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Preface

Many publications both in Russia and abroad are devoted to the analysis of
the buckling of thin-walled structures, and the solutions of many important
problems have been obtained. In spite of the variety of books that are avail-
able on this subject however, there is no one book which contains a general
overview of buckling problems and sound base of methodology for the qualita-~
tive study of a large number of different types of problems. This gap may be
partially filled by the monograph ” Asymptotic Methods in Buckling Theory of
Elastic Shells”, which is a revised and extended edition of the monograph ”The
Stability of Thin Shells. Asymptotic Methods” by P.E. Tovstik published in
1995 in Russian.

The book contains numerous results developed by the authors and their
pupils by means of the application of asymptotic methods to the problem of
shell buckling. Previously these methods have been applied to problems of
shell statics and vibrations.

There are many new results in this rather compact book. The static stabili-
ty problem for the case of small membrane deformations and angles of rotation
is studied completely. In the general forrulation, the principal questions on
the development of local buckling modes are studied. The results presented
give a clear, qualitative picture which is necessary for further development of
modern numerical methods.

One of the unique features of the book is the large bibliography of litera-
ture on the application of asymptotic methods to the problems of thin shell
buckling. The reference list includes Western as well as the Russian literature
on asymptotic methods. The Russian material has generally been translated
into English but is still not widely known, despite the high standards prevalent
in this body of research.

The book is directed both to researchers working on the analysis and con-
struction of thin-walled structures and continuous media and also to math-
ematicians who are interested in the application of asymptotic methods to
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vi Preface

problems of thin shell buckling. The book may also be useful for graduate and
post-graduate students of Mathematics, Engineering and Physics.

The present book is a result of the scientific cooperation of the Depart-
ments of Theoretical and Applied Mechanics of the Faculty of Mathematics
and Mechanics at St. Petersburg State University in Russia and Department
of Mechanical and Aerospace Engineering at Carleton University in Ottawa,
Canada. The authors would like to express their special thanks to the editors
of the book, Prof. Peter R. Frise from the University of Windsor and Prof.
Ardeshir Guran from the Institute of Structronics and also to Prof. John
Goldak amd Prof. D.R.F. Taylor of Carleton University whose support of
the program of scientific cooperation between St. Petersburg and Carleton
University made it possible to prepare this manuscript.

This work was supported in part by Russian Foundation for Fundamental
Research (grants 9801.01010, 0101.00327) and Soros International Foundation
(grant # 54000) and the Natural Sciences and Engineering Research Council
of Canada under Dr. Frise’s individual research grant.

Our special thanks to Mrs. V. Sergeeva who typeset the main part of the
book and drew most of the pictures. We would also like to thank our students
N. Kolysheva, Yu. Dyldina, Yu. Balanina, N. Vasilieva, E. Kreis, A. Yam-
barshev, V. Braulov, and M. Antonov for their help in preparation of the
manuscript.

Peter Tovstik and Andrei Smirnov
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Introduction

Buckling analysis is one of the important elements in the modelling of thin-
walled structures in many different branches of engineering including shipbuild-
ing, missile-building, and civil and mechanical construction.

The development of numerical methods of solution for the problems of shell
buckling (as in the other problems of shell theory) has reached a level such that
virtually any problem can be solved numerically. Examples of the methods in
use include orthogonal sweep techniques for loaded shells of revolution. In
cases that do not permit the separation of variables one can use different vari-
ational methods such as the finite element method which has been developed
extensively over the last thirty years and is now widely accepted in engineering
practice.

Because of the development of numerical methods, it is worthwhile to reex-
amine the role and importance of analytic methods. In simple cases, analytical
methods can give the exact solution to a problem. In many other cases, they
provide with adequate precision, an approximate solution and allow us to sim-
plify the numerical solution which can help to speed to numerical process and
lower computational costs. Acquaintance with the analytic results also helps
to clarify the problem qualitatively and assists in gaining an understanding of
the mechanism of buckling.

Asymptotic solution methods using the thin shell approximation have taken
the leading place among the available analytical methods.

The rather small class of buckling problems of elastic, smooth, thin shells
under conservative surface and edge loads is considered below. The use of the
static stability criterion yields the linear boundary value problem which may
be solved effectively by means of asymptotic methods.

In order to do this, solution of shell buckling problems which require the
application of the dynamic stability criterion, or the solution of non-linear
boundary value problems are left aside. In particular, buckling under dynamic
loads, buckling of shells in a gas flux, parametric buckling problems and non-
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2 Introduction

linear problems of shallow shell buckling will not be considered in this book.
Likewise, the effect of initial imperfections is not taken into account.

Development of approximate asymptotic formulae for expected buckling
modes and corresponding critical loads is the basic subject of the book. Shells
with various neutral surface geometry and load and support conditions are
analyzed.

Significant attention is given to construction of localized buckling modes,
in which many small pits appear.

In some cases these pits cover the entire neutral surface while in other
cases the localization of buckling modes near some weak lines or points on the
neutral surface occurs. This localization is related to non-homogeneity of the
initial stress-strain state, or to variability of shell Gaussian curvature and/or of
shell thickness. Localization in the neighbourhood of an edge may be related
to specific features of the edge support.

In publications on thin shell buckling (see [21, 22, 59, 61, 149, 175]) one
can find numerous examples of buckling modes which are localized in neigh-
bourhood of certain lines or points (for example, the buckling problem for a
stretched spheroid under external pressure when the pits form along the equa-
tor). However, the analytical description of these localized buckling modes
that result from the asymptotic solution of the buckling equations is practi-
cally absent in shell theory monographs. This fact prompted the authors to
write this book.

The methods of solution of the buckling problems used below are based on
the methods of the asymptotic solution and qualitative analysis developed by
A.L. Goldenveizer and his pupils [51, 52, 57, 70, 88] in connection with the
problems of shell static, vibration and buckling.

From the point of view of asymptotic solutions, shell free vibration and
buckling have much in common. This is because, in both cases, we come to
the boundary value problem with a small parameter in the higher derivatives.
The main difference is that in the buckling problems we are interested only in
the smallest (or, perhaps only in the smallest few) eigenvalues.

The typical situation for an asymptotic integration of equations with non-
constant coefficients is that when in the integration domain, transition lines
appear [15, 57, 88, 125, 180], (they are called caustics in the field of acoustics
[174]) the region is separated into parts with qualitatively different solution
behaviour. In shell buckling problems the transition lines separate the part of
the neutral surface which contains the pits which appear under buckling.

The lowest eigenvalue in which we are interested corresponds to the buck-
ling mode which has pits only on a small portion of the neutral surface (i.e. lo-
calised in the neighbourhood of the weakest line or point). The peculiarities
of asymptotic methods used below are connected with this circumstance.

In the case when the weakest point does not coincide with a shell edge, we



Introduction 3

have used the method for construction of the buckling mode that was proposed
by V.P. Maslov [99].

In cases that permit the separation of variables, the boundary value prob-
lem becomes one-dimensional and the turning points play the role of transition
lines. Investigation of turning points in shell theory problems was begun by
N.A. Alumyae [5]. If the weakest line does not coincide with the shell edge, we
approach the case of two close turning points. For construction of the buckling
mode the one-dimensional version of V.P. Maslov’s method [99] is used. How-
ever, if the weakest line coincides with the shell edge then we have the turning
point situated near the edge.

For construction of semi-momentless buckling modes for cylindrical and
conic shells localized near the weakest generatrix, an algorithm based on an
asymptotic separation of variables is suggested. In this case the buckling mode
in the circumferential direction is similar to that obtained by V.P. Maslov’s
method.

To read this book, it is not necessary that the reader have a specific knowl-
edge in a field of asymptotic integration of equations. All of the required
information is given in the text. The solutions are presented in the form of
formal asymptotic series written in powers of relative shell thickness. The al-
gorithm for the development of the coefficients of the series are indicated and
for the first few terms of the series, the explicit expressions are given in many
cases. As a rule, the series diverge and by increasing the number of terms,
the partial sums of these series do not satisfy the equations and boundary
conditions with increasing accuracy.

Proof of the asymptotic character of these series, in other words the state-
ment that the error incurred after substituting the required function by the
first few terms of the series is on the order of the first neglected term is beyond
the scope of this book.

Let us now briefly describe the structure of the book.

In Chapters 1 and 2 the well-known equations of the two-dimensional theory
of thin elastic shells and the buckling equations which come from the static
criterion are given.

Chapter 3 contains classical solutions for simple shell buckling problems,
such as the buckling of a shallow or cylindrical shell under a homogeneous
membrane stress-strain state.

In the remaining chapters (with the exception of the final Chapter 14) the
initial stress-strain state is assumed to be membrane and any pre-buckling
deformations are not taken into account.

In Chapters 4 and 5 the problems which allow the separation of variables are
considered. In Chapter 4, the buckling modes for shells of revolution which
are localized in the neighbourhood of the weakest parallel which does not
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coincide with a shell edge are presented. In Chapter 5, the buckling modes for
a cylindrical shell under non-homogeneous axial pressure are developed.

In Chapter 6, the buckling modes for convex and cylindrical shells localized
in the neighbourhood of the weakest point which does not coincide with a shell
edge are constructed.

The next 4 chapters (from 7 to 10) are devoted to the consideration of semi-
momentless buckling modes for cylindrical and conic shells. For such shells the
pits formed under buckling stretch along the generatrix. If the stress-strain
state varies in the circumferential direction then the localisation of buckling
mode near the weakest generatrix will occur. The external normal pressure,
torsion, and bending are typical loads which can cause this buckling mode. The
effect of boundary conditions on the critical buckling load is also examined.

In Chapter 11 the buckling of shells of revolution with negative Gaussian
curvature is investigated. Under buckling, this type of shells generally displays
pits which cover the entire neutral surface.

Chapter 12 presents a discussion of the buckling of weakly supported shells.
The relationship between the bending of the neutral surface and the buckling
of the shell is examined.

The problems for the shells with initially membrane stress-strain state that
results

The buckling modes localized near a shell edge are considered in Chapter 13.
Again the initial stress-strain state of the shell is assumed to be membrane.
In some cases, buckling is connected with a weak edge support while in other
cases, the weakest line or point coincides with the edge.

Chapter 14 concludes the book and provides a treatment of buckling prob-
lems where the initial stress-strain state is a combination of membrane, bend-
ing and edge effects. This type of stress-strain state is referred to as a general
stress-strain state in this book. The initial stress-strain state is represented as
the sum of a membrane stress-strain state and an edge effect. Problems when
the transition to a general formulation slightly changes the buckling load, and
problems when the membrane formulation gives incorrect values of the buck-
ling load are considered.

In reading selected chapters it is useful to note that in Chapters 1-3 well-
known introductory information is presented, Chapters 4-11 are divided into
four parts (weakly connected to each other) according to the method of asymp-
totic integration used: (i) Sections 4 and 5, (ii) Section 6, (iii) Sections 7, 8, 9
and 10 and (iv) Section 11. Finally Chapters 12, 13 and 14 contain information
of general nature and are largely independent of the earlier parts of the book.



Basic notation

Three digit indexing of equations is used in the book. Each equation index
number includes the number of the chapter, the number of the section within
the chapter, and finally the number of the equation. For brevity the chapter
number is omitted if we refer to equations from within the same chapter, and
the chapter and section numbers are omitted if we refer to equations from the
same section.

Two digit indexing of figures, tables and remarks is used, comprising the
number of the chapter and the number of the figure, table or remark.

To designate the order of a function, ¢(h.), so as to compare it with another
function, ¥ (h.), as hy — 0 (or g,€ — 0) the symbols O, o, ~ are used.

The notation ¢ = O(¢) indicates the existence of a constant A > 0 which
is independent of k. and |p| < Al¢|. Sometimes instead of ¢ = O(¢)) we write
eS¢

The notation ¢ = o(¢) means that /¥ — 0 as h, — 0. The symbol ~
is used for functions of the same asymptotic order, that is ¢ ~ 1 means that
¢ = O(¢) and ¢ = O(yp) simultaneously.

Basic Symbolic Notation

a, f (a1, @s) — orthogonal curvilinear coordinates of a point on the neutral
surface;

A, B (A1, A2) — Lame’s coefficients on the neutral surface;
E — Young’s modulus;

e, ez, n — unit vectors of the coordinate system connected with a point
on the neutral surface before deformation;

e}, €5, n* — unit vectors of the coordinate system connected with a point
on the neutral surface after deformation;

€;; — membrane strains in the neutral surface;
€;, w — membrane strains in the linear approximation;

5



6 Basic notation

€ — a small parameter, € = h2/(12(1 — v2)) € > 0;

€0 — a small parameter, e® = h2/(12(1 — 12)), €o > 0;

i — an imaginary unit, i = \/—1,

h — the shell thickness;

ho — the characteristic shell thickness in the case of a shell of non-constant
thickness;

h. — the dimensionless shell thickness, the principal small parameter, h, =
h/R > 0;

3

K = 1=.2 l_?hVZ’ and D = ——12(?i ) — the shell stiffnesses;

k1, ko — the principal curvatures of the neutral surface;

Ly, Ly — sizes of a shallow shell;

A — load parameter (A > 0);

p — a small parameter, p* = h2(12(1 — 1)), p > 0;

M;, H;, H — projections of internal stress-couples into the unit vectors
e}, n* related to the unit length before the deformation;

P, P, M;, M — external forces and moments on an edge of a shell of
revolution (see Figure 1.3);

v — Poisson’s ratio;

p, ¢ — wave numbers;

IT — potential energy of deformation of a shell;

a1, 92, ¢ (47, g5, ¢*) — projections of the vector of external load intensity
into unit vectors ei, ez, n, (e, €5, n*) related to the unit area of the neutral
surface before the deformation;

Ry, Ry — the principal radii of curvature of the neutral surface;

R — the characteristic linear size of the neutral surface;

(1, Q2 — shear stress-resultants related to the unit length before the de-
formation;

Ti, Si, S — projections of internal stress-resultants into unit vectors e}, e’
related to the unit length before the deformation;

t; — membrane dimensionless initial stress-resultants;

t — the index of variation of a stress-strain state (see Section 1.3);

s — the length of an arc generatrix (for shells of revolution and shells of
zero curvature);

¢ — angle in the circumferential direction;

§ — angle between the axis of rotation and the normal (for a shell of
revolution);

u;, w (u, v, w) — projections of displacement;

w;, v; — angles of rotation of unit vectors e;, n in the linear approximation;

»;, 7 — bending and torsional strains of the neutral surface in the linear
approximation.



Chapter 1

Equations of Thin Elastic
Shell Theory

In this chapter we will consider the relations of the theory of surfaces and
surface deformations, the equilibrium equations of shell theory, the constitu-
tive relations and some approximations of these equations and relations. The
reader can become acquainted with the derivation and detailed discussion of
these equations in monographs [12, 24, 28, 33, 51, 52, 87, 111, 119] and others.

1.1 Elements of Surface Theory

Consider the curvilinear coordinate system «, 8 on the undeformed shell
neutral surface. The system axes coincide with the lines of curvature. The
position of a point M on the neutral surface is defined by its radius vector
r=r(a,p).

We introduce local orthogonal coordinate system by means of unit vectors
e1, eg, and n, where

1 or 1 or or or
= = = = A=|— =|z5|- 1
€1 Aaa’ €y Ba,@) n €1 X eg, Jor , 3ﬂ (111)
The first and second quadratic forms of the surface are:
A? B?
I =ds* = A%do® + B2dS?, Il = ——do? + —dp3?, (1.1.2)
Ry Ry

where ds is the arc length on the surface, Ry, Ry are the principal radii of
curvature. We also use the notation k; = R L

7



8 Chapter 1. Equations of Thin Elastic Shell Theory

Here A, B, Ry, and R; are the functions of the coordinates « and 3 satis-
fying the Codazzi—Gauss relations.

B (AY_ 1oa
83 \R;1/  Ry,8p’
o (BY_ LB

= 23 (1.1.3)

8a R2 1
75 (5 (35) + 93 (5%)) = =
AB\3a\23a) T 38\B38)) " RiRy

The following formulae for the differentiation of unit, vectors are valid:

b, _ _10A A b _10B

da ~ BOBTR,'" OB Ada?

0es  10A de;  10B B

521— = E'—a?el; %__Za_ael"}'ﬁgna (114)
om A4 on __B

fa R, €1 E 2

After deformation, a point M occupies position M*, which is defined by the
radius vector 7*. We assume that

rr=r4+U, U=ue +ues +wn, (1.1.5)

where U is the displacement vector and u;, u; and w are its projections on
the unit vectors before deformation.

Assuming
1 or*
A0 (14+e1)er +wies —mm,
1 8r* (1.1.6)
EW = (]. +62) € +w2(51 — Y27

we get
1 Ju,y 1 94 w 1 Juy 1 0B w
g1 = 1))

=B TAB " Ry
16“2 1 84 13u1 1 8B

A%a TABBM T Ry

“i = A% T ABORY™ S Bop  ABGa' (1.L7)
- 10w wm o 10w u
no= Aba Ry’ 2= BdB Ry

After deformation the coordinates o and § become non-orthogonal. We
then introduce unit vectors

i
T A, Oa’

* * *
e* *__l_ar n*__eler
! B. 08’ sin 0

€9

(1.1.8)
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where 8 is the angle between e} and e5 (ete} = cosf).
In the deformed state the first quadratic form of the surface is

I, = A2da® + 2A, B, cos§ da df + B? dj?, (1.1.9)
where
1 1
511:514’5(5%'*'“%'1"712), 622:62+§(6%+w§+7§),
C059:612:w+51w2+52w1 + v17y2, (1110)

A3:A2 (1+2€11), B}%:B2 (l+2622), W =wi + wsy.

The values €11, €12 and €95 are the membrane strains of the neutral surface
and we assume that they are small compare to unity. The variablese;, w and €,
are the membrane strains in the linear approximation. For small deformations
w1 and ws are the rotation angles of the unit vectors e;, ey in the tangential
plane, and v, and v, are the rotation angles for the normal n.

After deformation the second quadratic form of the surface may be repre-
sented as

II, = Li1da® + 2Ly2da dB + LyydB?, (1.1.11)
where
0%r* o%r* o%r*
L1 = —n", Loy = ——n" Lig = ——n". 1.1.12
11 do? n 22 58° n 12 ENET n ( )

The expressions for L;; can be found by formulae (4), (6) and (8) which
are complicated non-linear functions of the displacements. We can write the
approximate formulae in which the terms of the second order with respect to
the displacements are neglected

R ~ A T R TRy
1 _ Lzz _ 1 )]
R OB R R
_ L12 . 1671 1 BB W1 .
T = 4B T B TABea VTR, "

1 By 1 84 o (1.1.13)

“A%a TABE " T Ry

vy = _Lom 104
' T T 4%« AaBag
vy = _LOm 1 0B

"BOB ABda 'V
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With the same precision the derivatives of the unit vectors after deformation

have the form [61]

dei _ 104 .y 1 §(Bw) 1 04, ciA 1 +
da ~ BOFY'"\B 6a B.OB)° )
de; _ 10B . (18(Aw) 10B.\ . L+% -,
98 ~ Ada 2t 2705 & 92 ) R, )7
ae; e _1_%_ EB_B e* v dAe +A7‘n
¢ ~ \B, 08 Boa) ' BB ?
de; 1 B, widA w OB

= I 2 ) e 1.1.14
33 (A,. Ba Aaﬂ)ez Ada S TET (1.1.14)
an* 1 * w *
e = —-A (R—1+%1> el—A<T—R—1>ez,
on* 1 w |,
73'—6— = B<R2+%2) B(T“R—2)€1.

In the linear approximation the relationships for the unit vectors both be-
fore and after the deformation are the following

e] = e twie—mn,
e = ey+twier—7m, (1.1.15)
n* = n+ve +ye;.

The discussion below is limited to the small displacement case since the
application of the approximate formulae (13)-(15) does not allow us to consider
problems with finite (but not small) displacements and rotation angles of a shell
element. The case of finite displacements and rotation angles is discussed in
87, 26, 131].

1.2 Equilibrium Equations and Boundary Con-
ditions

The equilibrium equations of a deformed element of the shell are

0 0
9 (BF)+ 2L (AFy) + ABq = 0,
O op (1.2.1)

%(AGZ)—i—A*Be}‘ x Fi+ AB,ey x Fy = 0.

0

3 (BGy) +
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Here F'; and Gy (F; and G3) are the stress-resultant and the stress-couple
vectors related per the unit length before the deformation acting on the line
a = const (3 = const) and q is the intensity of the external surface loads per
the unit area before the deformation (see Figure 1.1). If the intensity of the
external surface loads ¢* per the unit area after the deformation is introduced
(for example, the hydrostatic pressure) then the last term in the first relation
(1) is to be replaced by A.B.q*sin#.

F

Gl G2
F,

Figure 1.1: The stress-resultants and stress-couples acting on a shell element.

We introduce the projections of these vectors on the basis vectors after
deformation

F, = Tiel+ Sie;+Q1n",
Fy; = Tyej+ S:e] +Q2n’,
(1.2.2)
G1 = Hle;—Mleg, G2 = Mzef—ngg,
g = dqiel+ge;+q'n”.

The scalar equilibrium equations are obtained by projecting equation (1)
onto the basis vectors after deformation and using formulae (1.14). Then we
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can write [61]

8(BT)) A 8B, 0(ASy) B 04, dA
ja A da 27 B +_6ﬂ S+ 55 a5 T

0B I(A 1
B P (S1+82) + (6;) T,—AB (‘R: + %1) Q11—

—AB

(T— R_) Q2+ ABq} = 0,
(ATy) 3 E(')A* (BS1) iaB OB
op B, 85 Oa

+A da 52+6_a
0A 9(Bw)

1
—%w(52+51)+6—T - AB (R_2+%2) Q2—

- AB (T - R—) Q1+ ABg; = 0,

0
T +

ng—

9(BQ1) + 9(AQ,) + AB (—1— + %1) Ti+

da léJe] Ry

1
+AB (Sl + Sz) T+ AB (— + %2) T+ AB g = 0,
Re (1.2.3)

8(BH,) 0O(AMs) [ A 8B, 8(Aw)
5 T o8 +<A_B_a_ 6ﬁ)

OB B 9A,
+AB.Q2 + ABw@: + (aa BTW)

d(AH) | O(BMi) . ( B 0A. 9(Bw)
8 T oa T\B.op  aa )T
A A 9B,
+BA.Q1+ ABw(Qs + (3ﬁ A—*E‘) Mo+
oB gA

sz - —le = 0,

Y0 58

1
A*le — AB.S; + AB (R—+ %1) Hi—
1

—AB (RL + %2> Hy — (My — M) ABT = 0.
2

We consider shells of absolutely elastic isotropic Hookeian material, with
Young’s modulus E and Poisson’s ratio v. To derive two-dimensional shell
theory equations we use the Kirchhoff-Love hypotheses. Let us take the con-
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stitutive relations in the form introduced by V. V. Novozhilov and L. I. Bal-
abukh [119]

_ _ K (1 — V) hir
Ti = K(enn +ven), S1 = 5 (612 + 6_Rz ,
K(1-v) h2r
T = K = —_— —_
2 (€22 + ven), Sy 3 (612+ 6R1)’
M, = D(%l-}-l/%g), MZZD(%2+V%1)’ (124)
Hy, = Hy=H =D(1-v)r,
Eh Eh3
K = —— D= —
b 1—v? 12 (1 — v?)

The error due to these relations is discussed in Section 1.3.

System (3) contains terms of different orders. For elastic shells made of
metal, the values of €11, €12, €22, €1, w, €2 are small compared to unity. There-
fore, in order to simplify system (3) these terms may be neglected compared
with 1. It assumed that the functions A and B have equal orders and increase
weakly with differentiation. As a result, it may be assumed that in system (3)

A. = A, B.=B (1.2.5)

and the terms containing w may be omit. After these simplifications system
(3) has the form:

d(BT:) 0B, . 9(AS) , 94
e aﬁTz+ 3 +6ﬁ’51+

+AB [q; - (Ri1+m) Qi - (r— —R“’;) Qz] o,

8(AT;) OA_.  9(BS,) OB
98 a7t Taa taa et

+AB [q; _ (RL2 n xz) Qs — (T_ _g_l_) Ql] o (1.2.6)

0 (BQ1) | 0(AQ,) 1
Fa + 6ﬁ + AB [(R—1+%1)T1+

1
+7(S1+52) + (R—‘i'%z) T2+q*] =0,
2
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8(BH) 08(AM;) 8A OB 3
da T o op T g HTAB =0,

8(AH) 8(BM,) 0B 8A B
a8 + £ —a—aMz'l'EBH-FABQl = 0.

By virtue of relations (4), the last equation (3) is satisfied identically and
is not included in system (6).

formulae (2) give the projections of the surface loads on the axes after
deformation and they are convenient in the case of the follower loading case.
If the load is introduced by its projections on the axes before deformation

qg=qe1 +gz2e2 + qn, (1.2.7)
then, by virtue of (1.15) in equations (3) and (6)

g = q1—wagr—mng,
9 = ¢z wiq1— 729, (1.2.8)
7 = ¢+mq+7292-

Systems (3) or (6) are of the eighth order. Therefore, four boundary con-
ditions must be introduced at each shell edge. First, we consider edge @ = a°.
If the edge is clamped we introduce the values of

Uy, Uz, w, Y1- (129)

If some generalized displacements (9) are not given then we introduce the
corresponding generalized forces:

H 1 8H

E“; Ql - "B_EE’
2

At a free edge all variables (10) must be set.

Instead of (9) and (10) we can also write the expressions for geometric and
static variables that must be given at a shell edge which does not coincide with
the coordinate line (see [24, 51]).

Let t be the unit vector of a tangent to the edge and m be the unit vector
of the normal laid in the tangent plane and directed incide the shell, x is the
angle between the unit vectors e; and m (see Figure 1.2).

We can write the relations for the generalized displacements and stress-
resultants corresponding to them, which are to be introduced at this edge

Ty, Si1+ M. (1210)

Upm = UicosY + ugsiny,
vp = —upsiny + ugcosy, (1.2.11)
w )

)

Ym = y1co8 X+ Yzsiny;
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€;

()

t
Figure 1.2: The slanted edge.

T = Ticos® x4+ (S; + S3)sinxcosy + Tysin? x—
1 1\ .
—Hu\ 5~ & sin y cos X,
S = (Ty—Ty)siny cosx + S cos? y — Sy sin? x+
i H sin? . cos? x (1.2.12)
mt Rl R2 3
1 0H, 1 0H .
Qm = (Ql -5 3[;m> cos x + (Qz -7 a:t) sinx,
M,, = M;jcos®x+ 2H siny cosx + Masin? x,
where
Hm¢ = H (cos® x —sin® x) + (M2 — M1)sinx cosx . (1.2.13)

The stress-resultants in (10) and (12) are introduced by their projections on
the unit vectors e, e}, n* after deformation and displacements u;, w are the
projections on the unit vectors e, es, n before deformation. If the external
edge load keeps its direction under deformation, it is convenient to use the
projections of the stress-resultants on the unit vectors before deformation.
Then instead (2), we get

Therefore, due to (1.15), instead of generalized forces (10) one must introduce
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on edge o = a° the values

H 1 0H
it (54 g )ent (0= 5 )

H 1 0H
S14+ —+T, - =
1+R2+ 1w1+(Q1 Baﬂ)%’
1 8H

H
Q1 — Bog - Tim — (51 + R_2> Y25

(1.2.15)

M.

formulae (12) may be transformed in the same way.

In addition to the above assumptions we limit this development to bound-
ary conditions, described as either fixed or free conditions in the generalized
directions (9) or (11). We will consider only the simple case when the gener-
alized displacement or generalized force corresponding to it is equal to zero at
the edge. In the other words, it is assumed that the boundary stiffness in each
direction coinciding with the axes of the trihedron (m, ¢, n), is equal either
to infinity or to zero.

Therefore at each edge four boundary conditions should be introduced

Uy, = 0 or T,, = 0,

v = 0 or S = 0,
(1.2.16)

w = 0 or Qn. = 0,

Ym = 0 or M, = 0

Also we will not consider the cases of elastic support of the type upym +87T, =0
or support by a rib.

We denote variants of the boundary conditions by four-figure numbers of
0’s and 1’s where 1 indicates the support in the corresponding direction and
placing the digits in the same orders as the conditions in (16). For exam-
ple, 1111 means a clamped edge, 0000 means a free edge and 0110 means a
simple support. The boundary conditions are often denoted by C; and S;
(i = 1,2,...,8) [21] (see Table 1.1).

1.3 Errors of 2D Shell Theory of Kirchhoff-
Love Type

The entire system of the equations of 2D shell theory of the Kirchhoff-Love
type consists of five equilibrium equations (2.6), seven constitutive relations
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Table 1.1: The boundary conditions

Uy =0 v: =0 w=0 Ym =0 1
Tmn=0 Si=0 Qmuni=0 Mp,=0} 0
1 C; | clamped edge

simply supported edge
(Navier’s conditions)

O OO O = m RO OO O - e

OO = OO = OOk OO

Qi D= O = O O OO O
&

COoOCOOC © M o s e

Sg | free edge

(2.4), nine relations for small strains, angles of rotation and displacements
(1.7) and (1.13) and three formulae for the nonlinear membrane deformations
(1.10). Therefore the entire system consists of 24 algebro-differential equations
in 15 cinematic and 9 force unknowns

Ui, U2, W, €1, €2, W1, W2, 71, Y2, 30, X2, T, €11, €22, €12,

(1.3.1)
T1, Ty, S1, Sa, My, My, H, Q1, Q2

The solution of this system with four boundary conditions on each edge
is called the general stress-strain state of a shell. In the cases when the de-
formations may be ignored the stress-strain state is called shortly the stress
state.

In this section the error arose under transition from 3D nonlinear equations
of the theory of elasticity to 2D equations of the theory of shells is discussed.
We also give the classification of the partial stress-strain states of a shell,
which not necessarily satisfy the boundary conditions. As a rule for linear
problems the general stress-strain state is a sum of the partial stress-strain
states.
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To make the asymptotic estimates and to compare the orders of the specific
terms we introduce, for convenience, a small thickness parameter

ho
he= 2, (1.3.2)
where R is a characteristic linear size of the neutral surface, for example, the
radius of the curvature, and hg is the characteristic shell thickness. In the case
of a shell of a constant thickness we assume hg = h.

Errors in shell theory equations are caused, in the most cases, by the Kirch-
hoff-Love hypotheses, which leads to one or another variant of the constitutive
relations. At the same time, the expressions for strains and the equilibrium
equations generally can be written exactly.

Firstly we discuss the errors of the linear shell theory. The equations of the
shell theory contain linear and quadratic terms in unknowns (1). The linear
theory is obtained assuming all quadratic terms be equal to zero.

In [121] it was shown that for the linear theory of shells the error A of the
Kirchhoff-Love hypotheses has the order of the relative shell thickness, i.e.

A~ h,. (1.3.3)

In (see [52, 77]) the similar estimates for the shell stress-strain state unessen-
tially differed from the above one have been obtained.
Let us introduce the index of variation ¢ of stress-strain state as

0z | |0z
max - -y
Jda |’ |0F
where 2z is any unknown function which determines this state. We will deter-

mine, through ~, the values of the same asymptotic order. A more general
error estimation than (3) has the form

)

} ~ h 'z, (1.3.4)

A ~ max {h., hf‘zt} ) (1.3.5)

and it follows from here that estimates (3) and (5) coincide as ¢t = 1/2. In [52]
it was shown that, by choosing more complicated constitutive relations than
(2.4) the error A can be reduced to

A~REZZ S 0gt<], (1.3.6)

as t < 1/2. The advantages and disadvantages of this approach are discussed
in [52].

Remark 1.1. The error of the shell theory equations is denoted in formulae
(3), (5) and (6) by A. The error of the fixed equation is equal to a fraction of
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the maximum of the omitted terms and the main term of this equation. The
error of the system is equal to the maximum of its equation errors. The error of
the system depends on the type of solution (mainly on its index t of variation,
see (4)). It may occur that the order, A, of the error of the solution is not
equal to the order, A, of the error of the system. For example in [56] for the
problem of free vibrations of a shell of revolution it was shown that the solution
error is larger than the system error. Instead of (6) the estimate A; ~ h23
is valid. A similar growth of error may also occur when buckling modes are
analyzed. Here we do not consider this problem. For typical buckling modes
t < 1/2 and we may expect that A, < h},/z as A ~ h,. We note also that
for the integral solution characteristics, such as the frequency of vibrations or
the critical load, the order of their errors Ay does not exceed the order of the
system error A.

Later in this book, the constitutive relations of type (2.4) will be used.
That 1s why in each equation, terms of order h. and smaller in comparison
with the main term may be neglected without losing accuracy (see [120]).

In linear shell theory the problem of comparing the orders of terms for char-
acteristic partial stress-strain states such as membrane, pure bending, semi-
momentless, simple edge effect, or a general stress-strain state which is a com-
bination of some of these stress-strain states and the definition of which are
given below has been studied extensively [24, 52, 57].

The order of each of the non-linear terms depends on the level of the ex-
ternal surface and boundary loading. Each buckling problem is characterized
by its own level of load and pre-buckling strains.

We denote the maximum value of the membrane pre-buckling strains by e

g = max{|€11], IElzl, It’;'zzl}‘ (137)

Further, in relations similar to (7) we will omit the module sign in esti-
mating the absolute values of the variables. In the book we only consider the
pre-buckling stress-strain states for which the following estimate is valid

e < ha, (1.3.8)

which means that the order of ¢ is not larger than the order of h.. In particular
the estimate

€ ~ h. (1.3.9)
1s valid for the buckling of a membrane stress-strain state for a convex shell

{see Section 3.1) and also for a moderately long cylindrical shell under axial
compression (see Section 3.4).
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For the buckling of a cylindrical shell under external pressure (see Sec-
tion 3.5) or torsion (see Section 3.6) one can use the estimate

£ & ha. (1.3.10)

Let us now consider one formula of (1.10)
1
511:51+§(ef+wf+7f). (1.3.11)

Generally, a small value of £1; does not necessarily lead to small values of &1,
w?, and v#. Indeed for pure plate bending, under which the plate turns into
a cylindrical shell, 1; = 0, but 1, 43 ~ 1. That is why we assume that both
the linear membrane strains and the squares of the angles of rotation are also
small variables

max {&;, w, w?, 72} < hs. (1.3.12)

Assumption (12) limits the class of buckling problems considered below. In
fact, this assumption has already been used in Sections 1.1 and 1.2 to simplify
the geometric relations and equilibrium equations.

In some buckling problems characterized by a large bending of the neutral
surface estimates (8) does not hold. In particular, in the case of the axisym-
metric deformation of a shell of revolution under axial compression the part of
the neutral surface has the form close to the mirror reflection from the plane
orthogonal to the axis of symmetry OO. In Figure 1.3 the generatrix of the
shell of revolution before the deformation (solid line) and after the deformation
(dashed line) is shown.

o

:T\P
/)
'I

0

Figure 1.3: The large bending of the neutral surface
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In the area of the large bending (near the point A in Figure 1.3) the fol-
lowing estimates are valid

{e1, €2} ~ hi'? sy ~ R7IRSM2 (1.3.13)
The error A increases and for its order instead of (3) we have
A~R2 (1.3.14)

In [167, 168] the constitutive relations for such type of problems have been
obtained by means of the asymptotic integration of the 3D nonlinear equations.
These relations generalizing equations (2.4) have the relative error of order h,.
In particular, expression for 77 has the form

T = K(€1 + veq + b15% + szhz}flz), (1315)

where the additional terms with the multipliers b; and b, take into account the
quadratic dependence of stresses on strains and in their turn the multipliers
b1 and by depend on the nonlinear elastic properties of shell material.

Errors of 2D shell equations and of their simplified forms are discussed in
[13].

In the book the problems involving the estimates (13) and (14) are not
analyzed. In Section 14.1 one problem in which & ~ hi/ ?is pointed out.

The special assumptions on the character of the stress-strain state and the
form of the neutral surface lead to further simplification of equations (2.6),
(2.4), (1.7), (1.10), (1.13). Below we give the classification of the characteristic
stress-strain states of a shell proposed by Goldenveiser [52] and Novozhilov
[119]. This classification is based upon the relations between tangential and
bending strains (stresses) and the index of variation of the stress-strain state,
t. The maximal tensile-compressive stresses, o, and bending stresses o}, are
equal to

2 max{Ml, Mz, H} (1316)

1
Os = T maX{Tl) TZ, Sl) 52}7 Op = ﬁ

h
Further in this section the relations between the orders of o, and o, ob-
tained in [52] are given.

1) For the membrane (momentless) stress-strain state o, > o and t = 0.
The shear stress-resultants @ and @2 may be omit in the first three relations
(2.6). In the next chapters we consider membrane pre-buckling stress-strain
state. In more details the membrane stress-strain state is discussed in Sec-
tion 1.4. For the membrane stress-strain state with the index of variation
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t = 0 the following order relation o, ~ hZo, is valid. If we suppose that
0 <t < 1/2 then

op ~ hi ¥a, as 0<t<1/2. (1.3.17)

2) For the pure bendings stress-strain state , the shell neutral surface de-
forms without tensile and shear, i.e. €93 = €12 = €99 = 0. If the nonlin-
ear tangential strains are replaced with their linear approximations, then the
stress-strain state with €1 = w = €3 = 0 is called infinitesimal pure bendings.
In accordance with assumption (12) we do not make a difference between pure
bending and infinitesimal pure bendings. The buckling modes for the weakly
supported shell of revolution are close to the pure bendings.

3) If the tensile deformations of the shell neutral surface are small compared
to its bending deformations, i.e.

max{e1, w, €3} € Rmax{sr, 7, 52}, (1.3.18)

then the corresponding stress-strain state is called the pseudo-bendings. Such
buckling modes are characteristic for shells of zero and negative Gaussian cur-
vature.

4) The bending of the shell neutral surface generates the pure moment
stress-strain state, for which the bending deformations and stresses are signif-
icantly larger than the tangential deformations. For 0 < ¢ < 1/2 the relation
opposite to (17)

o5 ~h2 e,  as  0<t<1/2 (1.3.19)

is valid.

5) Under buckling of shells of zero Gaussian curvature under external pres-
sure and/or torsion the pseudo-bending leads to the semi-momentless stress-
strain state, for which one of the bending moments may be neglected M; <
M,. For such stress-strain state the indices of variations in axial and circum-
ferential directions (so-called partial indices of variation), ¢; = 0 and t; = 1/4
are different

0z 0z -1/4
3~ e~
where z denotes any of variables (1).

6) For the combined stress-strain state the tangential and bending stresses
have equal orders o, ~ 0. As it follows from relations (17) and (19) for this
state t = 1/2. The detailed description of this state is given in Section 1.5 (see
formulae (5.1) and (5.2)). The buckling of convex shells and cylindrical shells
under axial compression is accompanied with the combined stress-strain state.

7) The above mentioned stress-strain states do not always satisfy the bound-
ary conditions and the stress-strain state called the edge effect may form in the

z,
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neighbourhood of the shell edges. Consider the edge o = ag. All variables (1)
describing the edge effect decrease exponentially away from the shell edge and
have different indices of variations in the edge direction, {; < 1/2, and in the
direction that is orthogonal to the edge, t; = 1/2:

g—; ~ b7, —g—% ~hI%2, 3 < 1/2. (1.3.20)
If t5 = 0, then the edge effect is called the simple edge effect. 1f the edge effect
depends on the pre-buckling stresses it is called the non-linear edge effect (see
Section 14.1).

8) The partial case of the general stress-strain state is called the moment
stress-strain state if it is a combination of the membrane (or semi-momentless)
stress-strain state and the edge effect. In particular, estimate (3) is valid for
moment stress-strain states.

Next we write the simplified equations for the characteristic stress-strain
states of a shell.

1.4 Membrane Stress State

This state is characterized by slow variation of unknown functions (¢ = 0).
Displacements u; and w are small variables of equal orders. In the general
case, the strains €;, w, 7;, and Rs¢; are also small variables of equal orders.
The bending stresses are less than the membrane stresses

{M;R™',HR™!,Q;} ~ h2{T}, S}. (1.4.1)
The membrane stresses satisfy the non-linear system of equations

9(BT1) 0B 3 (A2S)

Ga a2t app tABG =0
0(AT,) 064 3(325)
— =T ———~ 4+ ABq¢5 = 0,
(9,8 65 ! B(‘)a 7 (142)
(k1 +50) Ty + (k2 + 502) T2 + 287+ ¢* = 0,
. , 1- )
T =K (611+l/622), To =K (622+I/611), S = V]&&‘lg.

If the curvatures k; are not equal or close to zero in the entire domain
being considered, then in the third equation of system (2) the non-linear terms
»;7;, 7S may be neglected. Further, if the surface deformation in the entire
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domain is far from the bending €; = w = 0, then in constitutive relations (2)
the non-linear membrane strains may be linearized

0(BLi) 9B, . 8(4%S)

2= ABq; = 0
da da 2+ Aaﬂ + U )
d(ATy) 0A .. 8(B%S)
< _ T AB =
ap 5 't Tpoa tAPR =0 (1.4.3)
kiTi + kT3 4+q = 0,
1-—
Ty = K(ey +vey), To = K(ez +vey), S = 2”Kw,

i.e. we get linear membrane equations [52, 119].
Let us write the explicit formulae for the membrane stresses for some par-
ticular load cases.

1

Figure 1.4: Shell of Revolution.

Consider a shell of revolution where as the curvilinear coordinates a, 8 we
introduce the meridian arc length s and the circular angle ¢ (see Figure 1.4).
Then

df 1 dB
= = i —=——, —=—cosf 144
A=1, B =Rysinf, 7 R s cosf, ( )
where @ is the angle between the axis of rotation and the normal on the neutral
surface. Let the shell be limited by two parallels (s; < s < s2) and be under
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the axially symmetric and inversely symmetric (which, in effect, resembles a
wind load on a building) surface and edge loads. We assume that

q1(s,9) = q(s) + qi(s) cos p,
02(s,9) = q3(s) + q3(s)sinp, (1.4.5)
a(s,9) = q°s)+q'(s)cosep.
Then we get (see [16]).
F,Ry Msz T R»
= _— — . R ,
T 2r B2 —p3 008, T, T qR>
g = M, + MyRycosf F, sin (1.4.6)
© 27B? 7B3 B ¥,

where

82
F, =P, —rF,, Fq:/(q% cosf + g3 + ¢! sin6) B ds,

S

52
My =M+ Pz + Tr/ (B%q!cos§ — (Fy + B%q})sinf) ds,
s

82 $2
Fz:P+27r/(q(1’sin6—q°cos6)Bds, z9 = /sinﬁds,
s S

82
M, =M +27r/q(2)B2 ds.

S

Here forces P and P; and moments M and M;, acting on edge s = sq, are
shown in Figure 1.4, and F;, F,, M,, and M, are the projections of the
principal force vector and principal moment vector of the external edge load
and surface load acting on the part of a shell between the parallels s and s5.
We consider also an arbitrary conic or cylindrical shell.  As curvilinear
coordinates we take the lines of curvature s, ¢ in such a way that A=1, Ry =
00. Let the shell be subjected to surface loading qi, ¢z, ¢, and stresses T =
fi(p), S = fa(p), be defined at edge s = s3(p). Then the shell stress-strain
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state is a membrane stress state with the stress-resultants (see [52], Chapter 13)

$2

1 as dB

T = B Bzf1+/<%—T2E+BQ1> ds|,

Tz = —qu, Bz =B (Sz) s (147)
1 T

S = 5 {Bzfz +/ (B E+qu2) dsj' . (1.4.8)

Assuming s = s1 in (7), we find stresses T; and S at the other shell edge.

1.5 Technical Shell Theory Equations

Here we will examine the mixed stress-strain state for which the membrane
and bending stresses are of the same orders. We need to make some assump-
tions to characterize this state. Let the index of variation t be ¢t = 1/2 and
let

w~ h.R, ki~ R7L, u; K w. (1.5.1)

Then from the equilibrium equations, the constitutive relations and the geo-
metrical relations we find the orders of all unknown functions

max{u;} ~ i w;

max{e;, w;, €ij} ~ R w ~ hy;

max{y; } ~ RLYPR 1w ~ B3,

max{s;, 7} ~ h;'R 2w~ R™; (1.5.2)
max{T;,S} ~ KR~ 'w ~ Kh,;

max{Q@;} ~ hi/ZKR‘lw ~ thlz;

max{M;, H} ~ h,Kw ~ K Rh2.

Relations (2) give the orders of the maximum values of variables from one
group.
We can use the orders of the relations above to simplify equations (2.6),
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(2.4), (1.13), (1.10), (1.7). We then obtain

8(BT1) 0B,  8(A2S) .

B(AT:) 0A,.  O(BS)

——6,3 - %'Iﬁ + Boa +ABg; = 0,
1 [(9(BQ1)  0(AQ2)
1B ( ER + 35 ) + (k1 + 30)T1+

(1.5.3)
+218 + (ky + 300) T2+ ¢* = 0,

2
O(AMz) _0A,  10(BH)

58 g htETae TABR: =0
o(BM,) 8B 1 3(AZH)
M+ — AB =0
da a2tz gg TABG ’
where
Ty = K(en1+vea), To = Kl(e2+ven),
M, = D(%l—f-ll}tz), M, = D(%z-}-l/%l),
S = 1—;31@12, H = (1-v)Dr,

— —_ 2 — l%_l_ia_Au _ﬂ
€11 = €1+271, €1 = A Fa AB 98 2 Ry’
3 = -|—1 2 = l%.{_La_Bu ¥
22 = &2 272, €2 = B 33 AB 9o 1 R’

_ _ B 6 Us A 6 Ut
€12 = w+MY, w = Za—a(ﬁ)-l'gﬁ(z),

_ _1ow _ _low
71 — Aaa) Y2 = Baﬂa
e = L (low), 1 0ddw

! da \Ada ) " AB2 3B 88’
> T 98\B0g) " BA?08a da’
R li(l?ﬂ _ 1 9Bow _
~ B3B \Ala BA? 0o 88
w

10 (1owy 1 0Adw
Ada \ B9 AB? 983 da’
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System (3) is known as the system of equations of the technical shell theory
[32, 61, 109, 171, 175]. All of the simplifications made in defining this system
introduce an error of order h, due to (1) and (2). Thus, this system may
be considered to be exact within the limits of the Kirchhoff-Love hypotheses
under the assumptions described above (see (1) and ¢ = 1/2).

We note some peculiarities of this system. There are no shear stress-
resultants in the first two equations. In the third equation all of the terms
are equally significant. In the expressions for e;;, both terms are of the same
orders and there are no tangential displacements in the expressions for v;, s
and 7. System (3) was used as the starting point for many researchers in this
field. We will also consider this system further in the book.

Without surface tangential loading (¢] = ¢5 = 0) system (3) can be written
in the compact form ([61])

—DAAw + (ky +50) Ty + 278 + (kg + 502) Ty + ¢* = 0,

1
'EEAA(I) + kz%z + kz%l + 31309 — T2 = 0,

1 [0 (Bow 0 (Adw

1s the Laplace operator in the curvilinear coordinates and the membrane stress-
resultants may be expressed through the stress function ¢ as

(1.5.4)

where

o o— 10 (10®y 1 0Bo®
' T Bop\Bs) " A?B 0a da’
_ 10 10® 1 8AdHP (1.5.6)
Bo= z:(z(s—a)“‘mﬁw
g _ 1l (0@ 10402 10B0%
AB \8adB AdB8ax Boxds)’

For these T;, S the first two equilibrium equations are valid with the relative
errors of order h,, but for ki1ks = 0 systems (3) and (4) are equivalent.

Remark 1.2. Here, equations (4) are obtained assuming that D = const,
Eh = const. For shells with variable thickness and elastic material properties
with an error of order h,, the first terms in (4) must be replaced by

_A(DAw), A (E%AQ) . (1.5.7)

It often occurs that the shell stress-strain state is a sum of the main stress-
strain state and an edge effect. We consider an edge effect which has the
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large index of variation (¢ = 1/2) in the neighborhood of line o = oy in the
direction orthogonal to the edge and small index of variation (¢’ = 0) in the
edge direction. Such an edge effect spreads in a band, the width of which is of
order Rhi/2 at the line a = ag. To describe the edge effect we may use system
(3)-

With an error of order hY/? we can also use the following equation [61]

dtw d*w  Eh 1 v
-D—+4+T———— — —_—t = * =0, 1.5.8
D8z4+ ey R%w+TI (R1+R2>+q ( )
where
oT; . Ehw
dz = Ada, ?)?1”1:0’ Ty,=vT — B (1.5.9)

W . . . .
The term 71 ——- is non-linearly dependent on the loading and that is why

x
equation (8) usually is called the non-linear edge effect equation.
if

o5 _
da

S=0, 0 at o=ay, (1.5.10)

the accuracy of equation (8) increases, and the error is of order A,.

We note that if the load level satisfies estimate (3.9), the first four terms
in (8) are of the same orders. For smaller loads, we arrive at the simple edge
effect equation

8w Eh
oz~ RV

=0. (1.5.11)
For shells of revolution equation (8) is discussed in Section 14.1.

1.6 Technical Theory Equations in the Other
Cases

We obtained equations (5.3) using three important assumptions
1
t=3, w~ R h,=hy, ki~R7, (1.6.1)

but the equations have wider applicability. Let us discuss the cases when some
of assumptions (1) are not fulfilled.
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The assumption that w ~ hg affects only the relative values of the non-
linear terms in the third equation (5.3) and in the expressions for ¢;;. For
w < hg system (5.3) becomes linear after neglecting the non-linear terms.

Let 0 <t < 1/2, i.e. the stress-strain state has smaller index of variation
than the simple edge effect. In this case, systems (5.3) and (5.4) can also be
used but their accuracy decreases and the error A; is of order

Ay ~ B2, (1.6.2)

This error is mainly caused by neglecting the tangential displacements in ex-
pressions (1.7) for 4; and by the fact that functions (5.6) do not accurately
satisfy the first equilibrium equations.

Cases when the neutral surface deformation is close to bending, i.e. the
values of ¢;,w,¢;; are small due to the reduction of the main terms in the
expressions for these values, require special consideration. In this case

€, w, & K R lw. (1.6.3)

and this case will be discussed in Section 12.1.

1.7 Shallow Shells

Let us suppose that |Rk;| < 1 (here R is the characteristic size of a shell).
In this case the error in equations (5.3) and (5.4) decreases and becomes equal
to

Ay ~ max{Rk;} - hZ. (1.7.1)

Assuming that A, B, kq, ko are approximately constant, one can simplify
the form of these equations. For A = B = 1 equations (5.4} turn to [171, 173,
175].

6%® 8w
—DAAw + — (9,8 <k1+ i 2>—|—

0% 0%w e 2w (1.7.2)
TPz (’“ aﬂ2) “Yeaog a0 T T

1 PW | Pu  Fwdw [ Puw )’

EAAQ‘FIVI 6,82 +k2 602 + 8a2 aﬂz - (6(1 6/8) =0

For k1 = ks = 0 equations (2) become the plate non-linear bending equations
[29, 46, 72], the errors of which are of order € (see (3.7)). The mathematical
aspects of existence and uniqueness of solutions of boundary value problems
in the nonlinear theory of plates and shallow shells are duscussed in [107, 108,
178].
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1.8 Initial Imperfections

Let the unperturbed neutral surface of the shell be defined by the parame-
ters A, B, Ry and R,. Function w*(«, §) defines the initial normal deviations
of the real surface from the unperturbed one. The projections of displacement
which was caused by the deformation of the shell are denoted by w1, usz, and
w. Then u1, uz, w* + w are projections of the total displacement. We assume
that w* 5 hg.

Equations (5.3) and (5.4) must be modified to account for the initial im-
perfections. The following relations are valid

o, 1 5 . 1 ow®
€11 = €1+71’Y1+§71, MmT T A
1 1 ow*
— ® a2 ¢ - 1.8.1
€22 62+’72’>’2+2‘>’2, Y2 B o8’ ( )
€12 = wH+Nr+EN+MNnr.

In the third equilibrium equation (5.3) and in equations (5.4) s, T are replaced
by 3¢ + 3¢, T+ 7°, where s} = 3 (w®), 7* = 7(w*). Then equations (5.4) are
represented as
—DAAw + (ky 4361 + 5) Ty + 2 (7 + 7°) S+
(ko + 53 +53) Ta + ¢° = 0,

1
ﬁAA(D + ky3to + kosey 4 301309 — T34

sty + x93} — 2170 = 0.

(1.8.2)

The above relations are valid with relative errors of order h,, if the index of
variation w* is not larger than 1/2. We will not consider shells with initial
imperfections beyond this point.

Buckling of shells with imperfections of the neutral surface and post-buck-
ling behaviour of the imperfect shells are considered in [9, 10, 11, 19, 48, 61,
64, 76, 148, 149]

1.9 Cylindrical Shells
For a cylindrical shell we assume that
A=B=R, k=0, k(B)=R"k(g), (1.9.1)

where, for a non-circular cylindrical shell, R is the characteristic radius of
curvature. For a circular shell £(8) = 1.
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Many buckling problems involving cylindrical shells can be solved on the ba-
sis of systems (5.3) or (5.4) after simplification by means of formulae (1). Some
problems however, especially for long cylindrical shells, cannot be described by

these equations. An example is that of semi-momentless stress-strain states,
for which

8w 0w

TBZ»W’ (1.9.2)

and states for which the contour of the shell-cross section is not deformed
(or only slightly deformed). For such stress-strain states, the shear stress-
resultants in the first equilibrium equations and the tangential displacements
in the expressions for the bending deformations must not be omitted.

We can write a system of equations for a non-circular cylindrical shell

Ty  0S . _
Ja Tog TR =0
oT: oS8
_2+__R(k2+xz)Q2+R€?5 =0,
op
4]
Ql 6%2+R[%1T1+27'S+(k‘2+%2)T2+q]
O0H 0OM, _
5o tgp TR =0
3H 6M
8,3 +RQ1 =0 (1.9.3)
e = 10w €2 = l@%_kw
YT Roa © " R\9p ,
w = L @_14__82)
~ R\88 " Ba)’
L _ldazw — _l_i(a—w+k )
'S R gar * = wag\ap )
_ L9 fow
T T Raa\sg ™)

The expressions for £;; and the constitutive relations we take in the form
of (5.3).

There exists a number of different versions in notation for the resolving
equations of a circular cylindrical shell [27, 33, 47, 61, 135, 141, 173, 175} and
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others. Below we will present the equations which are valid descriptions of
both the fast varying and the semi-momentless states mentioned above

1 0%w 1

- e 2 T (= =0,
DA+ g + T 257 + T3 () 4 (1.9.4)

—EEEAAQ-F }12%1 + 31309 — 2 = 0,

where the stress function ® is introduced by formulae
1 6%¢ 1 0%® 1 6% M,

T, = — =, Ty = ——— _ 195
1= R2 g Roaof 1 R,0a2 T R (1.9.5)

Here and in (5.4) we assume that ¢} = ¢5 = 0.
With an error of order ¢ (see (3.7)) we can surmise that in (3) and (4)

1 (0w

System (4) is valid for almost all of the stress-strain states considered below.
The various stress-strain states are characterized by different main terms of the
system. Buckling problems of long cylindrical shells under axial compression
are not, however, described by system (4) (see Sections 2.3 and 2.4).

1.10 The Potential Energy of Shell Deforma-
tion
We can write an expression for the potential energy of shell deformation as

H = HE+H,¢:

1 1-

5 // K <5%1 + 2ve11697 + €35 + —211532) df2 +
a

1

5//D(x12+21/z1%2+%%+2(1_V)TZ)dQ’
Q

dQ = AB da dB, (1.10.1)

where the potential energy of shell extension and bending are denoted by II.
and II,, respectively. As in Section 1.2 we neglect the difference in metrics of
the neutral surface before and after deformation.
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The first variation of the potential energy is equal to

5H://(T15611+T25622+S(5512+
]

+M16x1+2H6r+M25%2)dQ, (1.10.2)
where
H H
—g _H_o H 1.10.3
5=25 R So R ( )

and the other stress-resultants and stress-couples are given by formulae (2.4).

We can also write the elemental work 6 A of the external surface load g and
the edge stress-resultant vectors F and the edge stress-couples vectors Gy
as

6A://qJUdQ+/(FkJU+Gk6w)ds, (1.10.4)
Q

~

where § U and § w are vectors of the elemental displacement and rotation.
The equilibrium equations and static boundary conditions can be obtained
from the relation

ST =64 (1.10.5)

for any virtual displacement § U of the neutral surface that satisfied the geo-
metric boundary conditions.

1.11 Problems and Exercises

1.1. Find the index of variation for the function F'(z, h) = g(z) sinh (z) for
z=h"tf(z) as h = 0 assuming f/(z) # 0 and ¢ > 0.

Answer The index of variation is equal to t.

1.2. Find the general index of variation, and the direction in which the
partial index of variation is minimal as h — 0 for the following functions:

a) F(xz,y, h) = g(z)sin (z(z — ay)), where z = h™¢,

b) F(xz,y, h) = exp (zi—), where z = 7Y,

assuming ¢t > 0.

Answer For a) and b) the index of variation is equal to —t.
For a) in the direction z = ay the partial index of variation is equal to 0.
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For b) in the direction z = 0 the partial index of variation is equal to 0.
1.3. Derive relations (1.13) and (1.14) using formulae (1.4-1.10)

1.4. Derive relations (4.6) from the equilibrium equations for the part of a
shell of revolution between the parallels s and s = s3. Prove that the obtained
stress-resultants satisfy (4.3).
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Chapter 2

Basic Equations of Shell
Buckling

The various research methods of the buckling of shells under static loading are
briefly discussed in this Chapter (see also [12, 15, 21, 33, 45, 48, 61, 62, 95,
123, 166, 149, 170, 175, 178] although only one of these will be employed in the
following chapters. The approach presented in this book will permit the ex-
amination of the stability of equilibrium states under conservative surface and
edge loading by determination of the critical loads using linearized equilibrium
equations which will be presented below.

2.1 Types of Elastic Shell Buckling

The equilibrium state or motion of a mechanical system is termed stable if
the deviation from this state at the moment ¢ is as small as desired for any
sufficiently small perturbations at the initial moment of time ¢t = 0.

The general method of research in stability is to study perturbed motion
in the neighbourhood of unperturbed motion. The method (the dynamic cri-
terion of stability) for conservative mechanical systems was first proposed by
Lagrange. A.M. Liapunov later developed an accurate mathematical theory of
motion stability [86].

The dynamic criterion can be used for any problem of shell stability but
the study of perturbed shell motion is a much more difficult problem than the
study of its equilibrium states. That is why, unless it is necessary, the dynamic
criterion is rarely used for in the stability analysis of shell equilibrium states.
Later on in the book only the problems with the conservative loads are studied,
for which the bifurcation (Euler) or the limit point citeria may be used. For

37
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these class of problems these criteria are equivalent to the dynamic criterion.

It is important to note, however, that the use of the dynamic criterion is
the only possibility in a number of cases. Examples would be problems of shell
motion stability under dynamic [85, 146, 147, 176] and non-conservative loads,
such as the motion of a shell in a gas flux {124, 176, 177], and parametric shell
instability [17, 48, 126]. In this work these problems are not considered and
the dynamic criterion of stability is not used.

We will consider a shell loaded with static conservative surface and edge
loads. Loads are referred to as conservative, if the work done by them de-
pend only on the end states and do not depend on the way of deformation. In
particular, loads which do not change their values and directions, are conser-
vative. However, these loads do not comprise the entire class of conservative
loading. Hydrostatic pressure loads, the direction of which depend on the
stress-strain state, are also conservative. Note that only the dynamic criterion
gives accurate results for cases of static non-conservative loads {17, 126, 182].

In classical problems of linear elasticity where infinitely small deformations
are assumed, the equilibrium conditions are assumed to be satisfied by the
forces acting on the undeformed elastic system. This assumption which 1s es-
sential for Kirchhoff’s general uniqueness theorem [75] leads to unique solutions
for such linear problems. On the other hand, in formulating buckling prob-
lems this assumption is dropped and the equilibrium conditions are satisfied
by the forces acting on the deformed elastic system. This leads to an essen-
tially nonlinear formulation of such problems in the sense that displacements
are not linearly proportional to the externally applied loads, and, in fact, often
the deformation of a structure will not be uniquely determined by the applied
loading.

According to Kirchhoff’s theorem there 1s only one set of solutions of
stresses, strains, and displacements for an elastic body in equilibrium, sat-
isfying all basic equations of linear elasticity for a given body load and bound-
ary conditions. In fact, any two sets of solution for the same body load and
boundary conditions, at most may differ only by the rigid body displacement
of the system, i.e., the difference in any two sets of solution describes the rigid
body motion of the system. Therefore, the solution of the such linearly formu-
lated problem is always stable. The sufficient condition required for satisfying
Kirchhoff’s theorem is that the potential energy of the elastic system should
be a positive definite function. This condition is fulfilled for shells (see Section
1.10).

The physically non-linear formulation of the problem (i.e., the non-linear
dependencies of the stresses on the strains) is not considered below. Only
buckling, which is caused by the geometric non-linearity of the problem, is
studied. The geometric non-linearity is the non-linear dependence of the strains
on the displacements and on the non-linear terms, due to the difference of the
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coordinate systems before and after deformation. On the physically non-linear
problem of shell buckling refer to [61, 79, 119, 167, 168].

As with any elastic system it is possible to consider two types of shell
buckling from the equilibrium state [1]. The first type is connected with the
bifurcation (or branching) of the equilibrium states, and the second is accom-
panied with the appearance of the limit point.
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Figure 2.1: Relationship between load and deflection for an ideal shell.

The relationships between the load (P) and the characteristic deflection (w)
are plotted schematically in Figure 2.1. Considering Figures 2.1 (a) and (b) let
the load increase smoothly from zero, remaining less then P,. The equilibrium
state is then stable, the deflection is uniquely determined (the section OB
in Figure 2.1). For P > P, one or more adjacent equilibrium states BE, in
addition to the basic one BD, appear in the neighbourhood of point B. Point
B is called the bifurcation point of the equilibrium states. The equilibrium
states in the neighbourhood of point B can be both stable and unstable. In
Figure 2.1 the unstable equilibrium states are plotted by the dotted lines. The
basic equilibrium state C'D is, as a rule, unstable. The stable equilibrium state
BE after bifurcation is plotted in Figure 2.1 (a). The case when there are no
stable equilibrium states close to point B, is shown in Figure 2.1 (b).

Point B in Figure 2.1 (b) is the buckling point. For P > P, the adjacent
equilibrium states are unstable.

Rigorously speaking, point B in Figure 2.1 (a) cannot be called the buckling
point. But for P ~ P, a modification of the deflection shape occurs, and the
deformation abruptly increases with the small increase in the load. It is clear
that the evaluation of P, is important in engineering analysis. Taking this into
account it is reasonable to call Py the critical load. The same term is used in
the cases of Figure 2.1 (b) and 2.1 (c).

