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� áâ®ïé¥¥ ãç¥¡­®¥ ¯®á®¡¨¥ ¯à¥¤­ §­ ç¥­® ¤«ï áâã¤¥­â®¢ ­¥¬ -

â¥¬ â¨ç¥áª¨å ä ªã«ìâ¥â®¢ ã­¨¢¥àá¨â¥â , ¨§ãç îé¨å â¥¬ã "�ï¤ë".

�­® á®áâ ¢«¥­® ­  ®á­®¢¥ ®¯ëâ   ¢â®à®¢ çâ¥­¨ï «¥ªæ¨© ¨ ¯à®¢¥¤¥-

­¨ï ¯à ªâ¨ç¥áª¨å § ­ïâ¨© ­  £¥®£à ä¨ç¥áª®¬, £¥®«®£¨ç¥áª®¬ íª®-

­®¬¨ç¥áª®¬, ¡¨®«®£®-¯®ç¢¥­­®¬ ¨ å¨¬¨ç¥áª®¬ ä ªã«ìâ¥â å ã­¨¢¥à-

á¨â¥â .

�ç¥¡­®¥ ¯®á®¡¨¥ á®áâ®¨â ¨§ âà¥å £« ¢: ç¨á«®¢ë¥ àï¤ë | £« ¢  I,

äã­ªæ¨®­ «ì­ë¥ àï¤ë | £« ¢  II ¨ áâ¥¯¥­­ë¥ àï¤ë | £« ¢  III.

�ª«îç¥­­ë© ¢ ­¥£® ¬ â¥à¨ « à ááç¨â ­ ­  ­ ¨¡®«¥¥ ­ áëé¥­­ãî

¯à®£à ¬¬ã ªãàá  ¬ â¥¬ â¨ç¥áª®£®  ­ «¨§ . � ª®­ªà¥â­®© á¨âã -

æ¨¨ ®â¤¥«ì­ë¥ ¢®¯à®áë ¨ ¤ �¥ æ¥«ë¥ £« ¢ë ¬®£ãâ ¡ëâì ¨áª«îç¥­ë

¯à¥¯®¤ ¢ â¥«¥¬ ¨§ ªãàá , ®á®¡¥­­® ¯à¨ ¬ «®¬ ª®«¨ç¥áâ¢¥  ª ¤¥-

¬¨ç¥áª¨å ç á®¢ ¨«¨ ¯à¨ ­¥¤®áâ â®ç­®© ¬ â¥¬ â¨ç¥áª®© ¯®¤£®â®¢ª¥

áâã¤¥­â®¢.

Ǳ®á®¡¨¥ ®â«¨ç ¥âáï í«¥¬¥­â à­ë¬ ¨§«®�¥­¨¥¬ á á®åà ­¥­¨¥¬

­¥®¡å®¤¨¬®© áâà®£®áâ¨. �¥®à¥â¨ç¥áª¨© ¬ â¥à¨ « á®¯à®¢®�¤ ¥âáï

¡®«ìè¨¬ ª®«¨ç¥áâ¢®¬ ¯à¨¬¥à®¢, ¢ â®¬ ç¨á«¥ ¯®§¢®«ïîé¨å ¯®¢â®-

à¨âì ­¥ª®â®àë¥ ¢®¯à®áë, ¨§ãç¥­­ë¥ ¢ ¯à¥¤è¥áâ¢ãîé¨å à §¤¥« å

¬ â¥¬ â¨ç¥áª®£®  ­ «¨§ . � ­¥£® ¢ª«îç¥­ë âà¨¤æ âì ¢ à¨ ­â®¢

ª®­âà®«ì­ëå § ¤ ­¨©, ª®â®àë¥ ¬®£ãâ ¡ëâì ¨á¯®«ì§®¢ ­ë ¯à¥¯®¤ -

¢ â¥«ï¬¨ ¤«ï  ã¤¨â®à­ëå ¨ ¤®¬ è­¨å ª®­âà®«ì­ëå à ¡®â.

� ¯®¬®éìî íâ®£® ¯®á®¡¨ï áâã¤¥­âë á¬®£ãâ á ¬®áâ®ïâ¥«ì­® ¨§-

ãç¨âì á®®â¢¥âáâ¢ãîé¨¥ à §¤¥«ë ¬ â¥¬ â¨ç¥áª®£®  ­ «¨§ , ãá¢®¨âì

áâ ­¤ àâ­ë¥ ¯à¨¥¬ë à¥è¥­¨ï ¯à¨¬¥à®¢ ¨ ¯®¤£®â®¢¨âìáï ª ¢®á¯à¨-

ïâ¨î á¯¥æ¨ «ì­ëå ªãàá®¢, ç¨â îé¨åáï ­  ä ªã«ìâ¥â å.

�¢â®àë ¢ëà � îâ ¡« £®¤ à­®áâì ¤®æ¥­âã ª ä¥¤àë ®¡é¥© ¬ -

â¥¬ â¨ª¨ ¨ ¨­ä®à¬ â¨ª¨ � ­ªâ-Ǳ¥â¥à¡ãà£áª®£® £®áã¤ àáâ¢¥­­®£®

ã­¨¢¥àá¨â¥â  �àª ¤¨î �ã§ì¬¨çã Ǳ®­®¬ à¥­ª® §  ¢­¨¬ â¥«ì­®¥ ®â-

­®è¥­¨¥ ª àãª®¯¨á¨ ¨ àï¤ ¯®«¥§­ëå § ¬¥ç ­¨©.
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�« ¢  I

�������� ����

§1. �á­®¢­ë¥ ®¯à¥¤¥«¥­¨ï

�¯à¥¤¥«¥­¨¥. Ǳãáâì {ai}∞i=1

ç¨á«®¢ ï ¯®á«¥¤®¢ â¥«ì­®áâì.

�ëà �¥­¨¥ ¢¨¤ 

∞∑

i=1

ai = a
1

+ a
2

+ . . .+ an + . . . (1)

­ §ë¢ ¥âáï ç¨á«®¢ë¬ àï¤®¬,   ai | ¥£® ®¡é¨¬ ç«¥­®¬. � ¢ë-

à �¥­¨¨ (1) ¢ëç¨á«ï¥âáï áã¬¬  ¡¥áª®­¥ç­®£® ç¨á«  á« £ ¥¬ëå. � -

¤¨¬ â®ç­®¥ ®¯à¥¤¥«¥­¨¥ íâ®£® ¯®­ïâ¨ï. �«ï íâ®£® à áá¬®âà¨¬ ¯®-

á«¥¤®¢ â¥«ì­®áâì

S
1

= a
1

,

S
2

= a
1

+ a
2

,

S
3

= a
1

+ a
2

+ a
3

,

· · ·
Sn = a

1

+ a
2

+ a
3

+ . . .+ an.

· · ·

�¥«¨ç¨­  Sn ­ §ë¢ ¥âáï ç áâ¨ç­®© áã¬¬®© àï¤ . � ¬¥â¨¬,

çâ®

Sn = Sn−1

+ an.

�¯à¥¤¥«¥­¨¥. Ǳà¥¤¥« ¯®á«¥¤®¢ â¥«ì­®áâ¨ ç áâ¨ç­ëå

áã¬¬ àï¤  ­ §ë¢ ¥âáï áã¬¬®© àï¤ . �á«¨ ®­ ª®­¥ç¥­, â®

àï¤ ­ §ë¢ ¥âáï áå®¤ïé¨¬áï,   ¥á«¨ ­¥ áãé¥áâ¢ã¥â ª®­¥ç­®-

£® ¯à¥¤¥« , â® à áå®¤ïé¨¬áï.

�«ï áå®¤ïé¥£®áï àï¤  S = lim

n→∞
Sn. �«ï ®¡®§­ ç¥­¨ï áã¬¬ë áå®-

¤ïé¥£®áï àï¤  ç áâ® ¨á¯®«ì§ãîâ § ¯¨áì

∞∑

i=1

ai

( ∞∑

i=1

ai = lim

n→∞
Sn

)

,

â.¥. áã¬¬ã áå®¤ïé¥£®áï àï¤  ®¡®§­ ç îâ â¥¬ �¥ á¨¬¢®«®¬, çâ® ¨

á ¬ àï¤.
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Ǳà¨¬¥à 1. �ï¤

∞∑

i=1

1.

�¡é¨© ç«¥­ àï¤  ai = 1 (i = 1, 2, 3, . . . ). Ǳ®á«¥¤®¢ â¥«ì­®áâì
ç áâ¨ç­ëå áã¬¬ {Sn}∞n=1

¨¬¥¥â ¢¨¤

S
1

= 1, S
2

= 1 + 1 = 2, . . . , Sn = 1 + 1 + . . .+ 1

︸ ︷︷ ︸

n á« £ ¥¬ëå

= n

¨ lim

n→∞
Sn = lim

n→∞
n = +∞.

�«¥¤®¢ â¥«ì­®, àï¤ à áå®¤¨âáï.

Ǳà¨¬¥à 2.

∞∑

i=1

(−1)i+1

= 1− 1 + 1− . . .

Ǳ®á«¥¤®¢ â¥«ì­®áâì ç áâ¨ç­ëå áã¬¬ {Sn}∞n=1

¨¬¥¥â ¢¨¤

S
1

= 1, S
2

= 1− 1 = 0, S
3

= 1− 1 + 1 = 1, . . . ,

�á­®, çâ® ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì ç áâ¨ç­ëå áã¬¬ á ç¥â­ë¬¨ ­®¬¥-

à ¬¨ S
2k = 0, á ­¥ç¥â­ë¬¨ S

2k−1

= 1. Ǳ®íâ®¬ã lim

k→∞
S
2k = 0 ¨

lim

k→∞
S
2k−1

= 1. �âáî¤  á«¥¤ã¥â, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì {Sn}∞n=1

­¥

¨¬¥¥â ¯à¥¤¥« , â ª ª ª ¢ ¯à®â¨¢­®¬ á«ãç ¥, ¯® â¥®à¥¬¥ ® ¯à¥¤¥«¥

¯®¤¯®á«¥¤®¢ â¥«ì­®áâ¨ [9, £« . III , §5, 51℄, {S
2k}∞k=1

¨ {S
2k−1

}∞k=1

¨¬¥«¨ ¡ë ®¤¨­ ª®¢ë¥ ¯à¥¤¥«ë, à ¢­ë¥ lim

n→∞
Sn, çâ® ­¥ â ª. �«¥¤®-

¢ â¥«ì­®, àï¤

∞∑

i=1

(−1)i+1

à áå®¤¨âáï.

Ǳà¨¬¥à 3.

∞∑

i=1

qi−1

= 1 + q + q2 + . . . , q ∈ R.

Ǳà¨ q 6= 1 Sn = 1 + q + q2 + . . .+ qn−1

| áã¬¬  n ç«¥­®¢ £¥®¬¥-

âà¨ç¥áª®© ¯à®£à¥áá¨¨ á ¯¥à¢ë¬ ç«¥­®¬ à ¢­ë¬ ¥¤¨­¨æ¥ ¨ á® §­ ¬¥-

­ â¥«¥¬ q ¨, á«¥¤®¢ â¥«ì­®, Sn =
1−qn

1−q .

 ) �á«¨ |q| < 1, â® lim

n→∞
qn = 0, ¨ â®£¤ 

lim

n→∞
Sn = lim

n→∞
1− qn

1− q
=

1

1− q
.

�â® ®§­ ç ¥â, çâ® ¯à¨ |q| < 1 àï¤ áå®¤¨âáï, ¨ ¥£® áã¬¬  à ¢­ 

1

1−q .

¡) �á«¨ |q| > 1, â® lim

n→∞
qn = ∞, ¨ â®£¤ 

lim

n→∞
Sn = lim

n→∞
1− qn

1− q
= ∞.
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�® ¥áâì ¯à¨ |q| > 1 àï¤ à áå®¤¨âáï.

¢) �á«¨ q = 1, â® ¨¬¥¥¬ àï¤

∞∑

i=1

1, à áá¬®âà¥­­ë© ¢ ¯à¨¬¥à¥ 1.

�­ à áå®¤¨âáï.

£) �á«¨ q = −1, â® ¨¬¥¥¬ àï¤

∞∑

i=1

(−1)i−1

, à áá¬®âà¥­­ë© ¢ ¯à¨¬¥-

à¥ 2. �­ â ª�¥ à áå®¤¨âáï.

�â ª, àï¤

∞∑

i=1

qi−1

áå®¤¨âáï â®«ìª® ¯à¨ |q| < 1, ¨ ¥£® áã¬¬ 

S =

1

1−q .

Ǳà¨¬¥à 4.

∞∑

i=1

1

i(i+1)

=

1

1·2 +
1

2·3 +
1

3·4 + . . .

� ©¤¥¬ n-î ç áâ¨ç­ãî áã¬¬ã àï¤ 

Sn =
1

1 · 2 +
1

2 · 3 +
1

3 · 4 + . . .+
1

n(n+ 1)

.

�á¯®«ì§ãï ¯à¥¤áâ ¢«¥­¨¥ ®¡é¥£® ç«¥­  àï¤  ai =

1

i(i+1)

¢ ¢¨¤¥

ai =
(i+1)−i
i(i+1)

=

1

i − 1

i+1

, ¯®«ãç ¥¬

Sn =

(
1

1

− 1

2

)

+

(
1

2

− 1

3

)

+ . . .+

(
1

n
− 1

n+ 1

)

= 1− 1

n+ 1

.

�«¥¤®¢ â¥«ì­®,

∞∑

i=1

1

i(i+ 1)

= lim

n→∞
Sn = lim

n→∞

(

1− 1

n+ 1

)

= 1,

¨ àï¤ áå®¤¨âáï.

Ǳà¨¬¥à 5.

∞∑

i=1

1√
i
= 1 +

1√
2

+

1√
3

+ . . .

�ë¯¨è¥¬ áã¬¬ã ¯¥à¢ëå n ç«¥­®¢ àï¤ :

Sn = 1 +

1√
2

+

1√
3

+ . . .+
1√
n

︸ ︷︷ ︸

n á« £ ¥¬ëå

.

� �¤®¥ ¨§ á« £ ¥¬ëå íâ®© áã¬¬ë ­¥ ¬¥­ìè¥, ç¥¬

1√
n
. Ǳ®íâ®¬ã

Sn >
1√
n
+

1√
n
+

1√
n
+ . . .+

1√
n

︸ ︷︷ ︸

n á« £ ¥¬ëå

= n 1√
n

=

√
n. Ǳ®áª®«ìªã
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lim

n→∞

√
n = +∞, â® lim

n→∞
Sn = +∞. �«¥¤®¢ â¥«ì­®, àï¤

∞∑

i=1

1√
i
à áå®-

¤¨âáï.

Ǳà¨¬¥à 6.

∞∑

i=1

1

i = 1 +

1

2

+

1

3

+ . . .

�â®â àï¤ ­ §ë¢ ¥âáï £ à¬®­¨ç¥áª¨¬. �®ª �¥¬ ¥£® à áå®¤¨-

¬®áâì. � áá¬®âà¨¬ ç áâ¨ç­ë¥ áã¬¬ë àï¤  á ­®¬¥à ¬¨ à ¢­ë¬¨

áâ¥¯¥­ï¬ ¤¢®©ª¨ S
2

k .

S
2

0

= S
1

= 1 = 1 + 0 · 1
2

,

S
2

1

= S
2

= 1 +

1

2

= 1 + 1 · 1
2

,

S
2

2

= S
4

= 1 +

1

2

+

1

3

+

1

4

= 1 +

1

2

+

(
1

3

+

1

4

)

.

Ǳ®áª®«ìªã

1

3

+

1

4

> 1

4

+

1

4

=

1

2

, â®

S
2

2 > 1 +

1

2

+

1

2

= 1 + 2 · 1
2

.

S
2

3

= S
8

= 1 +

1

2

+

1

3

+

1

4

+

1

5

+

1

6

+

1

7

+

1

8

=

= 1 +

1

2

+

(
1

3

+

1

4

)

+

(
1

5

+

1

6

+

1

7

+

1

8

)

.

Ǳ®áª®«ìªã

1

3

+

1

4

> 1

4

+

1

4

=

1

2

¨

1

5

+

1

6

+

1

7

+

1

8

>
1

8

+

1

8

+

1

8

+

1

8

= 4 · 1
8

=

1

2

,

â®

S
2

3 > 1 +

1

2

+

1

2

+

1

2

> 1 + 3 · 1
2

.

�­ «®£¨ç­®

S
2

k > 1 + k · 1
2

.

�âáî¤  á«¥¤ã¥â, çâ® lim

k→∞
S
2

k = +∞. �«¥¤®¢ â¥«ì­®, ¯® â¥®à¥¬¥ ®

¯à¥¤¥«¥ ¯®¤¯®á«¥¤®¢ â¥«ì­®áâ¨ [9, £« . III , §5, 51℄, ¯®á«¥¤®¢ â¥«ì-
­®áâì {Sn}∞n=1

â ª�¥ ­¥ ¨¬¥¥â ª®­¥ç­®£® ¯à¥¤¥« , ¯®áª®«ìªã ¢ ¯à®-

â¨¢­®¬ á«ãç ¥ ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì {S
2

k}∞k=1

â ª�¥ ¨¬¥«  ¡ë ª®-

­¥ç­ë© ¯à¥¤¥«.
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�â ª, £ à¬®­¨ç¥áª¨© àï¤ à áå®¤¨âáï.

�®ª �¥¬ ­¥ª®â®àë¥ á¢®©áâ¢  áå®¤ïé¨åáï àï¤®¢.

1

◦. �á«¨ àï¤
∞∑

i=1

ai áå®¤¨âáï, â® ¯®á«¥¤®¢ â¥«ì­®áâì ¥£® ç -

áâ¨ç­ëå áã¬¬ {Sn}∞n=1

®£à ­¨ç¥­ .

�®ª § â¥«ìáâ¢®. �á«¨ àï¤

∞∑

i=1

ai áå®¤¨âáï, â® áãé¥áâ¢ã¥â ª®-

­¥ç­ë© ¯à¥¤¥« ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¥£® ç áâ¨ç­ëå áã¬¬ {Sn}∞n=1

.

� ¯®á«¥¤®¢ â¥«ì­®áâì, ¨¬¥îé ï ª®­¥ç­ë© ¯à¥¤¥«, ®£à ­¨ç¥­  [9,

£« . III , §2, 36℄.
�â¬¥â¨¬, çâ® ®¡à â­®¥ ­¥ ¢á¥£¤  ¢¥à­®. � ¯à¨¬¥à¥ 2 ¯®á«¥-

¤®¢ â¥«ì­®áâì ç áâ¨ç­ëå áã¬¬ {Sn}∞n=1

¨¬¥«  ¢¨¤ 1, 0, 1, 0, . . .

�­  ®£à ­¨ç¥­  á­¨§ã ­ã«¥¬,   á¢¥àåã ¥¤¨­¨æ¥©, ­® àï¤

∞∑

i=1

(−1)i−1

à áå®¤¨âáï.

�â ª, ®£à ­¨ç¥­­®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ ç áâ¨ç­ëå áã¬¬ àï¤ 

ï¢«ï¥âáï ­¥®¡å®¤¨¬ë¬ ãá«®¢¨¥¬ ¥£® áå®¤¨¬®áâ¨.

2

◦. �¢®©áâ¢® «¨­¥©­®áâ¨. �á«¨ àï¤ë
∞∑

i=1

ai ¨
∞∑

i=1

bi áå®¤ïâáï,

â® àï¤

∞∑

i=1

(αai + βbi) â®�¥ áå®¤¨âáï. Ǳà¨ íâ®¬, ¥á«¨
∞∑

i=1

ai = A

¨

∞∑

i=1

bi = B, â®

∞∑

i=1

(αai + βbi) = αA + βB.

�­ ç¥ £®¢®àï, áå®¤ïé¨¥áï àï¤ë ¬®�­® ¯®ç«¥­­® áª« ¤ë-

¢ âì ¨ ã¬­®� âì ­  ç¨á«®.

�®ª § â¥«ìáâ¢®. Ǳãáâì {An}∞n=1

, {Bn}∞n=1

¨ {Sn}∞n=1

| ¯®-

á«¥¤®¢ â¥«ì­®áâ¨ ç áâ¨ç­ëå áã¬¬ àï¤®¢

∞∑

i=1

ai,
∞∑

i=1

bi ¨

∞∑

i=1

(αai + βbi) á®®â¢¥âáâ¢¥­­®. �®£¤  lim

n→∞
An = A, lim

n→∞
Bn = B.

Ǳ®áª®«ìªã

Sn = (αa
1

+ βb
1

) + (αa
2

+ βb
2

) + . . .+ (αan + βbn) =

= α(a
1

+ a
2

+ . . .+ an) + β(b
1

+ b
2

+ . . .+ bn) = αAn + βBn,

â®

lim

n→∞
Sn = lim

n→∞
(αAn + βBn) = α lim

n→∞
An + β lim

n→∞
Bn = αA+ βB.
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�«¥¤®¢ â¥«ì­®, àï¤

∞∑

i=1

(αai + βbi) áå®¤¨âáï ¨

∞∑

i=1

(αai + βbi) = αA+ βB.

�«¥¤áâ¢¨¥ 1. �á«¨ àï¤

∞∑

i=1

ai áå®¤¨âáï, â® àï¤

∞∑

i=1

cai,

c ∈ R, â®�¥ áå®¤¨âáï. Ǳà¨ íâ®¬ ¥á«¨

∞∑

i=1

ai = S, â®
∞∑

i=1

cai = cS.

�®ª § â¥«ìáâ¢®. �«¥¤áâ¢¨¥ ®ç¥¢¨¤­ë¬ ®¡à §®¬ ¢ëâ¥ª ¥â ¨§

á¢®©áâ¢  «¨­¥©­®áâ¨, ¥á«¨ ¯®«®�¨âì α = c, β = 0.

�á«¨ c 6= 0, â® ¨§ áå®¤¨¬®áâ¨ àï¤ 

∞∑

i=1

cai á«¥¤ã¥â áå®¤¨-

¬®áâì àï¤ 

∞∑

i=1

ai, â ª ª ª

∞∑

i=1

ai =
∞∑

i=1

1

c (cai). �á«¨ àï¤

∞∑

i=1

ai

à áå®¤¨âáï, â® àï¤

∞∑

i=1

cai ¯à¨ á 6= 0 â®�¥ à áå®¤¨âáï.

�«¥¤áâ¢¨¥ 2. �á«¨ àï¤ë

∞∑

i=1

ai ¨
∞∑

i=1

bi áå®¤ïâáï, â® àï¤ë

∞∑

i=1

(ai±bi) â®�¥ áå®¤ïâáï. Ǳà¨ íâ®¬ ¥á«¨

∞∑

i=1

ai = A ¨

∞∑

i=1

bi = B,

â® ∞∑

i=1

(ai ± bi) = A±B.

�®ª § â¥«ìáâ¢®. �«¥¤áâ¢¨¥ «¥£ª® ¯®«ãç¨âì ¨§ á¢®©áâ¢  «¨­¥©-

­®áâ¨, ¥á«¨ ¯®«®�¨âì á­ ç «  α = β = 1,   ¯®â®¬ α = 1, β = −1.
�á«¨ àï¤ë

∞∑

i=1

ai ¨
∞∑

i=1

bi à áå®¤ïâáï, â® ¨§ íâ®£® ­¥ ¢ëâ¥ª ¥â à á-

å®¤¨¬®áâì àï¤ 

∞∑

i=1

(αai + βbi). � ¯à¨¬¥à, àï¤ë
∞∑

i=1

1 ¨

∞∑

i=1

(−1) à á-

å®¤ïâáï (á¬. ¯à¨¬¥à 1),   àï¤

∞∑

i=1

(1 − 1) =

∞∑

i=1

0, ï¢«ïîé¨©áï ¨å

áã¬¬®©, áå®¤¨âáï.

�¯à¥¤¥«¥­¨¥. �á«¨ ¢ àï¤¥

∞∑

i=1

ai ®â¡à®á¨âì m ¯¥à¢ëå ç«¥-

­®¢, â® ¯®«ãç¨âáï àï¤

∞∑

i=m+1

ai = am+1

+ am+2

+ am+3

+ . . . ,

­ §ë¢ ¥¬ë© ®áâ âª®¬ àï¤ 

∞∑

i=1

ai ¯®á«¥ m-£® ç«¥­ .
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�â¬¥â¨¬ á¢®©áâ¢  àï¤  ¨ ¥£® ®áâ âª .

3

◦. �á«¨ áå®¤¨âáï àï¤ , â® áå®¤¨âáï ¨ «î¡®© ¥£® ®áâ â®ª.

� ¥á«¨ áå®¤¨âáï ª ª®©{­¨¡ã¤ì ®áâ â®ª àï¤ , â® áå®¤¨âáï ¨

á ¬ àï¤.

�®ª § â¥«ìáâ¢®. Ǳãáâì {Sn}∞n=1

¨ {σn}∞n=1

| ¯®á«¥¤®¢ â¥«ì-

­®áâ¨ ç áâ¨ç­ëå áã¬¬ àï¤®¢

∞∑

i=1

ai ¨
∞∑

i=m+1

ai, â®£¤ 

Sm+n = a
1

+ a
2

+ . . .+ am
︸ ︷︷ ︸

Sm

+ am+1

+ am+2

+ . . .+ am+n
︸ ︷︷ ︸

σn

= Sm + σn.

Ǳ®áª®«ìªã Sm ­¥ ¨§¬¥­ï¥âáï á à®áâ®¬ n, â® ¯à¨ n → ∞ ¯à¥¤¥«ë

¯®á«¥¤®¢ â¥«ì­®áâ¥© {Sn}∞n=1

¨ {σn}∞n=1

áãé¥áâ¢ãîâ ¨«¨ ­¥ áãé¥-

áâ¢ãîâ ®¤­®¢à¥¬¥­­®, çâ® ¢ á®ç¥â ­¨¨ á ®¯à¥¤¥«¥­¨¥¬ áå®¤ïé¥£®áï

àï¤  ¨ ®§­ ç ¥â ¤®ª §ë¢ ¥¬®¥ ãâ¢¥à�¤¥­¨¥.

�á«¨ lim

n→∞
Sn = S ¨ lim

n→∞
σn = σ, â® ¯à¨ ä¨ªá¨à®¢ ­­®¬ m

S = lim

n→∞
Sm+n = lim

n→∞
(Sm + σn) = Sm + σ.

�§ íâ®£® á¢®©áâ¢  á«¥¤ã¥â, çâ® ®â¡à áë¢ ­¨¥ ¨«¨ ¯à¨¯¨áë¢ -

­¨¥ ª àï¤ã ª®­¥ç­®£® ç¨á«  ­ ç «ì­ëå ç«¥­®¢ ­¥ ­ àãè ¥â ¥£®

áå®¤¨¬®áâ¨. Ǳà¨ íâ®¬ áã¬¬  àï¤  ¨§¬¥­ï¥âáï ­  ¢¥«¨ç¨­ã

Sm = a
1

+ a
2

+ . . .+ am.

�â ª, ¥á«¨ àï¤

∞∑

i=1

ai áå®¤¨âáï, â® ¥£® ®áâ â®ª ¯®á«¥ m-£® ç«¥­ 

â®�¥ áå®¤¨âáï. �ã¬¬ã ®áâ âª  ¡ã¤¥¬ ®¡®§­ ç âì Rm =

∞∑

i=m+1

ai.

4

◦. �á«¨ àï¤

∞∑

i=1

ai áå®¤¨âáï, â® áã¬¬  àï¤ , ï¢«ïîé ïáï

¥£® ®áâ âª®¬ ¯®á«¥ m-£® ç«¥­  Rm =

∞∑

i=m+1

ai, áâà¥¬¨âáï ª

­ã«î ¯à¨ m → ∞.

�®ª § â¥«ìáâ¢®. �á¯®«ì§ãï ®¡®§­ ç¥­¨ï ¨§ ¯.3

◦
, ¨¬¥¥¬

Sm+n = Sm + σn.

�®£¤  Rm =

∞∑

i=m+1

ai = lim

n→∞
σn.

�«¥¤®¢ â¥«ì­®,

S = lim

n→∞
Sn = lim

n→∞
Sm+n = lim

n→∞
(Sm + σn) = Sm +Rm,

¨«¨

Rm = S − Sm.
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Ǳ¥à¥å®¤ï ¢ ¯®á«¥¤­¥¬ à ¢¥­áâ¢¥ ª ¯à¥¤¥«ã ¯à¨ m → ∞, ¯®«ãç ¥¬

lim

m→∞
Rm = S − lim

m→∞
Sm = S − S = 0.

�¢®©áâ¢® ¤®ª § ­®.

�ä®à¬ã«¨àã¥¬ ¨ ¤®ª �¥¬ ®¤¨­ ¨§ ¢ �­¥©è¨å ¯à¨§­ ª®¢ áå®¤¨-

¬®áâ¨ àï¤ .

5

◦. �à¨â¥à¨© �®è¨. �«ï â®£® çâ®¡ë àï¤

∞∑

i=1

ai áå®¤¨«áï,

­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¤«ï «î¡®£® ε > 0 ­ è¥«áï

â ª®© ­®¬¥à N , çâ® ¤«ï ¢á¥å ­®¬¥à®¢ n > N ¨ «î¡ëå p ∈ N

¢ë¯®«­ï«®áì ­¥à ¢¥­áâ¢®

|an+1

+ an+2

+ . . .+ an+p| < ε.

�®ª § â¥«ìáâ¢®. Ǳãáâì {Sn}∞n=1

| ¯®á«¥¤®¢ â¥«ì­®áâì ç -

áâ¨ç­ëå áã¬¬ àï¤ 

∞∑

i=1

ai. �å®¤¨¬®áâì àï¤ 
∞∑

i=1

ai à ¢­®á¨«ì­  áã-

é¥áâ¢®¢ ­¨î ª®­¥ç­®£® ¯à¥¤¥«  ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¥£® ç áâ¨ç­ëå

áã¬¬ {Sn}∞n=1

,   ¤«ï íâ®£®, á®£« á­® ¯à¨­æ¨¯ã áå®¤¨¬®áâ¨ �®«ìæ -

­® | �®è¨ ¤«ï ¯®á«¥¤®¢ â¥«ì­®áâ¥© [9, £« . III , §5, 52℄, ­¥®¡å®¤¨¬®
¨ ¤®áâ â®ç­®, çâ®¡ë ¤«ï «î¡®£® ε > 0 áãé¥áâ¢®¢ «® â ª®¥ ç¨á«®

N , çâ® ¤«ï ¢á¥å ­®¬¥à®¢ n > N ¨ «î¡ëå ç¨á¥« p ∈ N ¢ë¯®«­ï«®áì

­¥à ¢¥­áâ¢® |Sn+p − Sn| < ε. �®

Sn+p − Sn = (a
1

+ a
2

+ . . .+ an + an+1

+ an+2

+ . . .+ an+p)−

−(a
1

+ a
2

+ . . .+ an) = an+1

+ an+2

+ . . .+ an+p.

�® ¥áâì |an+1

+ an+2

+ . . .+ an+p| < ε. �â¢¥à�¤¥­¨¥ ¤®ª § ­®.

6

◦.�¥®¡å®¤¨¬ë© ¯à¨§­ ª áå®¤¨¬®áâ¨ àï¤ . �á«¨ àï¤
∞∑

i=1

ai

áå®¤¨âáï, â® lim

i→∞
ai = 0.

�®ª § â¥«ìáâ¢®. Ǳãáâì {Sn}∞n=1

| ¯®á«¥¤®¢ â¥«ì­®áâì ç -

áâ¨ç­ëå áã¬¬ àï¤ 

∞∑

i=1

ai, â®£¤  ¥£® ®¡é¨© ç«¥­ ¬®�­® ¯à¥¤áâ ¢¨âì

¢ ¢¨¤¥ an = Sn − Sn−1

. Ǳ® ãá«®¢¨î àï¤

∞∑

i=1

ai áå®¤¨âáï ª áã¬¬¥,

ª®â®àãî ®¡®§­ ç¨¬ S. Ǳ¥à¥å®¤ï ¢ ¯®á«¥¤­¥¬ à ¢¥­áâ¢¥ ª ¯à¥¤¥«ã

¯à¨ n → ∞, ¯®«ãç¨¬

lim

n→∞
an = lim

n→∞
Sn − lim

n→∞
Sn−1

= S − S = 0.
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�¥®à¥¬  ¤®ª § ­ .

�â¬¥â¨¬, çâ® ­¥®¡å®¤¨¬ë© ¯à¨§­ ª áå®¤¨¬®áâ¨ àï¤  ­¥ ï¢«ï¥âáï

¤®áâ â®ç­ë¬. � áá¬®âà¥­­ë© ¢ ¯à¨¬¥à¥ 6 £ à¬®­¨ç¥áª¨© àï¤

∞∑

i=1

1

i

à áå®¤¨âáï, å®âï lim

i→∞
1

i = 0. �á«¨ lim

i→∞
ai = 0, â® íâ® ­¥ ¤ ¥â ­¨ª ª®©

¨­ä®à¬ æ¨¨ ® ¥£® áå®¤¨¬®áâ¨.

7

◦. �®áâ â®ç­ë© ¯à¨§­ ª à áå®¤¨¬®áâ¨ àï¤ . �á«¨

lim

i→∞
ai 6= 0 , â® àï¤

∞∑

i=1

ai à áå®¤¨âáï.

�®ª § â¥«ìáâ¢®. �®ª § â¥«ìáâ¢® ¯à®¢¥¤¥¬ ¬¥â®¤®¬ "®â ¯à®-

â¨¢­®£®". Ǳãáâì àï¤

∞∑

i=1

ai áå®¤¨âáï. �®£¤ , ¯® ­¥®¡å®¤¨¬®¬ã ¯à¨-

§­ ªã áå®¤¨¬®áâ¨ (6

◦
), lim

i→∞
ai = 0, çâ® ­¥¢¥à­® ¯® ãá«®¢¨î. �«¥¤®-

¢ â¥«ì­®, àï¤

∞∑

i=1

ai à áå®¤¨âáï. �¥®à¥¬  ¤®ª § ­ .

� ¯à¨¬¥à å 1 ¨ 2 ®¡é¨¥ ç«¥­ë àï¤®¢ ai = 1 ¨ ai = (−1)i−1

­¥

áâà¥¬ïâáï ª ­ã«î ¯à¨ n → ∞, ®âáî¤  ¬®�­® á¤¥« âì ¢ë¢®¤, çâ®

íâ¨ àï¤ë à áå®¤ïâáï.

§2. �å®¤¨¬®áâì àï¤®¢ á ¯®«®�¨â¥«ì­ë¬¨ ç«¥­ ¬¨

� íâ®¬ ¯ à £à ä¥ ¡ã¤¥¬ à áá¬ âà¨¢ âì àï¤ë á ¯®«®�¨â¥«ì­ë¬¨

ç«¥­ ¬¨, â.¥.

∞∑

i=1

ai, £¤¥ ai > 0.

� ¬¥ç ­¨¥. �á«¨ àï¤

∞∑

i=1

ai á®áâ®¨â ¨§ ­¥®âà¨æ â¥«ì­ëå á« £ ¥-

¬ëå, â.¥. ai > 0, â® ¬®�­®, ®¯ãáâ¨¢ ­ã«¥¢ë¥ á« £ ¥¬ë¥ ¨ ¯¥à¥­ã¬¥-

à®¢ ¢ ®áâ ¢è¨¥áï ç«¥­ë, ¯®«ãç¨âì àï¤ á ¯®«®�¨â¥«ì­ë¬¨ ç«¥­ ¬¨,

ä ªâ¨ç¥áª¨ á®¢¯ ¤ îé¨© á ¨áå®¤­ë¬.

�®ª �¥¬ ­¥ª®â®àë¥ ¤®áâ â®ç­ë¥ ¯à¨§­ ª¨ áå®¤¨¬®áâ¨ àï¤®¢ á

¯®«®�¨â¥«ì­ë¬¨ ç«¥­ ¬¨.

8

◦.�®áâ â®ç­®¥ ãá«®¢¨¥ áå®¤¨¬®áâ¨ (à áå®¤¨¬®áâ¨) àï¤®¢
á ¯®«®�¨â¥«ì­ë¬¨ ç«¥­ ¬¨. �á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì ç -

áâ¨ç­ëå áã¬¬ {Sn}∞n=1

àï¤ 

∞∑

i=1

ai (ai > 0) ®£à ­¨ç¥­  á¢¥àåã,

â® àï¤

∞∑

i=1

ai áå®¤¨âáï, ¥á«¨ ­¥ ®£à ­¨ç¥­  | â® à áå®¤¨âáï.

