


Separation of variables for some systems with a
fourth-order integral of motion

Yu. A. Grigoryev

Department of Computational Physics
Saint Petersburg State University

Symmetry and Perturbation Theory, 2014

Yu. A. Grigoryev Separation of variables 1/28



Outline

Separation of variables
Bi-Hamiltonian systems

Applications
Generalized Kovalevskaya system
Generalized Chaplygin system

Yu. A. Grigoryev Separation of variables

2/28



Separation of variables
Bi-Hamiltonian systems

Outline

Separation of variables
Bi-Hamiltonian systems

Yu. A. Grigoryev Separation of variables 3/28



Separation of variables
Bi-Hamiltonian systems

Phase Space

Physical coordinates:
x = (r1,22,23) and J = (J1,Jo, J3)
Lie-Poisson bracket:
{Ji,Jj}zsiijk, {Ji,mj}zsijkxk, {xi,xj}:()

Casimir functions:

3
Cr=|z)* = Zl’%, Cy = (z,J) Zaszk
k=1
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Separation of variables
Bi-Hamiltonian systems

Systems in Question

Defined by the Hamilton functions

/\Cl C 201*1’2 [H]
Hy = J} +J3 4272 + 2az1 — — + + S (d+
! ! 2 8 T§ \/:c%-ﬁ—x% 96% \/a:%—t—x%
and

. . . . AC 1 1 1
H1:Jf+J22+2J§—2b({Ef—{E§)+T§1+C<%—E) —(201_1%) <.L'(7%+{Lié>
The first system becomes the Kovalevskaya top in the case
A=c=d=e=0.

The second system was discussed by Chaplygin and Goryachev
it A #0.

Yu. A. Grigoryev Separation of variables



Separation of variables
Bi-Hamiltonian systems

Integrals of Motion

For these two systems there are additional integrals of motion
(Yehia 2006).
For instance, for the generalized Kovalevskaya system it looks like

A 2 _ g2 2 22 2
= (Jl? = J3 —2am + M) + <2J1J2 —azy + x;x2>
.1'3 CU3

1 cx? + exix cx? + exix
+? (d:r%—i—? 371 21:%(J12+J22)+dx§+72 31

3 2 + 23 Vi + a3
dazi(dry +ey/a] +a3)  2) (x/x% + a3)(cal —exiwr) d:E%)

2 2 2
T35 T35 T3

We are going to build the separation variables and separated
equations using only these integrals of motion.
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Hamiltonian Mechanics

Consider a dynamical system on a smooth manifold with
coordinates x1, ..., &, defined by equations of motion

i = X; i=1,...,m

From these equations we can switch to a vector field

)
X:ZXZ»%

The Hamiltonian of the system can be introduced, defining all
the dynamics together with the Poisson bivector P

X =PdH
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Bi-Hamiltonian Manifolds

Bi-Hamiltonian manifolds (Magri 1978)

» Two Poisson bi-vectors
PP

satisfying compatibility condition
[P,P] =0, [P, P =0, [P',P'] =0
» Can be used to find integrals
X = PdH, = P'dH,
» Or if we know integrals in involution
X = giX1 4+ g Xn
Xy = P'dHy,
Separation of variables (Falqui & Pedroni 2003)
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Separation of variables

Recursion operator
N=pp!

Eigenvalues are separation variables
Most of known additional Poisson bi-vectors are

P =Ly P
Finding Y
(dHy, Ly PdH,,) = 0, [LyP,LyP]=0
Written in separation variables the solutions are
Y; =0, Y= filgp;), j=1lmn

Need to narrow the solutions set by imposing constraints
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Separation of variables
Bi-Hamiltonian systems

Ansatze for P’

Let us make some assumptions about Y

» Introduce vector field A

Y =AX = APdH

0 0 II o
a=(o ) o a=(g %)
» Hamiltonian of natural form (H =T + V)

Y =Yr+Yy
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Separation of variables
Bi-Hamiltonian systems

Overview of the Method

We start with H; and Hs
1. Write the equations for the components of P’
2. Use ansatze and solve for components of Y
3. Calculate the Poisson bivector P’
4

. Build separation variables and separated equations
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Application example

Generalized Kovalevskaya system

\C c 20, — a2 ex
Hy = J3+J3+2J3+2az— 5+ E (d+ L )

