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ÎÒ ÎÐÃÊÎÌÈÒÅÒÀ

Ñáîðíèê âêëþ÷àåò â ñåáÿ òåçèñû äîêëàäîâ, ïðåäñòàâëåííûõ íà Ìåæäóíàðîäíóþ
íàó÷íóþ êîíôåðåíöèþ ïî ìåõàíèêå ¾Ïÿòûå Ïîëÿõîâñêèå ÷òåíèÿ¿.

Ïåðâàÿ Âñåðîññèéñêàÿ êîíôåðåíöèÿ ¾Ïîëÿõîâñêèå ÷òåíèÿ¿ áûëà ïðîâåäåíà â 1997 ã.
è ïðèâëåêëà øèðîêîå âíèìàíèå ðîññèéñêèõ è çàðóáåæíûõ ó÷åíûõ-ìåõàíèêîâ. Â äàëü-
íåéøåì ¾Ïîëÿõîâñêèå ÷òåíèÿ¿ ïðèîáðåëè ñòàòóñ ìåæäóíàðîäíîé êîíôåðåíöèè è ïðî-
âîäÿòñÿ îäèí ðàç â òðè ãîäà â ïåðâóþ íåäåëþ ôåâðàëÿ. Ðàñøèðÿåòñÿ êðóã îáñóæäàå-
ìûõ ïðîáëåì è îðãàíèçóþòñÿ íîâûå ñåêöèè. Íà÷èíàÿ ñ ¾Òðåòüèõ Ïîëÿõîâñêèõ ÷òåíèé¿
óñïåøíî ðàáîòàåò ñåêöèÿ ¾Äèíàìèêà êîñìè÷åñêîãî ïîëåòà¿. Íà íàñòîÿùåé êîíôåðåíöèè
íà÷èíàåò ðàáîòó ñåêöèÿ ¾Áèîìåõàíèêà¿.

Êîíôåðåíöèÿ ïðîâîäèòñÿ 3�6 ôåâðàëÿ 2009 ã. â Ñàíêò-Ïåòåðáóðãå íà áàçå Ñàíêò-
Ïåòåðáóðãñêîãî Äîìà ó÷åíûõ ÐÀÍ è ìàòåìàòèêî-ìåõàíè÷åñêîãî ôàêóëüòåòà Ñàíêò-
Ïåòåðáóðãñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà.

Â ïðîãðàììó êîíôåðåíöèè âêëþ÷åíû ïëåíàðíûå è ñåêöèîííûå äîêëàäû ïî ñëåäóþ-
ùèì íàïðàâëåíèÿì:

I. Òåîðåòè÷åñêàÿ è ïðèêëàäíàÿ ìåõàíèêà
II. Äèíàìèêà êîñìè÷åñêîãî ïîëåòà
III. Ãèäðîàýðîìåõàíèêà
IV. Ìåõàíèêà äåôîðìèðóåìîãî òâåðäîãî òåëà
V. Áèîìåõàíèêà
VI. Èñòîðèÿ ìåõàíèêè

ORGANIZING COMMITTEE NOTE

The book includes the abstracts of papers presented at the International Scienti�c
Conference on Mechanics ¾Fifth Polyakhov Readings¿.

The �rst All-Russia conference ¾Polyakhov's Reading¿ was held in 1997. It was dedicated
to the 90th anniversary of Nikolai N. Polyakhov (1906-1987). The conference has drawn wide
attention of the Russian and foreign scientists and since 2000 ¾Polyakhov's reading¿ has been
transformed into an international conference. It is held once to three years in the �rst week of
February. The list of discussed problems has been much extended. The section of ¾Dynamics
of space �ight¿ has been organized at ¾The Third Polyakhov's Reading¿. In the current
conference new section of ¾Biomechanics¿ begins to work.

The conference is held at the Saint Petersburg House of Scientists (Russian Academy
of Sciences), and the Department of Mathematics and Mechanics, Saint Petersburg State
University, Saint Petersburg, February 3-6, 2009.

Conference programm includes plenary lectures and oral presentations in the following
scienti�c areas:

I. Theoretical and Applied Mechanics
II. Dynamics of Space Flight
III. Mechanics of Fluids and Gases
IV. Mechanics of Solids
V. Biomechanics
VI. History of Mechanics
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ÎÐÃÀÍÈÇÀÒÎÐÛ ÊÎÍÔÅÐÅÍÖÈÈ

Ìèíèñòåðñòâî îáðàçîâàíèÿ è íàóêè ÐÔ
Ðîññèéñêèé ôîíä ôóíäàìåíòàëüíûõ èññëåäîâàíèé
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò
Ñàíêò-Ïåòåðáóðãñêèé Äîì ó÷åíûõ ÐÀÍ
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé ïîëèòåõíè÷åñêèé óíèâåðñèòåò
Èíñòèòóò ïðîáëåì ìàøèíîâåäåíèÿ ÐÀÍ
Áàëòèéñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò (¾Âîåíìåõ¿)
ÖÍÈÈ èì. àêàä. À.Í. Êðûëîâà

Ïðåäñåäàòåëü êîíôåðåíöèè: Ìîðîçîâ Íèêèòà Ôåäîðîâè÷, àêàäåìèê ÐÀÍ

CONFERENCE ORGANIZERS

Ministry of Education and Science of Russian Federation
Russian Foundation for Basic Research
Saint Petersburg State University
Saint Petersburg House of Scientists, RAS
Saint Petersburg State Polytechnic University
Institute of Problems of Mechanical Engineering, RAS
Baltic State Technical University ¾Voenmech¿
Central Scienti�c Research Institute named by A.N. Krylov

Conference chairman Nikita F. Morozov, academician of RAS

Ìåæäóíàðîäíàÿ íàó÷íàÿ êîíôåðåíöèÿ ïî ìåõàíèêå ¾Ïÿòûå Ïîëÿõîâñêèå ÷òåíèÿ¿
ïðîâîäèòñÿ ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäî-
âàíèé (ãðàíò ÐÔÔÈ � 08-01-06007-ã).

The International Scienti�c Conference on Mechanics ¾The Fifth Polyakhov Readings¿
is held under �nancial support of Russian Foundation for Basic Research (Grant � 08-01-
06007-ã).
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ÍÀÓ×ÍÛÉ ÊÎÌÈÒÅÒ ÊÎÍÔÅÐÅÍÖÈÈ
Áåëåöêèé Â.Â. (Ðîññèÿ)
Áëåõìàí È.È. (Ðîññèÿ)
Âàñèëüåâ Ñ.Í. (Ðîññèÿ)
Âóéè÷è÷ Â. (Ñåðáèÿ)
Èíäåéöåâ Ä.À. (Ðîññèÿ)
Êàðàïåòÿí À.Â. (Ðîññèÿ)
Êàñïåð Ð. (Ãåðìàíèÿ)
Êàòòàíè Ê. (Èòàëèÿ)
Êëèìîâ Ä.Ì. (Ðîññèÿ)
Êîçëîâ Â.Â. (Ðîññèÿ)
Êðèâöîâ À.Ì. (Ðîññèÿ)
Ìàðêååâ À.Ï. (Ðîññèÿ)
Ìàðòûíåíêî Þ.Ã. (Ðîññèÿ)
Ìèõàéëîâ Ã.Ê. (Ðîññèÿ)
Ìèõàñåâ Ã.È. (Áåëàðóñü)

Ìýé Ôóíñÿí (Êèòàé)
Ïàëüìîâ Â.À. (Ðîññèÿ)
Ïàïàñòàâðèäèñ Äæ. (ÑØÀ)
Ïàñêàëü Ì. (Ôðàíöèÿ)
Ïåòðîâ Þ.Â. (Ðîññèÿ)
Ðàäåâ Ñ. (Áîëãàðèÿ)
Ñêàëèà Ì. (Èòàëèÿ)
Ñòåïàíîâ Ñ.ß. (Ðîññèÿ)
Òîâñòèê Ï.Å. (Ðîññèÿ)
Òðîãåð Õ. (Àâñòðèÿ)
Òõàé Â.Í. (Ðîññèÿ)
Ôåäîðîâ Ì.Ï. (Ðîññèÿ)
×åðíîóñüêî Ô.Ë. (Ðîññèÿ)
Ýðèêñîí À. (Øâåöèÿ)

SCIENTIFIC ORGANIZING COMMITTEE
Beletsky V.V. (Russia)
Blekhman I.I. (Russia)
Cattani C. (Italia)
Chernousko F.L. (Russia)
Eriksson A. (Sweden)
Fedorov M.P. (Russia)
Indeitsev D.A (Russia)
Karapetyan A.V. (Russia)
Kasper R. (Germany)
Klimov D.M. (Russia)
Kozlov V.V. (Russia)
Krivtsov A.M. (Russia)
Markeev A.P. (Russia)
Martynenko Yu.G. (Russia)
Mei Fengxiang (China)

Mikhailov G.K. (Russia)
Mikhasev G.I. (Belarus)
Palmov V.A. (Russia)
Papastavridis J. (USA)
Pascal M. (France)
Petrov Yury V. (Russia)
Radev S. (Bulgaria)
Scalia M. (Italia)
Stepanov S.Ya. (Russia)
Tkhai V.N. (Russia)
Tovstik P.Ye. (Russia)
Troger H. (Austria)
Vasilyev S.N. (Russia)
Vujicic V. (Serbia)
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ÎÐÃÀÍÈÇÀÖÈÎÍÍÛÉ ÊÎÌÈÒÅÒ ÊÎÍÔÅÐÅÍÖÈÈ

Ëåîíîâ Ã.A. (ñîïðåäñåäàòåëü), ÷ëåí-êîððåñïîíäåíò ÐÀÍ, ÑÏáÃÓ
Ìàòâååâ Ñ.Ê. (ñîïðåäñåäàòåëü), ÑÏáÃÓ
Þøêîâ Ì.Ï. (ñîïðåäñåäàòåëü), ÑÏáÃÓ
Ïàñûíêîâà È.À. (ó÷åíûé ñåêðåòàðü), ÑÏáÃÓ
Âîðîíêîâà Å.Á. (ó÷åíûé ñåêðåòàðü), ÑÏáÃÓ

Àëäîøèí Ã.Ò. (ÁÃÒÓ ¾Âîåíìåõ¿)
Áàóýð Ñ.Ì. (ÑÏáÃÓ)
Äàëü Þ.Ì. (ÑÏáÃÓ)
Çåãæäà Ñ.À. (ÑÏáÃÓ)
Èâàíîâà Å.À. (ÑÏáÃÏÓ)
Êóñòîâà Å.Â. (ÑÏáÃÓ)
Ëþáèìîâ Ã.À. (ÌÃÓ)
Íàãíèáåäà Å.À. (ÑÏáÃÓ)

Íèêèòèí Ã.Â. (Äîì ó÷åíûõ ÐÀÍ)
Ïîëÿõîâà Å.Í. (ÑÏáÃÓ)
Ðûäàëåâñêàÿ Ì.À. (ÑÏáÃÓ)
Ñêâîðöîâ Í.Ã. (ÑÏáÃÓ)
Òèõîíîâ À.À. (ÑÏáÃÓ)
Òðèôîíåíêî Á.Â. (ÑÏáÃÓ)
Ôèëèïïîâ Ñ.Á. (ÑÏáÃÓ)

LOCAL ORGANIZING COMMITTEE

Leonov G.A. (co-chairman), corresponding member of RAS, Saint-Petersburg State University
Matveev S.K. (co-chairman), Saint-Petersburg State University
Yushkov M.P. (co-chairman), Saint-Petersburg State University
Pasynkova I.A (scienti�c secretary), Saint-Petersburg State University
Voronkova E.B. (scienti�c secretary), Saint-Petersburg State University

Aldoshin G.T., Baltic State Technical University
Bauer S.M., Saint-Petersburg State University
Dahl Y.M., Saint-Petersburg State University
Filippov S.B., Saint-Petersburg State University
Ivanova E.A., Saint-Petersburg State Polytechnic University
Kustova E.A., Saint-Petersburg State University
Lyubimov G.A., Moscow State University
Nagnibeda E.A., Saint-Petersburg State University
Nikitin G.V., Saint-Petersburg House of Scientists, RAS
Rydalevskaya M.A., Saint-Petersburg State University
Skvortsov N.G., Saint-Petersburg State University
Tikhonov A.A., Saint-Petersburg State University
Trifonenko B.V., Saint-Petersburg State University
Zegzhda S.A., Saint-Petersburg State University
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Íèêîëàé Íèêîëàåâè÷ Ïîëÿõîâ
1906 � 1987



ÏËÅÍÀÐÍÎÅ ÇÀÑÅÄÀÍÈÅ
PLENARY SESSION
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PLENARY SESSION

Î ÍÀÓ×ÍÎÉ, ÏÅÄÀÃÎÃÈ×ÅÑÊÎÉ, ÌÅÒÎÄÈ×ÅÑÊÎÉ È
ÎÁÙÅÑÒÂÅÍÍÎÉ ÄÅßÒÅËÜÍÎÑÒÈ

ÏÐÎÔÅÑÑÎÐÀ Í.Í. ÏÎËßÕÎÂÀ

Çåãæäà Ñ.À., Íàãíèáåäà Å.À., Ñàáàíååâ Â.Ñ., Þøêîâ Ì.Ï.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

Mikhail.Yushkov@MJ16561.spb.edu

Ïðîôåññîð Íèêîëàé Íèêîëàåâè÷ Ïîëÿõîâ � âûäàþùèéñÿ ó÷åíûé XX âåêà â îáëà-
ñòè ãèäðîàýðîìåõàíèêè è àíàëèòè÷åñêîé ìåõàíèêè. Îí ÿâëÿåòñÿ îäíèì èç ñîçäàòåëåé
òåîðèè ãðåáíûõ è âîçäóøíûõ âèíòîâ, ñóìåâøèé äîâåñòè å¼ äî ìåòîäîâ ïðàêòè÷åñêîãî
ðàñ÷åòà. Èì ñóùåñòâåííî ðàçâèòà âèõðåâàÿ òåîðèÿ êðûëà êàê â ñòàöèîíàðíîì, òàê è
â íåñòàöèîíàðíîì ïîòîêå. Îí æå ïðåäëîæèë êîððåêòíûå ìåòîäû ðåøåíèÿ óðàâíåíèÿ
òåîðèè êðûëà.

Í.Í. Ïîëÿõîâ â òå÷åíèå íåñêîëüêèõ äåñÿòèëåòèé ÷èòàë êóðñ òåîðåòè÷åñêîé ìåõàíèêè
äëÿ ñòóäåíòîâ-ìàòåìàòèêîâ Ñàíêò-Ïåòåðáóðãñêîãî (Ëåíèíãðàäñêîãî) ãîñóäàðñòâåííîãî
óíèâåðñèòåòà. Ñòðåìÿñü ïîñòðîèòü êóðñ êàê ìîæíî áîëåå ñòðîãî, îí ñòîëêíóëñÿ ñ òåì,
÷òî îáùåïðèíÿòûé âûâîä óðàâíåíèé äâèæåíèÿ íåãîëîíîìíûõ ñèñòåì ÿâëÿåòñÿ íåêîð-
ðåêòíûì. Èì ïðåäëîæåí îáùèé ìåòîä ñîñòàâëåíèÿ óðàâíåíèé äâèæåíèÿ íåãîëîíîìíûõ
ñèñòåì, ïðèãîäíûé êàê ïðè ëèíåéíûõ, òàê è íåëèíåéíûõ ñâÿçÿõ. Îí îáîáùèë ïðèíöèï
Ãàóññà íà íåãîëîíîìíûå ñèñòåìû ëþáîãî ïîðÿäêà. Èì ñîâìåñòíî ñ À.Þ. Ëüâîâè÷åì ïî-
êàçàíî, ÷òî ýòîò ìåòîä ìîæåò áûòü ñ óñïåõîì ïðèìåíåí â òåîðèè ýëåêòðîìåõàíè÷åñêèõ
ñèñòåì.

Ïðîôåññîð Í.Í. Ïîëÿõîâ ñî ñâîèìè ó÷åíèêàìè Ñ.À. Çåãæäîé è Ì.Ï. Þøêîâûì â
òå÷åíèå äåñÿòè ëåò ðàáîòàëè íàä ôóíäàìåíòàëüíûì óíèâåðñèòåòñêèì ó÷åáíèêîì ïî òåî-
ðåòè÷åñêîé ìåõàíèêå. Ê íàñòîÿùåìó âðåìåíè êíèãà âûøëà â äâóõ èçäàíèÿõ è ïîëó÷èëà
âûñîêóþ îöåíêó êîëëåã êàê â Ðîññèè, òàê è çà ðóáåæîì.

Í.Í. Ïîëÿõîâ ïîñòîÿííî âåë áîëüøóþ íàó÷íî-îðãàíèçàöèîííóþ ðàáîòó. Ìíîãî ëåò
îí âîçãëàâëÿë Ãîëîâíîé Ñîâåò ïî ìåõàíèêå Ìèíâóçà ÐÑÔÑÐ, ñåêöèþ èñòîðèè ìàòå-
ìàòèêè è ìåõàíèêè Ëåíèíãðàäñêîãî îòäåëåíèÿ Ñîâåòñêîãî íàöèîíàëüíîãî îáúåäèíåíèÿ
èñòîðèêîâ åñòåñòâîçíàíèÿ è òåõíèêè, ñåêöèþ òåîðåòè÷åñêîé ìåõàíèêè Ëåíèíãðàäñêîãî
äîìà ó÷åíûõ ÀÍ ÑÑÑÐ. Â Ëåíèíãðàäñêîì óíèâåðñèòåòå îí áûë ïðåäñåäàòåëåì êîíêóðñ-
íîé êîìèññèè ïî ïðèñóæäåíèþ Óíèâåðñèòåòñêèõ ïðåìèé, ïðåäñåäàòåëåì Ñïåöèàëèçèðî-
âàííîãî Ñîâåòà ïî çàùèòå äîêòîðñêèõ äèññåðòàöèé. Áîëåå äåñÿòè ëåò îí ÿâëÿëñÿ îòâåò-
ñòâåííûì ðåäàêòîðîì ñåðèè ¾Ìàòåìàòèêà, ìåõàíèêà, àñòðîíîìèÿ¿ æóðíàëà ¾Âåñòíèê
Ëåíèíãðàäñêîãî óíèâåðñèòåòà¿.

Zegzhda S.A., Nagnibeda E.A., Sabaneev V.S., Yushkov M.P. About scienti�c, peda-
gogical, methodical and public activity of Professor N.N. Polyakhov.

Professor N.N. Polyakhov is a well-known scientist in the �elds of hydroaeromechanics and
analytical mechanics. His monograph on the theory and analysis of the screw propeller (with
V.P. Vetchinkin) is widely known. N.N. Polyakhov appreciably advanced airfoil theory for both
stationary and non-stationary �ow. Many of N.N. Polyakhov's results in analytical mechanics were
included to his textbook manual an classical mechanics, which was created by him together with
his colleagues S.A. Zegzhda and M.P. Yushkov.
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ÏËÅÍÀÐÍÎÅ ÇÀÑÅÄÀÍÈÅ

ÌÅÒÎÄÛ ÍÅÃÎËÎÍÎÌÍÎÉ ÌÅÕÀÍÈÊÈ Â ÇÀÄÀ×ÀÕ
ÓÏÐÀÂËÅÍÈß ÀÂÒÎÍÎÌÍÛÌÈ ÊÎËÅÑÍÛÌÈ ÐÎÁÎÒÀÌÈ

Ìàðòûíåíêî Þ.Ã.
Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ì.Â. Ëîìîíîñîâà, ÍÈÈ ìåõàíèêè

martynenko@imec.msu.ru

Â äîêëàäå èçëàãàþòñÿ ðåçóëüòàòû öèêëà ðàáîò, ïîñâÿùåííûõ âîïðîñàì äèíàìèêè
è óïðàâëåíèÿ ìîáèëüíûìè êîëåñíûìè ðîáîòàìè. Ðàññìàòðèâàåìûå ìîáèëüíûå ðîáî-
òû ñïîñîáíû àâòîíîìíî ðåøàòü ñëîæíûå çàäà÷è îðèåíòèðîâàíèÿ è äâèæåíèÿ â ñðåäå
ñ àêòèâíûìè è ïàññèâíûìè ìàÿêàìè-îðèåíòèðàìè è çàäà÷è îòñëåæèâàíèÿ òðàññ, çà-
äàííûìè ðàçëè÷íûìè ñïîñîáàìè. Ðîáîòû èìåþò ðàçëè÷íûå âàðèàíòû êèíåìàòè÷åñêèõ
ñõåì è çðèòåëüíûõ ñèñòåì.

Îáñóæäàþòñÿ ðàçëè÷íûå ïîäõîäû ê ïîñòðîåíèþ ìàòåìàòè÷åñêèõ ìîäåëåé àâòîíîì-
íûõ ðîáîòîâ è âûáîðó ìåòîäîâ èõ èññëåäîâàíèÿ. Ïðèâîäÿòñÿ ðåçóëüòàòû, ïîëó÷åííûå
àíàëèòè÷åñêèìè ìåòîäàìè íåãîëîíîìíîé ìåõàíèêè, à òàêæå ìåòîäàìè êîìïüþòåðíî-
ãî ìîäåëèðîâàíèÿ, ïîçâîëÿþùåãî ïðîâîäèòü öåëåíàïðàâëåííûé âûáîð ïàðàìåòðîâ ìî-
áèëüíûõ êîëåñíûõ ðîáîòîâ è çàêîíîâ óïðàâëåíèÿ èìè. Îáñóæäàþòñÿ ïðåèìóùåñòâà
ìàòðè÷íîé ôîðìû óðàâíåíèé Ìàäæè äëÿ ýëåêòðîìåõàíè÷åñêèõ ñèñòåì ñ ëèíåéíûìè
òîêàìè, îñíîâàííûõ íà ôîðìàëèçìå Ëàãðàíæà-Ìàêñâåëëà [1, 2]. Ïðîâîäèòñÿ ñðàâíåíèå
ìàòåìàòè÷åñêèõ ìîäåëåé êîëåñíûõ ðîáîòîâ, ïîñòðîåííûõ ñ ïîìîùüþ óðàâíåíèé Âîðîí-
öà, ×àïëûãèíà, Àïïåëÿ, Ìàäæè, Ýéëåðà-Ëàãðàíæà [3, 4]. Ïðèâîäèòñÿ ðåøåíèå ïðÿìîé
è îáðàòíîé çàäà÷ êèíåìàòèêè äëÿ èçâåñòíûõ â íàñòîÿùåå âðåìÿ êèíåìàòè÷åñêèõ ñõåì
ìîáèëüíûõ êîëåñíûõ ðîáîòîâ [5] ïðè äâèæåíèè ïî ãîðèçîíòàëüíîé ïëîñêîñòè è îòñóò-
ñòâèè ïðîñêàëüçûâàíèÿ êîëåñ. Äëÿ ðîáîòà ñ òðåìÿ ïîâîðîòíûìè âåäóùèìè êîëåñàìè,
ïðåäñòàâëÿþùèìè ñîáîé íåãîëîíîìíóþ ýëåêòðîìåõàíè÷åñêóþ ñèñòåìó ñ èçáûòî÷íûì
÷èñëîì óïðàâëÿþùèõ âîçäåéñòâèé, ïîñòðîåí ¾ýëåêòðîííûé äèôôåðåíöèàë¿, îáåñïå÷è-
âàþùèé íåçàâèñèìîñòü äâèæåíèÿ öåíòðà ìàññ ðîáîòà è óãëîâîãî äâèæåíèÿ ïëàòôîðìû.

Ïðèâåäåíû àëãîðèòìû óïðàâëåíèÿ òðåõêîëåñíûìè ðîáîòàìè ñ ðîëèêîíåñóùèìè êî-
ëåñàìè [6], îñíîâàííûìè íà íàéäåííûõ èíòåãðèðóåìûõ ñëó÷àÿõ èõ äâèæåíèÿ.

Ïðè âûïîëíåíèè óñëîâèé äåêîìïîçèöèè ðåøåíû çàäà÷è îðãàíèçàöèè ïðîäîëüíîãî è
áîêîâîãî äâèæåíèé ìîáèëüíûõ äâóõêîëåñíûõ ðîáîòîâ ïóòåì îòíîñèòåëüíîãî ïåðåìåùå-
íèÿ çâåíüåâ.

Ðàçðàáîòàíû ìåòîäû ñèíòåçà àëãîðèòìîâ óïðàâëåíèÿ, îáåñïå÷èâàþùåãî êàê ìàêñè-
ìàëüíî âîçìîæíóþ îáëàñòü ïðèòÿæåíèÿ, òàê è êîìïåíñàöèþ íàèáîëüøèõ îòêëîíåíèé
ñèñòåìû îò ðàáî÷èõ ðåæèìîâ [7].

Ýêñïåðèìåíòû, âûïîëíåííûå ñ ìàêåòàìè ðîáîòîâ, íàõîäÿòñÿ â õîðîøåì ñîãëàñèè ñ
îïèñàííûìè âûøå òåîðåòè÷åñêèìè ðåçóëüòàòàìè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ïðîåêòû 06-01-00517 è 07-01-92167).
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Martynenko Yu.G. Methods of nonholonomic mechanics in control problems of autonomous
mobile wheeled robots.

The results of investigations of wheeled mobile robots dynamics and control are reported.
Advantage of an o�ered matrix form of nonholonomic equations is the capability of essential
simpli�cation of a construction of mathematical models for wheeled mobile robots which moves
without sliding. The theoretical results allow to simplify the synthesis of control law for di�erent
type of autonomous mobile robots.
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ON A GENERALIZATION OF BIRKHOFFIAN MECHANICS

Mei Fengxiang, He Guang
Beijing Institute of Technology, China

heguang@bit.edu.cn

Based on a generalization of the Pfaff-Birkhoff principle, the generalized Birkhoff's
equations are established. The Poisson integration method, the Noether symmetry method
and the Lie symmetry method of the equations are studied.

The titles of each paragraph are as the following,

1. A generalization of the Pfa�-Birkho� principle
2. Generalized Birkho�'s equations
3. Poisson integration method
4. Noether symmetry method
5. Lie symmetry method
6. Example
7. Conclusion
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ÏÎÒÎÊÀÕ È ÈÕ ÏÐÈÌÅÍÅÍÈÅ Â ÃÀÇÎÂÎÉ ÄÈÍÀÌÈÊÅ

Íàãíèáåäà Å.À., Êóñòîâà Å.Â.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

e_nagnibeda@mail.ru, elena_kustova@mail.ru

Âàæíîé ïðîáëåìîé ñîâðåìåííîé ôèçè÷åñêîé ãàçîâîé äèíàìèêè ÿâëÿåòñÿ èññëåäî-
âàíèå òå÷åíèé ãàçîâ â óñëîâèÿõ ñèëüíûõ îòêëîíåíèé îò òåðìîäèíàìè÷åñêîãî ðàâíî-
âåñèÿ. Â òàêèõ óñëîâèÿõ õàðàêòåðíûå âðåìåíà êèíåòè÷åñêèõ ïðîöåññîâ, ïðîèñõîäÿùèõ
ïðè ñòîëêíîâåíèÿõ ÷àñòèö, ñðàâíèìû ñî ñðåäíèì âðåìåíåì èçìåíåíèÿ ìàêðîïàðàìåòðîâ
ïîòîêà. Ïîýòîìó óðàâíåíèÿ êèíåòèêè è ãàçîäèíàìèêè äîëæíû ðåøàòüñÿ ñîâìåñòíî, à
íåðàâíîâåñíûå ðàñïðåäåëåíèÿ ÷àñòèö íàïðÿìóþ âëèÿþò íà ïàðàìåòðû ïîòîêà è òåïëî-
ïåðåíîñ. Â ïîñëåäíåå äåñÿòèëåòèå çíà÷èòåëüíîå ðàçâèòèå ïîëó÷èëè êàê âû÷èñëèòåëüíàÿ
ãàçîâàÿ äèíàìèêà, òàê è êèíåòè÷åñêàÿ òåîðèÿ íåðàâíîâåñíûõ ïðîöåññîâ â ïîòîêàõ ãà-
çîâ [1]. Îäíàêî ïðè ðåøåíèè êîíêðåòíûõ çàäà÷ ôèçè÷åñêîé ãàçîâîé äèíàìèêè äî ñèõ ïîð
èñïîëüçóþòñÿ óïðîùåííûå è íåäîñòàòî÷íî òî÷íûå ìîäåëè êèíåòèêè. Âàæíîé ïðîáëå-
ìîé ÿâëÿåòñÿ ñîçäàíèå òàêèõ òåîðåòè÷åñêèõ ìîäåëåé ïðîöåññîâ êèíåòèêè è ïåðåíîñà,
êîòîðûå, ñ îäíîé ñòîðîíû, àäåêâàòíî îïèñûâàþò íåðàâíîâåñíûå ôèçèêî-õèìè÷åñêèå
ïðîöåññû â ãàçîâûõ ïîòîêàõ, è â òî æå âðåìÿ îáëàäàþò äîñòàòî÷íîé ïðîñòîòîé äëÿ
âîçìîæíîñòè èõ èñïîëüçîâàíèÿ ïðè ðåàëèçàöèè ñîâðåìåííûõ ÷èñëåííûõ àëãîðèòìîâ
ðåøåíèÿ àêòóàëüíûõ ãàçîäèíàìè÷åñêèõ çàäà÷.

Â äîêëàäå ïðåäñòàâëåíû íîâûå ìîäåëè êèíåòèêè è ïåðåíîñà â ñèëüíî íåðàâíîâåñíûõ
ïîòîêàõ ðåàãèðóþùèõ ãàçîâ [2], ðàçðàáîòàííûå àâòîðàìè â ïîñëåäíèå ãîäû, è ïîêàçàíû
ðåçóëüòàòû ïðèìåíåíèÿ ýòèõ ìîäåëåé: 1) ïðè ðåøåíèè çàäà÷è î òå÷åíèè âÿçêîãî ãàçà
âäîëü ëèíèè òîðìîæåíèÿ [3] (â ðàáîòàõ, ñîâìåñòíûõ ñ Èíñòèòóòîì Êàðìàíà Äèíàìèêè
æèäêîñòè (Áðþññåëü)) è 2) ïðè èçó÷åíèè ïàðàìåòðîâ ïîòîêà â óäàðíîì ñëîå è òåï-
ëîïåðåäà÷è ê ïîâåðõíîñòè êîñìè÷åñêîãî àïïàðàòà MSRO ïðè åãî ñïóñêå â àòìîñôåðå
Ìàðñà [4] (ñîâìåñòíî ñ Èíñòèòóòîì àâòîìàòèçàöèè ïðîåêòèðîâàíèÿ ÐÀÍ (Ìîñêâà)).

Ïðåäñòàâëÿÿ ýòîò äîêëàä íà Ïÿòûõ Ïîëÿõîâñêèõ ÷òåíèÿõ, àâòîðû õîòåëè áû îòìå-
òèòü, ÷òî, íåñìîòðÿ íà òî, ÷òî ñàì Íèêîëàé Íèêîëàåâè÷ Ïîëÿõîâ íå çàíèìàëñÿ ìîëåêó-
ëÿðíîé ãàçîâîé äèíàìèêîé, îí îòìå÷àë âàæíîñòü ýòîãî íàó÷íîãî íàïðàâëåíèÿ è, áóäó÷è
çàâåäóþùèì êàôåäðû ãèäðîàýðîìåõàíèêè, ïîääåðæèâàë åãî ðàçâèòèå â Ëåíèíãðàäñêîì
(Ñàíêò-Ïåòåðáóðãñêîì) óíèâåðñèòåòå.
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Nagnibeda E.A., Kustova E.V. Models of kinetic and transport processes and their applica-
tions in gas dynamics.

The paper presents new theoretical models of transport and kinetic processes in gas �ows
strongly deviating from thermodynamic equilibrium. The models satisfy the requirements of both
accuracy and simplicity in order to be implemented to the CFD numerical algorithms. The
applications of the models 1) to the viscous gas �ow along a stagnation line and 2) to the shock layer
near the space vehicle MSRO (Mars Sample Return Orbiter) in its re-entry to the Mars atmosphere
are demonstrated.
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Ðàññìàòðèâàåòñÿ îäèí èç êëàññîâ çàäà÷ óñòîé÷èâîñòè ñæàòûõ óïðóãèõ òåë, èìåííî,
çàäà÷è, â êîòîðûõ ïåðåìåùåíèÿ ïðè ïîòåðå óñòîé÷èâîñòè ëîêàëèçóþòñÿ â îêðåñòíîñòè
ñâîáîäíîãî êðàÿ èëè ñâîáîäíîé ïîâåðõíîñòè è ýêñïîíåíöèàëüíî óáûâàþò ïðè óäàëåíèè
îò íåå.

Ïðîñòåéøàÿ çàäà÷à ýòîãî êëàññà áûëà ðåøåíà À.Þ. Èøëèíñêèì (1954), êîòîðûé
èññëåäîâàë óñòîé÷èâîñòü ïðè ñæàòèè ïîëóáåñêîíå÷íîé ïëàñòèíû ñî ñâîáîäíûì êðà-
åì. Íàëè÷èå ñâîáîäíîãî êðàÿ âåäåò ëèøü ê íåçíà÷èòåëüíîìó ñíèæåíèþ êðèòè÷åñêîé
íàãðóçêè. Ïàðàìåòð ñíèæåíèÿ íàãðóçêè äëÿ îáîëî÷åê ñî ñâîáîäíûì (èëè ñëàáî çàêðåï-
ëåííûì) êðàåì îêàçûâàåòñÿ ñóùåñòâåííî áîëüøèì, ÷åì äëÿ ïëàñòèí. Çäåñü îòìåòèì
ðàáîòû Ç.Ã. Åðøîâîé (1992), Í.À. Êèëü÷åâñêîãî (1942), W. Nachbar, N.J. Ho� (1962).

Äàëåå ðàññìàòðèâàåòñÿ óñòîé÷èâîñòü òðàíñâåðñàëüíî èçîòðîïíîãî óïðóãîãî ïîëó-
ïðîñòðàíñòâà, ñæàòîãî â ãîðèçîíòàëüíûõ íàïðàâëåíèÿõ. Íàëè÷èå ñâîáîäíîé ïîâåðõíî-
ñòè âåäåò ê ïîÿâëåíèþ ôîðì ïîòåðè óñòîé÷èâîñòè, ëîêàëèçîâàííûõ âáëèçè íåå, è ê ñíè-
æåíèþ êðèòè÷åñêîé íàãðóçêè. Â ðÿäå ñëó÷àåâ äîêðèòè÷åñêèå äåôîðìàöèè îêàçûâàþòñÿ
çíà÷èòåëüíûìè, ïîýòîìó çàäà÷à ðåøåíà òàêæå â ãåîìåòðè÷åñêè íåëèíåéíîé ïîñòàíîâêå.

Îñîáåííîñòüþ çàäà÷ îá óñòîé÷èâîñòè ïîëóïðîñòðàíñòâà ÿâëÿåòñÿ òî, ÷òî êðèòè÷å-
ñêàÿ íàãðóçêà îïðåäåëÿåòñÿ îäíîçíà÷íî, îäíàêî äëèíà âîëíû ïðè ïîòåðå óñòîé÷èâîñòè
â ðàìêàõ ìåõàíèêè ñïëîøíîé ñðåäû îñòàåòñÿ íåîïðåäåëåííîé. Äëÿ óñòðàíåíèÿ ýòîé
íåîïðåäåëåííîñòè íåîáõîäèìî áîëåå äåòàëüíîå èññëåäîâàíèå ïîâåðõíîñòíûõ ÿâëåíèé.
Îäíîé èç âîçìîæíîñòåé ÿâëÿåòñÿ ðàññìîòðåíèå ïîâåðõíîñòè íà ìîëåêóëÿðíîì óðîâíå.
Â ñâÿçè ñ ýòèì ðàññìîòðåíà ìîäåëüíàÿ çàäà÷à îá óñòîé÷èâîñòè ïëîñêîé ðåøåòêè ÷àñòèö
ñî ñâîáîäíûì êðàåì, âçàèìîäåéñòâóþùèõ äðóã ñ äðóãîì ïî çàêîíó Ëåííàðäà�Äæîíñà.
Óñòàíîâëåíî, ÷òî êðèòè÷åñêîé íàãðóçêå ñîîòâåòñòâóåò ôîðìà ïîòåðè óñòîé÷èâîñòè ñ
ìèíèìàëüíî âîçìîæíûì ïåðèîäîì.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ãðàíò 07.01.00250à).

Tovstik P.E. On the localized buckling modes.
We study one type of the buckling problems of compressed elastic bodies namely the problems for

which the buckling mode is localized near the free edge or near the free surface. The corresponding
de�ections exponentially decrease away from the free edge. The critical load is smaller than the
load for the same problem without free edge. Some problems for plates, for shells, for a transversal
isotropic halfspace, and for a lattice of particles are discussed.
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ÏËÅÍÀÐÍÎÅ ÇÀÑÅÄÀÍÈÅ

ÃÐÓÁÛÅ ÏÎ ÏÅÐÈÎÄÈ×ÅÑÊÎÌÓ ÄÂÈÆÅÍÈÞ ÌÎÄÅËÈ

Òõàé Â.Í.
Èíñòèòóò ïðîáëåì óïðàâëåíèÿ èì. Â.À. Òðàïåçíèêîâà ÐÀÍ, Ìîñêâà

tkhai@ipu.rssi.ru

Â äîêëàäå èçëàãàþòñÿ ðåçóëüòàòû äëÿ ãðóáîãî ïî ïåðèîäè÷åñêîìó äâèæåíèþ êëàññà
ìåõàíè÷åñêèõ ìîäåëåé.

Ïîñòàíîâêà çàäà÷è âîñõîäèò ê ðàáîòàì Ïóàíêàðå [1] è ôîðìóëèðóåòñÿ ñëåäóþùèì
îáðàçîì. Ïóñòü ñèñòåìà

ẋ = X0(x, t) + µX1(µ, x, t) (1)

ñîäåðæèò ìàëûé ïàðàìåòð µ è ïðè µ = 0 äîïóñêàåò ïåðèîäè÷åñêîå äâèæåíèå. Ïðè êàêèõ
óñëîâèÿõ, íàëîæåííûõ íà ôóíêöèè X0, X1, ñèñòåìà (1) ïðè ìàëûõ µ 6= 0 äîïóñêàåò
ïåðèîäè÷åñêîå äâèæåíèå, êîòîðîå ïðè µ → 0 ñòðåìèòñÿ ê ïîðîæäàþùåìó äâèæåíèþ
ñèñòåìû (1)?

Ïðè µ = 0 â (1) èìååì ïîðîæäàþùóþ ñèñòåìó (ìîäåëü), ïðè µ 6= 0 ïîëó÷àåì âîç-
ìóùåííóþ ñèñòåìó. Ïåðèîäè÷åñêîå äâèæåíèå ïîðîæäàþùåé ñèñòåìû áóäåò ïîðîæäàþ-
ùèì, åñëè ê íåìó ïðè µ → 0 ñòðåìèòñÿ ïåðèîäè÷åñêîå äâèæåíèå âîìóùåííîé ñèñòåìû.

Ïîñòàíîâêà çàäà÷è è åå ðåøåíèå çàâèñÿò îò òîãî, êàêàÿ êîíêðåòíàÿ ñâÿçêà ¾ìîäåëü
� âîçìóùåíèÿ¿ ðàññìàòðèâàåòñÿ. Ìîäåëü (ẋ = X0) ïðèíàäëåæèò ê íåêîòîðîìó êëàññó
(X0 ⊂ K0), äåéñòâóþùèå âîçìóùåíèÿ X1 � ê ñâîåìó êëàññó K1. Êëàññû âîçíèêàþò
ïðè ïîñòàíîâêå çàäà÷è. Â îáùåì ñëó÷àå îíè íå ñîâïàäàþò. Â òåîðèè è äëÿ ïðèëîæåíèé
åñòåñòâåííî ñ÷èòàòü K0 ⊆ K1. Îáû÷íî èçó÷àåòñÿ ñëó÷àè, êîãäà êëàññû ñîâïàäàþò èëè
ðàçíÿòñÿ ëèøü ñïîñîáîì çàâèñèìîñòè îò âðåìåíè.

Ìîäåëü (èç êëàññà K0) íàçûâàåòñÿ ãðóáîé ïî ïåðèîäè÷åñêîìó äâèæåíèþ (â êëàññå
âîçìóùåíèé K1), åñëè ñèñòåìà (1) ïðè ìàëûõ µ 6= 0 èìååò ïåðèîäè÷åñêîå äâèæåíèå
(êîòîðîå ïðè µ → 0 ñòðåìèòñÿ ê ïîðîæäàþùåìó) íåçàâèñèìî îò âèäà êîíêðåòíûõ äåé-
ñòâóþùèõ âîçìóùåíèé èç äàííîãî êëàññà K1.

Â ìåõàíèêå îáû÷íî èñïîëüçóþòñÿ ìîäåëè, êîòîðûå íå ñîäåðæàò â ÿâíîì âèäå âðåìÿ
(óðàâíåíèÿ Ëàãðàíæà, óðàâíåíèÿ Ãàìèëüòîíà, óðàâíåíèÿ â êâàçèêîîðäèíàòàõ, çàäà÷à
òðåõ òåë, óðàâíåíèÿ Ýéëåðà-Ïóàññîíà è äð.). Äåéñòâèå òåë, íå âêëþ÷åííûõ â äàííóþ
ñèñòåìó, ó÷èòûâàåòñÿ â ðàìêàõ òåîðèè âîçìóùåíèé. Ïðè ýòîì äåéñòâóþùèå âîçìóùå-
íèÿ îáóñëîâëåíû ðàçëè÷íûìè ôàêòîðàìè, êàê, íàïðèìåð: 1) èçìåíåíèåì ïàðàìåòðîâ
ñèñòåìû, 2) ïåðåõîäîì â íåèíåðöèàëüíóþ ñèñòåìó êîîðäèíàò, 3) ñëàáûì äåéñòâèåì òåë,
íå âêëþ÷åííûõ â äàííóþ ñèñòåìó. Ýòè âîçìóùåíèÿ ìîãóò áûòü êîíòðîëèðóåìûìè (ìà-
ëîå èçìåíåíèå èçâåñòíûõ ïàðàìåòðîâ, ïåðåõîä íà ñëàáî ýëëèïòè÷åñêóþ îðáèòó â çàäà-
÷å òðåõ òåë, ìàëûå âèáðàöèè òî÷êè ïîäâåñà ìàÿòíèêà è ò.ä.) èëè íåêîíòðîëèðóåìûìè
(ïàðàìåòðû èçâåñòíû ïðèáëèæåííî, ñêîðîñòü âðàùåíèÿ ñèñòåìû êîîðäèíàò èçìåðåíà
íåòî÷íî, êîíêðåòíûé âèä âîçìóùåíèé íåÿñåí). Âîçìóùåíèÿ ìîãóò ñîõðàíÿòü àâòîíîì-
íîñòü ñèñòåìû èëè æå � ïðèâîäèòü ê ñèñòåìå, áëèçêîé ê àâòîíîìíîé, � êâàçèàâòîíîì-
íîé ñèñòåìå.

Â êà÷åñòâå áàçîâîé ìåõàíè÷åñêîé ìîäåëè ìîæíî âûáðàòü îáðàòèìûå ìåõàíè÷åñêèå
ñèñòåìû, îáëàäàþùèå ôóíäàìåíòàëüíûì ñâîéñòâîì ïðîñòðàíñòâåííî-âðåìåííîé ñèì-
ìåòðèè. Òàêèìè ÿâëÿþòñÿ ìîäåëè êëàññè÷åñêîé è íåáåñíîé ìåõàíèêè.

Öåíòðàëüíûé ðåçóëüòàò, ïðåäñòàâëåííûé â äîêëàäå, çàêëþ÷àåòñÿ â ñëåäóþùåì: ìî-
äåëü � îáðàòèìàÿ ìåõàíè÷åñêàÿ ñèñòåìà ÿâëÿåòñÿ ãðóáîé ïî ïåðèîäè÷åñêîìó äâèæåíèþ
â êëàññå âîçìóùåíèé, ñîõðàíÿþùèõ ñâîéñòâî îáðàòèìîñòè.
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PLENARY SESSION

Èç ýòîãî ðåçóëüòàòà, âî-ïåðâûõ, ñëåäóåò ñàìà âîçìîæíîñòü ñóùåñòâîâàíèÿ ãðóáîé
ïî ïåðèîäè÷åñêîìó äâèæåíèþ ìîäåëè, âî-âòîðûõ, êîíñòàòèðóåì îòêðûòèå öåëîãî êëàñ-
ñà òàêèõ ìåõàíè÷åñêèõ ìîäåëåé, â òðåòüèõ, ïîëó÷àåì ðåøåíèå çàäà÷è Ïóàíêàðå äëÿ
íåêîíòðîëèðóåìûõ âîçìóùåíèé.

Â äîêëàäå òàêæå àíàëèçèðóþòñÿ ðàçëè÷íûå ÷àñòíûå ñëó÷àè, ïðèâîäÿòñÿ óñëîâèÿ
ãðóáîñòè êîíñåðâàòèâíîé ñèñòåìû ñ îäíîé ñòåïåíüþ ñâîáîäû, îáîáùåííîé êîíñåðâàòèâ-
íîé ñèñòåìû ñ äâóìÿ ñòåïåíÿìè ñâîáîäû, ïîêàçàíà ãðóáîñòü ñèñòåìû, ñîñòîÿùåé èç
ñëàáîñâÿçàííûõ ïîäñèñòåì. Ðàññìàòðèâàþòñÿ ðàçëè÷íûå ïðèëîæåíèÿ: ìàÿòíèê ñ âåð-
òèêàëüíî (ãîðèçîíòàëüíî) âèáðèðóþùåé òî÷êîé ïîäâåñà, çàäà÷à Â.Â. Áåëåöêîãî, çàäà÷à
Êîëìîãîðîâà-Ñèòíèêîâà, çàäà÷à òðåõ òåë è ò.ä.

Òåîðèÿ êîëåáàíèé ðàçðàáîòàíà â ðàáîòàõ À. Ïóàíêàðå, È. Ã. Ìàëêèíà, Í.Í. Áîãîëþ-
áîâà, Â.Ê. Ìåëüíèêîâà è ìíîãèõ äðóãèõ. Â ýòîé òåîðèè, êàê ïðàâèëî, èçó÷àëèñü òàêèå
ñâÿçêè ¾ìîäåëü - âîçìóùåíèå¿: 1) ìîäåëü � ñèñòåìà ÎÄÓ â âèäå Êîøè, âîçìóùåíèÿ �
ïðîèçâîëüíûå ôóíêöèè (âêëþ÷àÿ âîçìóùåíèå â âèäå çàïàçäûâàíèÿ), 2) ìîäåëü � ãà-
ìèëüòîíîâà ñèñòåìà, âîçìóùåíèÿ � èëè ôóíêöèè, ñîõðàíÿþùèå ãàìèëüòîíîâîñòü, èëè
� ïðîèçâîëüíûå ôóíêöèè. Îñíîâíûì ïðåäìåòîì ðàññìîòðåíèÿ áûëè ãëàäêèå äèíàìè-
÷åñêèå ñèñòåìû.

Â ñèñòåìàõ, ðàññìîòðåííûõ Ïóàíêàðå, Áîãîëþáîâûì, Ìàëêèíûì, Ìåëüíèêîâûì è
äðóãèìè, ãðóáûé ñëó÷àé èñêëþ÷àëñÿ (íåâîçìîæåí).

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (06-01-00068à, 09-01-00468à),
ïðîãðàììû 22 Ïðåçèäèóìà ÐÀÍ, ïðîãðàììû ÍØ-1676.2008.1.

ËÈÒÅÐÀÒÓÐÀ

[1] Ïóàíêàðå À. Èçáðàííûå òðóäû. Íîâûå ìåòîäû íåáåñíîé ìåõàíèêè. Ì.: Íàóêà, 1971. 771 ñ.

Tkhai V.N. Structurally stable models in the sence of periodic motion.
Structurally stable mechanical models in the sence of periodic motion are studied.
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SECTION I. THEORETICAL AND APPLIED MECHANICS

Ê ÂÎÏÐÎÑÓ Î ËÈÍÅÀÐÈÇÀÖÈÈ ÓÐÀÂÍÅÍÈÉ ËÀÃÐÀÍÆÀ

Àëäîøèí Ã.Ò.
Áàëòèéñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò ¾ÂÎÅÍÌÅÕ¿,

Ñàíêò-Ïåòåðáóðã.
kaf_b3@bstu.spb.su

Ìíîãèå ïðîöåññû â ïðèðîäå è òåõíèêå ÿâëÿþòñÿ êîëåáàòåëüíûìè, è äëÿ èõ èññëåäî-
âàíèÿ ÷àñòî èñïîëüçóþòñÿ óðàâíåíèÿ Ëàãðàíæà âòîðîãî ðîäà: äëÿ ãîëîíîìíûõ ñèñòåì
ñî ñòàöèîíàðíûìè ñâÿçÿìè � d

dt

∂T

∂q̇j

− ∂T

∂qj

= Qj, ãäå qj, q̇j � îáîáùåííûå êîîðäèíàòû è
ñêîðîñòè, T � êèíåòè÷åñêàÿ ýíåðãèÿ ñèñòåìû, Qj � îáîáùåííûå ñèëû.

Äëÿ ñëîæíûõ ìîäåëåé óðàâíåíèÿ Ëàãðàíæà îêàçûâàþòñÿ, êàê ïðàâèëî, íåëèíåéíû-
ìè; îáùåé òåîðèè èõ èíòåãðèðîâàíèÿ íå ñóùåñòâóåò, è îáû÷íî èñïîëüçóþòñÿ ÷èñëåííûå
èëè ïðèáëèæåííûå ìåòîäû èõ ðåøåíèÿ.

Äëÿ êâàçèëèíåéíûõ ñèñòåì â áîëüøèíñòâå ðóêîâîäñòâ ïî òåîðåòè÷åñêîé ìåõàíèêå è
òåîðèè êîëåáàíèé â êà÷åñòâå ïðèáëèæåííîãî ìåòîäà ðåêîìåíäóåòñÿ ìåòîä ëèíåàðèçàöèè
óðàâíåíèé äâèæåíèÿ â îêðåñòíîñòè óñòîé÷èâîãî ðàâíîâåñèÿ.

Åñëè íà÷àëüíîå îòêëîíåíèå è ñêîðîñòè äîñòàòî÷íî ìàëûå, òî ñëåäóåò îæèäàòü, ÷òî
è â äàëüíåéøåì äâèæåíèè îíè áóäóò ìàëû. Íî âîïðîñ îáîñíîâàíèÿ ãðàíèö ïðèìåíèìî-
ñòè ëèíåéíîé òåîðèè îñòàåòñÿ îòêðûòûì. Ïî-âèäèìîìó, Óèòòåêåð [1] ïåðâûì îáðàòèë
âíèìàíèå íà èçúÿíû ìåòîäà ëèíåàðèçàöèè äëÿ îïèñàíèÿ ïîâåäåíèÿ íåêîòîðûõ ñèñòåì
ñ äâóìÿ ñòåïåíÿìè ñâîáîäû. Ýòî ÿâëåíèå, ïîëó÷èâøåå íàçâàíèå ¾íåëèíåéíîãî (âíóò-
ðåííåãî) ðåçîíàíñà¿ ðàññìàòðèâàëîñü çàòåì ðÿäîì àâòîðîâ, ïðèìåíèòåëüíî ê ðàçíûì
÷àñòíûì ñëó÷àÿì.

Â äîêëàäå ìåòîä ëèíåàðèçàöèè èëëþñòðèðóåòñÿ íà ïðèìåðå òàê íàçûâàåìîé êà÷àþ-
ùåéñÿ ïðóæèíû [2]. Ïåðâàÿ ïîñòàíîâêà ýòîé çàäà÷è è åå ðåøåíèå áûëè ïîëó÷åíû Âèò-
òîì À. è Ãîðåëèêîì Ã. äëÿ îáúÿñíåíèÿ êîìáèíàöèîííîãî ðàññåÿíèÿ â ìîëåêóëå CO2 [3].
Ïîêàçàíî, ÷òî â íåëèíåéíî ñâÿçàííîé ñèñòåìå ïðåíåáðåæåíèå íåëèíåéíûìè ÷ëåíàìè
ïðèâîäèò ê òîìó, ÷òî ñèñòåìà ðàñïàäàåòñÿ íà äâå íåçàâèñèìûå ïîäñèñòåìû, äâèæåíèå
êîòîðûõ ïðîèñõîäèò íåçàâèñèìî äðóã îò äðóãà.

ËÈÒÅÐÀÒÓÐÀ

[1] Óèòòåêåð Å.Ò. Àíàëèòè÷åñêàÿ äèíàìèêà. Ì.-Ë.: ÎÍÒÈ, 1937.
[2] Àëäîøèí Ã.Ò. Òåîðèÿ êîëåáàíèé. ×.1 Ëèíåéíûå êîëåáàíèÿ. ÑÏá.: Áàëò.ãîñ.òåõí.óí-ò.,

2006. 159 ñ.
[3] Âèòò À., Ãîðåëèê Ã. Êîëåáàíèÿ óïðóãîãî ìàÿòíèêà êàê ïðèìåð êîëåáàíèé äâóõ ïàðàìåò-

ðè÷åñêè ñâÿçàííûõ ëèíåéíûõ ñèñòåì // ÆÒÔ. 1933. ò.3. âûï.2-3.

Aldoshin G.T.To a question about linearization of Lagrange's equations.
Nonlinear vibrations of a swinging spring are considered. It is proved, that application of

standard linearization procedure is incorrect and deforms a real picture of development of process.
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Èññëåäóþòñÿ äâà íîâûõ ïðèáëèæåííûõ ìåòîäà îïðåäåëåíèÿ íèçøèõ ÷àñòîò è ñîá-
ñòâåííûõ ôóíêöèé ñèñòåì èç óïðóãèõ òåë, ðàçðàáàòûâàåìûå íà êàôåäðå òåîðåòè÷åñêîé
è ïðèêëàäíîé ìåõàíèêè ìàòåìàòèêî-ìåõàíè÷åñêîãî ôàêóëüòåòà ÑÏáÃÓ. Ïåðâûé èç íèõ,
òàê íàçûâàååìûé ìåòîä ñî÷ëåíåíèÿ ýëåìåíòîâ ñ ó÷åòîì êâàçèñòàòèêè, ïîçâîëÿåò ïðè-
áëèæåííî íàõîäèòü ÷àñòîòû è ñîáñòâåííûå ôóíêöèè ñèñòåìû ñîåäèíåííûõ ìåæäó ñîáîé
óïðóãèõ òåë ÷åðåç èçâåñòíûå ÷àñòîòû è ñîáñòâåííûå ôóíêöèè òåë, ñîñòàâëÿþùèõ ñè-
ñòåìó. ×èñëåííûì ýêñïåðèìåíòîì ïîêàçàíà ñõîäèìîñòü è îïðåäåëåíà òî÷íîñòü ýòîãî
ìåòîäà.

Âòîðîé ìåòîä, íàçâàííûé ìåòîäîì ñèë, ïðèìåíÿåòñÿ äëÿ ïðèáëèæåííîãî ðåøåíèÿ
àíàëîãè÷íûõ çàäà÷ è îñíîâàí íà ðàññìîòðåíèè îáîáùåííûõ ðåàêöèé â ìåñòàõ êðåïëåíèÿ
èëè ñîåäèíåíèÿ òåë êàê îáîáùåííûõ ëàãðàíæåâûõ êîîðäèíàò. Ïîêàçàíî, ÷òî ýòîò ìå-
òîä äàåò âûñîêóþ òî÷íîñòü çà ñ÷åò ó÷åòà âñåõ ñîáñòâåííûõ ôîðì êîëåáàíèé ýëåìåíòîâ
ñèñòåìû íå òîëüêî â ïîòåíöèàëüíîé, íî è â êèíåòè÷åñêîé ýíåðãèÿõ.

Àâòîðû âûðàæàþò ãëóáîêóþ ïðèçíàòåëüíîñòü ïðîôåññîðó Þøêîâó Ì.Ï. çà ïîñòà-
íîâêó çàäà÷è è âíèìàíèå ê ðàáîòå.
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Almazova S.V., Chernyaev S.P. Studying forms and frequencies of elastic bodies system
oscillation using holonomic mechanics methods.

The two new methods of researching of lowest frequencies and forms of elastic bodies system
oscillation investigated. The �rst one allows to de�ne oscillation frequencies and forms of the whole
system using oscillation frequencies and forms of it parts. The second one interprets generalized
reactions in joints as a generalized Lagrange coordinates.
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Ðàññìàòðèâàþòñÿ çàäà÷è îïòèìèçàöèè ôîðìû ïîïåðå÷íîãî ñå÷åíèÿ óïðóãèõ ñòåðæ-
íåé, îáëàäàþùèõ ìàêñèìàëüíîé êðèòè÷åñêîé ñèëîé ïîòåðè óñòîé÷èâîñòè ïðè çàäàííîì
âåñå. Ñ ïðèìåíåíèåì ïðèíöèïà ìàêñèìóìà Ïîíòðÿãèíà ïîëó÷åíû óñëîâèÿ ýêñòðåìó-
ìà áèìîäàëüíîãî ðåøåíèÿ (íàëè÷èå äâóõ ôîðì ïîòåðè óñòîé÷èâîñòè ïðè îäèíàêîâîé
êðèòè÷åñêîé ñèëå). Äëÿ íåñêîëüêèõ âàðèàíòîâ çàâèñèìîñòè ïëîùàäè ïîïåðå÷íîãî ñå-
÷åíèÿ îò ìîìåíòà èíåðöèè ñòåðæíÿ ïîëó÷åíû íåëèíåéíûå óðàâíåíèÿ, êîòîðûå ðåøà-
ëèñü ÷èñëåííî. Ïåðâûé èíòåãðàë (ãàìèëüòîíèàí) èñïîëüçîâàëñÿ äëÿ îöåíêè òî÷íîñòè
âû÷èñëåíèé. Íàéäåííûå îïòèìàëüíûå ðåøåíèÿ ñðàâíèâàëèñü ñ èçâåñòíûìè ñëó÷àÿìè,
÷òî ñâèäåòåëüñòâóåò îá ýôôåêòèâíîñòè è âûñîêîé òî÷íîñòè ïðåäëîæåííîé ìåòîäèêè.

Atanackovic T.M., Seyranian A.P. Bimodal optimization problems for elastic columns.
Optimization problems for elastic columns having maximum buckling load at the given volume

of material are considered. By using Pontryagin's maximum principle we formulate necessary
optimality conditions and determine numerically the shape of elastic compressed columns for
di�erent cases corresponding to linear, quadratic and cubic relation between cross-sectional area
and the second moment of inertia. In all these cases we have to deal with bimodal optimization
problems allowing two di�erent eigenmodes at the same load. A version of the Pontryagin's principle
allowing bimodal optimization is developed. The nonlinear system of di�erential equations is solved
numerically. A �rst integral (Hamiltonian) is used to monitor the accuracy of integration and new
estimates for optimal control are derived. The obtained results are compared with known cases
showing e�ciency and accuracy of the suggested method.
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Ðàññìàòðèâàåòñÿ çàäà÷à î ñòàáèëèçàöèè êîëåáàíèÿ àâòîíîìíîé ñèñòåìû â ñëó÷àå,
êîãäà êîëåáàíèå ïðèíàäëåæèò îäíîïàðàìåòðè÷åñêîìó ïî ïàðàìåòðó h ñåìåéñòâó Σh

è èìååò ïåðèîä T (h). Óïðàâëåíèå äëÿ òî÷êè h = h∗ âûáèðàåòñÿ Th∗�ïåðèîäè÷åñêîé
ôóíêöèåé âðåìåíè. Çàäà÷à ñòàâèòñÿ ëîêàëüíàÿ.

Ñåìåéñòâî Σh ñîäåðæèò êàê îáûêíîâåííûå òî÷êè (dT 6= 0), òàê è êðèòè÷åñêèå òî÷êè
(dT = 0) [1]. Äëÿ êàæäîãî òèïà òî÷êè â ðàáîòå íàéäåíû êîíñòðóêòèâíî ïðîâåðÿåìûå
äîñòàòî÷íûå óñëîâèÿ, êîòîðûì äîëæíî óäîâëåòâîðÿòü óïðàâëåíèå, ðåøàþùåå çàäà÷ó
ñòàáèëèçàöèè. Òàêæå àíàëèçèðóþòñÿ ÷àñòíûå ñëó÷àè.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (09-01-00468à), ïðîãðàììû 22
Ïðåçèäèóìà ÐÀÍ, ïðîãðàììû ÍØ-1676.2008.1.
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Barabanov I.N., Tkhai V.N. Stabilization of the monoparametric family of oscillations.
The problem of oscillation stabilizaton is considered for the autonomous system in the case when

the oscillation belongs to a monoparametric family. Constructive su�cient conditions for a control
to be stabilizing are found for both ordinary and critical points.
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Ðàññìàòðèâàåòñÿ ñòàòè÷åñêè è äèíàìè÷åñêè íåóðàâíîâåøåííûé æåñòêèé ðîòîð â
óïðóãèõ îïîðàõ, îñíàùåííûé øàðèêîâûì àâòîáàëàíñèðîâî÷íûì ìåõàíèçìîì (ÀÁÌ).
Ìàòåìàòè÷åñêàÿ ìîäåëü ðîòîðà ïðåäñòàâëåíà â êîìïëåêñíîé ôîðìå, óäîáíîé äëÿ èññëå-
äîâàíèÿ êàê óñòàíîâèâøèõñÿ, òàê è íåñòàöèîíàðíûõ ðåæèìîâ äâèæåíèÿ ðîòîðà. Äëÿ
ðàçëè÷íûõ ñëó÷àåâ íåóðàâíîâåøåííîñòè ðîòîðà ïîñòðîåíû àìïëèòóäíî-÷àñòîòíûå õà-
ðàêòåðèñòèêè. Ïîêàçàíî, ÷òî ñ ïîìîùüþ îäíîãî ÀÁÌ ìîæíî êîìïåíñèðîâàòü òîëüêî
ñòàòè÷åñêóþ íåóðàâíîâåøåííîñòü. Ñ èñïîëüçîâàíèåì êðèòåðèÿ Ìèõàéëîâà ïîñòðîåíû
äâóõïàðàìåòðè÷åñêèå äèàãðàììû óñòîé÷èâîñòè ñáàëàíñèðîâàííîãî ñòàöèîíàðíîãî ðå-
æèìà. Èññëåäîâàíû íåñòàöèîíàðíûå ðåæèìû äâèæåíèÿ ïðè ïåðåõîäå ÷åðåç êðèòè÷å-
ñêèå ñêîðîñòè.

Bykov V.G. Automatic balancing of the static and couple unbalanced rigid rotor on compliant
bearings.

The static and couple unbalanced rigid rotor on compliant bearings equipped with the ball
automatic balancing device is concerned. The equations of motion are derived in complex form
well-behaved for both steady state and nonstationary response of the rotor. We obtained modal
responses for di�erent variants of unbalanced rotor. It is shown, that with the help of one ABS just
static unbalance can be compensated. The two-parameter diagrams of stability are designed using
Mikhajlov`s criterion. The passing through the critical speed with the constant angular acceleration
and with the given torque are investigated.
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STABILIZATION METHODS FOR SIMULATION OF MULTIBODY
DYNAMICS

Vlasenko D., Kasper R.
Otto-von-Guericke-University Magdeburg, Institute of Mobile Systems (IMS)

Dmitri.Vlasenko@ovgu.de

The equations of motion of mechanical systems with holonomic constraints can be written
as a system of di�erential-algebraic equations (DAE) of index 3. In order to satisfy the
equations of constraints during the simulation and to avoid the drift-o� e�ect, the special
stabilization techniques have been proposed [1, 2].

In this article we review some of the projection methods, which can be used for the
stabilization of multibody simulation. The main advantages of such methods are their
e�ciency, integration with standard ODE solvers and ease in implementation.

We consider precisely the implementation of coordinate projection methods for the
numerical solution of equations of motions, written using the implicit joint formulation.
Here we show how to decrease the numerical cost of stabilization in the case when the
non-minimal number of orientation coordinates (e.g. Euler parameters) is used.
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Âëàñåíêî Ä.Þ., Êàñïåð Ð. Ìåòîäû ñòàáèëèçàöèè, ïðèìåíÿåìûå ïðè êîìïüþòåðíîì
ìîäåëèðîâàíèè äèíàìèêè ñèñòåì ìíîãèõ òåë.

Ðàññìàòðèâàþòñÿ ìåòîäû ñòàáèëèçàöèè, ïðèìåíÿåìûå ïðè ÷èñëåííîì ðåøåíèè óðàâíåíèé,
îïèñûâàþùèõ äèíàìèêó ñèñòåì ìíîãèõ òåë. Ïîêàçàíû âîçìîæíîñòè óëó÷øåíèÿ ýôôåêòèâíî-
ñòè ïðîåêöèîííûõ ìåòîäîâ ñòàáèëèçàöèè.

28



SECTION I. THEORETICAL AND APPLIED MECHANICS

ÏÅÐÅÍÎÑ ÃÐÀÍÈ×ÍÛÕ ÓÑËÎÂÈÉ Ñ ÄÅÔÎÐÌÈÐÎÂÀÍÍÎÉ
ÏÎÂÅÐÕÍÎÑÒÈ ÍÀ ÍÅÄÅÔÎÐÌÈÐÎÂÀÍÍÓÞ

Âîëîøèíîâà Ò.Â.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

tvv1932@mail.ru

Â çàäà÷àõ ãèäðîóïðóãîñòè ãðàíè÷íûå óñëîâèÿ (óñëîâèÿ íåïðîòåêàíèÿ) ìîãóò áûòü
âûñòàâëåíû íà óïðóãèõ äåôîðìèðîâàííûõ ïîâåðõíîñòÿõ. Ïîëîæåíèå òàêèõ ïîâåðõíî-
ñòåé íåèçâåñòíî è îïðåäåëÿåòñÿ â ðåçóëüòàòå ðåøåíèÿ çàäà÷è. Ïîýòîìó ãðàíè÷íûå óñëî-
âèÿ ïåðåíîñÿòñÿ ñ äåôîðìèðîâàííîé ïîâåðõíîñòè íà íåäåôîðìèðîâàííóþ èñõîäíóþ. Â
ðàáîòå ïðèâåäåíû ðåçóëüòàòû òàêîãî ïåðåíîñà, ïðîâåäåííûõ â öèëèíäðè÷åñêèõ è ñôå-
ðè÷åñêèõ êîîðäèíàòàõ, à òàêæå â êîîðäèíàòàõ âûòÿíóòîãî ýëëèïñîèäà âðàùåíèÿ.

Voloshinova T.V. Reduction of contact conditions to the original surface.
In the problems of hydroelasticity the contact conditions should be set on the elastic deformed

surfaces. The position of these surfaces is unkhown. The reduction of contact conditions to the
original surface should be done. In the present work this reduction is given in cylindrical, spherical
coordinates, and the coordinates of an extended ellipsoid of rotation.
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Èçâåñòíû ëèíåéíûå êîíñåðâàòèâíûå ñèñòåìû (n = 4 ), èìåþùèå ìàêñèìóì ïî-
òåíöèàëüíîé ýíåðãèè â ïîëîæåíèè ñâîåãî ðàâíîâåñèÿ è ñòàáèëèçèðóåìûå ãèðîñêî-
ïè÷åñêèìè ñèëàìè ñ âûðîæäåííîé ìàòðèöåé êîýôôèöèåíòîâ (Â.Ì.Ëàõàäàíîâ, 1975;
Â.È. Ãîí÷àðåíêî, 1999). Ýòî êëàññ ñèñòåì âèäà AGF (A = I�åäèíè÷íàÿ ìàòðèöà):

ẍ(t)−G4 ẋ(t) + F4 x(t) = 0, det G4 = 0, F4 ¿ 0,

ãäå

G4 = ±




0 1 p 0
−1 0 0 p
−p 0 0 p2

0 −p −p2 0


, F4 = diag(−p−6,−p−6,−p3,−p3), p ≥ 4.

Òðèâèàëüíû ïðèìåðû ëþáîãî ÷åòíîãî ïîðÿäêà n ≥ 6 òàêîãî ðîäà óñòîé÷èâûõ ñè-
ñòåì, êîãäà îíè ðàñùåïëÿþòñÿ íà óñòîé÷èâûå ïîäñèñòåìû. Ñâîéñòâî óñòîé÷èâîñòè ñè-
ñòåìû AGF ñîõðàíÿåòñÿ ïðè ìàëûõ èçìåíåíèÿõ å¼ êîýôôèöèåíòîâ. Ïðèâåäåì íåòðèâè-
àëüíûé ïðèìåð êëàññà óñòîé÷èâûõ ñèñòåì äëÿ n = 6, êîãäà êîýôôèöèåíòû âçàèìîñâÿçè
èìåþò êîíå÷íûå çíà÷åíèÿ. Ïóñòü ìàòðèöû G6 è F6 èìåþò áëî÷íóþ ñòðóêòóðó:

G6 =




G4
O3×2(
1 0

)

O2×3

(−1
0

)
G2


, F6 =

(
F4 O4×2

O2×4 F2

)
,

ãäå
G2 =

(
0 3
−3 0

)
, F2 = diag(−1,−1); Ok×l�íóëåâûå ìàòðèöû.

Îòìåòèì, ÷òî ñèñòåìà AG2F2�ãèðîñêîïè÷åñêè ñòàáèëèçèðîâàííàÿ, òî åñòü ÿâëÿåòñÿ
óñòîé÷èâîé; ìàòðèöà G6�âûðîæäåííàÿ. Ñèñòåìà AG6F6 ÿâëÿåòñÿ óñòîé÷èâîé, íàïðè-
ìåð, ïðè p ≥ 5, òàê êàê êâàäðàòû âñåõ ïàð ñîáñòâåííûõ çíà÷åíèé ðàçëè÷íû è îòðèöà-
òåëüíû, ÷òî ïîêàçàíî ìåòîäîì ìàæîðèðîâàíèÿ.

Òàêèì îáðàçîì, èìåþòñÿ ëèíåéíûå ïîòåíöèàëüíûå ñèñòåìû (n = 6 ), íåðàñïàäàþùè-
åñÿ íà óñòîé÷èâûå ïîäñèñòåìû ìåíüøåãî ïîðÿäêà è ñòàáèëèçèðóåìûå â òî÷êå ìèíèìóìà
ñèëîâîé ôóíêöèè ãèðîñêîïè÷åñêèìè ñèëàìè ñ âûðîæäåííîé ìàòðèöåé êîýôôèöèåíòîâ.
Àíàëîãè÷íûì îáðàçîì ñòðîÿòñÿ ïðèìåðû íåòðèâèàëüíûõ óñòîé÷èâûõ ñèñòåì AGnFn

ïðîèçâîëüíîãî ÷åòíîãî ïîðÿäêà n = 2k > 6.

Goncharenko V.I. Example of gyroscopic stabilization when the gyroscopic coe�cients are a
singular matrix .

Nontrivial gyroscopic stabilization of a linear conservative system with a singular matrix of the
gyroscopic coe�cients are given (n = 6 ). Analogical examples of gyroscopic stabilization for case
of n = 2k > 6 can be constructed.
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Í.Å. Æóêîâñêèì â åãî ó÷åáíèêå ¾Òåîðåòè÷åñêàÿ ìåõàíèêà¿ áûëà ïðåäëîæåíà çàäà÷à
î ñïóñêå íåêîòîðîãî òåëà (ó Í.Å. Æóêîâñêîãî � æèâîòíîãî) ïî íàêëîííîé äîñêå, îïè-
ðàþùåéñÿ íà àáñîëþòíî ãëàäêèå ñòåíó è ïîë, òàê, ÷òîáû äîñêà îñòàâàëñü íåïîäâèæíîé.
Í.Å. Æóêîâñêèé äàë îáùèé âèä ðåøåíèÿ ýòîé çàäà÷è. Àâòîðû ïðåäëàãàåìîé ðàáîòû,
ðàñøèðèâ ïîñòàíîâêó çàäà÷è, ïðîâåëè àíàëèç ñòðàòåãèè ïîâåäåíèÿ äâèãàþùåãîñÿ òåëà.
Áûëè îïðåäåëåíû íà÷àëüíûå óñëîâèÿ, íåîáõîäèìûå äëÿ äîñòèæåíèÿ öåëè, ïîëîæåíèå
ðàâíîâåñèÿ è êîíå÷íàÿ âåðòèêàëüíàÿ ñîñòàâëÿþùàÿ ñêîðîñòè. Óñòàíîâëåíû òàêæå âðå-
ìÿ äâèæåíèÿ (÷åòûðå ôîðìóëû â çàâèñèìîñòè îò íà÷àëüíûõ óñëîâèé) è òî÷êà áèôóð-
êàöèè.

Dievsky V.A., Dievsky A.V. About one problem of N. E. Zhukovsky
N.E. Zhukovsky in his book ¾Theoretical mechanics¿ suggested a problem of a body descending

an inclined board which leans on absolutely smooth �oor and wall so that the board doesn't move.
The authors of the current work generalized the problem and conducted the analysis of body's
behavior strategy. The bifurcation point was obtained
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Äìèòðèåâ Í.Í.
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Ðàññìàòðèâàåòñÿ òâåðäîå òåëî, îïèðàþùååñÿ êðóãëîé ïëîùàäêîé íà ãîðèçîíòàëü-
íóþ ïëîñêîñòü. Ïðåäïîëàãàåòñÿ, ÷òî ìåæäó òâåðäûì òåëîì è ïëîñêîñòüþ âîçíèêàåò
ñèëà îðòîòðîïíîãî òðåíèÿ. Îñè êîîðäèíàò, ñâÿçàííûå ñ ïëîñêîñòüþ, âûáðàíû òàê, ÷òî
êîýôôèöèåíò òðåíèÿ âäîëü îñè Ox ðàâåí fx, âäîëü îñè Oy ðàâåí fy, è ïðè ýòîì fy > fx.

Ââåäåì âåëè÷èíû µ = fy−fx > 0, σ =
1

3J∗
, κ =

µ

5fx

. Çäåñü J∗ � áåçðàçìåðíûé ìîìåíò
èíåðöèè J = J∗ma2, a � ðàäèóñ ïëîùàäêè, m � ìàññà òåëà.

Ïóñòü äàâëåíèå ïî îáëàñòè êîíòàêòà ðàñïðåäåëåíî ðàâíîìåðíî p =
G

ma2
= const.

Òîãäà èìååò ìåñòî ñëåäóþùåå óòâåðæäåíèå.
Óòâåðæäåíèå. 1) ïðè σ ∈ (0,

1

2 + 5κ
) óãëîâàÿ ñêîðîñòü ñòðåìèòñÿ ê íóëþ áûñòðåå,

÷åì ëèíåéíàÿ ñêîðîñòü öåíòðà ïëîùàäêè êîíòàêòà;
2) ïðè σ ∈ (

1

2 + 5κ
,

1

1 + 4κ
) óãëîâàÿ ñêîðîñòü è ëèíåéíàÿ ñêîðîñòü öåíòðà ïëîùàäêè

îáðàùàþòñÿ â íîëü îäíîâðåìåííî;
3) ïðè σ ∈ (

1

1 + 4κ
,

4

3 + 15κ
) òàêæå èìååò ìåñòî îäíîâðåìåííîå îáðàùåíèå â íîëü

óãëîâîé è ëèíåéíîé ñêîðîñòè ïëîùàäêè;
4) ïðè σ ∈ (

4

3 + 15κ
, +∞) ëèíåéíàÿ ñêîðîñòü öåíòðà ïëîùàäêè ñòðåìèòñÿ ê íóëþ

áûñòðåå, ÷åì óãëîâàÿ ñêîðîñòü.
Â ñëó÷àå ðàñïðåäåëåíèÿ äàâëåíèÿ ïî çàêîíó Áóññèíåñêà p =

p0√
1− ρ2/a2

, p0 =
mg

2πa2

âåëè÷èíû v è ω îáðàùàþòñÿ â íîëü îäíîâðåìåííî ïðè J∗ ∈ (
fx + µ

3fx

,
4fx + 3µ

8fx

) (ìãíîâåí-
íûé öåíòð ñêîðîñòåé â ìîìåíò îñòàíîâêè íàõîäèòñÿ çà ïðåäåëàìè îáëàñòè êîíòàêòà) è
ïðè J∗ ∈ (

4fx + 3µ

8fx

,
8fx + 4µ

8fx

) (ìãíîâåííûé öåíòð ñêîðîñòåé â ìîìåíò îñòàíîâêè âíóòðè
êðóãà ðàäèóñà a). Â îñòàëüíûõ ñëó÷àÿõ îäíà èç âåëè÷èí v èëè ω ñòðåìèòñÿ ê íóëþ
áûñòðåå äðóãîé.

Ïðîâåäåíû èññëåäîâàíèÿ è äëÿ ñëó÷àÿ ðàñïðåäåëåíèÿ äàâëåíèÿ ïî çàêîíó Ãåðöà.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ãðàíò ÐÔÔÈ 06-08-00451-à).

ËÈÒÅÐÀÒÓÐÀ

[1] Ðîçåíáëàò Ã.Ì. Äèíàìè÷åñêèå ñèñòåìû ñ òðåíèåì. Ìîñêâà-Èæåâñê: ¾Ðåãóëÿðíàÿ è õàî-
òè÷åñêàÿ äèíàìèêà¿, 2005. 156 ñ.

Dmitriev N.N. Mathematical models movement solids on plan with anisotropic friction.
Movement of solid supported on plan with orthotropic friction was studded. Pressure distribution

by law of J. Boussinesq, G. Hertz and even distribution was examined. A�rmation about location
instantaneous center of velocity in moment stopping was proved.
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Ðàññìàòðèâàåòñÿ çàäà÷à î äâèæåíèè âîë÷êà ¾òèï-òîï¿ ïî ãîðèçîíòàëüíîé ïëîñêîñòè
ñ ó÷åòîì òðåíèÿ ñêîëüæåíèÿ â ðàìêàõ ìîäåëè Êîíòåíñó [1]. Âîë÷îê ìîäåëèðóåòñÿ äâóìÿ
øàðîâûìè ñåãìåíòàìè, æåñòêî ñâÿçàííûìè ñòåðæíåì, íàïðàâëåííûì âäîëü îáùåé îñè
ñèììåòðèè ýòèõ ñåãìåíòîâ. Ðàçìåðû øàðîâûõ ñåãìåíòîâ è ñòåðæíÿ ïîäîáðàíû òàê, ÷òî
ïðè îòêëîíåíèè îñè ñèììåòðèè îò âîñõîäÿùåé âåðòèêàëè äî íåêîòîðîãî êðèòè÷åñêîãî
çíà÷åíèÿ âîë÷îê îïèðàåòñÿ î ïëîñêîñòü îäíèì ñåãìåíòîì, à ñâûøå ýòîãî êðèòè÷åñêî-
ãî çíà÷åíèÿ � äðóãèì ñåãìåíòîì (ïðè êðèòè÷åñêîì çíà÷åíèè � äâóìÿ ñåãìåíòàìè). Â
ðàçíûõ îáëàñòÿõ êîíôèãóðàöèîííîãî ïðîñòðàíñòâà äâèæåíèå âîë÷êà îïèñûâàåòñÿ ðàç-
íûìè óðàâíåíèÿìè, à íà ãðàíèöå ýòèõ îáëàñòåé äâèæåíèå ñîïðîâîæäàåòñÿ óäàðàìè. Â
ïðåäñòàâëåííîé ðàáîòå ðàññìàòðèâàþòñÿ ñòàöèîíàðíûå äâèæåíèÿ âîë÷êà. Àíàëîãè÷íî
ðàáîòå [2] ñòðîèòñÿ ýôôåêòèâíûé ïîòåíöèàë ñèñòåìû, èçó÷àåòñÿ õàðàêòåð åãî êðèòè÷å-
ñêèõ òî÷åê. Ïîñòðîåíû áèôóðêàöèîííûå äèàãðàììû Ïóàíêàðå � ×åòàåâà è îáîáùåííûå
äèàãðàììû Ñìåéëà. Ïðè ýòîì êðèâûå ïðåöåññèîííûõ ñòàöèîíàðíûõ äâèæåíèé òåðïÿò
ðàçðûâ íà ãðàíèöå óêàçàííûõ îáëàñòåé (â îòëè÷èå îò ðàíåå èññëåäîâàííûõ áîëåå ïðî-
ñòûõ ìîäåëåé êèòàéñêîãî âîë÷êà).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÐÔÔÈ � 07-01-00290.

ËÈÒÅÐÀÒÓÐÀ

[1] Êîíòåíñó Ï. Ñâÿçü ìåæäó òðåíèåì ñêîëüæåíèÿ è òðåíèåì âåð÷åíèÿ è åå ó÷åò â òåîðèè
âîë÷êà // Ïðîáëåìû ãèðîñêîïèè. Ì.:Ìèð, 1967. Ñ. 60-67.

[2] Êàðàïåòÿí À.Â. Ãëîáàëüíûé êà÷åñòâåííûé àíàëèç äèíàìèêè êèòàéñêîãî âîë÷êà (òèï-òîï)
// ÌÒÒ. 2008. � 3. C. 33-41.

Zobova A.A., Karapetyan A.V. Dynamics of the tippe-top on the plane with real dry friction.
The motion of the tippe-top on the plane is considered. For the friction force Contensou model

is assumed. The tippe-top consists of two spherical segments joined by a rod directed along the
common axis of symmetry of the segments. The steady-state motions of the systems are considered;
the bifurcation diagrams are constructed.
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Íà îñíîâå íåãîëîíîìíîé ìîäåëè ýêèïàæà ñ îìíè-êîëåñàìè, ïîñòðîåííîé À.À. Çîáî-
âîé è ß.Â. Òàòàðèíîâûì [1], àâòîðàìè ñîçäàí îïûòíûé îáðàçåö ìîáèëüíîé ïëàòôîðìû
òàêîãî ýêèïàæà. Ñîçäàííûé îáðàçåö ïîçâîëÿåò èçìåíÿòü êîíôèãóðàöèþ ïëàòôîðìû
è ïðîâîäèòü ýêñïåðèìåíòû, íåîáõîäèìûå äëÿ îïòèìèçàöèè ìîäåëè â çàâèñèìîñòè îò
ïîñòàâëåííûõ çàäà÷.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòà ÐÔÔÈ 09-08-00925.

ËÈÒÅÐÀÒÓÐÀ

[1] Çîáîâà À.À., Òàòàðèíîâ ß.Â. Ñâîáîäíîå è óïðàâëÿåìîå äâèæåíèå íåêîòîðîé ìîäåëè ýêè-
ïàæà ñ ðîëèêîíåñóùèìè êîëåñàìè // Âåñòí. ÌÃÓ. Ñåð. 1. Ìàòåìàòèêà, ìåõàíèêà. 2008.
�6.

Zobova A.A., Salmina M.A, Yudin A.V. Dynamics of the omni-mobile vehicle.
The motion of the prototype of the mobile vehicle is considered. Obtained experimental data is

considered with the model developed in [1].
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Óïðàâëåíèå, íàéäåííîå êàê ðåçóëüòàò ðåøåíèÿ òðóäîåìêîé êðàåâîé çàäà÷è íà îñíîâå
ïðèíöèïà ìàêñèìóìà Ë.Ñ. Ïîíòðÿãèíà â åãî êëàññè÷åñêîé ôîðìóëèðîâêå, ÿâëÿåòñÿ ïðî-
ãðàììíûì óïðàâëåíèåì è ïðè íàëè÷èè âñÿêîãî ðîäà âîçìóùåíèé îêàçûâàåòñÿ íåýôôåê-
òèâíûì, ò.å. íå îáåñïå÷èâàåò îïòèìóì çàäàííîãî êðèòåðèÿ êà÷åñòâà. Ïîýòîìó öåëåñîîá-
ðàçíåå ïîñòðîèòü ñóáîïòèìàëüíîå óïðàâëåíèå ñ îáðàòíîé ñâÿçüþ, ïðè êîòîðîì çíà÷åíèå
îïòèìèçèðóåìîãî ôóíêöèîíàëà îòëè÷àåòñÿ îò åãî îïòèìàëüíîãî çíà÷åíèÿ íå áîëåå, ÷åì
íà çàäàííóþ âåëè÷èíó ε. Ïðåäëàãàåìàÿ ìåòîäèêà ñêëàäûâàåòñÿ èç òðåõ ýòàïîâ ðåøåíèÿ
èñõîäíîé âàðèàöèîííîé çàäà÷è. Íà ïåðâîì ýòàïå ïðîèçâîäèòñÿ óïðîùåíèå ìîäåëè, îïè-
ñûâàþùåé ðåàëüíûé óïðàâëÿåìûé ïðîöåññ è çàäàííîé â âèäå ñèñòåìû îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé. Ýòî óïðîùåíèå âîçìîæíî çà ñ÷åò ðàöèîíàëüíîãî âûáî-
ðà ôàçîâîãî ïðîñòðàíñòâà, íåçàâèñèìîé ïåðåìåííîé èíòåãðèðîâàíèÿ, çàìåíû èñõîäíûõ
ñâÿçåé è ôóíêöèîíàëà ýêâèâàëåíòíûìè è ò.ï. Îäíàêî òàêîå óïðîùåíèå ìîäåëè íå äàåò
æåëàåìîãî ðåçóëüòàòà â âèäå óïðàâëåíèÿ ñ îáðàòíîé ñâÿçüþ. Ïîýòîìó îñóùåñòâëÿåòñÿ
âòîðîé ýòàï óïðîùåíèÿ ìîäåëè íà îñíîâå ïðèíöèïà ðàñøèðåíèÿ (÷àñòè÷íîãî ñíÿòèÿ
îãðàíè÷åíèé), ïðèâîäÿùèé ê âûðîæäåííîé çàäà÷å òåîðèè îïòèìàëüíîãî óïðàâëåíèÿ.
Êîíñòðóêòíâíîñòü ðåøåíèÿ çàäà÷è íà ýòîì ýòàïå äîñòèãàåòñÿ çà ñ÷åò äâîéñòâåííîñòè
âûïóêëîé ôóíêöèè cy = f(cx) (cy, cx � êîýôôèöèåíòû ïîäúåìíîé ñèëû è ëîáîâîãî
ñîïðîòèâëåíèÿ ñîîòâåòñòâåííî). Òðåòèé ýòàï ðåøåíèÿ çàäà÷è (âîññòàíîâëåíèå ñâÿçè,
èñêëþ÷åííîé íà âòîðîì ýòàïå) ïðèâîäèò ê êîíå÷íîìó ðåçóëüòàòó â âèäå óïðàâëåíèÿ ñ
îáðàòíîé ñâÿçüþ. Ýòà ìåòîäèêà ïðèìåíåíà äëÿ ðåøåíèÿ ñëåäóþùåé çàäà÷è: îïòèìèçè-
ðîâàòü òðàåêòîðèþ ïðîäîëüíîãî äâèæåíèÿ ÖÌ ËÀ, ñîâåðøàþùåãî ïîëåò èç íà÷àëüíîé
òî÷êè àòìîñôåðíîãî ïðîñòðàíñòâà â çàäàííóþ êîíå÷íóþ òî÷êó íà ïîâåðõíîñòè Çåìëè.
Êðèòåðèåì îïòèìàëüíîñòè óïðàâëåíèÿ ÿâëÿåòñÿ ìàêñèìóì êèíåòè÷åñêîé ýíåðãèè ËÀ
â êîíå÷íîé òî÷êå òðàåêòîðèè. Ðåçóëüòàòîì ðåøåíèÿ çàäà÷è ÿâëÿåòñÿ ñóáîïòèìàëüíîå
óïðàâëåíèå â âèäå óãëà àòàêè α, êîòîðîå íàõîäèòñÿ êàê êîðåíü ïîëèíîìà 3-åé ñòåïåíè è
ÿâëÿåòñÿ ôóíêöèåé ôàçîâîãî ñîñòîÿíèÿ ÖÌ ËÀ è êîíñòàíò, çàâèñÿùèõ îò çàäàííîãî êî-
íå÷íîãî ôàçîâîãî ñîñòîÿíèÿ ÖÌ ËÀ. Âû÷èñëåíèå êîðíÿ îñóùåñòâëÿåòñÿ ïî àëãîðèòìó
Ýâêëèäà.×èñëåííûå ðåçóëüòàòû ïîäòâåðæäàþò ýôôåêòèâíîñòü äàííîé ìåòîäèêè.

Ivanov A.P., Ostov Y.J. About the problem of �ight dynamics.
An analytical method is proposed for solving the problem of suboptimal control of the

�ying apparatus mass center motion in the atmosphere. Numeric estimations are presented of
the synthesized control quality for various variants characterized by atmosphere parameters and
boundary conditions.
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ÍÅÎÁÕÎÄÈÌÛÅ ÓÑËÎÂÈß ÑÓÙÅÑÒÂÎÂÀÍÈß
ÄÎÏÎËÍÈÒÅËÜÍÛÕ ÈÍÒÅÃÐÀËÎÂ Â ÇÀÄÀ×Å Î ÄÂÈÆÅÍÈÈ

ÒÅËÀ ÏÎ ÃËÀÄÊÎÉ ÍÅÏÎÄÂÈÆÍÎÉ ÏÎÂÅÐÕÍÎÑÒÈ

Èâî÷êèí Ì.Þ.
Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ì.Â. Ëîìîíîñîâà

ivochkin@yandex.ru

Ðàññìàòðèâàåòñÿ çàäà÷à ïîèñêà äîïîëíèòåëüíûõ èíòåãðàëîâ â çàäà÷å î äâèæåíèè òå-
ëà ïî ãëàäêîé íåïîäâèæíîé ïîâåðõíîñòè. Â êà÷åñòâå ïîäâèæíîãî òåëà ðàññìàòðèâàþòñÿ
ñëó÷àè ýëëèïñîèäà è ïàðàáîëîèäà, â êà÷åñòâå íåïîäâèæíîé ïîâåðõíîñòè � ïëîñêîñòü
è ñôåðà. Ìåòîäàìè Õ. Èîøèäû, Ñ.Ë. Çèãëèíà, Â.Â. Êîçëîâà íàõîäÿòñÿ íåîáõîäèìûå
óñëîâèÿ ñóùåñòâîâàíèÿ èíòåãðàëîâ. Â çàäà÷å òàêæå ðàññìàòðèâàþòñÿ ïðåäåëüíûå ñëó-
÷àè.

ËÈÒÅÐÀÒÓÐÀ

[1] Êîçëîâ Â.Â. Ñèììåòðèè, òîïîëîãèÿ è ðåçîíàíñû â ãàìèëüòîíîâîé ìåõàíèêå. Èæåâñê.:
Èçäàòåëüñòâî Óäìóðñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà, 1995. 432 ñ.

Ivochkin M.Y. The necessary conditions of the existence of additional integrals in the problem
of motion of a body on a smooth �xed surface.

Searching of additional integrals is discussed in the frames of the problem of a rigid motion
on a smooth �xed surface. An ellipsoid and a paraboloid are considered as two types of a moving
body. A plane and a sphere are taken as �xed surfaces. The necessary conditions of the existence
of additional integrals are obtained by Yoshida's, Ziglin's and Kozlov's methods. Limiting cases are
also analyzed.
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ÄÈÍÀÌÈÊÀ ÎÄÍÎÐÎÄÍÎÃÎ ØÀÐÀ ÍÀ ÏËÎÑÊÎÑÒÈ Ñ ÒÐÅÍÈÅÌ

Èøõàíÿí Ì.Â.
Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ì.Â. Ëîìîíîñîâà

margarita-ish@yandex.ru

Çàäà÷å î êà÷åíèè àáñîëþòíîãî òâåðäîãî òåëà ïî ïîâåðõíîñòè ïðè ïðåäïîëîæåíèè,
÷òî âçàèìîäåéñòâèå ìåæäó òåëîì è ïîâåðõíîñòüþ îïèñûâàåòñÿ ñèëàìè ñóõîãî òðå-
íèÿ, â íàó÷íîé ëèòåðàòóðå ïîñâÿùåíî áîëüøîå ÷èñëî ðàáîò. Ïðîñòåéøåé è íàèáîëåå
èçâåñòíîé èç ìîäåëåé ñóõîãî òðåíèÿ ÿâëÿåòñÿ êëàññè÷åñêàÿ ìîäåëü ñóõîãî òðåíèÿ �
çàêîí Êóëîíà, êîòîðàÿ äîñòàòî÷íî àäåêâàòíî îïèñûâàåò âçàèìîäåéñòâèå òåëà ñ îïîð-
íîé ïîâåðõíîñòüþ ïðè ïîñòóïàòåëüíîì äâèæåíèè òåëà. Äîâîëüíî ÷àñòî äëÿ îïèñàíèÿ
ïîñòóïàòåëüíî-âðàùàòåëüíîãî äâèæåíèÿ òåëà òàêæå èñïîëüçîâàëàñü êëàññè÷åñêàÿ ìî-
äåëü òðåíèÿ, íåñìîòðÿ íà íåñîîòâåòñòâèå ìåæäó òåîðèåé è ðåçóëüòàòàìè ýêñïåðèìåíòà.

Âïåðâûå íà íåîáõîäèìîñòü óòî÷íåíèÿ çàêîíà Êóëîíà îáðàòèë âíèìàíèå Êîíòåíñó,
èñõîäÿ èç åñòåñòâåííîãî ïðåäïîëîæåíèÿ î òîì, ÷òî äëÿ ðåàëüíûõ òåë òî÷å÷íûõ êîí-
òàêòîâ íå áûâàåò. Èñïîëüçóÿ òåîðèþ êîíòàêòíûõ íàïðÿæåíèé Ãåðöà, îí äîêàçàë çàâè-
ñèìîñòü ñèëû ñóõîãî òðåíèÿ îò îòíîøåíèÿ ñêîðîñòè ñêîëüæåíèÿ ê ñêîðîñòè âðàùåíèÿ
â ïðåäïîëîæåíèè, ÷òî îáå ñîïðèêàñàþùèåñÿ ïîâåðõíîñòè ñôåðè÷åñêèå. Ïðèíöèïèàëüíî
íîâîå ðàçâèòèå òåîðèè Êîíòåíñó áûëî äàíî Â.Ô. Æóðàâëåâûì. Îí ïîëó÷èë òî÷íûå àíà-
ëèòè÷åñêèå âûðàæåíèÿ ñèëû òðåíèÿ è ìîìåíòà ñèë òðåíèÿ â çàâèñèìîñòè îò îòíîøåíèÿ
ñêîðîñòè ñêîëüæåíèÿ ê ñêîðîñòè âðàùåíèÿ. Ýòè âûðàæåíèÿ äîñòàòî÷íî ãðîìîçäêè, ïî-
ýòîìó íà îñíîâàíèè ðàçëîæåíèé Ïàäå ïåðâîãî ïîðÿäêà òî÷íûõ âûðàæåíèé äëÿ ãëàâíîãî
âåêòîðà è ãëàâíîãî ìîìåíòà êàñàòåëüíûõ ñèë òðåíèÿ áûëà ðåøåíà çàäà÷à î äâèæåíèè
ïî ïëîñêîñòè îäíîðîäíîãî øàðà. Äàëüíåéøåå ðàçâèòèå òåîðèÿ Êîíòåíñó-Æóðàâëåâà
ïîëó÷èëà â ðàáîòàõ À.À. Êèðååíêîâà.

Íåäàâíî À.Â. Êàðàïåòÿíîì áûëà ïðåäëîæåíà íîâàÿ äâóõïàðàìåòðè÷åñêàÿ ìîäåëü
òðåíèÿ, â ðàìêàõ êîòîðîé ó÷èòûâàþòñÿ âñå âèäû òðåíèÿ: ñêîëüæåíèÿ, âåð÷åíèÿ è êà÷å-
íèÿ. Ýòà ìîäåëü ïåðåõîäèò â ìîäåëü Êîíòåíñó-Æóðàâëåâà ïðè íóëåâîì çíà÷åíèè îäíîãî
ïàðàìåòðà, à â ìîäåëü Êóëîíà � ïðè íóëåâîì çíà÷åíèè äðóãîãî ïàðàìåòðà.

Â äàííîé ñòàòüå ïðèìåíÿåòñÿ ìîäåëü À.Â. Êàðàïåòÿíà ê ðåøåíèþ çàäà÷è î äâèæå-
íèè îäíîðîäíîãî øàðà ïî íåïîäâèæíîé ãîðèçîíòàëüíîé ïëîñêîñòè. Íà îñíîâå îáùèõ
òåîðåì äèíàìèêè ñîñòàâëåíû óðàâíåíèÿ äâèæåíèÿ øàðà è ìåòîäîì Ðóíãå-Êóòòà äàíî
èõ ÷èñëåííîå ðåøåíèå.

Ishkhanyan M.V. Dynamics of a homogeneous ball on a plane with friction.
The motion of a homogeneous ball on a horizontal plane is investigated. The equations of motion

of the ball are derived within the two-parameter model of friction proposed by A.V. Karapetyan.
The numerical analysis of the ball motion is given.
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ÄÂÓÕÏÀÐÀÌÅÒÐÈ×ÅÑÊÀß ÌÎÄÅËÜ ÒÐÅÍÈß

Êàðàïåòÿí À.Â.
Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ì.Â. Ëîìîíîñîâà

avkarapetyan@yandex.ru

Ïðåäëîæåíà íîâàÿ ìîäåëü òðåíèÿ, îïèñûâàþùàÿ âçàèìîäåéñòâèå òåëà ñ îïîðíîé
ïîâåðõíîñòüþ ïðè åãî ïîñòóïàòåëüíî-âðàùàòåëüíîì äâèæåíèè ïî íåïîäâèæíîé ïîâåðõ-
íîñòè. Ýòà ìîäåëü ó÷èòûâàåò óïðóãèå ñâîéñòâà êàê òåëà, òàê è îïîðíîé ïîâåðõíîñòè, è
çàâèñèò îò äâóõ ïàðàìåòðîâ, õàðàêòåðèçóþùèõ êîýôôèöèåíòû óïðóãîñòè òåëà è ïîâåðõ-
íîñòè. Ïðè íóëåâîì çíà÷åíèè îäíîãî èç ïàðàìåòðîâ (àáñîëþòíî òâåðäîå òåëî) ïðåäëî-
æåííàÿ ìîäåëü ïåðåõîäèò â ìîäåëü Êóëîíà, à ïðè íóëåâîì çíà÷åíèè äðóãîãî ïàðàìåòðà
(àáñîëþòíî æåñòêàÿ ïîâåðõíîñòü) � â ìîäåëü Êîíòåíñó � Æóðàâëåâà. Ýòà ìîäåëü îïè-
ñûâàåò âñå âèäû òðåíèÿ: ñêîëüæåíèÿ, âåð÷åíèÿ è êà÷åíèÿ. Óêàçàíû îñíîâíûå ñâîéñòâà
íîâîé ìîäåëè òðåíèÿ. Â ÷àñòíîñòè, ïîêàçàíî, ÷òî ìîùíîñòü òðåíèÿ êà÷åíèÿ ìíîãî ìåíü-
øå, ÷åì ìîùíîñòü òðåíèÿ âåð÷åíèÿ, êîòîðàÿ, â ñâîþ î÷åðåäü, ìíîãî ìåíüøå ìîùíîñòè
òðåíèÿ ñêîëüæåíèÿ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÐÔÔÈ � 07-01-00290.

Karapetyan A.V. New two-parametric model of dry friction.
New model of dry friction, acting on a solid, that moves along a surface, is proposed. The

model takes into consideration the elastic properties of the solid and the surface both, and depends
on two parameters. It generalizes Coulomb and Contensou � Zhuravlev friction and describes all
kind of friction (sliding, rotation and whirling). The main properties of the model are discussed. In
particular it is shown that the power of rotation friction is much smaller than the power of whirling
friction; the latter is much smaller than the power of sliding friction.
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ÓÄÀÐ ÒÐÅÕ ÒÅË

Êîëÿðè È. Ã.
ÌÓÇ ¾Îìñêàÿ ãîðîäñêàÿ êëèíè÷åñêàÿ áîëüíèöà �1 èì. Êàáàíîâà À.Í.¿

cagliari@list.ru

Ïðåäëàãàåòñÿ òåîðåòè÷åñêàÿ ìîäåëü, êîòîðàÿ ïîçâîëÿåò ðåøèòü çàäà÷ó óäàðà òðåõ
òåë. Äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è èñïîëüçóåòñÿ ïîíÿòèå ïîòîêà ýíåðãèè, êîòîðîå
ïîçâîëÿåò íàïèñàòü äîïîëíèòåëüíîå óðàâíåíèå ê ðàíåå ñóùåñòâóþùèì. Ðåøåíèå îñó-
ùåñòâëÿëîñü äëÿ ðàçëè÷íûõ ñî÷åòàíèé ìàññ òðåõ òåë.

Ïðè ðàññìîòðåíèèè çàäà÷è î äâèæåíèè ìàòåðèàëüíûõ òî÷åê â ïëîñêîñòè (ïîñëå óäà-
ðà) òåîðåòè÷åñêàÿ ìîäåëü ïîçâîëÿåò ðàñc÷èòàòü óãëû ðàçëåòà è ñêîðîñòè òî÷åê. Â ÷àñò-
íîñòè, â ñëó÷àå óäàðà òðåõ òåë ðàâíîé ìàññû (äâà òåëà íàõîäÿòñÿ â ïîêîå, à òðåòüå
íàëåòàåò ñî ñêîðîñòüþ V1), òåëà ðàçëåòàþòñÿ â ïîäâèæíîé ñèñòåìå êîîðäèíàò, êàê ïî-
êàçûâàåò äàííàÿ òåîðèÿ, ïîä óãëàìè 120◦.

Âñå óðàâíåíèÿ â äèíàìè÷åñêîì âèäå ìîæíî çàïèñàòü:

d

(
m~V n

n!

)
=

1

(n− 1)!
~F · ~V n−1dt

Ðàññìîòðèì öåíòðàëüíûé àáñîëþòíî óïðóãèé óäàð. Èìåþòñÿ òðè àáñîëþòíî óïðóãèõ
òåëà (òðè ìàòåðèàëüíûå òî÷êè) ðàçíîé ìàññû m1, m2, m3. Äâà òåëà, ñîïðèêàñàÿñü,
ïîêîÿòñÿ, à òðåòüå äâèæåòñÿ ñî ñêîðîñòüþ V .

Â ëèòåðàòóðå îïèñàíû ðåøåíèÿ ïîäîáíîãî ðîäà çàäà÷è:
• ìåæäó òåëàìè èìååòñÿ ¾íåáîëüøîé¿ çàçîð, êîòîðûé ïîçâîëÿåò ñâåñòè äàííóþ çà-

äà÷ó ê óäàðó äâóõ òåë;
• âî âðåìÿ óäàðà ñèñòåìà ïðåäñòàâëÿåòñÿ íàáîðîì àáñîëþòíî óïðóãèõ òî÷å÷íûõ

ìàññ è íåâåñîìûõ ïðóæèí ñ äîñòàòî÷íî áîëüøîé æåñòêîñòüþ, ïðè÷åì (ïîòåíöèàëüíûå)
ñèëû, âîçíèêàþùèå â ïðóæèíàõ, ïðîïîðöèîíàëüíû ∼ x4, ÷òî ïîçâîëÿåò äëÿ êàæäî-
ãî òåëà ñîñòàâèòü óðàâíåíèå äâèæåíèÿ, à çà òåì ðåøèòü ñèñòåìó äèôôåðåíöèàëüíûõ
óðàâíåíèé.

Èñïîëüçóÿ ïîíÿòèå ïîòîêà ýíåðãèè, çàïèøåì óðàâíåíèÿ




m1x + m2y + m3z = m1V
m1x

2

2
+

m2y
2

2
+

m3z
2

2
=

m1V
2

2
m1x

3

6
+

m2y
3

6
+

m3z
3

6
=

m1V
3

6

ãäå x, y, z - ñêîðîñòè òåë ïîñëå óäàðà, V - ñêîðîñòü íàëåòàþùåãî òåëà äî óäàðà.
Ðåøàÿ äàííóþ ñèñòåìó óðàâíåíèé, íàõîäèì ñêîðîñòè òåë ïîñëå óäàðà.

Kolyari I.G. Impact of three bodies.
Theoretical model which allows to solve a problem of impact three bodies is o�ered. The decision

is checked for various combinations of weights three bodies.
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ÎÁ ÈÍÂÀÐÈÀÍÒÍÎÉ ÍÎÐÌÀËÈÇÀÖÈÈ ÍÅÀÂÒÎÍÎÌÍÛÕ
ÃÀÌÈËÜÒÎÍÎÂÛÕ ÑÈÑÒÅÌ

Êîíêèíà Ë.È.
Âåëèêîëóêñêàÿ ãîñóäàðñòâåííàÿ ñåëüñêîõîçÿéñòâåííàÿ àêàäåìèÿ

Konkina-l@mail.ru

Ðàññìàòðèâàåòñÿ ìåòîä ïîñòðîåíèÿ êàíîíè÷åñêèõ çàìåí ïåðåìåííûõ, îòëè÷íûé îò
ñóùåñòâóþùèõ â ãàìèëüòîíîâîé ìåõàíèêå êîíñòðóêòèâíûõ ìåòîäîâ: ìåòîäà ïðîèçâî-
äÿùèõ ôóíêöèé è ìåòîäà ãåíåðàòîðîâ. Èñïîëüçóåòñÿ îïðåäåëåíèå íîðìàëüíîé ôîðìû
[1, 2], êîòîðîå íå òðåáóåò ðàçäåëåíèÿ íà àâòîíîìíûé � íåàâòîíîìíûé, ðåçîíàíñíûé �
íåðåçîíàíñíûé ñëó÷àè è îñóùåñòâëÿåòñÿ â ðàìêàõ åäèíîãî ïîäõîäà.

Ðàññìàòðèâàåòñÿ çàäà÷à î äâèæåíèè òÿæåëîãî äèíàìè÷åñêè íåñèììåòðè÷íîãî òâåð-
äîãî òåëà, âðàùàþùåãîñÿ âîêðóã òî÷êè ïîäâåñà O â îäíîðîäíîì ïîëå ñèëû òÿæåñòè.
Òî÷êà O ñîâåðøàåò ãàðìîíè÷åñêèå êîëåáàíèÿ â ãîðèçîíòàëüíîé ïëîñêîñòè. Âîçìóùåí-
íîå äâèæåíèå òâåðäîãî òåëà èññëåäóåòñÿ â êàíîíè÷åñêèõ ïåðåìåííûõ äåéñòâèå-óãîë
I, w. Â êà÷åñòâå íåâîçìóùåííîãî äâèæåíèÿ âûáèðàåòñÿ äâèæåíèå òâåðäîãî òåëà â ñëó-
÷àå Ýéëåðà-Ïóàíñî. Ôóíêöèÿ Ãàìèëüòîíà, îïèñûâàþùàÿ íåâîçìóùåííîå äâèæåíèå, íå
çàâèñèò îò óãëîâûõ ïåðåìåííûõ, à çàâèñèò òîëüêî îò ïåðåìåííûõ äåéñòâèÿ Ii (i =
1, 2, 3.). Îáùåå ðåøåíèå íåâîçìóùåííîé ñèñòåìû ÿâëÿåòñÿ óñëîâíî-ïåðèîäè÷åñêèì ñ ÷à-
ñòîòàìè ω1 è ω2, êîòîðûå ïîëó÷åíû â âèäå ÿâíûõ çàâèñèìîñòåé îò ïåðåìåííûõ äåéñòâèÿ.
Àñèìïòîòèêó ïåðâîãî ïîðÿäêà íîðìàëüíîé ôîðìû ïîëó÷àåì, âçÿâ èíòåãðàë ïî âðåìåíè
îò àñèìïòîòèêè ïåðâîãî ïîðÿäêà çàäàííîãî ãàìèëüòîíèàíà âäîëü òðàåêòîðèé ïîðîæäà-
þùåé ñèñòåìû â âèäå ìíîæèòåëÿ ïðè t, à àñèìïòîòèêó ïåðâîãî ïîðÿäêà ïðîèçâîäÿùåãî
ãàìèëüòîíèàíà â âèäå íå çàâèñÿùåãî îò âðåìåíè êîýôôèöèåíòà ïðè ε. Äàëåå ñòðîèòñÿ
âòîðîå ïðèáëèæåíèå ãàìèëüòîíèàíà ê íîðìàëüíîé ôîðìå. Îòìåòèì, ÷òî íåàâòîíîìíûé
ãàìèëüòîíèàí â íîðìàëüíîé ôîðìå òîæå íåàâòîíîìåí.

Â çàäà÷å ðàññìîòðåíû ñëó÷àè äâèæåíèÿ òâåðäîãî òåëà â ñëó÷àÿõ âèáðàöèè ìàëîé è
áîëüøîé èíòåíñèâíîñòè.

Ïðè âèáðàöèè áîëüøîé èíòåíñèâíîñòè âåêòîð, íàïðàâëåííûé ïî îñè ñîáñòâåííîãî
âðàùåíèÿ èç âåðòèêàëüíîãî ïîëîæåíèÿ, ïðåöåññèðóåò ïî ðàñêðó÷èâàþùåéñÿ ñïèðàëè
â ãîðèçîíòàëüíóþ ïëîñêîñòü, ñòðåìÿñü ê ïðåäåëüíîìó óãëó ïðåöåññèè. Ïðè âèáðàöèè
ìàëîé èíòåíñèâíîñòè âåêòîð ìîíîòîííî âîññòàíàâëèâàåòñÿ ïî âåðòèêàëè ââåðõ èëè âíèç
â çàâèñèìîñòè îò íà÷àëüíûõ óñëîâèé.

ËÈÒÅÐÀÒÓÐÀ

[1] Æóðàâëåâ Â.Ô. Îñíîâû òåîðåòè÷åñêîé ìåõàíèêè. Ì.: Íàóêà. Ôèçìàòëèò, 1997, 320 ñ.
[2] Æóðàâëåâ Â.Ô. Èíâàðèàíòíàÿ íîðìàëèçàöèÿ íåàâòîíîìíûõ ãàìèëüòîíîâûõ ñèñòåì //

ÏÌÌ. 2002. Ò.66. Âûï. 3. Ñ.356-365.

Konkina L.I. About invariant normalization non-autonomous Hamiltonian systems.
About invariant normalization non-autonomous Hamiltonian systems, in case the perturbed

motion the rigid body with a vibrating point.
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ÄÈÍÀÌÈÊÀ ÂÎË×ÊÀ ÒÎÌÑÎÍÀ

Êðîõàëåâà Ã.Â.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé ïîëèòåõíè÷åñêèé óíèâåðñèòåò

matica59@mail.ru

Ðàññìîòðèì ïðîñòåéøóþ ìîäåëü âîë÷êà Òîìñîíà � øàð ñî ñìåùåííûì öåíòðîì òÿ-
æåñòè íà ãîðèçîíòàëüíîé øåðîõîâàòîé ïëîñêîñòè. Ïóñòü R � ðàäèóñ øàðà, a � ðàñ-
ñòîÿíèå ìåæäó åãî ãåîìåòðè÷åñêèì öåíòðîì O è öåíòðîì ìàññ C (ïðÿìàÿ OC ïðåäïî-
ëàãàåòñÿ îñüþ äèíàìè÷åñêîé ñèììåòðèè ñ îðòîì n). Ìîìåíòû èíåðöèè âîë÷êà: θ12 �
ýêâàòîðèàëüíûé, θ3 � îñåâîé; m � ìàññà øàðà. Ïóñòü k � åäèíè÷íûé âåêòîð âîñõî-
äÿùåé âåðòèêàëè, ω � óãëîâàÿ ñêîðîñòü âðàùåíèÿ âîêðóã öåíòðà ìàññ. Ðàäèóñ-âåêòîð
òî÷êè êàñàíèÿ A îòíîñèòåëüíî öåíòðà ìàññ CA = ρ.