�®ª § â¥«ìáâ¢®. Ǳãáâì {Sn}∞n=1

| ¯®á«¥¤®¢ â¥«ì­®áâì ç -

áâ¨ç­ëå áã¬¬ àï¤ 

∞∑

i=1

ai. Ǳ®áª®«ìªã Sn+1

= Sn+an+1

¨ an+1

> 0, â®
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Sn+1

> Sn. �«¥¤®¢ â¥«ì­®, ¯®á«¥¤®¢ â¥«ì­®áâì {Sn}∞n=1

¢®§à áâ ¥â.

� ¢®§à áâ îé ï ¯®á«¥¤®¢ â¥«ì­®áâì ¨¬¥¥â ª®­¥ç­ë© ¯à¥¤¥«, ¥á«¨

®­  ®£à ­¨ç¥­  á¢¥àåã, ¨ ¡¥áª®­¥ç­ë©, ¥á«¨ ­¥ ®£à ­¨ç¥­  á¢¥àåã [9,

£« . III , §3, 44℄. �ãé¥áâ¢®¢ ­¨¥ ª®­¥ç­®£® ¯à¥¤¥«  ¯®á«¥¤®¢ â¥«ì­®-
áâ¨ {Sn}∞n=1

à ¢­®á¨«ì­® áå®¤¨¬®áâ¨ àï¤ 

∞∑

i=1

ai,   ¡¥áª®­¥ç­®£® |

¥£® à áå®¤¨¬®áâ¨. �¥®à¥¬  ¤®ª § ­ .

�â¬¥â¨¬, çâ® ¥á«¨ àï¤ á ¯®«®�¨â¥«ì­ë¬¨ ç«¥­ ¬¨ à áå®¤¨âáï,

â® lim

n→∞
Sn = +∞.

� ¯.1

◦
¯®ª § ­®, çâ® ®£à ­¨ç¥­­®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ ç áâ¨ç-

­ëå áã¬¬ àï¤  ï¢«ï¥âáï ­¥®¡å®¤¨¬ë¬ ãá«®¢¨¥¬ ¥£® áå®¤¨¬®áâ¨.

�«ï àï¤®¢ á ¯®«®�¨â¥«ì­ë¬¨ ç«¥­ ¬¨ íâ® ãá«®¢¨¥ ®ª §ë¢ ¥âáï ¨

¤®áâ â®ç­ë¬.

9

◦.Ǳ¥à¢ ï â¥®à¥¬  áà ¢­¥­¨ï. � ­ë ¤¢  àï¤ 

∞∑

i=1

ai ¨
∞∑

i=1

bi,

â ª¨¥, çâ® ¤«ï «î¡®£® ­®¬¥à  i ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

0 < ai 6 bi. �®£¤ 

1) �á«¨ àï¤

∞∑

i=1

bi áå®¤¨âáï, â® àï¤
∞∑

i=1

ai â®�¥ áå®¤¨âáï.

2) �á«¨ àï¤

∞∑

i=1

ai à áå®¤¨âáï, â® àï¤
∞∑

i=1

bi â®�¥ à áå®¤¨âáï.

�®ª § â¥«ìáâ¢®. Ǳãáâì {An}∞n=1

¨ {Bn}∞n=1

| ¯®á«¥¤®¢ â¥«ì-

­®áâ¨ ç áâ¨ç­ëå áã¬¬ àï¤®¢

∞∑

i=1

ai ¨
∞∑

i=1

bi. �®£¤ 

An = a
1

+ a
2

+ . . .+ an 6 b
1

+ b
2

+ . . .+ bn = Bn.

¨«¨

An 6 Bn. (2)

1) Ǳãáâì àï¤

∞∑

i=1

bi áå®¤¨âáï, â®£¤  ¯®á«¥¤®¢ â¥«ì­®áâì ¥£® ç -

áâ¨ç­ëå áã¬¬ {Bn}∞n=1

®£à ­¨ç¥­  á¢¥àåã (á¬.¯.1

◦
). �®£« á­® ­¥-

à ¢¥­áâ¢ã (2) ¯®á«¥¤®¢ â¥«ì­®áâì {An}∞n=1

â®�¥ ®£à ­¨ç¥­  á¢¥àåã.

�®£¤ , ¯® ¤®áâ â®ç­®¬ã ãá«®¢¨î áå®¤¨¬®áâ¨ àï¤®¢ á ¯®«®�¨â¥«ì-

­ë¬¨ ç«¥­ ¬¨ (¯.8

◦
), àï¤

∞∑

i=1

ai áå®¤¨âáï.

2) Ǳãáâì àï¤

∞∑

i=1

ai à áå®¤¨âáï. Ǳà¥¤¯®«®�¨¬, çâ® àï¤
∞∑

i=1

bi áå®-

¤¨âáï. �®£¤  ¯® 1) àï¤

∞∑

i=1

ai áå®¤¨âáï, çâ® ­¥ â ª. �«¥¤®¢ â¥«ì­®,
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­¥¢¥à­® ¯à¥¤¯®«®�¥­¨¥, çâ® àï¤

∞∑

i=1

bi áå®¤¨âáï. Ǳ®íâ®¬ã àï¤
∞∑

i=1

bi

à áå®¤¨âáï.

�¥®à¥¬  ¤®ª § ­  ¯®«­®áâìî.

�â¬¥â¨¬, çâ® ¢ ãá«®¢¨ïå â¥®à¥¬ë ¤®áâ â®ç­® âà¥¡®¢ âì, çâ®¡ë

­¥à ¢¥­áâ¢® ai 6 bi ¢ë¯®«­ï«®áì ­¥ ¯à¨ ¢á¥å i,   â®«ìª® ­ ç¨­ ï á

­¥ª®â®à®£® ­®¬¥à , ¯®áª®«ìªã á®£« á­® ãâ¢¥à�¤¥­¨î ¯.3

◦
®â¡à áë-

¢ ­¨¥ ­¥áª®«ìª¨å ­ ç «ì­ëå ç«¥­®¢ ­¥ ¨§¬¥­ï¥â áå®¤¨¬®áâ¨ àï¤®¢.

� ª�¥ ¢ ãá«®¢¨ïå â¥®à¥¬ë ¤®áâ â®ç­® âà¥¡®¢ âì ¢ë¯®«­¥­¨¥ ­¥à -

¢¥­áâ¢  ai 6 cbi, £¤¥ c > 0, â ª ª ª á®£« á­® ¯¥à¢®¬ã á«¥¤áâ¢¨î

á¢®©áâ¢  «¨­¥©­®áâ¨ (¯.2

◦
) ã¬­®�¥­¨¥ àï¤  ­  ¯®áâ®ï­­ë© ¬­®�¨-

â¥«ì, ®â«¨ç­ë© ®â ­ã«ï, ­¥ ¨§¬¥­ï¥â ¥£® áå®¤¨¬®áâ¨. �ç¥¢¨¤­®, çâ®

íâ¨ § ¬¥ç ­¨ï á¯à ¢¥¤«¨¢ë ®¤­®¢à¥¬¥­­®.

�â ª, áä®à¬ã«¨àã¥¬ ¯®«ãç¥­­ë© à¥§ã«ìâ â: ¥á«¨ ­ ç¨­ ï á

­¥ª®â®à®£® ­®¬¥à  ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® 0 < ai 6 cbi, £¤¥

c > 0, â®£¤  ¥á«¨ àï¤

∞∑

i=1

bi áå®¤¨âáï, â® àï¤
∞∑

i=1

ai â®�¥ áå®¤¨â-

áï,   ¥á«¨ àï¤

∞∑

i=1

ai à áå®¤¨âáï, â® àï¤
∞∑

i=1

bi â®�¥ à áå®¤¨âáï.

Ǳà¨¬¥à 7.

∞∑

i=1

1

iα , £¤¥ α < 1.

�«ï ®¡é¥£® ç«¥­  àï¤  ai =
1

iα á¯à ¢¥¤«¨¢  ®æ¥­ª 

1

iα > 1

i ¯à¨

i > 1 ¨ α < 1. �ï¤

∞∑

i=1

1

i ï¢«ï¥âáï £ à¬®­¨ç¥áª¨¬ àï¤®¬, ª®â®àë©

à áå®¤¨âáï (á¬. ¯à¨¬¥à 6). �«¥¤®¢ â¥«ì­®, ¯® ¯¥à¢®© â¥®à¥¬¥ áà ¢-

­¥­¨ï (¯.9

◦
) àï¤

∞∑

i=1

1

iα à áå®¤¨âáï ¯à¨ α < 1.

Ǳà¨¬¥à 8.

∞∑

i=1

1

i2 .

�®¯à®á ® áå®¤¨¬®áâ¨ íâ®£® àï¤  à ¢­®á¨«¥­ ¢®¯à®áã ® áå®¤¨¬®áâ¨

¥£® ®áâ âª 

∞∑

i=2

1

i2 . Ǳ®«®�¨¬ i = k + 1 (k ∈ N), â®£¤ 

∞∑

i=2

1

i2
=

∞∑

k=1

1

(k + 1)

2

.

�«ï ®¡é¥£® ç«¥­  àï¤ 

∞∑

k=1

1

(k+1)

2

á¯à ¢¥¤«¨¢  ®æ¥­ª 

1

(k+1)

2

< 1

k(k+1)

. Ǳ®áª®«ìªã àï¤

∞∑

k=1

1

k(k+1)

áå®¤¨âáï (á¬. ¯à¨-

14



¬¥à 4), â® ¯® ¯¥à¢®© â¥®à¥¬¥ áà ¢­¥­¨ï (¯.9

◦
) àï¤

∞∑

k=1

1

(k+1)

2

áå®-

¤¨âáï. �«¥¤®¢ â¥«ì­®, áå®¤¨âáï ¨ àï¤

∞∑

i=1

1

i2 .

Ǳà¨¬¥à 9.

∞∑

i=1

1

iα , £¤¥ α > 2.

�«ï ®¡é¥£® ç«¥­  àï¤  ai =
1

iα á¯à ¢¥¤«¨¢  ®æ¥­ª 

1

iα 6 1

i2 ¯à¨

i > 1 ¨ α > 2. �ï¤

∞∑

i=1

1

i2 á®£« á­® ¯à¨¬¥àã 8 áå®¤¨âáï, á«¥¤®¢ â¥«ì-

­®, àï¤

∞∑

i=1

1

iα ¯à¨ α > 2 â®�¥ áå®¤¨âáï.

�ï¤

∞∑

i=1

1

iα ­ §ë¢ ¥âáï ®¡®¡é¥­­ë¬ £ à¬®­¨ç¥áª¨¬. � ¯à¨-

¬¥à å 6 { 9 ãáâ ­®¢«¥­®, çâ® ®­ áå®¤¨âáï ¯à¨ α > 2 ¨ à áå®¤¨âáï

¯à¨ α 6 1. �®¯à®á ® ¯®¢¥¤¥­¨¨ àï¤ 

∞∑

i=1

1

iα , ¯à¨ α ∈ (1, 2) ¡ã¤¥â

¨áá«¥¤®¢ ­ ¤ «¥¥ ¢ ¯.13

◦
.

Ǳà¨¬¥à 10.

∞∑

i=1

1

ln(i+1)

.

�à ¢­¨¬ íâ®â àï¤ á à áå®¤ïé¨¬áï £ à¬®­¨ç¥áª¨¬ àï¤®¬

∞∑

i=1

1

i .

�®ª �¥¬ ­¥à ¢¥­áâ¢®

1

ln(i+1)

> 1

i , à ¢­®á¨«ì­®¥ ­¥à ¢¥­áâ¢ã

i > ln(i+1). �«ï íâ®£® à áá¬®âà¨¬ äã­ªæ¨î f(x) = x− ln(x+1) ¯à¨

x > 1. �¥ ¯à®¨§¢®¤­ ï à ¢­  f

′

(x) =
(
x− ln(x + 1)

)′
= 1− 1

x+1

. Ǳ®-

áª®«ìªã ¯à¨ x > 1 ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

1

x+1

6
1

2

, â® f

′

(x) > 0.

� â ª ª ª ¯à®¨§¢®¤­ ï äã­ªæ¨¨ ¯®«®�¨â¥«ì­ , â® á ¬  äã­ªæ¨ï

¢®§à áâ ¥â ­  ¯à®¬¥�ãâª¥ [1,+∞) [9, £« . VII , §1, 111℄. �®£¤  ¤«ï
«î¡®£® x > 1 á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® f(x) > f(1) = 1 − ln 2 > 0

(
ln 2 < 1, â ª ª ª 1 = ln e ¨ 2 < e (e ≈ 2,718)

)
. �«¥¤®¢ â¥«ì­®,

­¥à ¢¥­áâ¢® f(x) > 0 ⇔ x − ln(x + 1) > 0 ¢ë¯®«­ï¥âáï ¤«ï ¢á¥å

x > 1 ¢ â®¬ ç¨á«¥ ¨ ¤«ï ­ âãà «ì­ëå. �â ª, i − ln(i + 1) > 0 ⇔
i > ln(i + 1) ⇔ 1

ln(i+1)

> 1

i . Ǳ®áª®«ìªã àï¤

∞∑

i=1

1

i à áå®¤¨âáï, â® ¯®

¯¥à¢®© â¥®à¥¬¥ áà ¢­¥­¨ï (¯.9

◦
) àï¤

∞∑

i=1

1

ln(i+1)

â®�¥ à áå®¤¨âáï.

�â¬¥â¨¬, çâ® ¥á«¨ ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® 0 < ai 6 bi ¨ àï¤

∞∑

i=1

ai áå®¤¨âáï, â® ¯¥à¢ ï â¥®à¥¬  áà ¢­¥­¨ï (¯.9

◦
) ­¥ ¯à¨­®á¨â ®

àï¤¥

∞∑

i=1

bi (àï¤¥ á ¡�®«ìè¨¬¨ ç«¥­ ¬¨) ­¨ª ª®© ¨­ä®à¬ æ¨¨. �á«¨
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àï¤

∞∑

i=1

bi à áå®¤¨âáï, â® ® áå®¤¨¬®áâ¨ àï¤ 
∞∑

i=1

ai (àï¤  á ¬¥­ìè¨¬¨

ç«¥­ ¬¨) ­  ®á­®¢ ­¨¨ ¯¥à¢®© â¥®à¥¬ë áà ¢­¥­¨ï (¯.9

◦
) â®�¥ ­¨ç¥-

£® ­¥«ì§ï áª § âì. Ǳ®íâ®¬ã ¢ ¯à ªâ¨ç¥áª¨å § ¤ ç å ã¤®¡­¥¥ ¯®«ì§®-

¢ âìáï â¥®à¥¬®© áà ¢­¥­¨ï ¢ ¯à¥¤¥«ì­®© ä®à¬¥ (¯.10

◦
), â ª ª ª ®­ 

¯à¨ ¨§¢¥áâ­®© áå®¤¨¬®áâ¨ ¢á¯®¬®£ â¥«ì­®£® àï¤  ¢á¥£¤  ¯à¨­®á¨â

¨­ä®à¬ æ¨î ®¡ ¨áá«¥¤ã¥¬®¬.

Ǳ¥à¥¤ á«¥¤ãîé¥© â¥®à¥¬®© ¢¢¥¤¥¬ ¤®¯®«­¨â¥«ì­®¥ ¯®­ïâ¨¥. �ã-

¤¥¬ £®¢®à¨âì, çâ® ¤¢  àï¤  ¨¬¥îâ ®¤¨­ ª®¢ãî áå®¤¨¬®áâì,

¥á«¨ ®­¨ ®¡  áå®¤ïâáï ¨«¨ ®¡  à áå®¤ïâáï. � ¯à¨¬¥à, ®¤¨­ -

ª®¢ãî áå®¤¨¬®áâì ¨¬¥îâ àï¤ ¨ ¥£® ®áâ â®ª.

10

◦. �¥®à¥¬  áà ¢­¥­¨ï ¢ ¯à¥¤¥«ì­®© ä®à¬¥. �á«¨
∞∑

n=1

an

¨

∞∑

n=1

bn | àï¤ë á ¯®«®�¨â¥«ì­ë¬¨ ç«¥­ ¬¨, ¨ áãé¥áâ¢ã¥â

ª®­¥ç­ë© ®â«¨ç­ë© ®â ­ã«ï lim

n→∞
an

bn
= L 6= 0, â® â®£¤  àï¤ë

∞∑

n=1

an ¨
∞∑

n=1

bn ¨¬¥îâ ®¤¨­ ª®¢ãî áå®¤¨¬®áâì.

�®ª § â¥«ìáâ¢®. Ǳãáâì lim

n→∞
an

bn
= L. � ª ª ª an > 0 ¨ bn > 0,

â®

an

bn
> 0, ¨ ¯® â¥®à¥¬¥ ® ¯à¥¤¥«ì­®¬ ¯¥à¥å®¤¥ ¢ ­¥à ¢¥­áâ¢¥ [9,

£« . III , §2, 38℄ L > 0. �® ¯® ãá«®¢¨î L 6= 0, á«¥¤®¢ â¥«ì­®, L > 0.

�®£¤  ¯® ®¯à¥¤¥«¥­¨î ¯à¥¤¥«  ¯®á«¥¤®¢ â¥«ì­®áâ¨ [9, £« . III , §1,
28℄, ¤«ï «î¡®£® áª®«ì ã£®¤­® ¬ «®£® ç¨á«  ε > 0, ¢ â®¬ ç¨á«¥ ¨

¤«ï ε < L, áãé¥áâ¢ã¥â â ª®¥ ç¨á«® N , çâ® ¤«ï ¢á¥å ­®¬¥à®¢ n > N
¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

∣
∣
∣
∣

an
bn

− L

∣
∣
∣
∣
< ε ⇔ L− ε <

an
bn

< L+ ε ⇔ bn(L− ε) < an < bn(L+ ε).

�âáî¤  á«¥¤ãîâ ¤¢  ­¥à ¢¥­áâ¢ :

an < (L + ε)bn (3)

¨, ¯®áª®«ìªã L− ε > 0, â®

(L− ε)bn < an ⇔ bn <
an

L− ε
. (4)

�®£« á­® ­¥à ¢¥­áâ¢ã (3), ¯® § ¬¥ç ­¨ï¬ ª ¯¥à¢®© â¥®à¥¬¥ áà ¢­¥-

­¨ï (¯.9

◦
), ¥á«¨ àï¤

∞∑

n=1

bn áå®¤¨âáï, â® àï¤

∞∑

n=1

an â®�¥ áå®¤¨âáï,
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¨ ¥á«¨ àï¤

∞∑

n=1

an à áå®¤¨âáï, â® ¨

∞∑

n=1

bn à áå®¤¨âáï. � á®£« á-

­® ­¥à ¢¥­áâ¢ã (4), ¥á«¨ àï¤

∞∑

n=1

bn à áå®¤¨âáï, â® àï¤

∞∑

n=1

an â®�¥

à áå®¤¨âáï, ¨ ¥á«¨ àï¤

∞∑

n=1

an áå®¤¨âáï, â® ¨ àï¤

∞∑

n=1

bn áå®¤¨âáï.

� ¯®áª®«ìªã ­¥à ¢¥­áâ¢  (3) ¨ (4) ¢ë¯®«­ïîâáï ®¤­®¢à¥¬¥­­®, â®

àï¤ë

∞∑

n=1

an ¨

∞∑

n=1

bn ¨¬¥îâ ®¤¨­ ª®¢ãî áå®¤¨¬®áâì.

�«¥¤áâ¢¨¥ 1. �á«¨

∞∑

n=1

an ¨

∞∑

n=1

bn | àï¤ë á ¯®«®�¨â¥«ì-

­ë¬¨ ç«¥­ ¬¨, ¨ ¯à¨ n → ∞ an íª¢¨¢ «¥­â­  bn, â® àï¤ë
∞∑

n=1

an ¨
∞∑

n=1

bn ¨¬¥îâ ®¤¨­ ª®¢ãî áå®¤¨¬®áâì.

�®ª § â¥«ìáâ¢®. �ª¢¨¢ «¥­â­®áâì an ∼ bn ¯à¨ n → ∞ ®§­ ç -

¥â, çâ® lim

n→∞
an

bn
= 1 (® ¯®­ïâ¨¨ íª¢¨¢ «¥­â­®áâ¨ á¬. ¢ [9, £« . III , §6,

56℄. � ª¨¬ ®¡à §®¬, ¢ë¯®«­¥­ë ¢á¥ ãá«®¢¨ï â¥®à¥¬ë áà ¢­¥­¨ï ¢

¯à¥¤¥«ì­®© ä®à¬¥ ¯à¨ L = 1.

�¥®à¥¬  áà ¢­¥­¨ï ¢ ¯à¥¤¥«ì­®© ä®à¬¥ ¨ ¯¥à¢®¥ á«¥¤áâ¢¨¥ ¨§ ­¥¥

¯®§¢®«ïîâ ¢¬¥áâ® ¨áå®¤­®£® àï¤  ¨áá«¥¤®¢ âì ¡®«¥¥ ¯à®áâ®© àï¤,

çâ® ¯à ªâ¨ç¥áª¨ ¢á¥£¤  ã¤®¡­¥¥.

�«¥¤áâ¢¨¥ 2. � ¬¥â¨¬, çâ® ¥á«¨ ¢ â¥®à¥¬¥ áà ¢­¥­¨ï ¢ ¯à¥¤¥«ì-

­®© ä®à¬¥ L = 0, â® ­¥à ¢¥­áâ¢® (3) ¢á¥ à ¢­® ¢ë¯®«­ï¥âáï, å®âì ¨

ε > L. Ǳ®íâ®¬ã ¥á«¨ lim

n→∞
an

bn
= 0 ¨ àï¤

∞∑

n=1

bn áå®¤¨âáï, â® ¨ àï¤

∞∑

n=1

an áå®¤¨âáï,   ¥á«¨ àï¤
∞∑

n=1

an à áå®¤¨âáï, â® ¨ àï¤
∞∑

n=1

bn

à áå®¤¨âáï.

�«¥¤áâ¢¨¥ 3. �á«¨ L = +∞, â.¥. lim

n→∞
an

bn
= +∞, â® lim

n→∞
bn
an

= 0.

Ǳ® á«¥¤áâ¢¨î 2 ¨¬¥¥¬, çâ® ¥á«¨ lim

n→∞
an

bn
= +∞ ¨ àï¤

∞∑

n=1

an áå®-

¤¨âáï, â® ¨ àï¤

∞∑

n=1

bn áå®¤¨âáï,   ¥á«¨ àï¤
∞∑

n=1

bn à áå®¤¨âáï,

â® ¨ àï¤

∞∑

n=1

an à áå®¤¨âáï.

Ǳà¨¬¥à 11.

∞∑

n=1

1

n2+n−1

.

Ǳà¥®¡à §ã¥¬ ®¡é¨© ç«¥­ àï¤ . Ǳà¨ n → ∞
1

n2 + n− 1

=

1

n2
(
1 +

1

n − 1

n2

) ∼ 1

n2
.
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�­ íª¢¨¢ «¥­â¥­

1

n2 , â ª ª ª

lim

n→∞

1

n2
(

1+

1

n− 1

n2
)

1

n2

= lim

n→∞
1

1 +

1

n − 1

n2

= 1.

�®£¤  ¯® ¯¥à¢®¬ã á«¥¤áâ¢¨î ¨§ â¥®à¥¬ë áà ¢­¥­¨ï ¢ ¯à¥¤¥«ì­®©

ä®à¬¥ (¯.10

◦
) ¯¥à¢®­ ç «ì­ë© àï¤ ¨¬¥¥â ®¤¨­ ª®¢ãî áå®¤¨¬®áâì

á àï¤®¬

∞∑

n=1

1

n2 . �ï¤

∞∑

n=1

1

n2 á®£« á­® ¯à¨¬¥àã 8 áå®¤¨âáï, á«¥¤®¢ -

â¥«ì­®, áå®¤¨âáï ¨ ¨áå®¤­ë© àï¤.

Ǳà¨¬¥à 12.

∞∑

n=1

1√
n(n+2)

.

Ǳà¥®¡à §ã¥¬ ®¡é¨© ç«¥­ àï¤ . Ǳà¨ n → ∞

1

√

n(n+ 2)

=

1

n
√

1 +

2

n

∼ 1

n
.

�­ íª¢¨¢ «¥­â¥­

1

n , â ª ª ª

lim

n→∞

1

n
√

1+

2

n

1

n

= lim

n→∞
1

√

1 +

2

n

= 1.

�®£¤ , ¯® ¯¥à¢®¬ã á«¥¤áâ¢¨î ¨§ â¥®à¥¬ë áà ¢­¥­¨ï ¢ ¯à¥¤¥«ì­®©

ä®à¬¥ (¯.10

◦
), ¯¥à¢®­ ç «ì­ë© àï¤ ¨¬¥¥â ®¤¨­ ª®¢ãî áå®¤¨¬®áâì

á àï¤®¬

∞∑

n=1

1

n . � à¬®­¨ç¥áª¨© àï¤

∞∑

n=1

1

n á®£« á­® ¯à¨¬¥àã 6 à áå®-

¤¨âáï, á«¥¤®¢ â¥«ì­®, à áå®¤¨âáï ¨ ¯¥à¢®­ ç «ì­ë© àï¤.

Ǳà¨¬¥à 13.

∞∑

n=1

1

n2 sin
1

n .

Ǳ®áª®«ìªã ¯à¨ n → ∞  à£ã¬¥­â á¨­ãá 

1

n → 0, â® ¯à¨ n → ∞
á¨­ãá íª¢¨¢ «¥­â¥­ á¢®¥¬ã  à£ã¬¥­âã [9, £« . III , §6, 56℄. Ǳ®íâ®¬ã

¯à¨ n → ∞
1

n2
sin

1

n
∼ 1

n2
· 1
n
=

1

n3
.

Ǳ® ¯¥à¢®¬ã á«¥¤áâ¢¨î ¨§ â¥®à¥¬ë áà ¢­¥­¨ï ¢ ¯à¥¤¥«ì­®© ä®à¬¥

(¯.10

◦
) ¨áå®¤­ë© àï¤ ¨¬¥¥â ®¤¨­ ª®¢ãî áå®¤¨¬®áâì á àï¤®¬

∞∑

n=1

1

n3 .

�ï¤

∞∑

n=1

1

n3 á®£« á­® ¯à¨¬¥àã 9 áå®¤¨âáï, ¯®íâ®¬ã áå®¤¨âáï ¨ ¨áá«¥-

¤ã¥¬ë© àï¤.
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11

◦. Ǳà¨§­ ª � « ¬¡¥à . Ǳãáâì

∞∑

n=1

an | àï¤ á ¯®«®�¨-

â¥«ì­ë¬¨ ç«¥­ ¬¨ ¨ lim

n→∞
an+1

an
= l (¯à¥¤¥« ®â­®è¥­¨ï ¯®á«¥-

¤ãîé¥£® ç«¥­  ª ¯à¥¤ë¤ãé¥¬ã). �®£¤ , ¥á«¨ l < 1, â® àï¤

∞∑

n=1

an áå®¤¨âáï,   ¥á«¨ l > 1 ¨«¨ l = +∞, â® à áå®¤¨âáï.

�®ª § â¥«ìáâ¢®.

1) Ǳãáâì lim

n→∞
an+1

an
= l ¨ l < 1. Ǳ®áª®«ìªã ¢ íâ®¬ á«ãç ¥

1− l > 0, â® ¬®�­® ¢ë¡à âì ε, â ª®¥ çâ® 0 < ε < 1− l. �«ï íâ®£® ε
­ ©¤¥¬ ­®¬¥à N â ª®©, çâ® ¤«ï ¢á¥å ­®¬¥à®¢ n > N ¢ë¯®«­ï¥âáï

­¥à ¢¥­áâ¢®,

∣
∣
∣
an+1

an
− l
∣
∣
∣ < ε ¨«¨ l − ε < an+1

an
< l + ε. �á«¨ ¢¢¥-

áâ¨ ®¡®§­ ç¥­¨¥ q = l + ε (q = l + ε > ε > 0), â®

an+1

an
< q ¨«¨

an+1

< anq. Ǳà¨ n = N +1 ¯®«ãç¨¬ ­¥à ¢¥­áâ¢® aN+2

< qaN+1

, ¯à¨

n = N+2 ¯®«ãç ¥¬ aN+3

< qaN+2

< qqaN+1

= q2aN+1

¨ â.¤. �«ï «î-

¡®£® k ¡ã¤¥¬ ¨¬¥âì ­¥à ¢¥­áâ¢® aN+k < qk−1aN+1

(k = 1, 2, 3, . . . ).

�àã£¨¬¨ á«®¢ ¬¨, ®¡é¨© ç«¥­ àï¤ 

∞∑

k=1

aN+k, ï¢«ïîé¨©áï ®áâ â-

ª®¬ àï¤ 

∞∑

n=1

an, ¬¥­ìè¥ ®¡é¥£® ç«¥­  àï¤ 
∞∑

k=1

qk−1

, ã¬­®�¥­­®£®

­  ¯®áâ®ï­­®¥ ç¨á«® aN+1

. � àï¤

∞∑

k=1

qk−1

| áã¬¬  £¥®¬¥âà¨ç¥áª®©

¯à®£à¥áá¨¨, ¯à¨ç¥¬ ¯®áª®«ìªã ε < 1 − l, ¥¥ §­ ¬¥­ â¥«ì q < 1, ¨

á®£« á­® ¯à¨¬¥àã 3 àï¤

∞∑

k=1

qk−1

áå®¤¨âáï. � á«¥¤®¢ â¥«ì­®, ¯® ¯¥à-

¢®© â¥®à¥¬¥ áà ¢­¥­¨ï (¯.9

◦
), áå®¤¨âáï ®áâ â®ª

∞∑

k=1

aN+k. �âáî¤ 

¯® á¢®©áâ¢ã (¯.3

◦
) áå®¤¨âáï ¨ ¨áå®¤­ë© àï¤

∞∑

n=1

an.

2) Ǳãáâì lim

n→∞
an+1

an
= l ¨ l > 1. Ǳ®áª®«ìªã lim

n→∞
an+1

an
> 1, â® ­¥§ -

¢¨á¨¬® ®â â®£®, ª®­¥ç­ë© íâ® ¯à¥¤¥« ¨«¨ ­¥â, ­ ©¤¥âáï ­®¬¥à N â -

ª®©, çâ® ¤«ï ¢á¥å ­®¬¥à®¢ n > N á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

an+1

an
> 1

[9, £« . III , §2, 36℄. �âáî¤  á«¥¤ã¥â, çâ® an+1

> an. Ǳ®á«¥¤®¢ -

â¥«ì­®áâì á ¯®«®�¨â¥«ì­ë¬¨ ç«¥­ ¬¨ {an}∞n=1

, ­ ç¨­ ï á ­®¬¥à 

N ¢®§à áâ ¥â ¨, á«¥¤®¢ â¥«ì­®, ­¥ ¬®�¥â ¨¬¥âì ¯à¥¤¥« , à ¢­®£®

­ã«î. � ª ª ª ®¡é¨© ç«¥­ àï¤ 

∞∑

n=1

an ­¥ áâà¥¬¨âáï ª ­ã«î, â®

íâ®â àï¤ ¯® ¤®áâ â®ç­®¬ã ¯à¨§­ ªã à áå®¤¨¬®áâ¨ (¯.7

◦
) à áå®¤¨â-

áï.

�¥®à¥¬  ¤®ª § ­  ¯®«­®áâìî.
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� ¬¥ç ­¨¥. �¥®à¥¬  � « ¬¡¥à  ­¥ ¯à¨­®á¨â ¨­ä®à¬ -

æ¨¨ ® áå®¤¨¬®áâ¨ àï¤ 

∞∑

n=1

an ¢ á«ãç ¥, ¥á«¨ lim

n→∞
an+1

an
= 1.

Ǳà¨ lim

n→∞
an+1

an
= 1 àï¤ ¬®�¥â ª ª áå®¤¨âìáï, â ª ¨ à áå®¤¨âìáï.

�«ï ¤®ª § â¥«ìáâ¢  íâ®£® à áá¬®âà¨¬ ®¡®¡é¥­­ë© £ à¬®­¨ç¥áª¨©

àï¤

∞∑

n=1

1

nα . �§ ¯à¨¬¥à®¢ 6 { 9 ¨§¢¥áâ­®, çâ® ¯à¨ α 6 1 ®­ à áå®¤¨â-

áï,   ¯® ªà ©­¥© ¬¥à¥ ¯à¨ α > 2 áå®¤¨âáï. Ǳà¨ «î¡®¬ α

lim

n→∞
an+1

an
= lim

n→∞

1

(n+1)

α

1

nα

= lim

n→∞
nα

(n+ 1)

α
= lim

n→∞
1

(1 +

1

n )
α
= 1.

�â ª, lim

n→∞
an+1

an
= 1 ¤«ï àï¤ , ª®â®àë© ¬®�¥â ª ª áå®¤¨âìáï, â ª ¨

à áå®¤¨âìáï ¢ § ¢¨á¨¬®áâ¨ ®â α.

Ǳà¨§­ ª � « ¬¡¥à  ã¤®¡¥­ ¤«ï ¨áá«¥¤®¢ ­¨ï áå®¤¨¬®áâ¨ àï¤®¢,

á®¤¥à� é¨å ä ªâ®à¨ «ë. � ¯®¬­¨¬, çâ® ä ªâ®à¨ « | íâ® ¯à®¨§-

¢¥¤¥­¨¥ ¢á¥å ­ âãà «ì­ëå ç¨á¥« ®â 1 ¤® n:

n! =

n∏

i=1

i = 1 · 2 · 3 . . . n.

Ǳà¨ íâ®¬ ¯® ®¯à¥¤¥«¥­¨î 0! = 1. Ǳ®«¥§­® § ¬¥â¨âì, çâ®

(n+ 1)! = (n+ 1) · n!
Ǳà¨¬¥à 14.

∞∑

n=1

rn

n! , £¤¥ r > 0.

Ǳà¨¬¥­¨¬ ¯à¨§­ ª � « ¬¡¥à  (¯.11

◦
):

lim

n→∞
an+1

an
= lim

n→∞

rn+1

(n+1)!

rn

n!

= lim

n→∞
rn+1n!

(n+ 1)!rn
=

= lim

n→∞
rn!

(n+ 1)n!
= lim

n→∞
r

n+ 1

= 0 < 1.

Ǳ® ¯à¨§­ ªã � « ¬¡¥à  àï¤ áå®¤¨âáï.

�â¬¥â¨¬, çâ® ¨§ áå®¤¨¬®áâ¨ àï¤ 

∞∑

n=1

rn

n! ­  ®á­®¢ ­¨¨ ­¥®¡å®¤¨-

¬®£® ¯à¨§­ ª  áå®¤¨¬®áâ¨ (¯.6

◦
) á«¥¤ã¥â, çâ® ¥£® ®¡é¨© ç«¥­ áâà¥-

¬¨âáï ª ­ã«î, â.¥. lim

n→∞
rn

n! = 0.
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Ǳà¨¬¥à 15.

∞∑

n=1

nrn , £¤¥ 0 < r < 1.

Ǳ® ¯à¨§­ ªã � « ¬¡¥à  (¯.11

◦
):

lim

n→∞
an+1

an
= lim

n→∞
(n+ 1)rn+1

nrn
= lim

n→∞
r

(

1 +

1

n

)

= r.

� ª ª ª ¯® ãá«®¢¨î 0 < r < 1, â® àï¤

∞∑

n=1

nrn áå®¤¨âáï.

Ǳà¨¬¥à 16.

∞∑

n=1

nn

enn! .

Ǳà¨¬¥­ïï ¯à¨§­ ª � « ¬¡¥à  (¯.11

◦
), ¯®«ãç¨¬:

lim

n→∞
an+1

an
= lim

n→∞

(n+1)

n+1

en+1

(n+1)!

nn

enn!

= lim

n→∞
(n+ 1)

n+1enn!

en+1

(n+ 1)!nn
=

= lim

n→∞
(n+ 1)

n
(n+ 1)n!

e(n+ 1)n!nn
= lim

n→∞
1

e

(
n+ 1

n

)n

=

= lim

n→∞
1

e

(

1 +

1

n

)n

=

1

e
· e = 1,

¯®áª®«ìªã, á®£« á­® ®¯à¥¤¥«¥­¨î, e = lim

n→∞

(
1 +

1

n

)n
. Ǳà¥¤¥« ¯®-

«ãç¨«áï à ¢­ë¬ ¥¤¨­¨æ¥ ¨ ¯à¨§­ ª � « ¬¡¥à  ­¥ ¯à¨­¥á ­¨ª ª®©

¨­ä®à¬ æ¨¨ ® áå®¤¨¬®áâ¨ àï¤ .

