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Abstract. Symanzik’s approach for construction of quantum field model in in-
homogeneous space-time is used as a basis for modeling the interaction of a
macroscopic material body with quantum fields. In quantum electrodynamics it
enables one to establish the most general form of the action functional describ-
ing the interaction of 2-dimensional material objects with photon and fermion
fields. Results obtained within this approach for description of the interaction
of the spinor field with a material plane are presented.

1 Introduction

Macro-manifestations of the quantum nature of vacuum have long attracted attention of many
researchers. They become essential at distances from 10 to 1000 nanometers and form a spe-
cial nanophysics, in which the quantum and classical features of the systems are combined.
A well-known example of the nano-physical effect is the attraction of plates of an uncharged
flat capacitor, theoretically predicted by Casimir in 1948 [1] and confirmed experimentally
in the present time with a high degree of accuracy. Knowledge of the laws of nanophysics
is becoming more and more relevant for the creation of new technical devices. Therefore,
theoretical and experimental investigations of nanophysics are receiving increasing attention
in recent years [2].

Within the framework of the approach proposed by Casimir, the interaction of capaci-
tor plates with a vacuum is described by boundary conditions in the quantum field model
[1]. An alternative approach to modeling the interaction of an extended material object with
a quantum field is possible on the basis of the method proposed by K. Symanzik for con-
struction of quantum field models in an inhomogeneous space-time [3]. It was developed for
the description of interaction of the fields of quantum electrodynamics (QED) with extended
material objects [4]. Such an approach makes it possible to describe quantitatively many
physical phenomena within the framework of one universal model with a small number of
parameters [4—11]. In the present paper we formulate general principles that have been used
to construct models for the interaction of QED fields with two-dimensional material objects
within the framework of the Symanzik approach and present the latest results obtained by us

*e-mail: ypismak @gmail.com

© The Authors, published by EDP Sciences. This is an open access article distributed under the terms of the Creative Commons
Attribution License 4.0 (http://creativecommons.org/licenses/by/4.0/).



EPJ Web of Conferences 191, 06015 (2018) https://doi.org/10.1051/epjconf/201819106015
QUARKS-2018

in investigating the problem of bound states of Dirac particles on a homogeneous isotropic
plane.

2 Formulation of model

The approach proposed by Symanzik for the description of quantum fields in vacuum with
space-time inhomogeneities was used for modeling the interaction of the fields of quantum
electrodynamics (QED) with extended material objects. It was based on the modification of
the QED action functional

SQED(lZ, lﬁ,A) = —% #VF‘W + {p(lé -—m+ eAA)lﬁ, F}lV = 6ﬂAV - 6VA”,
by an additional term S 4 r(¢, ¥, A) (defect action) describing the interaction of the material
body with the photon field A, and Dirac fields ¢, .
From the basic principles of QED ( gauge invariance, locality, renormalizability ) it fol-
lows that for thin film without charges and currents, whose shape is defined by equation
O(x) =0, x = (xg, x1, X2, X3), the defect action reads [4—11]

SaerW, 0, A) = S 4o (A, @) + S 4o f (W, 0, ©) + S 4o (D).

The action S 4.r(A, @) is a surface Chern-Simon action

S def(A, @) = g f %9, D(X)A, (X)Fyp (X)5(D(x))dx,

0123

where e%"? denotes the totally antisymmetric tensor (°!?* = 1), a is a constant dimensionless

parameter. The fermion defect action can be written as

Saer Wy, @) = f PO+ wy + 7 (T + 0,7 + W0 W(0)S(D(x))dx.
Here, y*, u = 0,1,2,3, are the Dirac matrices, y° = iy’y'y?y3, o = i(y*y” — y"y")/2,
and A, 7, uy, v, W = —w*, u,v = 0,1,2,3 are 16 dimensionless parameters. The defect
action S 4. r(®) independent from the QED fields is necessary for the cancelation of ultraviolet
divergences in the renormalized Casimir energy density.

It is the most general form of a gauge invariant action concentrated on the defect sur-
face which is invariant in respect to reparametrization and independent from parameters with
negative dimensions.

The full action of the model, which satisfies the requirement of locality, gauge invariance
and renormalizability, has the form

SO, A, @) = S oep, ¥, A) + S e (A, @) + S aer (W, @) + S 4oy (P). ey

Due to the requirements of renormalizability the field interaction is described by the standard
contribution eyAys to the QED action.

