by (5) depending on the 
boundary conditions at <p = 0. The buckling modes which decrease more 
slowly with the growth of (p correspond to the larger values of Ao-

R e m a r k 13 .2 . It is easy to satisfy the boundary conditions at both edges 
>̂ = 0 and tp = tp0 taking in solution (1) all eight roots q^ of equation (2.9). 

However, the results given here for a shell, which is in fact, semi-infinite in 
the circumferential direction, allow us to find the main par t of the support 
influence on the critical load. 
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In [35] the dependence of the critical value A on the panel width in the 
circumferential direction, <po, for various boundary conditions on the rectilinear 
shell edges is studied. In this work the case of the clamped curvilinear edges is 
also studied. It is interesting to note that in the last case the rectilinear edge 
is considered to be weakly supported only for four first boundary conditions 
(5) and the critical load is ~ 1.5 times larger than in (5). 

13.4 Shallow Shell with a Weak Edge Support 

Let us consider the buckling of a convex shallow shell under a membrane 
stress state using the same assumptions and designations as in Section 3.1. As 
an initial system we will take (3.1.1) 

p2AAw + \Atw- Ak<f> = 0, p2AA$ + Akw = 0, (13.4.1) 

where 

d2w d2w d2w d2w 

d2w „ d2w d2w 
Atw = * ! - — + 213 -z-T- + h-—. 

ox1 ox oy oyz 

(13.4.2) 

We will consider edge x = 0 and seek the boundary condition variants for 
which buckling modes localized in the neighbourhood of this edge are possible. 

As before, we seek the solution of system (1) in the form 

w l-(px + qy)l. w0exp< -(px + qy) >. (13.4.3) 

In the same form we seek other unknown functions, which are included in 
the boundary conditions. We have 

(k2P
2 + kiq

2)w Eh 2 Eh , 
$ = i—, Ti = —q 2 $ , 5 = — - p q $ , 

{p2 + q2f R R 

Qu = ~ ^ (p3 + {2-v)pq2-2\ (tlP + t3q))w, 
H v ' (13.4.4) 

Ehp, i 
R 

Mi = — Ehp? (p2 + vq2) w, u= £-(kiw— (g2 - up2) $ J, 

v ~ — (k2w- (p2-vq2)$), 7x = w, 
iq\ ) p, 
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where Qi* is the generalized shear stress resultant 

1 f)H 
Qlt = Q 1 - - T ° 7 l - < ? V (13.4.5) 

Condition Qi* = 0 is a natural condition for functional (3.6.1) in the case when 
the deflection w is not given. 

Parameter q > 0 in (3) is fixed, and for parameter p we get the eighth order 
equation 

(p2 + 9
2 ) 4 - A (* lP

2 + 2t3pq + t2q*) (p2 + g 2 ) 2 + (fc2p
2 + kiq>)2 = 0. 

(13.4.6) 

We will consider the values of A, for which equation (6) has no real roots. 
We seek unknown functions in the form of (2.8), where Qpk > 0. As in Section 
13.2 we come to the equation for A 

A0(A,g) = 0, (13.4.7) 

by equating the fourth order determinant to zero. 
The roots of equation (7), depend on parameter q and also on the param

eters ki and ti which characterize the shell curvature and membrane initial 
stresses, and also on the boundary condition variant introduced at edge x = 0. 

A numerical study of the roots of equation (7) shows that for eight boundary 
condition variants there are domains of parameters ki and ti for which buckling 
mode localization occurs in the neighbourhood of edge x = 0. For tha t A < Ao, 
where Ao is the value of the load parameter found in Section 3.1 assuming that 
p and q in (3) are real and the boundary conditions are neglected. 

It follows from (2) tha t we can choose A or one of the values of ti (terms 
of the form Xti are unknown). If we assume, in particular, tha t Ao = 1 then 
the value A < 1 is a measure of the decrease of the critical load caused by the 
weak support of edge x = 0. 

The eight boundary condition variants mentioned above are the following: 
free edge (0000), conditions with one support (1000, 0100, 0010, 0001), and 
three boundary condition variants each of which contains two supports (1100, 
1010, 0101). 

The problem under consideration contains five parameters t\, t2, t3, &i and 
k2. We can fix one of the values of ti by choosing A, and we can fix one of the 
ki by choosing a characteristic linear size. Three essential parameters remain 
as a result. A full i tem-by-item examination of these parameters is beyond 
the scope of this book, although the numerical solution of equation (7) is not 
difficult. Therefore, we will limit the discussion to the consideration of three 
load cases. 
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Example 13.1. Let us consider the buckling of a convex shell of revolution 
under axial pressure. Taking into account the expected local character of 
buckling, we assume that the initial stress-resultants t\, and ti and curvatures 
k\ and k^ are approximately constant. We take 

t\ = fa = 1, t3 = 0, t2 = -ki, 

where k\ J> 0 is the only parameter of the problem. 

(13.4.8) 

Figure 13.5: The load parameter for a convex shell of revolution under axial 
compression (the values oi k\ are given in the Figure). 

We can see in Figure 13.5 a number of curves of A (q) which depend on the 
values of hi and the boundary conditions (shown in the Figure). 

For the free edge (0000) and ki > 0, all of the curves have a minimum 
A = 0 at q — 0, which tells us about the decrease in the critical load (see 
Section 12.3, where we constructed pseudo-bending for a convex shell. The 
existence of pseudo-bending leads to a decrease in the critical load). 



282 Chapter 13. Buckling Modes Localized at an Edge 

For boundary conditions 1000, 0100, and 1100 (as in Section 13.2) the 
curves X(q) have a minimum A = 1/2 at q = 0. 

In the case of boundary conditions 0001 and 1010, the curves of \(q) may 
have a minimum at q — qo > 0. In these cases equation (7) has a root A < 1 
only for k\ < k° (see Figure 13.5). 

For condition 0101 equation (7) has a root at &i = 0, which is close to unity 
(see curve 6 in Figure 13.2). For k\ J> 0.1 equation (7) has no roots such that 
A ^ 1. 

Let us return to the discussion of case 0001. As was shown in Section 12.3, 
the introduction of support 71 = 0 does not effect the increase of the critical 
load (i.e. it must be A (0) = 0 as in case 0000). 

However, it follows from Figure 13.5 that A ^ 1/2. The difficulty is that 
for parameters (8), £0 = 0 in formula (12.3.21) and the estimates obtained 
in Section 12.3 are not valid. In case 0001 the curves A (q) for t2 = 0 and 
t2 = k\ are constructed. In bo th cases A (0) = 0 which agrees with the results 
of Section 13.2 since to ^ 0. 

E x a m p l e 13 .2 . Using the same assumptions as in Example 13.1, consider 
the buckling of a convex shell of revolution under tensile loading. Let us take 

t2 = kx = l, <3 = 0, h=-k2, (13.4.9) 

where k2 > 0 is the parameter of the problem. It should be noted tha t the 
normalization of the values of t, and &,- in (9) is not the same as in (8), however 
as earlier, A0 = 1 (for q < 1). 

The curves A (q) for the different values of k2 and different boundary con
ditions are shown in Figure 13.6. 

For boundary conditions 0000 and 0001, the curves of A (q) increase mono-
tonically and have a non-zero minimum at q = 0. Here we again have <o = 0 
(see the explanation in Example 13.1). For boundary conditions 0100 and 
0101, the minimum is reached at q = qo > 0. In the other cases equation (7) 
has no roots A < 1 at k2 ^ 0.1, although it does have such roots at k2 — 0 in 
cases 1000, 0010, and 1100. 

E x a m p l e 13 .3 . Let us consider the buckling of a convex shell of revolution 
under torsion. We take 

t 1 = t i = 0, t 3 = \ A i , *2 = l, (13.4.10) 

where k\ > 0 is the parameter of the problem. Again, A0 = 1, i.e. A < 1 is a 
measure of the decrease in the critical load connected with the weak support 
of the edge. 

The decrease of the critical load occurs only for two boundary condition 
variants (0000 and 0001) (see Figure 13.7). The minimum is reached at q = 0 
in both cases. 
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Figure 13.6: The loading parameter for a convex shell of revolution under axial 
tension (the values of &2 are given in the Figure). 

0001 

0.1 
0.5 
2.0 

1 

o 1 

Figure 13.7: The load parameter for a convex shell of revolution under torsion 
(the values of k\ are given in the Figure). 

Let us make a remark similar to Remark 13.1 in connection with the results 
of this Section. 

Remark 13.3. The minimum value of A (q) is reached at q = 0 in most of 
the cases considered. This means that we should take the minimum possible 
value of q to evaluate the critical load. However, equation (6) has the root 

p =z iq^P^- for small values of q and this root determines the slow damping 
of the buckling mode, which may lead to necessity to consider the boundary 
conditions at the other edge x = x^. 

Therefore it is not a reliable practice to take the value A (0) as the critical 
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load. However, the fact that the critical load decreases for this support at edge 
x = 0 remains and indeed, we can increase the rate of damping of the buckling 
mode by taking larger values of q and at the same time we can get A (q) < 1. 
If the minimum value of A (q) is reached at q = go > 0, then we can take A (q0) 
as the approximate critical value. 