Îáîçíà÷èì η = k ·n. Óãëîâàÿ ñêîðîñòü ñîáñòâåííîãî âðàùåíèÿ Ω = ω ·n.
Äëÿ ñòàöèîíàðíîãî äâèæåíèÿ ìîæíî ïîëó÷èòü ñâÿçü ìåæäó óãëîâûìè ñêîðîñòÿìè

ω è Ω òåëà è ïàðàìåòðîì η (çäåñü α = a/R): θ3 Ω ω − θ12 ω2 η = mg a.
Èç ïðîåêöèè óðàâíåíèÿ, âûðàæàþùåãî òåîðåìó îá èçìåíåíèè êèíåòè÷åñêîãî ìîìåí-

òà íà íàïðàâëåíèå ρ, ïîëó÷àåì ïåðâûé èíòåãðàë:
θ12 ω (1− η2) + θ3 Ω η + α θ3 Ω = C.

Äâèæåíèå âîë÷êà îïðåäåëÿåòñÿ ñåìåéñòâîì ôàçîâûõ êðèâûõ:
η =

Cx

√
x− (x + α)

α x + 1
.

Ãäå ââåäåíû ñëåäóþùèå îáîçíà÷åíèÿ:
Cx =

C√
θ12 mg a

, x =
ω2

ω2∗
, ω2

∗ =
mg a

θ12

.

Çäåñü η îïðåäåëÿåò íàêëîí îñè, áåçðàçìåðíûé ïàðàìåòð x ñîîòâåòñòâóåò óãëîâîé
ñêîðîñòè âîë÷êà.

Íàïðàâëåíèå äâèæåíèÿ ïî ôàçîâûì êðèâûì îïðåäåëÿåòñÿ ôîðìóëîé [1]:
sign(ẋ) = −sign

(
βη + α− 1− β

x

)

Èçìåíåíèå çíàêà ẋ ïðîèñõîäèò íà ñåïàðàòðèññå:
η∗ =

1− β − α x

βx
, β =

θ3 − θ12

θ3

ËÈÒÅÐÀÒÓÐÀ

[1] Êðèâöîâ À.Ì. Ê èññëåäîâàíèþ ýâîëþöèîííîãî ïîâåäåíèÿ âîë÷êîâ íà øåðîõîâàòîì îñíî-
âàíèè // Ìåõàíèêà è ïðîöåññû óïðàâëåíèÿ. Òðóäû ÑÏáÃÏÓ. 1994. � 448. ÑÏá.: Èçä-âî
ÑÏáÃÏÓ. Ñ. 172�175.

Krokhaleva G.V. Motion of the Tippe-Top.
The spinning behavior of the tippe-top on a horizontal table is examined. A Tippe top is a

small spinning top which will start out spinning as a normal top, but soon turns over and spins on
the stem. Demonstration of the very special rotational properties of the toy is made. Equations of
evolutional motion are received.
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ÓÑÒÎÉ×ÈÂÎÑÒÜ È ÑÒÀÁÈËÈÇÀÖÈß ÑÒÀÖÈÎÍÀÐÍÛÕ
ÄÂÈÆÅÍÈÉ ÍÅÃÎËÎÍÎÌÍÛÕ ÑÈÑÒÅÌ, ÓÐÀÂÍÅÍÈß

ÄÂÈÆÅÍÈß ÊÎÒÎÐÛÕ ÍÀÏÈÑÀÍÛ Â ÊÂÀÇÈÊÎÎÐÄÈÍÀÒÀÕ

Ëåáåäåâ Ä.À., Ìîðîçîâ Â.Ì.
Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ì.Â. Ëîìîíîñîâà, ÍÈÈ ìåõàíèêè

lebedevda@gmail.com

×àñòî äëÿ èññëåäîâàíèÿ óñòîé÷èâîñòè è ñòàáèëèçàöèè ñòàöèîíàðíûõ äâèæåíèé
íåãîëîíîìíûõ ñèñòåì èñïîëüçóþòñÿ óðàâíåíèÿ äâèæåíèÿ, çàïèñàííûå â îáîáùåííûõ
ëàãðàíæåâûõ êîîðäèíàòàõ. Îäíàêî, âî ìíîãèõ çàäà÷àõ ïðåäïî÷òèòåëüíåå èñïîëüçîâà-
íèå íå îáîáùåííûõ êîîðäèíàò, à íåêîòîðûõ èõ ëèíåéíûõ ôîðì. Â ÷àñòíîñòè, ïðè çàïèñè
óðàâíåíèé äâèæåíèÿ â ôîðìå óðàâíåíèé Ýéëåðà�Ëàãðàíæà, âûáîð ôîðì, ïðè ïîìîùè
êîòîðûõ ââîäÿòñÿ êâàçèêîîðäèíàòû, ñóùåñòâåííî âëèÿåò íà ñòðóêòóðó óðàâíåíèé äâè-
æåíèÿ. Âûäåëåíû öèêëè÷åñêèå êîîðäèíàòû. Ïðåäñòàâëåíû óðàâíåíèÿ ñòàöèîíàðíûõ
äâèæåíèé, è ñôîðìóëèðîâàíà òåîðåìà îá óñòîé÷èâîñòè ýòèõ äâèæåíèé. Ïðèâåäåíû òàê-
æå êðèòåðèè óïðàâëÿåìîñòè è íàáëþäàåìîñòè.

Â êà÷åñòâå èëëþñòðàöèè ïðåèìóùåñòâ ââåäåíèÿ êâàçèêîîðäèíàò ðàññìàòðèâàåòñÿ
ïðèìåð ñëîæíîé íåãîëîíîìíîé ìåõàíè÷åñêîé ñèñòåìû, ïðåäñòàâëÿþùåé ñîáîé ìîäåëü
îäíîêîëåñíîãî ðîáîòà, ñîñòîÿùåãî èç ÷åòûðåõ òâåðäûõ òåë: äèñêà, êîòîðûé êàòèòñÿ
ïî ãîðèçîíòàëüíîé ïëîñêîñòè áåç ïðîñêàëüçûâàíèÿ, òâåðäîãî òåëà (ìàÿòíèêà), ñîåäè-
íåííîãî ñ äèñêîì öèëèíäðè÷åñêèì øàðíèðîì â åãî öåíòðå, êîëüöà � òâåðäîãî òåëà,
âðàùàþùåãîñÿ îòíîñèòåëüíî îñè, ëåæàùåé â ïëîñêîñòè äèñêà, è ðîòîðà � ñèììåòðè÷-
íîãî òâåðäîãî òåëà, âðàùàþùåãîñÿ îòíîñèòåëüíî îñè, çàêðåïëåííîé â êîëüöå. Ñèñòåìà
èìååò øåñòü ñòåïåíåé ñâîáîäû. Ïðè÷åì èç øåñòè îáîáùåííûõ êîîðäèíàò òðè ÿâëÿþòñÿ
öèêëè÷åñêèìè è òðè ïîçèöèîííûìè.

Äëÿ äàííîé ìåõàíè÷åñêîé ñèñòåìû áûëî îïðåäåëåíî ìíîãîîáðàçèå ñòàöèîíàðíûõ
äâèæåíèé. Äëÿ íåêîòîðûõ âèäîâ ýòèõ äâèæåíèé áûëà èññëåäîâàíà èõ óñòîé÷èâîñòü,
à òàêæå âîïðîñû óïðàâëÿåìîñòè è íàáëþäàåìîñòè. Íà îñíîâå ïðîâåäåííîãî àíàëèçà
óïðàâëÿåìîñòè è íàáëþäàåìîñòè ïîñòðîåíû àëãîðèòìû ñòàáèëèçàöèè, îáåñïå÷èâàþùèå
àñèìïòîòè÷åñêóþ óñòîé÷èâîñòü èññëåäîâàâøèõñÿ ñòàöèîíàðíûõ äâèæåíèé.

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (06-01-00222), (05-
08-50148) è ïðîãðàììû ¾Óíèâåðñèòåòû Ðîññèè¿.

Lebedev D.A., Mororzov V.M. Stability and stabilization stationary motions of nonholo-
nomic systems, which motion equations are writed via quasi�coordinates.

One of the possible models of the unicycle is researched. Variety of the steady�state motions of
the unicycle is determined. Investigation of controllability and observability is done.
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Lu Wen-Lung1, Hwang Shyh-Shin1, Äîñàåâ Ì. Ç.2,
Ñåëþöêèé Þ. Ä.2.

1 Óíèâåðñèòåò Ching-Yun, Òàéâàíü
2 Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ì.Â. Ëîìîíîñîâà, ÍÈÈ ìåõàíèêè

seliutski@imec.msu.ru

Âåòðîýëåêòðîñòàíöèÿ ìàëîé ìîùíîñòè (ìàëàÿ ÂÝÑ) ïðåäíàçíà÷åíà äëÿ îáåñïå÷åíèÿ
ðàáîòû íåáîëüøîãî ÷èñëà ýëåêòðîïðèáîðîâ. Â ýòèõ óñëîâèÿõ ïîäêëþ÷åíèå äàæå îäíî-
ãî äîïîëíèòåëüíîãî ïîòðåáèòåëÿ ìîæåò ïðèâåñòè ê íàðóøåíèÿì íîðìàëüíîé ðàáîòû. Â
[1, 2] ïðåäëîæåíà ìàòåìàòè÷åñêàÿ ìîäåëü ôóíêöèîíèðîâàíèÿ ìàëîé ÂÝÑ, ïîçâîëèâøàÿ
êà÷åñòâåííî îáúÿñíèòü îáíàðóæåííîå â ýêñïåðèìåíòàõ ÿâëåíèå ãèñòåðåçèñà âûðàáàòû-
âàåìîé ìîùíîñòè ïðè èçìåíåíèè âíåøíåé íàãðóçêè. Ïðîâåäåí ïàðàìåòðè÷åñêèé àíàëèç
ñîîòâåòñòâóþùåé äèíàìè÷åñêîé ñèñòåìû, èññëåäîâàíû âîïðîñû ñóùåñòâîâàíèÿ è óñòîé-
÷èâîñòè óñòàíîâèâøèõñÿ ðåæèìîâ è îïèñàíû èõ îáëàñòè ïðèòÿæåíèÿ.

Ïðåäëîæåíà ñõåìà ïîñòðîåíèÿ äîñòàòî÷íî ïðîñòîé àïïðîêñèìàöèîííîé ôîðìóëû
äëÿ ìîìåíòà àýðîäèíàìè÷åñêèõ ñèë, äåéñòâóþùèõ íà ëîïàñòè. Ïîêàçàíî ñóùåñòâîâà-
íèå ðàçëè÷íûõ òèïîâ áèôóðêàöèé ñòàöèîíàðíûõ ðåæèìîâ, ïðèâîäÿùèõ, â ÷àñòíîñòè, ê
ðîæäåíèþ ïåðèîäè÷åñêèõ äâèæåíèé êîíå÷íîé àìïëèòóäû.

Ïðîâåäåíî èññëåäîâàíèå ïåðåõîäíûõ ðåæèìîâ ïðè ñêà÷êîîáðàçíîì èçìåíåíèè âíåø-
íåé íàãðóçêè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ãðàíò �08-08-00390).

ËÈÒÅÐÀÒÓÐÀ

[1] Äîñàåâ Ì.Ç., Êîáðèí À.È., Ñåëþöêèé Þ.Ä., Wen-Lung Lu, Ching-Huei Lin. Îá îäíîé
îñîáåííîñòè ôóíêöèîíèðîâàíèÿ ìèíè-âåòðîýëåêòðîñòàíöèé // Âåñòíèê ÌÝÈ. 2007. � 1,
ñ.147�151.

[2] Äîñàåâ Ì.Ç., Ñàìñîíîâ Â.À., Ñåëþöêèé Þ.Ä. Î äèíàìèêå ìàëîé âåòðîýëåêòðîñòàíöèè
// ÄÀÍ. 2007. Ò. 416, � 1, ñ.50�53. (Dosaev M.Z., Samsonov V.A., Selyutsky Yu.D. On
the Dynamics of a Small-Scale Wind Power Generator // Doklady Physics. 2007. V.52. No.9.
Pleiades Publishing. Ltd., 2007, p. 493-495.)

Lu Wen-Lung, Hwang Shyh-Shin, Dosaev M.Z., Selyutsky Yu.D. On transient regimes
of operation of wind turbines.

Mathematical model of horizontal axis wind turbines is considered. Parametric analysis of the
obtained dynamic system is performed. Experimentally discovered hysteresis of the output power
with respect to external load is explained. Transient regimes of wind turbines are investigated and
bifurcations of stationary regimes are described.
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Èçëàãàåòñÿ îáùàÿ òåîðèÿ áèìîäàëüíûõ áèôóðêàöèé â ïîòåíöèàëüíûõ ñèñòåìàõ ñ îä-
íîé èëè äâóìÿ ñèììåòðèÿìè. Äàåòñÿ ïîëíàÿ êëàññèôèêàöèÿ áèôóðêàöèé è ïåðåñòðîåê
ïðè èçìåíåíèè ïàðàìåòðîâ ñèñòåìû. Âñå ôîðìóëû çàïèñàíû â ÿâíîì âèäå â òåðìèíàõ
ïðîèçâîäíûõ ôóíêöèè ïîòåíöèàëüíîé ýíåðãèè ñèñòåìû ñ ïðîèçâîëüíûì ÷èñëîì ñòåïå-
íåé ñâîáîäû. Â êà÷åñòâå ìåõàíè÷åñêîãî ïðèìåðà èññëåäóþòñÿ ïîòåðÿ óñòîé÷èâîñòè è
çàêðèòè÷åñêîå ïîâåäåíèå óïðóãîãî ñîñòàâíîãî ñòåðæíÿ, íàãðóæåííîãî ïðîäîëüíîé ñè-
ëîé. Îáíàðóæåí ýôôåêò ïîòåðè óñòîé÷èâîñòè ñèììåòðè÷íîãî ñîñòàâíîãî ñòåðæíÿ ïî
àñèììåòðè÷íîé ôîðìå.

Mailybaev A.A., Seyranian A.P. Bimodal bifurcations of equilibria in symmetric potential
systems.

Bifurcations of equilibria at bimodal branching points in potential systems are investigated.
General formulae describing postbuckling paths and conditions for their stability are derived in
terms of the original potential energy. Formulae describing unfolding of bimodal branching points
due to a change of system parameters are given. A full list of possible cases for postbuckling
paths, their stability and unfolding depending on three system coe�cients is presented. In order
to calculate these coe�cients one needs the derivatives of the potential energy and eigenvectors
of the linearized problem taken at the bifurcation point. The presented theory is illustrated by a
mechanical example on stability and postbuckling behavior of an articulated elastic column having
four degrees of freedom and depending on three problem parameters (sti�ness coe�cients at the
hinges). For some of the bimodal critical points numerical results are obtained illustrating in�uence
of parameters on postbuckling paths, their stability and unfolding. A surprising phenomenon that
a symmetric bimodal column loaded by an axial force can buckle with a stable asymmetric mode is
recognized. An example with a constrained sum of the sti�nesses of the articulated column shows
that the maximum critical load (optimal design) is attained at the bimodal point.
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ÓÑÒÎÉ×ÈÂÎÑÒÜ ÑÊÎÐÎÑÒÈ ÒÅËÀ, ÏÅÐÅÌÅÙÀÅÌÎÃÎ
ÂÈÁÐÀÖÈßÌÈ

Ìàêàðåíêîâ Î. Þ.
Âîðîíåæñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

omakarenkov@math.vsu.ru

Â äîêëàäå îáñóæäàåòñÿ àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü ñêîðîñòè òåëà â ìîäåëè,
ïðåäñòàâëåííîé íà ðèñóíêå 1.

α cos t

z

Ðèñ. 1. Ìåõàíè÷åñêàÿ ñèñòåìà, â êîòîðîé ñèëà ñóõîãî òðåíèÿ èìååò çíà÷åíèå −εa < 0
ïðè äâèæåíèè òåëà âïðàâî è çíà÷åíèå εb > 0 ïðè äâèæåíèè òåëà âëåâî, ãäå a 6= b.
Äâèæåíèå ïðîèñõîäèò çà ñ÷åò ãîðèçîíòàëüíîé âèáðàöèè ñ àìïëèòóäîé cos t.

Óðàâíåíèå äâèæåíèÿ òåëà çàïèñûâàåòñÿ â âèäå

z̈ = cos t− aεE(ż) + bεE(−ż), ãäå E(ż) = (sign(ż) + 1)/2. (1)

Çàìåíà x = ż ïðèâîäèò ñèñòåìó (1) ê ñèñòåìå âèäà

ẋ = f(t, x) + εg(t, x, ε), (2)

êàæäîå ðåøåíèå êîòîðîé ÿâëÿåòñÿ 2π-ïåðèîäè÷åñêèì ïðè ε = 0. Â äîêëàäå ïðåäëàãàåòñÿ
îáùèé ðåçóëüòàò îá àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ïåðèîäè÷åñêèõ ðåøåíèé â íåãëàä-
êèõ ñèñòåìàõ âèäà (2) è äîêàçûâàåòñÿ, íà åãî îñíîâå, àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü
ñêîðîñòè òåëà â ìîäåëè ðèñóíêà 1. Àíàëîãè÷íûé ðåçóëüòàò, íî íà âðåìåííîì îòðåçêå
[0, 1/ε], ïîëó÷åí ðàíåå â ðàáîòå [1].

Ðàáîòà ïîääåðæàíà ãðàíòîì BF6M10 Ðîñíàóêè è CRDF (ïðîãðàììà BRHE) è ãðàí-
òîì MK-1620.2008.1 Ïðåçèäåíòà ÐÔ ìîëîäûì êàíäèäàòàì íàóê. Èññëåäîâàíèÿ ïðîâåäå-
íû â õîäå ñòàæèðîâêè àâòîðà â Èíñòèòóòå Ïðîáëåì Óïðàâëåíèÿ ÐÀÍ ïîä ðóêîâîäñòâîì
ïðîô. Â.Í. Òõàÿ è ôèíàíñèðóåìîé ãðàíòîì ÐÔÔÈ 08-01-90704-ìîá_ñò.

ËÈÒÅÐÀÒÓÐÀ

[1] Fidlin A. On the asymptotic analysis of discontinuous systems // ZAMM. 2002. V. 82, � 2.
P. 184�188.

Makarenkov O.Yu. Stability of the velocity of a mass vibration-induced displacement .
The talk proposes a general result on stability of periodic solutions in nonsmooth systems which

allows to prove stability of velocity of the mass from the model of Fig. 1.
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ON SOME CHAOTIC ASPECTS MODELLING ABRUPT CLIMATE
CHANGE

Mattioli G., Scalia M.
University of Rome

massimo.scalia@uniroma1.it

In recent years a substantial upset of traditional views about the climate evolution has
occurred. Apart the factors connected with the motions of the Earth and the ¾external¿ ones
(the in�uence of the di�erent phenomena due to the solar radiation), two main components
were traditionally recognized as determining climate variations: the thermohaline circulation
(in the oceans) and the glacier mass. In this paradigma no essential part was given to the
atmosphere and this is one of the reasons why the Kyoto Protocol has encountered along
its path some signifying criticism. Really, to show the greenhouse gases as responsible of
the ¾global warming¿ is to say that the atmosphere plays a role in the climate change. In
2002, the book ¾Abrupt Climate Change¿, issued by the National Research Council (United
States), relevantly modi�ed that paradigma. A lot of experimental data were o�ered and an
analysis, justifying an history of the climate as a succession of many abrupt climate changes.
Indeed, the threshold e�ects typical also of an elementary nonlinear dynamical system lead
back those changes to transitions from stability to instability, and starting from that point
the authors claimed the climate as a chaotic dynamical system. The goal of the present paper
is a better understanding of that claim.
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ÌÀÒÅÌÀÒÈ×ÅÑÊÀß ÌÎÄÅËÜ ÃÈÁÊÎÃÎ ÍÅÓÐÀÂÍÎÂÅØÅÍÍÎÃÎ
ÐÎÒÎÐÀ ÍÀ ÎÑÍÎÂÅ ÓÐÀÂÍÅÍÈÉ ËÀÃÐÀÍÆÀ ÂÒÎÐÎÃÎ ÐÎÄÀ

Ìåëüíèêîâ À. Å.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

m02mae@mail.ru

Ðàññìàòðèâàåòñÿ ñòàòè÷åñêè íåóðàâíîâåøåííûé ðîòîð, ïðåäñòàâëÿþùèé ñîáîé îä-
íîðîäíûé óïðóãèé âàë ñ ðàâíîìåðíî ðàñïðåäåëåííîé ìàññîé.

Ìàòåìàòè÷åñêàÿ ìîäåëü ðîòîðà, ïîñòðîåííàÿ íà îñíîâå ìåòîäà, îïèñàííîãî â [1],
ïðåäñòàâëÿåò ñîáîé áåñêîíå÷íóþ ñèñòåìó óðàâíåíèé Ëàãðàíæà âòîðîãî ðîäà. Òàê êàê
ìàêñèìàëüíûé ïðîãèá âàëà ñ÷èòàåòñÿ ìàëûì ïî ñðàâíåíèþ ñ åãî äëèíîé, â óðàâíåíèÿõ
Ëàãðàíæà âîçìîæíî ïðåíåáðå÷ü ñëàãàåìûìè âòîðîãî ïîðÿäêà ìàëîñòè.

Â ðåçóëüòàòå ïîëó÷åíà áåñêîíå÷íàÿ ñèñòåìà óðàâíåíèé Ëàãðàíæà. Íàõîäèòñÿ óñòàíî-
âèâøèéñÿ ðåæèì, èññëåäóåòñÿ åãî óñòîé÷èâîñòü. Ïî ñðàâíåíèþ ñ êëàññè÷åñêîé ìîäåëüþ
ãèáêîãî ñòàòè÷åñêè íåóðàâíîâåøåííîãî ðîòîðà, îïèñàííîé â [2], ïîëó÷åíî óìåíüøåíèå
êðèòè÷åñêîé óãëîâîé ñêîðîñòè.

ËÈÒÅÐÀÒÓÐÀ

[1] Çåãæäà Ñ.À., Ñîëòàõàíîâ Ø.Õ., Þøêîâ Ì.Ï. Óðàâíåíèÿ äâèæåíèÿ íåãîëîíîìíûõ ñè-
ñòåì è âàðèàöèîííûå ïðèíöèïû ìåõàíèêè. Íîâûé êëàññ çàäà÷ óïðàâëåíèÿ. Ì.: ÔÈÇÌÀÒ-
ËÈÒ, 2005. 272 ñ.

[2] Genta G. Dynamics of Rotating Systems. USA NY.: Springer Science+Business Media Inc,
2005. 696 p.

Melnikov A.E. Mathematical model of a �exible unbalanced rotor based on the Lagrange's
equations of the second kind .

Statically unbalanced rotor representing a homogeneous elastic shaft with regular distributed
weight is considered. The mathematical model of a rotor represents in�nite system of Lagrange's
equations of the second kind. Stability of a steady-stated regime is investigated.
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ÌÅÒÎÄ ÈÄÅÍÒÈÔÈÊÀÖÈÈ ÒÂÅÐÄÛÕ ÒÅË ÍÀ
ÐÅÂÅÐÑÈÂÍÎ-ÑÈÌÌÅÒÐÈ×ÍÛÕ ÑÔÅÐÈ×ÅÑÊÈÕ ÄÂÈÆÅÍÈßÕ

Ìåëüíèêîâ Â. Ã.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èíôîðìàöèîííûõ òåõíîëîãèé,

ìåõàíèêè è îïòèêè
melnikov@mail.ifmo.ru

Òåëó ñîîáùàåòñÿ ïðîãðàììíîå ïðåöåññèîííîå äâèæåíèå ñ çàìåäëåííûì âðàùåíèåì
ïî óãëó ïðåöåññèè, ïåðåõîäÿùèì â îáðàòíîå ñèììåòðè÷íîå âðàùåíèå. Ïðè ýòîì óãîë
ñîáñòâåííîãî âðàùåíèÿ èçìåíÿåòñÿ ñèíõðîííî ñîãëàñíî ãîëîíîìíîé ïðîïîðöèîíàëüíîé
ñâÿçè ìåæäó óãëàìè. Ýêñïåðèìåíò ïîâòîðÿåòñÿ ïðè äðóãîì ñîîòíîøåíèè ìåæäó óãëàìè.
Íà îñíîâàíèè çàìåðîâ ðàáîòû àêòèâíûõ ìîìåíòîâ ñèë âû÷èñëÿåòñÿ ìàòðèöà òåíçîðà
èíåðöèè òåëà. Ïðåäëîæåíî èñïîëíèòåëüíîå óñòðîéñòâî, â êîòîðîì ñîãëàñíî ñïîñîáó äî-
ïóñêàåòñÿ ñóùåñòâåííîå òðåíèå.

ËÈÒÅÐÀÒÓÐÀ

[1] Ìåëüíèêîâ Â.Ã. Ñïîñîá îïðåäåëåíèÿ òåíçîðà èíåðöèè òåëà// Ïàòåíò ÐÔ íà èçîáð.
�2262678, âûäàí 20.10.2005.

[2] Ìåëüíèêîâ Â.Ã. Ñïîñîá ïàðàìåòðè÷åñêîé èäåíòèôèêàöèè òåíçîðà èíåðöèè è êîîðäèíàò
öåíòðà ìàññ òåëà è óñòðîéñòâî äëÿ åãî îñóùåñòâëåíèÿ// Çàÿâêà íà ïàòåíò ÐÔ�2007129443
îò 31.07.07, ðåøåíèå î âûäà÷å ïàòåíòà 28.07.08

Melnikov V.G. A method for solid bodies identi�cation on program reverse-symmetric spherical
motions .

The experiment with the special program precession motion of a body it is considered. This
motion includes the slowed down rotation on a precession angle, passing then in return symmetric
rotation. At the same time, its own rotation angle changes synchronously with precession angle. The
experiment repeats at other parity between these angles. The matrix of inertia tensor of a body is
calculated on the basis of measurement of the work of the active moments of forces on the program
motion. The actuation mechanism is o�ered.
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ÌÍÎÃÎÌÅÐÍÛÅ ÍÅÑÒÀÖÈÎÍÀÐÍÛÅ ÑÈÑÒÅÌÛ ÂÒÎÐÎÃÎ
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Ìîðîçîâ Â.Ì., Êàëåíîâà Â.È.
Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ì.Â. Ëîìîíîñîâà, ÍÈÈ ìåõàíèêè

moroz@imec.msu.ru

Óðàâíåíèÿ äâèæåíèÿ ìíîãèõ ìåõàíè÷åñêèõ ñèñòåì ïîñëå ëèíåàðèçàöèè â îêðåñòíî-
ñòè íåêîòîðîãî ïðîãðàììíîãî äâèæåíèÿ ìîæíî ïðåäñòàâèòü â âèäå ñèñòåìû ëèíåéíûõ
íåñòàöèîíàðíûõ ìàòðè÷íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà. Ñèñòåìû
òàêîãî òèïà âîçíèêàþò ïðè ðåøåíèè çàäà÷ èç ðàçëè÷íûõ îáëàñòåé òåõíèêè, ýêîíîìèêè,
ýêîëîãèè è ò.ä. Â ìåõàíèêå òàêèå ñèñòåìû âñòðå÷àþòñÿ ïðè èññëåäîâàíèè íåêîòîðûõ çà-
äà÷ äèíàìèêè êîñìè÷åñêèõ àïïàðàòîâ, ãèðîñêîïè÷åñêèõ è ýëåêòðîìåõàíè÷åñêèõ ñèñòåì,
ñèñòåì ñ ïåðèîäè÷åñêèì èçìåíåíèåì ìàññ è æåñòêîñòåé è äð.

Ïðè èññëåäîâàíèè óñòîé÷èâîñòè òàêèõ ñèñòåì ïðèìåíÿþòñÿ äâà ïîäõîäà, îñíîâàí-
íûõ íà èñïîëüçîâàíèè ïðÿìîãî ìåòîäà Ëÿïóíîâà. Â ïåðâîì ñëó÷àå ôóíêöèÿ Ëÿïóíî-
âà ñòðîèòñÿ íåïîñðåäñòâåííî äëÿ èñõîäíîé ñèñòåìû. Âî âòîðîì � â ìàòðèöàõ ñèñòåìû
âûäåëÿåòñÿ ïîñòîÿííàÿ ÷àñòü; ñîîòâåòñòâóþùàÿ ñòàöèîíàðíàÿ ñèñòåìà ïðåäïîëàãàåòñÿ
àñèìïòîòè÷åñêè óñòîé÷èâîé, è ôóíêöèÿ Ëÿïóíîâà ñòðîèòñÿ íà îñíîâàíèè ýòîé ñòàöèî-
íàðíîé ñèñòåìû. Ïðèâåäåíû íåêîòîðûå òåîðåìû îá óñòîé÷èâîñòè, èñïîëüçóþùèå óêà-
çàííûå ïîäõîäû.

Ðàññìîòðåíû ñïåöèàëüíûå êëàññû íåñòàöèîíàðíûõ ñèñòåì âòîðîãî ïîðÿäêà, èìåþ-
ùèõ êàê òåîðåòè÷åñêèé, òàê è ïðàêòè÷åñêèé èíòåðåñ, êîòîðûå ïðè ïîìîùè êîíñòðóê-
òèâíîãî ïðåîáðàçîâàíèÿ ïðèâîäÿòñÿ ê ñòàöèîíàðíûì ñèñòåìàì, ÷òî îòêðûâàåò äîïîë-
íèòåëüíûå âîçìîæíîñòè äëÿ èññëåäîâàíèÿ óñòîé÷èâîñòè ýòèõ ñèñòåì.

Ïðèâåäåíû ïðèìåðû, êîòîðûå äåìîíñòðèðóþò ñóùåñòâåííîå îòëè÷èå íåñòàöèîíàð-
íûõ ñèñòåì îò ñòàöèîíàðíûõ. Ðàññìîòðåí ðÿä çàäà÷ ìåõàíèêè, ìîäåëÿìè êîòîðûõ ñëó-
æàò ñèñòåìû óêàçàííîãî òèïà.

Ðàáîòà ïðîâîäèëàñü ïðè ÷àñòè÷íîé ïîääåðæêå ãðàíòîâ ÐÔÔÈ �05-08 -50148, �06-
01-00222 è Ïðîãðàììû ¾Óíèâåðñèòåòû Ðîññèè¿.

Morozov V.M., Kalenova V.I. Multidimensional time-varying systems of second order and
its applications.

The special classes of time-varying systems of the second order having either theoretical or
practical interest are considered. These systems can be reduced onto the time invariant ones by the
use of constructive transformation. So the additional possibilities arise for the stability analysis.
The mechanical examples are considered.
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Ìîøêèí Ð.Ï.
Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ì.Â. Ëîìîíîñîâà
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Â êà÷åñòâå ïðèìåðà óêàæåì íà óðàâíåíèÿ Ïóàíêàðå�×åòàåâà. Îáçîðíóþ ñòàòüþ Â.Â.
Ðóìÿíöåâà ìîæíî äîïîëíèòü äàííûìè î ðàáîòàõ, ïîñâÿùåííûõ èíûì ôîðìàì óðàâíå-
íèé äâèæåíèÿ íåãîëîíîìíûõ ñèñòåì.

Ïåðâîèñòî÷íèê èäåè �� ðàáîòà Ïóàíêàðå 1901 ãîäà �� ôàêòè÷åñêè ââîäèëà ðàçëîæå-
íèå âåêòîðà îáîáùåííûõ ñêîðîñòåé ïî ïîäâèæíîìó ðåïåðó (õîòÿ ñàì òåðìèí ïîÿâèëñÿ
ïîçäíåå ó Ý. Êàðòàíà), ñîñòàâëåííîìó èç âåêòîðíûõ ïîëåé, îáðàçóþùèõ àëãåáðó Ëè
(â ñîâðåìåííîé òåðìèíîëîãèè), òî åñòü èõ ñêîáêè Ëè èìåþò ïîñòîÿííûå êîýôôèöè-
åíòû (¾ñòðóêòóðíûå¿) â ýòèõ æå ïîëÿõ. Òàêèì îáðàçîì, Ïóàíêàðå óæå èñïîëüçîâàë
èäåþ ïñåâäîñêîðîñòåé, õîòÿ îò÷åòëèâî ýòà èäåÿ áûëà ââåäåíà Áîëüöìàíîì â 1902 ãî-
äó. Èíòåðåñíî, ÷òî ïîñòîÿíñòâî ñòðóêòóðíûõ êîýôôèöèåíòîâ â äåéñòâèòåëüíîñòè äëÿ
óðàâíåíèé Ïóàíêàðå íå íóæíî. Ðàáîòà Ãàìåëÿ 1904 ãîäà íå èìååò ññûëêè íà Ïóàíêà-
ðå, íî îò÷åòëèâî îïåðèðóåò âåêòîðíûìè ïîëÿìè. Óðàâíåíèÿ Ãàìåëÿ ëèøü òåðìèíîëî-
ãè÷åñêè îòëè÷àþòñÿ îò óðàâíåíèé Ïóàíêàðå. Ãàìåëü ÿñíî óêàçûâàåò, ÷òî ïîñòîÿíñòâî
ñòðóêòóðíûõ êîýôôèöèåíòîâ íå îáÿçàòåëüíî; îí ïðîâîäèò îáîáùåíèå ñâîèõ ¾óðàâíåíèé
Ýéëåðà�Ëàãðàíæà¿ íà íåãîëîíîìíûå ñèñòåìû.

Èíòåðåñíî, ÷òî ÷àñòî ïàðàëëåëüíûå ðàáîòû åùå è èñòîðè÷åñêè îäíîâðåìåííû. Ñëå-
äóþùèé âñïëåñê àêòèâíîñòè â îáëàñòè óðàâíåíèé äâèæåíèÿ íåãîëîíîìíûõ ñèñòåì ��
1926 è ïîñëåäóþùèå ïÿòü ëåò. Ñ îäíîé ñòîðîíû, Í.Ã. ×åòàåâ ïóáëèêóåò ãàìèëüòîíîâ
âàðèàíò óðàâíåíèé Ïóàíêàðå è ïðåäâîñõèùàåò ïîäõîä Äèðàêà ê èçëîæåíèþ ãàìèëüòî-
íîâîé ìåõàíèêè. Ñ äðóãîé ñòîðîíû, â 1926�31 ãîäàõ Âðàí÷àíó, Ñèíã è Ñõîóòåí ââåëè
è ðàçâèëè ïîíÿòèå íåãîëîíîìíîé ñâÿçíîñòè, ÷åì ïðèâÿçàëè íåãîëîíîìíóþ ìåõàíèêó ê
ðèìàíîâîé ãåîìåòðèè. Ïðè ýòîì îíè îïèðàëèñü íà ðàáîòó Ðè÷÷è è Ëåâè�×èâèòà 1900
ãîäà!

Moshkin R.P. Generalized Equations of Poincaret's and Chetayev's, V.V. Rumyantsev's, E.
Kartan's, Gamel's, Eiler's and Lagrangh's, Dirac's, Vranchanu's, Singh's and Shouten's, Richi's
and Levi-Civita's.

The �rst part of the report considers the basic example - Chaplygin's sladge on an inclined plane
surface. Generalized Poincaret's and Chetayev's equations for non-holonomic systems are used. The
general solution is derived. The second part of the report is devoted to consideration of the Gauss'
principle of superposition for non-holonomic systems in the case of Chaplygin's ledge on an inclined
concavo-convex non-smooth surface with presence of of uncontrolled bonds. The Gibbs' example is
considered.

Assume a plate-shaped solid body rests on an inclined plane surface with a sharp semi-round
blade, which is rigidly joined with the plate. It is assume that the fulcrum of the blade can freely
move along the surface at a tangent to the blade, but cannot move in a transversal direction; let
us assume that projection of the gravity center of the plane surface coincides with the fulcrum
of the blade. Let us fund the movement function of the constructed mechanical system, using the
generalized Lagrange function, linear operators and generalized non-potential force.
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ÎÒÍÎÑÈÒÅËÜÍÛÅ ÐÀÂÍÎÂÅÑÈß ÒÎ×ÊÈ Â ÃÐÀÂÈÒÀÖÈÎÍÍÎÌ
ÏÎËÅ ÄÈÍÀÌÈ×ÅÑÊÈ ÑÈÌÌÅÒÐÈ×ÍÎÃÎ ÒÂÅÐÄÎÃÎ ÒÅËÀ

Ìóíèöûíà Ì.À.
Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èíæåíåðíîé ýêîëîãèè

munitsyna@rambler.ru

Ðàññìàòðèâàåòñÿ çàäà÷à î äâèæåíèè òÿæåëîé ìàòåðèàëüíîé òî÷êè â ãðàâèòàöèîííîì
ïîëå äèíàìè÷åñêè ñèììåòðè÷íîãî òâåðäîãî òåëà, ñîâåðøàþùåãî êîíè÷åñêóþ ïðåöåññèþ.
Ïðåäïîëàãàåòñÿ, ÷òî ãåîìåòðè÷åñêèå ðàçìåðû òåëà ìàëû ïî ñðàâíåíèþ ñ ðàññòîÿíèåì
îò åãî öåíòðà ìàññ äî òî÷êè. Ñ÷èòàåòñÿ òàê æå, ÷òî òî÷êà íå îêàçûâàåò âëèÿíèÿ íà äâè-
æåíèå òåëà. Íàõîäÿòñÿ îòíîñèòåëüíûå ðàâíîâåñèÿ òî÷êè. Â çàâèñèìîñòè îò ïàðàìåòðîâ
çàäà÷è èññëåäóåòñÿ èõ óñòîé÷èâîñòü.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ �07-01-00290.

Munitsyna M.A. Relative equilibriums of a point in gravitational �eld of a dynamically
symmetrical rigid body .

Ñonsidered problem on motion of a heavy material point in gravitational �eld of a dynamically
symmetrical rigid body performing conical precession. Assumed that body dimensions are small in
compare with the distance between the point and the body center of mass. Also supposed that the
point doesn't operate on the body motion. Relative equilibriums of the point are obtained. Their
stability is investigated.
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Î ÂÇÀÈÌÎÑÂßÇÈ ÏÐÈÍÖÈÏÀ ÑÓÑËÎÂÀ�ÆÓÐÄÅÍÀ È
ÎÁÎÁÙÅÍÍÎÃÎ ÏÐÈÍÖÈÏÀ ÄÀËÀÌÁÅÐÀ�ËÀÃÐÀÍÆÀ

Íåçäåðîâ À.À., Þøêîâ Ì.Ï.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

Mikhail.Yushkov@MJ16561.spb.edu

Â ðàáîòå [1] ïîêàçàíî, ÷òî Ã.Ê.Ñóñëîâ [2] â íåñêîëüêî èíîé ôîðìóëèðîâêå ðà-
íåå Ï.Æóðäåíà ñôîðìóëèðîâàë îñíîâíîé äèôôåðåíöèàëüíûé âàðèàöèîííûé ïðèíöèï
íåãîëîíîìíîé ìåõàíèêè. Îñíîâîïîëàãàþùèìè äëÿ âûÿñíåíèÿ åäèíñòâà è âçàèìîñâÿçè
âàðèàöèîííûõ ïðèíöèïîâ ìåõàíèêè ÿâëÿþòñÿ ðàáîòû Í.Ã.×åòàåâà [3] è Â.Â. Ðóìÿíöåâà
[4, 5]. Â äîêëàäå èçëàãàåòñÿ èñòîðèÿ ñîçäàíèÿ ýòèõ ïðèíöèïîâ è ââåäåíèÿ ðàçëè÷íûìè
àâòîðàìè ïîíÿòèÿ âîçìîæíûõ ïåðåìåùåíèé íåãîëîíîìíûõ ñèñòåì. Èññëåäóþòñÿ ìàëî
èçâåñòíûå ðàáîòû íîðâåæñêîãî ó÷åíîãî Ë.Þíñåíà [6]. Ïðèâîäÿòñÿ ìíåíèÿ ïî ýòîìó âî-
ïðîñó ïðîôåññîðîâ Í.Í.Ïîëÿõîâà è Â.Â. Ðóìÿíöåâà èç èõ ïåðåïèñêè, ñîõðàíèâøåéñÿ â
àðõèâå Í.Í.Ïîëÿõîâà.

ËÈÒÅÐÀÒÓÐÀ

[1] Ïîëÿõîâ Í.Í., Çåãæäà Ñ.À., Þøêîâ Ì.Ï. Ïðèíöèï Ñóñëîâà�Æóðäåíà êàê ñëåäñòâèå
óðàâíåíèé äèíàìèêè // Ñá. íàó÷íî-ìåòîäè÷. ñòàòåé ïî òåîðåò. ìåõàíèêå. 1982. Âûï. 12.
Ì.: Âûñøàÿ øêîëà. Ñ. 72�79.

[2] Ñóñëîâ Ã.Ê. Îñíîâû àíàëèòè÷åñêîé ìåõàíèêè. Ò. I. Êèåâ: Òèï. Èìï. óí-òà Ñâ.Âëàäèìèðà,
1900. 287 ñ.

[3] ×åòàåâ Í.Ã. Î ïðèíöèïå Ãàóññà // Èçâ. ôèç.-ìàò. îáùåñòâà ïðè Êàçàíñêîì óí-òå. 1932�
1933. Ò. 6. Ñåð. 3. Ñ. 68�71.

[4] Ðóìÿíöåâ Â.Â. Î ñîâìåñòèìîñòè äâóõ îñíîâíûõ ïðèíöèïîâ äèíàìèêè è î ïðèíöèïå ×åòà-
åâà // Ñá.: Ïðîáëåìû àíàëèòè÷åñêîé ìåõàíèêè, òåîðèé óñòîé÷èâîñòè è óïðàâëåíèÿ. Ì.:
Íàóêà, 1975. Ñ. 258�267.

[5] Ðóìÿíöåâ Â.Â. Ê âîïðîñó î ñîâìåñòèìîñòè äèôôåðåíöèàëüíûõ ïpèíöèïîâ ìåõàíèêè //
Àýðîìåõàíèêà è ãàçîâàÿ äèíàìèêà. Ì.: Íàóêà, 1976. Ñ. 172�178.

[6] Johnsen L. Dynamique g�en�erale des Syst�emes non-holonomes // Skrifter Utgitt av det Norske
Videnkaps-Akademi Oslo. I. Mathematik-Naturvidenskab Klasse. 1941. � 4. S. 1�75.

Nezderov A.A., Yushkov M.P. On the association of the Suslov�Jourdain principle and the
generalized D'Alembert�Lagrange principle.

The history of creation of the basic di�erential variational principle of nonholonomic mechanics
and introducing the concept of virtual displacements of a system therein is examined.
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ÓÑÒÎÉ×ÈÂÎÑÒÜ ÐÅÆÈÌÀ ÂÈÍÒÎÂÎÃÎ ÒÎÐÌÎÆÅÍÈß
ÎÏÅÐÅÍÍÎÃÎ ÒÅËÀ Â ÑÎÏÐÎÒÈÂËßÞÙÅÉÑß ÑÐÅÄÅ

Îêóíåâ Þ.Ì., Ïðèâàëîâà Î. Ã., Ñàìñîíîâ Â.À.
Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ì.Â. Ëîìîíîñîâà, ÍÈÈ ìåõàíèêè

samson@imec.msu.ru

Îáñóæäàåòñÿ çàäà÷à îá óñòîé÷èâîñòè âèíòîâîãî òîðìîæåíèÿ îïåðåííîãî òåëà â ñî-
ïðîòèâëÿþùåéñÿ ñðåäå. Îïåðåíèå òåëà ñîñòîèò èç ÷åòûðåõ îäèíàêîâûõ ëîïàñòåé, ñèì-
ìåòðè÷íî ðàñïîëîæåííûõ íà òåëå. Ñ÷èòàåòñÿ (àíàëîãè÷íî [1]), ÷òî àýðîäèíàìè÷åñêîå
âîçäåéñòâèå ñîñðåäîòî÷åíî íà ýòèõ ëîïàñòÿõ è îáåñïå÷èâàåò àâòîðîòàöèþ âîêðóã îñè
äèíàìè÷åñêîé ñèììåòðèè òåëà ñ óãëîâîé ñêîðîñòüþ Ω, êîãäà òåëî äâèæåòñÿ âäîëü íåå
ñ íåêîòîðîé ñêîðîñòüþ V .

Ðàññìàòðèâàåòñÿ óñòîé÷èâîñòü ïðÿìîëèíåéíîãî äâèæåíèÿ âäîëü îñè äèíàìè÷åñêîé
ñèììåòðèè, à òàêæå óñòîé÷èâîñòü ïî îòíîøåíèþ ê îòêëîíåíèÿì ñàìîé îñè ñèììåò-
ðèè. Ïðèâîäÿòñÿ íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ àñèìïòîòè÷åñêîé óñòîé÷èâîñòè
ðàññìàòðèâàåìîãî óñòàíîâèâøåãîñÿ òîðìîæåíèÿ. Àíàëèçèðóþòñÿ èçìåíåíèÿ îáëàñòåé
óñòîé÷èâîñòè â çàâèñèìîñòè îò ïàðàìåòðîâ òåëà è åãî àýðîäèíàìè÷åñêèõ õàðàêòåðè-
ñòèê.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ãðàíò � 06-01-00079).

ËÈÒÅÐÀÒÓÐÀ

[1] Çåíêèí À.Í. Ïðèâàëîâ Â.À. Ñàìñîíîâ Â.À.Î êâàçèñòàòè÷åñêîé ìîäåëè âîçäåéñòâèÿ ñðåäû
íà àâòîðîòèðóþùåå òåëî // Èçâ. ÐÀÍ. ÌÒÒ. 1993. � 4. Ñ. 73-78.

Okunev Yu.M., Privalova O.G., Samsonov V.A. The stability of the helical deceleration
regime for a �nned body in resisting medium.

The stability of the straightforward motion along the dynamic symmetry axis is considered.
The stability against the declinations of the symmetry axis is studied. The necessary and su�cient
conditions of the asymptotic stability are given. Modi�cations of domains of stability in dependence
on parameters and aerodynamical characteristics of the body are analyzed.
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ÊÎËÅÁÀÍÈß ÀÂÒÎÌÎÁÈËß ÍÀ ÄÂÓÕÁÀÐÀÁÀÍÍÎÌ
ÒÎÐÌÎÇÍÎÌ ÑÒÅÍÄÅ Ñ Ó×ÅÒÎÌ ÓÏÐÓÃÎÑÒÈ ÐÅÑÑÎÐ

Ïàíîâà Ñ.À.
Ñåâåðî-Çàïàäíûé çàî÷íûé ïîëèòåõíè÷åñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

Â ðàáîòå [1] áûëà ïîñòðîåíà ìàòåìàòè÷åñêàÿ ìîäåëü äâèæåíèÿ àâòîìîáèëÿ íà äâóõ-
áàðàáàííîì ñòåíäå äëÿ ïðîâåðêè òîðìîçîâ. Ìîäåëü ó÷èòûâàëà ýëàñòè÷íîñòü øèí. Â
ïðåäëàãàåìîì äîêëàäå ó÷èòûâàåòñÿ âëèÿíèå ðåññîð è ñèë äåìïôèðîâàíèÿ íà êîëåáà-
íèÿ àâòîìîáèëÿ. Ïðèâîäÿòñÿ íåêîòîðûå ðåçóëüòàòû ðàñ÷åòîâ.

ËÈÒÅÐÀÒÓÐÀ

[1] Ìàëþêîâ À.À., Þøêîâ Ì.Ï. Î äâèæåíèè îäíîé äèíàìè÷åñêîé ñèñòåìû ïðè äåéñòâèè ñèë
òîðìîæåíèÿ // Â ñá.: Ïðèêëàäíàÿ ìåõàíèêà. Ë. 1977. Âûï. 3. Ñ. 223�229.

Panova S.A. Vibrations of a car on the double-drum brake stand with taking into consideration
spring �exibility .

The e�ect of spring �exibility and damping forces on the vibration of a car on the double-drum
brake stand for brake checking is taken into consideration. Computational results are presented.

PERIODIC MOTIONS OF STICK-SLIP OSCILLATORS WITH TWO
DEGREES OF FREEDOM

Pascal M.
Universit�e d'Evry, Paris, France

mpascal@iup.univ-evry.fr

We present an analytical method to investigate the behavior of a 2-degrees-of-freedom
oscillator excited by dry friction. The system consists of two masses connected by linear
springs. These two masses are in contact with a driving belt moving at a constant velocity.
The contact forces between the masses and the belt are obtained assuming Coulomb's friction
law. Two families of periodic motions are found in closed-form. The �rst one includes stick-
slip oscillations with two switches per period, the second one is also composed of stick-slip
motion, but includes four switches per period. In both cases, the initial conditions and the
time duration of each kind of motions (stick or slip phases) are obtained in analytical form.
Stability conditions for these periodic orbits are obtained.

Ïàñêàëü Ì.Ïåðèîäè÷åñêèå äâèæåíèÿ îñöèëëÿòîðîâ òèïà ¾stick-slip¿ ñ äâóìÿ ñòåïåíÿìè
ñâîáîäû.

Ïðåäëîæåí àíàëèòè÷åñêèé ìåòîä èññëåäîâàíèÿ êîëåáàíèé äâóõñòåïåííîãî îñöèëëÿòîðà,
âîçáóæäàåìîãî ñóõèì òðåíèåì. Äâå ìàññû, ïåðâàÿ èç êîòîðûõ ñîåäèíåíà ïðóæèíîé ñ íåïî-
äâèæíîé îïîðîé, à âòîðàÿ ñ ïåðâîé, íàõîäÿòñÿ â êîíòàêòå ñ äâèæóùåéñÿ ëåíòîé. Êîíòàêòíûå
ñèëû îïðåäåëÿþòñÿ çàêîíàìè ñóõîãî òðåíèÿ Êóëîíà. Íàéäåíû â çàìêíóòîé ôîðìå äâà ñåìåé-
ñòâà ïåðèîäè÷åñêèõ ðåøåíèé è óñëîâèÿ èõ óñòîé÷èâîñòè. Ðåøåíèÿ ïåðâîãî ñåìåéñòâà ñîîòâåò-
ñòâóþò äâóì ïåðåêëþ÷åíèÿì çà ïåðèîä ìåæäó ðåæèìàìè ñêîëüæåíèÿ è îòíîñèòåëüíîãî ïîêîÿ,
à âòîðîãî � ÷åòûðåì.
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ÖÈËÈÍÄÐÈ×ÅÑÊÀß ÏÐÅÖÅÑÑÈß ÍÅÓÐÀÂÍÎÂÅØÅÍÍÎÃÎ
ÐÎÒÎÐÀ Â ÌÀÑÑÈÂÍÎ-ÏÎÄÀÒËÈÂÛÕ ÎÏÎÐÀÕ

Ïàñûíêîâà È.À., Ñòåïàíîâà Ï.Ï.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

polinastepanova@ya.ru

Ïðîâåäåíî èññëåäîâàíèå öèëèíäðè÷åñêîé ïðåöåññèè íåóðàâíîâåøåííîãî ãèáêîãî ðî-
òîðà ñ ÷åòûðüìÿ ñòåïåíÿìè ñâîáîäû, óêðåïëåííîãî â íåïîäâèæíûõ ìàññèâíî-ïîäàò-
ëèâûõ îïîðàõ. Óïðóãèå ñâîéñòâà îïîð ïðåäïîëàãàþòñÿ èçîòðîïíûìè, à âîññòàíàâëè-
âàþùèå ñèëû � íåëèíåéíûìè ôóíêöèÿìè ñìåùåíèÿ. Ïîêàçàíî, ÷òî äëÿ äèíàìè÷åñêè
âûòÿíóòîãî ðîòîðà ñèñòåìà èìååò ÷åòûðå íåëèíåéíûõ ðåçîíàíñà. Äâà èõ íèõ ñîîòâåò-
ñòâóþò ðîòîðó, óêðåïëåííîìó â íåâåñîìûõ óïðóãèõ îïîðàõ. Ïîÿâëåíèå äîïîëíèòåëüíûõ
íåëèíåéíûõ ðåçîíàíñîâ îáóñëîâëåíî âëèÿíèåì äèíàìè÷åñêèõ ñâîéñòâ ìàññèâíûõ îïîð.
Â ñëó÷àå ëèíåéíî-óïðóãèõ îïîð ñèñòåìà èìååò ÷åòûðå êðèòè÷åñêèõ ÷àñòîòû. Ïðè óìåíü-
øåíèè ìàññû îïîð äîïîëíèòåëüíûå íåëèíåéíûå ðåçîíàíñû ñìåùàþòñÿ ê áîëåå âûñîêèì
÷àñòîòàì. Ïîêàçàíî, ÷òî ðîòîð â ìàññèâíî-ïîäàòëèâûõ îïîðàõ íå îáëàäàåò ñâîéñòâîì
ñàìîöåíòðèðîâàíèÿ. Ïðè áîëüøèõ óãëîâûõ ñêîðîñòÿõ âîçíèêàåò ýôôåêò áàëàíñèðîâ-
êè ðîòîðà. Íåóñòîé÷èâîñòü öèëèíäðè÷åñêîé ïðåöåññèè èìååò ìåñòî âáëèçè íåëèíåéíûõ
ðåçîíàíñîâ. Ïîòåðÿ óñòîé÷èâîñòè ìîæåò ñîïðîâîæäàòüñÿ èçìåíåíèåì öèëèíäðè÷åñêîé
ïðåöåññèè íà ãèïåðáîëîèäàëüíóþ. Ïîä äåéñòâèåì âíóòðåííåãî òðåíèÿ ìîãóò ïîÿâèòüñÿ
àâòîêîëåáàíèÿ è õàîòè÷åñêèå êîëåáàíèÿ.

Pasynkova I.A., Stepanova P.P. Cylindrical precession of a Je�cott rotor mounted in massive
compliant supports.

Cylindrical precession of a Je�cott rotor with four degrees of freedom mounted in massive
compliant supports is studied. The supports are isotropically elastic and restoring forces are non-
linear functions of displacement. The system has four non-linear resonances for the ¾long¿ rotor. The
�rst two of them correspond to the rotor mounted in massless bearings with non-linear contact. The
third and fourth non-linear resonances appear as a result of in�uence of proper dynamic behavior
of massive supports. It has been shown that selfcentering does not take place and rotor balancing
occurs at the large spin speed . The stability loss can be accompanied by changing the cylindrical
precession to the hyperboloidal one. Autovibration and chaotic vibration can appear due to the
in�uence of internal friction.
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ÍÅÓÐÀÂÍÎÂÅØÅÍÍÎÃÎ ÐÎÒÎÐÀ Ñ Ó×ÅÒÎÌ ÍÅËÈÍÅÉÍÎÃÎ

ÂßÇÊÎÃÎ ÂÍÅØÍÅÃÎ ÒÐÅÍÈß

Ïàñûíêîâà È.À., Õâàòêîâ Ã. Å.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

iapasynkova@gmail.com

Â äàííîé ðàáîòå èññëåäóåòñÿ êîíè÷åñêàÿ ïðåöåññèÿ æåñòêîãî íåóðàâíîâåøåííîãî
ðîòîðà â íåëèíåéíûõ óïðóãèõ îïîðàõ ñ ó÷åòîì êâàäðàòè÷íîãî âíåøíåãî è ëèíåéíîãî
âíóòðåííåãî òðåíèÿ. Ïðåäïîëàãàåòñÿ, ÷òî ðîòîð èìååò ÷åòûðå ñòåïåíè ñâîáîäû. Ïîêàçà-
íî, ÷òî ïðåäåëüíîå çíà÷åíèå àìïëèòóäû ïðåöåññèè çàâèñèò îò êîýôôèöèåíòà âíåøíåãî
òðåíèÿ è ñàìîöåíòðèðîâàíèÿ ðîòîðà íå ïðîèñõîäèò. Ïðîâåäåíî èññëåäîâàíèå óñòîé÷èâî-
ñòè ïðåöåññèè âî âñåì äèàïàçîíå óãëîâûõ ñêîðîñòåé. Ïîñòðîåíû ïðåäåëüíûå ìíîæåñòâà,
à òàêæå ÷àñòîòíûé ñïåêòð è ñïåêòð ëÿïóíîâñêèõ ïîêàçàòåëåé, ÷òî ïîçâîëÿåò äåëàòü âû-
âîäû î õàðàêòåðå óñòàíîâèâøèõñÿ äâèæåíèé äëÿ ðàçíûõ ÷àñòîò.

Pasynkova I.A., Khvatkov G.E. Investigation of conic precession of a rigid unbalanced rotor
with non-linear viscous external friction.

The conic precession of a rigid unbalanced rotor in non-linear elastic bearings under non-linear
external and linear internal friction is investigated. It is assumed that the rotor has four degrees
of freedom. It has been shown that the limit value of the precession amplitude depends on the
external friction coe�cient and self-centering of the rotor does not occur. Analysis of precession
stability has been carried out at the full range of frequency. By using frequency spectrum and
spectrum of Lyapunov exponents the type of steady-state motion for di�erent frequencies has been
investigated.
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Â äîêëàäå ïðåäñòàâëåíî ðåøåíèå çàäà÷è ñòàáèëèçàöèè äâèæåíèÿ ìåõàíè÷åñêîé ñè-
ñòåìû ñ íåãîëîíîìíûìè ñâÿçÿìè. Ïðåäëàãàåòñÿ ñïîñîá äåêîìïîçèöèè ñèñòåìû, îñíî-
âàííûé íà èñïîëüçîâàíèè âåêòîð-ôóíêöèè Ëÿïóíîâà ñ êîìïîíåíòàìè âèäà âåêòîðíîé
íîðìû è ìàòðè÷íûõ íîðì. Ïîëó÷åíû òåîðåìû î ñòàáèëèçàöèè ïðè ïîìîùè ðåëåéíûõ
óïðàâëåíèé, îáëàäàþùèõ ñâîéñòâîì óíèâåðñàëüíîñòè [1], è êóñî÷íî-ëèíåéíûõ óïðàâëå-
íèé ñ êîýôôèöèåíòàìè, çàâèñÿùèìè îò âðåìåíè [2].

Â êà÷åñòâå ïðèìåðà ðåøåíà çàäà÷à î ñòàáèëèçàöèè çàäàííîãî äâèæåíèÿ êîëåñíîãî
ðîáîòà ñ êîíñòðóêöèåé äâóñêàòíîé òåëåæêè [3].

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëü-
íûõ èññëåäîâàíèé (08-01-00741).

ËÈÒÅÐÀÒÓÐÀ

[1] Ìàòþõèí Â.È. Óíèâåðñàëüíûå çàêîíû óïðàâëåíèÿ ìåõàíè÷åñêèìè ñèñòåìàìè. Ì.: ÌÀÊÑ
Ïðåññ, 2001. 252 ñ.

[2] ×åðíîóñüêî Ô.Ë., Àíàíüåâñêèé È.Ì., Ðåøìèí Ñ.À. Ìåòîäû óïðàâëåíèÿ íåëèíåéíûìè
ìåõàíè÷åñêèìè ñèñòåìàìè. Ì.: ÔÈÇÌÀÒËÈÒ, 2006. 328 ñ.

[3] Ëîáàñ Ë.Ã. Íåãîëîíîìíûå ìîäåëè êîëåñíûõ ýêèïàæåé. Êèåâ: Íàóêîâà äóìêà, 1986. 232 ñ.

Peregudova O.A., Filatkina E.V. On motions stabilization of nonholonomic mechanical
systems.

Solution of stabilization problem of nonholonomic mechanical systems on the base of disconti-
nuous control is presented. The suggested approach is successfully illustrated by its application to
stabilization problem of wheeled robot.
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Ðàññìàòðèâàåòñÿ óïðàâëÿåìîå äâèæåíèå ñëîæíîãî îáúåêòà. Èññëåäóþòñÿ óñëîâèÿ,
ïðè âûïîëíåíèè êîòîðûõ äâèæåíèå ÿâëÿåòñÿ îãðàíè÷åííûì. Óðàâíåíèÿ îáúåêòà èìååò
ñëåäóþùèé âèä:

ẋ = Ax + Bu, x(t0) = x0, t ≥ t0, u = ũ(·) = Kx

Òðåáóåòñÿ âûáðàòü òàêóþ ìàòðèöó K, ÷òîáû âåêòîð x óäîâëåòâîðÿë óñëîâèþ îãðàíè÷åí-
íî÷òè äâèæåíèÿ: x = x(t) ∈ Q ⊂ Rn, t ≥ t0. Â êà÷åñòâå Q èñïîëüçóåòñÿ ïðÿìîóãîëüíûé
ïàðàëëåëåïèïåä. Ìîæíî ïîêàçàòü ñïðàâåäëèâîñòü ñëåäóþùåãî óñëîâèÿ:
ñîîòíîøåíèå îãðàíè÷åííîñòè áóäåò âûïîëíÿòñÿ òîëüêî òîãäà, êîãäà íà êàæäîé ãðàíè Qi

ïàðàëëåëåïèïåäà ñóùåñòâóåò òî÷êà xi, â êîòîðîé âåêòîð ẋ îðòîãîíàëåí Qi è íàïðàâëåí
âíóòðü Q. Òî÷êè xi ∈ Qi íàçâàíû õàðàêòåðèñòè÷åñêèìè. Åñëè õîòÿ áû îäíîé õàðàê-
òåðèñòè÷åñêîé òî÷êè íå ñóùåñòâóåò, òî íå îáåñïå÷èâàåòñÿ îãðàíè÷åííîñòü äâèæåíèÿ.
Äàííîå ñîîòîøåíèå ìîæíî ïðèâåñòè ê ìàòðè÷íîìó óðàâíåíèþ îòíîñèòåëüíî ïàðàìåò-
ðîâ ðåãóëÿòîðà:

ÃGS = Λ, Ã = A + BK,

G = −




q1 . . . 0
... . . . ...
0 . . . qn


 Λ =




λ1 . . . 0
... . . . ...
0 . . . λn


 S =




1 . . . sn
1... . . . ...

s1
n . . . 1




Ïðè÷åì: qi > 0; λi < 0;sν
i ∈ [−1; 1]. Åñëè ïàðàëëåëåïèïåä Q íå ÿâëÿåòñÿ ïðÿìî-

óãîëüíûì, òî â ýòîì ñëó÷àå íà êàæäîé åãî ãðàíè Qi äîëæíà ñóùåñòâîâàòü òîëüêî îäíà
õàðàêòåðåñòè÷åñêàÿ òî÷êà, ÷òîáû îáåñïå÷èâàëàñü îãðàíè÷åííîñòü äâèæåíèÿ. Ïðè ýòîì
ñèíòåç ìàòðèöû K òàêæå îñóùåñòâëÿåòñÿ íà îñíîâå ïðèâåäåííîãî ìàòðè÷íîãî óðàâ-
íåíèÿ. Ðàññìàòðèâàåòñÿ òàêæå ñëó÷àé, êîãäà óðàâíåíèå ñîñòîÿíèÿ íåëèíåéíîå, è îáú-
åêò ïîäâåðæåí íåêîíòðîëëèðóåìûì âîçìóùåíèÿì. Òîãäà äëÿ îãðàíè÷åííîñòè äâèæåíèÿ
äîëæíî âûïîëíÿòüñÿ ìàòðè÷íîå óðàâíåíèå:

ÃGS + DV = Λ,

ãäå D - íåêîòîðàÿ çàäàííàÿ ìàòðèöà; V - ìàòðèöà âîçìóùåíèé, vi, i ∈ 1, n, i-é r × 1
âåêòîð âîçìóùåíèé. Ïðèâîäÿòñÿ íåêîòîðûå ïîäõîäû ê ðåøåíèþ óðàâíåíèÿ.

Pilishkin V.N. Limited motion research based on characteristic points of symmetric polyhedrons.
The method of limited motion researching based on characteristic points of phase polyhedron

is o�ered in this work.
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Ïðåäïîëàãàåòñÿ, ÷òî ñâîéñòâà íàíîìàòåðèàëîâ âî ìíîãîì îïðåäåëÿþòñÿ ñîâìåñòíûì
äåéñòâèåì ñâÿçàííîãî ìåæäó ñîáîé êàðêàñà íàíî÷àñòèö, îáúåìà àòìîñôåðû ïóñòîãî
ïðîñòðàíñòâà, ñîñòîÿùåãî èç ðàçëè÷íûõ îáúåêòîâ íàíîïóñòîòû (ñâîáîäíûå îáúåìû âà-
êàíñèé è èõ êîìïëåêñîâ, ïîð, ïóñòîò è ò.ä.), èíòåðôåéñîâ è ïîâåðõíîñòè ðàçäåëà ìåæäó
êàðêàñîì íàíî÷àñòèö è ïóñòîòîé. Â ñâÿçè ñ ýòèì â äàííîì ñîîáùåíèè îáñóæäàåòñÿ
âîçìîæíîñòü ïðèìåíåíèÿ ñèíåðãåòè÷åñêèõ ìåòîäîâ äëÿ èññëåäîâàíèÿ âëèÿíèÿ íàíî-
îáúåêòîâ ïóñòîòû íà ñâîéñòâà è ýâîëþöèþ ýêñïëóàòàöèîííûõ õàðàêòåðèñòèê íàíîìà-
òåðèàëîâ. Â ýòîì ñëó÷àå èç ïðîâåäåííûõ ðàñ÷åòîâ íà îñíîâå [1, 2] ñëåäóåò, ÷òî, êàê è
äëÿ ñëó÷àÿ îáû÷íûõ îáðàçöîâ êðåìíèÿ, êîíöåíòðàöèÿì CI ñîáñòâåííûõ ìåæäîóçåëü-
íûõ àòîìîâ êðåìíèÿ (I) è êîíöåíòðàöèÿì CV âàêàíñèé (V ) â àòìîñôåðå ñîáñòâåííûõ
äåôåêòîâ êðåìíèÿ âîçìîæíî ïðèñóùå íàëè÷èå áèñòàáèëüíûõ ñîñòîÿíèé, ïåðåõîä ìåæ-
äó êîòîðûìè ìîæåò áûòü îïèñàí êâàçèõèìè÷åñêèìè ðåàêöèÿìè Øëåãëÿ. Íàëè÷èå òà-
êèõ áèñòàáèëüíûõ ñîñòîÿíèé äàåò âîçìîæíîñòü ïðè îïðåäåëåííûõ óñëîâèÿõ (ñîçäàíèå
ëîâóøåê, íàïðèìåð, áèâàêàíñèé CbV â ïðîöåññå ýêñïëóàòàöèè è îáëó÷åíèÿ) îñîçíàí-
íî êîíòðîëèðîâàòü íàëè÷èå ñîáñòâåííûõ ìåæäîóçåëüíûõ àòîìîâ â êðåìíèè. Ýòî âîç-
ìîæíî ïðåäîõðàíÿåò íàíîìàòåðèàëû îò îáðàçîâàíèÿ èçáûòî÷íûõ äèñëîêàöèé è ÐÎ,
èñòî÷íèêîì êîòîðûõ ìîãóò ñëóæèòü ñîáñòâåííûå ìåæäîóçåëüíûå àòîìû è âàêàíñèè,
îáðàçóþùèåñÿ â ïðîöåññå ðàáîòû íàíîìàòåðèàëà (îñîáåííî â ýêñòðåìàëüíûõ óñëîâè-
ÿõ), ÷òî è îáúÿñíÿåò åãî âûñîêèå ýêñïëóàòàöèîííûå ñâîéñòâà (íàïðèìåð, ìåõàíè÷åñêèå
è ðàäèàöèîííûå ñâîéñòâà) ïî ñðàâíåíèþ ñî ñâîéñòâàìè îáû÷íûõ ìàòåðèàëîâ. Â ñâÿçè ñ
ýòèì áîëüøîå çíà÷åíèå ïðèîáðåòàåò ïîçèòðîííàÿ àííèãèëÿöèîííàÿ ñïåêòðîñêîïèè [3],
ïîçâîëÿþùàÿ îïðåäåëÿòü êàê ýëåêòðîííóþ ñòðóêòóðó ñîâåðøåííûõ êðèñòàëëîâ, òàê
è ðàçëè÷íûå íåñîâåðøåíñòâà îñîáî ìàëûõ ðàçìåðîâ â òâåðäûõ òåëàõ è ïîðèñòûõ ñè-
ñòåìàõ, òàêèõ êàê âàêàíñèè, âàêàíñèîííûå êëàñòåðû è ñâîáîäíûå îáúåìû äî îäíîãî
êóáè÷åñêîãî íàíîìåòðà ñ ðàçìåðàìè ≤ 1− 10 íì.

ËÈÒÅÐÀÒÓÐÀ
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Prokop'ev E.P. About in�uence of free volumes of nanoobjects emptiness on evalution of
nanomaterial properties.

The opportunity of application of synergetic methods for research of in�uence of nanoobject
emptiness on properties and evolution of operational nanomaterial characteristics is discussed.
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Èññëåäóåòñÿ äèíàìè÷åñêàÿ óñòîé÷èâîñòü êîððåêòíûõ óðàâíåíèé ñèíõðîííîãî äâèãà-
òåëÿ èç ìîíîãðàôèè [1]. Â äèôôåðåíöèàëüíûå óðàâíåíèÿ îòíîñèòåëüíî ýëåêòðè÷åñêèõ
ïåðåìåííûõ ìåõàíè÷åñêèå ïåðåìåííûå � ñêîëüæåíèÿ � âõîäÿò ãèðîñêîïè÷åñêèì îáðà-
çîì. Èñïîëüçóÿ èçâåñòíûå ñâîéñòâà òàêèõ ÷ëåíîâ, ïîëó÷åí ÿâíûé âèä ðåøåíèé ýòèõ
óðàâíåíèé, êîòîðûå îêàçûâàþòñÿ àñèìïòîòè÷åñêè óñòîé÷èâûìè. Ïîäñòàíîâêà ýòèõ ðå-
øåíèé â äèôôåðåíöèàëüíûå óðàâíåíèÿ îòíîñèòåëüíî ìåõàíè÷åñêèõ ïåðåìåííûõ ïðèâî-
äèò ê ñèñòåìå äâóõ íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé äëÿ äâóõ íåçàâèñèìûõ
ìåõàíè÷åñêèõ ïåðåìåííûõ.

Â ñèëó ïàðàìåòðîâ, ïðèñóùèõ ðàññìàòðèâàåìûì äâèãàòåëÿì, ìàêñèìàëüíîå çíà÷å-
íèå àñèíõðîííîãî ìîìåíòà âñåãäà áîëüøå ìàêñèìàëüíîãî ñèíõðîííîãî ìîìåíòà. Ïîýòî-
ìó óñëîâèÿ óñòîé÷èâîñòè ðàññìàòðèâàåìîãî äâèãàòåëÿ â àñèíõðîííîì ðåæèìå ðàáîòû
áóäóò ïåðåêðûâàòü óñëîâèÿ åãî óñòîé÷èâîñòè â ñèíõðîííîì ðåæèìå ðàáîòû.

Â àñèíõðîííîì ðåæèìå ðàáîòû ñèíõðîííîãî äâèãàòåëÿ èññëåäóåìûå óðàâíåíèÿ ìîæ-
íî îñðåäíèòü ïî áûñòðîé ïåðåìåííîé, òàê íàçûâàåìîìó óãëó íàãðóçêè. Ïðèõîäèì ê
îäíîìó íåëèíåéíîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ ïåðâîãî ïîðÿäêà. Ïîñêîëüêó ýòî
óðàâíåíèå ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè, òî îíî èíòåãðèðóåòñÿ. Èç ïîëó÷àþùåãî-
ñÿ àíàëèòè÷åñêîãî ðåøåíèÿ ñëåäóåò âûâîä, ÷òî îíî óñòîé÷èâî â öåëîì, åñëè ïðèêëà-
äûâàåìûé ê ðîòîðó ìîìåíò íå ïðåâûøàåò ìàêñèìàëüíî äîïóñòèìîãî. Ýòîò æå âûâîä
ïîäòâåðæäàåòñÿ è ñ ïîìîùüþ ñîîòâåòñòâóþùåé ôóíêöèè Ëÿïóíîâà.

ËÈÒÅÐÀÒÓÐÀ

[1] Ðîäþêîâ Ô.Ô. Ìàòåìàòè÷åñêàÿ ìîäåëü áîëüøîé ýëåêòðîýíåðãåòè÷åñêîé ñèñòåìû. ÑÏá.:
Èçä-âî Ñ.-Ïåòåðá. óí-òà, 2006. 153 ñ.

Rodyukov F.F. Nonlocal analysis of the stability of the correct equations of synchronous motor .
The analysis of the stability of considered equations is reduced to the analysis of the stability

of the equations of induction motor. The last have been investigated earlier.
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ÄÂÈÃÀÒÅËß¿

Ðîäþêîâ Ô.Ô., Øåïåëÿâûé À.È.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

fr@FR11189.spb.edu

Èññëåäóåòñÿ óñòîé÷èâîñòü êîððåêòíûõ óðàâíåíèé ñèñòåìû, ñîñòîÿùåé èç îäíîãî ñèí-
õðîííîãî ãåíåðàòîðà è òðåõ àñèíõðîííûõ äâèãàòåëåé. Ýòè óðàâíåíèÿ ïîëó÷åíû ñ èñ-
ïîëüçîâàíèåì êîððåêòíûõ óðàâíåíèé ñèíõðîííûõ è àñèíõðîííûõ ìàøèí èç ìîíîãðà-
ôèè [1], à òàêæå ïåðâîãî çàêîíà Êèðõãîôà äëÿ òîêîâ ôàçíûõ îáìîòîê.

Â äèôôåðåíöèàëüíûå óðàâíåíèÿ îòíîñèòåëüíî ýëåêòðè÷åñêèõ ïåðåìåííûõ ìåõàíè-
÷åñêèå ïåðåìåííûå (ñêîëüæåíèÿ) âõîäÿò ãèðîñêîïè÷åñêèì îáðàçîì. Èñïîëüçóÿ èçâåñò-
íûå ñâîéñòâà òàêèõ ÷ëåíîâ, ïîëó÷åí ÿâíûé âèä ðåøåíèé ýòèõ óðàâíåíèé, êîòîðûå îêà-
çûâàþòñÿ àñèìïòîòè÷åñêè óñòîé÷èâûìè. Ïîäñòàíîâêà ýòèõ ðåøåíèé â äèôôåðåíöèàëü-
íûå óðàâíåíèÿ îòíîñèòåëüíî ìåõàíè÷åñêèõ ïåðåìåííûõ ïðèâîäèò ê ñèñòåìå òðåõ íåëè-
íåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé äëÿ òð¼õ íåçàâèñèìûõ ìåõàíè÷åñêèõ ïåðåìåí-
íûõ.

Ïîêàçàíî, ÷òî äëÿ èññëåäóåìûõ ðåæèìîâ ðàáîòû ñèñòåìû â ïîëó÷åííûõ óðàâíåíè-
ÿõ ìîæíî ïðåíåáðå÷ü ñëàãàåìûìè, îòðàæàþùèìè âçàèìíîå âëèÿíèå äâèãàòåëåé äðóã íà
äðóãà [2]. Â èòîãå ðàññìîòðåíû òðè íåçàâèñèìûå ñèñòåìû óðàâíåíèé îòäåëüíûõ àñèí-
õðîííûõ äâèãàòåëåé, äëÿ êîòîðûõ ñôîðìóëèðîâàíû ðåçóëüòàòû ïðîâåäåííîãî ðàíåå
íåëîêàëüíîãî àíàëèçà óñòîé÷èâîñòè.

ËÈÒÅÐÀÒÓÐÀ
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Èçä-âî Ñ.-Ïåòåðá. óí-òà, 2006. 153 ñ.

[2] Ðîäþêîâ Ô.Ô. Ñîïðîòèâëåíèå ëèíèè ýëåêòðîïåðåäà÷è è óñòîé÷èâîñòü ýëåêòðîýíåðãåòè÷å-
ñêèõ ñèñòåì // http://www.spbstu.ru/public/m_v/frame.html

Rodyukov F.F., Shepeljavyi A.I. Nonlocal analysis of stability of the system
¾synchronous generator � three induction motors¿.

The analysis of the stability of considered system ¾synchronous generator � three asynchronous
machines¿ is reduced to the analysis of the stability three independent systems of the equations of
separate asynchronous machines.
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Ching-Huei Lin1, Êëèìèíà Ë.À.2, Ëîêøèí Â.ß.2,
Ñàìñîíîâ Â.À.2

1 Óíèâåðñèòåò Ching-Yun, Òàéâàíü
2 Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì.Â.Ëîìîíîñîâà, ÍÈÈ ìåõàíèêè

blokshin@imec.msu.ru

Îáñóæäàþòñÿ ðåçóëüòàòû èññëåäîâàíèé äèíàìèêè âåðòèêàëüíîîñåâûõ âåòðîóñòàíî-
âîê â ðàìêàõ êâàçèñòàöèîíàðíîé ìîäåëè àýðîäèíàìè÷åñêîãî âîçäåéñòâèÿ [1-3] è ïðî-
ñòåéøåé ìîäåëè ãåíåðàòîðà [3]. Â ïðåäøåñòâóþùèõ ðàáîòàõ òåîðåòè÷åñêè îáîñíîâàíî
ñóùåñòâîâàíèå ðåæèìîâ àâòîðîòàöèè âåòðÿêà, ïîñòðîåíû áèôóðêàöèîííûå äèàãðàììû
äëÿ ðîòàöèîííûõ ðåæèìîâ, ðàññìîòðåíû çàäà÷è ìàêñèìèçàöèè ìîùíîñòè è óïðàâëåíèÿ
óñòàíîâî÷íûì óãëîì ëîïàñòè.

Â íàñòîÿùåì ñîîáùåíèè îïèñûâàåòñÿ ìîäèôèêàöèÿ ìîäåëè àýðîäèíàìè÷åñêîãî âîç-
äåéñòâèÿ äëÿ ñëó÷àÿ èçîãíóòîé ëîïàñòè. Êàê è äëÿ ðîòîðà ñ ïðÿìûìè ëîïàñòÿìè, ïîêà-
çàíà âîçìîæíîñòü ñóùåñòâîâàíèÿ äâóõ òèïîâ ðîòàöèîííûõ ðåæèìîâ. Ïîñòðîåíû îöåí-
êè ìàêñèìóìà îòáèðàåìîé ìîùíîñòè äëÿ ðîòîðîâ ñ ðàçëè÷íîé ãåîìåòðèåé ëîïàñòåé.
Â Ching-Yun Óíèâåðñèòåòå ïðîâåäåíû ìíîãî÷èñëåííûå ýêñïåðèìåíòû ñ ìàëîãàáàðèò-
íûìè âåòðîóñòàíîâêàìè. Ïîëó÷åíî ýêñïåðèìåíòàëüíîå ïîäòâåðæäåíèå ñóùåñòâîâàíèÿ
âûñîêîñêîðîñòíûõ ðîòàöèîííûõ ðåæèìîâ, à òàêæå âûÿâëåíû íîâûå îñîáåííîñòè ôóíê-
öèîíèðîâàíèÿ ãåíåðàòîðà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ãðàíò � 08-08-00390).
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íàÿ òåîðèÿ ÌÂÝÓ. Ó÷åáíîå ïîñîáèå. ×àñòü II. Ì.: Èçä-âî ìåõ-ìàò ô-òà ÌÃÓ, 2007. 88 ñ.

Ching-Huei Lin, Klimina L.A., Lokshin B.Ya., Samsonov V.A. Vertical axis wind
turbine as an object of the theoretical mechanics.

The quasi-steady model of the wind �ow action and the simple model of a generator are applied
to the vertical axis wind turbine with curved blades. The existence of auto-rotation motions is
studied and the value of a trapped power is estimated.
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Ñåðãååâ Â.Ñ.
Âû÷èñëèòåëüíûé öåíòð èì. À.À. Äîðîäíèöûíà ÐÀÍ, Ìîñêâà
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Èíòåãðîäèôôåðåíöèàëüíûå óðàâíåíèÿ, êîòîðûå ââåë â ðàññìîòðåíèå Â. Âîëüòåððà
â íà÷àëå 20-ãî âåêà, èìåþò âàæíûå ïðèëîæåíèÿ, â ÷àñòíîñòè, â ìåõàíèêå äåôîðìèðóå-
ìîãî òåëà, ñâÿçàííûå ñ ó÷åòîì ðàçëè÷íûõ ðåîëîãè÷åñêèõ ñâîéñòâ ìàòåðèàëîâ, à òàêæå
â çàäà÷àõ àýðîìåõàíèêè îá îáòåêàíèè òåëà (òâåðäîãî èëè äåôîðìèðóåìîãî) íåñòàöèî-
íàðíûì ïîòîêîì.

Â òåîðèè óñòîé÷èâîñòè äâèæåíèÿ äëÿ òàêèõ ñèñòåì, êàê è äëÿ ñèñòåì, îïèñûâàåìûõ
îáûêíîâåííûìè äèôôåðåíöèàëüíûìè óðàâíåíèÿìè, âàæíóþ ðîëü èãðàåò ïåðâûé ìåòîä
Ëÿïóíîâà, ïîçâîëÿþùèé ñòðîèòü îáùåå ðåøåíèå óðàâíåíèé â îêðåñòíîñòè íåâîçìóùåí-
íîãî äâèæåíèÿ.

Â äîêëàäå äàåòñÿ îáçîð ïîëó÷åííûõ â ïîñëåäíèå ãîäû ðåçóëüòàòîâ ïî ïðèìåíåíèþ
ïåðâîãî ìåòîäà Ëÿïóíîâà ê èññëåäîâàíèþ óñòîé÷èâîñòè (ïî Ëÿïóíîâó) äëÿ èíòåãðîäèô-
ôåðåíöèàëüíûõ óðàâíåíèé òèïà Âîëüòåððà, óñòîé÷èâîñòè ïðè ïîñòîÿííî äåéñòâóþùèõ
âîçìóùåíèÿõ (â ñìûñëå Ìàëêèíà), ïî èññëåäîâàíèþ âîïðîñà î ñóùåñòâîâàíèè ïåðèî-
äè÷åñêèõ è ïðåäåëüíî ïåðèîäè÷åñêèõ äâèæåíèé. Ðàññìîòðåíû ïðèëîæåíèÿ ê çàäà÷àì
î äâèæåíèè òâåðäîãî òåëà â âîçäóøíîì ïîòîêå, ê çàäà÷å î ïðåäåëüíî ïåðèîäè÷åñêèõ
äâèæåíèÿõ æåëåçíîäîðîæíîé êîëåñíîé ïàðû è äð.

Ïðîâåäåíî èññëåäîâàíèå óñòîé÷èâîñòè ïåðâûì ìåòîäîì Ëÿïóíîâà â íåêîòîðûõ ñè-
ñòåìàõ ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè, ñâÿçàííûõ ñ äâèæåíèåì âÿçêî-óïðóãîãî òåëà
â âîçäóøíîì ïîòîêå ïðè ó÷åòå íåñòàöèîíàðíîñòè îáòåêàíèÿ.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (08-01-00600, 08-08-00553).

Sergeev V.S. Lyapunov's �rst method in investigation of the systems described by integrodi�e-
rential equations of the Volterra type.

The systems with after-e�ect of the Volterra type are considered. The survey of last years
investigations concerning application of Lyapunov's �rst method to stability of motions and
dynamics is given.
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Ñîëòàõàíîâ Ø.Õ.
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Äëÿ èçó÷åíèÿ ãàøåíèÿ ïîïåðå÷íûõ êîëåáàíèé ñòåðæíÿ ïðèìåíÿåòñÿ îáîáùåííûé
ïðèíöèï Ãàóññà (ïðèíöèï Ïîëÿõîâà�Çåãæäû�Þøêîâà). Èññëåäóåòñÿ ãàøåíèå ñ ó÷åòîì
ïåðâûõ îñíîâíûõ ôîðì êîëåáàíèé. Ïðèâîäÿòñÿ ðåçóëüòàòû ðàñ÷åòîâ.
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ñòåì è âàðèàöèîííûå ïðèíöèïû ìåõàíèêè. Íîâûé êëàññ çàäà÷ óïðàâëåíèÿ. Ì.: Íàóêà,
2005. 269 ñ.

Soltakhanov Sh.Kh. On the suppression of lateral vibration of a beam.
The generalized Gauss principle (the principle of Polyakhov�Zegzhda�Yushkov) is applied to

studying the suppression of lateral vibration of a beam.
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Ðàññìàòðèâàåòñÿ ìåõàíè÷åñêàÿ ñèñòåìà, ñîñòîÿùàÿ èç äâóõ ìàññ, ïåðâàÿ èç êîòîðûõ
ïðèêðåïëåíà ïðóæèíîé ê íåïîäâèæíîé îïîðå, à âòîðàÿ ñîåäèíåíà ïðóæèíîé ñ ïåðâîé.
Âòîðàÿ ìàññà íàõîäèòñÿ â êîíòàêòå ñ äâèæóùåéñÿ ëåíòîé è ïîäâåðæåíà äåéñòâèþ ñèëû
ñóõîãî òðåíèÿ Êóëîíà. Â ñèñòåìå âîçìîæíî âîçáóæäåíèå àâòîêîëåáàíèé òèïà ¾stick-
slip¿ ñ ÷åðåäîâàíèåì ðåæèìîâ òðåíèÿ îòíîñèòåëüíîãî ïîêîÿ è ñêîëüæåíèÿ.

Ïðåäëîæåí ÷èñëåííûé ìåòîä íàõîæäåíèÿ âñåõ âîçìîæíûõ àâòîêîëåáàíèé ñ çàäàí-
íûì ÷èñëîì ïåðåêëþ÷åíèé çà ïåðèîä ìåæäó ðåæèìàìè òðåíèÿ îòíîñèòåëüíîãî ïîêîÿ
è ñêîëüæåíèÿ è îïðåäåëåíèÿ èõ óñòîé÷èâîñòè. Ïðîâåäåíà êëàññèôèêàöèÿ ðàçëè÷íûõ
ôîðì àâòîêîëåáàíèé.

Stepanov S.Ya. Finding of self-induced oscillations for double oscillator excited by dry friction.
Mechanical system with two masses is considered. The �rst mass is attached by a spring to

a �xed point and the second mass is connected by a spring with the �rst one. The second mass
are in contact with a moving belt and is subjected to Coulomb's dry friction. In that system the
self-induced oscillations of the "stick-slip"type with interchange between static and kinetic friction
phases can arise.

A numerical method for �nding of all possible self-excited oscillations with a given number of
interchanges between static and kinetic friction phases is suggested. Stability conditions are also
obtained. Classi�cation of di�erent kinds of the self-induced oscillations is carried out.
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Ñòðåëêîâà Í.À.
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Çàäà÷à Äàðáó îá îïðåäåëåíèè ïîëîæåíèÿ òâåðäîãî òåëà ïî çàäàííîìó âåêòîðó åãî
óãëîâîé ñêîðîñòè, êàê èçâåñòíî, ñâîäèòñÿ ê ðàçûñêàíèþ ÷àñòíîãî ðåøåíèÿ äèôôåðåíöè-
àëüíîãî êîìïëåêñíîãî óðàâíåíèÿ Äàðáó-Ðèêêàòè. Â äàííîé ðàáîòå äàåòñÿ íîâûé ñïîñîá
âûâîäà êëàññè÷åñêîãî óðàâíåíèÿ Äàðáó-Ðèêêàòè. Ïðåäñòàâëåíû ðàçëè÷íûå, óäîáíûå
äëÿ ïðàêòè÷åñêîãî èñïîëüçîâàíèÿ, ôîðìû çàïèñè ðåøåíèÿ êèíåìàòè÷åñêèõ óðàâíåíèé
äâèæåíèÿ òâåðäîãî òåëà â ïàðàìåòðàõ Êýëè-Êëåéíà ÷åðåç ÷àñòíîå ðåøåíèå óðàâíåíèÿ
Äàðáó-Ðèêêàòè. Ïðèâåäåíû ïðèìåðû, èëëþñòðèðóþùèå ðàçðàáîòàííóþ òåîðèþ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ãðàíò � 07-01-97611).

Strelkova N.A. On Darboux problem.
The new way of classical Darboux-Riccati equation derivation is given. Various notation solution

forms of the kinematic equations are presented in Cayley-Klein parameteres through the private
Darboux-Riccati equation solution.
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ÓÏÐÀÂËÅÍÈÅ ÌÀßÒÍÈÊÎÌ ÍÀ ÑÒÐÓÍÅ Â ÐÅÆÈÌÅ
ÎÄÍÎÎÑÍÎÃÎ ÃÈÐÎÑÊÎÏÀ, ÑÂÎÁÎÄÍÎÃÎ Â ÀÇÈÌÓÒÅ

Ñóõîðó÷êèí Ä.À.
Èíñòèòóò ïðîáëåì ìåõàíèêè ÐÀÍ, Ìîñêâà

sukhor@ipmnet.ru

Ðàññìàòðèâàåòñÿ îòíîñèòåëüíîå äâèæåíèå øàðà, ïðèêðåïëåííîãî äâóìÿ ñòðóíàìè ê
ïîäâèæíîìó îñíîâàíèþ. Äàííàÿ ñèñòåìà ÿâëÿåòñÿ îäíîé èç ðåàëèçàöèé îáîáùåííîãî
ìàÿòíèêà Ôóêî, ïîñêîëüêó â èäåàëüíîì ñëó÷àå íàïðàâëåíèå ïðÿìîëèíåéíûõ êîëåáàíèé
øàðà â èíåðöèàëüíîì ïðîñòðàíñòâå íå çàâèñèò îò ïîâîðîòà îñíîâàíèÿ âîêðóã îñè, ïðî-
õîäÿùåé ÷åðåç òî÷êè êðåïëåíèÿ ñòðóí. Äëÿ îïðåäåëåíèÿ ôàçîâîãî ñîñòîÿíèÿ è óïðàâ-
ëåíèÿ êîëåáàíèÿìè íåèäåàëüíîé ñèñòåìû ïðåäëàãàåòñÿ èñïîëüçîâàòü îêðóæàþùèå øàð
ýëåêòðîäû, ïîäîáíî ñõåìå, ðåàëèçîâàííîé â âîëíîâîì òâåðäîòåëüíîì ãèðîñêîïå [1]. Ïî-
ñòðîåíà äâóìåðíàÿ ýëåêòðîìåõàíè÷åñêàÿ ìîäåëü ñòðóííîãî ãèðîñêîïà. Ïîêàçàíî, ÷òî
äëÿ ôîðìèðîâàíèÿ êàíàëîâ ñúåìà èíôîðìàöèè äîñòàòî÷íî òðåõ èçìåðèòåëüíûõ ýëåê-
òðîäîâ, à äëÿ óïðàâëåíèÿ � ÷åòûðåõ ýëåêòðîäîâ. Ñôîðìèðîâàíî óïðàâëåíèå àìïëèòó-
äîé, êâàäðàòóðîé, ïðåöåññèåé è ÷àñòîòîé äëÿ ïðîèçâîëüíîãî ÷èñëà ýëåêòðîäîâ, áîëü-
øåãî òðåõ. Ïîñòðîåí ôàçîâûé ïîðòðåò ñèñòåìû; èìååò ìåñòî óñòîé÷èâîñòü îòñ÷åòíîãî
ìíîãîîáðàçèÿ, ÷òî ïîçâîëÿåò ñïðîåêòèðîâàòü ðàáîòîñïîñîáíûé ïðèáîð èíåðöèàëüíîé
íàâèãàöèè.

Ðàáîòà ïîääåðæàíà ÐÔÔÈ (ïðîåêò 08-01-00363-à) è ãðàíòîì Ïðåçèäåíòà ïî ãîñóäàð-
ñòâåííîé ïîääåðæêå âåäóùèõ íàó÷íûõ øêîë ÐÔ (ïðîåêò ÍØ-2975.2008.1)

ËÈÒÅÐÀÒÓÐÀ

[1] Æóðàâëåâ Â.Ô., Ëèí÷ Ä.Ä. Ýëåêòðè÷åñêàÿ ìîäåëü âîëíîâîãî òâåðäîòåëüíîãî ãèðîñêîïà
// Èçâåñòèÿ ÐÀÍ. Ìåõàíèêà òâåðäîãî òåëà. 1995. � 5. Ñ. 12�24.

Sukhoruchkin D.A. Control of a string pendulum as free-in-azimuth uniaxial gyro.
Two-dimensional electromechanical model of string gyro as a realization of generalized Foucault

pendulum is developed. Algorithms of control of amplitude, quadrature, precession and frequency
are proposed for arbitrary number of electrodes greater than three. Phase portrait of the system is
constructed. Stability of the reference manifold is demonstrated to take place.
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ÏÐÈÌÅÐÛ ÓÏÐÀÂËßÞÙÈÕ ÑÂßÇÅÉ Â
ÝËÅÊÒÐÎÌÅÕÀÍÈ×ÅÑÊÈÕ ÑÈÑÒÅÌÀÕ

Òâåðåâ Ê.Ê.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

sabanee�@narod.ru

Ïðè ðàññìîòðåíèè ýëåêòðîìåõàíè÷åñêèõ ñèñòåì âîçíèêàþò ñâÿçè, èäåàëüíûå â íåêî-
òîðîì ñìûñëå. Äëÿ èõ îïèñàíèÿ ïðåäëàãàåòñÿ èñïîëüçîâàòü ðàñøèðåííîå èëè àëüòåð-
íàòèâíîå ïîíÿòèå èäåàëüíîé ñâÿçè, áàçèðóþùååñÿ íà ñîõðàíåíèè ýíåðãèè.

Äëÿ ÷èñòî ìåõàíè÷åñêèõ ñèñòåì àíàëîãè÷íûå ïðèìåðû ãèïîòåòè÷åñêè âîçìîæíû, è
íåêîòîðûå äàâíî èçâåñòíû è îáñóæäàëèñü. Ïðàâäà, ïîäîáíûå îáñóæäåíèÿ ìîãëè íîñèòü
òîëüêî òåîðåòè÷åñêèé õàðàêòåð, òàê êàê òåõíè÷åñêè ðåàëèçîâàòü ïîäîáíûå óñòðîéñòâà
ñ íåîáõîäèìûìè õàðàêòåðèñòèêàìè çàòðóäíèòåëüíî. Ïðèìåíåíèå ýëåêòðîìåõàíè÷åñêèõ
ïðåîáðàçîâàòåëåé ýíåðãèè, îñîáåííî â ñî÷åòàíèè ñ ñîâðåìåííîé âû÷èñëèòåëüíîé è ñè-
ëîâîé ýëåêòðîíèêîé, îòêðûâàåò íîâûå âîçìîæíîñòè.

Tverev K.K. Control constraints samples for the electromechanical systems.
Nonclassical defenition of the ideal constraint is under consideration.
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ÐÅÇÓËÜÒÀÒÛ ÈÑÑËÅÄÎÂÀÍÈß ÌÅÕÀÍÈÊÈ
ÖÅÍÒÐÈÔÓÃÈÐÎÂÀÍÈß Â ÈÍÅÐÖÈÀËÜÍÎÉ ÑÈÑÒÅÌÅ ÎÒÑ×ÅÒÀ

Òåðåíòüåâ À.Ä., Ãðèãîðüåâ À.Þ., Ñóëåéìàíîâ Ð.Õ.
Êàëèíèíãðàäñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò

alexternt@rambler.ru

Â ó÷åáíîé è íàó÷íî-òåõíè÷åñêîé ëèòåðàòóðå ïðèíÿòî, ÷òî öåíòðèôóãèðîâàíèå, ò.å.
ñåïàðàöèÿ ðàçíîïëîòíîñòíûõ äèñïåðñíûõ ÷àñòèö, ïîìåùåííûõ âî âðàùàþùóþñÿ æèä-
êóþ äèñïåðñèîííóþ ñðåäó, ïðîèñõîäèò ïîä äåéñòâèåì öåíòðîáåæíîé ñèëû èíåðöèè è
ðàäèàëüíîé (öåíòðîñòðåìèòåëüíîé) êîìïîíåíòû ñèëû Àðõèìåäà, îáóñëîâëåííîé ïàðà-
áîëè÷åñêèì ãðàäèåíòîì äàâëåíèÿ âíóòðè âðàùàþùåéñÿ æèäêîñòè. Ñîïðîòèâëåíèå äâè-
æåíèþ ÷àñòèö ñ÷èòàåòñÿ âòîðè÷íûì ôàêòîðîì, ïðè÷åì ìåøàþùèì ñåïàðàöèè.

Îäíàêî öåíòðîáåæíûå àïïàðàòû ðàñïîëîæåíû â ãåîöåíòðè÷åñêîé ñèñòåìå îòñ÷åòà,
êîòîðóþ ìîæíî îïðåäåëèòü â êà÷åñòâå èíåðöèàëüíîé ïðè èññëåäîâàíèè ïðîöåññà ñå-
ïàðàöèè, ò.ê. â íåé ¾èñ÷åçàþò¿ âñå ñèëû èíåðöèè, äåéñòâóþùèå â ñèñòåìå îòñ÷åòà,
âðàùàþùåéñÿ âìåñòå ñ æèäêîñòüþ. Îñòàþòñÿ òîëüêî ñèëû, äåéñòâóþùèå ïðè ñòîëêíî-
âåíèÿõ ñòðóêòóðíûõ ýëåìåíòîâ æèäêîñòè (êëàñòåðîâ), ñ äèñïåðñíûìè ÷àñòèöàìè.

Â äîêëàäå ïðåäñòàâëåíû ðåçóëüòàòû òåîðåòè÷åñêîãî àíàëèçà è ÷èñëåííîãî èññëåäî-
âàíèÿ ðåøåíèé óðàâíåíèÿ äâèæåíèÿ äèñïåðñíûõ ÷àñòèö, îïðåäåëÿþùèõ èõ òðàåêòîðèè.
×èñëåííûå èññëåäîâàíèÿ ïîëó÷åííûõ ðåøåíèé ïðîâîäèëèñü â MATHCAD è EXCEL
ïóòåì âàðüèðîâàíèÿ íà÷àëüíûõ óñëîâèé, îòíîøåíèÿ ïëîòíîñòåé ÷àñòèö è æèäêîñòè,
çíà÷åíèé óãëîâîé ñêîðîñòè è êîýôôèöèåíòà ñîïðîòèâëåíèÿ. Ïðè ðàñ÷åòàõ â EXCEL
ýâîëþöèþ òðàåêòîðèé ÷àñòèö ìîæíî íàáëþäàòü íà ýêðàíå ìîíèòîðà â ðåàëüíîì âðå-
ìåíè â 3D-âèäå èëè â ïðîåêöèÿõ. Óñòàíîâëåíî, ÷òî ñ ó÷åòîì òîëüêî ðàäèàëüíîé êîìïî-
íåíòû ñèëû Àðõèìåäà ÷àñòèöû ëþáîé ïëîòíîñòè äâèæóòñÿ ïî ôèíèòíûì òðàåêòîðèÿì
ýëëèïòè÷åñêîãî òèïà. Óñëîâèåì, îáåñïå÷èâàþùåì ñåïàðàöèþ, ÿâëÿåòñÿ ñîïðîòèâëåíèå
äâèæåíèþ ÷àñòèö, èìåþùåå êîìïîíåíòó, ñêðåùåííóþ ñ öåíòðîñòðåìèòåëüíîé ñèëîé.
Îòìå÷åíî, ÷òî äâèæåíèå ñåïàðèðóåìûõ ÷àñòèö ïðåäñòàâëÿåò ñîáîé ðàçíîâèäíîñòü äðåé-
ôà, ïîäîáíîãî äðåéôó ÷àñòèö ñ ýëåêòðè÷åñêèì çàðÿäîì â ñêðåùåííûõ ýëåêòðè÷åñêîì
è ìàãíèòíîì ïîëÿõ.

Àâòîðû áëàãîäàðÿò Ã.Ò. Àëäîøèíà çà âíèìàíèå è ïîääåðæêó, îêàçàííóþ ïðè âû-
ïîëíåíèè ðàáîòû.

Terentiev A.D., Grigoriev A.J., Suleymanov R.H. The results of centrifugation mechanics
investigation carried out relative to inertial frame of reference.

It was established that centrifugation phenomena as being into rotating liquids is the driftage
by the reason of two forces action: the radial component of buoyancy and the hydrodynamical
resistance.
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ÑÓÙÅÑÒÂÎÂÀÍÈÅ È ÓÑÒÎÉ×ÈÂÎÑÒÜ ÌÀßÒÍÈÊÎÂÛÕ
ÄÂÈÆÅÍÈÉ ÒÂÅÐÄÎÃÎ ÒÅËÀ Â ÍÜÞÒÎÍÎÂÑÊÎÌ ÏÎËÅ ÑÈË

Òõàé Â.Í.1, Øâûãèí À.Ë.2
1 Èíñòèòóò ïðîáëåì óïðàâëåíèÿ èì. Â.À. Òðàïåçíèêîâà, Ìîñêâà

2 Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò ïðèáîðîñòðîåíèÿ è èíôîðìàòèêè
shvyghin@rambler.ru

Ðàññìàòðèâàåòñÿ äâèæåíèå òâåðäîãî òåëà â íüþòîíîâñêîì ïîëå ñèë. Ïðè èñïîëü-
çîâàíèè óêîðî÷åííîãî âûðàæåíèÿ ïîòåíöèàëà (¾ñïóòíèêîâîãî ïðèáëèæåíèÿ¿) çàäà÷à
äîïóñêàåò ñåìåéñòâî ìàÿòíèêîâûõ äâèæåíèé � êîëåáàíèé è âðàùåíèé. Äîêàçàòåëüñòâî
ñóùåñòâîâàíèÿ ñåìåéñòâà êîëåáàíèé ñ èñïîëüçîâàíèåì òî÷íîãî âûðàæåíèÿ ïîòåíöèà-
ëà â ñëó÷àå, êîãäà ðàññòîÿíèå îò ïðèòÿãèâàþùåãî öåíòðà äî òåëà âåëèêî, ñîñòàâëÿåò
ñîäåðæàíèå ïåðâîé ÷àñòè äîêëàäà.

Âî âòîðîé ÷àñòè äîêëàäà äàþòñÿ ðåçóëüòàòû èññëåäîâàíèÿ óñòîé÷èâîñòè êîëåáàíèé
êàê â çàäà÷å ñ ïîòåíöèàëîì â ¾ñïóòíèêîâîì ïðèáëèæåíèè¿, òàê è â çàäà÷å ñ òî÷íûì
ïîòåíöèàëîì.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (06-01-00068-a, 09-01-00468-a).

Tkhai V.N., Shvygin A.L. Existence and stability of pendulum motions of rigid body in a
central Newtonian force �eld .

The problem of motion of rigid body in a central Newtonian force �eld is under consideration.
The proof of the existence of family of pendulum oscillations is given in the �rst part of the report.
The results of research of stability of this motions is given in the second part of the report.
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ÏÅÐÈÎÄÈ×ÅÑÊÎÉ ÑÈÑÒÅÌÅ, ÁËÈÇÊÎÉ Ê ÊÎÍÑÅÐÂÀÒÈÂÍÎÉ
ÑÈÑÒÅÌÅ Ñ ÎÄÍÎÉ ÑÒÅÏÅÍÜÞ ÑÂÎÁÎÄÛ

Òõàé Í.Â.
Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ì.Â. Ëîìîíîñîâà

tkhain@mail.ru

Ðàññìàòðèâàåòñÿ êîíñåðâàòèâíàÿ ñèñòåìà ñ îäíîé ñòåïåíüþ ñâîáîäû, äîïóñêàþùàÿ
ïåðèîäè÷åñêîå äâèæåíèå � êîëåáàíèå è/èëè âðàùåíèå. Ýòè äâèæåíèÿ îáðàçóþò ñåìåé-
ñòâà è, â ñèëó îáðàòèìîñòè óðàâíåíèÿ, êîëåáàíèÿ âñåãäà ÿâëÿþòñÿ ñèììåòðè÷íûìè.
Òî æå ñàìîå ìîæåò èìåòü ìåñòî ñ âðàùåíèÿìè, åñëè òîëüêî óðàâíåíèå äîïóñêàåò äâà
íåïîäâèæíûõ ìíîæåñòâà îáðàòèìîé ñèñòåìû. Áîëåå òîãî, â ïîñëåäíåì ñëó÷àå ñàìè êî-
ëåáàíèÿ ìîãóò áûòü ñèììåòðè÷íûìè îòíîñèòåëüíî äâóõ ìíîæåñòâ îäíîâðåìåííî [1].

Â ðàáîòå [1] èçëîæåíà òåîðèÿ ñèììåòðè÷íûõ ïåðèîäè÷åñêèõ äâèæåíèé äëÿ ñèñòåìû
âòîðîãî ïîðÿäêà. Â ÷àñòíîñòè, ïðåäëîæåí ñïîñîá àíàëèçà óñòîé÷èâîñòè ðîæäàþùèõñÿ
èçîëèðîâàííûõ ïåðèîäè÷åñêèõ äâèæåíèé, êîãäà íà ïîðîæäàþùóþ ñèñòåìó äåéñòâóþò
îáðàòèìûå âîçìóùåíèÿ. Äëÿ ðàññìàòðèâàåìîé â äîêëàäå áîëåå ÷àñòíîé çàäà÷è ðåçóëü-
òàòû ðàáîòû [1] âïîëíå ïðèìåíèìû. Îäíàêî äëÿ òàêîé çàäà÷è ìîæíî ïîëó÷èòü áîëåå
ïðîñòîé àëãîðèòì.

Â äîêëàäå äàåòñÿ àëãîðèòì èññëåäîâàíèÿ óñòîé÷èâîñòè èçîëèðîâàííûõ êîëåáàíèé,
êîòîðûå ðîæäàþòñÿ èç ñåìåéñòâà êîíñåðâàòèâíîé ñèñòåìû ñ îäíîé ñòåïåíüþ ñâîáîäû
ïðè äåéñòâèè íà íåå îáðàòèìûõ ïåðèîäè÷åñêèõ âîçìóùåíèé. Ðàññìàòðèâàåòñÿ ñëó÷àé
êàê îäíîãî, òàê è äâóõ íåïîäâèæíûõ ìíîæåñòâ. Àëãîðèòì äåìîíñòðèðóåòñÿ íà ìàÿòíèêå
ñ âåðòèêàëüíî âèáðèðóþùåé òî÷êîé ïîäâåñà.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (07-01-00290a).

ËÈÒÅÐÀÒÓÐÀ
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Tkhay N.V. Algorithm of stability analysis for separate oscillations appearing in a system close
to the one degree of freedom conservative system.
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ÓÑÒÎÉ×ÈÂÎÑÒÜ ËÈÍÅÉÍÛÕ ÑÈÑÒÅÌ

Ôèëåð Ç. Å.1, Ìóçû÷åíêî À.È.2
1 Êèðîâîãðàäñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò èì. Â. Âèííè÷åíêî,

Óêðàèíà
2 Ãîñóäàðñòâåííàÿ ëåòíàÿ àêàäåìèÿ Óêðàèíû

�lier@rambler.ru

Ðàññìàòðèâàåòñÿ óñòîé÷èâîñòü ëèíåéíûõ ñèñòåì ñ ïîñòîÿííûìè èëè ïåðèîäè÷åñêèìè êî-
ýôôèöèåíòàìè è ïîñòîÿííûìè çàïàçäûâàíèÿìè. Ïîêàçàíà âîçìîæíîñòü å¼ óñòàíîâëåíèÿ ñ ïî-
ìîùüþ êðèòåðèÿ Ìèõàéëîâà, ðåàëèçóþùåãî ïðèíöèï àðãóìåíòà ÒÔÊÏ. Ðàçðàáîòàíû ñîîòâåò-
ñòâóþùèå ôèíèòíûå àëãîðèòìû è ïðîãðàììû.

Èçâåñòíûå ñ 19-ãî ñòîëåòèÿ êðèòåðèè Ðàóñà è Ãóðâèöà äëÿ ñèñòåì ñ ïîñòîÿííû-
ìè êîýôôèöèåíòàìè íå àäàïòèðóþòñÿ ê ñèñòåìàì, ñîäåðæàùèì çàïàçäûâàþùèå çâå-
íüÿ; êðèòåðèé Ìèõàéëîâà ñïðàâåäëèâ è äëÿ õàðàêòåðèñòè÷åñêèõ êâàçèïîëèíîìîâ f(iω).
Ïðåäëàãàåòñÿ ôèíèòèçàöèÿ ãîäîãðàôà çàìåíîé ω = t/(1− t), f := (1− t)nf (it/(1− t)),
ñîõðàíÿþùåé óãîë ïîâîðîòà ϕ ðàäèóñà-âåêòîðà ãîäîãðàôà Ìèõàéëîâà ïðè èçìåíåíèè t
íà îòðåçêå [0; 1).

Ðèñ. 1.

Ïðåäëîæåí àëãîðèòì îòûñêàíèÿ ÷èñëà Φ = ϕ(1), äàþ-
ùåãî ïðè äåëåíèè íà π/2 öåëîå ÷èñëî m. Åñëè m = n (ïî-
ðÿäêó óðàâíåíèÿ), òî äàííîå äèôôåðåíöèàëüíîå óðàâíåíèå
óñòîé÷èâî àñèìïòîòè÷åñêè. Óãîë Φ îòûñêèâàåòñÿ êàê êî-
íå÷íîå çíà÷åíèå ðåøåíèÿ çàäà÷è Êîøè äëÿ âñïîìîãàòåëü-
íîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ 1-ãî ïîðÿäêà. Ýòî íå
òðåáóåò çàïîìèíàíèÿ ïðîìåæóòî÷íûõ çíà÷åíèé ϕ(t) è âû-
ñîêîé òî÷íîñòè ÷èñëåííîãî èíòåãðèðîâàíèÿ.

Äëÿ ñèñòåì ñ ïåðèîäè÷åñêîé ìàòðèöåé ïðåäëàãàåòñÿ
÷èñëåííûé ìåòîä îòûñêàíèÿ ìàòðèöû ìîíîäðîìèè. Ñ ïî-
ìîùüþ ïðèíöèïà àðãóìåíòà èç ÒÔÊÏ ñòðîèòñÿ êîíå÷íûé
ãîäîãðàô � çàìêíóòàÿ ëèíèÿ, êîëè÷åñòâî îáîðîòîâ êîòî-
ðîé âîêðóã òî÷êè îïðåäåëÿåò àñèìïòîòè÷åñêóþ óñòîé÷è-
âîñòü. Äëÿ áîëüøåé íàãëÿäíîñòè ìîæíî ïîñòðîèòü ïðî-
ñòðàíñòâåííûé ãîäîãðàô. Ðàçðàáîòàííûé ïðîãðàììíûé êîìïëåêñ ñ èñïîëüçîâàíèåì ïà-
êåòà Maple òåñòèðóåòñÿ íà ìíîãî÷èñëåííûõ ïðèìåðàõ ñ ïîñòðîåíèåì ãîäîãðàôà è/èëè
áåç íåãî, ñ âûâîäîì ñîîáùåíèÿ îá óñòîé÷èâîñòè. Îïðåäåëÿåòñÿ è çàïàñ óñòîé÷èâîñòè.