_|_
R R
T3 Vr]+ ) L2 VI + T

A2 —22)\° 2\ 2
Hy = <J12 — J2 — 2a1 + (””12962)> + <2J1J2 —amy + x;”)
fE3 x

3
1 cx? + exix cx? + exiz
+— (dm§+2 31 227%(J12+J22)+dx§+72 31

z3 2} + a3 Vit
B 4ax3(dry + e\/2? + 23) 22 <\/x% + 23)(ca3 — ex3xy) B dac2>

2 2 2 1
5 5 x3
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Applications Generalized Chaplygin system

Coordinate Transformation

Switch to spherical coordinates ¢, 6 and momenta pg, py

{606} =1{0,po} =1, 16,0} ={pg;po} = {d,po} = {0,ps} =0

Casimir functions
01:<1',.’E):1, 02:(;(;7‘]):0

Canonical Poisson bi-vector
0 I
P=(%o)
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pplications Generalized Chaplygin system

Components of vector field Y

Solution of the equations for compatibility condition

() () (%)

1 41 1 —cosf
n—->"
cosf sin 6 Pepo

llnlfcosﬁ 9 1 9

2 sin @ Pyt 2 cos 9p9

Splits into two parts

One term for each constant

tan ¢ 6082¢ -2
/ sin ¢ pg + cos ¢ tan 0 py dpe cosf epy cos ¢ cos 0
Yy = B T2 T2 b
— cos ¢ cot 6 Py — sin ¢ pg cos® ¢ _ 1 cos® ¢ sin ¢
2sin 6 sin 6
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Applications Generalized Chaplygin system

Separation Variables

Recursion operator N constructed from P and P’

» Separation variables — roots of polynomial B(u)

det(N — ul) = B*()

2
T3

VaZ+z22(J?+ J2 exy + dv/z2 + 22
B(,u)—u2+< 1 5(Ji 2)+ x21 2 )
2

a(az% -+ 2I‘1J12 — 21}1J22 + 4I2J1J2) B a(d:z:l + 6\/{17% —+ CL%)

=(p—q)(p—q)

» Conjugate momenta — can be calculated from A(u)

1BW). AW} = — ((2=#)BE)-AB@) . AW A} =0

Ap) = = + — =
q2 q1 q1 q2 x3 3

(h—qUpa(a3 —a®)  (p—g)pr(g} —b*)  x1)o— vh 0y af + a3 Jp
p
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! Generalized Kovalevskaya system

1 iabl
Apphf‘atlons Generalized Chaplygin system

Separated Equations
Substituting separation variables into Hy, Ha we get

da — e
d(q,p) = (2(612 = a®)p* + Hi+ v/Ha + 20— ag) x

da —e
X (Q(q2 —a )+ H — VHy + 2au2 — ag) —4¢% 4 4cq

A # 0 case: additional transformation

VA
Po = Do+ —-
cosf

©(q,p) = ®(q,p) — 8VA(¢* —a®)p =0
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Generalized Kovalevskaya system

Rplicetions Generalized Chaplygin system

Separated Equations

The equations of motion in separated variables are
Q1
p1((a? = ¢)(2(gf — a®)pi + H1) — 2a(ad — eqr)) = VA(a? — qf)
n 42 -0
P2 ((a% — 43)(2(¢3 — a®)p3 + H1) — 2a(ad — eqa)) — VA(a® —¢3)

+

(a(ad —eq)+ (a® — q%)%?) G

(a2 —¢?) [pl ((a2 — qf)(Q(q% —a?)p? + Hl) —2a(ad — eql)) — V(a2 — q%)]

(a(ad —eq) + (a2 - q%)Qp%) G2

+
(a2 = ) [p1 ((a® = ) (2(a3 — a2)p + H2) — 2a(ad — eqn)) — VA(® — 63)]
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Generalized Chaplygin System

As before, we start with the Hamiltonian
AC 1 1 d e
1
and the integral of motion

a2 —22)\? 2\ 2
Hy = <J12 — J2 - 2ba? - M) n (2J1J2 B :c;:m)
X X

3 3
2 2 2 2 2 2 2
c(zy+x dx ex? clxy +x d e
—2(J12+J22)<7( L 2)+—23+—23 + §((18 2)+ 2+—2>
T3 7 T3 T3 1 T
c(x?—a2%)  ,/d e c(x?2+22)?  dr3  ex?
A |ty 5 o | | 22 s g
T3 r{ x5 x5 x] x5
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Generalized Chaplygin System

The case ¢ = 0 is easy to address.
Using ansatze for the components of Y we find

() ()= (5)