13.5 Modes of Shells of Revolution Localized 
near an Edge 

Let us consider the buckling of the membrane axisymmetric stress state of 
a convex shell of revolution which is limited by two parallels s = s\ and s = S2-
We will use the equations and designations from Section 4.3 

whe 

H2A(dAw) + XAtw- Ak$ = 0, 

fi2A(g-1A$)+Akw = 0, 

1 d / , dw\ 1 d2 

Aw = - — [b — ) + 

(13.5.1) 

b ds \ ds ) b2 d<p2 ' 

1 d A dw\ hd2w 
AtW = bds{bh^) + ¥W+ 

1 d ( dw\ t3 d2w 

b ds \ dip J b dipds 

1 5 / , , dw\ ki d2w 

(13.5.2) 

b ds \ ds J b2 dip2 

As in Section 4.3, we assume that the determining functions 6, d, g, ki and ti 
do not depend on <p, but may depend on s. 

In Chapter 4 we developed the buckling modes for which the weakest paral
lel is situated completely inside the shell. Here we will consider cases in which 
the buckling mode is localized in the neighbourhood of edge s = s i . This 
localization may occur due to the weak support of an edge or if the weakest 
parallel coincides with the edge. 

Let us show first tha t the results of Section 13.4 are applicable to a discus
sion of the weak support of an edge. Indeed, the solution of equation (1) we 
seek in the form of a formal series in // 

w(s,ip) = Y^CfcWJ*exp I — / pkds + imip J , (13.5.3) 
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where 
oo 

^ = £ > " t 4 n ) ( s ) , QPk(Sl)>0, (13.5.4) 
n=0 

and m is the number of waves in the circumferential direction. 
Other unknowns we seek in the form (3), and for which have the lowest 

order in p terms in (4) we have the same relationship (4.4). For that case 
Pk = Pk (s) are the roots of the equation 

+ g(k2P
2 + k1^) = 0, p = fim. (13.5.5) 

If we normalize the parameters E and h in such a way that d = g = 1 
at s = si and assume that q = p(6(si)) , then equation (5) coincides with 
equation (4.6). As before, if we substitute solution (3) into the boundary 
condition at s = «i, then the fourth order determinant is equal to zero 

A (A, q, p) = A0 (A, q) + O (p) = 0, (13.5.6) 

The elements of this determinant differ by values order of p from those 
of determinant (4.7). If we neglect this difference we get the same results as 
in Section 13.4, namely that the same boundary conditions allow the desired 
buckling modes. Concerning the critical value of A, we have 

\ = \o + p\i(p), (13.5.7) 

where Ao is the root of equation (4.7), and the correction term p Ai depends 
on the variability of the determining functions and may have any sign. 

Now let the edge support at s = Si not be weak, i.e. the boundary condi
tions at s = si are such that for 0 ^ q < oo equation (6) has no roots A for 
A < Ao, where Ao = m i n / at s = s\ (see below). Let the weakest parallel be 

when s •= s\. This will be discussed below (see also Section 4.3). 
If we resolve equation (5) in A, we get 

X = f(p,p,s). (13.5.8) 

We seek the smallest value of this function Ao > 0 in the domain — oo < 
p < oo, 0 sC p < oo, si ^ s ^ s2- Let the value of A = A0 be reached for 
real p = p0, p = p0 and s — s0. The weakest parallel is si if so = si- We 
additionally assume that the parallel s0 is unique and 

f°- — >Q for p = p0, p = po, s = s j . (13.5.9) 
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For X = X0, p — p0 equation (5) has real root p = po at s = si and has no 
real roots for s ^ s\. Then we take 

A = A0 + AA, A A > 0 . (13.5.10) 

and equation (5) has real roots for s\ <C s ^ s* and has no real roots for 
s > s*. Indeed, if we fix p = po and expand (8) into a Taylor series we obtain 
approximately 

AX = f°(s-Sl) + lf0
pp(p-po)2, /P°P = 0 , (13-5.11) 

where f°p is calculated for the same variables as in (9). From (10) and (11) 
we get 

*. =*i + 4£ . (13.5.12) 

Point s = s, is called a turning point. For si <C s < s* by virtue of (3) 
and (11), system (1) has oscillating integrals, and for s > s* all of its solutions 
increase or decrease exponentially. The existence of the oscillations in direction 
s means that buckling is possible. 

Selecting AA in (10) one must select the phase for the oscillating solution 
such that together with the other solutions of system (1) for which Qpk > 0 
satisfies the boundary conditions introduced at s = s\. For that we take the 
oscillating solution which transforms to a damped solution for s > s* and as a 
result we get the buckling mode localized in the neighbourhood of edge s = si . 
The critical value of A does not depend on the boundary conditions at s = S2, 
if this edge is not weakly supported. 

The technical realization of the outlined plan proves to be rather complex 
and is discussed in Section 13.6. Here we only note that the critical value of A 
can be expanded in powers of p1/3 

A = A0 + AA, AA = / j 2 / 3 A 2 +/ iA 3 + --- , (13.5.13) 

where Ao is defined by formulae (4.3.7) and (4.3.9), and A2, A3 are obtained in 
Section 13.6. 

In direction s the size of the buckling domain is of order p?lz'. The last cir
cumstance may be some justification for not taking into account pre-buckling 
displacements and moment stresses, since the boundary effect solutions pene
trate only to a depth of order p (smaller than p2^3) • Their influence on the 
critical load is discussed in Section 14.4. 
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13.6 Buckling Modes with Turning Points 
The difficulty of developing analytical solutions of system (1) with a turning 

point, s», is caused by the fact that in the neighbourhood of s = s* exponential 
expression (5.3) becomes invalid. This is related to the fact that at s = s» 
equation (5.5) has multiple roots and the coefficients w£ in (5.4) approach 
infinity at s = s,. 

We note that using the orthogonal sweep method of numerical integration of 
the system of equations obtained from (1) after separation of the angle coordi
nate ip, the presence of the turning point does not bring additional difficulties. 
Therefore, the aim of the derivations given below is to clarify qualitatively the 
phenomenon and to obtain formula (5.13). 

Let us limit the discussion to two cases, when (3 ^ 0 at s = si if at least 
one of the inequalities t\ > 0, ti > 0, t\ > t\ti (case 1) is valid or £3 = 0 and 
simultaneously t<i > 0, £2^2 > *i&i (case 2). 

In case 1 the pits are inclined at an acute angle to the edge (see (3.1.12)), 
and in case 2 the pits are orthogonal to the edge. The case defined by formula 
(4.3.10) (£3 = 0, t\ > 0, <!&! > £2^2), in which the pits are stretched along the 
edge is not considered here. 

Under the above assumptions, equation (5.5) has two roots which coincide 
at s = s„: pi and p2- By virtue of (5.11) we have approximately 

P i . 3 = P o ± ( 2 y ? ( p " ' ) ) 1 / a . (13.6.1) 

The solution of system (5.1) is damped for s > s* and has the form similar 
to (11.7.2) (see also [157]) 

* f* P1+P2, . . — I — ds + imtp 
w(s,ip,n)= \w^Ai{ri) + w^Ai'(Tj) I e'* •'*• 2 , (13.6.2) 

where Ai(r;) is the Airy function, Ai (r)) = U {—rj), U (rj) is the solution of 
equation (11.7.3) 

(13.6.3) 

u/ 1 ' , w(2> are the formal power series in /<, 

00 

u , ( f c)=A JT"=(«')^^w( f c .")( s) , Jfe=l,2. (13.6.4) 
n = 0 
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The other variables included in the boundary conditions have the same form 
as (2). 

The substitution of the linear combination of solution (2) and the other 
three solutions of type (5.3) into the boundary conditions leads to the approx
imate equation for the determination of A 

Ai(m) = ^3F(X)Ai'(m), i»i(A) = !,(*!) < 0 , (13.6.5) 

where the rather awkward function F (A) depends on the boundary conditions 
at s = s\. For a clamped edge, the function F is given in [157]. 

The solution of equation (5) leads to formula (5.13) where 

AA= UHf,y n, V" 
Co-n1,3F(\o)], Co = 2.338. (13.6.6) 

Here Co is the first root of the equation Ai (—Co) = 0- It should be noted that 
only the second term in the brackets of (6) depends on the specific form of the 
boundary conditions. 

Example 13.4. Let us consider the torsion of a convex shell of revolution 
by moments M applied to shell edges s = s\ and s = S2- The parameters E, 
v and h are assumed to be constant. 

Then, due to (4.3.3) and Section 4.5 

T?=T§=0, S° = — ^ — = -\Tt3, T = Ehf, 
2*R2b2 (13.6.7) 

*3 = - Tj, A0 = min s {7(s )} , j (s) =2b2^k1k2. 

Let us assume that the function j(s) attains its minimum value at s = si. 
Then, by virtue of (3.1.14) and (4.5.5) 

(13.6.8) 

f2 = 2L, ^ = 2 6 V / V / a ( 4 * ? + (*i-ta)2)- (13.6.9) 

<W2Ar2 

«i + k2 

The derivatives in (6) are equal to 

6 i W 2 Ari 

A*(*i +^2) 

ds\ 

The critical value for the torsional moment 
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Let us consider, for example, the torsion of an oblate ellipsoid of revolution 
with semi-axes a = R and 6 = R/V2 (see Figure 4.4). 