Íà ðèñ. 1 ïîêàçàí ãîäîãðàô ñèñòåìû 7-ãî ïîðÿäêà, óñòîé÷èâîé ïðè ìàëîì çàïàçäû-
âàíèè. Ðàäèóñ-âåêòîð îïèñûâàåò óãîë 7π/2 âîêðóã òî÷êè .

Filier Z.E., Muzychenko A.I. Stability of linear systems.
Stability of linear systems with constant or periodic coe�cients and constant delays are

examined. Possibility of its establishment is shown by the criterion of Mikhailov, realizing principle
of argument of theory function of complex argument. The proper algorithms and programs are
developed.
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Î ÃÀÌÈËÜÒÎÍÎÂÎÉ ÌÅÕÀÍÈÊÅ Â ÈÇÁÛÒÎ×ÍÛÕ
ÊÎÎÐÄÈÍÀÒÀÕ È ÍÅÇÀÂÈÑÈÌÛÕ ÈÌÏÓËÜÑÀÕ

Õàíóêàåâ Þ.È.
Ìîñêîâñêèé ôèçèêî-òåõíè÷åñêèé èíñòèòóò

khan.yuri@gmail.com

Êàê ïðàâèëî, óðàâíåíèÿ äèíàìèêè ìåõàíè÷åñêîé ñèñòåìû â íåçàâèñèìûõ êîîðäèíà-
òàõ íå èíòåãðèðóþòñÿ. Óðàâíåíèÿ ìîæíî óïðîñòèòü ââåäåíèåì íåçàâèñèìûõ ïàðàìåò-
ðîâ â êîëè÷åñòâå áîëüøåì òîãî, êîòîðîå èìåë â âèäó Ë. Ëàãðàíæ. Ïàðàìåòðû äîëæíû
îäíîçíà÷íî îïðåäåëÿòü ñîñòîÿíèå ñèñòåìû â äåêàðòîâîé ñèñòåìå êîîðäèíàò, ïîñòóëè-
ðîâàííîé È. Íüþòîíîì, íî íå íàîáîðîò. Ïðîáëåìû, âîçíèêàþùèå ïðè ââåäåíèè èçáû-
òî÷íûõ íåçàâèñèìûõ êîîðäèíàò, ñíèìàþòñÿ äîïîëíåíèåì ñêàëÿðíîé ìåðû ñëàãàåìûìè∑

X2
r (q̇1, . . . , q̇N) (Xr � ëèíåéíûå ôóíêöèè ñêîðîñòåé q̇1, . . . , q̇N), ÷òî îçíà÷àåò óâåëè÷å-

íèå ðàçìåðíîñòè èñõîäíîãî åâêëèäîâà ïðîñòðàíñòâà. Ñèëû, ñîîòâåòñòâóþùèå äîïîëíè-
òåëüíûì ðàçìåðíîñòÿì, ðàâíû íóëþ, à óðàâíåíèÿ èìåþò èíòåãðàëû Xr(q̇

1, . . . , q̇N) = 0.
Íàïðèìåð, ïàðàìåòðèçàöèÿ íàïðàâëÿþùèõ êîñèíóñîâ ðàäèóñ�âåêòîðà òî÷êè ñîîò-

íîøåíèÿìè αi = qi/
√

qjqj (i = 1, 2, 3) äàåò ôóíêöèþ Ãàìèëüòîíà H =
1

2m
p2

r +

1

2mr2
(qsqs)(pipi)+Π(r, q). Äëÿ òâåðäîãî òåëà ñ íåïîäâèæíîé òî÷êîé ââåäåíèå êîîðäèíàò,

ñâÿçàííûõ ñ ïàðàìåòðàìè Ýéëåðà-Ðîäðèãà-Ãàìèëüòîíà ñîîòíîøåíèÿìè λi = qi/
√

qjqj

(i = 0, 1, 2, 3), ïðèâîäèò ê ôóíêöèè Ãàìèëüòîíà

H = (−p0q1 + p1q0 + p2q3 − p3q2)
2/8A + (−p0q2 − p1q3 + p2q0 + p3q1)

2/8B +

+(−p0q3 + p1q2 − p2q1 + p3q0)
2/8C + Π(q).

Ñ äðóãîé ñòîðîíû âûáîð ïàðàìåòðîâ ìîæåò áûòü ôîðìàëüíûì, à ñîîòâåòñòâóþùàÿ
òîïîëîãèÿ ïðîñòîé, åñëè ñîñòîÿíèå ñèñòåìû îïðåäåëÿòü çàâèñèìûìè êîîðäèíàòàìè.
Óðàâíåíèÿ Ãàìèëüòîíà ïðè ýòîì áóäóò ñîäåðæàòü íåîïðåäåëåííûå ìíîæèòåëè è äîëæ-
íû ðàññìàòðèâàòüñÿ ñîâìåñòíî ñ óðàâíåíèÿìè ñâÿçåé. Óðàâíåíèÿ ñâÿçåé ïîçâîëÿþò
ââåñòè íåçàâèñèìûå ñêîðîñòè, âûðàçèòü èñõîäíûå ñêîðîñòè ÷åðåç íåçàâèñèìûå, è äà-
ëåå ââåñòè ñîîòâåòñòâóþùèå íåçàâèñèìûå èìïóëüñû. Äèôôåðåíöèðîâàíèå íåçàâèñèìûõ
èìïóëüñîâ â ñèëó èñõîäíîé ñèñòåìû äà¼ò óðàâíåíèÿ, íå ñîäåðæàùèå íåîïðåäåë¼ííûå
ìíîæèòåëè. Ïåðâàÿ ãðóïïà êàíîíè÷åñêèõ óðàâíåíèé îñòàåòñÿ íåèçìåííîé. Â ñîñòàâ-
ëåííûõ îïèñàííûì ñïîñîáîì óðàâíåíèÿõ èñõîäíûå èìïóëüñû ñëåäóåò âûðàçèòü ÷åðåç
íåçàâèñèìûå. Â ñëó÷àå ïîòåíöèàëüíûõ ñèë óðàâíåíèÿ äèíàìèêè èìåþò âèä

Q̇α =
∂H

∂Pα

, ṗi = −
N∑

α=1

∂H

∂Qα
lαi +

N∑

αβ=1

Pα
∂lαi
∂Qβ

∂H

∂Pβ

,

N∑
α=1

Pαlαi = pi,

N∑
α=1

aνα
∂H

∂Pα

= 0,
N∑

α=1

aναlαi ≡ 0.

Åñëè S(Q, Q̃, t) ÿâëÿåòñÿ ïîëíûì èíòåãðàëîì óðàâíåíèÿ Ãàìèëüòîíà-ßêîáè
∂S
∂t

+ H(Q, ∂S
∂Q

, t) = 0, òî ñîîòíîøåíèÿ
∑N

α=1
∂S

∂Qα lαi = pi,
∑N

α=1
∂S

∂Q̃α l̃αi = p̃i, ÿâëÿþùèåñÿ
èíòåãðàëàìè óðàâíåíèé äèíàìèêè, ñîâìåñòíî ñ óðàâíåíèÿìè ñâÿçåé∑N

αβ=1 aναAαβ ∂S
∂Qβ = 0,

∑N
αβ=1 ãναÃαβ ∂S

∂Q̃β = 0 îïðåäåëÿþò äâèæåíèå ñèñòåìû Q(t), p(t).

Khanukaev Y.I. On hamiltonian mechanics in excessive coordinates and independent impulses.
The Jacobi theorem on integration of a constrained hamiltonian system is proven.
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ÍÅÊÎÒÎÐÛÅ ÑËÓ×ÀÈ ÏÎËÍÎÉ ÈÍÒÅÃÐÈÐÓÅÌÎÑÒÈ Â
ÏÐÎÑÒÐÀÍÑÒÂÅÍÍÎÉ ÄÈÍÀÌÈÊÅ ÒÂÅÐÄÎÃÎ ÒÅËÀ,
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Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ì.Â. Ëîìîíîñîâà
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Ðåçóëüòàòû ïðåäëàãàåìîé ðàáîòû ïîÿâèëèñü áëàãîäàðÿ èññëåäîâàíèþ çàäà÷è î äâè-
æåíèè â ñîïðîòèâëÿþùåéñÿ ñðåäå òâåðäîãî òåëà [1, 2], ïîâåðõíîñòüþ êîíòàêòà ñî ñðåäîé
êîòîðîãî ÿâëÿåòñÿ ïëîñêèé ó÷àñòîê åãî âíåøíåé ïîâåðõíîñòè. Ñèëîâîå ïîëå ñòðîèòñÿ
èç ñîîáðàæåíèé âîçäåéñòâèÿ ñðåäû íà òåëî ïðè ñòðóéíîì (èëè îòðûâíîì) îáòåêàíèè â
óñëîâèÿõ êâàçèñòàöèîíàðíîñòè. Èçó÷åíèå äâèæåíèÿ òàêîãî êëàññà òåë ñâîäèòñÿ ê ñè-
ñòåìàì ëèáî ñ ðàññåÿíèåì ýíåðãèè (äèññèïàòèâíûå ñèñòåìû), ëèáî ñ åå ïîäêà÷êîé (òàê
íàçûâàåìûå ñèñòåìû ñ àíòèäèññèïàöèåé).

Ïîëó÷åíû ïîëíûå ñïèñêè òðàíñöåíäåíòíûõ ïåðâûõ èíòåãðàëîâ, âûðàæåííûõ ÷å-
ðåç êîíå÷íóþ êîìáèíàöèþ ýëåìåíòàðíûõ ôóíêöèé. Ïðèíèìàåòñÿ òàêîé ïîäõîä, êîòî-
ðûé ó÷èòûâàåò â êà÷åñòâå êëàññà ôóíêöèé êàê ïåðâûõ èíòåãðàëîâ òðàíñöåíäåíòíûå
ôóíêöèè, ïðè÷åì ýëåìåíòàðíûå. Çäåñü òðàíñöåíäåíòíîñòü ïîíèìàåòñÿ íå â ñìûñëå ýëå-
ìåíòàðíûõ ôóíêöèé, à â ñìûñëå íàëè÷èÿ ó íèõ ñóùåñòâåííî îñîáûõ òî÷åê (â ñèëó
êëàññèôèêàöèè, ïðèíÿòîé â òåîðèè ôóíêöèé êîìïëåêñíîãî ïåðåìåííîãî). Ðàññìîòðå-
íû êëàññû ïðîñòðàíñòâåííûõ äâèæåíèé òâåðäûõ òåë, âçàèìîäåéñòâóþùèõ ñî ñðåäîé,
ñðåäè êîòîðûõ ìîæíî íàçâàòü ñëåäóþùèå: äâèæåíèÿ òåë ñâîáîäíûõ â ñðåäå, ïîêîÿùåé-
ñÿ íà áåñêîíå÷íîñòè, è òåë ÷àñòè÷íî çàêðåïëåííûõ, íàõîäÿùèõñÿ â ïîòîêå íàáåãàþùåé
ñðåäû [2].

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëü-
íûõ èññëåäîâàíèé (ãðàíò 08-01-00231-à).

ËÈÒÅÐÀÒÓÐÀ

[1] Ñàìñîíîâ Â.À., Øàìîëèí Ì.Â. Ê çàäà÷å î äâèæåíèè òåëà â ñîïðîòèâëÿþùåéñÿ ñðåäå //
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Shamolin M.V. Some cases of complete integrability in spatial dynamics of a rigid body
interacting with a medium.

Integrable cases in the dynamics of the 3D motion of a rigid body were found for a model
problems. For the Chaplygin medium action functions, the systems had a complete set of
transcendental �rst integrals, which could be expressed in terms of elementary functions. In this
case, transcendence is understood in the sense of the theory of functions of a complex variable.
sense, the system is semiconservative.
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Èññëåäóåòñÿ áûñòðîå âðàùàòåëüíîå äâèæåíèå îòíîñèòåëüíî öåíòðà ìàññ äèíàìè÷å-
ñêè íåñèììåòðè÷íîãî ñïóòíèêà ñ ïîëîñòüþ, öåëèêîì çàïîëíåííîé âÿçêîé æèäêîñòüþ
ïðè ìàëûõ ÷èñëàõ Ðåéíîëüäñà, ïîä äåéñòâèåì ãðàâèòàöèîííîãî è ñâåòîâîãî ìîìåíòîâ.
Îðáèòàëüíûå äâèæåíèÿ âîêðóã Ñîëíöà ñ ïðîèçâîëüíûì ýêñöåíòðèñèòåòîì ïðåäïîëîãà-
åòñÿ çàäàííûìè. Àíàëèçèðóåòñÿ ñèñòåìà, ïîëó÷åííàÿ ïîñëå óñðåäíåíèÿ ïî äâèæåíèþ
Ýéëåðà � Ïóàíñî. Óñòàíîâëåí ýôôåêò óáûâàíèÿ êèíåòè÷åñêîé ýíåðãèè âðàùàòåëüíûõ
äâèæåíèé ñïóòíèêà. Îïðåäåëåíà îðèåíòàöèÿ âåêòîðà êèíåòè÷åñêîãî ìîìåíòà â îðáè-
òàëüíîé ñèñòåìå êîîðäèíàò. Ïðîâåäåíû ÷èñëåííûé àíàëèç â îáùåì ñëó÷àå è àíàëèòè-
÷åñêîå èññëåäîâàíèå â îêðåñòíîñòè îñåâîãî âðàùåíèÿ. Ðàññìîòðåíî äâèæåíèå â ÷àñòíîì
ñëó÷àå äèíàìè÷åñêè ñèììåòðè÷íîãî ñïóòíèêà.

Akulenko L.D., Zinkevich Ya.S., Leshchenko D.D., Rachinskaya A.L. Rotation of a
satellite with cavity �lled with a viscous �uid under the action of light pressure torque.

We investigate fast rotational motion of dynamically asymmetrical satellite with a spherical
cavity, wholly �lled with viscous �uid under the action of gravitational and light pressure torques.
Orbital motion with arbitrary eccentricity are assumed to be set. Fluid is assumed to be large
viscous. The system obtained after the averaging with respect to Euler � Poinsot motion is
analyzed.The numerical analysis of the function of kinetic energy of rotational motion in general
case and analytical analysis is conducted in neighboring of axial rotation. Motion in special case of
a dynamically symmetric satellite is considered.

77



ÑÅÊÖÈß II. ÄÈÍÀÌÈÊÀ ÊÎÑÌÈ×ÅÑÊÎÃÎ ÏÎËÅÒÀ

INVERSE PROBLEM OF THREE BODY

Vujicic V. A.
Matematicki institute SANU, Beograd

vvujicic@mi.sanu.ac.yu

In the explanation of De�nition of centripetal force (Def. V), Newton is stating that ¾the
task of mathematician is to �nd such a force, which will keep an observed object at the given
orbit, with given velocity, and the other way around: to �nd such curvilinear way in relation
to which the given body is moved from the starting position at the given velocity.¿

The obtained formula for the attraction two bodies, more general from the formula of
Newton's force of gravitation. Its importance is shown in three body way at the example of
determining of the force of the Sun's and Earth's acting on the Moon.

In the standard scienti�c literature written: that the Sun's force is 2.5 time bigger then
the Earth's one; that the lunar theory of lunar motion is the most complicated theory being
constructed di�erently than the rest theories of planet motion; that the Moon's motion
theory cannot be developed in the basic of Kepler's geocentric ellipse.

But that result contradicts to the aspects in the nature and also to the law of classical
and celestial mechanics.

The author of this paper suggests the solution of problem in theory of Moon's motion, as
task system motion two and three material points from the axioms of the classical mechanics.
Analytical proofs are closed to the facts that can be found in the scienti�c literature.
Digression from completely true facts, if those facts exist at all, don't in�uence the author's
conclusion � that the force of Earth's attraction of the Moon is larger than the force of the
Sun. We have to start from our new the formula considering the fact that the eccentricity
of the Moon's and the Earth's path is small, so we have to considered the motion along
the circular path in the ecliptic plane. We are suggests one solution for dynamic paradox of
theory of the Moon's motion from the point of the classical mechanics.

In the conclusion author suggested the formula of the perturbation force of the Sun�Moon
in the form:

F =
M⊙ m(

M⊙ + m(

Rω2(a cos ωt−R cos 2ωt)− v2
or

a−R cos ωt
,

where M⊙ is mass of the Sun, m( is mass of the Moon, a is average distence Sun�Moon,
R is distance Earth�Moon, ω = 2π/T , and vor is velocity of the Moon, relative to the Sun.
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Î ÏÅÐÈÎÄÈ×ÅÑÊÈÕ ÄÂÈÆÅÍÈßÕ ÎÐÁÈÒÀËÜÍÎÃÎ
ÃÀÍÒÅËÅÎÁÐÀÇÍÎÃÎ ÒÅËÀ Ñ ÊÀÁÈÍÎÉ-ËÈÔÒÎÌ

Áóðîâ À. À.1, Êîñåíêî È. È.2
1 Âû÷èñëèòåëüíûé öåíòð èì. À.À. Äîðîäíèöûíà ÐÀÍ, Ìîñêâà

2 Ðîññèéñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò òóðèçìà è ñåðâèñà, Ìîñêîâñêàÿ îáëàñòü
kosenko@ccas.ru

Ðàññìàòðèâàåòñÿ äâèæåíèå â öåíòðàëüíîì ïîëå íüþòîíîâñêîãî ïðèòÿæåíèÿ ãàíòåëå-
îáðàçíîãî òåëà � ïàðû ìàññèâíûõ òî÷åê, ñîåäèíåííûõ ìåæäó ñîáîé íåâåñîìûì ñòåðæ-
íåì, âäîëü êîòîðîãî ïî çàäàííîìó çàêîíó äâèæåòñÿ ëèôò � òðåòüÿ ìàññèâíàÿ òî÷-
êà. Òàêàÿ ìåõàíè÷åñêàÿ ñèñòåìà ìîæåò ðàññìàòðèâàòüñÿ, â ÷àñòíîñòè, êàê óïðîùåííàÿ
ìîäåëü îñíàùåííîé ëèôòîì îðáèòàëüíîé òðîñîâîé ñèñòåìû. Èçó÷àåòñÿ íàèáîëåå èíòå-
ðåñíûé ñ ïðàêòè÷åñêîé òî÷êè çðåíèÿ ñëó÷àé, êîãäà êàáèíà ñîâåðøàåò ïåðèîäè÷åñêèå,
¾÷åëíî÷íûå¿ äâèæåíèÿ ìåæäó äâóìÿ êîíöàìè ãàíòåëè.

Â ïðåäïîëîæåíèè î ìàëîñòè ìàññû ëèôòà ïî ñðàâíåíèþ ñ ìàññîé ãàíòåëè ïðè ïî-
ìîùè òåîðèè Ïóàíêàðå îïðåäåëÿþòñÿ óñëîâèÿ ñóùåñòâîâàíèÿ ñåìåéñòâ ïåðèîäè÷åñêèõ
äâèæåíèé ñèñòåìû, àíàëèòè÷åñêè çàâèñÿùèõ îò âîçíèêàþùåãî ìàëîãî ïàðàìåòðà è ïå-
ðåõîäÿùèõ â òî èëè èíîå ðàäèàëüíîå ïîëîæåíèå îòíîñèòåëüíîãî ðàâíîâåñèÿ íåâîçìó-
ùåííîé çàäà÷è ïðè ñòðåìëåíèè ìàëîãî ïàðàìåòðà ê íóëþ. Òàêæå äîêàçûâàåòñÿ, ÷òî
êàæäîå èç ðàäèàëüíûõ îòíîñèòåëüíûõ ðàâíîâåñèé ïîðîæäàåò ïðè äîñòàòî÷íî ìàëûõ
çíà÷åíèÿõ ïàðàìåòðà â òî÷íîñòè îäíî ñåìåéñòâî òàêèõ ïåðèîäè÷åñêèõ äâèæåíèé. Â ëè-
íåéíîì ïðèáëèæåíèè èçó÷àåòñÿ óñòîé÷èâîñòü ïîëó÷èâøèõñÿ ïåðèîäè÷åñêèõ ðåøåíèé,
à ñàìè ýòè ðåøåíèÿ âû÷èñëÿþòñÿ ñ òî÷íîñòüþ äî ÷ëåíîâ ïåðâîãî ïîðÿäêà ìàëîñòè ïî
ìàëîìó ïàðàìåòðó.

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëü-
íûõ èññëåäîâàíèé (ïðîåêòû 08-01-00600-à, 08-01-00718-à, 08-08-00553-à, 06-01-90505-
ÁÍÒÑ_à).

Burov A.A., Kosenko I.I. On periodic motions of a dumbbell satellite equipped by the elevator
cabin.

Motion of the dumbbell satellite usually supposed to be the pair of mass points connected
by the mass less rod in the central �eld of Newtonian gravity is under consideration. The whole
system represents a simpli�ed model of the space elevator equipped by the cabin, a third mass
point moving along the rod according to the prescribed law in time. The most interesting from
the practical viewpoint case of periodic motions for the cabin simulating the shuttle-like swings is
investigated.

If the cabin mass is small enough in compare with the dumbbell mass then using the Poincare
theory the conditions for the whole system periodic motions families existence are veri�ed. Motions
turn out to be that ones converging to one of the radial relative equilibriums as the small parameter
approaches zero. In addition, one also proofs that each of radial equilibrium generates exactly one
such a family if the parameter is small enough. Linear stability of the periodic motions obtained is
analyzed. The periodic motions themselves are built up with an accuracy of the �rst order.
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Î ÐÅÀËÈÇÀÖÈÈ ÏÐÎÅÊÒÀ ÑÎÇÄÀÍÈß ØÒÎÐÛ ÄËß ÇÀÙÈÒÛ
ÇÅÌËÈ ÎÒ ÏÅÐÅÃÐÅÂÀ

Ãëóõèõ Þ.Ä.1, Ïåðåæîãèí À.À.2, Ñèëàíòüåâ Ì.Â.1
1 Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò ïðèáîðîñòðîåíèÿ è èíôîðìàòèêè

2 Ìîñêîâñêèé ãîñóäàðñòâåííûé îòêðûòûé óíèâåðñèòåò
yucha@mail.ru

Êàê èçâåñòíî, ïèîíåðû êîñìîíàâòèêè, ïðîäóìûâàÿ ïðîáëåìû âûæèâàíèÿ ÷åëîâå÷å-
ñòâà, ôàêòè÷åñêè ïðåäëàãàëè è ïóòè ðåøåíèÿ ýêîëîãè÷åñêèõ ïðîáëåì. ßðêèì ïîäòâåð-
æäåíèåì òîìó ÿâëÿþòñÿ èõ èäåè èñïîëüçîâàíèÿ ñîëíå÷íûõ ïàðóñîâ.

Ðàçâèòèåì ýòèõ èäåé ÿâëÿþòñÿ ñîâðåìåííûå ïðîåêòû ïðèìåíåíèÿ ñîëíå÷íîãî ïàðóñà
â êà÷åñòâå ýêðàíà äëÿ ïðåäîòâðàùåíèÿ ïåðåãðåâà Çåìëè, ÷òî êàê íèêîãäà ðàíüøå ñòàëî
àêòóàëüíî íûíå â ñâÿçè ñ íàðàñòàíèåì ýôôåêòîâ ãëîáàëüíîãî ïîòåïëåíèÿ.

Õîðîøåé äèíàìè÷åñêîé ìîäåëüþ äëÿ èññëåäîâàíèÿ âîçìîæíîñòåé ðåàëèçàöèè ïðî-
åêòà ñîçäàíèÿ ãèãàíòñêîé øòîðû ñëóæèò îãðàíè÷åííàÿ çàäà÷à òð¼õ òåë ñ ó÷åòîì ñâåòî-
âîãî äàâëåíèÿ. Â çàäà÷å íàõîäèì åñòåñòâåííûå ïîëîæåíèÿ îòíîñèòåëüíîãî ðàâíîâåñèÿ,
êîòîðûå ìîæíî èñïîëüçîâàòü äëÿ ïîìåùåíèÿ â íèõ èñêóññòâåííîãî àïïàðàòà. Íàèáî-
ëåå óäîáíîé äëÿ ðàñïîëîæåíèÿ êîñìè÷åñêîãî ¾çîíòèêà¿ ÿâëÿåòñÿ êîëëèíåàðíàÿ òî÷êà
ëèáðàöèè ìåæäó Çåìëåé è Ñîëíöåì.

Ïîëîæåíèå òî÷êè ëèáðàöèè îïðåäåëÿåòñÿ íå òîëüêî ìàññîâûì ïàðàìåòðîì ñèñòåìû,
íî è çàâèñèò îò îòðàæàòåëüíûõ ñâîéñòâ çåðêàëà. Áîëåå òîãî, ïðèíöèïèàëüíî âîçìîæíî,
âûáèðàÿ, íàïðèìåð, ñîîòâåòñòâóþùóþ ïàðóñíîñòü (îòíîøåíèå ¾ñå÷åíèå/ìàññà¿), ðàñïî-
ëîæèòü ¾çîíòèê¿ â ëþáîé òî÷êå íà ïðÿìîé Çåìëÿ � Ñîëíöå. Ïîýòîìó, ïðåæäå âñåãî,
ïðîâîäèòñÿ îöåíêà èõ ïîëîæåíèé, êîòîðûå çàâèñÿò îò ïàðóñíîñòè ¾çîíòèêà¿.

Ïîìåùåíèå ¾çîíòèêà¿ â òî÷êó ëèáðàöèè ïîçâîëÿåò çàùèòèòü, äàæå ñ ó÷åòîì ýô-
ôåêòà çàòåíåíèÿ, òîëüêî òî÷êè ýêâàòîðà. Ñ äðóãîé ñòîðîíû, íå îáÿçàòåëüíî âñå âðåìÿ
äåðæàòü çîíòèê íàä îäíîé è òîé æå òî÷êîé. Ïåðåìåùåíèå çîíòèêà íàä îïðåäåëåííîé îá-
ëàñòüþ íå òîëüêî ðàçìûâàåò òåíü íà ïîâåðõíîñòè Çåìëè, íî, ÷òî âàæíî, ðåøàåò çàùèòó
êîíå÷íîé îáëàñòè. Òåì ñàìûì, îò ëèíèè ýêâàòîðà îñóùåñòâëÿåòñÿ ïåðåõîä ê êîíå÷íîé
ïîëîñå, ïðèìûêàþùåé ê ýêâàòîðó. Ñîîòâåòñòâóþùèå ðàñ÷åòû ó÷èòûâàþò ïîëîæåíèå
òî÷êè ëèáðàöèè, ðàçìåðû ¾çîíòèêà¿, åãî îòðàæàòåëüíûå ñâîéñòâà, ðàçìåð ñîçäàâàåìîé
òåíè.

Äâèæåíèå ¾çîíòèêà¿ â îêðåñòíîñòè òî÷êè ëèáðàöèè åñòåñòâåííûì îáðàçîì îñó-
ùåñòâëÿåòñÿ ïîìåùåíèåì åãî íà ïåðèîäè÷åñêóþ îðáèòó ëÿïóíîâñêîãî ñåìåéñòâà, ñóùå-
ñòâîâàíèå êîòîðîãî ãàðàíòèðîâàëà ñàìà ïðèðîäà. Ìàëàÿ ýëëèïòè÷íîñòü îðáèòû Çåìëè
ïðèâîäèò ê áèôóðêàöèè ýòîãî ñåìåéñòâà. Îäíàêî ïðè ýòîì ðîæäàþòñÿ, êàê óñòàíîâëåíî
íåäàâíî, èçîëèðîâàííûå ñèììåòðè÷íûå ïåðèîäè÷åñêèå îðáèòû, êîòîðûå âïîëíå ñëóæàò
öåëÿì îòäåëüíîé îðáèòû ëÿïóíîâñêîãî ñåìåéñòâà.

Ïëîñêèå îðáèòû íå ðåøàþò çàäà÷è ñîçäàíèÿ ðàçìûòîé òåíè. Íåîáõîäèìûå ïðîñòðàí-
ñòâåííûå ïåðèîäè÷åñêèå îðáèòû íàõîäèì èç àíàëèçà äèíàìè÷åñêîé ìîäåëè.

Ñîäåðæàíèå ýòèõ òåçèñîâ, ïðåäëîæåííûõ ïðîô. Â.Í. Òõàåì, ðàçðàáîòàíî àâòîðàìè
è ïðåäëàãàåòñÿ â äîêëàäå.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (06-01-00068à, 09-01-00468à).
Glukhikh Yu.D., Perezhogin A.A., Silantiev M.V. The realization of the project to make

blind for saving of Earth from overheating.
The various aspects of applying of the photogravitational restricted three-body problem has

been discussed in the report for urgent saving of Earth from overheating.
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Ãðèãîðüåâ È.Ñ., Çàïëåòèí Ì.Ï.
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Ðàññìàòðèâàåòñÿ çàäà÷à îïòèìèçàöèè òðàåêòîðèé ïîñåùåíèÿ êîñìè÷åñêèì àïïàðà-
òîì (ÊÀ) àñòåðîèäîâ. Äâèæåíèå ïëàíåò, àñòåðîèäîâ è êîñìè÷åñêîãî àïïàðàòà ïðîèñõî-
äèò â öåíòðàëüíîì íüþòîíîâñêîì ãðàâèòàöèîííîì ïîëå Ñîëíöà. Ïëàíåòû è àñòåðîè-
äû ñ÷èòàþòñÿ òî÷å÷íûìè îáúåêòàìè, äâèæóùèìèñÿ ïî çàäàííûì îðáèòàì. Óïðàâëåíèå
ÊÀ îñóùåñòâëÿåòñÿ âåêòîðîì òÿãè ðåàêòèâíîãî äâèãàòåëÿ ìàëîé òÿãè. Ïðè ïîñòðîåíèè
òðàåêòîðèè äîïóñòèìû ïåðòóðáàöèîííûå ìàíåâðû îêîëî ïëàíåò. Â çàäà÷å ïðèñóòñòâó-
þò îãðàíè÷åíèÿ íà âðåìåíà ñòàðòà, ïðîäîëæèòåëüíîñòè ïîëåòà è íàõîæäåíèè ÊÀ íà
àñòåðîèäàõ, ìèíèìàëüíîå ðàññòîÿíèå äî ñîëíöà è ïëàíåò. Ðàññìàòðèâàþòñÿ êðèòåðèè
îïòèìèçàöèè: ðàñõîä òîïëèâà, íåîáõîäèìîãî äëÿ ïåðåëåòà; âðåìÿ ïåðåëåòà; âðåìÿ íà-
õîæäåíèÿ íà êàæäîì àñòåðîèäå; ìàêñèìèçàöèÿ êèíåòè÷åñêîé ýíåðãèè ïðè ïîïàäàíèè â
àñòåðîèä.

Ðàññìàòðèâàåìûå çàäà÷è ìîæíî ïðåäñòàâèòü êàê çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ
ñ ôàçîâûìè îãðàíè÷åíèÿìè, ïðîìåæóòî÷íûìè óñëîâèÿìè è ïàðàìåòðàìè. Íà îñíîâå ñî-
îòâåòñòâóþùåãî ïðèíöèïà ìàêñèìóìà [1] èõ ðåøåíèå ñâîäèòñÿ ê ðåøåíèþ ìíîãîòî÷å÷-
íûõ êðàåâûõ çàäà÷. Êðàåâûå çàäà÷è ïðèíöèïà ìàêñèìóìà ðåøàþòñÿ ÷èñëåííî ìåòîäîì
ñòðåëüáû. Íà÷àëüíîå ïðèáëèæåíèå îïðåäåëÿåòñÿ â ðåçóëüòàòå ðåøåíèÿ ñîîòâåòñòâóþ-
ùèõ çàäà÷ â èìïóëüñíîé ïîñòàíîâêå è çàäà÷ Ëàìáåðòà.

Ê îñíîâíûì ïðåäïîñûëêàì ýôôåêòèâíîãî ÷èñëåííîãî ðåøåíèÿ ìåòîäîì ñòðåëüáû
êðàåâûõ çàäà÷ ñëåäóåò îòíåñòè, âî-ïåðâûõ, âûáîð ýôôåêòèâíîé âû÷èñëèòåëüíîé ñõåìû
ìåòîäà ñòðåëüáû è, âî-âòîðûõ, âûáîð ñîãëàñîâàííîãî ñ âû÷èñëèòåëüíîé ñõåìîé ìåòîäà
ñòðåëüáû õîðîøåãî íà÷àëüíîãî ïðèáëèæåíèÿ. Âûáîð õîðîøåãî íà÷àëüíîãî ïðèáëèæå-
íèÿ îñóùåñòâëÿåòñÿ ñ èñïîëüçîâàíèåì ñåðèè âñïîìîãàòåëüíûõ îïòèìèçàöèîííûõ çàäà÷.
Ïðè ïåðåõîäå ê ðåøåíèþ áîëåå ñëîæíûõ çàäà÷ îò áîëåå ïðîñòûõ èñïîëüçîâàëñÿ ìåòîä
ïðîäîëæåíèÿ ðåøåíèÿ ïî ïàðàìåòðó. Êðîìå òîãî, èñïîëüçîâàëñÿ ìåòîä êîìïîçèöèè �
ðåøåíèå âñïîìîãàòåëüíûõ çàäà÷ íà ó÷àñòêàõ ñ ïîñëåäóþùèì îáúåäèíåíèåì ó÷àñòêîâ
òðàåêòîðèè â åäèíóþ ýêñòðåìàëü.

ËÈÒÅÐÀÒÓÐÀ
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íèÿ. 2003. Ò. 41. � 3. Ñ. 307�331.

Grigoriev I.S., Zapletin M.P. On optimization of �ights of the spacecraft to the asteroids.
The problem on trajectory optimization of spacecraft �ights to the asteroids is considered. It

is possible to present considered problems as an optimal control problems with phase restrictions,
intermediate conditions and parametres. On the basis of the corresponding maximum principle their
solution are reduced to the solution of multidots boundary-value problems.
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Îáñóæäàþòñÿ ïðîáëåìû äèíàìèêè, âîçíèêàþùèå â ïðàêòèêå ïîëåòîâ îáúåêòîâ
ðàêåòíî-êîñìè÷åñêîé òåõíèêè, ñâÿçàííûå ñ ïîäâèæíîñòüþ äåôîðìèðóåìûõ ýëåìåíòîâ,
òàêèõ êàê ïëåñêàíèå æèäêîãî òîïëèâà â áàêàõ, óïðóãèõ ïåðåìåùåíèé ïàíåëåé ñîëíå÷-
íûõ áàòàðåé èëè ðàäèî-àíòåíí. Íà ïðèìåðå íåðàñ÷åòíûõ ðåæèìîâ äâèæåíèÿ ðÿäà ðàêåò
è êîñìè÷åñêèõ àïïàðàòîâ ïîêàçûâàåòñÿ íåîáõîäèìîñòü áîëåå ñòðîãîãî ó÷åòà äèíàìè÷å-
ñêèõ ñâîéñòâ êîíñòðóêöèè ïðè ïðîåêòèðîâàíèè. Âûâîäèòñÿ îáùàÿ íåëèíåéíàÿ ñèñòåìà
óðàâíåíèé äâèæåíèÿ. Ïîêàçûâàåòñÿ, ÷òî ýôôåêò äîïîëíèòåëüíûõ ñòåïåíåé ñâîáîäû,
ñâÿçàííûõ ñ äåôîðìèðóåìîñòüþ ýòèõ óñòðîéñòâ, ìîæåò áûòü ó÷òåí ïóòåì ðåøåíèÿ êðà-
åâûõ çàäà÷ òåîðèè óïðóãîñòè è ãèäðîäèíàìèêè è âû÷èñëåíèÿ ñîîòâåòñòâóþùèõ ïðèñî-
åäèíåííûõ ìàññ è ÷àñòîò ñîáñòâåííûõ êîëåáàíèé.

Dokuchaev L.V. About problems of spacecraft dynamics.
Problems of spacecraft dynamics taking place during space �ight of space objects and associated

with mobility of its deformed elements such as sloshing liquid fuel in tanks as well as elastically
moving panels of solar batteries and radio antennas are under consideration. The necessity for more
strict allowance to be made for structure dynamic properties during its designing exempli�ed by
non-calculated motion modes of some rockets and space vehicles is shown. A general nonlinear
equation system of a composite structure is introduced. It is demonstrated that the e�ect of extra
freedom degrees of such a structure conditioned by its deformability may be taken into account
by solving marginal problems of the elasticity and hydrodynamics theory and calculating adequate
associated masses and frequencies of the structure's vibrations.
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ËÈÁÐÀÖÈÈ ÄÂÎÉÍÎÉ ÇÂÅÇÄÍÎÉ ÑÈÑÒÅÌÛ, ÏÎÄÎÁÍÎÉ

ÑÈÐÈÓÑÓ

Çèìîâùèêîâ À.Ñ. 1, Òõàé Â.Í.2
1 Âûìïåëêîì, Ìîñêâà

2 Èíñòèòóò ïðîáëåì óïðàâëåíèÿ èì. Â.À. Òðàïåçíèêîâà ÐÀÍ, Ìîñêâà
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Ôîòîãðàâèòàöèîííàÿ çàäà÷à òðåõ òåë ñòàëà õîðîøåé äèíàìè÷åñêîé ìîäåëüþ äëÿ
èçó÷åíèÿ îáëà÷íûõ ñêîïëåíèé â áèíàðíûõ çâåçäíûõ ñèñòåìàõ [1]. Ñêîïëåíèÿ ìîãóò îá-
ðàçîâàòüñÿ â òî÷êàõ ëèáðàöèè, êîòîðûå âñëåäñòâèå ðàçëè÷íûõ ðàçìåðîâ ìèêðî÷àñòèö,
èõ ïëîòíîñòè è âîñïðèèì÷èâîñòè ê ñâåòîâîìó èçëó÷åíèþ íà ñàìîì äåëå ïðåäñòàâëÿþò
ñîáîé íåïðåðûâíîå ìíîæåñòâî òî÷åê. Íàáëþäàåìîñòü ñêîïëåíèé ñâÿçàíà ñ óñòîé÷èâî-
ñòüþ îáðàçóþùèõ èõ ìèêðî÷àñòèö. Âûâîäû îá óñòîé÷èâîñòè òî÷åê ëèáðàöèè ìîæíî
ñäåëàòü ïî äèàãðàììàì óñòîé÷èâîñòè.

Çàäà÷à ñîäåðæèò ïàðàìåòðû: µ � áåçðàçìåðíûé ìàññîâûé ïàðàìåòð, Q1, Q2 � êîýô-
ôèöèåíòû ðåäóêöèè, îáîáùåííî õàðàêòåðèçóþùèå äåéñòâèå êîìïîíåíò äâîéíîé çâåçäû
íà ÷àñòèöó, e � ýêñöåíòðèñèòåò.

Èñ÷åðïûâàþùèå äèàãðàììû óñòîé÷èâîñòè íà ïëîñêîñòè îáîáùåííûõ ïàðàìåòðîâ
(a, e) ïîëó÷åíû ðàíåå äëÿ êîëëèíåàðíûõ òî÷åê ëèáðàöèè [2]. Äëÿ òðåóãîëüíûõ òî÷åê
ëèáðàöèè äèàãðàììû â êðóãîâîé çàäà÷å óäîáíî ñòðîèòü [3] íà êîîðäèíàòíîé ïëîñêîñòè
ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ µ. Òàêèì æå îáðàçîì ìîæíî ïîñòóïàòü â ýëëèïòè÷åñêîé
çàäà÷å äëÿ äàííîãî çíà÷åíèÿ e.

Êîìïîíåíòû ìíîãèõ èçâåñòíûõ äâîéíûõ çâåçäíûõ ñèñòåì îáðàùàþòñÿ ïî âûòÿíó-
òûì ýëëèïòè÷åñêèì îðáèòàì, ïîýòîìó âûçûâàåò áîëüøîé èíòåðåñ çíà÷åíèÿ çêñöåíòðè-
ñèòåòà âûøå 0.2, îñîáåííî íàõîäÿùèåñÿ â ïðîìåæóòêå [0.4, . . . , 0, 6]. Â äàííîé ðàáîòå íà
îñíîâå äèàãðàìì, ïîñòðîåííûõ äëÿ çíà÷åíèé e > 0.4, äëÿ äâîéíîé çâåçäíîé ñèñòåìû,
êîíãåíèàëüíîé ïî ïàðàìåòðàì Ñèðèóñó, îïðåäåëåíû õàðàêòåðèñòèêè îáëàêà, êîòîðîå
ìîæåò îáðàçîâàòüñÿ âî ìíîæåñòâå óñòîé÷èâûõ òðåóãîëüíûõ òî÷åê ëèáðàöèè.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (06-01-00068à, 09-01-00468à).
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òàöèîííîé çàäà÷è òðåõ òåë // Ïèñüìà â ÀÆ, 1985. Ò.2. No. 12. Ñ. 145-148.
Zimovshchikov A.S., Tkhai V.N. The diagram of stability for triangular libration points the

double star system similar to Sirius.
The dynamic model of cloudy congestions in binary star systems is investigated. These

congestions can be formed in a libration points and consist of particles with the various sizes,
density and a susceptibility of light, is represent continuous collection of points. Observability of
congestions is connected with stability of microparticles forming them. Conclusions about stability
of libration points can be made under diagrams of stability.
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Ïðîâåäåíà ñåðèÿ ÷èñëåííûõ ýêñïåðèìåíòîâ ïî ìîäåëèðîâàíèþ äâèæåíèÿ â îêîëî-
çåìíîì êîñìè÷åñêîì ïðîñòðàíñòâå (ÎÊÏ) íàíî÷àñòèö (Í×) èç óãëåðîäà ñ ðàäèóñàìè îò
5 äî 10 íàíîìåòðîâ, èíæåêòèðóåìûõ â ÎÊÏ íà êðóãîâûõ îðáèòàõ, ïðîõîäÿùèõ â ïëàç-
ìîñôåðå Çåìëè. Ó÷èòûâàëîñü âîçäåéñòâèå íà Í×: ýëåêòðîäèíàìè÷åñêèõ ñèë, ãðàâèòà-
öèîííîãî ïîëÿ Çåìëè è ñèëû ñâåòîâîãî äàâëåíèÿ. Ðàñ÷åòû ïðîâîäèëèñü äëÿ ïëàçìåííûõ
óñëîâèé, ñîîòâåòñòâóþùèõ íèçêîìó óðîâíþ ãåîìàãíèòíîé àêòèâíîñòè. Ïîëó÷åííûå ðàñ-
÷åòíûå äàííûå ïîçâîëèëè óñòàíîâèòü íàëè÷èå òðåõ òèïîâ ïðîñòðàíñòâåííûõ äâèæåíèé
Í× â ÎÊÏ, äëÿ êîòîðûõ ìîæåò èìåòü ìåñòî äëèòåëüíîå óäåðæàíèå Í× â îêîëîçåìíîì
ïðîñòðàíñòâå. Íàèáîëüøèå âðåìåíà îðáèòàëüíîãî ñóùåñòâîâàíèÿ (áîëåå 1 ãîäà) èìåþò
Í×, äâèæóùèåñÿ â ðåæèìå ¾çàõâàòà¿ ìàãíèòíî-ãðàâèòàöèîííîé ëîâóøêîé Çåìëè. Òî÷-
íàÿ òðàåêòîðèÿ Í× â ýòîì ðåæèìå äâèæåíèÿ çàìåòàåò òîð, ðàñïîëîæåííûé â ñåâåðíîì
èëè þæíîì ïîëóøàðèÿõ ñ îñüþ, ñîâïàäàþùåé ñ ìàãíèòíîé îñüþ Çåìëè. Äëÿ âòîðîãî
òèïà ïðîñòðàíñòâåííîãî äâèæåíèÿ Í×, â êîòîðîì ìîæåò èìåòü ìåñòî äëèòåëüíîå óäåð-
æàíèå Í× â ÎÊÏ, òî÷íàÿ òðàåêòîðèÿ Í× çàìåòàåò òîð ñ îñüþ, ñîâïàäàþùåé ñ ìàã-
íèòíîé îñüþ Çåìëè, ñèììåòðè÷íûé îòíîñèòåëüíî ïëîñêîñòè ìàãíèòíîãî ýêâàòîðà. Íà-
êîíåö, ê ïîñëåäíåìó òèïó ïðîñòðàíñòâåííîãî äâèæåíèÿ, â êîòîðîì ìîæåò èìåòü ìåñòî
äëèòåëüíîå óäåðæàíèå Í× â îêîëîçåìíîì ïðîñòðàíñòâå, îòíîñÿòñÿ ïðîñòðàíñòâåííûå
äâèæåíèÿ â îêðåñòíîñòè ýêâàòîðèàëüíîé ïëîñêîñòè, áëèçêèå ê ñòðîãî ýêâàòîðèàëüíûì
äâèæåíèÿì Í×, çàõâàòûâàþùèõñÿ ìàãíèòíûì ïîëåì Çåìëè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (íîìåð ïðîåêòà 06-01-00703-à).

Kolesnikov E.K., Chernov S.V. About possibility of long orbital existence of nanoparticles
injected in Earth's plasmasphere.

To model a motion carbon nanoparticles (NP) with radii from 5 to 10 nanometer injected on
circle orbits in Earth's plasmasphere there was carried out series of numerical experiments by using
exact equations of NP movement in the Near Earth Space (NES). The equations take into account
in�uence to NP by electrodynamics forces, Earth's gravitational �eld and force of the solar radiation
pressure. The calculations have been performed for plasma conditions correspond to low level of
geomagnetic activity. Obtained numerical data show that there are three classes of NP spatial
movement in NES which long time retention of NP in NES can be available.

84



SECTION II. DYNAMICS OF SPACE FLIGHT

Î ÂÎÇÌÎÆÍÎÑÒÈ ÄËÈÒÅËÜÍÎÃÎ ÎÐÁÈÒÀËÜÍÎÃÎ
ÑÓÙÅÑÒÂÎÂÀÍÈß ÌÈÊÐÎ×ÀÑÒÈÖ, ÈÍÆÅÊÒÈÐÓÅÌÛÕ Â

ÎÊÎËÎÇÅÌÍÎÅ ÊÎÑÌÈ×ÅÑÊÎÅ ÏÐÎÑÒÐÀÍÑÒÂÎ ÍÀ
ÂÛÒßÍÓÒÛÕ ÝËËÈÏÒÈ×ÅÑÊÈÕ ÎÐÁÈÒÀÕ Ñ ÍÈÇÊÈÌ

ÏÅÐÈÃÅÅÌ

Êîëåñíèêîâ Å.Ê., ×åðíîâ Ñ.Â.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

kolesnikov_evg@mail.ru

Ïðîâåäåíà ñåðèÿ ÷èñëåííûõ ýêñïåðèìåíòîâ, íàïðàâëåííûõ íà îïðåäåëåíèå âîçìîæ-
íîñòè äëèòåëüíîãî óäåðæàíèÿ â îêîëîçåìíîì ïðîñòðàíñòâå ìèêðî÷àñòèö (Ì×) èç àëþ-
ìèíèÿ è îêñèäà àëþìèíèÿ ñ ðàäèóñàìè îò 0.01 äî 100 ìêì, èíæåêòèðóåìûõ â (ÎÊÏ)
íà ñèëüíî âûòÿíóòûõ ýëëèïòè÷åñêèõ îðáèòàõ ñ íèçêèì ïåðèãååì â óñëîâèÿõ íèçêîãî,
ñðåäíåãî è âûñîêîãî óðîâíåé ñîëíå÷íîé è ãåîìàãíèòíîé àêòèâíîñòè. Â êà÷åñòâå ìàòå-
ðèíñêîé îðáèòû, íà êîòîðîé îñóùåñòâëÿåòñÿ èíæåêöèÿ Ì×, ðàññìîòðåíà îðáèòà ñ ïà-
ðàìåòðàìè, ñîîòâåòñòâóþùèìè îðáèòàëüíûì ïàðàìåòðàì ñïóòíèêà ¾Ìîëíèÿ¿. Ðàñ÷åòû
ïðîâåäåíû äëÿ ðàçëè÷íûõ ïðîñòðàíñòâåííûõ îðèåíòàöèé ìàòåðèíñêîé îðáèòû, õàðàê-
òåðèçóþùèõñÿ çíà÷åíèÿìè äîëãîòû âîñõîäÿùåãî óçëà 0, 90, 180 è 270 ãðàä. è àðãóìåíòà
ïåðèãåÿ 270 ãðàä. Ïîëó÷åíû ðàñ÷åòíûå äàííûå, ïîêàçûâàþùèå, ÷òî â ðàññìîòðåííîì
ñëó÷àå áîëüøèå âðåìåíà îðáèòàëüíîãî ñóùåñòâîâàíèÿ (áîëåå 0.5 ãîäà) ìîãóò èìåòü êàê
äîñòàòî÷íî êðóïíûå Ì× ñ ðàäèóñàìè áîëåå 1 ìêì (ïðè îïðåäåëåííûõ îðèåíòàöèÿõ ìà-
òåðèíñêîé îðáèòû, çàâèñÿùèõ îò óðîâíÿ ñîëíå÷íîé è ãåîìàãíèòíîé àêòèâíîñòè), òàê
è ñâåðõìåëêèå Ì× ñ ðàäèóñàìè ïîðÿäêà ñîòûõ äîëåé ìèêðîíà (â óñëîâèÿõ íèçêîé àê-
òèâíîñòè). Ïîêàçàíî, ÷òî âîçìîæíîñòü äëèòåëüíîãî îðáèòàëüíîãî ñóùåñòâîâàíèÿ Ì×
â ÎÊÏ â óêàçàííûõ ñëó÷àÿõ îáóñëîâëåíà ñóùåñòâåííûì óìåíüøåíèåì ýôôåêòà äèññè-
ïàòèâíîãî âîçäåéñòâèÿ íà Ì× ñèëû ñîëíå÷íîãî äàâëåíèÿ âñëåäñòâèå ïðåöåññèè îðáèòû
Ì×, êîòîðàÿ äëÿ êðóïíûõ Ì× âûçûâàåòñÿ ýôôåêòîì ïîëÿðíîãî ñæàòèÿ Çåìëè, à äëÿ
ñâåðõìåëêèõ Ì× � âîçìóùàþùèì âîçäåéñòâèåì ñèëû Ëîðåíöà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÌÍÒÖ (íîìåð ïðîåêòà 3412).

Kolesnikov E.K., Chernov S.V. About possibility of long orbital existence of microparticles
injected on oblong elliptic orbits with low perigee altitude in the Near Earth Space.

There were carried out calculations of orbital existence time of aluminium oxide spherical
microparticles (MP) of radii from 0.01 up to 100 microns, injected in the Near Earth Space (NES)
on oblong elliptic orbits with characteristics correspond to "Molniya"orbit (apogee altitude of 40860
km, perigee altitude of 460 km and inclination angle of 62.8 degree) for conditions of low, mean and
high levels of the solar and geomagnetic activities. To determine the in�uence of orbit orientation
upon MP existence times there were carried out calculations for 4 di�erent orientations of ¾mother¿
orbit (for longitudes of ascending node are equal 0, 90, 180 è 270 degrees, and node-perigee angle
is �xed and equal 270 degrees).
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ÂÅÊÒÎÐÍÛÉ ÏÎÄÕÎÄ Ê ÏÐÎÁËÅÌÅ ÔÈÇÈ×ÅÑÊÎÉ ËÈÁÐÀÖÈÈ
ËÓÍÛ

Êîíäðàòüåâ Á.Ï.
Óäìóðòñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Èæåâñê

kond@uni.udm.ru

Ðàçðàáîòàí îðèãèíàëüíûé àíàëèòè÷åñêèé ïîäõîä ê çàäà÷å î ôèçè÷åñêîé ëèáðàöèè
òâåðäîé Ëóíû ñ ó÷¼òîì âîçìóùåíèé îò Çåìëè è Ñîëíöà. Òðè óðàâíåíèÿ Ýéëåðà äîïîë-
íåíû äâåíàäöàòüþ êèíåìàòè÷åñêèìè óðàâíåíèÿìè, è äâèæåíèå îïèñûâàåòñÿ ïÿòíàäöà-
òüþ ïåðåìåííûìè. Ñèñòåìà èç äåâÿòè ëèíåàðèçîâàííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
ïåðâîãî ïîðÿäêà ðàñïàäàåòñÿ íà äâå ãðóïïû, ÷åòíóþ è íå÷åòíóþ ïî îòíîøåíèþ ê îò-
ðàæåíèþ â ïëîñêîñòè ëóííîãî ýêâàòîðà, è ñîáñòâåííûå êðóòèëüíûå êîëåáàíèÿ Ëóíû
ïðåäñòàâëåíû ñóïåðïîçèöèåé íåçàâèñèìûõ ëèáðàöèé â äîëãîòå è øèðîòå. Ëèáðàöèÿ â
äîëãîòå îïèñûâàåòñÿ òðåìÿ óðàâíåíèÿìè è ñîñòîèò èç ïðîèçâîëüíûõ êîëåáàíèé ñ ïåðèî-
äîì T1 = 2.8785 þë.ë. (àìïëèòóäà 1.855′′) è âûíóæäåííûõ � ñ ïåðèîäàìè â ñèäåðè÷åñêèé
ìåñÿö (15.305′′), çâ¼çäíûé ãîä (0.102′′), ïîëóãîä (18.174′′) è òðåòü ãîäà (0.051′′). Âëèÿíèå
Ñîëíöà íà ýòè êîëåáàíèÿ ñðàâíèìî ñ çåìíûì. Ôèçè÷åñêàÿ ëèáðàöèÿ â øèðîòå ïðåä-
ñòàâëåíà øåñòüþ óðàâíåíèÿìè è ïðè ó÷åòå âîçìóùåíèé òîëüêî îò Çåìëè îïèñûâàåòñÿ
òðåìÿ ãàðìîíèêàìè ïðîèçâîëüíûõ (T5 ≈ 74.083þë.ë.,T6 ≈ 1.729þë.ë.,T7 ≈ 27.29614 ä.)
è îäíîé � âûíóæäåííûõ êîëåáàíèé. Äâèæåíèå èñòèííîãî ïîëþñà ïðåäñòàâëåíî ýòè-
ìè æå ãàðìîíèêàìè. Èç ñðàâíåíèÿ ñ íàáëþäåíèÿìè íàéäåíû àìïëèòóäû ïðîèçâîëüíûõ
êîëåáàíèé, íî ïåðèîä T6 ïîêà íå îáíàðóæåí. Äëÿ îòíîøåíèÿ sin I

sin(I+i)
≈ 0.2311 òåîðèÿ

äà¼ò 0.2307, è ýòî ïîäòâåðæäàåò àäåêâàòíîñòü ðàçðàáîòàííîãî ïîäõîäà. Ñäåëàí ïåðå-
ñìîòð ïðåæíåé òåîðèè. Âîïðåêè óòâåðäèâøåìóñÿ ìíåíèþ ó Ëóíû íåò ñâîáîäíûõ (ýé-
ëåðîâñêèõ) êîëåáàíèé è, êàê ñëåäñòâèå, ê íåé íåëüçÿ ïðèìåíÿòü êèíåìàòè÷åñêèé ìåòîä
Ïóàíñî. Ïîýòîìó äëÿ óãëà ìåæäó ìãíîâåííîé îñüþ âðàùåíèÿ è íàèìåíüøåé îñüþ ýë-
ëèïñîèäà èíåðöèè Ëóíû âìåñòî ïðèíÿòûõ ðàíåå 22′′ ïðàâèëüíûìè áóäóò 45′′. Âìåñòî
êîëåáàíèé ñ ïåðèîäîì T ≈ 148.167þë.ë. åñòü ãàðìîíèêà ñ T ≈ 74.083þë.ë.

Kondratyev B.P. Vector approach to the Lunar physical libration.
The new analytical approach is developed to the problem about physical libration of the solid

Moon. The Eulerian equations, where are taken into account perturbations from the Earth and
Sun are complemented by twelve kinematic ones. Motion is described by �fteen variables that does
the method more suitable and informative in comparison with traditional one. After linearization
the problem is reduced to nine linear di�erential �rst-order equations. The system decomposes on
two groups that allows libration on longitude to study apart from libration on latitude.Libration
on longitude is presented by three equations.The in�uence of the Sun on this type oscillations is
comparable with Earth one. Six equations describe the physical libration on latitude. Here are the
unrestricted and forced oscillations. Some defects of former theory have been revealed.
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ÎÃÐÀÍÈ×ÅÍÈÉ

Êîðîëåâ Â.Ñ.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

vokorol@bk.ru

Ðàññìîòðåíû ðàçëè÷íûå àñïåêòû ýíåðãåòè÷åñêè îïòèìàëüíîãî ìàíåâðèðîâàíèÿ â
öåíòðàëüíîì ãðàâèòàöèîííîì ïîëå ïðè îáñëóæèâàíèè ñèñòåìû êîñìè÷åñêèõ àïïàðà-
òîâ ñ ó÷åòîì îãðàíè÷åíèé íà îáùåå âðåìÿ è îòíîñèòåëüíóþ ñêîðîñòü âñòðå÷è â ìîìåíò
áëèçêîãî ïðîëåòà, åñëè íå òðåáóåòñÿ âûðàâíèâàòü ñêîðîñòè äëÿ ìÿãêîé âñòðå÷è, à òàê-
æå ìíîãî÷èñëåííûå ÷àñòíûå ñëó÷àè ìàíåâðèðîâàíèÿ ìåæäó çàäàííûìè îðáèòàìè ïðè
çàäàííûõ íà÷àëüíûõ ôàçàõ äâèæåíèÿ.

Îïðåäåëÿåòñÿ ïîðÿäîê ïîñëåäîâàòåëüíîãî îáñëóæèâàíèÿ àïïàðàòîâ, âðåìÿ äâèæå-
íèÿ íà ïåðåõîäíîì ó÷àñòêå è âðåìÿ îæèäàíèÿ íà ïðîìåæóòî÷íîé îðáèòå. Îòäåëüíûå
ýòàïû ìàíåâðèðîâàíèÿ ìîãóò âêëþ÷àòü ëîêàëüíî íå îïòèìàëüíûå òðàåêòîðèè äëÿ ðåà-
ëèçàöèè îáùåé ïðîãðàììû îïòèìàëüíîãî îáñëóæèâàíèÿ ñ ó÷åòîì îãðàíè÷åíèé.

ËÈÒÅÐÀÒÓÐÀ

[1] Èâàøêèí Â.Â. Îïòèìèçàöèÿ êîñìè÷åñêèõ ìàíåâðîâ. Ì.: Íàóêà, 1975.
[2] Îõîöèìñêèé Ä.Å., Ñèõàðóëèäçå Þ.Ã. Îñíîâû ìåõàíèêè êîñìè÷åñêîãî ïîëåòà. Ì.: Íàóêà,
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[3] Íîâîñåëîâ Â.Ñ. Óñëîæíåííàÿ ñõåìà îïòèìèçàöèè òðàåêòîðèé â ãðàâèòàöèîííîì ïîëå ñ
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áèå. ÑÏá: Èçä-âî ÑÏáÃÓ, 2005. 298 ñ.

Korolev V.S. Optimum maneuver for service in spaceship system with restriction.
Di�erent problem optimum maneuver in central gravitation �eld for service in spaceship system

with restriction are investigated.
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Êóíèöûí À.Ë.
Ìîñêîâñêèé àâèàöèîííûé èíñòèòóò

akunitsyn@mail.ru

Äàåòñÿ ïðîñòàÿ ãåîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ îáëàñòåé óñòîé÷èâîñòè òî÷åê îòíîñè-
òåëüíîãî ðàâíîâåñèÿ (òî÷åê ëèáðàöèè) äëÿ êëàññè÷åñêîé íåîãðàíè÷åííîé è îãðàíè÷åí-
íîé çàäà÷è òðåõ òåë è íåêîòîðûõ ìîäèôèêàöèé ïîñëåäíåé ñ ïîìîùüþ ìåòîäà èñêëþ÷å-
íèÿ ïàðàìåòðà, ïîçâîëÿþùåãî ñòðîèòü èõ íå â ïàðàìåòðè÷åñêîì, à â êîíôèãóðàöèîííîì
ïðîñòðàíñòâå ñèñòåìû.

Òàê, äëÿ ïîñòîÿííûõ ëàãðàíæåâûõ ðåøåíèé íåîãðàíè÷åííîé çàäà÷è òðåõ òåë ïîêàçà-
íî, ÷òî èçâåñòíîå íåîáõîäèìîå óñëîâèå Ðàóñà-Æóêîâñêîãî, ïðåäñòàâëÿþùåå íåëèíåéíîå
íåðàâåíñòâî äëÿ òðåõ ìàññ òî÷åê, ýêâèâàëåíòíî ðàñïîëîæåíèþ öåíòðà ìàññ ñèñòåìû âíå
îêðóæíîñòè, ëåæàùåé â îðáèòàëüíîé ïëîñêîñòè âðàùåíèÿ ìàññ è ñ öåíòðîì, ñîâïàäà-
þùèì ñ öåíòðîì îáðàçóåìîãî òåëàìè ðàâíîñòîðîííåãî òðåóãîëüíèêà.

Ïîêàçàíî, ÷òî â îãðàíè÷åííîé çàäà÷å òðåõ òåë óðàâíåíèå, îïðåäåëÿþùåå êîîðäèíà-
òû êîëëèíåàðíûõ òî÷åê ëèáðàöèè êàê ôóíêöèè ìàññîâîãî ïàðàìåòðà, ïðè ïåðåíåñåíèè
íà÷àëà êîîðäèíàò â îäíó èç ìàññ ñòàíîâèòñÿ ëèíåéíûì îòíîñèòåëüíî ýòîãî ïàðàìåòðà,
ïîçâîëÿÿ ïîñòðîèòü â êîíôèãóðàöèîííîì ïðîñòðàíñòâå èíâàðèàíòíóþ êðèâóþ, èç âèäà
êîòîðîé ëåãêî óñìàòðèâàåòñÿ ôàêò ñóùåñòâîâàíèÿ òðåõ (è òîëüêî òðåõ) òî÷åê ëèáðàöèè
(òðàäèöèîííîå äîêàçàòåëüñòâî òðåáóåò âåñüìà ñëîæíûõ ðàññóæäåíèé).

Äëÿ ôîòîãðàâèòàöèîííîãî âàðèàíòà îãðàíè÷åííîé êðóãîâîé çàäà÷è òðåõ òåë, â êî-
òîðîì ïàññèâíî ãðàâèòèðóþùàÿ ÷àñòèöà èñïûòûâàåò åùå è ñâåòîâîå äàâëåíèå îò îñ-
íîâíûõ òåë, ïîêàçàíî, ÷òî îáëàñòü óñòîé÷èâîñòè òî÷åê ëèáðàöèè â êîíôèãóðàöèîííîì
ïðîñòðàíñòâå îãðàíè÷åíà äóãàìè äâóõ îêðóæíîñòåé îäèíàêîâîãî ðàäèóñà ñ îáùåé õîð-
äîé, ïðåäñòàâëÿþùåé îòðåçîê, ñîåäèíÿþùèé îñíîâíûå òåëà. Ðàäèóñû ýòèõ îêðóæíî-
ñòåé ÿâëÿþòñÿ ôóíêöèåé îáîáùåííîãî ïàðàìåòðà, õàðàêòåðèçóþùåãî ãðàâèòàöèîííî-
ðåïóëüñèâíîå ïîëå ñèñòåìû.

Ñòîëü æå íàãëÿäíîå ïðåäñòàâëåíèå îáëàñòè óñòîé÷èâîñòè â êîíôèãóðàöèîííîì ïðî-
ñòðàíñòâå ïîëó÷àåòñÿ è â äðóãîì ìîäèôèöèðîâàííîì âàðèàíòå îãðàíè÷åííîé çàäà÷è
òðåõ òåë, îòëè÷àþùåãîñÿ îò êëàññè÷åñêîé çàäà÷è ñîîáùåíèåì ÷àñòèöå ïîñòîÿííîãî ïî
ìîäóëþ è íàïðàâëåíèþ äîïîëíèòåëüíîãî óñêîðåíèÿ, ðåàëèçóåìîãî ðåàêòèâíûì äâèãà-
òåëåì ìàëîé òÿãè.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ(06-01-00068, 09-01-00468).

Kunitsyn A.L. On the construction of stability regions by the method of elimination of
parameter .

It is considered a method of the construction of stable regions of a stationary motions permitting
to obtain a stability region not in a parametric space but in a con�guration one. Various versions
of three body problem are considered as examples.
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Ëèõà÷åâ Â.Ì.1, Êðÿ÷êî À.Ô.2
1 Âîåííî-êîñìè÷åñêàÿ àêàäåìèÿ èìåíè À.Ô. Ìîæàéñêîãî, Ñàíêò-Ïåòåðáóðã

2 Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé ïîëèòåõíè÷åñêèé óíèâåðñèòåò
vm-likhachouv@yandex.ru

Ïðåäëàãàåòñÿ àñèìïòîòè÷åñêîå ðåøåíèå çàäà÷è îïðåäåëåíèÿ ïîëåé äèôðàêöèè, âîç-
áóæäàåìûõ Å- èëè Í-ïîëÿðèçîâàííûìè ïëîñêèìè èëè öèëèíäðè÷åñêèìè ýëåêòðîìàã-
íèòíûìè âîëíàìè (ÝÌÂ) â îáëàñòÿõ, ðàçäåëåííûõ óãëîâîé (êëèíîâèäíîé) ãðàíèöåé.
Çäåñü ðàøàåòñÿ êðàåâàÿ çàäà÷à äëÿ ïàðû óðàâíåíèé Ãåëüìãîëüöà (ðåøåíèÿ êîòîðûõ
îïðåäåëÿþò ïîëÿ äèôðàêöèè â îáåèõ óãëîâûõ îáëàñòÿõ) è ñèñòåìû ãðàíè÷íûõ óñëî-
âèé, ðåàëèçóþùèõ íà êëèíîâèäíîé ãðàíèöå ðàâåíñòâî òàíãåíöèàëüíûõ ñîñòàâëÿþùèõ
âåêòîðîâ ýëåêòðè÷åñêîé è ìàãíèòíîé íàïðÿæåííîñòè óêàçàííûõ äèôðàêöèîííûõ ïî-
ëåé. Ðåøåíèå êðàåâîé çàäà÷è â ñëó÷àå äèôðàêöèè ïëîñêîé ÝÌÂ èùåòñÿ â âèäå ïàðû
èíòåãðàëîâ Çîììåðôåëüäà, ÿäðà êîòîðûõ ñóòü ñïåöèàëüíûå ôóíêöèè, ìåðîìîðôíûå â
íåêîòîðûõ ïîëþñàõ. Ôóíêöèè óäîâëåòâîðÿþò ñèñòåìå ôóíêöèîíàëüíûõ óðàâíåíèé, ïî-
ëó÷àåìîé ïîäñòàíîâêîé èíòåãðàëîâ Çîììåðôåëüäà â ãðàíè÷íûå óñëîâèÿ. Ïîëå äèôðàê-
öèè â êàæäîé óãëîâîé îáëàñòè ïðåäñòàâëåíî ñóììîé ãåîìåòðè÷åñêèõ ïîëåé, îòðàæåí-
íûõ è ïðåëîìëåííûõ êëèíîâèäíîé ãðàíèöåé ïëîñêèõ ÝÌÂ è ïîëåì äèôðàêöèè íà ðåáðå
(òî÷êà ñèíãóëÿðíîñòè). Ãåîìåòðè÷åñêèå ïîëÿ îïðåäåëÿþòñÿ ïîëþñàìè è âû÷åòàìè â ïî-
ëþñàõ ìåðîìîðôíûõ ôóíêöèé. Ïîëþñû è âû÷åòû íàõîäÿòñÿ ðåêóððåíòíûì ñïîñîáîì èç
ñèñòåìû ôóíêöèîíàëüíûõ óðàâíåíèé, êîòîðàÿ äàëåå òðàíñôîðìèðóåòñÿ â ñèíãóëÿðíîå
èíòåãðàëüíîå óðàâíåíèå òèïà Ôðåäãîëüìà II ðîäà. Ïîäñòàíîâêà åãî ðåøåíèé â èíòåãðà-
ëû Çîììåðôåëüäà ñ ïîñëåäóþùèì âû÷èñëåíèåì èõ ìåòîäîì ïåðåâàëà îïðåäåëÿåò ïîëå
äèôðàêöèè íà ðåáðå. Ïîëå äèôðàêöèè öèëèíäðè÷åñêîé âîëíû íà èìïåäàíñíîì êëèíå
ïðåäñòàâëåíî êîíòóðíûì èíòåãðàëîì ñ ÿäðîì â âèäå èíòåãðàëà Çîììåðôåëüäà. Âíåø-
íèé è âíóòðåííèé èíòåãðàëû âû÷èñëÿþòñÿ ìåòîäîì ïåðåâàëà è ïî âû÷åòàì â ïîëþñàõ
ïîäûíòåãðàëüíûõ ôóíêöèé. Ðàçëè÷íûå êîìáèíàöèè ïåðåâàëüíûõ àñèìïòîòèê è âû÷å-
òîâ âíåøíåãî è âíóòðåííåãî èíòåãðàëîâ îïðåäåëÿþò âîçáóæäàåìûå ãðàíÿìè è ðåáðîì
èìïåäàíñíîãî êëèíà îòäåëüíûå òèïû ïîëåé äèôðàêöèè è ïîëåé ïîâåðõíîñòíûõ âîëí,
èíòåðôåðåíöèÿ êîòîðûõ ñîçäàåò ñóììàðíîå ïîëå äèôðàêöèè.

Likhachev V.M., Kryachko A.F. The asymptotics of the Sommerfeld integral in boundary
problems of waves di�raction in the angular regions.

Presentation of boundary problems solutions for EMW di�raction in angular regions as
Sommerfeld integral with its subsequent computation by asymptotical methods is e�cient when
solving the problems of space radio location and radio communication in quazioptical frequency
range.
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JET DAMPING IN A SOLID-PROPELLANT ROCKET

Ali Montazeri1, Porya Vaziri2
1 Sharif University of Technology, Tehran , Iran

2 Islamic Azad University of Semnan, Iran
porya_vaziri@yahoo.com

In this paper, rotary motion of a solid propellant rocket model has been studied. So
with the use of the Theory of Variable Mass System, is shown spin rate and suitable mass
distribution how can reduce e�ects of external torques in stability of the axisymmetric
systems. Then, rotary motion of a variable mass cylinder is studied and shown stability
of rotational motion depends on the burn pattern and cylinder's shape factor, and the
end, dynamic behavior of rocket sophisticated model is studied and shown e�ects of system
parameters as nozzle geometry, combustion chamber geometry, propellant initial shape, size
and relative mass, and propellant location on the dynamic behavior of system and with the
results that has been obtained, limits of geometric parameters in order not to face divergence
and jet damping in motion of the rocket is suggested. In this paper the equations of motion
have been expressed by the methods of analytical dynamics -Kane's formalism.
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Ãåîìåòðè÷åñêèå è äèíàìè÷åñêèå ïàðàìåòðû âû÷èñëåíû ñ ïîìîùüþ îáíîâëåííîãî
êîìïëåêñà ïðîãðàìì â ðàìêàõ ìîäåëè îãðàíè÷åííîé ïëîñêîé êðóãîâîé çàäà÷è òðåõ òåë
Ñîëíöå-Þïèòåð-àñòåðîèä â îêðåñòíîñòè ðåçîíàíñíîé çîíû 1:1 àíàëîãè÷íî ðàáîòå, â êî-
òîðîé èçó÷àëñÿ ðåçîíàíñ 2:1 ñ Þïèòåðîì. Ìàññà Þïèòåðà ïîëàãàëàñü 0.000955 ìàññû
Ñîëíöà. Óðàâíåíèÿ äâèæåíèÿ ÷èñëåííî èíòåãðèðîâàëèñü ìåòîäîì Ýâåðõàðäà íà èíòåð-
âàëå âðåìåíè 60000 ëåò.

Bcñëåäîâàíèå ãåîìåòðè÷åñêèõ è äèíàìè÷åñêèõ ïàðàìåòðîâ äâèæåíèÿ àñòåðîèäà ïðî-
âîäèëîñü ìåòîäîì ñå÷åíèé äâóìåðíîé ïîâåðõíîñòè â ïëîñêîñòè íà÷àëüíûõ êåïëåðîâñêèõ
ýëåìåíòîâ îðáèòû òðåòüåãî òåëà � áîëüøîé ïîëóîñè è ýêñöåíòðèñèòåòà. Äëÿ ôóíêöèé
äâóìåðíîé ïîâåðõíîñòè âûáèðàëèñü ðàçëè÷íûå ãåîìåòðè÷åñêèå ïàðàìåòðû � èçìåíå-
íèÿ áîëüøîé ïîëóîñè è ýêñöåíòðèñèòåòà (min, max, ðàçíîñòü), è äèíàìè÷åñêèå ïàðàìåò-
ðû � ñîáñòâåííûé ïåðèîä âðàùåíèÿ, ëèáðàöèîííûé ïåðèîä è ïåðèîä âåêîâîãî äâèæåíèÿ
ëèíèè àïñèä.

Â ðåçóëüòàòå èññëåäîâàíèé ïîëó÷åíî ñåìåéñòâî ïåðèîäè÷åñêèõ îðáèò, îïðåäåëåíû
ãðàíèöû îáëàñòè óñòîé÷èâîñòè äâèæåíèÿ òðåòüåãî òåëà. Áîëüøîé ÷èñëåííûé ìàòåðè-
àë ïðåäñòàâëåí â âèäå ãðàôèêîâ, äâóìåðíûõ è òðåõìåðíûõ ðèñóíêîâ. Ñðàâíèâàåìûå
ðåçîíàíñíûå çîíû 2:1 è 1:1 èìåþò êàê îáùèå ÷åðòû, òàê è íåêîòîðûå îòëè÷èÿ.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ñîâåòà ïî ãðàíòàì Ïðåçèäåíòà ÐÔ
äëÿ ïîääåðæêè âåäóùèõ íàó÷íûõ øêîë (ãðàíò ÍØ-1323.2008.2).

Petrov N.A. The investigation of geometrical and dynamical parameters of an asteroid motion
in restricted planar circular three-body problem in the case of 1:1 resonance with Jupiter.

Geometrical and dynamical parameters the above titled problem are calculated at the interval
of 60000 years. As the result of numerical integration the family of periodic orbits of an asteroid are
obtained, stability region boundaries at 1:1 resonance are found. The large numerical results massive
is presented by means of graphs and two- or three-dimensional simulation �gures. The comparison
with the recently considered 2:1 resonance case shows both similarities and di�erences.
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Ðàññìàòðèâàåòñÿ ìîäåëü ïîÿñà Ãóëüäà (îòêðûòîãî â 1879 ãîäó àìåðèêàíñêèì àñò-
ðîíîìîì Áåíäæàìèíîì Àïòîðïîì Ãóëüäîì), âõîäÿùåãî â ñîñòàâ Ìåñòíîé ñèñòåìû
çâåçä [4]. Èññëåäóåòñÿ äèíàìèêà ïîÿñà, äâèæóùåãîñÿ â ãðàâèòàöèîííîì ïîëå Ãàëàê-
òèêè. Èñõîäÿ èç ïðåäïîëîæåíèÿ Îëàíî Ñ.À. [2] î âîçíèêíîâåíèè ìåñòíîé ñèñòåìû çâåçä
â ðåçóëüòàòå ñòîëêíîâåíèÿ âûñîêîñêîðîñòíîãî îáëàêà ñ ïëîñêîñòüþ Ãàëàêòèêè, ñ÷èòàÿ,
÷òî ïîÿñ áûë çàõâà÷åí ãðàâèòàöèîííûì ïîëåì, ðàññìàòðèâàåòñÿ åãî äâèæåíèå ïîä äåé-
ñòâèåì ñèë ãðàâèòàöèè. Â êà÷åñòâå ìîäåëè Ãàëàêòèêè èñïîëüçóåòñÿ ïîòåíöèàë Ëèíäåíà-
Áåëëà [1], à òàê æå åãî îáùàÿ ôîðìà � ïîòåíöèàë Ìàëàñèäçå�Êóçüìèíà [3]. Â ðàìêàõ
äàííîé ìîäåëè îïðåäåëÿþòñÿ îñíîâíûå ýëåìåíòû îðáèòû ïîÿñà Ãóëüäà îòíîñèòåëüíî
öåíòðà Ãàëàêòèêè, à òàêæå ðàññìîòðåíî âëèÿíèå Ãàëàêòèêè íà ðàâíîâåñèå ñèñòåìû â
ñëó÷àå ðàâíîìåðíîãî ðàñïðåäåëåíèÿ ïëîòíîñòè.

ËÈÒÅÐÀÒÓÐÀ
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[2] Olano C.A. The origin of the local system of gas and stars // The Astrophysical Journal. 2001.
V.121. P. 295.

[3] Êóçüìèí Ã.Ã., Ìàëàñèäçå Ã.À. Îá îäíîé ôîðìå ãðàâèòàöèîííîãî ïîòåíöèàëà, äîïóñêà-
þùåé ðåøåíèå çàäà÷è î ïëîñêèõ îðáèòàõ çâåçä â ýëëèïòè÷åñêèõ èíòåãðàëàõ // Òðóäû
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Smirnova L.V. The motion of the Gould Belt in the gravitation �eld of the Galaxy.
Local system � a complex system, consisting of several structures included in it, e.g. are a

Gould's belt. The Gould Belt named in honour of opened its in 1879 of American astronomer of
Benjamin Àptorp Gould. Olano C.A. considered this belt was formed as result of collisions with
the plane of disk of a cloud HI and was enthralled gravitational �eld of the Galaxy. The models
of the galaxy was used potential Linden-Bell, and in the same way its general form � a potential
Malasidze�Kuzmina. For this model were received orbit elements the motions of the Gould Belt in
Galaxy.
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Ñîóäàðåíèþ àñòåðîèäà ñ Çåìëåé îáû÷íî äîëæíû ïðåäøåñòâîâàòü ñáëèæåíèÿ ñ íåé.
Ýòî ñïîñîáñòâóåò îáíàðóæåíèþ îïàñíûõ îáúåêòîâ. Ñ äðóãîé ñòîðîíû, òåñíûå ñáëè-
æåíèÿ âåäóò ê ïîòåðå òî÷íîñòè ïðîãíîçèðîâàíèÿ è íåäåòåðìèíèðîâàííîñòè äâèæåíèÿ
àñòåðîèäà. Ýòè ñâîéñòâà äåìîíñòðèðóåò îäèí èç ñàìûõ îïàñíûõ íà ñåãîäíÿ àñòåðîèäîâ,
îòêðûòûé â 2004 ãîäó ÀÑÇ 99942 Àïîôèñ. Ñ èñïîëüçîâàíèåì àïïàðàòà íåäåòåðìèíè-
ðîâàííîé íåáåñíîé ìåõàíèêè ïîëó÷åíû âîçìîæíûå òðàåêòîðèè îïàñíûõ ñáëèæåíèé è
ñîóäàðåíèé ñ Çåìëåé, ñîâìåñòèìûå ñ ñåãîäíÿøíåé òî÷íîñòüþ îðáèòû Àïîôèñà. Ýòè
òðàåêòîðèè ëåæàò â îêðåñòíîñòè ðåçîíàíñíûõ îðáèò ñîóäàðåíèÿ. Îáëàñòè íà÷àëüíûõ
äàííûõ â 2035 ãîäó, âåäóùèå ê ñîóäàðåíèÿì Àïîôèñà ñ Çåìëåé â 2040 è 2041 ãîäàõ,
èìåþò ðàçìåðû ïîðÿäêà íåñêîëüêèõ ñîò ìåòðîâ â ïðîñòðàíñòâå êîîðäèíàò. Ïîëó÷åíû
÷èñëåííûå è àíàëèòè÷åñêèå îöåíêè ñêîðîñòè ïîòåðè òî÷íîñòè ïðè ïîñëåäîâàòåëüíûõ
ñáëèæåíèÿõ ÀÑÇ. Äëÿ Àïîôèñà ïîñëåäîâàòåëüíûå îòêëîíåíèÿ ìèíèìàëüíûõ ãåîöåí-
òðè÷åñêèõ ðàññòîÿíèé óâåëè÷èâàþòñÿ â íåñêîëüêî òûñÿ÷ ðàç. Îñîáåííîñòè äâèæåíèÿ
àñòåðîèäà Àïîôèñ ìîãóò áûòü ïðèñóùè ìíîãèì äðóãèì îïàñíûì îáúåêòàì.

Íàñòîÿùàÿ ðàáîòà ôèíàíñîâî ïîääåðæàíà ÐÔÔÈ (ãðàíòû 06-02-16795 è 07-02-91229-
ßÔ-a) è ãðàíòîì ÍØ-1323.2008.2 Âåäóùåé Íàó÷íîé Øêîëû.

Sokolov L.L., Kuteeva G.A. Resonant orbits and hazard trajectories of near Earth objects.
Close approaches to the Earth usually take place before a collision of asteroid with the Earth.

This property is favourable to discovery of hazard objects. On the other hand, encounters lead to
loss of a trajectory prediction accuracy and indeterministic motion of asteroid. One of the most
hazard asteroid is NEO 99942 Apophis, discovered in 2004, that shows these properties. Using
indeterministic celestial mechanics tools, possible trajectories with hazard approaches and collisions
are found within the limits of the Apophis orbit's accuracy. The hazard trajectories locate near
resonant collisions orbits. Regions of initial conditions in 2035, corresponding to the collisions
Apophis with the Earth in 2040 and 2041, have several hundreds meters in size in coordinate
space. The analytical and numerical estimations of the loss of accuracy are derived. The successive
deviations of Apophis minimum geocentric distances increase by a factor of several thousands. The
peculiarities of Apophis motion may be characteristic for many other hazard objects.

This study was �nancially supported by the Russian Foundation for Basic Research (projects
nos. 06-02-16795 and 07-02-91229-JF-a) and by Leading Scienti�c School (project no. NSH-
1323.2008.2).
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Äëÿ ïðîâåäåíèÿ êà÷åñòâåííîãî àíàëèçà òðàåêòîðèé äâèæåíèÿ êîñìè÷åñêèõ àïïàðà-
òîâ (ÊÀ) â àòìîñôåðå ýôôåêòèâíûì ÿâëÿåòñÿ èñïîëüçîâàíèå ïðèáëèæåííûõ àíàëèòè-
÷åñêèõ ìåòîäîâ. Ýòî ïîçâîëèò ñóùåñòâåííî ñîêðàòèòü ðàñ÷åòíîå âðåìÿ ïî ñðàâíåíèþ ñ
ïðèìåíåíèåì ìåòîäîâ ÷èñëåííîãî èíòåãðèðîâàíèÿ.

Ïðåäëàãàåòñÿ ïðèáëèæåííûé àíàëèòè÷åñêèé ìåòîä, îñíîâàííûé íà èñïîëüçîâàíèè
èñõîäíîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé â ñêîðîñòíîé ñèñòåìå êîîðäèíàò. Ââî-
äÿòñÿ äîïóùåíèÿ î ìàëîñòè òðàåêòîðíîãî óãëà òðàåêòîðèè äâèæåíèÿ ÊÀ, îá ýêñïîíåí-
öèàëüíîé çàâèñèìîñòè ïëîòíîñòè àòìîñôåðû îò âûñîòû ïîëåòà, î ìàëîñòè ãðàâèòàöè-
îííûõ ñèë ïî ñðàâíåíèþ ñ àýðîäèíàìè÷åñêèìè, î êóñî÷íîì ïîñòîÿíñòâå ðÿäà ôóíêöèé
íà êîíå÷íûõ èíòåðâàëàõ. Ýòî ïîçâîëÿåò ðåøèòü óðàâíåíèÿ è ïîëó÷èòü àíàëèòè÷åñêèå
çàâèñèìîñòè äëÿ ñêîðîñòè ïîëåòà ÊÀ, òðàåêòîðíîãî è êóðñîâîãî óãëîâ, ïðîäîëüíîé è
áîêîâîé äàëüíîñòåé.

Äàåòñÿ îöåíêà ïîãðåøíîñòåé âû÷èñëåíèé äëÿ òðàåêòîðèé ÊÀ ñ íóëåâûì è ïîñòîÿí-
íûìè çíà÷åíèÿìè àýðîäèíàìè÷åñêîãî êà÷åñòâà. Ïðîâåäåí â øèðîêîì äèàïàçîíå èçìå-
íåíèÿ èñõîäíûõ äàííûõ è íà÷àëüíûõ óñëîâèé ñðàâíèòåëüíûé àíàëèç ðåçóëüòàòîâ, ïî-
ëó÷åííûõ ñ ïîìîùüþ èçâåñòíûõ ìåòîäîâ ÷èñëåííîãî èíòåãðèðîâàíèÿ è ñ ïðèìåíåíèåì
ïðèáëèæåííûõ àíàëèòè÷åñêèõ çàâèñèìîñòåé. Ïîêàçàíî, ÷òî ïðè ïîëíîì êà÷åñòâåííîì
ñîâïàäåíèè êîëè÷åñòâåííî ïðèáëèæåííûå äàííûå îòëè÷àþòñÿ íå áîëåå, ÷åì íà 4− 5%.
Ïðè ýòîì âðåìÿ ñ÷åòà ñîêðàùàåòñÿ ïðèìåðíî â 20− 25 ðàç.
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Sokolov N.L. Approximate analytical design method of atmospheric space maneuvers of a
spacecraft .

Approximate analytical method is proposed, based on the use of initial di�erential equation
system in the velocity coordination system. Assumptions are put in about the smallness of trajectory
angle of a spacecraft motion, exponential dependence of atmospheric density on �ight altitude, as
well as about smallness of gravitational forces in comparison with aerodynamic forces and about
pieceweise constancy of functions series in the �nite horizons.
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Òèõîíîâ À.À.
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Ïðåäëîæåí íîâûé ïîäõîä ê èñïîëüçîâàíèþ êâàòåðíèîííûõ ïåðåìåííûõ äëÿ ìàòå-
ìàòè÷åñêîãî ìîäåëèðîâàíèÿ è àíàëèçà çàäà÷ äèíàìèêè ðîòàöèîííîãî äâèæåíèÿ òâåð-
äîãî òåëà îòíîñèòåëüíî åãî öåíòðà ìàññ. Âûâåäåíû íîâûå êâàòåðíèîííûå ôîðìû äèô-
ôåðåíöèàëüíûõ óðàâíåíèé âðàùàòåëüíîãî äâèæåíèÿ òâåðäîãî òåëà, ïðåäïî÷òèòåëüíûå
äëÿ èññëåäîâàíèÿ èìåííî ðîòàöèîííîãî äâèæåíèÿ. Ïðè ýòîì èñïîëüçóþòñÿ íå òîëüêî
òðàäèöèîííûå ïàðàìåòðû Ðîäðèãà�Ãàìèëüòîíà λ0, λ1, λ2, λ3, íî è ìîäèôèöèðîâàííûå
êâàòåðíèîííûå ïàðàìåòðû (èëè s�ïàðàìåòðû) si = λi/(1− λ0), (ãäå i = 1, 2, 3), êîòîðûå
ìîæíî ðàññìàòðèâàòü êàê ðåçóëüòàò ñòåðåîãðàôè÷åñêîãî ïðîåêòèðîâàíèÿ ÷åòûðåõìåð-
íîé ñôåðû, ïðåäñòàâëÿþùåé ìíîæåñòâî íîðìèðîâàííûõ êâàòåðíèîíîâ, íà òðåõìåðíóþ
ãèïåðïëîñêîñòü.

Àíàëèçèðóþòñÿ âîçìîæíîñòè èñïîëüçîâàíèÿ s�ïàðàìåòðîâ äëÿ èññëåäîâàíèÿ ðîòà-
öèîííîãî äâèæåíèÿ òâåðäîãî òåëà àíàëèòè÷åñêèìè è ÷èñëåííûìè ìåòîäàìè. Ïîêàçà-
íî, ÷òî ïîñòðîåííûå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé âðàùàòåëüíîãî äâèæåíèÿ
òâåðäîãî òåëà ïðèãîäíû êàê äëÿ ïðèáëèæåííîãî àíàëèòè÷åñêîãî èññëåäîâàíèÿ ðîòàöè-
îííîãî äâèæåíèÿ (íàïðèìåð, ìåòîäîì óñðåäíåíèÿ ïî áûñòðûì ïåðåìåííûì), òàê è äëÿ
åãî ÷èñëåííîãî ìîäåëèðîâàíèÿ.

Íà áàçå ìàòåìàòè÷åñêîé ìîäåëè, ïîñòðîåííîé ñ èñïîëüçîâàíèåì s�ïàðàìåòðîâ, èñ-
ñëåäîâàíà çàäà÷à î âëèÿíèè ðåãðåññèè îðáèòû íà äèíàìèêó ðîòàöèîííîãî äâèæåíèÿ
çàðÿæåííîãî ÈÑÇ. Òàêèì îáðàçîì, ðàçðàáîòàí íîâûé ïîäõîä ê èñïîëüçîâàíèþ êâàòåð-
íèîííûõ ïåðåìåííûõ äëÿ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ è àíàëèçà øèðîêîãî êðóãà
çàäà÷ äèíàìèêè ðîòàöèîííîãî äâèæåíèÿ òâåðäîãî òåëà, îñóùåñòâëåíà åãî àïðîáàöèÿ è
äàíû ïðàêòè÷åñêèå ðåêîìåíäàöèè ïî åãî èñïîëüçîâàíèþ.

Tikhonov A.A. On the usage of modi�ed Rodrigues-Hamilton parameters in the attitude
dynamics of rigid body .

The new approach in the usage of quaternion parameters for the mathematical modelling
and analytical investigation of attitude dynamics of a rigid body is suggested. The new forms
of rotational motion equations based on three modi�ed Rodrigues-Hamilton parameters instead of
four quaternion parameters are obtained. It is revealed that these equations are convenient not only
for computer modelling but also for theoretical analysis.
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Êîñìè÷åñêèé àïïàðàò (ÊÀ), ðàñïîëîæåííûé âáëèçè êîëëèíåàðíîé òî÷êè ëèáðàöèè
L1 ñèñòåìû Çåìëÿ-Ñîëíöå, ìîæåò áûòü ìíîãîêðàòíî èñïîëüçîâàí äëÿ èññëåäîâàíèÿ
êîñìè÷åñêèõ îáúåêòîâ, ïðîëåòàþùèõ îêîëî Çåìëè, â ÷àñòíîñòè, â ðàìêàõ ïðîãðàììû
áîðüáû ñ àñòåðîèäíîé è êîìåòíîé îïàñíîñòÿìè. Ïðåäïîëàãàåòñÿ, ÷òî â íà÷àëüíûé ìî-
ìåíò ÊÀ íàõîäèòñÿ íà çàäàííîé ãàëî-îðáèòå è äëÿ ñáëèæåíèÿ ñ ïðîëåòàþùèì îáúåê-
òîì òðåáóåòñÿ óïðàâëÿþùåå âîçäåéñòâèå. Â ðåçóëüòàòå è âîçíèêàåò çàäà÷à ïåðåõâàòà,
ïîñëå ÷åãî ÊÀ âîçâðàùàåòñÿ â íà÷àëüíîå ïîëîæåíèå. Äëÿ óâåëè÷åíèÿ ïðîäîëæèòåëüíî-
ñòè òàêîãî ìàíåâðèðîâàíèÿ òðàåêòîðèè ïåðåõâàòà îïòèìèçèðóþòñÿ ïî ýíåðãåòè÷åñêîìó
êðèòåðèþ. Çàäà÷à íàõîæäåíèÿ îïòèìàëüíîãî óïðàâëåíèÿ äâèæåíèåì ðåøàåòñÿ äëÿ ëè-
íåàðèçîâàííîé ñèñòåìû óðàâíåíèé [1, 2], ïîñòðîåííûå óïðàâëåíèÿ èñïîëüçóþòñÿ äëÿ
÷èñëåííîãî ìîäåëèðîâàíèÿ â íåëèíåéíîì ñëó÷àå. Ïðèâîäÿòñÿ ÷èñëåííûå õàðàêòåðèñòè-
êè òðàåêòîðèé ïåðåõâàòà è ðàñõîäà òîïëèâà.

ËÈÒÅÐÀÒÓÐÀ

[1] Øìûðîâ Â.À. Ñòàáèëèçàöèÿ óïðàâëÿåìîãî îðáèòàëüíîãî äâèæåíèÿ êîñìè÷åñêîãî àïïàðà-
òà â îêðåñòíîñòè êîëëèíåàðíîé òî÷êè ëèáðàöèè L1 // Âåñòí. Ñ.-Ïåòåðáóðã. óí-òà. Ñåð.10.
2005. Âûï. 2. Ñ. 193�199.

[2] Øìûðîâ À.Ñ., Øìûðîâ Â.À. Îïòèìàëüíàÿ ñòàáèëèçàöèÿ îðáèòàëüíîãî äâèæåíèÿ ÊÀ
â îêðåñòíîñòè êîëëèíåàðíîé òî÷êè ëèáðàöèè L1 // ×åòâåðòûå Ïîëÿõîâñêèå ÷òåíèÿ: Èç-
áðàííûå òðóäû. ÑÏá. 2006. Ñ. 296�300.

Shymanchuk D.V., Shmyrov A.S. Rendezvous problem in the neighborhood of collinear
libration point of Earth-Sun system.

Rendezvous problem in the neighborhood of collinear libration point of Earth-Sun system is
considered. Energy optimal trajectories are constructed.

96



SECTION II. DYNAMICS OF SPACE FLIGHT

ÏÎÑÒÐÎÅÍÈÅ ÀÑÈÌÏÒÎÒÈ×ÅÑÊÈ ÓÑÒÎÉ×ÈÂÛÕ ÒÐÀÅÊÒÎÐÈÉ
ÎÐÁÈÒÀËÜÍÎÃÎ ÄÂÈÆÅÍÈß ÊÀ Â ÎÊÐÅÑÒÍÎÑÒÈ

ÊÎËËÈÍÅÀÐÍÎÉ ÒÎ×ÊÈ ËÈÁÐÀÖÈÈ

Øìûðîâ À.Ñ., Øìûðîâ Â.À.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

vasilyshmyrov@yandex.ru

Èçó÷åíèå îðáèòàëüíîãî äâèæåíèÿ êîñìè÷åñêîãî àïïàðàòà (ÊÀ) â îêðåñòíîñòè êîë-
ëèíåàðíîé òî÷êè ëèáðàöèè L1 ñèñòåìû Çåìëÿ-Ñîëíöå â ïîñëåäíèå ãîäû ñòàëî âåñüìà
àêòóàëüíûì. Ýòî ñâÿçàíî ñ óäîáñòâîì èñïîëüçîâàíèÿ ýòîé îáëàñòè ïðîñòðàíñòâà äëÿ
àñòðîíîìè÷åñêèõ íàáëþäåíèé.

Â ðàáîòàõ [1, 2] áûëà ðàññìîòðåíà çàäà÷à óïðàâëåíèÿ îðáèòàëüíûì äâèæåíèåì ÊÀ
â îêðåñòíîñòè êîëëèíåàðíîé òî÷êè ëèáðàöèè ñèñòåìû Çåìëÿ-Ñîëíöå. Áûëà äîêàçàíà
âîçìîæíîñòü ñòàáèëèçàöèè óïðàâëÿåìîãî äâèæåíèÿ ÊÀ ñ ïîìîùüþ ñèë, íàïðàâëåí-
íûõ ïî ëèíèè Çåìëÿ-Ñîëíöå. Â êà÷åñòâå ìîäåëè ðàññìàòðèâàëèñü óðàâíåíèÿ êðóãîâîé
îãðàíè÷åííîé çàäà÷è òðåõ òåë, ïîëó÷åííûå ïî ìåòîäó Õèëëà äëÿ îïèñàíèÿ äâèæåíèÿ
ÊÀ â îêðåñòíîñòè êîëëèíåàðíîé òî÷êè ëèáðàöèè. Òàêæå áûëè ïðåäñòàâëåíû ðàçëè÷-
íûå çàêîíû óïðàâëåíèÿ, ñòàáèëèçèðóþùåå îðáèòàëüíîå äâèæåíèå ÊÀ, è èññëåäîâàíû
èõ ñâîéñòâà. Â íàñòîÿùåé ðàáîòå äîêàçûâàåòñÿ âîçìîæíîñòü îòðàáîòêè óïðàâëÿþùåãî
âîçäåéñòâèÿ, îáåñïå÷èâàþùåãî àñèìïòîòè÷åñêóþ óñòîé÷èâîñòü ïî ïåðåìåííûì ïëîñêî-
ãî äâèæåíèÿ ñ ñîõðàíåíèåì óñòîé÷èâîñòè ïî Ëÿïóíîâó äëÿ ïðîñòðàíñòâåííîé ñèñòå-
ìû. Ïðèâîäÿòñÿ ðàçëè÷íûå çàêîíû óïðàâëåíèÿ, îáåñïå÷èâàþùèå òàêóþ óñòîé÷èâîñòü,
à òàêæå ñîîòâåòñòâóþùèå ðåçóëüòàòû ÷èñëåííîãî ìîäåëèðîâàíèÿ.

ËÈÒÅÐÀÒÓÐÀ
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2005. Âûï. 2. Ñ. 193�199.
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â îêðåñòíîñòè êîëëèíåàðíîé òî÷êè ëèáðàöèè L1 // ×åòâåðòûå Ïîëÿõîâñêèå ÷òåíèÿ: Èç-
áðàííûå òðóäû. ÑÏá. 2006. Ñ. 296�300.

Shmyrov A.S., Shmyrov V.A. The construction of asymptotic stable trajectories of orbital
movement of space vehicle in the neighborhood of collinear libration point .

The control orbital movement of space vehicle in the neighborhood of collinear libration point L1

is considered. The asymptotic stability for part of variables with Lyapunov stability for full system
is proved.
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Ðàññìàòðèâàåòñÿ ïëîñêîå äâèæåíèå ñïóòíèêà îòíîñèòåëüíî öåíòðà ìàññ â öåíòðàëü-
íîì íüþòîíîâñêîì ãðàâèòàöèîííîì ïîëå íà ýëëèïòè÷åñêîé îðáèòå, îïèñûâàåìîå óðàâ-
íåíèåì Áåëåöêîãî:

(1 + e cos ν)
d2ϕ

dν2
− 2e sin ν

dϕ

dν
+ n sin ϕ cos ϕ = 2e sin ν, n =

3(A−B)

C
.

Çäåñü A, B è C � ãëàâíûå öåíòðàëüíûå ìîìåíòû èíåðöèè ñïóòíèêà, e � ýêñöåíòðè-
ñèòåò îðáèòû, ν � èñòèííàÿ àíîìàëèÿ, ϕ � óãîë ìåæäó ðàäèóñ-âåêòîðîì ñïóòíèêà
îòíîñèòåëüíî ïðèòÿãèâàþùåãî öåíòðà è ãëàâíîé öåíòðàëüíîé îñüþ èíåðöèè ñïóòíèêà,
êîòîðîé îòâå÷àåò ìîìåíò èíåðöèè B. Ïðè òàêîì äâèæåíèè äðóãàÿ ãëàâíàÿ öåíòðàëü-
íàÿ îñü èíåðöèè ñïóòíèêà âî âñå âðåìÿ äâèæåíèÿ ïåðïåíäèêóëÿðíà ïëîñêîñòè îðáèòû
öåíòðà ìàññ.

Ïåðèîäè÷åñêèå äâèæåíèÿ ñïóòíèêà ñ÷èòàåì ðåçîíàíñíûìè (ìåðêóðèàíñêîãî òèïà),
ò.å. òàêèìè, êîãäà çà âðåìÿ, ðàâíîå äâóì ïåðèîäàì îáðàùåíèÿ ïî îðáèòå, ñïóòíèê â
àáñîëþòíîì ïðîñòðàíñòâå ñîâåðøàåò òðè îáîðîòà âîêðóã íîðìàëè ê ïëîñêîñòè îðáèòû.
Êðàåâàÿ çàäà÷à, çàäàþùàÿ äàííûé òèï äâèæåíèÿ, íå èìååò àíàëèòè÷åñêîãî ðåøåíèÿ
è ÷èñëåííî ðåøåíà â [1]. Òàì æå èññëåäîâàíà óñòîé÷èâîñòü íàéäåííûõ ïåðèîäè÷åñêèõ
ðåøåíèé â ïåðâîì (ëèíåéíîì) ïðèáëèæåíèè.

Â ïðåäñòàâëÿåìîé ðàáîòå óñòîé÷èâîñòü ïåðèîäè÷åñêèõ ðåøåíèé, íàéäåííûõ â [1],
èññëåäîâàíà â ñòðîãîé íåëèíåéíîé ïîñòàíîâêå. Â îáëàñòè óñòîé÷èâîñòè â ïåðâîì ïðè-
áëèæåíèè ïîñòðîåíû êðèâûå ðåçîíàíñîâ òðåòüåãî è ÷åòâåðòîãî ïîðÿäêîâ, íà êîòîðûõ
ïðîâåäåíî èññëåäîâàíèå óñòîé÷èâîñòè äâèæåíèÿ. Òàêæå èññëåäîâàíèå ïðîâåäåíî ïðè
îòñóòñòâèè óêàçàííûõ ðåçîíàíñîâ è íà ãðàíèöàõ îáëàñòåé óñòîé÷èâîñòè â ïåðâîì ïðè-
áëèæåíèè.

ËÈÒÅÐÀÒÓÐÀ

[1] Áåëåöêèé Â.Â., Ëàâðîâñêèé Ý.Ê. Ê òåîðèè ðåçîíàíñíîãî âðàùåíèÿ Ìåðêóðèÿ // Àñòðîí.
æóðíàë. 1975. Ò.52. Âûï.6. Ñ. 1299�1308.

Churkina T.E. About stability of satellite rotation at resonance of mercurial type.
Stability in nonlinear sense of satellite plane resonant mercurial type motion at resonance of 3d

and 4th order and without has been investigated.
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Îáñóæäàþòñÿ ñèììåòðèè ìàòåìàòè÷åñêîé ìîäåëè äâèæåíèÿ â ïîëå âñåìèðíîãî òÿ-
ãîòåíèÿ ê íåïîäâèæíîìó Ñîëíöó. Íà îñíîâå ñèììåòðèé: êðóãîâàÿ îðáèòà åäèíè÷íî-
ãî ðàäèóñà ¾òèðàæèðóåòñÿ¿ â òðàåêòîðèè, ñîîòâåòñòâóþùèå ïðîèçâîëüíûì íà÷àëüíûì
äàííûì; îáîñíîâûâàþòñÿ òðè çàêîíà Êåïëåðà; âû÷èñëÿåòñÿ èíòåãðàëüíûé áàçèñ ïåð-
âûõ èíòåãðàëîâ. Èñïîëüçóþòñÿ òðè òèïà ñèììåòðèé. Äèâåðãåíòíûå ñèììåòðèè (äîáàâ-
ëåíèå ê ðåøåíèþ ëþáîãî ÷àñòíîãî ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ) âòîðîãî çàêîíà
Áèíå ïåðåâîäÿò êðóãîâóþ îðáèòó åäèíè÷íîãî ðàäèóñà â îðáèòû, êîòîðûå ðàñïîëîæå-
íû â òîé æå ïëîñêîñòè, çàäàíû åäèíè÷íûì ôîêàëüíûì ïàðàìåòðîì, ïðîèçâîëüíûìè
ýêñöåíòðèñèòåòàìè è îäíèì è òåì æå íàïðàâëåíèåì íà ïåðèãåé. Êîíôîðìíûå ñèììåò-
ðèè (ðàñòÿæåíèå âðåìåíè è ðàçìåðîâ) îáîñíîâûâàþò òðåòèé çàêîí Êåïëåðà: îòíîøåíèå
êâàäðàòà âðåìåíè îáðàùåíèÿ ïëàíåòû ê êóáó áîëüøîé ïîëóîñè òðàåêòîðèè îäèíàêî-
âî äëÿ âñåõ ïëàíåò îäíîé è òîé æå Ñîëíå÷íîé ñèñòåìû. Ñîâîêóïíîñòü äèâåðãåíòíûõ
è êîíôîðìíûõ ñèììåòðèé ñîçäà¼ò äâóõïàðàìåòðè÷åñêîå ñåìåéñòâî îðáèò, ëåæàùèõ â
îäíîé ïëîñêîñòè, èìåþùèõ îäíî è òî æå íàïðàâëåíèå íà ïåðèãåé è çàäàííûõ ïðîèç-
âîëüíûìè ôîêàëüíûì ïàðàìåòðîì è ýêñöåíòðèñèòåòîì. Îäíîïàðàìåòðè÷åñêàÿ ãðóïïà
âàðèàöèîííûõ ñèììåòðèé (ïîâîðîòû âîêðóã Ñîëíöà) â ñîâîêóïíîñòè ñ ñèììåòðèÿìè,
ðàññìîòðåííûìè âûøå, ñòðîèò òð¼õïàðàìåòðè÷åñêîå ñåìåéñòâî îðáèò (ýëëèïñîâ, ïàðà-
áîë, ãèïåðáîë ñ ôîêóñàìè â öåíòðå Ñîëíöà), ëåæàùèõ â îäíîé ïëîñêîñòè, èìåþùèå
ïðîèçâîëüíûå ôîêàëüíûé ïàðàìåòð è ýêñöåíòðèñèòåò, è ðàçíûå âåêòîðû Ëàïëàñà. Ïðå-
îáðàçîâàíèÿ òð¼õïàðàìåòðè÷åñêîé ãðóïïû (îðòîãîíàëüíûõ ïðåîáðàçîâàíèé òð¼õìåðíî-
ãî ïðîñòðàíñòâà) âàðèàöèîííûõ ñèììåòðèé ¾ðàçíîñÿò¿ ïîñòðîåííûå îðáèòû â îðáèòû ñ
ïðîèçâîëüíûìè íà÷àëüíûìè äàííûìè. Ïðîäåëàííûå ïîñòðîåíèÿ îáîñíîâûâàþò ïåðâûé
çàêîí Êåïëåðà (îðáèòû ïëàíåò � ýëëèïñû, ôîêóñû êîòîðûõ ñîâïàäàþò ñ öåíòðîì Ñîëí-
öà), âòîðîé çàêîí Êåïëåðà (ñîõðàíåíèå ñåêòîðèàëüíîé ñêîðîñòè). Âû÷èñëÿþòñÿ òàêæå
øåñòü ôóíêöèîíàëüíî íåçàâèñèìûõ ïåðâûõ èíòåãðàëà äâèæåíèÿ â ïîëå âñåìèðíîãî òÿ-
ãîòåíèÿ.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (êîä ïðîåêòà 07-01-00217).

Yakovenko G.N. Symmetries in �eld of the worldwide gravity � orbits and laws of the
conservation.

They are discussed symmetries to mathematical model of the motion in �eld of the worldwide
gravity to still Sun. On base symmetry: circular orbit of the single radius is circulated in paths,
corresponding to free initial data; three laws of Kepler are motivated; the integral base �rst integral
is calculated.
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ÏÐÈÌÅÍÅÍÈÅ ÎÁÎÁÙÅÍÍÛÕ ÇÀÐßÄÎÂÎ-ÏÎËÅÂÛÕ
ÏÎÒÅÍÖÈÀËÎÂ Â ÇÀÄÀ×Å Î ÂÅÐÒÈÊÀËÜÍÎÌ ÄÂÈÆÅÍÈÈ

ÏÛËÅÂÛÕ ×ÀÑÒÈÖ Ó ÏÎÂÅÐÕÍÎÑÒÈ ËÓÍÛ

ßêîâëåâ À.Á.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

andy_yakovlev@rambler.ru

Â ñâÿçè ñ ïëàíàìè ñîçäàíèÿ ïîñòîÿííîé ëóííîé áàçû ðåçêî âîçðîñ èíòåðåñ ê èçó÷å-
íèþ ÿâëåíèé è ïðîöåññîâ íà ïîâåðõíîñòè Ëóíû. Ýòî, â ÷àñòíîñòè, íåîáõîäèìî äëÿ îïðå-
äåëåíèÿ îïòèìàëüíîãî ðàñïîëîæåíèÿ òàêîé áàçû. Îäíèì èç ÿâëåíèé, êîòîðîå ìîæåò
ñóùåñòâåííî ïîâëèÿòü íà âîçìîæíîñòü ïðîâåäåíèÿ àñòðîíîìè÷åñêèõ íàáëþäåíèé ñ ëóí-
íîé ïîâåðõíîñòè, à òàêæå íà ðåçóëüòàòû ïðåäâàðèòåëüíûõ èññëåäîâàíèé ýëåìåíòíîãî
ñîñòàâà ñ áîðòà èñêóññòâåííîãî ñïóòíèêà ïëàíåòû, ÿâëÿåòñÿ ïîäúåì ìåëêèõ ôðàãìåíòîâ
ëóííîãî ãðóíòà íàä åå ïîâåðõíîñòüþ íà âûñîòû äî 100 êì [1]. Ïî ìíåíèþ áîëüøèíñòâà
èññëåäîâàòåëåé ëåâèòàöèÿ ÷àñòèö ëóííîãî ãðóíòà ïðîèñõîäèò áëàãîäàðÿ ýëåêòðîñòàòè-
÷åñêîìó âçàèìîäåéñòâèþ.

Êàê ïîêàçàíî â [2], âáëèçè ïîâåðõíîñòè Ëóíû ñóùåñòâóåò âåðòèêàëüíîå ýëåêòðè÷å-
ñêîå ïîëå, çàâèñèìîñòü íàïðÿæåííîñòè êîòîðîãî îò âûñîòû îïðåäåëÿåòñÿ ïëàçìåííîé
îáñòàíîâêîé è çëåêòðîôèçè÷åñêèìè ñâîéñòâàìè ïîâåðõíîñòè ïëàíåòû. Åñëè íå ó÷èòû-
âàòü ñëàáîå ìåæïëàíåòíîå ìàãíèòíîå ïîëå, òî ýëåêòðîìàãíèòíîå ïîëå óäîâëåòâîðÿåò
óñëîâèÿì ñóùåñòâîâàíèÿ îáîáùåííûõ ïîòåíöèàëîâ [3]

−→
B ⊥ grad(q),

−→
E ‖ grad(q).

