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ACUMIITOTUYECKAA OPPEKTUBHOCTDH HOBBIX
HEITAPAMETPUYECKNUX KPUTEPUEB
CAMMETPUN OJ151 OBOBMEHHBIX CKOHNIEHHBIX
AJIBTEPHATWUB

§1. BBEIEHUE

CuMMeTpus pacupegereHus CIy YalHON BEIUIUHBL C HEMPEPBIBHON (DyH-
knuen pacupegenenus (¢.p.) F' o3HaAUaeT BBIIOIHEHUE yCIOBUA

F(z)=1—-F(—x) mma Beex x € RY. (1)

IIpeanonoxum, uTo y Hac uMmeercsa BeIbopka Xi,..., X, C HEIPEpPHIB-
wou (.p. F' u mepe HaMu CTOUT 3aa¢a TTPOBEPKU MUIOTE3H 1 0 TOM, ITO
F cuvMerpudHa, T.e. BLIIOJIHAETCs COOTHOIIEHue (1), IpoTus aabrTepHa-
THBEL O TOM, 9TO 3TO COOTHOIIEHNE HAPYIIAETCA XOTA OB B OTHON TOYKE.
[IpoBepka rUMOTE3EI CUMMETPHU — ONHA W3 KIACCHIECKAX 3303 Hema-
pameTpudeckon cTaTucTuku. CyIecTBYeT HENBIN PAL KPUTEPUEB CUMMe-
TPUM, HATPUMED, KPUTEPUU 3HAKOB U 3HAKOBO-PAHTOBLIN KpUTepun Bui-
KOKCOHA, a Takke 6omee croxkHble kpurepun (cM. [18,20], [28, ru. 4]), unen
KOTOPBLIX BeCbMa pasHaTca. Cpear HUX JUIIbL HEMHOTOYUCAEHHEIE KPUTe-
PUE OCHOBAHBI HA XaPAKTEPUAINMAX CAMMETPHUN U TEM CAMBEIM HCIOIb3Y-
0T BHYTPEHHUE, ONMPEIEIAIOIINe 0OCOOEHHOCTH CBOUCTBA cuMmMeTpun. Cpe-
IU TAaKUX UCKIoueHun padots [10,12,23].

B oTimune 0T KpUTEpUeB CUMMETPUY, MOCTPOEHUE U UCCASTOBAHUE KPU-
mepues Co2aacus, OCHOBAHHBLIX HA XaPAKTEPU3AIMOHHLIX CBOMCTBAX PaC-
IpeneNeHul, B MOCAEIHAE TOALI OBICTPO Pa3BUBAETCA. [[pmMepaMu MOy T
cayxuThb padborsr [19,26,27,32-34] u pag apyrux.

B craThe Axcanyrnaxa [1] 1oKa3aHO, 9TO CUMMETDHS XaPaKTEPU3YeTCs
TOXIECTBEHHOCTBHIO PACTIPEICTCHUN SKCTPEMATBHLIX TOPAIKOBEIX CTATH-
cruk. Crnpasemrinsa

Kaouesbie ca06a: KPpUTEPUN CAUMMETPUM, U-3MIUPUIECKOE paclpenenenue, 6ax-
anIypoBCKasA 2(PpPEeKTUBHOCTH, CKONIEHHAA aJbTEpPHATHABA.
Pa6ora BTOoporo aBropa mopgaepxkana rpaatom PDDU 16-01-00258.
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Teopema 1. ITycmv Xy, ..., X, — nezasucumvie naba00enus, uMeOULUE
obwyto nenpepvisnyio @.p. F. Paccmompum sxcmpemasbrvie nopadkosuie
CMamucmuKy

Xip=min(Xq,...,X,), Xpp:=max(Xy,...,X,).

Pacnpedeaenue X; cummempuuno, m.e. @.p. F ydosaemsopaem ycao-
d

suto (1) mozda u moavko moeda, xoeda | X1 | = |Xnnl
DTO CBOUCTBO JIEMVIO B OCHOBY CBOOOIHOTO OT PACHPEAEICHUA KPUTEPHUs
cumMeTpun, paszpaboransoro HukuruasiM u Axcanyrsnaxom B [30].
3adukcupyem mpou3BoabHOE 1estoe k > 1 u paccmorpum V-pmmupue-
ckre GpyHKIUM pacupenereHns Benndnt | Xy ,| u | X, ,|:

GPt)y=n"r > Y|min(X;,...,X;,)| <t}, teR,

1<it, ..., ik <N

HP @) =n" > 1{|max(X;,,...,X;)| <t}, teR

1<itsee i <n.

ITo reopeme Tnusenko—Kanremmn nua V-smuupuaeckux GyHKIUNT pac-
npenenenus [17] mpu cupasenauBocTH TUHOTE3B H (DYHKINN el (t) n
H,(Lk) (t) DOMXKHEBI C POCTOM 7, HEOTDAHUYEHHO COMUKATHCA, ITO TTO3BOJIACT
MOCTPOUTH HA UX PAZHOCTU CTATUCTUKUA [ KPUTEPUEB CUMMETDPUN.

Mer 6ygem paccMaTpuBaTh ABA TUNA CTATUCTUK, IPEIIOKEHHBIX B [1]:
WHTer paIbHYIO

I = / GO (1) — HY (1)] dF (1), 2)
R

rge F,, — sMoupudeckas QyHKIUSA PACIpeleneHus BLIOOpKY | X;|, u Tuma
Koamoroposa

D) = sup |G (t) — HP (1)]. (3)
t

Taxum 06pas3om, mLaA BCeX 3HaYeHun mapamerpa k = 2,...,n — 1 paccma-
TPUBAIOTCA MO ABA KPUTEPUs, COOTBETCTBYIOIINE WHTEIPATLHOU U KOIMO-
roposckon craructuke. Homep B ckoOKe BBEPXY COOTBETCTBYET CTEIEHU
cooTBeTCcTBYIOIEro aapa U nmu V-cTaTucTuky.