Let R/h = 500, v = 0.3, 0i ^ 0 ^ 02, #i = V 4 and 02 = T / 2 , where 0 is an 
angle between the shell normal and the axis of symmetry. Taking into account 
formulae (4.4.8) 7 (s) = 2\/2sin20, hence the weakest parallel is 0 = 0\ and 
condition (5.9) is fulfilled. The critical value for the torsional moment is equal 
to 

M • 
2nEh2R 

v / 6 ( l - ^ 2 ) 
l + 6 .1 / i 2 / 3 - 1.2// 1.48 

2irEh2R 

^ 6 ( 1 - ^ ) ' 
(13.6.11) 

Here the second term in the brackets does not depend on the boundary con
ditions at s = s\, and the third term corresponds to the case of a clamped 
edge. 

Figure 13.8: An ellipsoid of revolution under torsion. 

On the shell surface 21 pits (see Figure 13.8) are formed. These pits are 
inclined at an angle ipo to the generatrices such, that 

Mi 
tan ^0 = \ T~ — 1-2. 

V h 

The shape of the pits is approximately defined by the expression 

(13.6.12) 

(s,v)=[Ai(T,) + 0(u.1/3) cos mo (13.6.13) 

which is obtained after simplifying the real part of function (2). The values 
k\, &2 and b are calculated at 0 = 9\. 

Example 13.5. Let us consider the buckling of a convex shell of revolution 
under tensile loading by an axial force P. The parameters E, v and h are 
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assumed to be constant. As in 4.4 we have 

p 

Ac 

Po 

= 2TT REh/j,2X, 

= min,{Y(s)}, 

= 0, q0 = -^/kl, 

h--

j(s)-. 

rn0 = 

1 
k2b

2 

= 2 b2k\ = 

_ bqo_ 

t2 

2 sin2 

Ai 
k2b2' 

e, (13.6.14) 

The minimum 7 (s) for a convex shell is reached at one of the edge parallels. 
Let it be parallel s — s\. We then obtain 

f°=1's=4k1smecoS9 = 4k1k2bb', /p°p = ^ A . (13.6.15) 

Now we obtain the critical value by formulae (5.13) and (6) 

/ l [ \l/8 J I 1 3 " 6 - 1 6 ) 
c= * W ) Co. 

The values of 6, k\ and k2 in formulae (15) and (16) are calculated at s = si. 
We get the approximate expression for the buckling mode 

w{s,<p)= [Ai(r/) + o ( / i 1 / 3 ) ] cosm 0 (vP-Vo) , (13.6.17) 

and the pits are stretched along the meridians. 
The initial stress state in the considered example unlike Example 13.4, is 

not membrane. The influence of the initial bending stresses and pre-buckling 
deformations will be considered in Chapter 14. 

Here, as in (13), the O-term includes the sum of the edge effect integrals 
damping away from edge s = Si faster than the first term in the brackets 
of (17). 

13.7 Modes Localized near the Weakest Point 
on an Edge 

As in Section 6.1, we will consider the buckling of a convex shell under a 
membrane stress state. Let us fix the coefficients of the system of equations 
(6.1.1) and seek a solution in the form of (6.1.4) 

w = w0exp[ifi x (pioi +p2a2)] . (13.7.1) 
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Then, the parameters pi, pi and A are related by expression (6.1.5) 

, . , , d {q\ + q2
2)

A + g {k2q\ + fri<?2
2) 

A = / (pi:ai) = 1 
( « l + « l ) (tiq2i+2t3qiq2 + t2q%) 

(13.7.2) 

where g,- = Pi/Ai. The approximate value of the load parameter , A0, the wave 
numbers p°, p\ and the weakest point a°, u\ are evaluated by minimizing 
(6.1.6) 

A0 = min {/ (p,-, a,-)} = / (p°, a° ) (13.7.3) 

In Sections 6.1-6.3 it was assumed that the weakest point is placed suffi
ciently far from the shell edge. Here we consider the case when this point lies 
at one of the shell edges. 

Let us first make some simplifying assumptions. Let the shell edge in 
which we are interested coincide with the line of curvature. Instead of a i , a.i 
we introduce a system of the curvilinear coordinates s, <p coinciding with the 
lines of curvature such that line s = 0 coincides with the shell edge, and the 
weakest point is s = <p = 0. We denote p\ = p, p2 = q and introduce the 
mat r ix 

Jpp Jpq Jptp 

A = | Jqp Jqq Jqip 

Jtpp Jtpq Jifiip 

(13.7.4) 

where the part ial derivatives calculated at p = p , q — q <P 0 
are denoted by ppp, . . . . Let us assume that /„ > 0 for the same values of 
the variables, and that matr ix A is positive definite. Under these assumptions 
functions / have a strict minimum at the considered point. 

Then we assume tha t edge s = 0, and also the other shell edges are not 
weakly supported (see Section 13.4), i.e. tha t the edge itself can not cause 
buckling. 

Let us consider the problem with the initial stresses of one of the types 
which were defined at the beginning of Section 13.6. 

Under these assumptions the buckling mode and the load parameter are 
found in [96] and for the buckling mode the following formula is obtained 

w(s, ip) = exp -(P°s + q\) _ 
H 2/i 

(ki{rj)wa + / i 1 / 3 Ai ' (77)u>i) + 

1 r . 

+ (i1/3 ^2 u>j exp - (p^s + q°<pj 
j = 2 

(13.7.5) 
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where 

oo 

™j = 5 > ' / 6 w f , j = 0 , l , . . . , 4 ; r, = Co + ksfi-2'3. (13.7.6) 
/=o 

Here WQ , u^ are polynomials in the powers of s/i 2/3, >̂/z 1/2 , and w^ , 

w (') ...(') , W4 are polynomials in powers S/J, 1, ipfi 1 ' 2 ; Ai (77) is the Airy function, 
damping as 77 —>• 00 (see (6.2), (11.7.7)), Co = 2.338 is the root of the equation 
Ai(-Co) = 0. 

The second term in (5) is a sum of the edge effect solutions adjusted with 
the first term at s = 0. 

The approximate representation for the buckling mode we get by taking 

1 (s, <p) = exp i(A + , V ) - ^ Aifo). (13.7.7) 

Function (7) describes the system of elongated pits with width of order /i, 
inclined to the edge by angle S where (tan<J = —q°/p°). 

The domain occupied by the pits is localized in the neighbourhood of the 
weakest point s = <p = 0 and has size of order ^ ^ x ^ 1 / 2 (see Figure 13.9 below, 
where 8 = 7r/2). In direction s, function (7) is similar to functions (6.2) and 
(6.13) describing the localization of the deflected shape in the neighbourhood 
of the weakest line coinciding with the shell edge. In direction <p function (7) 
coincides with function (4.2.6) describing the localization near the line lying 
completely inside the shell. 

We can give the expression for k and a in (6) and (7) 

2 73 \ _ 1 (fpqfptp — Jppjqip) — y Jpp det A 
\T~ ' a= f f - f* ' (13-7.8) 

V Jpp / JppJqq Jpq 

The parameter A can be expanded in powers of fi1'6 

A = A0 + ^2/3Ai + AI A2 + / / / 6 A 3 + . . . , (13.7.9) 

where AQ is defined in (3), 

X1=(:O[IIAL) , (13.7.10) 

and /x2/,3Ai coincides with the first term in AA (see (6.6)) and does not depend 
on the boundary conditions at s = 0. The next terms /iA2, /J.7'6^3 and . . . in 
(9) do however depend on the boundary conditions at s = 0. 
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Figure 13.9: The buckling mode of a convex shell in the case when the weakest 
point lies on the edge of the shell. 

As earlier (see Section 4.2, the case B; Section 6.1), the eigenvalues are 
asymptotically double. 

Example 13.6. Let us consider the buckling of a convex shell of revolution 
with constant parameters E, v and h being stretched by an axial force, P, and 
a bending moment, Mi (see Figure 1.2). 

For only one force P, one of the edge parallels is the weakest parallel (see 
Example 13.5). If we add the moment M\ then we have the situation when 
the points of this parallel are loaded non-homogeneously and buckling occurs 
in the neighbourhood of the weakest point. The initial stress-resultants Tf, 5° 
are determined by formulae (1.4.6). We then assume 

1 m cos <p ki mk\ cos cp 
tl = — TVT T5T ; ^2 = TTTT "I TTT9 > ^3 = 0 , b2k2 b3k2 ' b2H bH2

2 

Mi = _PRm^ P = 27rREhti
2X. 

(13.7.11) 

If we calculate the minimum of (3) in p and q, we find that the weakest 
point is the point where the function (see (4.4.2)) 

7 («, <p) = -j1 = 2sin2 9(1+ B
 Y) 

attains a minimum value. For that p° = 0 and q° = b\fk\. 

(13.7.12) 
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Let m > 0, then ip — 0 at the weakest point, and this point is situated at 
an edge parallel where 7 (s, 0) is a minimum by s. 

Keeping in (9) the first two terms we get the critical value 

A = 2 s i n 2 0 i ( l + y ) ' + /i2/3Co f!f, pp 
1/3 

+ 0(fi), (13.7.13) 

where 

fs 

fpp 

d_ 
ds _ 

8 k2 sin2 0 

(> 
2sin^(l + y ) ' 

(13.7.14) 
in 0i /„ m\-1 

For m = 0 formula (13) transforms to formula (6.16). 
Parameter a determines the rate of decrease of the depth of the pits in the 

circumferential direction and is equal to 

fffi 

fqq 

1/2 
mki 

4 (m + 6) 

1/2 

(13.7.15) 

In [96] for an ellipsoid of revolution the term ^1X2 in (9) taking into account 
the edge support at s = 0 is obtained. For a shell with parameters 60/ao = Vo, 
7r/3 ^ 0 <; 7r/2, R/h — 500, v = 0.3 for different m, it occurs that this effect 
does not exceed 1 %. 

