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Abstract—The formation of space charge in weak electrolytes, specifically in liquid dielectrics, has been con-
sidered. An analytical solution is given to a simplified set of Nernst–Planck equations that describe the for-
mation of nonequilibrium recombination layers in weak electrolytes. This approximate analytical solution is
compared with computer simulation data for a complete set of Poisson–Nernst–Planck equations. It has
been shown that the current passage in weak electrolytes can be described by a single dimensionless parameter
that equals the length of a near-electrode recombination layer divided by the width of the interelectrode gap.
The formation mechanism and the structure of charged nonequilibrium near-electrode layers in the nonsta-
tionary regime have been analyzed for different injection-to-conduction current ratios. It has been found that
almost all charge structures encountered in weak dielectrics can be accounted for by the nonequilibrium dis-
sociation–recombination mechanism of space charge formation.
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INTRODUCTION
The space charge and its associated hydrodynamic

processes are a basic feature of the behavior of weak
dielectrics in a high electric field. The electrification
of liquid dielectrics has been the subject of much
research. In [1, 2], all charge structures experimentally
found in liquid dielectrics were analyzed and
described in terms of the electrolytic conduction
mechanism.

In a number of earlier works [3, 4], simplified mod-
els of space charge formation in liquids with ionic con-
ductivity were considered in the approximation of a
strong electrolyte. However, liquid dielectrics are
weak electrolytes in which the dissociation of impurity
molecules is negligible, i.e., is much smaller than
unity. For example, when iodine dissolves in trans-
former oil, the degree of dissociation of iodine does
not exceed 10–6 [5, 6]. To describe the current passage
in these liquids, a complete set of equations must con-
tain functions that describe the dissociation and
recombination of impurity molecules or, more prop-
erly, ionic pairs. In this work, we suggest a simple
model that allows most charge structures that have
been discovered to date to be considered from a single
viewpoint based on the Nernst–Planck equations for
weak electrolytes. Previously, the mechanism consid-
ered here was discussed in [7, 8].

It is known [5] that a high voltage accelerates the
mechanism of injection nucleation on the surface of
an electrolyte. Impurity molecules activate the injec-

tion; for example, an iodine molecule that offers
increased electron–acceptor properties favors injec-
tion from the cathode.

Thus, three or perhaps four types of ions exist in a
liquid dielectric subjected to a high voltage, i.e., two
types of ions form through the self-dissociation of
impurity molecules, C = A+ + B– and one or two types
of ions forming in near-electrode reactions (i) when an
electron passes from the electrode surface to an impu-
rity molecule C + e = C– that has increased electron–
acceptor properties or (ii) when a molecule with
increased electron–acceptor properties donates an
electron C – e = C+. These reactions proceed much
more readily than dissociation reactions because of
the presence of impurities that have a high electron
affinity. Therefore, in the conductivity range below
10–10 S/m, injection dominates in charge generation.

Consider the simple problem of current passage in
a liquid with low intrinsic conductivity at low and high
voltages using the Poisson–Nernst–Planck equations
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Here, E is the electric field strength, ρ is the space
charge volume density, φ is the electrical potential, n
is the concentration of ions, j is the current density, W
is the dissociation rate, ε is the relative permittivity of
the liquid, b is the ion mobility, D is the ion diffusion
coefficient, αr is the recombination coefficient, Zi is
the valence of ions, ε0 is the dielectric constant, e is the
unit electrical charge, and t is the time. Subscript i
stands for the type of ion.