Huknrua n Axcany/mrax seraucamin B [30] JoKambHy0 6aXaIypOBCKYIO
ACHUMITOTUIECKYIO 3PPEKTUBHOCTL STUX CTATUCTUK M AJbTEPHATHUB
casura. BaxanypoBckas a(ppeKTUBHOCTE BBIOMPAETCSI CPEIu IPYTUX BU-
10B 3>(p(PEKTUBHOCTHU, MOCKONBKY MOMXKET MPUMEHATHCA IS CTATUCTUK,
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paCIpe/ieeHre KOTOPHIX TIPU HYJIeBOU MUIIOTE3€ OTINIHO OT HOPMATBHO-
0. DTO OCOOEHHO IIEHHO IS CTATUCTUK KOJIMOIOPOBCKOT'O THIIA, UMEIO-
X HEHOPMAJIBbHBIE TPEJeIbHBIE PACIPETEICHUA.

s GOMBIIMHCTBA PACCMATPUBAEMBIX PACIPENETCHUN YKA3aHHAA D(-
(PEeKTUBHOCTB OKA3aJIaCh HEOOBIYHO BBICOKOU. Hampumep, 1is mocaenoBa-
TeIbHOCTH NHTErPATBHBIX CTATHCTUK {Jff)} ee 3HAYEHNEe OKA3AI0Ch DABHO
0,977 B cayvae HopmanabHOrO pacupenenerus u 0,938 B caydae soructude-
CKOTrO pacmpenenenus. B To xe BpeMsa KOIMOTOPOBCKAs CTATUCTHUKA, Dsf),
KaK OOBITHO, HECKOTBKO MeHee 3(hheKTUBHA — AIS YKA3aHHBIX paclpese-
ngenun 3Haverus >dpdextusnoctu 0,764 u 0,750.

NuTepecHo ObLIO GBI MPOBEPUTH, OKAXKYTCS JIA HOBBIE KPUTEPUU CTOJIb
Ke dPMEKTUBHBIMU Ui OOJIEE CIOKHOTO U MPAKTUIECKU BAKHOTO KIaC-
ca aaprepHaTuB. [[03TOMY B JAHHOU CTATHE MBI MPOMONKUAM KUCCACAOBA-
HUE JIOKAJBHOU 6aXaaypOBCKON d(P(PEKTUBHOCTH PACCMATPUBAEMBIX CTa-
TUCTUK /51 OOIIKIPHOrO KJIACCA aJbTEPHATUB, KOTOPHIE MOXKHO HA3BaTh
0000ULEHHDIMY CKOULEHHO-CUMMEMPUUHBIMY adbmepramusamy. Ilpu Ta-
KUX aJbTEPHATUBAX INIOTHOCTH HAOMIONEHUN ACUMMETPUIHA, U UMEET BUL:

h(z,0) = c(0) G(w(,0)) f(2), (4)

rae JeTHas GyHKOusA [ — IIOTHOCTE PACIPEIETEHNA TP BLITOJTHEHUN [H-
noressl H, G — HEKOTOpas riajkas HeoTpunarerbHas Gyukuus, c(f) —
HOPMUPYIOIMI MHOXKUTEIb, & Gyukuua w(f, r), HazbiBaeMan QyHKIUENR
cKoca, OyJeT OompeneneHa B gaibHenmeM. [IpeamoraraeTcs, 9To Ipu Hy-
JIEBOM 3HAYEHUU TapamMeTpa  mI0OTHOCTE 000OIIEHHOrO CKOCA COBIAAET
¢ f(z), nooToMy HAUOOIBIIMI MHTEPEC MPEACTABIAET CIydal OIU3KUX K
HyJIIO 3HAYEHNN mapaMerpa. bomee mogpo6HO >TU aqbTEpHATUBLI Oy Iy T
OTIMCAHBT HUXKE.

3aMeTuM, UTO JUTEPATYPA, KACAIIIAACA ACUMITOTUICCKOTO MOBEIE-
HUS KPUTEPUEB CAMMETPWUM TIPU CKOIMIEHHLIX ATbTEPHATUBAX, JOBOJBLHO
CKy[HA, U MBI MOXKEM Ha3BaThb JUIIb CTATHIO [14], IOCBAIIEHHYIO B OCHOB-
HOM DAHI'OBBIM KPUTEPUAM, UMEIOTCS UHTEepecHble paboTel [11] u [22], or-
TAJEHHO CBA3AHHLIE C TEMOW HAINEr0 MCCIEOBAHWA, OMHAKO B HHUX Pac-
CMaTpUBAIOTCA IPYTHUE KPUTEPUU, IPYTHUE ATbTEPHATHUBLI U APYTOU THUT
3(pPeKTUBHOCTH.

MEr BEIMHICINM 3HAYEHNA JOKATBLHLIX 0axaryPOBCKUX >(p(PEKTUBHOCTEN
craructuk (2) u (3) a1 anprepHaTus (4) U B 3aKIHOYEHHE NOCTPOUM
ATBTEPHATHUBEL 13 PACCMATPUBAEMOrO KIAcCa, Hauboaee >PpHEeKTUBHEIE 110
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Baxanypy a1 IaHHBIX CTATUCTUK, UCTIOTB3YA TEXHUKY TPEIBIIVIINX Pa-
60T, onucanHyio B [14-16]. B mporiecce BEIUUCICHUN MBI 151 KDATKOCTH Oy~
[IEM OIIyCKATh MAJOCYIIECTBEHHBIE YCJIOBUS PErYIAPHOCTH, KOTOPBIE JIErKO
BOCCTAHOBUTb.

§2. CTPYKTYPA OBOBIIEHHBIX CKOIIEHHO-CUMMETPUYHbBIX
AJILTEPHATUB

CKOIIIeHHO-CUMMEeTPUYIHbIE PACTIPENeNeHIs KaK MIOKAEe U PeATNCTHIe-
CKMe MOIEN aJbTEPHATUB U3BECTHEL B MATEMATHIECKON CTATICTUKE YK
6osee Beka. IlepBble HCCIeI0BAHI MEXAHU3MOB CKOCA CUMMETPUTHBIX Pac-
npeneseHny puHagIexkar ne Jasrepo [13], em. [21] u ocobernso [7]. Tomy-
JSIPHOCTH CKOIIIEHHO-CUMMETDPUYUHBIM DACTIPENeTeHIsAM IPUHECIa U3BeCT-
Has pabora Asszamumem [3] O CKOIIEHHOM HOPMATBLHOM DACIDEJEICHUN, B
KOTOPOU GBLIA PACCMOTPEHA IIOTHOCTD

p(z,0) =2¢p(x) ®(xh), —o0o<x <00, (5)

rae ® m ¢ — QyHKIWA paCTIpEIETeHN ¥ TIOTHOCTH CTAHAAPTHOTO HOP-
MATBHOT'O 3AKOHA.