�á«¨ lim

n→∞
an+1

an
= 1 ¨ ¢ ¯à¨¬¥à¥ ¯à¨áãâáâ¢ãîâ ä ªâ®à¨ «ë, â®

¨áá«¥¤®¢ âì áå®¤¨¬®áâì àï¤  ¬®�­® á ¯®¬®éìî â¥®à¥¬ë áà ¢­¥-

­¨ï ¯®«ì§ãïáì ä®à¬ã«®© �â¨à«¨­£ , á®£« á­® ª®â®à®© ¯à¨ n → ∞
n! ∼

√
2πn

(
n
e

)n
[8, £« . XI , §7, 393℄. �àã£¨¬¨ á«®¢ ¬¨:

lim

n→∞
n!√

2πn
(
n
e

)n = 1.

�®£¤  ¤«ï ®¡é¥£® ç«¥­  àï¤ 

∞∑

n=1

nn

enn! ¯à¨ n → ∞ ¯®«ãç¨¬:

nn

enn!
∼ nn

en
√
2πn

(
n
e

)n =

1√
2πn

.

Ǳ®íâ®¬ã ¯® ¯¥à¢®¬ã á«¥¤áâ¢¨î ¨§ â¥®à¥¬ë áà ¢­¥­¨ï àï¤®¢ ¢ ¯à¥-

¤¥«ì­®© ä®à¬¥ (¯.10

◦
), àï¤

∞∑

n=1

nn

enn! ¨¬¥¥â ®¤¨­ ª®¢ãî áå®¤¨¬®áâì á
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àï¤®¬

∞∑

n=1

1√
2π

· 1√
n
, ª®â®àë© á â®ç­®áâìî ¤® ¯®áâ®ï­­®£® ¬­®�¨â¥-

«ï

1√
2π

á®¢¯ ¤ ¥â á àï¤®¬

∞∑

n=1

1√
n
. �â®â àï¤ ï¢«ï¥âáï ®¡®¡é¥­­ë¬

£ à¬®­¨ç¥áª¨¬ á® áâ¥¯¥­ìî

1

2

< 1. �®£« á­® ¯à¨¬¥à ¬ 5 ¨ 7 ®­

à áå®¤¨âáï, ¨ á«¥¤®¢ â¥«ì­®, à áå®¤¨âáï ¨ ¯¥à¢®­ ç «ì­ë© àï¤.

12

◦. � ¤¨ª «ì­ë© ¯à¨§­ ª �®è¨ | � ª«®à¥­ . Ǳãáâì

∞∑

n=1

an | àï¤ á ¯®«®�¨â¥«ì­ë¬¨ ç«¥­ ¬¨ ¨ lim

n→∞
n
√
an = l.

�®£¤ , ¥á«¨ l < 1, â® àï¤

∞∑

n=1

an áå®¤¨âáï,   ¥á«¨ l > 1 ¨«¨

l = +∞, â® à áå®¤¨âáï.

�®ª § â¥«ìáâ¢®.

1) Ǳãáâì lim

n→∞
n
√
an = l ¨ l < 1. Ǳ®áª®«ìªã 1− l > 0, â® ¬®�­® ¢ë-

¡à âì ε â ª®¥, çâ® 0 < ε < 1− l. �«ï íâ®£® ε ­ ©¤¥¬ ­®¬¥à N â ª®©,

çâ® ¤«ï ¢á¥å ­®¬¥à®¢ n > N ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

∣
∣ n
√
an − l

∣
∣ < ε

¨«¨ l− ε < n
√
an < l+ ε. Ǳãáâì r = l+ ε, â®£¤  n

√
an < r ¨«¨ an < rn,

¨ ®¡é¨© ç«¥­ àï¤ 

∞∑

n=1

an, ­ ç¨­ ï á ­¥ª®â®à®£® ­®¬¥à , ¬¥­ìè¥

®¡é¥£® ç«¥­  àï¤ 

∞∑

n=1

rn. �ï¤
∞∑

n=1

rn | áã¬¬  £¥®¬¥âà¨ç¥áª®© ¯à®-

£à¥áá¨¨, ¯à¨ç¥¬, ¯®áª®«ìªã 0 < ε < 1− l, ¥¥ §­ ¬¥­ â¥«ì 0 < r < 1,

¨ á®£« á­® ¯à¨¬¥àã 3 àï¤

∞∑

i=1

rn áå®¤¨âáï. � á«¥¤®¢ â¥«ì­®, ¯® ¯¥à-

¢®¬ã ¯à¨§­ ªã áà ¢­¥­¨ï (¯.10

◦
) áå®¤¨âáï ¨ ¨áå®¤­ë© àï¤

∞∑

n=1

an.

2) Ǳãáâì lim

n→∞
n
√
an = l ¨ l > 1. Ǳ®áª®«ìªã lim

n→∞
n
√
an > 1, â®

­¥§ ¢¨á¨¬® ®â â®£® ª®­¥ç­ë© íâ® ¯à¥¤¥« ¨«¨ ­¥â, ­ ©¤¥âáï ­®¬¥à

N â ª®©, çâ® ¤«ï ¢á¥å ­®¬¥à®¢ n > N á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

n
√
an > 1. �âáî¤  á«¥¤ã¥â, çâ® an > 1. Ǳ®íâ®¬ã ¥á«¨ ¯®á«¥¤®¢ -

â¥«ì­®áâì {an}∞n=1

¨¬¥¥â ¯à¥¤¥«, â® ®­ ­¥ ¬¥­ìè¥ ¥¤¨­¨æë ¨, á«¥¤®-

¢ â¥«ì­®, ­¥ à ¢¥­ ­ã«î. � ª ª ª ®¡é¨© ç«¥­ àï¤  ­¥ áâà¥¬¨âáï ª

­ã«î, â® àï¤

∞∑

n=1

an ¯® ¤®áâ â®ç­®¬ã ¯à¨§­ ªã à áå®¤¨¬®áâ¨ (¯.7

◦
)

à áå®¤¨âáï.

�¥®à¥¬  ¤®ª § ­  ¯®«­®áâìî.

� ¬¥ç ­¨¥. �¥®à¥¬  �®è¨ | � ª«®à¥­  ­¥ ¯à¨­®á¨â ¨­ä®à-

¬ æ¨¨ ® áå®¤¨¬®áâ¨ àï¤ 

∞∑

n=1

an ¢ á«ãç ¥, ¥á«¨ lim

n→∞
n
√
an = 1.

Ǳà¨ lim

n→∞
n
√
an = 1 àï¤ ¬®�¥â ª ª áå®¤¨âìáï, â ª ¨ à áå®¤¨âìáï.
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� ¤¨ª «ì­ë© ¯à¨§­ ª �®è¨ | � ª«®à¥­  ã¤®¡¥­ ¤«ï ¨áá«¥-

¤®¢ ­¨ï áå®¤¨¬®áâ¨ àï¤®¢, ®¡é¨© ç«¥­ ª®â®àëå ¯à¥¤áâ ¢«ï¥â á®-

¡®© n-î áâ¥¯¥­ì. � ®áâ «ì­ëå á«ãç ïå ¯à®é¥ ¯®«ì§®¢ âìáï ¯à¨-

§­ ª®¬ � « ¬¡¥à  ¯®áª®«ìªã ¢ëç¨á«¥­¨¥ ¯à¥¤¥«  ®â ¢ëà �¥­¨ï,

á®¤¥à� é¥£® ª®à¥­ì n-© áâ¥¯¥­¨, § âàã¤­¨â¥«ì­®.

Ǳà¨¬¥à 17.

∞∑

n=1

1

ln

n
(n+1)

.

�ëç¨á«¨¬ ¯à¥¤¥«, âà¥¡ã¥¬ë© ¤«ï ¨áá«¥¤®¢ ­¨ï ¯® à ¤¨ª «ì­®¬ã

¯à¨§­ ªã �®è¨ | � ª«®à¥­  (¯.12

◦
):

lim

n→∞
n

√

1

ln

n
(n+ 1)

= lim

n→∞
1

ln(n+ 1)

= 0 < 1.

Ǳà¥¤¥« ¬¥­ìè¥ ¥¤¨­¨æë ¨, á«¥¤®¢ â¥«ì­®, ¯® à ¤¨ª «ì­®¬ã ¯à¨-

§­ ªã �®è¨ | � ª«®à¥­  àï¤ áå®¤¨âáï.

Ǳà¨¬¥à 18.

∞∑

n=1

(
2n+1

3n+2

)n

.

�ëç¨á«¨¬ ¯à¥¤¥«, âà¥¡ã¥¬ë© ¤«ï ¨áá«¥¤®¢ ­¨ï ¯® à ¤¨ª «ì­®¬ã

¯à¨§­ ªã �®è¨ | � ª«®à¥­  (¯.12

◦
):

lim

n→∞
n

√
(
2n+ 1

3n+ 2

)n

= lim

n→∞
2n+ 1

3n+ 2

= lim

n→∞

2 +

1

n

3 +

2

n

=

2

3

< 1.

Ǳà¥¤¥« ¬¥­ìè¥ ¥¤¨­¨æë ¨, á«¥¤®¢ â¥«ì­®, ¯® à ¤¨ª «ì­®¬ã ¯à¨-

§­ ªã �®è¨ | � ª«®à¥­  àï¤ áå®¤¨âáï.

�á«¨ ¯à¨ ¯®¯ëâª¥ ¨áá«¥¤®¢ âì àï¤ ¯® ¯à¨§­ ªã � « ¬-

¡¥à  ¯à¨ ¢ëç¨á«¥­¨¨ ¯à¥¤¥«  lim

n→∞
an+1

an
¯®«ãç¨« áì ¥¤¨­¨æ ,

â® ¡¥á¯®«¥§­® ¨áá«¥¤®¢ âì àï¤ ¯® à ¤¨ª «ì­®¬ã ¯à¨§­ ªã

�®è¨ | � ª«®à¥­ , â ª ª ª ¢ íâ®¬ á«ãç ¥ lim

n→∞
n
√
an â®�¥

®ª �¥âáï à ¢­ë¬ ¥¤¨­¨æ¥.

�â® ãâ¢¥à�¤¥­¨¥ ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ â¥®à¥¬ë�â®«ìæ  [4, �. 1,

®â¤¥« I , § 2, 141, 143℄. �¥®à¥¬  �â®«ìæ  ­¥ ¨§ãç ¥âáï ¢ âà ¤¨æ¨-

®­­®¬ ªãàá¥ ¬ â¥¬ â¨ç¥áª®£®  ­ «¨§  ¨ ¯à¥¤áâ ¢«ï¥â á®¡®©  ­ «®£

¯à ¢¨«  �®¯¨â «ï ¤«ï ¯à¥¤¥«®¢ ¯®á«¥¤®¢ â¥«ì­®áâ¥©. � íâ®© â¥-

®à¥¬¥ ãâ¢¥à�¤ ¥âáï, çâ® ¥á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì bn ¢®§à áâ ¥â ¨

áâà¥¬¨âáï ª ¡¥áª®­¥ç­®áâ¨, ¨ áãé¥áâ¢ã¥â lim

n→∞
an+1

−an

bn+1

−bn
, â®

lim

n→∞
an
bn

= lim

n→∞
an+1

− an
bn+1

− bn
.
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� ¯®¬®éìî íâ®© â¥®à¥¬ë ¯®ª �¥¬, çâ® ¥á«¨ lim

n→∞
an+1

an
= 1, â®

lim

n→∞
n
√
an = 1. �ëç¨á«¨¬

ln lim

n→∞
n
√
an = lim

n→∞
ln

n
√
an = lim

n→∞
ln an
n

= lim

n→∞
ln an+1

− ln an
(n+ 1)− n

=

= lim

n→∞
(ln an+1

− ln an) = lim

n→∞
ln

an+1

an
= ln lim

n→∞
an+1

an
= ln 1 = 0.

�®£ à¨ä¬ ¨áá«¥¤ã¥¬®© ¢¥«¨ç¨­ë | ­ã«ì, ¨ íâ® ®§­ ç ¥â, çâ® á ¬ 

¢¥«¨ç¨­  à ¢­  ¥¤¨­¨æ¥, â.¥. lim

n→∞
n
√
an = 1. � íâ®¬ à ááã�¤¥­¨¨

¬®�­® ¡ë«® ¢®á¯®«ì§®¢ âìáï â¥®à¥¬®© �â®«ìæ , â ª ª ª {n}∞n=1

|

¢®§à áâ îé ï ¨ áâà¥¬ïé ïáï ª ¡¥áª®­¥ç­®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâì,

  ¨áá«¥¤ã¥¬ë© ¯à¥¤¥«, ª ª ¢ëïá­ï¥âáï ¢ å®¤¥ ¢ëç¨á«¥­¨©, áãé¥-

áâ¢ã¥â. �à¥¡ã¥¬®¥ ãâ¢¥à�¤¥­¨¥ ¤®ª § ­®.

�§ ¯à¥¤ë¤ãé¨å à ááã�¤¥­¨© á«¥¤ã¥â, çâ® ¨­®£¤  ¯à¨§­ ª¨

� « ¬¡¥à  ¨ �®è¨ | � ª«®à¥­  ­¥ ¤ îâ ®â¢¥â  ­  ¢®¯à®á ® áå®-

¤¨¬®áâ¨ àï¤ . Ǳ®¤®¡­®£® ­¥¤®áâ âª  ­¥â ã ¨­â¥£à «ì­®£® ¯à¨§­ ª 

�®è¨.

13

◦.�­â¥£à «ì­ë© ¯à¨§­ ª �®è¨. Ǳãáâì
∞∑

i=1

ai | àï¤ á ¯®-

«®�¨â¥«ì­ë¬¨ ç«¥­ ¬¨ ¨ äã­ªæ¨ï f(x) ®¯à¥¤¥«¥­  ­  ¯à®-
¬¥�ãâª¥ [1,+∞) ¨ ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

1) f(x) > 0, ¯à¨ x ∈ [1,+∞),

2) f(x) ã¡ë¢ ¥â ­  [1,+∞) (â.¥. f(x
1

) > f(x
2

) ¯à¨ x
1

< x
2

),

3) f(i) = ai, ¯à¨ i ∈ N.

�®£¤ :

 ) ¥á«¨ áå®¤¨âáï ¨­â¥£à «

+∞∫

1

f(x)dx, â® áå®¤¨âáï ¨

àï¤

∞∑

i=1

ai,

¡) ¥á«¨ à áå®¤¨âáï ¨­â¥£à «

+∞∫

1

f(x)dx, â® à áå®¤¨âáï ¨

àï¤

∞∑

i=1

ai.

Ǳ¥à¥¤ ¤®ª § â¥«ìáâ¢®¬ â¥®à¥¬ë ­ ¯®¬­¨¬ ®¯à¥¤¥«¥­¨¥ ­¥á®¡-

áâ¢¥­­®£® ¨­â¥£à «  á ¡¥áª®­¥ç­ë¬ ¢¥àå­¨¬ ¯à¥¤¥«®¬:

+∞∫

1

f(x)dx = lim

b→+∞

b∫

1

f(x)dx.
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�á«¨ íâ®â ¯à¥¤¥« ª®­¥ç¥­, â® ¨­â¥£à « ­ §ë¢ ¥âáï áå®¤ïé¨¬áï,

  ¥á«¨ ª®­¥ç­®£® ¯à¥¤¥«  ­¥ áãé¥áâ¢ã¥â, â® | à áå®¤ïé¨¬áï [7,

£« . XI , §7, 1℄.
�®ª § â¥«ìáâ¢® ¨­â¥£à «ì­®£® ¯à¨§­ ª  �®è¨. Ǳãáâì

{Sn}∞n=1

| ¯®á«¥¤®¢ â¥«ì­®áâì ç áâ¨ç­ëå áã¬¬ àï¤ . �à ¢­¨¬

n∫

1

f(x)dx á ç áâ¨ç­®© áã¬¬®© Sn. �«ï íâ®£® à §®¡ì¥¬ ¯à®¬¥�ãâ®ª

[1, n℄ ­  ç áâ¨ ­ âãà «ì­ë¬¨ â®çª ¬¨ 2, 3, . . . , n − 1, ¨ ­  ª �¤®¬

¨§ n − 1 ¯à®¬¥�ãâª®¢ [1, 2℄, [2, 3℄, . . . , [i, i + 1℄, . . . , [n − 1, n℄ ®æ¥­¨¬
¨­â¥£à «. � á¨«ã ¬®­®â®­­®áâ¨ äã­ªæ¨¨ f(x) ¨¬¥¥¬ ­¥à ¢¥­áâ¢ 

ai = f(i) > f(x) > f(i+ 1) = ai+1

,

¤«ï i = 1, 2, . . . , n− 1, ¯à¨ x ∈ [i, i+ 1℄. �®£¤ 

i+1∫

i

aidx >

i+1∫

i

f(x)dx >

i+1∫

i

ai+1

dx

¤«ï i = 1, 2, . . . , n − 1. � ª ª ª ai | ª®­áâ ­âë,  

i+1∫

i

dx = 1, â®

¨¬¥¥¬ ­¥à ¢¥­áâ¢ 

a
1

>

2∫

1

f(x)dx > a
2

,

a
2

>

3∫

2

f(x)dx > a
3

,

. . .

an−1

>

n∫

n−1

f(x)dx > an.

�ª« ¤ë¢ ï íâ¨ (n− 1) ­¥à ¢¥­áâ¢ , ¯®«ãç ¥¬

a
1

+ a
2

+ . . .+ an−1

>

2∫

1

f(x)dx +

3∫

2

f(x)dx + . . .+

n∫

n−1

f(x)dx >

> a
2

+ a
3

+ . . .+ an.
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�«¥¤®¢ â¥«ì­®,

Sn−1

>

n∫

1

f(x)dx > Sn − a
1

. (5)

 ) �á«¨

+∞∫

1

f(x)dx áå®¤¨âáï, â®, ãç¨âë¢ ï ¯®«®�¨â¥«ì­®áâì äã­ª-

æ¨¨ f(x), ¯®«ãç ¥¬ Sn 6 a
1

+

n∫

1

f(x)dx 6 a
1

+

+∞∫

1

f(x)dx. Ǳ®íâ®¬ã

¯®á«¥¤®¢ â¥«ì­®áâì ç áâ¨ç­ëå áã¬¬ {Sn}∞n=1

®£à ­¨ç¥­  á¢¥àåã ç¨-

á«®¬ a
1

+

+∞∫

1

f(x)dx, ¨ ¯® ¤®áâ â®ç­®¬ã ¯à¨§­ ªã áå®¤¨¬®áâ¨ àï¤®¢

á ¯®«®�¨â¥«ì­ë¬¨ ç«¥­ ¬¨ (¯.8

◦
) àï¤

∞∑

i=1

ai áå®¤¨âáï, ¡®«¥¥ â®£®,

¯®«ãç¥­  ®æ¥­ª  áã¬¬ë àï¤ : S 6 a
1

+

+∞∫

1

f(x)dx.

¡) �á«¨

+∞∫

1

f(x)dx à áå®¤¨âáï, â® lim

b→+∞

b∫

1

f(x)dx = +∞ ¤«ï

¢¥é¥áâ¢¥­­®£® b, ¨, á«¥¤®¢ â¥«ì­®, ¤«ï ­ âãà «ì­®£® n ¨¬¥¥¬

lim

n→∞

n∫

1

f(x)dx = +∞, â ª ª ª N ⊂ R. �®£¤ , ¯¥à¥å®¤ï ª ¯à¥¤¥«ã

¯à¨ n → ∞ ¢ «¥¢®© ç áâ¨ ­¥à ¢¥­áâ¢  (5), ¨¬¥¥¬ lim

n→∞
Sn−1

= +∞,

¨«¨ lim

n→∞
Sn = +∞. Ǳ® ®¯à¥¤¥«¥­¨î àï¤

∞∑

i=1

ai à áå®¤¨âáï.

�¥®à¥¬  ¤®ª § ­ .

� ¬¥ç ­¨¥ 1. �¥à ¢¥­áâ¢® (5) ¨¬¥¥â ¯à®áâ®© £¥®¬¥âà¨ç¥áª¨©

á¬ëá« (à¨á. 1):

n∫

1

f(x)dx | ¯«®é ¤ì ªà¨¢®«¨­¥©­®© âà ¯¥æ¨¨.

Sn−1

= a
1

+a
2

+. . .+an−1

| áã¬¬ à­ ï ¯«®é ¤ì ¯àï¬®ã£®«ì­¨ª®¢

¬¥�¤ã ¢¥àå­¥© áâã¯¥­ç â®© «¨­¨¥© ¨ £®à¨§®­â «ì­®© ®áìî.

Sn−a
1

= a
2

+a
3

+. . .+an | áã¬¬ à­ ï ¯«®é ¤ì ¯àï¬®ã£®«ì­¨ª®¢

¬¥�¤ã ­¨�­¥© áâã¯¥­ç â®© «¨­¨¥© ¨ £®à¨§®­â «ì­®© ®áìî.

� £¥®¬¥âà¨ç¥áª®© â®çª¨ §à¥­¨ï ¤«ï ã¡ë¢ îé¥© äã­ªæ¨¨ f(x) ­¥-
à ¢¥­áâ¢® (5) ®ç¥¢¨¤­®.

� ¬¥ç ­¨¥ 2. �á«¨ ãá«®¢¨ï â¥®à¥¬ë ¯.13

◦
¨¬¥îâ ¬¥áâ®

¤«ï ¯à®¬¥�ãâª  [N,+∞) ⊂ [1,+∞), â® ¬®�­® ¨á¯®«ì§®¢ âì

¨­â¥£à «

+∞∫

N

f(x)dx ¢¬¥áâ®

+∞∫

1

f(x)dx.
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�¨á. 1.

f(x)
a
1

a
2

a
3

.

.

.

an−1

an

x
0 1 2 3 . . . n− 1 n

�¥©áâ¢¨â¥«ì­®, ¯® ¤®ª § â¥«ìáâ¢ã ¨­â¥£à «ì­®£® ¯à¨§­ ª  �®è¨

íâ® ¡ã¤¥â ®§­ ç âì áå®¤¨¬®áâì àï¤ 

∞∑

i=N

ai, ï¢«ïîé¥£®áï ®áâ âª®¬

¨áå®¤­®£® àï¤  ¯®á«¥ (N − 1)-£® ç«¥­ . � ¨§ íâ®£®, ¢ á¢®î ®ç¥à¥¤ì,

á®£« á­® á¢®©áâ¢ã ®áâ âª  (¯.3

◦
) á«¥¤ã¥â áå®¤¨¬®áâì ¯¥à¢®­ ç «ì-

­®£® àï¤ 

∞∑

i=1

ai.

Ǳà¨¬¥à 19.

∞∑

i=1

1

(i+1) ln(i+1)

.

� íâ®¬ á«ãç ¥ ai =
1

(i+1) ln(i+1)

. � ª ç¥áâ¢¥ f(x) à áá¬®âà¨¬ äã­ª-

æ¨î

1

(x+1) ln(x+1)

. Ǳà¨ x > 1 ¤«ï ­¥¥ ¢ë¯®«­¥­ë ¢á¥ ãá«®¢¨ï ¨­â¥-

£à «ì­®£® ¯à¨§­ ª  �®è¨ (¯.13

◦
). �ëç¨á«¨¬ ¨­â¥£à «, âà¥¡ã¥¬ë©

¤«ï ¨áá«¥¤®¢ ­¨ï ¯® ¨­â¥£à «ì­®¬ã ¯à¨§­ ªã �®è¨:

+∞∫

1

dx

(x+ 1) ln(x+ 1)

= lim

A→+∞

A∫

1

d
(
ln(x + 1)

)

ln(x+ 1)

=

= lim

A→+∞

[
ln

∣
∣
ln(x+ 1)

∣
∣
]A

1

= lim

A→+∞

(
ln

∣
∣
ln(A+ 1)

∣
∣− ln | ln 2|

)
= +∞.

�­â¥£à « à áå®¤¨âáï, á«¥¤®¢ â¥«ì­®, ¨ àï¤ à áå®¤¨âáï.
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Ǳà¨¬¥à 20.

∞∑

i=1

1

(i+1) ln

2

(i+1)

.

� íâ®¬ á«ãç ¥ ai =
1

(i+1) ln

2

(i+1)

. � ª ç¥áâ¢¥ f(x) ¯à¨¬¥¬ äã­ªæ¨î

1

(x+1) ln

2

(x+1)

. Ǳà¨ x > 1 ¤«ï ­¥¥ ¢ë¯®«­¥­ë ¢á¥ ãá«®¢¨ï ¨­â¥£à «ì-

­®£® ¯à¨§­ ª  �®è¨ (¯.13

◦
). �ëç¨á«¨¬ ¨­â¥£à «, âà¥¡ã¥¬ë© ¤«ï

¨áá«¥¤®¢ ­¨ï ¯® ¨­â¥£à «ì­®¬ã ¯à¨§­ ªã �®è¨:

+∞∫

1

dx

(x+ 1) ln

2

(x+ 1)

= lim

A→+∞

A∫

1

d
(
ln(x+ 1)

)

ln

2

(x+ 1)

=

= lim

A→+∞

[

− 1

ln(x + 1)

]A

1

= lim

A→+∞

(

− 1

ln(A+ 1)

+

1

ln 2

)

=

1

ln 2

.

�­â¥£à « áå®¤¨âáï, á«¥¤®¢ â¥«ì­®, ¨ àï¤ áå®¤¨âáï.

Ǳà¨¬¥à 21.

∞∑

i=1

1

iα , £¤¥ α > 0.

�ë¡¥à¥¬ f(x) =

1

xα . Ǳà¨ α > 0 ¤«ï ­¥¥ ¢ë¯®«­¥­ë ¢á¥ ãá«®-

¢¨ï ¨­â¥£à «ì­®£® ¯à¨§­ ª  �®è¨ (¯.13

◦
). �ëç¨á«¨¬ ¨­â¥£à «,

âà¥¡ã¥¬ë© ¤«ï ¨áá«¥¤®¢ ­¨ï ¯® ¨­â¥£à «ì­®¬ã ¯à¨§­ ªã �®è¨.

Ǳà¨ α 6= 1

+∞∫

1

dx

xα
= lim

A→+∞

A∫

1

dx

xα
= lim

A→+∞

[
x−α+1

−α+ 1

]A

1

=

= lim

A→+∞

(
A1−α

1− α
− 1

1− α

)

=

{
1

α−1

, ¥á«¨ α > 1;

+∞, ¥á«¨ α < 1.

Ǳà¨ α = 1

+∞∫

1

dx

x
= lim

A→+∞

A∫

1

dx

x
= lim

A→+∞
ln |x|

∣
∣
∣
∣

A

1

= lim

A→+∞
(lnA− ln 1) = +∞.

� ¨â®£¥ ¨¬¥¥¬

+∞∫

1

dx

xα
=

{
1

α−1

, ¥á«¨ α > 1;

+∞, ¥á«¨ α 6 1.

�® ¥áâì

+∞∫

1

dx
xα áå®¤¨âáï ¯à¨ α > 1 ¨ à áå®¤¨âáï ¯à¨ α 6 1. Ǳ®íâ®¬ã

àï¤

∞∑

i=1

1

iα â ª�¥ áå®¤¨âáï ¯à¨ α > 1 ¨ à áå®¤¨âáï ¯à¨ α 6 1.
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� ª¨¬ ®¡à §®¬, áâ «® ïá­ë¬ ¯®¢¥¤¥­¨¥ ®¡®¡é¥­­®£® £ à¬®­¨ç¥-

áª®£® àï¤  ¯à¨ «î¡ëå §­ ç¥­¨ïå áâ¥¯¥­¨ α. Ǳ® ¥£® áå®¤¨¬®áâ¨ ç -

áâ® ®¯à¥¤¥«ïîâ áå®¤¨¬®áâì ¨áá«¥¤ã¥¬®£® àï¤  á ¯®¬®éìî â¥®à¥¬ë

áà ¢­¥­¨ï ¢ ¯à¥¤¥«ì­®© ä®à¬¥ (¯.10

◦
), ¯®áª®«ìªã ¢¥«¨ç¨­ã, íª¢¨¢ -

«¥­â­ãî ®¡é¥¬ã ç«¥­ã ¨áá«¥¤ã¥¬®£® àï¤ , ã¤®¡­® ¢ëà � âì ¢ ¢¨¤¥

áâ¥¯¥­¨.

�¥¤®áâ âª®¬ ¨­â¥£à «ì­®£® ¯à¨§­ ª  �®è¨ ï¢«ï¥âáï ­¥®¡å®¤¨-

¬®áâì ­ å®�¤¥­¨ï ¯¥à¢®®¡à §­®©, ª®â®à ï ¬®�¥â ­¥ ¢ëà � âìáï ¢

í«¥¬¥­â à­ëå äã­ªæ¨ïå.

§3. �­ ª®ç¥à¥¤ãîé¨¥áï àï¤ë

�ï¤ë ¢¨¤ 

∞∑

i=1

(−1)iai = −a
1

+ a
2

− a
3

+ . . .+ (−1)nan + . . . (6)

¨«¨

∞∑

i=1

(−1)i−1ai = a
1

− a
2

+ a
3

− . . .+ (−1)n−1an + . . . , (7)

£¤¥ ai > 0, ­ §ë¢ îâáï §­ ª®ç¥à¥¤ãîé¨¬¨áï. �ç¥¢¨¤­®, çâ® à §«¨-

ç îé¨¥áï ­  ¯®áâ®ï­­ë© ¬­®�¨â¥«ì (−1) àï¤ë (6) ¨ (7) ¢¥¤ãâ á¥¡ï

®¤¨­ ª®¢®, ¯®íâ®¬ã ¢ ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¨áá«¥¤®¢ âì àï¤ (7).

14

◦. Ǳà¨§­ ª �¥©¡­¨æ . � ­ §­ ª®ç¥à¥¤ãîé¨©áï àï¤

∞∑

i=1

(−1)i−1ai. �á«¨ ai â ª¨¥ çâ® ai > ai+1

> 0 ¤«ï «î¡®£® i ∈ N,

¨ lim

i→∞
ai = 0, â® àï¤

∞∑

i=1

(−1)i−1ai áå®¤¨âáï.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì ç áâ¨ç-

­ëå áã¬¬ á ç¥â­ë¬¨ ­®¬¥à ¬¨ S
2

, S
4

, S
6

, . . . , S
2k, . . . �â  ¯®á«¥¤®-

¢ â¥«ì­®áâì ¬®­®â®­­® ¢®§à áâ ¥â, ¯®áª®«ìªã

S
2k+2

= a
1

− a
2

+ . . .− a
2k

︸ ︷︷ ︸

S
2k

+a
2k+1

− a
2k+2

=

= S
2k + a

2k+1

− a
2k+2

︸ ︷︷ ︸

>0

> S
2k.

�âáî¤  á«¥¤ã¥â, çâ® çâ® S
2k > 0, â ª ª ª S

2k > S
2

= a
1

− a
2

> 0.
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�â  �¥ ¯®á«¥¤®¢ â¥«ì­®áâì ®£à ­¨ç¥­  á¢¥àåã. �¥©áâ¢¨â¥«ì­®,

S
2k = a

1

− a
2

+ . . .+ a
2k−1

− a
2k =

= a
1

− (a
2

− a
3

)

︸ ︷︷ ︸

>0

− . . .− (a
2k−2

− a
2k−1

)

︸ ︷︷ ︸

>0

− a
2k
︸︷︷︸

>0

< a
1

.

�§ ¬®­®â®­­®£® ¢®§à áâ ­¨ï ¨ ®£à ­¨ç¥­­®áâ¨ á¢¥àåã ¯®á«¥¤®¢ -

â¥«ì­®áâ¨ {S
2k}∞k=1

á«¥¤ã¥â, çâ® ®­  ¨¬¥¥â ª®­¥ç­ë© ¯à¥¤¥«

S = lim

k→∞
S
2k. �®ª �¥¬, çâ® ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì ç áâ¨ç­ëå

áã¬¬ á ­¥ç¥â­ë¬¨ ­®¬¥à ¬¨ S
1

, S
3

, S
5

, . . . , S
2k−1

, . . . â®�¥ ¨¬¥¥â

¯à¥¤¥«, à ¢­ë© S. �¬¥¥¬

S
2k+1

= a
1

− a
2

+ . . .− a
2k

︸ ︷︷ ︸

S
2k

+a
2k+1

= S
2k + a

2k+1

.

�®£¤ 

lim

k→∞
S
2k+1

= lim

k→∞
S
2k + lim

k→∞
a
2k+1

= S + 0 = S,

¯®áª®«ìªã ®¡  ¯à¥¤¥«  ¢ ¯à ¢®© ç áâ¨ áãé¥áâ¢ãîâ ¨ ª®­¥ç­ë. �¥©-

áâ¢¨â¥«ì­® lim

k→∞
S
2k = S,   lim

k→∞
a
2k+1

= 0 ¯® ãá«®¢¨î.

�§ ®¯à¥¤¥«¥­¨ï ¯à¥¤¥«  ¯®á«¥¤®¢ â¥«ì­®áâ¨ á«¥¤ã¥â, çâ® ¯à¨

¡®«ìè�̈å k â®çª¨ ç¨á«®¢®© ¯àï¬®©, ¨§®¡à � îé¨¥ S
2k ¨ S

2k+1

(
â.¥.

¢á¥ ç«¥­ë ¯®á«¥¤®¢ â¥«ì­®áâ¨ {Sn}∞n=1

)
, á£ãé îâáï ®ª®«® ®¤­®© ¨

â®© �¥ â®çª¨ S. Ǳ®íâ®¬ã, ­¥§ ¢¨á¨¬® ®â ç¥â­®áâ¨ ¨«¨ ­¥ç¥â­®áâ¨

n, â®çª¨ á®®â¢¥âáâ¢ãîé¨¥ Sn ¡ã¤ãâ ¯à¨ ¡®«ìè�̈å n á£ãé âìáï ®ª®«®

â®çª¨ S. � íâ® ®§­ ç ¥â, çâ® lim

n→∞
Sn = S.

Ǳ®áª®«ìªã lim

n→∞
Sn áãé¥áâ¢ã¥â ¨ ª®­¥ç¥­, àï¤

∞∑

i=1

(−1)i−1ai áå®-

¤¨âáï.

� ¬¥ç ­¨¥ 1. Ǳà¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë ãáâ ­®¢«¥­®, çâ®

0 6 S
2k 6 a

1

, ¯¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨ k → ∞, ¯®«ãç ¥¬ 0 6 S 6 a
1

.

� ª¨¬ ®¡à §®¬, áã¬¬  àï¤  (7) ­¥®âà¨æ â¥«ì­  ¨ ­¥ ¯à¥¢®á-

å®¤¨â ¯¥à¢®£® ç«¥­ .

� ¬¥ç ­¨¥ 2. �ï¤, ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨ï¬ â¥®à¥¬ë, ­ §ë-

¢ ¥âáï àï¤®¬ â¨¯  �¥©¡­¨æ . �«ï â ª®£® àï¤  ¬®�­® ¤ âì ã¤®¡­ãî

®æ¥­ªã ®áâ âª .

�«¥¤áâ¢¨¥ (®æ¥­ª  ®áâ âª  àï¤  â¨¯  �¥©¡­¨æ ). Ǳãáâì

∞∑

i=1

(−1)i−1ai = a
1

− a
2

+ a
3

− . . .+ (−1)n−1an + (−1)nan+1

+ . . .
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| àï¤ â¨¯  �¥©¡­¨æ , â®£¤  ¥£® ®áâ â®ª ¯®á«¥ n-£® ç«¥­  ¨¬¥¥â ¢¨¤

Rn = (−1)nan+1

+ (−1)n+1an+2

+ . . . = (−1)n[an+1

− an+2

+ . . . ℄.

�ëà �¥­¨¥ ¢ ª¢ ¤à â­ëå áª®¡ª å | àï¤ â¨¯  �¥©¡­¨æ , ¯®íâ®¬ã

¯® § ¬¥ç ­¨î 1 ¥£® áã¬¬ 

~Rn ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã

0 6 ~Rn 6 an+1

. �®£¤  |Rn| = ~Rn 6 an+1

. �âáî¤  á«¥¤ã¥â, çâ®

®áâ â®ª àï¤  â¨¯  �¥©¡­¨æ  ¯®á«¥ n-£® ç«¥­  ¨¬¥¥â §­ ª

¯¥à¢®£® ®â¡à®è¥­­®£® ç«¥­  ¨ ­¥ ¯à¥¢®áå®¤¨â ¥£® ¯®  ¡á®-

«îâ­®© ¢¥«¨ç¨­¥. � ª ª ª Rn = S − Sn, â® ¯®«ãç ¥¬ ®æ¥­ªã

áã¬¬ë ¢á¥£® àï¤  ¯® ¥£® ®áâ âªã ¯®á«¥ n-£® ç«¥­ 

|S − Sn| 6 an+1

,

−an+1

6 S − Sn 6 an+1

,

Sn − an+1

6 S 6 Sn + an+1

.