Figure 2.1 (c) shows the case when the deflections grow abruptly as the
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loading increases smoothly to P,, i.e.

dw
9p as P — P.. (2.1.1)
Buckling occurs at point C. The arc of curve C'D consists of the unstable
equilibrium states. There are no close equilibrium states for P > P, and there
is no restructuring of the buckling mode, only the growth of its amplitude as
P approaches P,. Point C' is called the limit point.

We can now show some characteristic examples. The buckling of a circu-
lar cylindrical shell under homogeneous external pressure follows the scheme
shown in Figure 2.1 (a); the buckling of a circular cylindrical shell under ax-
1al compression corresponds to Figure 2.1 (b) and the buckling of the convex
shallow shell under normal loading is illustrated in Figure 2.1 (c).

The deformation of a thin shell under large displacements is much more
complicated than is shown in Figure 2.1. Arc BD includes other bifurcation
points besides point B. Arcs BE and C' D may contain points of the secondary
bifurcation and so on. Among these equilibrium states there are both stable
and unstable states and the translation from one stable equilibrium state to
another can be accomplished continuously (see point B in Figure 2.1 (a)) or
by an abrupt jump (points B and C in Figures 2.1 (b) and (c)).

At the present time an understanding of the deformation of thin shells un-
der large deflections is not fully developed even for shells of simple geometry.
The problem of shallow shell deformation and the axisymmetric deformation
of shells of revolution has been studied in some details [29, 38, 107, 108, 138,
145, 149, 156, 170, 178]. The bifurcation points of the axisymmetric equilib-
rium state of shells of revolution into non-axisymmetric state have also been
obtained mainly by numerical methods [22, 149, 156, 170].

The non-axisymmetric deformation of shells of revolution is considered in
[95]. We note also works [132, 133], in which the geometric research methods
for studying buckling are used.

It is not normally necessary for the analysis of real structures to obtain a
detailed picture of post-buckling shell behaviour because in this case the shell
has failed and is no longer of interest. Exceptions to this are shells which work
in the large displacement regime.

For engineering analysis it is necessary to determine the critical load P,
accurately. But in many cases the comparison of theoretical and experimental
values of P, reveals their essential divergence. For example, in the problem of
a cylindrical shell under compression by an axial force, the theoretical value of
P, exceeds the experimental one by a factor of two or three and this divergence
has been systematically observed in many experiments [33, 59, 61}.

This flaw in the theory of shell stability was resolved by taking into account
small imperfections, mainly of the neutral surface. It becomes clear that the
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critical load is very sensitive to these imperfections [9, 10, 11, 19, 64, 148].
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Figure 2.2: The relationship between the load and deflection for an ideal shell
and for a shell with imperfections.

The comparison of the "load-deflection” curves for an ideal shell and a
shell with imperfections is shown in Figure 2.2. Curve OBNE corresponds
to the ideal shell and is similar to the curve plotted in Figure 2.1 (b}, the
curve OCQG corresponds to a shell with imperfections. Arc OC of this curve
corresponds to the pre-buckling stress-strain state. Arcs EN and QG show
the stable post-buckling equilibrium states under large deflections.

We will introduce the following notation to assist in the analysis. The
ordinates P* and P? of points B and C are called the upper critical loads
for the ideal shell and the shell with imperfections. The smallest load under
which the post-buckling stable equilibrium state is possible, is called the lower
critical load. In Figure 2.2, points N and @ correspond to the lower critical
loads P! and P!

Calculation of P¥ and P¥ is comparatively simple problem. Explicit ana-
lytical expressions for P¥ have been obtained for many problems of ideal shell
buckling. In a number of cases it is possible to evaluate P by means of one
of the numerical methods [62, 95, 115, 170]. The evaluation of P! and 131 is,
however, a complicated non-linear problem, which is not completely solved at
the present time.

A very important question is which load should be taken as the designed
load in an actual design. The obvious answer might be to take P¥, but its
evaluation is complicated because, as a rule, the actual imperfections present
in the shell are unknown. At the same time it occurs that the approximate
values of P! obtained by approximation of the deflection by a series with a few
terms (one or two) retained, agrees very well with experimental results. The
following studies reveal, however, that P} essentially depends on the accuracy
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of the deflection approximation and sometimes for a large number of terms it
is equal to 1% of P} or it may be negative. That is why at the present time
the upper critical load of a shell with imperfections P is taken as the correct

value in actual designs [1, 48, 77].

2.2 The Buckling Equations

Buckling equations are obtained by considering variations of the nonlinear
equations, introduced in Chapter 1 (for example, equations (1.2.6) or (1.5.3)
or (1.5.4) or (1.9.4)).

To this end, each unknown function u;, w, T}, M;, ..., in these equations is
replaced by ul +u;, w’+w, T? +T;, M?+ M;, . ... Here, functions u?; w?, ...
describe the initial stress state. The stability of this initial state which satisfies
the nonlinear system of equations is to be investigated. Functions u;, w, ...
describe the adjacent infinitesimally close equilibrium state. They satisfy the
linear homogeneous equations (the buckling equations) and the homogeneous
boundary conditions, that are obtained as a result of linearization by u;, w, ...
of the initial non-linear equations.

The existence condition for the non-trivial solution of the buckling equation
is used for the evaluation of the critical load. In dealing with buckling problems
it is convenient to assume that the load varies proportionally to a loading
parameter A > 0. Then the pre-buckling state functions (u?, w°, T, M;, ...)
and the coefficients of the buckling equations depend on A. In this way, the
buckling problem is reduced to an eigenvalue problem. The least (positive)
eigenvalue is taken as the first critical value A = A, leading to the corresponding
buckling mode. Such an approach is called equilibrium or Euler analysis of
stability due to L. Euler who in 1744 used this approach to study the stability
of axially compressed bars. His paper [36] is considered to be the first work on
structural stability.

In the general case the buckling equations are rather complicated (see [60,
61]) and are not written here. Later in this book simplified forms of the
buckling equations, applicable under specific cases depending on the character
of the initial stress state and buckling mode are presented.

2.3 The Buckling Equations for a Membrane
State

The membrane stress state of a shell is described by equations (1.4.3). Let
the displacement u?, w® and the stress-resultants 7, S° characterising this
state, be weakly varying functions of &« and S8 (i.e. the index of variation
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t° = 0). Then, due to estimate (1.3.8) and assuming that the deformation
of the neutral surface is far from bending, we can conclude, that the neutral
surface before and after deformation may be identified. In other words, we may
assume, that before buckling occurs the shell is stressed, but not deformed (see
(1.

The form of the buckling equations depends on the expected buckling mode.
We will consider the case that the buckling mode can be assumed to satisfy
the hypotheses of Section 1.5 that led to equations of the technical shell theory
(1.5.3). In other words, the buckling is of a local nature and is accompanied
by the formation of a large number of small pits.

Under these assumptions we obtain the buckling equations from (1.5.3)

1 (8(BT) 0B, 13(A%S) ~
E( da da Ttz ) THT0
1 (3(ATy) 94 1 8(325)> _
AB( % B TE aa )TN0

(2.3.1)

1 (6(BQ1) | 3(AQy)

1B 7a o5 ) + kiTi + ko T+

+T030 +25%1 + T9se + Z = 0.

The rest of the buckling equations have the form of (1.5.3) and in the elasticity
relations one should take ¢;; = ¢;, €12 = w. Both equations (1) and (1.5.3) are
written in the projections on the unit vectors after deformation. Therefore, in
the case of a follower load in (1)

If the surface load does not change direction (this would be referred to as
a ”dead” load) and is introduced by its projections (1.2.7), then

X1 = —wiq—nyg,
Xz = — wWiq1 — Y24, (233)
Z = 191+ 7292

Therefore, in the case of a follower surface load the load parameter X is
introduced into the stability equations only through stress-resultants T and
S%. In the case of a ”"dead” load A is also introduced through X;, and Z.
In the case of the follower load X; = X5 = 0 and it is possible to introduce
stress function ® by means of formulae (1.5.6). Then the system of buckling
equations takes the form

—DAAwW + ASw + A ® 0,
1

(2.3.4)

Il
o
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where A is the Laplace operator (1.5.5),
1 6 sz 611) 8 klA 611)
Arw=k kosy = — | +— | — 5 = | 537
kW 1% + Koy AB [aa ( Y 80) + 33 ( B (9,3)] ) (235)
AS = Tloiq +25% + TZO%Z.

Substituting the expression for s, and 7 from (1.5.3) into (5) and using
the membrane equations for 77, and S° we get

ASw = Apw + Tw, (2.3.6)
where
o = L[ (Bo0y 0 (aowy
4B |62\ "4 0a) 33\ B 8
“aa (05) +as (%a)] 00
Tw = —ma®— 720"

Substituting (6) into the first equation of (4), we obtain the equilibrium
equation in the projection on the normal to the neutral surface before defor-
mation.

The operators DAAw, Agw, Arw in (4) and (7) are formally self-adjoint.
This means that integrating by parts several times the integral [[ vAiudQ in
the domain © occupied by a shell, we arrive at the integral [f uAxvdQ and
an integral by the boundary contour +.

The term T'w in (6) makes system (4) not self-adjoint. At the same time
the follower surface load with a projection on the plane which is tangent to
the neutral surface, is non-conservative. It should be noted that the non-
conservative term Fw is relatively small. Indeed, let ¢ > 0 be the index of
variation of the buckling mode. This term then has order A% compared to the
main terms in {4}.

Since the method used here is, strictly speaking, not valid for non-conser-
vative loads we suppose further that T'w = 0, i.e. considering the follower
load we restrict ourselves to a normal follower load (normal pressure). Then
system (4) may be rewritten in the form

—DAAw + Arw+ Ar® = 0,

1 B (2.3.8)

In the case of a "dead” surface load (i.e. one which does not follow the
direction of the shell deformation) the terms X; in equations (1) differ from
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zero and that prevents the introduction of function ® by formulae (1.5.6).
However by neglecting these terms, we make the error of the same order h?®,
as that under transition from system (1) to system (8). In the case of ”dead”
surface loads the non-conservative term I'w is absent and system (8) is suitable
for a surface load of any direction.

The errors of systems (1) and (8) have orders h2* and for ¢ = 1/2 coincide
with the error of the original Kirchhoff-Love hypotheses. For ¢ < 1/2 the
precision of these equations may be insufficient. By identifying the form of
the neutral surface before and after deformation we can write the buckling
equations

1 (8(BTy) 0B 19(A29)\ @
@( Bt )

- g 42

da da A 8B

1 (8(AT) 0A 10(B2S)\ Q _
E( 98 _%Tl B~ da >—_+X2*0’
RS (5(BQ1) 4 9(AQ)
AB da ap

(2.3.9)

> + k11 + kT4
+ TP + 257+ Tse0 + Z = 0,

where, unlike (1), the geometric variables v;, 3¢; and 7 should be calculated by
the exact formulae (1.1.7) and (1.1.13).

For a initial membrane stress state the buckling equations are equivalent
to the variation equation

6T = 0, (2.3.10)

where
II =11 + 11, + Ilr,

and

1 1—
I, = 5//1{ (5% + 2ye162 + €2 + ——2—1w2> dQ,

1” (2.3.11)
IIr = 5// (TP +25%n172 + T943) dQ,
Q

and IL, is the same as that in (1.10.1). Here the deformations ¢;, w, s¢;, and T
and the rotation angles v; are linear functions of the additional displacements
originating under transition to the adjacent equilibrium state. We denote
the additional potential energy appearing under transition to the adjacent
equilibrium state by II.
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For a non-circular cylindrical shell, in notation (1.9.1), the buckling equa-
tions may be written as

2
(AAw+ 148 2)+T2+T0%1+280T+T0J{2+Z—0 :
R 0B . (2.3.12)
—AAD 4+ 2L =
pRAAe+ T =0,

where 3, 7 may be evaluated by formulae (1.9.3) and (1.9.6), and the stress-
resultants T;, .S are connected with ® by formulae (1.9.5).

In the problem of axial compression of a long cylindrical shell, system
(12) gives an incorrect result. To correct it one must take into account the
difference in metrics of the neutral surface before and after deformation, which
was neglected above. The value of 75 in (12) must be calculated by formula
[61].

1 9% Mg
Ty = B9 + =+ (T? - T9) e1. (2.3.13)
Now, according to (1.9.3) and (1.9.6) system (12) may be written in the
form

2 %w  w 1 820 1P (0%w = Ouy
_D(AAW+R4652+ + R 9a2 —<W+a—a>+
T3 (8w O(kuz)  Ouy 28° [ 9%w  B(kuy) B
““(?9737+ 55 9o ) TR \Gaspt "oa )T7TY

1 0w

(2.3.14)

System (14) contains terms, depending on u; and ug, which are essential
only if inequality (1.9.2) holds. For such stress states we make an approxima-
tion with the assumption that é2 = w = 0 and get the following relations

Ouy | Ouy Ouy

g O _ o OY2 L 2.3.1
5 T aa =" g5~ kw=0 (2.3.15)

closing system (14).

2.4 Buckling Equations of the General Stress
State

Consider two types of the initial stress state: (i) the moment stress state,
which is a sum of the membrane stress state and the edge effect and (ii) the
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general stress state, which is a sum of the membrane stress state and the stress
state (may be fast varying) due to local imperfections of the neutral surface.
In both cases the the neutral surfaces before and after deformation cannot be
identified. Indeed, let the initial deflection w® ~ h, then for the edge effect the
initial changes of curvature s, 7% ~ R=1, i.e. they are not small.

Let the conditions of applicability of the system of equations of the technical
theory (1.5.3) be fulfilled and assume that the initial stress state is the sum of
a membrane stress state and an edge effect. The buckling equations we take
i the form

0BT, 0B,  109(4%S)

aa - a_a‘ 2 + A 6/3 = 0?
0AT, 9A_ . 108(B2S)
it R, P =
op ap 1t B da 0,
— DAAw+ k1T + koTo— (24.1)
1 ¢
~ 4550 (BT + Tind + 507 + S45)] ~
1 0

- 4B 55 AT + T + 8"+ 57)] = 0.

This system may be written also through the stress function ® in the form

—DAAw+ Arw+ A ® + Ag(l) = 0,

1 o (2.4.2)
EAA<D+Akw+Akw = 0’
where
A2® = 3T + 54Ty 4 27°8, (2.4.3)
Adw = sty + 5350 — 2707,

and T; and S are expressed through ® by formulae (1.5.6). The operators
A, Ay and Ay are the same, as in (3.8).

The boundary conditions which are to be introduced to solve systems (3.8),
(3.9) and (2) are obtained by linearization of variables (1.2.9)-(1.2.15). We con-
sider edge @ = a® and assume that the external boundary load is conservative.

Then, with an error of order h, we will equate to zero the generalized
additional displacements u;, ug, w, 7, or stress-resultants 71, S, Qi., M1,
where

1 0H

Qe = Q1 — EEE—TIO% —50’72—‘7?711 - 98. (2.4.4)
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If the initial stress state is membrane then the last two terms in (4) may be

neglected (with an error of order hy/ 2. »
Let there exist initial imperfections of the form w®. We can represent the
entire deflection in the form w® + w® 4+ w, where the term w® + w® describes
the initial stress state, the stability of which is being considered and w is the
additional deflection. Equations (1.8.2) give the buckling equations

~DAAw+ Arw + Ap® + AlD + AL = 0,

1 4.

The initial imperfections, w®, are included in the operator A}, which is

obtained from (3) replacing w® by w*®, and in the term Apw, in which the

initial stress-resultants 70, S° depend on w® and may be found from system
(1.8.2).

2.5 Problems and Exercises

2.1 Using dynamic criterion investigate the stability of the equilibrium
state w = 0 for the simply supported bar under axial compression. The bar
has a material density of p. (Note that, unlike in Euler criterion, using the
dynamic criterion one needs to know the mass distribution of the system.)

2.2 The horizontal pipe carries a fluid. The pipe has a length L, modulus
of elasticity of E, and the moment of inertia I. The velocity of the flow is V'
with a mass of m per second flowing through the pipe. Determine the stability
of the tube if:

1) both ends of the pipe are simply supported;

2) one end of the pipe is fixed with the other end being free.

2.3 Use the kinetic approach to investigate the stability of the equilibrium
state w = 0 of a massless bar when subjected to the axial follower load. The
bar is clamped at the bottom but it carries a mass m at its top.

2.4 Derive buckling equations (2.3.9) based on variational equation (2.3.10).
Hint. Firstly represent the variations 6Il, and 4I1,, in the form

I, = //(T15€1 + Thdeq + SJw)dQ,
o

61, = //(Mlékl + Mydy + H(ST)dQ
1)



Chapter 3

Simple Buckling Problems

In this chapter we will analyze buckling problems for a membrane homogeneous
stress state. Consider a shallow shell and circular cylindrical shell, for which
the problem leads to equations with the constant coefficients. The shell edges
are assumed to be simply supported which allows us to write the explicit form
of the solution. We will also consider the buckling modes for which a shell is
covered by a regular pattern of small pits.

In addition, for the case of a non-homogeneous membrane stress state we
will determine an estimate for the critical load by means of the energy method
and obtain the expected buckling modes (see Section 3.6)

3.1 Buckling of a Shallow Convex Shell

Consider the buckling of a thin, shallow shell under a membrane stress
state as determined by the initial stress-resultants 7 and S°. The metric
coefficients A and B, the curvatures k; and stress-resultants 7 and S° are
assumed to be constant.

As buckling equations we take system (2.3.8), which, in this case has con-
stant coeflicients. We can write the system in the dimensionless form

WCAAW 4+ A w — A @’ 0,

il

(3.1.1)
pPAAY + Ayw = 0,

49
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where
?w 9w
Aw = g2t ge
O?w 0w
Akw = k‘za ) kl@ 5 (312)
(9211; &?w ?w
A = 2t t .
tW 32+ 336y+28y2
In (1) and (2) the following notation is used:
{T?,T9,5°} = = ABhy® {t1, 12, 13},
- A 8B
& =& (EhRp?)™', z=28 4=22 3.1.3
(BRRA®) 2= 5, y="% (3.1.3)
R h? B2
kl = -, /_L = = .
R; 12(1 - v3)RZ ~ 12(1 - 1?)

Here g > 0 is a small parameter, A > 0 is an unknown load parame-
ter. It is assumed, that the loading is one-parametric, i.e. that the initial
stress-resultants increase proportional to a parameter A, under loading. This
assumption doesn’t violate the generality since, under such loading, any stress
state may be obtained. The symbol ”minus” in the first group of formulae (3)
is introduced for convenience, since buckling is characterised by compressive
(negative) stress-resultants 7). Below, the prime symbol by ® is omitted.

The solution of system (1) we seek in the form

(w,®) = {wo,q)o}exp{ ”—””%_qﬂ} (3.1.4)

where wg, ®g, p, and ¢ are unknown constants.
After substitution in (1) we find the equation which wave numbers p and
q satisfy. We write this equation in a form, solved with respect to A

(P? + ¢2)* + (k2p? + k14°)?
(P + q2)%(t1p? + 2t3pq + t2q?)

A= f(p,q) = (3.1.5)

While not considering the question of satisfying the boundary conditions,
we assume, that p and ¢ may attain any real values. The critical value Aq of
the parameter A is given by formula:

)
Ao = min f = f(po, 90)- (3.1.6)
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Let
p=rcosp, ¢=rsineg, (3.1.7)

then the function f has the form:

£ = rap) + r2b(p) (3.1.8)

and its minimum by r may be found immediately

(+) 2 in2
min f = 2(k2 cos ?0+ ky sin® ) —— = c(¢). (3.1.9)
r t1 cos? ¢ + 2tz sin pcos @ + tasin’
Now
(+)
Yo = min{e()) = elpo), (3.1.10)

and the minimum is calculated by ¢, for which ¢{¢) > 0 (the (+) symbol
in (10) and also in (6) and (9) remind us of this). Since the shell is convex
k1, ks > 0, the numerator of ¢(y) is positive for all .

If simultaneously

t1 <0, t,<0, t2—t8,<0, (3.1.11)

then the denominator of ¢(y) for all ¢ is non-positive and the shell will not
buckle since there are no compressive initial stresses acting in any direction.
If inequalities (11) are not fulfilled simultaneously, then

_ 4k ko cot _ tiky —toks + 13 sgnis
tiky 4+ toko + 13’ = 2ksts ’ (3.1.12)

T3 = ((tlkl — tzkz)z -+ 4k1k2t§)1/2 > 0.

Ao

Due to (3) the critical values of the stress-resultants 7" and S° satisfy the
equality

2Eh?
V3(1 - v?)

The above solution was obtained in [139]. Earlier, the problem without
shear stress (S° = 0) was solved in [134]. Similar solutions for some partial
cases of loading have been found by geometric methods in [132, 133].

The upper critical loads, given by A.V. Pogorelov in [132, 133] differ from
those found by other authors by the factor v/1 — v2. The difference may be

1
2

((TPRy — Ty R1)® + 4R Ry(S°)?)* — TP Ry — Ty Ry = . (3.1.13)
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explained as follows. The basis is the search for the potential energy of shell
deformation under bending. One of the potential energy components is the
potential energy of tangential deformation (II.) which is concentrated in the
neighbourhood of the fold appearing during the isometric transformation of
the surface (see (2.3.12))

I, :g// (6%+2V€162+€%+ 1;Vw2) dQ

To calculate this energy the author assumed that e # 0 and e =w = 0.
Actually the equality é5 = 0 introduces a non-existent tie on the surface defor-
mation. If in evaluating I, we assume that £y = —ve; (which corresponds to
the minimum of the II, by e2) then the results given by A.V. Pogorelov’s geo-
metrical method [133] for the upper critical loads coincide exactly with those
obtained by the buckling equations.

Let us consider some special cases.

Pure shear.

Let T? = T3 = 0 and S° # 0. Then the critical value of the stress-resultants
and the parameters of the buckling mode are the following

Eh? Fr o 5 o kiky

S0 = , cotwe =1/—, r5= .
V3(1 —v2)R(R, »o ke’ 0T Tkit ks

(3.1.14)

The absence of external normal pressure.
Due to (1.4.3) t1ky1 + t2k2 = 0 and formula (13) can be simplified as

L EhR?
TY)2R3 + (S°)°RiRy)® = —— 3.1.15
((T7)* R} + (S°)*R1Ry) ) (3.1.15)
The absence of shear stress.
In this case directly from (9) we find
2k, 0 Eh?
Ao = —, =0, W =——
T * LT TR B = D)
for t1k1 > toks; (3116)
2k1 T 0 Ehz
Ay = — = -, T. i
0 iy’ o =75 2 Riv/3(1— 17
for tiky < taks. (3117)

The case when 1k, = tyk> is special and is considered in Section 3.3.
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3.2 Shallow Shell Buckling Modes

It follows from (1.4) that in all of the cases considered above, the buckling
mode is in the form of a system of pits which are highly elongated in one
direction. The pits are inclined to axis Y by the angle —pp and spread from
one edge of the shell to the other. The distance between two neighbouring pits
is

_ 2muR
==

Al (3.2.1)

and is of order v/ Rh. The buckling mode physically resembles a washing board.
In particular, for the case of pure shear

_ TVh(Ri+ Ry) (3.2.2)

v/3(1 — v?)
and for S0 =0, t1ky > toko

_ _2n/hRy
T Y12(1 =7

and the pits are elongated in the Y —direction.

It is clear that the buckling mode constructed satisfies none of the boundary
conditions. The simplest boundary condition to satisfy is that of a simple
support for a rectangular plane shell without shear. The boundary conditions
of a simple support (Navier’s conditions) for # = 0 and z = [; have the form

wy=w=T =M =0

(3.2.3)

or

8w 8%®
=—=¢0=—=0. 24
YT be2 ox? 0 (3.2.4)
The conditions for y = 0 and y = I, are introduced similarly. Here [; =
L;R~! where L; are the shallow shell sizes in a plane.

The functions

{w,®} = {wo, ®o} sin Pm? sin 1Y
p p

mm nm
Pm = a ) In = ﬂ_’
L I

satisfy these conditions. From (1.5) we find A, . The critical value of A is
equal to

mn=12 ... (3.2.5)

- (+)
Ao = min Am,ns (3.2.6)
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where the minimum we seek to those m,n for which Ay, > 0.

Let us consider the case when t1k; > tsks, t3 = 0, for which the pits
are elongated along axis Y. It was stated above that for arbitrary p and ¢
the minimum is attained at po = v/k1, g0 = 0. That is why minimum (6) is
attained at n = 1 and p,,, which is closest to pg. We can estimate the difference
between A and Ag. By taking into account that | pm —po |< mu/(201) we find
that

Ao —A 2 h 2R2 0
[Po=Hol il [Rz Rzh <1 Tle)]. (3.2.7)

Ao T /12— | LF T R\ TPR,

Therefore if R;, L; ~ R error (7) has order h,.

While it is more difficult to construct the buckling modes for S° # 0 and
for the other boundary conditions it is relatively easy to solve the problem for
S% = 0 in the case when two opposite edges of a rectangular plane shell are
simply supported and at the other two edges arbitrary boundary conditions
are introduced.

The exact construction of a buckling mode was introduced above. Now let
us consider the estimate of the critical load under different boundary condi-
tions. Here we can make two statements.

First, since the buckling mode has a local character, increasing the stiffness
of the boundary (up to a clamped edge support condition u; = uy = w =
71 = 0) may lead to an increase of the critical value of the load parameter A
compared to (1.12) only by a small value of order h.. This statement will be
proved at the end of Section 3.6.

Second, there exist 8 variants of weak shell edge support (with arbitrary
support of the other edges) for which the parameter A decreased. The buckling
mode does not cover the entire neutral surface but rather it is localized in the
neighbourhood of the weakly supported edge. This case will be considered in
Section 13.4.

Remark 3.1. Generally speaking, the method of study described above
is not valid for shells of negative (k1k2 < 0) and zero (k1ks = 0) Gaussian
curvature.

Indeed, let k3 > 0 and k1 < 0. Then we find from (1.9) and (1.10) that

[k
A=0, 70=0, cotypy== ——1,
ko

from which it follows that the order of the critical load decreases and the
distance between the pits, due to (1), increases. The angle of inclination of the
pits ¢, depending on the initial stresses, could only be found. An exception to
this is the case when k; = T20 = 5% = 0 and this will be examined in Section
3.4.
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3.3 The Non-Uniqueness of Buckling Modes

For the condition
TYRy =TYR; <0, S°=0 (3.3.1)
the critical load could be found simply from

2hy _ 2
oty
Eh?

V30 =)’

but the buckling mode is still indeterminate.
Let p and ¢ in (1.4) be arbitrary values. We can write (1.5) in the form

Ao =

TRy = TSRy = — (3.3.2)

_ Ao 1 _ kap® 4 k1g?
A= 3 <z + ;) , z= T (3.3.3)
q

-
(D

Figure 3.1: Wave numbers for the special case of a convex shell.

It is clear that the critical load is realized for z = 1, i.e. for any p and g,
lying on the curve

(P* +¢°)* = kap® + k1g” (3.3.4)
(see Figure 3.1 or in polar coordinates (1.7))

72 = kycos? ¢ + ky sin? . (3.3.5)
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If p and ¢ are fixed and satisfy equation (4), then the pits (as in Section
3.2) are highly elongated in the same direction. However, now both +p and
¢ satisfy equation (4). Composing the linear combination of the functions

exp {% (xpz = qy)} (3.3.6)
we obtain the possible buckling mode
{w,®} = {wo, ®o}sin P(z — 2o) sin a(y ; %o) , (3.3.7)
u

where p and g satisfy equation (4), and z and yg are arbitrary.

Remark 3.2. Similar to (1.4) buckling modes (7) are obtained not depend-
ing on any boundary condition. The importance of constructing such modes is
that they reflect the principal qualitative peculiarities of the buckling modes
for real boundary conditions in this, and other more difficult problems (such
as those with variable initial stresses, curvatures, etc.). As for the critical load,
the value of Ao sought here is a good first approximation of the critical load.
The following discussion confirms this statement.

If the shell has a rectangular planar form and its edges are simply supported,
then mode (2.5) satisfies both equations (1.1) and boundary conditions (2.4).
Due to (3), relation (2.6) may be replaced by searching for the minimum

. kop2, + k1q2
min [z — 1, __ R2Pm t K145

Imp = —r——n - 3.3.8
m ™ R ) (338

For small h, points p,, and ¢, are situated rather densely on (p,q) plane
and the majority of them lie in the neighbourhood of curve (4). We note that
for

Zmn — 1 ~ hi/? (3.3.9)
Ao— A
20— < h, (3.3.10)
Ao
The special case considered here is important in the problem of the buckling
of a spherical shell under external pressure. For that 7P = T%9 = _QE’ R, =

Ry = R and by formula (2) we can find the critical external pressure (see

61, 183])

2Eh?
R — 3.3.11
g0 TR ( )
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Although a complete sphere is not a shallow shell, within each pit, the shell
may be considered as shallow and that justifies the use of equations (1.1).

Remark 3.3. It should not be supposed that the buckling of a real shell
occurs by a mode for which the difference |2y — 1| is a minimum. Initial im-
perfections and other factors not taken into account tend to distort the picture.
On the other hand, the fact that eigenvalues A,,,, concentrate near Ap has a
large effect on the sensitivity of the critical load to any initial imperfections. It
is known that a spherical shell under external pressure {mentioned above) and
a cylindrical shell under axial compression are the most sensitive (see Section
3.4). For both of these problems, buckling with many modes can occur.

The increase in sensitivity is caused by two factors. The more likely is that
an occasional imperfection is close to one of the buckling modes and the other
is that multiple and adjacent eigenvalues are more sensitive to perturbations

(imperfections) than a simple one. This problem is considered in more detail
in [14, 78, 145, 150].

3.4 A Circular Cylindrical Shell Under Axial
Compression

Let us consider the buckling problem of circular cylindrical shell of radius
R and length L; under a membrane stress state 7Y < 0, Ty = S® = 0. For the
case of a shell of moderate length (L; ~ R) we can use equations (1.1) as the
buckling equations, in which

ki =0, ky=1, OSacSll:E, 0<y<2m. (3.4.1)

If edges ¢ = 0, and {; are simply supported (2.4), then the specific case

considered in Section 3.3 takes place and the buckling mode is defined by
formula (3.7), in which p and ¢ satisfy equation (3.4)

(r* +¢%)° =p, (34.2)
and the critical load, by virtue of (3.2) is equal to

2 Eh?
Ao = — Tlo = (3.4.3)

ty’ 30— AR

Formula (3) has been obtained by R. Lorenz [94] and S.P. Timoshenko
[154].

The set of values of p and ¢ satisfying (2) which is a couple of circles of
radius 1/2 is shown in Figure 3.2.
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-1 12 O 12 1 p

Figure 3.2: Wave numbers for axial compression of a cylindrical shell.

Satisfying the boundary conditions and the periodic conditions by y we find
that p and ¢ may take on only the discrete values

mm
Pm = 'uT, gn=pn, zyg=0 (3.4.4)

(m=1,2,...,n=0,1,2,...). The expected buckling mode is possible for a
couple of values (m, n) for which the value of

P2,
(P2, +42)?

is close to unity. Among them are the values p,, = 1 and ¢, = 0, i.e.

Ly L1120 =02
muR nv Rh

corresponding to an axially symmetric buckling mode.

Formula (3) is inapplicable for very long and very short shells and so we
will now consider them separately.

Consider sufficiently long shells where Iy > 1 (see (6)), then we can apply
formula (3). If I; < 1 then we assume m = 1, and n = 0 and the critical load
is then equal to

(3.4.5)

Zmn =

n=0 m~

__Ehz__(
V12(1 - v3)R

If, besides that, {§ < 1, then neglecting the first term in (7) we come to the
Euler formula

T = 24157, (3.4.7)

Eh8rn?
0 _ _ 3.4.8
& 12(1 — v2)L3 (3.4.8)
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for the buckling of a beam-strip cut out from the shell by generators.

Now consider long shells. It follows from Figure 3.2 that among the ex-
pected buckling modes there are modes for which p,, and g¢,, are simultaneously
close to zero (i.e. m and n are small). This case corresponds to the smaller
variation of the stress state and system of equations (1.1) is not applicable.

For small py, and ¢, p2, < ¢2 (see Figure 3.2), i.e. inequality (1.9.2) is
fulfilled and we can use systems (2.3.12) and {2.3.13). We seek the solution in
the form

{w, ¢} = {wo, ¢o} sin Pm? sinny,
I

Uy = — PmUz)o cos 2% sin ny, us=-— %o sin Pm? o ny. (3.4.9)
un 7 n
As a result we get
T 2 2\2 _ 9,2 A2
b _ e Bn ) -4l m . (3.4.10)
Eh mpn A2 (14+n-2) (AZ, +n2)2(14+n"2)

where )\, = mn/l;. By means of this formula we can also get formulae (3)
and (8). In the case A2, < n? formula (10) may be simplified

T ) 4 (n? —1)2n? by
— = m . 4.11
Eh  mn {,u AZ (n? +1) + n2(n2 + 1) ( )

Minimizing it by A, we get the formula developed by P. Southwell and S.P. Tim-
oshenko [61], generalizing (3) for the case of small n

2 2
~1
T = Eh___n Am = pny/n? — 1, (3.4.12)

T \VBA-vHR2+ 1

For very large {; the case when m = n = 1 takes place. In this case we find

from (11)
2
o= _Eh (1) , (3.4.13)

and the buckling of the shell occurs in a manner similar to a rod of circular
cross-section.

Comparing the values of T, given by formula (12) for n = 2 and by formula
(13) we find that buckling occurs similar to a rod with

L 1/2
fl > 3.7 (]5:) . (3.4.14)

More accurately, the effect of the critical loads T} on the characteristics of

the shell are studied in [45, 61].



60 Chapter 3. Simple Buckling Problems
3.5 A Circular Cylindrical Shell Under Exter-
nal Pressure
We will now consider the buckling problem of a membrane stress state
TW=5"=0, TJ=-4R (3.5.1)

of circular cylindrical shell described in Section 3.4. In the case of simply
supported edges the buckling mode is

w = wo sin = sin ny. (3.5.2)

h
After substitution into equations (2.3.14) we find

T3 = —min

in —— [u* (A +2°)% — 20 + 1) + X\ +0°) %], (35.3)

where /\1 = 71'/11, 11 = L1/R
First, we will consider a moderately long thin shell (¢ <« 1, Ay ~ 1).
Minimizing by n and assuming that we can neglect A\? and 1 compared to n?

in (3) (te. (n~ h:1/4)), we approximately get
Ty = —min Eh (u*n? + A{n~%). (3.5.4)

We could also obtain this formula by starting with system (1.1).
Minimizing (4) by n we get the Southwell-Papkovich formula [61, 104, 127,
144]

_ T _4Ehu'nd _ 0856E [ k5 \'/? (355)
PTETRTT3R T -t \IZRE) e
where
1/2 3\ 1/4
no = 34/8 (%) =277 (1-v?)"® (%) : (3.5.6)
1

Buckling occurs for an integer n which is closest to ng. For these n, the
critical value g may be obtained more precisely by means of formula (3). The

error of formula (5) is of order hil 2 and is a result of the inaccuracy of formula
(4) and with necessity of transition to an integer value of n.

From formulae (5) and (6) it follows that both go and no decrease with the
growth of shell length L;. The dependence of go on the length of the shell
may be also used to explain why buckling mode (2), has one half-wave in the


file:///L/lp

3.5. A Circular Cylindrical Shell Under External Pressure 61

longitudinal direction. The case of a few half-waves is similar to the case of a
shorter shell.

The minimum value of n is equal to 2. For sufficiently long shells (A; < p)
we can neglect the second term in (4), and for n = 2 we get

_ Eh3
=31 - )RS

This is the Grashof-Bress formula [18]. The shell length is not introduced
in formula (7). This formula can be derived by considering the buckling of a
ring made from a shell under an external follower pressure [1].

The dependence of ny and gg on the shell parameters for small ng = 2-6 is
studied in [61].

(3.5.7)

Let us now consider the combined loading of a cylindrical shell under an
axial force and a normal pressure (77, T3 # 0, S® = 0). We will restrict the
discussion to the case of a moderately long shell with simply supported edges
and consider system (1.1). It occurs [61], that for TP < 0 (as in the case when
TY = 0) that the buckling mode has only one wave in the longitudinal direction
and a few waves in the circumferential direction (m =1, n ~ hy 1 4).

With an error of order hi/ 2 the critical values of the stresses T and T3
can be found from the relation

M4(/\2+n2)4+ Iﬂ/\z_i_T_zonz (/\2+n2)2+)\4:0 (358)
! ER"' " Eh ! 1= -
which, with an error of the same order may be written as
21 +cfry =€ + €72, (3.5.9)
where
T? 79
lei—%k'a TZZ—%‘) {zunzAl_ly
1 T3 (3.5.10)

Ty = —2Ehpy?, T3 = —cEhMp®, c=4-373/%=1.755.

Here 11 and 7 are the nondimensional stresses related to the critical values
obtained in (4.3) and (5). The critical value of r, for fixed 71 we get from (9)
minimizing it by £. This dependence is represented in Figure 3.3.

For m < 0, (the internal pressure) the value of 7, does not depend on 7, in
the linear approximation and so the buckling mode is axially symmetric. For
71, T2 > 0 the curve is close to straight line 7 + 7 = 1. The tangents to this
curve drawn through points (1,0) and (0,1) are

11 +087TTe=1, 08667 +7m=1. (3.5.11)

This case of combined loading is discussed in more detail in [45, 61, 155].
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2

O T) 31

Figure 3.3: Dimensionless stress-resultants for a cylindrical shell under com-
bined loading.

3.6 Estimates of Critical Load

The problems considered in this chapter comprise the class of shell buck-
ling problems which have exact closed form solutions. In subsequent chapters
different approximate solutions will be developed. The order of the critical
loads for membrane buckling are obtained by energy methods. Generally, the
results given below are contained in [54, 55]. A similar approach was used in
[57, 158] in which shell free vibrations were studied. Applications of various
variational principles to shell theory are discussed in [169].

Membrane stress state buckling may be studied starting from the variation
problem which comes from (2.3.10)

! 417/
A=min®y,  g= et (3.6.1)
p*lly
where
I = // €2 + 2ueieq + €2 + 1—_—sz de,
¢ tho Eoho | ! 2 2
1., D
I’ = 2 2(1 — ds,
*= Tohomt — //Eo = [ + 2wac50 + 5 + 2(1 — v) 7Y
1
= 5// t1v2 + 2t311y2 +t272) dQd.
9)
(3.6.2)

Here, A > 0 is an unknown load parameter. The minimum in (1) is taken
over all possible complementary displacements u1, u2, w, for which the value
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of J in (1) is positive (the (+) sign reminds us of this) and which satisfies
the geometric boundary conditions. We assume that the small parameter p
(or hy) in (1) is the only essential parameter. In other words, we analyze a
moderately long shell with smoothly varying metrics, curvature and membrane
initial stresses.

The value of J in (1) does not depend on the range of the complementary
displacements and therefore, we will assume for convenience that w ~ R and
all geometric shell sizes are related to R. Then, all the variables in (1) become
non-dimensional.

The research method used below consists of the substitution into (1) of
various displacements which satisfy the geometric boundary conditions. For
the load parameter, A, we obtain an estimate of the upper bound. The symbol
O is used instead of ~ in the case when the exact order with respect to h,. of
the estimated variable, is not found.

It is clear that IT. > 0, II, > 0 for any of the displacements u;, w. The
value of IT}, may have any sign depending on 7 and S°, but we are interested
only in displacements for which II7, > 0. Consideration of the quadratic form
in 4 and 7, in the expression for Il shows that such displacements exist
only in cases when inequalities (1.11) are not fulfilled simultaneously. In the

other words it is necessary for buckling that at least one of the inequalities be
fulfilled

TP <0 or T9<0 or (S°*—T773 >0. (3.6.3)

These inequalities provide the existence of the directions along which the
compressive initial stresses act. Condition (3) is not necessary in the entire
domain 2 occupied by the shell. It is sufficient that this condition be fulfilled
only in a certain portion Q; of this domain.

Let us consider the system of equations

€1 = €9 = w = 0, (364)

where the tangential deformations ¢;, w are defined in (1.1.7), (1.1.10). The
non-trivial solutions of this system with respect to u;, w, satisfying the ge-
ometric boundary conditions are called infinitesimal surface bending. If, for
themn, the values of s, 7 differ from zero then we have non-trivial bending.

We assume that there exists non-trivial bending for which the displacements
u;, w are slowly varying functions (index of variation ¢t = 0). Then we obtain
from (1) the following estimates

ER3

A=0(h), T°=0 <F

) , To =max{T?,S5°}. (3.6.5)
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The estimate A ~ h, takes place in the buckling problem for a long or free
cylindrical shell under external pressure (see (5.7)), and also in the buckling of
a weakly supported shell of negative Gaussian curvature (see Section 12.2).

Later it will be shown (see Chapter 12) that in the case when non-trivial
bending exists, functional (1) does not give the asymptotically exact value of
the critical load A as h, — 0, although estimate (5) is valid.

To explain this, we represent A in the form A = agh® + o(h%). Then, if
bending exists, function (1) gives the correct value of & and in the general case,
an incorrect value of ag. At the same time for the other cases considered in
this section, the accuracy of (1) is sufficient for the evaluation of both « and
ap.

Now, we assume that no non-trivial solution satisfying the geometric bound-
ary conditions of system (4) exists. As the test functions for the substitution
into (1) take first the displacement field

uy=uz=0, w=¢p(a,B)sinz, z=hI'f(a,p). {3.6.6)

The geometric boundary conditions are fulfilled by a special choice of func-
tion ¢ that is assumed to vanish together with the few first derivatives on the
boundary of domain (2.

: IANNAAY _ - -
Function (6) for 90 + T > 0 has index of variation t. Substitution
of (6) into (1) gives I, = O(1), I}, ~ h;*. The integrand in I} takes the
form

Af \? af o af\?
h; %% cos® z |f1 <6—£) +2t3%6—£ + f2 (%)

and if conditions (3) are fulfilled it is possible to find functions ¢ and f in (6)
for which 0 < I} ~ h;?*. The substitution of these estimates into (1) gives
J = O(h%~1 4+ hl~=?%) and for ¢ = 1/2 we obtain J = O(1).

Hence, independent of the shape of the shell and the method of shell support
we obtain under the above assumptions

+OMIY  (3.6.7)

2
A=0(1), T°=0 (%> . (3.6.8)
R

For ”well” supported convex shells (kiks > 0) estimate (8) is exact i.e.
A ~ 1 (see Sections 3.1, 12.3, 13.4). Here the shell is called ”well supported”
if restrictions on the displacements prevent neutral surface bending.

In the case of weakly supported shells, estimate (8) may be improved,
however we will not consider this case here (see Chapter 12).

We will, however, try to improve estimate (8) for arbitrarily supported
shells of zero and negative Gaussian curvature. Let us consider a shell of zero
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. 0A
curvature ky = 0. By virtue of the Codazzi-Gauss relation (1.1.3) Fr = 0.
The displacement field we take in the form [158]
uy = h?%p; sin 2, ug = ht s cos z + h2p3sin z,
w = psinz, z=h{*'f(B), f(B)#0, (3.6.9)
_ _ B #/B) _ kB __ L0
¥1= Af, aa ) Y2 = f/ P ¥3 = f/ aa N

By direct substitution we can verify that (€1,6q,w) ~ h2. Hence II. ~ h¥
', ~ h=%, Further v; ~ 1, 72 ~ h;" and by virtue of (2)
0< My ~h;? for TP <0,
0<Mfp~h;t for T9=0, S°#0,
0<Ilfp ~1 for T9=8°=0, T? <0 and
for T9 >0, (S°%-T1?T9 > 0.

(3.6.10)

Substituting the above estimates into (1) and minimizing by ¢ in the three
cases of (10) we obtain respectively ¢ = 1/4 and

A O(hllz) 70— 0 [ By (20 ¥

_o(r, _ ( o) )

A=0 (hl/‘*) T — 0O (Eho (@) 5/4) (3.6.11)
bl R 5

A

I
o
!
|
o

N
lm

e

SN’

For the particular case of a circular cylindrical shell, the first and third
estimates have been given in Sections 3.5 and 3.4. We note that in the case of
A ~ 1, displacements (6) for t = 1/2 lead to the same estimate. Therefore, the
improvement of the general estimate (8) takes place only in the first two cases.

Remark 3.4. Estimates (11) remain valid in the case when the inequalities
in (10) are fulfilled only in a certain (not too small) portion Q; of domain €.
To obtain estimate (11) we take the function in (9) which is non-zero only in
Q1. We deal in a similar way in obtaining estimate (8), if conditions (3) are
fulfilled in a portion of domain €.

Now we consider a shell of negative Gaussian curvature, i.e. k1ks < 0. We
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take

-1
ur = hip cosz, p1 = Ak, (6f) P,

da
-1
uz = ht s cos z, @2 = Bky 9f 2, (3.6.12)
ap
w = psinz, z = hi'f(e, ),

where function f satisfies the equation

ki (8f\% ks (OF\?
ﬁ(a_i) +B_22<%> —0. (3.6.13)

For such displacements we find ;, w ~ h:. Let us turn to the estimation of
IT7, and assume that k1 < 0, k3 > 0.
The method of the construction of displacements (12) imposes complemen-

tary restriction (13) for Z) and or contained in (7). The requirement that

Ja op
(7) be positive leads to the condition

TOky — Tk, — ‘SO\/—klkzl <0. (3.6.14)

If this condition is fulfilled at least in a part of domain €2, there are displace-
ments for which 0 < Il ~ h; 2.
After substitution into (1) and minimization by ¢ we find

4/3
t=1/3, A=0(n°), 1°=0 (Eho (%) ) . (3.6.15)

Condition (14) imposes stronger restrictions on the initial stress-resultants
TP, S° than do conditions (3). If conditions (3) are fulfilled, but (14) are
not fulfilled, then buckling occurs. However it is possible to guarantee only
estimate (8) for the critical load.

Remark 3.5. The improvement of estimate (8) is connected with the
construction of surface pseudo-bending i.e. such surface displacements (9) and
(12) for which the tangential deformations are small.

So far we considered neither the cases of weak shell support nor the cases
when the Gaussian curvature of the surface changes its sign.

The estimates of the critical load obtained in this section and the expected
buckling modes are used below for construction of the asymptotic solutions.

Let us return to the case considered in Sections 3.1-3.2 (k1,k2 > 0) and
prove that the increase of stiffness in the boundary support does not greatly
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increase the critical value compared to the value given by (1.12). We write the
displacements in the form

U] = [4 @ Wo COS 2, ug = pbwycosz,

w = wy sin 2, z = p~Hpz + qu) + 20,

g @ Pk’ +Rig?) ki (3.6.16)
Plp? + 2) p’

p— P2 va)(kap® + kig®) ko
9(p® + ¢%)? g’

where the values of p and ¢ have been found in Section 3.1. Substitution of
(16) into (1) for wo = 1 gives A equal to (1.12).
Now we take wg = wo(z, y) and require that
wo = %%0 =0, =z,yel, (3.6.17)
where T is a contour of domain Q. Then functions (16) satisfy the condition
of a clamped support. For each integral TIZ, IT’,, TI% in (1) we have

-_HO/ 2dQ + O(u?), u—=0, j=¢,xT, (3.6.18)

where TI? are such that it is possible to write formula (1.5) in the form A0 =
(9 + T2 )(T13) 1. 1t follows from above that A < A% + O(p?).

3.7 Problems and Examples

3.1. Based on system (2.3.8) derive the system of equations describing
the membrane pre-buckling axisymmetric stress-strain state of the shell of
revolution. Use the curvilinear coordinates (s, ¢), where s is the length of the
genetatrix and ¢ is the angle in the circumferential direction.

Answer The system has the form (3.1.1), where

1 top?
Ayw = ;ﬂz(btlw’)’ - —%g-«w
TO
th=—crt— k=1,2
T T XEhy? ’
where T} (s) are the membrane pre-buckling stresses, A is a loading parameter,
= pm, pis a small parameter p* = h b = Bs) w(s, ) =

w(s) cos(mep), and ®(s, p) = ®(s) cos(mp),
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3.2. The membrane pre-buckling axisymmetric stress-strain state of the
shell of revolution is described by system of equations (3.1.1) (see Problem 3.1)
Construct the asymptotic expansions of the solutions of the system

Answer

[e o) 1 s
w(s, ) ~ Zukwk(s) exp ;/ p(s)ds
k=0 So

00 1 s
O(s, u) ~ Zuktbk (s)exp ;/ p(s)ds
k=0 S0

where p(s) is a root of equation

r2\* tor2\ 2 r? k2 \ 2
o) o) (-3)- o)

and

kqr? p2\ ! of
(I)() = - (szZ - —b~2—-) (Az - b_z) ba_)\

3.3. Derive from (3.6.4) relations for the tangential displacements u, and
uy for the shells of zero and negative Gaussian curvature (3.6.9) and (3.6.12).
Derive the estimates (3.6.11) and (3.6.15).

Hint Represent the deflection in the form w = ysin 2.
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Buckling Modes Localized
near Parallels

The buckling modes of convex shells of revolution under axisymmetric mem-
brane initial stress states are considered in this chapter. Only buckling prob-
lems in which the deflections are localized near some parallel (henceforth called
the weakest parallel) are studied. It is assumed that the weakest parallel is
sufficiently far from the shell edges to avoid edge effects.

4.1 Local Shell Buckling Modes

The buckling modes of thin elastic shells under initial membrane stress
states may be divided into two classes. In the first class the buckling concavity
occupies all or the greater part of the shell surface. A typical example of this
class is the buckling of a shallow convex shell under external pressure. The
second class is when the buckling mode consists of many small pits formed on
the surface of the shell.

The size and position of the pits and the value of the buckling load essen-
tially depend on some determining functions such as the radii of the curvature
of the neutral surface, the shell thickness, the initial membrane stresses, etc. In
simple cases when these functions may be assumed to be approximately con-
stant, the buckling pits occupy the entire shell surface (see Section 3.1). This
case is important, for example, for the buckling of a circular cylindrical shell
under axial compression (see Section 3.4) or under external lateral pressure
(Section 3.5) or torsion (Section 9.1). Shells with negative Gaussian curvature
also, as a rule, lose their stability by modes for which the pits occupy the entire
shell surface (see Chapter 11).

69
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If the determining functions vary from point to point of the neutral surface
then localization of the buckling mode will occur.

For the first localization type, the pits are localized near the weakest line
on the shell surface. The buckling modes of convex shells of revolution under
axisymmetric loading (discussed in this Chapter) and of cylindrical shells under
combined action of an axial force and a bending moment (Chapter 5) are
problems of this type.

The second localization type is possible for convex shells for which the small
buckling pits are concentrated near the weakest point on the neutral surface.
The buckling mode of a convex shell of revolution under combined loading may
be of this type (see Chapter 6).

Let us note that the for these localization types it is more difficult to find
the buckling modes if the weakest point or line is close to an edge of the
shell. In this case it is necessary to satisfy the boundary conditions and to

take into account the initial bending stresses and pre-buckling deformations
(see Chapter 14).

The third localization type is possible for the shells of zero Gaussian cur-
vature (i.e. for cylindrical and conic shells). Buckling is accompanied by the
appearance of concavities which are stretched along the shell generatrix from
one shell edge to another. The depth of the concavities is maximum near the
weakest generatrix and decreases fast away from the generatrix. The buckling
modes of non-circular cylindrical and conic shells (and of circular shells with
slanted edges) under external pressure or torsion have these forms. This type
of buckling occurs for circular cylindrical shells in bending (see Chapters 7 and
9).

We note that for the second and third localization types there exist two
buckling modes characterized by very close critical loads.

For the case when the weakest line or point is far from a shell edge the
approximate analytical formulae for buckling modes and upper critical loads
have been obtained in assumption that the relative shell thickness is small.
Unfortunately, if weakest point or line is close to a shell edge, the results are
not so simple.

4.2 Construction Algorithm of Buckling Modes

This algorithm is an one-dimensional version of Maslov’s algorithm [99]. In
shell buckling problems this algorithm was used in [160, 163] (see also [15, 88]).

We describe this algorithm using, as an example, the self-adjoint ordinary
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differential equation of order 2n
n
. d* d*w
Z(—zp)zkm (ak(z) EF“_) =0, =z <z, (4.2.1)
k=0

where g > 0 is a small parameter and the coefficients aj are real and depend
linearly upon the parameter A > 0

ar = aj, — Aay, aj, ay € C*® (4.2.2)

and the functions aj, and a}/ are infinitely differentiable with respect to .

At each end of the interval (z;, ) the n self-adjoint boundary conditions
are introduced, but we do not satisfy them exactly. We seek eigenvalues, Am)
for the parameter, X, for which there exist localized solutions of equation (1)
which exponentially decay when « approaches the ends of the interval (z1, z2).
We will study only the case when there exists a point zo (21 < zp < z2)
such that these solutions exponentially decay as | — x| increase. Point zg is
referred to as the weakest point.

Some shell buckling problems may be reduced to this problem after sepa-
ration of the variables. As a rule we get a system of equations of type (1) with
coefficients regularly depending on the parameter p. The algorithm described
below may be also used in this case without major changes.

If we seek the solution of equation (1) as a formal series

w(z, p) = gujwj(z)eXp {ﬁ /p(w) dw} , (4.2.3)

then p(z) satisfies the algebraic equation

n

> ak(z)p* =0. (4.2.4)

k=0
Function (3) satisfies the decaying condition mentioned above if there exist

points z7, &3 such that

p(z) >0 for x> 3,
p{x)=0 for =z} <z <z}, (4.2.5)
p(z) <0 for =z<ezf.

L QW

The simultaneous fulfilment of conditions (5) is possible only in the case
when the roots of equation (4) are multiple for z = z] and z = z3. In the
neighbourhood of points # = 2} and ¢ = 3 (which are called the turning
points) solutions (3) with limited w;(x) do not exist.
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To construct limited asymptotic solutions in this case, the standard equa-
tion method [84] has been used in [57, 157]. Further we propose a simpler
method, which is based on the assumption that the turning points z} and z%
are close to each other and that the coefficients of equation (1) are real. We
seek a solution satisfying the decaying condition as a formal series

w(z, ) = w, exp {z (u‘l/z pof + (1/2) a{z)} , (4.2.6)
where
wo=Y W Pun(e), ¢=p2 (0 0), (4.2.7)
k=0

and wg(£) are polynomials in £. Parameter ) is also expanded into a series in
7]

A=do+pA +pih 4+ ... (4.2.8)

Here wg (£), Ak, %o, po and a may be found after substitution into equation
(1). Satisfying the decay condition for solution (6), we find that po must be real
and S (e) > 0. For that zy is the weakest point, parameter py characterizes
the oscillation frequency of function w, and S (a) gives the rate of decrease of
the function amplitude when z deviates from zg.

To find the parameters xo and py we resolve equation (4) in A

A= =f(pa). (4.2.9)
> ai (z) p?*
k=0
Let the minimum
Yo =min{f (p,2)} = 1 (po, 20) (1.2.10)

exists for real p and 1 € ¢ < #2, and z; < zo < 22, and the second differential
of function f at point (pg, o) is the positive definite quadratic form

d*f = f2 dp® + 22, dpdz + f2, dz® > 0. (4.2.11)

Here derivatives fp,, fp, and f2, are evaluated at point (po, o).
We rewrite equation (1) in the form

H (— iy %, z, A u) w=0, (4.2.12)
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where
n k d ak -
— — J -7
H(p,z, A\ p)= E_ 2_0 ip) Cj a7 P

are polynomials of order 2n in p. After the substitution of solution (6) in
equation (12) we obtain

. d >
H <P0+M]/2(a§—l;{g), zo+ %, Mo+ pud+ ..., ,u) Zﬂk/zwk 6=

(4.2.13)
The expansion into a power series of u'/2 leads to equations
k .
S HDw_;=0, k=0,1,2,..., (4.2.14)
where the first differential operators H) are
H® = H(po, o, Ao, 0),
H(l) = (aé é.) + HO{)
g™ = Lpo 252—2mg za——d—z + (4.2.15)
9 'rp d{ de?

(08— i6 ) 4 g HLE 4 M B + B

0H 0*H

H, = B Hyr = 3p oz’
The superscript 9 on the derivatives indicates that they are calculated for

pP=po, ==z, A=A, p=0.
Since, due to (10)

HO® =g = H =0, (4.2.16)
we examine the equation H?wy = 0. This equation has a solution in the form
of a polynomial in £, only if the coefficient at £2 is equal to zero, from which

we get

Hp,a* +2H) a+ H), = 0. (4.2.17)
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Taking into account that

0 _ 0 £0 0 _ 0 £0
HPP - _H)\fpp’ pr = —H;

pT)
i
Hg:c: _Hgfa(:)a:a HBZ -ngza
we obtain
—fo:l: +1'7' 2
= r=VD>0, D=f 0~ (f)" (4.2.18)

144

According to (11) D > 0.
Equation H® wy = 0 may be written in the form

d2w0 d’wo
—_— = — Adwy = 4.2.
TR C<2€ T +wo | + Ardw =0, (4.2.19)
where ¢ = r/f:,)p, d= 2/f£p.
For
Alzxgm):r<%+m), m=0,1,2,... (4.2.20)
equation (19) has a solution in the form of Hermite’s polynomial [69]
wo(€) = Hy (), 6 =+/ck. (4.2.21)
The Hermite polynomials satisfy the equation
d’H,, dH,,
m m = - m — Y, 2.2
Mo [Hon(0)] = 3% = 20 =1 4 3m Hip = 0 (4.2.22)

and three first polynomials are the following
Ho(6) =1, Hi(6) =20, H,(8) =46 2.

The polynomials H,,(8) are either even or odd.

Let us construct the following terms in series (6) and (8). Function wi (&)
due to (14) may be found from the equation H®w; + H®w, = 0, which after
substitution § = 1/c&, has the form

Moy, [@1(0)] = Pm1(9), (4.2.23)

where Pp,1(f) is a known polynomial in 6. Equation (23) has no polynomial
solution for an arbitrary right hand side but only in the case when the orthog-
onality condition

(Pmi, Hp) = / Pri1(6) Hn(9) e=9/2dp =0 (4.2.24)
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is satisfied.

We note the following property of operators (15), H(®). If the polynomial
P(¢) is even then the polynomial H{™ P(£) is even for even n and odd for
odd n.

If the polynomial P(£) is odd then the polynomial H(™ P(£) is odd for even
n and even for odd n. It follows that condition (24) is always fulfilled. We
chose the solution of equation (23), satisfying the condition (@1, Hp) = 0.

The following approximation leads to the equation

H®wy + H®w; + H® g =0,
which may be rewritten in the form
My, [02(0)] = Pm2(9) . (4.2.25)

Polynomial Pp,2(8) contains the term 2r='\;H,,(6), where the value of
Ao may be found from the condition (P32, Hy) = 0. This process may be
continued infinitely. At the even step 2k the value of correction Ag for the
eigenvalue of A may be found.

The critical value A, may be obtained for m = 0 in formula (20) and

A = Xo + g +0 (1), wol(€)=1. (4.2.26)

Above we also studied the case when m # 0, since it does not require addi-
tional computations. The information about the distance between the critical
value and the other eigenvalues may be used to estimate the sensitivity of the
critical value to perturbations (imperfections) and also for the development of
numerical algorithms for the caiculation of A,.

When we seek the minimum of (10), two essentially different cases are
possible

po=10 (case A),

po £ 0 (case B). (4.2.27)

Remark 4.1. Case A may only take place if f;,’x = 0. In this case eigen-
functions (6) are real and eigenvalues (8) are simple. They may be expressed
by formulae

o () (R ) o]

! (4.2.28)
A=Xo+u <m+§) r+ 0 (u?),
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Ao = 9_,(1 fO — 2 (allag - aé)alll) fO — d? “_6
rp (ag)Z ) rr d(L‘Z ag }

1":( 0 0 1/2, c= (fgx)l/z ( 0 )—1/2

rx Jpp pp

(4.2.29)

3

All of the functions in formulae (29) are calculated for z = zo. The eigenfunc-
tion for m = 0 is plotted in Figure 4.1.

y

x
Figure 4.1: The eigenfunction when py = 0.

Remark 4.2. In case B eigenfunctions (6) are complex. Since equation
(1) is real, both the real part of function (6) and the imaginary part are eigen-
functions. It may seem that the corresponding eigenvalue (8) is double, but
this is incorrect, since series (6) and (8) are asymptotic (and not convergent)
series and they do not exactly represent the eigenvalues and eigenfunctions.
Two real eigenfunctions correspond to each eigenvalue (8), the asymptotic
representations of which are the following

) I m)2
w) = (R ws cosz; — Fw, sinz;) exp {__;’_‘?‘_(””2“_”0)} , (4.2.30)
where

Zj—

po(z —x0)  Ra(z - zo)?
+
Iz 2p
The initial phase, 6;, has quite definite values §; and 6, (0 < 61, 62 < 27).
Eigenfunctions (30) for m = 0 are shown in Figure 4.2. Moreover, the exact
eigenvalues corresponding to eigenfunctions (30) are different. We denote them
as A(™m1) and A(™2), The following estimate is valid for any N

AN = AmD _\m2) = o ()

+6;, j=1,2

Henceforth, we will call such eigenvalues asymptotically double which refers
to the fact that they are nearly (but not exactly) the same and approach each
other.



4.3. Buckling Modes of Convex Shells of Revolution 77

y y

~ N AL
xV\/ Vo

Figure 4.2: The even and odd eigenfunctions when pg # 0.

The method of the asymptotic integration used here does not permit the
determination of the difference AX and the values of the initial phases #; and
5. For one particular case these values will be found by numerical integration
in Section 5.3.

4.3 Buckling Modes of Convex Shells of Revo-
lution

We will now introduce curvilinear coordinates on the neutral surface of a
shell of revolution. As the first coordinate we chose the generatrix length s’
(s} < ¢ < sb) and as the second, the circumferential angle . We start analysis
with system (2.3.8) rewritten in a dimensionless form as in (3.1.1)

PIA(dA W)+ AAw — Ar® = 0,
W2A (g7 IA D) + Agw = 0, (4.3.1)
where, for a shell of revolution
2
su=i5 (V%) * 7 o
Agw = %% (b kz%:—> + ]Z—; 227112), (4.3.2)
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Here
’u4: h% d= Eha(l—-llg) g_leOhO b:E
12(1 - v3) RY’ Eoh3 (1 —v2)’ Eh’ R’
b=, Ao} = Risis), {TD,8°) = =AT {445}, (433)

T:tho,uz, 221,2

The functions b, d, g, k; and t; do not depend on the angle ¢. Systems (1)
is written for the case when parameters F, v and h depend on s (see Remark
1.1). Typical value of these parameters are denoted by Eq, v and hy. If E, v
and h are constant then d = g = 1.