DTa CTaTh JATA HAYATO MHOTOYUCICHHBIM UCCICTOBAHUAM U 0600IIe-
HUAM CKOIICHHBIX pacrupenenernii. Cpein MHOXKECTBa paboT Ha ATy TEMy
ormeruM [2,4,6,24,35], a Takxe 0600maony0 MoHOrpaduio A3zaiuHu u
Kannranwo [8].

IlTupoxoe 060O6IIEHNE CKOIIEHHO-CUMMETPUIHOTO PACIpeNeTeHnss Ha
MHOT'OMEDHBIN CIydan OBLIO IpeIIokeHo B craThe [35]. 11 0 ITHOMEepHOrO
CIydas PACCMOTPEHHBIC TaM ILNIOTHOCTH UMEIOT BU

2G(x—0) f(x —0), (6)

rae ¢yuknua ckoca G yaosreTBopseT ycaoBuwo 0 < G < 1, ycioBuio cum-
merpun G(z) =1 — G(—x), ¢ € R, f — deTHas mIOTHOCTH, a § — MpOM3-
BOJILHBII BELIECTBEHHBIN mapameTp. ABTOpPHL [35] Hokasanu, ITO BCAKYIO
HENPEPBIBHYIO INIOTHOCTH MOXKHO IPEACTaBUThL B Bujie (6), MHBIMEU CJIOBa-
MU, BOOOIIIE JTI000€ PACIPEIeJEHUE ABIAETCA B OIPENEIeHHOM CMBICIE CKO-
IIEHHBIM 71 HEKOTOPOT'O CUMMETPUIHOrO pacnpeaesenusn. ToT ke Kmace
IUVIOTHOCTEN, HO B APYTOR 3amucu OBLT paccMoTpeH B [5], cm. [35, Prop. 2].

MBI rCIoab3yeM HeCKOABLKO MHOU, HO OIM3KAN CII0CO0 IOCTpoeHus 06006-
IIIEHHBIX CKOIIEHHO-CUMMETPUYIHBLIX AlbTEPHATUB. BO3BPATUMCA K ILIOT-
Hoctu (4) u omumem Gojee IETAIBHO €e KOMIIOHEHThL. Hopmupyrommi
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MHOXKUTENb ¢ 3ABUCHUT JIUIIL OT mapamerpa 6. Beemem mis ygobcTea u
00paTHYIO BEIUIUHY:

&0) = 1/c(0) = / Glw(z,0) f(x) da.

Crpykrypuyio dysxumo G : R — RT u ¢ymxmmio ckoca w(f,x) :
R X R — R momguuHuM CJIEIYIONIAM YCIOBUAM:

(1) G mBaxkabl nuddepenuupyema B okpecTHocTH Hyaa u G(0) > 0;

j./? G(w(z,0)) f(z)dx < oo nas Beex 6,

w aBaxk bl 1udPepeHnupyemMa 1mo ¢ B OKPeCTHOCTH HYJI;

)

)

; w(z,0) = —w(—=x,0) gua moboro x;
) w(z,0) =w(0,0) =0 nua Beex x u 0;
)

j? (wh(z,0))? f(x) dz < oo.

—0o0
Bymem o6oznauars H(z,0) ¢.p., orsevarontyto mioruoctu h(x, ) u mycrs
— !

g(x) = G'(x).

IIpuBegeM psAL KOHKPETHBIX MPUMEPOB OOOOMIEHHBIX CKOIIEHHO-CHAM-
METPUIHBIX ATbTEPHATHB.
1) Knaccudeckas CKOMIEHHO-HOpMaJIbHAA ILIOTHOCTE (5) B TO Ke Bpems
ABIACTCA OOOOIMICHHON CKOIMIEHHO-CUMMETPUYHON ILIOTHOCTBIO B HAIIEM
noHnManun. B camom gene, o6osHauus B (4) w(zx,d) := z6, ¢(f) = 2,
G(z) = ®(z), MbI 0becnednM BBIOTHEHUE CBOUCTB 1-6.
2) Boo0ue roBopsi, aabTepHATUBA CABUCA HE ABIAETCS 0OOOIEHHOUN CKO-
menHon anbrepHaTuBou. OTHAKO HOpMaJdbHAs IUIOTHOCTH CO CIBUCOM
o(z — 6) ynoBreTBopseT ycaoBuAM 0600MIEHHOTO (HO HE KIACCUIECKOTO)
ckoca. [lencTRUTEILHO,

—(z—0)2/2
e =0/ — e 07/2 .

z—0)= ——— x),
p(z —0) NG (@)
rae gyukiun c(f) = e=0°/2, G(z) = €” u w(z,0) = 20 ygoBreTBOPSAIOT
ycroBuaMm 1-6.

3) YacTHBI caydan 0600IIEHHOT0 CKOCA HOPMAILHON IIOTHOCTH. PaceMo-
TPUM ATLTEPHATUBHYIO ILIOTHOCTH

h(z,0) = 2p(z) & <¢%> , TER
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31ech

zf

)

V1+ 2262
U BCE HEOOXOIUMBIE CBOUCTBA BHIMOJHEHBI. Takas MOeab ObLTa mpeacTa-
BIEHA B [2] ¥ BIOCIEJCTBAN HEOTHOKPATHO UCCIENOBATACH, CM. 06 5TOM [8,
c. 48].
4) TwbKkuM KIACC WIOTHOCTEN ¢ KyOUIeCKOU (DYHKIMEN CKOCA.
[IrorrOCTH

w(z,0) =

h(z,0) = 2p(z) ®((z +2°)0), = €R,
BIIEPBBIE pacCcMaTpuBatach B [24], a 3aTeM BO MHOTHX IyOIMKAIUAX, CM.
noapoGHee [8, c. 49].