Â ðàáîòå ðàññìîòðåíà âîçìîæíîñòü àíàëèòè÷åñêîãî ðåøåíèÿ çàäà÷è î âåðòèêàëüíîì
äâèæåíèè ïûëåâûõ ÷àñòèö. Ïðîâåäåíî ñðàâíåíèå ñ ðàíåå ïîëó÷åííûìè ÷èñëåííûìè
ðåçóëüòàòàìè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (êîä ïðîåêòà 06-01-00703- à).
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Yakovlev A.B. Generalized charge �eld potentials using in problem of dust particle vertical
motion near lunar surface

In the present paper we investigate possibility for the existence of analytical solution in problem
of dust particle vertical motion near lunar surface.
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ÂËÈßÍÈÅ ÄÈÑÑÎÖÈÀÖÈÈ ÍÀ
ÏÐÎÑÒÐÀÍÑÒÂÅÍÍÎ-ÎÄÍÎÐÎÄÍÓÞ ÐÅËÀÊÑÀÖÈÞ CO2 Â

ÒÐÅÕÒÅÌÏÅÐÀÒÓÐÍÎÌ ÏÐÈÁËÈÆÅÍÈÈ

Àááàñîâ Ì.À.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

AbbasovMaxim@gmail.com

Â ðàáîòå èññëåäóåòñÿ âëèÿíèå äèññîöèàöèè íà ïðîñòðàíñòâåííî-îäíîðîäíóþ ðåëàê-
ñàöèþ CO2 â òåðìè÷åñêè íåðàâíîâåñíûõ óñëîâèÿõ. Âëèÿíèå êîëåáàòåëüíîé íåðàâíîâåñ-
íîñòè íà ïðîöåññ äèññîöèàöèè ìîäåëèðóåòñÿ ñ ïîìîùüþ îáîáùåíèÿ ìîäåëè Òðèíîðà-
Ìàððîíà íà ñëó÷àé ìíîãîàòîìíûõ ìîëåêóë.

Â ìîëåêóëå ÑÎ2 ñóùåñòâóåò íåñêîëüêî êàíàëîâ êîëåáàòåëüíîé ðåëàêñàöèè. Âíóò-
ðèìîäîâûå (VV1, VV2, VV3), êîëåáàòåëüíî-ïîñòóïàòåëüíûå (VT1, VT2, VT3), à òàêæå
ìåæìîäîâûå VV' îáìåíû. Ðàññìàòðèâàþòñÿ òàêèå óñëîâèÿ, ïðè êîòîðûõ ìîæíî ñ÷è-
òàòü, ÷òî âðåìåíà ñîîòâåòñòâóþùèõ ïðîöåññîâ ñîîòíîñÿòñÿ ñëåäóþùèì îáðàçîì:

τV Vm ' τV V ′1−2
¿ τV V ′1,2−3

< τV Tm < τdiss ≈ θ,

ãäå θ � õàðàêòåðíîå âðåìÿ èçìåíåíèÿ ìàêðîïàðàìåòðîâ. Ó÷èòûâàåòñÿ àíãàðìîíè÷íîñòü
ìîëåêóëÿðíûõ êîëåáàíèé, îòíîñèòåëüíûå ðàñïðåäåëåíèÿ ìîëåêóë ïî êîëåáàòåëüíûì
óðîâíÿì ñ÷èòàþòñÿ êàê îáîáùåííûå ðàñïðåäåëåíèÿ Òðèíîðà ñ òåìïåðàòóðàìè ïåðâûõ
êîëåáàòåëüíûõ óðîâíåé ðàçëè÷íûõ ìîä Tm.

Ïðè ýòèõ óñëîâèÿõ ðåøàëàñü ñèñòåìà óðàâíåíèé ïåðåíîñà äëÿ ïðîñòðàíñòâåííî-
îäíîðîäíîãî ñëó÷àÿ. Ñðàâíèâàëèñü ðåøåíèÿ, ó÷èòûâàþùèå äèññîöèàöèþ è íå ó÷èòû-
âàþùèå. Áûëî çàìå÷åíî, ÷òî â îäèíàêîâûõ äèàïàçîíàõ òåìïåðàòóð âëèÿíèå äèññîöèà-
öèè çíà÷èòåëüíåå, êîãäà êîëåáàòåëüíûå òåìïåðàòóðû ïðåâûøàþò ïîñòóïàòåëüíóþ. Ýòî
ìîæíî îáúÿñíèòü òåì, ÷òî â ìîäåëè Òðèíîðà-Ìàððîíà êîýôôèöèåíò ñêîðîñòè äèññî-
öèàöèè åñòü ïðîèçâåäåíèå ðàâíîâåñíîãî êîýôôèöèåíòà è ôàêòîðà íåðàâíîâåñíîñòè, à
ôàêòîð íåðàâíîâåñíîñòè âåëèê â ñëó÷àå, êîãäà ïîñòóïàòåëüíàÿ òåìïåðàòóðà ãàçà çíà-
÷èòåëüíî ìåíüøå êîëåáàòåëüíûõ. Òàêæå ìîæíî âèäåòü, ÷òî âëèÿíèå äèññîöèàöèè óñè-
ëèâàåòñÿ ñ óâåëè÷åíèåì òåìïåðàòóð.

Ïîëó÷åííûå ðåçóëüòàòû ìîãóò ïðèìåíÿòüñÿ, íàïðèìåð, äëÿ ðàñ÷åòà ñòðóêòóðû ðå-
ëàêñàöèîííîé çîíû çà ôðîíòîì óäàðíîé âîëíû, èññëåäîâàíèÿ òå÷åíèé â ñîïëàõ è ó
ïîâåðõíîñòè ëåòàòåëüíîãî àïïàðàòà.

Abbasov M.A. On the in�uence of dissociation on spatial homogeneous relaxation of CO2 in
the three-temperature approach.

Spatial homogeneous relaxation of dissociating carbon dioxide is studied under thermal non-
equilibrium conditions. Several vibrational relaxation channels are taken into account, and the
dissociation process is simulated in the framework of the generalized Treanor-Marrone model. The
e�ect of dissociation on the evolution of the gas temperature and temperatures of vibrational modes
is analyzed on the basis of the numerical solution for the set of governing equations.
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×ÈÑËÅÍÍÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ ÒÅ×ÅÍÈÉ ÐÀÇÐÅÆÅÍÍÎÃÎ
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Àéðàïåòÿí Â.Â., Ìåìíîíîâ Â.Ï.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

pokusa@star.math.spbu.ru

Ñîâðåìåííûå âûñîêîòåõíîëîãè÷íûå óñòðîéñòâà ÷àñòî ñîäåðæàò êàíàëû íàíîðàçìå-
ðîâ ñ ïðîòåêàþùèìè ïî íèì âîçäóõîì èëè ñìåñÿìè ãàçîâ. Èíôîðìàöèÿ î ïàðàìåòðàõ
òàêèõ òå÷åíèé, êàê ïðàâèëî, î÷åíü âàæíà ïðè êîíñòðóèðîâàíèè ýòèõ ïðèáîðîâ. Êî-
ãäà õàðàêòåðíûé ðàçìåð, ðàäèóñ öèëèíäðè÷åñêîãî êàíàëà, îêàçûâàåòñÿ ïîðÿäêà äëèíû
ñâîáîäíîãî ïðîáåãà ìîëåêóë λ, òå÷åíèÿ âîçäóõà â òàêèõ êàíàëàõ ñîîòâåòñòâóþò ïåðå-
õîäíîìó ðåæèìó, è óðàâíåíèÿ Íàâüå-Ñòîêñà äëÿ èõ îïèñàíèÿ äîëæíû áûòü çàìåíåíû
íà ðåøåíèå ñàìîãî óðàâíåíèÿ Áîëüöìàíà èëè ÷èñëåííîå ìîäåëèðîâàíèå íà ìîëåêóëÿð-
íîì óðîâíå, êàê â ìåòîäå ïðÿìîãî ñòàòèñòè÷åñêîãî ìîäåëèðîâàíèÿ Ìîíòå-Êàðëî (ÏÑÌ).
Â ýòîì ìåòîäå íà ïîñëåäîâàòåëüíûõ ìàëûõ âðåìåííûõ èíòåðâàëàõ ïðîñëåæèâàåòñÿ äâè-
æåíèå îòäåëüíûõ ìîëåêóë â êàíàëå è èõ âçàèìíûå ñòîëêíîâåíèÿ. Ñ ïîìîùüþ ñîçäàííîé
íàìè ïðîãðàììû äëÿ èçó÷åíèÿ ïàðàìåòðîâ òå÷åíèé â çàäà÷å Ïóàçåéëÿ áûëè ïîëó÷åíû
êðèâûå ïàäåíèÿ äàâëåíèÿ âíóòðè êàíàëà ïðè íåáîëüøèõ ïåðåïàäàõ äàâëåíèé íà êîí-
öàõ, èññëåäîâàíû óñëîâèÿ, ïðè êîòîðûõ âîçíèêàåò ìèíèìóì Êíóäñåíà, à òàêæå êðèâûå
çàâèñèìîñòè îáúåìíîãî ðàñõîäà îò îáðàòíîãî ÷èñëà Êíóäñåíà. Ïðîâåäåíî ñðàâíåíèå ñ
èìåþùèìèñÿ ýêñïåðèìåíòàëüíûìè ðåçóëüòàòàìè è ðàñ÷åòàìè äðóãèõ àâòîðîâ.

Airapetyan V.V., Memnonov V.P. Numerical simulation of the rare�ed gas �ows in circular
channals.

Using the developed DSMC method program di�erent phenomena of Pioseille �ows were studied.
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ÍÅËÈÍÅÉÍÛÅ ÏÅÐÈÎÄÈ×ÅÑÊÈÅ ÂÎËÍÛ Â ÃÀÇÎÏÎÄÎÁÍÛÕ
ÑÐÅÄÀÕ

Àêñåíîâ À.Â.
Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ì.Â. Ëîìîíîñîâà

aksenov@mech.math.msu.su

Ãàçîïîäîáíûìè ñðåäàìè íàçûâàþòñÿ ñðåäû, äâèæåíèå êîòîðûõ îïèñûâàåòñÿ ñëåäó-
þùåé ñèñòåìîé óðàâíåíèé

∂u

∂t
+ u

∂u

∂x
± λ

∂ρ1/λ

∂x
,

∂ρ

∂t
+

(∂ρu)

∂x
= 0 .

(1)

Ñèñòåìà óðàâíåíèé (1) âûïèñàíà â áåçðàçìåðíûõ ïåðåìåííûõ. Çäåñü ïåðåìåííûå èìåþò
ñëåäóþùèé ñìûñë: t � âðåìÿ, x � ïðîñòðàíñòâåííàÿ ïåðåìåííàÿ, u � ñêîðîñòü, ρ (ρ > 0)
� ïëîòíîñòü, λ � ïàðàìåòð, õàðàêòåðèçóþùèé ñðåäó. Ñèñòåìà óðàâíåíèé (1) ñîäåðæèò
â ñåáå êàê ñèñòåìó óðàâíåíèé îäíîìåðíîé ãàçîâîé äèíàìèêè (áåðåòñÿ çíàê ìèíóñ â
ïðàâîé ÷àñòè ïåðâîãî óðàâíåíèÿ), òàê è ñèñòåìó óðàâíåíèé êâàçèãàçîâûõ ñðåä (áåðåòñÿ
çíàê ïëþñ). Âî âòîðîì ñëó÷àå îíà îïèñûâàåò îáøèðíûé êëàññ êâàçèãàçîâûõ ñðåä (îïðî-
êèíóòàÿ ìåëêàÿ âîäà; îäíîìåðíûé íåñòàöèîíàðíûé ãàç ×àïëûãèíà; ãðàâèòèðóþùèé
ãàçîâûé ñëîé; ïåðåòÿæêè íà ïëàçìåííîì ïèí÷å; âîçìóùåíèÿ ñîëèòîíîâ Êîðòåâåãà�äå
Âðèçà, ñèíóñ�Ãîðäîíà, Áåíäæàìèíî�Îíî, Êàäîìöåâà�Ïåòâèàøâèëè è äð.). Òàêèå ñðå-
äû àáñîëþòíî íåóñòîé÷èâû � ìàëûå, ïåðèîäè÷åñêèå ïî ïðîñòðàíñòâåííîé ïåðåìåííîé
âîçìóùåíèÿ, ýêñïîíåíöèàëüíî ðàñòóò ïî âðåìåíè ïðè âñåõ çíà÷åíèÿõ âîëíîâûõ ÷èñåë.

Â ðàáîòå ïîñòðîåíû è èññëåäîâàíû êëàññû òî÷íûõ ïåðèîäè÷åñêèõ ïî ïðîñòðàíñòâåí-
íîé ïåðåìåííîé ðåøåíèé ñèñòåìû óðàâíåíèé (1) äëÿ ñïåöèàëüíûõ çíà÷åíèé ïàðàìåòðà
λ (λ = 1/2; 3/2; 5/2 � äëÿ ñëó÷àÿ ñèñòåìû óðàâíåíèé îäíîìåðíîé ãàçîâîé äèíàìèêè
è λ = ±1/2 � äëÿ ñëó÷àÿ ñèñòåìû óðàâíåíèé êâàçèãàçîâûõ ñðåä). Ïîñòðîåííûå ðå-
øåíèÿ ñóùåñòâóþò êîíå÷íîå âðåìÿ. Äëÿ ñëó÷àÿ ñèñòåìû óðàâíåíèé êâàçèãàçîâûõ ñðåä
èññëåäîâàíû âñå ôèíàëüíûå ñòàäèè ýâîëþöèè ïåðèîäè÷åñêèõ âîçìóùåíèé.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòîâ ÐÔÔÈ (ïðîåêòû 06-01-00707 è 08-01-
00401) è ãðàíòà Ïðåçèäåíòà ÐÔ ïîääåðæêè âåäóùèõ íàó÷íûõ øêîë (ÍØ-610.2008.1).

Aksenov A.V. Nonlinear periodic waves in gase-similar media.
System of equations of motions in gase-similar media is considered. The exact space periodic

solutions are constructed.
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Ó×ÅÒ ÂÊËÀÄÀ ØÅÐÎÕÎÂÀÒÎÑÒÈ ÏÎÂÅÐÕÍÎÑÒÈ ÏÐÈ
×ÈÑËÅÍÍÎÌ ÌÎÄÅËÈÐÎÂÀÍÈÈ ÌÈÊÐÎÌÀÑØÒÀÁÍÛÕ

ÒÅ×ÅÍÈÉ ÐÀÇÐÅÆÅÍÍÎÃÎ ÃÀÇÀ

Àêñåíîâà Î.À., Õàëèäîâ È.À.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

khalidov@ih6208.spb.edu

Ïðåîäîëåíèå îñíîâíûõ òðóäíîñòåé, âîçíèêàþùèõ ïðè ðàñ÷åòàõ â ïåðåõîäíîì ðåæè-
ìå, ñâÿçàíî ñ íåîáõîäèìîñòüþ ó÷åòà ñòîëêíîâåíèé àòîìîâ ãàçà êàê äðóã ñ äðóãîì, òàê è
ñ øåðîõîâàòîé ïîâåðõíîñòüþ, ïðè÷åì ñóùåñòâåííûé ýôôåêò øåðîõîâàòîñòè äåìîíñòðè-
ðóþò è ðàñ÷åòû â ñâîáîäíîìîëåêóëÿðíîì ðåæèìå (Àêñåíîâà Î.À., Õàëèäîâ È.À., 2003).
Ðàññìàòðèâàåòñÿ óñîâåðøåíñòâîâàííûé àëãîðèòì ðàñ÷åòà âëèÿíèÿ øåðîõîâàòîñòè ïî-
âåðõíîñòè íà òå÷åíèÿ ðàçðåæåííîãî ãàçà â êàíàëàõ. Ñòàòèñòè÷åñêàÿ ìîäåëü øåðîõîâà-
òîé ïîâåðõíîñòè â âèäå ãàóññîâñêîãî îäíîðîäíîãî èçîòðîïíîãî ñëó÷àéíîãî ïîëÿ (Àêñå-
íîâà Î.À., Õàëèäîâ È.À., 2003; Ìèðîøèí Ð.Í., 1981) èçó÷àåòñÿ â ïåðåõîäíîì ðåæèìå òå-
÷åíèé ðàçðåæåííîãî ãàçà ìåæäó ñâîáîäíîìîëåêóëÿðíûì îáòåêàíèåì è òå÷åíèåì ñïëîø-
íîé ñðåäû. Ïîâûøåíèå òî÷íîñòè ðàñ÷åòîâ äîñòèãàåòñÿ ïóòåì èñïîëüçîâàíèÿ ñòàòèñòè-
÷åñêîãî ïîäõîäà ñ îäíîâðåìåííîé àïïðîêñèìàöèåé îïðåäåëÿþùèõ âèä âçàèìîäåéñòâèÿ
àòîìîâ ãàçà ñ ïîâåðõíîñòüþ ôóíêöèé îò óãëîâ ïàäåíèÿ è âûëåòà àòîìîâ ãàçà àíàëî-
ãè÷íî òîìó, êàê ýòî èìååò ìåñòî â òåîðèè ëîêàëüíîãî âçàèìîäåéñòâèÿ (Ìèðîøèí Ð.Í.,
Õàëèäîâ È.À., 2002).

Âûäåëåíû ïàðàìåòðû ðàçëè÷íûõ ìîäåëåé ðàññåÿíèÿ íà ïîâåðõíîñòè, âêëþ÷àÿ
íå òîëüêî çåðêàëüíî-äèôôóçíîå ðàññåÿíèå è ëó÷åâîå îòðàæåíèå, íî è ìîäåëè òèïà
×åð÷èíüÿíè-Ëàìïèñ è Íî÷èëëû. Ýòè ïàðàìåòðû, âêëþ÷àþùèå âñþ çàâèñèìîñòü îò ñòà-
òèñòè÷åñêèõ õàðàêòåðèñòèê øåðîõîâàòîñòè (â ÷àñòíîñòè, îò êîððåëÿöèîííîé ôóíêöèè),
è ïîçâîëÿþùèå ââîäèòü ïîïðàâêè íà øåðîõîâàòîñòü ïðè ìèíèìàëüíîé çàâèñèìîñòè îò
ôèçè÷åñêèõ ïàðàìåòðîâ òå÷åíèÿ, ïðåäñòàâëåíû â âèäå êîíòèíóàëüíûõ èíòåãðàëîâ ïî
ìíîæåñòâó ðåàëèçàöèé ñëó÷àéíîãî ïîëÿ, ìîäåëèðóþùåãî øåðîõîâàòîñòü. Äàííûå êîí-
òèíóàëüíûå èíòåãðàëû, àíàëîãè÷íûå èíòåãðàëàì, íàéäåííûì ðàíåå â çàäà÷àõ âíåøíåãî
îáòåêàíèÿ (Ìèðîøèí Ð.Í., Õàëèäîâ È.À., 2002), âû÷èñëåíû íà îñíîâå ïðåäëîæåííî-
ãî ðàíåå ðàçëîæåíèÿ îïåðàòîðà øåðîõîâàòîñòè (Àêñåíîâà Î.À., Õàëèäîâ È.À., 2003).
Èçó÷åíà çàâèñèìîñòü õàðàêòåðèñòèê ïîòîêà îò îïðåäåëÿþùåãî ïàðàìåòðà � ñðåäíåãî
êâàäðàòè÷åñêîãî îòêëîíåíèÿ òàíãåíñà óãëà íàêëîíà øåðîõîâàòîé ïîâåðõíîñòè îòíîñè-
òåëüíî åå ñðåäíåãî óðîâíÿ (Ìèðîøèí Ð.Í., 1981). Ïðåèìóùåñòâî ïðåäëàãàåìîãî ïîäõîäà
â ñêîðîñòè ðàñ÷åòà ïî ñðàâíåíèþ ñ ðåçóëüòàòàìè ðàñ÷åòîâ äðóãèõ àâòîðîâ, ïîëó÷åííûõ
íà îñíîâå ïðîñòûõ ìîäåëåé øåðîõîâàòîñòè, äîñòèãàåòñÿ çà ñ÷åò ïðåäâàðèòåëüíîãî âû-
÷èñëåíèÿ êîíòèíóàëüíûõ èíòåãðàëîâ, õàðàêòåðèçóþùèõ âëèÿíèå øåðîõîâàòîñòè, ïîç-
âîëÿÿ òåì ñàìûì èçáåæàòü ìîäåëèðîâàíèÿ ôîðìû øåðîõîâàòîé ïîâåðõíîñòè â ïðîöåññå
ðàñ÷åòà.

Aksenova O.A., Khalidov I.A. Account of surface roughness in numerical calculations of
micro-scale rare�ed gas �ows.

Numerical computation of the interaction of rare�ed gas �ows with rough surface is considered.
The roughness operator transforming the scattering function in accordance with the e�ect of
roughness by the re�ection of gas atoms from the surface is represented in the form most convenient
to apply as well as numerical DSMC methods as well in analytical investigations.
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Àíîëèê Ì.Â.1, Õàáàëîâ Â.Ä.2
1 Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

2 Ñåâåðî-Îñåòèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Âëàäèêàâêàç
anolik@ma13686.spb.edu

Ðàáîòà ïîñâÿùåíà ðàñ÷åòó àýðîäèíàìè÷åñêèõ õàðàêòåðèñòèê òåë, äâèæóùèõñÿ ñ
áîëüøîé ñêîðîñòüþ â âåðõíèõ ñëîÿõ àòìîñôåðû. Äëÿ îïåðàòèâíîãî ðàñ÷åòà îáû÷íî
èñïîëüçóåòñÿ òåîðèÿ ëîêàëüíîãî âçàèìîäåéñòâèÿ [1-3], äëÿ áîëåå äåòàëüíîãî ðàñ÷åòà
� ìåòîä ïðÿìîãî ñòàòèñòè÷åñêîãî ìîäåëèðîâàíèÿ(ìåòîä Áåðäà [4]). Äëÿ óâåëè÷åíèÿ
òî÷íîñòè ðàñ÷åòà ïðè ïðèìåíåíèè îáîèõ ìåòîäîâ íåîáõîäèìî ó÷èòûâàòü âëèÿíèå øå-
ðîõîâàòîñòè ïîâåðõíîñòè îáòåêàåìîãî òåëà [5-6]. Âëèÿíèå øåðîõîâàòîñòè ïðè ðàñ÷åòå
ïî ëîêàëüíîìó ìåòîäó ó÷èòûâàåòñÿ ñ ïîìîùüþ ââåäåíèÿ ïîïðàâîê íà øåðîõîâàòîñòü
â êîýôôèöèåíòû ðåæèìà [7]. Ïðè ðàñ÷åòå ïî ìåòîäó Áåðäà ïðåäëàãàåòñÿ èñïîëüçîâàòü
÷èñëåííî íàéäåííóþ ôóíêöèþ ðàññåÿíèÿ îò øåðîõîâàòîé ïîâåðõíîñòè [8-9].

ËÈÒÅÐÀÒÓÐÀ
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íàìè÷åñêîãî ðàñ÷¼òà â ðàçðåæåííîì ãàçå ïî ëîêàëüíîìå ìåòîäó // Äåï. â ÂÈÍÈÒÈ
26.07.2002, �. 1409-Â2002. 26 c.

[8] Àíîëèê Ì.Â., Ìèðîøèí Ð.Í. Îäíîêðàòíîå îòðàæåíèå àòîìîâ ãàçà îò øåðîõîâàòîé
ïîâåðõíîñòè // Ìåòîäû âû÷èñëåíèé. Âûï. 7. Ë.: Èçä-âî ËÃÓ, 1971. Ñ. 76�96.

[9] Anolik M.V., Khabalov V.D., Khalidov I.A. Twofold Re�ections of Rare�ed Gas Atoms
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Anolik M.V., Khabalov V.D. Aerodynamical characteristics for rough bodies in

rare�ed gas .
The exchange and aerodynamical resistance coe�cients for rough bodies of the simplest

shape (sphere, cylinder, cone) are calculated in a free molecular �ow under di�erent
normalizations of numerically found scattering function on a rough surface. Using the local
interaction theory allows us to determine the aerodynamical characteristics for any convex
axisymmetrical rough bodies in the transitional �ow regime.
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Áàáàðûêèí Ê. Â., Êóçüìèíà Â. Å., Ìàòâååâ Ñ. Ê., Ïåòðîâà Â. Í.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò
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Â ðàáîòå èçó÷àåòñÿ ìåõàíèçì îòíîñèòåëüíî âûñîêî÷àñòîòíûõ ïóëüñàöèé, âîçíèêà-
þùèõ â èìïàêòíûõ ñòðóÿõ ïðè äîñòàòî÷íî áîëüøèõ ðàçìåðàõ ïðåãðàäû è äîñòàòî÷íî
áîëüøèõ óäàëåíèÿõ ïðåãðàäû îò ñîïëà. Ýòî òàê íàçûâàåìûå âòîðûå ¾ðåæèìû¿ àâòî-
êîëåáàíèé. Îñîáåííîñòÿìè ýòîãî òèïà àâòîêîëåáàíèé ÿâëÿþòñÿ ñðàâíèòåëüíî âûñîêàÿ
÷àñòîòà è îòíîñèòåëüíî ìàëàÿ ýâîëþöèÿ óäàðíî-âîëíîâîé ñòðóêòóðû â öèêëå ïóëüñà-
öèé. Òàêæå â îòëè÷èå îò ¾ïåðâûõ¿, äëÿ ¾âòîðûõ¿ ðåæèìîâ õàðàêòåðíû óìåðåííûå
ïóëüñàöèè äàâëåíèÿ íà ïðåãðàäå. Âûñîêî÷àñòîòíûå ðåæèìû àâòîêîëåáàíèé â èìïàêò-
íîé ñòðóå íà ñåãîäíÿøíèé äåíü èçó÷åíû íåäîñòàòî÷íî.

Ïðîâîäèòñÿ ÷èñëåííîå ìîäåëèðîâàíèå è àíàëèç ïðîöåññà àâòîêîëåáàíèé, âûÿâëÿ-
þòñÿ íàèáîëåå âàæíûå ýëåìåíòû òå÷åíèÿ. Ïðåäëàãàåòñÿ ôèçè÷åñêàÿ ìîäåëü ÿâëåíèÿ,
ó÷èòûâàþùàÿ ïåðèîäè÷åñêîå çàòåêàíèå âûñîêîýíòàëüïèéíîãî ãàçà èç ïåðèôåðèéíîãî
ïîòîêà â îòðûâíóþ îáëàñòü ïåðåä ïðåãðàäîé è âçàèìîñâÿçü ïðîöåññîâ â ïåðèôåðèéíîì
ïîòîêå è â îòðûâíîé îáëàñòè. Îòìå÷àåòñÿ îïðåäåë¼ííàÿ îáùíîñòü ðàññìàòðèâàåìûõ
ðåæèìîâ ñ ¾ïåðâûìè¿ ðåæèìàìè àâòîêîëåáàíèé.

Ðàññìàòðèâàåìàÿ çàäà÷à îòíîñèòñÿ ê îáùåìó êðóãó çàäà÷ îá àâòîêîëåáàíèÿõ â ïîòî-
êàõ, îáòåêàþùèõ ïðåãðàäû ñ îáðàçîâàíèåì îòðûâíûõ çîí. Ýòî, ñ îäíîé ñòîðîíû, óïðî-
ùàåò íàøå ïîíèìàíèå ïðîõîäÿùèõ çäåñü ïðîöåññîâ, ñ äðóãîé � ïîëó÷åííûå äëÿ ýòîé
çàäà÷è ñâåäåíèÿ îáîãàùàþò íàøè çíàíèÿ î ÿâëåíèè àâòîêîëåáàíèé íà òåëàõ ñ ïåðåäíåé
ñðûâíîé çîíîé â öåëîì.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëü-
íûõ èññëåäîâàíèé (ïðîåêò � 07-08-00529).

Babarykin K.V., Kouzmina V.E., Matveev S.K., Petrova V.N. A hi-frequency self-
oscillations in the impinïing jet .

A mechanism of hi-frequency self-oscillations in the impinning jets is investigated. These so-
called �second� self-oscillations modes are realized in case of large dimension obstacle. The numerical
simulation and analysis of the self-oscillations processes are carried out. The under reviewed problem
is concerned to a vast range of problems about self-oscillations, arising when a non-homogeneous
supersonic stream �owing an obstacle with separated zone beginning. The working out phenomena
physical model taking into account a hi-enthalpy gas �owing from periphery �ow into the separated
zone and the interaction of processes in the periphery �ow and separated zone.
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ÁÎËÜÖÌÀÍÀ

Áàêàëåéíèêîâ Ë.À.1, Ôëåãîíòîâà Å.Þ.1, Ýíäåð À.ß.1,
Ýíäåð È.À.2

1 Ôèçèêî-òåõíè÷åñêèé èíñòèòóò èì. À.Ô.Èîôôå ÐÀÍ, Ñàíêò-Ïåòåðáóðã
2 Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

bakal@ammp.io�e.ru

Ïðè ðàçëîæåíèè ïî ñôåðè÷åñêèì ãàðìîíèêàì óðàâíåíèå Áîëüöìàíà ïåðåõîäèò â ñè-
ñòåìó èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÿäðàìè G(c, c1, c2), çàâèñÿùèìè òîëüêî
îò ìîäóëåé ñêîðîñòåé. Ýòè ÿäðà èìåþò âèä

Gl
l1,l2

(c, c1, c2) = M(c)
∑

r

∑
r1

∑
r2

Krl
r1l1,r2l2

σr1l1σr2l2

clSr
l+1/2(c

2)cl1
1 Sr1

l1+1/2(c
2
1)c

l2
2 Sr2

l2+1/2(c
2
2) (1)

ãäå M(c) - ìàêñâåëëèàí, Kr,l
r1,l1,r2,l2

- ìàòðè÷íûå ýëåìåíòû èíòåãðàëà ñòîëêíîâåíèé,
Sr

l+1/2(c
2)/σrl - íîðìèðîâàííûå ïîëèíîìû Ñîíèíà.

Â äîêëàäå âïåðâûå ïîñòðîåíû íåëèíåéíûå ÿäðà. Àíàëèòè÷åñêèå ðåçóëüòàòû ïîëó-
÷åíû ñ ïîìîùüþ îáðàòíîãî ïðåîáðàçîâàíèÿ Ëàïëàñà ïî àíàëèòè÷åñêèì âûðàæåíèÿì
äëÿ ëèíåéíûõ ÿäåð. Ïîñëåäíèå õîðîøî èçâåñòíû äëÿ ìîäåëè òâåðäûõ øàðîâ. Äëÿ ïñåâ-
äîìàêñâåëëîâñêèõ ìîëåêóë óäàëîñü àíàëèòè÷åñêè ïðîñóììèðîâàòü ðÿä (1) â ëèíåéíîì
ñëó÷àå.

Âûðàæåíèå (1) äàåò ïðèíöèïèàëüíóþ âîçìîæíîñòü ñòðîèòü êàê ëèíåéíûå, òàê è
íåëèíåéíûå ÿäðà äëÿ ïðîèçâîëüíîãî ïîòåíöèàëà âçàèìîäåéñòâèÿ. Îäíàêî ïðÿìîé ðàñ-
÷åò ïî ôîðìóëå (1) ïðèâîäèò ê ïðîáëåìàì, ñâÿçàííûì ñ îáðåçàíèåì ðÿäà. Ðàíåå òàêàÿ
ïðîáëåìà áûëà ðåøåíà íàìè äëÿ ëèíåéíûõ ÿäåð äëÿ ïñåâäîìàêñâåëëîâñêèõ ìîëåêóë è
òâåðäûõ øàðîâ íà îñíîâå àñèìïòîòè÷åñêîãî ïîäõîäà. Òîò æå ïîäõîä, ïðèìåíåííûé ê
âû÷èñëåíèþ íåëèíåéíîãî ÿäðà äëÿ ìàêñâåëëîâñêèõ ìîëåêóë, ïîçâîëèë âû÷èñëèòü åãî ñ
âûñîêîé ñòåïåíüþ òî÷íîñòè, ÷òî äåìîíñòðèðóåòñÿ ñðàâíåíèåì ñ ïîëó÷åííûì àíàëèòè-
÷åñêèì âûðàæåíèåì.

Ðàáîòà ïîääåðæàíà ãðàíòîì ÐÔÔÈ 06-08-01104.

Bakaleinikov L.A., Flegontova E.Yu., Ender A.Ya., Ender I.A. Nonlinear kernel of
collision integral of Boltzmann equation.

The analytical expressions for linear and nonlinear kernels of collision integral for pseudomaxwell
potential are presented. The numerical procedure for nonlinear kernel estimation on the base of
asymptotic approach is developed. The analytical and calculated results are in a good agreement.
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ÓÏÐÀÂËÅÍÈÅ ÃÎÐÅÍÈÅÌ ÓÃËÅÐÎÄÀ Â ÑËÓ×ÀÅ ÑËÎÆÍÎÉ
ÐÅÀÊÖÈÈ

Áàòûé Ì.Á.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

marishkin20@mail.ru

Óðàâíåíèÿ ãîðåíèÿ óãëåðîäà ïðè ñâîáîäíîì äîñòóïå êèñëîðîäà â àïïàðàòå ïîëíîãî
ïåðåìåøèâàíèÿ èìåþò âèä (ñì. [1])

[ċ] = −kc[c]− qch([c])µ(T ) + bcu,

Ṫ = −kT T + qT h([c])µ(T ) + bT u.
(1)

Çäåñü [c] � êîíöåíòðàöèÿ óãëåðîäà, T � àáñîëþòíàÿ òåìïåðàòóðà. kc, kT , qc, qT , bc, bT �
ïîëîæèòåëüíûå ïàðàìåòðû, h([c]) = fO2 − k0

c [c], µ(T ) = exp{−E/(RT )}. fO2 , k
0
c , E,R

� ïîëîæèòåëüíûå ÷èñëà (fO2 � ðàñõîä êèñëîðîäà), u � ðàñõîä óãëåðîäà, ïîäàâàåìîãî â
àïïàðàò (óïðàâëåíèå). Öåëü óïðàâëåíèÿ: T (t) → T∗ ïðè t →∞.

Ñèñòåìà (1) â îòêëîíåíèÿõ ż = Az + qϕ̄(z) + bu, z = x− x∗, x = [[c], T ]∗, x∗ = [0, T∗]∗,
q = [−qc, qT ]∗, ϕ̄(z) = h([c])µ(T − T∗), b = [bc, bT ]∗. Ïóñòü T (t) è [c(t)] èçâåñòíû. Ââåäåì
ôóíêöèþ V (z) = z∗Hz, ãäå H íàõîäèòñÿ èç óðàâíåíèÿ A∗H+HA = −Q. Å¼ ïðîèçâîäíàÿ
íà òðàåêòîðèÿõ ñèñòåìû (1), çàïèñàííîé â îòêëîíåíèÿõ, èìååò âèä

V̇ = −z∗Hz + 2z∗H[Ax∗ + qϕ̄(z) + bu].

Èç óñëîâèÿ îòðèöàòåëüíîñòè V̇ ïîëó÷èì

u =

{
z∗H[Ax∗ + qϕ̄(z)]/z∗Hb, z∗Hb 6= 0,

u(t− 0), z∗Hb = 0

Ïðè íåèçâåñòíûõ çíà÷åíèÿõ ñîñòîÿíèÿ x = [[c], T ]∗ äëÿ åãî îöåíèâàíèÿ èñïîëüçóåòñÿ
àëãîðèòì ¾Ïîëîñêà¿, ðàçðàáîòàííûé Â.À. ßêóáîâè÷åì.

Àâòîð áëàãîäàðèò Á.Ì. Ñîêîëîâà çà ðóêîâîäñòâî ðàáîòîé.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ¾Ñîâåòà ïî ãðàíòàì Ïðåçèäåíòà ÐÔ äëÿ ïîääåðæ-

êè ìîëîäûõ ðîññèéñêèõ ó÷åíûõ è âåäóùèõ íàó÷íûõ øêîë¿ (ïðîåêò ÍØ � 2387.2008.1).

ËÈÒÅÐÀÒÓÐÀ

[1] Ìàòåìàòè÷åñêàÿ òåîðèÿ ãîðåíèÿ è âçðûâà. Ì.: Èçä-âî ÀÍ ÑÑÑÐ, 1980. 322 ñ.

Baty M.B. Control of the carbon combustion in the case of complex reaction.
The system of equations describing the process of carbon burning is considered. Control

parameter is the �ow rate of burning down carbon.
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ÐÅØÅÍÈÅ ÇÀÄÀ×È Î ÄÈÔÐÀÊÖÈÈ ÂÎËÍ ÍÀ ÊÎÍÓÑÅ, ÁËÈÇÊÎÌ
Ê ÐÀÇÂÅÐÍÓÒÎÌÓ, ÂÛÇÂÀÍÍÎÉ ÏÅÐÅÌÅÙÅÍÈÅÌ

ÏÎÂÅÐÕÍÎÑÒÈ ÊÎÍÓÑÀ

Áåñòóæåâà À.Í.
Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò ïóòåé ñîîáùåíèÿ, Ñàíêò-Ïåòåðáóðã

bes_alla@inbox.ru

Ðàññìàòðèâàåòñÿ íåóñòàíîâèâøååñÿ âîëíîâîå äâèæåíèå èäåàëüíîé íåñæèìàåìîé
æèäêîñòè â îáëàñòè, îãðàíè÷åííîé ñâîáîäíîé ïîâåðõíîñòüþ è áåñêîíå÷íûì êîíóñîì
ñ âåðøèíîé íà ñâîáîäíîé ïîâåðõíîñòè. Óãîë ðàñòâîðà êîíóñà ïðèíèìàåòñÿ áëèçêèì ê
ðàçâåðíóòîìó óãëó. Âîëíîâîå äâèæåíèå âûçûâàåòñÿ ïåðåìåùåíèåì ïîâåðõíîñòè êîíóñà.
Çàäà÷à ñòàâèòñÿ äëÿ ïîòåíöèàëà ñêîðîñòè â ðàìêàõ ëèíåéíîé äèñïåðñèîííîé òåîðèè è
ñâîäèòñÿ ê óðàâíåíèþ Ëàïëàñà ñ ãðàíè÷íûìè óñëîâèÿìè òðåòüåãî ðîäà íà ñâîáîäíîé
ïîâåðõíîñòè è âòîðîãî ðîäà íà ïîâåðõíîñòè êîíóñà. Â ïðåäïîëîæåíèè, ÷òî óãîë ìåæäó
ñâîáîäíîé ïîâåðõíîñòüþ æèäêîñòè è ïîâåðõíîñòüþ êîíóñà ìàë, èíòåãðèðîâàíèå óðàâíå-
íèÿ Ëàïëàñà ïî ïåðåìåííîé ãëóáèíå ñ ó÷åòîì ãðàíè÷íûõ óñëîâèé ñâîäèò ýòî óðàâíåíèå
ê èçâåñòíîìó âèäó. Ïîëó÷åííîå â àíàëèòè÷åñêîì âèäå ðåøåíèå çàäà÷è ñîäåðæèò çàâè-
ñèìîñòü îò óãëà íàêëîíà ïîâåðõíîñòè êîíóñà ê ñâîáîäíîé ïîâåðõíîñòè, ÷òî ïîçâîëÿåò
ïðîàíàëèçèðîâàòü ñòðóêòóðó ðåøåíèÿ.

Bestuzheva A.N. Solution of the problem about di�raction of waves on the surface cone closed
to a �at induced by motion of surface cone.

Non-stationary wave motions of an ideal non-compressible �uid in a domain limited by a free
surface and an in�nite cone with the vertex on a free surface are considered. Angle of cone is given
by close to �at angle. Wave motions are caused by the movement of conic surface. The problem is
set for the velocity potential within the framework of the linear dispersion theory and reduced to the
Laplace equation with the boundary conditions of third kind on the free surface and of second kind
on the conic surface. Assuming that angle between free surface of �uid and surface of cone is small,
integration of Laplace equation according to variable depth leads its to known form. Dependence of
solution from angle of slope of conic surface are investigated as well.
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ÎÁ ÎÏÐÅÄÅËÅÍÈÈ ÏÀÐÀÌÅÒÐÎÂ ÒÅ×ÅÍÈß ÃÀÇÀ ÇÀ ÔÐÎÍÒÎÌ
ÑÈËÜÍÎÉ ÓÄÀÐÍÎÉ ÂÎËÍÛ, ÔÎÐÌÀ ÊÎÒÎÐÎÉ ÁËÈÇÊÀ Ê

ÍÅÊÎÒÎÐÎÉ ÊÐÈÂÎÉ

Áîãàòêî Â.È.1, Êîëòîí Ã.À.2, Ïîòåõèíà Å.À.1
1 Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

2 Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé ãîðíûé èíñòèòóò
eap225@gmail.com

Ðàññìàòðèâàåòñÿ ïëîñêàÿ àâòîìîäåëüíàÿ çàäà÷à î äâèæåíèè íåâÿçêîãî ãàçà çà ôðîí-
òîì èíòåíñèâíîé óäàðíîé âîëíû. Ïðåäïîëàãàåòñÿ, ÷òî ôîðìà óäàðíîé âîëíû áëèçêà
ê íåêîòîðîé êðèâîé, ôîðìà êîòîðîé èçâåñòíà. Ñèñòåìà óðàâíåíèé ãàçîâîé äèíàìèêè
çàïèñûâàåòñÿ â ñèñòåìå êîîðäèíàò, ñâÿçàííîé ñ ýòîé êðèâîé. Ðåøåíèå ñòðîèòñÿ â âè-
äå ðÿäîâ ïî ñòåïåíÿì ìàëîãî ïàðàìåòðà ε, õàðàêòåðèçóþùåãî îòíîøåíèå ïëîòíîñòåé
ãàçà íà ôðîíòå óäàðíîé âîëíû, ïðè ýòîì âèä ðÿäîâ âûáèðàåòñÿ, èñõîäÿ èç àíàëèçà
ãðàíè÷íûõ óñëîâèé [1]. Â ðÿäå çàäà÷ ãàçîâîé äèíàìèêè ñ ñèëüíûìè óäàðíûìè âîëíà-
ìè (çàäà÷à äèôðàêöèè ñèëüíîé óäàðíîé âîëíû îêîëî óãëà, çàäà÷à îòðàæåíèÿ ñèëüíîé
óäàðíîé âîëíû îò òâåðäîé ñòåíêè, çàäà÷à î ïîðøíå è äð.) ôîðìà ôðîíòà óäàðíîé âîëíû
íà ñðàâíèòåëüíî íåáîëüøèõ, íî íàèáîëåå èíòåðåñíûõ äëÿ ïðèëîæåíèé ó÷àñòêàõ, ìàëî
îòëè÷àåòñÿ îò îêðóæíîñòè èëè ïðÿìîé. Â òàêèõ çàäà÷àõ õàðàêòåðíàÿ äëèíà äóãè óäàð-
íîé âîëíû èìååò ïîðÿäîê √ε. Òàê êàê îñíîâíàÿ ìàññà ãàçà çà ôðîíòîì ñèëüíîé óäàðíîé
âîëíû ñîñðåäîòî÷åíà â óçêîé çîíå, ïðèìûêàþùåé ê ôðîíòó óäàðíîé âîëíû, ïîëîæèì:
λ = ε λ0, s =

√
ε s0, ãäå s � êîîðäèíàòà âäîëü ôðîíòà óäàðíîé âîëíû, à λ � ïî íîðìàëè

ê íåìó. Ðåøåíèå çàäà÷è ñâîäèòñÿ ê èíòåãðèðîâàíèþ óðàâíåíèÿ Ýéëåðà � Äàðáó [2].

ËÈÒÅÐÀÒÓÐÀ

[1] ×åðíûé Ã.Ã. Òå÷åíèÿ ãàçà ñ áîëüøîé ñâåðõçâóêîâîé ñêîðîñòüþ. Ì.: Ôèçìàòãèç, 1959. 220 ñ.
[2] Òðèêîìè Ô. Ëåêöèè ïî óðàâíåíèÿì â ÷àñòíûõ ïðîèçâîäíûõ. Ì.: ÈË, 1975. 443 ñ.

Bogatko V.I., Kolton G.A., Potekhina E.A. About the gas �ow parameters determination
past a strong shock wave front, which form approaches some curve.

The plain automodel problem of the inviscid gas motion past the intensive shock wave is
considered. It is supposed, that the shock wave front approaches some curve, which form is known.
The solution is under construction in the thin shock layer method. For example the cases, when
the intensive shock wave front form is closely approximated to the straight line or to the circle,
are considered. The strong shock wave di�raction near the corner, the strong shock wave re�ection
from the hard wall, piston problem are rating as such problems. The task solution is reduced to the
Euler-Darboux equation integration.
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¾ÑÏÅÊÒÐÀËÜÍÎÅ ÇÀÌÛÊÀÍÈÅ¿ ÄËß ÐÀÇÂÈÒÎÉ
ÒÓÐÁÓËÅÍÒÍÎÑÒÈ

Áîãäàíîâ Ñ. Ð.
Êàðåëüñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò, Ïåòðîçàâîäñê

fmf@kspu.karelia.ru

Ñïåêòðàëüíûå òåíçîðû 2-òî÷å÷íûõ êîððåëÿöèé ïóëüñàöèîííîé ñêîðîñòè îáëàäàþò
íåêîòîðûìè îáùèìè ñâîéñòâàìè, èçó÷åíèå êîòîðûõ ïîçâîëÿåò âûðàáîòàòü îñíîâû àëü-
òåðíàòèâíûõ (ïî îòíîøåíèþ ê ïîëóýìïèðè÷åñêèì) ñòðàòåãèé ¾çàìûêàíèÿ¿. Ïåðâîå èç
ýòèõ ñâîéñòâ - ñêåéëèíã: òóðáóëåíòíîñòü ðàññìàòðèâàåòñÿ êàê êðèòè÷åñêàÿ ñèñòåìà,
êðóïíîìàñøòàáíûå (âêëþ÷àÿ èíåðöèîííûé èíòåðâàë) ïóëüñàöèè îáëàäàþò ìàñøòàáíîé
èíâàðèàíòíîñòüþ, ïðè ýòîì çàâèñèìîñòü ñïåêòðàëüíûõ ôóíêöèé îò âîëíîâîãî ÷èñëà k
è êîîðäèíàò ~x îïèñûâàåòñÿ óíèâåðñàëüíûìè ôóíêöèÿìè ñ àðãóìåíòîì kl. ¾Êîððåëÿöè-
îííûé ðàäèóñ¿ l (èíòåãðàëüíûé ìàñøòàá òóðáóëåíòíîñòè) îïðåäåëÿåòñÿ îáû÷íûì äëÿ
òåîðèè ôàçîâûõ ïåðåõîäîâ ñîîòíîøåíèåì l/rd = τ−1/ν , ãäå ¾òåìïåðàòóðà¿ τ ïðåäñòàâ-
ëÿåò ñîáîé îòíîøåíèå td/T äâóõ âðåìåííûõ ìàñøòàáîâ. Çäåñü ðîëü ¾àòîìíûõ¿ ìàñøòà-
áîâ äëèíû (rd) è âðåìåíè (td) èãðàþò ñîîòâåòñòâóþùèå äèññèïàòèâíûå Êîëìîãîðîâñêèå
ìàñøòàáû, T � ¾âíåøíèé¿ âðåìåííîé ìàñøòàá, êðèòè÷åñêèé ïîêàçàòåëü ν ≈ 3/2 âû-
âîäèòñÿ íåïîñðåäñòâåííî èç ¾çàêîíà 5/3¿. Â îáùåì ñëó÷àå êîððåëÿöèîííûé ðàäèóñ l

çàâèñèò îò êîîðäèíàò ~x, à òàêæå îò îðèåíòàöèè ~θ ≡ ~k/k âîëíîâîãî âåêòîðà ~k.
Äðóãîå îáùåå ñâîéñòâî � ïîâåäåíèå ñïåêòðîâ â äëèííîâîëíîâîì ïðåäåëå kl → 0.

Ïðåäïîëàãàåòñÿ, ÷òî â óêàçàííîì ïðåäåëå êîìïîíåíòû òåíçîðà
Fij ≡

∫
< ui(~x)uj(~x + ~r) > exp(−i~k~r)d~r èìåþò êîíå÷íûå çíà÷åíèÿ. Îáà ïðåäïîëîæåíèÿ

îòðàæàþòñÿ ôîðìóëîé Fij(~x,~k) = fij(~x, ~θ)ϕ(kl) è àíàëîãè÷íûìè � äëÿ êîððåëÿòîðîâ
áîëåå âûñîêîãî ïîðÿäêà. ¾Îðèåíòàöèîííûå àìïëèòóäû¿ fij(~x, ~θ) è ìàñøòàá l(~x, ~θ) îáðà-
çóþò íàáîð óïðàâëÿþùèõ (ñåêóëÿðíûõ) ïàðàìåòðîâ òóðáóëåíòíîñòè.

Íåïîñðåäñòâåííî èç ñïåêòðàëüíûõ óðàâíåíèé äëÿ ýòèõ ïàðàìåòðîâ âûâîäèòñÿ çà-
ìêíóòàÿ ñèñòåìà óðàâíåíèé. Ïðè ýòîì òåíçîð Ðåéíîëüäñà è äðóãèå îäíîòî÷å÷íûå õàðàê-
òåðèñòèêè ëåãêî âû÷èñëÿþòñÿ ïî óêàçàííûì ïàðàìåòðàì ñ ïîìîùüþ èíòåãðèðîâàíèÿ
ïî ñôåðå åäèíè÷íîãî ðàäèóñà â ~k � ïðîñòðàíñòâå.

Òàê, äëÿ èçîòðîïíîé òóðáóëåíòíîñòè çà ðåøåòêîé ëåãêî âûâîäÿòñÿ èçâåñòíûå çàêî-
íû çàòóõàíèÿ q2 ∼ x−6/5, l ∼ x2/5. Àíàëèòè÷åñêîå ðåøåíèå ñèñòåìà èìååò è äëÿ ñëó÷àÿ
ïðîèçâîëüíîãî èñêàæåíèÿ òóðáóëåíòíîñòè. Ïðè ýòîì, íàïðèìåð, äëÿ òå÷åíèÿ â êîíôó-
çîðå ôóíêöèÿ fij(~x, ~θ) èìååò àñèìïòîòèêó PilPjm(δlm − nlnm), êîòîðàÿ íå çàâèñèò îò
íà÷àëüíûõ óñëîâèé. Ýâîëþöèÿ îäíîòî÷å÷íûõ ñðåäíèõ ñóùåñòâåííî çàâèñèò îò çíà÷å-
íèÿ ïàðàìåòðà S∗ ≡ Sq2/ε, (S ≡ ∂U/∂x); â ïðåäåëå ïðè S∗ →∞ ðåçóëüòàòû ñîâïàäàþò
ñ ðàñ÷åòàìè â ðàìêàõ RDT (òåîðèè áûñòðîãî èñêàæåíèÿ).

Bogdanov S.R. ¾Spectral closure¿ for fully developed turbulence.
The closed set of equations for secular parameters of turbulence is derived directly from spectral

equations with respect to (anomalous) scaling and low wave number properties. The analytical
solutions are obtained for grid turbulence and homogeneous distortion. Reynolds stress tensor and
other one-point characteristics of practical interest were calculated after integration over spherical
shell of unit radius in ~k -space.
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ÄÈÍÀÌÈ×ÅÑÊÈÅ ÏÐÎÖÅÑÑÛ Â ÀÄÑÎÐÁÖÈÎÍÍÎÌ ÑËÎÅ ÍÀ
ÏÎÂÅÐÕÍÎÑÒÈ ÒÂÅÐÄÎÃÎ ÒÅËÀ

Âîëêîâ À.À.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

Â äàííîé ðàáîòå ïðèâîäèòñÿ ìîäåëü àäñîðáöèîííîãî ñëîÿ, ïîçâîëÿþùàÿ ó÷èòûâàòü
ïðîöåññû ðåëàêñàöèè èìïóëüñà è ýíåðãèè ñâîáîäíîìîëåêóëÿðíîãî ïó÷êà ïàäàþùèõ ÷à-
ñòèö, à òàê æå õèìè÷åñêèå ðåàêöèè â ñëîå ïîñëå çàâåðøåíèÿ ðåëàêñàöèè. Íà îñíîâå
ïðåäëîæåííîé ìîäåëè ïðîèçâåäåíû ðàñ÷åòû îñíîâíûõ õàðàêòåðèñòèê îáòåêàíèÿ: êîýô-
ôèöèåíòîâ îáìåíà èìïóëüñîì è ýíåðãèåé. Ââåäåíèå â ðàññìîòðåíèå ïðîöåññîâ ðåêîì-
áèíàöèè è îáìåíà äàëî âîçìîæíîñòü âû÷èñëèòü òàêóþ õàðàêòåðèñòèêó òåïëîîáìåíà,
êàê ïîòîê ýíåðãèè, âûäåëÿþùåéñÿ íà ïîâåðõíîñòè â ðåçóëüòàòå õèìè÷åñêèõ ðåàêöèé.
Êðîìå òîãî, ïîëó÷åíû äàííûå îòíîñèòåëüíî ôèçèêî-õèìè÷åñêèõ ïðîöåññîâ, âëèÿþùèõ
íà âåëè÷èíó êîýôôèöèåíòîâ ýôôåêòèâíîñòè îáðàçîâàíèÿ êîìïîíåíò (êîýôôèöèåíòîâ
¾êâàçèêàòàëèòè÷íîñòè¿).

Volkov A.A. Dynamic processes in adsorption layer on the surface of a solid .
The problem of a �ow passing through a body coated with an adsorption layer is stated in a

closed form. The proposed layer model takes into account the dynamic processes of relaxation and
particle migration, as well as possible chemical reactions in the layer after relaxation. The available
experimental data makes it possible to determine the speci�c values of dynamic process parameters
in the adsorption layer and use them to calculate the momentum and energy transfer coe�cients.

ÊÎÝÔÔÈÖÈÅÍÒÛ ÏÅÐÅÍÎÑÀ Â ÃÀÇÅ ÈÇ ÀÍÃÀÐÌÎÍÈ×ÅÑÊÈÕ
ÎÑÖÈËËßÒÎÐÎÂ. ÌÎÄÅËÜÍÎÅ ÏÐÈÁËÈÆÅÍÈÅ

Âîðîøèëîâà Þ.Í., Êîáåëåâ Í.Ñ., Ðûäàëåâñêàÿ Ì.À.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

rydalevska@rambler.ru

Èññëåäóþòñÿ ðàçíûå ðåëàêñàöèîííûå ðåæèìû òå÷åíèé âûñîêîòåìïåðàòóðíîãî äâóõàòîì-
íîãî ãàçà èç àíãàðìîíè÷åñêèõ îñöèëëÿòîðîâ. Ðàññìàòðèâàþòñÿ ñèòóàöèè, êîãäà â ãàçå óñòà-
íàâëèâàþòñÿ ëîêàëüíûå êâàçèñòàöèîíàðíûå ðàñïðåäåëåíèÿ, íåðàâíîâåñíûå ïî êîëåáàòåëüíûì
ñòåïåíÿì ñâîáîäû ìîëåêóë. Äëÿ îïèñàíèÿ òå÷åíèé ãàçà â ýòèõ óñëîâèÿõ èñïîëüçóþòñÿ óðàâíå-
íèÿ ðåëàêñàöèîííîãî òèïà, ÿâëÿþùèåñÿ îáîáùåíèåì ÁÃÊ � ìîäåëè. Ýòè ìîäåëüíûå óðàâíåíèÿ
èñïîëüçóþòñÿ äëÿ èññëåäîâàíèÿ ñîîòâåòñòâóþùèõ òå÷åíèé âÿçêîãî ãàçà, ðàñ÷åòà êîýôôèöè-
åíòîâ ñäâèãîâîé è îáúåìíîé âÿçêîñòè, à òàêæå êîýôôèöèåíòîâ, õàðàêòåðèçóþùèõ ïðîöåññû
ïåðåíîñà ðàçëè÷íûõ âèäîâ ìîëåêóëÿðíîé ýíåðãèè.

Voroshilova Yu.N., Kobelev N.S., Rydalevskaya M.A. Transport coe�cients in gas of
anharmonic oscillators. Model approximation.

Di�erent relaxation stages of a high-temperature diatomic gas of anharmonic oscillators are
studied. Relaxation equations that generalize BGK � model are used. The coe�cients of the shear
and bulk viscosity and di�erent kinds of molecular energy transfer coe�cients are determined.
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ÑÒÎÕÀÑÒÈ×ÅÑÊÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ ÄÈÍÀÌÈÊÈ ÏÎËÅÒÀ
ÑÀÌÎËÅÒÀ

Ãðåáåíþêîâ Ê. À., Õðèñòèíè÷ Â. Á.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

Khristinich@mail.ru

Â ðàáîòå èçó÷àåòñÿ èçìåíåíèå ðàñïðåäåëåíèÿ îøèáêè íàáëþäåíèÿ ïðè äâèæåíèè
òóðáîðåàêòèâíîãî ñâåðõçâóêîâîãî ñàìîëåòà. Ìîäåëèðóþòñÿ àíñàìáëè íà÷àëüíûõ äàí-
íûõ ñ çàäàííûìè çàêîíàìè ðàñïðåäåëåíèÿ. Äëÿ êàæäîãî ýëåìåíòà âûáîðêè, ðåøàåòñÿ
ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé ñ íåëèíåéíûìè ïðàâûìè ÷àñòÿìè, êîòîðàÿ îïè-
ñûâàåò äâèæåíèå ñàìîëåòà. Äëÿ ðåøåíèÿ ñèñòåìû èñïîëüçóþòñÿ ìåòîäû ìàòåìàòè÷åñ-
êîãî ìîäåëèðîâàíèÿ. Èçó÷àåòñÿ èçìåíåíèå ðàñïðåäåëåíèÿ îøèáêè íàáëþäåíèÿ è åãî
ïàðàìåòðû.

ËÈÒÅÐÀÒÓÐÀ

[1] Ìèåëå Àíäæåëî Ìåõàíèêà ïîëåòà. Ò.1 (Òåîðèÿ òðàåêòîðèé ïîëåòà). Ì.: Èçä-âî Íàóêà
1965ã., 408c.

Grebenukov K.A., Khristinich V.B. Stochastic modeling of �ight plane dynamics.
The method of stochastic modeling to study of the changing distribution of observational error

with the motion of reactive plane. Modeled systems initial data with speci�ed laws of distribution.
For each element of the sample is solved di�erential system nonlinear equations with right-hand
sides, which describes the movement of aircraft. To solve the system used mathematical modelling
methods. We study the changing distribution observational error and its parameters.
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ÐÅØÅÍÈÅ ÎÄÍÎÉ ÍÅÈÇÎÒÅÐÌÈ×ÅÑÊÎÉ ÇÀÄÀ×È Î
ÍÅÑÒÀÖÈÎÍÀÐÍÎÌ ÒÅ×ÅÍÈÈ ÃÀÇÀ ÏÎ ÌÎÐÑÊÈÌ

ÃÀÇÎÏÐÎÂÎÄÀÌ

Ãðóíè÷åâà Å.Â.1, Êóðáàòîâà Ã.È.1, Ïîïîâà Å.À.2
1 Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

2 Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé ãîðíûé èíñòèòóò
gi_kurb@mail.ru

Ðàíåå íàìè áûëà ïðåäëîæåíà äâóìåðíàÿ ìàòåìàòè÷åñêàÿ ìîäåëü óñòàíîâèâøåãî-
ñÿ òå÷åíèÿ ãàçà äëÿ ñëîæíûõ òåðìîäèíàìè÷åñêèõ óñëîâèé: ñâåðõâûñîêèõ äàâëåíèé íà
âõîäå, âîçìîæíîñòè îëåäåíåíèÿ ó÷àñòêîâ ãàçîïðîâîäà, áîëüøîé ïðîòÿæåííîñòè òðàñ-
ñû [1]. Ìîäåëü èñïîëüçîâàíà ïðè ïðîåêòèðîâàíèè Ñåâåðî-Åâðîïåéñêîãî ãàçîïðîâîäà â
Áàëòèéñêîì ìîðå è ãàçîïðîâîäà îò Øòîêìàíîâñêîãî ãàçîêîíäåíñàòíîãî ìåñòîðîæäåíèÿ
äî Òåðèáåðêè â Áàðåíöåâîì ìîðå.

Äîêàçàííàÿ íàìè [1] äîïóñòèìîñòü ïåðåõîäà ê îäíîìåðíîé ïîñòàíîâêå çàäà÷è ïîç-
âîëèëà ðàññìîòðåòü ðÿä îäíîìåðíûõ íåñòàöèîíàðíûõ çàäà÷, èìåþùèõ áîëüøîå ïðè-
êëàäíîå çíà÷åíèå. Â äàííîì ñîîáùåíèè ïðèâåäåíî ðåøåíèå çàäà÷è îá èçìåíåíèè ãàçî-
ïîòðåáëåíèÿ. Ðàññìàòðèâàåòñÿ îäíîìåðíàÿ ìîäåëü íåèçîòåðìè÷åñêîãî íåñòàöèîíàðíîãî
òóðáóëåíòíîãî òå÷åíèÿ íåðåàãèðóþùåé ãàçîâîé ñìåñè ïî ïðîòÿæåííîìó ãàçîïðîâîäó
ïîñòîÿííîãî êðóãîâîãî ñå÷åíèÿ. Ïðåäëîæåíà äèâåðãåíòíàÿ ôîðìà çàïèñè âñåõ óðàâ-
íåíèé áàëàíñà, âõîäÿùèõ â ìîäåëü. Äëÿ ÷èñëåííîãî ðåøåíèÿ èñïîëüçóåòñÿ ïîëíîñòüþ
êîíñåðâàòèâíàÿ ðàçíîñòíàÿ ñõåìà. Ïðèâîäÿòñÿ ðåçóëüòàòû ðàñ÷åòà âðåìåíè âûõîäà íà
óñòàíîâèâøèéñÿ ðåæèì òå÷åíèÿ ïîñëå íà÷àëà ïîñòîÿííûõ ñèíóñîèäàëüíûõ èçìåíåíèé
ðàñõîäà ãàçà íà ïðàâîì êîíöå ãàçîïðîâîäà.

ËÈÒÅÐÀÒÓÐÀ

[1] Êóðáàòîâà Ã.È., Ïîïîâà Å.À., Ôèëèïïîâ Á.Â., Ôèëèïïîâ Â.Á., Ôèëèïïîâ Ê.Á. Ìîäåëè
ìîðñêèõ ãàçîïðîâîäîâ. ÑÏá: Ñ.-Ïåòåðáóðã. ãîñ. óí-ò, 2005. 156 ñ.

[2] Âàñèëüåâ Î.Ô., Áîíäàðåâ Ý.À., Âîåâîäèí À.Ô., Êàíèáîëîòñêèé Ì.À. Íåèçîòåðìè÷åñêîå
òå÷åíèå ãàçà â òðóáàõ. Íîâîñèáèðñê Ñ.Î.: Íàóêà, 1978. 128 ñ.

Grunicheva E.V., Kurbatova G.I., Popova E.A. The solution of a non-isothermal problem
for non-stationary model of a gas �ow into marine pipelines.

The work is a part of authors' research on a creation of a gas �ow into north sea pipelines
mathematical model.

There is a one-dimensional non-stationary model of a gas mixture �ow into marine pipelines.
Flow characteristics in case of a time constant pressure and temperature at the beginning and a
time change consumption at the end were calculated and results were analyzed in its work.
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ÌÅÄËÅÍÍÛÅ ÒÅ×ÅÍÈß ÏËÎÒÍÛÕ ÃÀÇÎÂ

Äîëèäîâè÷ Í. Þ., Öèáàðîâ Â. À.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

natalie12121985@mail.ru

Èñïîëüçóåòñÿ êèíåòè÷åñêàÿ ìîäåëü ïëîòíîãî ãàçà, îáîáùàþùàÿ ìîäåëü Ýíñêîãà.
Îáîáùåíèå ïðîèçâîäèòñÿ äâóìÿ ïóòÿìè: ó÷èòûâàþòñÿ ñèëû ìåæìîëåêóëÿðíîãî ïðèòÿ-
æåíèÿ è ìíîãî÷àñòè÷íûå âçàèìîäåéñòâèÿ íà óðîâíå âðåìåíè ðåëàêñàöèè. Âðåìÿ ðåëàê-
ñàöèè ìíîãî÷àñòè÷íûõ âçàèìîäåéñòâèé îïðåäåëÿåòñÿ ñ ïîìîùüþ èçâåñòíûõ [1, 2] ýêñ-
ïåðèìåíòàëüíûõ äàííûõ ïî ñäâèãîâîé âÿçêîñòè àçîòà è óãëåêèñëîãî ãàçà ïðè áîëüøèõ
äàâëåíèÿõ. Îäíîâðåìåííî ýòè ýêñïåðèìåíòàëüíûå äàííûå èñïîëüçóþòñÿ äëÿ îïðåäåëå-
íèÿ ñòåïåíåé ïðèòÿæåíèÿ è îòòàëêèâàíèÿ ìåæìîëåêóëÿðíîãî ïîòåíöèàëà. Ñ ïîìîùüþ
ïðåäëîæåííîé êèíåòè÷åñêîé ìîäåëè èùåòñÿ âÿçêîå ñëàáî íåðàâíîâåñíîå ïðèáëèæåíèå
äëÿ ïëîòíîãî ãàçà è âû÷èñëÿþòñÿ êîýôôèöèåíòû ïåðåíîñà â íåì. Â ðåçóëüòàòå âÿç-
êîñòü ïëîòíîãî ãàçà çíà÷èòåëüíî ïîíèæàåòñÿ ïî ñðàâíåíèþ ñ âÿçêîñòüþ, îïðåäåëÿåìîé
ïî ìîäåëè Ýíñêîãà, çà ñ÷åò ìíîãî÷àñòè÷íûõ âçàèìîäåéñòâèé, ñóùåñòâåííî ïðèáëèæàÿñü
ê ýêñïåðèìåíòàëüíûì äàííûì.

Ñ ïîìîùüþ ïîëó÷åííûõ êèíåòè÷åñêèìè ìåòîäàìè çàìûêàþùèõ ñîîòíîøåíèé äëÿ
óðàâíåíèé àýðîäèíàìèêè ïëîòíîãî ãàçà ðåøàþòñÿ çàäà÷è î ñòàöèîíàðíîì òå÷åíèè èçî-
òåðìè÷åñêîãî íåñæèìàåìîãî ïëîòíîãî ãàçà âíóòðè öèëèíäðè÷åñêîãî êàíàëà ïîñòîÿííîãî
ðàäèóñà (çàäà÷à Ïóàçåéëÿ) è ìåæäó äâóìÿ êîàêñèàëüíûìè âðàùàþùèìèñÿ öèëèíäðà-
ìè, à òàêæå çàäà÷à îá ìåäëåííîì îáòåêàíèè ñôåðû. Â êà÷åñòâå ãðàíè÷íûõ óñëîâèé
âûáèðàþòñÿ óñëîâèÿ ïðèëèïàíèÿ, ò. ê. ãàç ïëîòíûé. Àíòèñèììåòðè÷íûå íàïðÿæåíèÿ
ó÷èòûâàþòñÿ â ïðèáëèæåíèè ðàáîò [3, 4].

ËÈÒÅÐÀÒÓÐÀ

[1] Michels A., Gibson R.O. The measurement of viscosity of gases high pressure. The viscosity
of N2 to 1000 atm // Proc. Roy. Soc. A 134. 1932. P. 288�307.

[2] Ãèðøôåëüäåð Äæ., Êåðòèññ ×., Áåðä Ð. Ìîëåêóëÿðíàÿ òåîðèÿ ãàçîâ è æèäêîñòåé. Ì.:
ÈÈË, 1961. 929 ñ.

[3] Mc Coy B.G., Sandler St.I., Dahler J.S. Transport properties of polyatomic �uids. IV. The
kinetic theory of dense gas perfectly rough spheres // J. Chem. Phys. 1966. Vol. 45. � 10.
P. 3485�3512.

[4] Öèáàðîâ Â.À. Êèíåòè÷åñêèé ìåòîä â òåîðèè ãàçîâçâåñåé. ÑÏá.: Èçä-âî Ñ.-Ïåòåðá. óí-òà,
1997. 192 ñ.

Dolidovich N.Yu., Tsibarov V.A. Slowly �owing of dense gases.
The modi�cation of Enskog equation is done. Poiseuille problem, Stokes problem and �owing of

dense gas between rotating coaxial cylinders are examined.
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Åãîðîâ Á.Â., Ìàðêà÷¼â Þ. Å., Òåð¼øêèíà Ê.Á., Ãåëèåâ À.Â.
Öåíòðàëüíûé àýðîãèäðîäèíàìè÷åñêèé èíñòèòóò èì. ïðîô. Í. Å. Æóêîâñêîãî,

ã.Æóêîâñêèé Ìîñêîâñêàÿ îáëàñòü
boris.egorov@mail.ru

Îñíîâûâàÿñü íà ab initio êâàíòîâî-õèìè÷åñêèõ ðàñ÷¼òàõ ïðîñòåéøèõ ãîìîãåííûõ
êëàñòåðîâ àçîòà, êèñëîðîäà, âîäû, îïðåäåëåíû èõ ñòðóêòóðû, ìîìåíòû èíåðöèè, âíóòðè-
è ìåæìîëåêóëÿðíûå ÷àñòîòû êîëåáàíèé, ýíåðãèè äèññîöèàöèè. Íà îñíîâå ýòèõ äàí-
íûõ âû÷èñëÿëèñü ñòàòèñòè÷åñêèå ñóììû ðàçëè÷íûõ âèäîâ äâèæåíèÿ êëàñòåðîâ, ÷òî
ïîçâîëèëî â èòîãå ðàññ÷èòàòü êîíñòàíòû ðàâíîâåñèÿ ðåàêöèé èõ îáðàçîâàíèÿ. Ïóò¼ì
ââåäåíèÿ ñðåäíåñòàòèñòè÷åñêîé êîëåáàòåëüíîé òåìïåðàòóðû ìåæìîëåêóëÿðíûõ êîëå-
áàòåëüíûõ ìîä êëàñòåðîâ óäàëîñü çíà÷èòåëüíî óïðîñòèòü îïèñàíèå êîíñòàíò ðàâíîâå-
ñèÿ îáðàçîâàíèÿ êëàñòåðîâ, ôóíêöèé ðàñïðåäåëåíèÿ ÷èñëîâîé ïëîòíîñòè êëàñòåðîâ ïî
ðàçìåðàì, ñêîðîñòè îáðàçîâàíèÿ êëàñòåðîâ, ýôôåêòèâíîé âåëè÷èíû ïîâåðõíîñòíîãî íà-
òÿæåíèÿ äëÿ êëàñòåðîâ áîëüøèõ ðàçìåðîâ.

Êâàíòîâî-õèìè÷åñêàÿ êëàñòåðíàÿ ìîäåëü (ÊÕÊÌ) â äàëüíåéøåì èñïîëüçîâàëàñü
äëÿ îïèñàíèÿ êèíåòèêè íóêëåàöèè ãîìîãåííîãî ãàçà â ïàðîâîé ôàçå. ÊÕÊÌ èñïîëü-
çîâàëàñü äëÿ ïîëó÷åíèÿ óðàâíåíèÿ ñîñòîÿíèÿ ãîìîãåííîãî ïàðà, ïðîâåäåíî ñðàâíåíèå
¾êëàñòåðíîãî¿ ðàçëîæåíèÿ ñ âèðèàëüíûì ðàçëîæåíèåì. Â ðàìêàõ ÊÕÊÌ ââåäåíî îïðå-
äåëåíèå ñòåïåíè ïåðåñûùåíèÿ ïàðà, ïðîâåäåí ðàñ÷¼ò äèññèïàòèâíûõ êîýôôèöèåíòîâ
ïåðåíîñà, âû÷èñëåíà òåïëî¼ìêîñòü è äðóãèå òåðìîäèíàìè÷åñêèå ïàðàìåòðû ïàðà, ñî-
ñòîÿùåãî èç ìîíîìåðîâ è êëàñòåðîâ ðàçëè÷íîãî ðàçìåðà â ïðèáëèæåíèè ìîäåëè àíãàð-
ìîíè÷åñêîãî îñöèëëÿòîðà äëÿ ìåæìîëåêóëÿðíûõ êîëåáàòåëüíûõ ìîä êëàñòåðîâ. Âñå
òåîðåòè÷åñêèå ðàñ÷¼òíûå âåëè÷èíû âòîðîãî âèðèàëüíîãî êîýôôèöèåíòà ñðàâíèâàëèñü
ñ ýêñïåðèìåíòàëüíûìè äàííûìè è, â êîíå÷íîì èòîãå, áûëè èñïîëüçîâàíû äëÿ ðàñ÷¼òà
çàâèñèìîñòè êðèòè÷åñêîãî êîýôôèöèåíòà Ðåéíîëüäñà â òðóáàõ îò âåëè÷èíû âòîðîãî
âèðèàëüíîãî êîýôôèöèåíòà.

Àâòîðû áëàãîäàðÿò çà ôèíàíñîâóþ ïîääåðæêó ÐÔÔÈ (ãðàíò �08-01-00540-a).

Egorov B.V., Markachev Yu.M., Tereshkina K.B., Geliev A.V. Quasi-chemical cluster
model of gas � equation of state, kinetics, thermodynamic and transport properties.

Quasi-chemical cluster model (QCCM) has been used to describe kinetics of nucleation of
homogeneous gas in the vapor phase. QCCM has been used also to derive the equation of state of
homogenous vapor, comparison of ¾cluster¿ decomposition with virial decomposition has been done.
The de�nition of saturation parameter was made in terms of QCCM and calculation of dissipative
and transport coe�cients for a vapor were carried out based on QCCM. The heat capacity and
other thermodynamic parameters of a vapor consisting of monomers and clusters of various sizes
were calculated in approach of the model of anharmonic oscillator for intermolecular vibrations. All
theoretical calculations were compared with available experimental data. The theory developed has
been used �nally to calculate di�erent parts of the second virial coe�tions N2 (Bf, Bb, Bm-free,
bound double (or dimer), metasttable double molecules) to predict the critical Reynolds number
Novopashin's experiment in pipe �ow.
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Èññëåäîâàíà ìàòåìàòè÷åñêàÿ ìîäåëü òåïëîâûõ ïðîöåñîâ â æèäêîì ñôåðè÷åñêîì
ñëîå, ðàñøèðÿþùåìñÿ â óñëîâèÿõ íåâåñîìîñòè. Ïðåäïîëàãàåòñÿ, ÷òî îñíîâíûì ìåõàíèç-
ìîì òåïëîîòäà÷è ÿâëÿåòñÿ èçëó÷åíèå ñ âíåøíåé ïîâåðõíîñòè ñëîÿ ïî çàêîíó Ñòåôàíà-
Áîëüöìàíà. Ïîëó÷åíî ÷èñëåííîå è ïðèáëèæåííîå àíàëèòè÷åñêîå ðåøåíèå ïîñòàâëåííîé
çàäà÷è.

Ermolaeva N.N., Kurbatova G.I. Thermal processes in expending spherical liquid shell.
Mathematical model of thermal processes in spherical expending in-space liquid shell was

investigeted. Numerical and analytical approximate solution of the problem was obtained.

ÎÁÒÅÊÀÍÈÅ ÒÅËÀ Ñ ÎÑÅÂÎÉ ÑÈÌÌÅÒÐÈÅÉ ÏÎÒÎÊÎÌ ÂßÇÊÎÉ
ÍÅÑÆÈÌÀÅÌÎÉ ÆÈÄÊÎÑÒÈ

Åðøîâ Á.À., Êóòååâà Ã.À.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

gkut@rambler.ru

Óäëèíåííûé ýëëèïñîèä âðàùåíèÿ îáòåêàåòñÿ ñòàöèîíàðíûì ïîòîêîì âÿçêîé íåñæè-
ìàåìîé æèäêîñòè. Íàïðàâëåíèå ñêîðîñòè ïîòîêà íà áåñêîíå÷íîñòè ñîâïàäàåò ñ íàïðàâ-
ëåíèåì îñè ñèììåòðèè ýëëèïñîèäà. Èñïîëüçóþòñÿ îáîáùåííûå êîîðäèíàòû óäëèíåííîãî
ýëëèïñîèäà âðàùåíèÿ. Â ýòîì ñëó÷àå îäíà èç êîîðäèíàòíûõ ïîâåðõíîñòåé ñîâïàäàåò ñ
îáòåêàåìûì ýëëèïñîèäîì. Ââèäó îñåâîé ñèììåòðèè çàäà÷è ðàñïðåäåëåíèå ñêîðîñòåé â
ïëîñêîñòÿõ, ïðîõîäÿùèõ ÷åðåç îñü ñèììåòðèè, îäèíàêîâîå. Ïðîâîäèòñÿ ëèíåàðèçàöèÿ
óðàâíåíèé çàäà÷è. Ëèíåàðèçîâàííîå óðàâíåíèå Íàâüå-Ñòîêñà ïðåîáðàçóåòñÿ ê ôîðìå:

rot(rot(rotv) ) ) = 0,

ãäå v � ñêîðîñòü ïîòîêà æèäêîñòè.
Ââîäèòñÿ ôóíêöèÿ òîêà, êîòîðàÿ îáðàùàåò â òîæäåñòâî óðàâíåíèå íåðàçðûâíîñòè.

Èç ïðåîáðàçîâàííîãî óðàâíåíèÿ Íàâüå-Ñòîêñà íàõîäèòñÿ ôóíêöèÿ òîêà è, äàëåå, âûðà-
æåíèÿ äëÿ ïîëÿ âîçìóùåííûõ ñêîðîñòåé.

Ershov B.A., Kuteeva G.A. Flow of viscid incompressible liquid around a body with axial
symmetry .

An extended ellipsoid of rotation inside the stationary stream of viscid incompressible liquid is
considered. Direction of a �ow in in�nity coincides with the axis of symmetry of ellipsoid direction.
The generalized co-ordinates of the extended ellipsoid of rotation are used. In this case one of co-
ordinate surfaces coincides with the streamlined ellipsoid. Because of axial symmetry the distributing
of speeds is in planes, passing through the axis of symmetry, identical. As a result of investigation
the stream function and the distribution of �ow velocities are found.
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Çàâüÿëîâ Î. Ã.
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Zavyalov@ursei.ac.ru
Êàê èçâåñòíî, â ñîâðåìåííûõ ïîäøèïíèêàõ ñêîëüæåíèÿ äëÿ íàïðÿæåíèé â çîíå êîí-

òàêòà äîïóñêàþòñÿ î÷åíü áîëüøèå çíà÷åíèÿ. Âîçíèêíîâåíèå òàêèõ íàïðÿæåíèé îáúÿñ-
íÿåòñÿ òåì, ÷òî ïëîùàäü ñîïðèêîñíîâåíèÿ ìåæäó øàðèêîì è ïîâåðõíîñòüþ î÷åíü ìàëà,
÷òî ïðèâîäèò ê áîëüøèì êîíöåíòðàöèÿì ñèë. Íàïðèìåð, â îáû÷íûõ ïîäøèïíèêàõ äî-
ïóñêàþòñÿ íàïðÿæåíèÿ äî 600 Í/ìì2. Òàêèå íàïðÿæåíèÿ ìîãóò ëåæàòü çà ïðåäåëàìè
óïðóãèõ äåôîðìàöèé è, êàçàëîñü, äîëæíû íåèçáåæíî ïðèâîäèòü ê áûñòðîìó ðàçðóøå-
íèþ ïîâåðõíîñòè.

Ðàññìàòðèâàåòñÿ âîïðîñ î âîçäåéñòâèè îäíîãî òåëà (øàðèêà) íà äðóãîå òåëî (ïîâåðõ-
íîñòü), à òàêæå î ðîëè ñìàçêè â îïîðàõ òðåíèÿ. Â ïðîöåññå ñîïðèêîñíîâåíèÿ øàðèêà ñ
ïîâåðõíîñòüþ ñìàçî÷íîå âåùåñòâî äîëæíî ïîïàäàòü ìåæäó äâóìÿ òåëàìè, â ðåçóëüòà-
òå ñîïðèêîñíîâåíèå áóäåò ïðîèñõîäèòü íå íåïîñðåäñòâåííî ïî ïîâåðõíîñòè îïîðû, à ïî
ìàñëÿíîé ïðîñëîéêå.

Âçàèìîäåéñòâèå äâóõ òåë ìîæíî ïðåäñòàâèòü â âèäå 3-õ çàäà÷.
1. Îáû÷íûå êîíòàêòíûå çàäà÷è, êîãäà îòñóòñòâóåò ñìàçî÷íûé ñëîé. Âçàèìîäåéñòâèå

òåë ïðîèñõîäèò ïðè íàëè÷èè ñóõîãî òðåíèÿ. Òàêèå çàäà÷è ðåøàþòñÿ ìåòîäàìè òåî-
ðèè óïðóãîñòè. 2. Êîíòàêòíî-ãèäðîäèíàìè÷åñêàÿ çàäà÷à. Â ýòîì ñëó÷àå ó÷èòûâàåòñÿ
íàëè÷èå ñìàçî÷íîãî ñëîÿ æèäêîñòè ìåæäó äâóìÿ òåëàìè è îòñóòñòâóþò äåôîðìàöèè
ïîâåðõíîñòåé. Ê ÷èñëó ïîäîáíûõ çàäà÷ îòíîñèòñÿ çàäà÷à Êàïèöû Ï.Ë. 3. Êîíòàêòíî-
ãèäðîäèíàìè÷åñêàÿ çàäà÷à ñ ó÷åòîì ñìàçî÷íîãî ñëîÿ æèäêîñòè ìåæäó äâóìÿ òåëàìè.

Ðàññìàòðèâàåòñÿ ïîñëåäíèé ñëó÷àé. Ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû: 1) ×åì áîëü-
øå áóäåò ïðåäåëüíàÿ òîëùèíà ìàñëÿíîãî ñëîÿ, òåì íà áîëüøóþ ïëîùàäü ðàñïðîñòðàíÿ-
åòñÿ íàãðóçêà. Â ðåçóëüòàòå óìåíüøàòñÿ íàïðÿæåíèÿ â ïîâåðõíîñòè ìåòàëëà. Äëÿ ýòîãî
ìîæíî ïîäáèðàòü ñìàçî÷íûå âåùåñòâà ñ áîëüøèì çíà÷åíèåì ïüåçî-êîýôôèöèåíòà. Òà-
êèì îáðàçîì, â äåéñòâèòåëüíîñòè ïðè êà÷åíèè øàðèêà ïî ïîâåðõíîñòè âåëè÷èíû íàïðÿ-
æåíèé íà ïîâåðõíîñòè ìåíüøå ðàññ÷èòàííîãî ñòàòè÷åñêè. 2) Äëÿ îáðàçîâàíèÿ ìàñëÿíîé
ïëåíêè íåîáõîäèì çàçîð ìåæäó øàðèêîì è ïîâåðõíîñòüþ. Åñëè òàêîãî çàçîðà íåò, òî
ìàñëÿíàÿ ïðîñëîéêà âñå ðàâíî îáðàçóåòñÿ, òàê êàê äåôîðìèðóåòñÿ ïîâåðõíîñòü ìåòàëëà
âñëåäñòâèå íàïðÿæåíèé íà ïîâåðõíîñòè.

ËÈÒÅÐÀÒÓÐÀ

[1] Êàïèöà Ï.Ë. Ãèäðîäèíàìè÷åñêàÿ òåîðèÿ ñìàçêè ïðè êà÷åíèè// Æóðíàë òåõíè÷åñêîé ôè-
çèêè, XXV, âûï. 4(1955), ñòð.747-762.

[2] Çàâüÿëîâ Ã.À., Çàâüÿëîâ Î.Ã., Çàâüÿëîâ Ã.Î. Âçàèìîäåéñòâèå òîíêîãî ñëîÿ ñ âåùåñòâîì//
Èçáðàííûå òðóäû Ðîññèéñêîé øêîëû ïî ïðîáëåìàì íàóêè è òåõíîëîãèè. Ì.:ÐÀÍ, 2007,
97 ñ.

Zavyalov O.G. The task of sphere rolling in consideration of deformation of surface on
conditions that liquid is incompressible.

The task considers the question of interaction between one solid on the other surface and the
role of the lubricant in friction's support. In contact the lubricant has to hit between the sphere and
the surface. As a consequence the contact is not happened across the surface, it takes place along
the oil layer.
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Ñòàòèñòè÷åñêè-äâóìåðíîå òóðáóëåíòíîå òå÷åíèå íåñæèìàåìîé æèäêîñòè ÷åðåç ðå-
øåòêó êðóãëûõ öèëèíäðîâ â óñëîâèÿõ çíà÷èòåëüíîé ïî âåëè÷èíå êîìïîíåíòû ñêîðîñòè,
ïàðàëëåëüíîé ôðîíòó ðåøåòêè, ìîæåò ñëóæèòü ïðîäóêòèâíîé ìîäåëüþ äëÿ èçó÷åíèÿ
ðÿäà âàæíûõ äëÿ ïðàêòèêè âîïðîñîâ, íàïðèìåð, ïî îïðåäåëåíèþ ïîòåðü äàâëåíèÿ è
îáùåé êèíåìàòèêè çàêðó÷åííîãî ïîòîêà, êîòîðûé ðàçâèâàåòñÿ â êîëüöåâîì êàíàëå ïðè
íàëè÷èè â íåì ðàäèàëüíûõ êðåïåæíûõ ñòîåê.

Â äîêëàäå ïðåäñòàâëÿþòñÿ ðåçóëüòàòû ÷èñëåííîãî ìîäåëèðîâàíèÿ òàêîãî òå÷åíèÿ
íà îñíîâå íåñòàöèîíàðíûõ äâóìåðíûõ óðàâíåíèé Ðåéíîëüäñà, çàìêíóòûõ ñ ïðèâëå÷å-
íèåì îäíîïàðàìåòðè÷åñêîé ìîäåëè òóðáóëåíòíîñòè Ñïàëàðòà-Àëëìàðàñà. Äëÿ ðàñ÷åòîâ
èñïîëüçîâàëñÿ ïðîãðàììíûé êîìïëåêñ SINF, â êîòîðîì ðåàëèçîâàí ìåòîä êîíå÷íûõ
îáúåìîâ âòîðîãî ïîðÿäêà òî÷íîñòè.

Ðàñ÷åòû íà ìíîãîáëî÷íûõ ñåòêàõ âûïîëíåíû ïðè çíà÷åíèè ÷èñëà Ðåéíîëüäñà, ðàâ-
íîì 100 000. Çàäàâàëñÿ îòíîñèòåëüíî âûñîêèé óðîâåíü âõîäíîé òóðáóëåíòíîé âÿçêîñòè,
÷òî áûëî îáóñëîâëåíî íàìåðåíèåì ñìîäåëèðîâàòü îêîëîêðèòè÷åñêîå îáòåêàíèå öèëèí-
äðîâ ïðè ïîâûøåííîì óðîâíå òóðáóëåíòíîñòè íàáåãàþùåãî ïîòîêà. Ðàñ÷åòíàÿ îáëàñòü
îõâàòûâàëà òðè øàãà ðåøåòêè. Âàðüèðîâàëñÿ áåçðàçìåðíûé øàã ðåøåòêè è óãîë íàòå-
êàíèÿ ïîòîêà. Ðåçóëüòàòû âû÷èñëåíèé ïîêàçûâàþò, â ÷àñòíîñòè, ÷òî âåêòîð ñóììàðíîé
ñèëû, äåéñòâóþùåé íà öèëèíäð, ìîæåò ñóùåñòâåííî îòêëîíÿòüñÿ îò íàïðàâëåíèÿ íà-
òåêàþùåãî ïîòîêà. Íàêîïëåííàÿ áàçà ðàñ÷åòíûõ äàííûõ ïîñëóæèëà îñíîâîé äëÿ ðàç-
ðàáîòêè èíæåíåðíîé ìåòîäèêè îïðåäåëåíèÿ ïîòåðü äàâëåíèÿ è èçìåíåíèÿ óãëà ïîòîêà
ïðè ïðîõîæäåíèè ÷åðåç ðåøåòêó.

Zaitsev D.K., Korsakov A.B., Smirnov E.M., Tsvetkov B.N. Numerical simulation of
turbulent �ow passing obliquely through a row of circular cylinders.

With the in-house �nite-volume code SINF, two-dimensional unsteady RANS parametric
computations of turbulent �ow through an in�nite row of circular cylinders have been performed
under conditions of non-zero inlet-velocity component parallel to the row front. A database has
been collected to de�ne the in�uence of the row pitch and the inlet �ow angle on the normal and
tangential components of the force acting on an individual cylinder, as well as on the exit �ow
deviation.
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ÐÅØÅÍÈÅ ÑÂßÇÀÍÍÛÕ ÇÀÄÀ× ÌÅÕÀÍÈÊÈ ÑÐÅÄÑÒÂÀÌÈ
ÑÎÂÐÅÌÅÍÍÛÕ ÈÍÔÎÐÌÀÖÈÎÍÍÛÕ ÒÅÕÍÎËÎÃÈÉ

Êàïðàíîâ È.Å.
Áàëòèéñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò, Ñàíêò-Ïåòåðáóðã

mrkap@yandex.ru

Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ àñïåêòû ïîäãîòîâêè ê ïðîâåäåíèþ ñâÿçàííîãî
ðàñ÷åòà, âîïðîñû âûáîðà ñõåì ñîïðÿæåíèÿ è ìåòîäà ìîäèôèêàöèè ñåòî÷íîé ñòðóêòó-
ðû, à òàêæå ðåøåíèå âåðèôèêàöèîííîé çàäà÷è î ïðîõîæäåíèè äåôîðìàöèîííîé âîëíû
ïî ýëàñòè÷íîé òðóáêå, çàïîëíåííîé æèäêîñòüþ. Âåðèôèêàöèÿ ïðîâîäèëàñü ñ öåëüþ ïðî-
àíàëèçèðîâàòü âîçìîæíîñòü ñîâìåñòíîãî èñïîëüçîâàíèÿ ðàñ÷åòíûõ êîìïëåêñîâ ANSYS
Structural è ANSYS CFX äëÿ ðåøåíèÿ ñîïðÿæåííûõ çàäà÷ è îöåíèòü àäåêâàòíîñòü
ïîëó÷àåìûõ ðåçóëüòàòîâ. Ðàññìàòðèâàåìàÿ âåðèôèêàöèîííàÿ çàäà÷à èìååò àíàëèòè÷å-
ñêîå ðåøåíèå, à èìåííî âûðàæåíèå, ïîëó÷åííîå Ìîýíñîì è Êîðòåâåãîì äëÿ ñêîðîñòè
ðàñïðîñòðàíåíèÿ âîëíû äåôîðìàöèè ïî òðóáêå [1, 2]:

c0 =

√
Eh

2Rρ(1− ν2)
.

Âåëè÷èíû, âõîäÿùèå â äàííîå ñîîòíîøåíèå, õàðàêòåðèçóþò êàê ñâîéñòâà óïðóãîãî òåëà,
òàê è ïàðàìåòðû æèäêîñòè. Òàêèì îáðàçîì, àíàëèòè÷åñêîå ðåøåíèå çàäà÷è äåìîíñòðè-
ðóåò âçàèìîâëèÿíèå ãèäðîäèìèêè è ïðîöåññîâ äåôîðìèðîâàíèÿ. Â õîäå ïðîâîäèìûõ
ñîïðÿæåííûõ ðàñ÷åòîâ âàðüèðîâàëñÿ ìîäóëü óïðóãîñòè äëÿ ìàòåðèàëà ñòåíêè, è â êàæ-
äîì ñëó÷àå âû÷èñëÿëàñü ñêîðîñòü äåôîðìàöèîííîé âîëíû. Ïðè ñðàâíåíèè àíàëèòè÷å-
ñêîãî ðåøåíèÿ è ðåçóëüòàòîâ ñîïðÿæåííîãî ðàñ÷åòà íàáëþäàëîñü óäîâëåòâîðèòåëüíîå
ñîâïàäåíèå.

ËÈÒÅÐÀÒÓÐÀ

[1] Êàðî Ê., Ïåäëè Ò., Øðîòåð Ð., Ñèä Ó. Ìåõàíèêà êðîâîîáðàùåíèÿ. Èçä-âî ¾Ìèð¿, 1981,
624 ñ.

[2] Kuntz M.,Menter F.. Simulation of Fluid-Structure Interactions in Aeronautical Applications.
ECCOMAS. 2004, 24-28 July 2004.

Kapranov I.E. Studying of coupled mechanical problems using numerical simulation software .
Present paper describes results of setting up and solving of coupled mechanical problems using

well-known commercial software codes. Results of coupled simulation exhibit satisfactory agreement
with Moens-Korteweg analytical expression.
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Ðàññìîòðåíà çàäà÷à î ïîñòóïàòåëüíîì äâèæåíèè òîíêîé ñôåðè÷åñêîé îáîëî÷êè â
èäåàëüíîé íåñæèìàåìîé æèäêîñòè. Îïðåäåëåíî äàâëåíèå íà ïîâåðõíîñòè ñôåðû, äâè-
æóùåéñÿ ñ ïåðåìåííîé ñêîðîñòüþ â íåîãðàíè÷åííîé æèäêîñòè. Ïîëó÷åííîå äàâëåíèå
èñïîëüçîâàíî äëÿ îïðåäåëåíèÿ äåôîðìàöèè òîíêîé ñôåðè÷åñêîé îáîëî÷êè, íàéäåíî òî÷-
íîå àíàëèòè÷åñêîå ðåøåíèå ñâÿçàííîé çàäà÷è ãèäðîóïðóãîñòè. Ðàññìîòðåíû âàæíûå
÷àñòíûå ñëó÷àè: äâèæåíèå ñôåðû ñ ïîñòîÿííîé ñêîðîñòüþ, ñ ïîñòîÿííûì óñêîðåíèåì,
âîçâðàòíî-ïîñòóïàòåëüíîå äâèæåíèå.

ËÈÒÅÐÀÒÓÐÀ

[1] Ñåäîâ Ë.È. Ìåõàíèêà ñïëîøíîé ñðåäû. Ò.II. Ì.: Íàóêà, 1973.
[2] Dowell E.H.,Ilganov M. Studies in Nonlinear Aeroeslasticity. Springler-Verlag, New-York,

Berlin, Heidelberg, London, Paris, Tokyo.
[3] Ìóçû÷åíêî Â.Â. Äèôðàêöèÿ çâóêà íà óïðóãèõ îáîëî÷êàõ. Ìåòîäû, òåîðèÿ, ýêñïåðèìåíò.

Ì.: Íàóêà, 1994
[4] Êî÷èí Í.Å., Êèáåëü È.À., Ðîçå Í.Â. Òåîðåòè÷åñêàÿ ãèäðîìåõàíèêà. ×. 1. Ì., 1963.

Kashtanova S.V. Motion of thin spherical shell inside of ideal liquid with variable
speed .

The problem of translational motion of a thin spherical shell inside of ideal incompressible liquid
is considered. The normal pressure on sphere moving with variable speed inside of unlimited liquid
is determined. The received pressure is used to de�ne the deformation of considered thin spherical
membrane. Then, the exact analytical solution of coupled hydroelasitic problem is provided.
Important special cases are considered, namely, a motion of sphere with constant speed, constant
acceleration or back-and-forth motion.
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ÕÈÌÈ×ÅÑÊÈÅ ÐÅÀÊÖÈÈ Â ÍÅÐÀÂÍÎÂÅÑÍÎÉ ÃÀÇÎÂÎÉ ÑÌÅÑÈ

Êîëåñíè÷åíêî Å. Ã.1, Ãîðáà÷åâ Þ.Å.2
1 Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ì.Â. Ëîìîíîñîâà, ÍÈÈ ìåõàíèêè

2 Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé ïîëèòåõíè÷åñêèé óíèâåðñèòåò
yuriy.gorbachev@gmail.com

Â ðàìêàõ ïðåäëîæåííîãî ðàíåå ìåòîäà ïîëó÷åíèÿ êèíåòè÷åñêèõ óðàâíåíèé äëÿ ãàçîâ
ñ âíóòðåííèìè ñòåïåíÿìè ñâîáîäû, îñíîâàííîãî íà êîíöåïöèè ïðèáëèæåííûõ ñóìàòîð-
íûõ èíâàðèàíòîâ [1, 2], ïîäðîáíî ðàññìîòðåí ñëó÷àé õèìè÷åñêè ðåàãèðóþùèõ (è äèññî-
öèèðóþùèõ) ãàçîâ. Ïðîàíàëèçèðîâàíû îñíîâíûå òèïû ðåàêöèé: ðåàêöèÿ äèññîöèàöèè,
ðåàêöèè îáìåíà, à òàêæå ïàðàëëåëüíûå ðåàêöèè. Ïîêàçàíî, ÷òî â îòñóòñòâèè ðàâíîâåñèÿ
ïî âíóòðåííèì ñòåïåíÿì ñâîáîäû õèìè÷åñêèå ðåàêöèè ïåðåñòàþò áûòü íåçàâèñèìûìè
äðóã îò äðóãà. Íàèáîëåå ÿðêî îòëè÷èÿ ðàâíîâåñíûõ ñêîðîñòåé ðåàêöèé îò íåðàâíîâåñ-
íûõ ïðîÿâëÿþòñÿ â êèíåòèêå ïàðàëëåëüíûõ ðåàêöèé. Ïîëó÷åííûå ðåçóëüòàòû îçíà÷àþò
îòêëîíåíèå îò çàêîíà äåéñòâèÿ ìàññ.

Ïîäðîáíî èçó÷åíà çàâèñèìîñòü ñêîðîñòåé õèìè÷åñêèõ ðåàêöèé îò äàâëåíèÿ ñ ó÷åòîì
îáîèõ ìåõàíèçìîâ ïðîöåññà äèññîöèàöèè: ìîíîìîëåêóëÿðíîãî è ñòîëêíîâèòåëüíîãî.

ËÈÒÅÐÀÒÓÐÀ

[1] Êîëåñíè÷åíêî Å.Ã., Ãîðáà÷åâ Þ.Å. Óðàâíåíèÿ ãàçîâîé äèíàìèêè äëÿ ïðîñòðàíñòâåííî
íåîäíîðîäíîãî ãàçà ñ âíóòðåííèìè ñòåïåíÿìè ñâîáîäû // Âñåðîññèéñêèé ñåìèíàð ïî àýðî-
ãèäðîäèíàìèêå. Òåçèñû äîêëàäîâ. 2008, Ôåâðàëü, 5-7, Ñ.Ïåòåðáóðã: ¾ÑÏáÃÓ¿ Ñ. 44.

[2] Kolesnichenko E.G., Gorbachev Yu.E. Gas-dynamic equations for spatially inhomogeneous gas
mixtures with internal degrees of freedom. I. General theory // Submitted to Journal of Applied
Mathematics and Mechanics.

Kolesnichenko E.G., Gorbachev Yu.E. Chemical reactions in the non-equilibrium gas
mixture.

The non-equilibrium e�ects caused by dissociation and chemical reactions are considered in
the framework of the general algorithm for building an uniform asymptotic solution of the kinetic
equations for reactive gas mixture developed previously by the authors. It is shown that those
processes leads to quasi-stationary vibrational distribution function formation and to necessity of
revising the expressions for reaction rate constants. Both monomolecular and collision mechanisms
of dissociation/reactions are considered. This leads to new results concerning the dependence of the
dissociation/reactive rate on the gas mixture pressure.
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Â ðàáîòàõ [1, 2] ïðåäëîæåíî äîïîëíèòü óðàâíåíèÿ Íàâüå-Ñòîêñà íîâûìè ñëàãàå-
ìûìè, êîòîðûå îïðåäåëÿþò âêëàä èçìåíåíèÿ ìîìåíòà êîëè÷åñòâà äâèæåíèÿ âáëèçè
âîçìóùàþùèõ ïîâåðõíîñòåé. Óðàâíåíèÿ âûâîäèëèñü èç ìîäèôèöèðîâàííîãî óðàâíåíèÿ
Áîëüöìàíà. Ðàíåå ðàññìîòðåíû ñëåäóþùèå çàäà÷è íåñæèìàåìîé æèäêîñòè: áåñêîíå÷-
íàÿ è ïîëóáåñêîíå÷íàÿ ïëàñòèíû, áåñêîíå÷íàÿ è ïîëóáåñêîíå÷íàÿ òðóáû ðàçëè÷íûõ
ñå÷åíèé, íåàâòîìîäåëüíàÿ çàäà÷à Ôîêíåðà-Ñêåíà, ñòðóÿ, áüþùàÿ èç áåñêîíå÷íî òîíêî-
ãî îòâåðñòèÿ, íåñòàöèîíàðíûå çàäà÷è ïîãðàíè÷íîãî ñëîÿ äëÿ ìàëûõ âðåìåí. Èñïîëü-
çîâàëîñü òðàäèöèîííîå óðàâíåíèå ñîõðàíåíèÿ ìàññû. Äëÿ áåñêîíå÷íîé ïëàñòèíû áûëè
ïîëó÷åíû àíàëèòè÷åñêèå ðåøåíèÿ óðàâíåíèé, äëÿ ïîëóáåñêîíå÷íîé ïëàñòèíû ïîñòðî-
åíî ðåøåíèå â âèäå ðÿäà, ïîëó÷åíî ÷èñëåííîå ðåøåíèå. Îäíàêî ïðè âûâîäå ïðåäëî-
æåííûõ óðàâíåíèé èç óðàâíåíèÿ Áîëüöìàíà îêàçàëîñü, ÷òî ïðèñóòñòâèå ïîâåðõíîñòè
âîçìóùåíèÿ ÷åðåç èçìåíåíèå ìîìåíòà êîëè÷åñòâà äâèæåíèÿ âáëèçè ïîâåðõíîñòè ïðè-
âîäèò ê ïîÿâëåíèþ äîïîëíèòåëüíîãî ñëàãàåìîãî íå òîëüêî â óðàâíåíèè äâèæåíèÿ, íî
è â óðàâíåíèè íåðàçðûâíîñòè. Ðåçóëüòàòû ÷èñëåííîãî ðåøåíèÿ ìîäèôèöèðîâàííîé çà-
äà÷è Áëàçèóñà ñ òðàäèöèîííûì óðàâíåíèåì íåðàçðûâíîñòè ïîêàçàëè ôîðìèðîâàíèå
òå÷åíèÿ ñëîæíîãî òèïà âíóòðè ïîãðàíè÷íîãî ñëîÿ ïðè áîëüøèõ çíà÷åíèÿõ êîýôôèöè-
åíòà òðåíèÿ, õîòÿ ïðè çíà÷åíèÿõ êîýôôèöèåíòà òðåíèÿ, ðàâíîãî êîýôôèöèåíòó çàäà÷è
Áëàçèóñà, ïðîôèëè ïî÷òè íå îòëè÷àþòñÿ. Ìîäèôèöèðîâàííàÿ àâòîìîäåëüíàÿ çàäà÷à
Áëàçèóñà ðåøàëàñü À.Ô. Ïîëÿíñêèì. Ðåçóëüòàòû ÷èñëåííîãî ðåøåíèÿ ìîäèôèöèðîâàí-
íîé çàäà÷è Áëàçèóñà ñ íîâûì óðàâíåíèåì íåðàçðûâíîñòè äîêàçàëè âàæíîñòü çíà÷åíèÿ
âåðòèêàëüíîé ñêîðîñòè íà âíåøíåé ãðàíèöå. Â ñèëó îòñóòñòâèÿ â ìîìåíòå êîëè÷åñòâà
äâèæåíèÿ íîâûõ ïîñòîÿííûõ àâòîìîäåëüíîñòü ìîäèôèöèðîâàííûõ óðàâíåíèé ïîãðà-
íè÷íîãî ñëîÿ ñîõðàíÿåòñÿ ïðè àâòîìîäåëüíîñòè êëàññè÷åñêîé çàäà÷è. Â ðàáîòå ÷èñ-
ëåííî ðåøåíû àâòîìîäåëüíûå çàäà÷è Ôîêíåðà-Ñêåíà, ðàññìîòðåíà ñòðóÿ, áüþùàÿ èç
áåñêîíå÷íî òîíêîé ùåëè, è íåêîòîðûå äðóãèå.

ËÈÒÅÐÀÒÓÐÀ
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Kononenko V.A., Prozorova E.V., Shishkin A.V. In�uence of the dispersion in auto-
modelling problems for the boundary layer.

Present paper is continuation of the previous works for the boundary layer. We discuss the
problems that can be appearing to considerate the angular moment variation in an elementary
volume near the surface.
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Â ðàáîòå èçó÷àåòñÿ ïðîöåññ ðåëàêñàöèè ñìåñè óãëåêèñëîãî ãàçà è àçîòà çà óäàðíîé
âîëíîé. Ñèñòåìà óðàâíåíèé â îäíîìåðíîé ñòàöèîíàðíîé ïîñòàíîâêå íåâÿçêîãî íåòåïëî-
ïðîâîäíîãî ãàçà â 4-òåìïåðàòóðíîì ïðèáëèæåíèè èìååò âèä:

d(v nCO2)

dx
= 0,

d(v nN2)

dx
= 0,

ρCO2 v
dW12

dx
= Rω

12,

ρCO2 v
dW3

dx
= Rω

3 ,

ρN2 v
dW4

dx
= Rω

4 ,

ρ0v0 = ρv,

ρ0v
2
0 + p0 = ρv2 + p,

h0 +
v2

0

2
= h0 +

v2

2
,

(1)

ãäå nCO2 è nN2 � ÷èñëîâûå ïëîòíîñòè, v, ρ � ìàêðîñêîïè÷åñêàÿ ñêîðîñòü è ïëîòíîñòü
ãàçà, W12,W3,W4 � óäåëüíûå ÷èñëà êîëåáàòåëüíûõ êâàíòîâ îáúåäèíåííîé è ñèììåò-
ðè÷íîé ìîä CO2 (W12,W3) è N2 (W4), T � òåìïåðàòóðà ãàçà, T12, T3, T4 � òåìïåðàòóðû
ïåðâûõ êîëåáàòåëüíûõ óðîâíåé ñîîòâåòñòâóþùèõ ìîä, p, h � äàâëåíèå è óäåëüíàÿ ýí-
òàëüïèÿ. Òå÷åíèå ðàññìàòðèâàåòñÿ ñ ó÷åòîì V T - è ìåæìîäîâûõ V V ′-ïåðåõîäîâ êîëåáà-
òåëüíîé ýíåðãèè è áåç ó÷åòà õèìè÷åñêèõ ðåàêöèé.

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ èññëåäîâàíèå âëèÿíèÿ ðàçëè÷íûõ ïðåäñòàâëåíèé
ïðàâûõ ÷àñòåé ðåëàêñàöèîííûõ óðàâíåíèé Rω

12, Rω
3 , Rω

4 â ñèñòåìå (1). Ïðàâûå ÷àñòè
ðåëàêñàöèîííûõ óðàâíåíèé ðàññ÷èòûâàþòñÿ òðåìÿ ñïîñîáàìè:
1. Â òî÷íîé ïîñòàíîâêå, îñíîâàííîé íà ñêîðîñòÿõ êîëåáàòåëüíûõ ïåðåõîäîâ, ðàññ÷èòàí-
íûõ ñ ïîìîùüþ SSH òåîðèè.
2. Â òî÷íîé ïîñòàíîâêå, îñíîâàííîé íà ñêîðîñòÿõ êîëåáàòåëüíûõ ïåðåõîäîâ, ðàññ÷èòàí-
íûõ íà îñíîâå ýêñïåðèìåíòàëüíûõ äàííûõ.
3. Â ïðèáëèæåííîé ïîñòàíîâêå íà îñíîâàíèè âðåìåíè ðåëàêñàöèè êàæäîé ìîäû, ðàñ-
ñ÷èòàííîãî íà îñíîâå òåõ æå ýêñïåðèìåíòàëüíûõ äàííûõ, ÷òî è â ñëó÷àå 2.

Kozhapenko A.M., Kustova E.V.Models of vibrational relaxation in CO2/N2 mixture behind
shock waves.

In this paper vibrational relaxation of a CO2/N2 mixture behind a shock wave is studied. The
aim of this paper is to analyze the e�ect of di�erent representation of the production terms in
relaxation equations of system (1), which are obtained with accurate and simpli�ed calculations.
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Áåñêîíå÷íî äëèííàÿ òîíêàÿ öèëèíäðè÷åñêàÿ îáîëî÷êà ïîäâåðæåíà áåçîòðûâíîìó
ïîïåðå÷íîìó îáòåêàíèþ ïîòåíöèàëüíûì ïîòîêîì èäåàëüíîé íåñæèìàåìîé æèäêîñòè.
Îáîëî÷êà ñâîáîäíà îò îïîðíûõ èëè èíûõ óñèëèé íåãèäðîäèíàìè÷åñêîãî õàðàêòåðà è
íàõîäèòñÿ â óñòàíîâèâøåìñÿ äâèæåíèè îòíîñèòåëüíî æèäêîñòè. Ïåðåìåùåíèÿ ïî íîð-
ìàëè ê ñðåäèííîé ïîâåðõíîñòè ñ÷èòàþòñÿ ìàëûìè ïî ñðàâíåíèþ ñ òîëùèíîé ñòåíêè.
Ýòî ïðåäïîëîæåíèå ïîçâîëÿåò ïðèìåíèòü êèíåìàòè÷åñêèå è äèíàìè÷åñêèå óñëîâèÿ, ïî-
ëó÷åííûå äëÿ ñëàáîãî èçãèáà â ðàáîòå [1].

Ðàññìîòðåíû äâà ñëó÷àÿ êîëåáàíèÿ öèëèíäðè÷åñêîé îáîëî÷êè: ïðè óñëîâèè íåðàñòÿ-
æèìîñòè ñðåäèííîé ïîâåðõíîñòè è áåç. Ïåðâîå óñëîâèå ïîäðàçóìåâàåò íàëîæåíèå íåãî-
ëîíîìíîé ñâÿçè íà ðàäèàëüíîå è òàíãåíöèàëüíîå ïåðåìåùåíèå. Â îáîèõ ñëó÷àÿõ âîëíû
âäîëü îáðàçóþùåé öèëèíäðà îòñóòñòâóþò, òî åñòü ðàññìàòðèâàþòñÿ èñêëþ÷èòåëüíî èç-
ãèáíûå êîëåáàíèÿ â ïëîñêîñòè, ïåðïåíäèêóëÿðíîé îáðàçóþùåé öèëèíäðà. Äëÿ êàæäîãî
èç óñëîâèé íàéäåíà îáëàñòü óñòîé÷èâîñòè ïåðèîäè÷åñêîãî ðåøåíèÿ â òåðìèíàõ ïàðà-
ìåòðîâ µ � ïàðàìåòð ãèäðîóïðóãîñòè è ν � îòíîøåíèå ìàññû ñòåíêè îáîëî÷êè ê ìàññå
âûòåñíåííîé åþ æèäêîñòè.

ËÈÒÅÐÀÒÓÐÀ

[1] Èëüãàìîâ Ì.À. Ââåäåíèå â íåëèíåéíóþ ãèäðîóïðóãîñòü. Ì.:Íàóêà, 1991. 200 ñ.
[2] Ïåðöåâ À.Ê., Ìíåâ Å.Í. Ãèäðîóïðóãîñòü îáîëî÷åê. Ë.: Ñóäîñòðîåíèå, 1970. 365 ñ.
[3] Leissa A.W. Vibration of Shells. Acoustical Society of America. 1993. 434 c.