Ǳà¨¬¥à 22.

∞∑

n=1

(−1)

n−1

n = 1− 1

2

+

1

3

− . . .

�â® §­ ª®ç¥à¥¤ãîé¨©áï àï¤. �ç¥¢¨¤­®, çâ® an > 0,

lim

n→∞
an = lim

n→∞
1

n
= 0

¨ an+1

=

1

n+1

< 1

n = an. �ï¤ ã¤®¢«¥â¢®àï¥â ¢á¥¬ ãá«®¢¨ï¬ â¥®à¥¬ë

�¥©¡­¨æ  (¯.14

◦
) ¨ ¯®íâ®¬ã áå®¤¨âáï.

�æ¥­¨¬ áã¬¬ã àï¤ , ãç¨âë¢ ï, çâ® áã¬¬  àï¤  ¨¬¥¥â §­ ª ¯¥à-

¢®£® ®â¡à®è¥­­®£® ç«¥­ :

 ) ¯® ®áâ âªã ¯®á«¥ ¯¥à¢®£® ç«¥­ 

1− 1

2

6 S 6 1 ⇔ 0,5 6 S 6 1;

¡) ¯® ®áâ âªã ¯®á«¥ ¢â®à®£® ç«¥­ 

1− 1

2

6 S 6

(

1− 1

2

)

+

1

3

⇔ 0,5 6 S 6 0,833.

� ª �¤ë¬ á«¥¤ãîé¨¬ è £®¬ ®æ¥­ª  ¯®«ãç ¥âáï â®ç­¥¥.
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§4. �¡á®«îâ­ ï ¨ ­¥ ¡á®«îâ­ ï (ãá«®¢­ ï)
áå®¤¨¬®áâì àï¤ 

� áá¬®âà¨¬ àï¤

∞∑

n=1

an, ç«¥­ë ª®â®à®£® ¨¬¥îâ ¯à®¨§¢®«ì­ë¥ §­ -

ª¨.

15

◦. �®áâ â®ç­ë© ¯à¨§­ ª áå®¤¨¬®áâ¨ §­ ª®¯¥à¥¬¥­­ëå

àï¤®¢. Ǳãáâì

∞∑

n=1

an | àï¤ á ç«¥­ ¬¨ ¯à®¨§¢®«ì­ëå §­ ª®¢.

�á«¨ áå®¤¨âáï àï¤ , á®áâ ¢«¥­­ë© ¨§  ¡á®«îâ­ëå ¢¥«¨ç¨­

¥£® ç«¥­®¢

∞∑

n=1

|an|, â® áå®¤¨âáï ¨ á ¬ àï¤

∞∑

n=1

an.

�®ª § â¥«ìáâ¢®. �ï¤

∞∑

n=1

|an| áå®¤¨âáï. �®£¤ , á®£« á­® ªà¨â¥-
à¨î �®è¨ (¯.5

◦
), ¤«ï «î¡®£® ε > 0 áãé¥áâ¢ã¥â â ª®© ­®¬¥à N , çâ®

¤«ï «î¡®£® ­®¬¥à  n > N ¨ «î¡®£® ­®¬¥à  p ¢ë¯®«­ï¥âáï ­¥à ¢¥­-
áâ¢®

∣
∣|an+1

|+ |an+2

|+ . . .+ |an+p|
∣
∣ < ε ⇔ |an+1

|+ |an+2

|+ . . .+ |an+p| < ε.

� ª ª ª ¬®¤ã«ì áã¬¬ë ­¥ ¡®«ìè¥, ç¥¬ áã¬¬  ¬®¤ã«¥©, â®

|an+1

+ an+2

+ . . .+ an+p| 6 |an+1

|+ |an+2

|+ . . .+ |an+p| < ε.

�â ª ¤«ï «î¡®£® ε > 0 áãé¥áâ¢ã¥â â ª®© ­®¬¥à N , çâ® ¤«ï

«î¡®£® ­®¬¥à  n > N ¨ «î¡®£® p ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

|an+1

+ an+2

+ . . . + an+p| < ε. �®£¤  àï¤

∞∑

n=1

an áå®¤¨âáï á®£« á-

­® ªà¨â¥à¨î �®è¨ (¯.5

◦
). �â¢¥à�¤¥­¨¥ ¤®ª § ­®.

�®�­® ¯à¨¢¥áâ¨ ¥é¥ ®¤¨­ ¢ à¨ ­â ¤®ª § â¥«ìáâ¢ . �¡®§­ ç¨¬

bn =

{
an, ¥á«¨ an > 0,

0, ¥á«¨ an < 0,
cn =

{
0, ¥á«¨ an > 0,

−an, ¥á«¨ an < 0.
� íâ®¬ á«ãç ¥

0 6 bn 6 |an| ¨ 0 6 cn 6 |an|, â.¥. àï¤ë

∞∑

n=1

bn ¨

∞∑

n=1

cn ¯®«®�¨-

â¥«ì­ë¥ ¨ ¬ �®à¨àã¥¬ë¥ áå®¤ïé¨¬áï àï¤®¬

∞∑

n=1

|an|. Ǳ® ¯¥à¢®©

â¥®à¥¬¥ áà ¢­¥­¨ï (¯.9

◦
) ®­¨ áå®¤ïâáï. �à®¬¥ â®£® an = bn − cn,

¨ á«¥¤®¢ â¥«ì­®, ¯® ¢â®à®¬ã á«¥¤áâ¢¨î á¢®©áâ¢  «¨­¥©­®áâ¨ (¯.2

◦
)

àï¤

∞∑

n=1

an â®�¥ áå®¤¨âáï. Ǳà¨§­ ª ¤®ª § ­ ¢â®àë¬ á¯®á®¡®¬.

�¡à â­®¥ ­¥ ¢á¥£¤  ¢¥à­®. � ¯à¨¬¥à¥ 22 ¡ë«  ¤®ª § ­  áå®¤¨-

¬®áâì àï¤ 

∞∑

n=1

(−1)

n−1

n . �ï¤, á®áâ ¢«¥­­ë© ¨§  ¡á®«îâ­ëå ¢¥«¨ç¨­,
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¨¬¥¥â ¢¨¤

∞∑

n=1

∣
∣
∣
(−1)

n−1

n

∣
∣
∣ =

∞∑

n=1

1

n . �â® £ à¬®­¨ç¥áª¨© àï¤, ¨áá«¥¤®-

¢ ­­ë© ¢ ¯à¨¬¥à å 6 ¨ 21. �­ à áå®¤¨âáï. �â ª, á ¬ àï¤ ¬®�¥â

áå®¤¨âìáï, ¤ �¥ ¥á«¨ àï¤, á®áâ ¢«¥­­ë© ¨§  ¡á®«îâ­ëå ¢¥«¨ç¨­,

à áå®¤¨âáï.

�¯à¥¤¥«¥­¨¥. �ï¤ ­ §ë¢ ¥âáï  ¡á®«îâ­® áå®¤ïé¨¬áï,

¥á«¨ áå®¤¨âáï àï¤ ¨§  ¡á®«îâ­ëå ¢¥«¨ç¨­ ¥£® ç«¥­®¢. �á«¨

á ¬ àï¤ áå®¤¨âáï,   àï¤ ¨§  ¡á®«îâ­ëå ¢¥«¨ç¨­ ¥£® ç«¥-

­®¢ à áå®¤¨âáï, â® â ª®© àï¤ ­ §ë¢ ¥âáï ­¥ ¡á®«îâ­® áå®-

¤ïé¨¬áï (¨«¨ ãá«®¢­® áå®¤ïé¨¬áï).

� ª¨¬ ®¡à §®¬, àï¤

∞∑

n=1

(−1)

n−1

n | ­¥ ¡á®«îâ­® áå®¤ïé¨©áï.

� ¬¥ç ­¨¥. �¥§ ¢¨á¨¬® ®â â®£®, ª ª áå®¤¨âáï àï¤,  ¡á®«îâ­®

¨«¨ ­¥ ¡á®«îâ­®, áå®¤¨¬®áâì ¯®­¨¬ ¥âáï, ª ª ¨ ¢ëè¥, ¢ á¬ëá«¥

®¯à¥¤¥«¥­¨ï ¨§ §1.
�®ª �¥¬ â¥®à¥¬ë, ¯®§¢®«ïîé¨¥ ¢ ­¥ª®â®àëå á«ãç ïå ãáâ ­®-

¢¨âì  ¡á®«îâ­ãî áå®¤¨¬®áâì àï¤ .

16

◦. Ǳà¨§­ ª � « ¬¡¥à  ¤«ï §­ ª®¯¥à¥¬¥­­ëå àï¤®¢.

Ǳãáâì

∞∑

n=1

an | àï¤ á ç«¥­ ¬¨ ¯à®¨§¢®«ì­ëå §­ ª®¢ (an 6= 0),

¨ ¯ãáâì lim

n→∞

∣
∣
∣
an+1

an

∣
∣
∣ = l. �®£¤ , ¥á«¨ l < 1 , â® àï¤

∞∑

n=1

an áå®-

¤¨âáï  ¡á®«îâ­®,   ¥á«¨ l > 1 ¨«¨ l = +∞, â® à áå®¤¨âáï.

�®ª § â¥«ìáâ¢®.

1) Ǳãáâì lim

n→∞

∣
∣
∣
an+1

an

∣
∣
∣ = l ¨ l < 1. � áá¬®âà¨¬ àï¤, á®áâ ¢«¥­­ë©

¨§  ¡á®«îâ­ëå ¢¥«¨ç¨­

∞∑

n=1

|an|. �«ï ¨áá«¥¤®¢ ­¨ï ¥£® áå®¤¨¬®áâ¨
¯à¨¬¥­¨¬ ¯à¨§­ ª � « ¬¡¥à  (¯.11

◦
).

lim

n→∞
|an+1

|
|an|

= lim

n→∞

∣
∣
∣
∣

an+1

an

∣
∣
∣
∣
= l < 1.

Ǳà¥¤¥« ¬¥­ìè¥ ¥¤¨­¨æë, ¨ â®£¤  àï¤

∞∑

n=1

|an| áå®¤¨âáï. �«¥¤®¢ -

â¥«ì­®, ¯® ®¯à¥¤¥«¥­¨î àï¤

∞∑

n=1

an áå®¤¨âáï  ¡á®«îâ­®.

2) Ǳãáâì lim

n→∞

∣
∣
∣
an+1

an

∣
∣
∣ = l ¨ l > 1. Ǳ®áª®«ìªã lim

n→∞

∣
∣
∣
an+1

an

∣
∣
∣ > 1, â®,

­¥§ ¢¨á¨¬® ®â â®£® ª®­¥ç­ë© íâ® ¯à¥¤¥« ¨«¨ ­¥â, ­ ©¤¥âáï ­®¬¥à

N â ª®©, çâ® ¤«ï ¢á¥å ­®¬¥à®¢ n > N á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®∣
∣
∣
an+1

an

∣
∣
∣ > 1. �âáî¤  á«¥¤ã¥â, çâ® |an+1

| > |an|. Ǳ®á«¥¤®¢ â¥«ì­®áâì
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{
|an|

}∞
n=1

¨§ ¯®«®�¨â¥«ì­ëå ç«¥­®¢ ­ ç¨­ ï á ­®¬¥à  N ¢®§à áâ ¥â

¨, á«¥¤®¢ â¥«ì­®, ­¥ ¬®�¥â ¨¬¥âì ¯à¥¤¥«  à ¢­®£® ­ã«î, §­ ç¨â

¨ lim

n→∞
an 6= 0. � ª ª ª ®¡é¨© ç«¥­ àï¤ 

∞∑

n=1

an ­¥ áâà¥¬¨âáï ª

­ã«î, â® íâ®â àï¤ ¯® ¤®áâ â®ç­®¬ã ¯à¨§­ ªã à áå®¤¨¬®áâ¨ (¯.7

◦
)

à áå®¤¨âáï.

�¥®à¥¬  ¤®ª § ­  ¯®«­®áâìî.

� ¬¥ç ­¨¥. Ǳà¨§­ ª � « ¬¡¥à  ¤«ï §­ ª®¯¥à¥¬¥­­ëå àï¤®¢

­¥ ¯à¨­®á¨â ¨­ä®à¬ æ¨¨ ® áå®¤¨¬®áâ¨ àï¤ 

∞∑

n=1

an ¢ á«ãç ¥, ¥á«¨

lim

n→∞

∣
∣
∣
an+1

an

∣
∣
∣ = 1. Ǳà¨ íâ®¬ àï¤ ¬®�¥â ª ª à áå®¤¨âìáï, â ª ¨ áå®-

¤¨âìáï, ¯à¨ç¥¬ áå®¤¨¬®áâì ¬®�¥â ¡ëâì ª ª  ¡á®«îâ­ ï, â ª ¨ ­¥-

 ¡á®«îâ­ ï.

17

◦. Ǳà¨§­ ª �®è¨ | � ª«®à¥­  ¤«ï §­ ª®¯¥à¥¬¥­­ëå

àï¤®¢. Ǳãáâì

∞∑

n=1

an | àï¤ á ç«¥­ ¬¨ ¯à®¨§¢®«ì­ëå §­ -

ª®¢, ¨ ¯ãáâì lim

n→∞
n
√

|an| = l. �®£¤ , ¥á«¨ l < 1 , â® àï¤

∞∑

n=1

an

áå®¤¨âáï  ¡á®«îâ­®,   ¥á«¨ l > 1 ¨«¨ l = +∞, â® à áå®¤¨âáï.

�®ª § â¥«ìáâ¢®.

1) Ǳãáâì lim

n→∞
n
√

|an| = l ¨ l < 1. � áá¬®âà¨¬ àï¤, á®áâ ¢«¥­­ë©

¨§  ¡á®«îâ­ëå ¢¥«¨ç¨­

∞∑

n=1

|an|. �«ï ¨áá«¥¤®¢ ­¨ï ¥£® áå®¤¨¬®áâ¨

¯à¨¬¥­¨¬ ¯à¨§­ ª �®è¨ | � ª«®à¥­  (¯.12

◦
). lim

n→∞
n
√

|an| = l < 1.

Ǳà¥¤¥« ¬¥­ìè¥ ¥¤¨­¨æë, ¨ â®£¤  àï¤

∞∑

n=1

|an| áå®¤¨âáï. �«¥¤®¢ -

â¥«ì­®, ¯® ®¯à¥¤¥«¥­¨î àï¤

∞∑

n=1

an áå®¤¨âáï  ¡á®«îâ­®.

2) Ǳãáâì lim

n→∞
n
√

|an| = l ¨ l > 1. Ǳ®áª®«ìªã lim

n→∞
n
√

|an| > 1,

â® ­¥§ ¢¨á¨¬® ®â â®£®, ª®­¥ç­ë© íâ® ¯à¥¤¥« ¨«¨ ­¥â, ­ ©¤¥âáï ­®-

¬¥à N â ª®©, çâ® ¤«ï ¢á¥å ­®¬¥à®¢ n > N á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

n
√

|an| > 1. �âáî¤  á«¥¤ã¥â, çâ® |an| > 1. Ǳ®íâ®¬ã ¥á«¨ ¯®á«¥¤®-

¢ â¥«ì­®áâì

{
|an|

}∞
n=1

¨¬¥¥â ¯à¥¤¥«, â® ®­ ­¥ ¬¥­ìè¥ ¥¤¨­¨æë ¨,

á«¥¤®¢ â¥«ì­®, ­¥ à ¢¥­ ­ã«î, §­ ç¨â ¨ lim

n→∞
an 6= 0. � ª ª ª ®¡é¨©

ç«¥­ àï¤ 

∞∑

n=1

an ­¥ áâà¥¬¨âáï ª ­ã«î, â® íâ®â àï¤ ¯® ¤®áâ â®ç­®¬ã

¯à¨§­ ªã à áå®¤¨¬®áâ¨ (¯.7

◦
) à áå®¤¨âáï.

�¥®à¥¬  ¤®ª § ­  ¯®«­®áâìî.
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� ¬¥ç ­¨¥. Ǳà¨§­ ª �®è¨ | � ª«®à¥­  ¤«ï §­ ª®¯¥à¥¬¥­­ëå

àï¤®¢ ­¥ ¯à¨­®á¨â ¨­ä®à¬ æ¨¨ ® áå®¤¨¬®áâ¨ àï¤ 

∞∑

i=1

ai ¢ á«ãç ¥,

¥á«¨ lim

n→∞
n
√

|an| = 1. Ǳà¨ íâ®¬ àï¤ ¬®�¥â ª ª à áå®¤¨âìáï, â ª

¨ áå®¤¨âìáï, ¯à¨ç¥¬ áå®¤¨¬®áâì ¬®�¥â ¡ëâì ª ª  ¡á®«îâ­ ï, â ª

¨ ­¥ ¡á®«îâ­ ï. � ª ç¥áâ¢¥ ¯à¨¬¥à®¢ §­ ª®¯¥à¥¬¥­­ëå àï¤®¢, ¨á-

á«¥¤®¢ ­¨¥ ª®â®àëå á ¯®¬®éìî ¯à¨§­ ª®¢ � « ¬¡¥à  ¨ �®è¨ |

� ª«®à¥­  ¡¥á¯®«¥§­®, ä®à¬ «ì­® ¯®¤å®¤ïâ §­ ª®¯®áâ®ï­­ë¥ àï-

¤ë, ®¡« ¤ îé¨¥ â¥¬ �¥ á¢®©áâ¢®¬, ­ ¯à¨¬¥à ®¡®¡é¥­­ë¥ £ à¬®­¨-

ç¥áª¨¥ ¨«¨ àï¤, à áá¬®âà¥­­ë© ¢ ¯à¨¬¥à¥ 16,   â ª�¥ «î¡ë¥ §­ -

ª®¯¥à¥¬¥­­ë¥, ¤«ï ª®â®àëå ãª § ­­ë¥ àï¤ë ï¢«ïîâáï àï¤ ¬¨ ¨§

 ¡á®«îâ­ëå §­ ç¥­¨© ¨å ç«¥­®¢ (á¬. ¯à¨¬¥à 22).

�à®¬¥ à áá¬®âà¥­­ëå áãé¥áâ¢ãîâ ¨ ¤àã£¨¥ ¯à¨§­ ª¨ ¤«ï ¨áá«¥-

¤®¢ ­¨ï áå®¤¨¬®áâ¨ ª ª ¯®«®�¨â¥«ì­ëå â ª ¨ §­ ª®¯¥à¥¬¥­­ëå àï-

¤®¢. � ¨¡®«¥¥ ¨§¢¥áâ­ë¥ ¨§ ­¨å ¯à¨§­ ª¨ �¡¥«ï ¨ �¨à¨å«¥

(
[8,

£« . XI , §3, 372℄ ¨«¨ [5, £« . I , §2℄
)
.

�« ¢  II

�������������� ����

§5. Ǳ®­ïâ¨¥ ® äã­ªæ¨®­ «ì­®¬ àï¤¥

�¯à¥¤¥«¥­¨¥. Ǳãáâì

{
ui(x)

}∞
i=1

¯®á«¥¤®¢ â¥«ì­®áâì äã­ª-

æ¨©, § ¤ ­­ëå ­  ¬­®�¥áâ¢¥ X. �ëà �¥­¨¥ ¢¨¤ 

∞∑

i=1

ui(x) = u

1

(x) + u

2

(x) + . . .+ un(x) + . . . ,

£¤¥ x ∈ X, ­ §ë¢ ¥âáï äã­ªæ¨®­ «ì­ë¬ àï¤®¬. Ǳà¨ x = x
0

,

x
0

∈ X, ¨¬¥¥¬ ç¨á«®¢®© àï¤

∞∑

i=1

ui(x0). �á«¨ íâ®â àï¤ áå®¤¨âáï,

â® â®çª  x
0

­ §ë¢ ¥âáï â®çª®© áå®¤¨¬®áâ¨ äã­ªæ¨®­ «ì­®£® àï-

¤ . �­®�¥áâ¢® â®ç¥ª áå®¤¨¬®áâ¨ X
áå

äã­ªæ¨®­ «ì­®£® àï¤ 

­ §ë¢ ¥âáï ¥£® ®¡« áâìî áå®¤¨¬®áâ¨. �ç¥¢¨¤­®, çâ® X
áå

⊂ X.
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Ǳ®  ­ «®£¨¨ á ç¨á«®¢ë¬¨ àï¤ ¬¨ ¯®á«¥¤®¢ â¥«ì­®áâì

S

1

(x) = u

1

(x),

S

2

(x) = u

1

(x) + u

2

(x),

S

3

(x) = u

1

(x) + u

2

(x) + u

3

(x),

· · ·
Sn(x) = u

1

(x) + u

2

(x) + u

3

(x) + . . .+ un(x),

· · ·

­ §ë¢ ¥âáï ¯®á«¥¤®¢ â¥«ì­®áâìî ç áâ¨ç­ëå áã¬¬ àï¤ .

� ®â«¨ç¨¥ ®â ¯®á«¥¤®¢ â¥«ì­®áâ¨ ç áâ¨ç­ëå áã¬¬ ç¨á«®¢®£® àï-

¤ , Sn(x) ï¢«ï¥âáï ­¥ ç¨á«®¢®© ¯®á«¥¤®¢ â¥«ì­®áâìî,   äã­ªæ¨®-

­ «ì­®©. Ǳ®íâ®¬ã ¥¥ ¡ã¤¥¬ ®¡®§­ ç âì ­¥ ªãàá¨¢­®© ¡ãª¢®©,   ¯àï-

¬®©. �® �¥ ®â­®á¨âáï ª® ¢á¥¬ ®áâ «ì­ë¬ ¢¥«¨ç¨­ ¬ (áã¬¬¥ àï¤ ,

áã¬¬¥ ®áâ âª  àï¤ ). �§ ®¯à¥¤¥«¥­¨ï ®¡« áâ¨ áå®¤¨¬®áâ¨ á«¥¤ã¥â,

çâ® ¤«ï «î¡®£® x ∈ X
áå

áãé¥áâ¢ã¥â ª®­¥ç­ë© ¯à¥¤¥« ¯®á«¥¤®¢ -

â¥«ì­®áâ¨

{
Sn(x)

}∞
n=1

à ¢­ë© S(x). �â ª, lim

n→∞
Sn(x) = S(x), ¥á«¨

x ∈ X
áå

. �«ï áå®¤ïé¥£®áï àï¤  ¥£® ®áâ â®ª ¯®á«¥ n-£® ç«¥­  áå®¤¨â-

áï. �ã¬¬  ®áâ âª  ®¡®§­ ç ¥âáï Rn(x) =
∞∑

i=n+1

ui(x). Ǳ® á¢®©áâ¢ã

¯.4

◦
lim

n→∞

∣
∣
Rn(x)

∣
∣
= 0. �â® ¬®�­® áä®à¬ã«¨à®¢ âì â ª: ¤«ï «î¡®£®

ε > 0 ¨ ¤«ï «î¡®£® x ∈ X
áå

(®¡« áâ¨ áå®¤¨¬®áâ¨ äã­ªæ¨®­ «ì-

­®£® àï¤ ) áãé¥áâ¢ã¥â â ª®© ­®¬¥à N (¢®®¡é¥ £®¢®àï à §­ë© ¤«ï

à §­ëå x), çâ® ¤«ï ¢á¥å ­®¬¥à®¢ n > N á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

∣
∣
S(x) − Sn(x)

∣
∣ < ε, ¨«¨

∣
∣
Rn(x)

∣
∣ < ε. � ­¥ª®â®àëå á«ãç ïå ¬®�¥â

áãé¥áâ¢®¢ âì ¥¤¨­ë© ­®¬¥à N ¤«ï ¢á¥å x ∈ X
áå

. � ª¨¥ àï¤ë ¡ã¤¥¬

à áá¬ âà¨¢ âì ¢ á«¥¤ãîé¥¬ ¯ à £à ä¥.

§6. � ¢­®¬¥à­ ï áå®¤¨¬®áâì äã­ªæ¨®­ «ì­®£® àï¤ 

�¯à¥¤¥«¥­¨¥. Ǳãáâì àï¤

∞∑

i=1

ui(x) áå®¤¨âáï ¯à¨ ¢á¥å x ∈ X
áå

.

�ã¤¥¬ £®¢®à¨âì, çâ® àï¤

∞∑

i=1

ui(x) à ¢­®¬¥à­® áå®¤¨âáï ­ 

¬­®�¥áâ¢¥ E ⊂ X
áå

, ¥á«¨ ¤«ï «î¡®£® ε > 0 áãé¥áâ¢ã¥â â ª®¥

ç¨á«® N , çâ® ¤«ï ¢á¥å ­®¬¥à®¢ n > N ¨ ¤«ï «î¡®£® x ∈ E

¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

∣
∣
S(x)− Sn(x)

∣
∣ < ε ⇔

∣
∣
Rn(x)

∣
∣ < ε.

�âáî¤  á«¥¤ã¥â, çâ® ¤«ï à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ ­®¬¥à N ¤®«-

�¥­ ¡ëâì ®¡é¨¬ ¤«ï ¢á¥å x ∈ E .
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�â¬¥â¨¬, çâ® ¢ë¯®«­¥­¨¥ ­¥à ¢¥­áâ¢

∣
∣
S(x) − Sn(x)

∣
∣ < ε ⇔

⇔
∣
∣
Rn(x)

∣
∣ < ε ®¤­®¢à¥¬¥­­® ¤«ï ¢á¥å x ∈ E à ¢­®á¨«ì­® ¢ë¯®«-

­¥­¨î ­¥à ¢¥­áâ¢

sup

x∈E

∣
∣
S(x) − Sn(x)

∣
∣ < ε ⇔ sup

x∈E

∣
∣
Rn(x)

∣
∣ < ε

á®®â¢¥âáâ¢¥­­®.

�®¯®áâ ¢«ïï íâ® § ¬¥ç ­¨¥ á ®¯à¥¤¥«¥­¨¥¬ ¯à¥¤¥«  ¯®á«¥¤®¢ -

â¥«ì­®áâ¨, ¬®�­® ¯®«ãç¨âì á«¥¤ãîé¥¥ ãâ¢¥à�¤¥­¨¥.

18

◦. �¥®¡å®¤¨¬ë© ¨ ¤®áâ â®ç­ë© ¯à¨§­ ª à ¢­®¬¥à­®©

áå®¤¨¬®áâ¨ äã­ªæ¨®­ «ì­®£® àï¤ : àï¤

∞∑

i=1

ui(x) à ¢­®¬¥à­®

áå®¤¨âáï ­  ¬­®�¥áâ¢¥ E , ¥á«¨ lim

n→∞
sup

x∈E

∣
∣
Rn(x)

∣
∣
= 0.

Ǳà¨¬¥à 23.

∞∑

i=1

1

(x+i)(x+i+1)

, £¤¥ x ∈ [0,+∞).

Ǳà¥®¡à §ã¥¬ ®¡é¨© ç«¥­ àï¤ 

ui(x) =
1

(x+ i)(x+ i+ 1)

=

(x+ i+ 1)− (x+ i)

(x+ i)(x+ i+ 1)

=

1

x+ i
− 1

x+ i+ 1

.

� ©¤¥¬ n-î ç áâ¨ç­ãî áã¬¬ã àï¤ 

Sn(x) = u

1

(x) + u

2

(x) + . . .+ un(x) =

=

(
1

x+ 1

− 1

x+ 2

)

+

(
1

x+ 2

− 1

x+ 3

)

+. . .+

(
1

x+ n
− 1

x+ n+ 1

)

=

=

1

x+ 1

− 1

x+ n+ 1

.

�áâà¥¬«ïï n ª ¡¥áª®­¥ç­®áâ¨, ¯®«ãç¨¬

S(x) = lim

n→∞
Sn(x) = lim

n→∞

(
1

x+ 1

− 1

x+ n+ 1

)

=

1

x+ 1

.

�®£¤ 

∣
∣
Rn(x)

∣
∣
=

∣
∣
S(x) − Sn(x)

∣
∣
=

=

∣
∣
∣
∣

1

x+ 1

−
(

1

x+ 1

− 1

x+ n+ 1

)∣
∣
∣
∣
=

1

x+ n+ 1

,
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¤«ï «î¡®£® x ∈ [0,+∞). � íâ®¬ á«ãç ¥

sup

x∈[0,+∞)

∣
∣
Rn(x)

∣
∣
=

1

n+ 1

,

¨

lim

n→∞
sup

x∈[0,+∞)

∣
∣
Rn(x)

∣
∣
= lim

n→∞
1

n+ 1

= 0.

Ǳ® ­¥®¡å®¤¨¬®¬ã ¨ ¤®áâ â®ç­®¬ã ¯à¨§­ ªã à ¢­®¬¥à­®© áå®¤¨¬®-

áâ¨ (¯.18

◦
) äã­ªæ¨®­ «ì­ë© àï¤

∞∑

i=1

1

(x+i)(x+i+1)

áå®¤¨âáï ­  [0,+∞)

à ¢­®¬¥à­®.

Ǳà¨¬¥à 24.

∞∑

i=1

xi
(1− x) , £¤¥ x ∈ [0, 1℄.

Ǳà¥®¡à §ã¥¬ ®¡é¨© ç«¥­ àï¤ 

ui(x) = xi
(1− x) = xi − xi+1.

� ©¤¥¬ n-î ç áâ¨ç­ãî áã¬¬ã àï¤ 

Sn(x) = (x− x2) + (x2 − x3) + . . .+ (xn − xn+1

).

� áªàë¢ ï áª®¡ª¨ ¨ ¯à¨¢®¤ï ¯®¤®¡­ë¥ ç«¥­ë, ¯®«ãç ¥¬

Sn = x− xn+1.

�®£¤ 

S(x) = lim

n→∞
Sn(x) = lim

n→∞
(x− xn+1

) =

{
x, ¥á«¨ x ∈ [0, 1);

0, ¥á«¨ x = 1.

∣
∣
Rn(x)

∣
∣
=

∣
∣
S(x)− Sn(x)

∣
∣
=

=

{ ∣
∣x− (x− xn+1

)

∣
∣, ¥á«¨ x ∈ [0, 1);

|0− 0|, ¥á«¨ x = 1.
=

{
xn+1, ¥á«¨ x ∈ [0, 1);

0, ¥á«¨ x = 1.

�á­®, çâ® sup

x∈[0,1℄

∣
∣
Rn(x)

∣
∣
= 1 ¨ ¯à¨ n → ∞ ®­ ­¥ áâà¥¬¨âáï ª ­ã«î.

�«¥¤®¢ â¥«ì­®, ¯® ­¥®¡å®¤¨¬®¬ã ¨ ¤®áâ â®ç­®¬ã ¯à¨§­ ªã à ¢­®-

¬¥à­®© áå®¤¨¬®áâ¨ (¯.18

◦
) ¨áá«¥¤ã¥¬ë© àï¤ áå®¤¨âáï ­¥à ¢­®¬¥à-

­®. �â¬¥â¨¬, çâ® ¥á«¨ áã§¨âì ¯à®¬¥�ãâ®ª ¨§¬¥­¥­¨ï x ¤® [0, a℄,
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£¤¥ 0 < a < 1, â® ­  ­¥¬ áå®¤¨¬®áâì ¡ã¤¥â à ¢­®¬¥à­®©, â ª ª ª

sup

x∈[0,a℄

∣
∣
Rn(x)

∣
∣
= an+1

, ¨ lim

n→∞
sup

x∈[0,a℄

∣
∣
Rn(x)

∣
∣
= lim

n→∞
an+1

= 0.

Ǳà¨¬¥à 25.

∞∑

i=1

xi
= x+ x2 + x3 + . . .+ xn

+ . . .

�â®â àï¤ | áã¬¬  £¥®¬¥âà¨ç¥áª®© ¯à®£à¥áá¨¨ à áá¬®âà¥­­ ï ¢

¯à¨¬¥à å 1 { 3. Ǳà¨ |x| < 1 àï¤ áå®¤¨âáï, ¯à¨ |x| > 1 à áå®¤¨âáï.

�ëïá­¨¬ ¢®¯à®á ® ¥£® à ¢­®¬¥à­®© áå®¤¨¬®áâ¨. �ã¬¬  ¯¥à¢ëå n
ç«¥­®¢ £¥®¬¥âà¨ç¥áª®© ¯à®£à¥áá¨¨, ¯¥à¢ë© ç«¥­ ¨ §­ ¬¥­ â¥«ì ª®-

â®à®© à ¢­ë x, ¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥ Sn(x) =
x(1−xn

)

1−x . � áã¬¬ 

¢á¥£® àï¤  S(x) = x
1−x . �ç¥¢¨¤­®, çâ®  ¡á®«îâ­ ï ¢¥«¨ç¨­  ®áâ âª 

∣
∣
Rn(x)

∣
∣
=

∣
∣
S(x) − Sn(x)

∣
∣
=

∣
∣
∣
∣

x(1− xn
)

1− x
− x

1− x

∣
∣
∣
∣
=

∣
∣
∣
∣

xn+1

1− x

∣
∣
∣
∣
.

�®£¤  sup

x∈(−1,1)

∣
∣
Rn(x)

∣
∣
= sup

x∈(−1,1)

∣
∣
∣
xn+1

1−x

∣
∣
∣ = +∞ ¨ ª ­ã«î ­¥ áâà¥¬¨âáï.

�â® ®§­ ç ¥â, çâ® ­  ¨­â¥à¢ «¥ (−1, 1) àï¤ áå®¤¨âáï ­¥à ¢­®¬¥à-

­®. � â® �¥ ¢à¥¬ï ­  «î¡®¬ ¯à®¬¥�ãâª¥ [a, b℄ ⊂ (−1, 1) àï¤
∞∑

i=1

xi

áå®¤¨âáï à ¢­®¬¥à­®. �¥©áâ¢¨â¥«ì­®,

sup

x∈[a,b℄

∣
∣
Rn(x)

∣
∣
= sup

x∈[a,b℄

∣
∣
∣
∣

xn+1

1− x

∣
∣
∣
∣
=

(
max

{
|a|, |b|

})n+1

1− b
,

lim

n→∞
sup

x∈[a,b℄

∣
∣
Rn(x)

∣
∣
= lim

n→∞

(
max

{
|a|, |b|

})n+1

1− b
= 0,

çâ® ¯® ­¥®¡å®¤¨¬®¬ã ¨ ¤®áâ â®ç­®¬ã ¯à¨§­ ªã à ¢­®¬¥à­®© áå®-

¤¨¬®áâ¨ (¯.18

◦
) ¨ ®§­ ç ¥â à ¢­®¬¥à­ãî áå®¤¨¬®áâì àï¤ 

∞∑

i=1

xi
­ 

«î¡®¬ ¯à®¬¥�ãâª¥ [a, b℄ ⊂ (−1, 1).
Ǳà¨¬¥à 26.

∞∑

n=1

e−nx
.

�â®¡ë ¢®á¯®«ì§®¢ âìáï à¥§ã«ìâ â ¬¨, ¯®«ãç¥­­ë¬¨ ¢ ¯à¨¬¥-

à¥ 25, á¤¥« ¥¬ § ¬¥­ã ¯¥à¥¬¥­­®© y = e−x
. �¥¯¥àì ¨áá«¥¤ã¥¬ë© àï¤

¯à¨¬¥â ¢¨¤

∞∑

n=1

yn, â.¥. á®¢¯ ¤ ¥â á àï¤®¬ ¨§ ¯à¨¬¥à  25. �«¥¤®¢ -

â¥«ì­®, ¯à¨ |y| > 1 ®­ à áå®¤¨âáï, ¯à¨ |y| < 1 áå®¤¨âáï  ¡á®«îâ­®,

  ¯à¨ |y| < r, £¤¥ 0 < r < 1, áå®¤¨âáï à ¢­®¬¥à­®. �®§¢à é ïáì ª

¯¥à¥¬¥­­®© x, ¯®«ãç¨¬ ®ª®­ç â¥«ì­ë© ®â¢¥â: ¯à¨ |e−x| < 1⇔ x > 0
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àï¤

∞∑

n=1

e−nx
áå®¤¨âáï  ¡á®«îâ­®, ¯à¨ |e−x| > 1 ⇔ x 6 0 à áå®¤¨âáï,

  ¯à¨ x > a ¤«ï «î¡®£® a > 0 áå®¤¨âáï à ¢­®¬¥à­®.