DyHKIIIO pacIpeneNeHns albTePHATABEL MOKHO PA3JIOKNATE B DA IPA
MAJIBIX 3HAYCHUAX HapaMeTpa 6, KOrja CKOIIeHHAsA albTePHATHBA OJU3KA,
CUMMETPUIHOMY pacrnpegeaeHuro. Va3 ompeneneHns (pyHKIWE W CICIyeT,
qTO

wy(z,0) = —wy(—,0), wy (z,0) = —wy (—z,0).

[Bax 1p1 quddepeHnupyeMbt MEOKUTEIb ¢(f) uMeeT cOOTBETCTBYIO-

e IPOU3BOIHEIE 110 6:

c(0) = —¢(9)/*(9),
¢"(0) = 2(¢(9))*/(e(0))° — (c(6))"/(e(8))?,

rae
&@0)= [ Glw(r.0)) f(x) dr,
@0)) = | wh(z,0)g(w(x,0)) f(z) dr,
@6))" = / wl(z,0)g(w(z, 0)) f(x) da+ / (wh)? (z, 0)' (w(x, ) (z) da,

9TO JaeT HaM

c(0) =1/G(0); ¢'(0)=0; ¢"(0)=—g'(0)/G*(0) /(w’e(O,x))2f(ﬂf)daf-
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flcuo, uro mpu 6 = 0 monyuaercsa H(z,0) = F(z). Hangem sHavenue
Hj(x,0). Hockombky

Hy(x,6) = / (c'(0) G(w(u,0) + c(0) wh (u, ) g(w(u,0))) f(u)du,
IOy IaeM
4(0)

Hga:O:—O/w'guo )du =: 2= Fy(z),

rje Ias KpaTKOCTU 0003HAYEHO

T

Fy(z) = / wp(u,0) f(u)du, z€R.

— 00

Heuernocrs gyukuuu w(z,d)f(r) Breder 3a cobOu Crenymouee CBOM-
cTBO 17 Bcex x > 0:

€T o0

[ wpta,0) ) du =~ [ w(0.0) fu) .

—00 T

B wactHOCTH,
Fy(—00) = Fy(o0) =0, Fy(—x) = Fy(x).

Tenepbs MBI MOXKEM HAUTHU TVIABHBIC LICHBI PA3JOXKEHUA B PAm Temto-
pa pYHKIUU paclpeneNeHns NPy albTepHATUBHOU TurnoTese. Urak, mpu
0 — 0 u mo6oMm k > 1 umeem:

HY(z,0) ~ F(z)* + k # Fy(x) FF=1(z) -6,
H*(—2,0) ~ F(—z)* + k Cg¥(— Fy(x) F*=Y(—z) -6,
(1— H(z,0)" ~ F(—2) — k g Fo(z) F*1(~z) - 6,

(1—H(-z,0)* ~ F(z)* — k 9(0) Fy(x) FF=1(z) - 6.
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§3. nooprMAUA KYJIbBAKA—JIENBJIEPA

Oo6ozuauum gepes F ¢. p. HAOIIOJACHUN TIPU HYJIEBOU TUMIOTE3E, T€Pe3
H — ¢. p. HAOMIONEHUN NPU AJBTEPHATUBE, a COOTBETCTBYIOIIME ILIOT-
HocTH 1ycTh OyayT f u h. B kagectBe “undopmManumoHHOro paccroanus”
Mex 1y (GYHKIUAME PACIpeneIeHus paccMoTpum nadopmanuio Kyrsbaka—
Jlenbmepa, xkoTOpas UrpaeT BAXKHYIO POMb B TEOPUM ACUMITOTUIECKOU
MPOBEPKU TMIIOTE3, CM., HApuMep, [9]:

K(h, f) = / h(zx) ln% dzx.

(mpeanoaaraercs, 9To ¢.p. H abCOMIOTHO HENPEPbIBHA OTHOCUTEILHO F).
B mamem caydae 1 miIoTHOCTH CUMMETPUYHOTO PACIIPENETeHus f U II0T-
HOCTHU CKOCa IIPU ajabTepHaTuse h, KoTopas 3agaercs B (4), mpu nposepke
CJIOXKHOU OCHOBHOU TUNOTE3BI H MOXHO HCIOIB30BATHL BEPXHIOI TDAHU-
Iy [/ TOYHBIX HAKJIOHOB TECTOBBIX CTATUCTUK (O KOTOPBIX T'OBOPUTCA
HIKe), cM. [28, r. 4]:

7 2 h(z, 6)
K(0) —_/ In @0 1 h(—z.0) h(z,0)dx
= [ c®)GwE.0) I (0) G0} f@)dr. (9

Tereps no/ry4uM 3HAYEHNUE [VIABHOIO WIEHA STOr0 BHIpaxKeHus npu § — 0
[IPY 3a,JaHHBIX yCIOBUAX peryaapHocT 1iag G u w. [Lis 9Toro BepaxeHue
c(0) G(w(f,z)) pasnoxum B pan Termopa B okpectroctu § = 0 go 62
u, yautsBasa csouctea c(),w(z, ), F,(z) n G(x), chopMmymmpoBaHHEe
BBIIIE, IOTYIUM aCUMOTOTUKY A uHdopmannn Kyasbaka—/lentaepa:

K(@Nz‘qT% / (w)(2,0))* f(x) dz -6, 0 —0. (9)

B wacrHOM Cirydae, 1 KIACCHYECKON Mogean ckoca Azsamuuu (5) npu
w(z,0) = 26 5>T0 COOTHOLIEHNE TIPUHUMAET BIL

K(6) ~2¢°(0) - Ep X7 - 6%,

YTO COBIAJAET C BHYUCICHUAME B [15].
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§4. BBIYMCJIEHUE BAXAYPOBCKOW S®OEKTUBHOCTU

IIpOZOMKUM BEIMHCIATH JOKAJILHYIO 0aXaIypOBCKYIO 5(P(PEeKTUBHOCTD
nas craruceruk Jo' T n D%k), cM. (2) u (3). Bosee meranbHbII pazbop
sTon Meroxuku mpexacrasieH B [9] u [28]. OTMeTuM Taxke, UTO KIIOTE-
BBIM IIOHATHEM Teopuu Baxanypa ABI1eTCs HOHATHE TOTHOrO HAKIOHA 1JIS
[OCJIEI0BATEILHOCTI TECTOBLIX CTATUCTUK {1}, }. JTa BEIMINHA IOKA3EI-
BaeT CKOPOCTh SKCIOHEHIMAILHOIO yObIBaHuA JocTuraemoro yposus {15, }
npu ansbrepraruse. i mocaegoareasroctu {T),} mpu n — 00 LOIKHBL
OBLITH BBLIMOMHEHEL IBA CIEIYIOUINX CBOUCTBA!