3 Casimir energy for two parallel planes

The energy density Ec,, of the Casimir effect for two parallel planes with Chern-Simons
defect action describing the interaction of them with the photon field, is calculated in [4]. It is
expressed in an explicit form in terms of polylogarithm function Lis(x) in the following way:

2
1 . aiay
Ecas = -3 § L . .
¢ 16m°r° £ H (a1a2 +i(-D¥a + az) - l)
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Here E¢, is an energy density of interaction of quantum vacuum fluctuations with two paral-
lel planes, depending on the distance r between them and Chern-Simons coupling constants
ay,ay. The function Liy(x) is defined as

— xk 1
Lis(x)= ) = =—= f K 1In(1 = xe ")dk.
2w=3,

For identical defect planes (a; = a; = a) the Casimir pressure Pc,(r, a) on them is given
by

OEcys(r,a) n?
o~ 2400/ @ 2

The function f(a) is even (f(a)=f(-a)), has the minimum f(a,,) = -0, 11723 at a,, = 0, 5892,
and f(ag) = f(0) = 0 atay = 1,03246, lim,_, f(a) = 1. For f(a) = 1 the right hand side of

(2) agrees with the result obtained by Casimir for two parallel plates from high conducting
material. For |a| > ao, the Casimir force is attractive and it is repulsive for ay < 0.

Pcus(r,a) =

4 Statement of problem for Dirac field

If one considers the material plane x3 = 0 as a defect changing the QED vacuum, then in the
Dirac part of the action (1)

SpW.y) = f PO = m + Q(x3)y(x)dx, 3

the interaction of the spinor field with the plane is described by Q(x3) = Qd(x3). Since Q(x3)
and 6(x3) have the dimension of mass, the matrix Q is dimensionless. For a homogeneous
isotropic material the matrix Q can generally be presented in the form

0 =il +iry’ +r3y* + 1Y’y + 15y + 1y y" + irY’y + irgy'y?,

where [ is the identity 4x4 matrix and v/, j = 0, 1, 2, 3, are the Dirac matrices, y° = iy%y'y%y>.

Movement of spinor particle in the field of defect 2(x3) is described by a modified Dirac
equation

(i0 — m + Q(x3))(x) = 0.

It is one of the Euler-Lagrange equations, which is obtained by variational differentiation of
the action S p(if, ¥) (3) over (). Differentiating over (x) we obtain the second equation

O, + Y (x)(m — Q(x3)) = 0.

The condition ¥(x) = y*(x)yy is fulfilled if yoQ* (x) = Q(x)yo. This holds for real values of
parameters r;, j=1,...,8.

Let us introduce convenient notations. For 2x2 -matrices M with elements M;;, i, j = 1,2,
we define the 4 X 4 -matrices M*), M™) in the following way

M, 0 M O O 0 0 0
0 0 0 0 0O My 0 M
(+) _ (=) _ 11 12
M7=t 0 My oM =lo 0 0o o
0 0 0 0 0 My 0 My

Let M® be the set of all the matrices M), then one has for arbitrary matrices M(i), Mf),

MOMT =0, MPMP € M®.
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If we denote by 7¢ the unit 2 X 2 - matrix, and by 7;, j = 1,2,3, the Pauli matrices, and
‘r,(f), ,(f) ,u=0,1,2,3, the corresponding 4 X 4 -matrices, then the matrix Q can be presented

as

w

0= Q(+) + Q( ) Q(+ E.i)T;t),

(x) _ ) _ o+ (x) _ _ + _
where 9 r18, q, = iry,q, == 1r36, q3 =F r45, and rETiET

We denote the solution of the modified Dirac equation as ¥(x), and also ¥ _(x) = ¥(x) for
x3 <0, ¥, (x) = Y(x) for x3 > 0. The spinors ¥(x). for x3 # 0 satisfy the free Dirac equation
and the boundary condition

lim ¢, (x) =S8 lim ¢_(x).
B—+0 ¥»--0

One can choose the regularization procedure for d(x3) in such a way that the matrix S is
expressed in terms of Q as

S = CXP{—i73Q}-

It follows from Q = y,Qy, that STy%y3S = %3, where S T is the hermitian conjugated
matrix S, and the matrix S can be presented as S = S ) 4+ §O) where

N + + 2 2 2 2 _
§E® = it (§0 w8 +ig T + gouts? + §3¢T§+)), Sos T ST =S — 63, = L.

Here, y. and ¢,., u = 0,1,2,3 are real parameters which can be expressed in terms of the
parameters r;, 1 < j < 8, of the matrix Q.

5 Free Dirac equations

The free Dirac equation in coordinate space reads
(i — myp(x) =

By substitution (x) in the form

1
V) = 5 f e Py(p)dp, p =" p'.pH), p3 = \/po—mz P =P )
one obtains
(p —my(p) = 0. o)

The spinor ¥(x) (4) describes a scattering state for real ps and a bound state if p3 is imaginary.