The contour lines for the buckling deflection, w = ±0.75, ±0.50 and ±0.25 
for m = 4 are shown in Figure 13.9. The point with the largest deflection, 
w = 1, is marked by a small cross. The deflection damps very fast away 
from generatrix <p = 0 and therefore there is no contour line for the third pit 
w = 0.75, and, likewise, there is no contour line for the fourth pit w = —0.75 
and w = —0.50. 

13.8 Problems and Exercises 
13.1. Consider a long tube with square cross-sectional area, each four faces 

of which are rectangular plates of width a and length 6 (a <C b). Both plate 
edges y = 0 and y = b are subjected to the uniformly distributed load her, 
where h is the plate thickness, and cr is a pressure. Using asymptotic method 
find critical axial pressure. 

Answer 

""cr 
TT2 Eh2 Z + v 
12a2 1 + j / 

(13.8.1) 
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13 .2 . Consider buckling of cylindrical panel with weakly supported rec
tilinear edge y = 0 and clamped edge y = y0 under axial compression. The 
curvilinear edges are simply supported. For different boundary conditions on 
the edge x = 0 analyze the possibility of existence of the localized buckling 
modes near the edge x = 0 and find the critical buckling resultants T°. Com
pare results for y0 = R with given in formulae (3.5) for the semi-infinite in 
circular direction panel. 

13 .3 . Plot graphs A(yo) for 6 variants of the weak boundary conditions 
(3.5) found in problem 13.2. 

13 .4 . Find the critical load for the paraboloid of revolution under external 
normal pressure. The initial axisymmetric stress-strain s tate is determined by 
the nondimentional stresses 

1 l - t i h 

where k2 = /•,\h2
 a n d fci = fcf-

13.5 . Determine the cases of the weak support of the edge x = 0 of the 
convex shell of revolution under combined axial compression and torsion for 
the particular case, when T° = S°. The results represent is the form similar 
to Figure 13.4. 

H i n t . Under solution of (4.6) and (4.7) assume t\ = t3 = fc2 = 1, 
t2 = -h. 





Chapter 14 

Shells of Revolution under 
General Stress State 

In contrast to the previous Chapters, here we will assume that the initial shell 
stress-strain state is a sum of a membrane state and an edge effect. We will 
refer to this as a general stress-strain state. 

We will also assume that the shell is sufficiently long, i.e. that we may 
neglect the mutual influence of the edge effects. In cases when the influence of 
the initial edge effect and pre-buckling deformations is small, the order of this 
influence on the critical load will be found. If the influence of these factors 
is significant then for the critical load parameter in the zeroth approximation 
the standard boundary value problem which does not contain the relative shell 
thickness is developed. 

14.1 The Basic Equations and Edge Effect So
lutions 

Assume that the initial general shell stress-strain state is a sum of a mem
brane state to0, 7}° and S° and an edge effect we, T? and Se, then we can write 
system (2.4.2) in the form 

H2A{dAw) + X(Atw + SAe
tw)- Ak<f> - \ 6 Ae

k<I> = 0, 

^Aig^A^ + AkW + XSAlw = 0, 

where the multiplier S = 1 is introduced for the convenience of discussion. 
Below, we will study only the case of an axisymmetrically loaded shell of 

revolution. Then, for the operators A, A t and A^ we may use expressions 

297 
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(4.3.2), (4.3.3) 

1 d / , dw\ 1 d2w 

b ds \ ds J b2 dip2 

1 d / , dw\ ki d2w 

(14.1.2) b ds \ ds J b2 dip2 ' 

1 d / 0«A 1 d ( dw\ 
AtW = bd-S{bt^) + bd-s{ta^] + 

t3 d2w t2 d2w 
b ds d<p b2 dtp2 ' 

(T°,T°,S) = -XE0h0ti
2(tut2,t3), / = n{l_l/2)R2- (1 4-L 3) 

Here the generatrix length s and the deflection w are referred to R. 
The terms with the multiplier S take into account the influence of the initial 

edge effect stress-resultants and the corresponding pre-buckling deformations 

Ae„, _ ! d (hie
 9W\ ,te

2d
2W 

6 <9s V 5 « 7 &2 d<p2 (14.1.4) 
1 5 / ' j . / o , e\dw\ < xl + *l d2w *- = ** ('« + »«£) + 62 <V 

where the t\ are the dimensionless initial edge effect stress-resultants. 
As before, the loading is assumed to have only one parameter, A > 0. We 

represent the pre-buckling deflection W° as a sum W° — \w° + Xwe where 
Xw° and Xwe are the membrane and the edge effect deflection components. The 
pre-buckling change of curvatures are also in the form of sums, A (x° + xf), 
i — 1,2. For high intensity (large) loads (A ~ 1), the functions u>e, xf, and tf 
each depend non-linearly on A (see equation (6) below). 

We find the membrane initial stress-resultants T°, and 5° by formulae 
(4.3.8). Let max{|t, |} ~ 1, and the intensity of the loading be defined by 
the parameter A. Taking into account that for the membrane state, unknown 
functions do not increase in differentiation we obtain estimates 

w°, x? ~ fi2. (14.1.5) 

For the edge effect solutions we use equation (1.5.8) which we write in the 
form 

^d^ + X^h^+gklw^O, (14.1.6) 
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where d, g, t\, and &2 are functions in s. The applicability domain of equation 
(6) is discussed below. 

We seek solutions we in the neighbourhood of edge s = SQ (S\ ^ s ^ S2 = 
so) in the form 

we (s,n) = J^Cj f > " W j n (*)exp U fqj (s) ds \ , (14.1.7) 

where C\ and C2 are arbitrary constants which are defined below from the 
boundary conditions. The functions q\{s) and <72(s) satisfy equations 

dq4 + Xtiq
2 +gkj = 0, (14.1.8) 

and 

sftqjX), j = 1,2. (14.1.9) 

Condition (9) which guarantees the damping of the solutions (6) away from 
the edge is fulfilled if for t\ > 0 and 

A < m i n { 7 ( s ) } = A°, 7 ( s ) = ^ M ) 1 / 2 - (14.1.10) 

For ti ^ 0 condition (9) is always fulfilled. 
With an error of order /i solutions (7) may be replaced by 

2 
wC{s^) = ^ C i e x p { / i - 1

? i ( s o ) ( s - s o ) } . (14.1.11) 
i= i 

The tangential boundary conditions are fulfilled when we develop the mem
brane initial stress state. To find the constants C\ and C2 in (11) we use 
non-tangential boundary conditions 

«,• = «,, or g ! = g 1 0 > ( i 4 i i 2 ) 

H = 71* or M{ = M10 at s = s0, 

in which AQ10 and AM10 are the shear stress resultant and the bending stress-
couple introduced at edge s = SQ and Xwt and A71,, are the differences between 
the given and the membrane deflection and the angle of rotation. 

We can give the explicit expressions for we for various boundary conditions 
(12) 

we = aw,{C~S)-fS (14.1.13) 
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for we 
w*, it = 71* =A« 1T, 

we = wt [aC JT-^-S +^-5 
2a I 2a 

(14.1.14) 

for we = wt, M{ = Mio = E0h0Rd^2m; 

1/2 

= i (£) K^2 - 3 a 2 ) c + ( Q 2 - 3 ^ 2 ) s)+i(c- s)} 
(14.1.15) 

for 7f = 7 l t , Q | = Q10 = Eohondq; 

gkl 
>((3a3 - a/?2) C - (a 3 - 3a/?2) s ) + 

for Qf = Q10, M{ = M10; 

we=d d xti y1 

0*2 V ^ V P / 

+ g ( 2 a 2 C - ( a 2 - / ? 2 ) 5 ) ] (14.1.16) 

q(2a2C-(a2-p2)s) + 

Atr 
+ m ( ( 3 a 3 - a / ? 2 + a ^ ) C - ( a 3 - 3 a / ? 2 + a^-)s 

f o r Q ; - 7 ? 7 f = g 1 0 ,M 1
e = M10, 

where g (so) = a + ip\ a > 0, 

C = a - 1 e a i c o s / ? 1 , 
a(s- s0) 

" l = , 

5 = ^ - 1 e a i s i n / ? 1 , 

Pi — • 

(14.1.17) 

(14.1.18) 

For large tensile stress-resultants (ti < 0) the value /? is imaginary but the 
formulae given above are still valid in this case and give real values of we(s) 
(see Example 14.5). 

In formulae (13)-(18) the values w„, 7, q, and m have the dimension of a 
length while the rest of the quantities are dimensionless. 

By choosing the values R, E0, ho, and A it is possible (without loss of 
generality at t\ > 0) to get 

d = g = k2=l, ti=2 at s = s0, (14.1.19) 
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and as a result the formulae given above are simplified. In particular, inequality 
(10) takes on the form A < 1. 

As A —>• A0 (see (10)) we have a —> 0 and the edge effect loses its lo
cal character. The critical load (3.1.16) which is found above without taking 
into account the boundary conditions and the variability of the determining 
parameters corresponds to the value A = A0. 

Boundary conditions (17) correspond to edge s = so, at which the deflec
tion, w, and the angle of rotation, 71, are not introduced and the edge loading 
maintains its direction under deformation. In Section 13.4 (see Example 13.1) 
it was shown that for such boundary conditions the critical load decreases by 
a factor of two compared to the value A = A0. It could be seen in formula (17) 
according to which we —• 00 as A —¥ A°/2. For boundary conditions (17) we 
must modify restriction (10) by A < A0/2. 