We seek a solution of system (1) with n waves in the circumferential direc-
tion in the form of (2.6)

w (s, o, }) = w. exp {z (,u'l/zpo{;' + 1/2a§2) +in{p— goo)} , (4.3.4)

where & = u~1/2(s — s5), and w. has the form of (2.7).
We seek the function @ in the same form (4).
The function f in formula (2.9) is

d(p? + ¢®)* + g (kop? + k1g?)”

f(p,ps)= ,
(02 + ¢2)% (t1p? + 2tapq + t2g?)

(4.3.5)

where ¢ = pb~1, p = pn. Function (5) differs from function (3.1.5) only by
multipliers d and g. As in Section 3.1, we assume that kjky > 0 and also
that conditions (3.6.3) are satisfied. In domain —oo < p < 00, 0 < p < o0,
51 £ s < s2 we seek the minimum of the function f

Xo = min ™ {f} = f (po, po, 50), (4.3.6)

assuming that parameter p changes approximately continuously. We then ob-
tain

Ao = min, ) {7 (5)} =7 (s0),

A k1ko(dg)1/? 1/2
o(s) = Kikaldg) 7 ((tlkl ~toky)’ +4k1kzt§) ,
tiky +1t2ks + 73 (4.3.7)
_ b(karo + k1) (2)1/4 _ poro
S a > P=T

ro = (2kats)” " (t1ky — taks + 73).
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Here, the values pg, po and rp are evaluated for s = sq. The parallel s = sq
in which the function v(s) attains its minimum is called the weakest parallel.
The buckling pits are localized near parallel s = s9. We assume that the shell
edge supports do not cause buckling. In Chapter 13 we will list the cases of
weak edge support for which buckling occurs near the shell edge.

We can write the expressions for initial membrane stress-resultants 7 and
S? for a shell under axial force P and torsional moment M, applied to edge
s = s3, and under external surface loadings ¢;(s) and ¢(s) applied to the shell
surface (see (1.4.6))

!
8

PR, R, B? dB
o = 22 Z 4+ ¢BEE) as
! 37 B? BZ/<‘“R2+q ds’) s
53
P R? R? B? dB
0o _ 2 _ 2 —+¢gB—) ds
T3 B2 R, R2q+RlBZ/(q1 R2+q ds’) s’y (4.3.8)
53
M1
0 __ o 2 ]!
S = ——27|'BZ B2 /QZB ds'.
55

The stress resultants may be transformed to the dimensionless stress-resul-
tants ¢; due to (3). The extraction of the multiplier A (the load parameter) from
the initial stress resultants 7 and S is arbitrary and the choice of parameter
A depends on the problem at hand. The finite results do not depend on that
choice.

Let us study some particular cases of shell loading. We are going to use
the algorithm described in Section 4.2 which is the reason that the discussion
is limited to cases when the weakest parallel is far from a shell edge.

Let the initial shear be absent (t3 = 0). In this case formulae (7) are not
convenient and may be replaced by

2k £2\ /4
v(s) = 72_1 (9d)'%, po=0, p(s)=tb (g—d—1> , po=p(so) (4.3.9)
for toks > t1k; and
2% k2 1/4
v(s) = t—lz (9d)'/%, po= (‘(’ld—z) , po=0 (4.3.10)

for t1ky > takq. Here, as in (7), evaluating po and pp we assume that s = sq.
If t1k; = tyks for s = sy then as in Section 3.3 numerous buckling modes
are possible.
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Remark 4.3. It follows from the results of this Section that the often used
method of coefficient ”freezing” allows us to correctly find the value of Ay in
the expansion of (2.8) and parameters py and n in buckling mode (4). To find
the correction A; and the parameter @ in (4) determining the buckling mode
localization it is necessary to use the more detailed study given below.

4.4 Buckling of Shells of Revolution Without
Torsion

Let us first study the case t2ks > t1k1 in which buckling is mainly deter-
mined by the hoop stress-resultants, 7%. This case is described by formulae
(3.9) and was called case A in Section 4.2. The critical load and buckling mode
are given by formulae (2.28) and (2.29).

For m = 0 we get

A=Xo+puA + 0@,

c(s—s0)? (4.4.1)
w(s,p) = exp{——(-2——ﬂ)-} cosm (p — po) [14+0 (4],
"
where
Ag = min, 7(3)1 AL = 1/2( gp f.?s)uz, c = (fgs/fgp)I/Z’
2k K2\
nxp, a0=22 e pe=8(%), ay
dz‘)’ 1 dp 2 kztz - k1t1
0 _ 2 7 - 0 _ _—.
fss - d32 +47<p ds) 3 fpp 4d klt%

The values of f0, and f, in formulae (2) are evaluated for s = so. The
initial phase g in (1) is arbitrary and therefore the critical load is double. Due
to inequalities f2, > 0 and f;,’p > 0 inequality (2.11) is satisfied. The transition
from a non-integer value of n = pou~?! to the closest integer number of waves
in the circumferential direction n does not change the terms given by (1) for
A

The buckling mode shown in Figures 4.1 and 4.3 illustrates the fact that
the buckling pits are elongated in the meridional direction. The tangential
displacements u; and u, are of order p compared with the normal deflection
w. Now let us study some particular loading cases.

Let a shell which has the form of a cupola or spheroid be under the normal
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Figure 4.3: The buckling mode of a convex shell of revolution at toke > t1k;.

homogeneous pressure ¢. Then, due to formulae (3.8) we get

RS

1
Ty = —5 Rag, T; = (ﬁ

- Rz) g, S’=0. (4.4.3)
The case T§ Ry < TY Ry which we are examining corresponds to external

pressure (¢ > 0) for Ry < R; and to internal pressure for Ry > 2R;. If we
assume that

lg|=ATR™, T =Eohou® (4.4.4)
then in formulae (2)
qo 2ks — k1
ty = — = " = . 4.
1 T ta %7 go, qo =sgngq (4.4.5)

Assuming that the weakest parallel s = s is far from a shell edge, one may
use formulae (1) to evaluate the critical load and buckling mode. If parameters
E, v and h are constant then d = g = 1 and the expression for the critical load
may be rewritten in the form

3 2E h? {1+ (kg(kl—kz))l/z
1= A=) CRiR—RY) LV \K2(k: — 2k2)

1/2 (4.4.6)
ki—2ky d? [ kik2 1 [d 2
MTet2z2 & = (b2k L
[ k] ds? (k1—2k2 + i (3 (R +O W)
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Here all of the functions are evaluated at the point where s = sy, which may
be found from the minimum condition for function

T 2%ky — Ky k1
As an example we will study an ellipsoid of revolution generated by the rotation
of an ellipse with semi-axes ag and by around axis by (see Figure 4.4).

(4.4.7)

0
b C
x (0] ay B 0 ag B
4
C

Figure 4.4: An oblate (6 < 1) and a prolate (6 > 1) ellipsoid of revolution.

As a characteristic size we take R = ag. Then

ko = (sin219—}-(52 cos? 0)1/2, ky = 672k3, (
4.4.8)
-1 - _ d d
b:kzlsme, J:boao1 Js_:kl@’

where 6 is an angle between the axis of revolution and a normal to the shell
surface.

First we will consider an prolate ellipsoid (6§ > 1) under external pressure.
The weakest parallel is the equator {point B in Figure 4.4). By using formulae
(6) and (2), we obtain

2 Eh?
1+
3(1-v2)ad(262-1)

i 1/2 (82 — 1) (462 — 1)1/2 it
(aO) \4/‘}(1_1/2) (252_1) +O(h*):|) ( )

/12(1 — v2) rag\1/2 4 (052 1/2
~ Y ~ | — =0 - 2 .
n o~ ; ( . )L e=6mt(262-172)
Under internal pressure, ellipsoid bucking may occur for 26? < 1. In this

case the critical values of parameters ¢ and n may be found by different for-
mulae according to the sign of 26 — 1.

q:




4.4. Buckling of Shells of Revolution Without Torsion 83

Indeed, function (7) attains its minimum at the weakest parallel. For 1 <
20 < +/2 this minimum is attained at the equator and the critical pressure ¢
and wave number n may be found by the same formulae (9) as for external
pressure. For 2§ < 1 function (7) attains its local maximum at the equator

and minimum at
#; = arcsin 0,=m—10 (4.4 10)
1 - l 52 b) 2 1 . M

(point C' in Figure 4.4), i.e. the pits move away from the equator.
The critical values of ¢ and n are equal to

___16ER%? [
a2 \3(1=01?)

(%) " (16159?/(112(_145232))1/2 +0 (h*)] , (4.4.11)

6(; 1/2 agp 1/2
= — & — 2 —

For 26 = 1 we have fJ; = 0. In this case, the condition f2 > 0 is not
satisfied and formula (1) for the buckling mode must be made more precise,
since it does not provide for the decrease of the deflection away from parallel
s = s50. However, for estimating ¢ and n, one may use formulae (9) and (11).

The problem of ellipsoid buckling under homogeneous pressure is also con-
sidered in [30, 110, 175] .

We will now study the buckling of a shell of revolution under an axial tensile
force (P > 0). In this case, by virtue of (3.8)

PR, P R
0 _ 0 _ _ 2 0 _
V=grpr B=-gogg =0 (4.4.12)
Assuming that AT = P/(2m R) we get
t = L ty = k1 v (s) = 2(gd)*?sin%0 (4.4.13)
b2k’ b2kZ’ ’

where the angle § is the same as in formula (8) (see Figure 4.4).
If parameters E, v and h are constant (d = g = 1) then function ~(s)
attains its minimum at one of the edges (we recall that the shell is convex).

Let the shell thickness now depend on s. Then function v(s) = 2hh_(sl sin? §

and cases when this function attains its minimum inside the shell are possible.
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We consider an ellipsoid of revolution (8) which has its minimum wall thickness
at its diameter

h(s)=ho[l+a(0—n/2)7], a >0, (4.4.14)

For o > 1 the diameter is the weakest parallel and the critical values of P and
n are equal to

ag

2 /2 9 _1\1/2
p=_2rEh | <@) “_g—(“ D - +0(h)],
3(1—v?) b5 (3(1=»?) /

V=Y (a0’
T (E) ‘
The buckling mode described by formula (1) is shown in Figure 4.3.

Now we consider the combined loading by an axial force P and a homoge-
neous pressure ¢ and find the cases in which the buckling modes are the same
as in Figure 4.3. For an ellipsoid of revolution of constant thickness described
above we assume

P=2mae TP\, q=Tazlq), qo=sgngq,

4.4.16
_ 9 B ¢ = q0(2k2 — k1) Poky ( )
YT %k, B2ky 2T T2 b2k2
Then buckling occurs near the equator if
I: 1—52<g&<(1—52)(1—452), g =1
0 9P, (4.4.17)

I (1-42)(1-46%) < <1-28%,  ¢=-1

qo0
The domains determined by these inequalities are shown in Figure 4.5.

Due to formulae (1), (2) and (3.3) the critical values of P and ¢ may be
determined from the relation

2 E h?
Sl a
(h((62 — 1) go+2 Po) (46 = 1) (8 — 1) g0 — 2 ) ) . +  (4.4.18)

3T— a0 (262 - 1) g0 +2P)’

p 2 —

+O(h*)],
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2P/q,

Figure 4.5: Critical value domains for the buckling of an ellipsoid near an
equator.

which generalizes formula (9) for the case when P # 0.
In all of the cases considered above the hoop stress-resultant T3 was the
main stress determining buckling. Now we come to the case when

thik1 > tgkz, (4419)

and the principal compressive stress-resultant 77 is that on the meridian. In
this case, according to formula (3.10), the load parameter is equal to

Ao = msin<+) {Qt—kz (gd)l/z} . (4.4.20)
1

Let the parameters E, v and h be constant (d = g = 1). Then, in the case
considered of combined loading or in cases when the shell is under either an
axial force P or a normal pressure ¢, function (20) attains its minimum at one
of the edges.

Let us now consider a shell of non-constant thickness, h = h(s). Let min-
imum (20) be attained at s = so (s1 < so < s2). Then, due to (3.10) the
buckling mode is axisymmetric and is described by function (3.4) for n = 0.
The buckling mode is the set of axisymmetric concavities the depth of which
decreases away from parallel s = sg

w=exp {i (u77pog +1/2a€%)} (1+0(?)

(4.4.21)
A=Xo+p +0 (4.
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Instead of (3.5) we can take function (3.5) in the form

dp*+gki
= —7". 4.4.22
s=20k (1.42)
For the evaluation of the parameters in (21) we then obtain
1/4

g k2 172 8d

w=(122) n=1e(ma- )" =t
(4.4.23)

o _ d (d o _ o d? (d 1 d? (gk?
Re=ams (1) e ()i ()
(af f;’s = 0 then f2 = ~2 ). Parameter a may be calculated by formula
(2.18). Here all of the variables are evaluated at s = so. The critical load is
asymptotically double (see Remark 4.2) and the corresponding buckling modes
which are nearly identical for close values of load are shown in Figure 4.2.
As an example consider the same ellipsoid of revolution (14) with variable

thickness under an axial compressive force (P < 0). Assuming that P =
—2magT A, we obtain

2b2h (s s
)= 2k21;loh( ) _ 2};(())

Buckling near the equator occurs for & > 1 and the asymptotically double
critical load is equal to

) 1/2 o /2
_ 27ER 1+<ﬁg> a_gﬁ_l_)ﬁJ,o(h*) . (4.4.25)
30— v?) a) b3 (3(1—p2)"

We note that the absolute value of the critical force found above coincides with
the absolute value of the critical load in the case of tensile loading of the shell
(see (15)}, but that the buckling modes are essentially different.

Remark 4.4. The formulae for the critical load (see (1), (6), (9), (11), (18)
and (25)) all have the same structure. They consist of a main term which may
be found by the method of freezing coefficients and of small corrections of the
relative order hl/%. Due to (2.28) the next eigenvalue of the load parameter
may be obtained by increasing this correction by a factor of three.

sin’ 0. (4.4.24)

4.5 Buckling of Shells of Revolution Under Tor-
sion

Let us now study the buckling of shells of revolution under homogeneous
pressure g, axial force P and torsional moment M > 0. We introduce the
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load parameter as

M
= . 4.5.1
A 27w R2T ( )
Then due to (3.3) and (3.8) we get
_ 9o Py _ qo(2k2— k1) | Poks
=75 — I91 tg = 2 27.2)
2ky b2k, 2k2 b2k3 (4.5.2)
1 _ PR _ 27 R3¢
t3=—-b‘§, PO—V; Qo= —"7"

Assuming that conditions (3.6.3) are satisfied, we find by formulae (3.7)

Ao =min, Py (s) = v (s0),

9 17271
y(s) = 2b%k;(gd)"/? [22% + (A2 + k—) } , tanWo =—ry, (4.5.3)
2 2

ki Poky | qob® ki
R /. Sy L R (LA § IR
ro SA- AT A= T o, =

Figure 4.6: The buckling mode of a convex shell of revolution under torsion.

In the case when the weakest parallel s is far from a shell edges (see Figure
4.6) the buckling mode is given by (3.4) which we can write in the form

, 2
w= e~ /2 [cos (%/{2 + a12£ +n(p— g00)> +0 (ullz)] , (4.5.4)
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where £ = pu~'/2(s—s) and a = a; +ic. The values of py and n were found in
Section 4.3 and a and A, are evaluated for m = 0 by means of formulae (2.18)
and (2.20), in which the function f must be taken in the form of (3.5).

As in (4.1), concavities (4) are elongated (their sizes are of order RAY? x
Rhi/‘l) and they are inclined to the meridian by the angle ¥4 (tan ¥ = —7g).

Let us now study some particular cases. First, we assume that the torsional
moment M > 0 and P = ¢ = 0 and that the parameters E, v and h are
constant. We also assume that function b(s) is an even function in s — sp.
Then, for s; < sg < s3 we find from (3), (3.7), (2.18), and (2.20) that the load
parameter A and the coefficients in (4) are the following

A =X+ pr+0 (@), Ae=7v(s0),
d2
v(s) =202VEiks, M=1/2(f% £5,)"7, ffs=d—7

9p2 (4.5.5)
oy = ——— (5kf —2k1ks +k3), tan¥o= ,/k—

(fss)”z L VZEibks VIR
C = —_— N _— —_
9 (kl + ko)’

PO TR T
The calculations show that for an ellipsoid of revolution, function v(s) is
convex upwards and therefore it can not attain the minimum within the interval
(51, s2) (see formulae (7) below). However, for some convex shells of revolution
this is possible. Indeed, by using the Codazzi-Gauss relations (1.1.3) we can
rewrite function «(s) in the form

v (s) = 2 (—b%") (4.5.6)

Taking b(s) = 1 — as® — Bs*, we find that for o > 0 and 23 > o2 function 7(s)
attains 1ts minimum at s = 0.

Assuming that the parameters E, v and h are constant, we try to find in
which cases the ellipsoid under combined simultaneous loading of M, P and
q has the weakest parallel at the equator. By using designations (1), (2), and
(4.8) we rewrite the conditions (y > 0, 4" > 0) in the form

pp

1/2

qo(sz + A; >0,
2 1/2
A= [(2Po + (52 - l) qo) + 452] >0,
(4.5.7)
—2q0A152 ((52 — 1) -+

+(2Po+ (82 1) 00) (2P0 + (62— 1) (1 - 26%) qo) +46% < 0.
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For buckling at the equator these three inequalities must be satisfied simulta-
neously. For that, the critical values of dimensional parameters M, P and ¢
satisfy relations

2
wqaob%+w(aoP+7rqao(b(2,—ag)) +bga52M2: (458)
47ragtho,uz(l+O(y)).

Let us consider inequalities (7) in more detail. It is clear that for ¢o = 0
the last of inequalities (7) is not satisfied. Let now ¢go # 0 and Py = 0. The
domain of parameters ¢y and ¢ in which buckling at the equator is possible is
shown by the cross-hatching in Figure 4.7.

90
3 =1
0 1 J
3 C
'
A B

Figure 4.7: The domains of the critical values in the buckling of an ellipsoid
near an equator.

The transition of the point (go, §) through the bound of the stability domain
I (¢o > 0) and through the part AC of the bound of the domain II (g0 < 0)
means that the weakest parallel deviates away from the equator. In approach-
ing the domain II boundary BC' the critical values of ¢ and M increase (as
in formula (4.9) as 262 — 1), and after the transition through this boundary
shell buckling does not occur (at the equator) since inequalities (3.6.3) are not
satisfied.

4.6 Problems and Exercises
4.1 Consider the boundary value problem
ptu" + 2p? A" + ap(z)w = 0, ao(x) =2 —cosz, p<Kl

with the boundary conditions w(+1) = w'(%1) = 0.
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1) Derive an approximate relation for the asymptotically double eigenvalues

Answer
A=1+pv2(} +m) +O(u?).

ii) For 4 = 0.1 and g = 0.01 find numerically several lower eigenvalues and
compare them to each other and to their asymptotic values obtained before.

Hint Under numerical integration seek A for odd and even eigenfunctions
separately solving the boundary value problems with the boundary conditions
w'(0) = w"(0) = w(l) = w'(1) = 0 and w(0) = w”(0) = w(l) = w’(1) =0
correspondingly.

iil) Verify that the eigenvalues weakly depend on the boundary conditions
solving numerically the initial boundary value problem and the boundary value
problem with the boundary conditions w(£1) = w”(%1) = 0 for 4 = 0.1 and
p=0.01.

4.2 Consider buckling of oblate (§ < 1) ellipsoid of revolution under exter-
nal hydrostatic pressure. Find critical loading.

4.3 For ellipsoid of revolution under external hydrostatic pressure plot the
function of critical loading vs. axes ratio 4.

4.4 Find the critical load for a shell of revolution if the torsional moment
M > 0, P = ¢ = 0 and the parameters E, v and h are constant, assuming
function b(s) be an even function in s — sq.



Chapter 5

Non-homogeneous Axial
Compression of Cylindrical

Shells

This Chapter will present a treatment of buckling problems for a cylindrical
shell of moderate length under a membrane stress state and a non-homogeneous
axial pressure which can be solved by separating the variables. The edges
of the shell are assumed to be simply supported. It is also assumed that
the determining functions (the axial compression, shell thickness and elastic
characteristics of the material) do not depend on the longitudinal coordinate
but may depend on the circular coordinate. Buckling modes localized in the
neighbourhood of the weakest generatrix are considered, and are developed by
means of the algorithm described in Section 4.2.

The buckling of a cylindrical shell under non-homogeneous axial pressure,
particularly under a bending moment, has been considered in many previous
studies (see reviews [59, 61, 149]). In [68], the Bubnov-Galerkin method was
applied and the deflection was approximated by a double trigonometrical series.
In [151, 153] the method of asymptotic integration described below was used.

Long cylindrical shells subjected to a bending moment can experience flat-
tening of the cross-section — this is called the Dubjaga—Karman-Brazier effect
and it must be taken into account (see {12, 61]) in most analyses. The flat-
tening effect on the critical load for moderately long simply supported shells
examined below is, however, not significant and will not be considered here.

91
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5.1 Buckling Modes Localized near Generatrix

Under the assumptions made above we can write the system of buckling
equations in the form (see (2.3.8), (4.3.1))

2 2
uzA(dAw)+,\t1%f§—k2%§=o,
” ” (5.1.1)
8%w 82 &
2A (g7 AD) + ky = = =+
M (g )+ 2 61:2 0’ A azz + ay2)

where dimensionless coordinates ¢ and y, similar to those of Section 3.4 are
introduced,

T? = ATty T = Eghop?, (5.1.2)

and the other notation (p, d, g and k3) is the same as in (4.3.3). Here, 1, ko,
d and g depend on y and are assumed to be infinitely differentiable.

The shell occupies the region 0 < ¢ <1 = L/R, y1 < y < ¥z, where L is
the shell length, and R is the characteristic radius, taken as the length unit.
The simple support conditions (3.2.4) are introduced at the curvilinear edges
z = 0,1. The boundary conditions at edges ¥ = yx may be arbitrary. For a
shell which is closed in the circumferential direction, the periodicity conditions
by y must be fulfilled.

Separating the variables as

w(z,y) = wn(y) sin M, ®(z,y) = P (y) sin pmx,
H K (5.1.3)

mm

T
we get the system of ordinary differential equations for unknown functions
wm(y) and @, (y)

Pm = m=12,...,

A (d Apwm) — A1 pZwm + kopZ, ®m = 0,
2 (5.1.4)
A (g7 1 An®m) — kopZiwm =0, An =p2 + (_iu)ZW'
As in Section 4.2, we seek a solution of system (4) in the form (note that
the subscript m in w,, and ®,, is omitted)

w(y,p) = w. eXP{i(u’l’zqu+1/2aC2)},

we = > (), ¢ = p My —w), (5.1.5)
k=0

A = /\0+u/\1+"'



5.1. Buckling Modes Localized near Generatrix 93

We seek function ® in the same form as (5). For Sa > 0 solution (5)
approaches zero away from the weakest generatrix y = yo. To find function
® instead of the boundary conditions on the edges y = yx or the periodicity
conditions the assumptions Sa > 0 and y; < yo < y2 should be used.

For the evaluation of Ag we have

Ao minq,y,m {f} = f(qo, yO)v

I

1.
d(pf +a*)* + g kipp, (5-1.6)

tipZ (P2, + ¢°)?

f =

Here the minimum is evaluated for 0 < ¢? < o0, y1 <y <y, m=1,2,...
Let the minimum of (6) be attained for ¢ = go, ¥y = yo and m = mq. First, we
assume that m (and hence p.,) is fixed and also that k; > 0.

Now we rewrite (6) to the form

fan =22 (o4 1), o2 U LOS (), 25

2 P2, d t

As in Section 4.2, there are possible two cases here: qo = 0 (case A) and
g0 # 0 (case B).
The minimum of f is attained for z = 1 in which case it is equal to

Ao = min { (y)} = 7 (vo) (5.1.8)
or for ¢ = 0 and it then is equal to

4 2
N =minfy} =7/ (), v = Pt I8 (5.19)
Yy tlpm

Case A occurs if Aj < Ag, otherwise if g < Ay, then the case B occurs.

If Ag = Ap, then we have a special case which does not fit the scheme of
Section 4.2 and which will be considered in Section 5.2. We will consider all of
these cases, since each of them may occur under specific conditions depending
on the relationship of the various parameters to each other.

After the weakest generatrix yo (or y}) is found, it is useful to choose the
values of FEy, vg, hg, R and ¢; such, that

d=g=ky=1, t1=2 for y=yo (y=1yp)- (5.1.10)

For that, due to (8) and (9)

d=1 X=z(®L+pr2). (5.1.11)
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Hence, case A takes place if p,, > 1, and case B takes place if p,, < 1. If the
shell is short and

212 1/4
R hg )> , (5.1.12)

L<7rﬂR:7T(m

then due to (3) p1 > 1 for m = 1 and case A takes place.

Let inequality (12) be fulfilled, then due to (4.2.28), for the load parameter
eigenvalues and buckling modes we have

wmp) = g=cly=vi)*/(2u) [Hp (\/E(y _ yé)) 4 O(u”z)J sin P_Zai,

1 1 d*y
AmP) = = (2, 4 pr2) +u(p+ ) [2(1-p52) =5
2 2 Yo

1/2
y ) + O(u?),

where m=1,2,..., p=0,1,... and v is given by (9),

1/2
2.7
c= —1—_4‘1—15 (5.1.14)
2(1-pm’) dyj

Note that the eigenvalues A(™?) are simple.

Parameter A(™?) attains its minimum for m = 1, p=0. For that, Hy =1,
the buckling mode is a single pit, and A(1:0) gives a critical load close to (3.4.7)
for a short circular cylindrical shell.

Now we pass to case B. Let p, < 1 and assume that relations (10) are
valid. Then Ay = 1 and condition z = 1 gives

95 = Pm — Ph (5.1.15)
If we differentiate (7), we find
0 _ 16 (1 — pm)
o Pm
v = (:1,2 , (5.1.16)
o - Py (d |9
wo dyo+<dyo<k2 d)) '

Now we can determine the buckling mode and asymptotically double critical
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value of parameter A by using the formulae of Section 4.2

W) (g, ) = e~ elv-wo)/(20) [COS (20_(1/—_1’0) 4 9].> 40 (ul/z)] sin 1%,
o

A:1+u(4——(1_pm)

o 1/2
c= _p_’"_f&_ , j=1,2.
16 (1 — pm)

Here, as in (4.2.30), the phases 6; and 8 are not found. The buckling mode
is a system of pits, whose depth decreases away from the weakest generatrix.

1/2
f;,’y> + 0 (4?), (5.1.17)

5.2 Reconstruction of the Asymptotic Expan-
sions

Consider the case when m varies. Then due to (1.3}, pn, takes on a sequence
of discrete values. We will examine the dependence of A on p,,. Let p,, < 1,
then due to (1.11) and (1.17) Ag = 1 and does not depend on py,, and the term
of order y decreases as py, increases and vanishes for p,,, = 1.

Nevertheless, for p,, ~ 1, (1.17) are not applicable, since g = 0 despite
assumption (4.2.11). If p,, = 1 then ¢ = oo and the term p*Xz, which is
not written out in (1.17) but for one particular case is given in (5.3.3), also
approaches infinity.

For p,, > 1, parameter A shows a stronger dependence on p,,. Due to
(1.11) the value of Ag increases with p,,. For py, ~ 1 (1.13) are not applicable
for the same reason as (1.17) (see also (3.6)).

From the above development it follows that parameter A reaches i1ts mini-
mum for p,, ~ 1, hence the case when p,, ~ 1 deserves special consideration.
Let us assume that

’ pm:1+5p;n, ’\:1+€2’\/a Y—Y =¢€n,

h2 1/6
€= ﬂ2/3 =(—-—
12(1 — @)

and seek a solution of system (1.4) in the form

(5.2.1)

w=Y Ful(y), =3 fak(y). (5.2.2)
k=0 k=0
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In the zeroth approximation after substituting (2) into (1.4) we obtain the
fourth order equation

du® d?w° dw
4__ _ /
e + (o1 — 8 pyy,) o +ay —— n +
+(an +a3n+4p;:l—2)\’) w® =0, (56.2.3)

where coefficients «; and a depend on the first and second derivatives of the
functions tq, k2, d and g for y = yo and do not depend on ¢. In the case when
the first derivatives of these functions are equal to zero for ¥y = yp, we have
a; = 0 and equation (3) is simplified

d4 0 d2
4d—u;—8pm = +(an2+4p';—2,\') w® = 0,
a2 (5.2.4)
dyo

Here 7 is given by (1.7).

We seek the values of X, for which the non-trivial solutions of equations
(3) or (4), converging to zero as 7 — oo, exist. These equations are not
integrable in the known functions, however, the fact that the coefficients of
these equations do not depend on p, provides the opportunity to make the
following conclusions.

For py, ~ 1 the critical load differs from A = 1 by a quantity of order u*/3
(for pm < 1 this difference has order u due to (1.17)). For pp, ~ 1, the index
of variation of the solution in the y direction is equal to ¢t = 1/3 (see (1)), for
Pm < 1 it is equal to t = 1/2, and for p,, > 1 it is equal to ¢ = 1/4. In other
words, in the neighbourhood of p,, = 1 buckling mode reconstruction takes
place.

Let us consider equation {4). Applying Fourier transform

w’( Flw)e'nd 5.2.5
— / (@) e 1d (5:25)
we come to a second order equation for function w¥ (w).
2,,F
“%+ [2X —4(p,, +w?)?] wF =0. (5.2.6)
w

We transform this equation to a form with only two parameters A and &,
d*wf

W + (A - (332 + k)z) wF = 0; (5'2'7)



5.2. Reconstruction of the Asymptotic Expansions 97

where

a1/6 (4 1/3 N 74\ 23
o= () e (D)7 A2X (A o

For each k¥ (—oo < k < o0) there exists the countable set A;(k) of values
of A, for which there exist non-trivial solutions of equation (7) converging to
zero as ¢ — +oo. Functions Ag(k) and Aq(k) are given in Figure 5.1.

Ay

Figure 5.1: Functions Ag(k) and Aq(k).

By virtue of (1) and (8) we get

, a\ 2/3
X = 1424473 (2)7 Ad(k) + 0 (u?),

ko= u=3(p — 1) (g)”"’. (5.2.9)

a

Function Ag(k) attains its minimum Ag = 0,905 for ¥ = —0.44. Hence, the
critical load is minimal for

1/3
P = 1 — 0.44 p2/3 (%) (5.2.10)

and is equal to

2/3
Amin=1+181 (3) 42+ 0 (1?). (5.2.11)

For other p,,, < 1 the critical load differs from this value by an amount of order
u (see (1.17)).

It should be noted that for k < 0, the curves of Ay and A; approach each
other as |k| increases (see Figure 5.1). This means that the eigenvalues are
asymptotically double for p,, < 1.
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5.3 Axial Compression and Bending of Cylin-
drical Shell

Let us consider a circular cylindrical shell with constant parameters h, F
and v under axial force P and bending moment M; (see Figure 5.2). The curvi-
linear shell edges are simply supported and the initial stress state is assurmed
to be membrane and defined by the stress

T0 — p M cosy
'!72xR’ rR?

(5.3.1)

N——

~]—

I p

sy

Figure 5.2: The non-homogeneous axial compression of a cylindrical shell.

For M; < 0, PR+ 2M; < 0, the generatrix yo = 0 is the weakest one. Let
us assume that in (1.2)

2 (a +cosy) PR
il St B2 = —1. 5.3.2
atrl YT (5.32)

i1 =

Assuming that d = g = ky = 1 in the formulae of Section 5.1 we now
find that for p,, < 1 the buckling mode is given by expression (1.17). In this
case due to symmetry it is possible to define angles #; and 2, namely ¢; = 0,
6, = m/2, that correspond to the even and odd buckling modes by y. The
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method used here gives the same critical load for these modes [151]

2 Pm
o [< o) i10) | 600) (s +21 5= 14
t7(0) 64 P (1 — pm)
+0 (13), (5.3.3)
27T REAT 2Ma
=22 p= T = Ehp?
M]- ].+C¥ ) P R ) N bl
2 2
# - _ dv — .
1(0) 1+a’ i (0) 1+ a

In [151] to analyze the differences in critical load corresponding to even and
odd buckling modes, system of equations (1.4) has been integrated numerically.
The following boundary conditions correspond to the even mode

w=uw"=¢=0"=0 at y=0,n, (5.3.4)
and to the odd mode
w=uw"=®=9"=0 at y=0,7. (5.3.5)

L
For problems with parameters % =0.01,!l = B 2, a=1and v = 0.3,

the values of X are given in Table 5.1 for various values of py,.

Table 5.1: Critical buckling loads and wave numbers for a cylindrical shell
under combined loading

1 11 117 v
)‘even /\odd e

Pm
0.173 § 1.180667 | 1.180671 | 1.1706
0.518 | 1.076492 | 1.076494 | 1.0734
0.691 | 1.051833 | 1.051847 | 1.0486
0.864 | 1.024585 | 1.031065 | 1.0257
0.951 | 1.010245 | 1.031077 | 1.0177

In columns I] and III the values of A¥VeT and A°d¢ corresponding to the
even and odd buckling modes found by integrating of system (1.4) are given.
The values of A® found by formula (3) are presented in column V. It follows
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from Table 5.1 that for p,, < 1 the values of A°V*® and A°%9 are rather close,
hence the treatment of A%, as if it is asymptotically double is justified. The
values A®¥*" and A°44 diverge as p,, approaches unity. In each case the smaller
critical load corresponds to the even buckling mode.

Now let p,, > 1. The buckling mode is given by expression (1.13) for p = 0,
and parameter X is equal to

311V(0) (p — 1)
4pmt7(0)

(95p8, — 64p8, +172p% +64p% + 45)] + O (p3).

1 1 1/2
A= (P2, +p;2) + up;? (~§ t7(0) (8, — 1)) + p?
t7(0)
64 p2, (pt, — 1)

(5.3.6)

Here P and M, are determined by the same formulae (3). If m = 1 for a short
shell {see (1.12)) the buckling mode is in the form of a single pit. By virtue of
(1.13)

2
w0 = exp _Y U gin 22 (1 +0 (ul/z)) , (5.3.7)
2p Iz
where
- 1/2 TR
e= 20—+ p=T (5.3.8)

For the next (odd according to y) buckling mode w1 ~ yw(1%) corre-
sponds to

1 1/2
A= (ph+pn0) +3upy] (—— £1(0) (pr, — 1)) +0pY). (5.3.9)

i
2 2

For p,, ~ 1 we can use the results of Section 5.2. We represent the critical
load in the form
A= 14+ 2430 () (4 (1+ @) + 0 (),

(5.3.10)
k= N_2/341/3(pm - 1),

where functions Ag(k) and A;(k) are shown in Figure 5.1.
h
Consider an example from [152]. Let B 0.001,l =2, a=0and » =0.3.

In Figure 5.3 parameters A°¥*" and A°4¢ obtained numerically for even and
odd buckling modes respectively are shown.

For p, < 1, the values A*¥¢" and A°44 approach each other. A comparison
of numerical and asymptotic results is presented in Table 5.2. For even and
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A

1.1

1 1 1
0] 0.5 1 P,

Figure 5.3: Load parameters for even and odd buckling modes of a cylindrical
shell under non-homogeneous axial compression.

Table 5.2: Critical buckling loads and wave numbers for a cylindrical shell
under combined loading
P )even )odd )even /\odd )even )odd

1 2 3 4 5 6 7
0.50 | 1.0516 | 1.0519 | 1.0348 | 1.0348 - -
0.90 | 1.0138 | 1.0165 | 1.0126 | 1.0126 | 1.0093 | 1.0104
0.95 | 1.0055 | 1.0111 | 1.0078 | 1.0078 | 1.0046 | 1.0093
1.00 | 1.0041 | 1.0143 00 00 1.0034 | 1.0136
1.05 | 1.0108 | 1.0240 | 1.0168 | 1.0203 | 1.0113 | 1.0222
1.15 | 1.0480 | 1.0660 | 1.0495 | 1.0640 - -
1.30 | 1.1523 | 1.1756 | 1.1523 | 1.1726 - -

odd buckling modes the numerical values of A are given in columns 2 and 3.
Columns 4 and 5 give the values for p,, < 1 found by formula (4) (they are the
same for even and odd modes since the eigenvalues are asymptotically double)
and the values for p,, > 1 obtained by formulae (6) and (9). For p,, ~ 1
formulae (4), (6) and (9) are not applicable, and that is why in the columns 6
and 7 the values of A found by formula (10) are given.

The results in Table 5.2 illustrate the fact that the asymptotic formulae
derived for p,, < 1, pm =~ 1 and p,, > 1, cover all possible values of p,,
and so the areas of their applicability intersect. The asymptotically double
eigenvalues for p,, < 1 transforms for p,, > 1 to eigenvalues which differ by
order u (see (6) and (9)).


file:///even
file:///even

102  Chapter 5. Non-homogeneous Axial Compression of Cylindrical Shells

5.4 The Influence of Internal Pressure

It was noted in Section 3.5 that for a shell under axial compression, the
tensile stress-resultant 7%, generated by the internal pressure does not affect
the critical load and also that the buckling mode is axisymmetric. In the cases
of non-homogeneous compression considered in this Section the buckling mode
is not axially symmetric. Therefore, a more significant effect of the tensile
stress T3 on the value of the critical load should be expected. This question
will be considered below (see also [97]).

Let the initial membrane stress state be defined by stress-resultants TP (y)
and T9(y). We add to the left side of the first equation (1.4) the following
term

dw,,

i () 5. (5.4.1)

where 5 is related to 75 by an expression similar to (1.2). We assume that
ty < 0.
Instead of (1.6), in this case function f has the form

_d(ph + ) + g k3pE,
(t1pZ, +t24?) (P2, + 42)?

The value of Ay may be found by the minimization of f by ¢, m and y. Asin
Section 5.1 we assume that relations (1.10) apply at the weakest generatrix.
For pp, > 1, the minimum of Ag = min f is reached for ¢o = 0 and it is
equal to Ao = % (pfn + p,‘nz).
For p,, < 1 the minimum is reached for go # 0, and Ag > 1. To verify this,
let us represent f in the form

(5.4.2)

2\ —! 2 2)2
f=ht, 2f1=z+-i—, fz=<1+%’> : o= Pn T ) (5.4.3)

2
m pm

We have fi > 1, f» > 1,and f; = 1for q; = \/pm — P2, and fo = 1 for ¢ = 0.
The inequality Ag > 1 is fulfilled since ¢; # ¢s.

For different values of 5 the dependence of Ag on py, is shown in Figure
5.4.

Now consider a shell of moderate length. By virtue of (1.3) we may assume,
that there exists a number m such that p,, ~ 1. Unlike the case considered in
Section 5.2, the case where p,, = 1 and go = 0 is not special here for £ < 0.
Indeed, from (2) we find that

d?> (d+gk? :
0 _ 40 0 _ 0o _ &7 2
== f5=0 £=ga ( ) (5.4.4)
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0 1 P,

Figure 5.4: The load parameter for a cylindrical shell under non-homogeneous
axial compression and an internal pressure.

Now the critical load and buckling mode can be found by formulae (4.2.28)

1/2
1/2
X o= 1455 P06, o= (—) ’

Yy

(5.4.5)
w = sin I% exp {—'2% (v- yo)z} (1+0 (%)

The main difference between the present problem and a case without stress-
resultant ¢4 is that here, buckling necessarily occurs for p,, ~ 1 while if t, = 0,
buckling is also possible for p,, < 1 (see Figure 5.4).

It should be noted that p,, ~ 1 corresponds to the deformation half-wave
length L, in the longitudinal direction, which is equal to

R\
Ly=nRpu=m| ————— , (5.4.6)
12 (1 —»?)

where R is the radius of the curvature of the directrix at its weakest point.

5.5 Buckling of a Non-Circular Cylindrical Shell

We will now examine the buckling of a non-circular cylindrical shell under
homogeneous axial pressure. The shell parameters F, v and h are assumed to
be constant. As a typical size, R, we take the largest radius of the curvature of
the directrix and let yp = 0 be the weakest generatrix. Then under the above
assumptions

d= g=1, ti = 2, ky = kz(y), kz(O) =1. (551)
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Let k4(0) > 0, then for the construction of the critical load and buckling
mode, the results of Sections 5.1 and 5.2 may be applied and we can write the
formulae for the load parameter A. Let buckling occur with m half-waves at
the generatrix (see (1.3)). Then for pn, < 1, due to formula (1.17) we find

m

1—p, 1/2
A= 1+2u( p” kg(O)) + O(p?), (5.5.2)
For p;, ~ 1 according to (2.9) we have

k(0 2/3
A=1+2u43 (2—i2> Ao(k) + O (p?),

- _1 4 1/3
k= ”_2 _ <_” ) ,
u?3 \ k5(0)

where Ag(k) is obtained from Figure 5.1. At last, for p,, > 1, formula (1.13)
gives

(5.5.3)

A= %(przn +P72) + 1 (27 (072 — pr) K (0) 7 + 0 (). (5.5.4)

We consider for example, a shell with a cross-section in the form of an
ellipse with semi-axes a and b (¢ > b). Then, in (2)—(4) we should assume that
b2 4 a’h? b? — a?

hall - - " —
R = Cl’ M 12(1—1/2)b4, kZ(O) 3

_ mm b (ﬁ)llz
p’"‘412(1—u2)L a)

By virtue of (1.2) the stress-resultant, 77, is related to A by the expression

Eh%a)
T = ——————— 5.5.6
YToR/120-0?) (5.5.6)
To evaluate the critical value 7Y we should minimize A from formulae (2)-(4)
by m.

2 )
¢ (5.5.5)

5.6 Cylindrical Shell with Curvature of Vari-
able Sign

For ks = 0 in the case when p,, < 1, the solution constructed in Section 5.1

is not applicable. At the same time, the weakest generatrix is where k; = 0 .
It is assumed below that

ka(0) =0,  kj(0) = kho > 0. (5.6.1)
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These conditions are fulfilled for a shell which has a generatrix with a point
of inflection as shown in Figure 5.5. The weakest generatrix yo = 0 is marked

with point A.
/A\'/

Figure 5.5: The generatrix of a cylindrical shell with the curvature of variable
sign.

We now return to system of equations (1.4) and assume that d =g =1t; =1
for y = 0. As before, we seek solutions that exponentially decay as |y| increases.
Assuming that k%y ~ 1, we find the minimum value of parameter A, for which
such a solution exists.

Let us consider a thin shell of moderate length. Then in (1.3) [ ~ 1 and
parameter p,, has values which are very close to each other. We minimize A
by m, assuming that parameter p,, is continuous.

We assume in system (1.4) that

y=pta™'y, pm=p%a, A=pPN, a, N ~1 (5.6.2)
and equating the orders of the main terms we find that

Now, the solution of system (1.4) we seek in the form

w = Eskwk(n), [0 = Zstk(n),
k=0 k=0 (564)

A=edg+eA+--r, e=p3

and we require that all functions wg(n), ®x(n) converge to zero as n — +oo.
In the zeroth approximation we have the system of equations

d2 2 d? 2
(b3(d—nz—1) _A)wo+n<1>o=0, b3(d—nz—1) ®) - nwo =0, (5.6.5)

where

[ A= o0 (5.6.6)
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The next approximations for wy and ®; satisfly non-homogeneous equa-
tions, the left sides of which coincide with the left sides of equations (5), and
the right sides of which include functions which depend on the earlier approx-
imations.

As in Section 4.2, due to the alternation of parity of functions wg(n), the
solutions of equations in the even approximations converge to zero as n — +00
always exist. The values A;, Ay and ... in (4) are evaluated from the existence
condition for functions wy, wy, and ... which decrease to zero as n — +oo.

Consider the zeroth approximation in more detail. As in Section 5.2, after
applying the Fourier transform (2.5) we arrive at the second order system of
equations

F F
dde = b (w? + 1)%0F, ddiw = B(w? +1)w” — Aw’ (5.6.7)

By means of numerical integration we find the first eigenvalue, Ag(b), for
which a non-trivial solution of system (7) converging to zero for w — oo
exists. We obtain from (6)

Ao = (kho) 23071 Ag(b). (5.6.8)

Figure 5.6 shows a plot of function 6=!A¢(b). It corresponds to the buckling
mode which is even by w and odd by &.

b A
30+

25¢

201

1.5 L : L
0] 0.5 1.0 1.5 b

Figure 5.6: The function b~ 1A ().

The minimum value of A by p,, is reached for

b=10.466,  pm = p'/3(kh) /% (5.6.9)
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and 1t is equal to
A= 1577 (nkbe)?/® + O (). (5.6.10)

For a discrete change in the parameter p,,, buckling occurs for one value
of pm, determined by (1.3) which is closest to value (9).

Let us give the expression for the characteristic deformation half-wave
length L, in the direction of the z axis

TuR
Pm

L, = = Rb~ 3 (k)" 1/3 (5.6.11)

or in dimensional variables

i 1/3 ~1/3
LZW(%) @) e

If the shell length is L < L., then it should be assumed that

m=1, Pm =p1 = 7TT (5.6.13)

As before, the critical load is defined by formula (8), where Ag(b) is taken
from Figure 5.6, and for b > 1

Ao(®) =83 +vV2+0(b73). (5.6.14)

The curve b2 + b=11/2 is shown in Figure 5.6 as a dotted line.
To derive formula (14) in system (7) we make the substitution w = b=3/2w; .
Then in the zeroth approximation we come to the Weber equation [69]

d’w§ 3 2\ ,, F
—— 4 (A= -2w}) wf =0. (5.6.15)
dws

For A — b3 = \/5(1 +2n), n = 0,1,2... this equation has solutions which
converge to zero as wy — too. Formula (14) is obtained for n = 0.

Since in this problem it is inconvenient to use the radius of the curvature
of the directrix as the characteristic shell size R, we can write the formula
for the critical compressive stress-resultant 77 in the dimensional variables.
Accounting for (1.2) the main term of (4) gives

B2 d (1 23
0 _ ARt S -1
o= Eh<12(l—u2) ds (R2>0> b7 Ao (b),

SR A
™3 /12(1—1?) lds \ Ry /|

(5.6.16)
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The problem considered here is, to some degree, similar to the buckling
problem of a simply supported plate under compression in one direction. The
buckling of a short plate occurs with one half-wave in the longitudinal direction
while the buckling of a long plate displays several half-waves [16].

5.7 Problems and Exercises

5.1 Examine the buckling of a non-circular cylindrical shell under homoge-
neous axial pressure, when kz(y) = y?® + 1. Find the critical pressure.

5.2 Find the critical compressive stress-resultant T} for a short cylindrical
shell with curvature of variable sign where b = b; >> 1.

Eh32
702 __W_(Hﬁ),

T12(1—v?) L2 v

Answer

where the main term coincides with the Euler formula (3.4.8), while the second
term in the parentheses takes into account the bending of the directrix.

5.3 Obtain critical load under axial compression of the non-circular cylin-
drical shell of moderate length and constant thickness A. The shell cross-section
is an ellipse with the semi-axes aq and by (ap < bo).

Hint Find the ellipse curvature and apply relation (2.11).

Answer
Eh%a (3(b2 - t12)>2/3 4
MM=—m——— 14181 ———~ 3,
LT 120 - ) ( 4a? #
h2a?
put

T 20— )t

To calculate the axial force multiply the stress-resultant 77 by the length
of the ellipse arc.

5.4 Obtain the critical load for the circular simply supported cylindrical
shell of radius R, moderate length L ~ R and constant thickness h under
bending moment M; .

Hint Use relation (2.11).

Answer

h2
12(1 — v2)R?’

M, = 2rR?Ehy? (1 + 0.72/14/3) -
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5.5 Obtain the critical load for the simply supported short (L < wuR)

circular cylindrical shell of radius R and constant thickness h under bending
moment M, .

Hint Use relation (1.13).

Answer

2 2({1¢2 , -2 pi-1\'/?
M, = 27rR?*Ehpu §(P1+P1 )+”(21p‘1) ’
K2 TR
a_ W _ BT
F=ha_ e T L

5.6 Obtain the critical load for the cylindrical panel with the curvature
of variable sign of the moderate length L ~ {a,b}, and constant thickness h
under axial compression. The panel generatrix has a sine form Y = asin(X/b),
—7wb/2 < X < wb/2. The panel is simply supported at the curvilinear edges
¢ =0, L and clamped at the rectilinear edges X = +nb/2.

Hint Use relation (6.10).

Answer

h2a 2
Ty = 1.577TEhR (12(1 —v2)b(a® + bz)) .
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Chapter 6

Buckling Modes Localized
at a Point

In this Chapter we will consider the buckling of a thin shell for which the
determining functions (see Sections 4.1 and 6.1) are variable in both directions
under a membrane stress state. We seek the buckling modes which are localized
in the neighbourhood of weak points which are assumed to be located far from
the edges of the shell.

Under these assumptions we will construct the buckling modes of a con-
vex shell [101, 160, 163] and a cylindrical shell under non-homogeneous axial
compression [164].

6.1 Local Buckling of Convex Shells

Consider membrane stress state buckling that is defined by the initial stress-
resultants 77 and S°. We assume that the determining functions (stress-
resultants 7 and S°, metric coefficients A; and As, curvatures k; and ko,
thickness h and the elastic characteristics of the material £ and v) depend
on the curvilinear coordinates a; and a2 and are infinitely differentiable with
respect to them. Here the values A, B, o and § are denoted by A1, As, a1
and «s.

The buckling equations we take in the form of (2.3.8), (4.3.1)

A (dAw)+ AAw — A® = 0, 6.1.1)
A (gTIA®) + Agw = 0, o

111
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where
_ 1 0 (A; Ow
Avs Y (E )
1 6 Ajkj 611)
= — 6.1.2
Akw AlAzzi:aai ( A,' 301,‘)’ ( )

1 g Ajit; Ow ow
A = ——— E —_ g t i i=1.9 . 3
v A1Az 7 Oa; ( A; Oag tis 3aj) I 2, JFI

Here, all of the linear variables are referred to the characteristic size of the
neutral surface, R, and retain their original designations. The dimensionless
stress-resultants ¢; are related to the stress-resultants T and S° by expressions

(4.3.3)
(TIO,TQO, SO) ==\ E‘()h(),u2 (tl,tz,tg) . (613)

The small parameter ¢ and functions d and g are also defined by formulae
(4.3.3).

We assume that kjka > 0. Let point o; = af be fixed and change the
determining functions in system (1) by their values at this point. Then we
come to system (3.1.1), with constant coefficients, the solution of which has
been constructed in Section 3.1 in the form of (3.1.4)

(w, ®) = (wg, Bo) &' # (Prortpzez) (6.1.4)
where X satisfies the relation

4 2
A+ ) +9(kag} + krgd) _p
- . = L

(a2 + ¢2)° (t10? + 2t3q102 + t203) Ai

(6.1.5)

Now we vary the point a; = af . The right side in (5) is a function of the four
arguments p; and a} which we denote by f (p;, o). Let

Ao = min{f} = f (¢}, o), (6.1.6)
where we seek the minimum for all o} on the neutral surface and for real values
of p;. To evaluate this minimum it is convenient first to find the minimum by
pi for fixed a} using the results of Section 3.1.

Let the minimum of (6) be attained at p; = p?, af = of and let the weakest
point o be far from the edge of the shell. Then

of of

=L =0. 6.1.7
ga? = 557 = ° (6.17)
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The solution of system (1) which decreases exponentially away from point
af in all directions, is constructed below. Here we will not consider the ques-
tion of satisfying the boundary conditions but rather we will assume that the
mentioned decay replaces the satisfaction of the boundary conditions.

The case when point af coincides with a shell edge is more complex, since
then we must satisfy the boundary conditions. This case is considered in
Section 13.7.

The method of construction of the solution of system (1) is a generaliza-
tion of the algorithm described in Section 4.2 for the case of two independent
variables a; and as.

We also assume that the function f(p;, o;) has a strong minimum at point

(p?,a?) and also that the quadratic form d?f is positive definite

&?f = Z a dz,dz, >0, (6.1.8)

i,j=1

where (21, 22,23, 24) = (p1, P2, 01, 2), and the derivatives are evaluated at
point z?.

We are looking for the formal asymptotic solutions of system (1) in the
neighbourhood of point o in the form [99)

(’UJ, (I>) = (ﬁ} (ak; /‘L)) <i) (aka H)) ei,‘_ls(ak)i (619)
and we require that
IS5(ap) =0, SIS(ax)>0 (ar#al). (6.1.10)

The last inequality leads to the fast damping of functions (9) and as a
consequence provides the possibility of not satisfying the boundary conditions.

We can find functions S(ak), w(ak,u) and ®(akp) by substituting them
into system (1). Let us make a substitution for the independent variables

ak:a2+u1/2ck, k=1,2, (6.1.11)

and expand S into a series in (i

Ofk 1/22 da 0 Ck t3 “Z da 0 a 0 CkCl +SR7 (6112)

where Sg = O (u3/?).
Substituting (12) into (9) we note that p~1Sp = O (u'/?) and this term
may be included into @w and ®. Therefore, we seek S(ax) in the form

S (ow) = u'? (p0¢1 + p3C2) + ) ZSlekCz, (6.1.13)
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where p) provides a minimum value of (6) and the symmetric matrix with
constant elements Sp = {sx;} is still unknown. Due to (10) ISy is a positive
definite matrix. We seek functions 1 and ® in the form

Z FRRG), @ =)t e (G), (6.1.14)
k=0 k=0

where w* and ®* are polynomials in ¢;. Simultaneously we find the expansion
of the load parameter from the existence condition for this solution

A=Xo+pr+pPh+ .- (6.1.15)

In Section 6.2 the algorithm for constructing the polynomials w*({;) and
oF (¢;) and unknown parameters X; and si; is given. Here we note that, as
in Section 4.2 (case B) each eigenvalue (15) is proven to be asymptotically
double. Due to (9) the buckling mode is given by the relation

w= (N cosz — F b sin z) exp{—%CTSQC} , (6.1.16)
where
1
= pu ' (eapl + a2py) + ¢TSI+,
z H (a’;Pl 021)2) 2C 16 (6.1.17)
¢ = (61,¢), So = S1+iS,.

As in Section 4.2, the initial phase # takes on one of two possible values (0 <
61, 02 < 2m), which cannot be determined by the proposed method. For
the smallest eigenvalue corresponding to the critical value A, in the zeroth
approximation & ~ 1 (see Section 6.2).

The size of the buckled area is of order Rhl/ * and is covered by a series
of stretched pits the sizes of which are of order Rhi/4 X Rh,{/z. These pits
are inclined in the ay direction by angle ¢g such that tan ¢q = —p3/py (see
Figure 6.1).

The main difference between this mode and that described in Section 3.2
is the decay in the depth of the pits away from point o) (see Figure 6.1).

6.2 Construction of the Buckling Mode

We assume that @ = w; and ® = w, and substitute (1.9) into (1.1). The
result we write as

> Huk (‘wa o) w0, n=12 (62
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Rh1/2
e § —

s\ =
T \\ Ug/ a-a

~

—

Figure 6.1: The buckling mode of a convex shell localized near the weakest
point.

where H(pj;, a;, u) are polynomials in p; such that

8
Hyy (—iﬂ B % u) 2= ptA(d A z) + P XA Az,
J

(6.2.2)
Hyyz = —Higz = p?Agz, Hogz = p*A (g7 1A 2).
We introduce the expansions
Huk (pj, @, 1) = Ho(pj, &5) — i Hyppj, a5) + -+ (6.2.3)
then, by virtue of (1.2) and (1.15)
HYy =d(g} +43)° — NoH, Hiy=—H)) = kag} + kg3,
H3y = g7 (a} + 63)%, HY = t1q] + 2t3¢192 + 293, (6.2.4)
1 82(A1 AL HY,) P ’
H)y = kL — i A16n16x1 HY =,
nk 2A1A2 s aam apm L A10n10k1 to dm Am

where 4, is the Kronecker delta.

We transform (1) to the variables (; using formulae (1.11) and taking into
account (1.13) we obtain

.0
D Hu (p? Hu (S —ige), af + il u) we=0.  (6.25)
k ]
If we expand the left side in a power series of u!/? we get

S (B0 + w2+ ) we =0, (6.2.6)
k
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where the first operators v g are

oh? Ohl .0
lrllk = Z |: nk C] 6;?157 (ZsﬂCl -1 _3?])] s

l

2
B, = 22[ 60h5k0 Gér + 6 (2ZSTICIC]
.. 0 0%h?
- 21(]'% - 15 ) + 55 6[9 nk (ZsjlsrmClCm

J

a o)
— 23y st =i e — )| —inl,.
lzl:leCl ac. l;Su ac; 3Cr)] e

(6.2.7)

Here hn,c are the values of functions H’ Joata; =af, and p; = Y.

Substituting series (1.14) into (6) we get the sequence of systems of equa-
tions

Soh%wl = 0, n=1.2 (6.2.8)
k
> (hpwk +lhewl) = 0, (6.2.9)
k
Z (hok’u)k + lnkwk + lnkwk) = 0, ‘e (6210)

k
The determinant of system (8) we denote as
2
RO = HO (ad, 89) = 8y, + (AS) (6.2.11)
and note that the equality h° = 0 corresponds to equality (1.6).

We next introduce w§ = h,(h3,) " w?. System (9) is compatible by virtue
of (1.7) and (7). We can write

= ( Sawi — ZIkak> (A3 2)_1 (6.2.12)

and the compatibility condition for system (10) is then

Low? +¢TD¢w) =0, (6.2.13)
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where

LoZ = ———;—tl‘ (AZ(() - ZZ(TFC — (%trF+ /\1d1) Z,

G 7o a_za_z)T = {2}
C—(ChCZ) 3 ZC_ (3(1’(‘3(2 ’ ZCC_ aCm aCn ’

1
D=3 [SoASo+ BTSo +SoB+C|, F=ASy+ B, dy =h}hY,,
250 270 210
9p, Opy, Opf, Oag dag, dag

Here ¢ and Z; are two-dimensional vectors, Z;¢, A, B and C are second
order square matrices, tr X denotes the sum of the diagonal matrix elements
X, and T is the matrix transpose operation.

Equation (13) has a solution in the form of a polynomial in ¢; and ¢; only
if

(6.2.14)

2D = SyASy+ BTSs + SeB+C =0, (6.2.15)

From this equation one can find Sy. To solve equation (15) we use the algorithm
developed in [99]. We note that the fourth order matrix

(E’;‘T CB,) (6.2.16)

is positive definite due to inequality (1.8), since

0%h° o*f
Bz, 0o dy 9z Oa (6.2.17)
Consider the system of vector equations
—BTu—Cv=3u, Au+ Bv =B, (6.2.18)

where u and v are two-dimensional vectors.

Let B = B; be the eigenvalues of 3, for which system (16) has non-trivial
solutions u; and v;, where j = 1,2,3,4. Since matrix (17) is positive definite
it follows that 3; are pure imaginary numbers.

Let

B = iwk, Brpo=—iwk, wp>0, k=12 (6.2.19)
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The following orthogonality condition is valid

ulvy —ulv, =0,  Bn+8. #0. (6.2.20)
We introduce the second order matrices U and V the columns of which
coincide with the vectors uy, us and vy, vs. Then

So=UV1, (6.2.21)

and So does not depend on the normalization of u; and vi. We can verify
directly the satisfaction of equation (15). The relation u} vy = ul v; leads to
the symmetry of matrix Sg.

We will now prove that matrix S, is positive definite. Consider the quadratic
form T = 27 Soz. We must prove that ST > 0 for any = # 0. After substitu-
tion y = V~1z we get

T=7"Ty, T={vmn}=VIU={o5u,}. (6.2.22)
From (18) we find

ﬁguk = —2?1—; (UZ‘A ug + 2ﬂzB v + ’T)}{C Uk) . (6223)

Due to the fact that matrix (16) is positive definite, the expression in the
parentheses is also positive. Then we note that 4, 7; is the eigenvector that
corresponds to 33 = —iw; and use equality (20) @7 v, = 9T uy. We then obtain
12 = 421 and it follows that ST > 0.

Now we come to the solution of equation (13). We make a substitution for
the independent variables ( = V5. As a result, matrix F' becomes

F' = V~'FV = diag (iw, iws) . (6.2.24)
In its turn, equation (13) may be written as
8%ud
LI et U
oW Z Bkm 37}k 37)m

ow? wy + wy )
gwy “dp ) wd = 0,
+¥wk7)k Bk +< 2 1dy | wy

where
= () = VTIAVIT.
We introduce arbitrary integers m, n > 0 and seek the solution of equation
(25) in the form of a polynomial with the main term 77*n5. Then for

1 1
/\(lm’n) = dl_l [wl (m + 5) + wa <n + 5)] (6.2.26)
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the unknown polynomial has the form

W) = Pun =005 + Y PRI, (6.2.27)
k<m,l<n

where the coefficients pi; are uniquely defined and the sums of the indices k+1
at cach term are odd if m + n is odd and even if m + n is even.
The critical load is determined by the expression

A0 Wit 0oy (6.2.28)
2dy
We are not considering here the development of higher order approxima-
tions which may be made by methods similar to that presented in Section 4.2
(see also [160]).

6.3 Ellipsoid of Revolution Under Combined
Load

We will now consider an example [101] that illustrates the material of the
two previous Sections. We will study an prolate ellipsoid of revolution under
a homogeneous external pressure ¢ and a bending moment M;. The vector
M, is assumed to be orthogonal to the axis of symmetry (see Figure 1.3).
Parameters F, v and h are constant.

Let us introduce a system of curvilinear coordinates 6, ¢ (0 < fy < 8 <
T — 8y, 0 < ¢ < 27) on the neutral surface of the ellipsoid. Here we will use
the same notation as in Section 4.4 (see Figure 4.4) and as the characteristic
size, R, we will take the smaller semi-axis R = ag.

Under only pressure ¢, buckling of the ellipsoid occurs in the neighbour-
hood of the weakest parallel (equator) 65 = 7/2 (see Section 4.4). Under the
combined loading of the pressure and a moment M, the points of the equator
are under different load conditions and we can expect that buckling will occur
in the neighbourhood of the weakest point.

In the problem under consideration the initial stress-resultants are the fol-
lowing (1.4.6)

TO——lR _ Mycosgp 0__Mlcos9sin<p
L= Ty T T B Ging - 7 B2sinf ’ (6.3.1)
T0 — (R—%—R MiRsycosp e
2= \3r, " ™) 7BR, 50’
Let
2
q= M, M = ﬂagq m. (6.3.2)

ap
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Then by virtue of (1.3) and (4.4.8) we get

b 1  mkicosyp 1 ky [ mkjcosp
T sin® 0 2Tk 2607 §2sind¢
2 cos B si
t3=—mz—m£l—f, kZ:(sinzb‘—}-chosZB)l/z, J:b—0>1.
sin” 4 ag
(6.3.3)
Let m > 0. If
8% —1) (462 -1
m < ( )( ) & >1, (6.3.4)

6242 !

then §° = n/2, ¢° = 0 is the weakest point. Assuming that conditions (4)
are fulfilled, we can construct the buckling mode and find the critical load by
means of the method discussed in Sections 6.1 and 6.2.