Kocheryzhkin V.A. Vibration of cylindrical shells submerged in �owing �uid .
Flow-induced vibration of an elastic cylindrical shell is investigated. The characteristics

equations are obtained based on Vlasov shell theory. The region of stability of periodic solution
is obtained in terms of µ and ν.
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Ïðåäñòàâëåíû íåêîòîðûå ðåçóëüòàòû àíàëèòè÷åñêîãî èññëåäîâàíèÿ ýôôåêòîâ ïî-
ñòóïàòåëüíîé íåðàâíîâåñíîñòè â ãèïåðçâóêîâûõ óäàðíûõ ñëîÿõ è óäàðíûõ âîëíàõ, ìå-
òîäè÷åñêè ñôîðìóëèðîâàííîãî ðàíåå â ðàáîòå [1]. Ôèçè÷åñêèå ïðè÷èíû, îáóñëàâëèâà-
þùèå âîçíèêíîâåíèå ïîñòóïàòåëüíîé íåðàâíîâåñíîñòè â âÿçêèõ ñäâèãîâûõ òå÷åíèÿõ â
òîíêèõ ãèïåðçâóêîâûõ óäàðíûõ ñëîÿõ è â âÿçêèõ ôðîíòàõ ñèëüíûõ óäàðíûõ âîëí, ðàç-
ëè÷íû ïî ñâîåé ïðèðîäå. Â ïåðâîì ñëó÷àå ýôôåêòû ïîñòóïàòåëüíîé íåðàâíîâåñíîñòè
îáóñëîâëåíû áîëüøèìè çíà÷åíèÿìè íîðìàëüíîãî ê ïîâåðõíîñòè òåë êîìïîíåíòà âèõðÿ,
à òàêæå áîëüøèìè çíà÷åíèÿìè àñèìïòîòè÷åñêè ñèíãóëÿðíûõ ïðîèçâîäíûõ îò ôóíêöèè
ðàñïðåäåëåíèÿ ïî ñîáñòâåííûì òåïëîâûì ñêîðîñòÿì ìîëåêóë. Âî âòîðîì ñëó÷àå èìåþò-
ñÿ, âîîáùå ãîâîðÿ, äâå ðàçëè÷íûå ïðè÷èíû âîçíèêíîâåíèÿ ïîñòóïàòåëüíîé íåðàâíîâåñ-
íîñòè, òðóäíî ðàçäåëèìûå â óñëîâèÿõ ýêñïåðèìåíòà è ïîòîìó ÷àñòî ðàññìàòðèâàåìûå
êàê îäèí îïðåäåëÿþùèé ôàêòîð. Õîðîøî èçâåñòíî, ÷òî óäàðíàÿ âîëíà ñîäåðæèò ïî-
âûøåííóþ êîíöåíòðàöèþ ðåàêöèîííî-ñïîñîáíûõ ìîëåêóë ñ áîëüøèìè (ïî ñðàâíåíèþ
ñ òåïëîâûìè) îòíîñèòåëüíûìè ñêîðîñòÿìè ìîëåêóë. Â ðÿäå ñëó÷àåâ ýòà êîíöåíòðàöèÿ
çíà÷èòåëüíî ïðåâîñõîäèò àíàëîãè÷íóþ òåðìîäèíàìè÷åñêè ðàâíîâåñíóþ âåëè÷èíó â çîíå
çà ôðîíòîì óäàðíîé âîëíû. Âòîðîé ôàêòîð, îáóñëàâëèâàþùèé ïîñòóïàòåëüíóþ íåðàâ-
íîâåñíîñòü âî ôðîíòå óäàðíîé âîëíû, ñâÿçàí íå ñòîëüêî ñ ¾íåðàâíîâåñíîé ñòàòèñòèêîé¿
ðàñïðåäåëåíèÿ ìîëåêóë, ñêîëüêî ñ îñîáåííîñòÿìè èõ íåóïðóãèõ ñîóäàðåíèé (ò.í. ¾ñóïåð-
ñòîëêíîâåíèÿìè¿). Ê ÷èñëó ýòèõ îñîáåííîñòåé ñëåäóåò îòíåñòè ïîâûøåííûå çíà÷åíèÿ
ñå÷åíèé íåóïðóãèõ ñîóäàðåíèé âî ôðîíòå óäàðíîé âîëíû ïî ñðàâíåíèþ ñ ñå÷åíèÿìè
ñîóäàðåíèé çà åå ôðîíòîì, à òàêæå ìåõàíèçì ñòîõàñòè÷åñêèõ ñîóäàðåíèé ÷àñòèö (ò.í.
ðåçîíàíñ Ôåðìè).

ËÈÒÅÐÀÒÓÐÀ

[1] Êóçíåöîâ Ì.Ì.Êèíåòè÷åñêèå ýôôåêòû â ïðåäåëüíûõ ãèïåðçâóêîâûõ òå÷åíèÿõ ãàçà
//Òðóäû XV ñåññèè ìåæäóíàðîäíîé øêîëû ïî ìîäåëÿì ìåõàíèêè ñïëîøíîé ñðåäû.
ÑÏá: ÍÈÈÕ ÑÏáÃÓ, 2001, ñ. 55-65

Kuznetsov M.M., Kuleshova J.D. About the e�ects of translation nonequilibrium in the
hypersonic shock layers and the shock waves.

Some results of the analytical study of the e�ects of translation nonequilibrium in the hypersonic
shock layers and the shock waves, systematically formulated earlier in the work [1], are represented.
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Â ðàáîòå èçó÷àþòñÿ íîðìàëüíûå íàïðÿæåíèÿ è ñêîðîñòè õèìè÷åñêèõ ðåàêöèé â
íåðàâíîâåñíûõ òå÷åíèÿõ âÿçêèõ ãàçîâ. Êàê ïîêàçàíî â ðÿäå ðàáîò ïî êèíåòè÷åñêîé
òåîðèè, â ñèëüíîíåðàâíîâåñíûõ óñëîâèÿõ äèàãîíàëüíûå ÷ëåíû òåíçîðà íàïðÿæåíèé P
ñîäåðæàò äîáàâêè, ñâÿçàííûå ñ íåóïðóãèìè îáìåíàìè âíóòðåííåé ýíåðãèåé è ìåäëåí-
íûìè ðåëàêñàöèîííûìè ïðîöåññàìè:

P = (p− prel − ζ∇ · v)I− 2ηS.

Çäåñü η, ζ � êîýôôèöèåíòû ñäâèãîâîé è îáúåìíîé âÿçêîñòè, prel � ðåëàêñàöèîííîå
äàâëåíèå, S � òåíçîð ñêîðîñòåé äåôîðìàöèè, I � åäèíè÷íûé òåíçîð. Êîýôôèöèåíò
îáúåìíîé âÿçêîñòè õàðàêòåðèçóåò äîïîëíèòåëüíîå ñæàòèå (ðàñøèðåíèå) îáúåìà ãàçà
âñëåäñòâèå êîíå÷íîãî âðåìåíè ðåëàêñàöèè âíóòðåííèõ ñòåïåíåé ñâîáîäû ìîëåêóë. Ðå-
ëàêñàöèîííîå äàâëåíèå îïèñûâàåò âêëàä ðåëàêñàöèîííûõ ïðîöåññîâ â òåíçîð íàïðÿ-
æåíèé. Îáà äîïîëíèòåëüíûõ ÷ëåíà ðàâíû íóëþ, åñëè â ãàçå íå ïðîèñõîäèò áûñòðûõ
íåóïðóãèõ (èëè íåðåçîíàíñíûõ) îáìåíîâ ýíåðãèåé. Êðîìå òîãî, ðåëàêñàöèîííîå äàâëå-
íèå èñ÷åçàåò â óñëîâèÿõ ëîêàëüíîãî ðàâíîâåñèÿ. Ñ äðóãîé ñòîðîíû, âûðàæåíèå äëÿ
ñêîðîñòè íåðàâíîâåñíûõ õèìè÷åñêèõ ðåàêöèé â ïîòîêå âÿçêîãî ãàçà òàêæå ñîäåðæèò
÷ëåíû, ïðîïîðöèîíàëüíûå äèâåðãåíöèè ñêîðîñòè, è ïîïðàâêè, îáóñëîâëåííûå ðåëàêñà-
öèîííûì äàâëåíèåì. Òàêèì îáðàçîì, ñóùåñòâóþò ïåðåêðåñòíûå ýôôåêòû ìåæäó òåí-
çîðîì íàïðÿæåíèé è ñêîðîñòüþ ðåàêöèé.

Äî íàñòîÿùåãî âðåìåíè â âû÷èñëèòåëüíîé ãèäðîäèíàìèêå ýôôåêòàìè ïåðâîãî ïî-
ðÿäêà â íîðìàëüíûõ íàïðÿæåíèÿõ è ñêîðîñòè ðåàêöèé îáû÷íî ïðåíåáðåãàþò. Öåëüþ
äàííîé ðàáîòû ÿâëÿåòñÿ ïîñòðîåíèå ìàòåìàòè÷åñêîé ìîäåëè è âû÷èñëèòåëüíûõ àëãî-
ðèòìîâ äëÿ ðàñ÷åòà êîýôôèöèåíòà îáúåìíîé âÿçêîñòè, ðåëàêñàöèîííîãî äàâëåíèÿ è
ñîîòâåòñòâóþùèõ ïîïðàâîê ê ñêîðîñòÿì ðåàêöèé. Ïîñòðîåííûå àëãîðèòìû ïðèìåíÿþò-
ñÿ äëÿ îöåíêè âëèÿíèÿ óêàçàííûõ ýôôåêòîâ íà ïàðàìåòðû òå÷åíèÿ ðåàãèðóþùåé ñìåñè
N2/N â ðàçëè÷íûõ íåðàâíîâåñíûõ óñëîâèÿõ. Àíàëèç ðåçóëüòàòîâ ïîçâîëÿþò îïðåäåëèòü
óñëîâèÿ, ïðè êîòîðûõ ìîæíî ïðåíåáðå÷ü âêëàäîì ïîïðàâîê ïåðâîãî ïîðÿäêà â òåíçîð
íàïðÿæåíèé è ñêîðîñòü ðåàêöèé, è ñèòóàöèè, â êîòîðûõ íåîáõîäèì ó÷åò ýòèõ ýôôåêòîâ.

Kustova E.V. Stress tensor and reaction rates in non-equilibrium viscous gas �ows.
In the present paper, a self-consistent mathematical model of the normal mean stress and

chemical reaction rates is developed for a viscous one-temperature chemical non-equilibrium �ow.
It is demonstrated that the bulk viscosity appears due to inelastic internal energy exchanges. The
relaxation pressure in the present case represents the chemical-reaction contribution to the normal
mean stress. The cross-coupling between chemical reaction rates and normal mean stress is shown.
Accurate theoretical and numerical algorithms for the calculation of the bulk-viscosity coe�cient
and the relaxation pressure are elaborated and applied for the calculation of these quantities in a
dissociating N2/N mixture under various �ow conditions.
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Ñ ðàçâèòèåì àýðîêîñìè÷åñêîé îòðàñëè ñòàëî íåîáõîäèìûì èññëåäîâàíèå êîëåáàòåëü-
íîé êèíåòèêè è ïðîöåññîâ ïåðåíîñà â âûñîêîòåìïåðàòóðíûõ ãàçàõ, â êîòîðûõ, íàðÿäó
ñ âîçáóæäåíèåì âðàùàòåëüíûõ è êîëåáàòåëüíûõ ñòåïåíåé ñâîáîäû, ïðîèñõîäèò ýëåê-
òðîííîå âîçáóæäåíèå. Íàïðèìåð, ïðè âõîäå êîñìè÷åñêîãî àïïàðàòà â àòìîñôåðó Çåìëè
ïðè òîðìîæåíèè íà íåãî äåéñòâóåò ìîùíûé òåïëîâîé ïîòîê, ïîñòóïàþùèé îò óäàðíîãî
ñëîÿ ãàçà, íàãðåòîãî â ïåðåäíåé ÷àñòè àïïàðàòà äî íåñêîëüêèõ òûñÿ÷ ãðàäóñîâ.

Â íàñòîÿùåé ðàáîòå ïîñòðîåíà îäíîòåìïåðàòóðíàÿ ìîäåëü êîëåáàòåëüíîé êèíåòèêè
è ïðîöåññîâ ïåðåíîñà òå÷åíèÿ ñìåñè N/N2. Õàðàêòåðíàÿ îñîáåííîñòü ìîäåëè � ó÷åò
âîçáóæäåíèÿ ýëåêòðîííûõ óðîâíåé âíóòðåííåé ýíåðãèè ìîëåêóë è àòîìîâ.

Íà îñíîâå îáîáùåííîãî ìåòîäà Ýíñêîãà�×åïìåíà â íóëåâîì è ïåðâîì ïðèáëèæåíè-
ÿõ áûëè ïîëó÷åíû ôóíêöèè ðàñïðåäåëåíèÿ, çàìêíóòàÿ ñèñòåìà óðàâíåíèé ïåðåíîñà, à
òàêæå âûðàæåíèÿ äëÿ ïîòîêîâûõ ÷ëåíîâ è êîýôôèöèåíòîâ ïåðåíîñà.

Äàëåå áûëî ïðîâåäåíî èññëåäîâàíèå òåðìîäèíàìè÷åñêèõ ñâîéñòâ ìîëåêóëÿðíîãî è
ñâîáîäíîãî àçîòà. Äàíà îöåíêà âëèÿíèÿ ÷èñëà âîçáóæäåííûõ ýëåêòðîííûõ óðîâíåé íà
òåïëîåìêîñòè ýëåêòðîííûõ ñòåïåíåé ñâîáîäû, à òàêæå ïðåäñòàâëåí ñðàâíèòåëüíûé àíà-
ëèç ïîëíûõ òåïëîåìêîñòåé è òåïëîåìêîñòåé, ó÷èòûâàþùèõ âîçáóæäåíèå òîëüêî âðàùà-
òåëüíûõ è êîëåáàòåëüíûõ ñòåïåíåé ñâîáîäû.

Îñíîâíîå âíèìàíèå â ðàáîòå áûëî óäåëåíî ðàñ÷åòó êîýôôèöèåíòîâ ïåðåíîñà â îäíî-
òåìïåðàòóðíîì ïðèáëèæåíèè äëÿ ñìåñè N/N2 ñ ýëåêòðîííûì âîçáóæäåíèåì. Êîýôôè-
öèåíòû òåïëîïðîâîäíîñòè, ñäâèãîâîé âÿçêîñòè, äèôôóçèè âû÷èñëÿëèñü êàê ôóíêöèè
ìîëÿðíûõ äîëåé nc/n è òåìïåðàòóðû ãàçà â äèàïàçîíå òåìïåðàòóð 50�50000 Ê. Àíàëèç
ïîëó÷åííûõ äàííûõ ïîêàçàë âàæíîñòü ó÷åòà âîçáóæäåííûõ ýëåêòðîííûõ ñîñòîÿíèé ïðè
îïðåäåëåíèè ïàðàìåòðîâ âûñîêîòåìïåðàòóðíîãî ãàçà.

Kustova E.V., Puzyreva L.A. Transport coe�cients in N/N2 mixtures with electronic
excitation.

In the present paper, an one-temperature model of transport properties of N/N2 mixture �ows
with electronic excitation is developed. The zero and the �rst order distribution functions of the
generalized Chapman�Enskog method and the closed system for macroscopic parameters taking
into account excitation of the electronic degrees of freedom are derived. Transport coe�cients are
calculated in the temperature range 50�50000 K.
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Ðàññìàòðèâàåòñÿ çàäà÷à î òå÷åíèè âÿçêîé íåñæèìàåìîé æèäêîñòè âíóòðè êàíàëîâ
ñ ðàçëè÷íûìè ôîðìàìè ñòåíîê. Ïðåäïîëàãàåòñÿ äâóìåðíàÿ è ñòàöèîíàðíàÿ ïîñòàíîâ-
êà. Äâèæåíèå æèäêîñòè ïðîèñõîäèò çà ñ÷åò ïåðåïàäà äàâëåíèÿ. Èññëåäóþòñÿ çàäà÷è
ñ ðàçíûìè ôîðìàìè ñòåíîê, â òîì ÷èñëå ðàññìàòðèâàåòñÿ ñèììåòðè÷íàÿ ôîðìà, äëÿ
êîòîðîé îäíà èç ñòåíîê ìîæåò áûòü çàäàíà óðàâíåíèåì y = A sin(2πx/L). Çäåñü L �
äëèíà êàíàëà, x, y � äåêàðòîâûå êîîðäèíàòû, íàïðàâëåíèå îñè x èäåò âäîëü îñè ñèì-
ìåòðèè çàäà÷è, íàïðàâëåíèå îñè y ïåðïåíäèêóëÿðíî îñè x. Çàäà÷è ðåøàëèñü ñ ïîìîùüþ
ïðîãðàììíîãî ïàêåòà ANSYS. Äëÿ êàæäîãî ñëó÷àÿ ïîñòðîåíî ðàñïðåäåëåíèå ñêîðîñòåé
è äàâëåíèé. Ïðîâåäåíî ñðàâíåíèå.

Kuteeva G.A., Popova E.M. Numerical investigation of viscous �ow into channels with
di�erent wall forms.

A problem about the �ow of viscid incompressible liquid into channels with the di�erent forms of
walls is examined. The two-dimesional and stationary statement is assumed. Motion of liquid takes
place due to the overfall of pressure. Tasks are probed with the di�erent forms of walls, including a
symmetric form for which one of walls can be set as y = A sin(2πx/L). Here L � length of channel,
x, y � cartesian co-ordinates, direction an axis x goes along the symmetry axis, direction an axis y is
perpendicular axis x. Tasks decided by the program package of ANSYS. For every case, distributing
of velocities and pressures is built. Comparison is conducted.
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Ðàáîòà ïîñâÿùåíà îáîáùåíèþ èìåþùèõñÿ â ëèòåðàòóðå ýêñïåðèìåíòàëüíûõ äàííûõ
ïî êîýôôèöèåíòàì âîññòàíîâëåíèÿ ñêîðîñòè ïðè ïðÿìîì óäàðå òåë. Ïðîâåäåí ïîèñê
áåçðàçìåðíûõ ïàðàìåòðîâ, îïèñûâàþùèõ ýðîçèîííîå è ñèëîâîå âîçäåéñòâèå óäàðíèêà
íà ìèøåíü. Âûÿâëåíû îñíîâíûå áåçðàçìåðíûå ïàðàìåòðû, êîòîðûå îïðåäåëÿþò ïîâå-
äåíèå ýòèõ ïðîöåññîâ. Ðàññìîòðåíû ðàáîòû, â êîòîðûõ ïðèâåäåíû ðåçóëüòàòû ýêñïåðè-
ìåíòàëüíûõ èññëåäîâàíèé êîýôôèöèåíòà âîññòàíîâëåíèÿ ñêîðîñòè ïðè ïðÿìîì óäàðå.
Ïðîâåäåíî îáîáùåíèå ýòèõ ðåçóëüòàòîâ ñ èñïîëüçîâàíèåì âûÿâëåííûõ êðèòåðèåâ. Îñ-
íîâíûì êðèòåðèåì, êîòîðûé õîðîøî îïèñûâàåò êîýôôèöèåíò âîññòàíîâëåíèÿ ñêîðîñòè,
ÿâëÿåòñÿ ïàðàìåòð, õàðàêòåðèçóþùèé ñîîòíîøåíèå èíåðöèîííûõ ñèë óäàðíèêà è ñèë
ñîïðîòèâëåíèÿ âíåäðåíèþ. Ïîëó÷åíû ýìïèðè÷åñêèå ñîîòíîøåíèÿ äëÿ êîýôôèöèåíòà
âîññòàíîâëåíèÿ ñêîðîñòè äëÿ ïðÿìîãî óäàðà ñôåðè÷åñêîãî óäàðíèêà è ÷àñòèö íåïðà-
âèëüíîé ôîðìû â øèðîêîì äèàïàçîíå èçìåíåíèÿ êðèòåðèåâ.

Ïðåäëîæåí ìåòîä ðàñ÷åòà âíåäðåíèÿ íåäåôîðìèðóåìîé ñôåðû ïîä óãëîì ê ïîâåðõ-
íîñòè ïîëóïðîñòðàíñòâà. Ïðîâåäåíî ñðàâíåíèå ïîëó÷åííûõ ðåçóëüòàòîâ ðàñ÷åòà ñ èìå-
þùèìèñÿ â ëèòåðàòóðå äàííûìè ýêñïåðèìåíòàëüíûõ èññëåäîâàíèé. Ïîêàçàíî, ÷òî êî-
ýôôèöèåíò âîññòàíîâëåíèÿ íîðìàëüíîé ñîñòàâëÿþùåé ñêîðîñòè ñôåðû ïðè óäàðå â îò-
ñóòñòâèè óïðóãèõ ñèë ìàòåðèàëà ìèøåíè íå ÿâëÿåòñÿ íóëåâîé âåëè÷èíîé. Ïîâåäåíèå
ýêñïåðèìåíòàëüíîãî è ðàñ÷åòíîãî êîýôôèöèåíòîâ âîññòàíîâëåíèÿ íîðìàëüíîé ñîñòàâ-
ëÿþùåé ñêîðîñòè êà÷åñòâåííî ñîâïàäàþò. Êîëè÷åñòâåííî îíè îòëè÷àþòñÿ íà ïîñòîÿí-
íóþ âåëè÷èíó � íà âåëè÷èíó êîýôôèöèåíòà âîññòàíîâëåíèÿ ïðè ïðÿìîì óäàðå. Ýòî
ïîçâîëÿåò ãîâîðèòü î òîì, ÷òî èìïóëüñ óïðóãèõ ñèë íå çàâèñèò îò óãëà óäàðà. Òàêèì
îáðàçîì, êîýôôèöèåíò âîññòàíîâëåíèÿ ñêîðîñòè ïðè ïðÿìîì óäàðå ÿâëÿåòñÿ âàæíîé
õàðàêòåðíîé âåëè÷èíîé óäàðíîãî âçàèìîäåéñòâèÿ òåë.

Lashkov V.A. Interaction of solid particles of two-phase �ow with the surface of a body.
Survey of theoretical and experimental investigations on solid particles to surface interaction

has been carried out in order to determine the main criterions of the process. Summarizing of
the available data of coe�cient of restitution for straight impingement has been done. Empirical
expressions, which de�ne coe�cient of restitution for straight impingement, have been obtained for
wide range of criterions. Semi-empirical model of interaction of non deformable sphere with the
surface under angle of attack has been made. Results of the investigation are being discussed.
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Â ðàáîòå ïðåäëàãàåòñÿ ìåòîä ëàáîðàòîðíîãî ìîäåëèðîâàíèÿ âûñîêîñêîðîñòíîãî
ñòîëêíîâåíèÿ ìåëêîäèñïåðñíûõ ÷àñòèö (ÌÄ×) ñ ïðåãðàäîé â âàêóóìå, îñíîâàííûé íà
èõ èíèöèèðîâàíèè èç àíîäà ñèëüíîòî÷íîãî èìïóëüñíîãî ýëåêòðîííîãî óñêîðèòåëÿ ïîä
äåéñòâèåì ïðèêàòîäíîé ïëàçìû.

Ñäåëàíà îöåíêà ïîäîáèÿ èññëåäóåìûõ ÿâëåíèé â ëàáîðàòîðíîì è íàòóðíîì (êîñìè-
÷åñêîì) ýêñïåðèìåíòå, îñíîâàííàÿ íà ïðåäâàðèòåëüíûõ èçìåðåíèÿõ ðàçìåðà è ñêîðîñòè
÷àñòèö.

Ïðåäñòàâëåíû ðåçóëüòàòû ïðåäâàðèòåëüíûõ ýêñïåðèìåíòîâ ïî âîçäåéñòâèþ ÌÄ× íà
ýëåìåíòû ïîêðûòèé êîñìè÷åñêèõ àïïàðàòîâ: ýìàëè íà àëþìèíèåâîé îñíîâå è ñòåêëÿí-
íîãî îòðàæàòåëÿ.

Lukin A.A., Morozov V.A., Shipilov S.S. Laboratory simulation of high-speed particles
collisions with spacecraft surface.

Method of laboratory simulation high-speed collision particles in range of sizes 10 � 1000 mkm
with obstacle in vacuum is o�ered. As particles source it was used anode under acting near cathode
plasmas of high-current impulse electron accelerator.

The estimation of investigated appearances similarity in the laboratory and full-scale (space)
experiment, grounded on measuring of a size and a particles velocity is made.

Result of preliminary experiments on interaction particles with such spacecraft surface as
enamels on aluminium basis and as glass re�ector are shown.

133



ÑÅÊÖÈß III. ÃÈÄÐÎÀÝÐÎÌÅÕÀÍÈÊÀ

ÂÇÀÈÌÎÄÅÉÑÒÂÈÅ ÂÎËÍ Ñ ×ÀÑÒÈ×ÍÎ-ÏÐÎÍÈÖÀÅÌÛÌÈ
ÏÐÅÃÐÀÄÀÌÈ

Ìàêñèìîâ Â.Â., Ìàíîéëèí Ñ.Â., Íóäíåð È.Ñ.
Íàó÷íî-Èññëåäîâàòåëüñêèé Öåíòð

26 ÖÍÈÈ Ìèíîáîðîíû Ðîññèéñêîé Ôåäåðàöèè, Ñàíêò-Ïåòåðáóðã
wmaximov@mail.ru

Ïðåäñòàâëåíû ðåçóëüòàòû ýêñïåðèìåíòàëüíî-òåîðåòè÷åñêèõ èññëåäîâàíèé âîçäåé-
ñòâèÿ âîëí íà âîëíîçàùèòíîå ñîîðóæåíèå. Ñîîðóæåíèå ñîñòîèò èç ÷àñòè÷íî çàãëóá-
ëåííîé â âîäó ïåðåäíåé âåðòèêàëüíîé ñòåíêè, çàäíåé ñòåíêè, ïîëíîñòüþ ïåðåêðûâàþ-
ùóþ ãëóáèíó âîäû, è âåðõíåé ãðàíè. Âíóòðåííèé îáúåì íà íåêîòîðóþ âûñîòó îò äíà
çàïîëíåí íàáðîñêîé èç áåòîííûõ áëîêîâ èëè êàìíÿ. Ôîðìà ñîîðóæåíèÿ ïðåäïîëàãàåò-
ñÿ ïðÿìîóãîëüíîé. Ïðåäëîæåíà òåîðåòè÷åñêàÿ ìîäåëü âçàèìîäåéñòâèÿ ïîâåðõíîñòíûõ
âîëí ñ ðàññìàòðèâàåìîé ïðåãðàäîé. Ñ÷èòàåòñÿ, ÷òî æèäêîñòü èäåàëüíàÿ è íåñæèìàå-
ìàÿ, äâèæåíèå - ïîòåíöèàëüíîå. Âíóòðè ñîîðóæåíèÿ â îáëàñòè íàáðîñêè ïðîèñõîäèò
ïîòåðÿ âîëíîâîé ýíåðãèè. Âñÿ îáëàñòü, çàíÿòàÿ æèäêîñòüþ, ðàçáèâàåòñÿ íà 3 ïîäîáëà-
ñòè: ïîëóáåñêîíå÷íóþ ïîëîñó è 2 ïðÿìîóãîëüíûå âíóòðåííèå îáëàñòè � ñîäåðæàùóþ
íàáðîñêó è ðàñïîëîæåííóþ íàä íåé. Îïðåäåëÿþòñÿ ïàðàìåòðû îòðàæåííûõ âîëí è âîç-
äåéñòâèé. Ðåçóëüòàòû ðàñ÷åòà ñðàâíèâàþòñÿ ñ ýêñïåðèìåíòàëüíûìè äàííûìè.

ËÈÒÅÐÀÒÓÐÀ
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[2] Íóäíåð È.Ñ., Ìàêñèìîâ Â.Â., Áàá÷èê Ä.Â. Ìîäåëèðîâàíèå âçàèìîäåéñòâèÿ ïîâåðõíîñò-
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Maximov V.V., Manojjlin S.V., Nudner I.S. The interaction of the waves with the partly
permeable obstacles.

The results of the experimental and theoretical research concerning water-waves action on the
wave-protective structure are presented. The structure consists of the partly emerged into the water
vertical front wall, back sidewall of the full pro�le and upper edge. The internal volume is partly
�lled by the concrete blocks or stone. It is assumed that the structure has a rectangular shape. A
theoretical model of the wave-structure interaction is proposed. The �uid is considered as inviscid
and incompressible, and its motion has the potential function. The loss of wave energy takes place
inside the structure. All the �uid area is divided to three subareas: semiin�nite strip and two
rectangular interiors: one containing the �ll and the other placed over the latter. The re�ected waves
and wave action parameters are speci�ed. The theoretical data are compared with the laboratory
data.
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Èçó÷åíèå ïîâåäåíèÿ æèäêîñòåé, äî íåäàâíèõ ïîð, áûëî â áîëüøîé ñòåïåíè îãðàíè÷å-
íî ýêñïåðèìåíòàëüíûìè ìåòîäàìè, à äëÿ íóæä ïðàêòèêè èñïîëüçîâàíèåì ïðèáëèæåí-
íûõ ìåòîäîâ ðåøåíèÿ. Îäíàêî, ñ áûñòðûì ðîñòîì ïðîèçâîäèòåëüíîñòè âû÷èñëèòåëüíîé
òåõíèê, ñòàëî âîçìîæíûì èçó÷àòü ïîäîáíûå ïðîöåññû è ðàññ÷èòûâàòü õàðàêòåðèñòèêè
ìåõàíèçìîâ è óñòðîéñòâ íà ïåðñîíàëüíîì êîìïüþòåðå äî èõ èçãîòîâëåíèÿ.

Ìíîãèå èíòåðåñíûå è âàæíûå ôèçè÷åñêèå ÿâëåíèÿ, à òàêæå óñëîâèÿ ðàáîòû ìàøèí
íàõîäÿòñÿ íà ñòûêå ðàçëè÷íûõ îáëàñòåé, äëÿ êîòîðûõ ñïðàâåäëèâ òàê íàçûâàåìûé ìåæ-
äèñöèïëèíàðíûé ïîäõîä. Êàê ïðàâèëî, âçàèìîäåéñòâèå äâóõ è áîëåå ôèçè÷åñêèõ ïîëåé
íàõîäèò âîïëîùåíèå â íàçâàíèÿõ: ãèäðîóïðóãîñòü, òåïëî-ìàññîîáìåí, òåðìîóïðóãîñòü è
ò.ï. Òàê â ãèäðîóïðóãîñòè âçàèìîäåéñòâèå æèäêîé ñðåäû ñ òåëîì îñóùåñòâëÿåòñÿ ÷åðåç
äàâëåíèå æèäêîñòè íà ïîâåðõíîñòü ýòîãî òåëà, äåôîðìàöèÿ êîòîðîãî, â ñâîþ î÷åðåäü,
âûçûâàåò ëîêàëüíîå èçìåíåíèå ñòðóêòóðû òå÷åíèÿ. Ñîâðåìåííûå ïðîãðàììíûå âû÷èñ-
ëèòåëüíûå êîìïëåêñû ïîçâîëÿþò ñòàâèòü è ðåøàòü ïîäîáíûå çàäà÷è.

Â äàííîé ðàáîòå, íåñóùåé â áîëüøåé ñòåïåíè ìåòîäè÷åñêèé õàðàêòåð, íà ïðèìåðå ðå-
øåíèÿ ìîäåëüíûõ çàäà÷ ðàññìîòðåíà ¾òåõíîëîãèÿ¿ èñïîëüçîâàíèÿ ïàêåòà ïðèêëàäíûõ
ïðîãðàìì äëÿ ìåæäèñöèïëèíàðíîé îáëàñòè, â êà÷åñòâå êîòîðîé áûëà âûáðàíà ãèäðî-
óïðóãîñòü.

Malamanov S.J., Pavlovski V.A. Modelirovanie of some conjugate problems in computing
hydrodynamics.

In the given operation, having methodical character, on an example of a solution of modelling
problems ¾process engineering¿ of use of a package of applied programs for interdisciplinary �eld
in which quality the hydroelasticity has been chosen is considered.
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ÓÐÀÂÍÅÍÈß ÎÁÒÅÊÀÍÈß ÒÅËÀ, ÎÃÐÀÍÈ×ÅÍÍÎÃÎ
ÝËËÈÏÒÈ×ÅÑÊÎÉ ÏÎÂÅÐÕÍÎÑÒÜÞ SN(x, y, z) = 0

Ìàíóéëîâ Ê.Â.
ÎÀÎ ¾ÍÏÊ Âûñîêèå Òåõíîëîãèè¿, Ñàíêò-Ïåòåðáóðã

nesma@list.ru

Àíàëèòè÷åñêîå îïðåäåëåíèå äâèæåíèÿ æèäêîñòè (ñïëîøíîé ñðåäû), îáòåêàþùåé
òâåðäîå òåëî, îãðàíè÷åíî èçâåñòíîé ãëàäêîé àëãåáðàè÷åñêîé ïîâåðõíîñòüþ
SN(x, y, z) = 0 ãîìåîìîðôíîé ñôåðå èìååò òðè ñîñòàâëÿþùèå. Ïåðâàÿ èç íèõ âîçíèêà-
åò â ðåçóëüòàòå îïðåäåëåíèÿ äâèæåíèÿ òî÷êè æèäêîñòè ïî ïîâåðõíîñòè SN(x, y, z) = 0
òâåðäîãî òåëà, êàê äâèæåíèÿ ïî ýòîé ïîâåðõíîñòè òî÷êè åå ñîïðèêîñíîâåíèÿ ñ íåïî-
äâèæíîé ïëîñêîñòüþ ïðè êà÷åíèè ïî íåé ýòîãî òâåðäîãî òåëà. Äèôôåðåíöèàëüíûå
óðàâíåíèÿ, îïèñûâàþùèå êà÷åíèå ýòîãî òåëà ïî ïëîñêîñòè, ïðåîáðàçóþòñÿ â äèôôåðåí-
öèàëüíûå óðàâíåíèÿ Ýéëåðà, îïèñûâàþùèå äâèæåíèå æèäêîñòè ïî ïîâåðõíîñòè ýòîãî
òåëà, íî ýòè óðàâíåíèÿ íå äàþò îïèñàíèÿ äâèæåíèÿ òîëùè æèäêîñòè, ïðèâåäåííîé â
äâèæåíèå, äâèæåíèåì â íåé òâåðäîãî òåëà. Âòîðàÿ ñîñòàâëÿþùàÿ, èìåþùàÿ òîïîëî-
ãè÷åñêîå ïðîèñõîæäåíèå, ñëóæèò äëÿ îïèñàíèÿ äâèæåíèÿ òî÷åê æèäêîñòè, îòñòîÿùèõ
íà ðàçëè÷íûå ðàññòîÿíèÿ îò ïîâåðõíîñòè SN(x, y, z) = 0. Äëÿ ýòîãî íåîáõîäèìî íàéòè
ôóíêöèè, îïèñûâàþùèå èçìåíåíèå ñå÷åíèé (ñëîåâ) ãëàäêîãî ðàññëîåíèÿ, áàçîé êîòîðîé
ÿâëÿåòñÿ ïîâåðõíîñòü SN(x, y, z) = 0. Òðåòüÿ ñîñòàâëÿþùàÿ èìååò ñâîèì èñòî÷íèêîì
ïðîåêòèâíóþ ãåîìåòðèþ, â êîòîðîé Àáñîëþòíîé ïîâåðõíîñòüþ ÿâëÿåòñÿ ïîâåðõíîñòü
òåëà. Îíà ïîçâîëÿåò îïðåäåëèòü ìãíîâåííîå ïîëîæåíèå îñåé âèõðåâûõ äâèæåíèé æèä-
êîñòè, îáòåêàþùåé òâåðäîå òåëî.

Â ñâÿçè ñ ýòèì, åñòåñòâåííî îïðåäåëèòü äèôôåðåíöèàëüíûå óðàâíåíèÿ Ýéëåðà, îïè-
ñûâàþùèå äâèæåíèå æèäêîñòè, îáòåêàþùåé òâåðäîå òåëî, îãðàíè÷åííîå èçâåñòíîé àë-
ãåáðàè÷åñêîé ïîâåðõíîñòüþ SN(x, y, z) = 0, ïîòîêîì ñïëîøíîé ñðåäû, êàê óðàâíåíèÿ,
çàäàííûå íà ãëàäêîì ðàññëîåíèè, áàçîé êîòîðîãî ÿâëÿåòñÿ ýòà ïîâåðõíîñòü.

Íàì ïðåäñòàâëÿåòñÿ, ÷òî ýòî åäèíñòâåííàÿ ôèçè÷åñêàÿ çàäà÷à, ïðèëîæåíèå ê êîòî-
ðîé òåîðèè ðàññëîåííûõ ïðîñòðàíñòâ ÿâëÿåòñÿ ñîäåðæàòåëüíûì.

Manuylov K.V. Di�erential equations for the �ow around a body bounded by the elliptic surface
SN (x, y, z) = 0.

It is given analytical description of the motion to liquids, �owing around rigid body, based upon
determination of the di�erential equations Euler's, as equations given on smooth �bre bundle, base
of which is a surface, bounding this body.
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ÈÑÑËÅÄÎÂÀÍÈÅ ØÅÐÎÕÎÂÀÒÎÑÒÈ ÏÎÂÅÐÕÍÎÑÒÈ
ÂÈÍ×ÅÑÒÅÐÎÂ

Ìåìíîíîâ Â.Ï., Óëüÿíîâ Ï.Ã.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

pokusa@star.math.spbu.ru

Â ïðîåêòèðóåìûõ ñåé÷àñ ñèñòåìàõ ìàãíèòíîé çàïèñè âèí÷åñòåðíîãî òèïà õàðàêòåð-
íûé ðàçìåð, ðàññòîÿíèå ìåæäó ìàãíèòíîé ãîëîâêîé è æåñòêèì äèñêîì, ñòàíîâèòñÿ ïî-
ðÿäêà äëèíû ñâîáîäíîãî ïðîáåãà ìîëåêóë λ, è äàæå ìåíüøå åãî. Ïîýòîìó òå÷åíèÿ âîç-
äóõà â òàêèõ êàíàëàõ ñîîòâåòñòâóþò ïåðåõîäíîìó ðåæèìó, è óðàâíåíèÿ Íàâüå-Ñòîêñà
äëÿ èõ îïèñàíèÿ äîëæíû áûòü çàìåíåíû íà ðåøåíèå ñàìîãî óðàâíåíèÿ Áîëüöìàíà èëè
÷èñëåííîå ìîäåëèðîâàíèå íà ìîëåêóëÿðíîì óðîâíå, êàê â ìåòîäå ïðÿìîãî ñòàòèñòè÷å-
ñêîãî ìîäåëèðîâàíèÿ Ìîíòå-Êàðëî (ÏÑÌ). Â ýòîì ìåòîäå íà ïîñëåäîâàòåëüíûõ ìàëûõ
âðåìåííûõ èíòåðâàëàõ ïðîñëåæèâàåòñÿ äâèæåíèå îòäåëüíûõ ìîëåêóë â êàíàëå è èõ âçà-
èìíûå ñòîëêíîâåíèÿ. Ïðè ýòîì äëÿ ñîóäàðåíèé ìîëåêóëû ñî ñòåíêîé íóæíî ó÷èòûâàòü
åå øåðîõîâàòîñòü, òàê êàê íåñìîòðÿ íà ñîâåðøåíñòâîâàíèå îáðàáîòêè ïîâåðõíîñòåé íà
ìèêðîóðîâíå âñåãäà èìåþòñÿ ðàçëè÷íûå íåðîâíîñòè. Èõ, à òàêæå ñëó÷àéíûå ðèôëåí-
íîñòè è âîëíèñòîñòè ïîâåðõíîñòè íà áîëüøåì ìàñøòàáå ïðèõîäèòñÿ îïèñûâàòü ñòàòè-
ñòè÷åñêè. Ìèêðî íåðîâíîñòè ìîæíî ïðèáëèæåííî ïðåäñòàâëÿòü â ïðîñòåéøåé ôîðìå â
âèäå ìèêðîïëîùàäîê, ñ êðàÿìè íàä è ïîä ñðåäíèì óðîâíåì ïîâåðõíîñòè è èìåþùèìè
íîðìàëè ê íåìó, îòëè÷íûå îò π/2 íà íåêîòîðûé óãîë β. Ïðè ðàñ÷åòå âçàèìîäåéñòâèÿ
ãàçà ñ ïîâåðõíîñòüþ â åå ìàëîé ëîêàëüíîé îáëàñòè ïðèìåíÿåòñÿ äèôôóçíàÿ ìîäåëü,
â êîòîðîé ïàäàþùàÿ íà ïîâåðõíîñòü ìîëåêóëà ïîñëå ðåëàêñàöèè âûëåòàåò îáðàòíî ïî
êîñèíóñíîìó çàêîíó Êíóäñåíà, ò.å. ïðîïîðöèîíàëüíî êîñèíóñó óãëà ê íîðìàëè, ïîýòîìó
ñòàòèñòè÷åñêèå õàðàêòåðèñòèêè ïîëîæåíèÿ íîðìàëè ïëîùàäêè ïî îòíîøåíèþ ê ñðåäíåé
ïëîñêîñòè èìåþò áîëüøîå çíà÷åíèå äëÿ îïèñàíèÿ âçàèìîäåéñòâèÿ ìîëåêóë ñ øåðîõî-
âàòîé ïîâåðõíîñòüþ. Ñ ïîÿâëåíèåì àòîìíî-ñèëîâûõ ìèêðîñêîïîâ ýòè õàðàêòåðèñòèêè
ìîæíî òåïåðü ïîëó÷àòü ýêñïåðèìåíòàëüíî. Â íàøåé ðàáîòå äëÿ èçìåðåíèé ïðèìåíÿëñÿ
àòîìíî-ñèëîâîé ìèêðîñêîï Solver PRO-M. Ñêàíèðîâàíèå ïðîèçâîäèëîñü çîíäîì â ïîëó-
êîíòàêòíîì ðåæèìå ñ èñïîëüçîâàíèåì êàíòèëåâåðîâ NSG03. Èçìåðåíèÿ ïðîâåäåíû äëÿ
îáðàçöîâ ïîâåðõíîñòåé æåñòêèõ äèñêîâ âèí÷åñòåðîâ â âîçäóõå ïðè ìîùíîì àäñîðáöèîí-
íîì ñëîå. Íî èìåííî òàêèå óñëîâèÿ õàðàêòåðíû íà ïðàêòèêå, è ê òîìó æå êîñèíóñíûé
çàêîí Êíóäñåíà êàê ðàç õîðîøî âûïîëíÿåòñÿ áëàãîäàðÿ àäñîðáöèîííîìó ñëîþ. Ïîëó-
÷åííûå âûáîðêè ýêñïåðèìåíòàëüíûõ çíà÷åíèé óãëîâ îòêëîíåíèé β ñ ïîìîùüþ ãèñòî-
ãðàìì ïðåîáðàçîâàíû â ïðèáëèæåíûå ïëîòíîñòè ôóíêöèé ðàñïðåäåëåíèÿ âî âçàèìíî
ïåðïåíäèêóëÿðíûõ íàïðàâëåíèõ íà îáðàçöàõ.

Memnonov V.P., Ulyanov P.G. Investigation of surface roughness for winchesters.
With the help of the measurements by atomic force microscope Solver PRO-M staistical

characteristics of winchester surface roughness were obtained.
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ÏÐÎÑÒÎÅ ÄÎÊÀÇÀÒÅËÜÑÒÂÎ ÒÅÎÐÅÌÛ ÌÀÐÊÎÂÀ Â
ÎÁÎÁÙÅÍÍÎÉ ÏÐÎÁËÅÌÅ ÌÎÌÅÍÒÎÂ

Ìèðîøèí Ð. Í.
Ñàíêò - Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

Anatoly.Ryabinin@pobox.spbu.ru

Ìåòîä ìîìåíòîâ çàðîäèëñÿ â êîíöå äåâÿòíàäöàòîãî âåêà â òðóäàõ Ï.Ë. ×åáûøåâà è
À.À. Ìàðêîâà è ñíèñêàë ñëàâó ¾÷óäà àíàëèçà¿. Âïåðâûå ïðîáëåìà ìîìåíòîâ ñôîðìóëè-
ðîâàíà Ï.Ë. ×åáûøåâûì íà ÿçûêå ìåõàíèêè, íî âïîñëåäñòâèè îíà ïðèíÿëà àáñòðàêò-
íûé âèä. Öåíòðàëüíîé òåîðåìîé ÿâëÿåòñÿ òåîðåìà î ïðåäåëüíûõ âåëè÷èíàõ èíòåãðàëîâ,
ñôîðìóëèðîâàííàÿ Ï.Ë. ×åáûøåâûì äëÿ ñòåïåííûõ ìîìåíòîâ è äîêàçàííàÿ À.À. Ìàð-
êîâûì. Ñîâðåìåííîìó èçëîæåíèþ ýòîé òåîðåìû ïðåäøåñòâóåò áîëüøàÿ ïî îáúåìó òåî-
ðèÿ îáîáùåííûõ ìíîãî÷ëåíîâ. Â äîêëàäå ïðåäëàãàåòñÿ ïðîñòîå äîêàçàòåëüñòâî ýòîé
òåîðåìû íà îñíîâå îáîáùåííûõ ôóíêöèé ñ òî÷êè çðåíèÿ èçîïåðèìåòðè÷åñêîé âàðèà-
öèîííîé çàäà÷è, ðåøàåìîé ñ ïîìîùüþ ìíîæèòåëåé Ëàãðàíæà. Åñòåñòâåííûì îáðàçîì
ââîäÿòñÿ âåðõíåå è íèæíåå ãëàâíûå ïðåäñòàâëåíèÿ äëÿ ðåøåíèé. Îáñóæäàþòñÿ ïðå-
èìóùåñòâà òàêîãî ïîäõîäà äëÿ îáó÷åíèÿ ìåòîäó. Ïðèâåäåíû ïðèìåðû èñïîëüçîâàíèÿ
òåîðåìû â òåîðèè ðàçðåæåííîãî ãàçà [1, 2].

ËÈÒÅÐÀÒÓÐÀ

[1] Ìèðîøèí Ð.Í. Î ïîñòðîåíèè ìîäåëåé ôóíêöèè ðàññåÿíèÿ àòîìîâ ãàçà ïîâåðõíîñòüþ ïî
êîýôôèöèåíòàì îáìåíà // Àýðîäèíàìèêà: ñá. ñòàòåé / Ïîä ðåä. Ð.Í.Ìèðîøèíà. ÑÏá.:
ÂÂÌ, 2004. Ñ. 114�125.

[2] Ìèðîøèí Ð.Í. Ñëó÷àéíûå ïðîöåññû è ïîëÿ (ó÷åáíîå ïîñîáèå). ÑÏá.: ÍÈÈÕ ÑÏáÃÓ, 2003.
284 ñ.

Miroshin R.N. The simple proof of Markov theorem in the �eld of generalized moments
problem.

The proof mentioned in the title is based on the solution of isoperimetrical variational problem
with Lagrange factors.

138



SECTION III. MECHANICS OF FLUIDS AND GASES

ÎÏÐÅÄÅËÅÍÈÅ ÃÈÄÐÎÄÈÍÀÌÈ×ÅÑÊÈÕ ÕÀÐÀÊÒÅÐÈÑÒÈÊ
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ÌÎÄÈÔÈÖÈÐÎÂÀÍÍÎÉ ÂÅÐÑÈÈ ¾ÄÂÀ ËßÌÁÄÀ¿

Íèêîëàåâ Â.È.
Íàöèîíàëüíûé óíèâåðñèòåò êîðàáëåñòðîåíèÿ, Íèêîëàåâ, Óêðàèíà

Â ðåàëüíûõ êîíñòðóêöèÿõ êðûëî, ðàññìàòðèâàåìîå êàê öåëîå, ìîæåò ñîñòîÿòü èç ÷à-
ñòåé ñ ðàçëè÷íûìè õîðäàìè è óäëèíåíèÿìè, èìåþùèìè ðàçíîîáðàçíóþ ôîðìó â ïëàíå
(ïðÿìîóãîëüíèê, òðàïåöèÿ è ò.ï.), èìåþùèõ îòêëîíÿþùóþñÿ ÷àñòü, íàõîäÿùèõñÿ ïîä
ðàçíûìè óãëàìè àòàêè è ò.ä. Äëÿ ðàñ÷åòà òàêèõ êðûëüåâ àâòîðîì áûëà âûäâèíóòà êîí-
öåïöèÿ ðàñ÷åòà ïî ÷àñòÿì: ñëîæíîå êðûëî â íåîäíîðîäíîì ïîòîêå äåëèòñÿ íà ÷àñòè â
çàâèñèìîñòè îò êîíñòðóêöèè êðûëà, åãî ãåîìåòðèè è îò ñòåïåíè íåîäíîðîäíîñòè ïîòîêà.
Îïðåäåëÿþòñÿ õàðàêòåðèñòèêè êàæäîé ÷àñòè ñ ó÷åòîì âçàèìíîãî âëèÿíèÿ ïðèëåãàþ-
ùèõ ÷àñòåé ñ ïîìîùüþ ñåðèéíûõ ðàñ÷åòîâ òîíêèõ êðûëüåâ ïî ìåòîäó Í.Í. Ïîëÿõîâà.
Â îñíîâó ìåòîäà Í.Í. Ïîëÿõîâà ïîëîæåíà ðàçðàáîòàííàÿ èì òåîðèÿ íåñóùåé ïîâåðõíî-
ñòè êðûëà ìàëîãî óäëèíåíèÿ. Â ïðîòèâîïîëîæíîñòü èçëîæåííîìó ïðåäëàãàåòñÿ áîëåå
ïðîñòîé ñïîñîá ó÷åòà âçàèìíîãî âëèÿíèÿ ÷àñòåé êðûëà. Èçâåñòíî, ÷òî êðûëî ìàëî-
ãî óäëèíåíèÿ ¾ëÿìáäà¿, îäíèì êîíöîì óïèðàþùååñÿ â ñòåíêó, ïàðàëëåëüíóþ ïîòîêó,
èìååò ïðàêòè÷åñêè òå æå ãèäðîäèíàìè÷åñêèå õàðàêòåðèñòèêè, ÷òî è ñâîáîäíîå êðûëî,
íî ñ óäâîåííûì óäëèíåíèåì ¾äâà ëÿìáäà¿. Ñëåäóåò âçÿòü ðàñ÷åòíîå óäëèíåíèå êàæ-
äîé ÷àñòè â äâà ðàçà áîëüøå ãåîìåòðè÷åñêîãî (â íåêîòîðûõ î÷åâèäíûõ ñëó÷àÿõ äëÿ
îòäåëüíûõ ÷àñòåé � â òðè ðàçà). Ïðîâåðêà, âûïîëíåííàÿ íà ïðèìåðå ñóäîâîãî ðóëÿ
çà âèíòîì, ïîêàçàëà, ÷òî ìîäèôèöèðîâàííûé ìåòîä ¾äâà ëÿìáäà¿ îòðàæàåò âñå çàâè-
ñèìîñòè ãèäðîäèíàìè÷åñêèõ õàðàêòåðèñòèê ðóëÿ (äëÿ çàäàííîé êîíñòðóêöèè) îò óãëà
ïîâîðîòà (ïåðåêëàäêè).

Nikolaev V.I. Determination of hydrodynamic characteristics of a wing of composite shape for
a ship rudder in a non-homogenous �ow by use of N.N. Polyakhov's method in the modi�ed version
¾two lambda¿.

The method is based on a concept of partial calculation therewith a wing is divided into parts
depending on its geometry, design and �ow non-homogenity, then the characteristics of each part
being calculated. The interaction of parts is taken into account by assumption of doubled geometrical
aspect ratio of every part (¾two lambda¿ modi�ed method). Parts obtained characteristics permit
to yield the characteristics of a composite wing as a whole. A ship rudder working in the twirl of
the ship screw propeller has been chosen for the experiment. The latter had shown a satisfactory
agreement with the calculation by using the described ¾two lambda¿ method.
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ÑÕÅÌÀ ÏÎËÓ×ÅÍÈß ÍÎÂÛÕ ÓÐÀÂÍÅÍÈÉ ÏÅÐÅÍÎÑÀ ÈÇ
ÊÎÌÁÈÍÀÖÈÉ ÓÐÀÂÍÅÍÈÉ ÍÅÐÀÇÐÛÂÍÎÑÒÈ, ÄÂÈÆÅÍÈß,

ÝÍÅÐÃÈÈ

Ïàâëîâñêèé Â. À.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

v.a.pavlovsky@gmail.ru

Êîìáèíàöèè èç óðàâíåíèé íåðàçðûâíîñòè è äâèæåíèÿ ïîçâîëÿþò ïîëó÷àòü íîâûå
ñîîòíîøåíèÿ, ïîëåçíûå ïðè èññëåäîâàíèè ðàçíîãî ðîäà ïðîöåññîâ ïåðåíîñà â îáëàñòè
ìåõàíèêè æèäêîñòè è ãàçà. Òàê, åñëè ïðèìåíèòü ê óðàâíåíèþ íåðàçðûâíîñòè îïåðàòîð
ïðîèçâîäíîé ïî âðåìåíè, à ê óðàâíåíèþ äâèæåíèÿ � îïåðàòîð äèâåðãåíöèè, òî ðàçìåð-
íîñòè îáîèõ óðàâíåíèé âûðàâíèâàþòñÿ, ÷òî ïîçâîëÿåò èõ ñëîæèòü è ïîëó÷èòü âàæíîå
äëÿ àêóñòèêè óðàâíåíèå Ëàéòõèëëà. Äðóãèå êîìáèíàöèè ýòèõ óðàâíåíèé îêàçûâàþòñÿ
ïîëåçíûìè ïðè ïîèñêå ðàçëè÷íûõ àïïðîêñèìàöèé äëÿ êîððåëÿöèé ïóëüñàöèîííûõ âå-
ëè÷èí â ïîëóýìïèðè÷åñêîé òåîðèè òóðáóëåíòíîñòè. Èñïîëüçîâàíèå â êà÷åñòâå îáúåêòà
äëÿ êîìáèíàöèé óðàâíåíèÿ ýíåðãèè ïîçâîëÿåò ðàñøèðèòü êðóã òàêîãî ðîäà ñîîòíîøå-
íèé, ÷òî îêàçûâàåòñÿ âàæíûì ïðè èññëåäîâàíèè íåèçîòåðìè÷åñêèõ òå÷åíèé æèäêîñòè.
Âîçíèêàþùèå ïðè ýòîì óðàâíåíèÿ ïåðåíîñà ðàçëè÷íûõ ôèçè÷åñêèõ âåëè÷èí ïîìîãàþò
ïðîâåäåíèþ àíàëèçà ïîâåäåíèÿ ýòèõ âåëè÷èí â ïîòîêàõ æèäêîñòè è ãàçà.

Pavlovsky V.A. Mechanism of generation new transport equations from a combination of
continuity, motion and energy equations.

Various combinations of continuity, motion and energy equation are considered. New transport
equations generation ability for liquid �ow physical magnitudes conduct investigation are indicated.

ÐÀÇÍÛÅ ÑÒÀÄÈÈ ÏÐÎÑÒÐÀÍÑÒÂÅÍÍÎ ÎÄÍÎÐÎÄÍÎÉ
ÐÅËÀÊÑÀÖÈÈ ÄÈÑÑÎÖÈÈÐÓÞÙÅÃÎ ÄÂÓÕÀÒÎÌÍÎÃÎ ÃÀÇÀ

Ïàííåâèö Î.Â., Ðûäàëåâñêàÿ Ì.À.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

rydalevska@rambler.ru

Èññëåäóåòñÿ ïðîöåññ ïðîñòðàíñòâåííî îäíîðîäíîé ðåëàêñàöèè äèññîöèèðóþùåãî
äâóõàòîìíîãî ãàçà èç ãîìîÿäåðíûõ ìîëåêóë. Â âûâåäåííîì èç ñîñòîÿíèÿ ðàâíîâåñèÿ
èçîëèðîâàííîì îáúåìå ãàçà âûäåëÿþòñÿ ñòàäèè ïîñòóïàòåëüíî-âðàùàòåëüíîé, íà÷àëü-
íîé êîëåáàòåëüíîé è íåñêîëüêî ñòàäèé êîëåáàòåëüíî-õèìè÷åñêîé ðåëàêñàöèè, ïîñëåä-
íÿÿ èç êîòîðûõ ïðèâîäèò ê óñòàíîâëåíèþ ïîëíîãî òåðìîäèíàìè÷åñêîãî è õèìè÷åñêî-
ãî ðàâíîâåñèÿ. Íà êàæäîì èç âûäåëåííûõ ýòàïîâ ðåëàêñàöèè âû÷èñëÿþòñÿ çíà÷åíèÿ
îïðåäåëÿþùèõ èíòåíñèâíûõ ïàðàìåòðîâ, õèìè÷åñêèé ñîñòàâ ãàçà è çàñåëåííîñòè êîëå-
áàòåëüíûõ óðîâíåé.

Pannevits O.V., Rydalevskaya M.A. Di�erent stages of space homogeneous relaxation in
dissociating diatomic gas.

Relaxation process in space homogeneous dissociating diatomic gas of homonuclear molecules
are studied. For each relaxation stage basic intensive parameters, chemical composition and the
populations of vibrational levels are determined.
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Î ÊÐÓÏÍÎÌÀÑØÒÀÁÍÛÕ ÂÎËÍÎÂÛÕ ÄÂÈÆÅÍÈßÕ
Â ÑÒÐÀÒÈÔÈÖÈÐÎÂÀÍÍÎÉ ÝËÅÊÒÐÎÏÐÎÂÎÄÍÎÉ ÆÈÄÊÎÑÒÈ

Ïåðåãóäèí Ñ.È., Õîëîäîâà Ñ. Å.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

peregudinsi@yandex.ru

Ïðîâîäèòñÿ èññëåäîâàíèå ìåõàíèçìîâ ãåíåðàöèè ìàãíèòíîãî ïîëÿ Çåìëè âñëåä-
ñòâèå òðåõìåðíîãî êðóïíîìàñøòàáíîãî äâèæåíèÿ íåâÿçêîé, íåñæèìàåìîé, íåîäíîðîä-
íîé (ñòðàòèôèöèðîâàííîé) èäåàëüíî ïðîâîäÿùåé ýëåêòðîïðîâîäíîé âðàùàþùåéñÿ
æèäêîñòè, ñîñðåäîòî÷åííîé â æèäêîì çåìíîì ÿäðå. Ñîãëàñíî èìåþùåéñÿ â íàñòîÿùåå
âðåìÿ ãèïîòåçû Ñ.È. Áðàãèíñêîãî [1] â äèíàìèêó ìàãíèòíîãî ïîëÿ ñóùåñòâåííûé âêëàä
âíîñèò äâèæåíèå ïðåäñòàâëåííîé æèäêîñòè íåïîñðåäñòâåííî â òîíêîì, ïðèìûêàþùåì
ê ìàíòèè, ñëîå.

Ïðåäëîæåííàÿ ìàòåìàòè÷åñêàÿ ìîäåëü èññëåäóåìîãî ôèçè÷åñêîãî ïðîöåññà ïðåä-
ñòàâëÿåò ñîáîé çàìêíóòóþ ñèñòåìó óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ, ñîñòîÿùóþ èç
óðàâíåíèé ãèäðîäèíàìèêè ñ ó÷åòîì âðàùåíèÿ Çåìëè, ñèëû Ëîðåíöà è ñîîòâåòñòâóþùèõ
óðàâíåíèé ìàãíèòíîé äèíàìèêè ñ íåîáõîäèìûìè ãðàíè÷íûìè óñëîâèÿìè. Ñ èñïîëüçî-
âàíèåì ñôåðè÷åñêèõ êîîðäèíàò è ìàñøòàáîâ ôóíêöèé ïðîèçâîäèòñÿ àíàëèç ìàòåìàòè-
÷åñêîé ìîäåëè, ïðèãîäíîé äëÿ ðàñ÷åòà òðåõìåðíûõ äâèæåíèé ñ áîëüøèìè âðåìåííûì
è ïðîñòðàíñòâåííûì ãîðèçîíòàëüíûì ìàñøòàáîì, ñðàâíèìûì ñ ðàäèóñîì Çåìëè. Óêà-
çàííûé ìåòîä àíàëèçà ïîçâîëÿåò, íå îãðàíè÷èâàÿñü ýâðèñòè÷åñêèìè ðàññóæäåíèÿìè,
âûâåñòè îáùèå ãåîñòðîôè÷åñêèå óðàâíåíèÿ, îïèñûâàþùèå äâèæåíèÿ êàê îäíîðîäíîé,
òàê è ñòðàòèôèöèðîâàííîé ýëåêòðîïðîâîäíîé âðàùàþùåéñÿ æèäêîñòè. Îñíîâíàÿ èäåÿ
àíàëèçà ñîñòîèò â ïîñòðîåíèè ñõåìû ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé, â êîòîðîé ãåîñò-
ðîôè÷åñêîå ïðèáëèæåíèÿ ÿâëÿåòñÿ ïåðâûì øàãîì.

Ïîëó÷åíî àíàëèòè÷åñêîå ðåøåíèå ñèñòåìû íåëèíåéíûõ óðàâíåíèé â ÷àñòíûõ ïðî-
èçâîäíûõ, ìîäåëèðóþùåé ãåîñòðîôè÷åñêîå äâèæåíèå â ñëîå èäåàëüíîé ýëåêòðîïðîâîä-
íîé ñòðàòèôèöèðîâàííîé âðàùàþùåéñÿ æèäêîñòè. Àíàëèç ñòðóêòóðû ïðåäñòàâëåííûõ
ïîëåé ìàãíèòîãèäðîäèíàìè÷åñêèõ âåëè÷èí ïîçâîëÿåò ñäåëàòü âûâîä î ñïðàâåäëèâîñòè
ãèïîòåçû Ñ.È. Áðàãèíñêîãî î ñóùåñòâîâàíèè ñèëüíûõ èçìåíåíèé â òîíêîì ñëîå çåìíîãî
ÿäðà, ïðèìûêàþùåì ê ãðàíèöå ñ ìàíòèåé.

ËÈÒÅÐÀÒÓÐÀ

[1] Áðàãèíñêèé Ñ.È. Âîëíû â óñòîé÷èâî ñòðàòèôèöèðîâàííîì ñëîå íà ïîâåðõíîñòè çåìíîãî
ÿäðà // Ãåîìàãíåòèçì è àýðîíîìèÿ. 1987. � 3. Ñ. 476�482.

Peregudin S.I., Kholodova S.E. About large�scale wave motions in the strati�ed electrical
conducting liquid .

This article is about large�scale wave motions in the strati�ed electrical conducting liquid.
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Ê ÂÎÏÐÎÑÓ ÎÁ ÓÑÒÎÉ×ÈÂÎÑÒÈ ÄÂÈÆÅÍÈß ÐÎÒÎÐÀ Â
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Ïîäîëüñêèé Ì. Å.
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Â ðàáîòàõ ïî òåîðèè óñòîé÷èâîñòè äâèæåíèÿ â êà÷åñòâå ïðèìåðà äåñòàáèëèçèðóþ-
ùåãî äåéñòâèÿ öèðêóëÿöèîííûõ ñèë ðàññìàòðèâàþòñÿ ðîòîðû, âðàùàþùèåñÿ â ãèäðî-
äèíàìè÷åñêèõ ïîäøèïíèêàõ èëè â àýðîäèíàìè÷åñêîé ñðåäå. Ïðè ýòîì îáû÷íî ñ÷èòàåò-
ñÿ, ÷òî äåñòàáèëèçèðóþùèì ôàêòîðîì ÿâëÿþòñÿ ñèëû òðåíèÿ. Àíàëèç, âûïîëíåííûé â
íàñòîÿùåé ðàáîòå, ïîêàçàë, ÷òî îñíîâíîå âëèÿíèå íà ïîòåðþ óñòîé÷èâîñòè îêàçûâàþò
ãèäðîäèíàìè÷åñêèå äàâëåíèÿ â çàçîðå, à ñèëû òðåíèÿ â èõ íåïîñðåäñòâåííîì âîçäåé-
ñòâèè íà ðîòîð ìîãóò èãðàòü êàê äåñòàáèëèçèðóþùóþ, òàê è ñòàáèëèçèðóþùóþ ðîëü.
Âûÿñíåí ôèçè÷åñêèé ñìûñë è äàíà ýëåìåíòàðíàÿ òðàêòîâêà ïîëó÷åííûõ ðåçóëüòàòîâ.

Podolsky M. E. On the stability of rotor motion in hydrodynamic bearings.
As an example of in�uence of circular forces on motion stability, rotor in hydrodynamic bearings

or in aerodynamic medium is considered. It is usually supposed that the main factor of stability loss
is existence of friction forces acting on the rotor. It is shown in present work that the main cause
of instability is pressure in the clearance. Friction forces can play not only destabilization, but also
stabilization role. Physical sense of results received is clari�ed and their elementary interpretation
is done.
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Â ðàáîòàõ [1, 2] è äðóãèõ áûë ðàçâèò èòåðàöèîííî-ìàðøåâûé ìåòîä (ÈÌÌ) ÷èñëåí-
íîãî èíòåãðèðîâàíèÿ ñèñòåì óðàâíåíèé Íàâüå�Ñòîêñà ïðèìåíèòåëüíî ê ñòàöèîíàðíûì
è íåñòàöèîíàðíûì çàäà÷àì î äâèæåíèÿõ íåñæèìàåìûõ è ñæèìàåìûõ ñðåä. Ïðåäëîæåíà
è îáîñíîâàíà âûòåêàþùàÿ èç ìàòåìàòè÷åñêîãî ôîðìàëèçìà ÈÌÌ ìîäèôèöèðîâàííàÿ
÷èñëåííàÿ ñõåìà. Îíà ïðèìåíÿåòñÿ ê óðàâíåíèÿì, çàïèñàííûì â íåñòàöèîíàðíîé ôîðìå.
Åå ìîæíî ðàññìàòðèâàòü êàê ñõåìó èíòåãðèðîâàíèÿ íà îñíîâå ïðèíöèïà óñòàíîâëåíèÿ.
Â îòëè÷èå îò ñóùåñòâóþùèõ ñõåì òàêîãî ðîäà îíà îäèíàêîâî ýôôåêòèâíà äëÿ çàäà÷
ãèäðîäèíàìèêè è ãàçîäèíàìèêè. Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ ïðîäîëüíîå îá-
òåêàíèå êðóãëîãî öèëèíäðà, èìåþùåãî ïëîñêèé òîðåö è ïëîñêèé êîðìîâîé ñðåç. Ðàñ÷åòû
ïðîèçâîäèëèñü íà íåðàâíîìåðíîé ñåòêå ñî ñãóùåíèåì âáëèçè âåðòèêàëüíîé ñòåíêè. Ðàñ-
÷åòû ïðîâîäèëèñü äëÿ ÷èñåë Ìàõà ðàâíûõ M = 0.95, 2. Áåçðàçìåðíîå çíà÷åíèå r0 = 1,
äëèíà l = 3. Ìàðøåâîå íàïðàâëåíèå ñîâïàäàåò ñ íàïðàâëåíèåì íåâîçìóùåííîãî ïîòîêà.
Ïîðÿäîê àïïðîêñèìàöèè âäîëü ìàðøåâîãî íàïðàâëåíèÿ ñíèæàåòñÿ äî ïåðâîãî ëèøü â
ñîñåäíèõ ñ âåðòèêàëüíûìè ñòåíêàìè ãðàíè÷íûõ òî÷êàõ. Ãðàíè÷íûå óñëîâèÿ: ïðèëèïà-
íèÿ íà òâåðäîé ïîâåðõíîñòè; óñëîâèÿ ñèììåòðèè íà îñè; íà ëåâîé è âíåøíåé ãðàíèöàõ
âåêòîð ñêîðîñòè òîò æå, ÷òî è â íàáåãàþùåì ïîòîêå; íîðìàëüíàÿ ïðîèçâîäíàÿ îò äàâ-
ëåíèÿ ïðèíèìàåòñÿ ðàâíîé íóëþ; íà ïðàâîé ãðàíèöå îáëàñòè äàâëåíèå òî æå,÷òî è â
íàáåãàþùåì ïîòîêå; äëÿ îñòàëüíûõ ïåðåìåííûõ ñòàâÿòñÿ ìÿãêèå óñëîâèÿ.

Ïîëó÷åíû àýðîäèíàìè÷åñêèå õàðàêòåðèñòèêè â ïðîöåññå âçàèìîäåéñòâèÿ òîíêîé
îãðàíè÷åííîé ïî äëèíå îáëàñòè ãàçà ñ ïîíèæåííîé ïëîòíîñòüþ ñ óäàðíûì ñëîåì íà
çàòóïëåííîì öèëèíäðå.
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Results on distribution of pressure, general force of resistance in the course of interaction of the
thin area of gas limited on length with the lowered density with a shock layer on the blunt-nose
cylinder are received.

143



ÑÅÊÖÈß III. ÃÈÄÐÎÀÝÐÎÌÅÕÀÍÈÊÀ

ÂËÈßÍÈÅ ÄÈÑÏÅÐÑÈÈ ÏÐÈ ÂÇÀÈÌÎÄÅÉÑÒÂÈÈ ÃÀÇÀ Ñ
ÏÎÂÅÐÕÍÎÑÒÜÞ

Ïðîçîðîâà Ý.Â.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

prozorova@niimm.spbu.ru

Â îñíîâå ìåõàíèêè ñïëîøíîé ñðåäû ëåæàò çàêîíû ñîõðàíåíèÿ ìàññû, èìïóëüñà è
ýíåðãèè. Ê îñíîâîïîëàãàþùèì çàêîíàì ñîõðàíåíèÿ, êðîìå òîãî, îòíîñèòñÿ çàêîí ñî-
õðàíåíèÿ ìîìåíòà êîëè÷åñòâà äâèæåíèÿ. Ïðè êëàññè÷åñêîì ïîäõîäå çàêîí ñîõðàíåíèÿ
ìîìåíòà êîëè÷åñòâà äâèæåíèÿ íå âûñòðàèâàåòñÿ, îí âûðîæäàåòñÿ â óñëîâèå ñèììåò-
ðèè òåíçîðà íàïðÿæåíèé. Ìàòåìàòè÷åñêè äàííîå îáñòîÿòåëüñòâî ñëåäóåò èç âûáîðà â
êà÷åñòâå óñëîâèÿ ðàâíîâåñèÿ óñëîâèÿ ðàâíîâåñèÿ ñèë. Âûáîð â êà÷åñòâå óñëîâèÿ ðàâ-
íîâåñèÿ óñëîâèÿ ðàâíîâåñèÿ ìîìåíòà ïðèâîäèò ê íîâûì ôîðìóëèðîâêàì óðàâíåíèé.
Ñëåäîâàòåëüíî, ïðè óñëîâèè ðàâíîâåñèÿ ñèë ïðèõîäèì ê ÷àñòíîé êëàññè÷åñêîé ôîð-
ìóëèðîâêå ìåõàíèêè ñïëîøíîé ñðåäû. Ïåðâîíà÷àëüíàÿ (êëàññè÷åñêàÿ) ôîðìóëèðîâêà
çàêîíîâ ñîõðàíåíèÿ áàçèðîâàëàñü íà çàìêíóòîñòè ýëåìåíòàðíûõ îáúåìîâ äëÿ îáìåíà
êàñàòåëüíûìè ñîñòàâëÿþùèìè ôèçè÷åñêèõ ïåðåìåííûõ, ÷òî è ïðèâîäèëî ê ôîðìóëè-
ðîâêàì óñëîâèé ðàâíîâåñèÿ äëÿ ñèë. ßâëÿÿñü îòêðûòîé ñèñòåìîé, ýëåìåíòàðíûé îáúåì
îáìåíèâàåòñÿ êîìïîíåíòàìè âñåõ ôèçè÷åñêèõ âåëè÷èí âî âñåõ íàïðàâëåíèÿõ.

Ó÷åò âðàùàòåëüíûõ äâèæåíèé âíóòðè îáúåìà (ðåçóëüòàò äåéñòâèÿ ìîìåíòà) ïðèâî-
äèò ê íåñèììåòðè÷íîìó òåíçîðó íàïðÿæåíèé è äîïîëíèòåëüíîìó óðàâíåíèþ äëÿ ìîìåí-
òà êîëè÷åñòâà äâèæåíèÿ, êîòîðîå îáû÷íî âûïèñûâàåòñÿ òîëüêî äëÿ ôåððîìàãíåòèêîâ
èëè äëÿ ÷àñòèö ñ âíóòðåííåé ñòðóêòóðîé. Îáû÷íûå ïðåäïîëîæåíèÿ î ïðåíåáðåæåíèè
ïðîöåññàìè âíóòðè îáúåìà, îñíîâàííûå íà îöåíêå ïîðÿäêîâ äåéñòâóþùèõ íà ýëåìåí-
òàðíûé îáúåì ñèë íà åãî ïîâåðõíîñòè è âíóòðè îáúåìà, òðåáóþò ïåðåñìîòðà.

Ìíîãîîáðàçèå âàðèàíòîâ ïîâåðõíîñòè è âíåøíèõ âîçäåéñòâèé çàòðóäíÿåò ñîçäàíèå
åäèíîé ìåòîäèêè ïîñòðîåíèÿ ãðàíè÷íûõ óñëîâèé äàæå äëÿ êëàññè÷åñêîãî ñëó÷àÿ.

Îáùåïðèíÿòûå ãðàíè÷íûå óñëîâèÿ ñêîëüæåíèÿ è òåìïåðàòóðíîãî ñêà÷êà äëÿ ïåðå-
õîäíîãî ðåæèìà òå÷åíèÿ, êîãäà ãàç åùå íå ðàçðåæåí, íî ïðîÿâëÿåò äèñêðåòíûå ñâîéñòâà,
çàñòàâëÿåò ïåðåñìîòðåòü êîíöåïöèè êíóäñåíîâñêîãî ñëîÿ è ôóíêöèè ðàññåÿíèÿ ìîëåêóë
ãàçà ïîâåðõíîñòüþ êàê ôóíêöèè ñêîðîñòåé ïàäàþùåé è îòðàæåííûõ ìîëåêóë. Â ðàáîòå
îáñóæäàåòñÿ âàðèàíò ïîñòàíîâêè ãðàíè÷íûõ óñëîâèé.

Prozorova E.V. In�uence of the dispersion at interaction gas with surface.
Present paper is devoted to formulation of equilibrium conditions as conditions of equilibrium

angular moment for continuous mechanics. Then equilibrium conditions of forces are the special
case of more common conditions of equilibrium of angular moment. We discuss the problems that
can be appearing to considerate the angular moment variation in an elementary volume near the
surface.
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We present the results on investigations of the temperature evolution of substrate surface
during cold gas dynamic spray experiments. The experiments were performed without
injection of solid particles in the supersonic jet.

Two dimensions, time-resolved thermographic measurements were carried out with a
high speed infrared camera on substrates surface having impinging supersonic jet. The time
resolution was set to 15 ms and the lens system provided a spatial resolution of approximately
0.6 mm. Two types of experiments were performed: (1) stationary nozzle in the middle of
a substrate and (2) moving nozzle. The e�ect of gas stagnation pressure and temperature,
stand of distance, gas nature (He, Air and N2), substrate materials, substrate's dimensions
and shapes, substrate temperature, and, nozzle traverse speed has been studied. The results
were obtained with three cold spray systems having each speci�c axisymmetric nozzle designs.
In addition, Schlieren technique has been used for imaging the supersonic �ows. Di�erences
between results obtained with di�erent nozzle con�gurations are explained by the di�erence
in the structure of gas �ow.

A mathematical model of the heat exchange was developed. For the numerical heat
exchange calculation, a computer based program was developed and some of the parameters
have had to be determined from the experiments on one substrate material. The results of
calculations are in good agreement with all experiments for di�erent substrate materials and
dimensions.

Ðÿáèíèí À.Í., Èðèññó Ý., Ëåãó Æ.-Ã., Ìîðî Ê. Ýêñïåðèìåíòàëüíîå èññëåäîâàíèå
è ìîäåëèðîâàíèå òåïëîîáìåíà â õîëîäíîì ãàçîäèíàìè÷åñêîì íàïûëåíèè.

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ òåïëîâîãî ðåæèìà íàïûëÿåìîãî îáðàçöà â õî-
ëîäíîì ãàçîäèíàìè÷åñêîì íàïûëåíèè. Âñå ýêñïåðèìåíòû ïî èçìåðåíèþ òåìïåðàòóðû ïîâåðõ-
íîñòè îáðàçöà ïðîâîäèëèñü áåç ÷àñòèö â ïîòîêå ãàçà. Ïðèíÿòàÿ ìîäåëü òåïëîîáìåíà ìåæäó
ñâåðõçâóêîé ñòðóåé ãàçà è îáðàçöîì äàåò ðåçóëüòàòû, ñîãëàñóþùèåñÿ ñ ýêñïåðèìåíòîì.
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Ïðîâåä¼ííûå ÷èñëåííûå èññëåäîâàíèÿ òðàíñçâóêîâîãî îáòåêàíèÿ ðàêåò ñ íàäêà-
ëèáåðíîé ãîëîâíîé ÷àñòüþ ïîêàçàëè íàëè÷èå íåóñòîé÷èâîñòè òå÷åíèÿ, ñâÿçàííîé ñî
ñëèÿíèåì-ðàñùåïëåíèåì ëîêàëüíûõ ñâåðõçâóêîâûõ çîí. Ïðè íåêîòîðîì çíà÷åíèè ñêî-
ðîñòè íàáåãàþùåãî íåâîçìóù¼ííîãî ïîòîêà â ðàéîíå ãîëîâíîé ÷àñòè íàáëþäàþòñÿ, êàê
ïðàâèëî, äâå ñâåðõçâóêîâûå îáëàñòè, çàêàí÷èâàþùèåñÿ óäàðíûìè âîëíàìè. Ñ äàëüíåé-
øèì óâåëè÷åíèåì ñêîðîñòè äàííûå îáëàñòè ìîãóò èìåòü òåíäåíöèþ ê ñáëèæåíèþ ñ ïî-
ñëåäóþùèì îáúåäèíåíèåì è îáðàçîâàíèåì îäíîé îáùåé îáëàñòè. Ïðîöåññû îáúåäèíåíèÿ
è ðàñùåïëåíèÿ ñâåðõçâóêîâûõ îáëàñòåé äî êîíöà íå èçó÷åíû, îäíàêî áûëî îáíàðóæåíî,
÷òî, êàê è â ñëó÷àå ñ äâóìåðíûìè ïðîôèëÿìè [1, 2], äëÿ òð¼õìåðíîãî îñåñèììåòðè÷íîãî
òåëà òàêæå âîçìîæíî ñêà÷êîîáðàçíîå ñëèÿíèå-ðàñùåïëåíèå, ïðèâîäÿùåå ê ïåðåñòðîéêå
êàðòèíû îáòåêàíèÿ. Ïðè ýòîì êîýôôèöèåíò ïîäú¼ìíîé ñèëû òàêæå èçìåíÿåòñÿ ñêà÷-
êîîáðàçíî.

Â ðàìêàõ äàííîé ðàáîòû ñäåëàíà ïîïûòêà îöåíèòü âåëè÷èíó êîýôôèöèåíòà ïîäú-
¼ìíîé ñèëû è åãî èçìåíåíèå â ìîìåíò ñëèÿíèÿ-ðàñùåïëåíèÿ ñâåðõçâóêîâûõ îáëàñòåé.

ËÈÒÅÐÀÒÓÐÀ
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Semyonov D.S. Transonic �ow over axisymmetric bodies with enlarged payload fairings.
Numerical simulation of transonic �ow over enlarged payload fairings reveals �ow instability

at transonic regimes involving amalgamation/splitting of the local supersonic regions. Usually
two supersonic regions terminating with shock waves exist in the �ow for some subsonic value
of the free-stream velocity. As the velocity increases these regions tend to approach each other
followed by their amalgamation and making one joint supersonic region. Exact processes of the
amalgamation/splitting are not yet well known but it has been found that, like in case of 2D
airfoils [1,2], amalgamation/splitting with a jump is also possible for 3D axisymmetric body. It also
results in jumps of the lift coe�cient.

This project is focused on the determination of the lift coe�cient values and its alteration when
supersonic regions coalesce/split.
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Ïðîáëåìà ìàòåìàòè÷åñêîãî îïèñàíèÿ ðàáîòû ãèäðîñèñòåì ïðè óäàðíûõ è âûñîêî÷à-
ñòîòíûõ íàãðóæåíèÿõ ê íàñòîÿùåìó âðåìåíè íå èìååò óäîâëåòâîðèòåëüíîãî ðåøåíèÿ.
Ñëîæíîñòü ïðåäñòàâëÿåò íåîáõîäèìîñòü ñîâìåñòíîãî ó÷åòà âÿçêèõ è èíåðöèîííûõ ýô-
ôåêòîâ ñ îäíîé ñòîðîíû è âîëíîâûõ ïðîöåññîâ � ñ äðóãîé. Ïðÿìîå ðåøåíèå óðàâíåíèé
äèíàìèêè ñæèìàåìîé æèäêîñòè ÷èñëåííûìè ìåòîäàìè â ïðàêòè÷åñêèõ çàäà÷àõ íåïðè-
åìëåìî èç-çà áîëüøîé âû÷èñëèòåëüíîé òðóäîåìêîñòè.

Ïðîäóêòèâíåå ñëåäóþùèé ïîäõîä. Ãèäðîñèñòåìà ðàçáèâàåòñÿ íà îáúåìû (öèëèíäð,
òðóáà è äð.), äëÿ êîòîðûõ çàïèñûâàþòñÿ íóëüìåðíûå èëè îäíîìåðíûå óðàâíåíèÿ ãèä-
ðîäèíàìèêè ñæèìàåìîé æèäêîñòè. Ãðàíèöàìè îáúåìîâ ÿâëÿþòñÿ ìåñòíûå ãèäðàâëè÷å-
ñêèå ñîïðîòèâëåíèÿ (äðîññåëü, êëàïàí è äð.). Äëÿ äðîññåëÿ [1] ñðåäíÿÿ ñêîðîñòü èñòå-
÷åíèÿ ïðåäñòàâëÿåòñÿ â âèäå ñóììû ãèäðîäèíàìè÷åñêîé è àêóñòè÷åñêîé ñîñòàâëÿþùèõ.
Ïåðâàÿ õàðàêòåðèçóåò òå÷åíèå æèäêîñòè è ó÷èòûâàåò êàê èíåðöèîííûå, òàê è âÿçêèå
ýôôåêòû. Îíà îïðåäåëÿåòñÿ èç óðàâíåíèÿ äèíàìèêè, çàïèñàííîãî äëÿ îïðåäåëÿåìîé ýì-
ïèðè÷åñêè ïðèâåäåííîé ìàññû æèäêîñòè, èñòåêàþùåé ÷åðåç äðîññåëü. Ñòðóêòóðà óðàâ-
íåíèÿ òàêîâà, ÷òî ïðè óñòàíîâèâøåìñÿ òå÷åíèè îíî ïðåâðàùàåòñÿ â îáû÷íîå óðàâíåíèå
äëÿ ïîòåðü ïîëíîãî íàïîðà, èñïîëüçóåìîå â ãèäðàâëèêå. Àêóñòè÷åñêàÿ ñîñòàâëÿþùàÿ
õàðàêòåðèçóåò âîëíîâûå ïðîöåññû è îïðåäåëÿåòñÿ ïî ñîîòíîøåíèþ äëÿ ðàñïàäà ðàçðû-
âà, ïðè÷åì èç ïåðåïàäà äàâëåíèÿ èñêëþ÷àþòñÿ ãèäðàâëè÷åñêèå ïîòåðè.

Äëÿ êëàïàíîâ, êàê ïîêàçûâàþò îöåíêè, ìîæíî ïðåíåáðå÷ü àêóñòè÷åñêîé ñîñòàâëÿ-
þùåé ñêîðîñòè, ðàññìàòðèòâàÿ òîëüêî ãèäðîäèíàìè÷åñêóþ. Ñèñòåìà ÿâëÿåòñÿ ñèñòå-
ìîé ïåðåìåííîãî ñîñòàâà è èìååò 4 ñòåïåíè ñâîáîäû: ñàì êëàïàí, æèäêîñòü, èñòåêàþ-
ùàÿ ÷åðåç êëàïàííûé çàçîð, ïðèñîåäèíåííûå ìàññû æèäêîñòè ñî ñòîðîíû íàðóæíîé
è âíóòðåííåé ïîâåðõíîñòåé êëàïàíà (ââåäåíèå ýòèõ ñòåïåíåé ñâîáîäû íåîáõîäèìî äëÿ
êîððåêòíîãî ó÷åòà äåìïôèðóþùèõ ñèë). Äëÿ äàííîé ñèñòåìû çàïèñûâàþòñÿ óðàâíåíèÿ
Ëàãðàíæà 2-ãî ðîäà.

Äëÿ òåñòèðîâàíèÿ ìîäåëåé áûëà ïðîâåäåíà ñåðèÿ ñðàâíèòåëüíûõ ðàñ÷åòîâ ïî äàííîé
ìîäåëè è ïî ìîäåëè, îñíîâàííîé íà óðàâíåíèÿõ ãèäðîäèíàìèêè ñæèìàåìîé æèäêîñòè.
Ðàñ÷åòû ïîêàçàëè õîðîøåå ñîâïàäåíèå, â òîì ÷èñëå ïî óñëîâèìÿì âîçíèêíîâåíèÿ àâòî-
êîëåáàíèé.
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Sinilshchikov V.B. The phenomenological model of non-stationary processes in standard
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The model that describes non-stationary processes in the �uid �owing through a throttle and a
valve is considered. The model takes into account inertial, viscous, and ripple e�ects.
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Äâèæåíèå ôîðìåííûõ ýëåìåíòîâ êðîâè â æèâîì îðãàíèçìå íîñèò ñòîõàñòè÷åñêèé õà-
ðàêòåð. Ïîýòîìó ïðèìåíåíèå ñòîõàñòè÷åñêèõ çàêîíîâ ñîõðàíåíèÿ â ãåìîäèíàìèêå îïðàâ-
äàíî è öåëåñîîáðàçíî. Îäíàêî òàêîé ïîäõîä íå ïîëó÷èë åùå øèðîêîãî ðàñïðîñòðàíåíèÿ
ïðè îïèñàíèè óêàçàííûõ ñðåä. Ïîñëåäîâàòåëüíî îí ðàçâèâàëñÿ â ðàáîòàõ àâòîðà è åãî
ñîàâòîðîâ, íà÷èíàÿ ñ 1997 ã. Íî äàæå â ðàìêàõ ýòèõ èññëåäîâàíèé ïðåäëàãàëîñü 3 ìî-
äåëè, ó÷èòûâàþùèå âëèÿíèå ãðàäèåíòà ñêîðîñòè íà ðåçóëüòàò ñîóäàðåíèÿ ôîðìåííûõ
ýëåìåíòîâ: ìîäåëü ñ ýôôåêòèâíîé êîððåëÿöèîííîé ôóíêöèåé, ÷òî ïðèâîäèò ê íàèáîëåå
ñëîæíûì ìàêðîñêîïè÷åñêèì óðàâíåíèÿì ïåðåíîñà (óðàâíåíèÿì ãåìîäèíàìèêè); ðåëàê-
ñàöèîííàÿ ñòîõàñòè÷åñêàÿ ìîäåëü ñ ìîäèôèöèðîâàííûì âðåìåíåì ðåëàêñàöèè; ìîäåëü,
ó÷èòûâàþùàÿ âëèÿíèå ãðàäèåíòà ñêîðîñòè íà ðåçóëüòàò ñîóäàðåíèÿ ïóòåì ââåäåíèÿ
ñîîòâåòñòâóþùåãî ìíîæèòåëÿ. Ïîñëåäíÿÿ ìîäåëü ïîçâîëÿåò ìàêñèìàëüíî âîñïîëüçî-
âàòüñÿ ðåçóëüòàòàìè, óæå ïîëó÷åííûìè â êèíåòè÷åñêîé òåîðèè ãàçîâ è ãàçîâçâåñåé [1].
Ñêàçàííîå ãîâîðèò î íåîáõîäèìîñòè îáñóæäåíèÿ ïðåäëîæåííûõ ñòîõàñòè÷åñêèõ ìîäå-
ëåé ñ òî÷êè çðåíèÿ ïðîñòîòû, îáùíîñòè è öåëåñîîáðàçíîñòè. Ñëåäóåò ïîä÷åðêíóòü, ÷òî
äëÿ âñåõ íèõ äîêàçàíà H-òåîðåìà, ò. å. äîêàçàí âûõîä íà ðàâíîâåñíûé ðåæèì è óäî-
âëåòâîðåíèå ïðèíöèïó íåóáûâàíèÿ ýíòðîïèè. Âàæíûì àñïåêòîì ïðèìåíåíèÿ ñòîõàñòè-
÷åñêîãî ïîäõîäà ÿâëÿåòñÿ ïîëó÷åíèå çàâèñèìîñòè êîýôôèöèåíòîâ ïåðåíîñà îò ýíåðãèè
õàîòè÷åñêîãî äâèæåíèÿ âêëþ÷åíèé, èõ ÷àñòîòû ñîóäàðåíèé, ãèäðîäèíàìè÷åñêîãî ïîëÿ
è îáúåìíîé äîëè ôîðìåííûõ ýëåìåíòîâ, ÷åãî íå äàåò òðàäèöèîííûé ïîäõîä. Ïðîáëå-
ìà ñòðîãîé âåðèôèêàöèè ñòîõàñòè÷åñêèõ ìîäåëåé ñâÿçàíà ñ èíòåãðàëüíûì õàðàêòåðîì
ýêñïåðèìåíòàëüíûõ äàííûõ, à îáðàòíàÿ çàäà÷à îòíîñèòñÿ ê êëàññó íåêîððåêòíûõ. Äëÿ
ëþáûõ ãåòåðîãåííûõ ñðåä ñóùåñòâóåò ïðîáëåìà ïåðåõîäà îò ëàáîðàòîðíûõ óñëîâèé ê
íàòóðíûì. Äëÿ êðîâè ýòî ïåðåõîä in vitro (in glass)→ in vivo. Â ìåòîäå îïòèìèçàöèè [1]
ýòîò ïåðåõîä òàêæå ïîñòóëèðóåòñÿ.

Äàåòñÿ çàìêíóòàÿ ïîñòàíîâêà èåðàðõèè çàäà÷ ìàêðîãåìîäèíàìèêè.

ËÈÒÅÐÀÒÓÐÀ

[1] Öèáàðîâ Â.À. Êèíåòè÷åñêèé ìåòîä â òåîðèè ãàçîâçâåñåé. ÑÏá.: Èçä-âî Ñ.-Ïåòåðá. óí-òà,
1997. 192 ñ.

Tsibarov V.A. Stochastic conservative lows in hemodynamics.
Quality properties of stochastic models are discussed. Closed systems of hemodynamic equations

are derived.
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Ïëîñêîå íàïîðíîå òå÷åíèå Êóýòòà ÿâëÿåòñÿ äâóõïàðàìåòðè÷åñêèì ñëó÷àåì ïðîñòîãî
ñäâèãîâîãî òå÷åíèÿ. Ââèäó âàæíîñòè ïðàêòè÷åñêèõ ïðèëîæåíèé åìó ïîñâÿùåíî áîëü-
øîå êîëè÷åñòâî ýêñïåðèìåíòàëüíûõ è òåîðåòè÷åñêèõ ðàáîò. Äëÿ òóðáóëåíòíîãî ðåæè-
ìà ýòî òå÷åíèå ÿâëÿåòñÿ â îïðåäåëåííîì ñìûñëå ýòàëîííûì, ïîçâîëÿþùèì âûÿâèòü
äîñòîèíñòâà è íåäîñòàòêè òåõ èëè èíûõ ìîäåëåé òóðáóëåíòíîñòè. Â ðàáîòå äëÿ èññëå-
äîâàíèÿ ýòîãî òå÷åíèÿ èñïîëüçîâàíà åäèíàÿ ëàìèíàðíî-òóðáóëåíòíàÿ ìîäåëü, ðàçðàáî-
òàííàÿ ïðîôåññîðîì Â.À. Ïàâëîâñêèì. Ðàñ÷åòû ïî ýòîé ìîäåëè õîðîøî ñîãëàñóþòñÿ ñ
îïûòîì, à äëÿ ìíîãèõ çíà÷åíèé ïàðàìåòðîâ è ñ òåîðåòè÷åñêèìè ðåçóëüòàòàìè äðóãèõ
àâòîðîâ. Êðîìå òîãî, ïðè ìàëûõ ÷èñëàõ Ðåéíîëüäñà èìååò ìåñòî ïðåäåëüíûé ïåðåõîä
ê èçâåñòíîìó ðåøåíèþ äëÿ ëàìèíàðíîãî ðåæèìà.

Chistov A.L. Flat enforced Couette �ow from the standpoint of uni�ed laminar-turbulent model .
Flat Couette �ow in the duct under constant longitudinal pressure gradient is considered. Uni�ed

laminar-turbulent model developed by professor Pavlovsky was used to obtain two-parameter task
decision. Received quadratures are valid for whatever Reynolds numbers corresponding both laminar
and turbulent �ow regimes. Limitary transfer under small Reynolds numbers to well-known velocity
pro�le analytical expressions contained in G. Schlichting monograph is demonstrated. Obtained
velocity pro�les and resistance laws are compared with experimental data and other authors
calculation.
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Îäíèì èç âàæíåéøèõ ñîâðåìåííûõ ìåòîäîâ ðàñ÷åòà êîýôôèöèåíòîâ ïåðåíîñà è
ôóíêöèè ðàñïðåäåëåíèÿ (ÔÐ) ïî ñêîðîñòÿì ÿâëÿåòñÿ ìîìåíòíûé ìåòîä, îñíîâàííûé
íà ðàçëîæåíèè ÔÐ ïî ñîáñòâåííûì ôóíêöèÿì ëèíåéíîãî èíòåãðàëà ñòîëêíîâåíèé äëÿ
ìàêñâåëëîâñêèõ ìîëåêóë. Â [1, 2] ïðåäëîæåí ñïîñîá ðàñ÷åòà ìàòðè÷íûõ ýëåìåíòîâ èí-
òåãðàëà ñòîëêíîâåíèé, ïîçâîëèâøèé ñäåëàòü ìîìåíòíûé ìåòîä ïðèãîäíûì äëÿ ïîñòðî-
åíèÿ ÔÐ âïëîòü äî 5-10-òè òåïëîâûõ ñêîðîñòåé. Îäíàêî, êàê ïîêàçàëè íàøè ðàáîòû ïî
èçó÷åíèþ äâèæåíèÿ èîíîâ â ýëåêòðè÷åñêîì ïîëå [3], åñëè â ñëàáûõ è óìåðåííûõ ïîëÿõ
ýòîò ìåòîä ïðåêðàñíî ñåáÿ çàðåêîìåíäîâàë, òî â î÷åíü ñèëüíûõ ïîëÿõ ðàçëîæåííàÿ ïî
òàêèì ïîëèíîìàì ÔÐ ðàñõîäèòñÿ.

Â äîêëàäå ïîêàçàíî, êàê ýòà òðóäíîñòü ïðåîäîëåâàåòñÿ, åñëè ïðîâîäèòü ðàçëîæåíèå
ÔÐ òîëüêî ïî ñôåðè÷åñêèì ãàðìîíèêàì. Ïðè ýòîì óðàâíåíèå Áîëüöìàíà ïåðåõîäèò â ñè-
ñòåìó èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÿäðàìè, çàâèñÿùèìè òîëüêî îò ìîäóëåé
ñêîðîñòåé. Ïîêàçàíî, êàê èñïîëüçóÿ èçâåñòíûå ÿäðà äëÿ ìîäåëè òâåðäûõ øàðîâ, ìîæíî
ñóùåñòâåííî óâåëè÷èòü ýëåêòðè÷åñêîå ïîëå, ïðè êîòîðîì íàõîäèòñÿ ïîäâèæíîñòü è ÔÐ,
à òàêæå ðàñøèðèòü îáëàñòü ñõîäèìîñòè ÔÐ. Ðåçóëüòàòû ïðîèëëþñòðèðîâàíû áîëüøèì
êîëè÷åñòâîì ïðèìåðîâ.

Ðàáîòà ïîääåðæàíà ãðàíòîì ÐÔÔÈ 06-08-01104.
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òîä. ÑÏá. 2003. 224 c.

[2] Ender A.Ya., Ender I.A. Polynomial expansions for the isotropic Boltzmann equation and
invariance of the collision integral with respect to the choice of basis functions // Phys.
Fluids.1999. Vol. 11. p. 2720.

[3] Ender A.Ya., Ender I.A. Distribution function and transport properties of the ions moving in
a neutral gas under external electric �eld. // Proc. RGD 25th 2007. p.1023.

Ender A.Ya., Ender I.A., Gerasimenko A.B. Mobility and distribution function of ions at
moderate and strong electric �elds.

Under discussion is an extension of the domain of convergence of the distribution function (DF)
polynomial expansion during transition from an extension in terms of the Barnett's functions to
that of the spherical harmonics. In so doing the value of the electric �eld, at which the mobility and
DF are to be found, can be successfully increased, the domain of DF convergence being extended.
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Öåëüþ äàííîé ðàáîòû ñòàëî ñðàâíèòåëüíîå èññëåäîâàíèå ñâîáîäíûõ êîëåáàíèé òîí-
êèõ êîíè÷åñêèõ îáîëî÷åê ñ ìàëûì óãëîì êîíóñíîñòè ÷èñëåííûìè (îðòîãîíàëüíîé ïðî-
ãîíêè, êîíå÷íûõ ýëåìåíòîâ) è àñèìïòîòè÷åñêèìè ìåòîäàìè. Îñíîâíîå âíèìàíèå óäåëÿ-
ëîñü ïîâåäåíèþ ñîáñòâåííûõ ÷àñòîò è ôîðì êîëåáàíèé ïðè èçìåíåíèè ìàëîãî ïàðàìåòðà
� óãëà êîíóñíîñòè. Ðàññìàòðèâàëèñü êàê îñåñèììåòðè÷íûå, òàê è íåîñåñèììåòðè÷íûå
êîëåáàíèÿ îáîëî÷åê ðàçíîé òîëùèíû è ñ ðàçíûìè ãðàíè÷íûìè óñëîâèÿìè.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòà ÐÔÔÈ � 07.01.00250a.

ËÈÒÅÐÀÒÓÐÀ

[1] Àáàêóìîâ Ï.À., Ñìèðíîâ À.Ë. Àíàëèç îñåñèììåòðè÷íûõ êîëåáàíèé öèëèíäðè÷åñêîé
îáîëî÷êè // Òðóäû ñåìèíàðà ¾Êîìïüþòåðíûå ìåòîäû â ìåõàíèêå ñïëîøíîé ñðåäû¿ 2006�
2007 ãã. Èçä. ÑÏáÃÓ. 2007. Ñ. 142�151.

[2] Áàóýð Ñ.Ì., Ñìèðíîâ À.Ë., Òîâñòèê Ï.Å., Ôèëèïïîâ Ñ.Á. Àñèìïòîòè÷åñêèå ìåòîäû â
ìåõàíèêå òâåðäîãî òåëà. Èæåâñê. Èçäàò. ðåã. è ñòîõàñò. äèíàìèêè. 2007.

Abakumov P.A., Smirnov A.L., Kharunzhy A.A. Free vibrations of conic shells with small
angle at the vertex .

The purpose of the research is a comparative study of free vibrations of thin conic shells
with small angle at the vertex by means of numerical (orthogonal sweep method and FEM) and
asymptotic methods. The main attention was paid to behavior of free frequencies and vibration
modes when small parameter of the vertex angle varies. Both axisymmetric and non-axisymmetric
vibrations of the shell with di�erent boundary conditions were considered.
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Ðàññìîòðèâàåòñÿ òîíêàÿ óïðóãàÿ òðåõñëîéíàÿ öèëèíäðè÷åñêàÿ îáîëî÷êà ñ êîñûìè
êðàÿìè, êîòîðàÿ ìîæåò áûòü íåêðóãîâîé è èìåòü ïåðåìåííóþ ïî îêðóæíîé êîîðäèíàòå
òîëùèíó.

Â êà÷åñòâå èñõîäíûõ èñïîëüçîâàíû óðàâíåíèÿ [1], â îñíîâó êîòîðûõ ïîëîæåíû îáîá-
ùåííûå êèíåìàòè÷åñêèå ãèïîòåçû Òèìîøåíêî [2].

Çàïîëíèòåëåì ÿâëÿåòñÿ ìàãíèòîðåîëîãè÷åñêèé êîìïîçèò, êîòîðûé õàðàêòåðèçóåòñÿ
êîìïëåêñíûì ìîäóëåì ñäâèãà, ïåðåìåííûì ïî îêðóæíîé êîîðäèíàòå è âðåìåíè. Çíà÷å-
íèÿ äåéñòâèòåëüíîé è ìíèìîé ÷àñòåé êîìïëåêñíîãî ìîäóëÿ ñäâèãà îáóñëîâëåíû âåëè-
÷èíîé ìàãíèòíîãî ïîëÿ.

Öåëü èññëåäîâàíèÿ � âûÿâëåíèå çàêîíîìåðíîñòåé ãàøåíèÿ áåãóùèõ âèáðàöèé ïðè
ïîìîùè ïåðåìåííîãî ïî âðåìåíè ìàãíèòíîãî ïîëÿ.

Ðåøåíèå ïîñòðîåíî â âèäå ñóïåðïîçèöèè áåãóùèõ â îêðóæíîì íàïðàâëåíèè âîëíîâûõ
ïàêåòîâ, ëîêàëèçîâàííûõ âîçëå íåêîòîðûõ ïîäâèæíûõ îáðàçóþùèõ îáîëî÷êè. Ïðîâåäå-
íû ðàñ÷åòû, ïîêàçûâàþùèå çàâèñèìîñòü õàðàêòåðèñòèê âîëíîâîãî ïàêåòà îò ðàñòóùèõ
âî âðåìåíè äåéñòâèòåëüíîé è ìíèìîé ÷àñòåé êîìïëåêñíîãî ìîäóëÿ ñäâèãà.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå è â ðàìêàõ çàäàíèÿ ¾Ìåõàíèêà 2.22¿
ÃÊÏÍÈ ¾Ìåõàíèêà¿ Ðåñïóáëèêè Áåëàðóñü.

ËÈÒÅÐÀÒÓÐÀ

[1] Mikhasev G., Seeger F., Gabbert U. Local buckling of ñomposite laminated cylindrical shell with
oblique edge under external pressure: Asymptotic and �nite element simulations // Technische
Mechanik. 2001. Band 21. Heft 1. P. 1�12.

[2] Ãðèãîëþê Ý.È., Êóëèêîâ Ã.Ì. Ìíîãîñëîéíûå àðìèðîâàííûå îáîëî÷êè: ðàñ÷åò ïíåâìàòè-
÷åñêèõ øèí. Ì.: Ìàøèíîñòðîåíèå, 1988.

Avdoshka I.V., Mikhasev G.I. Suppression of localized running vibration in laminated
cylindrical shell using magnetorheological materials.

The in�uence of increasing in time real and imaginary parts of complex shear modulus on
localized near some generatrix wave packet motion is studied.
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ÐÅØÅÍÈÅ ÍÅÊÎÒÎÐÛÕ ÊÓÑÎ×ÍÎ-ÎÄÍÎÐÎÄÍÛÕ ÇÀÄÀ×
ÃÅÎÌÅÕÀÍÈÊÈ ÌÅÒÎÄÎÌ ÃÐÀÍÈ×ÍÛÕ ÝËÅÌÅÍÒÎÂ

Áîáûëåâ Ä.Å.
Êðèâîðîæñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò, Óêðàèíà

bob_d@i.ua

Îäíî èç ïåðñïåêòèâíûõ íàïðàâëåíèé â âîïðîñå îõðàíû ãîðíûõ âûðàáîòîê ñîñòî-
èò â ëîêàëüíîì èçìåíåíèè íàïðÿæåííîãî ñîñòîÿíèÿ ìàññèâà ñ öåëüþ èñêóññòâåííîãî
óïðàâëåíèÿ ãîðíûì äàâëåíèåì è äåôîðìàöèîííûìè ïðîöåññàìè â ãîðíîé âûðàáîòêå
(ðàçãðóçêà çà ñ÷åò ïóñòîò, ñäåëàííûõ âáîê âûðàáîòêè, ùåëåâàÿ ðàçãðóçêà è ò.ï.). Âñå
ýòè ñïîñîáû ñâÿçàíû ñ îáðàçîâàíèåì â ïðèêîíòóðíîì ìàññèâå ãîðíîé âûðàáîòêè ïó-
ñòîò. Èññëåäîâàëîñü âëèÿíèå ýòèõ ïóñòîò íà íàïðÿæåíî-äåôîðìèðîâàííîå ñîñòîÿíèå â
îêðåñòíîñòè âûðàáîòêè. Îäíèì ñ ïóòåé îïòèìèçàöèè äàííîãî ìåòîäà ðàçãðóçêè ÿâëÿ-
åòñÿ èçìåíåíèå êîíôèãóðàöèè ïðîäîëüíîãî ñå÷åíèÿ ùåëè. Îñíîâíîé çàäà÷åé íàøåãî
èññëåäîâàíèÿ áûëî âûÿâëåíèå ñ ïîìîùüþ ìåòîäîâ êîìïüþòåðíîãî ìîäåëèðîâàíèÿ îï-
òèìàëüíûõ ïàðàìåòðîâ ðàçãðóçî÷íîé ùåëè. Ðåøåíû ñëåäóþùèå çàäà÷è: 1) îïðåäåëåíà
îïòèìàëüíàÿ äëèíà è âûñîòà ðàçãðóçî÷íîé ùåëè; 2) èññëåäîâàí õàðàêòåð äåéñòâèÿ ùå-
ëè íà ðàññòîÿíèè îò êîíöåíòðàòîðà íàïðÿæåíèé. Âû÷èñëåíèÿ ïðîâîäèëèñü íåïðÿìûì
ìåòîäîì ãðàíè÷íûõ ýëåìåíòîâ ñ ðåãóëÿðèçàöèåé ñ ó÷åòîì òîãî, ÷òî ïðè ñîçäàíèè ðàç-
ãðóçî÷íûå ùåëè íàïîëíÿþòñÿ ñûïó÷èì ìàòåðèàëîì, êîýôôèöèåíò áîêîâîãî ðàñïîðà
êîòîðîãî ìåíüøå, ÷åì â äðóãèõ ÷àñòÿõ ãîðíîãî ìàññèâà, ò.å. ðàñ÷åòíàÿ ñõåìà ó÷èòûâà-
ëà êóñî÷íóþ îäíîðîäíîñòü çàäà÷è.

Bobyliev D.E. The boundary-element method for zonally-homogeneous solids is applied to solve
the problems of Geomechanics.

The stress-strain state of mine using some local unloading method is investigated. The indirect
boundary-element method for zonally-homogeneous solids is applied to solve the problems. The
numerical solution algorithm is elaborated, the application of software is created, and numerical
experiments demonstrating the capabilities the approach being proposed are carried out.
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ÎÁ ÎÄÍÎÉ ÌÎÄÅËÈ ÀÄÀÏÒÈÂÍÎÉ ÒÅÎÐÈÈ ÓÏÐÓÃÎÑÒÈ È ÅÅ
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Âàòóëüÿí À.Î.
Þæíûé ôåäåðàëüíûé óíèâåðñèòåò, Ðîñòîâ-íà Äîíó

vatulyan@math.rsu.ru

Ïðåäñòàâëåíà ìîäåëü àäàïòàöèè áèîëîãè÷åñêèõ òêàíåé ê íàãðóçêàì è èçëîæåíû
âîçìîæíîñòè åå ïðèëîæåíèÿ ê ðåìîäåëèðîâàíèþ êîñòíîé òêàíè. Â ðàìêàõ ìîäåëè ëè-
íåéíîé íåîäíîðîäíîé òåîðèè óïðóãîñòè ðàññìîòðåíû 2 ïîäõîäà ê âîïðîñó àäàïòàöèè
òâåðäûõ áèîëîãè÷åñêèõ òêàíåé, êîòîðàÿ ïðîèñõîäèò â ñèëó èçìåíåíèè çàêîíîâ íåîä-
íîðîäíîñòè ïîä äåéñòâèåì íåêîòîðûõ íàãðóçîê â ñîîòâåòñòâèè ñ çàêîíîì Âîëüôà [1].
Â ðàìêàõ ýòèõ ïîäõîäîâ ïðèíèìàåòñÿ, ÷òî àäàïòàöèÿ ïðîèñõîäèò ëèáî 1) ïðè óäàëå-
íèè ÷àñòè òêàíè, 2) ëèáî ñâÿçàíà ñ çàìåíîé ÷àñòè òêàíè èìïëàíòàíòîì ñ èçâåñòíûìè
ñâîéñòâàìè. Ñôîðìóëèðîâàíà çàäà÷à îòûñêàíèÿ çàêîíîâ èçìåíåíèÿ ìîäóëåé óïðóãîñòè
èç íåêîòîðûõ îïòèìèçàöèîííûõ çàäà÷ ïðè ôèêñèðîâàííîé íàãðóçêå, ïðè÷åì â êà÷å-
ñòâå ìåõàíèçìà ðåàëèçàöèè ïðåäëîæåíî ðàññìàòðèâàòü çàêîí èçìåíåíèÿ ïîðèñòîñòè
êàê óïðàâëÿþùóþ ôóíêöèþ. Â êà÷åñòâå êðèòåðèåâ îïòèìàëüíîñòè ïðåäëîæåíû 1) ìè-
íèìàëüíîñòü óðîâíÿ îáùåé ïîòåíöèàëüíîé ýíåðãèè ñèñòåìû 2) ìèíèìàëüíîñòü ôóíê-
öèîíàëà íåâÿçêè ìåæäó ïîëó÷åííûì â ðåçóëüòàòå ïåðåñòðîéêè óðîâíåì äåôîðìàöèé è
ôèçèîëîãè÷åñêèì óðîâíåì ïðè íàëè÷èè íåêîòîðûõ îãðàíè÷åíèé íà ìîäóëè. Ïîñòðîåíî
âàðèàöèîííîå óðàâíåíèå, â êîòîðîì âàðüèðóþòñÿ íå òîëüêî ïîëÿ ñìåùåíèé, íî è ìîäó-
ëè óïðóãîñòè. Íà îñíîâå ïðåäëîæåííûõ êðèòåðèåâ ïîñòðîåí èòåðàöèîííûé ïðîöåññ, íà
êàæäîì øàãå êîòîðîãî ðåøàåòñÿ êðàåâàÿ çàäà÷à íåîäíîðîäíîé òåîðèè óïðóãîñòè. Àíà-
ëèç ýòîé ïîñëåäîâàòåëüíîñòè çàäà÷ ïîçâîëÿåò îïðåäåëÿòü èñêîìûå çàêîíû. Ðàññìîòðå-
íû ÷àñòíûå ïðèìåðû îïðåäåëåíèÿ çàêîíîâ íåîäíîðîäíîñòè ìîäóëåé äëÿ ïðîñòåéøèõ
âèäîâ äåôîðìàöèé äëÿ òåë ïðîñòîé ãåîìåòðèè.