In [61] the expression for uf is given for the case when a reinforcing elastic 
symmetric rib is fixed at shell edge s = SQ. 

The functions t\ and xf in (1) and (3) one can find by using approximate 
formulae (1.5.3) 

te
2 = ^-we, t\=b- fte

2ds~fib'te
2, 

** -00 (14.1.20) 

e _ d2we
 e_V_dwe 

To estimate the applicability domain for equation (6) and subsequent for
mulae (7) and (11) we write equation (1.5.8) in the form 

^d ^ T + V (<1 + ̂  ^ + 5 k2W°+ 

+ Xli2{t1+tl)(k1 + uk2)=Xp, P=1f^r- (14.1.21) 

Here the initial axial stress-resultant, Xi, is represented as a sum of the mem
brane term and the edge effect, 7\ = T° + Tf, (see formulae (2) and (3)). 
It also is possible to represent the solution, W°, of this equation in form 
W° = Xw° + \we. The values t 1, w°, and p in (21) are slowly varying functions 
and near the edge they may be considered as constants. Then from (21) we 
get 

w°= (p - n% (An + vk2)) (gkty1 . (14.1.22) 

Equation (21) was, however, obtained under the assumption that the un
known solution is a fast varying function (with an index of variation equal to 
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1/2) and it is not acceptable for the development of the membrane part of 
the deflection. In particular, for b' ^ 0, formula (22) gives the wrong value of 
deflection w°. 

From the system of equations 

du n 

kiw = e\ = ut2-ti, 
ds (14.1.23) 6' 

— U — k2W = £o = ^ 1 ~~ ^2 
0 

we find the expressions for u° and w° 

u0 = bk2l l'k^\~^£2ds + C 

W° = 
k^-k^ds + c 

(14.1.24) 

bk\ 

where C is constant. For b' = 0, according to the third equilibrium equation 
Tffci + T$k2 + Rq* = 0 expression (24) for w° coincides with (22) and for 
b' ^ 0, we ought to use only formulae (24). 

By excluding w° we find from (21) the equation for we 

/x4d ^ f + A^2 (ij + t\) ^f+9 k\we + n2t\ (*! + v k2) = 0, 

(14.1.25) 

in which the first approximation as /z —>• 0, all values except we and t\ are 
considered to be given and constant. We seek the solution we that is decreasing 
for s < so. The value t\ is related to vf by equation (20). 

We will now try to determine the conditions at which equation (25) trans
forms into linear equation (6). Let the values of d, g, t\, and k2 be of order 1 
and \ki\ < 1 in (25). 

The last term in (25) may be neglected with an error of order fi for b' ^ 0 
and with an error of order /z2 for 6' = 0. 

The order of the non-linear term in (25) 

z = \ft\^- (14.1.26) 

coincides for b' ^ 0 with the order of the value of \b'fi~1(we)2. That is why 
term (26) is of the same order as the rest of the terms in equation (25), if 
we ~ n for b' ^ 0 and if we ~ 1 for 6' = 0. According to formulae (13)-(17) 



14.2. Buckling with Pseudo-bending Modes 303 

the order of we depends on the boundary conditions and on the values of w*, 
7, in, and q and it is equal to 

W
e ~ m a x { K | , | 7 | , H > M } > (14.1.27) 

where the maximum is calculated by two of the four values listed above, which 
appear in boundary conditions at s = so. 

Using equation (6) and formulae (13)-(17) incurs an error of order fi if the 
order of the value of fiz does not exceed the orders of the remaining terms in 
equation (25) (namely if we < fi2 for 6' ^ 0 and if we < n for b' = 0). We will 
assume later that these conditions are fulfilled. 

But now let us consider an example in which these conditions are violated. 
We will study the buckling of a truncated circular conical shell with angle 2a 
at the vertex under axial compression in the case when its edge is free in the 
radial direction. In this case 

6' = sina, Qio = jPtana, q ~ /i, we ~ /* (14.1.28) 

and term (26) has the same order as the remaining terms in (25) and so it 
may not be neglected. Here, we expect buckling of the limiting point type (see 
Section 2.1). 

At present we will not consider such cases since jf ~ 1 for we ~ \i and 
equation (6) and equations (25) and (21) and some of the relations of Chapter 
1 are not applicable since in their derivation we assumed that 7? <̂C 1. The 
problems in which geometric non-linearity is modelled exactly are studied for 
example in [95, 170]. 

14.2 Buckling with Pseudo-bending Modes 

In this Section we will consider problems in which the influence of the edge 
effect initial stress resultants and pre-buckling deformations on the critical 
load is small and may be found (or estimated) by the perturbation method. 
These are buckling problems of a shell of revolution with negative Gaussian 
curvature (A ~ ft2/3) and for shells with zero Gaussian curvature under an 
external normal pressure (A ~ fi) and under torsion (A ~ (i1?2). For all of 
these problems a relatively low level of the membrane stress-resultants ( A < 1 ) 
is typical. 

Let us temporarily assume that the parameter S is small and we consider 
the self-adjoint boundary value problem Lg consisting of two equations (1.1) 
and of four boundary conditions at each of the shell edges s = si and s = «2 • 
We will refer to the problem L$ as the general problem. 
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For S = 0 we get the problem LQ (discussed above, see Chapters 7-11) 
on the membrane stress s tate buckling without taking into account any pre-
buckling deformations or edge effect stress-resultants (shortly to be a mem
brane problem). We seek a solution of the problem L$ in the form of a formal 
series 

ws = w0 + S wi + ... 

A«5 = A0 + S Xi + . . . 

$6 - $0 + S $ ! + . . . 
(14.2.1) 

where Ao, wo, and 4>o are respectively the eigenvalue and the eigenfunction of 
problem LQ. 

To find the first approximation for w\ and $ i we get the non-homogeneous 
problem "on spectrum". From its compatibility condition we find the value 
of Ai which is the main part of the correction to A and we represent it in the 
form 

- l 

where 

h = 

h = 

II 
II 

Ai = J/A0, T) = (I2-h)I0 

fdwo\ ,yh_ ®w° d^o , h_ d2wp 
\ ds J b ds dip b2 dip2 

(14.2.2) 

b ds dip, 

dw0 

~ds~ + 
dw0 

b2 \~~frp~ 
bdsdip, (14.2.3) 

2//[(xS + x 3 ) ^ ^ + ^+ X f a W 0 a*0 ' 
b2 dip dip 

b ds dip. 

Here the domain of integration is the entire shell neutral surface. In eval
uat ing 7i and I? we take into account tha t the pre-buckling deformation is 
axisymmetric. 

The eigenfunction for problem LQ we represent in the form of a sum 

wo w°0+we
0, *o = *g + * S , (14.2.4) 

where WQ and $ Q describe the main stress state and WQ and <£Q correspond to 
the edge effect. Let us have the following estimates of the orders of the terms 
in (4) and of their indices of variation 

7/1° * ° U 0 I ^ 0 

ds 
* 

w 

dip 

(14.2.5) 

file:///~~frp~
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For shells with zero Gaussian curvature under external pressure or torsion 
we obtain as = 0 and av = 1/2 and for shells with negative Gaussian curvature 
we have as = av = 2 / 3 . For the edge effect solutions, w^ and we, we get 
8WQ/8S ~ //_1u>o, dwe/ds ~ fi~1we. 

The variables in (3) due to (1.20) are of order 

2 P i P 2 v r /» (14.2.6) 

x ? , x 2 ° ~ ^ » , x f ~ / i a ° « - 2 , x ^ / i " 0 ^ 1 ( & ' ^ 0 ) . 

If 6'(So) = 0 then ff ~ ^ 2 < | and x% ~ p a°«. 
We represent the integral 7j in the form 

/ , • = / ? + / ? , j = 0 ,1 ,2 , (14.2.7) 

where J? does not contain the edge effect solutions and H contains the edge 
effect solutions describing the initial stress state and /or eigenfunction (4) of 
problem LQ. In particular, IQ is calculated by formula (3) for wo — WQ and 1° 
is calculated for ioo = it)§, $o = $o> a n d ^f = 0, and 1° = 0. 

Now we will consider buckling specifically. First, we will study the buckling 
of a cylindrical or a conical shell of revolution of moderate length under external 
normal pressure. We assume tha t the shell is "well" supported and that the 
load parameter Ao satisfies the estimate 

A0~A*, (14.2.8) 

and the possible variants of " well" supported edges are given in the first six 
lines of Table 8.4. 

Under these assumptions the following estimates 

aoo = 2, / ^ - / i " 1 , I°2=0{»), ae>\. (14.2.9) 

are valid. 
The intensity, ae, of the edge effect solutions, nig, coincides with the error 

order tha t occurs in the transition from the full boundary value problem, La, 
to the simplified problem (see Chapter 8). In particular, ae = 1 if w — 0 is 
one of the boundary conditions. 