1. T, — br(), n — 00, IO BEPOATHOCTU NIPU ATLTEPHATUBE;

2.n ' InP(T,, > u) — —C(u), n — oo, mpu H,

rae ((u) — menpepoiBHas QpyHKIUA Ha MHOXKecTBe 3Hadenun br(f). Torga
TouHb HakiIoOH Baxagypa [9] ompenensercs kak cr(f) = 2((br(h)), a
abCOMIOTHAA JOKATbHAA 5P HEKTUBHOCTL Baxaaypa BEIPAKAETCA Iepes

= lm CT(H)
o0+ 2K ()’

er (10)
rae K () 6bu10 onpegeneso B (8).

IIpu nposepke ycaosun (1) u (2) caegyer yIuThIBATH, YTO IEPBOE U3
HUX, KAK TPABUIO, ABIAETCA MPOCTHIM CIeICTBAEM 3aKOHA, GOMBIINX TUCE,
TOra Kak BTOPOE yCIoBue (BU[ JOTapupMUIECKON ACUMITOTUKA GOJIb-
MIUX YKJIOHEHUN) HETPUBUAILHO. B HameMm ciydae oTa aCUMOTOTHKA yiKe
Borauciena B [30]. Caenyromue pasgeasl HOCBAMEHBI HAXOXK IEHUIO JTOKATb-
HOH >(PPEKTUBHOCTY MHTEIPAILHON U KOJIMOIOPOBCKOU CTATUCTHUK.

§5. DDPDPEKTUBHOCTH UHTETPAJILHON CTATUCTUKU

Paccyxpenns, HeO6XOAMMbIE B HAYAJIE DTOTO Pa31ena, G0MbIIeN IaCThIO
HOBTOPSIOT U310KeHHOe B [30], MOSTOMY MBI OIDAHUIMMCS JIAIIb KPATKIM
OIUCAHUEM.

Crarucruka (2) me sapucur ot pacupegeaeus. OHA IPEICTABAMA B
BUE:

JHFHD = =kl > A{Imin(Xi,, .., Xa)| < [ X, 1}

1<it e nyig41 <0

71{| maX(Xiu v 7Xlk)| < |Xik+1 |})7
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KOTOpad TOCIe CUMMETPU3AINN CBOIUTCA K V-cTaTucTuke. 114 Hee acuM-
OTOTHKA GOMBIINX YKJIOHEHUN BBIpaxkaeTcs, corymacHo [31], craepyrommm
obpasom:

t2

Cryr(t) ~ m

t— 0,

rmae
1

2 2
0k+1:22k2k+12/ (1+s)k+(1-5)F—-2)" ds > 0.
0

Cxoxkum 06pa3oM B Bue V-CTATUCTUKYU MPEACTABIAETCSA BHIPAKEHUE:
bP(0)=Py{| min(Y1, .. Yi)|< | X[}~ Po{| max(¥y, ..., Yi)| <| X[} (11)

Teneps HaM HYXKHO BbLIeauTb riaBHyoo dacTb (11) mas § — 0 opu
anbrepHaruse (4). 3amernm, 4TO

Py{| max(Y3,..., Y%

~—

| <121}

(H"(z,0) — H*(~2,0)) d(H(z,6) — H(—x,6)).

DTO JIETKO MOMYIUTh, IPOUHTErPUPOBAB YCIOBHOE PACIPEIEIEHNE MAK-
CUMyMOB Ipu UKCUPOBAHHOM | X |. AHATOMMYHBIMU PACCYKIEHUAMH IO
JIydaeM TaKkKe

Po{|min(Yy,...,Y)| < |Z|}
/ —2,0)F — (1 H(2,0)*) d(H(x,0) — H(—z,0)).

I/ICHO_JIBBy;{ MOy IeHHBIE MIPeACTaBIeHusd, nMeeM, 0003HadYasd MId KPATKO-
cru H(z,0):=1— H(z,0), Ho(z,0) := H(z,0) — H(—z,0),
b\ () :/ (ﬁk(—z,9)—Fk(z,6)—Hk(z,0)+Hk(—z,9)) dHo(z,0).
0
W3 (7) cnexyer, uro

Ho(ﬂl',e) NF(x)iF(ia:)a 04’07
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a CIeLOBATENBHO,
dHy(z,0) ~ 2 f(x) dz

(k+1)(0)

C momomwsio (7) moryvaem Temepb aCUMOTOTHUKY b

oo

/Fw ) (FF=Y(—z) — F*Y(2)) f(z) d.

0

g(0)
(0)

—~

by ) ~

C}

YUIuTsBasg, 9TO

d/dx (Fk(a:) + Fk(—a:)) =k f(x) (kal(z) — kal(—a:)) ,

MBI MOXKEM UHTErpupoBaThb 1m0 dacTaMm. CaeroBaTenbHO, ucnoabsys (2),
MOKHO IIOJYIUTH

b.(]k-i-l) 6) ~ 4k 9(0)

F=l(_g) — FF"1(x x)dr
) Fy(z)(F" (—z) = F*(z)) f(x)d

~—462,(—%/Fw —z) + F*(z))
:49%<2k = F( +/ x) + FF( ))wg(x,())f(a;)da;)

0

9(0) i k k 1
=405 </(F (—z) + F*(z) — 2k_1)w§,(a:,0)f(a:)da: .
0
Teneps, yaursBas acumnrotuky (11), maxonum mpu 6§ — 0

(FH () 4 F*(2)~1/21) w) (0,2) f(x) d)
G O)k+ 1207,

16 9%(0) (

0%8

6.