1. ANALYSIS OF THE NERNST–PLANCK 
EQUATIONS

Let us consider the 1D problem and make the fol-
lowing assumptions. There are only two types of ions,
both types of ions are univalent, the diffusion coeffi-
cients and the absolute values of the mobilities of the
ions are the same (D+ = D– ≡ D and b+ = b– ≡ b, where
the “+” and “–”signs indicate the type of ion), the
liquid is isothermal, the dissociation rate does not
depend on the electric field strength, and the degree of
dissociation is small. All dimensional quantities were
made dimensionless by dividing by their characteristic
values as follows: the interelectrode gap, the electrode
voltage, and the equilibrium ion concentration (n0 =
σ0/2eb, where σ0 is the low-voltage conductivity of the
liquid). As the characteristic time, we took the time
ions take to migrate through the interelectrode gap as
follows: τ = L2/bV0, where L is the interelectrode gap
and V0 is the voltage. Migration current density j0 =
n0bV0/L was taken for the unit current density. The fol-
lowing boundary conditions were used: x ∈ [0, 1],
φ(0) = 1, φ(1) = 0, j+(0) = k+, j–(1) = k–, where k± is
the dimensionless density of the injection current at
the boundary of the interelectrode gap (k± = jinj, ±/j0).

With regard to the above simplifications, the set of
equations (1)–(5) can be written in the dimensionless
form

(6)

(7)
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where x is the dimensionless coordinate and

(9)

(10)
are dimensionless parameters.

Set of equations (6)–(8) can be solved analytically
under the following assumptions. First, the diffusion
current is disregarded because of its smallness and the
space charge is assumed to influence the electric field
distribution insignificantly. Second, it is assumed that
the size of the charged near-electrode layer is much
smaller than the interelectrode gap (in essence, we
consider a semi-infinite space). Third, a solution will
only be sought for the stationary case. Finally, we
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assume that injection from the electrodes is absent,
i.e., k± = 0. However, the latter assumption is not nec-
essary; an analytical solution can be obtained at k± ∈
[0, 1].

As a result, the simplified set of equations can be
represented as

(11)

(12)

If n1 + n2 = 2n0, this set of equations has a simple
solution (for the concentration of positive and nega-
tive ions), i.e.,

(13)

It follows from formula (13) that the ion concentra-
tion is nonuniformly distributed near the electrode
and parameter P0 determines the thickness of a layer
with a lower ion concentration; the smaller P0, the
thinner the layer, and vice versa. Since only the disso-
ciation–recombination mechanism of ion generation
is taken into account in initial equations (11) and (12),
we can suppose that the reason for the appearance of
the ion is the disturbance of dissociation–recombina-
tion equilibrium after the voltage is switched on, i.e.,
ion migration. Parameter P0 in the solution is the ratio
of the interelectrode gap length to the size of the near-
electrode nonequilibrium layer. If P0 is large, the size
of the layer is much smaller than the gap length.

It follows from solution (13) that nonequilibrium
near-electrode layers with a lower ion concentration
arise in the interelectrode gap. Dimensionless param-
eter P0 is the ratio of two characteristic lines, i.e., the
migration time (τ1 = L2/bV0) and the time of Maxwel-
lian relaxation (τ2 = εε0/σ0). The same parameter P0
characterizes the influence of the space charge on an
external electric field. Let us analyze the dimension-
less parameters in the given set of equations. Accord-
ing to (7), parameter P0 characterizes the role of
recombination–dissociation processes in the volume.
If P0 is large, dissociation in the volume plays a great
role, as a result of which the equilibrium concentra-
tions of ions are rapidly established in most of the vol-
ume. That is, the disturbance of the concentration due
to the boundary conditions (for example, due to the
absence of injection from the walls) is rapidly compen-
sated for and does not penetrate into the interelectrode
gap. This means that the nonequilibrium layers are
thin compared with the gap length.

Parameter PD is the ratio between the diffusion and
migration components of the current density. Its role
is significant in strong electrolytes and at low voltages.
In the case of weak electrolytes, which liquid dielec-
trics are, and at high voltages, as a rule, this parameter
is very small.
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2. STATIONARY SOLUTION
Let us consider the results of the numerical solu-

tion of Eqs. (6)–(8) that were obtained with and with-
out the above simplifications. Calculations were car-
ried out using the COMSOL Multiphysics program
package based on the finite element method. To avoid
poor numerical convergence of the solution in the
nonstationary regime and obtain the most exact solu-
tion possible, the nonstationary 1D problem was
transformed into a 2D problem, where the y coordi-
nate is time. This approach is used to numerically
solve the problem of shock-front propagation.