The order of 1% depends on whether or not the equality x° = 0 is valid. If 
x° = 0 then 1% ~ /J.2, otherwise 1$ ~ ft-

The initial edge effect intensity, c*oe, depends on the type of edge s — so 
support . For example, by introducing a pre-stressed support or with edge 
stress-resultants and /o r stress-couples we may obtain arbitrary values of the 
right sides of boundary conditions in (1.13)-(1.17). Below we assume tha t 

«0e = 2, (14.2.10) 



306 Chapter 14. Shells of Revolution under General Stress State 

i.e. the deflection corresponding to the edge effect is of the same order as the 
membrane initial deflection. In particular, estimate (10) is valid if the initial 
edge effect is only caused by the fact that the initial membrane deflection did 
not satisfy the condition w = 0 (and may be the condition 71 = 0 ) . 

We will neglect the mutual influence of the edge effects, that is why the 
integrals, 7J, are the sums of terms corresponding to shell edges s = si and 
s = s2 • We will study one of these edges s = s2 = «o • 

The integrals IJ are sums of terms of the form 

«o ds, 

«2 

F{n) = Jf{s,n)g 

f = H<*(f0(s)+nf1 (*) + • • • ) , 

(14.2.11) 

where the function f(s,fi) may be represented as the asymptotic series (11) 
and g (£) —> 0 as ( —»• — 00. By expanding functions /,• in a Taylor series at 
s = so we get 

F (ft) = //*+1 [/„ (s0) co + H (/1 (so) co + /o (so) ci) + 

+ V2 (/2 (so) co + /{ (so) ci + - f'0' (so) c2) -

where 

u 

ck = J Ck9 (0 dC-

(14.2.12) 

(14.2.13) 

Studying the boundary condition variants from the clamped and simple 
support groups (see Section 8.4), we find that at s = so the following estimates 
are valid 

w° (so) Wo = 0(fi), 

——9- ~ /J, (clamped), ——2- ~ 1 (simple support). 
<9s0 os 0 

(14.2.14) 

It is important to recall that the ~ symbol indicates the exact order of the 
variable and the symbol O gives the upper order estimate. In particular, for 
some boundary condition variants we get WQ ~ u? or w% ~ p 5 ' 2 (see Section 
8.4). 

In estimating the integrals 7| we assume that £2 ~ 1; î> ^3, and b' — 0 (1 ) . 
Then according to (12), (6), (10) and (14) we find 

7 0
e=O(/ i ) , / f ~ / i 2 , Ie

2=0 {u), (14.2.15) 
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and then due to (2) we get 

V = 0{n2), (14.2.16) 

i.e. the relative order of the initial moment stress-resultants and the influence 
of pre-buckling deformations on the critical load under the above assumptions 
does not exceed /z2. In addition, the term 

z — z ^^//M^Mi^, (14.J.17) 

in l\ is the most significant. For boundary conditions of the clamped support 

group we have ufy (so) ~ A*, $0 (so) ~ 1 and 

z e ~ / i , ? ? = ( z + O ( ^ ) ) ( / 0
0 ) _ 1 ~ / i

2 . (14.2.18) 

For simple support group boundary conditions we obtain w% (SQ), $0 (so) ~ A* 
and for x\ = 0 we have 

z~n2, V~V3- (14.2.19) 

For moderately long shells the calculation of rj by formulae (2) is scarcely 
practical since the correction is very small. However, for short shells the cor
rection, t], becomes sufficient. In [22, 61, 149] one may find a survey of the 
numerical results for a cylindrical shell with various boundary conditions which 
agree with the estimates obtained here. 

Let us now study the buckling of an axisymmetrically loaded shell of rev
olution with negative Gaussian curvature. Let there be no torsion (<3 = 0) 
and let the boundary conditions be of the clamped or simple support group. 
The case when both edges are simply supported is not considered. Then the 
estimates 

2 2 
A0 ~ ^ 2 / 3 , as=atp = - , a00 = a0e = 2, ae = - a, (14.2.20) 

o o 

are valid (see (5)). Here the value a depends on the boundary conditions at 
s = s0 and it is given in Table 11.2. 

We can find the value of rj by formula (2). Keeping the main terms (with 
respect to fi) we get 

n = I>2(l°0y
1, I>2 = 2Jjx{d-^d-^\dsdv. (14.2.21) 

For all boundary condition variants considered we have I® ~ / i _ 4 / ' 3 . As 
before, we calculate the value of I'2 separately for each edge, s = s\ and s = s^, 
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and denote the edge under consideration by s = so. By taking into account 
buckling modes (11.4.2) and (11.4.6) and by using an expansion of type (12) 
we obtain the estimates 

j] = O ( V ' 3 + ti1+2-r) (clamped), 
) «±2a\ (14.2.22) 

T] = O l/i2 + H 3 J (simple support). 

where the values of a are given in Table 11.2. 
A comparison with estimates (18) and (19) reveals that for shells of negative 

Gaussian curvature, the use of a membrane formulation is accompanied by a 
greater error than for cylindrical and conical shells under external pressure. 

14.3 The Cases of Significant Effect of Pre-buck-
ling strains 

The buckling of convex shells of revolution under arbitrary axisymmetric 
loading and the buckling of shells of revolution of zero Gaussian curvature 
under axial compression is studied in this Section for the case where A ~ 1. The 
corresponding membrane problems have already been discussed in Chapters 3 
and 4 and it was shown that in the zeroth approximation, the critical value 
of A is a function in 7 (s) (see formulae (4.3.7), (4.3.9), and (4.3.10)). We will 
discuss several related cases here. 

Case 1. Let 7 (s) = A0 = const. 
Then, in the membrane statement, all points on the neutral surface are 

equally predisposed to buckling and buckling pits cover the entire surface. 
This case is important particularly for the buckling of cylindrical and conical 
shells under axial pressure and for the buckling of a spherical shell subject to 
a homogeneous external pressure. The initial moment stress-resultants and 
the pre-buckling deformations infringe on this homogeneity near the edges and 
buckling may occur for A < A0 and the buckling mode is localized near one of 
the shell edges. 

Case 2. Let there be no membrane stress (7 = 0) or let it not contain 
compressive membrane stress-resultants in any direction (see (3.1.11)). 

Then, only the general statement of the buckling problem is valid. The 
initial edge effect stress-resultants and the pre-buckling deformations which 
are generated by the local loads at s = s0, are the only cause for buckling and 
the buckling mode is localized near the line s = so-

Case 3. Let the function 7 (s) be variable and attain its minimum value 
at s = so — «2-
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The edge parallel s — s0 is the weakest line and the buckling mode is again 
localized in its neighbourhood. In the membrane statement the solution of this 
problem for 7'(«o) ^ 0 is given in Section 13.6 and in the general statement it 
is given in Section 14.4. 

We assume that the characteristic values of the functions describing the 
initial state satisfy the following estimates (see (1.20)) 

w°, we~fi2; x{,tl~l; xe
2,tl = 0(fi). (14.3.1) 

Now we will give the solution algorithm for this problem in Cases 1 and 2. 
The critical value A we seek from the bifurcation condition into the adjacent 

non-symmetric mode with m waves in a circumferential direction in the form 

OO 

$ (s, <p) = Y^^^J (0 el'mv\ (14.3.2) 
j=0 

C = / i " 1 ( s - «o), A = A0 + fi\i + ••• , 

where in the neighbourhood of the parallel s = s0 the scaled variable £ is 
introduced. 

To find Ao we come to the system 

d° \dO~p2lJ Wo+X° ( < i o - ^ + 2 * > i < 3 0 - ^ - / > ? ( i 2 0 + ^ ( C ) ) ^ o j -

- f e 2 o ^ + p ? ( f c i o + Aox1
e(C))$o = 0, />i = ^ > 

so-1 f ̂  - PIJ *O + * 2 o ^ r - (*m + Ao*f(C))p?™0 = o, 

(14.3.3) 

where by do, <7o, &o, ho, and <l0 we denote the values of the corresponding 
functions at s = SQ. 

Functions wo and <J>o satisfy the four homogeneous boundary conditions at 
s — SQ (see below) and also the damping conditions 

w0 —> 0, $ 0 —> 0 at C —> -co- (14.3.4) 
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We can express by w and $ the variables which are contained in the bound
ary conditions 

6w b2 ( , b' , , /w\'\ 
u = — + —2 \e2- T £ l + b k i T J > sm mz \ b \ b I J 

v = -r— I £2 + ^ w - T
 u ) > Mi = /i4d (x i + J /X 2 ) , 

i r a \ 6 / 

1 62 + 6 ' 
.*HL11L>-*-* 

QI*- - -T- (<#> (*i - ^ 2 ) ) -
' 2 ( 1 - v)pMmd 

(14.3.5) 

(xr2 + wxi) - A<2 (*i + <i) Aiu' + A {wey Ti - n2\t3i 

where 

ei = - ( 7 i - i / T 2 ) - A ( u ; e ) V , 

a 
2 ( 1 + J /) C W e x ' i m 

u = — -b— \(we) —rw, 
9 b 

m 2 b' , 
xr = w", x2 = - - p - w+ —w , 

£2 = - {T2 - i /Ti) , 
9 

T2 = fiH", (14.3.6) 

r = —— w —w 
b \ b 

Here with the (/) symbol we denote the derivative with respect to s. The 
error in formulae (5) is of order / i 2 . In the right sides of (5) in the formulation 
of the boundary conditions for the system we pass to the variable £ and keep 
the main terms with respect to fi. 