D (6) ~
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Hakowen, noxkanbHas TouHas abcomoTHad >dhdekTuBHOCTL Baxamy-
k+1

pa (10) mocrezoBATEIBLHOCTH MHTEIPAJIBHBIX CTATUCTUK {J,(L * )} C yue-

rom acumnroruxu (9) uadopmanuun Kymsbaxa—/lenbrepa Beirasaut cie-

IVIOIIUM 00pa30oM:

92k+1 <?(F’“(a¢) + Ff(@) = 1/2871) wy (0, 7) f(2) da:>

0

€yk+1) = 1 . (12)

(w5 (0, 2))? f () dx 0f((l +8)F+ (1 —s)k —2)% ds

§6. DDPDPEKTUBHOCTH KOJMOTOPOBCKON CTATUCTUKA

Temeps 3alMeMCs BHUUCICHTEM >(POEKTUBHOCTH IOCIEI0BATEILHOCTI
k .
KxomMoroposcxux cratuctuk DY | sagammoit 5 (3). Kax u B mepBom ciry-
Jae, OHM CBOOOJHBLI OT pacupefeneHusa npu H, a aCUMITOTHKE OOMBIINX
ykaIoHeHn# moxyensl B [30] Ha ocHoBe pesyabrara [29]. Tam 6bL10 KOKA-
3aHO, UTO
t2

k1) ~ =55 t—0

C + ( ) QkQS%’ I
rie

2 —1 j9k—1 —1 j9k—1)2
$2= sup (1—s) ((1+ s/ /260 — (1 )=t /2h1)’
0<s<1
Brruumcensas npegen npu aabTepHATHBE, aBTOPEHL [30] momy«mau, ITo

by (6) = Tim DY
= Sl;p [Po{|min(Y3,..., V)| < 2} — Po{|max(Y7,..., V)| < z}|.
x>0
AHanOrmIHO pacCy XK IeHIAM B IpeIbIIYIIeM pa3Iene, MOXKHO HOIYIATH
IS CTyHas CKOMIEHHON albTepHATUBH, ucnoabaysa (7):
b3 (6) = sup |[H(2,0) + HE (2,60) — H*(—2,0) — HE(—2,0)|
>0
0 _ _
~0 -2k 9(0) sup |(Fk Yz) — FF1(—z)) Fy(z))|.
G(0) 2>0

Torga TOYHLIN HAKJIOH IIA KOJMOI'OPOBCKOU CTATHUCTUKHU IOILYyCKAET
ACAMIITOTHUKY:

49°(0) | sup, 5o |(F* ' (2) = F*!(=2)) Fu(2))?
G?(0) s3 ’

cpe (0) ~
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Haxkowern, ee mokambHasg abCoOMOTHAA 6axaTypoBCKas >(pHeKTUBHOCTDH
paBHA

dsup, oo [(FF (—2) — F*(2)) | w(0,u) f(u)dul?

— 00

Epe) = (13)

2
Sk

(wp(0,2))% dF

§7. OBCYXKIEHUE HAWJIEHHBIX DDPDEKTUBHOCTER

XoTsa 0600IIEHHBIE CKOMTEHHO-CUMMETPUIHBIE DACTIPEIEICHIS MPeICcTa-
BIAIOT COOOU JOBOJBHO MIXPOKUU KIACC ATbTEPHATUB, 3HATCHUE ACUMIITO-
TUIeCKOU PMEKTUBHOCTY U IS UHTETPAIBHOTO, U IS KOIMOTOPOBCKO-
PO KPUTEpUs 3aBUCUT TOJBKO OT MPOU3BOMAHOU B HyJe (DYHKIUU CKOCA
wy (0, ) 1 COBEpIIEHHO HE 3aBUCUT OT “cTPyKTypHOH” (yHkiuu G.

YTOOBI MOIYIUTDL €IIe ONUH MOJE3HBIN PE3YJIbTAT, CBA3AHHBIA C (-
(PEKTUBHOCTBIO KPUTEPUEB, BBEJEM BCIOMOraTeabHyio yukuuio R(z) =

2F(z) — 1. Torga
_ 1+ R(x)
dF (z) = %dR(a:), R(0) =0, R(c0)=1.

Teneps sdpdexrusaocru (12) u (13) npencraBigiorcsa B BUge:

:fo( (1+ R(@)* + (1 — R())* — 2) w)(0,) dR(a:))
€ ylk+1) = o~ e~ )
! T(w)(0,2))2 dR(z) [((1+ s)* + (L — )k — 2)2 ds
ilipo|((1+R(93))'H*(1*3(93))’“71)_}0 wy(0,u) dR(u)|?
Epk) =

2
Sk

(wp(0,2))% dR(x)
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Haxowerr, mocjae HEKOTOPHIX YIPOIIEHNN, OCTACTCA

(:fo(z ;o) (Z) R(z)* Y (2,0) dR(z))

=1

€ r(k+1) = - o > 5 ’ (14)
' [ (w) (@,0))2 dR(z) | (2 leélj <§l>R2l(a:)) dR(z)
(23 (5, )R ) T gt aro

€pt) = o:>0 = ECO/C;J k 2 (15)
Of(w;(a;,())y AR(x) sup(1 — 7) (2 by <21 i 1):1:211)

s (14)—(15) Bugso, uro npu k = 2 u k = 3 3HaveHus >GQeKTUBHOCTER
COBIAMAIOT U IJIA MHTETPATLHOTO, U /LA KOIMOTIOPOBCKOTO KPUTEPHA. JTO
BITOJIHE COMIACYETCA C PE3YIbTATAME M DTUX KPATEPUEB, MOTY IeHHEIMA
B [23] u B [30] ous anbTepHATHUB CIBUTA.

Temepb TPUCTYIUM K BBIMUCICHUIO JOKATBLHOUN 6aXaIypoBCKOn ddhdek-
TUBHOCTH I8 HECKOJIBKMX CTAHIAPTHBEIX PAaCIpeneIeHun. PaccMoTpum
CJAEIYIOIMUEe CAMMETPUIHEIE IOTHOCTH MCXOIHOU BEIOOPKH:

(1) Hopmamsryio: fi(z) = (2m)~1/2e=="/2;

(2) Jloructmaeckyio: fo(x) = €2 /(1 + e%)?;

(3) Apkcunyc ma [—1,1]: f3(z) = (V1 —22)11{-1 <2 < 1};
(4) Paemomepnyio ma [—1,1]: fy(z) = $1{-1 <z < 1};

(5) Crerogent-3: f5(z) = 2/(w(1 + 22)?).