Under the above assumptions we have in (1.5)

82 __ sind

d:g:]-) Alzk_3) Az— kz)
2

(6.3.5)

the values of t; and k2 are defined by formulae (3). In (1.6) the minimum

-1
Ao =2 (m +62 - %) (6.3.6)
1s attained at
pl=0, p3=4"1, O =n/2, ¢*=0. (6.3.7)

By means of formulae (2.14), (2.17) and (1.5) we can find the elements of
matrices A, B and C. In the case under consideration, matrices A and C are
diagonal and B is a trivial matrix. The non-zero elements of matrices A and
C are the following

ay; = 4(62+2m—1)5_8(52+m—1/2)‘1,
— —6
a2 = 807 (6.3.8)
ein = 2[(62-1)(462-1) —m (62 +2)] 67862 + m — 1/2)7,
Cog = 2m6‘8(52+m—1/2)“1.

By directly solving equation (2.15) we find that

. 1/2 —1/2 . 1/2 -1/2 _ _
8§11 = 1Cyy Gy , §22 = 1Cq9 Qg9 819 = 8921 = 0 (639)
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and the critical value of the load parameter is

A= Aot+ur 0w,

A= 24, (varicit ++/@ncaz), di= 3 (2+m-1/2), (

where Ag is given by formula (6). Formula (10) agrees with (2.28) and we can
determine the other eigenvalues for the load parameter by means of (2.26)

ni,ns 1 1 1
)‘g m2) = a [\/011011 <n1 + 5) + \Jaz2c22 (nz + 5)] )

nl,n2:0,1,2,...

(6.3.11)

We note that for m = 0, (10) transforms to (4.4.9) which was obtained
without the bending moment M;.
The zeroth approximation for the buckling mode is the following

w(f, ) = eXP{—% [311 (9 - g)z + 522502] }

(6.3.12)
[cos (%+<pk) +O(/11/2)] , k=1,2.

As before, the initial phases ¢; and 5 cannot be obtained by this method.
However, by taking into account symmetry we can find that ¢; = 0 and
@2 = m/2. The buckling pits are elongated in the meridional direction and

their depths decrease away from point (0 = g, p= 0).
Let 0 < ¢ < 1. Then |w| < ¢, if

2
11 (0— g) +5220° + 2 Ine <0, (6.3.13)

1.e. the pits cover an ellipse with its centre at the weakest point.

Finally, we will consider a numerical example. Let § = 1.5, m =1, ap/h =
500, ¥ = 0.3 and ¢ = 0.1. Using the above formulae we find that g = 0.0246,
Ao = 0.727, Ay = 1.145 and Ao + NAI = 0.755.

Ellipse (13) is elongated in the parallel direction and has semi-axes lengths
0.36 and 1.67 i.e. in the circumferential direction, the depth of the pits de-
creases sufficiently slowly. Each pit fills angle Ay = 0.116 in the circumferential
direction. For ¢; = 0 the buckling mode is even by # and by ¢. In Figure 6.2
the contour lines for the buckling modes w(#, ¢) for w = 0 and w = £0.5 are
shown.
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Figure 6.2: The buckling mode of a elliptic shell localized near the weakest
point.

6.4 Cylindrical Shell Under Axial Compression

Let us now consider the buckling of a cylindrical shell under axial com-
pression. The initial stress state is assumed to be membrane.

In the case of a circular cylindrical shell when the determining functions are
constant and the shell edges are simply supported the waves due to buckling
cover the entire neutral surface (see Section 3.4). If the compression is non-
homogeneous in the circumferential direction, the buckling pits are localized
in the neighbourhood of the weakest generatrix {see Chapter 5).

The general case of a non-circular cylindrical shell with variable determining
functions is considered below. On the shell surface there may exist a weak point
in the neighbourhood of which the buckling mode is localized. Assuming that
this point exists and that it is far from the shell edges, approximate expressions
for the critical load and the buckling mode are found.

We will use the system of equations (1.1) which in this case has the form

2
WA (dAW) + A2 (tla—w) 22

2
z \ " Oe a‘;’”év (6.4.1)
2A (g7 A D ko — = 0,
H (g )+ 2 Oz2
where
:Eh3(l—1/g) g= Eh ”4: h%
thg(l - UZ)) Egho’ 12 (1 - I/g) RZ ’ (6 4 2)
_ 02 o? o
Ty =-ATt, RzZszl, T:E()h()/,tz, A:W-Fb?-

The functions E(z,y), h(z,y), v(z,y), t1(x,y) and kz(y) are assumed to be
infinmitely differentiable.
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Relation (1.5) may be rewritten as

¢+¢?
2 b

/\:f(z,y,p,q)ZfO(:v,y) (643)

where

2k k2g\ ' P
fO:—tl—z(dg)l/Z, ¢ =42 1/):(—(212) T (6.4.4)

Evaluating the minimum of function f by all of its arguments we get

Ao = min f° = (2%, %), ¢=1. (6.4.5)

zy
Let function f° attain its minimum at point (z°, y°), the second differential

62 fO

= 4.
G BW=Gue)  (649)

Ef0 =" fhdexda, fi)=

at this point is the positive definite quadratic form and the point (z°, ¥°) is
situated far from the edges of the shell.
We choose R, hgy, Ey and #; in such a way that

1 =2, ky=d=g=1 (6.4.7)

at point (z%3y°). Then A\¢ = 1, which agrees with the Lorenz—Timoshenko
formula (3.4.3).

As in Section 6.1 we seek a deflection shape that decreases away from the
weakest point (z°,y°). However, since the values of p° and ¢° could not be
uniquely determined from the minimum condition for f, we can not use the
method employed in Section 6.1 for the present problem.

We apply Fourier transform

V(z,y) = 7/w(p, q)e*rdpdg, @ (z,y) = 7/<P(p, g)e**dpdg, (6.4.8)

where 2z, = p! [p (z—2% +q(y— yo)]. Then we expand the coefficients of
system (1) into a power series in £ — z° and y — 4°. As a result, after the
elimination of ¢ for w (p, ¢) we get the equation

. 8 hklw
h (h R 4.
wHip Ek o £W) (tp) kE, . 3[)1 0, (6.4.9)



124 Chapter 6. Buckling Modes Localized at a Point

where

oH 0*H
9ay "= Glaay
(p1,p2) = (p,q), H=H°—ipH'+

g k2p? 1 /8%H® 62H°)
H® =d(p® +¢%)2 — Aty __2_ Hl:_(— 7).
(P* +¢%)2 p+( o azap+ayaq

h(pe,p) = H (pr, 22, 1), hi =

(6.4.10)

We transform equation (9) to the variables z and 7 by means of the formulae

= ﬁ, T= ;ﬁ—qg (6.4.11)
and we seek a solution which is localized at zo = 1, 7 = 75 in the form (z5 = —1,
T = —7p leads to the complex conjugate solution)
24bn?)/2 - k 4
— 25 e—(a ~
vk =0 e e Z=: (6.4.12)

k
z=14p2%, r=rn+ptty, A=14pd+p3 20+

where wj are unknown polynomials in ( and 75, a, b, 75 and Ag are unknown
constants (fa >0, b > 0).
Substitution (12) into equation (9) gives

(L0 4+ u ALy + 2Ly ) @ =0, (6.4.13)

where
Low = (Io¢® — \y) W + il (C—C —al? 4+ ;) W
Ly = n Lyw + [ilzg’—llz <a% —aC)]

) sy ] ) (6.4.14)
Lz'lf):§7]2L W — /\QU)——(———bn) 'LU+L*w;

2
o Oz

02 op}’
0z Bkz- ..
Qa5 :Zf]?[—i_]_ (zlyz2) = (Z)T)) T/a]ak7l: 1,2
k,l

lh=2, |; =

ap} op’
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Here f° and ¢ are the same functions as in (4), [; and /;; are functions of
9, operators Ly and L{ are obtained from Lg after the substitutions instead
of the coefficients {; and [;; their first and second derivatives by 7y (the first
term in Lo becomes zero). We denote the terms that do not influence wo(¢, )
and A, due to (2.1) by L,w.

Let us consider the equation Lowe = 0. This equation has a solution in the
form of a polynomial in ( if the coefficient of ¢2 is equal to zero. This yields

a=(r—il)ly, r=(ah—12)"" = (4an)/? > 0. (6.4.15)
For
A1=A§")=r(n+%), n=0,1,2,... (6.4.16)
the equation Lowg = 0 has the solution
27\ /2
wnl6n) = (o) Ha(®), 0=ac, a=(F0) (6.4.17)

where vg(n) is still an unknown function, and Hy, () is the Hermite polynomial
of the n-th order that satisfies the equation
d?u du
Muu=— —20 —
nt=a2 T e
The equation of the first approximation Lowi + Liwg = 0 after transition
to the variable € takes the form

+2nu =0, Ho(6) = 1. (6.4.18)

d
M,w;, = Fi(8) nvo(n) + F2(6) (8_77 - bn) vo = F (6,n), (6.4.19)
where
11 2 a’§?
— " 7
Fl(e) = —Z<a Hn—2a0Hn—-aHn+?Hn>+
/ 2
sl (9 H - ab” 1 H,,) , (6.4.20)
r a 2
1 /1,8
F(8) = - (2_ H, -llz(aH; - 53}1,,))
r\ o a

are known polynomials.
Equation (19) has a solution in the form of a polynomial if

00 92
/ F(0,7) Hy(8)e 2 d=0. (6.4.21)
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Condition (21) gives the equation dr/dry = 0 for the evaluation of 7 and
equation (19) has the solution

61)0

wr(6,) = 1) F ) + 100(n) G1(0)+ (G2 — b ) G2(0), (6:42)

where v1(n) is an unknown function,

Gy = A10H,, + AyHpyo, Gy= AsH! + A0 H,,
Ay = — A, As = (4a2r) 7" (a2, +2ialf),  (64.23)
Az= —ar Wy —244, As= —(ar) Y aliz +ily).
Now we come to the second approximation
Lows + Liwy + Lowy = 0. (6.4.24)

Condition (21) of the existence of a solution of equation (24) in the form of a
polynomial in ¢ leads to

P 2
-Q (% - bn) vo+ (Rn? — Az) vo =0, (6.4.25)
where
1 9o 1 2
= §l22 —r|A4® = 5 %11 (a11a22 — a?y) > 0,
2n+1 . .
= o[ laP + ity (af - 20) ~4 lalf, + il = (64.26)
_2n4+1d% 1dE)
4 drg 2 drg’
If

b=RY2Q712 50, A =A"" = 2m+ 1)(QR)V?, m=0,1,...
(6.4.27)

then equation (25) has a solution in the form of the polynomial vo(n) =
H, (b_l/ 27)).

The parameter 7 in (12) could be found from the minimum condition for
A1, thus R > 0 in (26).
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We give the final expression for A
A=Amn) = 14+ (2n+1) ,ua}{2+
+u32(2m + 1) (2n 4+ D)Y%(4a11)~%* [a}, (a11a22 — afz)]l/z + 0 (p?)

m,n=20,1,2,...
(6.4.28)

As in Section 6.1 each eigenvalue A(™") is asymptotically double. Buckling
corresponds to the smallest eigenvalue, which is obtained from (28) for m =
n = 0. The neighbouring eigenvalues allow us to conclude that the critical load
is sensitive to any initial imperfections.

6.5 Construction of the Buckling Modes

Let us find the buckling mode which corresponds to the critical load ob-
tained previously. In order to do this we substitute expression (4.12) into
integral (4.8) assuming that @ = 1 + O (u'/%). We get

+o0 i
Wiay) = //(1+0(u”4))exp{i(px”rqy’)—
—lacﬂ—lbz dpd 6.5.1
5 5 0" ¢ dpdy, (6.5.1)

where we denote ¢’ = 2 — 2% and y = y—3°. In (1) we come to the integrating
variables ¢ and 7. By virtue of (4.11) and (4.12) we find

P = po+pupaC+upin + pPpan® + -
1/2 1/4 /2, .2 (6.5.2)
¢ = qo+pt2qeC 4+ pt g+ pt s + -
where
P ! 9 1o p2
Po= ——F/=, qo = ToPo, P1 =42 = —2Topy,

T+ 72 T(653)
t=-p=(1-73)p3, ps=(3r2-1)p3, qa=10 (73 —3)pd.
Evaluating integral (1), we get

i
W = Cefexp {— (poz’ + qoy’)} (1+0 @),
# (6.5.4)

£ = (P12’ + ')’ (poz’ + ¢29/)"
2u3/2 (b — 2ip=1/2 (p3z’ + gay')) Zpa '
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It follows from (4) that buckling is accompanied by the formation of a series
of elongated pits inclined by angle  to the cylinder generatrix (tan y = —751).
The distance between the centres of the pits is 2rp (1 4+ 72). The factor e~¢ in
(4) describes slowly varying pit amplitudes (depths) and phases.

We fix ¢ > 0 and find the domain in which R £ < ¢. Outside of this domain,
the deflections are smaller than e™¢. The domain bound is given by the curve

(p12' + 1) b (22’ + q2v/)* Ra _ 6.5.5
T 2pal? O (6.5.5)
23/ [bz +4p7" (psa’ + qsv/) ] K
and we obtain the inequalities
2alZep\M?
lp22’ + q29'| < (l—%la—“> = p'/2ay,
(6.5.6)
lp1z’ + q19'| < 3% bo = 2e bz+—8—c|5‘L v
1 s 0 b (1+72)Ra '

The domain obtained above is reminiscent of the form of an the ellipse with
semi-axes

a1+ 73), B b1+ 7).

The large semi-axis of the ”ellipse” is inclined to the cylinder generatrix by
the angle § (tan § = 2m(1 — 72)~1).

The buckling mode is shown schematically in Figure 6.3. The series of
strongly elongated pits inclined to axis z by angle v covers an ”ellipse” whose
size is of order u'/2 x 3/% that is inclined to axis z by angle 4.

Two linear combinations of the real and imaginary parts of (4) are the
eigenfunctions. As was found in Section 6.1, we cannot find the coeffictents of
this linear combination by use of the present method.

Let us return to the evaluation of 9. By virtue of (4.14)

a1 = (1 =122 =4 (1 — 13) + 4 fo,72. (6.5.7)

The value of 79 may be found by minimizing the function a;;. According
to the above assumption on f°(z,y), the value of 7; is unique for f2 # 0 and

Ej3

fme >0,  |nl<V1+82-8, B= ik (6.5.8)
11

Let f, = 0. Then for f{; < 2 f2, we get 7o = 0.
We are not considering the case where f0; = 2 f2, since a1; = 2 f3,(1+ 73)

and d?ay;/d ¢ = 0 for 75 = 0. For f%, > 2 f3, we get 79 = % (1 — fgz/ffl)lﬂ



6.5. Construction of the Buckling Modes 129

’

y

Pyx' + 4,y =0

Pex' + 4,y =0

Figure 6.3: The localized buckling mode of a cylindrical shell near the weakest
point.

In the last case, due to the existence of two values of 1y, the critical load is
asymptotically tetra-multiple and the buckling mode is a linear combination
of the forms described above for ;. The expected buckling mode is shown
schematically in Figure 6.4. The domain filled with pits is comprised of a
combination of the two elongated ”ellipses”.

1

(7\\\// )
\\)//(\[(}U \ /
/ x'
N7

Figure 6.4: The localized buckling mode of a cylindrical shell at a8? > (1—a)?.

As an example, we will consider the bending of a circular cylindrical shell
with variable thickness. We take

th = 2cosy,  h=hy 2P 40, (6.5.9)

l—«a
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The weakest point is then z° = y° = 0. We get

h? 2ap?
0 _ .0 _ 0 _ 0 _
f ((L’,y)— hgcosy’ fll_' (l_a)21 le_O) fZZ_]" (6510)
For f), <2 f3, ie. af? < (1 —a)? we get 1) =0,
A=14p ()2 +p®2@A )42 - )Y+ 0 (). (6.5.11)

In this case the pits are elongated in the circumferential direction and the
"ellipse” filled by them is elongated along generatrix y = 0 in contrast with
the previous case (see Figure 6.5).

Figure 6.5: The localized buckling mode of a cylindrical shell at 8% < (1—a)?.

For af8? > (1 — a)? we find

W= (1o 0"

a f?
1/2
A o= 142 (1 - -0—) + (6.5.12)
i
L\ 54 4\ 12
+ i (1 - T) (2 - T) +0 (1),
i1 fir

and the buckling mode is shown in Figure 6.4.

In conclusion, we note that the buckling modes constructed in Sections 6.4
and 6.5 (especially the mode shown in Figure 6.4) look rather unusual. Perhaps
this is related to the assumptions made in Section 4.1, the major one of which
states that the determining functions (for example, the thickness) are variable,
but change slowly, while at the same time the neutral surface imperfections,
which are characterized by faster variability, are not taken into account.

6.6 Problems and Exercises

6.1. Prove that the parameter of the critical load A has expansion (1.15) in
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integer powers of p whereas mode (1.14) is expanded in the series in fractional
powers of u. In particular, prove that the term /\3/2;13/2 in (1.15) vanishes.

6.2. Consider a prolate truncated ellipsoid of revolution under the external
pressure ¢ and edge force Py (see Figure 1.3). For P; = 0 the equator is the
weakest line. Find the position of the weakest point for P; # 0 and the critical
load in the zeroth approximation.

Hint Use relations (1.4.6) to calculate the stress-resultants, formulae (4.4.8)
for the parameters of ellipsoid and (1.5) to determine the weakest point and
the critical load.

6.3. Consider prolate truncated ellipsoid of revolution under the external
pressure ¢ and edge force Py (see Figure 1.3). With the help of formulae (5.3)
and (5.4) for p = 0.02, 7 = 0.5, b = 1 construct the level lines for four real
buckling modes which are odd or even in z’ and y’ respectively.

Hint One of this modes is schematically plotted in Figure 6.2.
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Chapter 7

Semi-momentless Buckling
Modes

In this Chapter we will study the class of buckling problems for shells with
zero Gaussian curvature under a membrane initial stress state. For this class
of problems the buckling concavities are stretched along the asymptotic lines
of the neutral surface and may be localized near one (the weakest) line. The
additional stress state appearing under buckling is a semi-momentless state
[119]. The method may be applied to cylindrical and conic shells of moderate
length, the cross-section of which need not necessarily be circular and the edges
of which are not plane curves. The two-dimensional problem may be reduced
to a sequence of fourth order one-dimensional problems. In some particular
cases for cylindrical shells, approximate solutions have been obtained.

In this Chapter we will use the results obtained in [100, 152, 161, 162, 163].
Buckling problems for non-circular cylindrical shells and shells with variable
thickness are also studied in [6, 7, 8, 23, 34, 42, 83, 122, 149, 181] and others.

7.1 Basic Equations and Boundary Conditions

We will consider the buckling of a conic shell under a membrane stress state.
In the neutral shell surface we introduce an orthogonal system of curvilinear
coordinates s, ¢, where s = R™!s’, s’ is the distance between the point of a
surface and the cone vertex, R is the characteristic size of the neutral surface,
@ is the coordinate in a directrix which is so chosen that the first quadratic
surface form is equal to do? = R?(ds®+s2dyp?). The radius of curvature, R, is
equal to Ry = Rsk™'(p). The shell is closed in the circumferential direction,

133



134 Chapter 7. Semi-momentless Buckling Modes

©, and it has two edges

s1(p) <s <sap), 0< o <o, (7.1.1)

where ¢; is the length of a curve which is formed by the intersection of a
cone and a sphere of unit radius with its centre at the vertex of the cone.
For example, for a straight circular cone with the vertex angle 2« we have
p1 = 27sina.
We can rewrite system (6.1.1) in the form
efA(dA w)+ Ae?Ayw — Ay® = 0,

(7.1.2)
eA(g7IAR) + Ayw = 0,

where
A,w = 1 _l.i ta_w _*_3 ta_w +i t.‘?ﬂ)+
T S5 80 \ P ds \ * B¢ dp \ s

+£ ta_w A _i‘a_z_’lﬁ_*—l(? 6_w
a5 \°"1s /| Y282 T 505\ s )

2
Akw = %6*;':', (Tlo,Tzo,SO) = —AEQh066 (tl,tz,tg),
P _BR(-v)  _ Eh
12(1 —l/g) R2’ thg(l —Ilz)’ tho.
(7.1.3)

The functions k(p) > 0, si(p), ti(s,¢), d(s,¥), 9(s, ) are assumed to be
infinitely differentiable and the orders of their derivatives are not greater than
the orders of the original functions.

Remark 7.1. The infinite differentiability of the coefficients of system (2)
is necessary for the construction of all of the terms of the asymptotic series
(2.3). To construct only the first few terms, the existence of only the first few
derivatives is necessary.

The buckled stress state consists of the main stress state and the edge effect
at the shell edges (1). Here the main state is semi-momentless [119] and in
the circumferential direction it has an index of variation equal to 1/4 and
9? —1/20% .
3_1;) ~ bt 26—1:. At each edge (1) four homogeneous boundary conditions
@ s
are introduced but in constructing the main state we may satisfy only two
boundary conditions at each edge. The problem of choosing these conditions

1s discussed in Section 8.4.
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In Section 7.2 we will study only one case of simply supported edges (S in
Table 1.1)

Tm=ty=w=M, =0 at § =181, 5= 89, (7.1.4)

where T;, and M,, are the stress-resultant and the stress-couple respectively in
the direction orthogonal to the edge, and v; is the displacement in the direction
tangential to the edge (see (1.2.11) and (1.2.12}). To construct the main stress
state with an error of order £? we must satisfy the conditions

w=®=0 at s=s581, §=s3. (7.1.5)

If the shell edge is a plane curve supported by a diaphragm which is rigid in-
plane but flexible out-of-plane, then we must reformulate boundary conditions
(4) but conditions (5) are valid with an error of the same order 2. Some other

variants of the boundary conditions may also be reduced to conditions {5) (see
Section 8.4).

7.2 Buckling Modes for a Conic Shell

Let t1,49,t3 = O(1). Then, due to formulae (3.6.11) and (1.3) we have
estimates

A~1 at ty >0, (7.2.1)
A~ RS at ta=0, t3#0, (7.2.2)

and it is sufficient that conditions in estimates (1) and (2) be fulfilled, at least
in some subdomain of the neutral surface G.

We start with the case when ¢5 > 0 in some subdomain of G. Then, buckling
occurs such that concavities are elongated in the longitudinal direction from
one shell edge to the other. This is the situation where a conic or cylindrical
shell is buckling under external pressure (see Section 3.5). In this Section
we assume additionally that the shell generatrices are under different loading
conditions (the meaning of this assumption will be clarified below) and the
buckling mode does not spread over the entire neutral surface but rather is
localized near the weakest generatrix.

Under these assumptions we can seek the solution of system (1.2) in the
form

w (s, p,€) = weexp {i (e7/2g ¢+ (1/2)a(?)},
we =Y 6" wn(C,5),  (=e"Yp - pp), (7.2.3)
n=0

A=Xdo+er +etha+..., Sa>0,
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where wy, (¢, s) are polynomials in (.

We seek the function @ in the same form as (3). The value of parameter
¢ which determines the buckling mode oscillation in the direction ¢ is real.
The weakest generatrix is ¢ = @o and parameter a characterizes the rate of
decrease of the depth of the buckling concavities as we go away from the weak-
est generatrix. We note that mode (3) generalizes solution (4.2.6) for ordinary
differential equation (4.2.1). Here solution (3) depends also on variable s.

To determine unknown functions wy,, ®,, and the values of ¢, @, o and A,
we substitute solution (3) into system (1.2) and equalize the coefficients by the
same powers of e1/2. We expand the coefficients of system (1.2) depending on
@ in a power series of ¢ — o = e!/2¢.

First, it is convenient to express function ®, through w. by virtue of second
equation (1.2). We get

we 4el/? . Owy
R i IK
10e ( 5., Ow, w, (7.2.4)
+ ( ¢ w*—21acgc-—zaw* 5¢7 +
2ie 6g 3/2 382
218 98 A . A, =gt 2
gq5 3<P As +0(6 ) gs 952

Now, the first equation of (1.2) gives the sequence of equations for deter-
mining functions wy,, which may be written in the form

Howy =0, Howi+ Hywy=0, Hows+ Hiw + Hawy=0,... (725)
Here
4 2t
Hoz = gk A2 +d——z—/\oNz Nz:q—slz,
le = ( 0 6H0>Cz—i—6aliog—z,
2
ST TN T
79¢ v (7.2.6)
; 62H°+62H° C@_z_l_azHo (iz_}.&)_
\* 32 T 9q0p) "0 2 8¢ ac?
i 0%Hy

2(9 3 ——2z+ H,z— A\ Nz,

H.,z = ’i)\oq (—a;?az-}-?t;; %) .
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The substitution of solution (3) in the boundary condition w = 0 for
s = sk(p) gives

wo(¢,s) =0, wi(¢,s)+¢ '811;0 =0,

wZ(C, )+C /%_}_ (( /)26 Wo ll%) =0,...

(7.2.7)

and from the condition ® = 0 we obtain, taking into account formula (4),

2 2 3

MZO, 0w +C,3wo:0’

ds? Os? (7.2.8)
62 , CZ 12 4’!1)0 ”63’(110 475’ 6311)0 _

ds? ~+ s 633 -+ 2 ((s) 52 7 83 )~ g 0s% 0

Let us consider the boundary value problem in the zeroth approximation

_ k(o) &7 Puwo | ¢'d
HQ’U)Q: q4 w—(g,ﬁ 632 )+:—w0—/\on0:0,

(7.2.9)

wO:WZO at S=51(900)1 3_—-52(()00)-

In addition to the principal parameter Ag this problem also contains two
parameters, ¢ and ¢g. For fixed values of ¢ and o the minimum eigenvalue
Ao is a function of these parameters, i.e. A = f(g, o). Here, for problem (9)
we consider only positive eigenvalues. We denote

Mg =min{f (g, %0)} = f (0, 00). (7.2.10)

Below we will omit the superscript (°) on A3 and 9.
The conditions

Mo 0o ~ _
' %—0 at  ¢=¢qo, P=¢o (7.2.11)

must be fulfilled.

As in the previous Sections (see formulae (4.2.11) and (6.1.8)) we assume
that the second differential of function f at point (go, ¢o) is a positive definite
quadratic form, 1.e.

d2f = Agqdg? + 2 Agpdg dp + Appdp® > 0, (7.2.12)
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where we denote the partial derivatives of f with respect to the corresponding
variables for ¢ = qo, ¢ = @0 by Agq, Agp, and App.

In order to evaluate the derivatives in (11) and (12) we may differentiate
problem (9} by parameters ¢ and ¢g. For example,

3H0 (9/\0 62wq
Howq+a_qWQ—a—qNWQ:O, Wq = 882 :0,
O
Howy + 220 15y = 920 Ny = 0, (7.2.13)
dpo Jpo
Ow, 0w Bwg
wy + 8 5 = asz‘p+s' 55 =0, s=15§1, $=s3.

Problems (13) are non-homogeneous boundary value problems ”on spec-
trum”. The existence condition for a solution of a problem ”on spectrum”

52
Hoz+ G (s) =0, Z+ gok = a—s;-+gzk=0, 5= s (7.2.14)
is the equality
82 k2 . 63 a
_ s Wy Wy
/woGdS+ ra (gOka? +gzk—as—)

S

=0, (7.2.15)

$=38,y

where the complex conjugate values are denoted by the bar symbol.
Now, equalities (11) transform to

$2

/U_)o%’deS = 0,

dq
. - (7.2.16)
[N YL
"800 " ¢t ds 0Os3 9% ds )|,

For derivatives in (12) we write only the expression for A¢q which is
i F_( 0H,  &H
_ _ 0 0
—/\qq/wonods + / W (2 B0 wg + e wo) ds = 0. (7.2.17)
$3 31

We come now to solution of the sequence of equations (5) taking into ac-
count boundary conditions (7) and (8). In the zeroth approximation we get

wo (¢, 5) = Po(C) w(s), (7.2.18)



7.2. Buckling Modes for a Conic Shell 139

where the w is an eigenfunction for problem (9) under conditions (11), and P,
is an unknown function to be determined from the following approximations.
In the first approximation we get

0H OH 0H
Howy + [CPO ((16—0-’:——6-—0) i P} 3 0] wy =0,
7 ¥o (7.2.19)
' dwd  9%w, ,Bwd
wy + ¢ Pys’ 330 = BeZ + ¢ Pys’ 553 =0 at s = sg.

Due to formulae (13)—(16), the existence condition for the solution of prob-
lem (19) is analogous to equalities (11) from which the parameters o and ¢
have been found. In particular, it follows that a non-arbitrary generatrix may
be introduced as the weakest one in formula (3). From (19) we then obtain

w1(¢,8) = Pr(¢) wl + ¢ Po(¢)(awq + wy) — i P§(¢)wg, (7.2.20)

where w, and w,, are solutions of problems (13) for wy = w) and both functions
Py and P; are unknown.

In the second approximation we have the equation from which taking into
account boundary conditions (7), (8) and due to {15), we get the existence
condition for the solution wq

1
LPy=—3AqPy +bCPy+ (n— A+ %b+c(2> Py =0, (7.2.21)

where

b= —i(adgg+ ), 2¢ = a?hgq +2alg, + Apy,

i ool o, 0H,
71—5{/(11106 ww—woa—qu)ds—i-

S1
S$2

82
- 2% / wlH, wids }

$1

n 4k?s3s (dwd BPwd  dwd dPwd
q° ds ds3 ds ds3

S1
S2

z= /ﬁ)gngds.

(7.2.22)

Condition ¢ = 0 is necessary for the existence of a polynomial form solution
of equation (21). From the square equation ¢ = 0 according to (12) we find
the unique value of a such that Sa > 0.
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For
1
c=0, Alz(n+§)b+n, n=201,2,... (7.2.23)

equation (21) has the solution Py = H,(C), where H,, are n-th degree Hermite
polynomials. The most interesting case is when n = 0 and H, = 1 since in
this case the value of A; is a minimum. Indeed, due to (22) and (12) b > 0.

The following approximations may be constructed in a similar fashion. We
note only that wy (C, s) are either even or odd polynomialsin ¢ and the existence
condition for wog 42 gives

L Py + A Po + For(¢) = 0, k>0, (7.2.24)

where the L is the operator in the left side of equation (21) for ¢ = 0.

The value of Ax may be found from the existence condition for a polynomial
form solution of (24). If the polynomials wy, Py and Fj are even, then the
polynomials wgy1, Pey1 and Fryi are odd and vice-versa. That is why the
equation L Ppry1 + Forq1 = 0 always has a polynomial solution.

In fact, the values of Ax (k > 2) are not found below. First, because of the
difficulty of the calculations and, second, since the value of A, depends on the
terms which were omitted in the derivation of system (1.2). That is why the
above discussion is important only to justify the expansion by powers of ¢ (3)
of the parameter A. In [42] the correction of the second order A; is found for a
cylindrical shell with a slanted edge under uniform external pressure. For this
aim instead of system (1.2) the more exact system (1.2.6) was used.

Separating the real and the imaginary parts in (3) we find that each eigen-
value X is asymptotically double. The buckling mode has the form

w = (éh‘:w,,cosz—%w*sinz)exp{—1C2S‘ra},
) 2 (7.2.25)
z = e Y2+ §C2§Ra+0.

As in Section 4.2 the method used here does not permit the determination of
the initial phase 8 = const which is equal to 0 < 6;,62 < 2m, nor does it allow
one to distinguish the corresponding eigenvalues.

Remark 7.2. It follows from the method of solution that the results
obtained are also valid for a shell which 1s not closed in the circumferential
direction. It is only necessary that the weakest generatrix be far from the shell
rectilinear edges.
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7.3 Effect of Initial Membrane Stress Resul-
tants

In Section 7.2 we assumed in developing the solution that the initial stress-
resultants 77, 75 and S° had the same orders and that the stress-resultant 77
was compressive (see (2.1), and also (1.3), which represents the dimensional
stress resultants 7P, 72 and S° through the dimensionless ones 1, 5 and t3).

Under this assumption, the terms Ao+ in expansion (2.3) for the critical
load depend only on the stress-resultant ¢ and not on #; and t3.

Indeed, in this case the function wd(s) is real and n = 0 in (2.23). The
value of Ay depends on ¢, and t3 (see (2.3)) and to derive X, it is necessary to
assemble the next two approximations.

In order to estimate the effect of the stress-resultants ¢; and {3 on A we use
the following method. We assume temporarily that the variables t2, ¢t1, and
ets are of the same order, i.e. the order of variables ¢{; and t3 are greater than
the order of t;. This assumption causes the operators N and H, in (2.5) to
change

%t t
Nz = q—zz—iqe a—3z+2t36—z = Noz+1ie Nz,
s Js Os

Hz—eastaz 182t32
o Os 155 2 0s8¢po |’
The rest of the formulae obtained above are still valid. Taking Nz in the form
of (1), we represent the boundary value problem (2.9) as following

(7.3.1)

Howo = Hoo'll)o—i&)\oNlU)o =0 (732)
and expand its solution in a power series in €
wo = Wop + € Wt +62w02+..., )\02)\3+62/\02+... (733)

Here wgp and AJ are the same as in (2.9).
The function wg;(s) is the solution of the non-homogeneous problem

6211)01

Os?

which is always solvable due to (2.15) because

0
Hoowor — AgN1wgo =0, wp1 =

= 0, § = 81, 82, (734)

S2
/’U)ooN]onodS = 0. (735)

S1
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The coefficient Ag; may be found from the solvability condition for the
boundary value problem for wgs and it is equal to

82 2

)\02 = /\gz_l/’U)oole()ldS, Z'—'/’wooNQ’wO()dS. (736)

S1 31

For that Agz < 0 since z > 0 and according to (4)

/wogleoldS = —/U)()lNlU)oodS = — (/\8)—1/11)[)11'[0011)[)1(18 < 0. (737)

By using (2.22) and (2.23) we can represent the critical value of the param-
eter A in the form

A=A 4ed +e2A 4 - (7.3.8)

Here, A\; = b/2 and b are the same as in (2.23) and €2} are terms of order ¢?,
depending on t; and i3,

$2
1 0H ON OH
Ay = > [/ (wma—qo0 Weo + Awoo—a— Wpo — Wogo % Wp1—

dq 9q
1 (7.3.9)
4k2s3s 52
—woo Huwog — Agwggleol) ds + q'z s (w{nwgé — w{,ow{,’{) )
51
where
611)00 311101
Wepo = —a—<p_’ Wp1 = -—(—9? (7310)
Substituting we from (3) into (2.22) we may obtain (9).
In the particular case, when
0H 0
0 _yg Tk _y,  k=1,2 (7.3.11)
(9900 (9(,00
formula (9) is simplified and
32
/\/2 =z! / (’U)(]OH*U)(]O + Agwooleol) ds. (7.3.12)

$1

Now let us discuss the buckling modes described by function (2.3) when
there are no compressive stress-resultants 73 on the neutral surface but there
are shear stress-resultants S°.
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Let ty < 0 and stress-resultant t3 be such that et3 has order not less than
the order of t. Note that we do not exclude the case when {3 = 0. Concerning
the stress-resultant ¢;, we assume that its order is not larger than the order of
3.

The boundary value problem in the zeroth approximation has the form

k2 82 302w0 gtwg
i 5 (P ) +

2 /
9 towg . 8t3 , Owg .
+ Ao ( 122 4 zq(wo—as + 2t ) =0, (7.3.13)

3 9s
where t5 = ¢t3 and the boundary conditions are of the same form as in (2.9).
This problem has a real discrete spectrum but the eigenfunctions are complex.
Indeed, let wo be an eigenfunction. We multiply (13) by we and integrate
it from sy to s3. Then we get

$2

k?s3 | 8%wo |2 ¢t 2
J G ] + Sl

Ao = 5 : (7.3.14)

S$2

2
gty 2 Ov du
/(—S— U)()‘ +qtg(u£—va—s))ds

$1

where we denote wg = u+4v. It is possible to show that there exists an infinite
set of both positive and negative eigenvalues. As in Section 7.2 we denote the
minimum positive eigenvalue A by f(g, ¢0). We make the following evaluations
in a manner similar to that in Section 7.2.

7.4 Semi-Momentless Buckling Modes of Cylin-
drical Shells

Let the shape and size of a cylindrical shell be determined by the following
relation

s1{p) <s<sa(p), 0< @<y,

R (7.4.1)

k(p)’
where the R is the characteristic radius of curvature. For a circular cylindrical
shell, R is its radius and p; = 27, k (¢) = 1.

The direct transition from a conic to a cylindrical shell is not simple since
in (1) s1, 83 — 0o and @3 — 0. But we still may use all of the relations derived

do? = R* (ds® + dp?), Ry=
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in Sections 7.1-7.3 for the case of a cylindrical shell by replacing all of the
factors s™ in them by unity.

For a cylindrical shell the boundary value problem in the zeroth approxi-
mation (2.9) has the form

k2 92 0?

—- = ( wo) + dg*wy — Aog?tawg = 0,

gt 0s* \" 0s? (7.4.2)
_ 6211)0 . _

wo_—as—z... at §=81, §=S83.

All of the formulae in this Chapter are given for non-constant variables E,
v and h through which the variables d and g are expressed according to {1.3).
If £, v and h are constant then we assume that d = g = 1.

If the variables g, d and ¢ do not depend on s then problem (2) has an
explicit solution

_.w(s—s1) _d¢? | kg _
Wp = Sin f’ /\0 = E + W’ l((P) = 82 — 81, (743)

from which we find

. dk2g\ M/ s 3miklg
Ao = mm{ltZ( o ) , 0= gz I(p ol (7.4.4)

and the value of A; in (2.3), by virtue of (2.22) and (2.23), is equal to

1/2
A1 =1/2 (Agghpyp — AZ,) 7, (7.4.5)

where

16d a d
= — Ao = —
)‘qq t5 ) q¢ =8qo7— 3% ( ) ,

N AW RN
e =10 6903 to 3k2g 6<pg l4t2 ’

Here, all of the functions are evaluated at the weakest generatrix ¢ = .

We note that the zeroth approximation for the critical load, Aq, coin-
cides with the value obtained by the Southwell-Papkovich formula for a cir-
cular cylindrical shell of constant length L; = Ry and radius Rky ! (here
lo = U(p0), ko = k(o)) (see (3.5.5)).

In the following examples we evaluate both the zeroth approximation and
the first correction for a critical load. In Examples 1, 2 and 4 we assume that
parameters F, v and h are constant.

(7.4.6)
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Example 7.1. Consider the buckling of a circular cylindrical shell of mod-
erate length with a sloped edge under homogeneous external pressure p.
Let

s1(0) =0, sa(p) =1(p) =lo + (cosp— 1) tan B, (7.4.7)

where 3 is the edge slope angle.
In (3), (4) and (6) we assume that ¢t = 1, k = 1. Then

4w 3t
=0, A= =, 8 — —_
" B (148)
4w tan 8
Agq = 16, Age = 0, App = —a57373
33/4]2

and the critical value of pressure is the following

Am E he®
= -k, k.=1 624
Po 3/AR1, +0.6 (

h2 tan4 ﬂ 18 1/2
—_— h'7). 4.
(l—uz)Rz) +0( ). (7.4.9)

For k. = 1 we get the Southwell-Papkovich formula which corresponds to
the maximum shell length. The second term in k, takes into account the slope
edge influence. For example, for 8 = 45° v = 0.3 and R/h = 400 the slope
edge increases the critical load by 14%.

Example 7.2. Consider the buckling of a non-circular cylindrical shell
of moderate length L; under homogeneous external pressure p. The weakest
generatrix is ¢ with minimum curvature k (¢). As a characteristic linear size,
R, we take the maximum radius of curvature of the generatrix.

Then k (¢g) = 1 and we assume

ty = — l=— p=Ehe®AR™L (7.4.10)

Then due to (4)—(6) we get

4r or 31/4 92k
oS A= A =0 A =T Ee
7.4.11
4neSEh 378 ( 9%k \ "/ \
p—wk*, k*—l+ﬁ(W) +O(6).

For k. = 1, as in the previous example, we get the Southwell-Papkovich
formula for a circular cylindrical shell of radius R.
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Example 7.3. Now we will consider the buckling of a circular cylindrical
shell of constant length and variable thickness in the circumferential direction
under homogeneous external pressure p.

The weakest generatrix is that with the minimum thickness. In the neigh-
bourhood of this generatrix (¢ = 0) let the shell thickness have the expansion

2
hwy:m(1+3§0. (7.4.12)
Suppose that the parameters F and v are constant, we find that

ap?\® ap?\ "

d=(1+—"2) , g=(14+—/— . (7.4.13)
2 2
Now (4)-(6) give
_4m Ehee® s (2a L\ .

Example 7.4. Let us look at the buckling of a cantilever circular cylindri-
cal shell of constant length L; = [ R under non-homogeneous (in the circum-
ferential direction) external pressure. Let the load parameter A describe the
pressure p by the expression p = poty, where pp = AEheSR™1.

We introduce the dimensionless initial stress-resultants ¢; as

1
L= — 3 52 (a1 cos ¢ + 4ag cos 2¢) ,

1y (7.4.15)

ts = s{agsing + 2agsin2p), oy, a3 > 0.

1+ a1 cosp + aycos 2,

This problem was solved in [61] by means of the Bubnov-Galerkin method
using a large number of coordinate functions and below, we will compare our
results with those obtained in [61].

Let oy + a3 > 0. Then the weakest generatrix is o = 0. Keeping the two
first terms in expansion (2.3) we get the critical value of parameter pg in the
form

47 E heSk, V1

= ke =14+ —. 7.4.16
P=9mT, (1+a+az)’ * Ao ( )

Using the relations derived in Section 7.2 yields

47 3-3/4 —8ai

- A= (7417
[(1+aj;+a3) ! 1+a1+az( )

a= i[AO(al +4012)]1/2, Ao =
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and the expression for the parameter k., which takes into account the variable
load is

1/2 274 1/8
a1 + 4as h*Li )
= . - = , = —— . 7.4.18
ka 1+0624(1+a1+a2) Yy, Y ((l—uz)RG ( )

We introduce the length of a half-wave concavity in the circumferential
direction Ay and parameter p which takes into account the decrease in depth of
the concavity in the circumferential direction away from the weakest generatrix.
We obtain

1/2
Te (Ap)2Sa a1 + 4oy
= — = = — = . —_— . .4.].9
Ap w0 1.132y, p 9 0.513 Er——— y. (7 )

The depths of the concavities are proportional to 1, e™?, e~ %, ...

We may use expansions (2.3) under the assumption that the number of
waves in the circumferential direction is large. Taking into account the expres-
sions for Ay and y we conclude that the proposed method is valid for shells of
moderate length. As length L; increases, the value of Ay also increases and
the accuracy of the method decreases.

From a qualitative point of view, formula (19) fully agrees with the results
of [61]. Quantitatively, the error in formula (19) essentially depends on the
problem parameters. The most unfavourable combination of parameters is
R/h =100 and L,/R = 10 for which the error attains 15 % for some values of
oy and az. Where h/R and L;/R decrease, the error also decreases and for
R/h =400, L, /R = 2.5 it is less than 5 %.

In Figure 17.4 of [61] the buckling mode for R/h = 1000, L;/R = 10,
a1 = 0.5 and as = 0 is shown. The localization of the concavities at the
weakest generatrix o = 0 is clearly seen. In this case, formulae (20) give
Ay = 36.4°, p = 0.186. This means that the depths of the concavities are
proportional to 1, 0.83, 0.48, 0.19, 0.05. One can see in Figure 17.4 that
Ay ~ 30°. We note that in this case the error in formula (19) is less than 1 %.

Formula (19) does not account for the initial stress-resultants 77 and S°.
Their contribution may be estimated by use of (3.8) and (3.12). As a result
one must add the term 0.181 (a1 + 4a3)(1 + a3 + a2)~1y?, to the value of k,.
This term partly takes into account terms of order 2.

In [61] the even functions in ¢ were used as the coordinate functions for the
Bubnov-Galerkin method. That is why the buckling mode obtained, w(s, ¢),
1s also an even function in ¢. For a load which is very close to the critical load,
the odd buckling mode can also occur.

The method of this chapter is generalized in [40] for buckling of cylindrical
shells (pipes) joined with a mitred joint under homogeneous external pressure
and in [102] for wave propagation in a non-circular cylindrical shell.
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7.5 Problems and Exercises

7.1. Consider the buckling of a circular cylindrical shell of moderate length
with a sloped edge under homogeneous external pressure p. Plot the graph of
the function of critical pressure vs edge slope angle when the other parameters
are constant.

7.2. Consider the buckling of a non-circular cylindrical shell with the simple
supported edges s = 0,! of moderate length L; = Rl under homogeneous
external pressure p, when generatrix is an ellipse with semi-axes ag and &g
(a0 > bp). Find the critical pressure. Plot the graph for critical pressure vs.
eccentricity.

Answer

The critical pressure may be found by formula (4.11) in which

9%k
— =3(2-1
690% ( 1 )’
where )
R = 2_0 k(p) = (cos?8 + d2sin?6)**
)
d0 ag
— =k & = — 1.
do 1 1 b >

For R/h = 400, v = 0.3, = 1 and é; = 2 the critical pressure for an elliptic
shell is 52 % larger than the critical pressure for a circular shell of radius R.

7.3. Consider the buckling of a non-circular cylindrical shell with the sim-
ple supported edges s = 0, | of moderate length L; = Rl under homogeneous
external pressure p, when generatrix is an ellipse with semi-axes ag and by
(a0 > bo). Note that for an elliptic shell the critical load obtained is asymptot-
ically tetra-multiple since in the neighbourhood of each generatrices 6y = 0, 7
two buckling modes corresponding to nearly identical loads may exist. This
problem permits the exact separation of the variables

{w, ®}(s,¢) = {w, ®}(¢)sin =

and may be reduced to the system of ordinary differential equations of the
eights order.
Construct even and/or odd with respect to the ellipse diameters modes
solving the problem numerically on the quarter of ellipse 0 < ¢ < 7/2.
Similar calculations for the problem of shell free vibrations has been made
in [81].
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Hint. The evenness and oddness conditions have correspondingly the fol-
lowing forms

w=uw"=0=9"=0, w=w'=¢®=9%"=0.

7.4. Prove that the parameter of the critical load A has expansion (2.3)
in integer powers of € whereas mode w, is expanded in the series in fractional
powers of . In particular, prove that the term /\3/263/ 2 in (1.15) vanishes.
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Chapter 8

Effect of Boundary
Conditions on
Semi-momentless Modes

In this chapter we will study the same problems as in Chapter 7 but we will
present the solutions in another analytical form. Here we will seek the unknown
functions as an integer power series of the small parameter ¢.

Various boundary conditions in addition to simply supported are studied
and the problem of the separation of the boundary conditions (i.e. of extracting
two linear combinations of four boundary conditions), which must be satisfied
under the development of the main stress state is solved.

The dependence of the critical load on the boundary conditions is also
examined.

8.1 Construction Algorithm for Semi-Moment-
less Solutions

Consider system (7.1.2)

A (dAw)+ Ae?Ayw — AP =0,

(8.1.1)
A (g7IA®) + Ayw =0

under the same assumptions as in Section 7.1.
In Section 7.2 the solution of this system in the form of a power series
(7.2.3) of €1/2 was developed. Here we will construct the solution in the form

151
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of a formal asymptotic integer powers series of ¢.

. A4 (o0}
i

w(s,p,€) = woexp{g/q (¥) d<p}, w® = Zenwg(s,go),
J = (8.1.2)

A=Xdo+ed+ed+ -

The function @ is represented in the same form. As in the previous Sections
we seek the solution which exponentially decreases away from the weakest
generatrix ¢ = g that is provided by fulfilment of the conditions

d
g (po) =0, Sa>0, a=-4 (8.1.3)
dipo
(compare with the conditions in (7.2.3)).

The substitution of solutions (2) into equation (1) leads to a sequence of
equations for the unknown functions ¢ (¢), wn (s, ¢) and @, (s, ) and the values
of An. For simply supported edges (see conditions (7.1.4) and (7.1.5)) in the
zeroth approximation we come to the boundary value problem

8%® 44 2 4

k2= — L wg + AoN wo = 0, pOw0 | 0

Js s Os? g (8.1.4)
g°ts o

N:T; wo=®Po=0 at s=s1(p), s=s2(p),

which after the elimination of &, is comparable to problem (7.2.9). In the
solution of problem (7.2.9) we assumed that ¢ and ¢ are the independent
parameters and then the eigenvalue A\¢ = f (¢, ) was found as a function of
these parameters. Then, due to (7.2.10) we searched for the minimum value
of Ag by ¢q and ¢ and the corresponding values of A}, go and pq.

Here we assume that the value of ) is fixed and is equal to A}, the angle
¢ is the variable parameter and the function ¢ = ¢ () is unknown. Then the
equality

A =1(q(9)9) (8.1.5)

may be considered as an equation for evaluating q (¢). If relations (7.2.11) and
(7.2.12) are fulfilled then equation (5) has a unique solution in the neighbour-
hood of ¢ = ¢, satisfying conditions (3).

It follows from the expansion of f (¢, ) in formula (5) in a power series in
g — go and ¢ — g that

Aga(q — 90)% + 2Xq0 (g — 90) (o — P0) + App (P — w0)* +---=0.  (8.1.6)

To find a we get the same quadratic equation ¢ = 0 (see (7.2.22)).
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By substituting solution (2) into equation (1) in the first approximation we
obtain

k 3;;(;1 - f—;,dwl + AoN wi + A N wo+
Tt (4@%% +2 5% (¢%d) wo) _
_ i (2 tzg—lg’ + -(% (gt2) wo) - (8.1.7)
—iXog (2t3%+%t§wo> = 0,
Ha e s (P S (5)e) - o

and w1 = ®; =0 at s = sg(p), k =1,2.

Let wo(s, ¢), Po(s, p) be a non-zero solution of problem (4). Then V () wo,
V () ®o is also its solution. This allows us to replace in formula (7) wg and &,
by Vwy and V®q respectively. Problem (7) is a non-homogeneous boundary
value problem ”on spectrum”. To obtain the compatibility condition for this
problem we multiply the first equation (7) by @y, the second equation by ®,,
add them and then integrate with respect to s.

We then obtain the equation for the function V ()

O dV i d ()
e — | = A =
] 97 dp T 2 dp ( 34 Z) V4+aV =0, (
52 8.1.8)
z = | woN wqds, d = 9 dg 9

Ao~ 9p dp 9q

S1

Due to (7.2.11) we obtain dAo/8g = 0 at ¢ = ¢ and that is why the
solution of equation (8) in the form

V((,O):((P-(Po)n[UO‘{‘vl((P_(PO)+”‘]’ n:O,l,... (819)
exists for
. 1
AL = —1 (a Agq + ’\qw) (n + 5) (8.1.10)

This result coincides with (7.2.23). In particular, for n = 0 we obtain formula
(7.4.5)

1/2
M=o (agrop = 2%,) (8.1.11)

DO | =
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We will not consider higher order approximations because these formulae are
very complicated and also because system (1) is not sufficiently accurate since
it does not contain some terms which effect the second approximation.

8.2 Semi-Momentless Solutions

In Section 8.1 we developed only the functions w and ® and studied simply
supported boundary conditions. In order to examine other types of boundary
conditions it is necessary to have expressions for the other functions which
describe the stress-strain state of the shell.

In this Section we will find the displacements (u; = u, uy = v}, the normal
rotation angles (7;), the tangential stress-resultants (T;, S), the stress-couples
(M;, H) and the shear stress-resultants (Q;).

Let us introduce the dimensionless values (marked with prime symbols)
with the relations

1 1
(ui, w') = E(ui’w)) (T,5',Q4) = E, Eoho (T:,5,Qi), (8.2.1)
(M, H') = 2 (M, H)

07to

Later, we will omit the prime symbols for simplicity.
Any of mentioned functions we denote by = and seek them in the form
similar to (1.2),

e
z{s,p,€) :xoexp{é/q d<p} £ = e® ’)Ze (s, ), (8.2.2)
Yo

where the o is the index of intensity depending on the choice of the function
z and ap(w) = ao(®) = 0. As a rule, we will find two first terms of series (2).

The second equation in (1.1) gives the relation between the functions ®°
and w®

o0 — _s%kg O®uw®  diegs® O k62w° a
- ¢t Os? B’ Oy Js?
. 0 (g 8%w®
— 3 — — —
2ies 3 (q5) k 57 (8.2.3)

Due to formulae (1.5.6) we get

1 8% 1 09® o (100 8
— R —_— - gt —_— = & Sl .
T =¢ (32 3go2+sas)’ S= —¢ ( <p)’ T, =¢ " (8.2.4)
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and after the substitution of (2) and (3) we obtain

2 . 3

24 o | 1€

g4 l32<1>0

52 9p?
3

—jaged =—{ —

e 83(3
40200
0s? -’

y
1

s

SO

T;

)i

¢
08" g0
dp

).

(o

oo
Os

)+
).

8.2.5
1 09° ( )

s Op

To evaluate the displacements we use formulae

1

8

Qz—kw+u)

(690
)

1 0u
and according to formula (2) we find

()

€2

0

° s

v
S

U)O

_ e*s’k 0

19
gs 9y

(

)+

_2(1+v)s @
g Js

(

q)D

s

190
g Op

d rk
(Gas (5

g

+i53<

kw®

qZ

)_

)t 2

1

- Tz—l/Tl ,

9( ) (8.2.6)

2(1+v)
g

S

)+

ks®> 0
gt Os

’U)O

(5 (9)-

S

(8.2.7)

o

w vq®°

gs

)
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Then, by using formulae

_ _Ouw _ 1 dw
"= 83’ Y2 = 8630’
0w 1w
H = 952’ H2 = 3_23_802’
d (10w
T - ’
s \ s Oy
M1 = ESI/d%l, Mz = 88d}f2,
H = (1 -v)dr
10 M2 1 0H
e = —— (s My) 4+ 22— 2 25 L Xt + tama) €5,
A s Bs (s M1) + 5 8go+ (tiy1 + t372) €8
190
Q2 = — - <p2+)‘(t371 +t272) €°,
we find
ow® 1q 1 ou®
o _ _ 0 — 1,0 _ -
no= ds '’ 72 s s do’
67,2 . 7 0
o _ 0 o _ e’dq ie'd Ow 0
M) = vM), M; = - = w® + o (2q 90 +q'w))
0 ruw® d /1 6uw°
0 _ i T(1_ O (w _ g (10w
HY = ie'(1 ./)dqas( ) +e2 u)das(s 6@)

0 = oS (_ds_";%i a ("iw")w—;)d.gg(T))Jr

+A¢eb (t171 + ts’rz),

o _ ictdg’ wd 30w’ 0 () 3\ o
QB = —5 +—(3d 5t 3 (dg®)u® ) .

(8.2.8)

(8.2.9)

The expressions for the generalized displacements 4, , v, w and v, and for
the corresponding generalized stresses Tp,, Si, @m and My, at edge s = so(yp)
which does not coincide with the line of curvature we find according to formulae
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(1.2.11)

wd, = ucosy+vsiny, vy = —udsiny +1%cosx,
72 = 4 cosx+vIsiny, 9 = —4¥sinx + 99 cos x,
TO = TPcos?x + 25%sin x cos x + T9 sin? ¥,
S0 = (T9 — T?) sin x cos x + S° cos 2,

1/4 O0H?
e = (@0 2(2 a0+ ) Y cosxt

s\e¢ Oy

o OHpme\ . 6 0 0

+(Q2— s )smx+/\6 (tm'ym-f-tf'yt), (8.2.10)

HY, = (M3 - M{)sinycosx+ Hcos2y,

dw® 1 8 svdu®
0 6,2

= £ —_ - ,

@ q( 53 +sas( s ))
tm = t1cos?y+ 2tssinycosx + tasin? x,
tr = (t2—t1)sinxcosx + t3cos 2y,
M2 = MY cos? x4+ 2H sin x cos x + MY sin? x.

Here, m and ¢ are the geodesic normal and the tangent to curve s = so{¢),
the angle x is shown in Figure 8.1. The values of Q0 and Q2,, are given for
the case when the edge load maintains its original direction.

?
Figure 8.1: The parallel coordinates near a slanted edge.

One must substitute the linear combinations of these solutions and the
edge effect solutions into the boundary conditions. The edge effect solutions
are developed in the next section.
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8.3 Edge Effect Solutions

Consider a conic shell where the edge does not coincide with the line of
curvature and is given by the equation s = s¢(¢) in the coordinate system s,
@ introduced in Section 7.1.

In the neighbourhood of an edge we introduce the orthogonal system of
parallel coordinates s, ¢; {[24]), where the curve s, = 0 coincides with the
shell edge, the lines ¢, = const are the geodesic normals to the edge, ¢; is the
value of ¢ at the edge and R sy, is the distance between the point and the edge

as measured along the geodesic normal {see Figure 8.1). Let x| < %, 1.e. the

generatrices are nowhere tangent to the edge.
The coordinates s, ¢ and the coordinates s,,, ¢; are related by formulae

s = s (Sm,Cpt) = (5(2) + 2 805m cos X + Srzn)l/z =

2
= 59 + S cOS Y + ;—m- sin?xy 4+ O (s3)),
50

. S SIN
¢ = @ (smpe) = s + arcein (—"‘——X) - (8.3.1)
Sm . s2, . 3
=+ — sinxy — =3 sinxcosx + O (s,,),
8o SO
50
o = solpe),  x = x(pe)  tamx = - o

where the derivative with respect to ¢, is marked by a prime symbol.
The first surface quadratic form is

do? = R? (ds,zn + BZ(sm, ¢t) d(,otz) , By = Bio (1 4+ 365m) + O (s3),

1/2 (8.3.2)
Bio = (38 + 562) == s = B® (33 +2s° — 5086/) )
cos x
where R™!s is the geodesic curvature of an edge.
For a cylindrical shell, formulae (1) and (2) take the form
§ = 89 + S, COS X, ¢ = @t + sSmsiny, tany = —56,
1/2 1 (8.3.3)

By = (1 + s{]z) = , 2, = — sicos3y,
cos x
and the rest of formulae (2) are the same.
The edge effect solutions in the case when the curvilinear coordinates do

not coincide with the lines of curvature are constructed in [24, 52].
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Let y be one of the functions describing the stress-strain state of a shell.
We seek these solutions as the formal series

i ¥
1
Y (5m, pr,€) = yee™ “”)eXP{;/quO},
(8.3.4)

o0
e =W eyl (m,0p), m= Imop=e?,
n=0 H

where yf are polynomials in m.

The variability of solutions (4) with respect to s,, is greater than with
respect to ¢, (the indices of variation are equal to 1/2 and 1/4 respectively).
The functions w§ and w$ do not depend on m and they are arbitrary functions
in ;. The functions wg, (n > 2) are polynomials in m and they contain
arbitrary terms depending on ;. The number a.(y) describes the edge effect
intensity for function y.

The operators included in equations (1.1) in the coordinate system sm, ¢;
have the form

s = L0 (g 2e), L0 (1w P
bt - Bt 8sm ¢ 3sm Bt 8% Bt 630t - 8s$n’

Ay - L0 (&3w>+ 9 (1 aw)+
k - Bt 85m Rt 6sm Rmt 3g0t

8.3.5
+ 0 o 1 6w) _8__ ( >] 5 ( )
Oy Rmt Osm, dpr B: 9
1 0 Rz ) )2
~— | + a7 W,
R, aSm 6
where
2 i in?
1 _ kcos X 1 :_kSIIlXCOSX, L _ksinTx (8.3.6)
R 50 Rme So Ron 50

The approximate expressions (5) are given with an error of order £2. All
of the solutions found later in this section will be determined with the same

accuracy.
After the substitution of (4) into {1.1) we get the equation for r
4 2 4 . !
4 4 2 _ 4 _ gkfcos®x _igsp 8.3.7
r+r0<1+r) =0, ro_——dsg , b_————SOBtO, (8.3.7)

from which we get r

r=rj=refj+eb+0(?), BFi+1=0, =1234 (838
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and the relations

d)i/? k cos? 1 2%
o W 4 COSX< €>we’

2 3
ioT;

w
ﬂf S0

w® = w§ +ewi, D¢ = BE 4P

(8.3.9)

We find the tangential stress-resultants T, and S¢ by formulae (see (1.5.6))

Io—e[L 0 (1 0e) 1 0B 0
" Bt (9<pt Bt 6()0t Bt Bsm (9sm ’

0 1 0%
—_ _ 4 " =
St - ¢ 6Sm (Bt 6<pt>’

from which we obtain

2 ; =3 e
q 1€ 0P 0 q
T,fl:ez(r%——)¢e+—<2 -——+8B —(_>¢e)’
‘T By B, \"' 9g: T 780 \ Buo

(8.3.10)

. iqr , T 00°
Sf= —e—P% —g?— .
’ B By 3<Pt
(8.3.11)
To develop the displacements u,,, v¢ we use the relations
(1 - Vz) Tm _ _ 6Um w
g = Etm+trve = 95 Rm+
1 6vt 1 6Bt w
L, —— ] ~0, 8.3.12
tv (Bt 6% + Bt 8sm tm Rt) ( )
2(14+2v) S, 1 Oum o (vt) 2w
ol Sl Y - B _t
9 mt By O¢y + 5 Osm \ B; Rt
and finally we obtain
w = e k (sin2 X + v cos? x) W — &3 2ikvg s;nzxcoszx 3
7 Sg rZss
v = g2 ZRSIMXCOSX . (8.3.13)
T S
oo (AN dak(Enixdvcoty) )
g Bro rZs0Bto

The expressions for the values of v,,, My, and Qn«, which may be contained
in some boundary conditions are the following

v, = e lrwe, Mg = etdriue,
0 _ q 1 8Hp: o B 2 e (8.3.14)
mx — m m*x - .

—Ft 3%’
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We note that in the case when tan x = sj = 0 (i.e. the edge coincides with
the line of curvature or is tangent to it) the order of the value v; decreases.

8.4 Separation of Boundary Conditions

In this Section we will discuss the problem of the determination of the two
main boundary conditions from four boundary conditions (1.2.16)

Up = 0 or T, = 0
vy, = 0 or S = 0,
i ‘ (8.4.1)
w 0 or Qm* = 0)
Ym = 0 or M, = 0 at s = sp,

which must be satisfied in developing the semi-momentless solutions. Here,
we will consider only the simple case when the generalized displacement or
generalized force corresponding to it is equal to zero at the edge. In the other
words, it is assumed that the boundary stiffness in each direction coinciding
with the axes of the trihedron (m, £, n), is equal either to infinity or to zero.

Note that elastic support of the type u,, + 87T, = 0 is not considered.

In Table 8.1 the intensity indices of the semi-momentless solutions ag which
are found in Section 8.2 and of the edge effect solutions a. (see Section 8.3)
are given for the functions included in conditions (1).

We make a difference between the case of siny = 0 and siny # 0. The
first case takes place if a shell edge coincides with the line of curvature. In
particular, if a shell of revolution is limited by a parallel. We have the same
case when sin xy = 0 only at the point of the intersection of the edge and the
weakest parallel ¢ = .

