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Abstract—In their paper “A New Perspective on Constrained Motion,” F. E. Udwadia and R. E. Kal�
aba propose a new form of matrix equations of motion for nonholonomic systems subject to linear
nonholonomic second�order constraints. These equations contain all of the generalized coordinates
of the mechanical system in question and, at the same time, they do not involve the forces of con�
straint. The equations under study have been shown to follow naturally from the generalized Lagrange
and Maggi equations; they can be also obtained using the contravariant form of the motion equations
of a mechanical system subjected to nonholonomic linear constraints of second order. It has been
noted that a similar method of eliminating the forces of constraint from differential equations is usu�
ally useful for practical purposes in the study of motion of mechanical systems subjected to holonomic
or classical nonholonomic constraints of first order. As a result, one obtains motion equations that
involve only generalized coordinates of a mechanical system, which corresponds to the equations in
the Udwadia–Kalaba form.
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1. INTRODUCTION

In [1], F. E. Udwadia and R. E. Kalaba proposed a new form of matrix equations of motion for non�
holonomic systems subject to second�order linear nonholonomic constraints. The number of equations
corresponds to the number of generalized coordinates of the mechanical system under consideration, and
the equations are not supposed to involve the forces of constraint. This is a great advantage of these equa�
tions, and hence the authors of the paper [1] note that “the equations of motion obtained in this paper
appear to be the simplest and most comprehensive discovered so far.” These equations were derived using
the fairly specific Moor–Penrose transform [2, 3]; this construction is referred in the Russian literature as
the pseudo�inverse matrix. In the present paper, we show that the equations derived in [1] can be obtained
in a natural way by employing the generalized Maggi and Lagrange equations or when using the contra�
variant form of motion equations of a mechanical system subject to second�order nonholonomic linear
constraints. 

2. THE USE OF THE TANGENT SPACE FOR REPRESENTATION 
IN THE VECTOR FORM OF THE MOTION OF NONHOLONOMIC SYSTEMS

We consider [4] the motion of a mechanical system with three degrees of freedom in the tangent space
to the manifold of all its possible positions at a given time. The motion will be described in the curvilinear

coordinate system q = (q1, …, qs), which has the principal and reciprocal bases {eσ}, {eτ}, σ, τ = , where

(2.1)

and  is the Kronecker delta.

1 s,

eσ eτ⋅ δα

τ
, σ τ, 1 s, ,= =

δα

τ
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Assume that the motion of this mechanical system is subject to constraints (precisely such constraints
were considered in the paper [1]) as follows:

(2.2)

The first�order differentiated nonholonomic constraints  = 0 and the holonomic constraints

 = 0 (κ = ) can be written in this form after differentiating them twice with respect to time.
Furthermore, in form (2.2), one may also directly specify the second�order linear nonholonomic con�
straints (see, e.g., [5]). The first example of a program second�order nonlinear nonholonomic constraint
realized in one problem in cosmonautics was also offered in [6].

For the study of motion, we introduce the following transformations between the generalized acceler�

ations  = ( ) and the pseudo�accelerations w* = ( , …, ):

(2.3)

Here, the variables t, q,  play the role of parameters. It is convenient to particularize the first group of
transformations as follows:

(2.4)

Due to the choice of quasi�velocities in form (2.4), they become zeros, while the first ones depend on the

choice of the functions , λ = .

By setting the direct and inverse transformations (2.3), (2.4), we split the s�dimensional space under

consideration into the direct sum of the subspaces K and L with bases εl + κ =  =

 ≡ , κ = , respectively [4]. The generalized Hamiltonians used here ελ =

, κ = , were introduced by Polyakhov [7]. Now, in the case of ideal constraints (2.2), the

vector equation of motion of a mechanical system in the tangent space can be written in the following form
(see [4])

(2.5)

Here, M is the mass of the entire mechanical system, W is the acceleration vector of the system, Y is the
vector of forces acting on the system, and Λκ are the generalized forces of constraint.

3. GENERALIZED LAGRANGE AND MAGGI EQUATIONS

Multiplying equation (2.5) by the vectors eρ, ρ = , and taking into account (2.1), we get the gener�
alized second�order Lagrange equations with multipliers

(3.1)

Here, the coefficients gρσ (and the analogous ones in the nonstationary basis, when q0 = t) are given in
terms of the kinetic energy, while the coefficients Γρ, αβ are the Christoffel symbols of the first kind and
similar expressions in the nonstationary basis.