19

◦. �à¨â¥à¨© �®è¨ à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ àï¤ . �«ï

â®£® çâ®¡ë àï¤

∞∑

i=1

ui(x) à ¢­®¬¥à­® áå®¤¨«áï ­  ¬­®�¥áâ¢¥

E , ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¤«ï «î¡®£® ε > 0 ­ è¥«-

áï â ª®© ­®¬¥à N , çâ® ¤«ï ¢á¥å ­®¬¥à®¢ n > N ¨ «î¡ëå p ∈ N

¤«ï ¯à®¨§¢®«ì­®£® x ∈ E ¢ë¯®«­ï«®áì ­¥à ¢¥­áâ¢®

∣
∣
un+1

(x) + un+2

(x) + . . .+ un+p(x)
∣
∣ < ε.

�®ª § â¥«ìáâ¢®.

�¥®¡å®¤¨¬®áâì. Ǳãáâì àï¤

∞∑

i=1

ui(x) áå®¤¨âáï à ¢­®¬¥à­® ­  ¬­®-

�¥áâ¢¥ E ª äã­ªæ¨¨ S(x). �®£¤  ¤«ï «î¡®£® ε > 0 ­ ©¤¥âáï ­®¬¥à

N â ª®©, çâ® ¤«ï «î¡®£® n > N ¨ ¤«ï «î¡®£® x ∈ E ¢ë¯®«­ï¥âáï

­¥à ¢¥­áâ¢®

∣
∣
Sn(x) − S(x)

∣
∣ < ε

2

. �ç¥¢¨¤­®, çâ® ¤«ï «î¡®£® p á¯à -

¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

∣
∣
Sn+p(x) − S(x)

∣
∣ < ε

2

. �®£¤ 

∣
∣
Sn+p(x)− Sn(x)

∣
∣
=

∣
∣
Sn+p(x)− S(x)−

(
Sn(x) − S(x)

)∣
∣ 6

6
∣
∣
Sn+p(x) − S(x)

∣
∣
+

∣
∣
Sn(x)− S(x)

∣
∣ <

ε

2

+

ε

2

= ε,

¯®áª®«ìªã ¬®¤ã«ì à §­®áâ¨ ­¥ ¡®«ìè¥ áã¬¬ë ¬®¤ã«¥©. �®

∣
∣
Sn+p(x)−Sn(x)

∣
∣
=

∣
∣
u

1

(x)+u
2

(x)+. . .+un(x)+un+1

(x)+un+2

(x)+. . .

. . .+ un+p(x)− u

1

(x)− u

2

(x)− . . .− un(x)
∣
∣
=

=

∣
∣
un+1

(x) + un+2

(x) + . . .+ un+p(x)
∣
∣.

�â ª, ¤«ï «î¡®£® ε > 0 áãé¥áâ¢ã¥â ­®¬¥à N â ª®©, çâ® ¤«ï ¢á¥å

­®¬¥à®¢ n > N ¨ «î¡ëå p ∈ N ¤«ï ¯à®¨§¢®«ì­®£® x ∈ E ¢ë¯®«­ï¥âáï

­¥à ¢¥­áâ¢®

∣
∣
un+1

(x) + un+2

(x) + . . .+ un+p(x)
∣
∣ < ε.

�®áâ â®ç­®áâì. Ǳãáâì ¤«ï «î¡ëå ε > ε
1

> 0 áãé¥áâ¢ã¥â ­®¬¥à

¯
,

N â ª®©, çâ® ¤«ï «î¡®£® ­®¬¥à  n > N , «î¡®£® p ∈ N ¨ «î¡®£®

x ∈ E á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

∣
∣
un+1

(x)+un+2

(x)+ . . .+un+p(x)
∣
∣ < ε

1

⇔
∣
∣
Sn+p(x)−Sn(x)

∣
∣ < ε

1

. (8)
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� ä¨ªá¨àã¥¬ x ∈ E . � á¨«ã (8) ¯® ¯à¨­æ¨¯ã áå®¤¨¬®áâ¨ �®«ìæ -

­® | �®è¨ ¤«ï ¯®á«¥¤®¢ â¥«ì­®áâ¥© [9, £« . III , §5, 52℄ áãé¥-
áâ¢ã¥â ª®­¥ç­ë© ¯à¥¤¥« ¯®á«¥¤®¢ â¥«ì­®áâ¨

{
Sn(x)

}∞
n=1

. Ǳãáâì

lim

n→∞
Sn(x) = S(x) ¤«ï «î¡®£® x ∈ E . Ǳ¥à¥å®¤ï ª ¯à¥¤¥«ã ¢ ­¥-

à ¢¥­áâ¢¥ (8) ¯à¨ p → ∞ , ¯®«ãç¨¬

∣
∣
S(x) − Sn(x)

∣
∣ 6 ε

1

< ε ¤«ï

«î¡®£® x ∈ E . �â ª, ¤«ï «î¡®£® ε > 0 áãé¥áâ¢ã¥â ­®¬¥à N â ª®©,

çâ® ¤«ï «î¡®£® ­®¬¥à  n > N , «î¡®£® p ∈ N ¨ «î¡®£® x ∈ E ¢ë¯®«-

­ï¥âáï ­¥à ¢¥­áâ¢®

∣
∣
S(x) − Sn(x)

∣
∣ < ε. �«¥¤®¢ â¥«ì­®, àï¤

∞∑

i=1

ui(x)

áå®¤¨âáï à ¢­®¬¥à­® ­  ¬­®�¥áâ¢¥ E .

�¥®à¥¬  ¤®ª § ­ .

20

◦. Ǳà¨§­ ª �¥©¥àèâà áá  à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ àï-

¤ . � ­ äã­ªæ¨®­ «ì­ë© àï¤

∞∑

i=1

ui(x), £¤¥ x ∈ E , ¨ áãé¥-

áâ¢ã¥â áå®¤ïé¨©áï ç¨á«®¢®© àï¤

∞∑

i=1

ci (­ §ë¢ ¥¬ë© ¬ �®-

à ­â­ë¬ àï¤®¬), â ª®©, çâ® ¤«ï «î¡®£® ­®¬¥à  n > N ¨

«î¡®£® x ∈ E á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

∣
∣
ui(x)

∣
∣ 6 ci. �®£¤  àï¤

∞∑

i=1

ui(x) áå®¤¨âáï ­  ¬­®�¥áâ¢¥ E à ¢­®¬¥à­® ¨  ¡á®«îâ­®.

�®ª § â¥«ìáâ¢®. �®£« á­® ªà¨â¥à¨î �®è¨ (¯.5

◦
) ¤«ï áå®¤ïé¥-

£®áï ç¨á«®¢®£® àï¤ 

∞∑

i=1

ci ¤«ï «î¡®£® ε > 0 ­ ©¤¥âáï â ª®© ­®¬¥àN ,

çâ® ¤«ï «î¡®£® ­®¬¥à  n > N ¨ ¤«ï «î¡®£® ­®¬¥à  p á¯à ¢¥¤«¨¢®

­¥à ¢¥­áâ¢®

|cn+1

+ cn+2

+ . . .+ cn+p| < ε ⇔ cn+1

+ cn+2

+ . . .+ cn+p < ε

(¬®¤ã«ì ¬®�­® ®¯ãáâ¨âì, â ª ª ª ¨§ ãá«®¢¨ï á«¥¤ã¥â, çâ® ci > 0).

Ǳ®áª®«ìªã ¬®¤ã«ì áã¬¬ë ­¥ ¡®«ìè¥ áã¬¬ë ¬®¤ã«¥© ¨¬¥¥¬ ­¥à ¢¥­-

áâ¢®

∣
∣
un+1

(x) + un+2

(x) + . . .+ un+p(x)
∣
∣ 6

6
∣
∣
un+1

(x)
∣
∣
+

∣
∣
un+2

(x)
∣
∣
+. . .+

∣
∣
un+p(x)

∣
∣ < cn+1

+cn+2

+. . .+cn+p < ε,

¢¥à­®¥ ¤«ï «î¡®£® x ∈ E . �â ª, ¤«ï «î¡®£® ε > 0 ­ è¥«áï ­®¬¥à N
â ª®©, çâ® ¤«ï «î¡®£® ­®¬¥à  n > N , «î¡®£® ­®¬¥à  p ¨ «î¡®£®

x ∈ E á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

∣
∣
un+1

(x) + un+2

(x) + . . .+ un+p(x)
∣
∣ < ε.
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�®£¤  ¯® ªà¨â¥à¨î �®è¨ à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ àï¤  (¯.19

◦
) àï¤

∞∑

i=1

ui(x) áå®¤¨âáï à ¢­®¬¥à­® ­  ¬­®�¥áâ¢¥ E .

�¡á®«îâ­ ï áå®¤¨¬®áâì àï¤ 

∞∑

i=1

ui(x) á«¥¤ã¥â ¨§ ¢ë¯®«­¥­¨ï ­¥-

à ¢¥­áâ¢ 

∣
∣| un+1

(x)| + | un+2

(x)| + . . . + | un+p(x)|
∣
∣ < ε ¯à¨ â¥å �¥

ãá«®¢¨ïå ­  n, p ¨ x ¯® ªà¨â¥à¨î �®è¨ (¯.19

◦
). �®«¥¥ â®£®, ¬®�­®

ãâ¢¥à�¤ âì, çâ® ¨§ ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢  ¢ëâ¥ª ¥â à ¢­®¬¥à­ ï

áå®¤¨¬®áâì àï¤ 

∞∑

i=1

∣
∣
ui(x)

∣
∣
. � ª ï áå®¤¨¬®áâì ­ §ë¢ ¥âáï  ¡á®«îâ-

­® à ¢­®¬¥à­®©. �â¬¥â¨¬ ¥é¥, çâ® ¥á«¨ áå®¤¨âáï ç¨á«®¢®© àï¤

∞∑

i=1

sup

x∈E

∣
∣
ui(x)

∣
∣
, â® â®£¤  àï¤

∞∑

i=1

ui(x) ­ §ë¢ ¥âáï ¬ �®à¨àã¥¬ë¬ ¨«¨

­®à¬ «ì­® áå®¤ïé¨¬áï (­®à¬  ¤«ï ¢¥é¥áâ¢¥­­ëå ç¨á¥« á®¢¯ ¤ ¥â

á ¬®¤ã«¥¬). � íâ®¬ á«ãç ¥ ¢ ª ç¥áâ¢¥ ç«¥­®¢ ¬ �®à ­â­®£® àï¤  ci
¬®�­® ¢§ïâì sup

x∈E

∣
∣
ui(x)

∣
∣
.

Ǳà¨¬¥à 27.

∞∑

n=1

sinnx
n2 .

� ª ª ª ¬­®�¥áâ¢® §­ ç¥­¨© á¨­ãá  ¥áâì ¯à®¬¥�ãâ®ª [−1, 1℄, â®
sup

x∈R

∣
∣ sinnx

n2

∣
∣
=

1

n2 . �ï¤

∞∑

n=1

1

n2 áå®¤¨âáï (á¬. ¯à¨¬¥àë 8 ¨ 21), ¨ á«¥¤®-

¢ â¥«ì­®, ¯® ¯à¨§­ ªã �¥©¥àèâà áá  (¯.20

◦
) àï¤

∞∑

n=1

sinnx
n2 áå®¤¨âáï

 ¡á®«îâ­®, à ¢­®¬¥à­® ¨  ¡á®«îâ­® à ¢­®¬¥à­® ­  ¢á¥© ç¨á«®¢®©

®á¨.

Ǳà¨¬¥à 28.

∞∑

n=1

x2e−nx
.

�­ ç «  ®â¬¥â¨¬, çâ® ¯à¨ x < 0 ®¡é¨© ç«¥­ àï¤  ­¥ áâà¥¬¨âáï ª

­ã«î (¡®«¥¥ â®£®, áâà¥¬¨âáï ª ¡¥áª®­¥ç­®áâ¨), ¨, á«¥¤®¢ â¥«ì­®, ¯®

¤®áâ â®ç­®¬ã ¯à¨§­ ªã à áå®¤¨¬®áâ¨ (¯.7

◦
) àï¤ à áå®¤¨âáï. �¥¯¥àì

á ¯®¬®éìî ¯à¨§­ ª  �¥©¥àèâà áá  (¯.20

◦
) ¤®ª �¥¬, çâ® ¯à¨ x > 0

àï¤

∞∑

n=1

x2e−nx
áå®¤¨âáï à ¢­®¬¥à­® (¥á«¨ íâ®â àï¤ áå®¤¨âáï ¯à¨

x > 0, â® áå®¤¨¬®áâì ¡ã¤¥â ®¡ï§ â¥«ì­® ¨  ¡á®«îâ­ ï, â ª ª ª ®­ |

àï¤ á ¯®«®�¨â¥«ì­ë¬¨ ç«¥­ ¬¨).

� ©¤¥¬ ­ ¨¡®«ìè¥¥ §­ ç¥­¨¥ äã­ªæ¨¨ un(x) = x2e−nx
¯à¨ x > 0.

�«ï íâ®£® ¢ëç¨á«¨¬ ¯à®¨§¢®¤­ãî

u

′

n(x) = 2xe−nx
+ x2e−nx

(−n) = xe−nx
(2− nx).

Ǳà¨ x < 2

n u

′

n(x) > 0 ¨ un(x) ¢®§à áâ ¥â. Ǳà¨ x > 2

n u

′

n(x) < 0
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¨ un(x) ã¡ë¢ ¥â. �«¥¤®¢ â¥«ì­®, äã­ªæ¨ï un(x) = x2e−nx
¨¬¥¥â

¬ ªá¨¬ã¬ ¢ â®çª¥ x = 2

n ,   â ª ª ª ®­  ­¥¯à¥àë¢­  ­  ¯à®¬¥�ãâª¥

[0,+∞), £¤¥ íâ®â íªáâà¥¬ã¬ ¥¤¨­áâ¢¥­­ë©, â® ¢¬¥áâ¥ á ­¨¬ ¨ ­ ¨-

¡®«ìè¥¥ §­ ç¥­¨¥. � á ¬® ­ ¨¡®«ìè¥¥ §­ ç¥­¨¥ à ¢­®

sup

x∈[0,+∞)

un(x) = un

(
2

n

)

=

(
2

n

)
2

e−2

=

4

e2
· 1

n2
.

�ï¤

∞∑

n=1

4

e2 · 1

n2 =
4

e2

∞∑

n=1

1

n2 á â®ç­®áâìî ¤® ¯®áâ®ï­­®£® ¬­®�¨â¥«ï

4

e2

á®¢¯ ¤ ¥â á àï¤®¬

∞∑

n=1

1

n2 , ª®â®àë© áå®¤¨âáï (á¬. ¯à¨¬¥àë 8 ¨ 21).

�«¥¤®¢ â¥«ì­®, ¬ �®à ­â­ë© àï¤

∞∑

n=1

4

e2 · 1

n2 áå®¤¨âáï. �â® ®§­ ç ¥â,

çâ® ¯® ¯à¨§­ ªã �¥©¥àèâà áá  àï¤

∞∑

n=1

x2e−nx
áå®¤¨âáï à ¢­®¬¥à­®

­  ¯à®¬¥�ãâª¥ [0,+∞).

� ¬¥ç ­¨¥. � �®à¨àã¥¬ë¥ àï¤ë á®£« á­® ¯à¨§­ ªã �¥©¥à-

èâà áá  áå®¤ïâáï à ¢­®¬¥à­® ¨  ¡á®«îâ­®. �¥ á«¥¤ã¥â ¤ã¬ âì, çâ®

íâ¨ ¤¢  ¢¨¤  áå®¤¨¬®áâ¨ á«¥¤ãîâ ®¤¨­ ¨§ ¤àã£®£®. �å®¤ïâáï  ¡á®-

«îâ­®, ­® ­¥ à ¢­®¬¥à­® àï¤ë, à áá¬®âà¥­­ë¥ ¢ ¯à¨¬¥à å 24 { 26.

�î¡®© àï¤ á ¯®«®�¨â¥«ì­ë¬¨ ç«¥­ ¬¨, ¥á«¨ áå®¤¨âáï, â®  ¡á®«îâ-

­®, ­® ®­ ¬®�¥â áå®¤¨âìáï ­¥à ¢­®¬¥à­®. Ǳà¨¢¥¤¥¬ ¯à¨¬¥à äã­ª-

æ¨®­ «ì­®£® àï¤ , áå®¤ïé¥£®áï à ¢­®¬¥à­®, ­® ­¥  ¡á®«îâ­®.

Ǳà¨¬¥à 29.

∞∑

k=1

(−1)

k

x+k , £¤¥ x ∈ [0,+∞).

�ï¤ ¨§  ¡á®«îâ­ëå §­ ç¥­¨© ç«¥­®¢

∞∑

k=1

1

x+k à áå®¤¨âáï. �¥©-

áâ¢¨â¥«ì­®, ¥£® ®¡é¨© ç«¥­ ¯à¨ k → ∞ íª¢¨¢ «¥­â¥­

1

k , â ª ª ª

lim

k→∞

1

x+k
1

k

= lim

k→∞

k

x+ k
= lim

k→∞

1

x
k + 1

= 1.

�«¥¤®¢ â¥«ì­®, ¯® ¯¥à¢®¬ã á«¥¤áâ¢¨î ¨§ â¥®à¥¬ë áà ¢­¥­¨ï ¢ ¯à¥-

¤¥«ì­®© ä®à¬¥ (¯.10

◦
), àï¤

∞∑

k=1

1

x+k ¨¬¥¥â ®¤¨­ ª®¢ãî áå®¤¨¬®áâì

á £ à¬®­¨ç¥áª¨¬ àï¤®¬

∞∑

k=1

1

k , ª®â®àë© à áå®¤¨âáï (á¬. ¯à¨¬¥àë 6

¨ 21). � ¬ àï¤

∞∑

k=1

(−1)

k

x+k áå®¤¨âáï ¯® ¯à¨§­ ªã �¥©¡­¨æ  (¯.14

◦
)

(
¤«ï
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«î¡®£® x ∈ [0,+∞) ®­ §­ ª®ç¥à¥¤ãîé¨©áï, ak =

1

x+k > 1

x+k+1

=

= ak+1

> 0 ¨ lim

k→∞
ak = lim

k→∞
1

x+k = 0

)
. �®ª �¥¬ à ¢­®¬¥à­ãî áå®-

¤¨¬®áâì àï¤ 

∞∑

k=1

(−1)

k

x+k . Ǳ® á«¥¤áâ¢¨î ¨§ â¥®à¥¬ë �¥©¡­¨æ  ¬®�­®

®æ¥­¨âì ®áâ â®ª àï¤ 

∣
∣
Rn(x)

∣
∣ 6

∣
∣
un+1

(x)
∣
∣
=

1

x+ n+ 1

,

¥á«¨ x ∈ [0,+∞). Ǳ®íâ®¬ã sup

x∈[0,+∞)

∣
∣
Rn(x)

∣
∣ 6 sup

x∈[0,+∞)

∣
∣ 1

x+n+1

∣
∣ 6

1

n+1

.

� ª ª ª lim

n→∞
1

n+1

= 0 ¨ sup

x∈[0,+∞)

∣
∣
Rn(x)

∣
∣ > 0, â®

lim

n→∞
sup

x∈[0,+∞)

∣
∣
Rn(x)

∣
∣
= 0. �â® ¨ ®§­ ç ¥â, çâ® àï¤

∞∑

k=1

(−1)

k

x+k áå®¤¨âáï

­  [0,+∞) à ¢­®¬¥à­®.

�â¬¥â¨¬ ¥é¥, çâ® áãé¥áâ¢ãîâ äã­ªæ¨®­ «ì­ë¥ àï¤ë, áå®¤ïé¨-

¥áï  ¡á®«îâ­® ¨ à ¢­®¬¥à­®, ­® ¯à¨ íâ®¬ ­¥ áå®¤ïé¨¥áï  ¡á®«îâ­®

à ¢­®¬¥à­®,   â ª�¥ àï¤ë áå®¤ïé¨¥áï  ¡á®«îâ­® à ¢­®¬¥à­®, ­®

¯à¨ íâ®¬ ­¥ ¬ �®à¨àã¥¬ë¥. Ǳà¨¬¥àë â ª¨å àï¤®¢ ¯à¨¢¥¤¥­ë ¢ [5,

£« . I , §4, 148, 149℄.

§7. �¢®©áâ¢  à ¢­®¬¥à­® áå®¤ïé¨åáï àï¤®¢

21

◦. �¥®à¥¬  ® ­¥¯à¥àë¢­®áâ¨ áã¬¬ë äã­ªæ¨®­ «ì­®£®

àï¤ . Ǳãáâì S(x) | áã¬¬  äã­ªæ¨®­ «ì­®£® àï¤ 

∞∑

i=1

ui(x),

£¤¥ x ∈ 〈a, b〉*. Ǳãáâì àï¤

∞∑

i=1

ui(x) áå®¤¨âáï à ¢­®¬¥à­® ­ 

¯à®¬¥�ãâª¥ 〈a, b〉 ¨ äã­ªæ¨¨ ui(x) ­¥¯à¥àë¢­ë ¢ 〈a, b〉. �®£¤ 
äã­ªæ¨ï S(x) ­¥¯à¥àë¢­  ¢ 〈a, b〉. �® ¥áâì áã¬¬  à ¢­®¬¥à­®
áå®¤ïé¥£®áï àï¤  ­¥¯à¥àë¢­ëå äã­ªæ¨© ­¥¯à¥àë¢­ .

�®ª § â¥«ìáâ¢®. � ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì­ãî â®çªã x
0

∈ 〈a, b〉
¨ ¤®ª �¥¬ ­¥¯à¥àë¢­®áâì äã­ªæ¨¨ S(x) ¢ íâ®© â®çª¥ (®¯à¥¤¥«¥­¨¥

­¥¯à¥àë¢­®áâ¨ á¬. ¢ [9, £« . IV , §1, 60℄. Ǳ®áª®«ìªã àï¤

∞∑

i=1

ui(x)

áå®¤¨âáï à ¢­®¬¥à­® ­  〈a, b〉, â® ¤«ï «î¡®£® ε > 0 áãé¥áâ¢ã¥â â ª®¥

ç¨á«® N , çâ® ¤«ï «î¡®£® ­®¬¥à  n, â ª®£® çâ® n > N , ¨ ¤«ï «î¡®£®

* �£«®¢ë¥ áª®¡ª¨ ®¡®§­ ç îâ, çâ® £à ­¨æë ¯à®¬¥�ãâª  ¬®£ãâ ª ª ¯à¨­ ¤-

«¥� âì ¥¬ã, â ª ¨ ­¥â.
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x ∈ 〈a, b〉 á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®
∣
∣
Rn(x)

∣
∣ < ε/3. � â®¬ ç¨á«¥ ®­®

¢¥à­® ¯à¨ x = x
0

:

∣
∣
Rn(x0)

∣
∣ < ε/3. � ä¨ªá¨àã¥¬ ­®¬¥à n

0

> N .

Ǳà¥¤áâ ¢¨¬ S(x) ¢ ¢¨¤¥ S(x) = Sn
0

(x) + Rn
0

(x). �®£¤ 

∣
∣
S(x) − S(x

0

)

∣
∣
=

∣
∣
Sn

0

(x) + Rn
0

(x) − Sn
0

(x
0

)− Rn
0

(x
0

)

∣
∣ 6

6
∣
∣
Sn

0

(x)− Sn
0

(x
0

)

∣
∣
+

∣
∣
Rn

0

(x)
∣
∣
+

∣
∣
Rn

0

(x
0

)

∣
∣ <

<
∣
∣
Sn

0

(x) − Sn
0

(x
0

)

∣
∣
+

ε

3

+

ε

3

=

∣
∣
Sn

0

(x) − Sn
0

(x
0

)

∣
∣
+

2ε

3

. (9)

�ã­ªæ¨ï Sn
0

(x) = u

1

(x) + u

2

(x) + . . . + un
0

(x) ­¥¯à¥àë¢­  ª ª áã¬-

¬  ª®­¥ç­®£® ç¨á«  ­¥¯à¥àë¢­ëå äã­ªæ¨©, â®£¤  ¤«ï «î¡®£® ε > 0

­ ©¤¥âáï â ª®¥ δ > 0, çâ® ¤«ï «î¡®£® x, ã¤®¢«¥â¢®àïîé¥£® ­¥à ¢¥­-
áâ¢ã |x− x

0

| < δ, ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®
∣
∣
Sn

0

(x)− Sn
0

(x
0

)

∣
∣ < ε/3.

�®£¤  ­¥à ¢¥­áâ¢® (9) ¬®�­® ¯¥à¥¯¨á âì â ª:

∣
∣
S(x)− S(x

0

)

∣
∣
=

∣
∣
Sn

0

(x) − Sn
0

(x
0

)

∣
∣
+

2ε

3

<
ε

3

+

2ε

3

= ε

¯à¨ |x− x
0

| < δ.
�â ª, ¤«ï «î¡®£® ε > 0 ­ è«®áì δ > 0 â ª®¥, çâ® ¤«ï «î¡ëå x,

ã¤®¢«¥â¢®àïîé¨å ­¥à ¢¥­áâ¢ã |x−x
0

| < δ, á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®
∣
∣
S(x)−S(x

0

)

∣
∣ < ε.Ǳ®íâ®¬ã äã­ªæ¨ï S(x) ­¥¯à¥àë¢­  ¢ ¯à®¨§¢®«ì­®©

â®çª¥ x
0

∈ 〈a, b〉, ¨ á«¥¤®¢ â¥«ì­®, ¢® ¢á¥¬ ¯à®¬¥�ãâª¥ 〈a, b〉.
�§ â¥®à¥¬ë ¢ëâ¥ª ¥â, çâ® ¥á«¨ áã¬¬  àï¤  à §àë¢­  ­  〈a, b〉,

â® ­  〈a, b〉 àï¤ áå®¤¨âáï ­¥à ¢­®¬¥à­®.

�¥©áâ¢¨â¥«ì­®, ¢ ¯à®â¨¢­®¬ á«ãç ¥, ¥á«¨ ¡ë àï¤ áå®¤¨«áï à ¢-

­®¬¥à­®, â® ¯® â¥®à¥¬¥ ® ­¥¯à¥àë¢­®áâ¨ áã¬¬ë äã­ªæ¨®­ «ì­®£®

àï¤  (¯.21

◦
) áã¬¬  àï¤  ¡ë«  ¡ë ­¥¯à¥àë¢­ .

� ¯à¨¬¥à¥ 24 áã¬¬  àï¤ 

∞∑

i=1

xi
(1− x) à ¢­ 

S(x) =

{
x, ¥á«¨ x ∈ [0, 1);

0, ¥á«¨ x = 1,

â.¥. à §àë¢­ . �âáî¤  á«¥¤ã¥â, çâ® ­  ¯à®¬¥�ãâª¥ [0, 1℄ àï¤
∞∑

i=1

xi
(1 − x) áå®¤¨âáï ­¥à ¢­®¬¥à­®

(
¢ ¯à¨¬¥à¥ 24 íâ® ¡ë«® ¤®ª -

§ ­® ­  ®á­®¢¥ ­¥®¡å®¤¨¬®£® ¨ ¤®áâ â®ç­®£® ¯à¨§­ ª  à ¢­®¬¥à­®©

áå®¤¨¬®áâ¨ (¯.18

◦
)

)
.

22

◦. �¥®à¥¬  ® ¯®ç«¥­­®¬ ¨­â¥£à¨à®¢ ­¨¨ äã­ªæ¨®­ «ì-

­®£® àï¤ . Ǳãáâì S(x) | áã¬¬  äã­ªæ¨®­ «ì­®£® àï¤ 
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∞∑

i=1

ui(x), £¤¥ x ∈ [a, b℄. �ï¤

∞∑

i=1

ui(x) áå®¤¨âáï à ¢­®¬¥à­® ­ 

[a, b℄ ¨ äã­ªæ¨¨ ui(x) ­¥¯à¥àë¢­ë ­  [a, b℄. �®£¤  ¤«ï «î¡®£®
¯à®¬¥�ãâª  [α, β℄ ⊂ [a, b℄ á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

β∫

α

S(x)dx =

β∫

α

( ∞∑

i=1

ui(x)

)

dx =

∞∑

i=1

β∫

α

ui(x)dx,

â.¥. à ¢­®¬¥à­® áå®¤ïé¨©áï àï¤ ¨§ ­¥¯à¥àë¢­ëå äã­ªæ¨©

¬®�­® ¨­â¥£à¨à®¢ âì ¯®ç«¥­­® ¢ «î¡®¬ ¯à®¬¥�ãâª¥ ¢å®-

¤ïé¨¬ ¢ ¨­â¥à¢ « à ¢­®¬¥à­®© áå®¤¨¬®áâ¨.

�®ª § â¥«ìáâ¢®. � ª ª ª àï¤

∞∑

i=1

ui(x) áå®¤¨âáï à ¢­®¬¥à­® ­ 

[a, b℄, â® ¯® ®¯à¥¤¥«¥­¨î à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ ¤«ï «î¡®£® ε > 0

áãé¥áâ¢ã¥â ç¨á«® N â ª®¥, çâ® ¤«ï ¢á¥å ­®¬¥à®¢ n > N ¨ «î¡®£®

x ∈ [a, b℄ ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

∣
∣
Rn(x)

∣
∣ < ε

b−a . � ä¨ªá¨àã¥¬

n > N ¨ ¯à¥¤áâ ¢¨¬ S(x) ¢ á«¥¤ãîé¥¬ ¢¨¤¥

S(x) = Sn(x) + Rn(x) = u

1

(x) + u

2

(x) + . . .+ un(x) + Rn(x), (10)

¯à¨ç¥¬

∣
∣
Rn(x)

∣
∣ < ε

b−a . Ǳà®¨­â¥£à¨à®¢ ¢ à ¢¥­áâ¢® (10) ¯® ¯à®¨§-

¢®«ì­®¬ã ¯à®¬¥�ãâªã [α, β℄ ⊂ [a, b℄, ¯®«ãç¨¬

β∫

α

S(x)dx =

β∫

α

u

1

(x)dx+

β∫

α

u

2

(x)dx+. . .+

β∫

α

un(x)dx+

β∫

α

Rn(x)dx =

=

n∑

i=1

β∫

α

ui(x)dx +

β∫

α

Rn(x)dx. (11)

�®ª �¥¬, çâ® lim

n→∞

β∫

α

Rn(x)dx = 0. Ǳ®áª®«ìªã

∣
∣
Rn(x)

∣
∣ < ε

b−a ¤«ï

«î¡®£® ­®¬¥à  n > N , â®

∣
∣
∣
∣
∣
∣

β∫

α

Rn(x)dx

∣
∣
∣
∣
∣
∣

6

β∫

α

∣
∣
Rn(x)

∣
∣dx <

<

β∫

α

ε

b− a
dx =

ε

b− a
x

∣
∣
∣
∣

β

α

=

ε

b− a
(β − α) 6 ε, ¥á«¨ n > N.

�âáî¤  á«¥¤ã¥â, çâ® lim

n→∞

β∫

α

Rn(x)dx = 0. Ǳ¥à¥å®¤ï ¢ à ¢¥­áâ¢¥ (11)
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ª ¯à¥¤¥«ã ¯à¨ n → ∞, ¯®«ãç¨¬

β∫

α

S(x)dx =

∞∑

i=1

β∫

α

ui(x)dx.

�¥®à¥¬  ¤®ª § ­ .

23

◦. �¥®à¥¬  ® ¯®ç«¥­­®¬ ¤¨ää¥à¥­æ¨à®¢ ­¨¨ äã­ªæ¨®-

­ «ì­®£® àï¤ . Ǳãáâì S(x) | áã¬¬  äã­ªæ¨®­ «ì­®£® àï¤ 

∞∑

i=1

ui(x), £¤¥ x ∈ [a, b℄, G(x) | áã¬¬  äã­ªæ¨®­ «ì­®£® àï¤ 

∞∑

i=1

u

′

i(x), £¤¥ x ∈ [a, b℄. �ï¤

∞∑

i=1

ui(x) áå®¤¨âáï ­  [a, b℄, àï¤

∞∑

i=1

u

′

i(x) áå®¤¨âáï à ¢­®¬¥à­® ¢ [a, b℄, ¨ äã­ªæ¨¨ u

′

i(x) ­¥¯à¥-

àë¢­ë ­  [a, b℄. �®£¤  á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

( ∞∑

i=1

ui(x)

)′

= S

′

(x) = G(x) =

∞∑

i=1

u

′

i(x)

¤«ï «î¡®£® x ∈ (a, b).

�® ¥áâì äã­ªæ¨®­ «ì­ë© àï¤ ¬®�­® ¤¨ää¥à¥­æ¨à®¢ âì

¯®ç«¥­­®, ¥á«¨ ¯à®¨§¢®¤­ë¥ ç«¥­®¢ àï¤  ­¥¯à¥àë¢­ë, ¨

àï¤, á®áâ ¢«¥­­ë© ¨§ ¯à®¨§¢®¤­ëå, áå®¤¨âáï à ¢­®¬¥à­®.

�®ª § â¥«ìáâ¢®.

Ǳ®áª®«ìªã ui(t) (i = 1, 2, 3, . . . ) ­¥¯à¥àë¢­ë ¢ [a, b℄ ¨ àï¤

∞∑

i=1

ui(t)

áå®¤¨âáï à ¢­®¬¥à­® ¢ [a, b℄ â®, ¯® â¥®à¥¬¥ ® ¯®ç«¥­­®¬ ¨­â¥£à¨-

à®¢ ­¨¨ äã­ªæ¨®­ «ì­®£® àï¤  (¯.22

◦
), àï¤ G(t) =

∞∑

i=1

ui(t) ¬®�­®

¨­â¥£à¨à®¢ âì ¯®ç«¥­­® ¢ «î¡®¬ ¯à®¬¥�ãâª¥ [a, x℄ ⊂ [a, b℄. �®£¤ 

á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

x∫

a

G(t)dt =

x∫

a

∞∑

i=1

u

′

i(t)dt =

∞∑

i=1

x∫

a

u

′

i(t)dt =

∞∑

i=1

ui(t)

∣
∣
∣
∣

x

a

=

=

∞∑

i=1

(
ui(x) − ui(a)

)
=

∞∑

i=1

ui(x) −
∞∑

i=1

ui(a) = S(x)− S(a).
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�¨ää¥à¥­æ¨àãï íâ® à ¢¥­áâ¢® ¯® x, ¯®«ãç¨¬





x∫

a

G(t)dt





′

x

=

(
S(x)− S(a)

)′

x
= S

′

(x) − 0 = S

′

(x).

�¬¥áâ¥ á â¥¬, ¯® â¥®à¥¬¥ � àà®ã ([9℄, £« . XI , §2, 183)




x∫

a

G(t)dt





′

x

= G(x).

� íâ® ®§­ ç ¥â, çâ® G(x) = S

′

(x).

�« ¢  III

���Ǳ����� ����

§8. �¡« áâì áå®¤¨¬®áâ¨ áâ¥¯¥­­®£® àï¤ 

�¯à¥¤¥«¥­¨¥. �ï¤ ¢¨¤ 

∞∑

i=0

aix
i
= a

0

+ a
1

x+ a
2

x2 + . . .+ anx
n
+ . . . ,

£¤¥ x, a
0

, a
1

, a
2

, . . . , an, . . . | ¢¥é¥áâ¢¥­­ë¥ ç¨á« , ­ §ë¢ -

¥âáï áâ¥¯¥­­ë¬ àï¤®¬,   a
0

, a
1

, a
2

, . . . , an, . . . | ¥£® ª®íä-

ä¨æ¨¥­â ¬¨. �â¥¯¥­­®© àï¤ | ç áâ­ë© á«ãç © äã­ªæ¨®­ «ì­®£®

àï¤ .

�ç¥¢¨¤­®, çâ® ¯à¨ x = 0 íâ®â àï¤ áå®¤¨âáï ¨ ¥£® áã¬¬  à ¢­ 

a
0

, ¯®áª®«ìªã ¢á¥ ¥£® ç«¥­ë, ªà®¬¥ ¯¥à¢®£® à ¢­ë ­ã«î. �«¥¤ã-

îé¨¥ â¥®à¥¬ë ¡ã¤ãâ ¯®á¢ïé¥­ë ¨áá«¥¤®¢ ­¨î ®¡« áâ¨ áå®¤¨¬®áâ¨

áâ¥¯¥­­®£® àï¤ .