DTy pacrpegeneHns paccMarpusaauck B [14, 15]. [lasg kax1on u3 BbI-
OPAHHBLIX IIOTHOCTEN f PACCMOTPUM COOTBETCTBYIOMIEE CKOMIEHHO-CUMME-
TpuvHOE pacupenenenue (4) ¢ npousBoabHON dyHKIMEn G U TAKOU (DyHK-
uuen ykaoneHus w, 9to w'(x,0) = x, IOTOMY €YTO 3TOMY YCJIOBHIO COOT-
BETCTBYET Hambosee PACIPOCTPAHEeHHBIN caydan w(z,d) = z6. uavenus
5 PHEKTUBHOCTEN MOy I€HEI 10 COOTBETCTBYOmUM (opmyaam (12) u (13)
¢ moMoIIbio cucteMbl Matlab.

Ipeacrasum Tabauny maa k = 2, 3, 4. B cxoOkax ykasaubl (ecau u3-
BeCTHHI) 3(PPEKTUBHOCTH COOTBETCTBYIONMX TECTOB, NoxyIeHHbe Huku-
ruabiM 1 Axcanymiaxom [30] qi anbTepHATUB CABUCA.

3aMeTuM MPEex e BCero, YTO TECTHI MOKABAIN TOBOJBHO BBICOKYIO D(-
(PEeKTUBHOCTD JaxKe AJISA CPABHUTENBHO PEIKUX PACIPEIEJEHUN, TOITOMY
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Tabmuua 1. Jlokanpubie 5(pPHEeKTUBHOCTH UHTErPATIHLHOIO
U KOJIMOT'OPOBCKOT'O TECTOB

Tect Nurerpansasm | Konmoroposckuu
Pacopenenenue | k=2,3 | k=4 k=2,3|k=4
Hopwmansuoe | 0,977 0,975 0,764 0,733

(0,977) | (0,975) | (0,764) | (0,733)
Jloructuaeckoe | 0,962 0,964 | 0,747 0,725

(0,938) | (0,925) | (0,750) | (0,696)
Apxkcunyc 0,868 0,848 | 0,698 0,635
Pasuomepnoe | 0,938 0,923 | 0,750 0,697
Creionent-3 | 0,766 0,777 | 0,585 0,306

MBI MOXEM UX YBEPEHHO PEKOMEHAOBATD JJIsA IPOBEPKYU TUMOTE3bI CUMMe-
Tpun npu OHOOIIEHHBIX CKOIIIEHHO-CUMMETPUYIHBIX ATbTePHATUBAX. bomee
2 PEKTUBHBIN UHTETPATHLHBIN KPUTEPUU TPEOYET OOMBIINX BEITUCTATENb-
weix 3arpar. OH yXe Halesq CBOE MPUMEHEHUE B MPUKIAIHBIX 33Ja9aX.
CrouT OTMETUTH, YTO MHOTA UHTErDAJBHLIN TECT Mid k = 4 moKa3bIBa-
eT aydIyio >pPeKTUBHOCTD, 9eM i k = 2 u 3.

Ananus gamHOU TabumMubl u Tabauusl 2 u3 crarbu [30] mokasbiBaer,
9TO 3HAYEHUA D(PPEKTUBHOCTEN MJIA PA3HBIX KPUTEPUEB TPU aTbTEePHA-
TUBE CIBUTA U CKOIIEHHOU AJbTEPHATUBE MOYTU COBMAMAIT. JTO yI00-
HO JJIA TIPUKJIATHBIX 3349 HA MPAKTUKE CTPYKTYPa PACITPEICTCHUS alb-
TEPHATUBLI PEIKO U3BECTHA, U JAHHOE CBOUCTBO MO3BOJIAET UCIOIB30BATH
JydIne KPUTEPUM HEe3aBUCUMO OT ajJbTepHATUBHL. Ele OTHO mHTEepec-
HOE HAOJIOIEHUEe COCTOUT B TOM, UTO IS HOPMAJILHOT'O PACIPEIETCHUs
TpU CABUTOBOU W CKOIIEHHOW AJTbTEPHATUBAX 3HAYMEHUS 6AXaIypPOBCKOU
2(PEKTUBHOCTU COBMAAAIOT. ITO CBOMCTBO HOPMATLHOTO PACIPEICTCHUS
OBbLIO OTMEYEHO B craThe [15].

Mgt no gcauTaiu JoKaIbHbE 3(OOEKTUBHOCTY U /I CKOIIEHHO-CUMMET-
DUYHBIX AJIBTEPHATUB C KyOMdeckou (yHKOUMEN ckoca (cM. mpumep 4 B
pasjene 2) L1 HECKOMBKUX pacrupepeaeani. Kax BUIHO, pE3yIbTATH OKa-
34JUCH BIIOJHE COMOCTABUMEL.
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Tabmauma 2. DPPEKTUBHOCTU 15 CKOUIEHHBIX AJbTEPHA-
TUB C KyOM4ecKou (pyHKIEeHN CKOCA.

Tect Nurerpamsasm | Koavoroposckun
Pacopenenenve | k=23 | k=4 | k=2,3| k=14
Hopwmansroe | 0.670 0.689 | 0.548 0.575
Apxkcunyc 0.943 0.928 | 0.778 0.721
Pasuomepnoe | 0.991 0.985 | 0.803 0.767

§8. HAUBOJEE BJIATOIPUATHASI ATbTEPHATUBA

Crenyromun Bonpoc GbLT nocTasneH Baxanypoum u passut B [28, 1. 6].
Kakoe pacrnpegenenue npu albTepHATUBE OyAET IPUBOIUTE K JOKAIHHOU
acumnroruieckon onrumansHocTr (JIAO) HOBBHIX craruncTuk no Baxany-
py? UmpiMu croBamm, Kakasa albTEPHATHBA ABIACTCA HAOOJIEE OJArO-
OPUATHON U O0ECHeINBACT SIVMHUYHYIO JOKAIBHY d((EKTUBHOCTD, T.€.
eyt = 1 mmm epay = 1 gas wexoroporo k > 1.