ËÈÒÅÐÀÒÓÐÀ

[1] Ðåãèðåð Ñ. À.,Øòåéí À. À. Ìåõàíè÷åñêèå àñïåêòû ïðîöåññîâ ðîñòà, ðàçâèòèÿ è ïåðå-
ñòðîéêè áèîëîãè÷åñêèõ òêàíåé // Èòîãè íàóêè è òåõíèêè. Êîìï. è ñïåö.ðàçäåëû ìåõàíèêè.
� 1. -Ì. ÂÈÍÈÒÈ,1985. 3�142.

Vatulyan A.O. On a model of adaptive elasticity theory and its applications.
It is proposed to model bone tissue adaptation of loads using a variational approach. There are

criteria for best value, and control function is a fabric porosity. A sequence of heterogeneous elasticity
theory boundary problems de�ning adaptation laws as a dependency modulus of coordinates is built.
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ÓÑÒÎÉ×ÈÂÎÑÒÜ ÑÔÅÐÈ×ÅÑÊÎÉ ÎÁÎËÎ×ÊÈ, ÀÐÌÈÐÎÂÀÍÍÎÉ
ÍÈÒßÌÈ

Âèêòîðîâ È.Â.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

viktorov_i@inbox.ru

Ðàññìàòðèâàþòñÿ ëîêàëüíûå ôîðìû ïîòåðè óñòîé÷èâîñòè áåçìîìåíòíîãî îñåñèììåò-
ðè÷íîãî íàïðÿæåííîãî ñîñòîÿíèÿ òîíêîé óïðóãîé ñôåðè÷åñêîé îáîëî÷êè. Ïðåäïîëàãà-
åòñÿ, ÷òî îáîëî÷êà ïîäêðåïëåíà äâóìÿ ñèñòåìàìè íèòåé, íàêëîí¼ííûìè ïîä óãëàìè θ è
−θ ê îáðàçóþùèì. Ïðîâîäèòñÿ ñðàâíåíèå ðåçóëüòàòîâ ëîêàëüíîãî ïîäõîäà è ÷èñëåííîãî
èíòåãðèðîâàíèÿ ñèñòåìû ïðè ðàçëè÷íûõ ãðàíè÷íûõ óñëîâèÿõ. Â ðàáîòå ðàññìàòðèâà-
åòñÿ èçìåíåíèå ïàðàìåòðà êðèòè÷åñêîãî íàãðóæåíèÿ è ôîðìû ïîòåðè óñòîé÷èâîñòè â
çàâèñèìîñòè îò óãëà àðìèðîâàíèÿ è ðàñïðåäåëåíèÿ âîëîêîí ïî òîëùèíå. Îáñóæäàåòñÿ
ïîäêðåïëÿþùèé ýôôåêò íèòåé â ñðàâíåíèè ñ èçîòðîïíîé îáîëî÷êîé. Íàéäåíû íàèëó÷-
øåå è íàèõóäøåå ðàñïîëîæåíèÿ âîëîêîí ñ òî÷êè çðåíèÿ ìàêñèìàëüíîé óñòîé÷èâîñòè
îáîëî÷êè.

Ïðè ïîñòîÿííîì óãëå íàìîòêè íèòåé ïëîòíîñòü àðìèðîâàíèÿ ìåíÿåòñÿ ñ èçìåíåíè-
åì ðàññòîÿíèÿ äî îñè âðàùåíèÿ, ÷òî ÿâëÿåòñÿ ïðè÷èíîé ëîêàëèçàöèè ôîðìû ïîòåðè
óñòîé÷èâîñòè âáëèçè íàèáîëåå ñëàáîé ïàðàëëåëè. Èñïîëüçîâàíèå ëîêàëüíîãî ïîäõîäà
ïîçâîëÿåò îïðåäåëèòü çàâèñèìîñòü óãëà àðìèðîâàíèÿ îò êîîðäèíàòû âäîëü îáðàçóþ-
ùåé, ïðè êîòîðîé íàèáîëåå ñëàáûõ ïàðàëëåëåé ó îáîëî÷êè íå îáðàçóåòñÿ. Ýòî ïîçâîëÿåò
óìåíüøèòü îáú¼ì íèòåé áåç óìåíüøåíèÿ ïàðàìåòðà êðèòè÷åñêîãî íàãðóæåíèÿ.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòà ÐÔÔÈ � 07.01.00250a.

Viktorov I.V. Stability of spherical shell reinforced by �bers.
Local forms of the buckling of the momentless axisymmetric stress condition of the thin elastic

spherical shell are considered. It is assumed that the shell is reinforced by two systems of �bres
inclined at angles θ and −θ to the generatrix. The buckling forms of isotropic and orthotropic shells
are considered and the comparison of these forms is conducted. The optimum reinforcement by
�bers is suggested.
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ÑÎ ÑÔÅÐÈ×ÅÑÊÈÌÈ ÍÅÎÄÍÎÐÎÄÍÎÑÒßÌÈ

Ãàñðàòîâà Í. À.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò
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Îñåñèììåòðè÷íàÿ çàäà÷à ëèíåéíîé òåîðèè óïðóãîñòè â áîëüøèíñòâå ëèòåðàòóðíûõ
èñòî÷íèêîâ ðåøàåòñÿ ëèáî â ïåðåìåùåíèÿõ ñ èñïîëüçîâàíèåì óðàâíåíèÿ Ëàìå, ëèáî ñ
èñïîëüçîâàíèåì ôóíêöèè Ëÿâà. Â äàííîé ðàáîòå ïðåäñòàâëåí èíîé ïîäõîä. Ðåøåíèå
çàäà÷ èùåòñÿ â íàïðÿæåíèÿõ, êîãäà îñíîâíàÿ ñèñòåìà óðàâíåíèé ñîäåðæèò äâà óðàâíå-
íèÿ ðàâíîâåñèÿ è äâà óðàâíåíèÿ ñïëîøíîñòè. Áîëüøîå âíèìàíèå óäåëåíî èññëåäîâàíèþ
çàäà÷, êîòîðûå ñîäåðæàò ñôåðè÷åñêèå íåîäíîðîäíîñòè, òàê êàê íà èõ îñíîâå ìîæíî
ïîëó÷èòü ðåøåíèÿ çàäà÷ ñ íåîäíîðîäíîñòÿìè ïî ôîðìå áëèçêèõ ê ñôåðè÷åñêèì. Ðå-
øåíèå ïðåäñòàâëåíî â âèäå ñòåïåííûõ ðÿäîâ ïî êîñèíóñó óãëà ìåæäó îñüþ âðàùåíèÿ
è ðàäèóñîì ñôåðû. Êîýôôèöèåíòû ýòèõ ðÿäîâ, çàâèñÿùèå îò ðàäèàëüíîé êîîðäèíà-
òû ñôåðè÷åñêîé ñèñòåìû êîîðäèíàò, âû÷èñëÿþòñÿ ïðè ïîìîùè ñèñòåìû îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé òèïà Ýéëåðà. Ïðåèìóùåñòâî ïðåäñòàâëåííîãî çäåñü ïîä-
õîäà çàêëþ÷àåòñÿ â òîì, ÷òî íåèçâåñòíûå ýòîé ñèñòåìû ñîâïàäàþò ñ êèíåìàòè÷åñêèìè
è ñòàòè÷åñêèìè êðàåâûìè âåëè÷èíàìè , à ýòî â ñâîþ î÷åðåäü óïðîùàåò óäîâëåòâîðåíèå
êðàåâûõ óñëîâèé íà ñôåðè÷åñêîé ïîâåðõíîñòè. Ïðè ýòîì âû÷èñëåíèå íàïðÿæåíèé ñâî-
äèòñÿ ê àëãåáðàè÷åñêèì îïåðàöèÿì. Â êà÷åñòâå ïðèìåðîâ äàíû àíàëèòè÷åñêèå ðåøåíèÿ
çàäà÷ äëÿ óïðóãîãî ïðîñòðàíñòâà:

� ñî ñôåðè÷åñêîé ïîëîñòüþ ïîä äåéñòâèåì ãèäðîñòàòè÷åñêîãî äàâëåíèÿ;
� ñî ñôåðè÷åñêîé ïîëîñòüþ ïðè îäíîîñíîì ðàñòÿæåíèè;
� ñ æåñòêèì ñôåðè÷åñêèì âêëþ÷åíèåì ïðè îäíîîñíîì ðàñòÿæåíèè.

Gasratova N.A. Some way for solving of linear axisimmetric problem of elastic medium with
sphere-shaped heterogeneity .

In linear theory of elasticity it is possible to solve problems in displacements or stresses. The
second approach is preferable when displacements are not required. But this approach is convenient
to use if the static boundary conditions as well as cinematic ones are formulated in stresses. It is
possible for axisymmetric and plane problems and also for problems of linear shell theory. Therefore
the basic equations in terms of stresses are used to investigate the axisymmetric stress-strain state
of elastic space with spheral rigid inclusion or spheral cavity. Analogous problem is considered with
the Boussinesq stress functions by W. Nowatcki. The solution is presented as series of spherical
functions and r � radial coordinate power. In the present paper the solution is expressed in the
form of cos θ power series . The series coe�cients depending on r are de�ned from the system of
di�erential equations that are reduced to the form that suitable for integrating. The dirived relations
may be useful to solve the axisymmetric problems in which boundary conditions are given at the
close to sphere surfaces.
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Ãàâðèëîâ Ä. Í., Çåãæäà Ñ. À.
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Ðàññìàòðèâàåòñÿ óïðóãàÿ ñèñòåìà, ñîñòîÿùàÿ èç äâóõ îäèíàêîâûõ ñòåðæíåé, æåñòêî
ñâÿçàííûõ ñ äðóã äðóãîì ïîä çàäàííûì óãëîì. Áèññåêòðèñà ýòîãî óãëà ëåæèò â ïëîñêî-
ñòè ñèììåòðèè ñèñòåìû, è êîíöû ñòåðæíåé, íå ëåæàùèå íà íåé, ÿâëÿþòñÿ ñâîáîäíûìè.
Äëÿ ñòåðæíåé â ôîðìå êîíóñà è êëèíà òî÷íîå ðåøåíèå çàäà÷è îá îïðåäåëåíèè ñîá-
ñòâåííûõ ÷àñòîò è ñîáñòâåííûõ ôîðì íàéäåíî â ôóíêöèÿõ Áåññåëÿ. Ïîñòðîåíî òàêæå
ïðèáëèæåííîå ðåøåíèå, îñíîâàííîå íà ðàññìîòðåíèè èçãèáàþùåãî ìîìåíòà è ïåðåðåçû-
âàþùåé ñèëû, âîçíèêàþùèõ â ìåñòå ñîåäèíåíèÿ ñòåðæíåé êàê îáîáùåííûõ ëàãðàíæå-
âûõ êîîðäèíàò [1]. Ïîêàçàíî, ÷òî ïîãðåøíîñòü ïðèáëèæåííîé àíàëèòè÷åñêîé ôîðìóëû
äëÿ ïåðâîé ÷àñòîòû íå ïðåâîñõîäèò äëÿ êëèíà 0.2%, à äëÿ êîíóñà 0.5% ïðè âñåõ óãëàõ
ìåæäó ñòåðæíÿìè.

ËÈÒÅÐÀÒÓÐÀ

[1] Çåãæäà Ñ.À., Ñîëòàõàíîâ Ø.Õ., Þøêîâ Ì.Ï. Óðàâíåíèÿ äâèæåíèÿ íåãîëîíîìíûõ ñè-
ñòåì è âàðèàöèîííûå ïðèíöèïû ìåõàíèêè. Íîâûé êëàññ çàäà÷ óïðàâëåíèÿ. Ì.: Íàóêà,
2005. 269 ñ.

Gavrilov D.N., Zegzhda S.A. Bending vinrations of free-ends mechanical system consisting
of two connected angularly bar .

For this system the exact solution for the bar in the wedge and cone shape is obtained.
By considering moment of de�ection and lateral force, applied to connection point, as the
generalized Lagrangian coordinates the approximate solution is received. Comparison of the exact
and approximate solution gives the small error on the �rst frequency.
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ÍÅÊÎÒÎÐÛÅ ÌÎÄÅËÈ ÄÅÔÅÊÒÎÂ ÑËÎÈÑÒÛÕ ÑÒÐÓÊÒÓÐ

Ãðåêîâ Ì.À.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

mgrekov@mg2307.spb.edu

Ìàëûå îòêëîíåíèÿ âíåøíåé ãðàíèöû è ìåæôàçíîé ïîâåðõíîñòè îò ïëîñêîñòè, à òàê-
æå ñëàáî èñêðèâëåííûå òðåùèíû è òîíêèå âêëþ÷åíèÿ íà ìåæôàçíîé ãðàíèöå è âáëèçè
íåå îòíîñÿòñÿ ê äåôåêòàì ñëîèñòûõ ñòðóêòóð. Ìîäåëè òàêèõ äåôåêòîâ ðàññìàòðèâàþòñÿ
â ðàáîòå â ïðèáëèæåíèè äâóìåðíîé òåîðèè óïðóãîñòè è ìîãóò áûòü óñëîâíî ðàçäåëåíû
íà äâå ãðóïïû.

Ê ïåðâîé ãðóïïå îòíîñÿòñÿ äåôåêòû, ëèíåéíûå ðàçìåðû êîòîðûõ íàìíîãî ìåíüøå
ìèíèìàëüíîãî ðàññòîÿíèÿ ìåæäó íèìè è äî áëèæàéøåé ãðàíèöû èëè èíòåðôåéñà. Â
ýòîì ñëó÷àå ðåøåíèå è àíàëèç ñîîòâåòñòâóþùåé çàäà÷è ìåõàíèêè äåôîðìèðóåìîãî òå-
ëà îñóùåñòâëÿþòñÿ äëÿ îäèíî÷íîãî äåôåêòà â îäíîðîäíîé ñðåäå èëè äåôåêòà íà îäíîé
ïîâåðõíîñòè. Îáúåêòàìè èññëåäîâàíèÿ â äâóìåðíîé ïîñòàíîâêå, â ÷àñòíîñòè, ÿâëÿþòñÿ
äâå ïîëóïëîñêîñòè ñ âîëíèñòîé ãðàíèöåé ñîåäèíåíèÿ, êðèâîëèíåéíàÿ òðåùèíà èëè òîí-
êîå âêëþ÷åíèå â îäíîðîäíîé ïëîñêîñòè èëè íà ãðàíèöå ðàçäåëà äâóõ ïîëóïëîñêîñòåé.

Åñëè îäíî èç óñëîâèé íàðóøåíî, äåôåêò ïðèíàäëåæèò âòîðîé ãðóïïå. Â êà÷åñòâå
ïðèìåðà òàêîãî äåôåêòà â ðàáîòå ðàññìîòðåíà ñëàáî èñêðèâëåííàÿ òðåùèíà, ðàñïîëî-
æåííàÿ îêîëî ïðÿìîëèíåéíîé ãðàíèöû ðàçäåëà äâóõ ïîëóïëîñêîñòåé.

Îñíîâíûì ìåòîäîì ðåøåíèÿ ñîîòâåòñòâóþùèõ çàäà÷ äëÿ îáîèõ òèïîâ äåôåêòîâ ÿâ-
ëÿåòñÿ ìåòîä âîçìóùåíèé. Â ïåðâîì ñëó÷àå åãî ïðèìåíåíèå äàåò àëãîðèòì íàõîæäåíèÿ
ëþáîãî ïðèáëèæåíèÿ â çàìêíóòîì âèäå. Äëÿ äåôåêòîâ âòîðîé ãðóïïû ìåòîä âîçìó-
ùåíèé ïðèìåíÿåòñÿ â ñî÷åòàíèè ñ ìåòîäîì ñóïåðïîçèöèè, â ðåçóëüòàòå ÷åãî ðåøåíèå
çàäà÷è â êàæäîì ïðèáëèæåíèè ñâîäèòñÿ ê ïîñëåäîâàòåëüíîìó ðåøåíèþ èíòåãðàëüíûõ
óðàâíåíèé Ôðåäãîëüìà âòîðîãî ðîäà (èëè ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé), îòëè÷àþ-
ùèõñÿ òîëüêî ïðàâîé ÷àñòüþ. Àíàëèòè÷åñêîå âûðàæåíèå äëÿ ïîñëåäíåé òàêæå ñòðîèòñÿ
ïî îïðåäåëåííîé ñõåìå. Îñíîâíûå èäåè îáùåãî ïîäõîäà èçëàãàþòñÿ äëÿ êðèâîëèíåéíîé
òðåùèíû îêîëî ìåæôàçíîé ãðàíèöû. Ðåçóëüòàòû ðåøåíèÿ ýòîé çàäà÷è, à òàêæå çàäà÷è
î ñëàáî èñêðèâëåííîé ìåæôàçíîé ãðàíèöå è ìåæôàçíîé òðåùèíå ïðèâîäÿòñÿ â âèäå
ãðàôè÷åñêèõ çàâèñèìîñòåé äëÿ õàðàêòåðíûõ ïàðàìåòðîâ ýòèõ çàäà÷.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ãðàíò � 08-01-00394).

Grekov M.A. Some models of defects of layer structures.
The defects of layer materials are represented as a small deviation of a boundary or an interface

from a �at surface and also slightly curved interfacial cracks and cracks situated in a layer. The
models of defects are considered within the limits of the 2-D problem of elasticity. In order to
solve the corresponding problems, the boundary perturbation method is used alone or together
with superposition technique which leads to Fredholm integral equation of the second kind. An
application of the method and computing results is illustrated for two half-planes with a slightly
curved interface, a slightly curved interfacial crack and crack located near an interface.
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Ôîðìóëû Ãóðèÿ Âàñèëüåâè÷à Êîëîñîâà äëÿ íàïðÿæåíèé:

σxx + σyy = 2
[
Φ (z) + Φ (z)

]
,

σyy − σxx + 2iσxy = 2 [z Φ′ (z) + Ψ (z)]
(1)

è ïåðåìåùåíèé:

2G (u + iv) = æ
∫

Φ (z) dz − zΦ (z)− ∫
Ψ (z)dz,

G = const, æ = const,
(2)

âûâåäåííûå ñòî ëåò òîìó íàçàä, ÿâëÿþòñÿ ôóíäàìåíòàëüíûìè ñîîòíîøåíèÿìè ïëîñêîé
òåîðèè óïðóãîñòè â òåðìèíàõ äâóõ ðåãóëÿðíûõ ôóíêöèé Φ (z) è Ψ (z) êîìïëåêñíîãî
ïåðåìåííîãî z = x+ iy. Çíà÷èìîñòü ýòèõ ôîðìóë îñîáåííî âîçðîñëà â ïîñëåäíåå âðåìÿ.
Áåç ïðåóâåëè÷åíèÿ ìîæíî óòâåðæäàòü, ÷òî îíè ÿâëÿþòñÿ ñâîåîáðàçíûì ôóíäàìåíòîì
ìíîãèõ òåîðåòè÷åñêèõ èññëåäîâàíèé ïî ìåõàíèêå ðàçðóøåíèÿ.

Êàê îòìå÷àë ñàì Ã.Â. Êîëîñîâ, âûðàæåíèÿ (1), (2) íå ÿâëÿþòñÿ åäèíñòâåííîé ôîð-
ìîé ïðåäñòàâëåíèÿ íàïðÿæåíèé è ïåðåìåùåíèé. Ê ñîæàëåíèþ, íà ýòî âàæíîå çàìå÷àíèå
íå îáðàòèëè âíèìàíèå íè ìàòåìàòèêè, íè ìåõàíèêè.

Â äàííîé ðàáîòå ïðèâåäåíû äâå äðóãèå ôîðìû ïðåäñòàâëåíèÿ óðàâíåíèé (1), (2). Â
ïåðâîé èç íèõ â ïðàâîé ÷àñòè ôîðìóëû (1)2 ñîìíîæèòåëü z = x− iy çàìåíåí íà (2x), à
âî âòîðîé � íà (−2iy). Ïðè ýòîì, â (1)2 âìåñòî Ψ (z) ôèãóðèðóþò ñîîòâåòñòâåííî Ψ2 (z)
è Ψ3 (z) . Ïîä÷åðêíåì, ÷òî Ψ (z) 6= Ψ2 (z) 6= Ψ3 (z). ×òî êàñàåòñÿ ôóíêöèè Φ (z), òî îíà
âî âñåõ òðåõ ðàçíîâèäíîñòÿõ ôîðìóë Ã.Â. Êîëîñîâà îñòàåòñÿ îäíîé è òîé æå.

Âûâåäåííûå ñîîòíîøåíèÿ èñïîëüçîâàëèñü äëÿ ïîëó÷åíèÿ àíàëèòè÷åñêèõ ðåøåíèé
ïåðâûõ îñíîâíûõ êðàåâûõ çàäà÷ äëÿ ïîëóïëîñêîñòè, ïðÿìîëèíåéíîé òðåùèíû â áåñ-
êîíå÷íîé ïëîñêîñòè è ïðÿìîëèíåéíîé ïîëîñû, çàãðóæåííîé íà ïðîäîëüíûõ êðîìêàõ
ñàìîóðàâíîâåøåííîé íàãðóçêîé.

Dahl Yu.M.About Kolosov's expressions.
Three di�erent Kolosov's expressions for stresses and strains in a problem of plane elasticity are

found. It is shown the applicability of these expressions for analytical solution of di�erent elastic
problems.
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ÈÑÑËÅÄÎÂÀÍÈÅ ÓÑÒÎÉ×ÈÂÎÑÒÈ ÎÖÊ-ÐÅØÅÒÊÈ

Äâàñ Í. Ã.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé ïîëèòåõíè÷åñêèé óíèâåðñèòåò

dvas@dvas.ru

Ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ óñòîé÷èâîñòè îáúåìîöåíòðèðîâàííîé êóáè÷åñêîé
êðèñòàëëè÷åñêîé (ÎÖÊ) ðåøåòêè. Â êà÷åñòâå ìîäåëè ðåøåòêè âçÿòà ñîâîêóïíîñòü ÷à-
ñòèö, âçàèìîäåéñòâèå êîòîðûõ îïðåäåëÿåòñÿ ïàðíûì ïîòåíöèàëîì. Â ðàìêàõ ðàáîòû
ïîëó÷åíû êðèòåðèè óñòîé÷èâîñòè êàê â òåðìèíàõ ïàðàìåòðà ïîòåíöèàëà, òàê è â òåð-
ìèíàõ ìàêðîïàðàìåòðîâ ìàòåðèàëà. Òàêæå áûë ðàçðàáîòàí àëãîðèòì îïðåäåëåíèÿ ïà-
ðàìåòðîâ âçàèìîäåéñòâèÿ, èñõîäÿ èç èçâåñòíûõ âåëè÷èí äëÿ ìàòåðèàëà � ìîäóëÿ îáú-
åìíîãî ñæàòèÿ, êîýôôèöèåíòà Ãðþíàéçåíà, ïåðèîäà êðèñòàëëè÷åñêîé ðåøåòêè. Íà îñ-
íîâàíèè ïîñòðîåííûõ àëãîðèòìîâ áûëà ïðîèçâåäåíà ïðîâåðêà êðèòåðèåâ, ïîêàçàâøàÿ,
÷òî ïðåäñêàçûâàåìûå ðåçóëüòàòû ñîâïàäàþò ñ äåéñòâèòåëüíûìè. Òàêæå áûëî ïðîèçâå-
äåíî ÷èñëåííîå ìîäåëèðîâàíèå ðàçðóøåíèÿ ÎÖÊ-ìåòàëëà, ïîêàçàâøåå, ÷òî ó ìàòåðèà-
ëîâ, íàõîäÿùèõñÿ âáëèçè ãðàíèöû óñòîé÷èâîñòè ÎÖÊ-ðåøåòêè, ïîñëåäíÿÿ òåðÿåòñÿ ïðè
ïîâûøåíèè òåìïåðàòóðû; è ïðè ýòîì ïðîèñõîäèò ïåðåõîä â ÃÖÊ-ôàçó. Áûëî ïîêàçàíî,
÷òî ýôôåêò ïîòåðè óñòîé÷èâîñòè ÎÖÊ-ðåøåêòè ìîæíî îáúÿñíèòü, äàæå íå ó÷èòûâàÿ
âëèÿíèÿ òåìïåðàòóðû íà óïðóãèå ìîäóëè, à îãðàíè÷èâàÿñü ëèøü òåïëîâûì ðàñøèðåíè-
åì.

Àâòîð áëàãîäàðåí À. Ì. Êðèâöîâó çà ïîñòàíîâêó ïðîáëåìû. Ðàáîòà ïîääåðæàíà
ãðàíòîì àäìèíèñòðàöèè Ñàíêò-Ïåòåðáóðãà äëÿ ñòóäåíòîâ, àñïèðàíòîâ âóçîâ è àêàäå-
ìè÷åñêèõ èíñòèòóòîâ, ðàñïîëîæåííûõ íà òåððèòîðèè Ñàíêò-Ïåòåðáóðãà.

Dvas N.G. Stability analysis of BCC lattice.
The presented study is dedicated to stability of body-centered cubic (BCC) lattice. The model

of a lattice is a set of particles interacnting pairwisely. The stability criterions both in terms of
potential parameters and in terms of material properties were obtained. An algoritm, determining
the parameters of interavtion via the bulk modulus, Gruneisen parameter and lattice period, was
derived. The stability criterions were subject to veri�cation by means of this algorithm and the
results showed that the predicted facts coincide with the present ones. The numerical modelling of
BCC metal destruction showed that the metals with parameters in the vicinity of the critical ones
can experience the loss of stability of lattice when heated. The loss of stability of BCC lattice is
accompanied by the transition to the FCC phase. The e�ect of the stability loss can be explained
by the heat expansion without taking the thermal in�uence on the elastic moduli into account.
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Çèìèí Á.À.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò
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Â ðàáîòå ïðåäñòàâëåí àíàëèç ïðîöåññà ðàññëîåíèÿ êîìïîçèòíûõ ìàòåðèàëîâ íà îñ-
íîâå äàííûõ àäãåçèîãðàììû. Ïîêàçàíî, ÷òî ýêñïåðèìåíòàëüíûå ðåçóëüòàòû ïî ðàññëî-
åíèþ ïîçâîëÿþò ðàññìàòðèâàòü àäãåçèîãðàììó êàê ðåàëèçàöèþ íåêîòîðîãî ñëó÷àéíîãî
ïðîöåññà. Âûÿâëåíî âëèÿíèå ìàñøòàáíîãî ýôôåêòà íà ðàññëîåíèå êîìïîçèòíûõ ìàòå-
ðèàëîâ.

Zimin B.A. Method path integration and evaluation of the functional based on lamination
process stochastic.

The work is concerned with a statistical analysis of composite damage by delamination during
the lamination process. The lamination process of the composite materials is considered as a physical
situation the analysis of which leads to the concept of the path integral (PI). It provides information
on (PI) of the Gaussian forms that we have got from the experiments. The in�uence of the scale
size e�ect on the lamination process of the composite materials has been discussed.
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ÍÅÝÂÊËÈÄÎÂÎÑÒÈ ÂÍÓÒÐÅÍÍÅÉ ÌÅÒÐÈÊÈ È ÇÀÒÓÕÀÍÈß Â

ÔÈÊÒÈÂÍÎÌ ÏÐÎÑÒÐÀÍÑÒÂÅ

Çèìèí Á.À., Âîâíåíêî Í.Â., Ñóäüåíêîâ Þ.Â.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

vovnenko@list.ru

Âíóòðåííÿÿ ìåòðèêà ñðåäû dS2 = gαβdxαdxβ, â îòëè÷èå îò âíåøíåé, èíâàðèàíòíà
îòíîñèòåëüíî âëîæåíèé ñðåäû â ïðîñòðàíñòâå è ñâÿçàíà ñ äåôåêòàìè èëè âíóòðåííèìè
íàïðÿæåíèÿìè. Ïðè îòñóòñòâèè äåôåêòîâ âíóòðåííèé ìåòðè÷åñêèé òåíçîð ñîâïàäàåò ñ
δαβ. Â êà÷åñòâå ìåðû âíóòðåííåé äåôîðìàöèè ïðèíèìàåòñÿ ðàçíîñòü

εαβ(x) = gαβ(x)− δαβ.

Ëåãêî âèäåòü, ÷òî âíóòðåííÿÿ ìåòðèêà ìîæåò áûòü åâêëèäîâîé ëèøü ïðè îòñóòñòâèè
èñòî÷íèêîâ âíóòðåííèõ íàïðÿæåíèé gαβ = δαβ.

Â ðàáîòå ðàññìàòðèâàåòñÿ ìîäåëü âíóòðåííåé ìåòðèêè

gαβ = diag[f1(x), f2(x)],

ãäå f1(x), f2(x) � íåèçâåñòíûå ôóíêöèè íåîáõîäèìîé ãëàäêîñòè. Ðàñïðîñòðàíåíèå òðå-
ùèíû â òâåðäîì òåëå â ñîîòâåòñòâèè ñ ïðèíöèïîì Ãàìèëüòîíà-Îñòðîãðàäñêîãî ïðîèñ-
õîäèò ïî ãåîäåçè÷åñêèì ëèíèÿì.

Äëÿ äàííîé ìîäåëè ñòðîèòñÿ óðàâíåíèå ãåîäåçè÷åñêîé ëèíèè. Â ÷àñòíîì ñëó÷àå
ìîæíî èíòåðïðåòèðîâàòü äàííîå óðàâíåíèå êàê óðàâíåíèå äâèæåíèÿ ÷àñòèöû â ïîëå
òÿæåñòè ïðè êâàäðàòè÷íîì çàêîíå ñîïðîòèâëåíèÿ.

Òîãäà, ðåøàÿ óðàâíåíèå äâèæåíèÿ ÷àñòèöû, ôóíêöèè f1(x), f2(x) ìîæåì âûðàçèòü
÷åðåç êîýôôèöèåíò êâàäðàòè÷íîãî äåìïôèðîâàíèÿ Λ. Äëÿ äàííîé ìîäåëè ñòðîèòñÿ ñêà-
ëÿðíàÿ êðèâèçíà Ðè÷÷è, êîòîðàÿ ïîêàçûâàåò, ÷òî ðåàëèçàöèåé äàííîé ìîäåëè ÿâëÿåòñÿ
ïëîñêîñòü Ëîáà÷åâñêîãî. Äåéñòâèå Ãàìèëüòîíà äàííîé ìîäåëè ìîæåò áûòü èíòåðïðåòè-
ðîâàíî â âèäå êîëåáàòåëüíîé öåïî÷êè ñ ìíèìîé ÷àñòîòîé.

Zimin B.A., Vovnenko N.V., Sudenkov U.V. Eigen stresses are exponent of non-Euclidean
inside metric geometry and attenuation in the �ctitious space.

The goals of this paper are to show that eigen stresses in material and the Riemann tensor Rα
βµη

and motion of the quadratic damping case in the �ctions two-dimensional space can be connected.
To calculate the components of the Riemann tensor and Ricci scalar, we have to suggest that the
equation of motion for a quadratically damped system can be identi�ed as a geodesic equation in
the space for metric gαβ.
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Äëÿ èìïóëüñíûõ ðàäèàöèîííûõ âîçäåéñòâèé íà ìàòåðèàëû èëè ýëåìåíòû êîíñòðóê-
öèé â øèðîêîì äèàïàçîíå èçìåíåíèÿ èõ ïðèðîäû è õàðàêòåðèñòèê (ðåíòãåíîâñêîå èç-
ëó÷åíèå, èíòåíñèâíûå àòîìíûå, èîííûå èëè ýëåêòðîííûå ïó÷êè, ëàçåðíîå èçëó÷åíèå,
ÝÌÈ) íàèáîëåå õàðàêòåðíûìè ÿâëÿþòñÿ òåðìîìåõàíè÷åñêèå ÿâëåíèÿ. Îíè îáóñëîâëå-
íû òåðìàëèçàöèåé çîíû ýíåðãîâêëàäà, âîçíèêíîâåíèåì òåïëîâûõ ïîëåé è íàïðÿæåíèé,
îïðåäåëÿþùèõ òåðìîäèôôóçèîííûå ïðîöåññû, ýâîëþöèþ ñòðóêòóðû, à òàêæå è âîç-
ìîæíîñòü ðàçðóøåíèÿ.

Ëàçåðíûå èñòî÷íèêè ÿâëÿþòñÿ íàèáîëåå ãèáêèì èíñòðóìåíòîì äëÿ ìîäåëèðîâàíèÿ
è èññëåäîâàíèÿ òåðìîìåõàíè÷åñêèõ ÿâëåíèé â ëàáîðàòîðíûõ óñëîâèÿõ, ïîçâîëÿÿ èñ-
ñëåäîâàòü ïðîöåññû, õàðàêòåðíûå êàê äëÿ ïîâåðõíîñòíûõ, òàê è îáúåìíûõ òåïëîâûõ
èñòî÷íèêîâ.

Â ðàáîòå ïðåäñòàâëåíû ðåçóëüòàòû ýêñïåðèìåíòàëüíûõ èññëåäîâàíèé òåðìîóïðóãîãî
îòêëèêà ïðè îáëó÷åíèè ïëàñòèí öâåòíîãî îïòè÷åñêîãî ñòåêëà èìïóëüñíûì ëàçåðíûì
èçëó÷åíèåì äëèòåëüíîñòüþ tu = 12 · 10−8 ñåê. Èññëåäîâàíû çàâèñèìîñòè ïàðàìåòðîâ
òåðìîóïðóãèõ íàïðÿæåíèé îò êîýôôèöèåíòà ïîãëîùåíèÿ èçëó÷åíèÿ.

Ïîêàçàíî ðàçëè÷èå òåðìîóïðóãîé ðåàêöèè äëÿ ðàçíûõ ïðîñòðàíñòâåííûõ ïàðàìåò-
ðîâ òåïëîâîãî èñòî÷íèêà (ïîâåðõíîñòíûé èëè îáúåìíûé). Àíàëèç ïîëó÷åííûõ ðåçóëü-
òàòîâ ïîêàçûâàåò, ÷òî òåðìîäåôîðìàöèÿ ïëàñòèí ïðåäñòàâëÿåò ñîáîé ñîâîêóïíîñòü âîë-
íîâûõ ïðîöåññîâ è êâàçèñòàòè÷åñêîãî ïðîãèáà ïëàñòèíû.

Zimin Â.À., Vovnenko N.V., Sudenkov U.V. Thermomechanical response in colored lens
slab boards under sub-microsecond heating rate.

Experimental results of the response of colored lens slab board thermo-introduced by short
pulse heating of laser ( tu = 12 · 10−8 s) are presented. Dependence thermo-elasticity stress from
absorption coe�cient is shown. The di�erence of thermomechanical response for various dimensional
parameters of heat source was found.
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Ïðåäëîæåíà ìåõàíè÷åñêàÿ ìîäåëü, ìàòåìàòè÷åñêîå îïèñàíèå êîòîðîé ñâîäèòñÿ ê
óðàâíåíèÿì ñâÿçàííîé çàäà÷è òåðìîóïðóãîñòè, âêëþ÷àþùåé â ñåáÿ óðàâíåíèå òåïëîïðî-
âîäíîñòè ãèïåðáîëè÷åñêîãî òèïà. Ïîêàçàíî, ÷òî äëÿ ìàêðîñêîïè÷åñêèõ îáðàçöîâ õàðàê-
òåð ðåøåíèÿ òàêîé æå, êàê â êëàññè÷åñêîé òåîðèè, à äëÿ îáðàçöîâ íàíîðàçìåðíîãî óðîâ-
íÿ íàáëþäàåòñÿ ñóùåñòâåííîå îòëè÷èå. Ïîêàçàíî, ÷òî ñâÿçàííàÿ çàäà÷à ñîäåðæèò äâà
ñïåêòðà ñîáñòâåííûõ ÷àñòîò. Ïåðâûé ñïåêòð � àêóñòè÷åñêèé. Ýòîò ñïåêòð ñóùåñòâóåò è â
êëàññè÷åñêîé ïîñòàíîâêå ñâÿçàííîé çàäà÷è òåðìîóïðóãîñòè. Âòîðîé ñïåêòð � òåïëîâîé.
Ïðè çíà÷åíèÿõ âîëíîâîãî ÷èñëà ìåíüøå êðèòè÷åñêîãî òåïëîâûå êîëåáàíèÿ îòñóòñòâó-
þò. Íåêîëåáàòåëüíîå ðåøåíèå ïðåäñòàâëÿåò ñîáîé ñîâîêóïíîñòü äâóõ çàòóõàþùèõ âî
âðåìåíè ôóíêöèé. Ïðè çíà÷åíèÿõ âîëíîâîãî ÷èñëà áîëüøå êðèòè÷åñêîãî ïîÿâëÿþòñÿ
òåïëîâûå êîëåáàíèÿ. Â êëàññè÷åñêîé òåîðèè òåðìîóïðóãîñòè êîëåáàíèÿ òåìïåðàòóðû
òàêæå èìåþò ìåñòî, íî ïîñêîëüêó ýòè êîëåáàíèÿ ñâÿçàíû ñ àêóñòè÷åñêèìè ÷àñòîòà-
ìè, àìïëèòóäà òåìïåðàòóðíûõ êîëåáàíèé çíà÷èòåëüíî ìåíüøå çíà÷åíèé òåìïåðàòóðû,
ñîîòâåòñòâóþùèõ ìîíîòîííî çàòóõàþùåìó ðåøåíèþ. Â ïðåäëàãàåìîé ïîñòàíîâêå çàäà-
÷è äëÿ îáðàçöîâ íàíîðàçìåðíîãî óðîâíÿ ìîíîòîííî çàòóõàþùåå ðåøåíèå èñ÷åçàåò, à
àìïëèòóäà òåìïåðàòóðíûõ êîëåáàíèé ñóùåñòâåííî óâåëè÷èâàåòñÿ. Ðåçóëüòàòû àñèìï-
òîòè÷åñêîãî àíàëèçà òåïëîâûõ êîëåáàíèé â ñâÿçàííîé çàäà÷å òåðìîóïðóãîñòè õîðîøî
ñîãëàñóþòñÿ ñ ðåçóëüòàòàìè ÷èñëåííûõ ðàñ÷åòîâ è ñ ðåçóëüòàòàìè òî÷íîãî ðåøåíèÿ
óðàâíåíèÿ òåïëîïðîâîäíîñòè ãèïåðáîëè÷åñêîãî òèïà.

Ivanova E.A. On one approach to formulation of coupled problem of the thermo-elasticity for
the thermal conductivity equation of the hyperbolic type.

The mechanical model which is reduced to the equations of coupled problem of thermo-elasticity
for the thermal conductivity equation of the hyperbolic type is proposed. The problem of longitudinal
vibrations is considered. It is shown that the problem has two spectra of eigenfrequencies. The �rst
spectrum describes the acoustic branch. The second spectrum describes thermal e�ects.
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Ïðîöåññû âçàèìîäåéñòâèÿ ìåòàëëîâ ñ ãàçîâîé ôàçîé, òàêèå, êàê îêèñëåíèå, àçîòè-
ðîâàíèå, îáðàçîâàíèå ãèäðèäîâ è ò.ï., èçó÷àþòñÿ äàâíî è ýêñïåðèìåíòàëüíî äîñòàòî÷íî
õîðîøî èçó÷åíû. Òåîðåòè÷åñêèå æå èññëåäîâàíèÿ òàêèõ ñëîæíûõ äèôôóçèîííûõ ïðî-
öåññîâ ñ èñòî÷íèêàìè è ñòîêàìè, èçìåíÿþùèõñÿ ñàìîñîãëàñîâàííûì îáðàçîì, ñ ó÷åòîì
âëèÿíèÿ èçìåíÿþùåãîñÿ íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ íà ïðîöåññû òðå-
áóþò äàëüíåéøåãî èçó÷åíèÿ. Â òåîðåòè÷åñêèõ ðàáîòàõ, ïîñâÿùåííûõ ìîäåëèðîâàíèþ
ïðîöåññîâ îáðàçîâàíèÿ íîâîé ôàçû, îòðàæàëàñü ëèøü ÷àñòü ýòîé ïðîáëåìû è ñâÿçü
ïðîöåññîâ ñ íàïðÿæåííî-äåôîðìèðîâàííûì ñîñòîÿíèåì ìàòåðèàëà. Â ýòîé ñâÿçè îòìå-
òèì ðàáîòû [1], â êîòîðîé ñôîðìóëèðîâàíà ïîëíàÿ ñèñòåìà óðàâíåíèé â êàíîíè÷åñêîé
ôîðìå, îïèñûâàþùàÿ ïðîöåññ îáðàçîâàíèÿ ÷àñòèö íîâîé ôàçû ïðè äèôôóçèîííîì íà-
ñûùåíèè, è [2], ïîñâÿùåííóþ ïðîöåññàì âçàèìîäåéñòâèÿ âîäîðîäà ñ êîíñòðóêöèîííûìè
ìàòåðèàëàìè. Â ðàáîòå [3] áûëè èññëåäîâàíû ïðîöåññû âîäîðîäíîãî îõðóï÷èâàíèÿ ñ
ó÷åòîì âëèÿíèÿ íà íèõ íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ.

Íà îñíîâå òåîðèè ìíîãîêîìïîíåíòíûõ ñðåä [4] ïðåäëîæåíà ìàòåìàòè÷åñêàÿ ìîäåëü
îêèñëåíèÿ êåðìåòà, ó÷èòûâàþùàÿ êàê äèôôóçèîííûå ïðîöåññû, òàê è âëèÿíèå íà ïðî-
öåññû îêèñëåíèÿ ïîðîæäåííîãî èçìåíåíèåì óäåëüíîãî îáúåìà èòîãîâîé êåðàìèêè ïî
ñðàâíåíèþ ñ êåðìåòîì íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ. Ïðîâåäåíî êîíå÷íî-
ýëåìåíòíîå ìîäåëèðîâàíèå òåñòîâûõ çàäà÷ è ïîêàçàíà âîçìîæíîñòü çàðàñòàíèÿ ïîð ïðè
îïðåäåëåííûõ óñëîâèÿõ, îïðåäåëÿåìûõ èçìåíåíèåì óäåëüíîãî îáúåìà îêèñëåííîãî ìà-
òåðèàëà.
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Indeitsev D.A., Semenov B.N. Mathematical modeling of cermet transformation into
ceramics.

On the basis of the theory of multicomponent media the mathematical model of cermet oxidation
is o�ered. This model takes into account the in�uence of the stress-strain condition, which are
generated by change of the speci�c volume of �nal ceramics in comparison with cermet, on processes
of oxidation. With �nite-element modelling of test tasks is shown the opportunity of the pore
overgrowing under certain conditions, determined by change of speci�c volume of the oxidized
material.
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Ýíäîõðîííûå ãåîìåòðè÷åñêè íåëèíåéíûå îïðåäåëÿþùèå ñîîòíîøåíèÿ ñâÿçè ìåæäó
äåâèàòîðàìè òåíçîðîâ íàïðÿæåíèé σ è äåôîðìàöèé ε â ôîðìå

ατ

2G
σ◦ +

| ṙ |
2G

σ = τ r◦ +
| ṙ |
g + α

r , ε◦ = D ,

r = ε− (1− α)
σ

2G
, τ = τ(| r |, | ṙ |) , ε0 =

σ0

K

ïðèìåíÿþòñÿ äëÿ èññëåäîâàíèÿ ïîâåäåíèÿ ìàòåðèàëà â ïðîöåññå ïîëçó÷åñòè. Çäåñü α �
ïàðàìåòð ýíäîõðîííîñòè (0 < α ≤ 1), g � àíàëîã êîýôôèöèåíòà óïðî÷íåíèÿ, τ � àíà-
ëîã äåôîðìàöèîííîãî ïðåäåëà òåêó÷åñòè, G � ìîäóëü ñäâèãà, K � îáúåìíûé ìîäóëü,
ε0 = εii, σ0 = σii, | A | = √

A : A � íîðìà òåíçîðà A, A◦ = Ȧ+AΩ−ΩA � åãî îáúåêòèâ-
íàÿ ïðîèçâîäíàÿ, Ω = Q̇QT , Q � îðòîãîíàëüíûé òåíçîð ïîâîðîòà, D � òåíçîð ñêîðîñòåé
äåôîðìàöèè, D = (L + LT )/2, ïðè÷åì L = ḞF−1 � ïîëÿðíîå ðàçëîæåíèå îðòîãîíàëü-
íîãî òåíçîðà ïîâîðîòà, F � ãðàäèåíò äåôîðìàöèè, u � ïðàâûé òåíçîð óäëèíåíèÿ. (Â
âûøåïðèâåäåííûõ ôîðìóëàõ èñïîëüçîâàíà áåçûíäåêñíàÿ ôîðìà çàïèñè òåíçîðîâ).

Äëÿ èëëþñòðàöèè âîçìîæíîñòåé ïîäõîäà â äîêëàäå ïðèâîäÿòñÿ ìíîãî÷èñëåííûå
ïðèìåðû íåóïðóãîãî ïîâåäåíèÿ ìàòåðèàëîâ íà ñòàäèè ïîëçó÷åñòè, ïîëó÷åííûå ïî óðàâ-
íåíèÿì òåîðèè äëÿ ðàçëè÷íûõ ñõåì ïðîïîðöèîíàëüíîãî, ñëîæíîãî, ñòóïåí÷àòîãî è öèê-
ëè÷åñêîãî íàãðóæåíèÿ. Ðàñ÷åòû ñðàâíèâàþòñÿ ñ ýêñïåðèìåíòàëüíûìè íàáëþäåíèÿìè.
Ïîêàçûâàåòñÿ, ÷òî ó÷åò ãåîìåòðè÷åñêîé íåëèíåéíîñòè íå òîëüêî íå ïðîòèâîðå÷èò îñ-
íîâíûì ïðîÿâëåíèÿì ïðîöåññà ïîëçó÷åñòè, íî è îïèñûâàåò òîíêèå ýôôåêòû âòîðîãî
ïîðÿäêà, íå îáíàðóæèâàåìûå â ðàìêàõ ëèíåéíûõ ñîîòíîøåíèé.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-
íèé (ãðàíò 08-01-00036).

Kadashevich Yu.I., Pomytkin S.P. Finite deformations within the framework of endochronic
theory of creep.

Nonelastic constitutive equations of endochronic theory at �nite deformations are applied
for description of material behaviour under creep. Numerous examples are presented in report.
Calculated results are compared with experimental data. The second-order e�ects are predicted.
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ÏÎËÇÓ×ÅÑÒÜ, ÓÑÒÀËÎÑÒÍÎÅ ÐÀÇÐÓØÅÍÈÅ È
¾ÊÐÈÒÈÊÎ�ÊÈÍÅÒÈ×ÅÑÊÎÅ ÏÐÎÒÈÂÎÑÒÎßÍÈÅ¿

Êàøòàíîâ À.Â.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

kashto@mail.ru

Íàðóøåíèå ñïëîøíîñòè ñðåäû â ïðîöåññå ðàçðóøåíèÿ ìîæåò îïèñûâàòüñÿ ñ òî÷-
êè çðåíèÿ êèíåòèêè íàêîïëåíèÿ ïîâðåæäåííîñòè (êèíåòè÷åñêèé ïîäõîä) èëè êðèòåðè-
åì ðàçðóøåíèÿ, òèïà êðèòåðèÿ êðèòè÷åñêèõ íàïðÿæåíèé èëè êðèòåðèÿ Ãðèôôèòñà�
Èðâèíà (êðèòè÷åñêèé ïîäõîä). Îáà ýòèõ ïîäõîäà ïîÿâèëèñü äîñòàòî÷íî äàâíî, è ñ òåõ
ïîð äëèòñÿ ¾ïðîòèâîñòîÿíèå¿ ìåæäó èõ ñòîðîííèêàìè. Îñíîâíàÿ ñëîæíîñòü â ¾ïðèìè-
ðåíèè¿ ýòèõ äâóõ òî÷åê çðåíèÿ çàêëþ÷àåòñÿ â òîì, ÷òî ñîîòâåòñòâóþùèå ïîäõîäû ïðè-
ìåíÿþòñÿ äëÿ ðåøåíèÿ ïðèíöèïèàëüíî ðàçëè÷íûõ çàäà÷. Êèíåòè÷åñêèé ïîäõîä èñïîëü-
çóåòñÿ äëÿ îïèñàíèÿ ïðîöåññîâ äëèòåëüíîé ïðî÷íîñòè ïðè íàãðóçêàõ íàìíîãî ìåíüøèõ
ïðåäåëà ïðî÷íîñòè ìàòåðèàëà (èëè åãî âÿçêîñòè ðàçðóøåíèÿ â çàäà÷àõ ñ òðåùèíàìè), â
òî âðåìÿ êàê êðèòè÷åñêèé ïîäõîä ïðèìåíÿþò äëÿ îïðåäåëåíèÿ êðàòêîâðåìåííîé (ìãíî-
âåííîé) ïðî÷íîñòè ïðè ïðåäåëüíûõ íàãðóçêàõ. Â íàñòîÿùåé ðàáîòå ïðåäñòàâëåí íîâûé
îáîáùåííûé ïîäõîä, ïîçâîëÿþùèé èç óñëîâèÿ ñîõðàíåíèÿ ìàññû ìàòåðèàëà â ïðîöåññå
ðàçðóøåíèÿ ñôîðìóëèðîâàòü êèíåòè÷åñêîå óðàâíåíèå ýâîëþöèè ïîâðåæäåííîñòè.

Ïîêàçàíî, ÷òî ïîëó÷åííîå óðàâíåíèå ÿâëÿåòñÿ êàê îáîáùåíèåì óðàâíåíèÿ Ðàáîòíîâà
(èñïîëüçóåìîãî äëÿ îïèñàíèÿ ïðîöåññà ïîëçó÷åñòè), òàê è óðàâíåíèÿ Ïýðèñà (ïðèìåíÿ-
åìîãî â ìåõàíèêå ðîñòà óñòàëîñòíûõ òðåùèí). Êðîìå òîãî, â ïðåäåëüíîì ñëó÷àå ïðèëî-
æåíèÿ ê ìàòåðèàëó íàãðóçêè, ðàâíîé ïðåäåëó åãî ïðî÷íîñòè, ïðåäëàãàåìîå îáîáùåííîå
óðàâíåíèå ïåðåõîäèò â êðèòåðèé êðèòè÷åñêèõ íàïðÿæåíèé, à ïðè ðàññìîòðåíèè çàäà÷ ñ
òðåùèíàìè � â êðèòåðèé Èðâèíà, åñëè êîíöåíòðàöèÿ íàïðÿæåíèé â âåðøèíå òðåùèíû
ðàâíà âåëè÷èíå êðèòè÷åñêîãî êîýôôèöèåíòà èíòåíñèâíîñòè íàïðÿæåíèé. Êðîìå òîãî,
è äëÿ óðàâíåíèÿ ïîëçó÷åñòè Ðàáîòíîâà, è äëÿ óðàâíåíèÿ ðîñòà óñòàëîñòíûõ òðåùèí
Ïýðèñà ïîëó÷åíû àíàëèòè÷åñêèå ñîîòíîøåíèÿ, ñâÿçûâàþùèå ïàðàìåòðû ñîîòâåòñòâóþ-
ùèõ êèíåòè÷åñêèõ óðàâíåíèé.

Àâòîð áëàãîäàðèò çà ïîääåðæêó åãî èññëåäîâàíèé Ôåäåðàëüíîå àãåíòñòâî ïî íàóêå
è èííîâàöèÿì (ã/ê 02.513.11.0017), Ðîññèéñêèé ôîíä ôóíäàìåíòàëüíûõ èññëåäîâàíèé
(ãðàíò 08-01-09256) è Ñîâåò ïî ãðàíòàì ïðè Ïðåçèäåíòå Ðîññèéñêîé Ôåäåðàöèè (ãðàíò
ÌÊ-3528.2008.1).

Kashtanov A.V. Creepage, Fatigue and ¾Critical-Kinetic Ñonfrontation¿.
The new kinetic equation describing the evolution of damage during fracture processes is

presented. It is shown that proposed equation having the form of kinetic equation describing creepage
or fatigue (if the applied stress is less than the static strength or fracture toughness of material) gives
the fracture criteria of critical stress and critical fracture toughness in limit cases. It eliminates a
confrontation between supporters of kinetical and critical approaches in fracture mechanics. Besides
that, the analytical relations between parameters of Rabotnov as well as Paris equation are obtained.
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ÊÐÈÒÈ×ÅÑÊÈÅ ÒÎ×ÊÈ È ÝÒÀËÎÍÍÛÅ ÑÒÐÓÊÒÓÐÛ
ÏÎÑÒÓËÀÒÀ È. ÍÜÞÒÎÍÀ

Êâàñíèêîâ Á.Í.
Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò ïóòåé ñîîáùåíèÿ, Ñàíêò-Ïåòåðáóðã

Ïîä êðèòè÷åñêèìè ïîíèìàþòñÿ òî÷êè ïðåäåëüíî-ñêà÷êîîáðàçíîãî ïåðåõîäà îò äâóõ
ê òðåì âåäóùèì ÷ëåíàì ïîñòóëàòà È. Íüþòîíà [1], êîòîðûå ïîðîæäàþò ýòàëîííûå
ñòðóêòóðû [2] � îñíîâó àñèìïòîòèêî-ñèììåòðè÷íîé àëãåáðû ýòàëîííûõ (àáñîëþòíî-
òî÷íûõ) óðàâíåíèé ñîïðÿæåííûõ ýòàëîííûõ êðàòíûõ, êîìïëåêñíûõ, äåéñòâèòåëüíûõ
êîðíåé è èõ ýòàëîííûõ àíàëèòè÷åñêèõ ðåøåíèé ñ ïðåäåëüíûìè çíà÷åíèÿìè ïàðàìåò-
ðîâ ìàòåìàòè÷åñêîé ïîãðåøíîñòè óðàâíåíèé è ðåøåíèé çà ðàìêàìè òåîðåìû Í. Àáåëÿ.

ËÈÒÅÐÀÒÓÐÀ

[1] Íüþòîí È. Ìåòîä ôëþêñèé è áåñêîíå÷íûõ ðÿäîâ ñ ïðèëîæåíèåì åãî ê ãåîìåòðèè êðèâûõ
// Ìàòåìàòè÷åñêèå ðàáîòû. Ì. 1937. Ñ. 33�34.

[2] Êâàñíèêîâ Á.Í. Óêîðî÷åííûå óðàâíåíèÿ è àñèìïòîòè÷åñêèé ïîðòðåò â òåîðèè òîíêèõ
îáîëî÷åê // Àñèìïòîòè÷åñêèå ìåòîäû â ìåõàíèêå äåôîðìèðóåìîãî òâåðäîãî òåëà. Ñáîð-
íèê òðóäîâ, ïîñâÿùåííûé 70-ëåòèþ ïðîôåññîðà Ï.Å. Òîâñòèêà. ÑÏá.: Èçä-âî ÂÂÌ. 2006.
Ñ. 36�59.

Kvasnikov B.N. Critical points and standard structures of I. Newton's postulate.
By means of asymptotic methods symmetric algebra of standard structures of the conjugate

roots and critical points of a I. Newton's postulate in which N. Abel's theorem loses validity is
received. That allows to build analytical solutions of the algebraic equations of 5-th and higher
orders.
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ÓÑÒÎÉ×ÈÂÎÑÒÜ ÏËÀÑÒÈÍ È ÎÁÎËÎ×ÅÊ, ÎÑËÀÁËÅÍÍÛÕ
ÎÒÂÅÐÑÒÈßÌÈ

Ëåáåäåâ À.Â.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

privater@mail.ru

Â äîêëàäå ïðèâåäåíû ðåçóëüòàòû èññëåäîâàíèÿ ñ ïîìîùüþ ÷èñëåííûõ ìåòîäîâ âëè-
ÿíèÿ ôîðìû, âèäà, ïîëîæåíèÿ, âåëè÷èíû è êîëè÷åñòâà îòâåðñòèé íà óñòîé÷èâîñòü òîí-
êèõ óïðóãèõ ïðÿìîóãîëüíûõ ïëàñòèí è öèëèíäðè÷åñêèõ îáîëî÷åê, íàõîäÿùèõñÿ ïîä
äåéñòâèåì íàãðóæåíèé (îñåâîé ñæèìàþùåé ñèëû, ãèäðîñòàòè÷åñêîãî äàâëåíèÿ). Â õî-
äå ÷èñëåííûõ ýêñïåðèìåíòîâ ñ ïîìîùüþ ìåòîäà êîíå÷íûõ ýëåìåíòîâ áûë óñòàíîâëåí
ýôôåêò âëèÿíèÿ ðåçîíàíñíûõ ôîðì íà óñòîé÷èâîñòü ïåðôîðèðîâàííûõ îáîëî÷åê. Âû-
ÿâëåíà íå÷óâñòâèòåëüíîñòü êðèòè÷åñêîé íàãðóçêè ê ãðàíè÷íûì óñëîâèÿì è ñìåùåíèþ
îòâåðñòèÿ â îñåâîì íàïðàâëåíèè. Èññëåäîâàíî âëèÿíèå âåëè÷èíû îòâåðñòèÿ íà óñòîé÷è-
âîñòü ïðÿìîóãîëüíîé ïëàñòèíû ñ îòâåðñòèåì ïîä äåéñòâèåì ñæèìàþùåé ñèëû, ïðè÷åì,
åñëè â ñëó÷àå ñâîáîäíûõ íåíàãðóæåííûõ êðàåâ êðèòè÷åñêàÿ íàãðóçêà óìåíüøàåòñÿ ñ
óâåëè÷åíèåì ïëîùàäè îòâåðñòèÿ, òî äëÿ øàðíèðíî îïåðòîé ïëàñòèíû íàáëþäàåòñÿ, êà-
æóùèéñÿ ïàðàäîêñàëüíûì, ðîñò êðèòè÷åñêîé íàãðóçêè ñ óâåëè÷åíèåì îòâåðñòèÿ. Ïðè-
÷èíû òàêîãî ýôôåêòà ïðåäñòàâëÿþò ïðåäìåò äàëüíåéøåãî èçó÷åíèÿ.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòà ÐÔÔÈ � 07.01.00250a.

ËÈÒÅÐÀÒÓÐÀ

[1] Ëåáåäåâ À.Â. Óñòîé÷èâîñòü öèëèíäðè÷åñêîé îáîëî÷êè, îñëàáëåííîé îòâåðñòèåì // Òðóäû
ñåìèíàðà ¾Êîìïüþòåðíûå ìåòîäû â ìåõàíèêå ñïëîøíîé ñðåäû¿ çà 2004�2005 ãã. Èçä.
ÑÏáÃÓ. 2005. Ñ. 99�115.

[2] Ïðåîáðàæåíñêèé È.Í. Óñòîé÷èâîñòü è êîëåáàíèÿ ïëàñòèíîê è îáîëî÷åê ñ îòâåðñòèÿìè.
Ì.: Ìàøèíîñòðîåíèå, 1981.

Lebedev A.V. Buckling of plates and shells weakened by cutouts.
The e�ect of the shape, ratio, position, size and number of cutouts on the values of critical

loadings and buckling modes of thin rectangular plates and cylindrical shells under di�erent types
of external loads (axial compression, hydrostatic pressure) analyzed by means of numerical methods
are reported. In the numerical experiments by means of FEM elements the e�ect of ¾resonance¿
forms on buckling of the perforated shells has been revealed. The sensitivity of the critical buckling
load to boundary conditions and displacement of an cutout in an axial direction is revealed as well
as an in�uence of the size of an cutout on stability of a rectangular plate under compressive force.
In the case of the plate with two supported loaded edges and two free edges the critical buckling
load decreases with increase of the area of the cutouts. But for simply supported plates the growth
of the critical loading with increase of the hole area was observed, what seemed to be paradoxical.
The cause of such e�ect is under investigation.
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ÐÀÇÂÈÒÈÅ ÌÅÒÎÄÀ ÄÅÊÎÌÏÎÇÈÖÈÈ Â ÌÅÕÀÍÈÊÅ
ÄÅÔÎÐÌÈÐÓÅÌÎÃÎ ÒÂÅÐÄÎÃÎ ÒÅËÀ

Ëîõîâ Â.À., Íÿøèí Þ.È., Êó÷óìîâ À. Ã., Òóêòàìûøåâ Â.Ñ.
Ïåðìñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò

lva@pstu.ru

Èäåÿ èñïîëüçîâàíèÿ äåêîìïîçèöèè ãèëüáåðòîâà ïðîñòðàíñòâà äëÿ ðåøåíèÿ êðàåâûõ
çàäà÷ ïðèíàäëåæèò ïîëüñêîìó ìàòåìàòèêó Ñ. Çàðåìáå (1909). Ïîçæå ýòîò ìåòîä áûë
íàçâàí ìåòîäîì îðòîãîíàëüíûõ ïðîåêöèé (Ã. Âåéëü, 1940). Ïðèìåíèòåëüíî ê çàäà÷àì
ÌÄÒÒ ìåòîä áûë ðàçâèò â ðàáîòàõ Ñ. Ìèõëèíà (Âàðèàöèîííûå ìåòîäû â ìàòåìàòè÷å-
ñêîé ôèçèêå, Ì., Íàóêà, 1970), ãäå ãèëüáåðòîâî ïðîñòðàíñòâî ÿâëÿëîñü ïðîñòðàíñòâîì
íàïðÿæåíèé. Â ðàáîòå àâòîðîâ ãèëüáåðòîâî ïðîñòðàíñòâî ñòðîèòñÿ ñ ïîìîùüþ òåíçî-
ðîâ ñîáñòâåííîé äåôîðìàöèè. Ýòî ïîíÿòèå äëÿ ãåîìåòðè÷åñêè ëèíåéíûõ çàäà÷ ââåë
Õ. Ðåéññíåð (1931) êàê ðàçíîñòü òåíçîðîâ ïîëíîé è óïðóãîé äåôîðìàöèè, îïðåäåëÿåìîé
ïî çàêîíó Ãóêà. Â ðîëè ñîáñòâåííîé äåôîðìàöèè ìîãóò áûòü òåìïåðàòóðíûå, ïëàñòè÷å-
ñêèå äåôîðìàöèè, äåôîðìàöèè ïîëçó÷åñòè, äåôîðìàöèè ïðè ôàçîâûõ ïðåâðàùåíèÿõ,
ðàçëè÷íûå äåôîðìàöèè â æèâûõ òêàíÿõ è ò.ä. Òàêîé ïîäõîä ïîçâîëÿåò âûÿâèòü âàæ-
íûå ñâîéñòâà ðåøåíèé êðàåâûõ çàäà÷ ÌÄÒÒ, íå çàâèñÿùèå îò ïðèðîäû ñîáñòâåííûõ
äåôîðìàöèé. Â äàííîé ðàáîòå äîêàçàíà òåîðåìà î òîì, ÷òî ñîáñòâåííàÿ äåôîðìàöèÿ,
ñóùåñòâóþùàÿ â òåëå, ìîæåò áûòü îäíîçíà÷íî ðàçëîæåíà íà äâå îðòîãîíàëüíûå (â ñìûñ-
ëå ââåäåííîãî ãèëüáåðòîâà ïðîñòðàíñòâà) ñîñòàâëÿþùèå: ñîáñòâåííóþ äåôîðìàöèþ, íå
âûçûâàþùóþ íàïðÿæåíèé, è ñîáñòâåííóþ äåôîðìàöèþ, íå âûçûâàþùóþ ïîëíîé äå-
ôîðìàöèè â ëþáîé òî÷êå òåëà. Ýòî ïîçâîëÿåò ïîëíîñòüþ ðàçäåëèòü çàäà÷è óïðàâëåíèÿ
íàïðÿæåíèÿìè è äåôîðìàöèÿìè (èëè ïåðåìåùåíèÿìè) ñ ïîìîùüþ ñîáñòâåííûõ äåôîð-
ìàöèé. Äàíû ïîñòàíîâêà è àëãîðèòìû ðåøåíèÿ ðÿäà ñîîòâåòñòâóþùèõ çàäà÷ (óïðàâ-
ëåíèå ôîðìîé ýëåìåíòîâ êîíñòðóêöèé, ðàáîòàþùèõ â óñëîâèÿõ êîñìîñà, óïðàâëåíèå
îñòàòî÷íûìè íàïðÿæåíèÿìè â çàäà÷àõ òåðìîóïðóãîïëàñòè÷íîñòè, èñïîëüçîâàíèå ìàòå-
ðèàëîâ ñ ïàìÿòüþ ôîðìû â ìåäèöèíå è äð.).

Àâòîðû áëàãîäàðÿò ïðîôåññîðà Âåíñêîãî òåõíè÷åñêîãî óíèâåðñèòåòà Ô. Öèãëåðà
çà ïîëåçíûå äèñêóññèè è ÐÔÔÈ çà ôèíàíñîâóþ ïîääåðæêó (ïðîåêòû � 07-01-96061-
p_Óðàë-à è �07-01-92168-ÍÖÍÈ_à).

Lokhov V.A., Nyashin Y.I., Kuchumov A.G., Tuktamishev V.S. Development of
decomposition method in mechanics of solids.

The method of the orthogonal projection is extended to the case where Hilbert function space is
formed by tensors of eigenstrain. The latter notion was introduced as a di�erence between tensors
of total strain and elastic strain de�ned by Hooke's law. This approach allows us to �nd important
features of boundary value problems of solid which are independent on origin of eigenstrain. The
authors prove the theorem on unique decomposition of eigenstrain into two parts: stress-free and
deformation-free. Some examples are considered (shape control for space constructions, residual
stress control in processes of thermoelastoplasticity, application of shape memory alloys in medicine,
etc.).
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ÑÂÎÁÎÄÍÛÅ ÊÎËÅÁÀÍÈß
ÏËÀÑÒÈÍ È ÎÁÎËÎ×ÅÊ Ñ ÎÒÂÅÐÑÒÈßÌÈ

Ìèêðþêîâ Ñ.Í.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

sergei_mikr@mail.ru

Â ðàáîòå ðàññìàòðèâàþòñÿ ñâîáîäíûå êîëåáàíèÿ òîíêèõ ïëàñòèí è êðóãîâûõ öèëèí-
äðè÷åñêèõ îáîëî÷åê, îñëàáëåííûõ îòâåðñòèÿìè. Îñíîâíîé çàäà÷åé èññëåäîâàíèÿ ÿâëÿ-
åòñÿ âûÿñíåíèå õàðàêòåðà âëèÿíèÿ ðàçìåðà, ôîðìû, ïðîïîðöèé, ïîëîæåíèÿ è ÷èñëà
îòâåðñòèé íà íèçøèå ñîáñòâåííûå ÷àñòîòû.

Ðàñ÷åò ñîáñòâåííûõ ÷àñòîò è ôîðì ñâîáîäíûõ êîëåáàíèé ïðîâîäèëñÿ ñ èñïîëüçîâà-
íèåì ìåòîäà êîíå÷íûõ ýëåìåíòîâ â ïðîãðàììíîì êîìïëåêñå ANSYS 11.0. Ïðè ðåøå-
íèè íàõîäèëèñü øåñòíàäöàòü íèçøèõ ñîáñòâåííûõ ÷àñòîò è ôîðì. Ñðàâíèâàëèñü çíà-
÷åíèÿ ÷àñòîò, ïîëó÷åííûå ñ ïîìîùüþ ìåòîäà êîíå÷íûõ ýëåìåíòîâ è ìåòîäà Áóáíîâà-
Ãàëåðêèíà.

Íàëè÷èå îòâåðñòèÿ ïðèâîäèò ê ðàñùåïëåíèþ êðàòíûõ ÷àñòîò öèëèíäðè÷åñêîé îáî-
ëî÷êè è èçìåíåíèþ ïîðÿäêà ñëåäîâàíèÿ ôîðì. Îáíàðóæåíî çíà÷èòåëüíîå ïàäåíèå ïåð-
âîé ñîáñòâåííîé ÷àñòîòû öèëèíäðè÷åñêîé îáîëî÷êè, ñîïðîâîæäàþùååñÿ ñèëüíûì èñêà-
æåíèåì ôîðìû êîëåáàíèé â îêðåñòíîñòè îòâåðñòèÿ ñ óâåëè÷åíèåì åãî ðàçìåðà. Â òî
æå âðåìÿ, íèçøàÿ ÷àñòîòà äëÿ êâàäðàòíîé ïëàñòèíû ðàñòåò ñ óâåëè÷åíèåì ðàçìåðà îò-
âåðñòèÿ. Îäíîâðåìåííî íàáëþäàëèñü ôîðìû êîëåáàíèÿ, ìàëî èçìåíÿþùèåñÿ äàæå ïðè
áîëüøèõ ðàçìåðàõ âûðåçà. Äëÿ òàêèõ ôîðì êîëåáàíèé èçìåíåíèå ÷àñòîòû òàêæå áûëî
íåçíà÷èòåëüíûì. Íàèáîëüøåå âëèÿíèå íà ÷àñòîòû íàáëþäàåòñÿ â ñëó÷àå ¾âçàèìîäåé-
ñòâèÿ¿ îòâåðñòèÿ(é) ñ ôîðìàìè êîëåáàíèé (ðåçîíàíñíûå ôîðìû).

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòà ÐÔÔÈ � 07.01.00250a.
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Mikryukov S.N. Free vibrations of plates and shells with cutouts.
The e�ect of the shape, ratio, position, size and number of cutouts on vibrations frequencies and

modes of thin rectangular plates and cylindrical shells studied by means of numerical methods are
reported. The values of the natural frequencies obtained by means of program package ANSYS 11.0
and Bubnov-Galerkin method are compared.

The cutouts a�ect bifurcation of multiple frequencies of cylindrical shells and the sequence of
modes. The fundamental frequency and the corresponding mode shape at the vicinity of the hole
are a�ected signi�cantly with the size of the hole. Though the square plate fundamental frequency
increases with the cutout size. Some vibration modes are scarcely in�uenced even by large holes,
and the shift of the frequencies for such modes is also small. When the cutouts ¾interact¿ with the
vibration modes the e�ect on the frequencies is maximal.
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Â íàñòîÿùåå âðåìÿ â ðàçëè÷íûõ îòðàñëÿõ ïðîìûøëåííîñòè øèðîêîå ðàñïðîñòðà-
íåíèå ïîëó÷èëî ðàçâèòèå âèáðîòåõíîëîãèé, ïîçâîëÿþùèõ íàïðàâëåííî èñïîëüçîâàòü
âèáðîýôôåêòû, ðåàëèçóåìûå â ñðåäàõ. Íàïðèìåð, äëÿ ïîâûøåíèÿ ýôôåêòèâíîñòè ðàç-
ãðóçêè ñìåðçøèõñÿ ñûïó÷èõ ãðóçîâ ïðè òðàíñïîðòèðîâàíèè èõ â æåëåçíîäîðîæíûõ ïî-
ëóâàãîíàõ èñïîëüçóþòñÿ ñïåöèàëüíûå âèáðîðûõëèòåëüíûå óñòàíîâêè.

Ðàññìàòðèâàÿ ðûõëåíèå ñìåðçøåéñÿ (íåóïðóãîé) óãëåïîðîäíîé ìàññû, íåîáõîäèìî
îòìåòèòü, ÷òî ïðè âèáðàöèîííîì âîçäåéñòâèè â ðåçóëüòàòå ïåðèîäè÷åñêîãî èçìåíåíèÿ
íàïðÿæåíèé âàæíîå çíà÷åíèå èãðàåò ýôôåêò óïðóãîãî ïîñëåäåéñòâèÿ � îòñòàâàíèå äå-
ôîðìàöèé îò íàïðÿæåíèé, ñâÿçàííûõ ñ âíóòðåííèì òðåíèåì ñðåäû. Ïî ìåðå ðàçâèòèÿ
ïëàñòè÷åñêèõ äåôîðìàöèé ìåæäó ýëåìåíòàìè ñèñòåìû âîçíèêàþò óïðóãèå âçàèìîäåé-
ñòâèÿ, ìàêðîñêîïè÷åñêè âîñïðèíèìàåìûå êàê óïðî÷íåíèå ìàòåðèàëà ïðè âîçðàñòàíèè
íàãðóçêè è ðàçóïðî÷íåíèå åãî ïðè ïëàñòè÷åñêîì äåôîðìèðîâàíèè â îáðàòíîì íàïðàâëå-
íèè, èç ÷åãî âûòåêàåò ýôôåêò âèáðàöèîííîãî ïîñëåäåéñòâèÿ. Ïðè öèêëè÷åñêîì íàãðó-
æåíèè ðàáîòà, çàòðà÷èâàåìàÿ íà ïëàñòè÷åñêóþ äåôîðìàöèþ, ðàñòåò ñ ÷èñëîì öèêëîâ
ïóëüñàöèé è ïðèìåðíî åìó ïðîïîðöèîíàëüíà, à âåëè÷èíû ïëàñòè÷åñêèõ äåôîðìàöèé
îãðàíè÷èâàþòñÿ çàäàííûìè ïðåäåëàìè � êîëåáëþòñÿ ìåæäó íåêîòîðûìè ìàêñèìàëü-
íûìè è ìèíèìàëüíûìè çíà÷åíèÿìè. Ñ âîçðàñòàíèåì ÷èñëà öèêëîâ ðîëü ìèêðîóïðóãèõ
ýôôåêòîâ äîìèíèðóåò íàä ýôôåêòîì èçìåíåíèÿ âíóòðåííåãî òðåíèÿ, âåëè÷èíà êîòîðî-
ãî ñ òå÷åíèåì âðåìåíè ñòðåìèòñÿ ê ñòàáèëèçàöèè, è ïîýòîìó â ñðåäå âåñüìà ñóùåñòâåí-
íîå çíà÷åíèå ïðèîáðåòàåò îñòàòî÷íîå ïëàñòè÷åñêîå èçìåíåíèå îáúåìà � ¾ïëàñòè÷åñêîå
ðàçðûõëåíèå¿. Äëÿ îöåíêè ïðîèñõîäÿùèõ â ñðåäå èçìåíåíèé ïðè ïåðåäà÷å âèáðîâîëíî-
âîé ýíåðãèè ïî ñðåäå ñ ó÷åòîì íàñëåäóåìîé öèêëè÷åñêîé äåôîðìàöèè è åå íåóïðóãèìè
ñâîéñòâàìè áûëî âûïîëíåíî ìîäåëèðîâàíèå.

Â ðåçóëüòàòå ÷èñëåííîãî ìîäåëèðîâàíèÿ ïîëó÷åí âûâîä î òîì, ÷òî ýôôåêòèâíîñòü
ãåíåðèðîâàíèÿ ýíåðãèè âèáðàöèîííîãî âîçìóùåíèÿ â íåóïðóãèõ ìàòåðèàëàõ áàçèðóåò-
ñÿ íà ìíîãî÷àñòîòíîì âîçäåéñòâèè â ïðåäåëàõ ðàöèîíàëüíîãî ÷àñòîòíîãî äèàïàçîíà,
ðàññ÷èòûâàåìîãî äëÿ êîíêðåòíûõ óñëîâèé è ïîñòàâëåííûõ çàäà÷ ïî âèáðîîáðàáîòêå
ñðåäû. Òàêîé ðåæèì ïîçâîëÿåò öåëåíàïðàâëåííî è ñ ìàêñèìàëüíîé îòäà÷åé èñïîëüçî-
âàòü íà ïðàêòèêå ðàçëè÷íûå ýòàïû ðàçâèòèÿ ìåõàíèçìà âèáðîïîñëåäåéñòèÿ, ïðîòåêà-
þùåãî â ñìåðçøèõñÿ óãëåïîðîäíûõ ìàòåðèàëàõ ïðè âèáðàöèîííûõ íàãðóçêàõ. Îòñþäà
âïîëíå ïîíÿòíà öåëåñîîáðàçíîñòü ïðîâåäåíèÿ äàëüíåéøèõ èññëåäîâàíèé ïî àâòîìàòè-
çàöèè óïðàâëåíèÿ ïàðàìåòðàìè âèáðàöèè ïðè âèáðîðûõëåíèè ñìåðçøåãîñÿ óãëÿ, íà-
ïðèìåð, â æåëåçíîäîðîæíûõ ïîëóâàãîíàõ.

Mineev A.S. E�ciency of the mechanism of a transmission of energy of vibrating in�uence to
the frozen together breeds.

The overview of the mechanism of transfer of vibrating energy to the frozen together loose breeds
is considered. The e�ective mode of using of vibration for destruction of the frozen together coal is
described.
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ÏÅÐÅÌÅÙÅÍÈß

Ìèõàéëîâñêèé Å.È., Òóëóáåíñêàÿ Å.Â.
Ñûêòûâêàðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

vetamile@rambler.ru

Äëÿ ðåøåíèÿ çàäà÷è îá óñòîé÷èâîñòè öèëèíäðè÷åñêîé îáîëî÷êè ïåðåìåííîé æåñòêî-
ñòè íà ãðàíèöå ðàçíîìîäóëüíûõ âèíêëåðîâñêèõ ñðåä ïîä äåéñòâèåì ïðîäîëüíûõ ñæèìà-
þùèõ ñèë ïðèìåíÿåòñÿ àëãîðèòì ëîêàëüíîãî ïåðåáîðà âàðèàíòîâ [1], êîòîðûé ïðåäïîëà-
ãàåò êîíå÷íî-ðàçíîñòíóþ àïïðîêñèìàöèþ çàäà÷è, îïðåäåëåíèå êà÷åñòâåííî àäåêâàòíîé
ôîðìû îñåñèììåòðè÷íîãî èçãèáà íà ¾ðåäêîé ñåòêå¿ ñ ïîñëåäóþùèì óäâîåíèåì ÷èñëà
óçëîâ ñåòêè è ïåðåáîðîì âàðèàíòîâ ëèøü âáëèçè êîðíåé ñîáñòâåííîé ôîðìû.

Çàäà÷à íà óñòîé÷èâîñòü ôîðìóëèðóåòñÿ êàê çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ äëÿ
óðàâíåíèÿ Au + Bu+ + Cu− = λQu, ãäå A, Q � îïåðàòîðû, äåéñòâóþùèå â íåêîòî-
ðîì ãèëüáåðòîâîì ïðîñòðàíñòâå; B, C � îïðåðàòîðû óìíîæåíèÿ íà íåîòðèöàòåëüíóþ
ôóíêöèþ; u+ = max {0, u} , u− = min {0, u} � ñðåçêè ôóíêöèè u; λ � ïàðàìåòð, õà-
ðàêòåðèçóþùèé êðèòè÷åñêóþ íàãðóçêó. Îñîáåííîñòüþ çàäà÷è ÿâëÿåòñÿ íåëèíåéíîñòü â
âèäå ñðåçîê ôóíêöèè ïðîãèáà.

Ðàñ÷åòû ïîêàçàëè, ÷òî ïðè ïëàâíîì ïåðåõîäå ê îäíîðîäíîé óïðóãîé ñðåäå êðèòè-
÷åñêàÿ íàãðóçêà òàêæå ïëàâíî èçìåíÿåòñÿ, ñòðåìÿñü ê ñîîòâåòñòâóþùåìó àíàëèòè÷å-
ñêîìó ðåøåíèþ, ÷òî ÿâëÿåòñÿ êîñâåííûì ïîäòâåðæäåíèåì ñõîäèìîñòè ïðåäëîæåííîãî
àëãîðèòìà.
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Mikhailovskii E.I., Tulubenskaya E.V. The stability of the longitudinally compressed
cylindrical shell with unconstant rigidity at the border of two Winkler's ambiences.

The algorithm of local search variants is illustrated by the example of problem post buckling
behavior of longitudinal compressed cylindrical shell at the border of two Winkler's ambiences.
It allows avoiding "curse of di-mension". The essence of algorithm is concluded in exposure of
qualitative identical proper form on the base of exhaustive search variants on "rare net"with further
consequent reduplication of number of its nodes and search variants only nearby the roots of the
own form.
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Ðàññìàòðèâàåòñÿ çàäà÷à ëîêàëüíîé óñòîé÷èâîñòè îáîëî÷åê íà óïðóãîì îñíîâàíèè,
àðìèðîâàííûõ n ñèñòåìàìè ìàëîðàñòÿæèìûõ íèòåé (n = 1, 2, 3) ïðè ðàçëè÷íûõ âè-
äàõ íàãðóæåíèÿ. Ïóñòü ó íàñ èìååòñÿ îáîëî÷êà íà óïðóãîì îñíîâàíèè, ñîñòîÿùàÿ èç
èçîòðîïíîãî ìàòåðèàë (ìàòðèöû), â êîòîðóþ âíåäðåíû n ñèñòåì íèòåé, íàêëîíåííûõ
ïîä óãëàìè ξk ê ëèíèÿì êðèâèçíû, ïàðàëëåëüíûì âûäåëåííîìó íàïðàâëåíèþ α. Áóäåì
ïðåäïîëàãàòü, ÷òî íèòè ðàñïðåäåëåíû ðàâíîìåðíî ïî òîëùèíå îáîëî÷êè. Íàïðÿæåíèÿ
â îáîëî÷êå σij ñîñòîÿò èç äâóõ ñëàãàåìûõ � íàïðÿæåíèé â ìàòðèöå è îñðåäíåííûõ íà-
ïðÿæåíèé ñæàòèÿ/ðàñòÿæåíèÿ íèòåé. Ìû ïðèõîäèì ê ìîäåëè êîíñòðóêòèâíî îðòîòðîï-
íîé îáîëî÷êè ñ óïðóãèìè ïàðàìåòðàìè, çàâèñÿùèìè îò âçàèìíîãî ðàñïîëîæåíèÿ íèòåé,
ïëîòíîñòè àðìèðîâàíèÿ, à òàêæå óïðóãèõ õàðàêòåðèñòèê ìàòðèöû è íèòåé. Òàêèì îá-
ðàçîì, ñòàíîâèòñÿ âîçìîæíûì ïîëó÷èòü çàâèñèìîñòü ïàðàìåòðà êðèòè÷åñêîé íàãðóçêè
îò óãëà íàêëîíà íèòåé ïî îòíîøåíèþ ê íàïðàâëåíèþ α è íàéòè çíà÷åíèå äàííîãî óãëà,
ñîîòâåòñòâóþùåå íàèáîëüøåé âåëè÷èíå êðèòè÷åñêîé íàãðóçêè.

Miheev A.V. Stability of shells on elastic base reinforced with systems of �bers.
In this work we consider the problem of local stability of thin shells on elastic base, reinforced

with n systems of elastic �bers (n = 1, 2, 3), under di�erent types of load. We come to model of
consructively orthotropic shell with elastic parameters depending on relative positioning of �bers,
density of �bers, and also elastic characteristics of matrix and �bers. Thus we have a possibility to
�nd dependence of parameter of critical load on angle of inclination of �bers in relation to the �xed
direction α and to receive the value of this angle, corresponding to the greatest value of the critical
load.

176



SECTION IV. MECHANICS OF SOLIDS

ÐÀÇÂÈÒÈÅ ÍÅÓÏÐÓÃÎÉ ÄÅÔÎÐÌÀÖÈÈ ÏÐÈ ÑÒÀÍÄÀÐÒÍÛÕ
ÈÑÏÛÒÀÍÈßÕ ÑÒÀËÜÍÛÕ ÎÁÐÀÇÖÎÂ

Ìîëîòíèêîâ Â.ß.1, Ìîëîòíèêîâà À.À.2
1 Ðîñòîâñêàÿ-íà-Äîíó ãîñóäàðñòâåííàÿ àêàäåìèÿ ñ.-õ. ìàøèíîñòðîåíèÿ

2 Ðîñòîâñêàÿ àêàäåìèÿ ñåðâèñà ÞÐÃÓÝÑ
Molotnikov@mail.ru

Ïðè ñòàíäàðòíûõ èñïûòàíèÿõ íà ðàñòÿæåíèå îáðàçöîâ êîíñòðóêöèîííûõ ìàòåðèà-
ëîâ òèïà ìàëîóãëåðîäèñòûõ ñòàëåé è íåêîòîðûõ äðóãèõ òåë íàáëþäàåòñÿ ñëåäóþùàÿ
êàðòèíà. Ïîñëå óïðóãîé äåôîðìàöèè èìååò ìåñòî ìàëûé íåëèíåéíûé ó÷àñòîê äèàãðàì-
ìû, çà êîòîðûì äåéñòâóþùåå íà îáðàçåö óñèëèå áûñòðî ïàäàåò, îáíàðóæèâàÿ òàê íà-
çûâàåìûé çóá òåêó÷åñòè. Çàòåì íåêîòîðîå âðåìÿ óñèëèå ñîõðàíÿåò ïî÷òè ïîñòîÿííîå
çíà÷åíèå; ñîîòâåòñòâóþùèé ó÷àñòîê äèàãðàììû íàçûâàþò ïëîùàäêîé òåêó÷åñòè, ïîñëå
÷åãî íà äèàãðàììå íà÷èíàåòñÿ ó÷àñòîê óïðî÷íåíèÿ.

Â ðàáîòå ðàññìàòðèâàåòñÿ ôèçè÷åñêàÿ êàðòèíà, îïèñûâàåìàÿ óêàçàííûìè âûøå ãðà-
ôè÷åñêèìè îáðàçàìè. Ïîëó÷åíî óñëîâèå òåêó÷åñòè òèïà óñëîâèÿ Êîòòðåëëà�Êýìïáåëëà:

σ = σ∞ −
T0∫

t

F [σ(ξ)]dξ,

ãäå σ � ïðåäåë òåêó÷åñòè ïðè íàãðóæåíèè ñ êîíå÷íîé ñêîðîñòüþ; σ∞ � òî æå, ïðè áåñêî-
íå÷íî áûñòðîì íàãðóæåíèè; (t; T0) � îòðåçîê âðåìåíè îò ìîìåíòà äîñòèæåíèÿ ïðåäåëà
óïðóãîñòè äî ìîìåíòà äîñòèæåíèÿ ïðåäåëà òåêó÷åñòè; F (σ) � ôóíêöèÿ ñòðóêòóðíîãî
ðàçóïðî÷íåíèÿ.

Ïðè ýòîì âåëè÷èíà ñêà÷êà íàïðÿæåíèÿ â ìîìåíò íà÷àëà òåêó÷åñòè îáðàçöà îïðåäå-
ëÿåòñÿ ôîðìóëîé

σ(t) = σ − ∆x(σ − k0)
√

E%

∆x
√

E% + k1

,
(
k0, k1 − const

)
, (1)

ãäå E � ìîäóëüÞíãà, % � ïëîòíîñòü ìàòåðèàëà îáðàçöà, à ∆x � äëèíà íà÷àëüíîé îáëàñòè
íåóïðóãîé äåôîðìàöèè.

Êàê ñëåäóåò èç ôîðìóëû (1), ñêà÷îê íàïðÿæåíèÿ îêàçûâàåòñÿ çàâèñÿùèì îò âåëè÷è-
íû ∆x, êîòîðàÿ, â ñâîþ î÷åðåäü, çàâèñèò îò òî÷íîñòè ãåîìåòðè÷åñêîé ôîðìû îáðàçöà,
îäíîðîäíîñòè è èçîòðîïíîñòè åãî ìàòåðèàëà è ò. ï., à ïîòîìó ÿâëÿåòñÿ, âîîáùå ãîâîðÿ,
ñëó÷àéíîé âåëè÷èíîé, åñëè òîëüêî îáðàçåö äîñòàòî÷íî äëèííûé.

Molotnikov V.Ja., Molotnikova A.A. Evolution of the inelastic deformation of steel model
during standard experiments.

Process of the anelastic deformation of ductile material model under uniaxial tension is
considered.
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ÍÅËÈÍÅÉÍÀß ÎÑÅÑÈÌÌÅÒÐÈ×ÍÀß ÄÅÔÎÐÌÀÖÈß
ÑÔÅÐÈ×ÅÑÊÎÉ ÎÁÎËÎ×ÊÈ È ÏÎËÎÃÎ ÊÐÓÃÎÂÎÃÎ ÖÈËÈÍÄÐÀ

Ìîðùèíèíà À. À.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

morshinina_alina@mail.ru

Íà îñíîâå äåëüòà-ìåòîäà [1] ïîëó÷åíî àíàëèòè÷åñêîå ðåøåíèå ãåîìåòðè÷åñêè íåëè-
íåéíîé çàäà÷è äëÿ îñåñèììåòðè÷íîé äåôîðìàöèè ñôåðè÷åñêîé îáîëî÷êè è òîíêîñòåí-
íîãî êðóãîâîãî öèëèíäðà. Ìàòåðèàë òåë ñ÷èòàåòñÿ íåñæèìàåìûì, îáîëî÷êà è öèëèíäð
çàãðóæåíû ïîñòîÿííûì äàâëåíèåì p.

Äàâëåíèå ïðåäñòàâëÿåòñÿ â âèäå ñóììû

p =
n∑

i=1

∆pi , (n À 1) .

Ðåøåíèå ñîîòâåòñòâóþùåé ãåîìåòðè÷åñêè íåëèíåéíîé çàäà÷è ñâîäèòñÿ ê ñóììèðî-
âàíèþ n ðåøåíèé ëèíåéíûõ çàäà÷ [2, 3] äëÿ òåëà, äåôîðìèðîâàííàÿ êîíôèãóðàöèÿ
êîòîðîãî îïðåäåëåíà ïî ðåçóëüòàòàì (n− 1) ïðåäøåñòâóþùèõ íàãðóæåíèé äàâëåíèÿìè
∆pi

(
i = 1, n− 1

)
.

Â ðåçóëüòàòå âûïîëíåíèÿ ýòèõ îïåðàöèé ïîëó÷åíû çàìêíóòûå âûðàæåíèÿ äëÿ äå-
ôîðìèðîâàííîé òîëùèíû îáîëî÷êè è öèëèíäðà è ðàäèóñà èõ ñðåäèííîé ïîâåðõíîñòè
ïîñëå äåôîðìàöèè. Àíàëîãè÷íûì îáðàçîì âûâåäåíû ñîîòíîøåíèÿ äëÿ ãëàâíûõ íàïðÿ-
æåíèé.

ËÈÒÅÐÀÒÓÐÀ

[1] Äûìíèêîâ Ñ. È., Ëàâåíäåë Ý. Ý., Ïàâëîâñêèñ À.-Ì. À., Ñíèåãñ Ì. È.; Ïîä ðåä. Ëàâåíäå-
ëà Ý. Ý. Ïðèêëàäíûå ìåòîäû ðàñ÷åòà èçäåëèé èç âûñîêîýëàñòè÷íûõ ìàòåðèàëîâ. Ðèãà:
¾Çèíàòíå¿. 1980. Ñ. 238.

[2] Ëàíäàó Ë. Ä., Ëèôøèö Å. Ì. Òåîðèÿ óïðóãîñòè. Ì.: Íàóêà, 1987. Ñ. 248.
[3] Õàí Õ. Òåîðèÿ óïðóãîñòè. Ì.: Ìèð, 1988. Ñ. 344.
[4] Äàëü Þ. Ì., Ìîðùèíèíà À. À. Ëèíåéíûå è íåëèíåéíûå ìàòåìàòè÷åñêèå ìîäåëè ñêëåðû

è ñîñóäîâ çðèòåëüíîãî íåðâà ïðè ãëàóêîìå // Âåñòíèê ÑÏáÃÓ. Cåð. 10. 2008. Âûï. 3.

Morshinina A. A. Nonlinear axis-symmetrical deformation of the spherical shell and the hollow
circular cylinder .

Linear solution of theory of elasticity for spherical shell and cylinder were considered. On this
base nonlinear solution of theory of elasticity for spherical shell and cylinder were obtained.
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ÍÀÏÐßÆÅÍÍÎ-ÄÅÔÎÐÌÈÐÎÂÀÍÍÎÅ ÑÎÑÒÎßÍÈÅ ÓÏÐÓÃÎÃÎ
ÊÐÓÃÎÂÎÃÎ ÄÈÑÊÀ, ÇÀÃÐÓÆÅÍÍÎÃÎ ÑÎÑÐÅÄÎÒÎ×ÅÍÍÛÌÈ

ÑÈËÀÌÈ È ÌÎÌÅÍÒÀÌÈ

Ìîðùèíèíà Ä. À.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

diana_morshinina@mail.ru

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ïëîñêàÿ çàäà÷à òåîðèè óïðóãîñòè äëÿ èçîòðîï-
íîãî óïðóãîãî äèñêà ðàäèóñà R, çàãðóæåííîãî íà êîíòóðå äâóìÿ ñîñðåäîòî÷åííûìè
ñèëàìè P , ïðèëîæåííûìè â òî÷êàõ z1 = R, z2 = −R, èëè äâóìÿ ñîñðåäîòî÷åííûìè
ìîìåíòàìè M , äåéñòâóþùèìè â òåõ æå òî÷êàõ.

Êîìïîíåíòû òåíçîðà íàïðÿæåíèé (σxx, σyy, σxy) è âåêòîðà ïåðåìåùåíèé (u, v) äëÿ
äèñêà ïîä äåéñòâèåì òàêèõ íàãðóçîê íàéäåíû íà îñíîâå ôîðìóë Ã. Â. Êîëîñîâà [1]:

σxx + σyy = 2
[
Φ (z) + Φ (z)

]
, σyy − σxx + 2iσxy = 2 [z̄Φ′ (z) + Ψ (z)] ,

E

(1 + υ)
(u + iv) = kϕ (z)− zϕ′ (z)− ψ (z),

ãäå ϕ (z) =
∫

Φ (z) dz; ψ (z) =
∫

Ψ (z) dz; k = (3− υ) / (1 + υ); E è υ � ñîîòâåòñòâåííî
ìîäóëü Þíãà è êîýôôèöèåíò Ïóàññîíà ìàòåðèàëà, èç êîòîðîãî èçãîòîâëåí äèñê.

Íàéäåííûå ðåøåíèÿ ñîïîñòàâëåíû ñ àíàëîãè÷íûìè ðåçóëüòàòàìè äëÿ ïîëóïëîñêî-
ñòè y ≤ 0 [2, 3]. Â ðåçóëüòàòå ñðàâíåíèÿ âûÿâëåíû ãðàíèöû ñîâïàäåíèÿ çíà÷åíèé íîð-
ìàëüíûõ íàïðÿæåíèé, âîçíèêàþùèõ â äèñêå è ïîëóïëîñêîñòè, íà êîòîðûå äåéñòâóþò
ñîñðåäîòî÷åííûå ñèëû è ìîìåíòû.

ËÈÒÅÐÀÒÓÐÀ

[1] Êîëîñîâ Ã. Â. Ïðèìåíåíèå êîìïëåêñíîé ïåðåìåííîé ê òåîðèè óïðóãîñòè. Ë.�Ì.: 1935. 224
ñ.

[2] Ìóñõåëèøâèëè Í. È. Íåêîòîðûå îñíîâíûå çàäà÷è ìàòåìàòè÷åñêîé òåîðèè óïðóãîñòè. Ì.:
1966. 707 ñ.

[3] Õàí Õ. Òåîðèÿ óïðóãîñòè. Ì.: Ìèð. 1988. 343 ñ.
[4] Äàëü Þ. Ì., Ìîðùèíèíà Ä. À. Î íàïðÿæåííî-äåôîðìèðîâàííîì ñîñòîÿíèè èíòðàîêó-

ëÿðíîé ëèíçû (ÈÎË) // Âåñòíèê ÑÏáÃÓ. Ñåð. 1. 2008. Âûï. 4.

Morshinina D.A. Stress-strain state of elastic circular disk loading concentrated forces and
moments.

Exact analytical solution of the plane problem of the linear theory of elasticity for disk loading
concentrated forces and moments on the contour was obtained by using methods of the theory of
function of complex variable. Received results were compared with analogous solutions for half-
plane.
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ÏÐÎÑÒÐÀÍÑÒÂÅÍÍÛÅ ÍÅËÈÍÅÉÍÛÅ ÊÎËÅÁÀÍÈß
ÍÅÐÀÂÍÎÆÅÑÒÊÎÃÎ ÑÒÅÐÆÍß

Ìóíèöûí A.È.
Èâàíîâñêèé ãîñóäàðñòâåííûé ýíåðãåòè÷åñêèé óíèâåðñèòåò

munitsyn@rambler.ru

Ðàññìàòðèâàåòñÿ çàäà÷à î âûíóæäåííûõ ïðîñòðàíñòâåííûõ èçãèáíûõ êîëåáàíèÿõ
ñòåðæíÿ ñ íåïîäâèæíûìè øàðíèðíûìè îïîðàìè. Ñòåðæåíü èìååò áëèçêèå ñîáñòâåííûå
÷àñòîòû èçãèáíûõ êîëåáàíèé â äâóõ âçàèìíî ïåðïåíäèêóëÿðíûõ ïëîñêîñòÿõ âñëåäñòâèå
áëèçêèõ çíà÷åíèé ãëàâíûõ îñåâûõ ìîìåíòîâ èíåðöèè ïîïåðå÷íîãî ñå÷åíèÿ. Ó÷èòûâà-
åòñÿ ãåîìåòðè÷åñêàÿ íåëèíåéíîñòü, îáóñëîâëåííàÿ èçìåíåíèåì äëèíû ñðåäíåé ëèíèè
ñòåðæíÿ ïðè åãî ïðîñòðàíñòâåííîì äâèæåíèè. Ðåøåíèå â îêðåñòíîñòè ãëàâíîãî ðåçî-
íàíñà ïîëó÷åíî â îäíîìîäîâîì ïðèáëèæåíèè. Â ðåçóëüòàòå àíàëèòè÷åñêèõ è ÷èñëåííûõ
èññëåäîâàíèé îáíàðóæåíî ñóùåñòâîâàíèå íåñêîëüêèõ óñòîé÷èâûõ ðåøåíèé. Ðàññìîòðåí
ïðàêòè÷åñêè âàæíûé ñëó÷àé êîëåáàíèé ñòåðæíÿ ïîä äåéñòâèåì íàãðóçêè, ëåæàùåé â
îäíîé ïëîñêîñòè. Â çàâèñèìîñòè îò ïàðàìåòðîâ çàäà÷è îïðåäåëåí äèàïàçîí ÷àñòîò, â êî-
òîðîì âîçìîæíû êîëåáàíèÿ ñòåðæíÿ â ïëîñêîñòè âîçáóæäåíèÿ ñ ¾áîëüøîé¿ è ¾ìàëîé¿
àìïëèòóäàìè è äâà ïðîñòðàíñòâåííûõ äâèæåíèÿ ñ âðàùåíèåì ñðåäíåé ëèíèè ñòåðæíÿ
â äâóõ ïðîòèâîïîëîæíûõ íàïðàâëåíèÿõ.

Munitsyn A.I. Three-dimensional non-linear oscillations of a rod with di�erent �exural
sti�nesses.

Oscillations of a rod with di�erent natural frequencies of �exural oscillations in two mutually
perpendicular directions as a consequence of the variance in the �exural sti�nesses of the rod are
considered. The geometrical non-linearity due to the change in the length of the central line of the
shaft accompanying its motion is taken into account. Forced oscillations in the neighbourhood of
the principal resonance are investigated. Closed value of the �exural sti�nesses of the rod leads
to existent of three-dimension form of oscillations due to relation between the oscillations in two
di�erent directions.
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Èññëåäîâàíèå ïëîñêèõ çàäà÷ òåîðèè óïðóãîñòè ñâÿçàíî ñ âûïîëíåíèåì òðóäîåìêèõ,
õîòÿ è ñðàâíèòåëüíî ýëåìåíòàðíûõ ïðåîáðàçîâàíèé àíàëèòè÷åñêèõ âûðàæåíèé. Èçâåñò-
íûå â íàñòîÿùåå âðåìÿ ñèñòåìû êîìïüþòåðíîé àëãåáðû Maple, Mathematica è äð. ïîçâî-
ëÿþò ýôôåêòèâíî íàõîäèòü àíàëèòè÷åñêèå ðåøåíèÿ ýòèõ è ìíîãèõ äðóãèõ ìàòåìàòè÷å-
ñêèõ çàäà÷, à òàêæå ïðåäñòàâëÿòü ðåçóëüòàòû ðåøåíèÿ â óäîáíîé ãðàôè÷åñêîé ôîðìå.
Â äîêëàäå îáñóæäàåòñÿ ìåòîäèêà ðàáîòû ñ ïàêåòîì Mathematica ïðè ðåøåíèè êëàññè-
÷åñêèõ çàäà÷ òåîðèè óïðóãîñòè � çàäà÷ Êèðøà, Ôëàìàíà, Ëàìå, çàäà÷è î ðàñòÿæåíèè
ïëàñòèíêè, îñëàáëåííîé ýëëèïòè÷åñêèì âûðåçîì è, â ÷àñòíîñòè, òðåùèíîé è ò.ï.

Narbut M.A. Analytical solutions of plane problems in the theory of elasticity using
¾Mathematica¿.

Many interesting problems in the theory of elasticity may be e�ciently solved in the analitic
form using Mathematica or other computer algebra packages. Some examples are presented in this
talk, among them the classical problems solved by Kirsch, Inglis, Flamant and others.
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Íàóìîâà Í.Â., Åðøîâ Á.À., Èâàíîâ Ä.Í.
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Ðàññìîòðèì çàäà÷ó îá îáòåêàíèè ïîêîÿùåéñÿ ñôåðû ðàäèóñà a ïîòîêîì âÿçêîé
íåñæèìàåìîé æèäêîñòè, èìåþùèì íà áåñêîíå÷íîñòè ïîñòîÿííóþ ïî âåëè÷èíå è íà-
ïðàâëåíèþ ñêîðîñòü U . Â ðàáîòå [1] ïðèâåäåíî ðåøåíèå òàêîé çàäà÷è â ñëó÷àå, êîãäà
ñôåðà ÿâëÿåòñÿ àáñîëþòíî æåñòêîé, ò.å. äåôîðìàöèè ïîâåðõíîñòè íå ðàññìàòðèâàþòñÿ,
è äâèæåíèå îñóùåñòâëÿåòñÿ ïðè ìàëûõ ÷èñëàõ Ðåéíîëüäñà. Çà ÷èñëî Ðåéíîëüäñà â ðàñ-
ñìàòðèâàåìîì ñëó÷àå âçÿòî R = ρUa

µ
, ãäå ρ � ïëîòíîñòü æèäêîñòè, µ � êîýýôèöèåíò

äèíàìè÷åñêîé âÿçêîñòè. Ñôåðè÷åñêèå êîîðäèíàòû ââåäåíû ñëåäóþùèì îáðàçîì

x = a cos θ, y = a sin θ cos λ, z = a sin θ sin λ.

Çàäà÷à îáëàäàåò îñåâîé è öåíòðàëüíîé ñèììåòðèåé. Ïðåíåáðåãàÿ ÷ëåíàìè âòîðîãî ïî-
ðÿäêà ìàëîñòè ïî îòíîñèòåëüíîé òîëùèíå h, çàïèøåì ñèñòåìó äâóõ äèôôåðåíöèàëüíûõ
óðàâíåíèé ñ íåèçâåñòíûìè ôóíêöèÿìè T1 è T2, îïèñûâàþùóþ ïðîãèá îáîëî÷êè [2]

1

a

∂T1

∂θ
− 1

a
ctg θ · (T1 − T2) = −3

2

µU

a
sin θ, (1)

T1

a
+

T2

a
=

3

2

µU

a
cos θ. (2)

Ðåøàÿ ñèñòåìó óðàâíåíèé (1) � (2) ñ ó÷åòîì ãðàíè÷íûõ óñëîâèé u1 = u3 = 0 ïðè
θ = ±π

2
, îïðåäåëÿåì íåèçâåñòíûå ïåðåìåùåíèÿ u1, u3 òî÷åê ñðåäèííîé ïîâåðõíîñòè.

Cðàâíåíèå àñèìïòîòè÷åñêèõ ðåçóëüòàòîâ ñ ÷èñëåííûìè ïîêàçûâàåò äîñòàòî÷íî õîðîøåå
ñîâïàäåíèå. ×èñëåííûå ðàñ÷åòû ïðîâåäåíû ñ ïîìîùüþ ìåòîäà êîíå÷íûõ ýëåìåíòîâ ñ
èñïîëüçîâàíèåì ïàêåòà ANSYS.

ËÈÒÅÐÀÒÓÐÀ

[1] Êî÷èí Í.Å., Êèáåëü È.À., Ðîçå Í.Å. Òåîðåòè÷åñêàÿ ãèäðîìåõàíèêà. Ò. 2. Ì.: 1963.
[2] Ãîëüäåíâåéçåð À.Ë., Ëèäñêèé Â.Á., Òîâñòèê Ï.Å. Ñâîáîäíûå êîëåáàíèÿ òîíêèõ óïðóãèõ

îáîëî÷åê. Ì.: 1979.

Naumova N.V., Ershov B.A., Ivanov D.N. Deformation of a spherical shell under
hydrostatic pressure.

A spherical shell in viscous �uid �ow is considered. Comparison of the asymptotic and numerical
results of the investigation is presented.
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ÈÇÃÈÁ ÏÅÐÔÎÐÈÐÎÂÀÍÍÎÉ ÏËÀÑÒÈÍÛ

Íàóìîâà Í.Â., Èâàíîâ Ä.Í.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

nat_n75@mail.ru

Â íàñòîÿùåå âðåìÿ ïðàêòè÷åñêè âî âñåõ îáëàñòÿõ òåõíèêè ïðèìåíÿþòñÿ êîìïîçèò-
íûå ìàòåðèàëû, ñîñòîÿùèå èç ÷åðåäóþùèõñÿ îáúåìîâ âåùåñòâ, îáëàäàþùèõ ðàçëè÷-
íûìè ñâîéñòâàìè. Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ êâàäðàòíàÿ ïëàñòèíà ñî ñòîðî-
íîé L è òîëùèíîé h. Òîëùèíà ïëàñòèíû ìàëà ïî ñðàâíåíèþ ñ åå ðàçìåðàìè â ïëàíå(

h
L

< 0.1
)
. Ïëàñòèíà ïðåäñòàâëÿåò ñîáîé ñðåäó ñ ïåðèîäè÷åñêè ïîâòîðÿþùåéñÿ ñòðóê-

òóðîé (ýëåìåíò âîëîêíà öèëèíäðè÷åñêîé ôîðìû, ïîìåùåííûé â ïàðàëëåëåïèïåä ñ ðàç-
ìåðàìè ε × ε × h). Ïðè ïîñòðîåíèè ìàòåìàòè÷åñêîé ìîäåëè ðàññìàòðèâàåìîé ïëàñòè-
íû ïðèíèìàþòñÿ äâå îñíîâíûå ãèïîòåçû. Ïåðâàÿ ãèïîòåçà, ïðèíàäëåæàùàÿ Êèðõãîôó,
ïðåäïîëàãàåò, ÷òî íîðìàëü ê ñðåäèííîé ïîâåðõíîñòè ïëàñòèíû îñòàåòñÿ íîðìàëüþ ê íåé
ïîñëå äåôîðìàöèè. Âòîðàÿ ãèïîòåçà óòâåðæäàåò, ÷òî íàïðÿæåííîå ñîñòîÿíèå â òî÷êàõ
ïëàñòèíû ÿâëÿåòñÿ äâóîñíûì.

Â ðàáîòå ñîçäàíà íîâàÿ ìàòåìàòè÷åñêàÿ ìîäåëü, îïèñûâàþùàÿ ïîâåäåíèå ðàññìàò-
ðèâàåìîé ïëàñòèíû, à òàêæå ðàçðàáîòàí ïàêåò àëãîðèòìîâ è ïðîãðàìì, íà îñíîâå êîòî-
ðûõ ïðîâåäåííûå èññëåäîâàíèÿ ïîçâîëÿò äåòàëüíî èçó÷èòü ñâîéñòâà êîìïîçèöèîííûõ
ìàòåðèàëîâ. Ðåçóëüòàòû ðàáîòû ìîãóò áûòü òàêæå â äàëüíåéøåì èñïîëüçîâàíû

� ïðè êîíñòðóèðîâàíèè êîìïîçèöèîííûõ ìàòåðèàëîâ ñ çàäàííûìè ñâîéñòâàìè, à
òàêæå îïòèìèçàöèè ñâîéñòâ ìàòåðèàëîâ ïî êàêèì-ëèáî õàðàêòåðèñòèêàì;

� ïðè âûáîðå ìàòåðèàëîâ ïðè ïðîåêòèðîâàíèè ðàçëè÷íûõ îáîëî÷å÷íûõ êîíñòðóê-
öèé, ÷òî ïîçâîëèò ñîêðàòèòü äîðîãîñòîÿùèå ýêñïåðèìåíòàëüíûå èññëåäîâàíèÿ.

Cðàâíåíèå àñèìïòîòè÷åñêèõ ðåçóëüòàòîâ ñ ÷èñëåííûìè ïîêàçûâàåò äîñòàòî÷íî õîðî-
øåå ñîâïàäåíèå. ×èñëåííûå ðàñ÷åòû ïðîâåäåíû ñ ïîìîùüþ ìåòîäà êîíå÷íûõ ýëåìåíòîâ
ñ èñïîëüçîâàíèåì ïàêåòà ANSYS.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòà ÐÔÔÈ � 07.01.00250a.

ËÈÒÅÐÀÒÓÐÀ

[1] Àðãàòîâ È.È. Àñèìïòîòè÷åñêîå ìîäåëèðîâàíèå â ìåõàíèêå. ÑÏá.: 2004. 270 ñ.
[2] Áàõâàëîâ Í.Ñ., Ïàíàñåíêî Ã.Ï. Îñðåäíåíèå ïðîöåññîâ â ïåðèîäè÷åñêèõ ñðåäàõ. Ì.: 1984.

512 ñ.

Naumova N.V., Ivanov D.N. A bend of a perforated plate.
A bend and a vibration of a rectangular thin plate perforated by cylindrical �bres is considered.

Comparison of the asymptotic and numerical results of the investigation is presented.
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ÑÏÅÊÒÐÛ ÑÎÁÑÒÂÅÍÍÛÕ ×ÀÑÒÎÒ È ÔÎÐÌÛ ÑÂÎÁÎÄÍÛÕ È
ÂÛÍÓÆÄÅÍÍÛÕ ÊÎËÅÁÀÍÈÉ ÊÎÍÑÎËÜÍÎÉ ÁÀËÊÈ

ÒÈÌÎØÅÍÊÎ

Ïàâèëàéíåí Â.ß.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

Èññëåäîâàíû ñïåêòðû ñîáñòâåííûõ ÷àñòîò è ôîðìû ñâîáîäíûõ è âûíóæäåííûõ êî-
ëåáàíèé êîíñîëüíîé áàëêè Òèìîøåíêî ïðè ó÷åòå äâóõ ðàçëè÷íûõ âèäîâ èíåðöèîííûõ
íàãðóçîê ïðè ïîâîðîòå ñå÷åíèé, à òàêæå äåôîðìàöèé ñäâèãà.

Ðåçóëüòàòû âûïîëíåííûõ ðàñ÷åòîâ ïîêàçûâàþò îñîáåííîñòè íàïðÿæåííî-äåôîðìè-
ðîâàííîãî ñîñòîÿíèÿ áàëêè äëÿ êàæäîãî âàðèàíòà ïîñòàíîâêè çàäà÷è.

Pavilaynen V.Ya. Spectra and modes of the free and forces vibrations of cantilever Timoshenko
beam.

Spectra and modes of the free and forces vibrations of cantilever Timoshenko beam are studied.
Two di�erent types of inertial loads, rotation and shear deformations, are taking into consideration.