The determination of the main boundary conditions for shells of revolution
is discussed in [57]. For the case of a free edge, the main boundary conditions
are found in [24, 25, 123].

The relative intensity of semi-momentless solutions (compared with edge
effect solutions) is characterized by the value of Aa = ap — a, (see Table 8.1).
For the main boundary conditions, the value of Aa must be strictly less than
for the additional boundary conditions. For that to be true the following
condition, A, must be fulfilled (see [57]):

in the zeroth approrimation both the semi-momentless solutions included
wn the main boundary conditions and the edge effect solutions included in the
additional boundary conditions must be independent.

In order to satisfy this condition, as a rule, it is necessary to use linear
combinations of boundary conditions. Let #; = z5 = 0 be the independent
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Table 8.1: The intensity indices
I II 111 v 1% VI
z ay ) +ex? Qe z§ + ez Ao
sp = 0, siny =0
8 [
U 2 — | = —1,,e
Os ( s ) 2 row 0
v 1 w? 3 rw® -2
w 0 w® 0 w 0
Sw®
Y1 0 —_ -2 rw® 2
Os
| 2 P° 2 | (ri )t 0
0
S 3 2 <3_) 1 ,,.—lwe 9
Os \ s
0
Q1+ 6 w® + alﬁw— 2 r3we 4
Js
M1 6 wo 4 ,,.Zwe 9
sp # 0, siny Z0
0 ow’ -1 -2
Um 1 w +5(12“a—s 2 (7‘ + € bor )we -1
ve | 1 0 2 | (rltebgr?)w | —1
w 0 0 0 we 0
ow®
Ym -1 w°+5a3-—w— -2 rwt 1
Os
Tm 2 ®° 2 (r’l +€ b4r"2) w® 0
0 o2’ ~1 -2
S, 2 ® +5a4¥ 1| (ritebsr?)ws | 1
0 Ow® 3
Qm* 5 w' + 6(15—6— 2 rew® 3
s
0 Ow’ 2
M,, 6 w” +eag B 4 rew® 2
u 2 E— _ui ea ﬁ — 2 (r’1+€b 1'_2)wE 0
Os \ s ™ " Bs? 6
0 ow’ ~1 —2) e
v 1 w’ +eag—— 2 | (rl4ebrr 2w | 1
o [\
S. 3 s (;—) 1 (r”l + € bgT'_Z) we 2
Remark. If t3 # 0 for (1. we assume that
ag = 5, Ao =3.




8.4. Separation of Boundary Conditions 163

linear combinations forming the main boundary conditions and z3 = 24 = 0
provide the additional boundary conditions. We consider the value of

6 = min{Aagz, Aas} — max{Aay, Aas}, Aa; = Aa(zs). (8.4.2)

We conclude that the problem of separation of the boundary conditions is
solved if § > 2.

In order determine whether or not the solutions are linearly dependent in
Table 8.1, we represent the functions which, with an error of order €2, are
proportional to the semi-momentless solutions and to the edge effect solutions
respectively. The coefficients of proportionality and the coefficients a; and b;
may be found from the formulae given in Sections 8.2 and 8.3.

In calculating the entries of column 717 for the semi-momentless solutions,
the terms containing derivatives of unknown functions with respect to ¢ have
been eliminated. For example, consider the value of v° at s # 0. Retaining
the first two terms in relation (2.7) we obtain

0
W0 = Clwo + Cz?(%, C; = C,'(()O,E), Cy=0 (6 Cl), (843)
If the boundary condition v® = 0 is introduced at edge s = s° then
w(so(p),p) = O(e). Differentiating this relation with respect to ¢ we
obtain
ow® , du®
- = 4.4
630 +SO Os O(E)a (84 )
and then
0 0 , Ow’ 2 0
v = Ciw’ — CQSO E&‘— + 0 (6 Chw ) . (845)

It follows from Table 8.1 that the semi-momentless solutions v, v;, w and
M, are proportional to each other with an error of order €2 and solutions u,,,
Vi, W, Ym, @ms+ and M,, are proportional to each other with an error of order
€. The edge effect solutions are proportional if they contain the multiplier »
(see Column V) in equal powers or in powers which differ by four.

Below, the determination of the main boundary conditions is made for all
16 variations of boundary conditions that follow from (1), though not all of
these variants are equally interesting for the practical problems.

First, let us study a simple case when the edge tangent at the weakest point
is orthogonal to the generatrix (s; = 0). In this case due to (3.7) and (3.8),
b4: 0 and the values r in (3.4) are proportional to the roots of equation (3.8)
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Assuming at the beginning that the edge under consideration s = sg(y) is
s = s3(¢) (s2 > s1). Then we can write

1 i
131,2 = ﬁ + ﬁ (8.4.6)

The edge effect integrals which decreases away from the edge s = s, correspond
to these roots.

Let us examine the case of excluding the edge effect solutions from the main
boundary condition

20 + 2 (01r§’+02r§) =0, rj=rf;, j=1,2 (8.4.7)
by the use of two additional boundary conditions
al + af (C17 + Cory?) = 0, i=1,2. (8.4.8)

Here, two cases are possible. In the first § is equal to one of the values a; or
differs from it by 4. For example, let 8 = «;. Then the linear combination

e 0
r-ay

20— =0 (8.4.9)
ay

does not contain any edge effect solutions.
In the second case f # a1, as and excluding the edge effect solutions we
obtain the formula

2=z Y (=1)™sgn (B — B;) 2" Z—o rlme (8.4.10)
o '
where
B—a;=4n;+af, oj — a; = dnyi + aji,
(8.4.11)
6= gla? =2 (-1, {afay}={1,2,3},

and n; and nj; are integers.
For example, at 8 = —1, a3 = 0, az = 1 formula (10) has the form

0 0
20 =g (ﬁ a_1 “—2> . (8.4.12)
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Naturally, by means of this method we exclude only the main terms of
the edge effect solutions. If we wish to exclude the higher order terms it is
necessary to repeat the procedure.

We also neglect the mutual effect of the edge effect solutions at edges s; and
so. That is why below we will only discuss the conditions at one of the edges
without dependence on the boundary conditions at the other edge. Below it is
assumed by default that sg = s > s;.

Remark 8.1. If we consider edge s = s1 < sz then in (10) we must
change the value o by —rq. If sh # 0 then in (3.7) b # 0 and formula (10)
must be corrected. In the case when sg = sg, the value of ro must be changed
by ro+¢b+/2 and in the case when sy = sy it must be changed by —ro+¢b V2.

The 16 boundary condition variants considered here may be split into four
groups depending on which boundary conditions are to be satisfied in the
integration of system (1.4)

1) the clamped support group consists of 6 variants (1111, 1110, 1101,
1100, 1011, 1010) and in the zeroth approximation leads to the conditions

Bwo
O0s

2) the simple support group also consists of 6 variants (0111, 0110, 0101,
0100, 0011, 0010)

wy = =0; (8.4.13)

Wo = (I)o = 0; (8414)

3) the weak support group contains 2 variants (1001, 1000)

6 Wo _ 6 (I>0 .
o (?) = <T) =0; (8.4.15)

4) and the free edge group also contains 2 variants (0001, 0000)

0%
¢y = —
0 Js

We can write (1.2) for the loading parameter

=0. (8.4.16)

A=Xo+ed +eho+ -

The groups differ from each other by the main terms Ag. But it occurs that
within one group the values of Ay and A; coincide and in all cases the value of
A1 is determined by (1.11).

The difference between the boundary conditions within one group are re-
vealed in the terms €2),. Below, for the clamped support and simple support
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groups, we can write the main boundary conditions more accurately by keeping
the terms of order €? which allow us to evaluate the value of As. For the weak
support and free edge support groups this cannot be done since the accuracy
of the edge effect solutions developed in Section 8.3 is not sufficient. Also, such
boundary conditions are quite rare in real buckling problems.

It should also be noted that in most cases we specify the group by the
tangential boundary conditions. The variants 1011, 1010, 0011 and 0010, in
which the tangential condition S = 0 is the additional boundary condition are
clearly exceptions.

We will now study the clamped support group in detail. For variants 1111,
1110, 1101 and 1100 the main boundary conditions are the tangential condi-
tions

u’ =% =0, (8.4.17)

which in the zeroth approximation by virtue of (2.7) lead to conditions (13).
According to (2.7) we get
o’
w® = 0 (¢2), 6—“; =0(e?) at s=so. (8.4.18)

From this point onward we will normalize the solutions assuming that away
from the edges the deflection w® is of order unity.

We begin with the case of clamped support 1111 (in other words u = v =
w =1 = 0). According to estimate (18), the edge effect intensity is €2 times
less than what is shown in Table 8.1 and

Aa(u)=0, Aa(v)=-2, Aa(w)=2, Aa(n)=4, (8.4.19)

i.e. due to (2) § = 2 for conditions (17). In order to make conditions (17)
more accurate we eliminate the edge effect in condition u = 0 by means of the
relations
k
ub + €2 ik (r;lcl + 7"2_102) =0,

50 (8.4.20)

U)O+Cl+02:0, r1C1+r2Cy = 0.

According to formula (12) we can more precisely determine the main boundary
conditions which take into account terms of order &2

kv2

SoTo

u® — g2

w’=0, =0 (8.4.21)

It follows from Table 8.1 that the edge effect intensity of function v is two
orders of magnitude smaller (with respect to ¢) than the intensity of function
u and the condition v® = 0 does not change.
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For the variant 1110 (ie. ¥ = v = w = M; = 0) similar calculations give

W — g2 kv
807“0\/5

For the remaining two variants, 1101 and 1100, (ie. v = v = Q1. = 0,
1 = 0 or M; = 0), conditions (17) may be used with an error of order &°.
To estimate the error, we take into account the previously noted decay of the
intensity of the edge effect by virtue of (18) and note that the edge effect
solutions for the functions u and }1. are proportional to each other. The
parameters A differ in cases 1101 and 1100 by the same order of ¢®

In cases 1011 and 1010 {ie. u = S1 = w = 41 = 0 or My = 0) the conditions

w? =0, u’ =0. (8.4.22)

u’ =w’ =0, (8.4.23)

are main ones and § = 2 due to (2) and Table 8.1.
In case 1011, conditions (23) after being made more precise are the following

;2
iVvsy o 0 isgr
wW4+e—8"=0, o +-—=—"—
99 V2egqk
and 1n case 1010, the second term in the left hand side of the second condition
(24) increases by a factor of two.
Now let us study the simple support group and write the modified main
boundary conditions for all 6 variants

k 2
T{’—e—:zg2 (q — 2%¢30)w0—

S° =0, (8.4.24)

801“0 SgTo
4 gk B \/_q ow® _ o _ _
€ _sgrg <%t3(] P > e 0, »"=0 (0111);
TP +62 22 0 = g, =0 (0110); (8.4.25)

R S 0 _ .
575 s 0, v 0 (0101);
T =0, w0 =0 (0100);

kq®> ou° 150 q°
T4t d —5—(%— S0 =0,
sorox/— s q ' s%rgﬁ

1 ouw® isirg
w® — 4+ —2 50 = 0011);
rm/— ETTON (0011)
7O _ g L50% g0 _ o 0 4 L80T0V2 '30”’*/— =0  (0010).

q cgqk
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It follows from these formulae that for the four first variants, the tangential
boundary conditions are the main ones and for the remaining two variants
that the non-tangential condition, w® = 0, becomes the most important. The
correction terms in conditions (25) are of order €2 compared to the main ones.
Conditions 7Y = v° = 0 in case 0100 provide an error of order £*.

Now we will briefly discuss the problem of separation of the boundary
conditions at a slanting edge (s; # 0). As in the case when s = 0, the
boundary conditions split into four groups

1) the clamped support group (1111, 1110, 1101, 1100),

2) the special group (1011, 1010),

3) the simple support group (0111, 0110, 0101, 0100, 0011, 0010, 1001,1000),

4) the free edge group (0001, 0000).

In the zeroth approximation for the clamped support group, the simple
support group and the free edge group, the main boundary conditions (13),
(14) and (16) are the same as in the case when sj = 0, but the redistribu-
tion of the boundary conditions between the groups must be noted. Variants
1011 and 1010, which previously belonged to the clamped support group, now
form a special group for which the main boundary conditions in the zeroth
approximation have the form

0
w® = ?BwT —a; ®° =0. (8.4.26)

The variants 1001 and 1000 which earlier formed the weak support group
are now contained in the simple support group. Here we keep only the correc-
tion terms in the main boundary conditions that are of order € compared to
the main terms, unlike the case s = 0 when we keep the corrections terms up
to order 2.

Let us first study the clamped support group. It follows from Table 8.1
at sy # 0 that the main terms of solutions u?, and v{ are linearly dependent.
That is why we introduced their linear combinations u° and v° (see Table 8.1)
for which we can find the edge effect solutions by means of formulae

u® = u, cosxy —vfsiny, v®=u siny+v;cosy. (8.4.27)
In all of the variants the conditions u° = v® = 0 dominate and according to
(2.7) they give with an error of order &2

o 0w’ 2iesh 8w
w’ = -
Js g 0s?

=0. (8.4.28)

In order to derive the main boundary conditions (26) for the special group
it is necessary to exclude the edge effect solutions. This may be done by means
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of formula {10). As a result we can write for variant 1011

eiv2kgq cos3xw0

ul =59 — ! =0 (1011) (8.4.29)

T0Sy

from which we get conditions (26) with
g’rosin” x (8.4.30)

= V2kgsocosx
In a similar way we obtain a; = 2a; in formula {26) for variant 1010. Here we
are neglecting terms of order ¢.

For the simple support group we find that, with an error of order €2, for
variants 0111, 0110, 0101, 0100, 0011, and 0010, the conditions T2, = vf = 0
(or w® = 0) are dominant and that leads to conditions (14). For variants 1001
and 1000 the main conditions are u2, = S? = 0 which due to (2.10), (2.7) and
(2.5) take on the form

0 1€ So BIUO 1€ So 8<D° _

w4 — Ml | pp— — = 0. (8.4.31)
gsinycosy 0Js gsinycosyx Os

Finally we study the free edge conditions 0000 (i.e. T2 = SY = Q2. =
M2, = 0). According to formulae (2.5) and (2.10) solutions 7%, and S7 are
linearly dependent (the main terms) and that is why instead of S; we use the

linear combination
S? = S%cosx + Ty sinx. (8.4.32)

According to Table 8.1, the difference between the orders of the semi-
momentless solutions and the orders of the edge effect solution are equal to
each other

Aa(Tn)=0, Aa(S.)=2, Aa(@Qmn*)=3, Aa(Mn)=2 (8.4.33)

from which it follows that the condition T}, = 0 is the dominant one.

To derive the second main condition we eliminate from function S, the
edge effect solutions (in the zeroth and first approximations) by using the rest
of the boundary conditions. As a result we obtain the linear combination

. 9 .
'q o g smxy . g
ST+ — M} =0, 8.4.34
* + 5k Mk + Ezk SO m ( )
for which Aa = 0. After the transformations, the main boundary conditions,
with an error of order €2, take on the form
o0 — 09°  2iedg’s) W ieqXo s — tysh) Ow’
ds ks3 k so ) Os
We note that, under the construction of conditions (34) it is necessary to use
the refined edge effect solutions (see Remark 8.1).

=0.  (8.4.35)
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8.5 The Effect of Boundary Conditions on the
Critical Load

In Section 8.4 some variants of the main boundary conditions are intro-
duced. We can write them in the general form

G +ell+---=0 at s=s(p), (8.5.1)
where
j j j ; 0w’ ; ;090
e = G (w®, 0% = A}, w° + B, _3%‘ +Ci % + D}y 55 b k=12,
(8.5.2)

and the coefficients AJ,, B, ... may depend on ¢ and gq.

Following the transformations of Section 8.1 we find that the boundary
value problem in the zeroth approximation consists of equations (1.4) and the
boundary conditions

Li(wo, ®0) =0 at s = sk(p). (8.5.3)

Conditions (3) may be of one of the types (4.13)—(4.16) and (4.25) and in all the
cases the boundary value problem in the zeroth approximation is self-adjoint.

In the first approximation we come to the boundary value problem consist-
ing of equations (1.7) and the boundary conditions

l'(i]k (wl, @1) + l}k(wo, ‘I>0) =0 at s= Sk(@). (854)
As in Section 8.1 we introduce the function V(p) and write the compati-
bility condition for the first approximation
ia,\o v i d ; 0o
Oq dp 2z dy O0q
The value of dXg/8¢ = 0 at ¢ = pp. The solution of this equation of type
{(1.9) which is regular at ¢ = g exists if

) V(A —nV=0. (8.5.5)

1/2
A =04 (1/24 1) Agghpp — )\gw) 2 (8.5.6)

Here, the value of n depends on the type of boundary conditions in the zeroth
approximation. For boundary conditions (4.13)-(4.16) it is equal to

1 (2s'q% (|®ol? . 12%:4
g = __{ Sgl(l Ol —d|w0|2)+1q/\0|w0|2 (2__t3)+
z ] s g s
o®, _ Owg owy = 3&)0 32
k| —w— 01—+ — Qo — w1 -—
+ ( 95 0 ' 8s t as 0 "' 5s o

(8.5.7)
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In this Section we will not study boundary conditions (4.25). From the physical
sense of the problem 7 is real. Direct calculations show that in all of the cases
considered above (except for the special group 1011 and 1010 at s’ # 0 which
have not been considered) we get

n=0, (8.5.8)
i.e. the critical load parameter may be found by the formula

A=Xoted+0(), A=z (ggdpe — AL) 2 (8.5.9)

DO =

If we take the boundary conditions contained in one group both for s’ = 0 and
for s’ # 0 and evaluate A, then the differences in the results is of order £2.

The complete development of the term €2\, in the expansion for A in € is a
complex problem the solution of which one must start by using a more precise
initial system than system (1.1). We will not solve this problem here and
the discussion will be limited to the development of the €2)} portion of this
term which inside one group of boundary conditions depends on the particular
choice of boundary conditions. Here we will assume that s’ = 0, i.e. the edge
is straight.

We can write the regularity condition for the second approximation (which
is similar to conditions (6) and (7)) and keep only the terms which depend on
the boundary conditions. Then we get

Xy, = e*(n2—m),
e = K (0 g dwe Busg 0% (8510
P = 2\ 0s 2 55 ds ° 2755 ’

8831

where 75 and 7;, which are independent of each other, take into account the
boundary condition effect at s = s, and at s = sy. The formulae for 7, are
given below.

Remark 8.2. For specific boundary condition we represent the loading
parameter in the form

A=Xo+ e +e2(N, +AY) + O(3),

where the term Af is determined above and the term Ay depending on the error
of system (1.1) is unknown. Since the terms Ag, A1, and A§ are the same for the
boundary conditions from one group the differences Ay; — A3; may be used to
analyze the effect of the boundary conditions within one group. Here indexes ¢
and j are the numbers of boundary conditions within the group. As it follows
from relation (10) effects A5; are to be summarized for the both edges.
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If we do not know AY then the term ), may be omitted in the expression
for A. For a cylindrical shell the value A} is found in [42). Numerical results
for the various shell parameters and for various boundary conditions (identical
for the both edges) are ptrsented in [22]

Consider the clamped support group (4.13). The modified main boundary
conditions for all 6 variants contained in the group have the form of (4.17),
(4.21), (4.22), (4.24) or generally

uw®  w®

w? 26201, = ——+6202,
S

5 (8.5.11)

where C; and (3 linearly depend on &y, ?%. According to formulae (10) we
s

find that
k(- 8 (P
2 = —'; (CQ(I)O - Cl Sas' (T)) .

By means of formulae {2.7) and (2.5) we can obtain the expressions for C;
and C, for all 6 variants

(8.5.12)

Ci = ay, Cy;=az+ag (1111)
1
C1 = a;, sza2+§a3 (1110)
Ch = as, Cy = as (1101, 1100); (8.5.13)
Ci = ag, Co=as+ as (1011)
Ci = 2aq, Cy =as+ ag (101 )
where
2 2 4
o = -2 g, as———‘/%—ﬁq’o,
gsk gs°kro (8.5.14)

0 (W) w9 (s

= gkV20s\ s )’ ST T gk 8s \ s )

In order to simplify (12) and (13) we use Remark 8.2 and change (13) by

C1 =0, Cy=as (1111);
C, =0, Cy = laa (1110);
C =0, Cy=0 (1101, 1100); (8.5.15)
Ci=a4—ay, Cy =as (1011);
C1 = 2a4 — aq, Cy=asy (1010),
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which leads to the following expressions for 7,

2

(1) ) (1111);
2 gs3roz I 0| )i

2 =1/2n{" (1110); =0 (1101, 1100);

2 2
(4) _ vq = (9<I>o 6¢0 3 To 11):
712 - gz (<I>0 as (I)O 83 ng l@s | (10 )’

5) _va° (g 0% 8% _37'0\/_ ( ) 2 )
2= gz ((PO ds + %055 ds i(?s ‘ (1010).
(8.5.16)

Here rg and z are evaluated by (3.7) and (1.8). By calculating 7; (for edge
s = s1), the value of ro must be changed by —ro.

It is simple to verify that the larger value of 7, corresponds to the more
stiff support namely

D S I S S D T Y 2 (8.5.17)

We will now study the simple support group. By differentiating the equality
w(s(p), ) = 0at s’ =0 twice with respect to ¢ we obtain

»?w , 0w
— = -5 — 8.5.18
992 " 55 ( )
and then according to (2.7), condition v® = 0 takes on the form
2 8,0
w = g2 2257 OV (8.5.19)

> 0s

By using relations (2.5) and (19) we write conditions (4.25) in the form

i) Ow i) 0@° i) Ow® i) 0@°
@0—5 (()¥+ag)w), w0:62(a:(3)6—u;+(1§)-6—s), (8520)

and then due to (10) we obtain

3 = =

G) _ (,) |3w0| N0 0Py O1g N0 8_111(1 8@0 (,) |3<I>o
= Os 0Os 3 "8s ds )

(8.5.21)
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Here the index 7 (i = 1,2,...,6) means the number of the boundary condition
variant (using the same sequence of variants as in (4.25)). For simplicity we
)

use Remark 8.2 and give only the non-zero coefficients a(

2
— 250 + qzﬂ) (0111);
8°7ro

LU 9ks <ro%t s>V2

T g2

al? = gfr:/_ 0110); a® = s:lolf/_ (0101);

o =a® o= = 7‘01/_ %;:2) (8.5.22)
o) = -5 (0011)

o) = al® = —SZ’;t, o) =248 (0010).

As with the clamped support group, the inequalities
ngl) > n§2) > n§4), ngl) > n§3) > ngl), (1) > n( > n&e) (8.5.23)

are fulfilled for arbitrary values of 8—11;0 and (9;{;0

formulae (10), (16) and (21) may be used to study of the effect of boundary
conditions on the critical load. The main disadvantage of this approach is that
the initial stress state is assumed to be membranous up to the edge while,
in reality, the initial stress state is not truly membrane at the edge and the
magnitude of the initial bending stresses (strains) depends on the particular
type of boundary condition. This question will be discussed in more detail in
Chapter 14.

The results obtained in this Chapter are valid if the shell has an initial
tensile strain such that under the external load the stress state becomes truly
membrane.

Remark 8.3. Here we obtain the formula for the critical load in the form
A = Xo+eri+e2Ns+- - -, where the main term, A, is found from the solution of
the boundary value problem in the zeroth approximation. The term eA; takes
into account the localization of the buckling mode at the weakest generatrix.

For boundary conditions which are contained in one group, the first two
terms coincide and the third summand, €2}, takes into account the effect of the
boundary condition within the group and does not depend on the localization
effect. These results may be used also for axisymmetrically loaded cylindrical
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and conic shells of revolution. In these cases A = Ag + €25, the buckling pits
occupy the entire shell surface and the term e2)} (as in the general case) takes
into account the boundary condition effect.

8.6 Boundary Conditions and Buckling of a Cy-
lindrical Shell

As it was noted above in Section 7.4, the formulae for a cylindrical shell
may be obtained from the formulae for a conic shell given above by the formal
substitution of 1 instead of s®. In this case the neutral surface metric is defined
by (7.4.1).

The boundary value problem in the zeroth approximation consists of the
equations

0wy ¢4 92d,
— ¢, = k
Os? + g 0=0, Os

and the boundary conditions at edges s = s;{¢) and s = s3(y) which, accord-

ing to the type of support, may have the form of (4.13)-(4.16) and condition

{4.15) is to be replaced by %ﬂ = 0%
s

In cases when the values of d, g and t5 do not depend on s, problem (1)
may be resolved in the elementary functions. We will consider three variants
of the main boundary conditions at two edges, namely

(1) clamped support—clamped support,

(i) clamped support—simple support,

(iii) simple support—simple support.

In the following formulae the value of « corresponds to the minimum eigen-
values.

(i) If at both edges, clamped support conditions (4.13) are introduced then

_ cosag cosh a( & — \/@ cos af cosh af
T cosa/2 coshaj2’ 0 V3 (cosa/? t Cosh a/2> ’ (8.6.2)
s — 8 1
Y
(ii) If at edge s = sz clamped support conditions (4.13) and at edge s = s;
simple support conditions (4.14) are introduced then

k — ¢*dwo + A ¢*tawe = 0 (8.6.1)

a =473, (=

sina sinh af {dg (sina¢ = sinh of
Wy = — - — , Po=/—= - + — )
sin a sinh o 3 sin « sinh « (8.6.3)

§— St

a=39266, (=
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(iii) If at both edges simple support conditions (4.13) apply then

2d -
wo = v/2 sin aC, <1>0=,/Tgsinac, o=, c:%. (8.6.4)

To simplify the following formulae we will assume that the normalization
in (7.1.3) is such that d = g = k = t3 = 1 at the weakest generatrix ¢ = ¢q.
Then, due to (3.7) 7o = 1.

As in Section 7.4 we find

4o 34y
)\OZW’ g5 = — lp) =52 -1, z =34, (8.6.5)

where z is the same as in (1.8) and (5.10).

We assume that edge s = s, is considered and s5(po) = 0. In order to
evaluate the value of 7, which takes into account the effect of the support
(see (5.10)), we use formulae (5.16), (5.21) and (5.22). We can then write the
values of functions wy and ®; and their derivatives which are contained in
these formulae

] .
@y = 1.155, % = 53& (clamped—clamped),

s

4.

®, = 1.155, ?gﬂ = -? {simple support—clamped),

S
8’!110 5.71 6(13'0 3.12 .
- — = — t
s 7 s ] (clamped—simple support),
Owy 444 0% 2.565 . .
—_—=— , = - (simple support—simple support).
Os l Js l

(8.6.6)

The effect of the support at edge s = s» on the critical load A can be
described by the parameter 7. introduced by

2 g Ins
A~A+e n2:/\0(1+7n*), e = 5~ (8.6.7)
0
The term €, is not included in (7) since it does not depend on the boundary
condition variant within a given group.

If we consider the buckling of an axisymmetrically loaded circular cylin-
drical shell with straight edges and with constant values of E, v and h then
A1 = 0 (see Remark 8.3). Formula (7) takes into account only the effect of the
support on edge s = s5. For edge s = s, a similar term must be introduced.
If edges s = s; and s = s, are supported identically then the effect of the type
of support is doubled.
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Table 8.2: Parameter 5, corresponding to the boundary conditions

clamped—clamped simple support—clamped
I 11 111 v Vv
1111 1.414 12 0.29 1.414 v* 0.29
1110 0.707 v? 0.14 0.707 12 0.14
1101, 1100 0 0 0 0
1011 1.494v — 0.788 | —0.77 | 1.524v — 0.816 | —0.81
1010 1.494v — 1576 | —2.56 | 1.524v — 1.631 | —2.66

Table 8.3: The simply supported edge

clamped—simple support | simple support—simple support

I 17 I v Vv

0111 | 1.295 — 0.354 e, + | 2.27 | 1.223 — 0.419 3¢, + 1.55
+0.070 52 +0.071 52

0110 0.024 52 0.87 0.036 52 1.31
0101 0.647 1.47 0.612 1.39
0100 0 0 0 0
0011 | 1.161 — 0.139 5, 0.88 1.125 — 0.241 3, 0.36
0010 | —0.386 — 0.193 e, | —2.63 | —0.408 — 0.241 5, =3.11

In columns I1 and IV of Tables 8.2 and 8.3, the values of 5. corresponding
to the boundary conditions of column I are given. Table 8.2 is for the clamped
edge, s = s3, and Table 8.3 corresponds to the simply supported edge, s = s5.
Columns IT in both Tables correspond to the clamped edge s = s; and columns
IV are for the simply supported edge, s = s;.

It follows from (7) and Tables 8.2 and 8.3 that the boundary condition
effect within one group is determined by the value of £2l~15, and depends on
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Table 8.4: Main boundary conditions

s§= 51 §= 89 Aol
1 clamped clamped 8.30
2 clamped simple support | 6.89
3 | simple support | simple support | 5.51
4 clamped weak support | 4.15
5 clamped free 3.29
6 | simple support | weak support | 2.75
7 | stmple support free 0
8 weak support weak support 0
9 weak support free 0
10 free free 0

three dimensionless parameters
51—2 = @(12 1=v?))M v s =l = —L‘;//, (8.6.8)

and for the straight edge s, = 0.

As an example, consider the same shell as in Example 7.1. We take R/h =
400, Ly/R =4, # = 45°, and v = 0.3. Then s, = 4, and €271 = 0.0227.

In columns /1T and V of Tables 8.2 and 8.3 the value €21~ 17, for the above
mentioned parameters is given (in percentages).

One can see that, within the clamped support group, the boundary con-
dition effect at edge s = s5 does not exceed 3%, and for the simple support
group it does not exceed 5%. This influence increases (as v/h.) with the shell
thickness.

In general the boundary condition effect within a given group is small. The
effect of the boundary conditions on the parameter A when going from one
boundary condition group to another is stronger. The reader may compare
the results.

Table 8.4 includes all possible combinations of main boundary conditions
in the zeroth approximation and the corresponding values of Ag. For the first
three lines in Table 8.4, the dependence of the parameter A on the full boundary
conditions was discussed above. The method of studying buckling proposed in
Chapters 7 and 8 is not valid for the variants shown in the last four lines in
Table 8.4 since in these cases the buckling mode is not localized. The cases of
shells of revolution are discussed in Chapter 12.
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The boundary condition effect on the critical normal pressure for the buck-
ling of a circular cylindrical shell has been extensively studied in [22, 61, 113,
136, 143, 149] and others. In [143] the numerical results are given as a function
of the parameter z,, = L (Rh)~'/?(1~v?)/* which is related to our parameter
€211 (see (7) and (8)). The effect of the boundary conditions on the shell par-
allel on the upper critical load of the shell reinforced with the ring is examined
in [41, 42).

In [39] buckling of a mitred pipe joint consisting of two connecied circular
cylindrical thin shells with slope edges under homogeneous external pressure
is analyzed.

8.7 Conic Shells Under External Pressure

Consider a conic shell with constant parameters F, v and h under a constant
external pressure p. We assume that

6 h 5/2 ~3/4
by = 2 p:AEF?E :AE(E) (120~ ) (8.7.1)

and write the zeroth approximation system in the form [103]

62w0 a®y 62¢0 a we 1
=0 - 12hwy =0, 8.7.2
R (R P (e 672
which is convenient for comparison with a cylindrical shell.
Here introduce the designations

= (1 — »y)so, [ = 55 — 59, x:lsz_l,
a

8.7.3
v, Y= kl_zsg, Ao = b1, 77=k3/282_3/4l_1. ( )

Shell edges s1 () and s3(p) due to (3) are transformed into y = 1 and y = 0
at which the two main boundary conditions must be introduced. Here we will
only consider shells with clamped (4.13) or simply supported (4.14) edges.

For s = 0 we obtain a cylindrical shell and the case of 3 = 1 corresponds
to a conic shell closed in a vertex. In the last case of system (2) for y = 1 there
is a singular point and the boundary conditions at y = 1 are replaced by the
limiting conditions for the solution.

System (2) is not integrable analytically in the known functions. By nu-
merical solution of boundary value problem (2) with corresponding boundary
conditions at edges y = 0,1 for the fixed values of a and s one can obtain
function & = b (a, 3¢) and then find its minimum with respect to a and s.
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Conditions (7.2.11) determining A3 and the values of qo, and ¢y may be
written in the form

6)\0 _ 8b 8)\0 _ b 617 61) d% _

T = 3= By e, t15, a0, =0 (8.7.4)

The first of these equations determines the functions
a=a(x), b°(3) = b(a (5), ), (8.7.5)

And from the second of equations (4) we find the weakest generatrix ¢ = ¢y
and the corresponding values of

Ag = T’Obga qg = (Io’l,b(), (876)
where

ao = a (), bf=>5"(s),

s =2{(p0), Yo=1vI(p0), 710 =n(po) (8.7.7)

To use formula (1.11) to evaluate the correction €A; of the value AJ one
must find the values Agq, Agy, and Ay,. Due to (3), (4), and (5) we get

Agg = mobaaay,
Aap = Mobasag (ap = dep), (8.7.8)
App = by + bs (Mortpp + 2np2¢,) +
+ Nobaaty (@p — 20.030,) + Nobser 362,
where
_ 44 _ %% (8.7.9)

AT T T

With subscripts we denote the derivatives with respect to the corresponding
variables calculated at ¢ = ¢go and ¢ = ¢g. To derive (8) we use the relation
bax = —baaa, obtained by means of differentiating the first of equations (4)
by .

In order to use formulae (8) for calculations it is necessary to know the
functions b°(s¢), a(3), b,(3¢), @, (5), baa(3), and b,.,c(3¢), which are determined
in the numerical solution of boundary value problem (2).

Figure 8.2 shows plots of the functions °(5), ag(5), baa(3¢), and b, (3) for
four boundary condition variants: simple support—simple support (S5}, sim-
ple support—clamped (SC), clamped—simple support (C'S), and clamped—
clamped (CC). In each case, the wider shell edge is mentioned first.



8.7. Conic Shells Under External Pressure 181
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Figure 8.2: The functions 4°(s¢), ao(s), baa(), and b, (5).

The functions b,, and a,, may be found approximately by means of numer-
ically differentiating curves b° and a which are shown in Figure 8.2.

As it is expected for small values of 3¢, the curves SC and C'S for functions
b°(5¢) and ag(s¢) in Figure 8.2 converge since for shells which are nearly cylin-
drical it is not important which of the edges is clamped or simply supported.
On the contrary, for 3¢ ~ 1 the pair of curves labelled S5, SC and CS, CC
converge since then the shell stiffness increases as the shell edge approaches the
cone vertex and the type of support for the narrow edge becomes unimportant.

System (2) at y = »~! has an essential singular point [142, 180]. If s is
close to 1, then the singular point is close to edge point y = 1 that influences
the behaviour of the curves as shown in Figure 8.2. It is especially notable for
functions b,q(s) and b,.,.(3) since, after differentiating, the oscillation ampli-
tude increases.

Under these assumptions the existence of the weakest generatrix ¢ = o is
connected with the variability of functions % (¢) and 3 {p) (see (3)) which is
determined by the dependence of functions s, s3, and k on .

In particular, we are interested in a circular conic shell with a slanted edge
and vertex angle 2« (see Figure 8.3). The upper edge is inclined by angle g8
to the lower edge. As a characteristic size, R, we take the lower edge radius.
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0

520
R

Figure 8.3: The slanted conic shell.

Then
1 1-Iys
k=cot a, so= '1 , 1(p) = s 1_( +c)( o;lna) )
s 14 ¢ cos —
sin o
0< < 2rsine, x=lsine, c=tan o tan <1, (8.7.10)
b*(%) = }f—lbo(}{), Y= _(%, n= l(cosa)g/z’
I2sin* o {

Ao = sin a (cos @)3/2b* (),

where the l; = [ (0) corresponds to the longest generatrix.
From the last formula it follows due to (4) that function b* attains its min-
imum value at the weakest generatrix. Function b*(2¢) is shown in Figure §.4.

b* d
40

cC

SS
SS - \/SC
20 VAR ~— 0.5 o
sc \\
cc A\

CcS
0 0.5 1% O 0.5 1 %

Figure 8.4: The functions b* () and d().
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In the buckling problem of a circular cylindrical shell with a slanted edge
under a homogeneous external pressure, the longest generatrix is also the weak-
est (see Example 7.1). It then follows from (10) and Figure 8.4 for a conic shell
with »; < 0.5 that the longest generatrix also is the weakest one. Here, we
denote the value of ¢ corresponding to the longest generatrix by s¢,.

If 5 > 0.5 the dependence of b* on s is more complex.

If the narrow shell edge is clamped (see the curves CC and SC in Fig-
ure 8.4), then function b*(3) is monotonic and at » — 1 (the full cone) it
converges to b*(1) = 26.75 for clamped support of the wide edge (C'C) and to
b*(1) = 18.30 for simple support of the wide edge (SC).

The difference between b*(s¢) and b*(1) is less than 1 % for 3 > 3r;, where
31 = 0.5b in case CC and 3, = 0.63 in case SC. That is why, if s, > 31,
we recommend the use of A = A¢ at b* = b*(1) in the analysis. The correction
term eA; (see (1.2)) may be neglected since it takes into account the local
character of the buckling mode, but in our case b*(3¢) is close to constant. This
contradicts the assumption about the local character of the buckling mode.

If the narrow shell edge is simply supported then the function *(s¢) has an
infinite number of minimums at 2 — 1, only one of which at sc — 3¢y can be
seen in Figure 8.4 (see curves C'S and S5).

We have 3 = 0.53, b*(360) = 26.27 in case C'S and 3 = 0.59, b*(500) =
17.85 in case SS. For s, > 35 we recommend that one use in the analysis
A= Ag at b* = b*(31) and that the term €); be neglected for the same reason
as hefore.

Let us now return to the case when s, < 0.5 and by means of (1), (1.2),
(1.11) and (8) represent the critical pressure in the form

p=E (%)5/2 (1201~ zﬂ))_on [1 +e (( d (%) tan )1/2 +0 (62)] ,

1+ c)(cosa)3/2

(8.7.11)
where
bO
»ny = lpsina, Ao = T (cos @)3/2,
0 8.7.12
d - 4a‘3/2baa(l — ) ] 3tob,, ( )
- 30 T :

For the boundary condition variants considered, the function d(c) is shown
in Figure 8.4. For ¢ > 0.5 this function approaches zero which agrees with the
earlier proposal about neglecting the term ;. For a = 3 = 0, (11) is valid
for a cylindrical shell with a slanted edge and in the case when both edges are
simply supported it coincides with (7.4.9).
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For a circular conic shell with straight edges we assume that d = 0 in (11),
and that the number of waves n in the circumferential direction is equal to

(8.7.13)

0 g sinor _ a(s) R*h% cos’ a e
: 12(1—7) L° ’

where ag(3¢) is shown in Figure 8.2.

8.8 Problems and Exercises

8.1 Derive formula (4.10).

8.2. Solve numerically the buckling problem for circular cylindrical shell
under external normal pressure that is a linear function in coordinate s for
different main boundary conditions at edges s = 0, 1. The results represent in
the form of a table similar to Table 8.4.

Hint. Integrate system (6.1) for k=g=g¢=1, t; = s/l.

8.3 Find the weakest generatrix of the truncated non-straight conic shell
under external homogeneous pressure. The shell edges are the circles lying in
the parallel planes and one of the generatrices is orthogonal to these planes.
Consider various boundary conditions.

Hint. Use the results of Section 8.7. The required generatrix may be found
from the equation 37n/d¢p = 0.



Chapter 9

Torsion and Bending of
Cylindrical and Conic
Shells

In this Chapter we will consider the buckling of shells of zero Gaussian cur-
vature with the same modes stretched along the generatrices as in Chapters 7
and 8. It is assumed that the initial stress-resultant 7% equals to zero or small
and that buckling occurs due to the shear stress-resultant S°. Such a stress
state may appear in a shell which has loads applied to its edge. The inter-
nal pressure that leads to the appearance of hoop, 7%, and axial, 7Y, tensile
stress-resultants on reinforced shells are also considered.

When writing this Chapter we used the results obtained in [61, 97, 98, 103,
152, 159].

9.1 Torsion of Cylindrical Shells

Let us consider the buckling of a cylindrical shell of moderate length under
combined loading assuming that the shear stresses are dominant.
Instead of formulae (7.1.3) we introduce new notation

(T, 17,5%) = AEohoe® (67149, 13,13), (9.1.1)

which means that the critical value of the shear stress-resultant S° has order
greater than the critical value of the stress-resultant 7%. The orders of the
stress-resultants 77, 7% and S° are chosen in such a way that all of these stress-
resultants affect the zeroth approximation for the boundary value problem
when 9,3,¢3 ~ 1.

185
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We assume that the values d, ¢ and t? do not depend on s. Then the
boundary value problem in the zeroth approximation has the coefficients that
are constant in s and we can write the following equation

kg 0*w
£ 00 1 gty s a0,

CPwe . dw . (9.1.2)
N’ll)o:tlﬁ+22qt36—s—q tzwo.

The general solution of equation (2) has the form

4
wy = ECke”"s, pe = 1q Tk, (9.1.3)
k=1

and for = we get the fourth order equation

e + axe? + azz + ag = 0, (9.1.4)
where
Aot? 2ot d Aotd
= — = = — . 9.1.5
PTG BT gk M T T gk (9-1.8)
We represent the roots of equation (4) as
T1,2 = a:l:i‘y, T34 = ——a:i:,B, (916)

then

@ g\ 2 1/2
3% = f% — = + (3a4+ (2ﬂ2+7) ) , V=224 +az, (9.1.7)

az = 2a (% + 7). (9.1.8)

We only consider the boundary condition groups of clamped and simply
supported types (see Section 8.4). If, on both edges s = 0 and s =/, the same
boundary conditions apply then the equation which determines the parameter
Ao has the form

cos 2«
tanf; = r [coth'yl - ! ] ,

sinh vy, cos (9.1.9)

(al)ﬂla'yl):ql(a:ﬂa’y)a ql:qzla
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where
2
”:ﬁ for wo=wh=0, (9.1.10)
2
p=— Ba’ By for wo=w/=0. (9.1.11)

(202 + 262 + a2)? + 402(2a2 + a)

If there are different boundary conditions on the edges (wy = wj = 0 for
s = 0 and wo = wy = 0 for s = I or vice-verse), then instead of (9) we have
the equation

B (2[5’2 —2a% + az)
v (6a? + 242 + ay)

tan §; = tanhy; +

4a 7y sin 201
(26% — 2a? + ay) cos By cosh 41 |
(9.1.12)

We will first consider the buckling of a circular cylindrical shell with con-
stant parameters {, h, £ and v under pure torsion. In this case

t(l):tg:azz()) d:g:k:tg:a4:1. (9113)

Then equation (9) coincides with the equation obtained in [159], and equa-
tion (12) coincides with the equation derived in [152]. Equations (9) and (12)
may be easily solved by taking an arbitrary value of 8, evaluating o and v by
formulae (7) and f; from equations (9) and (12), and then evaluating ¢ and
Ao by formulae (9), (5) and (8).

We note that in the neighbourhood of the critical load 41 ~ 10, and there-
fore we can simplify equations (9) and (12) replacing the square brackets in the
right sides by unity. We represent the results obtained in the form proposed

in [61]
., S(] i E( h2 )5/8 (R)1/2
0 = - = s 1 oy p9 i )
& (L-v?)R? L (9.1.14)
_ w0 _ o, (=R
= g T I\ TR ) o

where 75 and ng are the critical shear stress and the number of waves in the cir-
curnferential direction. The dimensionless coefficients k, and k,, depend on the
boundary conditions and for the clamped edge—clamped edge (CC), clamped
edge—simply supported edge (CS) and simply supported edge—simply sup-
ported edge (SS) cases their values are

ks =0.770, k, =4.41, $=0.320 (CC),

ks =0.738, k,=4.15, $=0.332 (CS), (9.1.15)

ke =0.703, k,=387, B=0.345 (SS),
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and
Xo = 12578k, 17112 g = 12718k, 1712k, = 121/841/2 (9.1.16)

. Comparing the critical stresses for shell pure torsion in the cases of simply
supported and clamped boundary conditions we note that they differ by 10 %.
It can be seen in Table 8.4, that the same difference for buckling under external
normal pressure is 50 %.

The weak dependence on the boundary conditions noted above allows us to
use the following approximate method [61, 175] in solving the torsion problem.
In solution (3) we keep only two terms (k¥ = 3,4) and satisfy only one boundary
condition, w = 0, on each shell edge. Then instead of (9) and (12) we get the
equation

tan 8 =0, B = . (9.1.17)
As a result we obtain the values
ks =0.74, k, =4.2, (9.1.18)

which usually are referred to as the classical values [61].

A reviews of the works on the problem under consideration are given in
[61, 149]. We also note the works [3, 58], in the first, the influence of the
boundary conditions on the critical load and in the second the influence of
non-linear terms on the critical load were studied.

We can use formulae (14) only for shells of moderate length. The inequality
ng > 1 (for example, ng > 5) may be the applicability criterion for formulae
(14). We will not consider long shells, but it should be noted that for sufficiently
long shells, ngp = 2, and the critical load does not depend on the length but is
determined by the relation [137]

E hz 3/4
™= 137 ((1 —5 R2> . (9.1.19)

9.2 Cylindrical Shell under Combined Loading

We will now consider the buckling of a circular cylindrical shell of moderate
length under combined torsion, internal pressure and axial force. We assume
that the parameters E, v and h are constant. The stress-resultants 77, T are
assumed to be known and the stress-resultant S° to be unknown. Instead of
(1.5) we denote

az=1t), az=>> (13=1), a4:1+q—. (9.2.1)
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Referring the initial stress-resultants to the corresponding critical values we
introduce instead of (1)

R,

a=2R;, a3=T.0Rsq"? as=1+551 o (9.2.2)
1
where

(o2 T

Rlz_(l)a R2:£y R3:_1
o1 Po ;s ° (9.2.3)

47w Ehe
0'(1):2E64, p0=—33/4 —L

Here oy is the axial tensile stress, o? is the critical value under axial compres-
sion (see (3.4.3)), p is the internal pressure, pg is the critical value of external
pressure for a simply supported shell (see (7.4.9) for k. = 1), and 79 is the
critical value for the tangential stress under torsion (see (1.14) for k, = 0.74).
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Figure 9.1: The functions R3(R2) and k,(R2).

In Figure 9.1 the dependencies of Rs and k,, on R for different values of R,
are shown. The solid curves correspond to a shell with clamped edges, while
the dashed curves correspond to a shell with simply supported edges. The
results were obtained by the numerical solution of equation (1.9) followed by
the minimization by the parameter ¢, connected with the number of waves,
n, in the circumferential direction. The compressive stress-resultants 7y and
T correspond to negative values of R, and Rs.

In Figure 9.1 one can see that the difference between the results for shells
with clamped and simply supported edges decreases as R; and R increase.
For cases when this difference is not taken into account the numerical results
are given in [61].

We can also write approximate formulae for Rz and k, assuming that R;
or R, are large. The roots (1.6) of equation (1.4) we represent in the form of



190 Chapter 9. Torsion and Bending of Cylindrical and Conic Shells

part of the negative power series in the large parameters R; or Ry;. We find
R3 from the equation (1.9) in the same form.

First, let us consider the case of a large internal pressure (Ry > 1, Ry = 0).
In this assumption 8 < 1. We assume that # = 0 in (1.7) and (1.8) and get

ag\ /4 4 172
o= (?) , Y2 =2 Rz= 7q1/ o34, (9.2.4)

Minimizing R3 by g1, we find
Rs=0949RY?  k,=2264R)" (9.2.5)

formulae (5) do not reveal the dependence of Rg on the boundary condi-
tions. To correct (5) we retain terms of order $2. From equation (1.9) we find
approximately that

B=m(g—¢) 7", (9.2.6)

where ¢ = 0.47 in the case of clamped edges and ¢ = —0.94 in the case of
simply supported edges. Now we can write a more precise formula for Rg

Rs=0949 R (1 + 1.30 ). (9.2.7)
RZ(1-0.36¢R;")

formulae (5) and (7) show that Rs and k, increase as Ré/ ?, and the relative
influence of the boundary conditions decreases as R;?’.

In [61] in the case Ry < 1it is recommended to use the approximate formula,
R3 =14 0.207 Ry — 0.00175 RZ, (9.2.8)

obtained by the approximation of the dependence of R3 on R,, found numeri-
cally. We also note the similarity of formula (5) and formula R2 — Ry = 1 (see
[61]) for large values of Rj.

Now we consider buckling under torsion for large axial expanding stresses
(R1 > 1, Ry ~ 1). We represent the roots of equation (1.4) in the form of
(1.6). Then for a; > 1 we get approximately

2 _
S L ek RN (9.2.9)

- 2(12, - 2(12
From equation (1.9) we have approximately

u

ﬁ:ql(l—n)’

(9.2.10)
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where the parameter 7 takes into account the influence of the boundary condi-
tions and 7 = (wR1)~! in the case when the shell edges are clamped and 7 ~ 0
in the case when the shell edges are simply supported.

Equating the expressions obtained for 3, we get

92 2.2 1/2
Ry 2 ( ar_, qlam) , (9.2.11)
(1-n)q

Minimizing R3 by ¢1, we find

R3/2 1/2
Rz =1.21 (1 L +0.62 R1R2> . kn = 6.06 RI/Z. (9.2.12)

It follows from the last formula that the relative difference of Rs for shells
with clamped and simply supported edges decreases as R7' as R, increases.

9.3 A Shell with Non-Constant Parameters Un-
der Torsion

In this Section we will assume that ¢ = ¢t = 0, and the variables t3, &, ,
g and d may depend on ¢. In other words, we will examine the torsion of a
non-circular cylindrical shell of length, wall thickness and elastic properties all
of which vary in ¢. Since these variables do not depend on s we may use the
results of Section 9.1.

By virtue of (1.5) and (1.8) we have

/\ — gk2 2 2
0= g« (8% +7%), (9.3.1)
3

where formulae (1.7) give the dependence of @ and v on 8 and ¢, (through

as). To make the study of the dependence of & and ¥ on ¢y more convenient
we make the substitution

(@, 8,7) = ag’* (@0, Bo, 7o) - (9.3.2)

Then A¢g may be represented as

Xo = f(g,90) = F (#0) G [ Bo(g,¥0) ], (9.3.3)

where £y(q, o) is the solution of the equation ¥ (8y) = 1 (o) ¢~ 2, where we
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denote the right hand side of equation (1.9) or (1.12) by ry(8o). Here

¥(B) = Bo (1|- + arctan rl(ﬂo))_l,

G(o) = [#(80)] ™0 (B2 +12),

303 = B2+ (3+469)"7, B =202+ B2, (9.3.4)
1 [kSg3d° 1/8 1/ gk? 1/4
Flog) = ~ (294 _ L g\
(o) tg( Iz ) , 1 (%o) l( y )

In transition to approximate equation (1.17) we should assume that ¥(5;) =
Bor~ L.

The weakest generatrix could be evaluated after the minimization of F (yg)
by ¢o. Keeping the designation g for this generatrix we normalize the deter-
mining parameters in such a way that relations (1.13) are satisfied. Then

Flpo) =1 n(po)=15", lo=1(po). (9.3.5)

Minimizing now by ¢, we come to the same formulae (1.16), in which we
should take [ = ;.
To evaluate the first correction

1 1/2

eM =5 ¢ (g = A2) (9.3.6)

for the load parameter AJ we calculate the second derivatives in (6) and obtain
1/2 dn

Agq = buily’ ", Agqp = —b12lo F

) (9.3.7)
sz 3/2 d7]
App = @z d_gog + baolj (d—%) )

where the functions F and 7 are given by formulae (4). The constants as;
and b;; depend only on the boundary conditions and are determined by the
formulae

agy = 1258k, by = 4.123/475b,  byy = 2.125/8k 5,

d2G (dy\7?
— 191/2]—4 — N
bre = 125270, b g (dﬂo> ’

where k; and k, have the values of (1.15). To finish the calculations we must
find the value of b. For the cases described by (1.15) and (1.18) we obtain
respectively

(9.3.8)

b=385.6, b=265.5, b=1727, b=283.0. (9.3.9)
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It follows from the form of the coeflicients b;; that the value of €Ay does not
.. dn
depend on the terms containing —.
deo

The final result we write as

276 1/8 , o\ 1/2
T=710ks, ki=1+4c h—L g—f‘- +O(62),
(1-v) RS dg}
b1/2121/16 (9310)
cC =

k32

n

where 79 is determined by formula (1.14), and the multiplier k. takes into
account the variability of the determining parameters. Coefficient ¢ depends
on the boundary conditions and is equal to

c=10.305, ¢=0.310, ¢=0.316, c=0.308, (9.3.11)

Here the values of ¢ are written in the same sequence as in (9). Since these
values are close to each other, we can take an average value of ¢ = 0.310 for
all cases.

The correction term O (¢2) in (10) depends not only on the main but also
on the additional boundary conditions. As we noted before, for a complete
evaluation we should start with the system of equations which is more precise
than (8.1.1).

By virtue of (7.2.3) the rate of decrease of the depth of the pits away from

the weakest generatrix ¢ = ¢ is determined by the multiplier e{_“‘(“’_‘puf},

where
Sa RY(1—v2)\® fd2F\/?

For example, we consider the torsion of a non-circular cylindrical shell of
the constant (moderate) length with constant parameters E, v and h.

The torsion occurs due to axial moment M, applied to the body to which
the shell is attached. Let the generatrix have an elliptic form with semi-axes
ag and by (ag > bg). Two generatrices passing through the points of the ellipse
B and B’ (see Figure 9.2) are the weakest.

To satisfy relations (1.13) we take the radius of curvature of the ellipse at
point Bi.e. R = agbgl as the unit length. Under torsion point N moves by an
amount proportional to r = ON, and the stress-resultant S° is proportional
to the projection of this displacement on the tangent to the ellipse at point N.
In accordance with this fact we take

14 6%tan? ¢ 1z bo
to*_——’,; = —— = — . L.
3= 4 cos 8 <1+64tan21/1 , ¢ a0<l (9.3.13)
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Figure 9.2: An elliptic cylinder in torsion.

For an ellipse we have

3/2
3. 3/2 14 6% tan? 3
k= 6 3 (sz e + 62 0052 6) = (m = (tg) s
tanf = 62tan, F(p) = (£9)**, dv !

W -k (9.3.14)
@ ly=0

d2F 5(1 — 4§2) o Rdf
Wl = a s M= pSreoss

The critical value of tangential stresses, 7, on the weakest generatrix is
evaluated by means of formula (10), and the critical value of the torsional
moment is obtained after the evaluation of integral (14) and is equal to

M = 4K ('Y agbohT, & = /1— 42,

pl0p6 1/8
= kE|—9% ky,
’ <(1 ) a%FL‘*)

h2L5(1 — 62)\ /®
w/2

dz
Kle) = / (1 — a?sin? z)1/2’

]

(9.3.15)

Here depending on the boundary conditions, constant k, takes one of the

values in (1.15), and K(a) is the complete elliptic integral of the first kind (a
table for K (a) can be found, for example, in [67]).
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9.4 Bending of a Cylindrical Shell

Let us consider the bending by a transverse force, P;, (see Fig. 1.3) of a
console circular cylindrical shell of moderate length. The initial stress state is
considered to be membrane and

P18 P1 .
T = =0, S°==— ,
T = G0, ; 5 —g S 9.41)
Ogsgl:E, 0<p2m

Parameters E, v and h are assumed to be constant. In accordance with (1.1)
take
AMEhe® = i} t3 =sin . (9.4.2)
TR’
For a moderately long shell, buckling leads to the formation of pits in
the neighbourhood of the two weakest generatrices @9 = £7 where the shear

stresses are maximum. To evaluate the critical value of force P; we use formulae
(1), (1.14) and (3.10). Then

h2LA 1/8
Plo :ﬂ'RhT(]k*, k‘* = 1+031 (m) +0(€2), (943)

where 7y is the critical value of the tangential stresses under torsion (see (1.14)),
and k, takes into account the variability of the shear stresses. Formula (3) does
not include the influence of the stress-resultant 77 which is of order £2.

We note that the critical value of P? is asymptotically tetra-multiple, i.e.
four linearly independent buckling modes are possible and the values of P;
which are very close to P correspond to them. As a rule, the eigenvalues
are asymptotically double (see Remark 4.2). Here the tetra-multiplicity is
connected with the existence of the two weakest generatrices po = +7.

It is interesting to compare formula (3) with the results (see [61]), obtained
nuierically by the Bubnov—Galerkin method which approximates bending by
a piece of a double trigonometric series. For 1 < % < 5,100 < % < 500 the
difference between the results is 1—3 %, and formula (3) gives the smaller values
of stress than [61]. For £ = 1000 the difference is 4% which probably means
that the difficulties of approximating bending by a piece of a trigonometric
series increases as the shell thickness decreases. The buckling mode given in
[61] qualitatively agrees with the form determined by expression (7.2.25).

For long shells, due to (1), the compressive stress-resultants 7} increase and
shell buckling occurs in the neighbourhood of point s =1, ¢ = x. Comparing
the critical load under axial compression and torsion in the zeroth approxima-
tions we get the applicability condition for formula (3)

L<06(1—v?)/*n-112R302 (9.4.4)
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where, in evaluating 5 by (1.14), we take k, = 7.4.

We will now consider the buckling of a cylindrical shell under bending by
transverse force, P;, and torsion by axial moment, M, applied to the shell
edge, s = 0. Instead of (1) and (2), in this case we get

P M sin + m
SO - - - o_~>~r 't
TR smgo+2ﬂ_R2, s 14m ’
(9.4.5)
m = M po— mRhTy &
T 2QR’ Y7 1 4m "
where 7y has the same value as in (1.14), and
h2LA 1/8 )
ke =14+0.31 ((1—1/2)(1+m)4R6) + O (g%). (9.4.6)

Here, unlike the case when M = 0 for M > 0 only one generatrix ¢o = 5
(see Figure 9.3) is the weakest.

X

M

Figure 9.3: A force and a moment acting on a shell.

The numerical results obtained in solving this problem by the Bubnov-
Galerkin method can be found in [61]. They agree with formula (5) to the
same degree as in the case M = 0.

9.5 The Torsion and Bending of a Conic Shell

In this Section we will consider the buckling of a straight circular conic
shell with constant values of E, v and h under bending by transverse force,
Py, and torsion by axial moment, M, (see Figure 9.3) applied to the largest
base of the shell. We denote the base radius and the shell generatrix length
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by R and L respectively. Then according to (1.4.6) we have membrane initial
stress-resultants

& HYCos o _ Pi(sinp+m)

0 _ . - @ ——
= mRsina (1 — 3y)?’ 7R (1 — ay)?’

=0, (9.5.1)

where designations (8.7.3) and (4.5) are used

- M L
3282(1—%1/), l:SQ—Sl, %:lszl, m:m, lZE (952)
We also take
S = EheAts, tg= —mPEM (9.5.3)

(14 m) (1 — sy)?

We assume that Py > 0, M > 0, then the critical values Py and M are related
to A by the expression

2RP{ + M° =2rR’E he® (9.5.4)

The system of equations of the zeroth approximation (8.1.4) we can write
in the form

Bzwg a4<I>0 _ 0
gy~ (1=sy)p® 7 (g5
8%, atw 2iab Jwg
3 T T (1) Gy + ) =0
where
q=< co.sc; 1/4a, )\ = (m+‘1)b cos® asin’® 1/4' (9.5.6)
#2sin” o m + sin P

For a fixed value of s, let the smallest positive eigenvalue be b = b (a). We
then obtain

by = rnain b(a) = b(ao). (9-5.7)

formulae (8.1.2) and (8.1.11) give

3 . g \1/4
5= (cos (:;m a) b0(1+

£ %2 1/4 baa 1/2 )
* 2 (Sin2 o COS a) ((m +1) bo) +0(e )) (9.5.8)
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In [98] the numerical integration of system (5) for two boundary condition
variants, i.e. clamped—clamped (CC) and simply supported—simply sup-
ported (SS) has been done

woz%zo for y=0, y=1,
dy (9.5.9)
wg= P =0 for y=0, y=1

d?b

and graphs of the functions ag(sc), bo(3) and bgq(sc) = 2
ap

have been plotted
in Figure 9.4.

ao bO

cc \/cc b
S TR s
?s\ SS =<
2 =X 2 \ TSN

1 1 1
o 0.5 lx O 0.5 e O 0.5 1

Figure 9.4: The functions ag(3c), bo(3¢), and baq(3c).

For m = 0 and m = oo formulae (4) and (8) give the solutions of the
bending and pure torsion of a conic shell. As in the case of a cylindrical shell
(see Section 9.4), for m = 0, the eigenvalue A is asymptotically tetra-multiple
and for 0 < m < oo it is asymptotically double. The number of waves in the
circumferential direction, n, under pure torsion (m = oo) is equal to

12 (1 — v2) R®cos? o'\ /®
n:( ( 124)h2 cos a> ag (). (9.5.10)

The area of applicability of the formulae obtained above is determined
by two inequalities, the first being n > 1, and the second being similar to
inequality (4.4). The latter means that the initial stress-resultant 77 does not
exceed its critical value under axial compression

3 1/2
Rcosa °°S°‘> . (9.5.11)

L <T4(1—3)2(14+m)?b5%(1 —v?)l/* ( -

For & = 3¢ = 0 due to %R = L sin a, formulae (4) and (8) evolve to formulae
(4.5) and (4.6) for a cylindrical shell.
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9.6 Problems and Exercises

9.1. Derive approximate relation (2.7) describing the effect of the initial
pressure on the critical load under torsion. Integrate equation (9.2) numerically
for shells with (i} clamped and (ii) simply supported edges and compare the
numerical and asymptotic results.

9.2. Derive approximate relation (2.12) describing the effect of the initial
tensile stress-resultant on the critical load under torsion. Integrate equation
(9.2) numerically for shells with (i) clamped and (ii) simply supported edges
and compare the numerical and asymptotic results.

9.3. Consider the buckling under torsion of a circular cylindrical shell with
a sloped edge with constant parameters F, v and h.

Answer
We take

L
I=lp+ (cosp—1)tana, t3=1, F(po)=1""?, IOZE.

Formula (10) for the critical value of 7 gives

h?tanta \'/® 9
T:Tok‘*, k*:1+022 (m) +O(E ),

where « is the slope angle and the stress 7 is determined by formula (1.14)
for a shell of constant length L. The critical value of the torsional moment is
equal to M = 2w R?hr. The buckling pits are localized in the neighbourhood
of the weakest generatrix which is also the longest.

9.4. Derive relation (4.6) for the critical load under combined loading by
torsion and bending by force.

9.5. Study buckling of circular cylindrical shell under torsion moment M
and bending moment M; which are applied on the edge s =1 (see Fig. 1.3).
Hint Use relations (1.4.6) and (3.10).
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Chapter 10

Nearly Cylindrical and
Conic Shells

In Chapters 7 through 9 we considered the buckling modes of moderately long
cylindrical and conic shells. Those modes are characterized by pits which are
stretched in the direction of the generatrix. It is clear that a buckling mode
cannot vary greatly if the bending of the generatrix is small. In this Chapter
the results of Chapters 7-9 are extended to shells which are nearly cylindrical
and conic.