Then we get 

u = fi 

v = fi 

1 d3<&0 2 + 1 / rf$o &20 dw0 f dw 

Pi9o dC3 9o dC p\ dC, ° \ d( JQ
W° 

1 f d ^ • 2 * A , *20 
" -772- + VPl®0 )+—W0 

tPi 9o V dC J »Pi 
d$o 

T1=-p{$o, S=~lPl~j7'' Mx = fi2d0 l - ^ - - vp{w0 

d2i 

Qu= - p. d0 
d3w° <* \ 2 dwo\ , 

-de-{2-u)p'-dZ^ + 

dwo 

~dZ + A0 ( (<io + t\) ^ + p\ ( ^ ) $o + ipihowo 
dwe 

(14.3.7) 
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where we take i^f) for C = 0. 

The value of A0 may be found after minimization by the number of waves, 
m, in the circumferential direction (p\ = umb^ ). 

The next approximation w\, $ i satisfies the non-homogeneous system of 
equations with the same left sides as in system (3) and the non-homogeneous 
boundary conditions with the left sides of form (7). The decreasing conditions 
(4) are still valid. From the existence condition for the solution w\, $ i we can 
find Ai. 

The construction method for Ai proposed here is interesting only to vali
date the expansion (2) for the load parameter A = A(/i). If we want to find 
the numerical value of A (/j.) then it is more convenient to solve system (1.1) 
numerically with boundary conditions of type (5). 

From system (3) it follows that the initial stress-resultant, t%, and the pre-
buckling change of curvature, xf, affect equally Ao (at least from the asymp
totic point of view) and the functions, t\ and x\, ought to be found from the 
equation of the non-linear edge effect (1.6). 

If we neglect one of the values, t\ or xf, or evaluate them from the simple 
edge effect equation (equation (1.6) for A = 0) we incur an error which does 
not go to zero with the shell thickness. In [114] for the buckling problem of a 
hemisphere under external pressure (see Example 14.3) with various boundary 
conditions, the numerical results for three statements of the problem are given: 

(i) for x\ and t\ which are found from the non-linear edge effect equation, 
(ii) for x\ = 0, 
(iii) for x\ and t\ which are found from the simple edge effect equation. 
For all boundary conditions considered, the minimum value of A is obtained 

under the exact formulation of problem (i). In the approximate formulations, 
(ii) and (iii), the values of A are greater by 10% and 20% respectively. 

R e m a r k 14.1. The term /iAi in formula (2) takes into account the effect 
of some factors which are neglected in the zeroth approximation (3) (namely 
the variability of coefficients b, d, g, ki, and tj in system (1.1) and the effect of 
relatively small values of t\ and x^). 

If, at s = so the derivatives of the listed coefficients are equal to zero 
then Ai = 0 in formula (2) and the error in system (3) and of the boundary 
conditions which are introduced by formulae (7) is of order fi2. 

In order to solve system (1.1) and approximate system (3), which have 
variable coefficients, various numerical methods (such as numerical integra
tion, finite element methods or variational methods) may be used. We note 
also the method of invariant immersion [179] which is a type of numerical inte
gration technique in which the decreasing conditions (4) may be satisfied very 
conveniently. 

Examples 14.1-14.3 considered below illustrate Case 1 and Example 14.4 
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illustrates Case 2. In these Examples <3 = 0 and E, v, and h are constant and 
therefore d = g = 1. 

Example 14.1. Consider the buckling of a cylindrical shell under axial 
compression. In this case ki = ti — 0 and we assume that b = A; 2 = 1 and 
h = 2 , then due to (1.2) 

T? = -2Eh/i2\, P = 2irRT?. (14.3.8) 

The value A = 1 gives the classical Lorenz-Timoshenko critical load (see 
(3.4.3)). The value of A < 1 is a measure of the decrease of the critical load. 
The edge effect stresses and deformations near shell edge s = so depend on the 
type of edge support. Let 

u = v = w = M1-0 (that is 1110) at s = s0. (14.3.9) 

Then by formulae (1.14), (1.20) we find 

we= Ivp? (aC-a ~P S 
\ 2 a 

t\ = fi-2k2We, X' 

where we use the designations from (1.18). 
Now, if we let v = 0.3, we obtain Ao = 0.867 (see [2]). 
The problem under consideration has been extensively studied [2, 21, 22, 

44, 61, 112, 149] for the various relationships among the parameters and for 
various boundary conditions. 

In all cases except 0010 and 1010 the buckling mode occurs with a large 
number of waves, m, in the circumferential direction (m ~ p _ 1 ) . Since Ao is 
close to 1, the parameter a, which causes the decrease of functions t\, x\ is 
small (see formulae (10) and (1.18)) and for relatively short shells the mutual 
influence of the edge effects at s = si and at s = S2 may be important. This 
question has been studied in [2, 22, 44, 61]. In cases 0010 and 1010 where the 
support is weak, buckling occurs for m — 2. The same value of A = 0.5 is also 
found without taking into account initial moment stresses (see (13.2.12)). 

The decrease in the critical value of Ao noted is related to the fact that 
Poisson's ratio u ^ 0 (see (10)). In Table 14.1 (the data for which has been 
obtained in [71]) for six boundary condition variants, the relationships of Ao(f) 
and p {v) are given. The last of these, due to the expression p = fim, allows 
us to estimate the expected number of waves, m, under buckling. 

) • 

? = / ( 1 + A0)fc2\ 1 / 2 ^ (14.3.10) 

1 — I ' 
a 
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Table 14.1: X0(u) and p(v) 

1111 

1011 

0111 

0011 

1110 

0110 

V 

Ao 

P 

Ao 

P 

Ao 

P 

Ao 

P 

Ao 

P 

Ao 

P 

0.1 

0.968 

0.48 

0.968 

0.48 

0.957 

0.45 

0.956 

0.45 

0.928 

0.48 

0.907 

0.45 

0.2 

0.946 

0.48 

0.946 

0.48 

0.930 

0.45 

0.929 

0.45 

0.894 

0.48 

0.870 

0.44 

0.3 

0.927 

0.47 

0.927 

0.48 

0.910 

0.44 

0.909 

0.44 

0.868 

0.47 

0.844 

0.44 

0.4 

0.911 

0.47 

0.911 

0.47 

0.893 

0.44 

0.892 

0.44 

0.848 

0.47 

0.824 

0.44 

0.5 

0.897 

0.47 

0.897 

0.47 

0.879 

0.44 

0.877 

0.44 

0.831 

0.47 

0.808 

0.44 

Example 14.2. Let us now study the buckling of a conical shell under 
axial compression. For a conical shell we have 

k\ = 0, &2 = b 1cosao, 6 = ssinao, 

P = 27rJRtcosa0T1
0

) T° = S° = 0, 
(14.3.11) 

where 2ao is the cone vertex angle and Rs is the distance between a point 
on the shell and the vertex. In relation (1.2) T° = —\Ehp?t\ we take t\ = 
26_ 1 cos «o. 

Then 

7(«) = - r — = 1- (14.3.12) 

The minimization of function 7 (s) gives the weakest parallel (see formula 
(4.3.10)). It follows from (12) that in the membrane statement this Example 
(as in Example 14.1) corresponds to Case 1 and the buckling mode occupies 
the whole shell surface. The critical value of the force is equal to 

_ 2ir h2 cos2 a0 (14.3.13) 
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For A = 1, formula (13) is similar to the Lorenz-Timoshenko formula (3.4.3) 
and has been obtained in [140]. 

Now we will examine the buckling mode which is localized near shell edge 
s = so- Let this edge be simply supported by a rigid body which may progres
sively move in the axial direction. The boundary conditions under buckling 
we take in form (9). The initial stress-strain state is determined by relations 

u° = -2n2cot aQ (Ins + c), w° = -2 f? [v + Ins + c), (14.3.14) 

and we, <|> a n d x\ may be calculated by the same formulae (10) as for a 
cylindrical shell. 

System of equations (3) for a conical shell differs from system (3) for a 
cylindrical shell by only two parameters: &o and Ar2o- We can therefore make 
the substitutions 

C = C&2(>2> Pi= Pi^o/2 = firnbolk2o/2- (14.3.15) 

Then, both system (3), and boundary conditions (9), which are written 
using formulae (7), coincide for cylindrical and conical shells. Hence, for v = 
0.3, Ao = 0.874. Here, in contrast to a cylindrical shell, X\ ^ 0 i.e. the error 
of the zeroth approximation is greater. 

If edges s = si and s = s2 are supported identically then (in the zeroth 
approximation) buckling in the neighbourhood of each of them corresponds to 
equal values of P . But the number of waves, m, in the circumferential direction 
are different. By virtue of (15) we can write 

m = p 1 ( l 2 ( l - 0 ) 1 / 4 ( ^ ) 1 / a
> (14.3.16) 

where the B is the radius of circle s — so. For larger radius the number m is 
larger. 

Taking into account the noted agreement of equations (3), the values of 
Ao obtained for a cylindrical shell with various boundary conditions may be 
used in formula (13) also for a conical shell. Boundary condition variants 0010 
and 0110 for which A = 0.5 and the buckling mode is axisymmetric [44] are 
exceptions. 

Example 14.3. Consider the buckling of a hemisphere under a homoge
neous external pressure. For a spherical shell 

k1 = k2 = l, T» = T°= -q-£= -2\Ehfi*, 

2Ehk (14-31?) 
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where q is the external pressure and R is the sphere radius. For A = 1 we get 
formula (3.3.11). 