Next, if Eq. (2.5) is multiplied by the vectors ερ, ρ = , then we obtain two groups of generalized
Maggi equations

(3.2)

(3.3)

f2
κ t q q· q··, , ,( ) aκ

l κ+ t q q·, ,( )q··σ a0
l κ+ t q q·, ,( )+≡ 0, κ 1 k, , l s k.–= = =

f1
κ t q q·, ,( )

f1
κ t q,( ) 1 k,

q·· q·· … q··s, , w*
1 w*

s

w*
ρ w*

ρ t q q· q··, , ,( ), q··σ q··σ t q q· w*, , ,( ), ρ σ, 1 s, .= = =

q·

w*
λ f*

λ t q q· q··, , ,( ), λ 1 l, l s k–=( ),= = w*
l κ+ f2

κ t q q· q··, , ,( ), κ 1 k, .= =

f*
λ t q q· q··, , ,( ) 1.l
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l κ+∂ / q··τ∂( )eτ
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l κ+ t q q·, ,( )eτ
∇ ''f2
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The so�obtained second�order Lagrange equations with multipliers and the Maggi equations are called
generalized because they extend the corresponding equations of nonholonomic mechanics under first�
order nonholonomic constraints to the case of constraints (2.2).

The contravariant form of motion equations is obtained by multiplying law (2.5) by the vectors eσ, σ =

 as follows:

Solving this system for the generalized accelerations, this establishes the following:

(3.4)

Here,  are the Christoffel symbols of the second kind and the analogous functions and gσρ are the
entries of the additional metric tensor. It is worth noting that this form of the contravariant equations is
equivalent to the system of generalized second�order Lagrange equations with multipliers solved with
respect to the generalized accelerations.

4. RELATION BETWEEN THE UDWADIA–KALABA EQUATIONS
AND THE GENERALIZED LAGRANGE AND MAGGI EQUATIONS

The above differential equations (3.1), (3.2), and (3.4) with given initial data need to be integrated
jointly with equations of constraint (2.2). Furthermore, the system of differential equations (3.2), (2.2) is
written with respect to all unknown functions q = (q1, …, qs) and does not contain the Lagrange multipliers

Λκ, κ = . In this respect, it proves to be of equal value with the Udwadia–Kalaba equations.

It is more difficult to solve the system of equations (3.1), (2.2) because, along with the derivatives of the

generalized coordinates, it also contains the first powers of the unknown functions Λκ, κ = . We
exclude the latter equations and compose the system of s differential equations with respect to the func�
tions q = (q1, …, qs). Then, as was pointed out above, we obtain formulas (3.4). Substituting these expres�
sions for the generalized accelerations in the equations of constraint, we obtain the system of algebraic
equations with respect to the Lagrange multipliers

(4.1)

where we set

Solving system (4.1), we find the generalized forces of constraint (2.2) as functions of t, q,  as follows:

Here, Aκ*κ are entries of the matrix inverse of the matrix (Aκ*κ). Substituting the so�obtained Lagrange
multipliers in formulas (4.1), we obtain the following required form of the differential equations of motion
of the mechanical system:

(4.2)

It should be noted that a similar method of eliminating the constraint forces from differential equations is
usually employed in practical purposes for studying the motion of mechanical systems subjected to holo�
nomic or classical nonholonomic constraints of the first order.

There is another way to eliminate the Lagrange multipliers from equations (3.1). Substituting their
expressions form (3.3) into equations (3.1), we have

1 s,

MWσ M q··σ Γαβ

σ q·αq·β+( )≡ Qσ Λκg
σρ f2

κ∂

q··ρ∂
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As a result, we have

(4.3)

where Eσρ are entries of the matrix inverse of the matrix (Eρσ).
Equations (4.2), (4.3), as obtained from the generalized second�order Lagrange equations with multi�

pliers and the generalized Maggi equations, are the Udwadia–Kalaba equations in the tensor form. It is
worth noting that these equations can also be obtained using the linear transformation of forces introduced
in book [4].
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Translated by A. Alimov
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