2 cos 260
sin 260

where

PgPo
Yr =

— cot Hpi + tan Gpg

and there is a term for each of the constants

. 2cot ¢ 2tan ¢
Vo b cos 2¢pg + sin 2¢ tan py  dps sin 20 - <in 20
= cp )
sin 2¢ cot Opy — cos 2¢py sin® ¢ 1 cos® ¢ B 1
sin2 6 sin2 6
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Generalized Kovalevskaya system

Applications Generalized Chaplygin system
Poisson Brackets
’ Py ’ 2
=D Do} = —2 —2
[0.0Y = Lo {ope) = ~2bleosts ),
(6op0) = — Do Do _ bsin2¢cost 2y/c(cos? 0 — 2) py
PO T o2 sin? 6 sin sin f cos® @
(0,1 }liibsin2¢sin0 1 dcos¢ esing
Pef = cos § sinfcosf \ sin®¢p  cosP¢ )’
0.y =~ 2heos? 6+ 1)~ — (-~ —
PO = s o8 sin20 \* " §in? ¢ cos’g
2y/csinf py _ csin?
cos® 6 cos8 6’
( Y —b 2c052¢cost9p¢+sin2¢c0329pg Do dcosqﬁiesin(z)
Pg:Pos = sin cos? ¢ cos?fsin?f \ sin®>p  cos®

. 29 _ <
. \Cc <4bsin2¢sin30+2(cos 6 —2) <dcos¢7c5m¢>>.
cos® 0

sin 6 sind¢  cos? o
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Separation Variables

In the case ¢ = 0 separation variables are the roots of the characteristic

polynomial
det(N — pl) = B*(n)
where
JE+J2d e b(JE — J2 d e
B(M):ﬂQ—( L= —7—*2)#‘*‘(1722)4'(*2—*2))1)—52
x5 xy x5 x5 xy x5

=(p—q)(p— q)-

The momenta can be constructed from the polynomial

A(p) = wpi —wi o\ p b (a1 + a1
H T3 2 2 I3

b
= f%tanepg — §<sin2¢p¢ — cos2¢tan9pg> .

like

1
- Alp = g; i=1,2.
Dj PR w=q), =1,
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Separation Variables

Original variables written in separation variables look like

o \/2((12 )b g) (e +b) —pa(e2+ )’ 2ud

1= b(g2 — q1)2 (@2 =b)(b—q1)’
i \/ (2 + D)0+ a)(pr(a—b) —pa(@2—b)°  2be

2= b(g2 — q1)? (2 +b)(b+aq)’

x3=4/1—22 — a3,

b b
Ji—z \/( ta (qz+ )+%7
x2

JQZCEJ\/b_ql)( z—b)+i

2b 1’% ’
_mJi+aeke
T3 ’

J3
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Separated Equations
Substituting the equation for separation variables in H; and Hs we get

where

®(q.p) = <8(q2 2?2+ Hy — /Hs — 4b(q(d —qze)_+bg(d + e))> y
4b(g(d — ) + b(d +¢))

Z—12 >+4/\q_0

x (8(q2 —0%)p? —2¢ + Hy + /Hy —

This is a genus two hyperelliptic curve.
It A =0, it splits into two elliptic curves.
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c # 0 case
In the case ¢ # 0 we need a canonical transformation

Vcsin

— :
Do — po + o530

Substituting the separation variables into equation
B(q,p) = B(q,p) — 16v/c (g% — b2)p

we get a Hamiltonian

ACL 2(wady — d
Hy = J2+J2422—2b(22—x )+i mhx—wf(201*x§) (;
T3 3 1

which matches the original Hamiltonian after a transformation

\/7:52 Jy=Jo+ \/7:51

3 3

Jy=J1—
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Applications Generalized Chaplygin system

Separated Equations

Equation B
®(q,p) =0

defines a genus three algebraic curve.
Quadratures can be written in integral form

q1 q2 q1 q2
/ Q1+ / Q= fi, / Qo204+ / Q04205 = —dt+Bs
q q q q

0 0 0 0

So, we have separation variables and separated equations for the
integrable deformation of the Chaplygin system.
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Summary

Summary

» This method still needs the ansatze to work and how to
find it is yet to be determined.

» We build separation variables and separated equations
starting just from integrals of motion.

» The results agree with the Kovalevskaya top but building
separation variables is straighforward.

» Where to head next

» How to find the ansatze for a given system?
» What to do with the separated equations?
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