24

◦. Ǳ¥à¢ ï «¥¬¬  �¡¥«ï. �á«¨ áâ¥¯¥­­®© àï¤
∞∑

i=0

aix
i
áå®-

¤¨âáï ¯à¨ x = x
0

, â® ®­ áå®¤¨âáï  ¡á®«îâ­® ¯à¨ «î¡®¬ x,
ã¤®¢«¥â¢®àïîé¥¬ ­¥à ¢¥­áâ¢ã |x| < |x

0

|.
�®ª § â¥«ìáâ¢®. �® çâ® áâ¥¯¥­­®© àï¤

∞∑

i=0

aix
i
áå®¤¨âáï ¯à¨

x = x
0

, ®§­ ç ¥â, çâ® áå®¤¨âáï ç¨á«®¢®© àï¤

∞∑

i=0

aix
i
0

. �âáî¤ , ¯®
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­¥®¡å®¤¨¬®¬ã ¯à¨§­ ªã áå®¤¨¬®áâ¨ (¯.6

◦
) á«¥¤ã¥â, çâ® ¥£® ®¡é¨©

ç«¥­ áâà¥¬¨âáï ª ­ã«î, ¨ á«¥¤®¢ â¥«ì­®, ®£à ­¨ç¥­ [9, £« . III , §2,
36℄. �® ¥áâì áãé¥áâ¢ã¥â â ª®¥ ç¨á«® M , çâ® ¢ë¯®«­ï¥âáï ­¥à ¢¥­-

áâ¢®

∣
∣aix

i
0

∣
∣ < M ¤«ï «î¡®£® ­®¬¥à  i. � áá¬®âà¨¬ â¥¯¥àì áâ¥¯¥­­®©

àï¤

∞∑

i=0

aix
i
¯à¨ |x| < |x

0

|. Ǳà¨ â ª¨å x ¤«ï  ¡á®«îâ­®© ¢¥«¨ç¨­ë

®¡é¥£® ç«¥­  â ª®£® àï¤  á¯à ¢¥¤«¨¢  ®æ¥­ª 

∣
∣aix

i
∣
∣
=

∣
∣
∣
∣
∣
aix

i
0

(
x

x
0

)i
∣
∣
∣
∣
∣
=

∣
∣aix

i
0

∣
∣

∣
∣
∣
∣

x

x
0

∣
∣
∣
∣

i

< M

∣
∣
∣
∣

x

x
0

∣
∣
∣
∣

i

.

� â ª ª ª |x| < |x
0

|, â®
∣
∣
∣
x
x
0

∣
∣
∣ < 1 ¨ àï¤

∞∑

i=0

M
∣
∣
∣
x
x
0

∣
∣
∣

i

áå®¤¨âáï ª ª áã¬¬ 

£¥®¬¥âà¨ç¥áª®© ¯à®£à¥áá¨¨ á® §­ ¬¥­ â¥«¥¬, ¯® ¬®¤ã«î ¬¥­ìè¨¬

¥¤¨­¨æë (¯à¨¬¥à 3). �®£¤ , ¯® ¯¥à¢®© â¥®à¥¬¥ áà ¢­¥­¨ï àï¤®¢ á

¯®«®�¨â¥«ì­ë¬¨ ç«¥­ ¬¨ (¯.9

◦
), áå®¤¨âáï ¨ àï¤

∞∑

i=0

∣
∣aix

i
∣
∣
. �âáî¤ 

á«¥¤ã¥â, çâ® àï¤

∞∑

i=0

aix
i
áå®¤¨âáï  ¡á®«îâ­® ¯à¨ |x| < |x

0

|.
� ¬¥ç ­¨¥. � ¯¥à¢®© «¥¬¬¥ �¡¥«ï ãáâ ­®¢«¥­®, çâ® ¥á«¨ àï¤

∞∑

i=0

aix
i
áå®¤¨âáï ¯à¨ x = x

0

, â® ®­ áå®¤¨âáï  ¡á®«îâ­® ¢ ¨­-

â¥à¢ «¥

(
− |x

0

|, |x
0

|
)
.

�«¥¤áâ¢¨¥. �á«¨ áâ¥¯¥­­®© àï¤

∞∑

i=0

aix
i
à áå®¤¨âáï ¢ â®çª¥

~x 6= 0, â® ®­ à áå®¤¨âáï ¢ «î¡®© â®çª¥ x, ã¤®¢«¥â¢®àïîé¥©
­¥à ¢¥­áâ¢ã |x| > |~x|.

�®ª § â¥«ìáâ¢® ¯à®¢¥¤¥¬ ¬¥â®¤®¬ "®â ¯à®â¨¢­®£®". Ǳãáâì àï¤

áå®¤¨âáï ¢ ­¥ª®â®à®© â®çª¥ x, ¤«ï ª®â®à®© á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®
|x| > |~x|. �®£¤ , ¯® ¯¥à¢®© «¥¬¬¥ �¡¥«ï (¯.24◦), ®­ áå®¤¨âáï ¢ â®çª¥
|~x|, çâ® ­¥¢¥à­® ¯® ãá«®¢¨î. �«¥¤®¢ â¥«ì­®, ¢ «î¡®© â®çª¥ x, ¤«ï

ª®â®à®© á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® |x| > |~x|, àï¤
∞∑

i=0

aix
i
à áå®¤¨âáï.

25

◦. �¥®à¥¬  ® áâàãªâãà¥ ®¡« áâ¨ áå®¤¨¬®áâ¨ áâ¥¯¥­­®£®

àï¤ . �«ï «î¡®£® áâ¥¯¥­­®£® àï¤ 

∞∑

i=0

aix
i
áãé¥áâ¢ã¥â â ª®¥

R > 0 (¢ ç áâ­®áâ¨ R ¬®�¥â à ¢­ïâìáï +∞), çâ® àï¤ áå®¤¨âáï

 ¡á®«îâ­® ¯à¨ |x| < R ¨ à áå®¤¨âáï ¯à¨ |x| > R .

�®ª § â¥«ìáâ¢®. �ë«® ¯®ª § ­®, çâ® áâ¥¯¥­­®© àï¤

∞∑

i=0

aix
i

áå®¤¨âáï ¢ â®çª¥ x = 0. �á«¨ íâ® ¥¤¨­áâ¢¥­­ ï â®çª  áå®¤¨¬®áâ¨
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àï¤ , â® ¯®«®�¨¬ R = 0, â®£¤  â®ç¥ª, £¤¥ |x| < 0, ­¥â,   ¢® ¢á¥å

â®çª å, £¤¥ |x| > 0, àï¤ à áå®¤¨âáï.

�á«¨ àï¤ áå®¤¨âáï ¢ ­¥ª®â®à®© â®çª¥ x
0

6= 0, â® á®áâ ¢¨¬ ¬­®-

�¥áâ¢® X
áå

â ª¨å x, ¯à¨ ª®â®àëå àï¤ áå®¤¨âáï. �á«¨ íâ® ¬­®�¥-

áâ¢® ­¥ ®£à ­¨ç¥­®, â® ¢ ª ç¥áâ¢¥ R ¬®�­® ¢ë¡à âì +∞. �â® ¡ã¤¥â

®§­ ç âì, çâ® àï¤

∞∑

i=0

aix
i
áå®¤¨âáï ¢ «î¡®© â®çª¥ x

(
|x| < +∞

)
.

�¥©áâ¢¨â¥«ì­®, ¤«ï «î¡®£® x ¢ ­¥®£à ­¨ç¥­­®¬ ¬­®�¥áâ¢¥ X
áå

­ ©-

¤¥âáï â®çª  x
áå

, ¯à¥¢®áå®¤ïé ï x ¯® ¬®¤ã«î
(
|x

áå

| > |x|
)
, ¢ ª®â®à®©

àï¤

∞∑

i=0

aix
i
áå®¤¨âáï. �®£¤ , ¯® ¯¥à¢®© «¥¬¬¥ �¡¥«ï (¯.24

◦
), àï¤

∞∑

i=0

aix
i
¡ã¤¥â áå®¤¨âìáï ¨ ¢ â®çª¥ x.

�á«¨ ¬­®�¥áâ¢® X
áå

®£à ­¨ç¥­®, â® ¢ ª ç¥áâ¢¥ R ¬®�­® ¢ë¡à âì

sup

x∈X
áå

|x|. �¥©áâ¢¨â¥«ì­®, ¥á«¨ |x| > R , â® x /∈ X
áå

, ¨ ¯à¨ â ª¨å x àï¤

à áå®¤¨âáï. � ¥á«¨ |x| < R , â®, â ª ª ª R = sup

x∈X
áå

|x|, ­ ©¤¥âáï â ª®¥

ç¨á«® x
1

∈ X
áå

, çâ® |x| < |x
1

|
(
¨­ ç¥ |x| ¡ë«® ¡ë â®ç­®© ¢¥àå­¥©

£à ­¨æ¥© ¬­®�¥áâ¢ 

{
|x|
∣
∣x ∈ X

áå

}
, çâ® ­¥ â ª

)
, ¨ ¨§ áå®¤¨¬®áâ¨ àï¤ 

∞∑

i=0

aix
i
¢ â®çª¥ x

1

¯® ¯¥à¢®© «¥¬¬¥ �¡¥«ï (¯.24

◦
) ¡ã¤¥â ¢ëâ¥ª âì

 ¡á®«îâ­ ï áå®¤¨¬®áâì àï¤  ¢ â®çª¥ x.

�¥®à¥¬  ¤®ª § ­ .

�¯à¥¤¥«¥­¨¥. �¨á«® R > 0, â ª®¥ çâ® áâ¥¯¥­­®© àï¤

∞∑

i=0

aix
i

áå®¤¨âáï  ¡á®«îâ­® ¯à¨ |x| < R ¨ à áå®¤¨âáï ¯à¨ |x| > R, ­ -
§ë¢ ¥âáï à ¤¨ãá®¬ áå®¤¨¬®áâ¨ áâ¥¯¥­­®£® àï¤ . �á«¨ àï¤

∞∑

i=0

aix
i
áå®¤¨âáï â®«ìª® ¢ ®¤­®© â®çª¥ x = 0, â® à ¤¨ãá®¬

áå®¤¨¬®áâ¨ ¡ã¤¥¬ áç¨â âì ç¨á«® ­ã«ì,   ¥á«¨

∞∑

i=0

aix
i
áå®-

¤¨âáï ¢® ¢á¥å â®çª å ç¨á«®¢®© ¯àï¬®©, ¡ã¤¥¬ £®¢®à¨âì, çâ®

R = +∞ .

� â¥®à¥¬¥ ® áâàãªâãà¥ ®¡« áâ¨ áå®¤¨¬®áâ¨ áâ¥¯¥­­®£® àï¤ 

(¯.25

◦
) ãáâ ­®¢«¥­®, çâ® â ª®¥ R áãé¥áâ¢ã¥â ¤«ï «î¡®£® áâ¥¯¥­-

­®£® àï¤ . �¡« áâì áå®¤¨¬®áâ¨ áâ¥¯¥­­®£® àï¤  ¯à¥¤áâ ¢«ï¥â á®-

¡®© á®¡®© á¯«®è­®© ¯à®¬¥�ãâ®ª 〈−R,R〉 (®­ ¬®�¥â ¢ëà®�¤ âìáï

¢ â®çªã ¨«¨ á®¢¯ ¤ âì á® ¢á¥© ç¨á«®¢®© ®áìî). � ®âªàëâ®¬ ¯à®¬¥-

�ãâª¥ (−R,R) áâ¥¯¥­­®© àï¤ áå®¤¨âáï  ¡á®«îâ­®, ¢® ¢á¥å â®çª å

®¡ê¥¤¨­¥­¨ï (−∞,−R)∪ (R,+∞) à áå®¤¨âáï,   ­  ¨å £à ­¨æ å, â.¥.
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¢ â®çª å x = ±R, àï¤
∞∑

i=0

aix
i
¬®�¥â ª ª áå®¤¨âìáï (¯à¨ç¥¬ ª ª

 ¡á®«îâ­®, â ª ¨ ­¥ ¡á®«îâ­®!), â ª ¨ à áå®¤¨âìáï (à¨á. 2).

áå®¤¨âáï

à áå®¤¨âáï  ¡á®«îâ­® à áå®¤¨âáï

�¨á. 2.

? ?

−R 0 R x

�§ãç¥­­ë© áâ¥¯¥­­®© àï¤

∞∑

i=0

aix
i
ï¢«ï¥âáï áâ¥¯¥­­ë¬ àï¤®¬ ¯®

áâ¥¯¥­ï¬ x. �ï¤

∞∑

i=0

ai(x− x
0

)

i
= a

0

+ a
1

(x− x
0

) + a
2

(x− x
0

)

2

+ . . .+ an(x− x
0

)

n
+ . . .

â ª�¥ ­ §ë¢ ¥âáï áâ¥¯¥­­ë¬ àï¤®¬, ­® ¯® áâ¥¯¥­ï¬ (x−x
0

).

�¤¥« ¢ § ¬¥­ã ¯¥à¥¬¥­­®© y = x− x
0

, ¯®«ãç¨¬ àï¤ ¯® áâ¥¯¥­ï¬ y.
�«ï àï¤  ¯® áâ¥¯¥­ï¬ y áãé¥áâ¢ã¥â à ¤¨ãá áå®¤¨¬®áâ¨ R, â.¥. àï¤
∞∑

i=0

yi áå®¤¨âáï  ¡á®«îâ­® ¯à¨ |y| < R ¨ à áå®¤¨âáï ¯à¨ |y| > R .

�âáî¤  á«¥¤ã¥â, çâ® ¨áå®¤­ë© àï¤

∞∑

i=0

ai(x− x
0

)

i
áå®¤¨âáï  ¡á®«îâ-

­® ¯à¨ |x − x
0

| < R ⇔ x
0

− R < x < x
0

+ R ¨ à áå®¤¨âáï ¯à¨

|x − x
0

| > R ⇔
[
x < x

0

−R,
x > x

0

+R
. � ª¨¬ ®¡à §®¬, ®¡« áâì áå®¤¨¬®áâ¨

àï¤ 

∞∑

i=0

ai(x− x
0

)

i
| á¨¬¬¥âà¨ç­ë© ®â­®á¨â¥«ì­® â®çª¨ x

0

¯à®¬¥-

�ãâ®ª 〈x
0

− R, x
0

+ R〉, â.¥. ¨­â¥à¢ « áå®¤¨¬®áâ¨ á¬¥é ¥âáï ¯® ç¨-

á«®¢®© ®á¨ ­  ¢¥«¨ç¨­ã x
0

¢¯à ¢®. �­ãâà¨ ¯à®¬¥�ãâª  áå®¤¨¬®áâì

 ¡á®«îâ­ ï,   ­  ª®­æ å ¯à®¬¥�ãâª  ¬®�¥â ¡ëâì ª ª áå®¤¨¬®áâì

( ¡á®«îâ­ ï ¨«¨ ­¥ ¡á®«îâ­ ï), â ª ¨ à áå®¤¨¬®áâì.

�«¥¤ãîé¨¥ â¥®à¥¬ë ¤ îâ ã¤®¡­ë¥ ä®à¬ã«ë ¤«ï ¢ëç¨á«¥­¨ï à -

¤¨ãá  áå®¤¨¬®áâ¨ áâ¥¯¥­­®£® àï¤ .

26

◦.�®à¬ã«  ¤«ï ­ å®�¤¥­¨ï à ¤¨ãá  áå®¤¨¬®áâ¨ áâ¥¯¥­-

­®£® àï¤ . � ­ áâ¥¯¥­­®© àï¤

∞∑

n=0

an(x − x
0

)

n
¨ áãé¥áâ¢ã¥â

ª®­¥ç­ë© ¨«¨ ­¥â ¯à¥¤¥« lim

n→∞

∣
∣
∣

an

an+1

∣
∣
∣ = R , â®£¤  íâ®â ¯à¥¤¥«

à ¢¥­ à ¤¨ãáã áå®¤¨¬®áâ¨ áâ¥¯¥­­®£® àï¤ .
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�®ª § â¥«ìáâ¢®. Ǳà¨ x = x
0

àï¤

∞∑

n=0

an(x − x
0

)

n
áå®¤¨âáï  ¡-

á®«îâ­®. �«ï á«ãç ï x 6= x
0

¯à¨¬¥­¨¬ ¯à¨§­ ª � « ¬¡¥à  ¤«ï

§­ ª®¯¥à¥¬¥­­ëå àï¤®¢ (¯.16

◦
)

lim

n→∞

∣
∣
∣
∣

an+1

(x − x
0

)

n+1

an(x − x
0

)

n

∣
∣
∣
∣
= lim

n→∞

∣
∣
∣
∣

an+1

an

∣
∣
∣
∣
|x− x

0

| = |x− x
0

|
lim

n→∞

∣
∣
∣

an

an+1

∣
∣
∣

=

=







+∞, ¥á«¨ R = 0;

|x−x
0

|
R , ¥á«¨ 0 < R < +∞;

0, ¥á«¨ R = +∞.

�â ª, ¥á«¨ R = 0, â® ¯à¨ x 6= x
0

àï¤

∞∑

n=0

an(x − x
0

)

n
à áå®-

¤¨âáï; ¥á«¨ R ª®­¥ç­® ¨ ®â«¨ç­® ®â ­ã«ï, â® ¯à¨

|x−x
0

|
R < 1 ⇔

⇔ x
0

− R < x < x
0

+ R àï¤ áå®¤¨âáï  ¡á®«îâ­®, ¯à¨

|x−x
0

|
R > 1 ⇔

⇔
[
x < x

0

−R,
x > x

0

+R
à áå®¤¨âáï; ­ ª®­¥æ, ¥á«¨ R = +∞, â® àï¤

∞∑

n=0

an(x − x
0

)

n
áå®¤¨âáï  ¡á®«îâ­® ¯à¨ «î¡ëå §­ ç¥­¨ïå x.

�â® ®§­ ç ¥â, çâ® R | ¤¥©áâ¢¨â¥«ì­® à ¤¨ãá áå®¤¨¬®áâ¨ áâ¥¯¥­-

­®£® àï¤ 

∞∑

n=0

an(x− x
0

)

n
.

27

◦. �¥®à¥¬  �®è¨ | �¤ ¬ à . � ­ áâ¥¯¥­­®© àï¤

∞∑

n=0

an(x − x
0

)

n
¨ áãé¥áâ¢ã¥â ª®­¥ç­ë© ¨«¨ ­¥â ¯à¥¤¥«

lim

n→∞
1

n
√

|an|
= R , â®£¤  íâ®â ¯à¥¤¥« à ¢¥­ à ¤¨ãáã áå®¤¨¬®-

áâ¨ áâ¥¯¥­­®£® àï¤ .

�®ª § â¥«ìáâ¢®. Ǳà¨ x = x
0

àï¤

∞∑

n=0

an(x−x
0

)

n
áå®¤¨âáï  ¡á®-

«îâ­®. �«ï á«ãç ï x 6= x
0

¯à¨¬¥­¨¬ ¯à¨§­ ª �®è¨ | � ª«®à¥­ 

¤«ï §­ ª®¯¥à¥¬¥­­ëå àï¤®¢ (¯.17

◦
)

lim

n→∞

∣
∣
∣

n
√

an(x− x
0

)

n
∣
∣
∣ = lim

n→∞
n
√

|an||x− x
0

| = |x− x
0

|
lim

n→∞
1

n
√

|an|
=

=







+∞, ¥á«¨ R = 0;

|x−x
0

|
R , ¥á«¨ 0 < R < +∞;

0, ¥á«¨ R = +∞.
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�â ª, ¥á«¨ R = 0, â® ¯à¨ x 6= x
0

àï¤

∞∑

n=0

an(x − x
0

)

n
à áå®-

¤¨âáï; ¥á«¨ R ª®­¥ç­® ¨ ®â«¨ç­® ®â ­ã«ï, â® ¯à¨

|x−x
0

|
R < 1 ⇔

⇔ x
0

− R < x < x
0

+ R àï¤ áå®¤¨âáï  ¡á®«îâ­®, ¯à¨

|x−x
0

|
R > 1 ⇔

⇔
[
x < x

0

−R
x > x

0

+R
à áå®¤¨âáï; ¨ ­ ª®­¥æ, ¥á«¨ R = +∞, â® àï¤

∞∑

n=0

an(x − x
0

)

n
áå®¤¨âáï  ¡á®«îâ­® ¯à¨ «î¡ëå §­ ç¥­¨ïå x. �â®

®§­ ç ¥â, çâ® R | ¤¥©áâ¢¨â¥«ì­® à ¤¨ãá áå®¤¨¬®áâ¨ áâ¥¯¥­­®£® àï-

¤ 

∞∑

n=0

an(x− x
0

)

n
.

�§ â¥®à¥¬ á«¥¤ã¥â, çâ® à ¤¨ãá áå®¤¨¬®áâ¨ ¬®�­® ¢ëç¨á«¨âì ¯®

ä®à¬ã« ¬ R = lim

n→∞

∣
∣
∣

an

an+1

∣
∣
∣ ¨«¨ R = lim

n→∞
1

n
√

|an|
(¥á«¨ íâ¨ ¯à¥¤¥«ë

áãé¥áâ¢ãîâ). �á«¨ íâ¨ ¯à¥¤¥«ë ­¥ áãé¥áâ¢ãîâ, â® íâ® ­¥ ®§­ ç ¥â,

çâ® à ¤¨ãá  áå®¤¨¬®áâ¨ ­¥â, ¯®áª®«ìªã ®­ áãé¥áâ¢ã¥â ¢á¥£¤  á®£« á-

­® â¥®à¥¬¥ ® áâàãªâãà¥ ®¡« áâ¨ áå®¤¨¬®áâ¨ áâ¥¯¥­­®£® àï¤  (¯.25

◦
).

� íâ¨å á«ãç ïå à ¤¨ãá áå®¤¨¬®áâ¨ á«¥¤ã¥â ¢ëç¨á«ïâì ¤àã£¨¬¨ á¯®-

á®¡ ¬¨.

Ǳà¨¬¥à 30.

∞∑

n=0

xn
.

�â®â àï¤ ¡ë« ¯®¤à®¡­® ¨áá«¥¤®¢ ­ ¢ ¯à¨¬¥à¥ 25. �®£« á­® á¤¥-

« ­­ë¬ ¢ë¢®¤ ¬, ¯à¨ |x| < 1 àï¤

∞∑

n=0

xn
áå®¤¨âáï  ¡á®«îâ­®,   ¯à¨

¯à¨ |x| > 1 à áå®¤¨âáï. �â® ®§­ ç ¥â, çâ® à ¤¨ãá áå®¤¨¬®áâ¨ íâ®-

£® àï¤  à ¢¥­ ¥¤¨­¨æ¥. �¡¥¤¨¬áï, çâ® ä®à¬ã«ë, ¢ë¢¥¤¥­­ë¥ ¤«ï

¢ëç¨á«¥­¨ï R, ¤ îâ â®â �¥ à¥§ã«ìâ â. �«ï íâ®£® àï¤  an = 1,

R = lim

n→∞

∣
∣
∣
∣

an
an+1

∣
∣
∣
∣
= lim

n→∞
1

1

= 1

¨«¨

R = lim

n→∞
1

n
√

|an|
= lim

n→∞
1

n
√
1

= 1.

Ǳà¨¬¥à 31.

∞∑

n=1

xn

n .

� íâ®¬ á«ãç ¥ an =
1

n . �ëç¨á«¨¬

R = lim

n→∞

∣
∣
∣
∣

an
an+1

∣
∣
∣
∣
= lim

n→∞

1

n
1

n+1

= lim

n→∞
n+ 1

n
= lim

n→∞

(

1 +

1

n

)

= 1.
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� ª ã�¥ ¡ë«® ®â¬¥ç¥­®, §­ ­¨¥ à ¤¨ãá  áå®¤¨¬®áâ¨ R ­¥ ¤ ¥â ¯®«-

­®© ª àâ¨­ë ®¡ ®¡« áâ¨ áå®¤¨¬®áâ¨ áâ¥¯¥­­®£® àï¤ . �¥®¡å®¤¨-

¬® ¥é¥ ¨áá«¥¤®¢ âì áå®¤¨¬®áâì àï¤  ¢ â®çª å x = −R = −1 ¨

x = R = 1. �«ï íâ®£® ­ ¤® ¨áá«¥¤®¢ âì ¤¢  ç¨á«®¢ëå àï¤ 

∞∑

n=1

(−1)

n

n

¨

∞∑

n=1

1

n . Ǳ¥à¢ë© ¨§ ­¨å áå®¤¨âáï ­¥ ¡á®«îâ­® ¯® ¯à¨§­ ªã �¥©¡-

­¨æ  (¯.14

◦
, ¯à¨¬¥à 22),   ¢â®à®© à áå®¤¨âáï (á¬. ¯à¨¬¥àë 6 ¨ 21).

�â ª, ¨áá«¥¤ã¥¬ë© àï¤ áå®¤¨âáï ¯à¨ x ∈ [−1, 1),  ¡á®«îâ­® áå®¤¨â-
áï ¯à¨ x ∈ (−1, 1) ¨ à áå®¤¨âáï ¯à¨ x ∈ (−∞,−1) ∪ [1,+∞).

Ǳà¨¬¥à 32.

∞∑

n=1

xn

n2 .

� íâ®¬ á«ãç ¥ an =
1

n2 . �ëç¨á«¨¬

R = lim

n→∞

∣
∣
∣
∣

an
an+1

∣
∣
∣
∣
= lim

n→∞

1

n2

1

(n+1)

2

=

= lim

n→∞

(
n+ 1

n

)
2

= lim

n→∞

(

1 +

1

n

)
2

= 1.

�¥¯¥àì ¨áá«¥¤ã¥¬ áå®¤¨¬®áâì àï¤  ¢ â®çª å x = −R = −1 ¨

x = R = 1. �«ï íâ®£® ­ ¤® ¨áá«¥¤®¢ âì ¤¢  ç¨á«®¢ëå àï¤ 

∞∑

n=1

(−1)

n

n2

¨

∞∑

n=1

1

n2 . �â®à®© ¨§ íâ¨å àï¤®¢ ¯à¥¤áâ ¢«ï¥â á®¡®© àï¤ ¨§  ¡á®«îâ-

­ëå ¢¥«¨ç¨­ ¯¥à¢®£® ¨ ®­ áå®¤¨âáï (á¬. ¯à¨¬¥àë 8 ¨ 21). �â® ®§­ -

ç ¥â, çâ® ¢ â®çª å x = −1 ¨ x = 1 àï¤

∞∑

n=1

xn

n2 áå®¤¨âáï  ¡á®«îâ­®.

�â ª, ¨áá«¥¤ã¥¬ë© àï¤ áå®¤¨âáï  ¡á®«îâ­® áå®¤¨âáï ¯à¨ x ∈ [−1, 1℄
¨ à áå®¤¨âáï ¯à¨ x ∈ (−∞,−1) ∪ (1,+∞).

Ǳà¨¬¥àë 30 { 32 ¯®ª §ë¢ îâ, çâ® ¢ â®çª å x = −R ¨ x = R
áå®¤¨¬®áâì áâ¥¯¥­­®£® àï¤  ­¨ª ª ­¥ á¢ï§ ­  ¬¥�¤ã á®¡®© ¨ ¬®�¥â

®ª § âìáï ¯à®¨§¢®«ì­®©.

Ǳà¨¬¥à 33.

∞∑

n=0

n!(x− 2)

n
.

� íâ®¬ á«ãç ¥ an = n!. �ëç¨á«¨¬

R = lim

n→∞

∣
∣
∣
∣

an
an+1

∣
∣
∣
∣
= lim

n→∞
n!

(n+ 1)!

= lim

n→∞
n!

(n+ 1)n!
= lim

n→∞
1

n+ 1

= 0.

� ¤¨ãá áå®¤¨¬®áâ¨ à ¢¥­ ­ã«î. �â® ®§­ ç ¥â, çâ® áâ¥¯¥­­®© àï¤

áå®¤¨âáï â®«ìª® ¢ ®¤­®© â®çª¥ x = 2, ¢ æ¥­âà¥ ¨­â¥à¢ «  áå®¤¨-
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¬®áâ¨. �â ª, àï¤

∞∑

n=0

n!(x − 2)

n
áå®¤¨âáï  ¡á®«îâ­® ¯à¨ x ∈ {2} ¨

à áå®¤¨âáï ¯à¨ x ∈ (−∞, 2) ∪ (2,+∞).

Ǳà¨¬¥à 34.

∞∑

n=0

xn

n! .

� íâ®¬ á«ãç ¥ an =
1

n! . �ëç¨á«¨¬

R = lim

n→∞

∣
∣
∣
∣

an
an+1

∣
∣
∣
∣
= lim

n→∞

1

n!
1

(n+1)!

= lim

n→∞
(n+ 1)!

n!
=

= lim

n→∞
(n+ 1)n!

n!
= lim

n→∞
(n+ 1) = +∞.

� ¤¨ãá áå®¤¨¬®áâ¨ à ¢¥­ ¡¥áª®­¥ç­®áâ¨. �â® ®§­ ç ¥â, çâ® áâ¥¯¥­-

­®© àï¤

∞∑

n=0

xn

n! áå®¤¨âáï  ¡á®«îâ­® ­  ¢á¥© ç¨á«®¢®© ®á¨, â.¥. ¯à¨

x ∈ (−∞,+∞).

Ǳà¨¬¥à 35.

∞∑

n=0

nnxn
.

� íâ®¬ á«ãç ¥ an = nn
. �«ï ¢ëç¨á«¥­¨ï à ¤¨ãá  áå®¤¨¬®áâ¨

ã¤®¡­® ¨á¯®«ì§®¢ âì â¥®à¥¬ã �®è¨ | �¤ ¬ à  (¯.27

◦
):

R = lim

n→∞
1

n
√

|an|
= lim

n→∞
1

n
√
nn

= lim

n→∞
1

n
= 0.

� ¤¨ãá áå®¤¨¬®áâ¨ à ¢¥­ ­ã«î. �â® ®§­ ç ¥â, çâ® áâ¥¯¥­­®© àï¤

áå®¤¨âáï â®«ìª® ¢ ®¤­®© â®çª¥ x = 0, ¢ æ¥­âà¥ ¨­â¥à¢ «  áå®¤¨¬®-

áâ¨. �â ª, àï¤

∞∑

n=0

nnxn
áå®¤¨âáï  ¡á®«îâ­® ¯à¨ x ∈ {0} ¨ à áå®-

¤¨âáï ¯à¨ x ∈ (−∞, 0) ∪ (0,+∞).

Ǳà¨¬¥à 36.

∞∑

n=1

x2n−1

2n−1

= x+ 0x2 + x3

3

+ 0x4 + x5

5

+ . . .

� íâ®¬ á«ãç ¥ an = 0 ¯à¨ ç¥â­ëå n ¨ an =

1

n ¯à¨ ­¥ç¥â­ëå n.
Ǳ®áª®«ìªã an ¡ë¢ ¥â à ¢­® ­ã«î, â® ­¥«ì§ï á®áâ ¢¨âì ®â­®è¥­¨¥∣
∣
∣

an

an+1

∣
∣
∣ ¨ ¯à¥¤¥« lim

n→∞

∣
∣
∣

an

an+1

∣
∣
∣ ­¥ áãé¥áâ¢ã¥â.

Ǳà¨¬¥­¨¬ ª àï¤ã

∞∑

n=1

x2n−1

2n−1

¯à¨§­ ª � « ¬¡¥à  ¤«ï §­ ª®¯¥à¥-

¬¥­­ëå àï¤®¢ (¯.16

◦
):

lim

n→∞

∣
∣
∣
x2(n+1)−1

2(n+1)−1

∣
∣
∣

∣
∣
∣
x2n−1

2n−1

∣
∣
∣

= lim

n→∞
|x|2n+1

(2n− 1)

(2n+ 1)|x|2n−1

= lim

n→∞

|x|2
(
2− 1

n

)

(
2 +

1

n

)
= x2.
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�á«¨ x2 < 1 ⇔ −1 < x < 1, â® ¯® ¯à¨§­ ªã � « ¬¡¥à  ¤«ï §­ -

ª®¯¥à¥¬¥­­ëå àï¤®¢ àï¤ áå®¤¨âáï. �á«¨ x2 > 1, â® àï¤

∞∑

n=1

x2n−1

2n−1

à áå®¤¨âáï. �«¥¤®¢ â¥«ì­®, R = 1. �¥¯¥àì ¨áá«¥¤ã¥¬ áå®¤¨-

¬®áâì àï¤  ¯à¨ x = ±1. � íâ®¬ á«ãç ¥ ¨¬¥¥¬ àï¤ë

∞∑

n=1

1

2n−1

¨

∞∑

n=1

− (−1)

2n

2n−1

. �â¨ àï¤ë à §«¨ç îâáï «¨èì §­ ª®¬, â ª ª ª

(−1)2 = 1. �ï¤

∞∑

n=1

1

2n−1

à áå®¤¨âáï, â ª ª ª

lim

n→∞

1

2n−1

1

n

= lim

n→∞
n

2n− 1

= lim

n→∞
1

2− 1

n

=

1

2

6= 0,

¨ ¯® ¯à¨§­ ªã áà ¢­¥­¨ï ¢ ¯à¥¤¥«ì­®© ä®à¬¥ (¯.10

◦
) ®­ ¨¬¥¥â

®¤¨­ ª®¢ãî áå®¤¨¬®áâì á à áå®¤ïé¨¬áï £ à¬®­¨ç¥áª¨¬ àï¤®¬

∞∑

n=1

1

n (á¬. ¯à¨¬¥àë 6 ¨ 21). �ï¤

∞∑

n=1

(−1)

2n

2n−1

â ª�¥ à áå®¤¨âáï.

�â ª, àï¤

∞∑

n=1

x2n−1

2n−1

¯à¨ x ∈ (−1, 1) áå®¤¨âáï  ¡á®«îâ­®,   ¯à¨

x ∈ (−∞,−1℄ ∪ [1,+∞) à áå®¤¨âáï.

§9. �¥®à¥¬ë ® ­¥¯à¥àë¢­®áâ¨ áã¬¬ë ¨ ¯®ç«¥­­®¬

¨­â¥£à¨à®¢ ­¨¨ ¨ ¤¨ää¥à¥­æ¨à®¢ ­¨¨ áâ¥¯¥­­ëå àï¤®¢

28

◦. �â®à ï «¥¬¬  �¡¥«ï. �â¥¯¥­­®© àï¤ áå®¤¨âáï à ¢-

­®¬¥à­® ¢ «î¡®¬ § ¬ª­ãâ®¬ ¯à®¬¥�ãâª¥, ¯à¨­ ¤«¥� é¥¬

¨­â¥à¢ «ã áå®¤¨¬®áâ¨.

�®ª § â¥«ìáâ¢®. Ǳãáâì

∞∑

i=0

aix
i
| áâ¥¯¥­­®© àï¤, ¨ R | ¥£®

à ¤¨ãá áå®¤¨¬®áâ¨. �®§ì¬¥¬ ¯à®¨§¢®«ì­ë© § ¬ª­ãâë© ¯à®¬¥�ã-

â®ª [α, β℄ ⊂ (−R,R). �¡®§­ ç¨¬ r = max

{
|α|, |β|

}
. � ª ª ª r < R ,

â® ¯à¨ x = r áâ¥¯¥­­®© àï¤ áå®¤¨âáï  ¡á®«îâ­®, â.¥. áå®¤¨âáï ç¨-

á«®¢®© àï¤

∞∑

i=0

|ai|ri. �á«¨ x ∈ [−r, r℄, â® ®¡é¨© ç«¥­ àï¤ 

∞∑

i=0

aix
i

¬®�­® ®æ¥­¨âì â ª

∣
∣aix

i
∣
∣ 6 |ai|ri. �®£¤ , ¯® ¯à¨§­ ªã �¥©¥àèâà á-

á  (¯.20

◦
), àï¤

∞∑

i=0

aix
i
áå®¤¨âáï  ¡á®«îâ­® ¨ à ¢­®¬¥à­® ­  [−r, r℄

¨, á«¥¤®¢ â¥«ì­®, ­  á¥£¬¥­â¥ [α, β℄ ⊂ [−r, r℄. �¥®à¥¬  ¤®ª § ­ .
� ¬¥ç ­¨¥. Ǳà¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë ¡ë« ¨á¯®«ì§®¢ ­ ¯à¨-

§­ ª �¥©¥àèâà áá ,   íâ® ®§­ ç ¥â, çâ® àï¤

∞∑

i=0

aix
i
áå®¤¨âáï ­  [α, β℄
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­¥ â®«ìª® à ¢­®¬¥à­®, ­® â ª�¥ ¨  ¡á®«îâ­® à ¢­®¬¥à­® ¨ ¤ �¥

ï¢«ï¥âáï ¬ �®à¨àã¥¬ë¬.