We will consider a shell such that the deviation, i.e. difference between its
geometry and that of a shell of zero curvature, affects the critical load in the
zeroth approximation. It proves to be, that under this condition the amplitude
of deviation must be of order (Rh)!/2. The function describing the deviation
should not increase significantly under differentiation because otherwise the
proposed method of construction of the solution is not valid. Similar problems
for free vibrations are solved in [105, 106].

10.1 Basic Relations

Let us first describe the geometry of the shell to be considered. The neu-
tral surface of the shell is a nearly conic surface and is referred to as the
basic surface. On the basic conic surface we introduce a system of orthogonal
curvilinear coordinates s, ¢ similar to those used in Section 7.1.

Let €9, €3, n® be the unit vectors of this coordinate system (n° = e x e3).
We denote the deviation from the basic surface by Fi(s, ) which is equal to
the distance along the normal n° from a point r¢ on the basic surface to a

point r on the neutral surface of the shell (see Figure 10.1).

0

201



202 Chapter 10. Nearly Cylindrical and Conic Shells

Then we can write
'r:'r0+Fon0:R(se(1)+qun0), Fy=wRF, (10.1.1)

where R is the characteristic size of the neutral surface and po is a small
parameter.

0

Figure 10.1: A nearly conic surface.

Coordinates s and ¢ are the curvilinear coordinates in the neutral surface
(in the general case they are non-orthogonal). By means of formulae (1.1.4)
we get:

0
3—2 = R(e)+ qusnO) ,
or o 0
3y = R{(s—ﬂokF)ez“F#on"],
2
’a_r = R/‘OFssnoy
Js?
32 (10.1.2)
r
557 = R{(l — piok Fy) €5 + quwnO],
o?’r 0 0
G- R[(,uokF—s) € — po (2k Fy + ko F7) €3+

+ (Ho0Fpp + k (s = ok F) )],

where function k = k () is the same as in Section 7.1.
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The first quadratic form of the surface is equal to

do? = R? (A2d32+2ABcosxdsdgo+Bzd<p2),

A2 = 14 p3F?,  B? = (s—pok F)’ + piF2, (10.1.3)
2F,F,

cosx = 5‘%.

In the general case we obtain very complicated expressions for the radii of
curvature which are not represented here. In order to simplify these expressions
we will take advantage of the close proximity of the shell neutral surface to the
basic surface and assume that po <« 1, and function F' is of order 1 and does
not increase significantly under differentiation. In other words, we also assume
that the derivatives Fy, F,,, Fy;, Fs, and F,, have the orders not larger than
unity.

From (3) we find that cosx = O (p3), i.e. the coordinate system s, ¢ in
the neutral surface is almost orthogonal with an error of order pu2.

We obtain for the radii of curvature

R R

"= pok1 + O (13), v poki2 + O (43),

i ; 12 (10.1.4)
s F 2

R, p, + poka + O (),

where functions kq, k12, and kg depend on s, ¢ and are equal to

ki = Fg, kiy = s72(F,—sF,,),
' 12 (Fo =5 Fuv) (10.1.5)
ky = sT2(k®F+sF,+ Fpyp).
As the basic system we choose the same system as (7.1.2)
A (dAw)+ Ae?Ayw — Ag®@ = 0,
(dAw) ' g (10.1.6)
etA (71AR) + Ayw = 0

b



204 Chapter 10. Nearly Cylindrical and Conic Shells

in which the operators A, A; and Ay unlike (7.1.3) have the form

ok (G5 (3):
a5 (%)t B (Botla)

Arw = %—a%(%?—':)+3 as( )

(5

,U() d dw
B, Bo 3 (k12 83) (

and the other notation is the same as in (7.1.3).

We choose a characteristic deviation, Fg, so as to get the effect of it in
the zeroth approximation of the iterative process, which has been developed
in Sections 7.2 and 8.1. We assume for that

h2
=¢? i 10.1.

i.e. we assume that the characteristic value of Fy is of order (Rho)'/2.

o) 22).

(10.1.7)

10.2 Boundary Problem in the Zeroth Approx-
imation

We seek a solution of system (1.6) in the same form as (8.1.2). First let us
consider the case when 3 > 0 (at least in part of the neutral surface), and t;
and t3 are not larger than ¢, respectively. Then in the zeroth approximation,
we obtain the system of equations

2(1) 2 4d
ka O—qu—(I)o—q—wo-i-)\gN’wO = 0,
0s* s s . . (10.2.1)
4
RO Tt ey = 0, Nup= 122
Os s gs s

which differs from system (8.1.4) only by the second terms.
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Remark 10.1. If the shear stresses are dominant for buckling then it
should be assumed in (1) that

240
¢“tiwg . 00w 0 ,, 0 o Owg
__ 0o, 9 O {54090 2.2
Nuwg . +ig <t3 35 + Bs (t3wo) } + s st3 %5 ) (10.2.2)
where ¢ are introduced by formulae (9.1.1).

In solving system (1) it is necessary to define two main boundary conditions
at cach shell edge s = s (y) (see Section 8.4). As in Section 7.2 the smallest
eigenvalue Ag is a function of two parameters ¢ and ¢

Xo = £ (4, %0)- (10.2.3)

We can find the zeroth and the first approximations for the load parameter
by function f under the same assumptions as in Section 7.2.

A = A +ed +0(€?),

Ay = mingu,{f(g,%0)} = f(g0,%9), (10.2.4)
1 1/2

Ato= E(quf‘ptp_ qztp) .

Thus, we can obtain most of the information on the buckling type by ana-
lyzing the function f (g, o). If this function has a distinct minimum at point
(90,95) (see (7.2.12)), then the buckling concavities are localized in the neigh-
bourhood of line ¢ = Y, and the load parameter, ), is determined by formula
(4). The minimum is termed distinct if function f (g, o) has the only min-
imum in the interval |¢ — go| ~ p#!/2. At the same time the concavities are
stretched along lines ¢ = const.

If the coefficients &, k1, d, g and ¢5, and the value of s; do not depend on
¢, then function f does not also depend on g, i.e.

o = £ (q). (10.2.5)

Here the buckling concavities spread over the entire shell surface, and we should
minimize f by the values ¢ = ne, where n is the integer wave number in
the circumferential direction. This case corresponds to the buckling under
axisymmetric loading of a shell of revolution which is nearly conic.

Let us now consider the special cases.
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10.3 Buckling of a Nearly Cylindrical Shell

Let the shell neutral surface be nearly a cylinder, the parameters of which
are defined by relations (7.4.1). System of equations (2.1) has the form

82(1)0 2 4 2
kW_qu @ — ¢*dwo + Aog?tawy = O,
T (10.3.1)
ka—sz——quzwo-*-qlly—lq)o = 0.

If the functions k1, d, g and t5 do not depend on s, then system (1) has an
explicit solution.

The function k1 does not depend on s, if lines ¢ = const in the neutral
surface have constant curvature Ry = R™'e?k;. In this case Fy = Foo+5%Foa,
where Fyo and Fpy may depend on ¢ (see (1.1) and (1.5)). We note that for
Fy ~ (Rh)l/2 the surfaces the cross sections of which ¢ = const are circles or
parabolas could not be destinguished in the zeroth and first approximation in
E.

Functions d and g do not depend on s, in particular, if E, v and h do
not depend on s or if they are constant (in the last case we may assume that
d=g=1).

Let k1, d, g and t not depend on s. In the case of simply supported edges
we can write

Wg = (I)o =0 at s= Sk(<p), (1032)

and the solution of system (1) is represented in the simplest form. We now
have

a(s—s1)

wozsin—l——, L(p) = 853 — s1, o=,
10.3.3)
_ _ dq? g 2 ka?\’ (
)\o—f(q,soo)——iz—-kw(qu to )
We write the function f in the form
2 2)2
f=bF(z,0), I Gl 0
T
iy g N1/ . d gk2 1/4 I 1/8 (10.3.4)
a=ki(gz) —Q(T) : ~<g7> :

For an axisymmetrically loaded shell of revolution the functions a, & and
¢ do not depend on ¢g. The critical load is evaluated by minimizing F by
q = gn, = ne (or by z,). In Figure 10.2 the minimum value of F and the corre-
sponding value of z are represented by curve SS which depends on parameter
a characterizing the curvature of the generatrix.
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F

\ cc
N
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\
/SS ]

] cc |88
o -5 0 5a 0 -5 0 5 a

Figure 10.2: Functions F{a) and z(a).

For convex shells (a > 0) both the critical load bF and the wave number
n in the circumferential direction (n = g£~!) increase as the curvature k;
increases. For shells of negative Gaussian curvature (a < 0) the load and the
wave number decrease as |k1| increases.

Now, let functions a, b and ¢ depend on ¢p. Then the parameters ¢o and
¢9 are determined from the minimum condition for function f by x, ¢, i.e.
by the equations

Fp=0,  b,F+bFaa,=0. (10.3.5)

To evaluate the correction A; by formula (2.4) we calculate the second
derivatives

qu = bC2sz‘1
foo = be(Foeqcy + Fraay), (10.3.6)
foo = bopF + (2a,by + apwb) Fy — b qzciFw + baéFaa.

Remark 10.2. For the applicability of formula (2.4) it is necessary to
verify the fulfilment of two conditions: £71go 3> 1 (for example, e~ 1gy > 4—6)
and £\, f=! > 1. The first condition means that there are many concavities,
and the second means that they damp sufficiently fast in the ¢ direction.

Example 10.1. We will now consider a shell obtained as a result of slightly
bending the axis of symmetry of a circular cylindrical shell (see Figure 10.3)
under homogeneous external pressure. We assume that the shell edges are
simply supported. In the case under consideration k; = —kjgcos and the
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other determining functions are constant. We assume that

a=~kyplcosp (k1o>0), b=1"1 ¢= 12, (10.3.7)

2,=0

Figure 10.3: A Bent Cylindrical Shell.

It is clear (see curve SS for function F(a) in Figure 10.2) that line pg =0
for which the parameter a is a minimum is the weakest. Due to (4) and (6) we
get from formula (2.4) for the critical load that

€
A= fot §(quf¢<p)(l)/2+0(52), fo = I7'F,
fao = 48a%(a’+az?)z ®+8a%2?, (10.3.8)
ftp(p = 2k (02 + azz) z— %
We can calculate by means of formulae (8) at « = 7w and ¢ = — kyol. For

the values of a we take the values of F' and z from Figure 10.2.

To illustrate, we will take the following numerical values of the shell pa-
rameters: v = 0.3, R/h =500,! = L/R = 2 and k19 = 1. The maximum value
of deflection of the generatrix Fiax is related to parameter a by the following
equation

al h? 1t
Frax = 3 (m) (10.3.9)

and for the shell being considered, Frpax = 6.15 h. For a = —2 we find F' = 3.6
and z = 1.76 from Figure 10.2. Now we can evaluate f,q = 22.2, f,, = 0.766,
fo = 1.8 and A = 2.12 by formulae (8).
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Let us verify the fulfilment of the inequalities given in Remark 10.2. We
have e~ 1gp = 8, zs"lx\lfq'q1 = 0.6, from that we find that the second inequality
in Remark 10.2 is not valid, i.e. the depth of the pits decreases too slowly in
the circumferential direction.

Compare the load parameter A = 2.12 with the corresponding values of
A for the other three problems. For a simply supported circular (k1 = 0)
cylindrical shell A = 2.755. For a concave shell of revolution (k; = —1) A = 1.8
and lastly for a convex shell of revolution (ky = 1) A = 4.1. It follows from
these data that, at first, the small amount of bending of the shell generatrix
causes a significant change in the critical load and secondly the critical load of
the shell with a curved axis is close to the critical load of the corresponding
shell with negative Gaussian curvature but slightly larger.

Now we proceed to discussion of the case of a shell with clamped edges.
Instead of (2) we have

a
wo= 22 =0 at s= sk (). (10.3.10)
Os
Calculate the function f (g, o) by the same formula (3) or {4), in which
a # 7, but @ depends on the parameters of the problem and may be determined
from equation

atan%—i—ﬂtamh g:O, B? = a’+2az? (10.3.11)
in which we use the same notation as in (4). To evaluate  from equation (5),
F; = 0 we do the following. First, from equation (11) we numerically find the

function a = « (¢), where { = az? and then
F=2"+(a2+¢) 2" (10.3.12)
and the equation F, = 0 gives
2 =3(a®+¢)° —2¢ (@ +¢) (2aac + 1). (10.3.13)

Therefore, three values, a,  and F are functions of (. Changing {, we can
find the functions F (a) and z (a). These functions are marked by letters CC
in Figure 10.2.

From Figure 10.2 we find that for a > 0, i.e. for convex generatrices,
function F increases and becomes closer to function F for a simply supported
shell as a grows. For a < 0, function F first decreases until the value F = 7.55
is Teached at a = —2.3, and then it increases as |a| increases, in contrast to
the case of simply supported shell. The wave numbers in the circumferential
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direction are a little larger for a clamped shell than for a simply supported
shell.

For a shell of revolution with the same parameters as in the previous ex-
ample we obtain the following results. For a convex shell with k& = 1 we get
A = 5. For a cylindrical shell A = 4.15 and for the concave shell with k; = —
we obtain A = 3.8. Hence, for a clamped shell, the deformation of its gener-
atrix affects the critical load relatively less than for a simply supported shell.

10.4 Torsion of a Nearly Cylindrical Shell

Now we will assume that the shear stress-resultant S° dominates buckling
and so we introduce the load parameter A by formula (9.1.1). Then in the
zeroth approximation we have the system of equations

3?®, .
k 52 — kg q)o—dq wo + ANwyg = 0,
2 10.4.1
k 3awz_0 —kig?wo +97'¢*®0 = 0, (1043)
d?w dw
Nwo =) —~ 552  +9i qtga——thzwo

We assume that the functions &y, d, g and ¢ do not depend on s. Then
system (1) may be solved by the same method as in Section 9.1. Taking its
solution in the form of (9.1.3) and (9.1.4), we obtain the expressions (instead
of (9.1.5)) for coefficients a

AOtl 2k1 - QA()tg _ d + AOtg k%
PTG TR U7 gz M T T kg

(10.4.2)

To determine the critical load we may use equations (9.1.9) or (9.1.12)
according to the type of shell edge support.

We will present the results of the solution of equation (9.1.9) only for the
case of pure torsion (¢ =t = 0) of a shell of revolution with constant param-
eters E, v, h and k. In this case formulae (2) have the form

9 _ 2
4y =2 a3=TORsq "% as=1+, (10.4.3)
0 i

where

=gl  R=—, a=hl, (10.4.4)
0
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Figure 10.4: Functions R3(a) and k,(a).

and 7 is defined by formula (9.1.14) at k, = 0.74.

Figure 10.4 shows plots of functions R3(a) and k,(a), where k,, = 121/8q}/2
is the coefficient in formula (9.1.14). In this Figure the curves corresponding

to shells with simply supported and clamped edges are marked respectively by
SS and CC.

10.5 Problems and Exercises

10.1. Consider nearly cylindrical shell of revolution under external normal
pressure. One of the shell edges is simply supported, the other is clamped.
Plot graphics of the function F(a) for the critical loading and z(a) for the
number of waves in the circumferential direction (see 10.3.4). Compare the
graphs with those given in Figure 10.2.

Hint Assume o = 3.92 in (3.3) in accordance with formula (8.6.3).

10.2. Consider a nearly conic shell of revolution with the generatrix of
constant small curvature k; under external normal pressure. Study numerically
the effect of the problem parameters on the critical load and the number of
waves in the circumferential direction for the buckling mode.

Hint Solve system of equations (2.1) applying the method described in
Section 8.7.

10.3. Consider a nearly conic shell of revolution with the generatrix of
constant small curvature k; under torsion. Study numerically the effect of
the problem parameters on the critical load and the number of waves in the
circumnferential direction for the buckling mode. Compare the results with
those for nearly cylindrical shell under torsion given in Figure 10.4.
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Hint Solve system of equations (2.1) applying the method described in
Section 9.5.



Chapter 11

Shells of Revolution of
Negative (zaussian
Curvature

The stability of the membrane axisymmetric stress state of shells of revolution
with negative Gaussian curvature will be considered in this Chapter. Assuming
that the Gaussian curvature is not small, the buckling modes of this class of
shell differs from those of shells which have positive or zero Gaussian curvature.

The localization of the deformation in the neighbourhood of lines (Chapter
4) or points (Chapter 6) is an important characteristic for shells of positive
curvature while the deformation pits stretched along the generatrices (Chapters
7-10) are characteristics of shells of zero curvature, for example, under external
normal pressure. This property is caused by the fact that the deformations
have a tendency to spread along the asymptotic lines of the neutral surface.

In contrast, shells of revolution with negative Gaussian curvature have two
systems of asymptotic lines. This fact leads to buckling modes, under axisym-
metric loading, which spread along the entire neutral surface and results in a
system of buckling pits which is reminiscent of a chess board.

All of the problems considered in this Chapter (in contrast to those exam-
ined in Chapters 6 through 10) allow separation of the variables and may be
reduced to a system of eighth order ordinary differential equations. It is not
difficult to solve this system by means of a numerical method [73, 115, 170].
In this Chapter we wish to clarify the qualitative side of the buckling of shells
with negative Gaussian curvature by means of an asymptotic solution.

The buckling of an axisymmetrically loaded shell of alternating Gaussian

213
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curvature, the generatrix of which has a point of inflection is also considered.
In preparing this Chapter the results of [90, 91, 92, 130, 165] have been
used.
It should be noted that at the present time an asymptotic solution of the
problem of the buckling of a non-axisymmetrically loaded shell of revolution
with negative Gaussian curvature has not yet been developed.

11.1 Initial Equations and Their Solutions

The critical load and buckling mode of a shell of revolution with negative
Gaussian curvature depend on whether or not the tangential boundary con-
ditions guarantee the absence of infinitesimally small neutral surface bending.
First, we assume that there is no bending of the neutral surface. Then, it
follows from (3.6.15) that the index of variation of the additional stress state
under buckling ¢ = 1/3 and we may use the system of equations of shallow
shells (4.3.1) which we can rewrite in the form

SA(dAw)+ e Avw — Ar® = 0, (11.1.1)
A (g7IA®) + Agw = 0,
where
h2
b=— 0 _ (T2 19, 5% = -\ Eghoeh (t1,t2,t3), 11.1.2
€0 (=) B (12,717, 5° ohotg (t1,t2,t3) ( )

and the other notation is the same as in (4.3.1). Introducing the parameter A
by formulae (2) we take into account the expected order of the initial stress-
resultants (see (3.6.15)).

The coeflicients of system (1) do not depend on ¢ and that is why it is
possible to separate the variables. We find the solution of system (1) with m
waves in the circumferential direction as a formal power series in &g

w(s,w:ész:wn(s)exp{é (po+ [aas)}, (1113

where m = €5 'p. By virtue of (3.6.15) t = 1/3, that is why p ~ 1.
The substitution of (3) into (1) leads to a sequence of systems of equations.
We find from the system of the zeroth approximation Ax®g = Agwg =0

kl p2
kob?

1/2
q=ql,z=i< ) , 1 >0, ¢2=—q1. (11.1.4)
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In the first approximation we obtain the system of equations for the eval-
uation of wg and P

/ d P [k )2
d_ bqk‘z ’LUQ) gb (k_z -1 (I)()
4 2
,/ B‘i\qukz@) L (%—1) wo+ (11.1.5)
2

o [ g2t + 2284 P = 0
b 3+b—22 wy = .

(l
=

For the evaluation of w,,, ®, for n > 1 we obtain the non-homogeneous system
of equations, the left sides of whlch coincide with the left sides of equations
(5), and the right sides are expressed through previously known functions w;
and ®; where j < n.

Noting that ¢ has two values (4), and system (5) is of the second order,
we may construct four linearly independent solutions of system (1) of the type
of (3). We call these solutions the main solutions. Four other (additional)
solutions are edge effect solutions

3

w (s, p) = Zwﬁ (s)enl? exp{egs/z/ (r+eor')ds+ %f}, (11.1.6)
0
n=0

So

where

(11.1.7)

We may find the eigenvalues of the load parameter A by substituting the
linear combination of solutions (3) and (6) into the boundary conditions which
are introduced on shell edges s = s; and s = s5. However, it is more convenient,
similar to Section 8.4, to separate the boundary conditions at each of the shell
edges and to determine two main boundary conditions which must be satisfied
under construction of the main integrals.

11.2 Separation of the Boundary Conditions
For all of the functions which determine the stress-strain state (in particular

the functions contained in the formulation of the boundary conditions) we can
represent the main solutions and the solutions of the edge effect respectively
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Table 11.1: Indices of intensity

1 11 111 v 1% VI
z | Bo z) Be z§ Ag
1,0 3 1
u 1 —ik1g™ g - (k1 + vks) r~tuf —=
2 2
, i
v 1 —ibkop~lw) 2 | (24 v) ke *kl)b—:g o | —1
w | 0 wy 0 w§ 0
. 3 1
n | -1 iqwg -3 qu§ 3
2
P o gkap
|1 -2 % 1 o 6 0
qp 1 igpks 1
s |1 = 3 = o 5
, , b 0 2 rb 0 2
idgp k1 9 3
Qx| 3 B2 (2 ~-Vv-— E) wg 5 —dr’w§ 35
dp2 k1
M, | 4 e (E —v)wd 3 driwf 1
in the form
)
0 (s,p,60) = 2° (s,so)exp{—(p<p+/q ds)},
€0
0 (11.2.1)
2 (s,e0) = 5" eped (s),
n=0
. s
v (s,p,60) = ° (s,Eo)eXP{ZEﬁD- +553/2/ (r+eor!) ds},
0
So (112.2)
Pl = O3
n=0

Functions z) and y§ and the corresponding indices of intensity Go(z) and
Be(x) are presented in Table 11.1. Table 11.1 gives the dimensionless func-
tions introduced by formulae (8.2.1) and contained in the formulation of the
boundary conditions.
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Table 11.2: The boundary conditions

I II 117 IV
1111 3/2
1110 3/2
1101 2
1} u=v=0
1100 5/2
1011 1/2
1010 1/2
0111 1/2
0110 1
101 3/2
2 le’():() OO /
0100 3/2
0011 1/2
0010 1/2
1001 1
3|l u=85=0
1000 3/2
0001 1
4 Tl—S:
0000 1

We note that u® v ~ gow® and all of the tangential additional stress-
resultants for the main solutions (i.e. 77, 79 and S°) have the same order.

Remark 11.1. Table 11.1 differs only in notation from Table 5.3 in [57],
which contains the solutions of non-axisymmetric vibrations of shells of rev-
olution with negative Gaussian curvature which have m ~ ¢ 1 waves in the
circumferential direction. This is caused by the fact that both the load term
€0AA;w in system (1.1) and the inertial terms in the vibration problem [57],
are not the most important and are included only in the first approximation.

While the low-frequency vibration problem and the buckling problem for
shells of revolution with negative Gaussian curvature are very similar, differ-
ential equations (1.5) for wg and ®¢ and (13.10) from [57] are different. The
problems also differ since the main interest in the buckling problem is in the
smallest value of parameter A.

The boundary conditions can be separated using the same method as in
Section 8.4. We consider 16 boundary condition variants obtained as a result
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of equating to zero one of the values in each column

u v ow v (1)
T, 5 Qi M (0) (11.2.3)

We mark these variants by four-digit series of ones and zeros as was done in
Section 1.2.

The results of the separation of the boundary conditions are remarkably
similar to those obtained in Section 8.4. In the zeroth approximation the
boundary conditions separate into four groups: the clamped support group,
the simple support group, the weak support group and the free edge group.
Each group contains the same conditions as in Section 8.4.

The boundary conditions which form a group are presented in column I1T
of Table 11.2. The numbers « such that the error incurred in transforming
from the complete boundary value problem to the simplified problem does not
exceed e§ are contained in column IV. The simplified problem is solved by
substituting the linear combination of the main solutions (1} into the main
boundary conditions which are shown in column I7 of Table 11.2.

Since solutions (1) are expanded in an integer power series in €g, and so-

lutions (2) are expanded in a power series in 5(1]/ ? the parameter A is also
/2

. ..
expanded in a power series in &,

A=Xo+ed A +eody +e Ag+ - (11.2.4)

If &« > 1 then Ay = 0, since the contribution of the solutions of the edge
effect begins from terms of order £€§. The parameter A; differs from zero for
five boundary condition variants for which oo = 1/2 (see Table 11.2). For these
variants the transformation to the simplified problem has a maximum error of
order 5(1)/ ?,

As in Section 8.4, by eliminating the edge effect solutions we may reduce
the incurred error. We do not consider all of the cases in detail but limit
the discussion to one example. We consider at edge s = sz, the boundary
conditions 0010 or

T1:S:w:M1:0. (1125)
As can be seen in Table 11.2, the replacement of conditions (5) by the
conditions T3 = v = 0 for the main solutions has an error of order 5(1)/2.

We can calculate the corrected conditions by means of formulae (8.4.9) and
(8.4.10). We then obtain

9 .
14 0 W2b|r| o

M =0, — SV =0. 11.2.6
2bk, wot ks ( )

0+
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Taking into account the relation between the orders of w® and S° (see
Table 11.1), we note that in the second of conditions (6), the second term

has order 6(1)/ ? with respect to the first one. In the first condition of (6) the

correction term has the relative order of 63/ ? (and so it may be neglected). To
prove this we must consider that M_ is proportional to w°, and by virtue of

the second of conditions (6), w® has the order 6(1]/ ? In the example considered,

A1 # 0 in expansion (4).

11.3 Boundary Problem in the Zeroth Approx-
imation

We can reduce system of equations (1.5) to a second order equation

& (10 %) + (wrth) - L5 )we=0, k=12 (M3

in which
_ _29q1b%k3 P (tli 2qx3 LtQ_)
p ki — k)2’ 2ky \ p b1 b:/q; ’ (11.3.2)
2iggeb®k3 [ ko dyk
Yk = /0R2q1 Wok, 0k 04 (ks — k1)? \bqs ds

In equation (1) only function fi(s) depends on the sign of g at t3 # 0, i.e.
under torsion. If t3 = 0 then equation (1) coincides with the equation obtained
in [91], if, in contrast ¢; = t2 = 0, then it coincides with that obtained in [92]
which considered torsional buckling. We note that in [91, 92], in contrast to
system of equations (1.1), more precise initial system in displacements have
been taken.

We can now write the expressions for the displacements «, v and w and
stress-resultants 77 and S in the zeroth approximation which are contained in
the formulation of the boundary conditions (see Table 11.2). Due to (2.1) and
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Table 11.1 we find

i N —ik
u=u (pe¥ — e ) eme,  wr= Ly
(bk2q?)
. 1/2
vt (e 4 gpeT) eme, o= (—bkz) ;
P \q

w=w* (y1e'¥ + yre™ V) eime, w* =gyt (bk?ql)_l/z ;

)

. 1/2
Ty =T7 (v’ — vhe V) eim? T* = 2igb*k; (kqu) !

V7 p2(ky — k)2 \ b
. L %gh3k2 [ kogd\?
— G* (4 oY ! —ith) Jimyp * 2 1 .
5= (e sy eme, 5=t ()
r dyx
— — !
v=v() = [ads, =2

81

(11.3.3)

Here y; and y» are the solutions of equations (1) for ¥ = 1,2. The multi-
pliers u*,v*, T and S* are cancelled after substitution into the boundary con-
ditions and further we do not need to know their explicit form. The boundary
conditions which the solutions y; and y; of equation (1) must satisfy depend
on the main boundary condition variant being considered.

Remark 11.2. We indicated two tangential conditions which characterize
the group and set in column I7 of Table 11.2. At the same time, it follows
from Table 11.2 that condition v = 0 means that at least one of conditions
v =0 or w = 0 is introduced.

If at the shell edge (for example, at s = s1) v = v = 0, then by virtue of
formulae (3) we obtain y; = y2 = 0.

Ty =5=0,then y; =y, =0.

However, if we consider one of the cases where Ty =v=0oru =5 =0,
then the functions y; or y, are not separated in formulating the boundary
conditions. In the case where T} = v = ( at s = s;, the boundary conditions
have the form y; + y2 = 0, ¥} — ¥4 = 0, and in the case where u = S5 = 0 they
have the form y; —y2 = 0, ¥} +v5 = 0. In both cases we obtain the non-linear
condition

() =0 for s=s, (11.3.4)

connected the functions y; or ys.
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Let us now formulate and discuss the boundary value problems in which
parameter Ao is the smallest eigenvalue. At the same time we will consider
here the general case when the initial shear stresses differ from zero, i.e. t3 Z 0
(2). The case where t3 = 0 is considered in Section 11.4.

If the conditions of shell edges s = s; or s = sy are clamped v = v = 0,
then we come to two Sturm—Liouville problems for the functions y; and y2,
which satisfy equations (1) and the conditions

=0 for s=s1, s=s,. (11.3.5)

We may also evaluate the eigenvalues for this problem, A%*)| by minimiza-
tion of the functional

6
A®) = min # . k=12, (11.3.6)
Y p41§)

where
L :/f(y')zds, 12:/f—1y2ds, 9 :/fkyzds. (11.3.7)
S1 31 31

The unknown value Aq is obtained as a result of minimization by p and k, i.e.

o = rﬁikn{/\(k)} . (11.3.8)

Let 3 > 0 in fi for definiteness. Then I{" > I{? and A < A(®). That
1s why

6
Xo = min{ LH P20 (11.3.9)
v.0 p41§1)

By virtue of (2) and (1.4), functions f and fx do not depend on p. That
is why in (6) and (9), I, I» and I:gk) do not also explicitly depend on p.
Calculating in (9) the minimum by p we obtain

L)' 21\ /8
_q9.9-2/3 . ( 112 _ _ {44
/\0 =3-2 nl!lln{_—j:gl) y PO = Mg€p = ( 12 ) . (11310)

Consequently, the minimum is attained for finite values of pg, different from
zero, and buckling occurs for the integer values of m, which is the closest to
mg.
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If clamped conditions are introduced at edge s = s;, and edge s = so is
free (i.e. Ty = S = 0) then all of the formulae written above are valid with the
only difference being that functions y; satisfy the conditions

yk (51) =0, vk (s2) = 0. (11.3.11)

In both cases considered here the buckling deformation in the zeroth ap-
proximation has the form

s

" 1
w=wneosflop) B=mlp=yo)+ = [nds (11.3.12)

$1

where y; satisfies equation (1) and boundary conditions (5) or (11) and ¢ is
an arbitrary constant.

Assuming in (12) that 2 = const, we note that the function w (s, ) de-
scribes the set of m pits which are inclined at a variable angle

ky 1/2
v (s) = —arctan (—76—) (11.3.13)
2
to the generatrix.
Let edge s = s; be clamped, u = v = 0, and further let there be only one
tangential support (u =S =0 or v = T; = 0) introduced at edge s = 5.
First, consider the case when v = Ty = 0. We now arrive at the bound-
ary value problem in which we must determine the smallest value of Ag such
that the non-trivial solutions y; and y; of equations (1) exist and satisfy the
boundary conditions

n=y=0 at s=3s, (11.3.14)
vV +ypeT V2 =0, YV —ghem2 =0 at s=s,, (11.3.15)

where 13 = 1 (s3) (see formula (3)). It is clear that the functions y; and y,
are complex-valued. We assume

y=10e7V, gy =ghe’e. (11.3.16)

Then for real functions y) and y3, conditions (14) at s = s; and condition
(4) at s = s must be fulfilled. The deformation mode has the form

w* (y1 cos By + ya cos Ba)

1 S
m(p = o) + = [ auds
€9

S1

w (s, )

11.3.17
5 ( )
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and represents the superposition of two systems of pits which overlap and are
inclined at angles v and —y to the generatrix. At the same time 3} +y5 =0
at s = so.

In the case of conditions © = S = 0 at s = s, for the determination of Ag
we have the same boundary value problem, however, in contrast to the case
where v = T} = 0 one should take 3 — yJ = 0 at s = s5.

As in the case when both shell edges are clamped the value Ay may be
determined by minimizing the functional

10+ 19 400 (5 + 1)

Ao = min , (11.3.18)
IR pt (Igl) + 1§2))
where
2 - 2 2
1= [y as 89 = [ s 1= [ £ ds
(11.3.19)
and
0 _— .0 __ 0 t — ,
Vi =1 b s=a (11.3.20)

W-ys=0, y'+y)=0 at s=s,.

We note that the last of boundary conditions (20) is natural and may be
omitted when we choose the functions 3 and 3.
As in the case when both shell edges are clamped, it follows from (18) that
the minimum is attained for a finite value of p which is not equal to zero.
Boundary conditions which allow non-trivial bending of the neutral surface
are considered in Section 11.5.

11.4 Buckling Modes Without Torsion

In the case where {3 = 0 by virtue of (3.2) coefficient f; in (3.1) does not
depend on the choice of ¢, or ¢; and that is why the functions y; and y- satisfy
the same equation (3.1). This fact causes the buckling mode to change as will
be discussed below.

Let us consider the case when conditions u = v = 0 are introduced on both
shell edges. To determine Ag we arrive at boundary value problem (3.1) and
(3.5), however the buckling mode is not determined uniquely and is represented
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by formula
w(s, o) =w'y [Cl cos(m(cp — 1)+ (s)) +
+Czcos(m(<,o—tp2)—1/1(s))], (11.4.1)

where Cy, Cs, @1 and 9 are arbitrary.

Deformation (1) represents the result of the overlapping of two systems of
pits which are stretched along the asymptotic lines of the neutral surface.

We may turn from deformation form (1) to the form

w (s, p) = w* ycosm (p — o) cos (¢ (s) — 1), (11.4.2)

where in the zeroth approximation ¢g and ¥y are arbitrary. Deformation (2)
describes a chess board system of pits. The constant ¢q also remains arbitrary
under the development of a higher approximation, and the constant 1y may
be found.

Let one of the four boundary condition variants for which @ > 1 (see
Table 11.2) is introduced at each of the shell edges s = 51, s = s3. Then
when developing the next approximation we may neglect the non-tangential
boundary conditions. In expansion (2.4) A\; = 0, coefficient A, and constant g
have two values /\gl), 1/)81) and /\gz), 1/)(()2), and /\gz) = —/\gl). This construction
for the vibration problem of a shell of negative curvature has been done in [89].

Therefore, the critical value A is given by the approximate formula A =
Ao + on\gl), /\gl) < 0 and by virtue of the arbitrariness of ¢g, two independent
buckling modes correspond to it. The value A = Ao + 60/\9) differs from the
critical one by a small amount of order €y and two buckling modes correspond
to it.

Now let conditions u = v = 0 be introduced at edge s = s;, and condi-
tions v = 71 = 0 be introduced at s = s;. As in Section 11.3, in the zeroth
approximation we come to boundary value problem (3.1) with boundary con-
ditions (3.14) and (3.15). However, since y; and y» satisfy the same equation,
it follows from (3.14) that y» = C'y;. Then we obtain from conditions (3.15)

y (e2 4 Ce™2) =0, o) (e¥2—Ce™™¥2) =0. (11.4.3)

As a result, the boundary value problem splits into two problems. They
consist of equation (3.1) and the boundary conditions

nils1) =wm(s2) =0, C=e" (11.4.4)
or conditions

ni(s1) =vi(s2) =0, C=—e®v (11.4.5)
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It is clear that problem (3.1), (5) gives the smallest value of Xo. '
The deformation mode in the zeroth approximation is determined uniquely

1 k)
w(s,p) = w* y1 cosm (¢ — o) sin(e— / qlds> (11.4.6)
0

S2

but ¢y is still arbitrary. As in the case of condition u = v = 0 on both edges,
deformation (6) describes a system of pits resembling a chessboard. However,
in contrast to the case of condition © = v = 0 on both edges the boundary
value problem for fixed m has no eigenvalues close to the critical one.

11.5 The Case of the Neutral Surface Bending

Let the boundary conditions belong to the second or third group (see Ta-
ble 11.2 and Remark 11.2) and let them be introduced at both shell edges.
Under the construction of the main solutions in the zeroth approximation we
satisfy the boundary conditions

v=T1=0 or u=S5=0. (11.5.1)

At some characteristic shell sizes (eigensizes) (see [20, 49, 172]) the bending
of the neutral surface is permitted, and it leads to the decrease in the order
of the critical load. That is why the equation for the determination of \g
essentially differs from the ones obtained in Sections 11.3 and 11.4.

To formulate this equation at ¢3 # 0 (i.e. under torsion) we introduce the

fundamental system of solutions yx1 and yk2 of equation (3.1), which at s = s;
satisfies the initial conditions

w1=0, Ya=1 wka=1, #ho=0, k=12 (11.5.2)
Then, in order to determine A\¢g we come to the equation
s
(111922 + Y12y21)’ = if( ) 2 cos 219, (11.5.3)
5=s2 f (52)

in which we take the ”plus” sign if the same boundary conditions (1) are
introduced at both shell edges, and the ”minus” sign if the conditions are
different.

Later, we will arrive at the general case where ¢3 # 0, but now let us assume

that ¢3 = 0. Then y;; = y»; and equation (3) in the case of the same boundary
conditions as (1) has the form

fls1) . o
T(52) sin 1o, (11.5.4)

yllylm = -
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and in the case of different boundary conditions has the form

f(s1) 2
f o= — 11.5.5
Y11Y19 f(Sz) cos” iho, ( )
where
1/2
b (s2) = m/l - b2 s, (11.5.6)

We will now consider in more detail the case when both shell edges are
simply supported (v = 71 = 0). The other cases may be considered in a
similar fashion.

Let the parameters of the neutral surface and the number m be such that
sints = 0. We then have again the Sturm—Liouville problem, which consists
of equation (3.1) and the boundary conditions

%1(s1) =¥ (s2) = 0. (11.5.7)

For the given m let the minimum eigenvalue for this problem be Aq(m).
For its approximate evaluation we assume in (3.6) that y = 1. Then

2 fd i
P , L, = —S, L2 = /flds, p = €Epm. (1158)
L f

$1

)\o(m) =

To determine if the value Ag(m) is critical or not we must consider the other
values of m.
Let now siny # 0. The functions yg; and yg2 satisfy the Volterra integral

equations
8 K] t
fle)dt (/Fk(t1)yk1(t1)dt1> %,
L, e (11.5.9)
Y2 =1— /(/Fk(t1)yk2(t1) dt1) ?%,
where
Fi(s) = dopfu(s) = p°F 7' (s), k=12 (11.5.10)

We can solve equation (9) by means of an iterative method starting with
y2, = y2, = 0. This method converges faster with smaller values of the
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functions |Fk|. For t3 = 0 we take only the functions yi1 and yi2 (since
Y2; = Y1) Assuming that [Fi| < 1 we limit the discussion to approximate
solutions (9) in the form

y11(s f t, yi2= 1—/s</t Fl(tl)dtl) % (11.5.11)

S1 81

After substituting into (4) we obtain the approximate formula

sinyy | p?Ly
piLi L,y Ly’

Ao(m) ~ (11.5.12)
which generalizes formula (8).

The critical value of parameter A\ is Ag = minAg(m). The cases when
sin ¢y is close to zero for a small value of m are the least favourable for shell
stability. We note that sin ¢ = 0 approximately corresponds to the case when
the neutral surface has bending satisfying the conditions v = 0 at s = s; and
8§ = 89.

Now we obtain a formula of the same type as (12) for t3 # 0. First let us
take the approximate solutions of equations (9) in the form

“:j ];(ftl)) / (/ Fi(t2) / fdt2 ‘”1) (Sl)) @
e ()

$1 81

(11.5.13)

The substitution into equation (3) after neglecting terms of order |F|?
leads to the same equation (12) in which L; has the previous value and

82

Ly= %/(fl + f2) ds. (11.5.14)

81

Recalling (3.2) we note that the value of Ly does not depend on t3, consequently
the effect of torsion is not detected in the approximation being considered.

If the shell is loaded only under torsion (i.e. t; = tg = 0, t3 # 0) then
Ly = 0 and formula (12) is not valid.

To obtain a more accurate relation in the case when all ¢; # 0, we retain
terms of order |Fg|? in solutions of the same type as (13). Then equation (3)
may be written in the form

Mop*LiLy 4+ A2p® Ly Ly = sin® g + p° L2, (11.5.15)
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where Ly and L, are given by formulae (8) and (14) and

S$2 8 82 s

L3:L1/</ f1;f2 dt)z%ﬁ— (/(/ fl;fQ dt) %)2. (11.5.16)

$1 81 51 8y

For Ly # 0, Las # 0 equation (15) allows us to account for the effect of
torsion on the critical load.

However, for Ly = 0 (i.e. under pure torsion) equation (15) leads to an
unexpected result: if the neutral surface size is close to the eigensize for small
m then it does not cause (in contrast to the case where t3 = 0, t1,23 # 0) a
decrease in the order of the critical load. Indeed, let sins = 0 for small m
(p < 1). Then Ag(m) ~ p~1, i.e. decreasing m (starting from the same value)
leads to an increase of Ag(m). We will discuss this question again in Sections
11.6 and 12.2.

We may make some remarks about formulae (12) and (15). These formulae
were developed under the assumption that |Fx| <« 1, m > 1, which may
be not fulfilled simultaneously. For small m (for example, m = 2 or m = 3)
constructed solution (1.3} does not guarantee the required accuracy since both
system (1.1) and the solution method are not sufficiently accurate. Cases when
the neutral surface has bending for small m will be considered in Chapter 12.

It follows from (12) and (15) that the critical value of the parameter Ag
for a shell of revolution of negative curvature with support (v = 0) at each
shell edge may change in range from values of order unity to values of order ¢2
depending on the size of the shell.

Let o be the characteristic value of the membrane initial shell stresses
under buckling. We consider the dimensionless value 0. = o/(Ehy), where
h« = ho/R. Then for strongly supported shells with negative curvature, o, ~
hi/® (see formula (1.2) and Sections 11.3 and 11.4).

For shells which have one support v = 0 or u = 0 at each edge, the order
of o, varies from hi/ 3to hs depending on the size of the shell. It follows from
Table 11.2 that the same result is obtained if we replace condition v = 0 by
w = 0 or if v = w = 0 simultaneously, however, the composition of conditions
u=w=0 gives o, ~ hi""’.

In order to compare the results we recall that for the strongly supported
shells of positive curvature o, ~ 1 (see (3.1.3)), and for the shells of zero

curvature under external pressure o, ~ hil? (see (3.5.5)).

11.6 The Buckling of a Torus Sector

To illustrate the results of Sections 11.3-11.5 we will now consider the buck-
ling of a torus sector which has negative Gaussian curvature, under the axial
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force P and the torsional moment M, applied to shell edges s; and sy (see
Figure 11.1). The torus is obtained by rotation of an arc of a circle of radius
R around axis OOQ'. Let Ry be a distance between the centre C of this circle
and the axis. We take R as the unit length. Then

ki=-—1, b=a—coss, ky=0blcoss, a:%>1. (11.6.1)

Py
2

O B
R

Ry \s=0 C

o

5

Figure 11.1: A torus sector.

By virtue of (1.4.6) the initial stress-resultants are the following

P T? M
0 _ 0 _ f1 0 _
Tl - 27I'Rb2k2’ Tz k‘z ’ 27 R2b2 ) (1162)
We take in (1.2)
lp lp Ipm
1) = ——, ==, t3= -, 6.
1= bk, 2 bk 3= 73 (11.6.3)
then
P=2rREheiRp, Rp = —Alp,
0mP i d (11.6.4)

M:—QTI‘RthéARM, RM:/\IM.

We introduce lp and s and seek the critical values of the parameter A > 0. We
will consider both compressive (Ip > 0) and tensile (Ip < 0) stress-resultants
TP, T, however due to symmetry we can only consider the case when lpr > 0.

The numerical parameters in the example are: a = 1.5, v = 0.3, s =
—s, = /4 and h/R = 0.003, then & = 0.0968.
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Figure 11.2: The loading parameters acting on the torus at buckling.

Consider the various types of shell edges supports. First, let both edges be
clamped. This is then the boundary value problem (3.1), (3.5) for k = 1. The
numerical solution is represented by curve 1 in Figure 11.2. Buckling occurs
for m = 8. We obtain from approximate formula (3.10) at Rp < 3 that at
y = cos 2s the value of Ag which is larger than the exact solution by not more
than 1%. At the same time we find mo = 8.3, and by virtue of (3.10) the value
mg does not depend on the parameter v = Ip/ipr.

If edge s = s; is clamped, and edge s = sq is simply supported then on
edge s = sy we arrive at condition (3.4). The results of numerical integration
are shown as curve 2 in Figure 11.2. If Rp < 0.7, buckling occurs for m = 7,
and if Rp > 0.7 buckling occurs for m = §.

If edge s = s1 is clamped, and edge s = s, is free, we come to boundary
value problem (3.1), (3.11) for k = 1. The corresponding results are shown as
curve 3 in Figure 11.2. If Rp < 5, buckling occurs for m = 7.

As the tensile axial stress (Rp > 0) increases, curves 1, 2 and 3 in Figure
11.2 approach each other. To explain this effect, note that by virtue of (3.2)
and (3)

(1) Lo . (11.6.5)

cos s (a — cos s)

fi(s) = col; . (coss (a — cos s)) Ve

For Ip < 0 we have fa(s) < 0 for all s, and fi(s) > 0 for all 5, if y > —0.84.
For —0.84 > v > —2.8 the function f;(s) changes its sign in the interval (s, s2)
while at the same time near the endpoints of this interval fi(s) < 0. It follows
that the solutions of the corresponding boundary value problems are damped
as we approach edges s; and s9 and the solution is less dependent on the type
of support. Localization of the buckling mode near parallel s = 0 occurs in a
manner similar to that described in Section 4.2.

If we change the wave number m in the circumferential direction then the
eigenvalue Ag{m) of the corresponding boundary value problem has a minimum
for m = 7 or m = 8 in all of the cases considered (see, for example, curve 4 in
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Figure 11.3, which corresponds to the case when lp = I3y = 1 with clamped
edge s = s; and free edge s = s3).

We have another picture in the case of simply supported edges s = s and
s = s5. It follows from approximate formulae (5.12) and (5.15) that the value
of Ag(m) depends on sin¥;(m), and the critical load depends on whether or
not sin 1, is close to zero for a small value of m. We recall that if sin ¢y is
close to zero it means that the shell size is close to the eigensize.

A (m)

Figure 11.3: The values of A(m).

For simply supported edges we come to boundary value problem (3.1}, (5.2),
(5.3). The solution, after minimization by m are shown as curve 4 in Figure
11.2. We have sin )5 = 0.18 at m = 3 and that is why without torsion ({3 = 0)
lp
I
pure torsion (without any axial force) shell buckling takes place for m = 7. As
was noted in Section 11.5, if the shell size is close to eigensize then the critical
load and buckling mode are not affected. The calculation shows that the same
case also takes place under tensile stresses P and small compressive stresses
(v < 0.4).

It follows from above that curve 4 in Figure 11.2 has two distinct parts.
The left hand portion of the curve corresponds to m = 3 and to the buckling
mode close to surface bending, and the right portion of the curve corresponds
tom=6-09.

We will now consider another shell with the same parameters and sy =
—s1 = 0.86. For this shell siniys = 0 if m = 4. Let the shell edges be simply
supported. The graphs of Ag(m) for [p = 1, Ipy = 0 (curve 1), for Ip = 0.5,
Iaye = 1 (curve 2) and for Ip = 0, Ipr = 1 (curve 3) are plotted in Figure 11.3.
For comparison, curve 4 gives A\g(m) for a shell, one edge of which is clamped
and the other is free for [p =3y = 1.

Curves 1 and 2 have two minimums at m = 4 and m = 7, the first is caused
by bending. One can see that the effect of bending decreases as the torsion
becomes relatively larger.

while under small torsion (y = > 0.4) buckling occurs for m = 3. Under
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11.7 Shell with Gaussian Curvature of Variable
Sign

There are two types of shells of revolution with alternating Gaussian cur-
vature. Toroidal shells, the curvature ks of which changes sign at some specific
line (point A in Figure 11.4a) is the first type. The development of asymptotic
solutions of the equations of statics, dynamics and buckling of this type of
shell has been the subject of many studies (see, for example, [12, 24, 82, 119]).
We note especially the papers [20], in which the specific type of quasi-bending
of the neutral surface is introduced [53]. In the present Section we will not
discuss this problem in detail.

0] o _s,
A
7\ A
S
Ol Ol 51
(@ ®

Figure 11.4: The two types of shells in which the Gaussian curvature changes
sign.

We will consider shells the curvature ki of which changes sign at some
parallel s = s. (point A in Figure 11.4b). The generatrix has a point of
inflection at point A. We assume that k{(s.) < 0, i.e. the part s, < s < 53 of
the shell has negative curvature.

We begin with system of equations (1.1) and seek its solution in the form
of (1.3) or (3.3). It follows from (1.4), that ¢; = g2 = 0 at s = s,, i.e. point
s, is the turning point for system of equations (1.1). In the neighbourhood of
s = s, by virtue of (1.4), g1 ~ (5 — 5.)!/? and equation (3.1) has a singular
point s = s,. We consider only the case without torsion (t3 = 0). Then, in the
neighbourhood of point s = s, equation (3.1) has two solutions of the form

y(l):1+a1(s_s*)+...’

(11.7.1)
¥ = (s —s) 2 [1+bi(s—sa) + -]
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At the same time by virtue of (3.3), all solutions of system of equations (1.1)
are non-regular.
We seek the regular solutions of system (1.1) in the form

d .
w(s,) = [0 (s,60) U ) 4w (5,00) G| 7, (11.7.2)
where U (n) is the solution of the Airy equation
d*U -
T T =0, n=e; % (s), (11.7.3)

and the functions w(*) are the formal power series in &2

w'®) = Egk(w) Zeﬁ'w(’“")(s). (11.7.4)
=0

In the same form (2) we seek the rest of the functions, determining the stress-
strain state of the shell.

At this point we will discuss further constructions very briefly. The details
may be found in [130, 165], where the initial system of equations more accurate
than (1.1) has been considered. However, this circumstance does not effect the
zeroth approximation.

Unknown functions ¢(s), w(**)(s) are determined as a result of substituting
solutions (2) into system of equations (1.1). They are regular at s = s,, and

n(s) = (% / qlds> " (11.75)

Se

We assume that the shell edges are sufficiently far from point s = s, i.e.
82 S
651/q1d3>>1, 551/|q1|ds>>1. (11.7.6)
Sa 31
Then 7 (s2) > 1, —n(s1) > 1 and substituting solutions (2) into the boundary

conditions we may use the asymptotic formulae for the Airy functions as n —
+oo (see [15, 63]),

Uy ~n=1/29=1/4cog , Uy ~ o= 12p~U4siny, 5 — oo;
U ~ (1/2) =2 (—p)~W4e=0 | Up ~ n=12(—p)=1/4e, n— —o0,
2 4 e 2
— 2,3/ _2 §=2(- 3/2.
Y=31 e 3 (=)

(11.7.7)



234 Chapter 11. Shells of Revolution of Negative Gaussian Curvature

In searching for w*?) we arrive at second order differential equations.
Therefore, noting that equation (3) also has two linearly independent solu-
tions, Uy and Us, in total four solutions of system (1.1) of type (2) have been
developed.

It follows from (7) that for s > s, all solutions (2) oscillate. For s < s,
two solutions corresponding to I/ = Uj, decrease exponentially away from the
turning point, and the other two solutions corresponding to U = Uy, increase
exponentially away from the turning point.

If at least one support u =0, v = 0 or w = 0 is introduced at edge s = s1,
which borders the part of the shell which has positive curvature, this edge
cannot cause buckling. To satisfy the boundary conditions at edge s = s2 we
must take two solutions (2) for U = U,, assuming that, since they decrease
exponentially for s < s., they approximately satisfy any boundary conditions
at s = .

We can now also present the explicit form of the main (real) terms of
solutions (2) for U = U; using asymptotic formulae (7) as n — oo (i.e. for
5> 54)

v = (=CiyWsing, + Cry® cos ) |u*|cosm (¢ — po),

v = (C1yM cos 9. + Coy@ sin ) [v*[sinm (o — o),

w = (CryM cosps + Coy® sin ) |w*|cosm (p — o),

Ty = (—CiyY sinh, + Coy@ cos ) |T7|cosm (¢ — po), (11.7.8)
S = (CiyY costp, + CoyP'sinep) |S*|sinm (p — o),

. 1 r i
1/)*(5) a/qlds - Z,

where C;, Cy and gq are arbitrary constants, y(!) and y(® are the solutions of
equation (3.1) which have expansions (1) at s = s, and u*, v*... are deter-
mined by formulae (3.3).

Under the above assumptions for determining Ao we should substitute so-
lution (8) into the main boundary conditions at s = sg.

Let clamped conditions © = v = 0 be introduced at s = s3. Then the above

substitution leads to the equation
¥y (52, 20) 417 (52, %0) = 0, (11.7.9)

from which it follows that the critical value Aq is equal to the smallest roots
of equations y) = 0, y(?) = 0, into which equation (9) may be split. It can
be shown that it is the equation y(!)(s3, Ag) = 0 which gives the critical value
of /\0.
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The buckling mode in the zeroth approximation has the form

w(s,p) =wocosm (¢ — @), wo = egl/swl(s) Ui[n(s,e0)],  (11.7.10)
where wq(s) does not depend on £y. For the case where s > s,, by virtue of
(7)

wo = Yy |w* | cos x. (11.7.11)

For the case when s < s,, the function wq exponentially decreases as |s— s.|
increases, and for s > s,, it oscillates as shown in the graph of wg(s) in Figure
11.5. The portion of the shell with negative Gaussian curvature is covered by

a system of pits that resembles a chess board. In the neighbourhood where
§ = 8., the pits are deepest.

Wo

51 s..\/\/szs

Figure 11.5: Schematic of function wq(s).

Now, let the conditions v = T} = 0 be introduced at s = s5. Then the
equation for the determination of Ay has the form

y(l)y@)/h cos? oy + y(2)y<1)'|s sin? o, =0, toe =t (s.). (11.7.12)

By virtue of the identity f (y(My(® — y(2y()") = const equation (12) is writ-
ten in the form
y(l)ly(z) = — ° COS2 ’l/)z*, Cr = ng( k, )1/2, (11713)
f (s2)

where ¢; is calculated at s = s,.

In this case as in Section 11.5, we may obtain the approximate formula for
Ao if cos Py is close to zero for small m. Using the inequality |Fi| < 1, we
take the approximate solutions of equation (3.1) in a form similar to (5.11)

y) :1~j(jF1 (tl)dtl) HoOL y? = /f o8 (11.7.14)

S Se
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Now equation (13) gives

cos? Pax PZLI*
A =
0 (m) p4L1*L2* LQ* 3

Szd 2

8

Ll* = -, Lz* = /flds.
S f Se

(11.7.15)

In the case of the boundary conditions u = S = 0 at s = s, we obtain similar
results with the only difference being that cos? 19, is replaced by sin® g, in
(13) and (15).

11.8 Problems and Exercises

11.1. Derive the system of equations of the second approximation for
functions wi(s) in (1.3)

11.2. Derive equations (3.1) for the particular case of hyperboloid of rev-
olution of one sheet z%/a2 — y?/b2 = 1 under combined axial compression P,
external pressure ¢° and torsion M.

Hint To obtain the dimensionless stress-resultants use relations (1.4.6).
Geometric functions in (3.1) and (3.2) are

ko :a;Q\/a%sinzﬁ—b%cos20, b=k;'sing,

ky = —agbo—2k3,  d()/ds = —k1d()/db,

where 6 is the angle between the axis of revolution and the normal.

11.3. Find the critical load and the wave number in the circumferential
direction for hyperboloid of revolution of one sheet z2/a2 — y?/b% = 1 under
axial compression P. Shell edges §; = 2x/3 and 62 = 4 /3 are clamped.
Assume ag/h = 0.005, b0 = a5, v =0.3,and d =g = 1.

Hint For arbitrary m solve boundary value problem (3.1) with the bound-
ary conditions y(6;) = y(f2) = 0. Then find the minumum of function A(m).

11.4. Use approximate relations (3.10) to determine A¢ and mg for Prob-
lem 11.3 assuming y = (6 — §){¢ — 61). Compare the result with that of
Problem 11.3.

11.5. Consider Problem 11.3 assuming shell edges ¢y » = m/2+6, 6y < 7/4
to be simply supported. Find the eigensizes of the shell.
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Hint For arbitrary m and 6 solve boundary value problem (3.1) with the
boundary conditions y'(6;) = y’(f2) = 0. Obtain the function A(m,#) and
then find its minumum.

11.6. Use approximate relation (5.12) to solve Problem [1.5 and compare
the results.
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Chapter 12

Surface Bending and Shell
Buckling

In this Chapter the buckling of a membrane axisymmetric state of a weakly
supported shell of revolution will be considered. The case when non-trivial
bending of the neutral surface exists which, as a rule, leads to a decrease in
the order of the critical load, are also considered.

We will also consider cases without pure bending that satisfy the bound-
ary conditions but with deformations of the neutral surface that are close to
bending. Such deformations lead to a decrease in the order of the critical load
compared to that for a well supported shell.

12.1 The Transformation of Potential Energy

It is noted above that the consideration of deformations which are close to
neutral surface bending imposes a special requirement on the accuracy of the
initial system of equations. That is why the expressions which specify (2.3.10)
and (2.3.11) are introduced here.

As in Section 2.2, we represent the unknown functions in the form of sums
uf +u;, w) +wi, TP +T;, M? + M;, ... and expand potential energy (1.10.1)
as the sum of homogeneous terms with respect to the additional unknowns u;,
w, ... (henceforth, for brevity we will refer to the initial displacements u? and
to the additional displacements u; and in the same manner we refer to other
unknowns).

M=TL +TL, =02 4+1% + 0! + 0L + 12412 +-- -, (12.1.1)

where II? and I1, are calculated by formulae (1.10.1), (1.1.10) and (1.1.13) for

239
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displacements u while at the same time, I1? is non-linear in u{. Further we
can write

= [[ (10, + 59, + Teehy) de
L (12.1.2)
mn, = // (M50 + 2 Hr + MJ52) d2,
Q

where TP and M are the initial stress-resultants and stress-couples and s
and 7 are calculated by formulae (1.1.13) for displacements u;, and

ek = e+ elei + wlwi + 0%, (12.1.3)
£l = W+ ejwr + wier + efwi +wies + N2 + 1N

Here ), w? and 4? are calculated by formulae (1.1.7) for displacements u),

and &;, w; and v; are calculated by formulae (1.1.7) for displacements u;.
The second order terms in u; are equal to

m? =12t 4+ m??, (12.1.4)

1
7 = 5 ([ (7063 402 +97) + 79 (F + 0 + 93) +
Q
+ SO (Ele + eqwy + ‘)’172)] dQ, (1215)
where 112! is calculated by formula (1.10.1), in which deformations ¢;; are
taken from (3). In (2) M2 is calculated for displacements u;.

Let 6 A be the elementary work of external forces (1.10.4) on displacements
du;. We represent § A as a sum

§A =641 + 6A,, (12.1.6)

where §A; and §A; depend on u? and Ju; while at the same time §A4; does
not depend on u;, and d A, linearly depends on ;.

Then, in order to determine the initial state, u?, one can use equation
(1.10.5)

ST 4+ 6T, =644 (12.1.7)
and the additional state u; is determined from the equation

ST + 61127 46112 = 6A,. (12.1.8)
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In the case of a conservative external load we may introduce the work of
the external forces, A (u? + u;) which depend on the displacements. Let us
represent it as in (1), in the form

A=Ag+ A1+ 424 -+, (12.1.9)

where Ay does not depend on u;, A; linearly depends on u;, and A, has
quadratic terms in u; (i.e. u?, uiu;).

If the external load is ”dead”, i.e. the surface and boundary loads main-
tain the same value and direction when the shell deforms, then the work, A,
linearly depends on u{, A; linearly depends on u;, and the other terms in (9)
are absent (A; = Az =---=0).

For a conservative load we may substitute differential relation (8) in the
finite relation

M2t 4+ 27 4 2, = A,. (12.1.10)

The discussions of this Section have had a general character until now. At
this point we will consider the buckling of a shell of revolution under a mem-
brane axisymmetric stress state, with some simplifying assumptions. Namely,
we will ignore any pre-buckling shell displacements. We assume that under
buckling, the bifurcation into a non-axisymmetric form takes place. We also
assume that the external load ¢ and the initial stress-resultants 7 and S°
linearly depend on the loading parameter A

g=ART'T¢" (TP,8°) = AT (ti,ts), T = Eohop?, (12.1.11)

where we assume that A, ¢° = ¢°(s) and t; = ¢;(s) are dimensionless.
Under these assumptions, in the case of a conservative external load we
may write the buckling problem in a variational form similar to (3.6.1)

A:miﬂ“w u4:__hg_._..
u; w2, ’ 12(1 - v?) RY’

where we calculate the minimum by all »;, which satisfy the geometric bound-
ary conditions and for which the value of I} is positive. Here II. and IT), are
the same as in (3.6.1), and

Iy = (A, - 12Ty A7)~ (12.1.13)

Analyzing the buckling modes close to bending, we may neglect in (5) terms
containing ¢; and w, and according to (11) we can write

(12.1.12)

1
=5 [ [t GF +0d) + 62 (0 + o) + 2007+
Q

3.q°

+2R

(nu+70)|d2,  (12.1.14)
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where 6, = 0 for ”dead” external loads and 6. = 1 for a follower normal pressure’
which is also a conservative load. Furthermore, we assume that §, = 1.

Let the additional stress-strain state under buckling have high variability
(the index of variation ¢t > 0, see (1.3.4)). Then with an error of order A%
we may neglect the terms with w? and 8. in (14) (see [55], and also (2.3.11),
(3.6.2)). In some of the cases considered below, ¢t = 0, and if we do not keep
these terms in determining the critical load we incur an error which, while
small, does not converge to zero with h,.

12.2 Pure Bending Buckling Mode of Shells of
Revolution

Let us consider the system of equations €1 = €3 = w = 0 and seek its
solution in the form

u=1u(s)cosmyp, v=uv(s)sinme, w=w/(s)cosmep. (12.2.1)

Then, this system has the form

du w B’ m w d (v m
& =% FutEeE =0 Bg(g)-gu=0 (22
and leads to the equation
d d (v , R
- <BR2 - (E)) —m? prtev =0, (12.2.3)

Let non-trivial bending (i.e. the solutions of system (2) which satisfy all of
the geometrical boundary conditions) exist. Then in (1.12) II. = 0 and
RMY,

A=p? min D J (m,ui(m)), J = ,

(12.2.4)

where the minimum is calculated for all possible cases of bending.