The stationary distributions of the dimensionless
concentrations of positive and negative ions in the
interelectrode gap are shown in Fig. 1, which depicts
three plots, including the analytical solution and
numerical solutions obtained in the complete and sim-
plified (i.e., without regard to the influence of the
space charge on the electric field strength and under
the assumption of reduced diffusion) statements of the
problem. The plots show only the right-hand part of
the gap. It can be seen that the analytical solution and
the numerical solution in the simplified statement
nearly coincide but differ somewhat from the exact
solution. In all cases, recombination layers arise but
taking into account the space charge somewhat
changes the structure of the layers. Namely, the con-
centration of positive ions falls more steeply and that
of negative ions becomes much lower. The main rea-
son for the quantitative discrepancy is that the change
in the electric field distribution under the action of the
space charge concentrated in near-electrode layers
was ignored. Nevertheless, the characteristic length of
the layer is correctly described in all the cases.

Some comments regarding the obtained solution.
An applied voltage generates a directed ion f lux in the
volume of the film, since the film is conductive. How-
ever, the f lux and concentration of ions of the same
sort vanish at the electrode boundary because of the
presence of a wall on which surface nucleation is

absent. As a result, the concentration of like ions in the
near-electrode region becomes insufficient. Inside
this region, which is distinctly seen in Fig. 1a, the ion
concentration grows from zero to an equilibrium value
by means of dissociation nucleation. The characteris-
tic size of the layer depends on the ratio between the
dissociation rate and migration current or, as follows
from the analytical solution, on dimensionless param-
eter P0.

The change in the negative ion concentration
(Fig. 1b), which arises when the influence of the space
charge on the electric field is taken into account,
causes a decrease in the recombination rate inside the
near-electrode layer. This in turn enhances nucleation
in the volume. This is exactly why the near-electrode
layer gets slightly thinner (Fig. 1a) in the numerical
solution compared with the approximate solution.

3. NUMERICAL SOLUTION 
OF THE COMPLETE SET OF EQUATIONS
Consider the solution of the problem in the com-

plete statement, i.e., without the assumption that the
space charge weakly influences the electric field.
Except for dimensionless parameter P0, the simulation
results depend on the boundary conditions, namely,
on dimensionless injection current k± on the elec-
trodes. Consider first the case when injection is
absent: k± = 0. Below, linear plots for different values
of dimensionless parameter P0 are presented.

3.1. Dissociation without Injection: P0 = 0.05
Since injection is absent and the ion generation

rate (dissociation rate) is the same throughout the vol-
ume, the coion deficiency front moves from either
electrode (Fig. 2a). This front produces a region with
a lower concentration of coions (i.e., a region with
oppositely charged ions) at either electrode (Fig. 2b).
Because of heterocharge layers that form at the elec-

Fig. 1. Dimensionless concentration distributions for (a) positive and (b) negative ions constructed based on the (1) analytical
solution and (2) simplified and (3) complete statements of the problem. P0 = 50.
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trodes, the electric field strength near the electrodes
rises and drops at the center of the interelectrode gap
(Fig. 2c). The fronts meet at the center of the gap and
pass through each other, compensating for the result-
ing charged layers. This compensation is incomplete
because of a persisting dissociation in the volume.
However, as follows from the analysis of dimensionless
parameter P0, the characteristic time of volume nucle-
ation in the given case is 20 times longer than the time
it takes for the ion front to cross the interelectrode gap.
Therefore, dissociation may compensate for only a
minor part of charge loss at the electrodes. As a result,
the effective conductivity of the cell drastically
decreases, as is seen, in particular, in the time–current
characteristic (TCC) depicted in Fig. 2d; the current
drops by more than an order of magnitude.