29

◦. �¥®à¥¬  ® ­¥¯à¥àë¢­®áâ¨ áã¬¬ë áâ¥¯¥­­®£® àï¤ .

Ǳãáâì S(x) =
∞∑

i=0

aix
i, x ∈ (−R,R), £¤¥ R | à ¤¨ãá áå®¤¨¬®-

áâ¨ áâ¥¯¥­­®£® àï¤ 

∞∑

i=0

aix
i
. �®£¤  äã­ªæ¨ï S(x) ­¥¯à¥àë¢­ 

­  (−R,R).

�®ª § â¥«ìáâ¢®. �«ï ¤®ª § â¥«ìáâ¢  ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨

S(x) ¢ (−R,R) ­¥®¡å®¤¨¬® á®£« á­® ®¯à¥¤¥«¥­¨î äã­ªæ¨¨ ­¥¯à¥-

àë¢­®© ­  ¯à®¬¥�ãâª¥ [9, £« . IV , §1, 60℄, ¯®ª § âì ¥¥ ­¥¯à¥àë¢­®áâì
¢ ¯à®¨§¢®«ì­®© â®çª¥ x

0

∈ (−R,R). � ª ª ª x
0

| ¢­ãâà¥­­ïï â®çª 

¯à®¬¥�ãâª  (−R,R), â® áãé¥áâ¢ã¥â ­¥ª®â®àë© ¯à®¬¥�ãâ®ª [α, β℄,
á®¤¥à� é¨© â®çªã x

0

¨ á®¤¥à� é¨©áï ¢ (−R,R). �  íâ®¬ ¯à®¬¥-

�ãâª¥ [α, β℄ áâ¥¯¥­­®© àï¤

∞∑

i=0

aix
i
áå®¤¨âáï à ¢­®¬¥à­® ¯® ¢â®à®©

«¥¬¬¥ �¡¥«ï (¯.28

◦
), ¨ ¯®áª®«ìªã ç«¥­ë àï¤  aix

i
(i = 0, 1, 2, . . . )

­¥¯à¥àë¢­ë, â® ¯® ®¡é¥© â¥®à¥¬¥ ® ­¥¯à¥àë¢­®áâ¨ áã¬¬ë äã­ªæ¨-

®­ «ì­®£® àï¤  (¯.21

◦
), áã¬¬  áâ¥¯¥­­®£® àï¤  S(x) ­¥¯à¥àë¢­  ¢

â®çª¥ x
0

¨, á«¥¤®¢ â¥«ì­®, ­  ¢á¥¬ ¯à®¬¥�ãâª¥ (−R,R). �¥®à¥¬ 

¤®ª § ­ .

30

◦. �¥®à¥¬  ® ¯®ç«¥­­®¬ ¨­â¥£à¨à®¢ ­¨¨ áâ¥¯¥­­®£® àï-

¤ . Ǳãáâì S(x) =
∞∑

i=0

aix
i, x ∈ (−R,R), £¤¥ R | à ¤¨ãá áå®-

¤¨¬®áâ¨ áâ¥¯¥­­®£® àï¤ 

∞∑

i=0

aix
i
. �®£¤  àï¤ ¬®�­® ¯®ç«¥­-

­® ¨­â¥£à¨à®¢ âì ¢ «î¡®¬ ¯à®¬¥�ãâª¥ [α, β℄ ⊂ (−R,R), â.¥.
á¯à ¢¥¤«¨¢  ä®à¬ã« 

β∫

α

S(x)dx =

∞∑

i=0

β∫

α

aix
idx.

�®ª § â¥«ìáâ¢®. Ǳ®áª®«ìªã [α, β℄ ⊂ (−R,R), â® ¯® ¢â®à®© «¥¬¬¥

�¡¥«ï (¯.28

◦
) àï¤

∞∑

i=0

aix
i
áå®¤¨âáï à ¢­®¬¥à­® ¢ [α, β℄. �£® ç«¥-

­ë, â.¥. äã­ªæ¨¨ ui(x) = aix
i
­¥¯à¥àë¢­ë. �®£¤ , ¯® ®¡é¥© â¥®-

à¥¬¥ ® ¯®ç«¥­­®¬ ¨­â¥£à¨à®¢ ­¨¨ äã­ªæ¨®­ «ì­®£® àï¤  (¯.22

◦
),

àï¤

∞∑

i=0

aix
i
¬®�­® ¨­â¥£à¨à®¢ âì ¯®ç«¥­­® ¢ [α, β℄. �«¥¤®¢ â¥«ì­®,
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á¯à ¢¥¤«¨¢  ä®à¬ã« 

β∫

α

S(x)dx =

∞∑

i=0

β∫

α

aix
idx. �¥®à¥¬  ¤®ª § ­ .

�«¥¤áâ¢¨¥. �ï¤ á®áâ ¢«¥­­ë© ¨§ ¯¥à¢®®¡à §­ëå

∞∑

i=0

ai
xi+1

i+1

,

¨¬¥¥â à ¤¨ãá áå®¤¨¬®áâ¨ ­¥ ¬¥­ìè¨©, ç¥¬ ¨áå®¤­ë©

àï¤

∞∑

i=0

aix
i
.

�®ª § â¥«ìáâ¢®. �®§ì¬¥¬ ¯à®¨§¢®«ì­®¥ x
0

∈ (−R,R) ¨ ­ ©-

¤¥¬ r, â ª®¥ çâ® |x
0

| < r < R . �®£¤ , ¯® ¤®ª § ­­®© â¥®à¥¬¥,

àï¤ ¬®�­® ¯®ç«¥­­® ¨­â¥£à¨à®¢ âì ¯® á¥£¬¥­âã [0, r℄, ª®â®àë© «¥-

�¨â ¢­ãâà¨ ¨­â¥à¢ «  áå®¤¨¬®áâ¨ (−R,R). Ǳ®«ãç¨¬ à ¢¥­áâ¢®

r∫

0

S(x)dx =

∞∑

i=0

ai
r∫

0

xidx =

∞∑

i=0

ai
ri+1

i+1

. �â®â àï¤ áå®¤¨âáï. �«¥¤®-

¢ â¥«ì­®, ¯® ¯¥à¢®© «¥¬¬¥ �¡¥«ï (¯.24

◦
), àï¤

∞∑

i=0

ai
xi+1

i+1

áå®¤¨âáï

 ¡á®«îâ­® ¯à¨ x = x
0

. � â ª ª ª x
0

¡ë«® ¯à®¨§¢®«ì­®¥ ç¨á«®

¨§ ¨­â¥à¢ «  (−R,R), â® íâ® ®§­ ç ¥â, çâ® à ¤¨ãá áå®¤¨¬®áâ¨ ­¥

ã¬¥­ìè¨«áï.

31

◦. �¥®à¥¬  ® ¯®ç«¥­­®¬ ¤¨ää¥à¥­æ¨à®¢ ­¨¨ áâ¥¯¥­­®-

£® àï¤ . Ǳãáâì S(x) =
∞∑

i=0

aix
i, x ∈ (−R,R), £¤¥ R | à ¤¨ãá

áå®¤¨¬®áâ¨ áâ¥¯¥­­®£® àï¤ 

∞∑

i=0

aix
i
. �®£¤  àï¤ ¬®�­® ¯®-

ç«¥­­® ¤¨ää¥à¥­æ¨à®¢ âì, â.¥. ¯à¨ x ∈ (−R,R) á¯à ¢¥¤«¨¢ 
ä®à¬ã« 

S

′

(x) =

∞∑

i=0

(aix
i
)

′

.

�®ª § â¥«ìáâ¢®. �«ï ¨á¯®«ì§®¢ ­¨ï ®¡é¥© â¥®à¥¬ë ® ¯®ç«¥­-

­®¬ ¤¨ää¥à¥­æ¨à®¢ ­¨¨ äã­ªæ¨®­ «ì­®£® àï¤  (¯.23

◦
) ­¥®¡å®¤¨¬®

¢ë¯®«­¥­¨¥ á«¥¤ãîé¨å ãá«®¢¨©:

 ) ­¥¯à¥àë¢­®áâì äã­ªæ¨© ui(x) = aix
i
¨ ¨å ¯à®¨§¢®¤­ëå

u

′

i(x) =
(
aix

i
)′

=

{
0, ¥á«¨ i = 0,

iaix
i−1, ¥á«¨ i > 0, ¨

¡) à ¢­®¬¥à­ ï áå®¤¨¬®áâì àï¤  ¨§ ¯à®¨§¢®¤­ëå

∞∑

i=1

iaix
i−1

¢

ª ª®¬-­¨¡ã¤ì á¥£¬¥­â¥, á®¤¥à� é¥¬ ¢­ãâà¨ á¥¡ï â®çªã x.

�á«®¢¨¥  ) á¯à ¢¥¤«¨¢®, ¯®áª®«ìªã äã­ªæ¨¨ ui(x) ¨ u

′

i(x) | ¯®-

«¨­®¬ë. �®ª �¥¬ ãá«®¢¨¥ ¡).

�ë¡¥à¥¬ ç¨á«  r
0

¨ r, â ª¨¥ çâ® |x| < r
0

< r < R . �®£¤ 
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x ∈ [−r
0

, r
0

℄. Ǳ®áª®«ìªã r < R , â® áâ¥¯¥­­®© àï¤

∞∑

i=0

aix
i
¯à¨ x = r

áå®¤¨âáï  ¡á®«îâ­®, â.¥. áå®¤¨âáï ç¨á«®¢®© àï¤

∞∑

i=0

|ai|ri. �«¥¤®¢ -
â¥«ì­®, ¯® ­¥®¡å®¤¨¬®¬ã ¯à¨§­ ªã áå®¤¨¬®áâ¨ àï¤  (¯.6

◦
), ¥£® ®¡-

é¨© ç«¥­ áâà¥¬¨âáï ª ­ã«î, çâ® ®§­ ç ¥â ¥£® ®£à ­¨ç¥­­®áâì, â.¥.

áãé¥áâ¢®¢ ­¨¥ â ª®£® ç¨á«  L, çâ® ¯à¨ «î¡®¬ i ∈ N á¯à ¢¥¤«¨¢® ­¥-

à ¢¥­áâ¢® |ai|ri < L. �¥¯¥àì ¯à¨ «î¡®¬ x ∈ (−r
0

, r
0

) ¨ i > 0 ç«¥­ë

àï¤  á®áâ ¢«¥­­®£® ¨§ ¯à®¨§¢®¤­ëå ¬®�­® ®æ¥­¨âì â ª:

∣
∣
∣u

′

i(x)
∣
∣
∣ =

∣
∣iaix

i−1

∣
∣ 6 i|ai|ri−1

0

= i|ai|
(r

0

r

)i−1

ri−1

=

= |ai|ri
1

r
i
(r

0

r

)i−1

6 L
1

r
i
(r

0

r

)i−1

= L
1

r
iqi−1,

£¤¥ q =

r
0

r < 1. �®ª �¥¬ áå®¤¨¬®áâì ç¨á«®¢®£® àï¤ 

∞∑

i=1

iqi−1

.

Ǳ® ¯à¨§­ ªã � « ¬¡¥à  (¯.11

◦
) ¨¬¥¥¬:

lim

i→∞

ai+1

ai
= lim

i→∞

(i+ 1)qi

iqi−1

= lim

i→∞

i+ 1

i
q = q < 1.

Ǳ®áª®«ìªã íâ®â ¯à¥¤¥« ¬¥­ìè¥ ¥¤¨­¨æë, â® àï¤

∞∑

i=1

iqi−1

áå®¤¨âáï,

  â ª ª ª ã¬­®�¥­¨¥ ¢á¥å ç«¥­®¢ àï¤  ­  ç¨á«® ®â«¨ç­®¥ ®â ­ã«ï

­¥ ¨§¬¥­ï¥â ¥£® áå®¤¨¬®áâ¨

(
¯¥à¢®¥ á«¥¤áâ¢¨¥ á¢®©áâ¢  «¨­¥©­®áâ¨

(¯.2

◦
)

)
, â® áå®¤¨âáï ¨ àï¤

∞∑

i=1

L
r iq

i−1

. �®£¤ , ¯® ¯à¨§­ ªã �¥©¥à-

èâà áá  (¯.20

◦
), àï¤, á®áâ ¢«¥­­ë© ¨§ ¯à®¨§¢®¤­ëå

∞∑

i=1

iaix
i−1

, áå®-

¤¨âáï à ¢­®¬¥à­® ­  [−r
0

, r
0

℄. �âáî¤  á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì ä®à-

¬ã«ë

S

′

(x) =

∞∑

i=0

(
aix

i
)′

=

∞∑

i=1

aiix
i−1.

�«¥¤áâ¢¨¥. � ¯à®æ¥áá¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ãáâ ­®¢«¥­®,

çâ® ¥á«¨ x ∈ (−R,R), â® àï¤ ¨§ ¯à®¨§¢®¤­ëå

∞∑

i=1

aiix
i−1

áå®¤¨â-

áï. �­ ç¥ £®¢®àï, ¯à¨ ¯®ç«¥­­®¬ ¤¨ää¥à¥­æ¨à®¢ ­¨¨ à ¤¨ãá

áå®¤¨¬®áâ¨ ­¥ ã¬¥­ìè ¥âáï.

�â ª, à ¤¨ãá áå®¤¨¬®áâ¨ ­¥ ã¬¥­ìè ¥âáï ¯à¨ ¨­â¥£à¨à®¢ ­¨¨ ¨

¤¨ää¥à¥­æ¨à®¢ ­¨¨ áâ¥¯¥­­ëå àï¤®¢. � ¯®áª®«ìªã íâ¨ ®¯¥à æ¨¨
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¢§ ¨¬­® ®¡à â­ë¥, â® íâ® ®§­ ç ¥â, çâ® ¯à¨ ¨­â¥£à¨à®¢ ­¨¨ ¨

¤¨ää¥à¥­æ¨à®¢ ­¨¨ à ¤¨ãá áå®¤¨¬®áâ¨ áâ¥¯¥­­®£® àï¤  ­¥

¨§¬¥­ï¥âáï. �¥©áâ¢¨â¥«ì­®, ¥á«¨ ¥áâì ¤¢  áâ¥¯¥­­ëå àï¤ , ¯®«ã-

ç ¥¬ëå ¤àã£ ¨§ ¤àã£  ¤¨ää¥à¥­æ¨à®¢ ­¨¥¬ ¨ ¨­â¥£à¨à®¢ ­¨¥¬ ¨

¥á«¨ R
′

| à ¤¨ãá áå®¤¨¬®áâ¨ ®¤­®£® ¨§ àï¤®¢,   R
′′

| ¤àã£®£®, â®

®¤­®¢à¥¬¥­­® R
′

6 R
′′

¨ R
′

> R
′′

, çâ® ®§­ ç ¥â à ¢¥­áâ¢® R
′

= R
′′

.

Ǳà¨¬¥à 37.

∞∑

n=1

(−1)n−1

xn

n = x− x2

2

+

x3

3

− x4

4

+ . . .

� ¯®¤à®¡­® ¨áá«¥¤®¢ ­­®¬ ¢ ¯à¨¬¥à å 1 { 3, 25 ¨ 30 àï¤¥

∞∑

n=0

xn
= 1 + x+ x2 + x3 + . . . =

1

1− x
(12)

á¤¥« ¥¬ § ¬¥­ã ¯¥à¥¬¥­­®© t = −x. Ǳ®«ãç¨¬ àï¤

∞∑

n=0

(−1)ntn = 1− t+ t2 − t3 + . . . ,

ª®â®àë© áå®¤¨âáï ¯à¨ |x| = |− t| < 1 ⇔ t ∈ (−1, 1). �£® áã¬¬  à ¢­ 

∞∑

n=0

(−1)ntn = 1− t+ t2 − t3 + . . . =
1

1 + t
.

�­â¥£à¨àãï íâ®â àï¤ ¢ ¯à®¬¥�ãâª¥ [0, x℄ ⊂ (−1, 1), ¯®«ãç¨¬:

x∫

0

(1− t+ t2 − t3 + . . . )dt =

x∫

0

dt

1 + t
,

(

t− t2

2

+

t3

3

− t4

4

+ . . .

) ∣
∣
∣
∣

x

0

= ln(1 + t)

∣
∣
∣
∣

x

0

,

x− x2

2

+

x3

3

− x4

4

+ . . . = ln(1 + x) ,

£¤¥ x ∈ (−1, 1), â ª ª ª à ¤¨ãá áå®¤¨¬®áâ¨ ¯à¨ ¨­â¥£à¨à®¢ ­¨¨ àï-

¤  ­¥ ¨§¬¥­¨«áï, ¨ á«¥¤®¢ â¥«ì­®, ®áâ «áï à ¢¥­ ¥¤¨­¨æ¥. � ¬¥â¨¬,

çâ® ¯à¨ x = 1 àï¤ áå®¤¨âáï ¯® ¯à¨§­ ªã �¥©¡­¨æ  (¯.14

◦
, ¯à¨¬¥à 22,

¤®ª § â¥«ìáâ¢® â®£®, çâ® ¯à¨ x = 1 ¥£® áã¬¬  à ¢­  ln 2 ¡ã¤¥â ¯à¨-

¢¥¤¥­® ¢ §10),   ¯à¨ x = −1 íâ® £ à¬®­¨ç¥áª¨© àï¤ (á¬. ¯à¨¬¥àë 6
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¨ 21), ª®â®àë© à áå®¤¨âáï. � ª¨¬ ®¡à §®¬, ®¡« áâì áå®¤¨¬®áâ¨ íâ®-

£® àï¤  (−1, 1℄.
Ǳà¨¬¥à 38.

∞∑

n=1

(−1)n−1

x2n−1

2n−1

= x− x3

3

+

x5

5

− x7

7

+ . . .

� ª ¨ ¢ ¯à¥¤ë¤ãé¥¬ á«ãç ¥, ¢®§ì¬¥¬ ¨§ãç¥­­ë© à ­¥¥ àï¤ (12),

¨ á¤¥« ¥¬ § ¬¥­ã x = −t2. Ǳ®«ãç¨¬ àï¤

∞∑

n=0

(−1)nt2n = 1− t2 + t4 − t6 + . . . ,

ª®â®àë© áå®¤¨âáï ¯à¨ |x| = | − t2| < 1 ⇔ t ∈ (−1, 1). �£® áã¬¬ 

à ¢­ 

∞∑

n=0

(−1)nt2n = 1− t2 + t4 − t6 + . . . =
1

1 + t2
.

Ǳà®¨­â¥£à¨àã¥¬ ¯®«ãç¥­­ë© áâ¥¯¥­­®© àï¤ ¢ ¯à®¬¥�ãâª¥

[0, x℄ ⊂ (−1, 1):

x∫

0

(1− t2 + t4 − t6 + . . . )dt =

x∫

0

dt

1 + t2
,

(

t− t3

3

+

t5

5

− t7

7

+ . . .

) ∣
∣
∣
∣

x

0

= ar
tg t

∣
∣
∣
∣

x

0

,

x− x3

3

+

x5

5

− x7

7

+ . . . = ar
tgx,

£¤¥ x ∈ (−1, 1), â ª ª ª à ¤¨ãá áå®¤¨¬®áâ¨ ¯à¨ § ¬¥­¥ ¯¥à¥¬¥­­®©

¨ ¨­â¥£à¨à®¢ ­¨¨ ­¥ ¨§¬¥­¨«áï ¨, á«¥¤®¢ â¥«ì­®, ®áâ «áï à ¢­ë¬

¥¤¨­¨æ¥. � ¬¥â¨¬, çâ® ¯à¨ x = ±1 àï¤ áå®¤¨âáï ¯® ¯à¨§­ ªã �¥©¡-
­¨æ  (¯.14

◦
). � [8 £« . XI , §7, 392℄ ¯®ª § ­®, çâ® ¯à¨ x = ±1 ¥£®

áã¬¬  à ¢­  ar
tg(±1) = ±π
4

. � ª¨¬ ®¡à §®¬, ®¡« áâì áå®¤¨¬®áâ¨

íâ®£® àï¤  [−1, 1℄.

§10. � §«®�¥­¨¥ äã­ªæ¨¨ ¢ áâ¥¯¥­­®© àï¤

�¯à¥¤¥«¥­¨¥. �ã¤¥¬ £®¢®à¨âì, çâ® äã­ªæ¨ï f(x) ¯à¥¤áâ -
¢¨¬  ¢ â®çª¥ x ¢ ¢¨¤¥ áâ¥¯¥­­®£® àï¤  ¯® áâ¥¯¥­ï¬ (x− x

0

),

¥á«¨ áãé¥áâ¢ã¥â áâ¥¯¥­­®© àï¤

∞∑

n=0

an(x−x
0

)

n
, áå®¤ïé¨©áï ¢
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â®çª¥ x, áã¬¬  ª®â®à®£® à ¢­  f(x). � íâ®¬ ¯ à £à ä¥ ¡ã¤¥¬

¨§ãç âì ãá«®¢¨ï à §«®�¨¬®áâ¨ äã­ªæ¨¨ ¢ áâ¥¯¥­­®© àï¤.

�¯à¥¤¥«¥­¨¥. �á«¨ äã­ªæ¨ï f(x) ¨¬¥¥â ¢ ®ªà¥áâ­®áâ¨ â®ç-
ª¨ x

0

¯à®¨§¢®¤­ë¥ ¢á¥å ¯®àï¤ª®¢, â® àï¤ ¢¨¤ 

∞∑

n=0

f

(n)
(x

0

)

n!
(x − x

0

)

n
=

= f(x
0

) + f

′

(x
0

)(x− x
0

) +

f

′′

(x
0

)

2!

(x− x
0

)

2

+

f

′′′

(x
0

)

3!

(x− x
0

)

3

+ . . . ,

£¤¥ ­ã«¥¢®© ¯à®¨§¢®¤­®© áç¨â ¥âáï á ¬  äã­ªæ¨ï, ­ §ë¢ -

¥âáï àï¤®¬ �¥©«®à  äã­ªæ¨¨ f(x). � §¢ ­¨¥ á®åà ­ï¥âáï ­¥§ -
¢¨á¨¬® ®â â®£®, áå®¤¨âáï ¤ ­­ë© àï¤ ¨«¨ ­¥â.

32

◦.�¥®à¥¬  ® ¥¤¨­áâ¢¥­­®áâ¨ à §«®�¥­¨ï äã­ªæ¨¨ ¢ áâ¥-
¯¥­­®© àï¤. �á«¨ äã­ªæ¨ï f(x) ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ áâ¥-

¯¥­­®£® àï¤ 

∞∑

n=0

an(x − x
0

)

n
¢® ¢á¥å â®çª å x ∈ (α, β), £¤¥

x
0

∈ (α, β), â® íâ® à §«®�¥­¨¥ ¥¤¨­áâ¢¥­­®, ¨ íâ¨¬ àï-

¤®¬ ï¢«ï¥âáï ¥¥ àï¤ �¥©«®à , â.¥. ª®íää¨æ¨¥­âë àï¤ 

∞∑

n=0

an(x − x
0

)

n
à ¢­ë an =

f

(n)
(x

0

)

n! (n = 0, 1, 2, 3, . . . ).

�®ª § â¥«ìáâ¢®. Ǳãáâì äã­ªæ¨ï f(x) ¯à¥¤áâ ¢¨¬  ¢ ®ªà¥áâ-

­®áâ¨ â®çª¨ x
0

¢ ¢¨¤¥ áâ¥¯¥­­®£® àï¤ 

∞∑

n=0

an(x − x
0

)

n
, â.¥. ¯à¨

x ∈ (α, β) íâ®â àï¤ áå®¤¨âáï ª ¯®à®�¤ îé¥© ¥£® äã­ªæ¨¨:

f(x) = a
0

+ a
1

(x− x
0

) + a
2

(x− x
0

)

2

+ a
3

(x− x
0

)

3

+ . . . ,

£¤¥ x ∈ (α, β). Ǳ®« £ ï ¢ íâ®¬ à ¢¥­áâ¢¥ x = x
0

, ¯®«ãç¨¬

a
0

= f(x
0

). Ǳ®áª®«ìªã ¢­ãâà¨ ¨­â¥à¢ «  áå®¤¨¬®áâ¨ (¯à®¬¥�ãâ®ª

(α, β) ï¢«ï¥âáï ¥£® ç áâìî) àï¤ ¬®�­® ¤¨ää¥à¥­æ¨à®¢ âì ¯®ç«¥­-

­®, â®

f

′

(x) = a
1

+ 2a
2

(x− x
0

) + 3a
3

(x− x
0

)

2

+ . . .

Ǳ®« £ ï x = x
0

, ­ å®¤¨¬ a
1

= f

′

(x
0

). �¨ää¥à¥­æ¨àãï íâ®â àï¤ ¢

¨­â¥à¢ «¥ (α, β), ¯®«ãç¨¬ f

′′

(x) = 2a
2

+2 · 3a
3

(x− x
0

) + . . . Ǳ®« £ ï

x = x
0

, ­ å®¤¨¬ ª®íää¨æ¨¥­â a
2

=

f

′′

(x
0

)

2!

. Ǳà®¤®«� ï íâ®â ¯à®æ¥áá,

­ ©¤¥¬ ¢á¥ ª®íää¨æ¨¥­âë an =

f

(n)
(x

0

)

n! . �¥®à¥¬  ¤®ª § ­ .
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� ¯à¨¬¥à¥ 38 ¯®«ãç¥­® à §«®�¥­¨¥ äã­ªæ¨¨ ar
tgx ¯® áâ¥¯¥­ï¬

x ¢ ¨­â¥à¢ «¥ (−1, 1).

ar
tgx = x− x3

3

+

x5

5

− x7

7

+ . . .

�® ¥áâì an =

{
(−1)

k−1

n , ¥á«¨ n = 2k − 1;

0, ¥á«¨ n = 2k.
�§ ¤®ª § â¥«ìáâ¢  â¥®à¥-

¬ë á«¥¤ã¥â, çâ® an =
f

(n)
(0)

n! . Ǳ®íâ®¬ã

ar
tg

(n)
(0) = n!an =

{
(−1)

k−1n!
n , ¥á«¨ n = 2k − 1;

0, ¥á«¨ n = 2k
=

=

{
(−1)k−1

(n− 1)!, ¥á«¨ n = 2k − 1;

0, ¥á«¨ n = 2k.

� ª¨¬ ®¡à §®¬, §­ ï à §«®�¥­¨¥ äã­ªæ¨¨ ¢ áâ¥¯¥­­®© àï¤ ¯® áâ¥¯¥-

­ï¬ (x−x
0

), ¬®�­® ®¯à¥¤¥«¨âì §­ ç¥­¨ï ¯à®¨§¢®¤­ëå íâ®© äã­ªæ¨¨

¢ â®çª¥ x
0

.

�ã¤¥¬ ¨áá«¥¤®¢ âì ¤®áâ â®ç­ë¥ ãá«®¢¨ï à §«®�¨¬®áâ¨ äã­ªæ¨¨

¢ áâ¥¯¥­­®© àï¤. �®ª �¥¬ ä®à¬ã«ã �¥©«®à .

33

◦.�®à¬ã«  �¥©«®à . Ǳãáâì äã­ªæ¨ï f(x) ¨¬¥¥â ¢ ¯à®¬¥-
�ãâª¥ 〈α, β〉 ¯à®¨§¢®¤­ë¥ ¢á¥å ¯®àï¤ª®¢. �®£¤  ¤«ï «î¡ëå

x
0

, x ∈ 〈α, β〉 áãé¥áâ¢ã¥â â®çª  c, ¯à¨­ ¤«¥� é ï ®âà¥§ªã,

®¯à¥¤¥«ï¥¬®¬ã â®çª ¬¨ x
0

¨ x, â ª ï çâ® á¯à ¢¥¤«¨¢® à -

¢¥­áâ¢®

f(x) = f(x
0

)+f

′

(x
0

)(x−x
0

)+

f

′′

(x
0

)

2!

(x−x
0

)

2

+ . . .+
f

(n)
(x

0

)

n!
(x−x

0

)

n
+

+

f

(n+1)

(c)

(n+ 1)!

(x− x
0

)

n+1.

�®ª § â¥«ìáâ¢®. Ǳãáâì x ∈ 〈α, β〉. Ǳ® ä®à¬ã«¥ �ìîâ®­  |

�¥©¡­¨æ  [7, £« . XI , §4℄
x∫

x
0

f

′

(t)dt = f(x) − f(x
0

), â®£¤ 

f(x) = f(x
0

) +

x∫

x
0

f

′

(t)dt. (13)
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Ǳ® ä®à¬ã«¥ ¨­â¥£à¨à®¢ ­¨ï ¯® ç áâï¬

(∫
u d v = uv−

∫
v d u

)

[9, £« . X , §1, 162℄, ¯®« £ ï u = f

′

(t), d v = d(x− t), ¯®«ãç¨¬

x∫

x
0

f

′

(t)dt = −
x∫

x
0

f

′

(t)d(x−t) = −




f

′

(t)(x − t)

∣
∣
∣
∣

x

x
0

−
x∫

x
0

f

′′

(t)(x − t)dt




=

= f

′

(x
0

)(x − x
0

) +

x∫

x
0

f

′′

(t)(x − t)dt.

�®£¤  ä®à¬ã«  (13) ¯à¨¬¥â ¢¨¤

f(x) = f(x
0

) + f

′

(x
0

)(x− x
0

) +

x∫

x
0

f

′′

(t)(x− t)dt. (14)

�­â¥£à «

x∫

x
0

f

′′

(x − t)dt ­ å®¤¨¬ á ¯®¬®éìî ¨­â¥£à¨à®¢ ­¨ï ¯® ç -

áâï¬, ¯®« £ ï u = f

′′

(t), d v = (x − t)dt, â®£¤  ä®à¬ã«  (14) ¯à¨¬¥â
¢¨¤

f(x) = f(x
0

) + f

′

(x
0

)(x − x
0

) +

f

′′

(x
0

)

2!

(x− x
0

)

2

+

1

2!

x∫

x
0

f

′′′

(t)(x− t)2dt.

Ǳà®¤®«� ï íâ®â ¯à®æ¥áá, ¯®«ãç¨¬ ä®à¬ã«ã

f(x) = f(x
0

)+f

′

(x
0

)(x−x
0

)+

f

′′

(x
0

)

2!

(x−x
0

)

2

+ . . .+
f

(n)
(x

0

)

n!
(x−x

0

)

n
+

+

1

n!

x∫

x
0

f

(n+1)

(t)(x − t)ndt. (15)

�¡®§­ ç¨¬ rn(x) =
1

n!

x∫

x
0

f

(n+1)

(t)(x − t)ndt ¨ ¯à¥®¡à §ã¥¬ íâ®â ¨­â¥-

£à «. �  ®á­®¢ ­¨¨ ®¡®¡é¥­­®© â¥®à¥¬ë ® áà¥¤­¥¬ [9, £« . XI , §2,
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182℄, áãé¥áâ¢ã¥â â®çª  c ∈ [x
0

, x℄
(
¨«¨ [x, x

0

℄, ¥á«¨ x < x
0

)
, â ª ï

çâ®

rn(x) =
1

n!

x∫

x
0

f

(n+1)

(t)(x− t)ndt =
f

(n+1)

(c)

n!

x∫

x
0

(x− t)ndt =

=

f

(n+1)

(c)

n!

[

− (x− t)n+1

n+ 1

]x

x
0

=

f

(n+1)

(c)

(n+ 1)!

(x − x
0

)

n+1.

�®£¤  ä®à¬ã«ã (15) ¬®�­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

f(x) = f(x
0

)+f

′

(x
0

)(x−x
0

)+

f

′′

(x
0

)

2!

(x−x
0

)

2

+ . . .+
f

(n)
(x

0

)

n!
(x−x

0

)

n
+

+

f

(n+1)

(c)

(n+ 1)!

(x− x
0

)

n+1.

�â¢¥à�¤¥­¨¥ ¤®ª § ­®.

� ¬¥ç ­¨¥. �®à¬ã«  �¥©«®à  ¯®§¢®«ï¥â § ¬¥­¨âì §­ ç¥­¨¥

äã­ªæ¨¨ ¢ â®çª¥ x §­ ç¥­¨¥¬ ¬­®£®ç«¥­  ¯® áâ¥¯¥­ï¬ (x − x
0

).

Ǳà¨ íâ®¬ ¯®£à¥è­®áâì ¢ëç¨á«¥­¨ï à ¢­  rn(x).
34

◦.�¥®à¥¬  ® áå®¤¨¬®áâ¨ àï¤  �¥©«®à  ª ¨áå®¤­®© äã­ª-
æ¨¨. �«ï â®£® çâ®¡ë äã­ªæ¨î f(x) ¬®�­® ¡ë«® à §«®-

�¨âì ¢ â®çª¥ x ∈ 〈α, β〉 ¢ áâ¥¯¥­­®© àï¤ ¯® áâ¥¯¥­ï¬ (x − x
0

)

(
x
0

∈ 〈α, β〉
)
, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ®­  ¨¬¥«  ¯à®-

¨§¢®¤­ë¥ ¢á¥å ¯®àï¤ª®¢ ¢ 〈α, β〉 ¨ ®áâ â®ç­ë© ç«¥­ ¢ ä®à-

¬ã«¥ �¥©«®à  rn(x) áâà¥¬¨«áï ª ­ã«î ¯à¨ n → ∞.

�®ª § â¥«ìáâ¢®. �á«¨ äã­ªæ¨ï f(x) ¨¬¥¥â ¯à®¨§¢®¤­ë¥ ¢á¥å

¯®àï¤ª®¢, â® á¯à ¢¥¤«¨¢  ä®à¬ã«  �¥©«®à  (¯.33

◦
)

f(x) = f(x
0

)+f

′

(x
0

)(x−x
0

)+

f

′′

(x
0

)

2!

(x−x
0

)

2

+. . .+
f

(n)
(x

0

)

n!
(x−x

0

)

n
+

+ rn(x).

Ǳ¥à¢ë¥ (n + 1) á« £ ¥¬ëå ¯à¥¤áâ ¢«ïîâ á®¡®© ç áâ¨ç­ãî áã¬¬ã

àï¤  �¥©«®à  Sn(x). �® ¥áâì f(x) = Sn(x) + rn(x). Ǳ®íâ®¬ã

lim

n→∞
Sn(x) = f(x) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  lim

n→∞
rn(x) = 0. �á«¨

lim

n→∞
rn(x) 6= 0, ¨ àï¤ �¥©«®à  áå®¤¨âáï, â® ­¥ ª äã­ªæ¨¨ f(x).

35

◦. �®áâ â®ç­®¥ ãá«®¢¨¥ à §«®�¨¬®áâ¨ äã­ªæ¨¨ ¢ áâ¥-

¯¥­­®© àï¤ . �«ï â®£® çâ®¡ë äã­ªæ¨î f(x) ¬®�­® ¡ë«® à §-
«®�¨âì ¢® ¢á¥å â®çª å ¯à®¬¥�ãâª  〈α, β〉 (£¤¥ x

0

∈ 〈α, β〉)
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¢ áâ¥¯¥­­®© àï¤ ¤®áâ â®ç­®, çâ®¡ë ®­  ¨¬¥«  ¯à®¨§¢®¤-

­ë¥ ¢á¥å ¯®àï¤ª®¢ ¨ áãé¥áâ¢®¢ «  ª®­áâ ­â  M â ª ï, çâ®∣
∣
∣f
(n)

(x)
∣
∣
∣ 6 M ¤«ï «î¡®£® n = 0, 1, 2, 3, . . . ¨ «î¡®£® x ∈ 〈α, β〉,

â.¥. çâ®¡ë ¯à®¨§¢®¤­ë¥ ¢á¥å ¯®àï¤ª®¢ ¡ë«¨ à ¢­®¬¥à­®

®£à ­¨ç¥­ë ­  ¯à®¬¥�ãâª¥ 〈α, β〉.
�®ª § â¥«ìáâ¢®. Ǳ® â¥®à¥¬¥ ® áå®¤¨¬®áâ¨ àï¤  �¥©«®à  ª ¨á-

å®¤­®© äã­ªæ¨¨ (¯.34

◦
) ¤«ï â®£® çâ®¡ë äã­ªæ¨î f(x) ¬®�­® ¡ë«®

à §«®�¨âì ¢ àï¤ ¯® áâ¥¯¥­ï¬ x − x
0

, ¤®áâ â®ç­®, çâ®¡ë ®áâ â®ç-

­ë© ç«¥­ ¢ ä®à¬ã«¥ �¥©«®à  rn(x) áâà¥¬¨«áï ª ­ã«î ¯à¨ n → ∞.