As was noted in Section 3.6, the existence of bending decreases the critical
load. In cases where there is no bending or the deformations closely resemble
bending A ~ 1 (as follows from {1.12)). At the same time with bending A ~ h,.

The method used here is similar to the method of studying low frequency
shell vibrations (see [57]). The difference is that in the case of vibration there is
a quantity which is proportional to the shell kinetic energy in the denominator
of functional (4). Also, the solution of buckling problems for weakly supported
shells is less important, from a practical point of view, than the solution of
vibration problems.
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Listed below are the main cases of support under which a shell of revolution
has non-trivial bending.

A shell in the shape of a cupola has bending if its edge is free.

A shell with two edges has bending if only one support is applied at one of
its edges.

A shell with two edges has bending if one of the edges (s = s1) is supported
by a diaphragm, which is absolutely rigid in-plane and absolutely flexible out-
of-plane. In this case the geometrical boundary conditions have the form

wsinf — ucosf = 0, v=0 for s=s, (12.2.5)

where 6 is the angle between the axis of revolution and the shell normal. Here
we should actually satisfy only the condition v = 0. At the same time the first
of conditions (5) is automatically fulfilled by virtue of 2 = 0.

A shell with two free edges has for each m two-parametric set of bending
and we should minimize functional (4) in this set.

A shell which has positive Gaussian curvature with two edges, has no bend-
ing for m # 0, if at least one support is introduced at each of its edges.

The question of the existence of bending for a shell of revolution of zero
curvature may be easily solved, since one can write explicitly the set of solutions
of system (2). For a cylindrical shell

1 1 s s
= (Cy—, =Cy — 4+ Cy —, =Ci+Cy — 12.2.
4 m2 Y Ym T mR v L+ R ( 6)
and for a conical shell
w=C, sinza)
g4 1
=C —Cy—
v — 2 (12.2.7)
s , sin® o — m?
w = C} 25—
S5 COS O/ m?cos o

where 2a is the angle at the top of the cone, C; and C are arbitrary constants,
and s is the distance from the top of the cone.

A shell of negative Gaussian curvature may have bending if at each of its
edges only one support is introduced (or the edge is supported by a diaphragm).
Bending exists for some shell eigensizes for which boundary value problem
(3) has eigenvalues m? where m is an integer for corresponding boundary
conditions which depend on the support type.

A shell with torsional moments applied to its edges will not buckle by pure
bending modes. It follows from this fact, that by virtue of (1.14), [I = 0 in
(4). In other words, the initial stress-resultant, S°, does not do work on the
additional displacements (1) which agrees with the finding of Section 11.5.



244 Chapter 12. Surface Bending and Shell Buckling

Let us now consider some examples.
Let a shell be under an external follower pressure ¢*(s). We denote ¢** =
msax{q*(s)}. Then for the critical pressure, we find by formulae (4) and (1.11)

that
_ bR
T 12(1-12) R3

where the functional J' is the same as in (4).

A+ ok

min J’, (12.2.8)

Example 12.1. Consider a long cylindrical shell under constant external
pressure ¢*. Let the boundary supports not be introduced or at least let
their effect be negligible. Then, by virtue of (5) the following are bending
deformations

u=0, v= —, w=1 (12.2.9)

and formula (4) gives A\¢ = (m2 — 1) p?. For m = 2 we come to the well-known
Grashof-Bress formula (3.5.7). In this problem, wy = 0, and the correction
introduced in II% is not revealed.

Example 12.2. Next, consider a moderately long cylindrical shell of length
L and radius R under external pressure ¢*(s). Let edge s = 0 be simply
supported (T} = v = w = M; = 0), and edge s = L be free. The bending
deformations are then

s
= — = = —. 12.2.10
Then by (4) we obtain
2 (2
p? (m? - 1) 6(1—v) L
= 1 l=— 12.2.11
Ao Ta ( Y mE ) o )
3 L
Jg = F/32q° (s)ds. (12.2.12)
0
If, in (1.14) we omit terms with w?, then we obtain instead of (12)
3 r 3 R?
— 2 0 0

0

In particular, for homogeneous external pressure ¢° = 1 and for m = 2 we
find by (11) and (12) that

J(1—-v _
J'=3 (1 + —(2—12—)) J7t Jg=1 (12.2.14)
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We note that as the shell length (I — oo) increases, formula (14) evolves
into the Grashof-Bress formula.
We obtain from formula (13) for m = 2

1
For hydrostatic pressure which increases linearly with depth
0 s 1 1 1
—1-2 = = - 12.2.16
q (S) 1 L ’ Jq 4 ’ Jq 4 8 lz ’ ( )

where the values of J; are obtained respectively by (12) and (13). This last
problem models the buckling of an empty cylindrical pail immersed in a con-
tainer of liquid.

12.3 The Buckling of a Weakly Supported Shell
of Revolution

In this Section we will consider cases when the shell edge supports pre-
vent pure bending of the neutral surface, but there are shell deformations
that closely resemble bending. In [57] which considers low-frequency shell
vibrations, the possible tangential bending of the neutral surface, i.e. shell
deformations which satisfy (2.2) and the tangential supports, are introduced.
It was shown in [57] that in the case of vibration, the existence of possible
tangential bending leads to a decrease in the order of the lowest frequency. It
will become clear in the Section below that this result is not always valid in
buckling problems.

Let us begin with (1.12) and represent the additional stress-strain state as
a sum of three terms: the bending, membrane and edge effect

w=w® +w™ + we. (12.3.1)

The bending deformations satisfy equation (2.2) and the membrane deforma-
tions satisfy the system of membrane equations

dT1 B’ m

%t -+ 5 S=0

d T T

—(B%25) - B>mT, =0 — 4 = = 12.3.2
dS ( ) m 2 I R] + R2 0) ( )

Eh&lle—I/TQ, EhEg:TQ—I/Tl, Ehw:2(1+l/)5

and in this system I, > 0.
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We assume that w® ~ 1, w™ ~ p®n w® ~ p%. Then a, > 0, since
otherwise the bending deformation is not dominant.

Due to (1) we can represent all the variables in (1.12) as the sum of three
terms, for example, ‘

er=ed+eP +ef (£=0), =P+l 455 (12.3.3)
Then

I, = I 4 I1¢ + 11,
I, = TI%, + Mg, + 118, (12.3.4)
I =15 + TI5 + M5,

Here TI™, TI%,, TTE., TI¢, T1S, and I15 are constructed by substituting into (3.6.1),
(1.14) and (1.15) the bending and membrane deformations and deformations
due to the edge effect, [I™® (I12¢, T14°) are bi-linear integrals of a form which
consists of membrane {or bending) and edge effect deformations.

It can be shown that the order of the last terms in (4) is always less than the
sum of the first two term. Below, we find only the main term in the expansion
A by the powers of y and that is why we omitted the last terms in (4). For
the same reason, by virtue of a,; > 0 we omit the membrane compared to the
bending deformations.

As a result (1.12) has the form

\ — g (4 08+ p R, + 2°
ws p? (I +15)

Z¢ =TI 4+ p* RIS, (12.3.5)

while at the same time, the orders of the variables in (5) for m ~ 1 are the
following

MP ~ p2om: T2 TS ~ 1, Z° ~ ploetl, (12.3.6)

€

Estimating the orders of II¢ and II, we take into account that the edge
effect solutions are essential only in a band whose width is of order u. The
order of I1$ depends on the edge conditions in the neighbourhood of the edge
s = sg being considered, namely

I15 ~ p2e-1 for 1 (s0) #0,
IS, ~ p2%e for ty(s0) =0, |th(s0)|+ lt3(s())| #0, (12.3.7)

0§ ~ p2oet in the other cases .

At the same time we assume that all |#;] < 1.
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We can now present some more useful formulae for the edge effect solutions
~1,. 1
ys (s, 1) = 45 (s, p) e 1(3‘3"), PPt ———— =0, 12.3.8
G (s, 1) =75 (s, 1) it RTRE (o) ( )
where y is any unknown function, §§ are power series in y, the higher order
terims of which are constant, while the others are polynomials in powers of s.
The following estimates and relations for the higher terms of series (8) are
then valid
BTG ~ G5, 35,00 ~ gt g, 7 e
r e (12.3.9)
~e:__17)e, é:e:__’
7 2 R,
Here, the subscript j is omitted.
We can write the solution of the edge effect in the zeroth approximation
r [— —
w® = C} expl—(s—SO)+Cz exprz—(s—%) (12.3.10)
"
where C} and C; are constants to be determined later, so is the edge parallel
in a neighbourhood of which the edge effect (R r; < 0 for so = s1 < s3) is

1€

v -

£ = , Hi=—=w
R2 }Lz

3

constructed. Then
2R\ /2
Z = pBClcz <R_%) <1+O(/‘)))
B p—
g = 22 (1G4 4nmGi Gy (m 4+ 1) 4 (12.3.11)
+72C3) (41 (50) + 0 (n))-

The multiplier 7, which appears in the integration by ¢ in the numerator

and denominator (5}, is omitted.
We write Z¢ (with an error of order y) for different types of support con-

ditions
R3 1/2
7¢ = 1®B (v*)? [ =
I‘B('Yl) (8R2)
for Qf=0, W+ =0;. (12.3.12)
R 1/2
7° = by2 (v
w3 )" (55g)
for wP4+w®=0, M?=0; (12.3.13)
1/2
e (2
71) <2R2>

R \'? R
7° = u B (wP)? 2 Bub~P 28 3p
for w’4+w®=0, 7 +9{=0,
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where all of the values are calculated at s = sg. The value of I1% is compara-
tively small in all of the cases considered later.

Beginning with a shell of positive curvature with one edge, s = sy, i.e.
the shell is a cupola. For fixed m system (2.2) has a unique solution u®, v°
w®, which is regular in the top of the cupola.

First we introduce the support v;(sg) = 0. Then, by virtue of (6), (9), (12)
we find

3

Ze
e =1, om = 2, A:m(l+0(”))~”,
Sg
1
n3 = 5/['51 (wi+91) +12 (w3 +43) + (12.3.15)
0
¢°
+ CR (U71+v72)]3d8,

where Z° is determined by (12), and in order to calculate 1% we take the
bending deformations.

Remark 12.1. For a strongly supported convex shell A ~ 1, for a shell
which has non-trivial bending A ~ p?. It follows from (15) that support
introduced «;1(sg) = 0 leads to an increase in the order of the parameter A
(A~ n).

Now we can show that the minimum value A is obtained for m = 2. For
this we assume that m 3> 1, and find a solution of system (2.2} in the form

] 1 R /2
zP(s,m) = mﬁ(’”)Zm_kxk(s) etmirds oy = B (R—Z) , (12.3.16)
1
k=0

where z is any unknown function.
Let w® ~ 1, then
uP v® ~mTY AR R ~my P B TP~ m ©(12.3.17)
Let us study the case when the sign is positive in formula (16). Then
functions (16) increase fast with the growth of s. That is why in calculating

the integrals of the functions of type (16), the order of the integral is m times
less than the order of the integrand. Indeed, for 4’(s) > 0 we have [15, 37]

]2f(3) exp(m(s)) ds = [% +0 (;nl—z)] emY(s2) (12.3.18)
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It is not difficult to find the order of the variables in (14)
M =0(m), A~upm, (12.3.19)

from which it follows that under buckling, m = 2.

Now let the support w (s¢) = 0 be introduced (or simultaneously two sup-
ports w (so) = ¥1(s0) = 0). The same developments show that in this case
buckling occurs for m ~ p~! while at the same time A ~ 1, i.e. the existence
of the possible tangential bending (under its construction the non-tangential
supports w = 0 and y; = 0 are neglected) does not lead to a decreasing in the
order of the critical load. This means that the buckling problem differs from
the vibration problem, for which in this case a decrease in the order of the
natural frequency does take place.

The difference mentioned is related to the denominator in (1.12). In the
vibration problem, the main term in Tl}, is w? (see [57]), while in the case of
buckling, the dominant term is the quantity ¢;v7 + 2¢3717y2 + t272, which is of

order m2w?.

Consider a convex shell with two edges and limit the discussion to the case
when edges s = s; and s = s; are simply supported. As was noted above, if
we introduce one or two supports described by (2.5), the neutral surface has
non-trivial bending. We assume that the supports do not allow non-trivial
bending. The free vibrations of such a shell are considered in [57] and we will
use a similar method here for the buckling problem.

Let us take the bending solution (16)

wh = ( o(s) + O (m exp {m/pds} (12.3.20)
o = (R1Ro)"*,

which damps far away from the free edge s = ss.

To satisfy the boundary conditions at s = s; we add to the solution the
functions wh, w™ and w® which are respectively the bending solution, mem-
brane solution and the edge effect solution which damps far away from edge

§ = 81.
By virtue of (20), w® ~ 1. We can calculate the values of the variables in
(5) for m >> 1. The values of II%, and T are determined by the contribution of

w? in the neighbourhood of edge § = sg, where the displacements and bending
deformations are most essential.
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We now have

3 2
b __m R1 Rz _ Rz -1
m =22 (1+ _Rl) v (1+0(m™)), .
» mR R
Iy = 41(t0+0(m_1)), tozth—i-}-tz,

where R;, B and ¢, are calculated at s = s3. The other variables in (5) depend
on the form of the boundary conditions at s = s1.

We will consider only the case when v = » = 0 at s = s;. Using relations
developed in [57] we obtain

L 4Breme R\ | Ry 1
I = (1+R_1> +4uR—1 (1+O(m )),

sz (12.3.22)
c = Q/pds,

-1

S1

where R; and B are calculated at s = s1, and the value of IIT" is determined
by the contribution of the tangential deformations in the neighbourhood of
edge s = s;. In the case under consideration the non-tangential boundary
conditions in the zeroth approximation are not essential and the values IIZ,
II, and IIS in (5) are secondary.

We find in the zeroth approximation

A (m) = Aly"zm_ze_mc + Az/ﬂmz, (12.3.23)

where the constants A; and As which do not depend on g and m are obtained
by substitution of (21) and (22) into (5).
By minimization of X (m) by m we get

Ao~ pPmd,  mo~c ln(pTY). (12.3.24)

For shells of positive curvature with free edges the decrease in the order of
the critical load is typical and is caused by the difference between the math-
ematical rigidity of the surfaces and the physical rigidity of the shells. This
problem has been analyzed in [54, 55].

Estimates (24) are obtained under particular assumptions on the boundary
conditions at edge s = s; and the type of load. For other boundary conditions
which do not allow pure bending, estimates (24) are valid and only the con-
stants in these estimates are changed (for example, constant M in the estimate
mo ~ MInpu~1).
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The effect of the initial stress-resultants ¢; is more essential. Formula (21)
for 15, and also estimate (24) are valid only for #o(s2) # 0. We note that the
value g is proportional to the external normal pressure.

Let ¢o(s3) = 0 and #;(s2) # 0, which is valid for an empty shell entirely
immersed in a liquid (see Figure 12.1a). In this case, instead of (21) and (24)
we obtain the estimates

e ~1, mog~Inpt, Ao~ p?md, (12.3.25)

i.e. of order Ag increases compared to (24).

7

Figure 12.1: An empty convex shell immersed in a liquid (water).

Now, let the top portion of the shell be not loaded, i.e.

t1 =ty =1t =0 for sp < 5 K 839,
o >0 for sy <s<sp

~

(12.3.26)

(see Figure 12.1b). In this case the unloaded part of the shell acts as a support.
The order of Ao increases as s,—sg gets larger and under condition (29) buckling
modes close to bending do not occur.

Indeed, instead of (21) and (23) we now have

$2

5 ~ mPe=mco, cg = Q/pds, (12.3.27)

So

A(m) ~ Agpu®zmPzemee 4 A pu~%1m—Premm{c—co)

where o4, 8, ; and A; depend on the boundary conditions and characteristics
of the loading. For conditions v = v = 0 at s = s; and #9(sp) # 0 we have
B =1, a;j = f; = 2. The minimization by m gives

1

)
[25) (C - Co) — 1Cy

ap = ’ ﬂozﬁz(c—co)—ﬂlcoy

c c

Ay ~ ,u“"m’g", mg ~ Inp~

(12.3.28)
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at the same time estimates (28) are valid only for ag > 0. But, if

ap <0 (12.3.29)

we then obtain Ag ~ 1, mg ~ u~1, i.e. the loading order does not decrease.

We note that condition ap > 0 imposes restrictions only on the location of
parallel sq which separates the loaded and unloaded portions of the shell. In
particular, for a1 = ay for a shell which is symmetrical with respect to plane
s = s, = 1/2(s3 — 51), condition ag > 0 has the form s¢ > s,.

12.4 Weakly Supported Cylindrical and Coni-
cal Shells

The effect of the boundary conditions on the critical value of the load
parameter A was considered in Chapter 8. It follows from Table 8.4 that for
the four last boundary condition variants, the order of A decreases. These
variants are considered in more detail below.

We begin with the case of a cylindrical shell. Let the parameter A be intro-
duced by (1.11). Then by virtue of (7.1.3) for a ”well” supported cylindrical
shell

A~ g A=%n+0(uz), mo ~ p~ 12, (12.4.1)

where the parameter 7 is given in the last column of Table 8.4. In this case
the shell edge condition is considered to be ”well” supported if 7 # 0.

The other variants of (weak) support we divide into two groups: supports
which do and do not, allow pure bending. For the first group we get

A~p? me=2, A=p2J 405, (12.4.2)

where J' is introduced by (2.4). If the shell is under an external normal pressure
(see examples 12.1 and 12.2) then J' = 3Jq'1 or J' is represented by (2.11)
depending on whether bending case (2.9) or (2.10) satisfies the given supports.
It occurs that all of the variants in lines 8 — 10 of Table 8.4, and the variants
in line 7, without restriction on the angle of rotation v; neither for s = 0 nor
for s = L allow the bending. In the first case we consider bending (2.9), in
the second case bending (2.10). Reading Table 8.4 one should use formulae
(8.4.13-18) in which we list the corresponding complete boundary conditions.

Next let us consider the type of support for which = 0 and which, on
the other hand, do not allow pure bending. Let one of the boundary condition
variants of simple support be introduced on edge s = 0, and one of the variants
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of boundary conditions from the free edge group be introduced on edge s = L
(see line 7 of Table 8.4 and formulae (8.4.14) and (8.4.16)).

We take bending (2.10) which satisfies all of the supports except support
by the angle of rotation (y; = 0), if it is introduced. That is why we add to
bending (2.10) (if necessary) the edge effect solutions in the neighbourhood of
edges s=0and s=1L

w=uw"+uw +uwlf wP~1, w~pm. (12.4.3)

We are considering a moderately long shell and that is why we can neglect
the interaction of the edge effect solutions. Unlike (3.1) in (3) the membrane
deformation w™ is not introduced since it does not contribute the zeroth ap-
proximation, the only one which we are considering here.

Substituting (3) into (1.12) or into (3.5) and keeping the main terms we
obtain

_ Ze() + ZeL +/J4R2H2
= T .
That by virtue of (3.12) and (3.14) gives us

A

(12.4.4)

A(m) = [ﬁ(ao +ap) pP+

2 6(1—v -1
+1/6 (m? —1)% 13y (1 + —(m3l—2—)>] (wmy) -, (1245)
where | = L/R,

0  for 0110, 0100, 0010,
ap =14 1/4 for 0101, 0011,

1/2  for 0111, (12.4.6)

0 for 0000,
ayp =
1/4  for 0001

(see the notation for the boundary conditions introduced in Section 8.4 and
Table 1.1).

In (5) the first term is proportional to the energy of deformation caused by
the edge effect solutions in the neighbourhood of edges s = 0 and s = L, and
the second term is proportional to the bending deformation energy.

Let ag + oz > 0. By virtue of (3.15) for ¢z > 0 we have

L
1
My = m? (I + 0 (m?), 1, = 2—Rs/szt2ds. (12.4.7)
0
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Now, minimization (5) by m yields

VIP (a0 + o)

Ao 5 (1 +0 (ﬂllz)) )
3114,
” (12.4.8)
<6 V2 (@ + aL))
mg = | ———————-~ .
pi3
Thus, we obtain the estimates
o~ 32 mg~pm VA (12.4.9)

which falls between estimates (1) and (2}.

The accuracy of (8) for A is not high. Formula (5) for integer m which is
the closest to my, is more accurate and has an error of order p.

We can now write the expression for IT5 in the case when the shell is loaded
by external pressure ¢*(s) and axial force P

L
21
= % s2¢° (s) ds +
0

2
(m*+ )l (12.4.10)
2
where t; is introduced by (1.11) for P = 2nrRT?. In the case of compression,
t; > 0. If we additionally load the shell by a torsional moment then it does not
effect the parameter A within the accepted limits of accuracy since the integral
of the term 2¢37v;ys (1.14) is cancelled (12 ~ sin my cos my and the integral
by ¢ is equal to zero).

Now let us consider conical shells. As in the case of cylindrical shell esti-
mates (1) are also valid for ”well” supported conical shell. If the supports allow
pure bending then estimates (2) are valid. We will consider the intermediate
cases. The total displacement we will represent in form (3) again.

For different boundary conditions for s = s; and s = s; we can take
different linear combinations of bending (2.7)

sin 5= sk _ S— Sk sin® o
T om2’ T oms " spcosa  m2cosa
(0111, 0110, 0101, 0100 for s = s); (12.4.11)
sin o s ™m $ — Sk
u = , V= - " y W=
m2 —sin a msry  m2 —sina Sk COS O
(0011, 0010 for s = sg); (12.4.12)
u=0, v= L, w = >
mso 89 COS &

(1001, 1000 for s=s1, s=s2); (12.4.13)
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We will use formulae (11) and (12) in the case when the conditions of the
simple support group are introduced on edge s = s; and the conditions of the
free edge group apply on the other edge, i.e. conditions 0000 or 0001. We use
bending (11} when support v(sx) = 0 is introduced, and bending (12) when
it is not, but support w(sg) = 0 does exist. We use bending (13) in the case
when weak support conditions are introduced on both edges s = s; and s = s5.

Let us now write the expressions for the potential energy due to bending

(11)-(13).

2 2 2
orb . (mf=1) 1— 3 2_2(1—;{)
RAL, = 2sinacos2a{ 25¢2 ¢ 3=k ¢+
Py _ 1 —v)sin? a1 — 3?)¢?
+ 5722 Fnset 4 ( szj({z ; (12.4.14)
2 2
211b (m® - 1) -1 51
I = —-—— = —. 4.
RAIT3, T a o e Inse™, - (12.4.15)

Formula (14) is obtained for bending (11) and (12) where in case (11) ¢ =1,
and in case (12) ¢ = m? (m2 — sin? a)_l. If simple support conditions apply
on the wide edge (s = s3), we assume in (14) that k¥ = 2, and if they apply on
the narrow edge we assume that k = 1. Formula (15) corresponds to bending

(13).

We can now begin to calculate the potential energy due to the edge effect
solutions by assuming that

R=B (82) = 82 sin . (12416)

Using formulae (3.12-14) we find the expressions for Z7 , for different supports
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(they are marked in the parentheses)

1
78 = —=px " 2w?(cos @)?/? + p? Rww' cos a+

V2
1
+ E %1/2/13R2w’2(cos O[)1/2’
1
Z5s = 7 pw?(cos @)%/? 4 p? Rww’ cos a+

1
+ — u3R%>w'*(cos ) /2 (0111);

V2

1

zZ5 = ~—-—2\/§ 3~ Y22 (cos a)?/2, (12.4.17)
1

Zs = NG pw?(cos @)3/2  (0110);

AR 1 31213 R2u/* (cos o) 1/2,

22
1

w2
Z¢ = Zg£=0 (0100, 0010, 0000, ,1000).

3R2w%(cos a)1/2 (0101, 0011, 1001, 0001);

We calculate the value of Z°¢ for each edge separately and that is why the
contribution of the edge effect in the neighbourhood of shell edges s = s; and
s = sz are denoted respectively by Z§ and Z5. Here w and w' are taken by
formulae (11)-(13).

For the parameter A by virtue of (4) we have

A(m) = (25 + 25 + w* RIS, ) (w115 " (12.4.18)
where II%. is calculated by formula (3.15), and also IT} ~ m?.
If Z§ = Z§ = 0 then estimates (2) are valid.
If w=0in (17) then Z§ + Z§ ~ p® and we come to estimates (9).
In cases 0111 and 0110 we have w(sx) # 0 and by virtue (11) w(sx) =
m~?tan o. Minimizing A by m we come to the estimates

Ao~ p¥t mg~p38 (12.4.19)

which fall between estimates (1) and (9).
Estimates (19) are not valid for cylindrical shells since, by virtue of (2.6)
for the bending of a cylindrical shell, w(0) = 0 for v(0) = 0.
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Example 12.3. Consider the buckling of a cylindrical shell and two conical
shells, the top edge of which are free and on the lower edge one condition from
the simple support group is introduced (see Figure 12.2).

The radius R of the cylindrical shell is equal to the radius of the larger base
of the conical shell. The height of all of the shells is equal to L. The shells are
loaded by an external hydrostatic pressure ¢*(s) which linearly changes with
the height. We assume that ¢*(s) = ¢**¢°(s), where ¢** is the maximum value
of the pressure on the lower shell edge.
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Figure 12.2: Cylindrical and conical shells in a liquid.

For the cylindrical shell, case ”a”

@ =1- %, t1=0, ty=4g°, (12.4.20)
for the conical shell, case ”b”
_ _ 2 2 0
Q=278 o (279 (2t2) o, g (12.4.21)
59 — 81 6 ss3 (s2 — s1) cos a S9 COS O
and in case ”¢”
— _ 2 2 0
e P C ks Vi Gl s VIS S (12.4.22)
Sy — 81 6559 (52 — s1) cos a Sy cos o

The following relations are valid

- E h2A B o sin
e — = sy sin e,
R2\/12(1 - v?) (12.4.23)
I R(1—5) 51
= ee—— w = —.

tana ' $9

We suppose that R/h =400, v = 0.3, = 0.5, tana = 0.5. Then L = R.
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Table 12.1: The critical values of X

Cylinder (a) | Cone (b) Cone (c)
No. | Boundary Conditions

m Ao m Ao m Ao
1 0111 [v=w=v=0| 4 | 00888 | 3 | 0.0798 | 4 | 0.372
2 |0110 |v=w=0 2 1 0.018 | 3 | 0.0350 | 3 | 0.229
3 0101 | v=y =0 3 1 0.0650 | 2 | 0.0472 | 2 | 0.132
4 10011 |w=>=0 3 | 0.0650 [ 3 10.0531 | 2 | 0.105
5 0100 [ v =0 2| 0.018 | 2 | 0.0168 | 2 | 0.073
6 0010 | w=20 2| 0.018 | 2 {0.0181 1} 2 | 0.063

The critical values of Ag and the corresponding values of m for different
boundary conditions are represented in Table 12.1.

For the cylindrical shell we take bending (2.10) which exactly satisfies sup-
ports numbers 2, 5 and 6 and the corresponding value of Ag may be found by
(2.4). The introduction of the additional support y; = 0 increases Ap, and
buckling occurs for m > 3 (see formulae (5) and (8)).

For the conical shell we take bending (11) or (12) depending on the bound-
ary conditions and sp = s; corresponds to case ”b” (support at the narrow
edge). We find the parameter Aq by means of formula (18). Here, pure bending
takes place only in cases number 5 and 6.

In the other cases, the appearance of the deformation energy (Z7 or Z5 in
(18)) associated with the edge effect leads to an increase in the value of A.

Condition numbers 1 and 2 for the conical shell lead to estimates (19),
and condition numbers 3 and 4 lead to estimates (9). In the example under
consideration p'/% = 0.4 and the difference between these estimates is not
revealed since the other parameters of the problem are dominant.

The order of the critical load for the cylindrical shell and for the conical
shell supported at the narrow edge (case ”b”), are approximately the same.
The conical shell supported at the wide edge is more rigid.

It can be seen from a comparison of numbers 3 and 4, and also 5 and 6 in
Table 12.1 that in some cases, support v = 0 is more rigid, while in the other
cases support w = 0 is more rigid.
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12.5 Weakly Supported Shells of Negative Gaus-
sian Curvature

It is a characteristic of shells of revolution with negative Gaussian cur-
vature that if only one support at each edge is applied the shell may have
bending which satisfies these supports. If this is the case the size of the shell
is termed the eigensize. This property of shells with negative curvature has
been extensively analyzed (see [4, 31, 51, 52, 56, 57, 91, 119]). Below we will
consider the less often studied problem of the effect of non-tangential sup-

ports and small variations from the eigensize on the critical load (see also
[50, 90, 118, 128, 129]).

Since there exist many different boundary condition variants we will con-
sider only the case when conditions similar to the simple support group are
applied at both shell edges, s = sy and s = s5. For this group of supports
the condition where T; = 0 (see (8.4.14)) is characteristic. As was noted above,
we can represent the additional stress-strain state as a sum of three terms (3.1)
and use variational formula (3.5) to determine the critical load.

Let us discuss the estimate of the value II™, in formula (3.5) by considering
the auxiliary system of equations which is equivalent to equation (2.3)

dx R dy_m z

s TBrRYTY 35 "BR,

0. (12.5.1)

We can represent the displacements u®, v and w® of the shell under
bending and stress-resultants Tj, T> and S (in accordance with the static-
geometrical analogy), which are the solutions of system (3.2), in terms of so-
lutions = and y of system (1)

B
ub = 7{3, W =By, w’=B'z+mRyy; (12.5.2)
2
T R T R S
R - == (12.5.3)
tho B tho R1B E()h() B?

The displacements u™, v™ and w™, which are generated by stress-resultants
(3), may be found from the same formulae (2)

_ Bz™
=R

um

v = By™, w™ = B'z™ 4+ m Ryy™, (12.5.4)

where, by virtue of (3.2) «™ and y™ satisfy non-homogeneous system (1) and
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are equal to

M= Cyi(s)z1 + Ca(s) z2, y™ = Ci(s)y1 + Ca(s) y2,

_ 7 2(1+ v)zzs 2vRy RZ\ Riyy.
Cl—“/ <——Ba +<1 R +Rz 5 )99 (12.5.5)

$1

h 2(1 —|-1/) T 2v Rq R2 Rzyyl
Cy= —_—— 1- ds.
2 / ( B3 + ( Rl + R2 B3 gas

31

Here x and y are the solutions of system (1) determining stress-resultants
(3). The fundamental set of the solutions of system (1) is formed by zx and
Y, which satisfies (for definiteness) at s = s; the conditions

L1 =Y = 1, To =Y = 0. (1256)

The multiplier g is determined by (4.3.2), and for constants F, v and h we
have g = 1.
After integration by parts the expression

S2

/ (T161 + Thes + Sw) Bds (1257)

$1

1

m=_——
¢ 2Eohg

we obtain by virtue of (3.2)

_ L (y"z — z™y) |s=$2, (12.5.8)

B
nr = (Tiw™ +Sv™) |, = 5

2Eohy

since u™ = v™ = 0 for s = s7.

Let the support v = 0 be introduced at s = s; and s = s3 and let for some
m > 2 be y(sz) =4 and 0| K 1.

Then bending (2) for z = m~'z,, y = m~1y; exactly satisfies the conditions
v (s1) = 0 and approximately satisfies the condition v (s2) = 0 (the multiplier
m~1 is introduced to get w® ~ 1).

To compensate for the error in condition v (s2) = 0 we introduce the mem-
brane deformation determining by (3) and (5)

I:D1$1+D2$2, y=D1y1 +D2y2, (1259)

where D; and D, are unknown constants. We take Dy = 0, then by virtue of
(3) and (6), condition T} = 0 is fulfilled (exactly at s = s; and approximately
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t s = s3). We can determine the constant D; from the condition y°(s3) +
y™(s2) = 0. With an error of order § we then obtain [128].

2
n (32) m C 9 1‘1(32)
—_ m = - L c= ,
Dy aya(s2)’ s T Y (s2), e 20

(12.5.10)

where a = Cy(sp) for ¢ = z; and y = y1.
Let edges s = 51 and s = s be free in the tangential directions (77 = S =
0), however, support w = 0 is introduced, i.e. due to (2)

B’
ng

G=y+Bz=0, Bpr=-— for s=s, k=12 (125.11)

We take the bending given by (2) for

g=m (21— fizz), y=m"! (11— bry2), (12.5.12)

then w (s1) = 0.

Let {3 = §/m and |§| < 1, i.e. the condition w (sg) = 0 is fulfilled approx-
imately. As above, to compensate for the error in satisfying this condition we
introduce the membrane deformation determined by (3), (5) and (9). In order
to determine constants D; and Ds in (9) we have equation w® + w™ = 0 or

Y+ Box™ + (=0 for s=s,. (12.5.13)
The second equation for D; and D, we obtain, accounts for the requirement

that the energy, II7, be minimal. This condition has the form Dy + 8, D; = 0.
Finally, we obtain

m 6162 9 ) -1
e = ey ;e = [2 (y2 + Baz2) (azl + 281011 — ,310112)] ,
d=uy1 — Bry2 + B2 (z1 — Przs), (12.5.14)

aik:C'i(sﬁ) for =2k, Y=1UYk, iyk:112a
at the same time, in calculating ¢y and § we take the functions z; and y, at

s = s3. For 81 = B3 = 0 formula (14) turns into (10).
Consider formula (3.5)

A(m) = (P + Z§ + Z§ + pRAIE) (p21ie) ™" (12.5.15)

For all of the boundary condition variants considered

"~ — T8 ~m* 15 ~m? (12.5.16)
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however, the order Z{ depends on the boundary condition variant and by virtue
of (3.12-14) is equal to

Zs = (0100, 0010);
Z¢ ~ pdm? 0101, 0011);
PR ( ) (12.5.17)
Z7 ~pum” (0110};
Zg ~pm~2 4 3m? (0111), i=1,2.

We use here the estimates w® ~ 1 and 7> ~ m.
For these boundary condition variants, the orders of the terms in the ex-
pression for A(m) (see (15)) are presented in Table 12.2.

Table 12.2: The orders of the terms

A(m) 6] < w2 sl
m
Ao m Ao m
1 2 3] 4 5 6
2 3
0100,0000 |  —o— + p2m? 21 2 (ud)% 9
’ #2m4 pm H I [12
82 §\¢
0101,0011 W-}—,u—}-,uzm? p| 2 p+ (o) % (?)
82 1 I R 7 RN
0110,0111 L2—m4+um4+“2m2 ol = 13 (624 p) ( e )

For fixed values of m, the value of § is a measure of the deviation of the shell
size from the eigensize. It is clear that § depends on m and that is why the
minimization of A(m) by m may be carried out only in sorting by m = 2,3, ....
We recall that A ~ p2/2 and m ~ u=%/3, if for all m < p=2/3 the shell sizes are
not close to the eigensizes (§ ~ 1).

We formally assume that § does not depend on m, and minimize the ex-
pressions in the second column of Table 12.2 by m. For § = 0 or |§] < p? the
results of the minimization are presented in columns 3 and 4 of Table 12.2, and
for larger values of § the results are given in columns 5 and 6 of that table.

It follows from Table 12.2 that if only one support, v = 0 or w = 0, is applied
at each of the edges, and the shell size is close to the eigensize (|6 < p?) for
m = 2, then buckling occurs for m = 2, and also A ~ p?.

The introduction of the additional support 41 = 0 keeps the wave number
(m = 2) under the buckling value. However, it leads to an increase in the
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order of the critical load (A ~ u). If, simultaneously the order of the quantity
& increases (|6] > p?) and (or) supports are introduced of type v = w = 0,
then buckling will occur for m > 2.

Remark 12.2. The term H;“/ (u2ﬂfl}) for m 3> 1 becomes the first term
in (11.5.12). A value close to zero indicates that the size of the shell is close
to the eigensize.

If, instead of the condition of simple support, we impose clamped conditions
(see (8.4.13)), then in this case the existence of the possible tangential bending
d07s not lead to a decrease in the order of the critical load compared to A ~
213,

For example, if for some shell eigensizes there exists bending satisfying the
supports, © = 0, at both edges, then the introduction (even at one edge) of
an additional non-tangential support w = 0 immediately increases the order
of the critical load from A ~ p? to X ~ u?/3,

Example 12.4. Consider the buckling of a hyperboloid of revolution under
a homogeneous external pressure (see Figure 12.3). Let it be formed by the
revolution of hyperbola 2a=2 — 2262 = 1 around the z axis. We have [119]

Ry = —a"*c*R3, Ry=d?(a®- (a® + ¢?) cos’ 9)_1/2 . (12.5.18)
After change of the independent variables due to formula
9
c Ry(0)do 1 . 14+ 7cosf
N=-— —————— = —| arcsin ——————
a? sin 8 2 7 (1 + cos8)
w/2
1—Tcosf c?
- in ————— =14 —= 12.5.19
arcsin T —cos 0)), T + 3 ( )
the coefficients of system of equations (1) become constant.
Let the supports
v(f) =v(02) =0 (12.5.20)

be introduced. Then the shell eigensize (for which system (1) has a non-zero
solution satisfying the conditions y (6,) = y (f2) = 0) are determined by the
equation

sinm(n —m) =0,  n=n(), (12.5.21)

from which it follows in particular that if the shell sizes are the eigensizes for
some m, then they are also the eigensizes for 2m, 3m, .. ..
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6,

Figure 12.3: The hyperboloid of revolution.

Let us consider a numerical example [128]. As the eigensize of the surface
we will take R =¢. Let » = 0.3, ¢/a =2, cos8; = 1/3 and ¢° =1 (in (1.11)).
Then, due to (19) and (20) n; = 7/4 and the shell sizes are the eigensezes for
m=2ifb,=n—6 =65, 9 =—r/4

Let only supports (20) be introduced, however, the shell differs from the
eigensize (03 = 05 + A). In Figure 12.4 the dependence of A on A is shown for
m = 2 and m = 4 and for A/R = 0.003 (solid lines) and h/R = 0.01 (dotted
lines).

Figure 12.4: The load parameter for hyperboloid buckling.

These graphs agree with the results represented in the first line of Table
12.2. Namely, for small deviations in shell geometry from its eigensize, buckling
occurs for m = 2, while for large deviations, buckling occurs for m = 4.
The value of A which separates these cases, increases with the dimensionless
thickness.
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12.6 Problems and Exercises

12.1. Construct for m = 2,3,4,5 bendings of the neutral surface of the
shell of revolution that has the form of the elliptic cupola.

Hint. Construct numerically solutions of equation (2.3) regular at the apex
of the cupola. Use geometric functions from (4.4.8).

12.2. Construct the solution that has a form of bending for the spherical
cupola.

Hint Use relations (2.2) and (2.3) for Ry = R; = R, B = Rsiné.

Answer

u = (1 — cosf) tan™*? u = (m+ cosf)tan™ —.

2

-g—, v:sinﬁtanmi,

12.3. Consider buckling of the weightless semi-spherical shell of the radius
R and thickness h entirely immersed in a container of liquid of the density ~.
The shell edge is free. The force P = (2/3)wR3y balancing the Archimedean
force is applied at the apex of the shell.

Hint. Use relation (2.4) and the bending obtained in Problem 12.2 for
m = 2. Under calculation stresses t; and t; in (1.14) use relations (1.4.6) for
q° = yR(1 — sinf) and P = (2/3)mR3y. The rest loads are equal to zero.

12.4. Find the exact eigensizes of the hyperboloid of revolution of one
sheet described in Problem 11.3 and Problem 11.5 for the boundary conditions
v(f1) = v(63) = 0. Compare with the results with the approximate values
obtained from equation sin; = 0, where 15 is given by (11.5.6).
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Chapter 13

Buckling Modes Localized
at an Edge

In this Chapter we will discuss the buckling modes of shells of revolution under
a membrane stress state localized in the neighbourhood of the shell edge. The
influence of moments on the initial stress state and pre-buckling deformations
will be considered in Chapter 14. Weak edge support and variability of the
determining parameters cause the appearance of these buckling modes.

Modes of this type are possible for convex shells and also for shells of zero
Gaussian curvature under axial pressure. Localization of buckling modes in
the neighbourhood of an edge for shells of zero Gaussian curvature under other
types of loading (external pressure, torsion) and for shells of negative Gaussian
curvature does not take place (see Chapters 7-12). As will be shown below, a
weak edge support may significantly lower the critical load while at the same
time, the variability of determining parameters changes it only slightly.

13.1 Rectangular Plates Under Compression

As an example illustrating the effect of localization of the buckling mode
due to a weak edge support, consider the buckling of a rectangular plate under
pressure. The buckling equation has the form [16]

0w ER?

DAA Ty — = = —. 13.1.1

w+ 25,2 0, D IO (13.1.1)

Edges y = 0 and y = b (see Figure 13.1) are assumed to be simply supported
0w

w:WZO at y=0, y=0»b. (13.1.2)
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2

Figure 13.1: A rectangular plate under compression.

Under cylindrical bending of the plate, the deflection does not depend on

z and has the form w = wgsin % The critical value of the load is equal to

w2 D

Tz:T: b_2

(13.1.3)
If edges # = 0, £ = a are also simply supported, then the deflection (for

b < a) has the form w = wg sin =& sin lba, and the critical value of T3 is equal
to

b2\ 2
Ty = AT, ,\:(1+Eﬁ) , (13.1.4)

where T is defined in (3). As the plate length a increases (b/a — 0) A — 1, i.e.
the critical load approaches (from above) value (3) under cylindrical bending.
The same result takes place for all other type of supports of edges x = 0 and
z = a except in the case when at least one of the edges is free.

For example, let edge z = 0 be free, and z = a be clamped, i.e.

Oz? oy>
6311) 33w . (1315
o T @ ggp =0 o #=0 )
w=0, a—UiZO for z=ua.

Oz

We seek the buckling mode in the form

w (l’,y) = (Cle_% + C'Ze—-"b£ + Cgelzl + 0461‘:&) sin ﬂ, (1316)
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where C; are arbitrary constants and

s=y1-VA, r=\1+VA=v2-52 (A<1). (13.1.7)

The substitution of these expressions into boundary conditions (5) leads to
an equation for evaluation of A

s(rz—v)z—r(u—32)2+r+s(s(r2—l/)2+

r—s

+r(v=s?)")em = =0, (13.1.8)

We study equation (8) for a 3> b. That is why we neglected terms of order
exp{—2a/b} in deriving this equation. If we express r through s by formula (7),
we find that for sufficiently large a/b, equation (8) has the single root s > 0.
Parameter A can be expressed over this root due to (7) by the expression
A = (1 — s%)%. The values of s and X for different ratios a/b for v = 0.3 are
given in Table 13.1.

Table 13.1: The values of s and A for different ratios a/b

ra/b | 25 30 35 40 0
s | 0.0186 | 0.0324 | 0.0375 | 0.0400 | 0.0436
A | 0.9993 | 0.9979 | 0.9972 | 0.09968 | 0.9962

For v = 0.3, equation (8) has a real root if wa/b > 22.7. If ma/b < 22.7, the
solution should be sought in a form which differs from (6). This case will not
be considered here. It may be notes that the buckling of the rectangular plates
under different boundary conditions and values of ratio a/b is considered, for
example, in [16, 175].

The buckling of a plate with two free edges ¢ = 0, £ = a is considered in
[65] and the effect of decreasing the load compared to (3) is revealed. In spite
of the difference between the boundary conditions at z = a (clamped edge in
our case and free edge in [65]), for a/b = oo the results (A = 0.9962, see Table
13.1) are identical. This fact is related to the localization of the deflection near
the free edge £ = 0. As a result, the boundary conditions at £ = a do not
effect the critical load.

Indeed, for sufficient large values of a/b we may assume that C3 = Cy = 0
in (6) and satisfy only the first two conditions (5) at z = 0. As a result we
come to the equation

s(rz—y)2—r(u—32)2:0, (13.1.9)
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which follows from (8) as a/b — oo.

It follows from Table 13.1 that the localization mentioned above takes place
only for sufficiently long plates, since in this case s is small compared to unity.
Indeed, from (9) we can approximate that

V2 12 44
sx gL A~ T (13.1.10)
from which it follows that the decrease in the load is connected with the in-
equality v # 0.

Note that more significant decreasing of the critical load (from 43% to 75%)
takes place for the plate, when the buckling mode is localized at the free edge
y =0 (see [43]).

In the work below, considering shell buckling we reveal the same localization
of the deflection with a simultaneous decrease of load. However, for shells, this
effect is more important than it is for plates.

13.2 Cylindrical Shells and Panels Under Axial
Compression

Let us consider the influence of the boundary conditions on the buckling of
a circular cylindrical shell of radius R under a homogeneous membrane stress
state caused by axial pressure. As an initial system of equations for moderately
long shells we take system (3.1.1)

w52 8w
2 _ — 2 —— N
7 AAw+2/\_6x2 522 0, pAAd+ 52 0, (13.2.1)
where
o2 52 h?
= =3+ —. TO=-92\Ehu® S — 13.2.2

0<eg<!I=L/R.

Here £ = &'/ R is the dimensionless length of the generatrix and ¢ is the angle
in the circumferential direction.

It was noted (see Section 3.4), that the classical critical value of the load
parameter A = 1, obtained by Lorenz and Timoshenko, is valid for many
buckling modes, including axisymmetric modes. These modes satisfy the con-
ditions of simple support at z = 0 and z = [.

For more rigid support of the shell edges, the critical load increases, but
only slightly, due to the local character of the buckling pits. The critical load
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increases only for rather short shells (see [61, 66]) and we will not consider the
short shell case here.

Let us consider cases when weaker support leads to a decrease in load. We
will begin with the case of axisymmetric buckling modes of a shell with free
edge x = 0. We seek the non-trivial solutions of the equation

4 Ot ?w

satisfying at £ = 0 the conditions
Q—-TPm=0, M =0,
that may be written as

Bw Jw O?w
P — = - =0. 13.2.4
Woam TP 5% =0 om (13.24)
For that we assume that the external pressure at edge £ = 0 does not
change direction under shell deformation, and that the term —77+; in the
first of equations (4) gives the projection of this loading on the (internal) shell
normal after deformation.

We seek the solution satisfying the condition
w0 for z — 00, (13.2.5)

which replaces the boundary conditions at the other shell edge.
The direct verification shows that for A = 1/2 the function

V3z 1r>

13.2.
%3 (13.2.6)

wz)= e sin (
satisfies both (3) and also (4) and (5). This solution is constructed in [74].
Due to the presence of y in the denominator, deflection (6) damps fast away
from edge 2 = 0.

Under at least one of the supports w = 0 or for 41 = 0 there are no
axisymmetric buckling modes localized in the neighbourhood of this edge and
A=1.

Let us try to find the non-axisymmetric buckling modes localized in the
neighbourhood of edge z == 0. We will consider 16 boundary condition variants
in which generalized displacements (1.2.9) or corresponding to them general-

ized forces {1.2.10) are equal to zero except that the deflection, w, corresponds
to the generalized shear stress resultant

1 OH

Qi =1 — ﬁ%_T{)')’l- (13.2.7)
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We seek the solution w (&, ¢) of system (1) in the form

ECkwk exp{ (Pr + q¢) } (13.2.8)

where C} are arbitrary constants, wy are fixed constants (below we assume
that wy = 1) and py are unknown constants satisfying the relations

4 2
(Pi+d*) —22pE (pi+ 4% +pp =0, Spe>0. (13.2.9)

The last of the above relations provides the damping of solution (8) away from
edge £ = 0. For A < 1 equation (9) has four solutions, satisfying inequality
(9).

For a shell which is closed in the circumferential direction ¢ = pm. For
a cylindrical panel with simply supported rectilinear edges ¢ = 0, ¢ = ¢y,
g = E2% (m is an integer). The value of ¢ may be found from the minimum
conditions for A.

Other unknown functions (®, u, v, v1, 71, S, Q1. and M7) we seek in the
same form as (8) with corresponding substitutions for w. We write the values

Dy, ug, ... in (8) (subscript k is omitted)

_ pw Lo PP -
(P2 +¢2)*’ i(p? + ¢2)
_ ra(@?+2+y)pY)w
i(p? +¢2)°
Eh 2 Eh Eh
= -2 420, =—-—"p2®, S= @,
T 7 ? T = R S= | P?
pw qu 9 (13.2.10)
nE=R 2T LR u? (P +ve?)
My = —Ehp?(¢*+vpH)w
Ehui
Q1 = R“ (P+@2-v)pes®—2rp),
Ehui
Q2 = T“(q3+(2—1/)p2q—2x\qtz),

which are included in the formulation of the boundary conditions.
If we substitute solutions (8) into the boundary conditions at = (0 then
we come to a system of four linear equations in Cj. If the determinant of the
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system 1s equal to zero then
A(Ag) =0 (13.2.11)

we get the equation for the evaluation of A.
The case, when ¢ < 1 is the simplest. For the seven boundary condition
variants

Ti=5S=Q1. =M =0 ( )s A=1/2;
u=S=Qi.=M =0 ( ), A=1/2;
Ti=v=Qu=M=0 ( )s A=1/2;
Th=S=w =M =0 (0010}, A=1/2 (13.2.12)
Th=5S=@i«=m =0 ( ), A=1/2
t=v=Qn=M=0 (1100), A=1/2;
u=S=w =M =0 (1010), =1/2

equations (11) has a root A < 1, moreover in all cases this root is equal to 1/2
(the designations for the boundary conditions introduced in Section 8.4 and in
Table 1.1 are in the parentheses). For supports more rigid than (12), equation
(11) for ¢2 < 1 has no roots (except for boundary conditions (15), see below).

It follows from the above that for boundary conditions {12), a decrease in
the critical load takes place. However, it remains unclear whether this decrease
would be larger than a factor of two at ¢ ~ 1.

We turn to the case ¢ ~ 1. Let A = cosy and 0 < % < %. Then roots of
(9) in which we are interested are the following

pP1,3= l <rcosg:tcos£) + ! (rsing:l:sin E) ,

2 2 2 2 2
_ a2 iz ) __ siny 13.2.13
r= ((cos;{) 4q ) + sin 1/)) , tan 8= eyl ( )
0<l<m.

The roots p, 4 differs from p; 3 by the sign of the real part.
If g2 <« 1, then roots pi are equal approximately to

p1,2 = Ecos % + 1 sin f, Pa4=q’p12. (13.2.14)

The use of expression (14) give us double the decrease in A for boundary
conditions (12).
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Figure 13.2: The loading parameter for a cylindrical shell with a weakly sup-
ported curvilinear edge under axial compression (1 - 0000, 2 - 0100, 3 - 1000,
4 - 1100, 5 - 0010, 1010, 0001, 6 - 0101).

The roots A = A(q) of equation (11) for ¢ # 0 are given in Figure 13.2. In
addition we also have found a new type of boundary condition

Th=v=Qu.=v=0 (0101), (13.2.15)

for which a decrease in the critical load is also possible (but by not more than
3%). It should be noted, that A = 1 as ¢ — 0, therefore this case does not fit
(12).

Curves 1, 2 and 6 in Figure 13.2 have minimums at q=0.31, 0.20 and 0.36
respectively. Other curves have minimums at ¢ = 0. The greatest decrease in
the critical load takes place in the free edge case (curve 1) and is equal to 38 %
of the classical value. This result was obtained in [117]. We note that curve 5
corresponds to three different boundary condition variants.

Remark 13.1. The applicability domain for the results of Section 13.2 is
restricted to two circumstances.

First, the shell is assumed to be semi-infinite. That is why it is necessary
to determine whether the shell length is sufficient for the necessary damping
of the deflection away from edge z = 0. At the same time, the shell cannot
be too long, since for very long shells under pressure, the beam buckling mode
can occur.

Second, curves 3, 4 and 5 increase monotonically with ¢ and for shells which
are closed in the circumferential direction, the minimum is attained at m =
2, where m is the number of the half-waves in the circumferential direction.
However, for small values of m, the accuracy of system (1) is insufficient.
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Let us estimate the shell length for which the deflection decreases by N
times. We have

[>lh=plnN(Sps)”". (13.2.16)

For that, due to (14) Sps = ¢2 sin% ~ 1/2¢?, which corresponds to A ~ 1/2.
For example, for ¢ = 0.31, v = 0.3 and N = 10 we have

Lo r\'?
— 20y . 13.2.17
=g =2 (R) ( )

If condition (16) is not fulfilled then we cannot neglect the mutual influence
of shell edges z = 0 and « = [ and we must satisfy the boundary conditions at
both edges. These cases will not be considered here.

Many works have been devoted to the problem of the influence of the bound-
ary conditions and shell length on the value of the critical load for cylindrical
shells under axial compression. The references may be found in [21, 22, 61, 149].

Let us consider a cylindrical panel which is simply supported at the recti-
linear edges. For this panel ¢ = um/po. If angle ¢q is sufficiently small (for
example, o < 7/6), then we can use (after verifying condition (16)} equa-
tions (1) and the results following from these equations, which are shown in
Figure 13.2.

The results for a shell which is closed in the circumferential direction qual-
itatively corresponding to curves 3, 4, 5 (the curve number depends on the
introduced boundary condition) with minimums at ¢ = 0 are shown in Fig-
ure 13.2. Quantitatively, the results in Figure 13.2 must be made more precise.
However, the fact that the critical load decreases remains true.

13.3 Cylindrical Panel with a Weakly Supported
Edge

Here the problem is solved under the same assumptions as in Section 13.2.
It is assumed that the curvilinear edges £ = 0 and z = [ are simply supported
and various boundary conditions at ¢ = 0 are considered. Attention is con-
centrated on the boundary conditions for which the buckling is localized in the
neighbourhood of this edge and also for which the critical load decreases.

We seek the solution of system (2.1) in a form similar to (2.8)

w (xz, ) :I;Ckwk exp{;(px—#qky)} (13.3.1)

and formulae (2.10) are still valid.
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The roles of parameters p and ¢ are different than they were in Section 13.2.
Here, p= 27#, n = 1,2,..., and gx are the roots of equation (2.9), for which
gk > 0. We then have

[/ .. 0 0 . 0
qi,2 =11 (:I: cos ?1 4 isin é) y 43,4=T3 (:i: cos —23 4+ isin —23> , (13.3.2)

" 1/4 sin f
1,3 = 172:F193COS—-i-P4 , tan ;3= —'2—-—1
2 =+ cos f —
B) p
where the upper sign corresponds to the first subscript and A = cos .
For p < 1 in formulae (2) we may assume approximately that
ri=rz3=+/p, b= 15—, 03:#—%. (13.3.3)

As in Section 13.2 we search for the values of A by equating the fourth order
determinant to zero

Ay (\p)=0 (13.3.4)

Let first p < 1. We then take approximate formulae (3) and find that the
decrease in the critical load takes place for six boundary condition variants at
=0

To=8S=Qs.=M;=0 (0000), Ap =0.113;
To=u=Qu=M;=0 (0100), Ao = 0.223;
T=5S=Qau=9 =0 (0001}, Ao = 0.223; (13.3.5)
Ty=tu= Q= =0 (0101), Ao = 0.419;
Th=5S=w =M;=0 (0010}, Ao = 0.809;
vV=S=Qu=M=0 (1000), Ao = 0.809.

Let root A (p) of equation (4) converge to Ag as p — 0. Then for the other
10 boundary condition variants, equation (4) has no roots, for which Ay < 1.

It follows from (5), that the free edge ¢ = 0 generates a decrease in the
critical load by a factor of nine. The least rigid are supports u = 0 and vy, = 0,
and the most rigid are supports v = 0 and w = 0. If we simultaneously
introduce two or more supports (except the case when u = 3 = 0 and one
more case, which is shown below) it prevents the appearance of the buckling
mode which is localized in the neighbourhood of edge ¢ = 0.
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Figure 13.3: The load parameter for a cylindrical panel with a weakly sup-
ported rectilinear edge under axial compression (1 - 0000, 2 - 0001, 3 - 0100,
4 - 0101, 5 - 0010, 6 - 1000, 7 - 1100).

The numerical solution of equation (4) for p > 0 is shown in Figure 13.3.
As in Section 13.2, we find here one more variant of the boundary condition
(curve 7)

w=v=Qy =M =0 (1100), (13.3.6)

for which a buckling mode localized near ¢ = 0 is possible and A(0) = 1. The
maximum decrease in the critical load is 3.7 % and is obtained for p ~ 0.5. For
the other six boundary condition variants which are listed in (5), the functions
A(p) (curves 1-6 in Figure 13.3) increase monotonically with p. Hence, the
buckling mode occurs for the least possible value of p, namely for

T p
-

(13.3.7)

For shells of moderate length, p < 1, and we take from the left side of the
graph the value of A(p). The value p ~ 1 corresponds to a short shell.
In the case p <« 1 we represent the buckling mode in the form

T

’Ll)(:l},y) :Y(n)SinT’ 7I=y\/1_7-

For six variants of the weak support of the rectilinear edge y = 0 listed in (5)
the functions Y (7)) are shown in Figure 13.4. One can see that for the larger
values of Ag the deflection decrease slower away from the shell edge.

Let us consider the problem of buckling mode localization for p <« 1. By
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Figure 13.4: Functions Y ().
virtue of (2) and (3)
nr}cin {Sa} =P sin;’ii (13.3.8)
and the deflection decreases by N times for
1/4
p>¢’ = N o4 (1—p?)-1/8 (L—Zh) h‘—N, (13.3.9)
Y R3 .
/P sin 1 sin 7

where cosy = Xy and the value of A is defined by (5) depending on the
boundary conditions at ¢ = 0. The buckling modes which decrease more
slowly with the growth of ¢ correspond to the larger values of Aq.

Remark 13.2. Tt is easy to satisfy the boundary conditions at both edges
¢ = 0 and ¢ = ¢, taking in solution (1) all eight roots gx of equation (2.9).
However, the results given here for a shell, which is in fact, semi-infinite in
the circumferential direction, allow us to find the main part of the support
influence on the critical load.
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In [35] the dependence of the critical value A on the panel width in the
circumferential direction, ¢y, for various boundary conditions on the rectilinear
shell edges is studied. In this work the case of the clamped curvilinear edges is
also studied. It is interesting to note that in the last case the rectilinear edge
is considered to be weakly supported only for four first boundary conditions
(5) and the critical load is ~ 1.5 times larger than in (5).

13.4 Shallow Shell with a Weak Edge Support

Let us consider the buckling of a convex shallow shell under a membrane
stress state using the same assumptions and designations as in Section 3.1. As
an initial system we will take (3.1.1)

PAA W+ AAw — A® =0, p?AA®+ Agw=0, (13.4.1)
where
2 2 32 62
Aw:%%Jr-g—‘;’, Akw:kzb—f—+kla—;1—,
z Y ”” Y (13.4.2)
0%w 0w 8w
= p— tq ——— —
Ayw =1 922 + 213 9299 + 1ty 57

We will consider edge * = 0 and seek the boundary condition variants for
which buckling modes localized in the neighbourhood of this edge are possible.
As before, we seek the solution of system (1) in the form

w:wgexp{—;—(px+qy)}. (13.4.3)

In the same form we seek other unknown functions, which are included in
the boundary conditions. We have

kap® + k1g° Eh Eh
= (L—lﬂz)—w Ti= - —¢’® S=—pq?,
(P? +¢?) R R
Ehui
Qi = ~R—“ (p3 +(2-v)pg® - 22 (tip+ taq))w,
(13.4.4)
— 2 (2 2 - F 2 2
My = — Ehp (p +1/q)w, u_i;(klw-—(q —up)tb),

1
v = .ﬁ(ka_(p2_Vq2)(I))) 71:_£w,
iq 7
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where (1, is the generalized shear stress resultant

1 0H
s =Q1— = —— = TPy — S%,. A.
Q1 = R oy Ty — S e (13.4.5)
Condition Q14 = 0 is a natural condition for functional (3.6.1) in the case when
the deflection w is not given.
Parameter ¢ > 0 in (3) is fixed, and for parameter p we get the eighth order
equation

(p2 + qz)4 - A (tlp2 + 2t3pq + t2q2) (p2 + q2)2 + (k2p2 + k1q2)2 =0.
(13.4.6)

We will consider the values of A, for which equation (6) has no real roots.
We seek unknown functions in the form of (2.8), where S pg > 0. As in Section
13.2 we come to the equation for A

Ao(X,q) =0, (13.4.7)

by equating the fourth order determinant to zero.

The roots of equation (7), depend on parameter ¢ and also on the param-
eters k; and ¢; which characterize the shell curvature and membrane initial
stresses, and also on the boundary condition variant introduced at edge z = 0.

A numerical study of the roots of equation (7) shows that for eight boundary
condition variants there are domains of parameters k; and ¢; for which buckling
mode localization occurs in the neighbourhood of edge z = 0. For that A < Aq,
where Ag is the value of the load parameter found in Section 3.1 assuming that
p and ¢ in (3) are real and the boundary conditions are neglected.

It follows from (2) that we can choose A or one of the values of ; (terms
of the form At; are unknown). If we assume, in particular, that Ag = 1 then
the value A < 1 is a measure of the decrease of the critical load caused by the
weak support of edge & = 0.

The eight boundary condition variants mentioned above are the following:
free edge (0000), conditions with one support (1000, 0100, 0010, 0001), and
three boundary condition variants each of which contains two supports (1100,
1010, 0101).

The problem under consideration contains five parameters ¢y, {5, t3, k1 and
k2. We can fix one of the values of ¢; by choosing A, and we can fix one of the
k; by choosing a characteristic linear size. Three essential parameters remain
as a result. A full item-by-item examination of these parameters is beyond
the scope of this book, although the numerical solution of equation (7) is not
difficult. Therefore, we will limit the discussion to the consideration of three
load cases.
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Example 13.1. Let us consider the buckling of a convex shell of revolution

under axial pressure.

Taking into account the expected local character of

buckling, we assume that the initial stress-resultants ¢1, and ¢ and curvatures
k1 and ks are approximately constant. We take

ty =ks =1, i3 =0, to = —kq, (13.4.8)
where k; > 0 is the only parameter of the problem.
4 A A
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Figure 13.5: The load parameter for a convex shell of revolution under axial

compression (the values of k; are given in the Figure).

We can see in Figure 13.5 a number of curves of A (¢) which depend on the
values of k; and the boundary conditions (shown in the Figure).

For the free edge (0000) and ki > 0, all of the curves have a minimum

A =0 at ¢ = 0, which tells us about the decrease in the critical load (see
Section 12.3, where we constructed pseudo-bending for a convex shell. The
existence of pseudo-bending leads to a decrease in the critical load).
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For boundary conditions 1000, 0100, and 1100 (as in Section 13.2) the
curves A(g) have a minimum A = 1/2 at ¢ = 0.

In the case of boundary conditions 0001 and 1010, the curves of A(¢) may
have a minimum at ¢ = go > 0. In these cases equation (7) has a root A < 1
only for ky < k¥ (see Figure 13.5).

For condition 0101 equation (7) has a root at k; = 0, which is close to unity
(see curve 6 in Figure 13.2). For k1 > 0.1 equation (7) has no roots such that
AL

Let us return to the discussion of case 0001. As was shown in Section 12.3,
the introduction of support 4; = 0 does not effect the increase of the critical
load (i.e. it must be A (0) = 0 as in case 0000).