3.2. Dissociation without Injection: P0 = 0.5

When dimensionless parameter P0 increases by ten
times, first the significance of dissociation–recombi-
nation processes in the volume grows. This is reflected
in the fact that, within the time the ion front crosses
the interelectrode gap, new ions due to dissociation
emerge in the volume (Fig. 3a). As the fronts move,
the total concentration of ions of both signs grows

(Fig. 3a, an area near the electrode on the right). Het-
erocharge layers arise near the electrodes (Fig. 3b),
and the space-charge-induced variation of the electric
field distribution becomes tangible (Fig. 3c). In the
TCC (Fig. 3d), the current drops, but this drop is less
significant, unlike the previous case (the field changes
by roughly four times).

3.3. Dissociation without Injection: P0 = 10

When dimensionless parameter P0 is greater than
unity, the dissociation nucleation dominates over cur-
rent transfer by migration, even at small distances
compared with the interelectrode gap. Therefore, an
equilibrium concentration is reached well before ions
cross the gap. As a result, a clear-cut dissociation–
recombination layer of like ions appears near either
electrode (Fig. 4a). In addition, an area of excess het-
erocharge localizes within this layer (Fig. 4b). In the
rest of the interelectrode gap, the liquid is electroneu-
tral and the concentration distribution is equilibrium.
With an increase in the dimensional parameter, the
electric field in the near-electrode layers locally grows
(Fig. 4c), but the enhanced field region shrinks, since
the heterolayers become thinner. The current relax-
ation time also diminished considerably (Fig. 4d) and

Fig. 2. Distributions of the dimensionless (a) concentration, (b) space charge density, (c) electric field strength, and (d) total cur-
rent at several instants of time for P0 = 0.05 (without injection). Hereinafter, the time scale for panels (а–с) is plotted in panel (c).
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Fig. 3. Distributions of the dimensionless (a) concentration, (b) space charge density, (c) electric field strength, and (d) total cur-
rent at several instants of time for P0 = 0.5 (without injection).
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Fig. 4. Distributions of the dimensionless (a) concentration, (b) space charge density, (c) electric field strength, and (d) total cur-
rent at several instants of time for P0 = 10 (without injection).
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the drop of the cell’s effective conductivity decreased
to 20%. Here, the time it takes for ions to pass through
the near-electrode layer, rather than though the entire
gap, is the characteristic time to steady-state distribu-
tion. Thus, the simulation data show that the distribu-
tions of the desired quantities are similar to each other
and depend on the near-electrode layer P0.

3.4. Dissociation with Bipolar Injection:
P0 = 0.05, k± = 20

Consider the simulation data for the case of intense
bipolar injection from both electrodes when the con-
centration of injected ions exceeds the equilibrium
value by 20-fold, i.e., k± = 20 and P0 = 0.05.

In real liquids subjected to a high voltage, ions are
injected into a liquid that has an intrinsic low-voltage
conductivity. It was found from I–V characteristics
that the low-voltage conductivity portion changes to
high-voltage conductivity at a certain threshold volt-
age. This threshold voltage marks the onset of injec-
tion. Let us consider a model of injection into a liquid
with a constant low-voltage conductivity. In other
words, consider the case of bipolar injection into a liq-
uid having an intrinsic low-voltage conductivity.