The general solution (p) of the Dirac equation (5) can be presented as an arbitrary lin-
ear combination of linear independent spinors 1 (p), ¥»(p) for pg > 0 (Dirac particle), and
W, (P), w5 (p) for py < O (Dirac anti-particle);

1 0 pi=ipy ip> P3
m=po m=po
0 1 . it - pr+ips
Yi(p) = —P3 , Y2 (p) = —pitipy (> Wl([)) = Po—m > lﬁz(l’) = m=po
;,IH—[:(;) m;l?o 0 1
—pi—ip> 3
m+p0 I’I’l+p0 1 0

4
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Substituting p3 — +ik with k = || = \/m2 + p% + p% - pg we obtain the spinors describing
the bound states for x3 > 0 and x3 < 0: Y. (P) = Y(P)lp;—zics Y2 (P) = ¥ (P)lp,—7ic- They can
be presented as follows
Y+(p) = aw+(p) + axe Yo (p), Y-(p) = dig-(p) + dreyr_(p),
V() = aiy,(P) + are s, (P), WL(P) = diy,_() + dseyy_(p),
V(D) = Uy (Dlposrics ¥32(P) = U (Plprosics j = 1,2.

Here
1 0 —fe Fik
_ 0 _ 1 , +ik , —fe¢
lﬂl i(p) = +ik 5 lr[IZt(p) = fe—iqb 5 'Pli(l’) = 0 B %i(P) = 1 5
fe' Fik 1 0
1 ) .
K p tip p1+1ip2 ;
= , =— = fe, f=|fl.
m+|pol” m + |pol m + |pol

The spinors ¢ ., ¥, fulfill the relations

_ — ’ = ’ (= —iy?
Y (p) = SY-(p), ¥,(p) = SY.(p), S =™ .
which can be presented as systems of linear equations for the coefficients aj, a»,d;, d>,
a’l, a’z, di, dé contained in ., .

6 Properties of bound states

For py > 0, we consider the quantities of the form
(P, X3)T Y (P, x3) = Y (TP (P)e !

with 4 x 4 basic Dirac matrices I" using convenient notations
Nos = dja) + asaz, Niw = djay + dsay, Noy = aja) — ayaz, N3y = i(ajax — ayay),
No_ = del + d;dz, Ni_= dez + d;dl, Ny_ = del - d;dz, N3_ = l(dez - d;dl),

3 .
eyt j=1,2,3,

NS

S 1.2 .3 = 1 2 3 j
y={r.v.rhd=lo,o°,0} o=
ki=1
where &/ is totally antisymmetric and '?* = 1.

For scalar and pseudoscalar invariant densities

a2 (0) = € lpu(p), PV e (x) = i ps.(p),
and for components of electric and axial 4-currents

PP Y = 2L B), Gy w(x) = e WL (), 1 =10,1,2,3,
we obtain the following results
ps = Nos (1= f7 = %) £ 2Ns. fk, j2 = Nox (1+ 2 + k%) F 2Nso fk, 2 =0,
Ji = Jhcos(g) + jisin(@), ji = ji sin(g) — ji cos(¢),
]i = 2’(1\]0tfi N3.k), ]i_ = +2N.k,
pss = £2Nysk, jO, = 2N\ f. jo, = Noo (1 - f2+K2),
Jbe = /L, cos(@) + jzsin(@), 2, = JL, sin(@) — jz, cos(®).
Ao =N (14 2 =K, i, = Nax (1= f7 = &) £ 2No.. fk.

5
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The vectors €.(p), fd+(p) we define in the following way:

G0y 7)) = i €272, da(0)FY(x) = e X7 (p).

They characterize the electric and magnetic dipole moments of the bound state and can be
presented as

€. = € sin(g), € = —€r cos(¢), € = —2(N3of F Nouk), € =2fNs..,
ph = plcos(@) + pi sin@), i = l sin(@) — i cos(@), 1l = Now (1=K + f7),
= Mo (1412 ). i = Mo (15 4 2) 200 .

We see that there are relations between these quantities which are independent from the pa-
rameters of the model:

. . ; 0 0_ . 1_ 2 2 3
Jep° = jip' = jip? = mpe, Js.P° = js.p' = j3.p® = 0, mps. = ki,
S 22 _ 22 _ 2 2 .0 _ 0 _ 303 _
€xfle = P+P5+, € —Hy = Ps5p —Pi> My — P Pr = TKE,, P 5, = M3+
and all the factors N;, are expressed in terms of densities p., ps. and charges 72, jS0 .