Bosspamasce k npencrasienuto sddexktusocTen B popme (14)—(15),
MOXKHO YBUAETH, ITO IUCAUTENb W 3HAMEHATETb CBA3AHEI HEPABEHCTBOM
Komm. JencTBuTensHo:

<7 (2 L%%J <§l> R2l(a:)) wp(z,0) dR(m))
0
e

2

=1
Lk/QJ

/ (z,0)) dR /<
0 0 =

(23 (," 1)Rz~<x>>_fwg<u,o> e

K ) R2l(x)) : dR(z);

2

sup
>0

=1

= sup (2 L%%J (2lk 1) 3211(;3)) (Zl{u > z}wy(u,0) dR(u))

z>0 =1

<o (2 23 (u )@ )27dR(x> 7 (w5(,0))* dR(w)

=1 S
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- 7(11,;,(3;,0))2 dR(z) sup(1 — z) (2 L%%J <sz 1) 372[_1)2'

) z>0 -1
Taxum o6pazoM, pacnpeaeneHne aCUMITOTUIECKY ONMTUMAILHO Mo bax-
agypy, €CIu B COOTBETCTBYIOIIEM HepaBeHCTBe Komm gocTuraeTcs 3HAK
PaBeHCTBA, a ATO BO3MOXKHO IMPU IPOIOPIUOHATBHOCTHU IOIBIHTErDAIb-
HBIX BhIpaxkeHun. Ho mis KOJIMOIOPOBCKOU CTATUCTUKYA ONTUMAILHOCTD
O3HAYAET BBIMOJTHEHUE

1{u> 2} = C(a) - wh(u,0),
YTO HEBO3MOXKHO W3-3a CBOUCTB (hyHKImu w. [[oq0GHBIN pe3yabTaT ObLT
HOTy9eH B CAydae KJIACCHIECKOrO KOJIMOTOPOBCKOT'O KPUTEPHUA A CKO-
menubx anbrepaarus B [15]. Takum o6pasom, obracts JJAO mycra.
[l1 MHTerpaIbHBIX KPUTEPUEB ONTUMAILHOCTH NJOCTUTACTCA, €CIU U
TOMTBKO €CIN

Lk/2]
> (51) R*(u) = C - w(u,0), (16)
=1

npu Kaxou-1nbo monoxurensHou koucrante C. IlpuBerem mpumep onTu-
MaJbHBIX (Hambomee OIArONPUATHEIX) albTepHAaTuB mid k = 2 u k = 3.
[IroTHOCTE TAKUX PACIPENENeHUN UMeeT BULI:

fos(@) = C - |wh(z,0)|/2, —b<az<b, b>0.

Ecan wj(z,0) = z, 4T0 oTBedaeT KIACCHIECKOMY ClIydaio w(zx,d) =
2, TO B KavecTBe HamboJIee OIATONPUATHON ATLTEPHATUBLI TIOTYIACTCA
MIPOCTOE CUMMETPUIHOE PACIPEAETEHNE C IOTHOCTHIO

fa3(x) =1/4+/blz|, —b< 2 <D,
KOTOPOE HUKOT A, MIPEXK e HE MOABIAIOCH B MOTOOHBIX 3a1avax. V3 paBeH-
crBa (16) MOXKHO MOLYIUTH U HGOJEE CIOKHBIE IPUMEDEL.

SAKJIOYEHUE

MEer HaILI TEOPETHIECKHE 3HATEHUS JTOKATLHOU dddexkTusnocTn Bax-
agypa LI DOCAeOBATEIBHOCTH CTATUCTUK (2) u (3), IperIokKeHHBIX
B [30], @/ mPOBEPKM CHMMETPUU DACIPELEeTeHUs MPOTUB OGOOIIEHHBIX
CKOIIIEHHO-CUMMETPUYHBIX ATbTEPHATUB U BHIUNCIWIN €€ 3HAYCHUA /A
HEKOTOPBIX HAUOOIee PACIPOCTPAHEHHBIX CLydaeB. SHadeHUs >(HPeKTus-
HOCTH OKa3aJIMCh BECbMA BBICOKW, IIPUIEM OJHU M TE K€ KPUTEPUH II0-
Ka3auIl JIy9IINe Pe3yIbTAaThl KAK LI AIbTEPHATHB CABHUCA, TAK M UL
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CKOIIIEHHBIX aIbTepHATHUB. BCé 5TO rOBOPUT O TOM, ITO HOBLIE KPUTEPUN

MOBOJHLHO YAAQYHBI M MOTYT HPUMEHATHLCSA Ha mpakTuke. Kpome Toro, B
cTaThe 00CYXKIAETCA BOIPOC O HanboIee OIArOnIpUATHBIX aTbTEPHATUBAX
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Bookiya G. T., Nikitin Ya. Yu. Asymptotic efficiency of new distributi-
on-free tests of symmetry for generalized skew alternatives.

We calculate Bahadur efficiency of new nonparametric tests for sym-
metry recently proposed by Nikitin and Ahsanullah [30]. In contrast with
that paper where only location alternatives were discussed, we are inter-
ested in generalized skew alternatives. It is shown that the new tests are
highly efficient for a vast class of skew alternatives. The problem of most
favorable alternatives is also explored.

Dunonorngeckun HakyIbTeT,

C.-TleTep6yprckuin TOCYAAPCTBEHHBIA YHUBEPCUTET,
Yumsepcurerckas HaO. 7/9,

199034 C.-ITeTep6ypr, Poccus

E-mail: gregorybookia@yandex.ru

ITocTtynumo 28 oxTabpsa 2016 r.

MaTeMaTHKO-MeXaHUIeCKUU (BhaAKYIbTET,
C.-TleTepOyprckuit roCyAapCTBEHHBIN YHUBEPCUTET,
Yuusepcurerckas zHab. 7/9,

199034 C.-ITerepOypr, Poccus

FE-mail: y.nikitin@spbu.ru