However, it follows from Figure 13.5 that A > 1/2. The difficulty is that
for parameters (8), to = 0 in formula (12.3.21) and the estimates obtained
in Section 12.3 are not valid. In case 0001 the curves A(g) for t; = 0 and
to = k1 are constructed. In both cases A (0) = 0 which agrees with the results
of Section 13.2 since tg # 0.

Example 13.2. Using the same assumptions as in Example 13.1, consider
the buckling of a convex shell of revolution under tensile loading. Let us take

th=ky =1, ts =0, t, = —ks, (13.4.9)

where k2 > 0 is the parameter of the problem. It should be noted that the
normalization of the values of ¢; and k; in (9) is not the same as in (8), however
as earlier, A® = 1 (for ¢ < 1).

The curves A(g) for the different values of k; and different boundary con-
ditions are shown in Figure 13.6.

For boundary conditions 0000 and 0001, the curves of A (g) increase mono-
tonically and have a non-zero minimum at ¢ = 0. Here we again have £, = 0
(see the explanation in Example 13.1). For boundary conditions 0100 and
0101, the minimum is reached at ¢ = qo > 0. In the other cases equation (7)
has no roots A < 1 at ko > 0.1, although it does have such roots at ky = 0 in
cases 1000, 0010, and 1100.

Example 13.3. Let us consider the buckling of a convex shell of revolution
under torsion. We take

t1=ts=0, t3=+\k1, hka=1, (13.4.10)

where ki > 0 is the parameter of the problem. Again, A\’ =1,1e. A< lisa
measure of the decrease in the critical load connected with the weak support
of the edge.

The decrease of the critical load occurs only for two boundary condition
variants (0000 and 0001) (see Figure 13.7). The minimum is reached at ¢ = 0
in both cases.
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Figure 13.6: The loading parameter for a convex shell of revolution under axial
tension (the values of kg are given in the Figure).
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Figure 13.7: The load parameter for a convex shell of revolution under torsion
{the values of ky are given in the Figure).

Let us make a remark similar to Remark 13.1 in connection with the results
of this Section.

Remark 13.3. The minimum value of A (¢) is reached at ¢ = 0 in most of
the cases considered. This means that we should take the minimum possible
value of ¢ to evaluate the critical load. However, equation (6) has the root

P = iq4/ %12- for small values of ¢ and this root determines the slow damping

of the buckling mode, which may lead to necessity to consider the boundary
conditions at the other edge z = z,.

Therefore it is not a reliable practice to take the value A (0) as the critical
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load. However, the fact that the critical load decreases for this support at edge
¢ = 0 remains and indeed, we can increase the rate of damping of the buckling
mode by taking larger values of ¢ and at the same time we can get A(g) < 1.
If the minimum value of A (¢) is reached at ¢ = go > 0, then we can take A (gq)
as the approximate critical value.

13.5 Modes of Shells of Revolution Localized
near an Edge

Let us consider the buckling of the membrane axisymmetric stress state of
a convex shell of revolution which is limited by two parallels s = 51 and s = s,.
We will use the equations and designations from Section 4.3

PIA (dAw)+ A Ayw — AP =0,

(13.5.1)
p2A(g7TA @) + Agw =0,

where

2
Aw = 8w)+18w

1 107w
b b2 G2’
10 (00 b,
b Bs b2 Jy?

B (00, ts 0w
s \ ’6p ) " b dpds’

o ow ki 0%w

7 (055 )+ i g

As in Section 4.3, we assume that the determining functions b, d, g, k; and ¢;
do not depend on ¢, but may depend on s.

In Chapter 4 we developed the buckling modes for which the weakest paral-
lel is situated completely inside the shell. Here we will consider cases in which
the buckling mode is localized in the neighbourhood of edge s = s;. This
localization may occur due to the weak support of an edge or if the weakest
parallel coincides with the edge.

Let us show first that the results of Section 13.4 are applicable to a discus-
sion of the weak support of an edge. Indeed, the solution of equation (1) we
seek in the form of a formal series in y

Atw

i

(13.5.2)

Akw =

L]

4 .
w(s,p) = Z Crwj, exp i/pkds +ime |, (13.5.3)
k=1

S1
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where
o0
=S ul(s), Spk(s1) >0, (13.5.4)
n=0

and m is the number of waves in the circamferential direction.

Other unknowns we seek in the form (3), and for which have the lowest
order in p terms in (4) we have the same relationship (4.4). For that case
Pk = pi(s) are the roots of the equation

pz 4 2 2 2
d(P2+b—2> —/\(tlp +2t3P +12 b2> (P +b2) +

2 2
(kgp + k3 b2> =0, p=pm. (13.5.5)

If we normalize the parameters E and h in such a way that d = g = 1
at s = s; and assume that ¢ = p(b(sl))—l, then equation (5) coincides with
equation (4.6). As before, if we substitute solution (3) into the boundary
condition at s = s;, then the fourth order determinant is equal to zero

A g.n) = Ao (A q) +0 () =0, (13.5.6)

The elements of this determinant differ by values order of p from those
of determinant (4.7). If we neglect this difference we get the same results as
in Section 13.4, namely that the same boundary conditions allow the desired
buckling modes. Concerning the critical value of A, we have

A=A+ u)\l(,u), (13.5.7)

where Ap is the root of equation (4.7), and the correction term g A\; depends
on the variability of the determining functions and may have any sign.

Now let the edge support at s = s; not be weak, i.e. the boundary condi-
tions at s = s1 are such that for 0 £ ¢ < oo equation (6) has no roots A for
A < Ag, where Ag = I;liqnf at s = 51 (see below). Let the weakest parallel be

when s = s;. This will be discussed below (see also Section 4.3).
If we resolve equation (5) in A, we get

A= f(p,p,s). (13.5.8)

We seek the smallest value of this function Ay > 0 in the domain —co <
p <00, 0L p<oo s <5< s2. Let the value of A = Ag be reached for
real p = pg, P = po and s = s9. The weakest parallel is s1 if s = s1. We
additionally assume that the parallel sq is unique and

fO af

B >0 for p=po, p=po, s = 51. (13.5.9)
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For A = Ag, p = po equation (5) has real root p = py at s = 51 and has no
real roots for s # s;. Then we take

A=Xo+AA  AA>O0. (13.5.10)

and equation (5) has real roots for s; < s < s. and has no real roots for
s > s.. Indeed, if we fix p = py and expand (8) into a Taylor series we obtain

approximately

0 1 0 2 0 62f
AA:fs (S_Sl)+§fpp (p_pO) ) fpp:a_p2; (13511)

where fy, is calculated for the same variables as in (9). From (10) and (11)
we get

A
Sy = 81 + f—g (13512)

Point s = s, is called a turning point. For s; < s < s« by virtue of (3)
and (11), system (1) has oscillating integrals, and for s > s, all of its solutions
increase or decrease exponentially. The existence of the oscillations in direction
s means that buckling is possible.

Selecting AX in (10) one must select the phase for the oscillating solution
such that together with the other solutions of system (1) for which Spx > 0
satisfies the boundary conditions introduced at s = s;. For that we take the
oscillating solution which transforms to a damped solution for s > s, and as a
result we get the buckling mode localized in the neighbourhood of edge s = s;.
The critical value of A does not depend on the boundary conditions at s = sg,
if this edge is not weakly supported.

The technical realization of the outlined plan proves to be rather complex
and is discussed in Section 13.6. Here we only note that the critical value of A
can be expanded in powers of p!/3

A=X+AN AA=p3+pds+---, (13.5.13)

where ) is defined by formulae (4.3.7) and (4.3.9), and Ag, A3 are obtained in
Section 13.6.

In direction s the size of the buckling domain is of order u?/3. The last cir-
cumstance may be some justification for not taking into account pre-buckling
displacements and moment stresses, since the boundary effect solutions pene-
trate only to a depth of order p (smaller than p?l 3). Their influence on the
critical load is discussed in Section 14.4.
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13.6 Buckling Modes with Turning Points

The difficulty of developing analytical solutions of system (1) with a turning
point, s,, is caused by the fact that in the neighbourhood of s = s, exponential
expression (5.3) becomes invalid. This is related to the fact that at s = s,
equation (5.5) has multiple roots and the coefficients w,(cn)
infinity at s = s,.

We note that using the orthogonal sweep method of numerical integration of
the system of equations obtained from (1) after separation of the angle coordi-
nate ¢, the presence of the turning point does not bring additional difficulties.
Therefore, the aim of the derivations given below is to clarify qualitatively the
phenomenon and to obtain formula (5.13).

Let us limit the discussion to two cases, when ¢35 # 0 at s = s1 if at least
one of the inequalities t; > 0, t5 > 0, t3 > t1¢5 (case 1) is valid or t3 = 0 and
simultaneously ts > 0, toky > t1k; (case 2).

In case 1 the pits are inclined at an acute angle to the edge (see (3.1.12)),
and in case 2 the pits are orthogonal to the edge. The case defined by formula
(4.3.10) (t3 =0, t; > 0, t1k1 > taks), in which the pits are stretched along the
edge 1s not considered here.

Under the above assumptions, equation (5.5) has two roots which coincide
at s = s.: p; and py. By virtue of (5.11) we have approximately

270 (s. — s))‘”
o '

The solution of system (5.1) is damped for s > s, and has the form similar
to (11.7.2) (see also [157])

in (5.4) approach

pr2=pot ( (13.6.1)

i/s pLrP2 +p2ds+im<p
w(s, o, p) = [w(l)Ai(n) + w(2)Ai'(n)] et s, 2 ,  (13.6.2)

where Ai(n) is the Airy function, Ai(n) = U (—n), U (n) is the solution of
equation (11.7.3)

s 2/3

3 [p—nm
n= 2N/ Sas| (13.6.3)

Se

wM | w? are the formal power series in I,

o0
w®) =N " yr®nl(s), k=12, (13.6.4)

n=0
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The other variables included in the boundary conditions have the same form
as (2).

The substitution of the linear combination of solution (2) and the other
three solutions of type (5.3) into the boundary conditions leads to the approx-
imate equation for the determination of X

Ai(m) = pBF (W) A'(m), m(\) =7(s1) <0, (13.6.5)

where the rather awkward function F (A) depends on the boundary conditions
at s = s1. For a clamped edge, the function F is given in [157].
The solution of equation (5) leads to formula (5.13) where

2 (§0)2 0 \ /3
A= ("_(_f;_f'E) [c[, - ,ul/3F()\0)] . C0o=2338.  (13.66)

Here (g is the first root of the equation Ai(—(p) = 0. It should be noted that
only the second term in the brackets of (6) depends on the specific form of the
boundary conditions.

Example 13.4. Let us consider the torsion of a convex shell of revolution
by moments M applied to shell edges s = s; and s = s3. The parameters E,
v and h are assumed to be constant.

Then, due to (4.3.3) and Section 4.5

M
O =70 = 0 — = 2Tt T=Ehpy?
Tl 2 0’ S I R2bz A 3, B, (1367)
1 .
ts = — — Ao = min, {y(s)}, v (s) = 2b%\Vk1ks.

b2’

Let us assume that the function +{s) attains its minimum value at s = s;.

Then, by virtue of (3.1.14) and (4.5.5)
_ kiv2ks _ bkav2ky

= = 13.6.8
Po PRETS mo 1 (ky + k) ( )
The derivatives in (6) are equal to
Oy —3/2, -1

£ = o £, = 262k %k, M2 (42 + (ky — k2)?) (13.6.9)

The critical value for the torsional moment

2 2
M= 2rEh B (1) ( _A_)‘> . (13.6.10)
\/3 (1 - Vz) \/ Rl(sl) Rz(sl) /\0
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Let us consider, for example, the torsion of an oblate ellipsoid of revolution
with semi-axes a = R and b = R/+/2 (see Figure 4.4).

Let R/h =500,v=0.3,0; < 0 < 02,6, = /4 and 0, = 7/2, where 6 is an
angle between the shell normal and the axis of symmetry. Taking into account
formulae (4.4.8) v (s) = 2v/2sin?#, hence the weakest parallel is § = 6, and
condition (5.9) is fulfilled. The critical value for the torsional moment is equal
to

27rER2R 2nEh’R
M=———  |1+61p2%—12u| =148 ———_. 13.6.11
6(1—1/2)[ a 4] Jo (=27 ( )

Here the second term in the brackets does not depend on the boundary con-
ditions at s = s;, and the third term corresponds to the case of a clamped
edge.

OM )

200,009/,

Figure 13.8: An ellipsoid of revolution under torsion.

On the shell surface 21 pits (see Figure 13.8) are formed. These pits are
inclined at an angle 1 to the generatrices such, that

tan g = % =1.2. (13.6.12)

The shape of the pits is approximately defined by the expression

w(s,p)= [Ai (m)+0 (M1/3)] cos My (\/g% —p+ wg) , (13.6.13)

which is obtained after simplifying the real part of function (2). The values
k1, k2 and b are calculated at § = 8.

Example 13.5. Let us consider the buckling of a convex shell of revolution
under tensile loading by an axial force P. The parameters E, v and h are
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assumed to be constant. As in 4.4 we have

1 ky
P =2rREhp*\, t = TR T
do=min, {7(s)}, 7(s) = 26%F = 26in0, (13.6.14)

b
Po=0, qo=+Vki, mo=-—ZE~

The minimum v (s) for a convex shell is reached at one of the edge parallels.
Let it be parallel s = s7. We then obtain

0 _ . ’ o _ 8073
fs =7 =4kisinf cosf =4 k1ksbb', f,, = W (13.6.15)
i
Now we obtain the critical value by formulae (5.13) and (6)
2 in2 1/3 1/2
P:27r§hlsm291 (l—f-c(%) +O(%> ),
(1=v?) (13.6.16)

1/3
c = 8 ko (bl)2 / G
b2/12 (1 = 17 o
The values of b, k1 and k3 in formulae (15) and (16) are calculated at s = s;.
We get the approximate expression for the buckling mode

w(s, ) = [Ai (n)+ 0O (u1/3>] cosmg(p — ¥o), (13.6.17)

and the pits are stretched along the meridians.

The initial stress state in the considered example unlike Example 13.4, is
not membrane. The influence of the initial bending stresses and pre-buckling
deformations will be considered in Chapter 14.

Here, as in (13), the O-term includes the sum of the edge effect integrals
damping away from edge s = s; faster than the first term in the brackets
of (17).

13.7 Modes Localized near the Weakest Point
on an Edge

As in Section 6.1, we will consider the buckling of a convex shell under a
membrane stress state. Let us fix the coefficients of the system of equations
(6.1.1) and seek a solution in the form of (6.1.4)

w=woexp [ip~" (prog + paas)] . (13.7.1)
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Then, the parameters p;, p» and A are related by expression (6.1.5)

d(g2+q2)" +9 (kaa? + k1)’

A=Ff (p,-,ai) = ,
(¢ + q%)z (t1g} + 2t3q192 + t292)

(13.7.2)

where g; = p;/A;. The approximate value of the load parameter, Aq, the wave

numbers p?, pS and the weakest point af, o are evaluated by minimizing

(6.1.6)

Ao = min {f (pi, i)} = f (9, o) . (13.7.3)

P,

In Sections 6.1-6.3 it was assumed that the weakest point is placed suffi-
ciently far from the shell edge. Here we consider the case when this point lies
at one of the shell edges.

Let us first make some simplifying assumptions. Let the shell edge in
which we are interested coincide with the line of curvature. Instead of aq, as
we introduce a system of the curvilinear coordinates s, ¢ coinciding with the
lines of curvature such that line s = 0 coincides with the shell edge, and the
weakest point is s = ¢ = 0. We denote p; = p, p2 = ¢ and introduce the
matrix

Jop Joa  Tre
A= fqp qu fqtp ) (13-7-4)
Jer Joq Jop

where the partial derivatives calculated at p = p® ¢ = ¢ and s = p = 0
are denoted by p,p, .... Let us assume that f; > 0 for the same values of
the variables, and that matrix A is positive definite. Under these assumptions
functions f have a strict minimum at the considered point.

Then we assume that edge s = 0, and also the other shell edges are not
weakly supported (see Section 13.4), i.e. that the edge itself can not cause
buckling.

Let us consider the problem with the initial stresses of one of the types
which were defined at the beginning of Section 13.6.

Under these assumptions the buckling mode and the load parameter are
found in [96] and for the buckling mode the following formula is obtained

2

) a . .
w(s, ) = exp | (P°s +¢°) - %Z—] (Al(n)wo + u”BAl’(n)un) +

4 .
+ﬂ1/32wj exp [;i— (p(j)s-i-qoso)] , (13.7.5)
i=2
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where
00
wi =Y ulfuwl j=0,1,...,4; n=Co+kspm?3, (13.7.6)
=0

Here w(()l), wy) are polynomials in the powers of su=2/3, pu

w:(,f), wl(;) are polynomials in powers su~1, pu~1/2; Ai(n) is the Airy function,
damping as 7 — oo (see (6.2), (11.7.7)), (o = 2.338is the root of the equation
Ai(=¢o) = 0.

The second term in (5) is a sum of the edge effect solutions adjusted with
the first term at s = 0.

The approximate representation for the buckling mode we get by taking

Q]

-1/2
/2 and wy’,

1 ap?
w (s, ) = exp [; (P°s + ¢°p) — %] Ai(n). (13.7.7)

Function (7) describes the system of elongated pits with width of order g,
inclined to the edge by angle § where (tané = —¢°/p°).

The domain occupied by the pits is localized in the neighbourhood of the
weakest point s = ¢ = 0 and has size of order p?/3x u!/? (see Figure 13.9 below,
where § = m/2). In direction s, function (7) is similar to functions (6.2) and
(6.13) describing the localization of the deflected shape in the neighbourhood
of the weakest line coinciding with the shell edge. In direction ¢ function (7)
coincides with function (4.2.6) describing the localization near the line lying
completely inside the shell.

We can give the expression for k and a in (6) and (7)

k= (2_1_%) 13 a= i (foafoe = fopfaw) — \/ fop det A. (13.7.8)
Jop ’ fonfag = fz?q

The parameter A can be expanded in powers of pu!/6
A=+ +pra+p N+ .., (13.7.9)

where Ag is defined in (3),
2 1/3
A= Go (1‘2@) , (13.7.10)

and p?/3); coincides with the first term in AX (see (6.6)) and does not depend
on the boundary conditions at s = 0. The next terms ps, /%3 and ... in
(9) do however depend on the boundary conditions at s = 0.
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Figure 13.9: The buckling mode of a convex shell in the case when the weakest
point lies on the edge of the shell.

As earlier (see Section 4.2, the case B; Section 6.1), the eigenvalues are
asymptotically double.

Example 13.6. Let us consider the buckling of a convex shell of revolution
with constant parameters E, v and h being stretched by an axial force, P, and
a bending moment, M; (see Figure 1.2).

For only one force P, one of the edge parallels is the weakest parallel (see
Example 13.5). If we add the moment M; then we have the situation when
the points of this parallel are loaded non-homogeneously and buckling occurs
in the neighbourhood of the weakest point. The initial stress-resultants 7.0, S°
are determined by formulae (1.4.6). We then assume

1 MCOoSs k1 mky cosp
= — —— — —— = tq =
TR T PR 2Tt e 0 BT
Mlz—f?, P=2nrREhu?\
(13.7.11)

If we calculate the minimum of (3) in p and ¢, we find that the weakest
point is the point where the function (see (4.4.2))

2k, . 9 mcos p\~1.
s,p) = —=2sin"0 {1+ 13.7.12
V(o0) = (1+ 2%) (13.7.12)

attains a minimum value. For that p° = 0 and ¢® = b\/k1.
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Let m > 0, then ¢ = 0 at the weakest point, and this point is situated at
an edge parallel where v (s,0) is a minimum by s.
Keeping in (9) the first two terms we get the critical value

—1 2 1/3
/\:2sin201(1+%) +u2/3<0<’3—§”£> +0 (), (13.7.13)
where
-1
£, = g[Qsinze(H-’g) ]
8 (13.7.14)
_ 8k2sin291 m\ 1
o = = (+5)

For m = 0 formula (13) transforms to formula (6.16).
Parameter a determines the rate of decrease of the depth of the pits in the
circumferential direction and is equal to

B f 1/2 B mk, 1/2
a= (}%) = (W) . (13.7.15)

In [96] for an ellipsoid of revolution the term pA; in (9) taking into account
the edge support at s = 0 is obtained. For a shell with parameters bg/aq = \/5_),
/3 < 0 < /2, R/h =500, v = 0.3 for different m, it occurs that this effect
does not exceed 1%.

The contour lines for the buckling deflection, w = £0.75, £0.50 and +0.25
for m = 4 are shown in Figure 13.9. The point with the largest deflection,
w = 1, is marked by a small cross. The deflection damps very fast away
from generatrix ¢ = 0 and therefore there is no contour line for the third pit

w = 0.75, and, likewise, there is no contour line for the fourth pit w = —0.75
and w = ~0.50.

13.8 Problems and Exercises

13.1. Consider a long tube with square cross-sectional area, each four faces
of which are rectangular plates of width a and length b (¢ <« b). Both plate
edges y = 0 and y = b are subjected to the uniformly distributed load ho,
where h is the plate thickness, and o is a pressure. Using asymptotic method
find critical axial pressure.

Answer

mEh?3+v

_— 13.8.1
12a2 14 v ( )

ocr =
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13.2. Consider buckling of cylindrical panel with weakly supported rec-
tilinear edge y = 0 and clamped edge y = yo under axial compression. The
curvilinear edges are simply supported. For different boundary conditions on
the edge = 0 analyze the possibility of existence of the localized buckling
modes near the edge = 0 and find the critical buckling resultants 77. Com-
pare results for yo = R with given in formulae (3.5) for the semi-infinite in
circular direction panel.

13.3. Plot graphs A(yo) for 6 variants of the weak boundary conditions
(3.5) found in problem 13.2.

13.4. Find the critical load for the paraboloid of revolution under external
normal pressure. The initial axisymmetric stress-strain state is determined by
the nondimentional stresses

1 1tk

= — i
' 9k, 2 ko

where ko = T}Hﬁ and ki = k3.

13.5. Determine the cases of the weak support of the edge # = 0 of the
convex shell of revolution under combined axial compression and torsion for
the particular case, when T = S°. The results represent is the form similar
to Figure 13.4.

Hint. Under solution of (4.6) and (4.7) assume ¢; = t3 = k2 = 1,
to = — k.
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Chapter 14

Shells of Revolution under
(General Stress State

In contrast to the previous Chapters, here we will assume that the initial shell
stress-strain state is a sum of a membrane state and an edge effect. We will
refer to this as a general stress-strain state.

We will also assume that the shell is sufficiently long, i.e. that we may
neglect the mutual influence of the edge effects. In cases when the influence of
the initial edge effect and pre-buckling deformations is small, the order of this
influence on the critical load will be found. If the influence of these factors
is significant then for the critical load parameter in the zeroth approximation
the standard boundary value problem which does not contain the relative shell
thickness is developed.

14.1 The Basic Equations and Edge Effect So-
lutions

Assume that the initial general shell stress-strain state is a sum of a mem-
brane state w®, T and S° and an edge effect w®, T¢ and S, then we can write
system (2.4.2) in the form

PN (dAw)+ A (Aew + 5Aw) — A ~AFALE = 0, (14.1.1)
A (g7IAR) + Ayw + A Aw = 0, B

where the multiplier § = 1 is introduced for the convenience of discussion.
Below, we will study only the case of an axisymmetrically loaded shell of
revolution. Then, for the operators A, A; and A, we may use expressions

297
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(4.3.2), (4.3.3)

10 ow 1 0%w

Aw = Z%("E)*b‘za_goz’

2
5 $ 14 (14.1.2)

18 c‘?w 16 8w

ts O0%w +t_2(92w

b 9sdp = b2 dp?’
(T?,T3,S) = =X Eohop? (1,12, t3) oM (14.1.3)
1,42 - 00/—‘(15 2543)» M_12(1-—V2)R2 <L

Here the generatrix length s and the deflection w are referred to R.
The terms with the multiplier § take into account the influence of the initial
edge effect stress-resultants and the corresponding pre-buckling deformations

e 92
(14.1.4)
. 10 dw s + 58w
Afw = Z&(b(%Z—F%Z) 6s)+b—23_902’

where the t7 are the dimensionless initial edge effect stress-resultants.

As before, the loading is assumed to have only one parameter, A > 0. We
represent the pre-buckling deflection W° as a sum W° = Aw® + Aw® where
Aw® and Aw® are the membrane and the edge effect deflection components. The
pre-buckling change of curvatures are also in the form of sums, A (%? + %f),
i = 1,2. For high intensity (large) loads (A ~ 1), the functions w®, s, and ¢{
each depend non-linearly on A (see equation (6) below).

We find the membrane initial stress-resultants 7, and S° by formulae
(4.3.8). Let max{|t;]} ~ 1, and the intensity of the loading be defined by
the parameter A. Taking into account that for the membrane state, unknown
functions do not increase in differentiation we obtain estimates

w®, 5} ~ p?. (14.1.5)

For the edge effect solutions we use equation (1.5.8) which we write in the
form

d*w d?w
/,t4d +)\ 2t1 s —~
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where d, g, t1, and ky are functions in s. The applicability domain of equation
(6) is discussed below.

We seek solutions w® in the neighbourhood of edge s = 59 (51 < s < s2 =
o) in the form

s

2 (o]
1
W (so) = Y005 - W s)exp § - [y () ds (14.1.7)
n=0

j=1 S0

where C; and Cy are arbitrary constants which are defined below from the
boundary conditions. The functions ¢1(s) and g3(s) satisfy equations

dg* + Atig® + gk =0, (14.1.8)
and
Rq; >0, j=12 (14.1.9)

Condition (9) which guarantees the damping of the solutions (6) away from
the edge is fulfilled if for ¢; > 0 and

2k,

1

A<min{y(s)} = A% () (g d)/2, (14.1.10)
For t; < 0 condition (9) is always fulfilled.
With an error of order p solutions (7) may be replaced by

w® (s, ) :ECjexp {p"q; (s0) (s —s0)} - (14.1.11)

=1

The tangential boundary conditions are fulfilled when we develop the mem-
brane initial stress state. To find the constants C; and C; in (11) we use
non-tangential boundary conditions

w®=w, or Qf=Qo, (14.1.12)

i = Y1 or MP =My at s=so,

in which A@Q1o and AM;g are the shear stress resultant and the bending stress-
couple introduced at edge s = sg and Aw, and Ay;. are the differences between
the given and the membrane deflection and the angle of rotation.

We can give the explicit expressions for w® for various boundary conditions
(12)

w'=ow, (C-8)—7yS (14.1.13)
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for w® = wy, 9] = 1. = p~ 1y

e a? — B2 m
W = W, (aC— R S) +§c—yS (14.1.14)

for w® = w,, Mf = Myo = EghoRd u’m;

1/2
w® = 2Lk2 (§> [7((ﬂ2 —-3a%) C + (a? - 38%) S) +q(C— S)}

g
(14.1.15)
for 4f = m4, QF = Q10 = Eohopdy;
. d
w = [m((30° - a?) O = (o® — 308%) 5) +
+q(202C - (o* = 87 5)|  (14.1.16)

for QF = Q10, M{ = Myq;

we—i(l——/\tl— B (20%C - (*- 87 5
=) [a(0- @8 8)4

At At
3_ g2, AN . [ 3 o o Al
m((3a af’ 4o 7 )C (a 3aB° + a p )S)] (14.1.17)
for Q5 — T?v5 = Quo, M§ = Mo,
where ¢ (so) = a+i8, a > 0,
C =a le* cosfy, S =B le* sinfy,
— — 14.1.18
oy = 2550 g, = Bls=s0) (14.1.18)
[ p

For large tensile stress-resultants ({1 < 0) the value § is imaginary but the
formulae given above are still valid in this case and give real values of w®(s)
(see Example 14.5).

In formulae (13)-(18) the values wy, 7, ¢, and m have the dimension of a
length while the rest of the quantities are dimensionless.

By choosing the values R, Ey, ho, and X it is possible (without loss of
generality at t; > 0) to get

d:g:kzzl) t1=2 at s=sg, (14119)
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and as a result the formulae given above are simplified. In particular, inequality
(10) takes on the form A < 1.

As A — A% (see (10)) we have @ — 0 and the edge effect loses its lo-
cal character. The critical load (3.1.16) which is found above without taking
into account the boundary conditions and the variability of the determining
parameters corresponds to the value A = A°.

Boundary conditions (17) correspond to edge s = sg, at which the deflec-
tion, w, and the angle of rotation, v;, are not introduced and the edge loading
maintains its direction under deformation. In Section 13.4 (see Example 13.1)
it was shown that for such boundary conditions the critical load decreases by
a factor of two compared to the value A = A%. It could be seen in formula (17)
according to which w® — co as A = AY/2. For boundary conditions (17) we
must modify restriction (10) by A < A%/2.

In [61] the expression for w® is given for the case when a reinforcing elastic
symmetric rib is fixed at shell edge s = s¢.

The functions ¢§ and s in (1) and (3) one can find by using approximate
formulae (1.5.3)

s
!
s=02w =g [ s~ s,
o (14.1.20)
» d?w® . b dw®
= — Mo = — .
1 ds?’ 27 b ds

To estimate the applicability domain for equation {6) and subsequent for-
mulae (7) and (11) we write equation (1.5.8) in the form

d4w0 . d2w0
phd —— + M (b + ) — 5 + g WO+

*

2(t, +t¢ = =1°*
+ At +17) (k1 +vks) =Ap, p Bohok

(14.1.21)

Here the initial axial stress-resultant, 73, is represented as a sum of the mem-
brane term and the edge effect, T\ = T + T¢, (see formulae (2) and (3)).
It also is possible to represent the solution, W, of this equation in form
W = Aw®+ Aw®. The values t1, w°, and pin (21) are slowly varying functions
and near the edge they may be considered as constants. Then from (21) we
get

w® = (p — pty (k1 + vko)) (gk2) . (14.1.22)

Equation (21) was, however, obtained under the assumption that the un-
known solution is a fast varying function (with an index of variation equal to
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1/2) and it is not acceptable for the development of the membrane part of
the deflection. In particular, for b’ # 0, formula (22) gives the wrong value of
deflection w?.

From the system of equations

Z_u_klw = 6(1) = Vt2—-t1,
o (14.1.23)
3 u— kzw = 68 = vip—1»

we find the expressions for u° and w°

/ k2e?d ~ ki€d
UO = bk2 (/T— ds + C s

0 (14.1.24)

8

0 0 0
0 €3 b koel — kieg ds+C
Ry / w2 cre)

g
I
|
|

[d]

where C is constant. For ' = 0, according to the third equilibrium equation
TPk1 + TQks + Rq* = 0 expression (24) for w° coincides with (22) and for
b’ # 0, we ought to use only formulae (24).

By excluding w® we find from (21) the equation for w®

diw®

dst

dZ e
+Au? (t + 1) —g;UT + g k2w® + p?t5 (ks + v ky) = 0,

(14.1.25)

pid

in which the first approximation as g — 0, all values except w® and t§ are
considered to be given and constant. We seek the solution w® that is decreasing
for s < sq. The value ¢ is related to w® by equation (20).

We will now try to determine the conditions at which equation (25) trans-
forms into linear equation (6). Let the values of d, g, 1, and kg be of order 1
and |ki| < 1in (25).

The last term in (25) may be neglected with an error of order u for ¥’ # 0
and with an error of order u? for b’ = 0.

The order of the non-linear term in (25)

d?w®

oy 2
z = Apts 7s?
coincides for b’ # 0 with the order of the value of A'p~!(w®)2. That is why

term (26) is of the same order as the rest of the terms in equation (25), if
w® ~ p for b’ # 0 and if w® ~ 1 for ¥ = 0. According to formulae (13)-(17)

(14.1.26)
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the order of w® depends on the boundary conditions and on the values of w.,
v, m, and ¢ and it is equal to

w® ~ max {|w.|, |7], |ml, g1}, (14.1.27)

where the maximum is calculated by two of the four values listed above, which
appear in boundary conditions at s = sg.

Using equation (6) and formulae (13)-(17) incurs an error of order p if the
order of the value of iz does not exceed the orders of the remaining terms in
equation (25) (namely if w® < p? for ¥ # 0 and if w® < p for &' = 0). We will
assume later that these conditions are fulfilled.

But now let us consider an example in which these conditions are violated.
We will study the buckling of a truncated circular conical shell with angle 2
at the vertex under axial compression in the case when its edge is free in the
radial direction. In this case

e

b =sina, Qo= Ptana, q~p, w®~p (14.1.28)

and term (26) has the same order as the remaining terms in (25) and so it
may not be neglected. Here, we expect buckling of the limiting point type (see
Section 2.1).

At present we will not consider such cases since ¥§ ~ 1 for w® ~ p and
equation (6) and equations (25) and (21) and some of the relations of Chapter
1 are not applicable since in their derivation we assumed that 42 < 1. The
problems in which geometric non-linearity is modelled exactly are studied for
example in [95, 170].

14.2 Buckling with Pseudo-bending Modes

In this Section we will consider problems in which the influence of the edge
effect initial stress resultants and pre-buckling deformations on the critical
load is small and may be found (or estimated) by the perturbation method.
These are buckling problems of a shell of revolution with negative Gaussian
curvature (A ~ p?/3) and for shells with zero Gaussian curvature under an
external normal pressure (A ~ p) and under torsion (A ~ u!/2). For all of
these problems a relatively low level of the membrane stress-resultants (A < 1)
1s typical.

Let us temporarily assume that the parameter § is small and we consider
the self-adjoint boundary value problem L;s consisting of two equations (1.1)
and of four boundary conditions at each of the shell edges s = s; and s = s5.
We will refer to the problem Lj; as the general problem.
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For § = 0 we get the problem Ly (discussed above, see Chapters 7-11)
on the membrane stress state buckling without taking into account any pre-
buckling deformations or edge effect stress-resultants (shortly to be a mem-
brane problem). We seek a solution of the problem Ls in the form of a formal
series

ws = wo+ 90 +..., Bs=by+5B;+...,
6= Wow o §= 0 ! (14.2.1)
/\6:/\0+6A1+...,

where Ag, wg, and ®q are respectively the eigenvalue and the eigenfunction of
problem Lg.

To find the first approximation for w; and ®; we get the non-homogeneous
problem ”on spectrum”. From its compatibility condition we find the value
of A1 which is the main part of the correction to A and we represent it in the
form

A1 =7 Ao, n=(L-nh)I}, (14.2.2)
where
_ 311)0 t3 6100 (?wo t2 6 Wo
Iy = [ < ) D Bs &p-{-bzaz]bdsdgo,
2
L = [ (aw°> (aﬂ) ]bdsd(p, (14.2.3)
311) od 3% + 3¢ Bwy 0P

I, = //[(%2_*_ Owg 350+ 152 1 a(po &po]bdd

Here the domain of integration is the entire shell neutral surface. In eval-
uating I, and I, we take into account that the pre-buckling deformation is
axisymmetric.

The eigenfunction for problem Lo we represent in the form of a sum

wo = wd +wi, By = b+ D, (14.2.4)

where w) and ®] describe the main stress state and w§ and ®§ correspond to
the edge effect. Let us have the following estimates of the orders of the terms
in (4) and of their indices of variation

w, B ~ 1;  w§, B ~ p*;  wl ~ g0, we

~ pee;
(14.2.5)
awg ~N—cx3w0. awo ~ %0

83 0> a(p 0-
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For shells with zero Gaussian curvature under external pressure or torsion
we obtain o, = 0 and «, = 1/2 and for shells with negative Gaussian curvature
we have a; = a, = 2/3. For the edge effect solutions, wg and w®, we get
Ows/0s ~ p~lwg, Ow®/ds ~ p~twe.

The variables in (3) due to (1.20) are of order

85~ peeem? e~ pts (V' £0),

(14.2.6)
R, o e, e g, g (B 0),
If b'(so) = 0 then ¢§ ~ p?t% and »§ ~ p*oe.
We represent the integral I; in the form
L=1+1I, j=0,1,2, (14.2.7)

where IJ(-) does not contain the edge effect solutions and I7 contains the edge
effect solutions describing the initial stress state and/or eigenfunction (4) of
problem L. In particular, I{ is calculated by formula (3) for wo = wj and 19
is calculated for wo = wg, ®o = ®, and »¢ = 0, and I} = 0.

Now we will consider buckling specifically. First, we will study the buckling
of a cylindrical or a conical shell of revolution of moderate length under external
normal pressure. We assume that the shell is ”well” supported and that the

load parameter Ay satisfies the estimate
Ao ~ (14.2.8)

and the possible variants of ”well” supported edges are given in the first six
lines of Table 8.4.
Under these assumptions the following estimates

a=2, IJ~p', D=0, a>L (14.2.9)

are valid.

The intensity, a., of the edge effect solutions, w§, coincides with the error
order that occurs in the transition from the full boundary value problem, Ly,
to the simplified problem (see Chapter 8). In particular, o, = 1 if w = 0 is
one of the boundary conditions.

The order of IJ depends on whether or not the equality s = 0 is valid. If
») = 0 then I ~ p?, otherwise I9 ~ .

The initial edge effect intensity, age, depends on the type of edge s = sg
support. For example, by introducing a pre-stressed support or with edge
stress-resultants and/or stress-couples we may obtain arbitrary values of the
right sides of boundary conditions in (1.13)-(1.17). Below we assume that

age = 2, (14.2.10)
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i.e. the deflection corresponding to the edge effect is of the same order as the
membrane initial deflection. In particular, estimate (10) is valid if the initial
edge effect is only caused by the fact that the initial membrane deflection did
not satisfy the condition w = 0 (and may be the condition y; = 0).

We will neglect the mutual influence of the edge effects, that is why the
integrals, I7, are the sums of terms corresponding to shell edges s = s; and
s = s5. We will study one of these edges s = sy = sg.

The integrals I are sums of terms of the form

F(u):]zf(s)u).fl(s;%)ds’ (14.2.11)

f=u(fo&) +ufils)+-),

where the function f (s, ) may be represented as the asymptotic series (11)
and g (¢) — 0 as { & —oco. By expanding functions f; in a Taylor series at
s = 50 we get

F (p) = p>tt {fo (50) co + M(fl (s0) co + fg (s0) 01)+

+ Hz (fz (So) co + f{ (80) ¢y + %fél (Sg) C2> + - .}, (14.2.12)

where
0
Cp = /Ckg(C)dC (14213)

Studying the boundary condition variants from the clamped and simple
support groups (see Section 8.4), we find that at s = so the following estimates
are valid

wg (SO) ~ K, wO’:O(”)a
0 o o
% ~ gt (clamped), T (simple support).
Osg Jsg
It is important to recall that the ~ symbol indicates the exact order of the
variable and the symbol O gives the upper order estimate. In particular, for
some boundary condition variants we get w§ ~ p? or w§ ~ 15/ (see Section
8.4).
In estimating the integrals I¢ we assume that t; ~ 1; ¢1, t3, and ¥’ = O (1).
Then according to (12), (6), (10) and (14) we find

=0, If~p I5=0(), (14.2.15)

(14.2.14)
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and then due to (2) we get
n=0 (p?), (14.2.16)

i.e. the relative order of the initial moment stress-resultants and the influence
of pre-buckling deformations on the critical load under the above assumptions
does not exceed p?. In addition, the term

0
z=2042° —2// dwo 8(9(2 bdsdgo, (14.2.17)

in [ is the most significant. For boundary conditions of the clamped support
group we have w (so) ~ g, ®J (s9) ~ 1 and

Fop on=(240w)) @)~ (14.2.18)

For simple support group boundary conditions we obtain wg (so), ®3 (s0) ~ p
and for 5? = 0 we have

2~ p, n~ pd. (14.2.19)

For moderately long shells the calculation of n by formulae (2) is scarcely
practical since the correction is very small. However, for short shells the cor-
rection, 7], becomes sufficient. In {22, 61, 149] one may find a survey of the
nuinerical results for a cylindrical shell with various boundary conditions which
agree with the estimates obtained here.

Let us now study the buckling of an axisymmetrically loaded shell of rev-
olution with negative Gaussian curvature. Let there be no torsion (3 = 0)
and let the boundary conditions be of the clamped or simple support group.
The case when both edges are simply supported is not considered. Then the
estimates

Ao ~ /12/3, a, = a, = %, 0y = Qge = 2, e = ga, (14.2.20)
are valid (see (5)). Here the value o depends on the boundary conditions at
s = sp and it is given in Table 11.2.

We can find the value of 5 by formula (2). Keeping the main terms (with

respect to p) we get

3w 8(I>°
=1, (I3)" Ih= 2// -9 d. dp 14.2.21
n ( 3 1 690 (P ( )

For all boundary condition variants considered we have IS ~ u=%/3. As
before, we calculate the value of I} separately for each edge, s = s; and s = s9,
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and denote the edge under consideration by s = sy. By taking into account
buckling modes (11.4.2) and (11.4.6) and by using an expansion of type (12)
we obtain the estimates

n=0 (u5/3 + /1“'2%) (clamped),

442a )

(14.2.22)
n=0 (uz +ps

(simple support).

where the values of « are given in Table 11.2.

A comparison with estimates (18) and (19) reveals that for shells of negative
Gaussian curvature, the use of a membrane formulation is accompanied by a
greater error than for cylindrical and conical shells under external pressure.

14.3 The Cases of Significant Effect of Pre-buck-
ling strains

The buckling of convex shells of revolution under arbitrary axisymmetric
loading and the buckling of shells of revolution of zero Gaussian curvature
under axial compression is studied in this Section for the case where A ~ 1. The
corresponding membrane problems have already been discussed in Chapters 3
and 4 and it was shown that in the zeroth approximation, the critical value
of A is a function in v (s) (see formulae (4.3.7), (4.3.9), and (4.3.10)). We will
discuss several related cases here.

Case 1. Let v (s) = A% = const.

Then, in the membrane statement, all points on the neutral surface are
equally predisposed to buckling and buckling pits cover the entire surface.
This case is important particularly for the buckling of cylindrical and conical
shells under axial pressure and for the buckling of a spherical shell subject to
a homogeneous external pressure. The initial moment stress-resultants and
the pre-buckling deformations infringe on this homogeneity near the edges and
buckling may occur for A < A° and the buckling mode is localized near one of
the shell edges.

Case 2. Let there be no membrane stress (y = 0) or let it not contain
compressive membrane stress-resultants in any direction (see (3.1.11)).

Then, only the general statement of the buckling problem is valid. The
initial edge effect stress-resultants and the pre-buckling deformations which
are generated by the local loads at s = sg, are the only cause for buckling and
the buckling mode is localized near the line s = sg.

Case 3. Let the function + (s) be variable and attain its minimum value
at s = 5¢g = 83.
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The edge parallel s = sq is the weakest line and the buckling mode is again
localized in its neighbourhood. In the membrane statement the solution of this
problem for ¥'(sg) # 0 is given in Section 13.6 and in the general statement it
is given in Section 14.4.

We assume that the characteristic values of the functions describing the
initial state satisfy the following estimates (see (1.20))

w’, w e~ g o, ~ 1 g, 8] = O (p). (14.3.1)
Now we will give the solution algorithm for this problem in Cases 1 and 2.

The critical value A we seek from the bifurcation condition into the adjacent
non-symmetric mode with m waves in a circumnferential direction in the form

s,0) = »_plw; (¢) e™?,
j=0

p) = i;ﬂ'@j (¢) eime (14.3.2)

C=p""(s—50), A=Xo+ph+---,

where in the neighbourhood of the parallel s = sy the scaled variable ¢ is
introduced.
To find A\¢ we come to the system

d? 2 d2w dw
do (d—@—/’%) wo+Ag (tm a2 +21P1t30 i —Pl (t20+t (C))wo>
d?®,
d¢?

pm

—k20——~+p3 (klo + )\O%I(C)) &y =0, pr=—
0

_ d? 2 d?w
9" <d_(2 - p%) B + koo dC20 (km + AO%T(C))P%“’O =0,

(14.3.3)

where by do, go, bo, kio, and tio we denote the values of the corresponding
functions at s = sg.

Functions wy and ®; satisfy the four homogeneous boundary conditions at
5 = 5o (see below) and also the damping conditions

wg—0, ®—0 at (— —oc. (14.3.4)
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We can express by w and ® the variables which are contained in the bound-
ary conditions

bw b2 b w\’
u=ntme ( 35””’“2(3))’

b b
vo=— <52 + kow — —b~u> M, = ﬂ4d(%1 + viny),

2,2 2p ;2 /
_ _pm pb _o_wtm (o, b
n=-tre+ o, § = - <<1> b<1>>, (14.3.5)
4 1/ 4-
_op 2(1 — v) p*imd
Q1. = -——b—(db(xl 1/%2)) - b -
pidb’ 2 e / ! 2347
-3 (302 + v3n1) — p® (81 + 1) A’ + X (w°) T — p*Atsimuw,
where
1 . 1
61:E(T1—I/T2)—)\(U)e)w, EZZE(TZ_VTI);
_20+4v) o /\(we)/%w’ Ty = 20", (14.3.6)
g
3 = w" %——T—iw-}-b—/w’ T—i—n-l- w'—b—lw
1= s 2 = ¥ b ) - 3 b .

Here with the {f) symbol we denote the derivative with respect to s. The

error in formulae (5) is of order 2. In the right sides of (5) in the formulation
of the boundary conditions for the system we pass to the variable ( and keep
the main terms with respect to pu.

Then we get

u = [ 1 ds(I)() _ 24 v dd, koo dwg (dwe) w]
“lotg0 4 T g0 dAC T G °]

1 dz@o ) k20 ]
v = n + 14 (P + - w )
# [lplgo ( d¢? o 1p1 0

. do d?
Ty = —pi®y, S=-— ZPI—JC—O, My = p?dy (Tu;q — Vp%wg) , (14.3.7)

d3 d
Qs = —,U[do (%—(2—V)p§di;)+

d dw® .
+ Ao ((tlo + 1) "5)&2 + 93 (d—ué.> Py + lPltsowo)] )
0
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where we take (%)0 for ( = 0.

The value of Ay may be found after minimization by the number of waves,
m, in the circumferential direction (py = gmbg 1).

The next approximation wy, ®; satisfies the non-homogeneous system of
equations with the same left sides as in system (3) and the non-homogeneous
boundary conditions with the left sides of form (7). The decreasing conditions
(4) are still valid. From the existence condition for the solution w;, ®; we can
find A;.

The construction method for A; proposed here is interesting only to vali-
date the expansion (2) for the load parameter A = A (u). If we want to find
the numerical value of A(p) then it is more convenient to solve system (1.1)
numnerically with boundary conditions of type (5).

From system (3) it follows that the initial stress-resultant, t§, and the pre-
buckling change of curvature, s, affect equally Ay (at least from the asymp-
totic point of view) and the functions, t§ and §, ought to be found from the
equation of the non-linear edge effect (1.6).

If we neglect one of the values, t§ or s, or evaluate them from the simple
edge effect equation (equation (1.6) for A = 0) we incur an error which does
not go to zero with the shell thickness. In [114] for the buckling problem of a
hemisphere under external pressure (see Example 14.3) with various boundary
conditions, the numerical results for three statements of the problem are given:

(1) for s and t§ which are found from the non-linear edge effect equation,

(i1) for 3§ = 0,

(iii) for 3¢f and t§ which are found from the simple edge effect equation.

For all boundary conditions considered, the minimum value of A is obtained
under the exact formulation of problem (i). In the approximate formulations,
(i} and (iii), the values of X are greater by 10 % and 20 % respectively.

Remark 14.1. The term pA; in formula (2) takes into account the effect
of some factors which are neglected in the zeroth approximation (3) {namely
the variability of coeflicients b, d, g, k;, and ¢; in system (1.1) and the effect of
relatively small values of ¢ and s§).

If, at s = sp the derivatives of the listed coefficients are equal to zero
then XAy = 0 in formula (2) and the error in system (3) and of the boundary
conditions which are introduced by formulae (7) is of order p?.

In order to solve system (1.1) and approximate system (3), which have
variable coefficients, various numerical methods (such as numerical integra-
tion, finite element methods or variational methods) may be used. We note
also the method of invariant immersion [179] which is a type of numerical inte-
gration technique in which the decreasing conditions {4) may be satisfied very
conveniently.

Examples 14.1-14.3 considered below illustrate Case 1 and Example 14.4
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illustrates Case 2. In these Examples t3 = 0 and E, v, and h are constant and
therefore d = g = 1.

Example 14.1. Consider the buckling of a cylindrical shell under axial
compression. In this case k; = t5 = 0 and we assume that b = k5 = 1 and
t1 = 2, then due to (1.2)

T = —2E hu?\, P =27 RT}. (14.3.8)

The value A = 1 gives the classical Lorenz—Timoshenko critical load (see
(3.4.3)). The value of A < 1 is a measure of the decrease of the critical load.
The edge effect stresses and deformations near shell edge s = sq depend on the
type of edge support. Let

u=v=w=M =0 (thatis1110) at s=sg. (14.3.9)
Then by formulae (1.14), (1.20) we find

2 _ g2
we = 2up2<aC—a2 p S),

[0 4
o = (1-Ao) k2 \'/? 8= (14 o) k2 \ /2 (14.3.10)
2 ’ 2 ’
2 2)2
P— LA Gt 2
[0

where we use the designations from (1.18).

Now, if we let » = 0.3, we obtain Ao = 0.867 (see [2]).

The problem under consideration has been extensively studied [2, 21, 22,
44, 61, 112, 149] for the various relationships among the parameters and for
various boundary conditions.

In all cases except 0010 and 1010 the buckling mode occurs with a large
number of waves, m, in the circumferential direction (m ~ p~1!). Since Xy is
close to 1, the parameter «, which causes the decrease of functions 1§, »{ is
small (see formulae (10) and (1.18)) and for relatively short shells the mutual
influence of the edge effects at s = s; and at s = s may be important. This
question has been studied in [2, 22, 44, 61]. In cases 0010 and 1010 where the
support is weak, buckling occurs for m = 2. The same value of A = 0.5 is also
found without taking into account initial moment stresses (see (13.2.12)).

The decrease in the critical value of Ay noted is related to the fact that
Poisson’s ratio v # 0 (see (10)). In Table 14.1 (the data for which has been
obtained in [71]) for six boundary condition variants, the relationships of Ao(v)
and p(v) are given. The last of these, due to the expression p = pum, allows
us to estimate the expected number of waves, m, under buckling.
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Table 14.1: Ao(v) and p(v)

v 0.1 0.2 0.3 0.4 0.5
1111 Ao 0.968 0.946 0.927 0.911 0.897
P 0.48 0.48 0.47 0.47 0.47
Lo11 Ao 0.968 0.946 0.927 0.911 0.897
P 0.48 0.48 0.48 0.47 0.47
0111 Ao 0.957 0.930 0.910 0.893 0.879
P 0.45 0.45 0.44 0.44 0.44
0011 Ao 0.956 0.929 0.909 0.892 0.877
P 0.45 0.45 0.44 0.44 0.44
1110 Ao 0.928 0.894 0.868 0.848 0.831
P 0.48 0.48 0.47 0.47 0.47
0110 Ao 0.907 0.870 0.844 0.824 0.808
P 0.45 0.44 0.44 0.44 0.44

Example 14.2. Let us now study the buckling of a conical shell under
axial compression. For a conical shell we have

kr=0 ks =b"lcosag b = ssin o,
) ]

(14.3.11)
P =2rRbcosay T}, 79 =8 =0,
where 2ay is the cone vertex angle and Rs is the distance between a point
on the shell and the vertex. In relation (1.2) T? = =AE hp*t, we take t; =
26~ cos ag.
Then

y(s) =2 =1. (14.3.12)

The minimization of function 7 (s) gives the weakest parallel (see formula
(4.3.10)). It follows from (12) that in the membrane statement this Example
(as in Example 14.1) corresponds to Case 1 and the buckling mode occupies
the whole shell surface. The critical value of the force is equal to

21 h? cos? o

P= i A. (14.3.13)
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For A = 1, formula (13) is similar to the Lorenz—Timoshenko formula (3.4.3)
and has been obtained in [140].

Now we will examine the buckling mode which is localized near shell edge
s = sg. Let this edge be simply supported by a rigid body which may progres-
sively move in the axial direction. The boundary conditions under buckling
we take in form (9). The initial stress-strain state is determined by relations

u® = —-2p%cotag(lns+c), w’=-2u2w+Ins+ec), (14.3.14)

and w®, t5, and s§ may be calculated by the same formulae (10) as for a
cylindrical shell.

System of equations (3) for a conical shell differs from system (3) for a
cylindrical shell by only two parameters: by and ksg. We can therefore make
the substitutions

C=Chl?,  pr=piky!® = pmbythy . (14.3.15)

Then, both system (3), and boundary conditions (9), which are written
using formulae (7), coincide for cylindrical and conical shells. Hence, for v =
0.3, Ao = 0.874. Here, in contrast to a cylindrical shell, A\; # 0 i.e. the error
of the zeroth approximation is greater.

If edges s = s; and s = s, are supported identically then (in the zeroth
approximation) buckling in the neighbourhood of each of them corresponds to
equal values of P. But the number of waves, m, in the circumferential direction
are different. By virtue of (15) we can write

1/4 1/2
m = (12 (1~ %)) / (BCZSO‘) , (14.3.16)

where the B is the radius of circle s = s5. For larger radius the number m is
larger.

Taking into account the noted agreement of equations (3), the values of
Ag obtained for a cylindrical shell with various boundary conditions may be
used in formula (13) also for a conical shell. Boundary condition variants 0010
and 0110 for which A = 0.5 and the buckling mode is axisymmetric [44] are
exceptions.

Example 14.3. Consider the buckling of a hemisphere under a homoge-
neous external pressure. For a spherical shell

(14.3.17)
t=t3=2, g =,
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where ¢ is the external pressure and R is the sphere radius. For A = 1 we get
formula (3.3.11).

Let the boundary conditions 77 = v = w = M; = 0 apply at edge s = sp.
The initial stress state is then described by

az_ﬁz
w? = 2p%(1 — v), w® = —2(1 —v) p? (aC’— 5 S) ,
\ @ (14.3.18)
1 — 2 2
1§ = p 2w, i = ”)(Z ) g

where we use same designations as in formulae (1.18), and (10}.

System (3) gives Ag = 0.701 and p; = 0.79. The same value of A has been
obtained in [114], though in that paper other boundary condition variants were
also considered. The agreement of the values of A is noteworthy despite the
fact that system (3) is approximate, i.e. function b{s) = coss is replaced by
the value by = 1.

Example 14.4. We will now examine the buckling of a cylindrical shell
under concentrated radial forces. This problem corresponds to Case 2 above.
The initial membrane stresses are absent (¢; = 0) and the initial general stress
state is symmetric with respect to s = 0 and for s < 0 it is described by
formulae (see (1.15))

e /A 3

EXc_s = B8=1/2, = 28Eh A,
= O=9), «=p A/ O=2p (14.3.19)
(C-S), = - 3(C+5),

where functions C (s), and S (s) are introduced in (1.18) and @Q is the intensity
of the compressive radial load at circle s = 0. We find the load parameter A
from system (3) with boundary conditions (4) and by noting the symmetry of
the problem

dw d*w d® d3®

T @ = =g =0 (=0 (14.3.20)

The solution of this problem has been obtained in {34, 80, 93, 116].

Eh h\*? -1

A survey of the work on the buckling of cylindrical shells under edge couples
and radial forces may be found in {21, 61, 149].
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14.4 The Weakest Parallel Coinciding With an
Edge

The weakest parallel, s = sg, is determined from the minimum condition for
the function +y (s) which was introduced in Section 4.3. Let parallel sq coincide
with the edge of the shell (s = s2). Here we will study problems with the
same initial membrane stress-resultants as in Section 13.6 but in addition, the
moment stress-resultants and any pre-buckling deformations will also be taken
into account. We will examine, in particular, buckling problems for convex
shells under torsion and under tensile load by an axial force.

Depending on the loading and type of edge support, one of two possibilities
for buckling may occur: A < A% =y (sg) or A > A°. For the case when A < A°
we may use expansion (3.2) to find A. In this expansion A¢ is evaluated using
the same system (3.3).

Now let A > A° and examine the characteristic equation (13.5.5) of system

(1.1
F(p,s,p, \)=0 (14.4.1)

assuming that ¢ = s = 0.
The roots of equation (1) for which

S p<0. (14.4.2)

correspond to a solution of system (1.1) which exponentially decreases with s.

As was shown in Section 13.6, system (1.1) for ¢ = 3¢ = 0 has a turning
point, s = s,, such that for s < s, equation (1) has four roots satisfying
condition (2).

Therefore system (1.1) for ¢, 3¢ # 0 has four linearly independent solutions
which exponentially decrease with s for s < s, (since the functions ¢, and s
decrease away from edge s = s3). Four such solutions allow satisfaction of four
boundary conditions introduced at s = s3.

For t§ = xf = 0 the characteristic equation of system (3.3) is
F (p,s2,p,A) = 0. This equation for A > A° has only three roots satisfying
condition (2) and therefore system (3.3) generally has no solutions satisfying
the four conditions for ¢ = 0 and decreasing conditions (4) and so it cannot be
used as the zeroth approximation.

In Sections 13.5 and 13.6 it was shown that in the membrane formulation
for 4/(so) < 0, parameter A has the expansion

A= 204 u?3 0 + 0 (), (14.4.3)
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where

1/3
A =7(s0), M= (% (f,")"’f,?,,) Co, Co =2.338, (14.4.4)

and f) and fJ, are described in Section 13.5. In formula (3) only terms of
order 4, (O (1)), depend on the boundary conditions.

Let us solve the general formulation of the problem. As in Section 14.2 it
can be shown that # = O (u), where 77 is a measure of the relative influence
of the initial moment stress-resultants and the pre-buckling deformations on
the critical load (see (2.2)). In other words, in formula (3) the first two terms
remain the same in the general formulation.

To prove this fact we return to formulae (2.2) and (2.3) taking in them the
deflection wg in the form of (13.6.13)

Wo = (Ai (aﬂ~2/3(3—s*)) +

3 ip (s — s2)
+p1/3ZCke H cos(m (Bs— go+<po)), (14.4.5)
k=1

where a, Ck, and 8 do not depend on p and s, for that 8 = 0 if there is no
torsion. Formula (5) is approximate but its accuracy is sufficient to obtain the
following estimates. By substituting (5) into (2.3) we find

Io~p~%3 I I~ pm13, (14.4.6)

and due to (2.2) it follows that  ~ p.

Example 14.5. Let us consider the buckling of a spherical belt, (a portion
of a hemisphere with edges parallel but not on the equator), s;1 < s < s2
with constant values of E, v, and h under an axial tensile force P. By using
formulae (13.6.14) we obtain

P =2rRERp?\, ty=—t; =b"2 b = coss,

(14.4.7)
7(3):2sinzs, m=bopu !, ki=ko=1,
where s is the angle between the point and the equator.
Let s; > |s1], then the parallel s = s5 is the weakest.
Let sy = w/4. Then, by formulae (3) and (13.6.16) we find
Eh2)
= A=1426p23+ 0 (p). (14.4.8)

VAT Sk
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Table 14.2: Values of A (m) obtained by numerical integration

membrane general
m simple | clamped | simple | clamped | formula (8)
support support
1 2 3 4

28 1.476 1.500 1.549 1.590
29 1.464 1.486 1.539 1.877
30 1.458 1.479 1.535 1.571
31 1.460 1.479 1.538 1.573
32 1.467 1.483 1.549 1.581
33 1.482 1.495 1.566 1.595

1.426

In order to estimate the influence of the boundary conditions and initial
moment stress state, we take R/h = 400 and v = 0.3. Then g = 0.0275 and
the first two terms in formula (8) give A = 1.426.

In Table 14.2 we have presented the values of A (m) obtained by numerical
integration (with orthogonalization) of system (1.1). Columns 1 and 3 cor-
respond to a simply supported edge s = s3 (T} = v = w = M; = 0), and
columns 2 and 4 correspond to a clamped edge (u = v =w =v; = 0).

In columns 1 and 2 we place the results, obtained for the membrane for-
mulation (f = 3§ = 0), and evaluating Columns 3 and 4 we take into account
the stress-resultants {5 and the change of the curvature changes 3. For the
simply supported edge we can write

2 2
t;:_2(1+y)<0_" +8 s), wg=1rg (14.4.9)

and for the clamped edge

t5=-2(14+v)(C=5), »=2(1+v)(C+5), (14.4.10)
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where

C=ate*rchp, S =p"te*rshp,

oy = 25=%2) g = Ple—5) (14.4.11)

1 _{f A\ 172 A _,ul 1/2
-(5) . =)

It follows from the Table that buckling occurs for m = 30 which is slightly
larger than the value m = 26 predicted by formula (7). This is because the
value of b in the buckling pit centre is larger than by at the shell edge.

From the results presented in the Table it follows that the comparatively
low critical load depends on both the boundary conditions and whether or not
we take into account the initial moment stress state. It agrees with formula (8).
If we include the moment stress-resultants in the calculation then we obtain
a greater value of X since near the edge t5 < 0 the effect of the compressive
membrane stress-resultants t5 > 0 decreases.

R
|

14.5 Problems and Exercises

14.1 Consider an axisymmetrically loaded shell of revolution with negative
Gaussian curvature. Find relative the order of the first term in expression for
the critical value (14.2.2) for different boundary conditions of the free support
and clamped group.

Answer
n=0 (u*3) (1011, 1010),
n =0 (u%/3) (1111, 1110, 1101, 1100, 0111, 0011, 0010),
n =0 (u?) (0110, 0101, 0100),

where, in parenthesis, we list the boundary condition variants for which these
estimates are valid.

14.2. Consider the buckling of a cylindrical shell with the Poisson ratio
v = 0.3 under axial compression for the following boundary conditions at the
edge s = so ([2]):

a) 1111, 1011

b) 0111

c¢) 0011
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d) 0110
e) 0010, 1010

Answer

Boundary conditions Ao
1111, 1011 0.926
0111 0.910
0011 0.908
0110 0.844

0010, 1010 0.5

14.3 Consider buckling of the semi-infinite circular cylindrical shell at the
free edge of which the following load is applied

(1) radial compressive load,

(i1) radial tensile load.

14.4 Consider buckling of the infinite circular cylindrical shell under radial
load distributed homogeneously along the parallel.
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This book contains solutions to the most typical prablems of thin elastic shells buckling
under conservative loads. The linear problems of bifurcation of shell equilibrium are
considered using a two-dimensional theory of the Kirchhoff-Love type. The explicit
approximate formutas obtained by means of the asymptotic method permit one to estimate
the critical loads and find the buckling modes.

The solutions to some of the buckling problems are obtained for the first time in the form
of explicit formulas. Special attention is devoted to the study of cylindrical shells under
nonuniform compression. noncircular cylindrical and conical shells under external pressure,
cylindrical and conical shells under torsion and bending, and the shells of negative Gaussian
curvature, the buckling of which has some specific features. The buckling mades localized
near the weakest hnes or pomts on the neutral surface are constmcted lneluding the
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