_ o+ D) +pe — 2
T Afk :

7 Equations for amplitudes

Let us denote

az{al} dz{dl} ] =( S0s + §3u i(gli_§21))

a |’ dy [*7F i(S1e +62+)  Sox—63: )’
1 f 0 ik 1 (10 {01

S R VR s B VY|

It follows from ¢, = Sy_, §® = ¢¥=5'* that the vectors a, d fulfill the equations
a=e"T.d, a=eXT._d, (6)
where T, = K.s.L.. Hence, d satisfies the homogeneous equation 7d = 0 with

oy » Xe—X- ., XetX-
— X Y _ ¢ — —
T=e" (M, —e T_),)(——2 X =T

It has nontrivial solution, if det 7 = 0. The matrix 7 can be presented in the form
=)
fi1 = (€¥(ks11 = 620) + G0v + §3:) + € X (k(s1- = 620) = 50—+ 630)) /5
fo = (X (61s = ©20) + €N (61- = 62) = 2kGo- — 1= — §2))»
= —i(eiX(kZ(S‘H = 624) + 2ksor — S14 — §24) + € X g — 5’27)),

ty = (eix(k(s‘n —624) + S0+ — 634) + € X (k(s1- — 62-) — 60— — 5‘37)) f

6
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Thus, the solvability condition of equation 7d = 0 can be written in the form

tit — tiatay = 2f2(co8(2x) — §0-S0+ + S1-S1+ — §2-624 — §3-634) —
—(( = f)(s1- = §2-) = 2kGo- — 61— — 62-) X
X((K* = (514 = §24) + 2ks0: — 614 — 624) = 0.

The general solution of equations (6) for a, d can be presented as follows

t t
d:c{ 12 },a:c’{ 12 }
=t -
Here, c is an arbitrary constant and

’ -
I = t12|)(—>—)(, ko—k, sox——g0e> 11 = t11|)(—>—)(, k——k, §0+——60+>
eX' (hgs — g1hy) )
¢ =c———"———=, I =G0+ + 34 +K(S1+ = S24), h2 = f7(S14 — 624),
greX — hpe™x

g1 =60- — 53— —k(§1- — §22), g2 = 61— + 62— + 2kgo- — k(51— — 62-).

8 Dispersion relation
The solvability condition of equations (6) det T = 0 (dispersion relation) can be presented as

(P} + P3)(COS(2X) = S0-60+ + S1-S1+ — §2-62+ — §3-63+) —
=2(po§1- + mer- +k60-)poSi1+ + M2 —K6oy) = 0.

In virtue of p? + «* — p? — p3 —m? = 0, it follows from the dispersion relation that po, x, m
satisfy the equation

(Ph+ 1 = 2)(COS(x+ = X-) = §0-60+ + S1-61+ — §2-624+ — §3-634) —
=2(posi- +mer +kGo-)(PoSi+ + MG — kGoy) =0,

which describes the relation between the dimensionless magnitudes py/m, «/m character-
izing the bound state. Its solution is presented in the (py, «)-plane by hyperbola or by two
straight lines.

Since for Dirac particle the physical values of pg, « are positive, the bound state can be
realized if there are points of the (po, k)-plot presenting the dispersion relation in the region
po > 0,k > 0. Moreover, since p% + p% > 0, the restriction pé + k> > m? has to be obeyed.
This part of plot can be connected or disconnected, and the possible values of py, x for bound
state can be both restricted and non-restricted from above.

By 6o+ = ¢»+ = 0 the dispersion law has the form

cos(2y) + S1-S1+ — §3-63
R+ =0, \/ g ooy

2(s1-61+)
and
0<vr <1, &=+ (p7 + p)(1 = v).

It describes the propagation of massless particle in the defect plane with the Fermi-velocity
vr. The motion of such particles explains numerous effects in graphene.
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9 Conclusions

In the framework of the Symanzik approach, it is possible to build the model of QED field in-
teraction with 2D material. The action of the model consist of the usual QED action and extra
defect contribution. The action contains parameters, that characterize the material property.
The Casimir pressure and Casimir-Polder potential appears to be non-universal and depen-
dent on the properties of material [4], [5S]. The Casimir force can be both attractive and
repulsive [4].

The characteristics of photons and Dirac particles scattering on the defect plane can be
calculated in the model, also the properties of states localized near the defect plane can be
investigated [6-11].

The models obtained on these basis results could be used for the theoretical descrip-
tion of the interaction of electrons, positrons and neutrons with two-dimensional materials
(graphene, thin films, sputters, sharp boundaries of a solid body). Simple modifications of
the model allows to take into account the effects of external electromagnetic fields.
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