Let us start with the situation when dissociation–
recombination processes play a minor role. This situ-
ation most closely resembles injection into a noncon-
ducting liquid. Consider the case when the injection
current density greatly exceeds the conductivity cur-
rent density (k±= 20). As follows from the plot in Fig. 5a,
the fronts of elevated ion concentration propagate
from the electrodes in the liquid but the amplitudes of
the fronts drop (roughly twofold) because of recombi-
nation with counter ions, which arise in the volume by
means of dissociation on the surface and are injected
from the opposite electrode. The excess of coions in
the near-electrode layers generates a space charge of
the same sign as the electrode (Fig. 5b). This in turn
reduces the electric field strength near both electrodes
and raises it at the center of the interelectrode gap
(Fig. 5c). Since the total concentration of ions in the
volume of the liquid rises during the transient process,
the current in the TCC grows (Fig. 5d). However, after
the fronts of oppositely charged ions meet, the recom-
bination rate in the volume rises and the current rise
somewhat slows down. Then, after the fronts reach the
counter electrodes, the current slightly decreases. This
is an example of the case when recombination in the
volume noticeably influences both the local distribu-
tions of desired quantities and the integral characteris-
tics of the cell, causing the total current to decline.

Fig. 5. Distributions of the dimensionless (a) concentration, (b) space charge density, (c) electric field strength, and (d) total cur-
rent at several instants of time for P0 = 0.05 and k± = 20.
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3.5. Dissociation with Bipolar Injection:
P0 = 10, k± = 2

Consider now the case when dissociation–recom-
bination processes in the volume are significant and
injection nucleation on the electrodes is set. Then, the
amplitude of the higher ion concentration front (Fig. 6a)
rapidly decays near the injecting electrodes and the
homocharge fronts do not penetrate into the interelec-
trode gap. This is because recombination processes
dominate under the given conditions. Importantly,
this charge decay takes place in the one-dimensional
system, where the ion concentration cannot decrease
because of the ion spread in the transverse direction.
As a result, two injection–recombination near-elec-
trode layers of homocharge appear in the liquid (Fig. 6b),
the size of which is comparable to that of dissocia-
tion–recombination near-electrode layers of hetero-
charge, which was estimated above for the same value
of P0 but without injection. The electric field strength
near either electrode decreases under the action of the
homocharge, but this field disturbance area narrows
(Fig. 6c). The TCC shows a slight current rise (by less
than 10%), while the injection current exceeds the
conduction current twofold (Fig. 6d).

CONCLUSIONS

When the current passes through weak electrolytes,
the liquid dielectrics of which are nonequilibrium, dis-
sociation–recombination layers arise. In the absence
of injection, layers with a lower effective conductivity
form at the electrodes. This is reflected in the fall of
the total current in the cell. Accordingly, when mea-
suring the low-voltage conductivity of liquid dielec-
trics, one should provide conditions such that P0 ≫ 1
to obtain correct results.

The structure of the layers depends considerably on
dimensionless current density k±. At k± < 1, injected
ions recombine with conduction ions in the near-elec-
trode layers and do not penetrate into the volume of
the liquid. At k± = 1, injected ions are absent. At k± > 1,
injected ions only effectively penetrate into the volume
if dimensional parameter P0 is small; otherwise (P0 > 1),
injected ions rapidly recombine, which produces an
injection–recombination layer with characteristic
penetration length 1/P0.

Even if injected ions penetrate into the liquid
through the counterflow of conduction ions, they
influence the total current that passes through the cell
insignificantly at P0 ≫ 1. Therefore, analyzing experi-
mental data on the I–V characteristic of a cell with a

Fig. 6. Distributions of the dimensionless (a) concentration, (b) space charge density, (c) electric field strength, and (d) total cur-
rent at several instants of time for P0 = 10 and k± = 2.
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liquid electrolyte, one may draw improper conclusions
regarding the role of the injection current. For exam-
ple, even a small deviation of the integral current–
voltage dependence from a linear law may indicate
that the injection current density greatly exceeds the
conduction current density (especially if the problem
has no 1D symmetry).

The nonequilibrium dissociation–recombination
mechanism of space charge formation can explain the
nearly entire spectrum of charge structures discovered
in liquid dielectrics, as well as the threshold nature of
electrohydrodynamic effects. Note that this mecha-
nism works even in slightly nonuniform fields, which
is also typical of electrohydrodynamic f lows [2].
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