The speci�c features of the stress-strain states of the beam are revealed for each type of loadings.
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ÓÒÎ×ÍÅÍÈÅ ÊÐÈÒÅÐÈß ÒÅÊÓ×ÅÑÒÈ ÄËß
ÒÐÀÍÑÂÅÐÑÀËÜÍÎ-ÈÇÎÒÐÎÏÍÎÃÎ ÌÀÒÅÐÈÀËÀ

Ñ ÝÔÔÅÊÒÎÌ SD

Ïàâèëàéíåí Ã.Â., Þøèí Ð.Þ.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

oreh@GP11596.spb.edu

Ðàññìàòðèâàåòñÿ çàäà÷à óòî÷íåíèÿ êðèòåðèÿ òåêó÷åñòè äëÿ èññëåäîâàíèÿ èçãèáà
àíèçîòðîïíûõ ïëàñòèí. Ïðåäïîëàãàåòñÿ, ÷òî ìàòåðèàë ïëàñòèíû ÿâëÿåòñÿ òðàíñâåð-
ñàëüíî èçîòðîïíûì è îáëàäàåò ýôôåêòîì SD. Ïðåäëàãàåòñÿ èñïîëüçîâàòü êðèòåðèé
òåêó÷åñòè, ïðåäëîæåííûé Î.Ã. Ðûáàêèíîé äëÿ îðòîòðîïíîãî ìàòåðèàëà ñ ýôôåêòîì
SD. Çàïèøåì ýòîò êðèòåðèé â ïîëÿðíûõ êîîðäèíàòàõ ïðè òðàíñâåðñàëüíîé èçîòðîïèè
ìàòåðèàëà √

σ2
r − Aσrσθ + σ2

θ + α1σr + α2σθ = k.

×åðåç A, α1, α2 è k îáîçíà÷åíû âåëè÷èíû, ñâÿçàííûå ñ ïðåäåëàìè òåêó÷åñòè â ïëîñ-
êîñòè ïëàñòèíû ïðè ðàñòÿæåíèè σ∗sr è ïðè ñæàòèè σ∗ss, à òàêæå ñ ñîîòâåòñòâóþùèìè
ïðåäåëàìè σsr è σss â ïîïåðå÷íîì íàïðàâëåíèè. Äëÿ òîãî, ÷òîáû êðèòåðèé òåêó÷åñòè
ñîîòâåòñòâîâàë òðåáîâàíèÿì çàäà÷è, íåîáõîäèìî óäîâëåòâîðèòü ïÿòè óñëîâèÿì íà÷àëà
ïëàñòè÷åñêîãî òå÷åíèÿ ïðè âûïîëíåíèè óñëîâèé ïëîñêîãî íàïðÿæåííîãî ñîñòîÿíèÿ è
òðàíñâåðñàëüíîé èçîòðîïèè, à èìåííî

(
√

2− A + α1 + α2)σsr = k, (
√

2− A− α1 − α2)σss = k,

(1 + α1)σ
∗
sr = k, (1− α1)σ

∗
ss = k, α1 = α2

Î÷åâèäíî, ÷òî çàäà÷à ÿâëÿåòñÿ ïåðåîïðåäåëåííîé, ñëåäîâàòåëüíî, äëÿ åå êîððåêòíîãî
ðåøåíèÿ íåîáõîäèìî íàéòè ñâÿçü ìåæäó ïðåäåëàìè òåêó÷åñòè è èññëåäîâàòü òîëüêî òå
ìàòåðèàëû, êîòîðûå áóäóò óäîâëåòâîðÿòü ýòîé ñâÿçè. Â ïðîòèâíîì ñëó÷àå íåîáõîäèìî
ðàññìàòðèâàòü ìàòåðèàë ïëàñòèíû êàê îðòîòðîïíûé, ÷òî, êàê ïîêàçàíî àâòîðàìè, ñó-
ùåñòâåííî îñëîæíÿåò çàäà÷ó íàõîæäåíèÿ àíàëèòè÷åñêîãî ðåøåíèÿ. Èòàê, ñâÿçü ìåæäó
ïðåäåëàìè òåêó÷åñòè èìååò âèä

2

(
1

σ∗sr
− 1

σ∗ss

)
=

(
1

σsr

− 1

σss

)
(1)

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÐÔÔÈ � 07-01-00250a.

Pavilaynen G.V., Ushin R.U. Clari�cation of yield criterion for anisotropic materials with
SD e�ect..

The problem of yield criterion for anysotropic plates with e�ect SD is considered. The results
are present as tables, pictures and plots.
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ÌÎÄÅËÈÐÎÂÀÍÈÅ È ÐÀÑ×ÅÒ ÏÐÅÄÂÀÐÈÒÅËÜÍÎ
ÍÀÃÐÓÆÅÍÍÛÕ ÑÎËßÍÛÕ ÏÎÐÎÄ Â ÎÊÐÅÑÒÍÎÑÒÈ ÃÎÐÍÛÕ

ÂÛÐÀÁÎÒÎÊ

Ïåñòðåíèí Â.Ì., Ïåñòðåíèíà È.Â.
Ïåðìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

pestreninvm@mail.ru

Ñòðîÿòñÿ íåëèíåéíûå ôèçè÷åñêèå óðàâíåíèÿ íàñëåäñòâåííîãî òèïà ïðåäâàðèòåëü-
íî íàãðóæåííûõ ñîëÿíûõ ïîðîä. Ïðèíèìàåòñÿ, ÷òî êàê â íåòðîíóòîì ïðåäâàðèòåëüíî
íàïðÿæåííîì ñîëÿíîì ìàññèâå, òàê è ïîñëå ïðîõîæäåíèÿ â íåì êàêîé-ëèáî âûðàáîòêè
ôèçè÷åñêèå ñâîéñòâà ñðåäû îñòàþòñÿ íåèçìåííûìè. Ïðèâîäèòñÿ îñíîâàííûé íà ìåòîäå
èíòåãðèðîâàíèÿ Íüþòîíà ïîäõîä ê ðåøåíèþ óðàâíåíèé ïîñòàâëåííîé êðàåâîé çàäà÷è,
íà áàçå êîòîðîãî èçó÷àåòñÿ íàïðÿæåííî äåôîðìèðîâàííîå ñîñòîÿíèå îêðåñòíîñòè êðóãî-
âîé ãîðíîé âûðàáîòêè. Ïîêàçàíî, ÷òî ïðè ìàëûõ ãëóáèíàõ íåëèíåéíûå ñâîéñòâà ñðåäû,
çàâèñÿùèå îò íàïðÿæåíèé, íå ïðîÿâëÿþòñÿ, è íàïðÿæåííî äåôîðìèðîâàííîå ñîñòîÿíèå
â îêðåñòíîñòè âûðàáîòêè ñòàáèëèçèðóåòñÿ ñ òå÷åíèåì âðåìåíè. Íà ãëóáèíàõ 300�400 ì
ñêàçûâàþòñÿ íåëèíåéíûå ñâîéñòâà ñîëÿíîãî ìàññèâà, ïîýòîìó åãî ïîëçó÷åñòü ñ òå÷åíèåì
âðåìåíè íå ïðåêðàùàåòñÿ.

Pestrenin V.M., Pestrenina I.V. Preliminarily loaded soft formation modeling and calcula-
tion in the vicinity of the excavation.

Nonlinear physical equations with memory of preliminarily loaded salt formation are construc-
ted. It is assumed, that physical properties of the material before and after excavation remain
unchanged. Newton integration method, approached to boundary problem solution, is used for the
stress-strain consideration of the salt formation in the vicinity of the circular excavation. It is shown
that at small depth there are no notable nonlinear properties depending on stress and stress-strain
state near the excavation becomes stable in time. At the depth of 300�400m nonlinearity of salt
formation physical properties make creep sustain with time.
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ÌÎÄÅËÈÐÎÂÀÍÈÅ ÓÏÐÓÃÈÕ ÑÂÎÉÑÒÂ ÃÅÊÑÀÃÎÍÀËÜÍÎÉ
ÏËÎÒÍÎÓÏÀÊÎÂÀÍÍÎÉ ÐÅØÅÒÊÈ

Ïîäîëüñêàÿ Å. À.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé ïîëèòåõíè÷åñêèé óíèâåðñèòåò

ttt88@mail.ru

Ðàáîòà ïîñâÿùåíà ïîñòðîåíèþ ìîäåëåé èäåàëüíîé (áåç ó÷åòà äåôåêòîâ) ãåêñàãîíàëü-
íîé ïëîòíîóïàêîâàííîé (ÃÏÓ) êðèñòàëëè÷åñêîé ðåøåòêè. Ìîäåëèðîâàíèå ïðîâîäèòñÿ
íà îñíîâå ìåòîäà äèíàìèêè ÷àñòèö, ñîãëàñíî êîòîðîìó ìàòåðèàë ïðåäñòàâëÿåòñÿ â âèäå
ñîâîêóïíîñòè ìàòåðèàëüíûõ òî÷åê, âçàèìîäåéñòâóþùèõ äðóã ñ äðóãîì ïî îïðåäåëåí-
íûì çàêîíàì. Îñíîâíàÿ çàäà÷à � ïîëó÷åíèå ñâÿçè ìåæäó ìàêðîñêîïè÷åñêèìè è ìèê-
ðîñêîïè÷åñêèìè óïðóãèìè õàðàêòåðèñòèêàìè, à èìåííî ìåæäó êîìïîíåíòàìè òåíçîðà
æåñòêîñòè ðåøåòêè è æåñòêîñòüþ ñâÿçè ìåæäó îòäåëüíûìè ÷àñòèöàìè. Â äàííîé ðà-
áîòå óòî÷íåíû ñîñòàâëåííûå ðàíåå [1] äâå ñèëîâûå ìîäåëè (îäíîïàðàìåòðè÷åñêàÿ, íå
ó÷èòûâàþùàÿ ãåîìåòðè÷åñêóþ íåèäåàëüíîñòü ðåøåòîê ðåàëüíûõ ìåòàëëîâ, è äâóõïà-
ðàìåòðè÷åñêàÿ, êîòîðàÿ ýòó íåèäåàëüíîñòü ó÷èòûâàåò), à òàêæå ïîñòðîåíà ìîìåíòíàÿ
ìîäåëü. Äëÿ ðÿäà ìåòàëëîâ íà îñíîâàíèè ýêñïåðèìåíòàëüíûõ äàííûõ âû÷èñëåíû æåñò-
êîñòè ñâÿçè, à çàòåì îñóùåñòâëåíà ïðîâåðêà ïî ìîäóëþ îáúåìíîãî ñæàòèÿ. Ñðàâíåíèå
ñ ýêñïåðèìåíòàëüíûìè äàííûìè ïîêàçàëî, ÷òî ìîìåíòíàÿ ìîäåëü ðàáîòàåò ëó÷øå, ÷åì
ñèëîâûå. Òàêèì îáðàçîì, âî-ïåðâûõ, ïðàâèëüíûé âûáîð âçàèìîäåéñòâèÿ â áîëüøèíñòâå
ñëó÷àåâ âàæíåå, ÷åì ó÷åò ãåîìåòðèè êîíêðåòíîé ðåøåòêè; âî-âòîðûõ, âûáîð âçàèìîäåé-
ñòâèÿ çàâèñèò îò òèïà ýëåêòðîííîé îáîëî÷êè ìåòàëëà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà Ïðàâèòåëüñòâà Ñàíêò-Ïåòåðáóðãà (ðåøå-
íèå îò 20.06.08 � 68).

ËÈÒÅÐÀÒÓÐÀ

[1] Óïðóãèå ñâîéñòâà îäíîàòîìíûõ è äâóõàòîìíûõ êðèñòàëëîâ. Ó÷åáíîå ïîñîáèå ïîä ðåä.
À.Ì. Êðèâöîâà. ÑÏá.: Èçä-âî Ïîëèòåõíè÷åñêîãî óíèâåðñèòåòà. 2008. (ïðèíÿòî ê ïå÷àòè)

Podolskaya E.A. Modeling of elastic characteristics of HCP crystal lattice.
This work is devoted to modeling of ideal hexagonal close-packed (HCP) crystal lattices. The

aim of this work is to link macro elastic characteristics with micro ones for HCP metals. Three
models are proposed, on the base of which a formula for tensor of sti�ness is derived. With regard
to the experimental data sti�ness of interatomic bonds is estimated. Bulk modulus is calculated and
compared to its experimental value for a range of HCP metals. The best coincidence was obtained
by means of model which considers moment interaction. Thus, �rstly, in most cases the right choice
of interaction is more important than the speci�c geometry of the lattice, and secondly, the choice
of interaction depends on the type of electron shell of metal.
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Î ÍÅÊÎÒÎÐÛÕ ÏÐÅÄÅËÜÍÛÕ ÏÅÐÅÕÎÄÀÕ Â ÏËÎÑÊÎÉ ÇÀÄÀ×Å
ÒÅÎÐÈÈ ÓÏÐÓÃÎÑÒÈ

Ïðîíèíà Þ.Ã.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

dearjuly@gmail.com

Â òåîðèè óïðóãîñòè ìåñòà ïðèëîæåíèÿ ñîñðåäîòî÷åííûõ âîçäåéñòâèé ïðèíÿòî ðàñ-
ñìàòðèâàòü êàê èçîëèðîâàííûå îñîáûå òî÷êè àíàëèòè÷åñêèõ ôóíêöèé. Òèïè÷íûå ÷àñò-
íûå ðåøåíèÿ, îáëàäàþùèå îñîáûìè òî÷êàìè, ñîîòâåòñòâóþò äåéñòâèþ ñîñðåäîòî÷åí-
íîé ñèëû, äâîéíûõ ñèë ñ ìîìåíòîì è áåç ìîìåíòà, öåíòðà ðàñøèðåíèÿ-ñæàòèÿ è ñî-
ñðåäîòî÷åííîãî ìîìåíòà (ïàðû). Çàìêíóòûå âûðàæåíèÿ äëÿ ýòèõ îñîáåííîñòåé ìîãóò
áûòü âûâåäåíû ñ ïîìîùüþ îïðåäåëåííûõ ïðåäåëüíûõ ïåðåõîäîâ íåñêîëüêèìè ñïîñîáà-
ìè [1, 2]. Ðàçíèöà â ðåçóëüòàòàõ, ïîëó÷åííûõ ðàçëè÷íûìè ïóòÿìè, íàãëÿäíî îáúÿñíÿåò-
ñÿ ñ ôèçè÷åñêîé òî÷êè çðåíèÿ [3]. Èññëåäîâàíèå çàäà÷ î ñîñðåäîòî÷åííûõ âîçäåéñòâèÿõ
â óïðóãîé ïîëóïëîñêîñòè ïîêàçàëî, ÷òî âëèÿíèå ãðàíèöû íà ðàñïðåäåëåíèå íàïðÿæå-
íèé â îêðåñòíîñòè ýòèõ òî÷åê çàâèñèò îò òèïà îñîáåííîñòåé. C èñïîëüçîâàíèåì ôîðìóë
ñóììèðîâàíèÿ ðÿäîâ èç óêàçàííûõ ñèíãóëÿðíûõ ðåøåíèé ìîæíî ïîëó÷èòü ðåøåíèÿ ñî-
îòâåòñòâóþùèõ ïåðèîäè÷åñêèõ çàäà÷. Èíòåðåñíî, ÷òî ïðè óâåëè÷åíèè ïåðèîäà ñèñòåìû
ñòðåìëåíèå íàïðÿæåíèé íà ãðàíèöå ïîëóïëîñêîñòè ñ ïåðèîäè÷åñêèìè âîçäåéñòâèÿìè ê
àíàëîãè÷íûì âåëè÷èíàì â ïîëóïëîñêîñòè ñ îäíîé îñîáåííîñòüþ íå âñåãäà ìîíîòîííî.

Ðàáîòà íàïèñàíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ãðàíòû � 06-01-00171, 08-01-
00394).

ËÈÒÅÐÀÒÓÐÀ

[1] Ëÿâ À. Ìàòåìàòè÷åñêàÿ òåîðèÿ óïðóãîñòè. Ì.�Ë.: ÎÍÒÈ, 1935. 674 ñ.
[2] Ìóñõåëèøâèëè Í.È. Íåêîòîðûå îñíîâíûå çàäà÷è ìàòåìàòè÷åñêîé òåîðèè óïðóãîñòè. Ì.:

Íàóêà, 1966. 707 ñ.
[3] Ïðîíèíà Þ.Ã. Öåíòðû ðàñøèðåíèÿ-ñæàòèÿ â óïðóãîé ïîëóïëîñêîñòè // Âåñòí. Ñ.-

Ïåòåðáóðã. óí-òà. Ñåð. 1. 2007. Âûï. 2. Ñ. 140�149.

Pronina J.G. On some passages to the limit in two-dimensional elastic systems.
The report deals with typical nuclei of strain in two dimensions. Some passages to the limit used

to obtain di�erent types of singular points have been considered. Formulas for single and periodic
singular points in an elastic half-plane with free and clamped boundary have been derived. E�ect
of period of singularities on maximum stress on a boundary has been investigated.
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ÂËÈßÍÈÅ ÀÍÈÇÎÒÐÎÏÈÈ ÍÀ ÑÂßÇÀÍÍÎÑÒÜ
ÈÇÃÈÁÍÎ-ÊÐÓÒÈËÜÍÛÕ ÊÎËÅÁÀÍÈÉ

ÒÎÍÊÎÑÒÅÍÍÛÕ ÑÒÅÐÆÍÅÉ ÇÀÌÊÍÓÒÎÃÎ ÏÐÎÔÈËß

Ðÿáîâ Â.Ì.1, ßðöåâ Á.À.2
1 Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

2 ÖÍÈÈ èì.àêàä.À.Í.Êðûëîâà, Ñàíêò-Ïåòåðáóðã
riabov@VR1871.spb.edu

Îáñóæäàåòñÿ âîçìîæíîñòü óïðàâëåíèÿ èíåðöèîííîé ñâÿçàííîñòüþ ñîáñòâåííûõ èç-
ãèáíî-êðóòèëüíûõ êîëåáàíèé òîíêîñòåííûõ ñòåðæíåé èç ïîëèìåðíûõ êîìïîçèöèîííûõ
ìàòåðèàëîâ çà ñ÷åò èñïîëüçîâàíèÿ íåêëàññè÷åñêèõ ýôôåêòîâ, âîçíèêàþùèõ â àíèçî-
òðîïíûõ ñòðóêòóðàõ.

Èñïîëüçîâàíèå ýíåðãåòè÷åñêîãî ïîäõîäà ïîçâîëèëî ââåñòè â êà÷åñòâå ìåðû ñâÿçàííî-
ñòè äâà êîýôôèöèåíòà, èíòåãðàëüíî ó÷èòûâàþùèå âëèÿíèå ãåîìåòðèè, à òàêæå ñòðóê-
òóðû àðìèðîâàíèÿ íà ïàðàìåòðû äèíàìè÷åñêîãî îòêëèêà êîíñòðóêöèè. Ïåðâûé èç íèõ
õàðàêòåðèçóåò óïðóãóþ, à âòîðîé � èíåðöèîííóþ ñâÿçàííîñòè ñîáñòâåííûõ ôîðì.

×èñëåííûå ýêñïåðèìåíòû âûïîëíåíû äëÿ êîíñîëüíîãî ñòåðæíÿ àâèàöèîííîãî ïðî-
ôèëÿ, îáðàçîâàííîãî ñîâîêóïíîñòüþ ñëîåâ âûñîêîìîäóëüíîãî óãëåïëàñòèêà. Óñòàíîâëå-
íî, ÷òî â çàâèñèìîñòè îò îðèåíòàöèè àðìèðóþùèõ âîëîêîí âîçìîæíî êàê óâåëè÷åíèå,
òàê è óìåíüøåíèå (âïëîòü äî ïîëíîãî ïîäàâëåíèÿ) èíåðöèîííîé ñâÿçàííîñòè âçàèìî-
äåéñòâóþùèõ ìîä êîëåáàíèé, äîñòèãàåìîå ëèáî çà ñ÷åò èõ âçàèìíîé òðàíñôîðìàöèè,
ëèáî çà ñ÷åò âîçíèêàþùåé â ìàòåðèàëå óïðóãîé ñâÿçàííîñòè.

Ryabov V.M., Yartsev B.A. In�uence of anisotropy on coherence of natural �exural-torsion
vibrations of thin-walled bars of closed pro�le.

An opportunity of management by inertial coherence of natural �exural-torsion vibrations of
thin-walled polymer composite bars due to use of the nonclassical e�ects arising in anisotropic
structures is discussed.

Energetic approach permits to enter as a measure of coherence of two factors, considering as a
whole in�uence of geometry and also structure of reinforcing on parameters of the dynamic response
of a construction. First of them characterizes elastic, and the second � inertial coherence of natural
�exural-torsion vibrations.

Numerical experiments are executed for a console bar of an aviation pro�le, formed by set of
high module carbon �bre reinforced plastic layers. It is established, that depending on orientation of
reinforcing �bres probably both increase, and reduction (down to full suppression) inertial coherence
of coupled vibrations, reachable or due to their mutual transformation, or due to arising in a material
of elastic coherence.
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ÏÎÑÒÐÎÅÍÈÅ ÌÎÄÅËÈ ÍÀÍÎÒÐÓÁÎÊ È ÔÓËËÅÐÅÍÀ

Òîâñòèê Ò.Ï.
Èíñòèòóò ïðîáëåì ìàøèíîâåíèÿ ÐÀÍ, Ñàíêò-Ïåòåðáóðã

tovstik_t@mail.ru

Ïðåäëîæåíà ìîäåëü ïàðíîãî ìîìåíòíîãî âçàèìîäåéñòâèÿ, ïîçâîëÿþùàÿ ïîñòðîèòü
óñòîé÷èâóþ ìîäåëü íàíîòðóáêè è ôóëëåðåíà. Ïàðíûé ìîìåíòíûé ïîòåíöèàë ÿâëÿåòñÿ
îáîáùåíèåì íà òðåõìåðíûé ñëó÷àé ïîòåíöèàëà [1], ãäå áûëè ïðîâåäåíû àíàëèòè÷åñêèå
èññëåäîâàíèÿ ïî ïîäáîðó êîíñòàíò Di, ρ â ïîòåíöèàëå. Çäåñü ìû ïðåäëàãàåì ïîòåíöèàë
â âèäå ñóììû òðåõ ñëàãàåìûõ

Ðèñ. 1. Ïðîñòðàíñòâåííàÿ ìîäåëü âçàèìîäåéñòâèÿ àòîìîâ

U = D1

[(ρ

r

)12

− 2
(ρ

r

)6
]

+ D2

(ρ

r

)12

F (ϕ1, ϕ2) + D3

(ρ

r

)12

F (n1, n2) . (1)

Ïåðâîå ñëàãàåìîå â (1) � ïîòåíöèàë Ëåííàðäà-Äæîíñà, âòîðîå � ìîìåíòíûé ïîòåíöèàë
[1], ïîçâîëÿþùèé àòîìàì çàíèìàòü óçëû ãåêñàãîíàëüíîé ðåøåòêè. Òðåòüå ñëàãàåìîå �
ïàðíûé ìîìåíòíûé ïîòåíöèàë, ñëóæàùèé äëÿ îïèñàíèÿ ïðîñòðàíñòâåííûõ äâèæåíèé
àòîìîâ. Ïðè îòêëîíåíèè íîðìàëè àòîìà (ðèñ. 1) ñîçäàåòñÿ âîññòàíàâëèâàþùèé ìîìåíò.
Ïðîâîäÿòñÿ ðàñ÷åòû êîëåáàíèé ìîäåëè íàíîòðóáîê è ôóëëåðåíà.

ËÈÒÅÐÀÒÓÐÀ

[1] Áåðèíñêèé È.Å., Èâàíîâà Å.À., Êðèâöîâ À.Ì., Ìîðîçîâ Í.Ô. Ïðèìåíåíèå ìîìåíòíîãî
âçàèìîäåéñòâèÿ ê ïîñòðîåíèþ óñòîé÷èâîé ìîäåëè êðèñòàëëè÷åñêîé ðåøåòêè ãðàôèòà//
Èçâ. ÐÀÍ. ÌÒÒ. 2007. � 5. Ñ. 6�16.

Tovstik T.P. The construction of stable model of the nanotubes and fulleren.
The model of the graphite nanotubes and fulleren with the pair moment interaction between

the atoms is proposed as the generalization to the 3D case the model of the graphite crystal lattice
with the pair moment potential. The analytical results are supported numerically. Some kinds of
nanotubes and fulleren motion are investigated numerically for arbitrary initial deformations.
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ÊÎËÅÁÀÍÈß ÑÒÅÐÆÍÅÂÎÉ ÑÈÑÒÅÌÛ ÀÒÎÌÍÎ-ÑÈËÎÂÎÃÎ
ÌÈÊÐÎÑÊÎÏÀ (ÀÑÌ) ÍÀ ÎÑÍÎÂÅ ÒÅÎÐÈÈ Ñ.Ï. ÒÈÌÎØÅÍÊÎ

Òóëêèíà À. Í.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

anyatoolkina@mai.ru

Ðàññìàòðèâàåòñÿ çàäà÷à ðàñ÷åòà ñâîáîäíûõ è âûíóæäåííûõ êîëåáàíèé ñèñòåìû äâóõ
êîíñîëåé, íåçàùåìëåííûå îïîðû êîòîðûõ ñîåäèíåíû øàðíèðíî. Òàêàÿ ñèñòåìà áàëîê
ÿâëÿåòñÿ ìîäåëüþ êàíòèëåâåðà ÀÑÌ è èññëåäóåìîãî îáúåêòà.

Ïîñòàíîâêà çàäà÷è îñíîâûâàåòñÿ êàê íà êëàññè÷åñêîì âàðèàíòå òåîðèè, òàê è íà
òåîðèè Ñ.Ï. Òèìîøåíêî.

Ïðîâåäåííûå ðàñ÷åòû ïîêàçûâàþò çàâèñèìîñòü íàïðÿæåííî-äåôîðìèðîâàííîãî ñî-
ñòîÿíèÿ êîíñîëåé îò ðàçëè÷íûõ èñõîäíûõ ãåîìåòðè÷åñêèõ è æåñêîñòíûõ ïàðàìåòðîâ
ñèñòåìû. Ðåçóëüòàòû ðàñ÷åòîâ ïðåäñòàâëåíû â òàáëèöàõ è íà ãðàôèêàõ.

Tulkina A.N. Vibrations of frame structure of a nuclear-power (atomic-powered) microscope
based on Timoshenko theory.

The problem of the free and forced vibrations of two consoles connected by a hinge is considered.
Such system of beams is tip of a microscop model. Statement of a problem is based both on a classical
variant of the theory, and on the theory of S.P. Timoshenko. Results of the calculations show
dependence of the stress-strain state on various parameters. Results of calculations are presented in
tables and on graphics.
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Óñòèíîâ Þ. À., Êóðáàòîâà Í. Â., ×óìàêîâà Å. Ñ.
Þæíûé ôåäåðàëüíûé óíèâåðñèòåò, Ðîñòîâ-íà-Äîíó

nvk@math.rsu.ru

Ïîñòðîåíèå ðåøåíèÿ òðåõìåðíîé çàäà÷è Ñåí-Âåíàíà äëÿ åñòåñòâåííî çàêðó÷åííî-
ãî ñòðåæíÿ (ÅÇÑ) ñ îñåñèììåòðè÷íûì ïîïåðå÷íûì ñå÷åíèåì ñâîäèòñÿ [1] ê ðåøåíèþ
äâóìåðíûõ êðàåâûõ çàäà÷ íà ñå÷åíèÿõ, êîòîðûå ñîîòâåòñòâóþò çàäà÷àì ðàñòÿæåíèÿ-
ñæàòèÿ, êðó÷åíèÿ [2], ÷èñòîãî èçãèáà è èçãèáà ïîïåðå÷íîé ñèëîé. Â ðàáîòå ðàññìàòðè-
âàåòñÿ ñëó÷àé çàäà÷è èçãèáà ïîïåðå÷íîé ñèëîé, êîòîðàÿ, ïî ñóòè, çàâåðøàåò ïîñòðîåíèå
ðåøåíèÿ Ñåí-Âåíàíà äëÿ ÅÇÑ.

Äëÿ èññëåäîâàíèÿ âûáèðàåòñÿ ïîïåðå÷íîå ñå÷åíèå ïðÿìîóãîëüíîé ôîðìû, è ÷èñ-
ëåííîå ðåøåíèå ñòðîèòñÿ ñ ïîìîùüþ ìåòîäà êîíå÷íûõ ýëåìåíòîâ, àäàïòèðîâàííîãî äëÿ
äàííîé çàäà÷è. Ñïåöèôèêà çàäà÷è çàêëþ÷àåòñÿ â òîì, ÷òî â åå âàðèàöèîííîé ïîñòà-
íîâêå ó÷èòûâàåòñÿ ïðåäâàðèòåëüíî ïîñòðîåííîå êîíå÷íî-ýëåìåíòíîå ðåøåíèå çàäà÷è
÷èñòîãî èçãèáà [3], à åäèíñòâåííîñòü ðåøåíèÿ îáåñïå÷èâàåòñÿ âûïîëíåíèåì äîïîëíè-
òåëüíûõ óñëîâèé ñ ïîìîùüþ ìåòîäà ìíîæèòåëåé Ëàãðàíæà.

Ýòè îáñòîÿòåëüñòâà ñóùåñòâåííî óñëîæíÿþò ïðîöåññ äèñêðåòèçàöèè çàäà÷è, ïîëó-
÷åíèÿ àíàëèòè÷åñêèõ âûðàæåíèé ëîêàëüíûõ ìàòðèö. Àâòîðàìè ïðåäëîæåíà ìåòîäèêà
ïðîãðàììèðóåìîé äèñêðåòèçàöèè çàäà÷è, ïîçâîëÿþùàÿ ñäåëàòü ïðîöåññ ìåíåå ñëîæ-
íûì, è ðåçóëüòàò � íàäåæíûì.

Â õîäå êîíå÷íî-ýëåìåíòíîãî èññëåäîâàíèÿ áûëè ïîëó÷åíû ÷èñëåííûå ðåçóëüòà-
òû íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ ñåðèè ñå÷åíèé åñòåñòâåííî çàêðó÷åííî-
ãî ñòåðæíÿ äëÿ ðàçëè÷íûõ çíà÷åíèé êðóòêè, õàðàêòåðèçóþùèõ ñòåïåíü ñêðó÷åííîñòè
ñòåðæíÿ.

Ðàáîòà âûïîëíåíà â ðàìêàõ ãðàíòà ÐÔÔÈ 07-01-00254à.
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Ustinov Yu.A., Kurbatova N.V., Chumakova E.S. Finite element modeling of Saint-
Venant problem for naturally twisted rod bending by transverse force.

For a naturally twisted rod we adapted the �nite element method (FEM) realization taking into
account the FEM solution of the pure bending problem. The distribution of the stresses in deformed
cross-section is presented.
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Ñðåäè òåîðèé ëèíåéíîé è íåëèíåéíîé âÿçêîóïðóãîïëàñòè÷íîñòè è ïîâðåæäàåìîñòè
âñå áîëåå âûñîêîå ìåñòî çàíèìàþò ïîäõîäû ñ ïðèìåíåíèåì îáîáùåííîãî âðåìåíè, êî-
òîðûå ïîñòåïåííî âñå áîëåå ðàçâèâàþòñÿ è íàõîäÿò èñïîëüçîâàíèå äëÿ îïèñàíèÿ ïî-
âåäåíèÿ ðàçíîîáðàçíûõ ñðåä (ïîëèìåðîâ, áåòîíîâ, ìåòàëëîâ, ãðóíòîâ è ãîðíûõ ïîðîä)
ïðè ðàçíûõ ôèçèêî-õèìèêî-ìåõàíè÷åñêèõ âîçäåéñòâèÿõ íà ñðåäû, âûçûâàþùèõ ðàç-
ëè÷íûå ñîñòîÿíèÿ ñðåä, íàïðèìåð, ôèçè÷åñêèå (ñòðóêòóðíûå, ôàçîâûå) ïåðåõîäû, ñòà-
ðåíèå, ïîâðåæäàåìîñòü. Ïðè èñïîëüçîâàíèè êîíöåïöèè îáîáùåííîãî âðåìåíè âàæíûì
ïàðàìåòðîì ÿâëÿåòñÿ ìàñøòàá (ìåðà) âðåìåíè, ôèçè÷åñêàÿ è ìàòåìàòè÷åñêàÿ ôîðìà
(ñîîòâåòñòâèå) êîòîðîãî çàâèñèò îò âèäà ñðåäû è âèäà âîçäåéñòâèÿ. Èçâåñòíû ¾ïðî-
ñòûå¿ è ¾ñëîæíûå¿ ñîîòâåòñòâèÿ, â ÷àñòíîñòè, òåìïåðàòóðíî-âðåìåííîå, âëàãî-, ðàäèà-
öèîííî-, ñòðóêòóðíî-, íàïðÿæåííî-, äåôîðìàöèîííî-âðåìåííîå, êîãäà ìàñøòàá âðåìåíè
çàâèñèò îò îäíîãî ïàðàìåòðà (òåìïåðàòóðû) èëè îò äâóõ ïàðàìåòðîâ (òåìïåðàòóðû è
ëàáîðàòîðíîãî âðåìåíè), ò.å. ÿâëÿåòñÿ ïðîñòîé èëè ñëîæíîé ôóíêöèåé. Äëÿ îïèñàíèÿ
âëèÿíèÿ íåìîíîòîííûõ ïðîöåññîâ âîçäåéñòâèé ïîëó÷åíû åùå áîëåå ñëîæíûå ëèíåéíûå
è íåëèíåéíûå ìàñøòàáû-ôóíêöèîíàëû, èìåþùèå èåðàðõè÷åñêóþ ñòðóêòóðó îïèñàíèÿ,
ïðè èñïîëüçîâàíèè ìàñøòàáà-ôóíêöèè ïðè ìîíîòîííîì âîçäåéñòâèè è ôóíêöèè (ôóíê-
öèîíàëà) ó÷èòûâàþùåé íåìîíîòîííîñòü. Äëÿ ñðåä ñ ôèçè÷åñêèìè ïåðåõîäàìè (íàïðè-
ìåð, òåìïåðàòóðíî-âðåìåííûìè) ìàñøòàá èìååò òî÷êè ïåðåõîäà. Åãî óäîáíî ïðèìåíÿòü
äëÿ öåëåé ïðîãíîçèðîâàíèÿ (ýêñòðàïîëèðîâàíèÿ) ïîâåäåíèÿ ñðåäû íà äàëåêèå è ìàëûå
âðåìåíà. Â îáëàñòè òåêó÷åñòè ðîëü âðåìåíè ìîæåò èãðàòü äåôîðìàöèÿ (ïî ýíäîõðîí-
íîé êîíöåïöèè Èëüþøèíà è Âàëàíèñà) ñ ñîîòâåòñòâóþùèì ìàñøòàáîì, çàâèñÿùèì îò
äåôîðìàöèè (è âðåìåíè). Ôèçè÷åñêèé ñìûñë ïëîòíîñòè èñòî÷íèêîâ ýíòðîïèè èìååò
ìàñøòàá ¾òåðìîäèíàìè÷åñêîãî¿ âðåìåíè Âàêóëåíêî. Çàâèñÿùèé îò ëàáîðàòîðíîãî âðå-
ìåíè ìàñøòàá Áóãàêîâà ó÷èòûâàåò ñòàðåíèå. Íàìè ïîëó÷åíû ìàñøòàáû âðåìåíè äëÿ
òåîðèè íåëèíåéíîé âÿçêîóïðóãîñòè Áîëüöìàíà-Âîëüòåððà-Ïåðñî è ìîäèôèöèðîâàííûõ
íåëèíåéíûõ óðàâíåíèé ïîëçó÷åñòè Ðàáîòíîâà è Ìîñêâèòèíà â ñëó÷àå íåìîíîòîííîãî
èçìåíåíèÿ íàïðÿæåíèÿ.

Fedorovsky G.D. About scaling time in the mechanics of deformation and damageability.
The comparative analysis of ¾simple¿, ¾complex¿ and ¾functional¿ scaling of time in the

mechanics of deformable media is spent in case of di�erent physics-chemics-mechanics in�uences.
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Çàäà÷à î ïîòåðå óñòîé÷èâîñòè êîëüöåâîé ïëàñòèíêè ïðåäñòàâëÿåò èíòåðåñ â ñâÿçè
ñ òåì, ÷òî êîëüöåâàÿ ïëàñòèíêà ìîæåò ðàññìàòðèâàòüñÿ êàê ìîäåëü øïàíãîóòà, ïîä-
êðåïëÿþùåãî îáîëî÷êó âðàùåíèÿ. Ïîäêðåïëåííûå îáîëî÷êè øèðîêî èñïîëüçóþòñÿ â
òåõíèêå è ñòðîèòåëüñòâå.

Ðàññìàòðèâàåòñÿ ïîòåðÿ óñòîé÷èâîñòè êîëüöåâîé ïëàñòèíêè ïîä äåéñòâèåì ðàäèàëü-
íûõ óñèëèé, ðàâíîìåðíî ðàñïðåäåëåííûõ ïî âíóòðåííåìó èëè âíåøíåìó êîíòóðó. Â ðà-
áîòå Ìàíñôèëäà [1] áûëî ïîëó÷åíî àíàëèòè÷åñêîå ðåøåíèå óðàâíåíèÿ, îïèñûâàþùå-
ãî ïîòåðþ óñòîé÷èâîñòè êîëüöåâîé ïëàñòèíêè, îäíàêî ýòà ðàáîòà èìååò ñóùåñòâåííûé
íåäîñòàòîê. Èñïîëüçóåìûå â íåé íà÷àëüíûå íàïðÿæåíèÿ íå óäîâëåòâîðÿþò ãðàíè÷íûì
óñëîâèÿì, êîòîðûå îáû÷íî âñòðå÷àþòñÿ íà ïðàêòèêå.

Â äàííîé ðàáîòå ïîëó÷åíî óðàâíåíèå óñòîé÷èâîñòè êîëüöåâîé ïëàñòèíêè äëÿ ðå-
àëüíûõ íà÷àëüíûõ íàïðÿæåíèé, âîçíèêàþùèõ â øïàíãîóòàõ. Ýòî óðàâíåíèå íå èìååò
àíàëèòè÷åñêîãî ðåøåíèÿ. Äëÿ óçêèõ ïëàñòèíîê ñ ïîìîùüþ àñèìïòîòè÷åñêèõ ìåòîäîâ
ïîëó÷åíû ïðèáëèæåííûå ôîðìóëû äëÿ âû÷èñëåíèÿ êðèòè÷åñêèõ íàãðóçîê è ôîðì ïîòå-
ðè óñòîé÷èâîñòè. Ïîêàçàíî, ÷òî çàìåíà íà÷àëüíûõ íàïðÿæåíèé Ìàíñôèëäà ðåàëüíûìè
íàïðÿæåíèÿìè ìîæåò ïðèâåñòè ê óìåíüøåíèþ êðèòè÷åñêîé íàãðóçêè â 20 ðàç. Äîñòî-
âåðíîñòü ïîëó÷åííûõ ðåçóëüòàòîâ ïîäòâåðæäàåòñÿ ïóòåì ÷èñëåííîãî èíòåãðèðîâàíèÿ
óðàâíåíèé óñòîé÷èâîñòè ìåòîäîì ïðîãîíêè.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòà ÐÔÔÈ � 07.01.00250a.

ËÈÒÅÐÀÒÓÐÀ

[1] Mans�eld E.H. On the buckling of an annular plate // Quart. J. Mech. and Applied Math.
1960. Vol. 13. P. 16�23.

Filippov S.B. Buckling of an annular plate.
Buckling of an annular plate under action of the radial load uniformly distributed on inner

or outer circle of the plate is considered. For narrow plates by means of asymptotic methods the
approximate formulas for calculation of critical loadings and buckling modes are received.

The problem of buckling of an annular plate is of interest in connection with buckling of sti�ened
shell of rotation because such plate can be considered as model of the supporting frame of the shell.
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Ïîòðåáíîñòè ñîâðåìåííîé òåõíèêè âî ìíîãèõ ñëó÷àÿõ òðåáóþò èññëåäîâàíèÿ íàïðÿ-
æåííî�äåôîðìèðîâàííîãî ñîñòîÿíèÿ êîíñòðóêöèé, êîòîðûå ïîäâåðãàþòñÿ âîçäåéñòâèþ
èçìåíÿþùèõñÿ âî âðåìåíè òåìïåðàòóð. Ñëîæíîñòü ãåîìåòðè÷åñêèõ ôîðì êîíñòðóê-
òèâíûõ ýëåìåíòîâ íàðÿäó ñî ñëîæíûì õàðàêòåðîì óïîìÿíóòûõ âîçäåéñòâèé òðåáóþò
ðàçâèòèÿ èññëåäîâàíèé íåñòàöèîíàðíûõ çàäà÷ òåðìîóïðóãîñòè, ñâÿçàííûõ ñî ñòðîãèì
óäîâëåòâîðåíèåì ãðàíè÷íûõ óñëîâèé ïî âñåé ãðàíèöå îáëàñòè ïðè ïðîèçâîëüíîì ðàñ-
ïðåäåëåíèè â íåé òåïëîâûõ ïîëåé.

Â íàñòîÿùåé ðàáîòå äëÿ ðåøåíèÿ çàäà÷è â ñëó÷àå ïðîèçâîëüíîé ãåîìåòðèè ãðàíèöû
îáëàñòè èñïîëüçóåòñÿ ìåòîä ãðàíè÷íûõ èíòåãðàëüíûõ óðàâíåíèé (ÃÈÓ), êîòîðûé ðåà-
ëèçîâàí â äâà ýòàïà. Íà ïåðâîì ýòàïå ïîëó÷åíî ðåøåíèå êðàåâîé çàäà÷è òåïëîïðîâîä-
íîñòè ñ ïðèìåíåíèåì ïðåîáðàçîâàíèÿ Ëàïëàñà, âòîðîé ôîðìóëû Ãðèíà è êâàäðàòóðíûõ
ôîðìóë ïîñðåäñòâîì ðàçáèåíèÿ ãðàíèöû íà ìíîæåñòâî ñåãìåíòîâ, êîòîðûå ïîçâîëÿþò
âûïîëíèòü ïåðåõîä îò ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé ê èõ äèñêðåòíûì àíàëîãàì.
Ñ èõ ïîìîùüþ îïðåäåëåíû çíà÷åíèÿ òðàíñôîðìàíòû Ëàïëàñà òåìïåðàòóðû êàê ôóíê-
öèè ïàðàìåòðà ïðåîáðàçîâàíèÿ. Äëÿ ïîëó÷åíèÿ îêîí÷àòåëüíîãî ðåøåíèÿ ïðîâîäèòñÿ
îáðàùåíèå ïðåîáðàçîâàíèÿ Ëàïëàñà. Èñêîìàÿ ôóíêöèÿ îò âðåìåíè ïðèáëèæåííî ïðåä-
ñòàâëÿåòñÿ â âèäå ïîëèíîìà, êîýôôèöèåíòû êîòîðîãî îïðåäåëÿþòñÿ ïóòåì åãî ïðåîá-
ðàçîâàíèÿ ïî Ëàïëàñó è ñðàâíåíèÿ ñ ïîëó÷åííûì ðàíåå èçîáðàæåíèåì ôóíêöèè äëÿ
òåìïåðàòóðû. Íà âòîðîì ýòàïå ðåøàåòñÿ çàäà÷à òåðìîóïðóãîñòè. Ïîëó÷åííûå ïðè ýòîì
èíòåãðàëüíûå óðàâíåíèÿ èìåþò âèä óðàâíåíèé Ôðåäãîëüìà ïåðâîãî èëè âòîðîãî ðî-
äà â çàâèñèìîñòè îò êîíêðåòíîé êðàåâîé çàäà÷è. Äëÿ ÷èñëåííîãî ðåøåíèÿ ïîñòðîåí-
íûõ èíòåãðàëüíûõ óðàâíåíèé àïïðîêñèìèðóåòñÿ ãåîìåòðèÿ ðàññìàòðèâàåìîé îáëàñòè
è âõîäÿùèå â ÃÈÓ êðàåâûå ôóíêöèè. Àïïðîêñèìàöèÿ ïî âðåìåíè ãðàíè÷íûõ ôóíêöèé
îñóùåñòâëÿåòñÿ ñ ïîìîùüþ èíòåðïîëÿöèè îòíîñèòåëüíî âðåìåííûõ óçëîâ íà çàäàííîì
èíòåðâàëå âðåìåíè. Â õîäå ïîøàãîâîãî ïðîäâèæåíèÿ ïî âðåìåíè íàéäåíû íåèçâåñòíûå
ãðàíè÷íûå ïåðåìåùåíèÿ è íàïðÿæåíèÿ. Íà îñíîâàíèè ïîñòðîåííîãî àëãîðèòìà ðàçðà-
áîòàíà ïðîãðàììà ðåøåíèÿ äàííîé çàäà÷è íà ÏÝÂÌ. Ïðîâåäåííûå ðàñ÷åòû òåñòîâûõ
çàäà÷ äëÿ ðÿäà ïðîñòûõ îáëàñòåé ñâèäåòåëüñòâóþò î âûñîêîé òî÷íîñòè ìåòîäà.

Khvisevich V.M., Veremejchik A.I. On the algorithm of the numerical solution of decoupled
two-dimensional boundary value problems of non-stationary thermoelasticity.

The method of boundary integral equations is used to develop the algorithm of solution of
coupled two-dimensional problems of non-stationary thermoelasticity of homogeneous isotropic
bodies.

195



ÑÅÊÖÈß IV. ÌÅÕÀÍÈÊÀ ÄÅÔÎÐÌÈÐÓÅÌÎÃÎ ÒÂÅÐÄÎÃÎ ÒÅËÀ

ÌÎÄÅËÈÐÎÂÀÍÈÅ ÏÐÎÖÅÑÑÀ ÎÕËÀÆÄÅÍÈß ÍÀÃÐÅÒÎÉ
ÑÒÀËÜÍÎÉ ÏËÀÑÒÈÍÊÈ Â ÊÎÍÅ×ÍÎ � ÝËÅÌÅÍÒÍÎÌ ÌÎÄÓËÅ

ANSYS CFX

Þðêåâè÷ Ê. Ñ., Áîñÿêîâ Ñ. Ì.
Áåëîðóññêèé ãîñóäàðñòâåíûé óíèâåðñèòåò, Ìèíñê

kirill.bsu@gmail.com

Îäíîé èç ïðîáëåì, âîçíèêàþùèõ ïðè òåðìîîáðàáîòêå èçäåëèé, ÿâëÿåòñÿ ïîäáîð îï-
òèìàëüíûõ óñëîâèé îõëàæäåíèÿ çàêàëÿåìûõ äåòàëåé ñ ó÷åòîì äåôîðìàöèé, âîçíèêà-
þùèõ â çàãîòîâêå ïîñëå îõëàæäåíèÿ. Òðàäèöèîííî òàêîé àíàëèç îñóùåñòâëÿåòñÿ ýêñ-
ïåðèìåíòàëüíûìè ìåòîäàìè ñ ïðèìåíåíèåì ðàçðóøàþùèõ ìåòîäîâ êîíòðîëÿ è ìåòàë-
ëîãðàôèè, ÷òî ñâÿçàíî ñ áîëüøèìè çàòðàòàìè âðåìåíè è ìàòåðèàëüíûõ ñðåäñòâ. Îñ-
íîâíîé öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ïðîâåäåíèå âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ
ïî îïðåäåëåíèþ îñòàòî÷íûõ äåôîðìàöèé, âîçíèêàþùèõ â ìåòàëëè÷åñêèõ ïëàñòèíêàõ
ïîñëå îõëàæäåíèÿ.

Íà ïåðâîì ýòàïå ýêñïåðèìåíòà ïðîâîäèëñÿ íåñòàöèîíàðíûé àíàëèç òåìïåðàòóðíûõ
ïîëåé, âîçíèêàþùèõ â ñòàëüíîé ïëàñòèíêå ïðè îõëàæäåíèè åå â âîäíîé ñðåäå ñ èñïîëü-
çîâàíèåì ôóíêöèîíàëüíûõ âîçìîæíîñòåé êîíå÷íî-ýëåìåíòíîãî ïàêåòà ANSYS CFX. Â
ðåçóëüòàòå ïîëó÷åíû çíà÷åíèÿ òåìïåðàòóðû äëÿ òî÷åê ïëàñòèíêè â çàâèñèìîñòè îò
âðåìåíè îõëàæäåíèÿ, êîòîðûå èñïîëüçîâàíû íà âòîðîì ýòàïå âû÷èñëèòåëüíîãî ýêñ-
ïåðèìåíòà äëÿ ôîðìóëèðîâêè ãðàíè÷íûõ óñëîâèé ïðè ñòàòè÷åñêîì àíàëèçå ìîäåëè â
êîíå÷íî-ýëåìåíòíîì êîìïëåêñå ANSYS Multiphysics è íàõîæäåíèÿ ðàñïðåäåëåíèé ïåðå-
ìåùåíèé è íàïðÿæåíèé â ïëàñòèíêå.

Íà îñíîâàíèè ïîëó÷åííûõ êà÷åñòâåííûõ è êîëè÷åñòâåííûõ äàííûõ î íàïðÿæåííî
� äåôîðìèðîâàííîì ñîñòîÿíèè ïëàñòèíîê ñôîðìóëèðîâàíû ðåêîìåíäàöèè ïî ïîäáîðó
ïàðàìåòðîâ ðåæèìîâ îõëàæäåíèÿ è óñëîâèé çàêðåïëåíèÿ îáðàçöîâ, ïîçâîëÿþùèå óñòðà-
íèòü èëè ìèíèìèçèðîâàòü îñòàòî÷íûå äåôîðìàöèè.

Yurkevich K.S., Bosiakov S.M. The modeling of cooling process of the heated steel plate
using �nite � element module ANSYS CFX.

In the present paper results of computing experiments by de�nition of �elds of temperatures
and the residual deformations arising in metal plates with apertures at cooling are submitted.
Calculations are carried out with use of �nite � element module ANSYS CFX and ANSYS
Multiphysics.
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Òîëùèíà ðîãîâèöû ÿâëÿåòñÿ âàæíûì ïîêàçàòåëåì, êîòîðûé íåîáõîäèìî ó÷èòûâàòü
ïðè ïëàíèðîâàíèè ðåôðàêöèîííûõ îïåðàöèé è èçìåðåíèè âíóòðèãëàçíîãî äàâëåíèÿ.
Èçâåñòíî òðè ñïîñîáà èçìåðåíèÿ òîëùèíû ðîãîâèöû æèâîãî ãëàçà � êåðàòîïàõèìåò-
ðèè: îïòè÷åñêèé, óëüòðàçâóêîâîé è èíòåðôåðîìåòðè÷åñêàÿ òîìîãðàôèÿ. 60 ïàöèåíòîâ
ñ íîðìàëüíûì çðåíèåì (ýììåòðîïèåé) è àìåòðîïèåé áåç ïàòîëîãèé áûëè ïîäâåðãíóòû
ñòàíäàðòíîìó îôòàëüìîëîãè÷åñêîìó îáñëåäîâàíèþ, âêëþ÷àþùåìó êåðàòîïàõèìåòðèþ:
óëüòðàçâóêîâóþ (ÓÇ) (D6H-5100, Humphrey), îïòè÷åñêóþ (îïòèêî-ñåêóùàÿ êåðàòîïàõè-
ìåòðèÿ (ÐÅÍÒÀÊÀÌ (¾Ocubu¿)) è êîãåðåíòíóþ òîìîãðàôèþ 800 íì (OCT-¾Visante¿
� Carl Zeiss � Meditec). Âîçðàñò ïàöèåíòîâ áûë îò 18 äî 60 ëåò. Ðåçóëüòàòû êåðàòîïà-
õèìåòðèè äëÿ ðàçëè÷íûõ ìåòîäîâ ñëåäóþùèå. ÓÇ êåðàòîïàõèìåòðèÿ ïîêàçàëà ñðåäíåå
çíà÷åíèå òîëùèíû ðîãîâèöû â öåíòðàëüíîé çîíå (CCT � central corneal thickness) �
541,0 ± 33,4 ìêì; îïòè÷åñêàÿ êåðàòîïàõèìåòðèÿ äàåò ÑÑÒ � 560,0 ±30,5 ìêì; ìåòîäîì
êîãåðåíòíîé òîìîãðàôèè ïîëó÷àåòñÿ ÑÑÒ � 524,6 ±30,8 ìêì. Ñòàòèñòè÷åñêè çíà÷è-
ìûå ðàçëè÷èÿ â ÑÑÒ âî âñåõ òðåõ ãðóïïàõ îáúÿñíÿþòñÿ ôèçè÷åñêèìè îñîáåííîñòÿìè
ñïîñîáîâ èçìåðåíèé.

Balashevich L.I., Kachanov A.B., Bauer S.M., Zimin B.A. The comparative analysis of
di�erent methods for measurement of the central corneal thickness.

The data on the corneal thicknesses measured for a group of 60 patients by means of three
di�erent methods are reported. The disagreements in results of measurements due to di�erent
methods are discussed.
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Òîíîìåòð Ìàêëàêîâà îöåíèâàåò âíóòðèãëàçíîå äàâëåíèå ïî äèàìåòðó çîíû êîíòàêòà
ðîãîâèöû è ãðóçà c ïëîñêèì îñíîâàíèåì îïðåäåëåííîé ìàññû (îáû÷íî 10 ã). Ìàòåìàòè-
÷åñêàÿ ìîäåëü èçìåðåíèÿ ÂÃÄ ïî ìåòîäó Ìàêëàêîâà, ó÷èòûâàþùàÿ ñâîéñòâà ñêëåðû è
ðîãîâèöû, îïèñàíà â ðàáîòå [1]. Ïðè ýòîì ãëàçíîå ÿáëîêî ìîäåëèðóåòñÿ äâóìÿ ñôåðè÷å-
ñêèìè ñåãìåíòàìè. Ñîñòàâíàÿ îáîëî÷êà çàïîëíåíà íåñæèìàåìîé æèäêîñòüþ. Èçâåñòíî,
÷òî ìîäóëü óïðóãîñòè ðîãîâèöû ìíîãî ìåíüøå ìîäóëÿ Þíãà äëÿ ñêëåðû, ïîýòîìó ðîãî-
âèöà ìîäåëèðóåòñÿ ìÿãêîé îáîëî÷êîé. Â ðåàëüíîñòè áëèçîðóêèå è äàëüíîçîðêèå ãëàçà
èìåþò îòêëîíåíèÿ îò ñôåðè÷åñêîé ôîðìû. Â ñâÿçè ñ ýòèì â äàííîé ðàáîòå ãëàçíîå ÿá-
ëîêî ìîäåëèðóåòñÿ ïðè òåõ æå ïðåäïîëîæåíèÿõ, ÷òî è â ðàáîòå [1], íî è ñêëåðà, è ðîãî-
âèöà ìîäåëèðóþòñÿ ñåãìåíòîì áîëåå îáùåé ôîðìû � ýëëèïñîèäàëüíûì. Êàê è ïðåæäå,
îáîëî÷êà çàïîëíåíà íåñæèìàåìîé æèäêîñòüþ, íàõîäÿùåéñÿ ïîä äàâëåíèåì. Ðîãîâèöà
ïîäâåðãàåòñÿ áîëüøèì äåôîðìàöèÿì, ïîýòîìó åå ñîñòîÿíèå îïèñûâàåòñÿ íåëèíåéíûìè
óðàâíåíèÿìè ìÿãêèõ (áåçìîìåíòíûõ) îáîëî÷åê. Ñêëåðà â ïðîöåññå äåôîðìàöèè ëèøü
íåçíà÷èòåëüíî ðàñòÿãèâàåòñÿ, ïîýòîìó äåôîðìàöèÿ ñêëåðû òàêæå îïèñûâàåòñÿ óðàâ-
íåíèÿìè áåçìîìåíòíîé òåîðèè. Èññëåäóåòñÿ, êàê ìîãóò ìåíÿòüñÿ ïîêàçàòåëè ÂÃÄ ïðè
èçìåíåíèè ôîðìû ãëàçíîãî ÿáëîêà.

Ïðîâåäåíû ðàñ÷åòû ïðè ðàçëè÷íûõ ìåõàíè÷åñêèõ è ãåîìåòðè÷åñêèõ ïàðàìåòðàõ
êîðíåîñêëåðàëüíîé îáîëî÷êè. Ïîëó÷åíî, ÷òî ïîêàçàòåëè ÂÃÄ ïðàêòè÷åñêè íå çàâèñÿò
îò ôîðìû ñêëåðû, íî âåëè÷èíà èññëåäóåìîãî íà÷àëüíîãî âíóòðèãëàçíîãî äàâëåíèÿ òåì
ìåíüøå, ÷åì áîëåå âûòÿíóòà ðîãîâèöà âäîëü ïåðåäíå-çàäíåé îñè ãëàçà, ïðè ðàâíûõ çî-
íàõ êîíòàêòà ãðóçà è ðîãîâèöû. Òî åñòü ïðè ìèîïèè, ñâÿçàííîé ñ áîëüøîé êðèâèçíîé
ðîãîâèöû, ïîêàçàòåëè ÂÃÄ ìîãóò áûòü çàâûøåííûìè.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòà ÐÔÔÈ �07-01-00250a.

ËÈÒÅÐÀÒÓÐÀ

[1] Áàóýð Ñ.Ì., Ëþáèìîâ Ã.À., Òîâñòèê Ï.Å. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ìåòîäà Ìàêëà-
êîâà èçìåðåíèÿ âíóòðèãëàçíîãî äàâëåíèÿ // Èçâåñòèÿ ÐÀÍ ¾Ìåõàíèêà æèäêîñòè è ãàçà¿.
2005. � 1. Ñ. 24�39.

Bauer S.M., Tipyasev A.S. The e�ect of the shapes of cornea and sclera on the intraocular
pressure reading .

A model of the applanation method for measurement of the IOP is considered in asumption
that the cornea and sclera are the parts of elliptic shells.
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Ðàçðàáîòàí áèîìåõàíè÷åñêèé ìåòîä èññëåäîâàíèÿ àðòåðèàëüíûõ ñîñóäîâ, ïîçâîëÿþ-
ùèé ïðîâîäèòü äèàãíîñòèêó èõ ñîñòîÿíèÿ ïðè êîððåêöèè. Ýòîò èíòåãðàëüíûé êîìïüþ-
òåðíûé ìåòîä èññëåäîâàíèÿ íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ (ÍÄÑ) â ðåàëü-
íîì ìàñøòàáå âðåìåíè ïðåäñòàâëÿåò ñèìáèîç áèîìåõàíè÷åñêîãî êîìïüþòåðíîãî ìîäå-
ëèðîâàíèÿ è àíàëèçà áèîëîãè÷åñêèõ ñòðóêòóð ïî äàííûì êëèíè÷åñêèõ (òîìîãðàôè÷å-
ñêîãî, àíãèîãðàôè÷åñêîãî, ýõîãðàôè÷åñêîãî) èññëåäîâàíèé. Èññëåäîâàíèÿ íåîáõîäèìû
äëÿ ñîâåðøåíñòâîâàíèÿ òåõíîëîãèé âíîâü ðàçðàáàòûâàåìûõ õèðóðãè÷åñêèõ îïåðàöèé
è âûáîðà îáîñíîâàííîãî ìåòîäà ëå÷åíèÿ ïðè âûïîëíåíèè òðàäèöèîííûõ îïåðàöèé. Ïî
êëèíè÷åñêèì äàííûì îïðåäåëÿþòñÿ ãåîìåòðè÷åñêèå ïàðàìåòðû ñîñóäà. Ïðèâåäåííûé
ìîäóëü íîðìàëüíîé óïðóãîñòè è äîïóñêàåìûå íàïðÿæåíèÿ â ñòðóêòóðàõ àíàëîãè÷íîãî
ñîñóäà îïðåäåëåíû in vitro íà îáðàçöàõ, ïîìåùåííûõ â ðàñòâîð Êðåáñà ïîñëå èññå÷åíèÿ
âî âðåìÿ õèðóðãè÷åñêèõ îïåðàöèé.

Âû÷èñëåíèÿ ÍÄÑ â ñîñóäàõ ïðîâåäåíû â êîíå÷íî-ýëåìåíòíîì ïàêåòå Cosmos Works,
èíòåãðèðîâàííîì â CAD � ñèñòåìó Solid Works. Äëÿ àíàëèçà èñïîëüçóþòñÿ ëèíåéíûå
òåòðàýäàëüíûå ýëåìåíòû.

Ïîñòðîåíû ñîäåðæàòåëüíûå è êîìïüþòåðíûå ìîäåëè: à) äèëàòàöèè ñòåíîçèðîâàííûõ
àðòåðèé â îáùåì ñëó÷àå íåðàâíîìåðíîãî ïðîôèëÿ ñ êðèâîëèíåéíûìè ñåãìåíòàìè; á) àð-
òåðèàëüíûõ ñîñóäîâ, ïîðàæåííûõ àíåâðèçìîé; â) êîàðêòàöèè àîðòû. Ïðîâåäåíû èññëå-
äîâàíèÿ âëèÿíèÿ ãåîìåòðè÷åñêèõ ïàðàìåòðîâ è ìåõàíè÷åñêèõ ñâîéñòâ ðàññìîòðåííûõ
àðòåðèàëüíûõ ñîñóäîâ íà ÍÄÑ. Ðàçðàáîòàíû ìåòîäèêè, ïîçâîëÿþùèå ïðîãíîçèðîâàòü
êðèòè÷åñêîå ñîñòîÿíèå àíåâðèçì è ðåçóëüòàòû ýíäîâàñêóëÿðíûõ ðåíòãåíîõèðóðãè÷å-
ñêèõ îïåðàöèé ïðè äèëàòàöèè è ñòåíòèðîâàíèè àðòåðèàëüíûõ êðîâåíîñíûõ ñîñóäîâ.

Begun P.I., Krivohizina O.V. On the stress�strain state of vessels.
The biomechanical method of diagnostics of the state of vessels in health and disease and under

surgery is developed.
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Îäíèì èç àêòóàëüíûõ íàïðàâëåíèé ñîâðåìåííîé îðòîïåäè÷åñêîé ñòîìàòîëîãèè ÿâ-
ëÿåòñÿ ïðîåêòèðîâàíèå îðòîäîíòè÷åñêèõ àïïàðàòîâ, ïðåäíàçíà÷åííûõ äëÿ èñïðàâëåíèÿ
äåôåêòîâ è àíîìàëèé â ïðèêóñå, ñ ó÷åòîì ôóíêöèîíàëüíîãî ñîñòîÿíèÿ ïåðèîäîíòà è èí-
äèâèäóàëüíûõ îñîáåííîñòåé ïàöèåíòîâ. Â íàñòîÿùåé ðàáîòå ïðåäñòàâëåíû ðåçóëüòàòû
êîíå÷íî-ýëåìåíòíûõ ðàñ÷åòîâ íàïðÿæåíèé è ïåðåìåùåíèé, âîçíèêàþùèõ â ñòåðæíÿõ
îðòîäîíòè÷åñêîãî àïïàðàòà ñ ÷åòûðüìÿ êîðîíêàìè, â ðåçóëüòàòå ðàñêðó÷èâàíèÿ âèíòà.
Âû÷èñëåíèÿ ïðîâåäåíû â ïðîãðàììíîé ñðåäå ANSYS Workbench äëÿ àïïàðàòîâ ñ ðàç-
ëè÷íûìè óãëàìè íàêëîíà ñòåðæíåé, ðàçëè÷íûìè äèàìåòðàìè è äëèíàìè ñòåðæíåé äëÿ
ñëó÷àåâ, êîãäà êîíñòðóêöèÿ âûïîëíåíà èç ñïëàâîâ ñòàëè èëè òèòàíà. Ãðàíè÷íûå óñëî-
âèÿ ñîîòâåòñòâîâàëè æåñòîêîìó çàêðåïëåíèþ êîðîíîê íà çóáàõ. Âëèÿíèå ñîïðîòèâëåíèÿ
êîñòíîé òêàíè è ïåðèîäîíòà, ïðåïÿòñòâóþùèõ ïåðåìåùåíèþ êîðíÿ çóáà ïî íàïðàâëå-
íèÿì îñåé êîîðäèíàò, â õîäå ðàñ÷åòà ó÷èòûâàëîñü ïîñðåäñòâîì ðàçëè÷íûõ êîýôôèöè-
åíòîâ æåñòêîñòè. Çíà÷åíèÿ ïåðåìåùåíèé ïëàñòèíîê àïïàðàòà, ñâÿçàííûõ âèíòîì, ïî
îòíîøåíèþ ê âåðòèêàëüíîé ïëîñêîñòè, ðàñïîëîæåííîé ïîñåðåäèíå âèíòà, çàäàâàëèñü
èç äèàïàçîíà îò íóëÿ äî 2 ìì.

Ãåíåðàöèÿ òðåõìåðíûõ òâåðäîòåëüíûõ ìîäåëåé îñóùåñòâëåíà íà îñíîâàíèè áàçî-
âîé ïàðàìåòðè÷åñêîé ìîäåëè îðòîäîíòè÷åñêîãî àïïàðàòà, ðàçðàáîòàííîé â CAD-ïàêåòå
CATIA è ïîçâîëÿþùåé â èíòåðàêòèâíîì ðåæèìå èçìåíÿòü ïîëîæåíèå öåíòðîâ îñíîâà-
íèÿ êîðîíîê, äèàìåòðû êîðîíîê, òî÷êè çàêðåïëåíèÿ ñòåðæíåé ïî âûñîòå è ïî äëèíå
äóãè êîðîíêè.

Ïîëó÷åííûå ðåçóëüòàòû íåïîñðåäñòâåííî èñïîëüçîâàíû â ïðàêòè÷åñêîé äåÿòåëüíî-
ñòè ñòîìàòîëîãè÷åñêèõ ëàáîðàòîðèé Áåëîðóññêîãî ãîñóäàðñòâåííîãî ìåäèöèíñêîãî óíè-
âåðñèòåòà ïðè ïðîåêòèðîâàíèè îðòîäîíòè÷åñêèõ àïïàðàòîâ äëÿ èñïðàâëåíèÿ ïðèêóñà ó
ïàöèåíòîâ ñ ðàñùåëèíîé íåáà.

Bosiakov S.M., Dosta A.N. Parametric modeling and �nite-element analysis of the stress-
deformed condition of the orthodontic appliances with four crowns.

In the present paper results of development of parametrical model of the orthodontic appliance
with four crowns and the screw are submitted on the basis of functionalities CAD-complex CATIA.
For various models of appliances in program ANSYS Workbench calculations of displacements and
stresses arising in rods of a constructions, under action of kinematic loading are carried out.
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Î ÌÎÄÅËßÕ ÎÁÎËÎ×ÊÈ ÃËÀÇÀ ÄËß ÀÍÀËÈÇÀ ÊËÈÍÈ×ÅÑÊÈÕ
ÈÑÑËÅÄÎÂÀÍÈÉ ÇÀÂÈÑÈÌÎÑÒÈ ¾ÎÁÚÅÌ-ÄÀÂËÅÍÈÅ¿

Âîðîíêîâà Å.Á.1, Áàóýð Ñ.Ì.1, Êîòëÿð Ê.Å.2
1 Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ

2 Ìþíõåíñêèé òåõíè÷åñêèé óíèâåðñèòåò, ÔÐÃ
frumen@yandex.ru

Çàâèñèìîñòü ìåæäó èçìåíåíèåì âíóòðèãëàçíîãî äàâëåíèÿ (ÂÃÄ) è ñîîòâåòñòâóþ-
ùèì åìó èçìåíåíèåì îáúåìà êîðíåîñêëåðàëüíîé îáîëî÷êè ãëàçà ñâÿçûâàþò â îôòàëü-
ìîëîãèè ñ ïîíÿòèåì ðèãèäíîñòè ãëàçà è èñïîëüçóþò äëÿ îöåíêè äèíàìèêè âîäÿíèñòîé
âëàãè, êðîâîñíàáæåíèÿ ãëàçà, à òàêæå äëÿ êîñâåííîé îöåíêè óïðóãèõ õàðàêòåðèñòèê
òêàíåé ãëàçíîãî ÿáëîêà [1, 3]. Îäíàêî, áîëüøèíñòâî ôîðìóë, èñïîëüçóåìûõ äëÿ îïèñà-
íèÿ òàêèõ çàâèñèìîñòåé, íîñÿò ýìïèðè÷åñêèé õàðàêòåð, à ñóùåñòâóþùèå òåîðåòè÷åñêèå
îáîñíîâàíèÿ íå ó÷èòûâàþò ñòðóêòóðíûå è áèîìåõàíè÷åñêèå îñîáåííîñòè ñòðîåíèÿ ôèá-
ðîçíîé êàïñóëû ãëàçà.

Íà îñíîâå òðåõìåðíîé òåîðèè óïðóãîñòè è óòî÷íåííîé òåîðèè àíèçîòðîïíûõ îáîëî-
÷åê Ðîäèîíîâîé Â.À.�×åðíûõà Ê.Ô. ïîëó÷åíû àíàëèòè÷åñêèå ôîðìóëû, ñâÿçûâàþùèå
èçìåíåíèå äàâëåíèÿ â òðàíâåðñàëüíî-èçîòðîïíîé îáîëî÷êå ñ èçìåíåíèÿì åå âíóòðåííåãî
îáúåìà [2].

×èñëåííûå ýêñïåðèìåíòû ïîêàçàëè ñîîòâåòñòâèå ýòèõ àíàëèòè÷åñêèõ çàâèñèìîñòåé
ñîâðåìåííûì äàííûì ïðèæèçíåííûõ êëèíè÷åñêèõ èññëåäîâàíèé êàê äëÿ ãëàç ñ íîð-
ìàëüíûì çðåíèåì, òàê è ïðè áëèçîðóêîñòè è äàëüíîçîðêîñòè. Ïðîâåäåííûå ðàñ÷åòû
ïîçâîëÿþò òàêæå îöåíèòü ñòåïåíü àíèçîòðîïèè ñêëåðàëüíîé îáîëî÷êè, âëèÿíèÿ ãåîìåò-
ðè÷åñêèõ è ìåõàíè÷åñêèõ õàðàêòåðèñòèê ñêëåðû íà êîýôôèöèåíò ðèãèäíîñòè ãëàçà.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòîâ ÐÍÏ � 2.2.2.3.16141,
ÐÔÔÈ � 07-01-00250.

ËÈÒÅÐÀÒÓÐÀ

[1] Silver D., Geyer O. Pressure-volume relation for the living human eye // Curr. Eye Res. 2000
Vol. 20 � 2. P. 115�120.

[2] Âîðîíêîâà Å.Á., Áàóýð Ñ.Ì. Î äåôîðìàöèè òðàíñâåðñàëüíî-èçîòðîïíîãî ñôåðè÷åñêîãî
ñëîÿ // Ìàòåðèàëû äîêëàäîâ Ìåæäóíàðîäíîé êîíôåðåíöèè ¾VI Øåñòûå Îêóíåâñêèå ÷òå-
íèÿ¿, Ñàíêò-Ïåòåðáóðã, 2008. C 53�57.

[3] Pallikaris I.G., Kymionis G.D., Ginis H.S., Kounis G.A., Tsilimbaris M.K. Ocular Rigidity
in Living Human Eyes // Investigative Ophthalmology & Visual Science, February 2005, Vol.
46, � 2. P 409�414

Voronkova E.B, Bauer S.M., Kotliar K.E. On the models for the pressure-volume
relationship clinical data analysis .

A mathematical model, related to pressure-volume changes within a spheric transversal isotropic
shell, was developed with the 3-dimensional theory of elasticity and theory of anisotropic shell by
Rodionov�Tschernykh. The model was applied to the description of pressure-volume relationship
in the human eye. The results of mathematical modelling are in accord with contemporary clinical
experiments.
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Ïðîâîäèìîå èññëåäîâàíèå ïîâåäåíèÿ ïàòîëîãè÷åñêè èçâèòûõ àðòåðèé (áèôóðêàöèè
ñîííîé àðòåðèè (ÁÑÀ) è ïîçâîíî÷íîé àðòåðèè (ÏÀ)) íàïðàâëåíî íà ðåøåíèå ìåäè-
öèíñêîé è ñîöèàëüíîé ïðîáëåìû, ñâÿçàííîé ñ îïòèìèçàöèåé õèðóðãè÷åñêîãî ëå÷åíèÿ
ðàññòðîéñòâ êðîâîîáðàùåíèÿ. Çàáîëåâàíèÿ ñåðäå÷íî-ñîñóäèñòîé ñèñòåìû íà ïðîòÿæå-
íèè ìíîãèõ ëåò çàíèìàþò îäíî èç ëèäèðóþùèõ ïîëîæåíèé â ñòðóêòóðå çàáîëåâàåìîñòè
è ñìåðòíîñòè. Î÷åâèäåí çíà÷èòåëüíûé ñîöèàëüíî-ýêîíîìè÷åñêèé óùåðá. Îñíîâíûìè
ïðè÷èíàìè íàðóøåíèÿ ìîçãîâîãî êðîâîîáðàùåíèÿ, ïðèâîäÿùåãî ê èíñóëüòó ãîëîâíîãî
ìîçãà, ÿâëÿþòñÿ îêêëþçèÿ è/èëè ñòåíîç àðòåðèé, à òàêæå ïàòîëîãè÷åñêàÿ èçâèòîñòü
àðòåðèé. Ïðè÷åì ñðåäè ïðè÷èí, ïàòîëîãè÷åñêàÿ èçâèòîñòü çàíèìàåò îñîáîå ìåñòî. Ñ
îäíîé ñòîðîíû, ýòî ñâÿçàíî ñ åå âûñîêîé ðàñïðîñòðàíåííîñòüþ. Ñ äðóãîé ñòîðîíû, äî
ñèõ ïîð íåò åäèíîãî ìíåíèÿ î ãåìîäèíàìè÷åñêîé çíà÷èìîñòè àíîìàëèé àðòåðèé è öåëå-
ñîîáðàçíîñòè åå õèðóðãè÷åñêîé êîððåêöèè. Ïîýòîìó ðàçðàáîòêà îïòèìàëüíûõ ìåòîäîâ
ëå÷åíèÿ äàííîé ïàòîëîãèè ÿâëÿåòñÿ àêòóàëüíîé ïðîáëåìîé ñîñóäèñòîé õèðóðãèè.

Öåëüþ äàííîé ðàáîòû ÿâëÿëîñü èññëåäîâàíèå ìåòîäàìè ìàòåìàòè÷åñêîãî ìîäåëèðî-
âàíèÿ ãåìîäèíàìè÷åñêèõ (ìåõàíè÷åñêèõ) ôàêòîðîâ, âëèÿþùèõ íà ïîâåäåíèå ïàòîëîãè-
÷åñêè èçâèòûõ àðòåðèé. Â ïðîöåññå èññëåäîâàíèÿ áûëè ïðîâåäåíû ñåðèè ýêñïåðèìåí-
òîâ äëÿ îïðåäåëåíèÿ ôèçèêî-ìåõàíè÷åñêèõ ïàðàìåòðîâ ñòåíîê ÁÑÀ è ÏÀ. Ïðîâåäåí
àíàëèç ãèñòîëîãè÷åñêîãî è ìîðôîìåòðè÷åñêîãî ñòðîåíèÿ îáùåé ñîííîé àðòåðèè è åå
âåòâåé, à òàêæå ÏÀ. Îòðàáîòàíà ìåòîäèêà ñîçäàíèÿ òî÷íûõ òðåõìåðíûõ ãåîìåòðèé
àðòåðèé íà ðàçëè÷íûõ ñòàäèÿõ çàáîëåâàíèÿ è ïîñëå õèðóðãè÷åñêîãî âìåøàòåëüñòâà.
Ïðîâåäåíî ïîñòðîåíèå ÷èñëåííî-àíàëèòè÷åñêîé òð¼õìåðíîé ìîäåëè äèíàìèêè êðîâîòî-
êà è íàïðÿæåííî-äåôîðìèðîâàííîãîãî ñîñòîÿíèÿ ïàòîëîãè÷åñêèõ èçâèòîñòåé àðòåðèé:
S-îáðàçíàÿ èçâèòîñòü, C-îáðàçíàÿ èçâèòîñòü è ïåòëÿ. Ïî ðåçóëüòàòàì ÷èñëåííîãî ýêñ-
ïåðèìåíòà ïîëó÷åíû äàííûå ïî äâèæåíèþ êðîâè è ñòåíîê àðòåðèé, ïðîâåäåí àíàëèç
ðåçóëüòàòîâ è ñðàâíåíèå ñ êëèíè÷åñêèìè äàííûìè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÐÔÔÈ � 06-01-00564.

Gramakova A.A., Pavlova O.E. Finite element modeling of pathologicaly coiled arteries.
Knowledge on the blood �ow and vessel walls movement of pathological tortuosities of carotids

(kinking, coiling (or looping)) was obtained by means of numerical simulation. The result analyses
and correlations with the clinical data showed that in the transverse cut of the vessel arch, local
blood pressure was minimal at the outer wall, grew while approaching to the inner wall and took its
maximum value immediately at the latter structure. There was an inverse relationship for the blood
�ow speed: it reached its maximum at the outer wall of the vessel arch. The transverse circulation
streams of the blood �ow appeared due to the blood pressure disparity between the inner and the
outer radii of the vessel arch.
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Â íàñòîÿùåé ðàáîòå ñ òî÷êè çðåíèÿ ìåõàíèêè äåôîðìèðóåìîãî òâåðäîãî òåëà àíà-
ëèçèðóþòñÿ íåêîòîðûå áèîìåõàíè÷åñêèå àñïåêòû çóáî÷åëþñòíîé ñèñòåìû (Ç×Ñ) îò åå
çàðîæäåíèÿ äî ðåñòàâðàöèè. Íà ôóíêöèîíèðîâàíèå ñèñòåìû ñ îäíîé ñòîðîíû âëèÿåò
îêðóæàþùàÿ ñðåäà (ÎÑ), à ñ äðóãîé ñòîðîíû åå ôóíêöèîíèðîâàíèå çàâèñèò îò ñîñòî-
ÿíèÿ îðãàíèçìà (Î), ò.å. íà Ç×Ñ äåéñòâóþò ñëåäóþùèå ôàêòîðû: P � æåâàòåëüíàÿ
íàãðóçêà, patm � àòìîñôåðíîå äàâëåíèå, T � òåìïåðàòóðà ÎÑ, T (t) � òåìïåðàòóðà
Î, pphis � ôèçèîëîãè÷åñêîå äàâëåíèå â ðàçíûõ ñîñóäàõ, çàâèñÿùåå îò ñîñòîÿíèÿ Î, è
àãðåññèâíûå ñðåäû (ÀÑ) ÎÑ, Î è ñàìîé Ç×Ñ. ×òî êàñàåòñÿ äåéñòâèÿ ÀÑ, òî èõ âëèÿ-
íèå ñêàçûâàåòñÿ êàê â èçìåíåíèè ñâîéñòâ òêàíåé, òàê è íàïðÿæåííîãî ñîñòîÿíèÿ Ç×Ñ,
îñîáåííî â îáëàñòÿõ ñ ðàñòÿãèâàþùèìè íàïðÿæåíèÿìè.

Ç×Ñ � ñëîæíàÿ ñîñòàâíàÿ êîìïîçèòíàÿ êîíñòðóêöèÿ, â êîòîðîé õàðàêòåðèñòè-
êè ìåõàíè÷åñêèõ ñâîéñòâ òêàíåé ðàçëè÷àþòñÿ íà íåñêîëüêî ïîðÿäêîâ. Èç àíàëèçà
ñâîéñòâ òêàíåé Ç×Ñ ôîðìóëèðóþòñÿ êðèòåðèè ïðî÷íîñòè òêàíåé. Äëÿ îïðåäåëåíèÿ
íàïðÿæåííî�äåôîðìèðîâàííîãî ñîñòîÿíèÿ â Ç×Ñ ïðèìåíÿþòñÿ ìàòåìàòè÷åñêîå è ôè-
çè÷åñêîå ìîäåëèðîâàíèå. Ïðè ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè èñïîëüçóþòñÿ êàê íàèáî-
ëåå ïðîñòûå ìîäåëüíûå çàäà÷è ìåõàíèêè äåôîðìèðóåìîãî òâåðäîãî òåëà (ñòåðæåíü èëè
öèëèíäð ïðè îäíîîñíîì ðàñòÿæåíèè�ñæàòèè, çàäà÷à î âíåöåíòðåííîì ñæàòèè, çàäà÷à
î êðó÷åíèè ñòåðæíÿ, èçãèá êîíñîëåé è êðèâûõ ñòåðæíåé, çàäà÷à î äèñêå èëè êîëüöå,
íàãðóæåííûõ ñîñðåäîòî÷åííûìè ïî äèàìåòðó ñèëàìè, êîíòàêòíàÿ çàäà÷à), òàê è ìåòîä
êîíå÷íûõ ýëåìåíòîâ. Ïðè ôèçè÷åñêîì ìîäåëèðîâàíèè ïðèìåíÿëèñü ïîëÿðèçàöèîííî�
îïòè÷åñêèå ìåòîäû ôîòîóïðóãîñòè è ôîòîòåðìîâÿçêîóïðóãîñòè, ñ ïîìîùüþ êîòîðûõ
áûëè ðåøåíû êàê èçîòåðìè÷åñêèå, òàê è íåèçîòåðìè÷åñêèå çàäà÷è ïîëçó÷åñòè.

Ïðèìåíåíèå êëàññè÷åñêèõ çàäà÷ òåîðèè óïðóãîñòè äëÿ ðåøåíèÿ ïðîáëåì ñòîìàòîëî-
ãèè ïîçâîëÿåò íàéòè çîíû ðàçðóøåíèÿ è îñëîæíåíèé Ç×Ñ, à òàêæå ïîçâîëÿåò ñíèçèòü
òðàâìàòè÷íîñòü îïåðàòèâíûõ âìåøàòåëüñòâ. Äëÿ ìåõàíèêè òâåðäîãî òåëà çíà÷èòåëüíî
ðàñøèðÿåòñÿ îáëàñòü ïðèìåíåíèÿ èçâåñòíûõ ïðîñòûõ ðåøåíèé. Ïîêàçûâàåòñÿ, ÷òî äëÿ
îáó÷åíèÿ ñòóäåíòîâ�ñòîìàòîëîãîâ íàèáîëåå ïîëåçíûì áóäåò ìåòîä ôîòîóïðóãîñòè.

Demidova I.I. Biomechanical problems of stomatology.
The teeth-jaw system TJS is very complicated. The state of the TJS depends on the organism

state and surrounding media. The information about the stress distribution in the TJS may
be getting by the di�erent investigating methods: the analytic, numeric and many experimental
methods. It would be better to choose a more simple and informative method but for the education
of the university students the photoelasticity is more attractive and useful.
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Çàáîëåâàíèÿ ñåðäå÷íî-ñîñóäèñòîé ñèñòåìû íà ïðîòÿæåíèè ìíîãèõ ëåò çàíèìàþò îä-
íî èç ëèäèðóþùèõ ïîëîæåíèé â ñòðóêòóðå ñìåðòíîñòè íàñåëåíèÿ Ðîññèè. Îäíîé èç
îñíîâíûõ ïðè÷èí ðàññòðîéñòâà êðîâîîáðàùåíèÿ ÿâëÿåòñÿ îêêëþçèÿ è/èëè ñòåíîç àð-
òåðèé. Äåéñòâåííûì ìåòîäîì ëå÷åíèÿ ïîäîáíûõ çàáîëåâàíèé ÿâëÿåòñÿ õèðóðãè÷åñêàÿ
îïåðàöèÿ. Ïîëîæèòåëüíûé èñõîä îïåðàöèè â îñíîâíîì ïðåäðåøåí îïûòîì è èíòóèöèåé
õèðóðãà. Â ñâÿçè ñ èíòåíñèâíûì ðàçâèòèåì âû÷èñëèòåëüíîé òåõíèêè è èíôîðìàöè-
îííûõ òåõíîëîãèé â íàñòîÿùåå âðåìÿ ïîÿâèëàñü âîçìîæíîñòü ðàññ÷èòàòü è îïòèìè-
çèðîâàòü äèíàìè÷åñêèå ïàðàìåòðû ïîâåäåíèÿ ýëåìåíòîâ ñåðäå÷íî-ñîñóäèñòîé ñèñòåìû
÷åëîâåêà ñ öåëüþ ïðîãíîçèðîâàíèÿ ðåçóëüòàòîâ ðåêîíñòðóêòèâíîé õèðóðãè÷åñêîé îïå-
ðàöèè, òî åñòü óæå íà ñòàäèè ïðåäîïåðàöèîííîãî îáñëåäîâàíèÿ ïàöèåíòà ïðîâåñòè òàê
íàçûâàåìóþ ¾âèðòóàëüíóþ¿ îïåðàöèþ.

Äëÿ âíåäðåíèÿ òàêèõ òåõíîëîãèé â ïîâñåäíåâíóþ êëèíè÷åñêóþ ïðàêòèêó íåîáõîäè-
ìî ñîçäàíèå ïðîñòîé â èñïîëüçîâàíèè è íåäîðîãîé êîìïüþòåðíîé ñèñòåìû. Ñóùåñòâóþ-
ùèå êîìïüþòåðíûå ïðîãðàììû, êàê ïðàâèëî, óíèâåðñàëüíû è ïîýòîìó äîðîãîñòîÿùè è
ñëîæíû â ïðèìåíåíèè. Ðàçðàáîòàííûé êîíå÷íî-ýëåìåíòíûé ïàêåò, îðèåíòèðîâàííûé íà
óçêèé êðóã çàäà÷ è òðåáóþùèé îò ïîëüçîâàòåëÿ ìèíèìàëüíîé íàñòðîéêè, ïðåäñòàâëÿåò
ñîáîé êîìïëåêñ ïðîãðàìì äëÿ ðàñ÷åòà êðîâîòîêà â äâóìåðíûõ è òðåõìåðíûõ ìîäåëÿõ
ñîñóäà ñ ãèáêèìè ñòåíêàìè ìåòîäîì êîíå÷íûõ ýëåìåíòîâ.

Ïðè ñîçäàíèè ïàêåòà ïðîãðàìì äëÿ êðîâè áûëà èñïîëüçîâàíà ìîäåëü âÿçêîé íåñæè-
ìàåìîé æèäêîñòè, òå÷åíèå êîòîðîé îïèñûâàåòñÿ óðàâíåíèÿìè Ñòîêñà è Íàâüå-Ñòîêñà, à
ñòåíêè ñîñóäà ñ÷èòàëèñü èäåàëüíî óïðóãèì òåëîì [1], íàïðÿæåííî-äåôîðìèðîâàííîå ñî-
ñòîÿíèå êîòîðîãî îïðåäåëÿåòñÿ ðåøåíèåì óðàâíåíèé òåîðèè óïðóãîñòè â ôîðìå Íàâüå-
Ëàìå. Ïðè ðåøåíèè ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, ïîëó÷àåìûõ â õî-
äå ïðèìåíåíèÿ ìåòîäà êîíå÷íûõ ýëåìåíòîâ (ìîäèôèêàöèÿ Ãàëåêðèíà), èñïîëüçîâàëàñü
áèáëèîòåêà UMFPACK [2].

Ðàáîòà âûïîëíåíà â ðàìêàõ Èííîâàöèîííî-îáðàçîâàòåëüíîé ïðîãðàììû Ñàðàòîâ-
ñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà èìåíè Í.Ã. ×åðíûøåâñêîãî.

ËÈÒÅÐÀÒÓÐÀ

[1] Áåãóí Ï.È., Øóêåéëî Þ.À. Ìîäåëèðîâàíèå â áèîìåõàíèêå: ó÷åá. ïîñîáèå. Ì.: Âûñøàÿ
øêîëà, 2004. 390 ñ.

[2] http://www.cise.u�.edu/research/sparse/umfpack. University of Florida. Department of
computer and information science and engineering.

Dobdin A.S., Ivanov D.V., Safonov R.A., Pankratov I.A. Development of �nite element
software for solving connected �uid dynamics and elasticity theory problems.

Finite element software for solving problems which describe blood �ow in arteries in 2D and 3D
was designed. Blood was modeled as homogeneous, incompressible newtonian �uid. The material of
wall of the arteries was assumed to be perfectly elastic.
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Âíåøíÿÿ îáîëî÷êà ãëàçà (êîðíåîñêëåðàëüíàÿ) ñîñòîèò èç ðîãîâèöû è ñêëåðû. Ñêëå-
ðàëüíàÿ îáîëî÷êà ñîñòàâëÿåò áîëåå 90% âñåé ôèáðîçíîé îáîëî÷êè ãëàçà ÷åëîâåêà, ïî-
ýòîìó â çàäà÷àõ, ñâÿçàííûõ ñ èçìåíåíèåì îáúåìà ãëàçíîãî ÿáëîêà ïîä äåéñòâèåì âíóò-
ðåííåãî äàâëåíèÿ, áèîìåõàíè÷åñêèå ñâîéñòâà ñêëåðû èãðàþò ðåøàþùóþ ðîëü, è âñÿ
âíåøíÿÿ îáîëî÷êà ãëàçà ðàññìàòðèâàåòñÿ, êàê ñîñòîÿùàÿ öåëèêîì èç ñêëåðû.

Â äàííîé ðàáîòå ñêëåðàëüíàÿ îáîëî÷êà ðàññìàòðèâàåòñÿ êàê àíèçîòðîïíûé ýëëèï-
ñîèä âðàùåíèÿ, íàõîäÿùèéñÿ ïîä äåéñòâèåì âíóòðåííåãî äàâëåíèÿ è áëèçêèé ê ñôå-
ðè÷åñêîé îáîëî÷êå. Èçó÷àåòñÿ äåôîðìàöèÿ ñêëåðû ïðè ðàçëè÷íûõ îòíîøåíèÿõ òðåõ
îñíîâíûõ ìîäóëåé óïðóãîñòè è ïðè ðàçëè÷íûõ ñîîòíîøåíèÿõ ãîðèçîíòàëüíîãî è âåðòè-
êàëüíîãî äèàìåòðîâ îáîëî÷êè.

Ðåøåíèå ñòðîèòñÿ ïî òåîðèè Ðîäèîíîâîé�Òèòàåâà�×åðíûõà [1]. Ýòî ëèíåéíàÿ òåîðèÿ
îäíîðîäíûõ àíèçîòðîïíûõ îáîëî÷åê ïîñòîÿííîé òîëùèíû ñ ó÷åòîì ìàëîé ïîäàòëèâîñòè
ïîïåðå÷íûì ñäâèãàì è äåôîðìèðîâàíèþ â íàïðàâëåíèè íîðìàëè ê ñðåäèííîé ïîâåðõ-
íîñòè, à òàê æå ïîïåðå÷íûõ íîðìàëüíûõ íàïðÿæåíèé è íåëèíåéíîãî ðàñïðåäåëåíèÿ
êîìïîíåíò âåêòîðà ïåðåìåùåíèÿ ïî òîëùèíå îáîëî÷êè.

Ñèñòåìà èç òðåõ äèôôåðåíöèàëüíûõ óðàâíåíèé 10-ãî ïîðÿäêà ñ 10-þ ãðàíè÷íûìè
óñëîâèÿìè è òðåìÿ íåèçâåñòíûìè ôóíêöèÿìè ïåðåìåùåíèé ðåøàåòñÿ ñ ïîìîùüþ ïðî-
ãðàììû, ðåàëèçóþùåé êîíå÷íî-ðàçíîñòíûé ÷èñëåííûé ìåòîä â ïàêåòå ¾Matematica 6.0¿.

Ìíîãî÷èñëåííûå ðàñ÷åòû, ïðîâåäåííûå ïðè ðàçëè÷íûõ ïàðàìåòðàõ, ïîçâîëÿþò îöå-
íèòü ñòåïåíü âëèÿíèÿ ãåîìåòðè÷åñêèõ è ìåõàíè÷åñêèõ õàðàêòåðèñòèê ñêëåðû íà åå ôîð-
ìó ïðè ðàçíûõ çíà÷åíèÿõ âíóòðèãëàçíîãî äàâëåíèÿ.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòà ÐÔÔÈ � 07-01-00250.

ËÈÒÅÐÀÒÓÐÀ

[1] Ðîäèîíîâà Â.À., Òèòàåâ Á.Ô., ×åðíûõ Ê.Ô. Ïðèêëàäíàÿ òåîðèÿ àíèçîòðîïíûõ ïëàñòèí
è îáîëî÷åê // Èçä-âî ÑÏáÃÓ. 1996. 280 ñ.

Ermakov A.M. On the deformation of a scleral shell .
The anisotropic elliptic shells under inner pressure are considered. The e�ect of mutual relation

of modulus of elasticity in tangential direction on the deformation is estimated.
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Â ñòîìàòîëîãè÷åñêîé ïðàêòèêå ïðè êîíñòðóèðîâàíèè ðàçëè÷íûõ çóáî÷åëþñòíûõ
ïðîòåçîâ âàæíî çíàòü êàê ðàñïðåäåëåíèå íàãðóçêè íà îïîðû, òàê è ðàñïðåäåëåíèÿ íà-
ïðÿæåíèé è äåôîðìàöèé â ïåðåìû÷êàõ ïðîòåçà, ïîñêîëüêó ýòî ïîçâîëÿåò ñäåëàòü èõ
ìåíåå ãðîìîçäêèìè è òÿæåëûìè ïðè ñîõðàíåíèè íåîáõîäèìûõ ïðî÷íîñòíûõ õàðàêòåðè-
ñòèê. Àíàëèòè÷åñêèå èññëåäîâàíèÿ â ýòîì íàïðàâëåíèè âûïîëíåíû â ðàáîòå [1]. Íàñòî-
ÿùàÿ ðàáîòà äîïîëíÿåò ýòè ðåçóëüòàòû äàííûìè âû÷èñëèòåëüíûõ è íàòóðíûõ ýêñïå-
ðèìåíòîâ ïî îïðåäåëåíèþ íàïðÿæåíèé è äåôîðìàöèé, âîçíèêàþùèõ â îïîðíûõ çóáàõ
è ïåðåìû÷êàõ ìîñòîâèäíûõ ïðîòåçîâ ïîä äåéñòâèåì ñîñðåäîòî÷åííîé íàãðóçêè.

Âû÷èñëèòåëüíûé ýêñïåðèìåíò ïðîâîäèëñÿ â êîíå÷íî-ýëåìåíòíîì ïðîãðàììíîì êîì-
ïëåêñå ANSYS Workbench íà îñíîâàíèè òðåõìåðíûõ òâåðäîòåëüíûõ ìîäåëåé, ïîëó÷åí-
íûõ ñ èñïîëüçîâàíèåì áèáëèîòåêè ACIS. Äëÿ ýòîãî ðàçðàáîòàíà òåõíîëîãèÿ ãåíåðà-
öèè ìîäåëåé ìîñòîâèäíûõ ïðîòåçîâ, ïîçâîëÿþùàÿ ó÷èòûâàòü äàííûå òîìîãðàôè÷åñêî-
ãî ñêàíèðîâàíèÿ çóáíûõ ðÿäîâ ïàöèåíòîâ. Â ðåçóëüòàòå ïîëó÷åíû ðàñïðåäåëåíèÿ íà-
ïðÿæåíèé è äåôîðìàöèé äëÿ íàãðóæåííûõ ñîñðåäîòî÷åííîé ñèëîé ïðîòåçîâ, èìåþùèõ
äâà èëè òðè îïîðíûõ çóáà, à òàêæå îäíó èëè äâå êîðîíêè. Â õîäå ðàñ÷åòà çàäàâàëèñü
ãðàíè÷íûå óñëîâèÿ, ñîîòâåòñòâóþùèå æåñòêîìó çàêðåïëåíèþ îïîðíûõ çóáîâ, ôèçèêî-
ìåõàíè÷åñêèå ñâîéñòâà ìàòåðèàëà îïèñûâàëèñü òåõíè÷åñêèìè êîíñòàíòàìè êåðàìèêè
èëè ñòàëè, âåëè÷èíà íàãðóçêè ñîñòàâëÿëà 100 Í. Ïðîâåäåíî ñðàâíåíèå ïîëó÷åííûõ ðå-
çóëüòàòîâ ñ äàííûìè òåíçîìåòðè÷åñêèõ èñïûòàíèé ïî íàãðóæåíèþ ìîñòîâèäíûõ ïðî-
òåçîâ.

ËÈÒÅÐÀÒÓÐÀ

[1] Íàóìîâè÷ Ñ.À., Êðóøåâñêèé À. Å. Îïðåäåëåíèå ðåàêöèé îïîð è ïåðåìåùåíèé ìîñòîâèä-
íîãî ïðîòåçà // Ñîâðåìåííàÿ ñòîìàòîëîãèÿ. 1998. � 2. Ñ. 29�30.

Zhuravkov M.A., Konovalov O.L., Dosta A.N.The realization of computing experiments
during the designing of dental bridges.

In the present paper results of �nite � element calculations of stresses and the deformations
arising in crowns and crosspieces of dental bridges with di�erent bearing teeth under action of
concentrated loading, applied to crowns under various angles are submitted. Three�dimensional
solid state models of dental bridges are developed on the basis of the data tomographic scanning of
dentition of patients.
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Ðåøàåòñÿ çàäà÷à î íàïðÿæåííî-äåôîðìèðîâàííîì ñîñòîÿíèè ðåøåò÷àòîé ïëàñòèíû
äèñêà çðèòåëüíîãî íåðâà. Ðåøåò÷àòàÿ ïëàñòèíà ðàññìàòðèâàåòñÿ êàê ìíîãîñëîéíàÿ îáî-
ëî÷êà âðàùåíèÿ ñ óïðóãèìè ñâÿçÿìè ìåæäó ñëîÿìè.

Ðàíåå ïîäîáíàÿ çàäà÷à ðàññìàòðèâàëàñü â [1], îäíàêî ïëàñòèíêà ðàññìàòðèâàëàñü
êàê ìíîãîñëîéíàÿ ¾ìÿãêàÿ¿ � áåçìîìåíòíàÿ îáîëî÷êà. Â ðàáîòå [2] ýêñïåðèìåíòàëüíî
ïîêàçàíî, ÷òî ïðè óâåëè÷åíèè âíóòðèãëàçíîãî äàâëåíèÿ íà êðèâîé, îïèñûâàþùåé ôîð-
ìó ïðîãèáà ðåøåò÷àòîé ïëàñòèíû, ïîÿâëÿåòñÿ ¾òî÷êà ïåðåãèáà¿ � òî÷êà, â êîòîðîé
ïðîèçâîäíàÿ îò íîðìàëüíîãî ïðîãèáà ïî ðàäèàëüíîé êîîðäèíàòå èìååò ìàêñèìàëüíîå
çíà÷åíèå. Mîäåëü áåçìîìåíòíîé îáîëî÷êè íå ïîçâîëÿåò îïðåäåëèòü äàííóþ òî÷êó, â
ñâÿçè ñ ýòèì ðàññìîòðåíà ìîìåíòíàÿ ïîñòàíîâêà çàäà÷è [1].

Mîäåëü, ïðåäñòàâëåííàÿ â äàííîé ðàáîòå, ó÷èòûâàåò èçìåíåíèÿ ïàðàìåòðîâ æåñòêî-
ñòè ñëîåâ è îñîáåííîñòè ñòðîåíèÿ ðåøåò÷àòîé ïëàñòèíû ãëàçà. Ïîëó÷åííûå ÷èñëåííûå
ðåçóëüòàòû ñîãëàñóþòñÿ ñ ýêñïåðèìåíòàëüíûìè äàííûìè [2] è ïîçâîëÿþò îïðåäåëèòü
¾òî÷êó ïåðåãèáà¿. Äàííàÿ ìîäåëü ïîêàçûâàåò, ÷òî íàèáîëåå ñèëüíûå îòíîñèòåëüíûå
ñìåùåíèÿ ñëîåâ ðåøåò÷àòîé ïëàñòèíû ãëàçà èìåþò ìåñòî áëèçêî ê êðàþ ïëàñòèíû.
Êðîìå òîãî, åñëè ïîñëåäíèé ñëîé, êàê îòìå÷àåòñÿ â [3], ÿâëÿåòñÿ áîëåå ïëîòíûì, òî
íàèáîëüøèå ñìåùåíèÿ èìåþò ìåñòî íà óðîâíå ïîñëåäíåãî ñëîÿ.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòà ÐÔÔÈ � 07-01-00250.

ËÈÒÅÐÀÒÓÐÀ

[1] Áàóýð Ñ.Ì., Çèìèí Á.À., Òîâñòèê Ï.Å. Ïðîñòåéøèå ìîäåëè òåîðèè îáîëî÷åê è ïëàñòèí
â îôòàëüìîëîãèè. ÑÏá.: Èçä-âî Ñ.-Ïåòåðá. óí-òà, 2000. 92 ñ.

[2] Yan D.B., Flanagan J.G., Farra T., Trope G.E., Ethier C.R. Study of regional deformation of
the optic nerve head using scanning lazer tomography. Current Eye Research. 1998, Vol. 17,
pp. 903 � 916.

[3] Íåñòåðîâ À.Ï. Ãëàóêîìà // À.Ï Íåñòåðîâ. � Ì.: Ìåäèöèíà, 1995. 256 ñ.

Zolotukhina L.A.On the mathematical modeling of glaucoma.
The stress-strain state of the lamina cribrosa is analyzed. The lamina cribrose is modeled as

multilayer shell of revolution with elastic ties between the layers. The results of calculation for the
proposed model provide de�ection mode that well agrees with experemental data [2].
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Â ðàáîòå ïðåäñòàâëåíû ðåçóëüòàòû ìîäåëèðîâàíèÿ çàêîíîìåðíîñòåé ðàñïðåäåëåíèÿ
äàâëåíèÿ è ðàñõîäà æèäêîñòè, ðàñïðîñòðàíåíèÿ è îòðàæåíèÿ âîëí â ñèñòåìàõ âÿçêî-
óïðóãèõ òðóáîê, êîòîðûå ÿâëÿþòñÿ ìîäåëÿìè ñèñòåìíîãî àðòåðèàëüíîãî ðóñëà è âíóò-
ðèîðãàííûõ àðòåðèàëüíûõ ðóñåë ÷åëîâåêà. Ïàðàìåòðû ðóñåë áûëè ïîëó÷åíû ïóòåì èç-
ìåðåíèé (Çåíèí Î. Ê., 2006). Â õîäå ñòàòèñòè÷åñêîé îáðàáîòêè ðåçóëüòàòîâ èçìåðåíèé
áûëè âûÿâëåíû çàêîíîìåðíîñòè ñòðîåíèÿ ðàçëè÷íûõ ðóñåë, ïðåäñòàâëåííûå â âèäå çà-
âèñèìîñòåé ìåæäó äèàìåòðàìè, äëèíàìè, êîýôôèöèåíòàìè âåòâëåíèé è íîìåðîì ïî-
ðÿäêà âåòâëåíèÿ (Çåíèí Î. Ê., Êèçèëîâà Í. Í., Ôèëèïïîâà Å. Í., 2006, 2007). Ýòè
äàííûå ïîçâîëÿþò ãåíåðèðîâàòü ìîäåëè â âèäå ñàìîïîäîáíûõ áèíàðíûõ äåðåâüåâ.

Â ïîñëåäíåå âðåìÿ çíà÷èòåëüíîå âíèìàíèå óäåëÿëîñü ðàçðàáîòêå àëãîðèòìîâ ðàñ÷å-
òîâ, â êîòîðûõ äëÿ äåðåâà ñèñòåìíûõ àðòåðèé èñïîëüçóåòñÿ äâóìåðíàÿ òåîðèÿ, à äëÿ
âíóòðèîðãàííûõ ðóñåë � òðåõýëåìåíòíûé 0d ýëåìåíò, ó÷èòûâàþùèé ðåçèñòèâíûå, åì-
êîñòíûå è èíåðöèîííûå ñâîéñòâà ðóñëà â öåëîì èëè æå ñàìîïîäîáíûå áèíàðíûå äåðåâüÿ,
òå÷åíèå â êîòîðûå îïèñûâàåòñÿ íà îñíîâå 1d òåîðèè (Quarteroni, Formaggia, Olufsen,
Shreiner). Â äîêëàäå ïðåäñòàâëåíû ðåçóëüòàòû ðàñ÷åòîâ ïàðàìåòðîâ ñòàöèîíàðíîãî è
âîëíîâîãî òå÷åíèé æèäêîñòè ïî ìîäåëè ñèñòåìíîãî ðóñëà, äîïîëíåííîé çàìûêàþùèìè
ìîäåëÿìè âíóòðèîðãàííûõ ðóñåë, ïîñòðîåííûõ íà îñíîâå òî÷íûõ ìîðôîìåòðè÷åñêèõ
äàííûõ èëè íà îñíîâå çàêîíîìåðíîñòåé ñòðîåíèÿ ðóñåë ðàçíûõ îðãàíîâ. Ïðè ÷èñëåí-
íûõ ðàñ÷åòàõ èñïîëüçîâàëàñü íåëèíåéíàÿ òåîðèÿ ïëîñêèõ âîëí â óïðóãèõ òðóáêàõ, à
ðàñ÷åòû ïðîâîäèëèñü ìåòîäîì õàðàêòåðèñòèê. Äëÿ ñðàâíåíèÿ áûëè ïðîâåäåíû ðàñ÷å-
òû íà îñíîâå ëèíåéíîé òåîðèè öèëèíäðè÷åñêèõ âîëí â âÿçêîóïðóãèõ òðóáêàõ (ìîäåëü
Womersley). Ñðàâíèòåëüíûé àíàëèç ïîêàçàë, ÷òî ðåçóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ ñ óäî-
âëåòâîðèòåëüíîé òî÷íîñòüþ ñîâïàäàþò äëÿ ñðåäíèõ àðòåðèé (d = 0.1 − 0.5 ñì). Äëÿ
êðóïíûõ âíåîðãàííûõ àðòåðèé (d = 0.5− 2.5 ñì) êîëè÷åñòâåííûå ðàçëè÷èÿ ñòàíîâÿòñÿ
çàìåòíûìè, ÷òî ñâÿçàíî ñ ïðåíåáðåæåíèåì âÿçêîñòüþ ñòåíêè â îäíîìåðíîé ìîäåëè è
íåëèíåéíîñòüþ çàäà÷è � â äâóìåðíîé ìîäåëè. Â ìàëûõ àðòåðèÿõ ðàññ÷èòàííûå çàâè-
ñèìîñòè äàâëåíèå�ðàñõîä êà÷åñòâåííî ñîîòâåòñòâóþò, à êîëè÷åñòâåííî îòëè÷àþòñÿ äëÿ
ðàçíûõ òåîðèé.

Kizilova N.N. Wave propagation and re�ection in the models of arterial vasculatures.
The results of numerical calculations on the models of the arterial beds as complex systems

of the viscoelastic tubes are presented. The models based on the detailed morphometric data and
the self-similar binary trees with certain relationships between the lengths, diameters, branching
asymmetry and branching orders have been used. The comparative analysis of the 1d and 2d models
of the blood �ow and pulse wave propagation together with the lumped parameter models for the
terminal vasculatures has been carried out and the results are presented.

210



SECTION V. BIOMECHANICS

ÓÑÒÎÉ×ÈÂÎÑÒÜ ÄÈÍÀÌÈ×ÅÑÊÈÕ ÌÎÄÅËÅÉ ÁÈÎÌÅÕÀÍÈÊÈ

Êîðîëåâ Â.Ñ.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

vokorol@bk.ru

Äëÿ èçâåñòíûõ ìàòåìàòè÷åñêèõ ìîäåëåé äèíàìèêè æèâûõ ñèñòåì [1-2], êîòîðûå îïè-
ñûâàþò èçìåíåíèå ïàðàìåòðîâ áèîëîãè÷åñêèõ è õèìè÷åñêèõ ïðîöåññîâ ñèñòåìîé íåëè-
íåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, ïðåäëàãàþòñÿ ìîäèôèêàöèè èëè äîïîëíåíèÿ
äëÿ îöåíêè óñòîé÷èâîñòè ðåøåíèé.

Ðàññìàòðèâàþòñÿ ñòàöèîíàðíûå íåðàâíîâåñíûå ñîñòîÿíèÿ è ïîâåäåíèå ðåøåíèé â
îêðåñòíîñòè ïîëîæåíèé ðàâíîâåñèÿ. Áèîëîãè÷åñêèå ñèñòåìû îòíîñÿòñÿ ê òàê íàçûâà-
åìûì îòêðûòûì ñèñòåìàì, êîòîðûå îáìåíèâàþòñÿ ñ îêðóæàþùåé ñðåäîé ýíåðãèåé è
âåùåñòâîì. Â îòêðûòûõ ñèñòåìàõ ìîãóò âîçíèêàòü ñòàöèîíàðíûå íåðàâíîâåñíûå ñîñòî-
ÿíèÿ [3], â êîòîðûõ îñíîâíûå ïàðàìåòðû îñòàþòñÿ ïîñòîÿííûìè. Ïðîöåññ îáìåíà ìîæåò
íîñèòü õàðàêòåð âîçìóùåíèé èëè óïðàâëÿþùèõ âîçäåéñòâèé.

Äëÿ ñðàâíåíèÿ ïðîâåäåíû âû÷èñëåíèÿ èíòåãðèðîâàíèåì ñèñòåìû äèôôåðåíöèàëü-
íûõ óðàâíåíèé äëÿ âîçìîæíûõ âàðèàíòîâ íà÷àëüíûõ äàííûõ.
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Korolev V.S.Stabilization of dynamical model in biomechanic.
Behavior of solution in the vicinity of equilibrium position for biomechanical problem are

investigated.
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The main function of the skeletal muscle is to provide force during walking, running and

other everyday movements, and it is importante to know the mechanism underlying such
processes as muscle shortening and stretch. In particular, the understanding of transient force
production under various length regimes is a necessity for improved description of muscular
action in numerical simulations of movement, [2]. We investigate a history dependence
of skeletal muscle force production, speci�cally, the steady-state force after active muscle
shortening and stretch not being equal to the isometric force, [1]. We show that the isometric
force production is not only dependent on current muscle length and length derivative, but
depends on memory of preceding contraction history. Isolated extensor digitorum longus
and soleus muscles from mice (NMRI strain) were used to investigate the force produced
by a muscle, and some parameters hypothetically in�uencing this history-dependent force
modi�cation. The muscles were pre-stimulated at �xed length, then a stretching/shortening
history was introduced, whereafter induced changes of active force were recorded while the
muscles were held isometrically to reach a steady-state force before de-stimulation. The
mechanical work during active stretching and shortening was evaluated by integrating the
product of force and ramp velocity over the length-varying period. The results show a
negative linear correlation between the force modi�cation and the mechanical work produced
by or on the muscle. Modi�cation of the passive force component following each stimulation
was also observed. Experiments show that the fully stimulated redevelopment of isometric
force after transient-length contraction follows a time function similar to the creation of
force when isometric muscle is initially stimulated. The conclusion is that the isometric force
development can be well described by an asymptotic force which is decided by the mechanical
work, and the initial isometric time constant.

REFERENCES
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production after concentric contraction // Journal of Biomechanics. 2008. � 44(11). P. 2422�
2429.

[2] Kaphle, M., and Eriksson, A. Optimality in forward dynamics simulations // Journal of
Biomechanics. 2008. � 41(6). P. 1213�1221.