Let the boundary conditions T\ = v = w = M\ = 0 apply at edge s = s0. 
The initial stress state is then described by 

w° = 2/j2(l - i/), we= - 2(1 - v) fi2 [a C- a
 0 ^ S 

2a 

t% = fi-2we, x\ = "' '"" • r ' S, 
(1 - v) (a2 + p2Y 

ye _ , , - 2 „ . e „ e _ ^ ' V ^ ^ _ 

(14.3.18) 

where we use same designations as in formulae (1.18), and (10). 
System (3) gives Ao = 0.701 and pi = 0.79. The same value of A has been 

obtained in [114], though in that paper other boundary condition variants were 
also considered. The agreement of the values of A is noteworthy despite the 
fact that system (3) is approximate, i.e. function 6 (s) = cos s is replaced by 
the value 6o = 1. 

Example 14.4. We will now examine the buckling of a cylindrical shell 
under concentrated radial forces. This problem corresponds to Case 2 above. 
The initial membrane stresses are absent (£; = 0) and the initial general stress 
state is symmetric with respect to s — 0 and for s < 0 it is described by 
formulae (see (1.15)) 

we = ^— (C-S), a = 0 = 1 / 2 , Q = 2n3Eh\, 
A2 ' (14.3.19) 

te2=^(C-S), x e = _ _ ( c + 5), 

where functions C (s), and S (s) are introduced in (1.18) and Q is the intensity 
of the compressive radial load at circle s — 0. We find the load parameter A 
from system (3) with boundary conditions (4) and by noting the symmetry of 
the problem 

dw d3w <i$ d3$ „ „ /„ , „ „„x 

^ = ^ = < = ^ = ° at C = °- (14-3-20> 
The solution of this problem has been obtained in [34, 80, 93, 116]. 

Q = 0.344 ( 1 , ^ 3 / 4 ( | ) , «> = 0.357 jx"1. (14.3.21) 

A survey of the work on the buckling of cylindrical shells under edge couples 
and radial forces may be found in [21, 61, 149]. 
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14.4 The Weakest Parallel Coinciding With an 
Edge 

The weakest parallel, s = so, is determined from the minimum condition for 
the function 7 (s) which was introduced in Section 4.3. Let parallel So coincide 
with the edge of the shell (SQ = S2). Here we will study problems with the 
same initial membrane stress-resultants as in Section 13.6 but in addition, the 
moment stress-resultants and any pre-buckling deformations will also be taken 
into account. We will examine, in particular, buckling problems for convex 
shells under torsion and under tensile load by an axial force. 

Depending on the loading and type of edge support, one of two possibilities 
for buckling may occur: A < A0 = 7 (so) or A > A0. For the case when A < A0 

we may use expansion (3.2) to find A. In this expansion Ao is evaluated using 
the same system (3.3). 

Now let A > A0 and examine the characteristic equation (13.5.5) of system 
(1.1) 

F(p,8,p,\) = 0 (14.4.1) 

assuming that t? = xf = 0. 

The roots of equation (1) for which 

3 p < 0 . (14.4.2) 

correspond to a solution of system (1.1) which exponentially decreases with s. 

As was shown in Section 13.6, system (1.1) for t\ = xf = 0 has a turning 
point, s = s„, such that for s < s« equation (1) has four roots satisfying 
condition (2). 

Therefore system (1.1) for t\, xf ^ 0 has four linearly independent solutions 
which exponentially decrease with s for s < s» (since the functions <?, and x? 
decrease away from edge s = S2). Four such solutions allow satisfaction of four 
boundary conditions introduced at s = «2-

For t\ = xf = 0 the characteristic equation of system (3.3) is 
F(p,S2,p,X) = 0. This equation for A > A0 has only three roots satisfying 
condition (2) and therefore system (3.3) generally has no solutions satisfying 
the four conditions for £ = 0 and decreasing conditions (4) and so it cannot be 
used as the zeroth approximation. 

In Sections 13.5 and 13.6 it was shown that in the membrane formulation 
for 7'(SQ) < 0, parameter A has the expansion 

X = \°+H2'3\1+0(fi), (14.4.3) 
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where 

A0 = 7 (so), Xi = Q (/°)2 /P°P) Co, Co = 2.338, (14.4.4) 

and f° and f° are described in Section 13.5. In formula (3) only terms of 
order /z, (0(H)), depend on the boundary conditions. 

Let us solve the general formulation of the problem. As in Section 14.2 it 
can be shown that j] = O(fi), where rj is a measure of the relative influence 
of the initial moment stress-resultants and the pre-buckling deformations on 
the critical load (see (2.2)). In other words, in formula (3) the first two terms 
remain the same in the general formulation. 

To prove this fact we return to formulae (2.2) and (2.3) taking in them the 
deflection WQ in the form of (13.6.13) 

wQ = (Ai(afi~2/3(s-st)
>j + 

3 JPk(s- s2) 

+ H1/3J2Cke P ) cos (m(/3s-<p + <p0)), (14.4.5) 
fc=i ' 

where a, Ck, and ft do not depend on \i and s, for that /? = 0 if there is no 
torsion. Formula (5) is approximate but its accuracy is sufficient to obtain the 
following estimates. By substituting (5) into (2.3) we find 

/ o ~ ^ - 4 / 3 , / i , / 2 ~ / i - 1 / 3 , (14.4.6) 

and due to (2.2) it follows that T] ~ ft. 

Example 14.5. Let us consider the buckling of a spherical belt, (a portion 
of a hemisphere with edges parallel but not on the equator), si ^ s ^ «2 
with constant values of E, u, and h under an axial tensile force P. By using 
formulae (13.6.14) we obtain 

(14.4.7) 
P =2irREhfi2X, t2 = -t1=b~2, b-coss, 

y(s)=2sin2s, m = 60/i_1, hi = fc2 = 1, 

where s is the angle between the point and the equator. 
Let s2 > j*i | , then the parallel s = s2 is the weakest. 
Let «2 = ""/4. Then, by formulae (3) and (13.6.16) we find 

P= llk2X
2V X=l+2(oH2/3 + 0(n). (14.4.8) 

\ / 3 (1 - v2) 
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Table 14.2: Values of A (m) obtained by numerical integration 

m 

28 

29 

30 

31 

32 

33 

membrane 

simple 
support 

1 

1.476 

1.464 

1.458 

1.460 

1.467 

1.482 

clamped 

2 

1.500 

1.486 

1.479 

1.479 

1.483 

1.495 

general 

simple 
support 

3 

1.549 

1.539 

1.535 

1.538 

1.549 

1.566 

clamped 

4 

1.590 

1.577 

1.571 

1.573 

1.581 

1.595 

formula (8) 

1.426 

In order to estimate the influence of the boundary conditions and initial 
moment stress state, we take R/h = 400 and v = 0.3. Then fi — 0.0275 and 
the first two terms in formula (8) give A = 1.426. 

In Table 14.2 we have presented the values of A (m) obtained by numerical 
integration (with orthogonalization) of system (1.1). Columns 1 and 3 cor
respond to a simply supported edge s = S2 {T\ = v = w = M\ = 0), and 
columns 2 and 4 correspond to a clamped edge (u = v = w = 71 = 0). 

In columns 1 and 2 we place the results, obtained for the membrane for
mulation (£| = xf = 0), and evaluating Columns 3 and 4 we take into account 
the stress-resultants t\ and the change of the curvature changes x\. For the 
simply supported edge we can write 

tl = -2(l + V)(c-^f-s), xt=1J^S (14.4.9) 
\ 2 or / or 

and for the clamped edge 

<! = - 2 ( l + i / ) ( C - S ) . x1
e = 2 ( l + zv)(C + S), (14.4.10) 
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where 

C* = a - 1 e a i ch /? i , 5 = p~leai sh/?i, 

1 + A \ 1 / 2 „ / A - 0 1 / 2 

It follows from the Table that buckling occurs for m = 30 which is slightly 
larger than the value m = 26 predicted by formula (7). This is because the 
value of 6 in the buckling pit centre is larger than &o at the shell edge. 

From the results presented in the Table it follows that the comparatively 
low critical load depends on both the boundary conditions and whether or not 
we take into account the initial moment stress state. It agrees with formula (8). 
If we include the moment stress-resultants in the calculation then we obtain 
a greater value of A since near the edge t\ < 0 the effect of the compressive 
membrane stress-resultants <2 > 0 decreases. 

14.5 Problems and Exercises 

14.1 Consider an axisymmetrically loaded shell of revolution with negative 
Gaussian curvature. Find relative the order of the first term in expression for 
the critical value (14.2.2) for different boundary conditions of the free support 
and clamped group. 

Answer 

t] = 0{nAlz) (1011,1010), 

T) = O (/r5/3) (1111, 1110, 1101, 1100, 0111, 0011, 0010), 

rt = 0(n2) (0110,0101,0100), 

where, in parenthesis, we list the boundary condition variants for which these 
estimates are valid. 

14.2. Consider the buckling of a cylindrical shell with the Poisson ratio 
v — 0.3 under axial compression for the following boundary conditions at the 
edge s = s0 ([2]): 

a) 1111, 1011 
b) 0111 
c) 0011 
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d) 0110 
e) 0010, 1010 

Answer 

Boundary conditions 
1111, 1011 

0111 
0011 
0110 

0010, 1010 

Ao 
0.926 
0.910 
0.908 
0.844 

0.5 

14.3 Consider buckling of the semi-infinite circular cylindrical shell at the 
free edge of which the following load is applied 

(i) radial compressive load, 
(ii) radial tensile load. 
14.4 Consider buckling of the infinite circular cylindrical shell under radial 

load distributed homogeneously along the parallel. 
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