Kosterina N., Eriksson A., Westerblad H. Èçìåíåíèå ìóñêóëüíîé ñèëû ïîñëå íåèçî-
ìåòðè÷åñêèõ ñòèìóëÿöèé.

×èñëåííîå ìîäåëèðîâàíèå äâèæåíèÿ ÷åëîâåêà òðåáóåò çíàíèå ñèëû, ïðîèçâîäèìîé ìûøöà-
ìè â ðàçëè÷íûõ óñëîâèÿõ. Â äàííîé ðàáîòå èññëåäóåòñÿ âðåìåííàÿ çàâèñèìîñòü ñèëû, ïðîèç-
âîäèìîé ìûøöàìè, â ÷àñòíîñòè, îïðåäåëÿåòñÿ èçìåíåíèå ñèëû ïîñëå óäëèíåíèÿ è óêîðî÷åíèÿ
ìûøöû. Òàêèì îáðàçîì, ìûøå÷íàÿ ñèëà çàâèñèò íå òîëüêî îò òåêóùåé äëèíû è ñêîðîñòè
óäëèíåíèÿ ìûøöû, íî è îò ïðîèçâåä¼ííûõ åþ ñîêðàùåíèé. Ýêñïåðèìåíòû ïîêàçàëè, ÷òî ïî
ñîâåðøåííîé ìûøöîé ìåõàíè÷åñêîé ðàáîòå è ïî èñõîäíîìó çíà÷åíèþ èçîìåòðè÷åñêîé ñèëû
ìîæíî îïðåäåëèòü çíà÷åíèå èçîìåòðè÷åñêîé ñèëû ïîñëå ñòèìóëÿöèé.
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Ïàðàìåòð ¾ñêîðîñòü ïðîõîæäåíèÿ ïóëüñîâîé âîëíû¿, èçìåðÿåìûé â êðóïíûõ àðòå-
ðèÿõ áîëüøîãî êðóãà êðîâîîáðàùåíèÿ, øèðîêî èñïîëüçóåòñÿ â êëèíè÷åñêîé ïðàêòèêå
êàê êîñâåííàÿ õàðàêòåðèñòèêà ñòåïåíè ðèãèäíîñòè ñîñóäèñòîé ñòåíêè è êàê èíäèêàòîð
ôàêòîðîâ ðèñêà ñåðäå÷íî-ñîñóäèñòûõ çàáîëåâàíèé [1]. Ïî ñâîèì ñòðóêòóðíûì è ôóíê-
öèîíàëüíûì îñîáåííîñòÿì ñîñóäû ñåò÷àòêè ãëàçà ïîõîæè íà ñîñóäû ãîëîâíîãî ìîçãà [2].

Â ðàáîòå ïðåäñòàâëåí íîâûé óíèêàëüíûé íåèíâàçèâíûé ìåòîä ïðèæèçíåííîé îöåí-
êè ðèãèäíîñòè ñòåíîê ñîñóäîâ ñåò÷àòêè, â êîòîðîì ñêîðîñòü ïóëüñîâîé âîëíû â ñîñóäàõ
ñåò÷àòêè èçìåðÿåòñÿ îïòè÷åñêèì ñïîñîáîì ñ ïîìîùüþ ñåðèéíîãî ìåäèöèíñêîãî îáîðó-
äîâàíèÿ, äèíàìè÷åñêîãî àíàëèçàòîðà ñîñóäîâ ñåò÷àòêè (Dynamic Vessel Analyzer (DVA),
ôèðìà IMEDOS, Éåíà, ÔÐÃ). Ýòîò ïðèáîð ïîçâîëÿåò c ïîìîùüþ ìåòîäà öèôðîâîé îá-
ðàáîòêè èçîáðàæåíèé èçó÷àòü äèíàìè÷åñêèå èçìåíåíèÿ äèàìåòðà êðîâåíîñíûõ ñîñóäîâ
ñåò÷àòêè íåèíâàçèâíî â ðåàëüíîì âðåìåíè âäîëü âûáðàííîãî ó÷àñòêà ñîñóäà [3, 4]. Íà
îñíîâå ïîëó÷åííûõ äàííûõ, ïîñëå íåîáõîäèìîé îáðàáîòêè, âû÷èñëÿåòñÿ ñêîðîñòü ïðî-
õîæäåíèÿ ïóëüñîâîé âîëíû âäîëü ó÷àñòêà àðòåðèè ñåò÷àòêè, è ìîæíî îöåíèòü ñòåïåíü
ðèãèäíîñòè ñîñóäèñòîé ñòåíêè.

Ñêîðîñòü ïðîõîæäåíèÿ ïóëüñîâîé âîëíû â àðòåðèÿõ ñåò÷àòêè òàê æå, êàê è â êðóï-
íûõ àðòåðèÿõ ÷åëîâåêà, óâåëè÷èâàåòñÿ ñ âîçðàñòîì, ÷òî ïîçâîëÿåò ñäåëàòü âûâîä î âîç-
ðàñòíîì óâåëè÷åíèè ðèãèäíîñòè ñòåíîê àðòåðèé êàê ìàêðî- òàê è ìèêðîöèðêóëÿòîðíîãî
ñîñóäèñòîãî ðóñëà. Ýòîò ïðîöåññ ÿâëÿåòñÿ ÷àñòüþ îáùåãî ïðîöåññà ñòàðåíèÿ îðãàíèçìà
÷åëîâåêà è, âîçìîæíî, ÿâëÿåòñÿ îäíîé èç ïðè÷èí âîçðàñòíûõ ñåðäå÷íî-ñîñóäèñòûõ çà-
áîëåâàíèé. Êîëè÷åñòâåííîå èçìåðåíèå ñêîðîñòè ïðîõîæäåíèÿ ïóëüñîâîé âîëíû ìîæåò
áûòü èñïîëüçîâàíî êàê êîñâåííûé ìåòîä äèàãíîñòèêè ñîñòîÿíèÿ öåðåáðàëüíûõ ñîñóäîâ.
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Kotliar K.E., Lanzl I.M. On the possibility of direct clinical measurements of retinal vessel
rigidity. An in-vivo clinical method to characterise arterial sti�ness of the central microcirculation
was developed. Pulse wave velocity, as an indirect measure of vessel wall sti�ness was assessed in
retinal arteries optically using the Dynamic Vessel Analyzer.
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Ðàáîòà ïîñâÿùåíà ìîäåëèðîâàíèþ äâèæåíèé îðãàíåëë êëåòîê, íîñÿùèõ íàçâàíèå
ðåñíè÷åê, êàê îäíîãî èç ÷àñòíûõ ñëó÷àåâ áèîëîãè÷åñêîé ïîäâèæíîñòè.

Ìåõàíè÷åñêîé ìîäåëüþ ðåñíè÷êè ñëóæèò ñîâîêóïíîñòü àáñîëþòíî òâåðäûõ ñòåðæ-
íåé îäèíàêîâîé ìàññû è äëèíû, øàðíèðíî çàêðåïëåííàÿ íà íåïîäâèæíîì îñíîâàíèè [1].
Ãèäðîäèíàìèêà îêðóæàþùåé ñðåäû íå ðàññìàòðèâàåòñÿ. Óðàâíåíèÿ äâèæåíèÿ âûïèñû-
âàþòñÿ â ôîðìå óðàâíåíèé Ëàãðàíæà âòîðîãî ðîäà.

Çàäà÷à ìîäåëèðîâàíèÿ ðàçáèâàåòñÿ íà äâà ýòàïà. Íà ïåðâîì ýòàïå íàõîäÿòñÿ îáîá-
ùåííûå ñèëû ïî èçâåñòíûì çàêîíàì äâèæåíèÿ êàê ôóíêöèè âðåìåíè Q(t). Àïïðîê-
ñèìàöèÿ ïîëó÷àåìûõ èç ýêñïåðèìåíòà çàêîíîâ äâèæåíèÿ îñóùåñòâëÿåòñÿ ñ ïîìîùüþ
ñãëàæèâàþùèõ êóáè÷åñêèõ ñïëàéíîâ. Íà âòîðîì ýòàïå çàäàåòñÿ ñòðóêòóðà îáîáùåííûõ
ñèë � èõ çàâèñèìîñòü îò îáîáùåííûõ êîîðäèíàò q è îáîáùåííûõ ñêîðîñòåé q̇. Êîýôôè-
öèåíòû æåñòêîñòè è ñîïðîòèâëåíèÿ ïðåäïîëàãàþòñÿ êóñî÷íî-ïîñòîÿííûìè ôóíêöèÿìè
âðåìåíè è ÿâëÿþòñÿ ïàðàìåòðàìè ìîäåëè, òðåáóþùèìè îïðåäåëåíèÿ. Ñòàâèòñÿ çàäà÷à
èäåíòèôèêàöèè ýòèõ ïàðàìåòðîâ ñ ó÷åòîì òîãî, ÷òî îáîáùåííûå ñèëû èçâåñòíû êàê
ôóíêöèè âðåìåíè. Ïîñòàâëåííàÿ çàäà÷à ðåøàåòñÿ ÷èñëåííî êàê çàäà÷à íåëèíåéíîãî
ïðîãðàììèðîâàíèÿ. Ïðè êîìïüþòåðíîì ìîäåëèðîâàíèè èññëåäîâàëèñü ãðåáêîâûå äâè-
æåíèÿ ðåñíè÷åê ìèêðîîðãàíèçìîâ Paramecium è Sabellaria.

Ïðåäëàãàåìûé ïîäõîä ê ìîäåëèðîâàíèþ äâèæåíèé îðãàíåëë êëåòîê ïðåäñòàâëÿåòñÿ
áîëåå îïòèìàëüíûì è ýêîíîìè÷íûì, ÷åì òðàäèöèîííî ïðèìåíÿåìûé â äàííîé îáëà-
ñòè èññëåäîâàíèé ïîäõîä, îñíîâàííûé íà ðåøåíèè âòîðîé îñíîâíîé çàäà÷è äèíàìèêè
(ê ïðèìåðó, ñì. [2]).
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Krivovichev G.V.Mathematical modelling of protozoan movements.
The problem of mathematical modelling of protozoa motility is considered. Original approach

to the modelling of ciliary movements is discussed.
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Ìåòîä êîìïðåññèîííîé òîíîãðàôèè îñíîâàí íà äîñòàòî÷íî äëèòåëüíîì (íåñêîëüêî
ìèíóò) ïðèëîæåíèè ôèêñèðîâàííîé âíåøíåé íàãðóçêè ê ãëàçíîìó ÿáëîêó è èçìåðåíèè
âíóòðèãëàçíîãî äàâëåíèÿ êàê ôóíêöèè âðåìåíè çà ïåðèîä íàãðóæåíèÿ. Öåëü ïðîöåäó-
ðû � îïðåäåëèòü ãèäðàâëè÷åñêóþ ïðîâîäèìîñòü ïóòåé îòòîêà, êîòîðàÿ ìåíÿåòñÿ ïðè
ïàòîëîãèÿõ è çíàíèå êîòîðîé ñóùåñòâåííî äëÿ äèàãíîñòèêè çàáîëåâàíèé.

Ïîëó÷åíèå ýòîé õàðàêòåðèñòèêè, íå èçìåðÿåìîé íåïîñðåäñòâåííî, ïî ñóùåñòâó ñâÿçà-
íî ñ âûáîðîì ìåõàíè÷åñêîé ìîäåëè ãëàçíîãî ÿáëîêà, ó÷èòûâàþùåé äèíàìèêó òå÷åíèÿ
âíóòðèãëàçíîé æèäêîñòè è óïðóãîå ïîâåäåíèå ãëàçíîé îáîëî÷êè. Ïðè îáùåïðèíÿòîé
ìåòîäèêå îáðàáîòêè ñ÷èòàåòñÿ, ÷òî ïîä íàãðóçêîé ñêîðîñòü ïðèòîêà æèäêîñòè è ïðî-
âîäèìîñòü âûâîäÿùèõ ïóòåé íå ìåíÿþòñÿ ïî ñðàâíåíèþ ñ íåíàãðóæåííûì ñîñòîÿíèåì,
à äàâëåíèå íà âûõîäå (â ýïèñêëåðàëüíûõ âåíàõ) óâåëè÷èâàåòñÿ â ñðàâíåíèè ñ íåíàãðó-
æåííûì ñîñòîÿíèåì íà ôèêñèðîâàííóþ âåëè÷èíó, îäèíàêîâóþ äëÿ âñåõ ãëàç. Ìåòîäèêà
îïåðèðóåò ñ âåëè÷èíàìè, âû÷èñëÿåìûìè òîëüêî â íà÷àëüíûé è êîíå÷íûé ìîìåíòû ïðè-
ëîæåíèÿ íàãðóçêè. Òàêèì îáðàçîì, èñïîëüçóþòñÿ òîëüêî íà÷àëüíàÿ è êîíå÷íàÿ òî÷êè
òîíîãðàôè÷åñêîé êðèâîé, êîòîðàÿ ôàêòè÷åñêè çàìåíÿåòñÿ îòðåçêîì ïðÿìîé.

Äëÿ àíàëèçà âîçìîæíîñòåé òîíîãðàôè÷åñêîãî òåñòà ïðèìåíÿëàñü ðàçðàáîòàííàÿ íà-
ìè ðàíåå äîñòàòî÷íî îáùàÿ íåñòàöèîíàðíàÿ ìîäåëü òå÷åíèÿ âíóòðèãëàçíîé æèäêîñòè ñ
ó÷åòîì óïðóãîãî äåôîðìèðîâàíèÿ îáîëî÷êè ãëàçà. Ðàññìîòðåíû ðàçëè÷íûå âàðèàíòû
îáùåé ìîäåëè. Âûïîëíåíû ðàñ÷åòû, êîòîðûå ñîïîñòàâëÿëèñü ñ äàííûìè êëèíè÷åñêèõ
èçìåðåíèé. Ïðè áîëåå ïîëíîì, ÷åì ïðè ñòàíäàðòíîé îáðàáîòêå, èñïîëüçîâàíèè èíôîð-
ìàöèè, ñîäåðæàùåéñÿ â òîíîãðàôè÷åñêîé êðèâîé (áåç åå ñïðÿìëåíèÿ) îäíîâðåìåííîå
âûïîëíåíèå âñåõ òðàäèöèîííûõ ãèïîòåç îêàçàëîñü íåâîçìîæíûì. Ïðè ýòîì èíòåðïðå-
òàöèÿ ïîëó÷åííûõ äàííûõ ñòàíîâèòñÿ íåîäíîçíà÷íîé. Â ÷àñòíîñòè, åñëè ñîõðàíèòü ãè-
ïîòåçû î ñîâïàäåíèè ñêîðîñòè ïðèòîêà è âûõîäíîé ïðîâîäèìîñòè â íàãðóæåííîì è
íåíàãðóæåííîì ñîñòîÿíèè, òî òîãäà ïðèõîäèòñÿ äîïóñòèòü çíà÷èòåëüíîå âîçðàñòàíèå
ïîä íàãðóçêîé âûõîäíîãî äàâëåíèÿ. Ñ äðóãîé ñòîðîíû, åñëè ïîòðåáîâàòü ôèêñèðîâàí-
íîãî ïðèðàùåíèÿ ýòîé âåëè÷èíû (è äàæå åå íåèçìåííîñòè), òî îáúÿñíèòü ðåçóëüòàòû
èçìåðåíèé ìîæíî èçìåíåíèåì ïîä íàãðóçêîé ïðîâîäèìîñòè âûâîäÿùèõ ïóòåé. Îáñóæ-
äàþòñÿ âîçìîæíûå ýêñïåðèìåíòû, ïîçâîëÿþùèå óòî÷íèòü ôèçè÷åñêèé ñìûñë îïðåäåëÿ-
åìûõ ïðè òîíîãðàôèè õàðàêòåðèñòèê. Ñóùåñòâåííî òàêæå èñïîëüçîâàíèå êîððåêòíûõ
çàâèñèìîñòåé, îïèñûâàþùèõ óïðóãîå ïîâåäåíèå ñèñòåìû ñ ó÷åòîì èíäèâèäóàëüíûõ îñî-
áåííîñòåé. Ïðèâåäåíû ïðèìåðû ðàñ÷åòà ñîîòâåòñòâóþùèõ ôóíêöèé.

Ðàáîòà ïîääåðæàíà ÐÔÔÈ (ïðîåêò � 08-01-00492) è Ãîñóäàðñòâåííîé ïðîãðàììîé
ïîääåðæêè âåäóùèõ íàó÷íûõ øêîë (ïðîåêò � ÍØ-1792.2008.1).

Lyubimov G.A., Moiseeva I.N., Stein A.A.Mechanical models of compression tonography.
The data of eye tonography are interpreted on the basis of our model of unsteady �ow in the eye

with account for the elastic behavior of its coat. The assumptions on which the routine procedure of
processing the tonography data is based are formulated. It is shown that these assumptions cannot
be simultaneously satis�ed for the realistic shapes of tonographic curves. The model can be speci�ed
only basing on additional calculations and experiments.
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Â ñîâðåìåííûõ óñëîâèÿõ íåôòÿíûå óãëåâîäîðîäû (ÓÂ) ÷àñòî âûñòóïàþò â êà÷åñòâå
çàãðÿçíèòåëåé ïîâåðõíîñòíûõ ñëîåâ ïî÷â. Òàêèå ñîåäèíåíèÿ âõîäÿò â ñîñòàâ ìîòîðíûõ
òîïëèâ, ïðîìûøëåííûõ ðàñòâîðèòåëåé è äðóãèõ íåôòåïðîäóêòîâ. Â ëàáîðàòîðèè õèìèè
îêðóæàþùåé ñðåäû Êàçàíñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà ïðåäëîæåíà òåõíîëîãèÿ
âòîðè÷íîé î÷èñòêè è âîññòàíîâëåíèÿ ïî÷â, îñíîâàííàÿ íà ñî÷åòàíèè áèîëîãè÷åñêèõ è
ôèçèêî-õèìè÷åñêèõ ìåòîäîâ. Îñíîâíûì ïðèíöèïîì òåõíîëîãèè ÿâëÿåòñÿ èñïîëüçîâàíèå
áèîñîðáöèîííîãî êîìïëåêñà (ÁÑÊ) � ñîðáåíòîâ, èíîêóëèðîâàííûõ àêòèâíûìè øòàììà-
ìè óãëåâîäîðîäîêèñëÿþùèõ ìèêðîîðãàíèçìîâ. Ýòî ïîçâîëÿåò îäíîâðåìåííî ñíèçèòü
êîëè÷åñòâî ïîäâèæíîãî ÓÂ â ïî÷âå çà ñ÷åò ñîðáöèîííîãî óäåðæèâàíèÿ è ïîâûñèòü
óñòîé÷èâîñòü ìèêðîîðãàíèçìîâ çà ñ÷åò ñîäåðæàùèõñÿ â ÁÑÊ ïèòàòåëüíûõ âåùåñòâ.

Â êà÷åñòâå òåîðåòè÷åñêîãî îáîñíîâàíèÿ è îñíàùåíèÿ óêàçàííîé òåõíîëîãèè ñîçäàíà
ìàòåìàòè÷åñêàÿ ìîäåëü ïîâåäåíèÿ ÓÂ â ïî÷âàõ ñ ó÷åòîì èõ ôèëüòðàöèè, ñîðáöèè è
áèîäåãðàäàöèè. Ìîäåëü ïîñòðîåíà íà îñíîâå áàëàíñîâûõ ñîîòíîøåíèé äëÿ çàãðÿçíèòå-
ëÿ, áèîìàññû è ïèòàòåëüíûõ âåùåñòâ. Ñîðáöèÿ ÓÂ íà âíåñåííîì ÁÑÊ ïðåäïîëàãàåòñÿ
ðàâíîâåñíîé. Ðàçâèòèå ìèêðîîðãàíèçìîâ îïèñûâàåòñÿ òðåõôàêòîðíîé êèíåòèêîé Ìîíî
è ëèíåéíûì çàêîíîì èõ ãèáåëè. Ìàòåìàòè÷åñêàÿ ìîäåëü ðåàëèçîâàíà â âèäå ðàñ÷åòíîé
ïðîãðàììû. Âûÿâëåíî âçàèìîâëèÿíèå ïðîöåññîâ ìèêðîáíîé è ñîðáöèîííîé èììîáèëè-
çàöèè ÓÂ, à òàêæå âëèÿíèå ïàðàìåòðîâ ñðåäû íà ïðîòåêàíèå äàííûõ ïðîöåññîâ.

Ðàçðàáîòàííàÿ â ðàìêàõ ïîñòðîåííîé ìîäåëè ðàñ÷åòíàÿ ïðîãðàììà ïîçâîëÿåò îïòè-
ìèçèðîâàòü âûáîð òåõíîëîãè÷åñêîãî ðåãëàìåíòà äëÿ êîíêðåòíûõ óñëîâèé çàãðÿçíåííîé
ñðåäû, à òàêæå ÿâëÿåòñÿ èíñòðóìåíòîì äëÿ ïðîãíîçà ýôôåêòèâíîñòè âûáðàííîãî ðå-
æèìà î÷èñòêè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÌÍÒÖ � 3419.2

Malov P.V., Potashev K.A. Modeling of bioremediation of soil polluted by hydrocarbon.
This work is devoted to modeling of technological process of bioremediation of soil polluted

by hydrocarbon. The remediation technology is based on using biosorptional complex. The
mathematical formulation of model includes balance equations for pollutant, biomass and nutrients,
and also closing relations which describe processes of sorption, pollutant decay, nutrients consump-
tion and change of microorganisms number. In this work the analysis of results of numerical
calculations of the constructed model is submitted. The developed program allows making
calculations of base parameters of bioremediation process, and also can be used as a tool for planning
optimal scenarios of soil remediation depending on pollution conditions.
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Ðàññìàòðèâàåòñÿ ðåêîíñòðóèðîâàííîå ñðåäíåå óõî ñ èñïîëüçîâàíèåì òåõíîëîãèè
¾large island¿, ïðåäïîëàãàþùåé íàëîæåíèå õðÿùåâîé òêàíè íà îñòàòêè òèìïàíàëüíîé
ìåìáðàíû (ÒÌ) è ââåäåíèå T�îáðàçíîãî ïðîòåçà òèïà PORP, çàìåùàþùåãî öåïü êîñòî-
÷åê ¾ìîëîòî÷åê�íàêîâàëüíÿ¿. Ïðè óñòàíîâêå ïðîòåçà åãî êðóãëîå îñíîâàíèå ñêëåèâàåòñÿ
ñ âîññòàíîâëåííîé ÒÌ, à äðóãîé êîíåö àíêèðóåòñÿ íà ãîëîâêó ñòðåìåíè.

Âîññòàíîâëåííàÿ ÒÌ ìîäåëèðóåòñÿ êàê äâóõñëîéíàÿ êîëüöåâàÿ ïëàñòèíà (ñîñòîÿùàÿ
èç õðÿùåâîé òêàíè, ñêëååííîé ñ îñòàòêàìè ÒÌ), ñîïðÿæåííàÿ ñ îäíîñëîéíîé êîëüöåâîé
ïëàñòèíîé (ñîñòîÿùåé òîëüêî èç õðÿùåâîé òêàíè). Ïî âíóòðåííåìó êîíòóðó ïëàñòèíêà
ñîïðÿæåíà ñ êðóãëûì îñíîâàíèåì ïðîòåçà, ïî âíåøíåìó êîíòóðó � ñ òêàíÿìè ñðåäíåãî
óõà. Íà âíóòðåííåì è âíåøíåì êîíòóðàõ ðàññìàòðèâàþòñÿ óñëîâèÿ æåñòêîé è óïðóãîé
çàäåëêè, ñîîòâåòñòâåííî. Â îáùåì ñëó÷àå âíåøíèé êîíòóð è êîíòóð ñîïðÿæåíèÿ ïëà-
ñòèí èìåþò ïðîèçâîëüíóþ, áëèçêóþ ê êðóãîâîé, ôîðìó. Óðàâíåíèÿ ðàâíîâåñèÿ ÒÌ èí-
òåãðèðóþòñÿ ñ èñïîëüçîâàíèåì àñèìïòîòè÷åñêîãî ìåòîäà [1], à òàêæå ìåòîäà êîíå÷íûõ
ðàçíîñòåé. Èññëåäóåòñÿ âëèÿíèå ïàðàìåòðîâ ïðîòåçà, åãî ïðîñòðàíñòâåííàÿ îðèåíòàöèÿ
íà ÍÄÑ âñåé ñèñòåìû, à òàêæå íà óñòîé÷èâîñòü ñàìîãî ïðîòåçà.

Ðàáîòà âûïîëíåíà ïî çàäàíèþ ¾Ìåõàíèêà 4.09¿, âõîäÿùåìó â ÃÊÏÍÈ ¾Ìåõàíèêà¿,
Ðåñïóáëèêè Áåëàðóñü íà 2006-2010 ãã.
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reconstructed middle ear after inserting a malleus-incus prosthesis // Journal of Biomechanics.
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Mikhasev G.I., Yermochenko S.A. Calculation of the stress-stress state of the middle ear
under tympanoplasty using the ¾large island¿ technology.

The problem on calculation of the reconstructed middle ear subjected to tympanoplasty is
considered. The technology like ¾large island¿ is applied for a reconstruction of the eardrum.
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Çóáî÷åëþñòíàÿ ñèñòåìà ñîâðåìåííîãî ÷åëîâåêà, âîçíèêøàÿ â ðåçóëüòàòå äëèòåëüíî-
ãî ïðîöåññà ôèëîãåíåçà, ïðåäñòàâëÿåò ñîáîé ñëîæíóþ áèîìåõàíè÷åñêóþ ñèñòåìó. Êëè-
íè÷åñêèå è ìîðôîëîãè÷åñêèå èññëåäîâàíèÿ ïîçâîëÿþò âûäåëèòü äâà îñíîâíûõ òâåðäî-
òêàííûõ áëîêà ñèñòåìû: 1) êîñòíî-ìûøå÷íé áëîê â ðàéîíå âèñî÷íî�íèæíå÷åëþñòíûõ
ñóñòàâîâ, 2) çóáî�àëüâåîëÿðíûé áëîê, îáðàçîâàííûé äóãàìè âåðõíèõ è íèæíèõ çóáîâ.
Ñîåäèíåíèå áëîêîâ îñóùåñòâëÿåòñÿ ðÿäîì ìûøå÷íûõ áëîêîâ (ÿçûê, ìÿãêîå íåáî è äð.).
Àíàëèçèðóåòñÿ áèîìåõàíè÷åñêîå ñòðîåíèå êàæäîãî ýëåìåíòà áëîêîâ è ñâÿçü ìåæäó íè-
ìè. Àíàëèçèðóåòñÿ ðîëü ìåõàíè÷åñêîãî äàâëåíèÿ â ýâîëþöèè è ôóíêöèîíèðîâàíèè áëî-
êîâ è èõ ýëåìåíòîâ, à òàêæå áèîëîãè÷åñêèå îñòàòî÷íûå íàïðÿæåíèÿ â ýëåìåíòàõ áëîêîâ.
Îñîáîå âíèìàíèå óäåëåíî òåîðåòè÷åñêîìó è ýêñïåðèìåíòàëüíîìó èññëåäîâàíèþ ïåðèî-
äîíòàëüíîé ñâÿçêè çóáà. Àíàëèçèðóåòñÿ òàêæå ðîëü ïåðèîäîíòàëüíîé æèäêîñòè äëÿ
àìîðòèçàöèè íàãðóçîê íà çóá ïðè æåâàíèè, îðòîäîíòè÷åñêîì ëå÷åíèè è äðóãèõ íà-
ãðóçêàõ. Ðàññìîòðåíà áèîìåõàíèêà âèñî÷íî�íèæíå÷åëþñòíûõ ñóñòàâîâ ïðè ðàçëè÷íûõ
íàãðóçêàõ, â ÷àñòíîñòè, ðîëü ïîðîóïðóãîñòè äèñêà ñóñòàâà.

Ïðîâîäèòñÿ áèîìåõàíè÷åñêèé àíàëèç ëå÷åíèÿ âðîæäåííîé ðàñùåëèíû òâåðäîãî íåáà
(¾âîë÷üåé ïàñòè¿). Âàæíûì ýëåìåíòîì ìîäåëè ÿâëÿåòñÿ ó÷åò ðîñòîâûõ äåôîðìàöèé
æèâîé òêàíè, ïàðàìåòðû ñîîòâåòñòâóþùèõ îïðåäåëÿþùèõ ñîîòíîøåíèé (Hsu, 1968)
íàéäåíû ýêñïåðèìåíòàëüíî. Ïðîâîäèòñÿ áèîìåõàíè÷åñêèé àíàëèç ìåòîäèêè ëå÷åíèÿ
âðîæäåííîé ðàñùåëèíû òâåðäîãî íåáà è äàíû ðåêîìåíäàöèè ïî åå óñîâåðøåíñòâîâà-
íèþ.

Áîëüøîå çíà÷åíèå â àñïåêòå âëèÿíèÿ áèîìåõàíè÷åñêîãî äàâëåíèÿ èãðàåò åñòåñòâåí-
íîå è èñêóññòâåííîå âñêàðìëèâàíèå äåòåé ðàííåãî âîçðàñòà. Â íàñòîÿùåå âðåìÿ âî âñåõ
ðàçâèòûõ ñòðàíàõ ìèðà áîëüøèíñòâî äåòåé âñêàðìëèâàåòñÿ èñêóññòâåííî. Èçâåñòíî, ÷òî
ïðè ðîæäåíèè âñå äåòè èìåþò âðîæäåííóþ ïðîãíàòèþ, òî åñòü íèæíÿÿ ÷åëþñòü ñäâè-
íóòà íàçàä ïî ñðàâíåíèþ ñ åå ïîëîæåíèåì ó âçðîñëîãî, íîðìàëüíî ðàçâèòîãî ÷åëîâåêà.
Ïîñòåïåííîå èñïðàâëåíèå ýòîãî äåôåêòà îñóùåñòâëÿåòñÿ ïîä äåéñòâèåì ìåõàíè÷åñêîãî
óñèëèÿ: ñîñàíèÿ ïðè ìîëî÷íîì âñêàðìëèâàíèè è æåâàíèÿ ïðè ïîÿâëåíèè çóáîâ. Áèî-
ìåõàíè÷åñêèé àíàëèç ïîçâîëÿåò äàòü ðåêîìåíäàöèè ïî ïðàâèëüíîìó îñóùåñòâëåíèþ
èñêóññòâåííîãî âñêàðìëèâàíèÿ äåòåé.

Àâòîðû áëàãîäàðÿò Ðîññèéñêèé ôîíä ôóíäàìåíòàëüíûõ èññëåäîâàíèé çà ôèíàíñî-
âóþ ïîääåðæêó (ïðîåêòû � 07-01-96061-ð_ Óðàë-à è � 07-01-92168-ÍÖÍÈ_à).

Nyashin Yu.I., Tverie V.M., Lokhov V.A. Biomechanical modelling of a human dentofacial
system.

The human dentofacial system represents a very complicated biomechanical system consisting
of di�erent hard and soft tissue elements. The biomechanical analysis substantiates the conclusion
on importance of mechanical load to processes of growth and development of the jawbones and
their elements. The authors consider in detail the problems of biomechanical modelling of the
periodontium, treatment of the congenital cleft of the hard tissue, natural and arti�cial feeding, etc.
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Íà îñíîâå ìàòåìàòè÷åñêîé ìîäåëè, ïðåäëîæåííîé â ðàáîòàõ [1, 2], ïðîâîäèòñÿ ÷èñ-
ëåííûé ýêñïåðèìåíò ñîêðàùåíèÿ ïîïåðå÷íîïîëîñàòîé ìûøöû. Äàííàÿ ìîäåëü ïîçâî-
ëÿåò ñâÿçàòü â æèâîé ñèñòåìå èíôîðìàöèîííûå èìïóëüñû, ïîñòóïàþùèå èç öåíòðàëü-
íîé íåðâíîé ñèñòåìû, ñ ìèêðîñêîïè÷åñêèìè ïðîöåññàìè â ôóíêöèîíàëüíûõ ýëåìåíòàõ
ìûøöû. Â ðåçóëüòàòå ÷èñëåííîãî èíòåãðèðîâàíèÿ ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû.
Îäèíî÷íûé èìïóëüñ âûçûâàåò â ìûøå÷íîì âîëîêíå ðàñïðîñòðàíåíèå îäèíî÷íîé âîëíû
ñîêðàùåíèÿ. Åñëè èìïóëüñû ñëåäóþò äðóã çà äðóãîì, ïðîèñõîäèò ñóììàöèÿ îäèíî÷-
íûõ ñîêðàùåíèé; ïðè äîñòàòî÷íî âûñîêîé ÷àñòîòå èìïóëüñîâ îäèíî÷íûå ñîêðàùåíèÿ
ñëèâàþòñÿ â ãëàäêèé òåòàíóñ, ò.å. óñòîé÷èâîå ñîêðàùåíèå, êîòîðîå ïîääåðæèâàåòñÿ äî
ïðåêðàùåíèÿ ñòèìóëÿöèè èëè äî óòîìëåíèÿ ìûøöû. Ïðè ìíîãîêðàòíîé ñòèìóëÿöèè
ìûøöû ñ ðàçëè÷íûìè ôóíêöèîíàëüíûìè ïåðåêðûòèÿìè íàáëþäàåòñÿ ëèíåéíàÿ çàâè-
ñèìîñòü óñèëèÿ, ðàçâèâàåìîãî â ìûøöå, è êîëè÷åñòâà ìèîçèíîâûõ ãîëîâîê, ñîäåðæà-
ùèõñÿ â âîëîêíå. Ðåçóëüòàòû ïîëíîñòüþ ñîîòâåòñâóþò ìàêðîñêîïè÷åñêèì èçìåðåíèÿì
íàä ïðåïàðèðîâàííîé ìûøöåé, èçëîæåííûì, íàïðèìåð, â [3]. Òàêæå èññëåäóåòñÿ õàðàê-
òåð ïîâåäåíèÿ ìàòåìàòè÷åñêîé ìîäåëè â çàâèñèìîñòè îò ñêîðîñòè ôåðìåíòíîé ðåàêöèè,
ïðîòåêàåìîé â ìûøå÷íîì âîëîêíå.

ËÈÒÅÐÀÒÓÐÀ

[1] Íîâîñåëîâ Â.Ñ. Ñòàòèñòè÷åñêèå ìîäåëè íåéðîäèíàìèêè. ÑÏá, 2004. 64 ñ.
[2] Íîâîñåëîâ Â.Ñ., Êîðîëåâ Â.Ñ. Ìîäåëü âîçáóæäåíèÿ ìûøöû // Òðóäû 4-é Ìåæäóíàðîäíîé

êîíôåðåíöèè ¾Èäåíòèôèêàöèÿ ñèñòåì è ïðîáëåìû óïðàâëåíèÿ¿. Ì., 2005. C. 367�374.
[3] Áýãøîó Ê. Ìûøå÷íîå ñîêðàùåíèå. Ì.: Ìèð, 1985. 159 ñ.

Selitskaya E.A. Striated muscle's contraction.
The research of striated muscle's contraction was carried out in the mathematical model. The

dependence of muscle tension on nervous excitability was obtained by numerical integration.
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Ñîâðåìåííîå ïðåäñòàâëåíèå î ìåõàíèçìå ìûøå÷íîãî ñîêðàùåíèÿ áàçèðóåòñÿ íà òåî-
ðèè ñêîëüçÿùèõ íèòåé. Âòÿãèâàíèå áåëêîâûõ íèòåé â âîçáóæäåííîì âîëîêíå îñóùåñòâ-
ëÿåòñÿ â ðåçóëüòàòå îáðàçîâàíèÿ ìåæäó íèòÿìè ìîñòèêîâ, êîòîðûå è ïðîòàëêèâàþò
îäíó íèòü îòíîñèòåëüíî äðóãîé. Â ðàáîòå [1] ìûøå÷íîå ñîêðàùåíèå ïðåäñòàâëÿëîñü
êàê ðåçóëüòàò êîëëåêòèâíîãî äåéñòâèÿ ìîñòèêîâ, ïåðåõîäÿùèõ èç îäíîãî ñîñòîÿíèÿ â
äðóãîå. Íàðÿäó ñ ñîêðàòèòåëüíûìè ñêåëåòíûå ìûøöû ïðîÿâëÿþò òàêæå è óïðóãèå ñâîé-
ñòâà, êîòîðûå áûëè ôîðìàëèçîâàíû [2] êàê ïàðàëëåëüíàÿ è ïîñëåäîâàòåëüíàÿ óïðóãèå
êîìïîíåíòû.

Â ïðåäëàãàåìîé ðàáîòå ìîäåëü ñîêðàòèòåëüíîé êîìïîíåíòû áûëà óñîâåðøåíñòâîâà-
íà òàê, ÷òîáû îïèñûâàòü íå òîëüêî îäíîíàïðàâëåííûå, íî è ïîïåðåìåííûå äâèæåíèÿ.
Ñ ýòîé öåëüþ áûëà èçìåíåíà ñõåìà ïåðåõîäà ìîñòèêîâ èç îäíîãî ñîñòîÿíèÿ â äðóãîå
ñ ó÷åòîì èçìåíåíèÿ çíàêà ñêîðîñòè. Äàëåå ìîäåëü ñîêðàòèòåëüíîé êîìïîíåíòû áûëà
èíêîðïîðèðîâàíà â ÷åòûðåõýëåìåíòíóþ ìåõàíè÷åñêóþ ìîäåëü ìûøöû ñ ïàðàëëåëüíîé
è çàäåìïôèðîâàííîé ïîñëåäîâàòåëüíîé êîìïîíåíòîé. Ïîñêîëüêó äâèæåíèå â ñóñòàâàõ
îñóùåñòâëÿåòñÿ, êàê ìèíèìóì, äâóìÿ ìûøöàìè, äåéñòâóþùèìè â ïðîòèâîïîëîæíîì íà-
ïðàâëåíèè, òî ñëåäóþùèì øàãîì áûëà ïîñòðîåíà ìîäåëü ñèñòåìû ìûøö-àíòàãîíèñòîâ.
Êðîìå òîãî, áûëà ïîñòðîåíà ìîäåëü óïðàâëåíèÿ ìûøöàìè-àíòàãîíèñòàìè ñî ñòîðîíû
íåðâíîé ñèñòåìû.

ËÈÒÅÐÀÒÓÐÀ

[1] Äåùåðåâñêèé Â. È. Ìàòåìàòè÷åñêèå ìîäåëè ìûøå÷íîãî ñîêðàùåíèÿ. Ì.: Íàóêà, 1977.
160 ñ.

[2] Õèëë À. Ìåõàíèêà ìûøå÷íîãî ñîêðàùåíèÿ. Ì.: Ìèð, 1972. 143 ñ.

Tregoubov V.P.Mathematical modelling of muscle contraction.
The proposed mathematical model of skeletal muscle-antagonists is based on the sliding �lament

theory.The nerve system control is incorporated into the model.
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×óâñòâèòåëüíîñòü ñòåíêè ìåëêèõ àðòåðèàëüíûõ ñîñóäîâ ê èçìåíåíèÿì ðàçíîñòè
âíóòðåííåãî è âíåøíåãî äàâëåíèé, à òàêæå êàñàòåëüíîãî íàïðÿæåíèÿ ó ñòåíêè ñîñóäà
èìååò íåìàëîâàæíîå çíà÷åíèå â ðåãóëÿöèè êðîâîòîêà. Ïî ñóùåñòâó, ðåãóëÿöèÿ êðîâîòî-
êà ìåõàíè÷åñêèìè ñòèìóëàìè ñâîäèòñÿ ê ðåãóëÿöèè ïðîñâåòà ñîñóäà. Ðàññìàòðèâàåòñÿ
çàäà÷à î êâàçèîäíîìåðíîì òå÷åíèè êðîâè â ñîñóäå, ñïîñîáíîì èçìåíÿòü ñâîé ïðîñâåò
ïîä äåéñòâèåì óêàçàííûõ ñòèìóëîâ. Êðîâü ñ÷èòàåòñÿ íüþòîíîâñêîé æèäêîñòüþ, ñîñóä
� öèëèíäðè÷åñêèì. Óðîâåíü ñîêðàòèìîñòè ãëàäêîìûøå÷íûõ êëåòîê â ñòåíêå îïèñû-
âàåòñÿ äâóìÿ ðåãóëèðóþùèìè ïàðàìåòðàìè, êîòîðûì ïðèäàåòñÿ ñìûñë êîíöåíòðàöèè
êàëüöèÿ â öèòîïëàçìå ãëàäêîìûøå÷íûõ êëåòîê (Cm) è ñðåäíåé êîíöåíòðàöèè îêñèäà
àçîòà â ãëàäêîìûøå÷íîì ñëîå (C). Ïîëàãàåòñÿ, ÷òî ñòàòè÷åñêèå çíà÷åíèÿ Cm çàâèñÿò
îò îêðóæíîãî íàïðÿæåíèÿ â ñòåíêå. Äëÿ îïðåäåëåíèÿ C ðåøàåòñÿ çàäà÷à î ðàäèàëüíîé
äèôôóçèè îêñèäà àçîòà, âûäåëÿåìîãî ýíäîòåëèåì. Ìàòåðèàë ñòåíêè ñ÷èòàåòñÿ íåñæè-
ìàåìûì, ïðîäîëüíûå äåôîðìàöèè ñòåíêè íå ó÷èòûâàþòñÿ. Ïðè ïîñòðîåíèè óðàâíåíèé
äëÿ ðàäèóñà è Cm èñïîëüçóþòñÿ ëèòåðàòóðíûå äàííûå, ïîëó÷åííûå â îïûòàõ íà ñåã-
ìåíòàõ ìîçãîâûõ àðòåðèé êðûñ. Ðåçóëüòàòû ÷èñëåííîãî ðåøåíèÿ óðàâíåíèé ìîäåëè ðå-
àëèñòè÷íî îïèñûâàþò ðåãóëÿöèþ ïðîñâåòà ñîñóäà ìåõàíè÷åñêèìè ñòèìóëàìè, äèíàìèêó
èçìåíåíèé ðàäèóñà è êîíöåíòðàöèè âíóòðèêëåòî÷íîãî êàëüöèÿ ïðè ðàçíîé ñêîðîñòè è
äëèòåëüíîñòè ìåõàíè÷åñêîãî âîçäåéñòâèÿ, ïîçâîëÿþò îöåíèòü ó÷àñòèå êàæäîãî èç ðàñ-
ñìàòðèâàåìûõ ìåõàíè÷åñêèõ ñòèìóëîâ â ðåãóëÿöèè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-
íèé, ïðîåêò � 07-01-00377à.

Shadrina N.Kh., Buchin V.A. Wall sensitivity of small arterial vessels to mechanical stimuli
and its e�ects (mathematical model).

The response of small arterial (resistance) vessels to variations in luminal pressure and wall
shear stress contributes signi�cantly to autoregulation in vascular bed. Regulation of blood �ow
by mechanical stimuli comes to internal vascular radius regulation. A new compact model of
resistance vessel is presented and used to consider quasione-dimentional blood �ow in a single
vessel. Results show realistic behaviour of vascular diameter and intracellular calcium concentration
in static and dynamic conditions, and enables one to value participation of pressure either shear
stress in regulation.
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Èññëåäîâàíèå íàïðÿæåííî�äåôîðìèðîâàííîãî ñîñòîÿíèÿ öåëüíîêåðàìè÷åñêèèõ êî-
ðîíîê òðàäèöèîííî ÿâëÿåòñÿ àêòóàëüíîé çàäà÷åé îðòîïåäè÷åñêîé ñòîìàòîëîãèè. Ïðè-
ìåíåíèå ñîâðåìåííûõ êîíå÷íî-ýëåìåíòíûõ ïðîãðàììíûõ êîìïëåêñîâ ïîçâîëÿåò äîïîë-
íèòü èçâåñòíûå ðåçóëüòàòû â ýòîì íàïðàâëåíèè. Â íàñòîÿùåé ðàáîòå âûïîëíåí êîì-
ïüþòåðíûé àíàëèç íàïðÿæåíèé è äåôîðìàöèé, âîçíèêàþùèõ â êîðîíêàõ êëûêà è ðåçöà
ïîä äåéñòâèåì ñîñðåäîòî÷åííûõ èëè ðàñïðåäåëåííûõ íàãðóçîê ñ ó÷åòîì îñîáåííîñòåé
ãåîìåòðè÷åñêîé ôîðìû ýòèõ çóáîâ, à òàêæå äëÿ ñëó÷àåâ ðàçëè÷íîé òîëùèíû êëååâîãî
øâà. Â êà÷åñòâå ìàòåðèàëîâ êîðîíîê ðàññìàòðèâàëèñü äâà âèäà êåðàìèêè.

Ïîñêîëüêó ïîâåðõíîñòü çóáà èìååò ñëîæíóþ ôîðìó, ãåîìåòðè÷åñêîå ìîäåëèðîâàíèå
ïðîâîäèëîñü ñ èñïîëüçîâàíèåì äàííûõ î ïîïåðå÷íûõ ñå÷åíèÿõ ðåàëüíûõ çóáîâ. Êîëè-
÷åñòâåííî ñå÷åíèÿ îïèñûâàëèñü ñîâîêóïíîñòüþ äåêàðòîâûõ êîîðäèíàò òî÷åê, ïðèíàä-
ëåæàùèõ êîíòóðó, ñîäåðæàùåìó ñå÷åíèå çóáà. Íà îñíîâàíèè ïîñòðîåííûõ òî÷åê âû-
ïîëíÿëàñü ãåíåðàöèÿ ñïëàéíîâ, èñïîëüçóåìûõ äëÿ ïîëó÷åíèÿ ïîâåðõíîñòè è ñîçäàíèÿ
òðåõìåðíûõ òâåðäîòåëüíûõ ìîäåëåé. Íà ðèñ. 1 ïðåäñòàâëåíû ðåçóëüòàòû ïîñòðîåíèÿ
ðåçöà è êëûêà.

Ðèñ. 1. Òâåðäîòåëüíûå òðåõìåðíûå ìîäåëè êëûêà è ðåçöà

Ðàñ÷åòû ìîäåëåé ïðîâåäåíû äëÿ òðåõ âàðèàíòîâ ïðèëîæåíèÿ æåâàòåëüíîé íàãðóç-
êè ñ ó÷åòîì êîíòàêòíûõ âçàèìîäåéñòâèé ìåæäó ïîâåðõíîñòÿìè çóáà è êëåÿ, êëåÿ è
êîðîíêè. Ïîëó÷åííûå ðåçóëüòàòû ìîãóò áûòü íåïîñðåäñòâåííî èñïîëüçîâàíû â îðòîïå-
äè÷åñêîé ñòîìàòîëîãèè äëÿ ïðîåêòèðîâàíèÿ êîðîíîê ñ ó÷åòîì ôàêòîðîâ, âëèÿþùèõ íà
èõ ïðî÷íîñòü è äîëãîâå÷íîñòü.

Yurkevich K.S. Computer modeling of complex dental surfaces by the example of crowns for
a incisor and a canine.

In the present paper results of �nite � element calculation stress � deformed conditions of
crowns for a incisor and the canine arising under action of concentrated or distributed loadings are
submitted. Geometrical modeling is executed on the basis of the real numerical data.
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Àêèìîâ Ã.À.
Áàëòèéñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò, Ñàíêò-Ïåòåðáóðã

akimov32@mail.ru

Ñèëüíåéøèì ñòèìóëîì ðàçâèòèÿ ãàçîäèíàìèêè ñòðóéíûõ òå÷åíèé â 1950-õ ãã. áûëà
íåîáõîäèìîñòü ðåøåíèÿ ðÿäà ïðîáëåì àýðîêîñìè÷åñêîé òåõíèêè. Â ïîñëåäóþùèå ãî-
äû îáëàñòü ïðèëîæåíèé áûñòðî óâåëè÷èëàñü, âêëþ÷èâ â ñåáÿ âîïðîñû ïðîåêòèðîâàíèÿ
ãàçîñòðóéíûõ àïïàðàòîâ, ðàçðàáîòêó òåõíîëîãè÷åñêèõ ïðîöåññîâ, ñîçäàíèå ãàçîäèíàìè-
÷åñêèõ èçëó÷àòåëåé çâóêà, èñïîëüçîâàíèå âûñîêîñêîðîñòíûõ ãàçîâûõ ñòðóé äëÿ áóðåíèÿ
ãîðíûõ ïîðîä è ò.ä. Çà ïðîøåäøèå ãîäû íàêîïëåí îáøèðíûé ýêñïåðèìåíòàëüíûé ìàòå-
ðèàë, âûïîëíåí áîëüøîé îáúåì ÷èñëåííûõ èññëåäîâàíèé, ïðåäëîæåíû ïðèáëèæåííûå
àíàëèòè÷åñêèå è ïîëóýìïèðè÷åñêèå ìåòîäû îïðåäåëåíèÿ îñíîâíûõ ïàðàìåòðîâ ñâåðõ-
çâóêîâûõ ãàçîâûõ ñòðóé.

Èñòîðèÿ èññëåäîâàíèé ñâåðõçâóêîâûõ ãàçîâûõ ñòðóé íà÷èíàåòñÿ â XIX â. Ïðàêòè÷å-
ñêèå ïðèëîæåíèÿ èññëåäóåìûõ ãàçîäèíàìè÷åñêèõ ÿâëåíèé òîãäà áûëè íåÿñíû. Ïîýòîìó
ðàáîòû, êàê ïðàâèëî, íå èìåëè ñèñòåìíîãî õàðàêòåðà, íî ÿâëÿëèñü âåñüìà èíòåðåñíû-
ìè ñ íàó÷íîé òî÷êè çðåíèÿ, ïîñêîëüêó îõâàòûâàëè ðàçíîîáðàçíûå ñòîðîíû ýòèõ ÿâëå-
íèé. Ïåðâûå èññëåäîâàíèÿ âîëíîâûõ ïðîöåññîâ â ñâåðõçâóêîâîé ñòðóå áûëè ïðîâåäåíû
Ý. Ìàõîì è Ï. Çàëüõåðîì. Òàêæå ñëåäóåò îòìåòèòü çàìå÷àòåëüíóþ ðàáîòó Ñ.À. ×à-
ïëûãèíà ¾Î ãàçîâûõ ñòðóÿõ¿ (1903). Ïóòåì ââåäåíèÿ íîâûõ íåçàâèñèìûõ ïåðåìåííûõ
â ïëîñêîñòè ãîäîãðàôà ñêîðîñòåé ×àïëûãèí ïðèâåë íåëèíåéíûå óðàâíåíèÿ ãàçîâîé äè-
íàìèêè ê ñèñòåìå ëèíåéíûõ óðàâíåíèé. Ðàçâèòûå â ýòîé ðàáîòå ìåòîäû ñîçäàëè ïåð-
ñïåêòèâó äëÿ äàëüíåéøèõ òåîðåòè÷åñêèõ èññëåäîâàíèé ñâåðõçâóêîâûõ òå÷åíèé.

Â 1950-å ãã. íà÷àëñÿ ñîâðåìåííûé ýòàï èññëåäîâàíèÿ ãàçîñòðóéíûõ òå÷åíèé, êîòîðûå
ïî÷òè îäíîâðåìåííî ïðîâîäèëèñü âî ìíîãèõ îðãàíèçàöèÿõ â íàøåé ñòðàíå è çà ðóáå-
æîì. Âî âñåõ ñëó÷àÿõ â íà÷àëå ïðîâîäèëàñü ñåðèÿ ýêñïåðèìåíòîâ â øèðîêîì äèàïàçîíå
ïàðàìåòðîâ. Âûÿâëÿëèñü îñîáåííîñòè ÿâëåíèÿ (ïðîöåññà), ñòðîèëàñü åãî ôèçè÷åñêàÿ
ìîäåëü è ñîîòâåòñòâóþùàÿ åé ìàòåìàòè÷åñêàÿ ìîäåëü (íà îñíîâå çàêîíîâ ñîõðàíåíèÿ â
èíòåãðàëüíîé èëè äèôôåðåíöèàëüíîé ôîðìå).

Â ðåçóëüòàòå ìíîãîëåòíåé èññëåäîâàòåëüñêîé ðàáîòû áûëè ñîçäàíû ìåòîäû ðàñ÷åòà
íà÷àëüíîãî (óäàðíî-âîëíîâîãî) ó÷àñòêà ñâåðõçâóêîâûõ ñòðóé ðàçëè÷íûõ âèäîâ è èõ
âçàèìîäåéñòâèÿ ñ ïðåãðàäàìè (ïîâåðõíîñòÿìè). Áûëè ðåøåíû çàäà÷è âàæíûå, â ïåðâóþ
î÷åðåäü, äëÿ ïðàêòèêè ïðîåêòèðîâàíèÿ ëåòàòåëüíûõ àïïàðàòîâ.

Â ïîñëåäóþùèå ãîäû îñíîâíûì ìåòîäîì èññëåäîâàíèÿ ñòàë ÷èñëåííûé ýêñïåðèìåíò.

Akimov G.A. Methods of supersonic streams' investigation.
The article analyses di�erent research methods of supersonic streams investigation. Special

attention is given to investigation of initial parts of supersonic streams.
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Àðõàíãåëüñêàÿ Ë.À.1, Äìèòðèåâà Ñ.È.2
1 Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

2 Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé òåõíîëîãè÷åñêèé óíèâåðñèòåò
ðàñòèòåëüíûõ ïîëèìåðîâ

Alexandr.Polynsky@paloma.spbu.ru

Ó èñòîêîâ Ìåæäóíàðîäíûõ ìàòåìàòè÷åñêèõ êîíãðåññîâ ñòîÿëè íåìåöêèå ó÷åíûå
Ô. Êëåéí, Ä. Ãèëüáåðò, À. Ãóðâèö, Ã. Ìèíêîâñêèé è ôðàíöóçñêèé ìàòåìàòèê è ôè-
ëîñîô À. Ïóàíêàðå.

Ïåðâûé (îôèöèàëüíûé) êîíãðåññ ìàòåìàòèêîâ ñîñòîÿëñÿ â 1897 ã. â Öþðèõå, II-é � â
1900 ã. â Ïàðèæå, III-é � â 1904 ã. â Ãåéäåëüáåðãå, IV-é � â 1908 ã. â Ðèìå, V-é � â 1912 ã. â
Êåìáðèäæå. Íà II-ì êîíãðåññå áûëè ñäåëàíû äâà ïðèíöèïèàëüíûõ äîêëàäà À. Ïóàíêàðå
è Ä. Ãèëüáåðòîì. Ó÷åíûå ïûòàëèñü ïðåäñêàçàòü áóäóùåå ìàòåìàòèêè, ïðè÷åì Ãèëüáåðò
âèäåë åãî â ðàçâèòèè àëãåáðàè÷åñêèõ íàïðàâëåíèé, Ïóàíêàðå � â ðàçâèòèè ìàòåìàòè-
÷åñêîé ôèçèêè. Ãèëüáåðò èçëîæèë 23 ìàòåìàòè÷åñêèå ïðîáëåìû, òðåáóþùèå ðåøåíèÿ,
è â òå÷åíèå áîëåå 100 ëåò íà íèõ áûëî ñîñðåäîòî÷åíî âíèìàíèå ëó÷øèõ ìàòåìàòèêîâ
ìèðà. Íà V-ì êîíãðåññå ñ äîêëàäîì âûñòóïàë Ñ.Í. Áåðíøòåéí, à àêàä. Â.À. Ñòåêëîâ
áûë èçáðàí âèöå-ïðåçèäåíòîì îò Ðîññèè.

Íà VII-ì êîíãðåññå â 1924 ã. â Òîðîíòî Â.À. Ñòåêëîâ âûñòóïàë ñ äîêëàäîì î ðàáî-
òàõ À.Ì. Ëÿïóíîâà, âûçâàâøèì áîëüøîé èíòåðåñ. VIII-é êîíãðåññ ïðîõîäèë â 1928 ã. â
Áîëîíüå, ñ äîêëàäîì îò ÑÑÑÐ âûñòóïàë ëåíèíãðàäñêèé ó÷åíûé Á.Í. Äåëîíå, èçëîæèâ-
øèé ñâîé íîâûé ìåòîä ïî òåîðèè êâàäðàòè÷íûõ ôîðì. IX-é êîíãðåññ ñîñòîÿëñÿ â 1932 ã.
â Öþðèõå è ñîâïàë ñî 100-ëåòèåì ñî äíÿ ñìåðòè ôðàíöóçñêîãî ó÷åíîãî Ý. Ãàëóà. Ïëå-
íàðíûé äîêëàä î ðàçâèòèè èäåé Ãàëóà áûë ïðî÷èòàí Í.Ã. ×åáîòàðåâûì, ÷òî ÿâèëîñü
ïðèçíàíèåì ðîññèéñêîé, â ÷àñòíîñòè ëåíèíãðàäñêîé àëãåáðàè÷åñêîé øêîëû.

XV-é êîíãðåññ, êîòîðûé ñîñòîÿëñÿ â 1966 ã. â Ìîñêâå, áûë ñàìûì ïðåäñòàâèòåëüíûì
(áîëåå 4500 ÷åë). Íà XVI-ì êîíãðåññå â 1970 ã. â Íèööå áîëüøîé èíòåðåñ âûçâàë äîêëàä
23-ëåòíåãî ëåíèíãðàäöà Þ.Â. Ìàòèÿñåâè÷à îá àëãîðèòìè÷åñêîé íåðàçðåøèìîñòè 10-é
ïðîáëåìû Ãèëüáåðòà. Ïðåçèäåíòîì Ìåæäóíàðîäíîãî ìàòåìàòè÷åñêîãî ñîþçà â 1986 ã.
áûë èçáðàí ëåíèíãðàäñêèé ó÷åíûé àêàäåìèê Ë.Ä. Ôàääååâ.

Íà êîíãðåññå 1986 ã. â Áåðêëè (ÑØÀ) ñ ïëåíàðíûìè äîêëàäàìè, ïîëó÷èâøèìè âû-
ñîêóþ îöåíêó, âûñòóïèëè ìîëîäûå ëåíèíãðàäöû À.À. Ñóñëèí, Ì.Ë. Ãðîìîâ.

XXIV-é êîíãðåññ 2002 ã. â Ïåêèíå ïðîäåìîíñòðèðîâàë óñïåõè ïåòåðáóðãñêèõ ó÷åíûõ
â îáëàñòè äèôôåðåíöèàëüíûõ è äèíàìè÷åñêèõ èãð.

Íà ÕXV-ì êîíãðåññå 2006 ã. â Ìàäðèäå ãëàâíîé íàó÷íîé ñåíñàöèåé áûëî ïðèçíà-
íèå äîêàçàòåëüñòâà ãèïîòåçû Ïóàíêàðå ïåòåáóðãñêèì ìàòåìàòèêîì Ã.ß. Ïåðåëüìàíîì.
Îòìå÷àëîñü, ÷òî ìàòåìàòèêà ñòîèò íà ïîðîãå íîâûõ îòêðûòèé.

Arkhangelskaja L.A., Dmitrieva S.I. Participation of Saint Petersburg (Leningrad) scien-
tists in International mathematic congresses.

In the paper the fundamental reports, main ideas, and scienti�c results in International
mathematic congresses are presented.
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ÐÀÊÅÒÍÎÃÎ ÄÂÈÃÀÒÅËß

Ãðèãîðüåâ À.Þ., Òåðåíòüåâ À.Ä.
Êàëèíèíãðàäñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò

anta@kaliningrad.ru

Ðàçâèòèå òåõíèêè ðåàêòèâíîãî äâèæåíèÿ â ÕÕ âåêå ïîòðåáîâàëî ïðèìåíåíèÿ ðàç-
ãîííûõ êàíàëîâ � ñîïë, ïðè ýòîì â îñíîâó òåîðèè áûëà ïîëîæåíà êîíòèíóàëüíàÿ ìî-
äåëü ïîòîêà, äîïîëíåííàÿ òåðìîäèíàìè÷åñêèìè ñîîòíîøåíèÿìè äëÿ ñæèìàåìîé ñðåäû.
Ñîãëàñíî ýòîé êîíöåïöèè ïîòîê ãàçà óñêîðÿåòñÿ ïîä äåéñòâèåì ðàçíîñòè äàâëåíèé: âíà-
÷àëå � äî êðèòè÷åñêîé ñêîðîñòè ïðè óìåíüøåíèè ñâîåãî ñå÷åíèÿ, çàòåì � â ðåçóëüòàòå
ðàñøèðåíèÿ ïðè èñòå÷åíèè, íàïðèìåð, â âàêóóì. Îäíàêî â îïûòàõ ñ ðàêåòíûìè äâèãàòå-
ëÿìè îáíàðóæåíî, ÷òî ôîðìà ñóæàþùåãîñÿ ñîïëà ïðàêòè÷åñêè íå âëèÿåò íà óäåëüíûé
èìïóëüñ òÿãè, ò.ê. ñóæàþùèéñÿ ïðîôèëü óâåëè÷èâàåò òîëüêî ïëîòíîñòü ïîòîêà, èñòå-
êàþùåãî âñåãäà ñ êðèòè÷åñêîé ñêîðîñòüþ, åñëè äàâëåíèå â êàìåðå áîëåå ÷åì â äâà ðàçà
ïðåâûøàåò äàâëåíèå âíåøíåé ñðåäû. Óâåëè÷åíèå óäåëüíîãî èìïóëüñà òÿãè îáåñïå÷èâà-
åò òîëüêî ðàñøèðÿþùèéñÿ êàíàë òèïà êîíóñà, ëèáî èìåþùèé ñïåöèàëüíûé ïðîôèëü â
çàâèñèìîñòè îò ðÿäà óñëîâèé.

Â äîêëàäå äàí îáçîð îðèãèíàëüíûõ ðàáîò, ãäå âïåðâûå ââîäèòñÿ ïîíÿòèå î êîýôôè-
öèåíòå êîíè÷íîñòè è ñäåëàíû ïîïûòêè îáüÿñíèòü îáíàðóæåííûé â îïûòå îïòèìàëüíûé
èíòåðâàë óãëîâ ðàñòâîðà êîíè÷åñêèõ ñîïë ïðîòèâîïîëîæíûì âëèÿíèåì êîýôôèöèåíòà
êîíè÷íîñòè è òðåíèÿ, à òàêæå ñòåïåíè ðàñøèðåíèÿ. Êðîìå òîãî, ïðîâåä¼í àíàëèç ðàáîò,
â êîòîðûõ ó÷èòûâàåòñÿ ìåõàíèçì óñêîðåíèÿ ïîòîêà â ðàñøèðÿþùåìñÿ êàíàëå. Íàëè-
÷èå ýòîãî óñêîðåíèå îáüÿñíÿåòñÿ ïðåîáðàçîâàíèåì óãëîâîãî ðàñïðåäåëåíèÿ èìïóëüñà
ïðè îòðàæåíèè ÷àñòèö ãàçîâîãî ïîòîêà îò ñòåíîê êàíàëà.

Ïðåäñòàâëåíû ðåçóëüòàòû ðàñ÷åòîâ òÿãè ðàñøèðÿþùåãîñÿ êîíè÷åñêîãî ñîïëà, ó÷è-
òûâàþùèõ ìîëåêóëÿðíóþ ñòðóêòóðó ïîòîêà è íàëè÷èå àäñîðáöèîííîãî ñëîÿ íà ñòåíêàõ
êàíàëà. Ïîëó÷åííûå äàííûå õîðîøî ñîãëàñóþòñÿ ñ ýêñïåðèìåíòîì è, ñëåäîâàòåëüíî,
ïîäòâåðæäàþò ïðèíöèï óäàðíîãî âçàèìîäåéñòâèÿ ìåæäó òåëîì è îòäåëÿþùèìèñÿ îò
íåãî ÷àñòèöàìè. Ýòîò ïîäõîä èñïîëüçîâàí È.Â. Ìåùåðñêèì â 1897 ã. äëÿ âûâîäà ôîð-
ìóëû ðåàêòèâíîé ñèëû.

Grigoriev A.J., Terentev A.D. On the history involving investigations of cone angle of
expanding conical rocket nozzle.

Presented in the report are original data, which are explained the optimal thrust of conical
rocket nozzle having cone half-angle in interval 10-20 degrees.
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ÒÅÎÐÈß ÐÀÑÏÐÎÑÒÐÀÍÅÍÈß ÂÎËÍ Â ÇÀÏÎËÍÅÍÍÛÕ
ÆÈÄÊÎÑÒÜÞ ÏÎÄÀÒËÈÂÛÕ ÒÐÓÁÊÀÕ

ÎÒ ÝÉËÅÐÀ ÄÎ ÍÀØÈÕ ÄÍÅÉ

Êèçèëîâà Í.Í.
Õàðüêîâñêèé íàöèîíàëüíûé óíèâåðñèòåò

nnk_@bk.ru

Èññëåäîâàíèå ðàñïðîñòðàíåíèÿ âîëí â äåôîðìèðóþùèõñÿ òðóáêàõ, çàïîëíåííûõ
æèäêîñòüþ, èñòîðè÷åñêè ñâÿçàíî ñ àíàëèçîì ïóëüñîâûõ âîëí â àðòåðèÿõ. Ìíîãîâåêîâûå
ýìïèðè÷åñêèå äàííûå ëåãëè â îñíîâó ìåòîäà ïóëüñîâîé äèàãíîñòèêè âîñòî÷íîé ìåäèöè-
íû. Ìàòåìàòè÷åñêàÿ òåîðèÿ ïóëüñîâûõ âîëí âîñõîäèò ê ðàáîòå Ë. Ýéëåðà ¾Principia pro
motu sanguinis per arterias determinando¿ (1755), â êîòîðîé áûëà âïåðâûå âûïèñàíà è
ïðîàíàëèçèðîâàíà ñèñòåìà óðàâíåíèé îäíîìåðíîé òåîðèè. Â ýòîé è ðÿäå ïîñëåäóþùèõ
ðàáîò Ýéëåðà ïî äèíàìèêå æèäêîñòè áûëè çàëîæåíû îñíîâû ñîâðåìåííîé òåîðåòè÷å-
ñêîé ãèäðîìåõàíèêè. Ïîñëåäóþùèå ýòàïû ðàçâèòèÿ òåîðèè ïóëüñîâûõ âîëí â àðòåðèÿõ
ñâÿçàíû ñ ðàáîòàìè Ò. Þíãà (1808), Ðèìàíà (1860), Ìîåíñà è Êîðòåâåãà (1877 � 1878),
Ëàìáà (1879), Äæ. Ìàðåÿ (1881), È.Ñ. Ãðîìåêè (1883) è äðóãèõ èçâåñòíûõ ôèçèêîâ, ìå-
õàíèêîâ, ìàòåìàòèêîâ è ôèçèîëîãîâ. Íóëüìåðíàÿ òåîðèÿ (windkessel model) áûëà ïðåä-
ëîæåíà Î.Ôðàíêîì (1899) è ëåãëà â îñíîâó ìíîãèõ ìîäåëåé ñîñóäèñòûõ ðóñåë è ñèñòåìû
êðîâîîáðàùåíèÿ â öåëîì. Â 1955 ã. Womersley ïðåäëîæèë ìîäåëü îñåñèììåòðè÷íûõ äâó-
ìåðíûõ âîëí â öèëèíäðè÷åñêèõ òðóáêàõ èç âÿçêîóïðóãîãî ìàòåðèàëà, êîòîðàÿ îñòàåòñÿ
îäíîé èç íàèáîëåå èñïîëüçóåìûõ âïëîòü äî íàñòîÿùåãî âðåìåíè. Ëèíåéíàÿ òåîðèÿ ïëîñ-
êèõ âîëí â òðóáêàõ è ñèñòåìàõ òðóáîê áûëà ðàçâèòà Äæ. Ëàéòõèëëîì â ïðèìåíåíèè ê
àíàëèçó àðòåðèàëüíîãî ïóëüñà.

Ñîâðåìåííûé ýòàï ðàçâèòèÿ òåîðèè õàðàêòåðèçóåòñÿ, âî-ïåðâûõ, ðàçðàáîòêîé ìî-
äåëåé ðàñïðîñòðàíåíèÿ âîëí â ñèñòåìàõ, êîòîðûå íàñ÷èòûâàþò äåñÿòêè òûñÿ÷ òðóáîê.
Îñíîâîé ðàñ÷åòíûõ ñõåì ÿâëÿåòñÿ êîìáèíàöèÿ íóëüìåðíûõ, îäíîìåðíûõ è äâóìåðíûõ
ìîäåëåé. Âî-âòîðûõ, íàêàïëèâàþòñÿ äàííûå ðàñ÷åòîâ, âûïîëíåííûõ ìåòîäîì êîíå÷íûõ
ýëåìåíòîâ, äëÿ îòäåëüíûõ ñîñóäîâ è ñîñóäèñòûõ áèôóðêàöèé ñ ó÷åòîì ñëîæíîé ãåîìåò-
ðèè è íåîäíîðîäíîñòè ñâîéñòâ ìàòåðèàëà ñòåíêè. Â-òðåòüèõ, ðàçðàáàòûâàþòñÿ íîâûå
ìåòîäû àíàëèçà ïóëüñîâûõ êðèâûõ, ðåãèñòðèðóåìûõ in vivo â êëèíèêå è â ýêñïåðèìåí-
òàõ íà æèâîòíûõ, à òàêæå íîâûå ïîäõîäû ê àíàëèçó êðèâûõ äàâëåíèÿ P (t) è ñêîðîñòè
U(t) êðîâîòîêà ñ öåëüþ ñâîåâðåìåííîãî âûÿâëåíèÿ ïàòîëîãèé è íåäîñòàòî÷íîñòè êðîâî-
îáðàùåíèÿ. Â ðàáîòå ïðåäñòàâëåí àíàëèç îñíîâíûõ íàïðàâëåíèé èññëåäîâàíèé â îáëà-
ñòè òåîðèè âîëí äàâëåíèÿ â òðóáêàõ, à òàêæå ðåçóëüòàòîâ, ïîëó÷åííûõ äëÿ ñîñóäèñòûõ
ðóñåë.

Kizilova N.N. Theory of wave propagation in the �uid-�lled compliant tubes from Euler to
day.

A brief survey of the theoretical approaches and models of the wave propagation and re�ection in
arteries is given. Some historical evidence and novel interpretations are presented. The 0d (O. Frank),
1d (L. Euler, J. Lighthill) and 2d (J. Womersley) theories are described and discussed in application
to numerical computations of the pulse wave propagation and re�ection in the complex arterial
systems.
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Ê 300-ËÅÒÈÞ Ë. ÝÉËÅÐÀ: ØÂÅÄÑÊÈÉ ÌÀÒÅÌÀÒÈÊ ÃÓÑÒÀÂ
ßËÌÀÐ ÝÍÅÑÒÐÅÌ � ÀÂÒÎÐ ÏÎËÍÎÉ ÁÈÁËÈÎÃÐÀÔÈÈ ÐÀÁÎÒ

ËÅÎÍÀÐÄÀ ÝÉËÅÐÀ

Êîáëèê Â.Â., Ïîëÿõîâà Å.Í.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

pol@astro.spbu.ru

Ãóñòàâ ßëìàð Ýíåñòðåì (Gustav Hjalmar Enestroem, 1852�1923) � øâåäñêèé ìà-
òåìàòèê, èñòîðèê è áèáëèîãðàô ìàòåìàòèêè, ïðîôåññîð Ñòîêãîëüìñêîãî óíèâåðñèòå-
òà, ðàáîòàâøèé â îáëàñòè ìàòåìàòè÷åñêîé ñòàòèñòèêè, èñòîðèè ìàòåìàòèêè, èñòîðèè è
ïðàêòèêè êàëåíäàðÿ. Îí ïðîñëàâèëñÿ òàêæå ñâîåé áèáëèîãðàôè÷åñêîé è áèáëèîòå÷íîé
äåÿòåëüíîñòüþ. ßâëÿÿñü èñòîðèêîì è áèáëèîãðàôîì íàóêè, îí àêòèâíî ó÷àñòâîâàë â
èíèöèàòèâå øâåäñêîãî ìàòåìàòèêà Ãóñòàâà Ìèòòàã-Ëåôôëåðà (Gustav Mittag-Le�er,
1845�1927) è åãî êîëëåã ïî ñîçäàíèþ ìåæäóíàðîäíîãî ìàòåìàòè÷åñêîãî æóðíàëà ¾Acta
Mathematica¿ è âîøåë â ñîñòàâ åãî ðåäêîëëåãèè â êà÷åñòâå ñåêðåòàðÿ. Ñàìûì çíà÷è-
òåëüíûì âêëàäîì â èñòîðèþ íàóêè ÿâëÿþòñÿ åãî ïóáëèêàöèè, ïîñâÿùåííûå òâîð÷å-
ñòâó Ëåîíàðäà Ýéëåðà (1707�1783). Òàê â 1904 ã. îí ïóáëèêóåò ïåðåïèñêó Ýéëåðà ñ åãî
áàçåëüñêèì ó÷èòåëåì Èîãàííîì I Áåðíóëëè, â 1906 ã. � ïåðåïèñêó Ýéëåðà ñ Äàíèè-
ëîì Áåðíóëëè, â 1910�1913 ã.ã. îí èçäàåò ñâîé çíàìåíèòûé áèáëèîãðàôè÷åñêèé ¾ñïèñîê
Ýíåñòðåìà¿ ïóáëèêàöèé ðàáîò Ëåîíàðäà Ýéëåðà èç 856 íàçâàíèé. Ýòîò ñïèñîê äî ñèõ
ïîð ÿâëÿåòñÿ íåïðåâçîéäåííûì ïî òùàòåëüíîñòè áèáëèîãðàôè÷åñêèì îïèñàíèåì ðàáîò
Ë. Ýéëåðà (G. Enestroem. Verzeichnis der Schriften Leonhard Eulers. Jahresbericht Dtsch.
Math.-Ver. 1910�1913. Ergaenzungsb. IV. Lief. 1-2. S. 1-388).

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ñîâåòà ïî ãðàíòàì ïðåçèäåíòà ÐÔ
äëÿ ïîääåðæêè âåäóùèõ íàó÷íûõ øêîë (ãðàíò ÍØ-1323.2008.2).

Koblik V.V., Polyakhova E.N. To Leonhard Euler's tercentenary: Swedish mathematician
Gustav Hjalmar Enestroem � the author of the complete bibliography of Leonhard Euler's works.

Swedish mathematician, Professor of Stockholm University, Gustav Hjalmar Enestroem (1852�
1923) was the eminent specialist in Mathematical Statistics, History and Bibliography of Mathema-
tics. Since 1880 he was the member of the Editorial Board of the journal ¾Acta Mathematica¿
organized in Stockholm by G. �Mittag-Le�er. His colleagues in Editorial Board were 13 persons,
Gustav Mittag-Le�er, Edward Fragmen, Marius Sofus Lie, Anders Lindstedt, So�a Kovalevskaya,
Hugo Gylden amond them. His main bibliographical work was the detailed description of Leonhard
Euler's works original publications. It was published in 1910�1913 in Reports of German Mathema-
ticians Union. Enestroem's ¾List¿ remains till now the most detailized and exact list of Euler's
works.
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Î ÍÅÎÏÓÁËÈÊÎÂÀÍÍÎÉ ÐÀÁÎÒÅ ÏÐÎÔÅÑÑÎÐÀ Í.Í. ÏÎËßÕÎÂÀ

Ëîïàòóõèíà È.Å.1, Ëîïàòóõèí À.Ë.2
1 Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

2 ÎÎÎ Ðåãèîíàëüíûé öåíòð ÂÏÊ
irevlo@gmail.com

Ñîâñåì íåäàâíî â àðõèâå ïðîôåññîðà Í.Í. Ïîëÿõîâà áûëà íàéäåíà ñ÷èòàâøàÿñÿ óòå-
ðÿííîé ðóêîïèñü ñîîáùåíèÿ íà òåìó ¾Äåÿòåëüíîñòü È.Â. Ìåùåðñêîãî â Ïåòåðáóðãñêîì
óíèâåðñèòåòå¿.

È.Â. Ìåùåðñêèé ïîñëå îêîí÷àíèÿ â 1882 ãîäó ôèçèêî�ìàòåìàòè÷åñêîãî ôàêóëüòåòà
Ñàíêò-Ïåòåðáóðãñêîãî óíèâåðñèòåòà ïðîðàáîòàë â íåì 20 ëåò è òîëüêî â 1902 ãîäó ïîñëå
îáðàçîâàíèÿ Ïîëèòåõíè÷åñêîãî èíñòèòóòà ïåðåøåë íà ðàáîòó â ïîñëåäíèé. Â ñîîáùåíèè
Íèêîëàÿ Íèêîëàåâè÷à ïîäðîáíî ðàçáèðàåòñÿ ïåäàãîãè÷åñêàÿ äåÿòåëüíîñòü È.Â. Ìåùåð-
ñêîãî íà ôèçèêî�ìàòåìàòè÷åñêîì ôàêóëüòåòå.

Lopatukhina I.E., Lopatukhin A.L. Unpublished article of Professor N.N. Polyakhov.
One missed manuscript has been found in the archive of Professor N.N. Polyakhov. It is a

manuscript of article Work of Professor I.V. Meschersky in Saint-Petersburg University .
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Î ÐÀÁÎÒÀÕ ÏÐÎÔÅÑÑÎÐÀ Í.Í. ÏÎËßÕÎÂÀ ÏÎ ÈÑÒÎÐÈÈ
ÌÅÕÀÍÈÊÈ

Ëîïàòóõèíà È.Å.1, Ëîïàòóõèí À.Ë.2, Ïîëÿõîâà Å.Í.1,
Ïîëÿõîâ Í.Í.(ìë.)3

1 Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò
2 ÎÎÎ Ðåãèîíàëüíûé öåíòð ÂÏÊ

3 Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé ïîëèòåõíè÷åñêèé óíèâåðñèòåò
irevlo@gmail.com

Ïðîôåññîð ìàòåìàòèêî-ìåõàíè÷åñêîãî ôàêóëüòåòà Íèêîëàé Íèêîëàåâè÷ Ïîëÿõîâ
÷èòàë êóðñ ïî èñòîðèè ìåõàíèêè ñòóäåíòàì 5 êóðñà ìåõàíè÷åñêîãî îòäåëåíèÿ. Êðîìå
ýòîãî, îí àêòèâíî ñîòðóäíè÷àë ñ ñåêöèåé èñòîðèè ìåõàíèêè Ëåíèíãðàäñêîãî îòäåëåíèÿ
Èíñòèòóòà èñòîðèè åñòåñòâîçíàíèÿ è òåõíèêè (ÈÈÅÒ), ÷àñòî âûñòóïàë ñ äîêëàäàìè ïî
èñòîðèè íà ñåìèíàðàõ ÈÈÅÒà. Ê ñîæàëåíèþ, íå âñå âûñòóïëåíèÿ áûëè îïóáëèêîâàíû,
÷àñòü áûëà óòåðÿíà. Ñîâñåì íåäàâíî óäàëîñü îáíàðóæèòü â àðõèâàõ ïðîô. Í.Í. Ïîëÿ-
õîâà ñîîáùåíèå î äåÿòåëüíîñòè È.Â. Ìåùåðñêîãî â Ïåòåðáóðãñêîì óíèâåðñèòåòå.

Èç òðóäîâ Íèêîëàÿ Íèêîëàåâè÷à ïî èñòîðèè ìåõàíèêè ñëåäóåò îòìåòèòü ãëóáîêóþ
îáñòîÿòåëüíóþ ðàáîòó ïî ñîñòàâëåíèþ ïðèìå÷àíèé ê ðàáîòàì Ì.Â. Îñòðîãðàäñêîãî ïî
ìåõàíèêå, îïóáëèêîâàííóþ â êíèãå ¾Èçáðàííûå òðóäû Ì.Â. Îñòðîãðàäñêîãî¿ (Èçä-âî
ÀÍ ÑÑÑÐ, 1958, ñ. 512�540).

Â êíèãå ¾Èñòîðèÿ ìåõàíèêè â Ðîññèè¿ (ïîä ðåä. À.Í. Áîãîëþáîâà, È.Ç. Øòîêà-
ëî. Êèåâ. Íàóêîâà Äóìêà. 1987. 392 ñ.) îïóáëèêîâàíû òðè ðàáîòû: ¾Ðàçâèòèå ìåõàíè-
êè â Ïåòåðáóðãñêîì óíèâåðñèòåòå¿ (ñ. 177�178), ¾Íàó÷íîå íàñëåäèå Ä.Ê. Áîáûëåâà¿
(ñ. 274�275) è ¾Àýðîäèíàìèêà êðûëà â ðàáîòàõ Ñ.À. ×àïëûãèíà¿ (ñ. 355�358). Ñòàòüÿ
¾Èññëåäîâàíèÿ Ë. Ýéëåðà ïî àíàëèòè÷åñêîé ìåõàíèêå ïåðâîãî ïåòåðáóðãñêîãî ïåðè-
îäà¿ îïóáëèêîâàíà â êíèãå ¾Ðàçâèòèå èäåé Ëåîíàðäà Ýéëåðà è ñîâðåìåííàÿ íàóêà¿
(ïîä ðåä. À.Í. Áîãîëþáîâà, Ã.Ê. Ìèõàéëîâà, À.Ï. Þøêåâè÷à. Ì. Íàóêà. 1987, ñ. 229�
232).

Áîëüøîå âíèìàíèå áûëî óäåëåíî Íèêîëàåì Íèêîëàåâè÷åì èñòîðèè êàôåäð ìàòåìà-
òèêî�ìåõàíè÷åñêîãî ôàêóëüòåòà, î ÷åì ñâèäåòåëüñòâóþò ñëåäóþùèå ðàáîòû: ¾Ðàçâèòèå
êàôåäðû ìåõàíèêè â Ïåòåðáóðãñêîì � Ëåíèíãðàäñêîì óíèâåðñèòåòå¿ � îïóáëèêîâàíà
â ñáîðíèêå ¾Î÷åðêè ïî èñòîðèè Ëåíèíãðàäñêîãî óíèâåðñèòåòà. Ë. ËÃÓ. 1962, âûï. 1,
ñ. 20�28, à òàêæå äâå ðàáîòû, îïóáëèêîâàííûå â ðàçíûå ãîäû â ¾Âåñòíèêå Ëåíèíãðàäñêî-
ãî óíèâåðñèòåòà¿: ¾Îñíîâíûå ýòàïû ðàçâèòèÿ ìåõàíèêè íà êàôåäðàõ Ëåíèíãðàäñêîãî
óíèâåðñèòåòà çà 1917�1967 ãã.¿ (ñîâìåñòíî ñ È.Ï. Ãèíçáóðãîì, À.À. Ãðèáîì, Ë.Ì. Êà÷à-
íîâûì) � � 13, 1967, ñ. 5�20 è ¾Ìàòåìàòèêà, ìåõàíèêà, àñòðîíîìèÿ â Ïåòåðáóðãñêîì �
Ëåíèíãðàäñêîì óíèâåðñèòåòå¿ (ñîâìåñòíî ñî Â.È. Ñìèðíîâûì è Ê.Ô. Îãîðîäíèêîâûì),
�1, 1969, ñ. 5�28.

Lopatukhina I.E., Lopatukhin A.L., Polyakhova E.N., Polyakhov N.N.(Jr.) Articles
of Professor N.N. Polyakhov on history of mechanics.

Articles of Professor N.N. Polyakhov on history of mechanics are discussed.
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ÏÐÈÍÖÈÏ ÎÒÍÎÑÈÒÅËÜÍÎÑÒÈ È ÌÀÑØÒÀÁÍÛÉ ÔÀÊÒÎÐ
ÃÀËÈËÅß

Ìèðêèí Ì.À.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

Îïûò ïîêàçûâàåò, ÷òî èìååò ìåñòî îáîáùåííûé ïðèíöèï îòíîñèòåëüíîñòè. Ñîãëàñ-
íî ýòîìó ïðèíöèïó ìíîãèå çàêîíû ïðèðîäû îäèíàêîâû âî âñåõ èíåðöèàëüíûõ ñèñòåìàõ
Ãàëèëåÿ. Ýòî çíà÷èò, ÷òî óðàâíåíèå, îïèñûâàþùåå íåêîòîðûé ôèçè÷åñêèé ïðîöåññ, áó-
äó÷è âûðàæåíî ÷åðåç êîîðäèíàòû è âðåìÿ, â ðàçëè÷íûõ ïîäîáíûõ ñèñòåìàõ èìååò îäèí
è òîò æå âèä. Â òàêèõ, íàïðèìåð, ìåõàíè÷åñêèõ ñèñòåìàõ, âçàèìîäåéñòâèå ìàòåðèàëü-
íûõ òåë ÷àñòè÷íî ìîæíî îïèñàòü ïîñðåäñòâîì ïîòåíöèàëüíîé ýíåðãèè ñòàöèîíàðíîãî
âçàèìîäåéñòâèÿ, ÿâëÿþùåéñÿ ôóíêöèåé êîîðäèíàò.

Â ñëó÷àÿõ íåñòàöèîíàðíûõ ïðîöåññîâ, ðàññìàòðèâàåìûõ â ïðîñòðàíñòâå Ìèíêîâñêî-
ãî, ÷àñòî ïîëüçóþòñÿ âìåñòî âðåìåíè t äðóãîé ïåðåìåííîé τ , ñâÿçàííîé ñ t ñîîòíîøåíè-
åì, âêëþ÷àþùèì ñêîðîñòü ϑ ðàñïðîñòðàíåíèÿ âçàèìîäåéñòâèÿ τ = iϑt, ÷òî ïîçâîëÿåò
ðàçäåëèòü îáùåå ïðîñòðàíñòâî íà ðÿä îáëàñòåé ïî õàðàêòåðó âçàèìîäåéñòâèÿ, îïðå-
äåëÿþùèõ êîíêðåòíûå ñîáûòèÿ èëè ÿâëåíèÿ. Ïðè ýòîì ïîäðàçäåëåíèå âðåìåííûõ èí-
òåðâàëîâ ïîçâîëÿåò âûäåëèòü ñðåäè íèõ ïðîñòðàíñòâåííîïîäîáíûå è âðåìåíèïîäîáíûå,
êîòîðûå â ñèëó èõ èíâàðèàíòíîñòè ÿâëÿþòñÿ ïîíÿòèÿìè àáñîëþòíûìè. Ýòî çíà÷èò, ÷òî
ïîäîáíîå ñâîéñòâî èíòåðâàëà íå çàâèñèò îò ñèñòåìû îòñ÷åòà. Èíòåðâàë ìåæäó ñîáûòè-
ÿìè S ìîæíî îïðåäåëèòü â äåêàðòîâîé ñèñòåìå êîîðäèíàò ïî ôîðìóëå

ds2 = −(dx2 + dy2 + dz2 + dτ 2).

Òàêàÿ ÷åòûðåõìåðíàÿ ãåîìåòðèÿ, îïðåäåëÿåìàÿ êâàäðàòè÷íîé ôîðìîé, áûëà ââåäåíà â
ñâÿçè ñ òåîðèåé îòíîñèòåëüíîñòè Ìèíêîâñêèì.

Ïîñêîëüêó çàêîíû ïðèðîäû îäèíàêîâû òîëüêî â èíåðöèàëüíûõ ñèñòåìàõ, òî ¾ñè-
ñòåìû îòñ÷åòà¿, ñâÿçàííûå ñ íåïîäâèæíûìè òåëàìè è ñ äâèæóùèìèñÿ, ìîãóò îáëàäàòü
ðàçíûìè ñâîéñòâàìè. Ïîýòîìó ïðîìåæóòîê âðåìåíè, èçìåðÿåìûé âî âðåìåíèïîäîáíîì
èíòåðâàëå ñîáûòèé, ñîãëàñíî ôîðìóëå Íüþòîíà-Ëåéáíèöà, ìîæíî âûðàçèòü:

1

ϑ

∫ b

a

dS,

è îí èìååò ìàêñèìàëüíîå çíà÷åíèå. Ïðè ýòîì ïðåäïîëàãàåòñÿ, ÷òî òî÷êè a, b è ñîåäèíÿ-
þùàÿ èõ ëèíèÿ òàêîâû, ÷òî âñå ýëåìåíòû dS âäîëü ëèíèè âðåìåíèïîäîáíû. Óêàçàííîå
ñâîéñòâî ñâÿçàíî ñ òåì, ÷òî îäíà èç êîîðäèíàò ìíèìàÿ (τ = iϑt); åñëè âñå ÷åòûðå êîîðäè-
íàòû îêàçûâàþòñÿ äåéñòâèòåëüíûìè, òî èíòåðâàë áûë áû, êîíå÷íî, ìèíèìàëåí. Â äåé-
ñòâèòåëüíîñòè, îáà èíòåãðàëà ïîÿâëÿþòñÿ â ñî÷åòàíèè, âûáðàííîì èç ñòàòèñòè÷åñêîé
ñîâîêóïíîñòè âçàèìîäåéñòâóþùèõ òåë, ÷òî ïîçâîëÿåò ââåñòè îáîáùåííîå ìíîãîìåðíîå
ïðîñòðàíñòâî Ìèíêîâñêîãî. Â òàêîì ïðîñòðàíñòâå ôóíêöèîíàë, õàðàêòåðèçóþùèé âåñü
ñïåêòð âçàèìîäåéñòâèÿ òåë, äîëæåí áûòü äîñòàòî÷íî ñëîæíûì, âêëþ÷àþùèì â ñåáÿ
ñëó÷àéíóþ ñîñòàâëÿþùóþ èç ïðîñòðàíñòâåííîïîäîáíîãî èíòåðâàëà.

Mirkin M.A. Relativity and Galilei's scaling factor.
Relativity and Galilei's scaling factor are used. Integral characteristics of action of Hamiltonian

of statistics and reciprocity process in mechanic are connected.
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ÍÜÞÒÎÍ, ÝÉËÅÐ È ÑÒÀÍÎÂËÅÍÈÅ ÍÜÞÒÎÍÎÂÎÉ ÌÅÕÀÍÈÊÈ

Ìèõàéëîâ Ã.Ê.
Ðîññèéñêèé íàöèîíàëüíûé êîìèòåò ïî òåîðåòè÷åñêîé è ïðèêëàäíîé ìåõàíèêå,

Ìîñêâà
gkmikh@proc.ru

Èíîãäà äóìàþò, ÷òî ñîâðåìåííàÿ ¾íüþòîíîâà ìåõàíèêà¿ áûëà ñîçäàíà Íüþòîíîì â
åãî ¾Íà÷àëàõ¿ (1687). Íà ñàìîì äåëå Íüþòîí ñôîðìóëèðîâàë íåêîòîðûå çàêîíû ìåõà-
íèêè, ïðèäàâ èì êâàçèàêñèîìàòè÷åñêóþ ôîðìó, âûçûâàþùóþ ñïîðû äî íàøèõ äíåé.
Îí äàë òàêæå ðåøåíèå øèðîêîãî êðóãà çàäà÷ ìåõàíèêè ìàòåðèàëüíîé òî÷êè. Îäíàêî
Íüþòîí íå óêàçàë ïóòè ê ïîñòðîåíèþ äèíàìèêè ìåõàíè÷åñêèõ ñèñòåì, òâåðäîãî òåëà è
ìåõàíèêè ñïëîøíîé ñðåäû. Ñòàíîâëåíèå ¾íüþòîíîâîé ìåõàíèêè¿ ñâÿçàíî ïðåæäå âñåãî
ñ òðóäàìè Ýéëåðà, êîòîðûé îáîáùèë ðåçóëüòàòû Íüþòîíà è íàìåòèë ïóòè äàëüíåéøåãî
ðàçâèòèÿ ìåõàíèêè.

Â 1752 ãîäó Ýéëåð ñôîðìóëèðîâàë ¾íîâûé ïðèíöèï ìåõàíèêè¿, ïðåäëîæèâ çàïèñû-
âàòü îñíîâíîé äèíàìè÷åñêèé çàêîí ìåõàíèêè â íåïîäâèæíûõ äåêàðòîâûõ êîîðäèíàòàõ
è ïðèìåíÿòü åãî ê áåñêîíå÷íîìàëîìó ýëåìåíòó òåëà. Ýòî, ñåãîäíÿ ñàìîî÷åâèäíîå, ïðåä-
ëîæåíèå ñûãðàëî îïðåäåëÿþùóþ ðîëü â ïîñëåäóþùåì ðàçâèòèè ìåõàíèêè. Òðåõâåêîâàÿ
äèñêóññèÿ îá îñíîâíûõ çàêîíàõ è ïîíÿòèÿõ íüþòîíîâîé ìåõàíèêè.

Ñàìîñòîÿòåëüíàÿ ëè íàóêà ìåõàíèêà?

Mikhailov G.K. Newton, Euler and the formation of Newtonian mechanics.
Sometimes one thinks that the modern ¾Newtonian Mechanics¿ was created in Newton's

Principia (1687). However, Newton formulated indeed some laws of Mechanics in a quasi-axiomatic
form stimulating discussions during more than three centuries. He has solved many problems of
Dynamics of a particle but he did not point the way to the construction of Mechanics of systems,
rigid bodies and Continuum Mechanics. The modern ¾Newtonian Mechanics¿ was created only in
the 1750s under the in�uence of the pathbreaking works of Euler.

Discussions on the general laws and main conceptions of the Newtonian Mechanics.
Is Rational Mechanics an independent science?
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Î ÐÀÁÎÒÀÕ Ë.ÞÍÑÅÍÀ ÏÎ ÍÅÃÎËÎÍÎÌÍÎÉ ÌÅÕÀÍÈÊÅ

Íåçäåðîâ À.À.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

Äàåòñÿ êðèòè÷åñêèé àíàëèç ìàëîèçâåñòíûõ ðàáîò íîðâåæñêîãî ó÷åíîãî Ë.Þíñå-
íà â îáëàñòè íåãîëîíîìíîé ìåõàíèêè. Ïîêàçûâàåòñÿ, ÷òî îí, íàðÿäó ñ Ï.Àïïåëåì,
Äæ.Ãèáñîì, Í.Ã.×åòàåâûì, Ã. Ãàìåëåì ââåë ïîíÿòèå âîçìîæíûõ ïåðåìåùåíèé ñèñòåìû
ïðè íàëîæåíèè íà åå äâèæåíèå èäåàëüíûõ íåëèíåéíûõ íåãîëîíîìíûõ ñâÿçåé. Ðàáîòû
Ë.Þíñåíà ïîäûòîæåíû â îáøèðíîé ñòàòüå [1], èìåþùåé âèä íåáîëüøîé ìîíîãðàôèè ïî
íåãîëîíîìíîé ìåõàíèêå. Äàåòñÿ ïåðåâîä íà ðóññêèé ÿçûê íåêîòîðûõ ðàáîò Ë.Þíñåíà.

ËÈÒÅÐÀÒÓÐÀ

[1] Johnsen L. Dynamique g�en�erale des Syst�emes non-holonomes // Skrifter Utgitt av det Norske
Videnkaps-Akademi Oslo. I. Mathematik-Naturvidenskab Klasse. 1941. � 4. S. 1�75.

Nezderov A.A. On the works by L. Johnson on nonholonomic mechanics.
A brief review of the works by the Norwegian scientist L. Johnson on nonholonomic mechanics,

which are not so widely known, is given.

Î ÏÅÐÅÏÈÑÊÅ Í.Í.ÏÎËßÕÎÂÀ È Â.Â.ÐÓÌßÍÖÅÂÀ
ÎÒÍÎÑÈÒÅËÜÍÎ ÏÎÍßÒÈß ÂÎÇÌÎÆÍÛÕ ÏÅÐÅÌÅÙÅÍÈÉ ÏÐÈ

ÍÅËÈÍÅÉÍÛÕ ÍÅÃÎËÎÍÎÌÍÛÕ ÑÂßÇßÕ

Íåçäåðîâ À.À., Þøêîâ Ì.Ï.
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

Mikhail.Yushkov@MJ16561.spb.edu

Äàåòñÿ êðàòêèé îáçîð ïåðåïèñêè ïðîôåññîðîâ Í.Í.Ïîëÿõîâà è Â.Â. Ðóìÿíöåâà, ïî-
ñâÿùåííîé îáñóæäåíèþ îäíîãî èç îñíîâíûõ âîïðîñîâ íåãîëîíîìíîé ìåõàíèêè � ïîíÿ-
òèþ âîçìîæíûõ ïåðåìåùåíèé ìåõàíè÷åñêîé ñèñòåìû ïðè íàëè÷èè íåëèíåéíûõ íåãîëî-
íîìíûõ ñâÿçåé. Ïðèâîäÿòñÿ ÷åòûðå ïèñüìà èç ýòîé ïåðåïèñêè, ñîõðàíèâøèõñÿ â àðõèâå
Íèêîëàÿ Íèêîëàåâè÷à Ïîëÿõîâà.

Nezderov A.A., Yushkov M.P. On the correspondence of N.N. Polyakhov and V.V.Rumyan-
tsev about the notion of virtual displacements under nonlinear nonholonomic constraints.

A brief review of the correspondence of Professors N.N.Polyakhov and V.V.Rumyantsev, which
is devoted to one of the basic questions of nonholonomic mechanics � the notion of virtual
displacements of a system in the presence of nonlinear nonholonomic constraints, is given. Four
letters from this correspondence that has been kept in the archive of Nikolai Nikolaevich Polyakhov
are presented.
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ÎÏÛÒ ÏÎÄÃÎÒÎÂÊÈ ÒÅÐÌÈÍÎËÎÃÈ×ÅÑÊÎÃÎ
ËÀÒÈÍÑÊÎ-ÐÓÑÑÊÎÃÎ ÑËÎÂÀÐß ÏÎ ÊËÀÑÑÈ×ÅÑÊÎÉ

ÌÅÕÀÍÈÊÅ ÍÀ ÁÀÇÅ ËÀÒÈÍÑÊÈÕ ÒÅÊÑÒÎÂ È.ÍÜÞÒÎÍÀ,
ß.ÃÅÐÌÀÍÀ, Ë.ÝÉËÅÐÀ È ÄÐÓÃÈÕ ÊËÀÑÑÈÊÎÂ ÌÅÕÀÍÈÊÈ

XVIII Â.

Ïîëÿõîâ Í.Í.(ìë.)
Ñàíêò-Ïåòåðáóðãñêèé ïîëèòåõíè÷åñêèé óíèâåðñèòåò

pol@astro.spbu.ru

Ñäåëàíà ïîïûòêà ñîçäàíèÿ ëàòèíñêî-ðóññêîãî ñëîâàðÿ òåðìèíîâ è âûðàæåíèé ïî
êëàññè÷åñêîé ìåõàíèêå â âèäå ñëîâàðÿ-ïîñîáèÿ ïî íàó÷íîé ëàòûíè íà áàçå òåêñòîâ
È. Íüþòîíà (1643�1727) ïî ìåõàíèêå (Principia Naturalis, 1687), òåêñòîâ îäíîãî èç ïåð-
âûõ ïåòåðáóðãñêèõ àêàäåìèêîâ ìàòåìàòèêà ßêîáà Ãåðìàíà (1678-1765), òåêñòîâ Ëåî-
íàðäà Ýéëåðà (1707�1783) èç Mechanica (1736). Ôðàãìåíòàðíî èñïîëüçîâàíû òåêñòû
Ã.Â. Ëåéáíèöà (1646�1716), Èîãàííà I Áåðíóëëè (1667�1748), Äàíèèëà Áåðíóëëè (1700�
1782), Ì.Â. Ëîìîíîñîâà (1711�1765). Äëÿ ñðàâíèòåëüíîãî àíàëèçà ïåðåâîäà îòäåëüíûõ
òåðìèíîâ è ôîðìóëèðîâîê ïî çàêîíàì ìåõàíèêè ñîïîñòàâëåíû ðóññêèé ïåðåâîä êíè-
ãè Íüþòîíà À. Í. Êðûëîâûì, ðóññêèå ïåðåâîäû òðóäîâ Ýéëåðà, Áåðíóëëè è äð. Ïðè
òåðìèíàõ, âûçûâàþùèõ ïðîòèâîðå÷èÿ ìåæäó îðèãèíàëîì è ïåðåâîäîì, äàí àâòîðñêèé
êîììåíòàðèé. Â êà÷åñòâå áàçû ðóññêîé òåðìèíîëîãèè èñïîëüçóåòñÿ ïîäáîðêà áàçîâûõ
òåðìèíîâ ïî òåîðåòè÷åñêîé ìåõàíèêå, ñîñòàâëåííàÿ ñ ó÷àñòèåì àâòîðà. Â ñâÿçè ñ óïî-
ìèíàíèåì êíèãè È. Íüþòîíà íàïîìíèì, ÷òî îíà áûëà íàïèñàíà ïî ëàòûíè è ïðè åãî
æèçíè èçäàíà â Àíãëèè òðè ðàçà: â 1687, 1713 è 1726 ãã. Ñëåäóþùàÿ èñïîëüçîâàííàÿ
íàìè äëÿ ïåðåâîäà ïóáëèêàöèÿ ïðèíàäëåæèò ßêîáó Ãåðìàíó (Phoronomia, 1716). ×òî
êàñàåòñÿ Ë. Ýéëåðà, òî â 1736 ã. îí èçäàåò òðàêòàò ïî ìåõàíèêå (Mechanica), â 1765 ã.
âûõîäèò åãî çíàìåíèòàÿ êíèãà ïî äèíàìèêå òâåðäîãî òåëà (Theoria Motus Corporum
Solidorum). Ýòèì ýéëåðîâûì òðàêòàòîì ìû çàêàí÷èâàåì ïåðå÷åíü èñïîëüçîâàííûõ íà-
ìè îðèãèíàëüíûõ ëàòèíñêèõ òåêñòîâ.

Polyakhov N.N.(Jr.) About the submission of terminological Latin-Russian Dictionary-
Textbook in Classical Mechanics on the base of Latin texts of Isaak Newton, Jacob Hermann,
Leonhard Euler and others classics of XVIII century.

The experience of preparation of terminological Latin-Russian Dictionary ot Textbook in
Classical Mechanics on the base of Isaak Newton's texts of ¾Principia Naturalis¿ and of Leonhard
Euler's ¾Mechanica¿ and Jacob Herrmann's (one of the �rst Russian academician since 1724) books
and papers. The translations of ¾Principia¿ into the Russian made by russian Academician Alexei
Krylov (published in 1913�1914, then in 1936, then in 1983) and the partly translation of two Euler's
treatises in Mechanics of 1736 and 1765 united into one volume in 1936 are considered. The history
of �rst publications and �rst translations of discussed books are presented.
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Î ÐÅÄÀÊÒÎÐÑÊÎÉ ÄÅßÒÅËÜÍÎÑÒÈ ÏÐÎÔÅÑÑÎÐÀ
Í.Í. ÏÎËßÕÎÂÀ

Ïîëÿõîâ Í.Í.(ìë.)1, Ñàáàíååâ Â.Ñ.2
1 Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé ïîëèòåõíè÷åñêèé óíèâåðñèòåò

2 Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò
pol@astro.spbu.ru

Íèêîëàé Íèêîëàåâè÷ Ïîëÿõîâ ìíîãî ñèë è âðåìåíè óäåëÿë ðàáîòå ïî ðåäàêòèðî-
âàíèþ ìîíîãðàôèé, ó÷åáíèêîâ, ñáîðíèêîâ íàó÷íûõ òðóäîâ, æóðíàëüíûõ ñòàòåé. Åãî
ìíîãîëåòíÿÿ ðàáîòà â èçäàòåëüñòâå Ëåíèíãðàäñêîãî óíèâåðñèòåòà áûëà ïîäðîáíî îñâå-
ùåíà íà Ïîëÿõîâñêèõ ÷òåíèÿõ (1997) â äîêëàäå Ò.Â. Âîëîøèíîâîé. Îñòàíîâèìñÿ òîëüêî
íà åãî ðàáîòå ïî ðåäàêòèðîâàíèþ ìîíîãðàôèé è ó÷åáíèêîâ.

Â 1958 ã. Èçäàòåëüñòâî ÀÍ ÑÑÑÐ ïóáëèêóåò îäíîòîìíèê èçáðàííûõ òðóäîâ àêàä.
Ì.Â. Îñòðîãðàäñêîãî. Òèòóëüíûì ðåäàêòîðîì ýòîãî èçäàíèÿ áûë àêàä. Â.È. Ñìèðíîâ.
Äëÿ ðåäàêòèðîâàíèÿ ðàáîò ïî ìåõàíèêå îí ïðèâëåê Í.Í. Ïîëÿõîâà. Êðîìå àâòîðñêèõ
òåêñòîâ â îäíîòîìíèê áûëè ïîìåùåíû ïîäðîáíûå êîììåíòàðèè âåäóùèõ ó÷åíûõ ê ïóá-
ëèêóåìûì ðàáîòàì Îñòðîãðàäñêîãî, â ÷àñòíîñòè, êîììåíòàðèé Í.Í. Ïîëÿõîâà ê ðàáîòàì
ïî ìåõàíèêå.

Âî âòîðîé ïîëîâèíå 1950-õ ãîäîâ òî æå èçäàòåëüñòâî âûïóñêàåò èçáðàííûå òðóäû
(â 2-õ òîìàõ) âèäíîãî àýðîäèíàìèêà, îäíîãî èç îñíîâàòåëåé íàóêè î äèíàìèêå ñàìîëåòà
Â.Ï. Âåò÷èíêèíà, ó÷èòåëÿ è êîëëåãè Í.Í. Ïîëÿõîâà ïî Öåíòðàëüíîìó àýðîãèäðîäè-
íàìè÷åñêîìó èíñòèòóòó. Òèòóëüíûìè ðåäàêòîðàìè âòîðîãî òîìà ýòîãî èçäàíèÿ áûëè
Í.Â. Çâîëèíñêèé è Í.Í. Ïîëÿõîâ. Â ýòîò òîì âîøëè èçáðàííûå ðàáîòû ïî òåîðèè ãðåá-
íûõ âèíòîâ (ðàçäåë I) è âîïðîñàì ïðî÷íîñòè àâèàêîíñòðóêöèé (ðàçäåë II). Í.Í. Ïîëÿõîâ
ðåäàêòèðîâàë I ðàçäåë, èì æå íàïèñàíà ÷àñòü ïðåäèñëîâèÿ, êàñàþùàÿñÿ òåîðèè ãðåáíûõ
âèíòîâ.

Â êîíöå 1970-õ ãîäîâ Í.Í. Ïîëÿõîâ ïðîâåë áîëüøóþ ðàáîòó ïî ðåäàêòèðîâàíèþ
óíèâåðñèòåòñêîãî ó÷åáíèêà ñâîåãî êîëëåãè ïî Ëåíèíãðàäñêîìó óíèâåðñèòåòó ïðîôåñ-
ñîðà Ñ.Â. Âàëëàíäåðà ¾Ëåêöèè ïî ãèäðîàýðîìåõàíèêå¿. Í.Í. Ïîëÿõîâûì íàïèñàíî è
ïðåäèñëîâèå ê ýòîé êíèãå.

Â 1980-å ãîäû Í.Í. Ïîëÿõîâ áûë îòâåòñòâåííûì ðåäàêòîðîì êíèãè À.Ï. Ìàíäðûêè
ïî èñòîðèè ðàçâèòèÿ òåõíè÷åñêèõ íàóê. Â òå æå ãîäû Í.Í. Ïîëÿõîâ ïðèíèìàë ïîñèëüíîå
ó÷àñòèå â ïîäãîòîâêå è ðåäàêòèðîâàíèè êîëëåêòèâíîé ìîíîãðàôèè ¾Èñòîðèÿ ìåõàíèêè
â Ðîññèè¿, èçäàííîé â 1987 ã. â Êèåâå. Äëÿ ýòîé ìîíîãðàôèè îí íàïèñàë òðè ñòàòüè: î
ðàçâèòèè ìåõàíèêè â Ïåòåðáóðãñêîì óíèâåðñèòåòå, î íàó÷íîì íàñëåäèè Ä.Ê. Áîáûëåâà
è î ðàáîòàõ Ñ.À. ×àïëûãèíà ïî àýðîäèíàìèêå êðûëà.

Polyakhov N.N.(Jr.), Sabaneev V.S. About editorial activity of professor N.N. Polyakhov.
The editorial activity of professor N.N. Polyakhov is discussed. His most important works in this

area are the commentation of the selected works in mechanics of academician M.V. Ostrogradsky
and in aerodynamics of screw propeller of professor V.P. Vetchinkin. He was the editor-in-chief of
lectures textbook by professor S.V. Vallander in hydromechanics and several books and transactions
in the history of mechanics.
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SECTION VI. HISTORY OF MECHANICS

ÈÑÒÎÐÈß ÐÀÇÂÈÒÈß ÍÅÃÎËÎÍÎÌÍÎÉ ÌÅÕÀÍÈÊÈ È ÅÅ ÑÂßÇÜ
Ñ ÇÀÄÀ×ÀÌÈ ÓÏÐÀÂËÅÍÈß

Ñîëòàõàíîâ Ø.Õ.
×å÷åíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ãðîçíûé

Mikhail.Yushkov@MJ16561.spb.edu

Ïðèâîäÿòñÿ îñíîâíûå ýòàïû ðàçâèòèÿ íåãîëîíîìíîé ìåõàíèêè. Ïîä÷åðêèâàåòñÿ
ðîëü ñåðâîñâÿçåé, ââåäåííûõ À. Áåãåíîì è Ï. Àïïåëåì [1, 2]. Îïèðàÿñü íà èõ ïîíÿòèå,
Â.È. Êèðãåòîâ ïðèìåíèë àïïàðàò àíàëèòè÷åñêîé ìåõàíèêè äëÿ ðåøåíèÿ ðÿäà çàäà÷
óïðàâëåíèÿ èç äèíàìèêè ïîëåòà [3]. Åùå áîëåå âîñòðåáîâàí îêàçàëñÿ àïïàðàò íåãî-
ëîíîìíîé ìåõàíèêè, ðàñïðîñòðàíåííûé íà ñâÿçè âûñîêîãî ïîðÿäêà [4], äëÿ ðåøåíèÿ
íîâîãî êëàññà çàäà÷ óïðàâëåíèÿ, êîãäà ïðîãðàììà äâèæåíèÿ çàäàíà â âèäå äîïîëíè-
òåëüíîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé âûøå òðåòüåãî ïîðÿäêà. Â ÷àñòíîñòè,
äëÿ ðåøåíèÿ çàäà÷ ãàøåíèÿ êîëåáàíèé ïîëåçíûì îêàçàëîñü ïðèìåíåíèå îáîáùåííîãî
ïðèíöèïà Ãàóññà (ïðèíöèïà Ïîëÿõîâà�Çåãæäû�Þøêîâà).

ËÈÒÅÐÀÒÓÐÀ

[1] Áåãåí À. Òåîpèÿ ãèpîñêîïè÷åñêèõ êîìïàñîâ Àíøþòöà è Ñïåppè è îáùàÿ òåîpèÿ ñèñòåì ñ
ñåpâîñâÿçÿìè. Ì.: Ôèçìàòëèò, 1967. 171 ñ.
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Soltakhanov Sh.Kh. The history of non-holonomic mechanics and its relationship to control
problems.

The main stages of history of non-holonomic mechanics are outlined. The possibility of applying
the apparatus of non-holonomic mechanics to solving some control problems with high-order
constraints is shown.
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