Ǳ® ¤®ª § ­­®¬ã ¢ëè¥ ®áâ â®ç­ë© ç«¥­ ä®à¬ã«ë �¥©«®à  (¯.33

◦
)

¨¬¥¥â ¢¨¤ rn(x) =
f

(n+1)

(c)
(n+1)!

(x−x
0

)

n+1

, £¤¥ c ∈ [x
0

, x℄
(
¨«¨ [x, x

0

℄, ¥á«¨

x < x
0

)
¨, á«¥¤®¢ â¥«ì­®, c ∈ 〈α, β〉. �«ï ­¥£® á¯à ¢¥¤«¨¢  ®æ¥­ª 

∣
∣
rn(x)

∣
∣
=

∣
∣
∣f
(n+1)

(c)
∣
∣
∣

(n+ 1)!

|x− x
0

|n+1

6
M(β − α)n+1

(n+ 1)!

(
¯®áª®«ìªã |x − x

0

| 6 β − α
)
. �® lim

n→∞
(β−α)n+1

(n+1)!

= 0 (á¬. ¯à¨-

¬¥à 14), á«¥¤®¢ â¥«ì­®, lim

n→∞
rn(x) = 0 ¤«ï «î¡®£® x ∈ 〈α, β〉. Ǳ® ¨§-

«®�¥­­®¬ã ¢ ¯.34

◦
äã­ªæ¨î f(x) ¬®�­® à §«®�¨âì ¢ áâ¥¯¥­­®© àï¤

¢ «î¡®© â®çª¥ x ∈ 〈α, β〉. �à¥¡ã¥¬®¥ ãâ¢¥à�¤¥­¨¥ ¤®ª § ­®.
� ¯®¬®éìî ¨­â¥£à¨à®¢ ­¨ï £¥®¬¥âà¨ç¥áª®© ¯à®£à¥áá¨¨ ¢ ¯à¨¬¥-

à¥ 37 ¡ë«® ¯®«ãç¥­® à §«®�¥­¨¥ ¢ àï¤ äã­ªæ¨¨

ln(1 + x) = x− x2

2

+

x3

3

− x4

4

+ . . .

¯à¨ x ∈ (−1, 1). Ǳ® ¯à¨§­ ªã �¥©¡­¨æ  (¯.14

◦
) íâ®â àï¤ áå®¤¨âáï

¯à¨ x = 1. �®ª �¥¬, çâ® äã­ªæ¨ï f(x) = ln(1 + x) ¯à¥¤áâ ¢¨¬  ¢

¢¨¤¥ àï¤  ¨ ¯à¨ x = 1. � ¯®¬®éìî ¬­®£®ªà â­®£® ¤¨ää¥à¥­æ¨à®-

¢ ­¨ï ¬®�­® ¯®«ãç¨âì, çâ® f

(n+1)

(x) = (−1)

nn!
(1+x)n+1

. �â® ®§­ ç ¥â, çâ®

®áâ â®ç­ë© ç«¥­

rn(x) =
f

(n+1)

(c)

(n+ 1)!

xn+1

=

(−1)nn!xn+1

(n+ 1)!(1 + c)n+1

=

(−1)n
n+ 1

(
x

1 + c

)n+1

rn(1) =
(−1)n
n+ 1

1

(1 + c)n+1

∣
∣
rn(1)

∣
∣
=

1

(n+ 1)(1 + c)n+1

6
1

n+ 1

,
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â ª ª ª ¢ íâ®¬ á«ãç ¥ c ∈ [0, 1℄. � á¨«ã â®£®, çâ® lim

n→∞
1

n+1

= 0, ¨¬¥¥¬

lim

n→∞
rn(1) = 0. Ǳ® â¥®à¥¬¥ ® áå®¤¨¬®áâ¨ àï¤  �¥©«®à  ª ¨áå®¤­®©

äã­ªæ¨¨ (¯.34

◦
) ln(1 + x) ¬®�¥â ¡ëâì ¯à¥¤áâ ¢«¥­ ¢ ¢¨¤¥ àï¤  ¢

â®çª¥ x = 1, â.¥. ¢ ¯à®¬¥�ãâª¥ (−1, 1℄. � ª¨¬ ®¡à §®¬, ¯®«ãç¥­ 

áã¬¬  ç¨á«®¢®£® àï¤ :

1− 1

2

+

1

3

− 1

4

+ . . .+
(−1)n−1

n
+ . . . = ln 2.

� ¯à¨¬¥à¥ 38 ¡ë«® ¯®«ãç¥­® à §«®�¥­¨¥ ¢ áâ¥¯¥­­®© àï¤ äã­ª-

æ¨¨

ar
tgx = x− x3

3

+

x5

5

− x7

7

+ . . .

¯à¨ x ∈ (−1, 1). Ǳ® ¯à¨§­ ªã �¥©¡­¨æ  (¯.14

◦
) íâ®â àï¤ áå®¤¨âáï

¯à¨ x = ±1. � [8, £« . XI , §7, 392℄ ¤®ª § ­®, çâ® äã­ªæ¨ï ar
tgx
¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ àï¤  ¨ ¢ íâ¨å â®çª å. � ª¨¬ ®¡à §®¬,

1− 1

3

+

1

5

− 1

7

+ . . .+
(−1)n−1

2n− 1

+ . . . = ar
tg1 =

π

4

.

� §«®�¨¬ ¥é¥ ­¥áª®«ìª® äã­ªæ¨© ¢ àï¤ë ¯® áâ¥¯¥­ï¬ x
(x

0

= 0).

Ǳà¨¬¥à 39. f(x) = ex.

� ª ª ª

(
ex
)′

= ex, â® f(n)(x) = ex ¤«ï «î¡®£® n. Ǳ®áª®«ìªã ex |

äã­ªæ¨ï ¯®«®�¨â¥«ì­ ï ¨ ¢®§à áâ îé ï, â®

∣
∣
∣f
(n)
(x)
∣
∣
∣ 6 eR, ¥á«¨

x ∈ [−R,R℄. �«¥¤®¢ â¥«ì­®, äã­ªæ¨ï ex ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ áâ¥¯¥­-
­®£® àï¤  ­  «î¡®¬ á¥£¬¥­â¥ [−R,R℄, â.¥. ¥¥ àï¤ �¥©«®à  áå®¤¨âáï ª

¨áå®¤­®© äã­ªæ¨¨ ­  ¢á¥© ç¨á«®¢®© ®á¨. Ǳ®áª®«ìªã f

(n)
(0) = e0 = 1

¤«ï «î¡®£® n, â®

ex = 1 + x+
x2

2!

+

x3

3!

+ . . .+
xn

n!
+ . . . (16)

Ǳà¨¬¥à 40. f(x) = sinx.
�§¢¥áâ­®, çâ® ¯à®¨§¢®¤­ ï á¨­ãá  n-£® ¯®àï¤ª  à ¢­ 

f

(n)
(x) = sin

(
x+ nπ

2

)
. �®£¤ 

∣
∣
∣f
(n)

(x)
∣
∣
∣ =

∣
∣
sin

(
x+ nπ

2

)∣
∣ 6 1 ¤«ï «î-

¡®£® x ∈ (−∞,+∞). �«¥¤®¢ â¥«ì­®, äã­ªæ¨ï sinx ¯à¥¤áâ ¢¨¬  ¢
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¢¨¤¥ áâ¥¯¥­­®£® àï¤  ­  ¢á¥© ç¨á«®¢®© ®á¨. �ëç¨á«¨¬ §­ ç¥­¨ï

¯à®¨§¢®¤­ëå ¢ â®çª¥ x = 0,

f

(n)
(0) = sin

(

n
π

2

)

=

{
0, ¥á«¨ n = 2k;

(−1)k+1, ¥á«¨ n = 2k − 1.

�®£¤ 

sinx = x− x3

3!

+

x5

5!

− x7

7!

+ . . .+
(−1)k+1x2k−1

(2k − 1)!

+ . . . (17)

Ǳà¨¬¥à 41. f(x) = 
osx.
�®á¯®«ì§ã¥¬áï â¥®à¥¬®© ® ¯®ç«¥­­®¬ ¤¨ää¥à¥­æ¨à®¢ ­¨¨ áâ¥-

¯¥­­®£® àï¤  (¯.31

◦
), á®£« á­® ª®â®à®© áâ¥¯¥­­®© àï¤ ¤«ï á¨­ãá 

(17), ¯®«ãç¥­­ë© ¢ ¯à¨¬¥à¥ 40, ¬®�­® ¤¨ää¥à¥­æ¨à®¢ âì ¢­ãâà¨

¨­â¥à¢ «  áå®¤¨¬®áâ¨, â.¥. ­  ¢á¥© ç¨á«®¢®© ®á¨:


osx = (sinx)
′

=

(

x− x3

3!

+

x5

5!

− x7

7!

+ . . .+
(−1)k+1x2k−1

(2k − 1)!

+ . . .

)′

=

= 1− 3x2

3!

+

5x4

5!

− 7x6

7!

+ . . .+
(−1)k+1

(2k − 1)x2k−2

(2k − 1)!

+ . . . =

= 1− x2

2!

+

x4

4!

− x6

6!

+ . . .+
(−1)k+1x2k−2

(2k − 2)!

+ . . . (18)

Ǳà¨¬¥à 42. f(x) = (1 + x)α.
�ëç¨á«¨¬ ¯à®¨§¢®¤­ë¥ äã­ªæ¨¨ f(x) ¨ ¨å §­ ç¥­¨ï ¢ â®çª¥ x = 0:

f

(0)

(x) = f(x) = (1 + x)α ⇒ f

(0)

(0) = 1,

f

′

(x) = α(1 + x)α−1 ⇒ f

′

(0) = α,

f

′′

(x) = α(α− 1)(1 + x)α−1 ⇒ f

′′

(0) = α(α − 1),

f

′′′

(x) = α(α− 1)(α− 2)(1 + x)α−2 ⇒ f

′′′

(0) = α(α− 1)(α− 2),

. . . . . .

f

(n)
(x) = α(α − 1)(α− 2) . . . (α− n+ 1)(1 + x)α−n ⇒

⇒ f

(n)
(0) = α(α − 1)(α − 2) . . . (α− n+ 1).

�®£¤ 

(1 + x)α = 1 + αx+
α(α − 1)

2!

x2 +
α(α − 1)(α− 2)

3!

x3 + . . .
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. . .+
α(α − 1)(α− 2) . . . (α− n+ 1)

n!
xn

+ . . .

� [2, £« . VIII , §4, ¯à. 5℄ ¤®ª § ­®, çâ® íâ® à §«®�¥­¨¥ á¯à ¢¥¤«¨¢®
­  ¨­â¥à¢ «¥ (−1, 1).

� áá¬®âà¨¬ ¯®«ãç¥­­ãî ä®à¬ã«ã ¯à¨ ­¥ª®â®àëå §­ ç¥­¨ïå ¯ -

à ¬¥âà  α:
 ) Ǳãáâì α = n (­ âãà «ì­®¥ ç¨á«®). �®£¤ 

f

(n)
(x) = n(n− 1) . . . (n− n+ 1)(1 + x)n−n

= n(n− 1) . . . 1 = n!

�â® ª®­áâ ­â , ¨ ¢á¥ á«¥¤ãîé¨¥ ¯à®¨§¢®¤­ë¥ à ¢­ë ­ã«î:

f

(n+1)

(x) = f

(n+2)

(x) = . . . = 0.

� ª ª ª Rn+1

(x) = 0, â® à §«®�¥­¨¥ ¢ àï¤ á¯à ¢¥¤«¨¢® ¤«ï «î¡®£®

x ∈ (−∞,+∞). �«¥¤®¢ â¥«ì­®,

(1 + x)n = 1 + nx+
n(n− 1)

2

x2 +
n(n− 1)(n− 2)

3!

x3 + . . .+
n!

n!
xn.

�â  ä®à¬ã«  | ç áâ­ë© á«ãç © ä®à¬ã«ë ¡¨­®¬  �ìîâ®­  [1, á¯à -

¢®ç­ë© ¬ â¥à¨ «℄.

¡) Ǳãáâì α = −1. �®£¤ 

(1 + x)−1

=

1

1 + x
=

= 1 + (−1)x+ (−1)(−2)
2!

x2 + . . .+
(−1)(−2) . . . (−n)

n!
xn

+ . . . =

= 1− x+ x2 − x3 + . . .+ (−1)nxn
+ . . .

Ǳ®«ãç¥­  áã¬¬  £¥®¬¥âà¨ç¥áª®© ¯à®£à¥áá¨¨, ¨§ãç¥­­ ï à ­¥¥

(á¬. ¯à¨¬¥àë 1 { 3, 25 ¨ 30). �ï¤ áå®¤¨âáï ¯à¨ x ∈ (−1, 1).
Ǳà¨¢¥¤¥¬ ¯à¨¬¥à äã­ªæ¨¨, ª®â®àãî ­¥¢®§¬®�­® ¯à¥¤áâ ¢¨âì ¢

¢¨¤¥ áâ¥¯¥­­®£® àï¤ .

Ǳà¨¬¥à 43. f(x) =

{

e−
1

x2 , ¥á«¨ x 6= 0;

0 , ¥á«¨ x = 0.
�¥á¬®âàï ­  â®, çâ® íâ  äã­ªæ¨ï § ¤ ­  ­¥ ¥¤¨­®© ä®à¬ã«®©,

®­  ­¥¯à¥àë¢­  ¨ ¤ �¥ ¨¬¥¥â ¯à®¨§¢®¤­ë¥ ¢á¥å ¯®àï¤ª®¢:

f

′

(x) =

{

e−
1

x2 · 2

x3 , ¥á«¨ x 6= 0;

0 , ¥á«¨ x = 0;

69



f

′

(0) = 0, â ª ª ª ¯® â¥®à¥¬¥ ® ¯à¥¤¥«¥ ¯à®¨§¢®¤­®© [9, £« . VI , §2,
103℄

f

′

(0) = lim

x→0

f

′

(x) = lim

x→0

e−
1

x2 · 2

x3
=

(
á¤¥« ¥¬ § ¬¥­ã ¯¥à¥¬¥­­®© y =

1

x (ïá­®, çâ® ¥á«¨ x → 0, â®

y → ∞)

)

= lim

y→∞
e−y2 · 2y3 = lim

y→∞
2y3

ey2
=

(
¯à¨¬¥­¨¬ ¯à ¢¨«® �®¯¨â «ï [9, £« . VII , §3, 121℄

)

= lim

y→∞
6y2

2yey2
= lim

y→∞
3y

ey2
=

(¯®¢â®à­® ¯à¨¬¥­¨¬ ¯à ¢¨«® �®¯¨â «ï)

= lim

y→∞
3

2yey2
= 0.

f

′′

(x) =

{

e−
1

x2 · 2

x3 − e−
1

x2
6

x4 , ¥á«¨ x 6= 0;

0 , ¥á«¨ x = 0.

f

′′

(0) = 0  ­ «®£¨ç­®. �á¥ á«¥¤ãîé¨¥ ¯à®¨§¢®¤­ë¥ ¢ ­ã«¥ â®�¥

¡ã¤ãâ à ¢­ë ­ã«î. Ǳ®íâ®¬ã an = 0 ¤«ï «î¡®£® n, ¨ àï¤ �¥©«®à 

¤«ï ¤ ­­®© äã­ªæ¨¨ | àï¤ ¨§ ­ã«¥©:

∞∑

n=0

0 = 0 + 0 + 0 + . . .+ 0 + . . . = 0.

� ª®© àï¤ áå®¤¨âáï ­  ¢á¥© ç¨á«®¢®© ®á¨, ­® ­¥ ª äã­ªæ¨¨ f(x).
�®ç­¥¥ £®¢®àï, ®­ áå®¤¨âáï ª äã­ªæ¨¨ f(x) â®«ìª® ¢ ®¤­®© â®çª¥

x = 0.

§11. �¥ª®â®àë¥ ¯à¨«®�¥­¨ï áâ¥¯¥­­ëå àï¤®¢

11.1. Ǳà¨¡«¨�¥­­®¥ ¢ëç¨á«¥­¨¥ §­ ç¥­¨© äã­ªæ¨¨

�­ ï à §«®�¥­¨¥ äã­ªæ¨¨ ¢ àï¤, ¬®�­® ¢ëç¨á«¨âì ¥¥ ¯à¨¡«¨-

�¥­­®¥ §­ ç¥­¨¥. � ¯à¨¬¥à:

sinx = x− x3

3!

+

x5

5!

− x7

7!

+ . . .
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¤«ï «î¡®£® x. Ǳ®íâ®¬ã ¬®�­® ¢ëç¨á«¨âì sinx ¯à¨ «î¡®¬ §­ ç¥­¨¨

 à£ã¬¥­â  x. Ǳà¨ íâ®¬ ¬®�­® ®æ¥­¨âì ¯®£à¥è­®áâì, â ª ª ª àï¤

ï¢«ï¥âáï àï¤®¬ â¨¯  �¥©¡­¨æ , ¨ ¥£® ®áâ â®ª ¯®á«¥ n-£® ç«¥­  ­¥

¯à¥¢®áå®¤¨â ¯®  ¡á®«îâ­®© ¢¥«¨ç¨­¥ ¯¥à¢ë© ®â¡à®è¥­­ë© ç«¥­.

Ǳà¨¬¥à 44. � ©¤¥¬ sin 10

◦
á â®ç­®áâìî 0,0001. Ǳ®áª®«ìªã

10

◦
| íâ®

π
18

à ¤¨ ­, â®

sin

π

18

≈ π

18

− 1

6

( π

18

)
3

+

1

120

( π

18

)
5

− . . . ≈
≈ 0,17453− 0,00089
︸ ︷︷ ︸

≈0,1736

+0,000001− . . .

�â ª, sin 10

◦ ≈ 0,1736.

� ¯®¬®éìî à §«®�¥­¨ï ¢ àï¤ äã­ªæ¨¨

(1+x)α = 1+αx+
α(α− 1)

2!

x2+
α(α− 1)(α− 2)

3!

x3+. . . , x ∈ (−1, 1),

¬®�­® ¯à¨¡«¨�¥­­® ¢ëç¨á«ïâì ª®à­¨.

Ǳà¨¬¥à 45.

3

√

10 =

3

√

8 + 2 = 2

3

√

1 +

1

4

. �ëç¨á«¨¬ íâ®

¢ëà �¥­¨¥ á â®ç­®áâìî 0,0001.

(1 + x)1/3 ≈ 1 +

1

3

x+
1

3

(
1

3

− 1

)

2

x2 +
1

3

(
1

3

− 1

) (
1

3

− 2

)

6

x3+

+

1

3

(
1

3

− 1

) (
1

3

− 2

) (
1

3

− 3

)

24

x4 +
1

3

(
1

3

− 1

) (
1

3

− 2

) (
1

3

− 3

) (
1

3

− 4

)

120

x5 ≈

≈ 1 +

1

3

x− 1

9

x2 +
5

81

x3 − 10

243

x4 +
22

729

x5 − . . .

Ǳ®« £ ï ¢ íâ®© ä®à¬ã«¥ x = 1

4

, ¯®«ãç¨¬

3

√

10 = 2

(

1 +

1

4

)
1/3

≈

≈ 2

(

1 +

1

3

· 1
4

− 1

9

· 1

16

+

5

81

· 1

64

− 10

243

· 1

256

+

22

729

· 1

1024

− . . .

)

≈

≈ 2 + 0,16667− 0,01389+ 0,00193− 0,00032
︸ ︷︷ ︸

≈2,1544

+0,00006− . . .

�ª®­ç â¥«ì­® ¨¬¥¥¬

3

√
10 ≈ 2,1544.
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�¡à â¨¬ ¢­¨¬ ­¨¥ ­  â®, çâ® ¢ à §­ëå ¯à¨¬¥à å ¤«ï ¤®áâ¨�¥­¨ï

®¤¨­ ª®¢®© â®ç­®áâ¨ âà¥¡ã¥âáï ¡à âì à §«¨ç­®¥ ç¨á«® ç«¥­®¢ àï¤ .

11.2. �­â¥£à¨à®¢ ­¨¥ äã­ªæ¨©

�§¢¥áâ­®, çâ® ¯¥à¢®®¡à §­ ï ­¥ ¢áïª®© í«¥¬¥­â à­®© äã­ªæ¨¨

¥áâì äã­ªæ¨ï í«¥¬¥­â à­ ï. � íâ®¬ á«ãç ¥ ¨­®£¤  ¢®§¬®�­® à §-

«®�¨âì äã­ªæ¨î ¢ áâ¥¯¥­­®© àï¤ ¨ ¯à®¨­â¥£à¨à®¢ âì ¥£® ¯®ç«¥­­®.

Ǳà¨ íâ®¬ ¯®«ãç¨âáï à §«®�¥­¨¥ ¯¥à¢®®¡à §­®© ¢ áâ¥¯¥­­®© àï¤.

Ǳà¨¬¥à 46. f(t) = e−t2
.

�â  äã­ªæ¨ï ­¥¯à¥àë¢­  ¨, á«¥¤®¢ â¥«ì­®, ¨¬¥¥â ¯¥à¢®®¡à §-

­ãî. �â  ¯¥à¢®®¡à §­ ï F(x) =
x∫

0

e−t2dt ­¥ ï¢«ï¥âáï í«¥¬¥­â à­®©

äã­ªæ¨¥©. �§¢¥áâ­®, çâ®

ey = 1 + y +
y2

2!

+

y3

3!

+ . . .

¤«ï «î¡®£® y. Ǳ®« £ ï ¢ íâ®¬ à ¢¥­áâ¢¥ y = −t2, ¯®«ãç¨¬

e−t2
= 1− t2 +

(−t2)2

2!

+

(−t2)3

3!

+ . . . = 1− t2 +
t4

2!

− t6

3!

+ . . .

�®£¤ 

x∫

0

e−t2dt =

x∫

0

(

1− t2 +
t4

2!

− t6

3!

+ . . .

)

dt =

=

[

t− t3

3

+

t5

5 · 2! −
t7

7 · 3! + . . .

]x

0

= x− x3

3

+

x5

5 · 2! −
x7

7 · 3! + . . . =

=

∞∑

n=1

(−1)n+1x2n−1

(2n− 1) · (n− 1)!

.

11.3. � áªàëâ¨¥ ­¥®¯à¥¤¥«¥­­®áâ¥©

Ǳà¨ ¢ëç¨á«¥­¨¨ ¯à¥¤¥«®¢ ¨­®£¤  ã¤®¡­® ¯à¥¤áâ ¢«ïâì ­¥ª®â®-

àë¥ äã­ªæ¨¨ ¢ ¢¨¤¥ áâ¥¯¥­­ëå àï¤®¢, á®åà ­ïï ­¥®¡å®¤¨¬®¥ ç¨á«®

ç«¥­®¢.
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Ǳà¨¬¥à 47. lim

x→0


os 2x− 1

e3x − 1− 3x
.

�â® ­¥®¯à¥¤¥«¥­­®áâì â¨¯ 

0

0

. �®á¯®«ì§®¢ ¢è¨áì ¨§¢¥áâ­ë¬¨

à §«®�¥­¨ï¬¨ ª®á¨­ãá  (18) ¨ íªá¯®­¥­âë (16), à §«®�¨¬ äã­ªæ¨¨


os 2x ¨ e3x ¢ àï¤ë ¯® áâ¥¯¥­ï¬ x:


os 2x = 1− (2x)2

2!

+

(2x)4

4!

+ . . . = 1− 2x2 +
2

3

x4 + . . . ,

e3x = 1 + 3x+
(3x)2

2!

+

(3x)3

3!

+ . . . = 1 + 3x+
9

2

x2 +
9

2

x3 + . . .

�®£¤ 

lim

x→0


os 2x− 1

e3x − 1− 3x
= lim

x→0

1− 2x2 + 2

3

x4 + . . .− 1

1 + 3x+ 9

2

x2 + 9

2

x3 + . . .− 1− 3x
=

= lim

x→0

−2x2 + 2

3

x4 + . . .
9

2

x2 + 9

2

x3 + . . .
= lim

x→0

−2 + 2

3

x2 + . . .
9

2

+

9

2

x+ . . .
= −4

9

.

11.4. �ã¬¬¨à®¢ ­¨¥ àï¤®¢

�­®£¤  á ¯®¬®éìî ¨­â¥£à¨à®¢ ­¨ï ¨«¨ ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¢®§-

¬®�­® á¢¥áâ¨ äã­ªæ¨®­ «ì­ë© àï¤ ª ¨§¢¥áâ­®¬ã à §«®�¥­¨î ­¥-

ª®â®à®© äã­ªæ¨¨. � «¥¥ ®¡à â­ë¬ ¤¨ää¥à¥­æ¨à®¢ ­¨¥¬ ¨«¨ ¨­â¥-

£à¨à®¢ ­¨¥¬ (¥á«¨ ®­® ¢®§¬®�­® ¢ í«¥¬¥­â à­ëå äã­ªæ¨ïå) íâ®©

äã­ªæ¨¨ ¯®«ãç ¥âáï ¨áª®¬ ï áã¬¬  àï¤ .

Ǳà¨¬¥à 48.

∞∑

n=1

nxn
= x+ 2x2 + 3x3 + . . . .

�â® áâ¥¯¥­­®© àï¤. �£® à ¤¨ãá áå®¤¨¬®áâ¨

R = lim

n→∞

∣
∣
∣
∣

an
an+1

∣
∣
∣
∣
= lim

n→∞
n

n+ 1

= lim

n→∞
1

1 +

1

n

= 1,

á«¥¤®¢ â¥«ì­®, ¨áª®¬ ï äã­ªæ¨ï S(x) =
∞∑

n=1

nxn
®¯à¥¤¥«¥­  ¯à¨ x ∈

(−1, 1)
(
¯à¨ x = ±1 àï¤ à áå®¤¨âáï ¯® ¤®áâ â®ç­®¬ã ¯à¨§­ ªã à á-

å®¤¨¬®áâ¨ (¯.7

◦
)

)
. � §¤¥«¨¬ àï¤ ­  x áç¨â ï x 6= 0 (¥á«¨ x = 0, â®

S(0) = 0, çâ® ®ç¥¢¨¤­®). �ã¤¥¬ ¨¬¥âì

S(x)
x =

∞∑

n=1

nxn−1

. �­â¥£à¨àãï

íâ® à ¢¥­áâ¢® ¯® á¥£¬¥­âã [0, t℄ ∈ (−1, 1), ¯®«ãç¨¬
t∫

0

S(x)

x
dx =

∞∑

n=1

t∫

0

nxn−1dx =

∞∑

n=1

n
xn

n

∣
∣
∣
∣

t

0

=

∞∑

n=1

tn = t+ t2 + t3 + . . .
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Ǳ®áª®«ìªã íâ® | áã¬¬  £¥®¬¥âà¨ç¥áª®© ¯à®£à¥áá¨¨ á ¯¥à¢ë¬ ç«¥-

­®¬ ¨ §­ ¬¥­ â¥«¥¬ à ¢­ë¬¨ t â®

t∫

0

S(x)

x
dx =

t

1− t
.

�¨ää¥à¥­æ¨àãï ¯®á«¥¤­¥¥ à ¢¥­áâ¢® ¯® t, ¯®«ãç¨¬





t∫

0

S(x)

x
dx





′

t

=

(
t

1− t

)′

t

,

S(t)

t
=

t
′

(1− t)− t(1− t)
′

(1− t)2
=

1− t+ t

(1− t)2
=

1

(1− t)2
.

�«¨

S(x) =
∞∑

n=1

nxn
=

x

(1− x)2
, ¥á«¨ |x| < 1.

Ǳà¨¬¥à 49.

∞∑

n=1

xn

n = x+ x2

2

+

x3

3

+ . . . .

�¡« áâì áå®¤¨¬®áâ¨ íâ®£® áâ¥¯¥­­®£® àï¤  ¡ë«  ­ ©¤¥­  ¢ ¯à¨-

¬¥à¥ 31. �£® à ¤¨ãá áå®¤¨¬®áâ¨ à ¢¥­ ¥¤¨­¨æ¥. �áª®¬ ï äã­ªæ¨ï

S(x) =
∞∑

n=1

xn

n ®¯à¥¤¥«¥­  ¯à¨ x ∈ [−1, 1). � ª ª ª ¯à¨ x ∈ (−1, 1)

àï¤

∞∑

n=1

xn

n áå®¤¨âáï à ¢­®¬¥à­®, ¯à®¤¨ää¥à¥­æ¨àã¥¬ ¥£® ¯®ç«¥­­®:

S

′

(x) =

∞∑

n=1

(xn
)

′

n
=

∞∑

n=1

xn−1

= 1+x+x2+ . . . =
1

1− x

(
x ∈ (−1, 1)

)
,

â ª ª ª íâ® | áã¬¬  £¥®¬¥âà¨ç¥áª®© ¯à®£à¥áá¨¨ á ¯¥à¢ë¬ ç«¥­®¬

à ¢­ë¬ ¥¤¨­¨æ¥ ¨ §­ ¬¥­ â¥«¥¬ x (á¬. ¯à¨¬¥àë 1 { 3, 25 ¨ 30). �«ï

­ å®�¤¥­¨ï äã­ªæ¨¨ S(x) ¯à®¨­â¥£à¨àã¥¬ ¯®«ãç¥­­®¥ ¢ëà �¥­¨¥:

S(x) =

∫

S

′

(x)dx =

∫
dx

1− x
= −

∫
d(1− x)

1− x
=

= − ln |1− x|+ C = − ln(1− x) + C,
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£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï ¨­â¥£à¨à®¢ ­¨ï. C ¬®�­® ­ ©â¨,

¥á«¨ ¯à¨­ïâì ¢® ¢­¨¬ ­¨¥, çâ® S(0) = 0+

0

2

2

+

0

3

3

+ . . . = 0. Ǳ®íâ®¬ã

C = S(0) + ln(1 + 0) = 0 + 0 = 0.

�â ª,

S(x) = − ln(1− x) ¯à¨ x ∈ (−1, 1).
�ë«® ¯®ª § ­®, çâ® à §«®�¥­¨¥ ln(1 + x) á¯à ¢¥¤«¨¢® ¨ ¯à¨ x = 1.

Ǳ®íâ®¬ã ¯®«ãç¥­­®¥ §­ ç¥­¨¥ S(x) ¢¥à­® ¨ ¯à¨ x = −1, â.¥. ¢® ¢á¥¬
¯à®¬¥�ãâª¥ áå®¤¨¬®áâ¨ [−1, 1).

�à®¬¥ ®¯¨á ­­ëå áãé¥áâ¢ãîâ ¨ ¤àã£¨¥ ¯à¨«®�¥­¨ï áâ¥¯¥­­ëå

àï¤®¢, ¢ëå®¤ïé¨¥ §  à ¬ª¨ ¤ ­­®£® ¯®á®¡¨ï. � ª, ­ ¯à¨¬¥à, á ¯®-

¬®éìî à §«®�¥­¨ï ¢ áâ¥¯¥­­ë¥ àï¤ë ¬®�­® ç¨á«¥­­® à¥è âì ¤¨ä-

ä¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï [6, £« . 3 , ¯. 3.2℄.

Ǳ������ ������� �����

Ǳà¨¬¥à 50. �áá«¥¤®¢ âì áå®¤¨¬®áâì ç¨á«®¢®£® àï¤ 

∞∑

n=1

n3

n3+3

.

�ëç¨á«¨¬ ¯à¥¤¥« ®¡é¥£® ç«¥­  àï¤ 

lim

n→∞
an = lim

n→∞
n3

n3 + 3

= lim

n→∞
1

1 +

3

n3

= 1 6= 0.

Ǳà¥¤¥« ®¡é¥£® ç«¥­  àï¤  ®â«¨ç¥­ ®â ­ã«ï, ¨ á«¥¤®¢ â¥«ì­®, ¯®

¤®áâ â®ç­®¬ã ¯à¨§­ ªã à áå®¤¨¬®áâ¨ àï¤ à áå®¤¨âáï.

Ǳà¨¬¥à 51. �áá«¥¤®¢ âì áå®¤¨¬®áâì ç¨á«®¢®£® àï¤ 

∞∑

n=1

√
n

n2+1

.

Ǳà¥®¡à §ã¥¬ ®¡é¨© ç«¥­ àï¤  ¯à¨ n → ∞:

√
n

n2 + 1

=

1

n3/2
(
1 +

1

n2

) ∼ 1

n3/2
.

�­ íª¢¨¢ «¥­â¥­

1

n3/2
, â ª ª ª

lim

n→∞

1

n3/2
(

1+

1

n2
)

1

n3/2

= lim

n→∞
1

1 +

1

n2

= 1.

�®£¤ , ¯® ¯¥à¢®¬ã á«¥¤áâ¢¨î ¨§ â¥®à¥¬ë áà ¢­¥­¨ï ¢ ¯à¥¤¥«ì­®©

ä®à¬¥, ¯¥à¢®­ ç «ì­ë© àï¤ ¨¬¥¥â ®¤¨­ ª®¢ãî áå®¤¨¬®áâì á àï¤®¬
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∞∑

n=1

1

n3/2
. �ï¤

∞∑

n=1

1

n3/2
| ®¡®¡é¥­­ë© £ à¬®­¨ç¥áª¨© á ¯®ª § â¥«¥¬

áâ¥¯¥­¨ ¡®«ìè¨¬ ¥¤¨­¨æë, ®­ áå®¤¨âáï. Ǳ® â¥®à¥¬¥ áà ¢­¥­¨ï ¢

¯à¥¤¥«ì­®© ä®à¬¥ ¯¥à¢®­ ç «ì­ë© àï¤ ¨¬¥¥â âã �¥ áå®¤¨¬®áâì.

Ǳà¨¬¥à 52. �áá«¥¤®¢ âì áå®¤¨¬®áâì ç¨á«®¢®£® àï¤ 

∞∑

n=2

1

3

√
n(n2−1)

.

Ǳà¥®¡à §ã¥¬ ®¡é¨© ç«¥­ àï¤  ¯à¨ n → ∞:

1

3

√

n(n2 − 1)

=

1

n 3

√

1− 1

n2

∼ 1

n
.

�­ íª¢¨¢ «¥­â¥­

1

n , â ª ª ª

lim

n→∞

1

n 3

√

1− 1

n2

1

n

= lim

n→∞
1

3

√

1− 1

n2

= 1.

�®£¤ , ¯® ¯¥à¢®¬ã á«¥¤áâ¢¨î ¨§ â¥®à¥¬ë áà ¢­¥­¨ï ¢ ¯à¥¤¥«ì­®©

ä®à¬¥, ¯¥à¢®­ ç «ì­ë© àï¤ ¨¬¥¥â ®¤¨­ ª®¢ãî áå®¤¨¬®áâì á £ à¬®-

­¨ç¥áª¨¬ àï¤®¬

∞∑

n=1

1

n , ª®â®àë© à áå®¤¨âáï. �â ª, àï¤

∞∑

n=2

1

3

√
n(n2−1)

à áå®¤¨âáï.

Ǳà¨¬¥à 53. �áá«¥¤®¢ âì áå®¤¨¬®áâì ç¨á«®¢®£® àï¤ 

∞∑

n=1

1

e
1

n
.

�ëç¨á«¨¬ ¯à¥¤¥« ®¡é¥£® ç«¥­  àï¤ 

lim

n→∞
an = lim

n→∞
1

e
1

n

=

1

lim

n→∞
e
1

n

=

1

e0
= 1 6= 0.

Ǳà¥¤¥« ®ª § «áï ®â«¨ç­ë¬ ®â ­ã«ï ¨, á«¥¤®¢ â¥«ì­®, ¯® ¤®áâ â®ç-

­®¬ã ¯à¨§­ ªã à áå®¤¨¬®áâ¨ àï¤ à áå®¤¨âáï.

Ǳà¨¬¥à 54. �áá«¥¤®¢ âì áå®¤¨¬®áâì ç¨á«®¢®£® àï¤ 

∞∑

n=1

√
lnn
n .

Ǳà®¢¥¤¥¬ ¨áá«¥¤®¢ ­¨¥ ¯® ¨­â¥£à «ì­®¬ã ¯à¨§­ ªã �®è¨. �®-

áâ ¢¨¬ äã­ªæ¨î f(x) =
√
lnx
x ¢ æ¥«ëå â®çª å, á®¢¯ ¤ îéãî á ®¡-

é¨¬¨ ç«¥­ ¬¨ ¨áá«¥¤ã¥¬®£® àï¤ . � ©¤¥¬ ¥¥ ãç áâª¨ ã¡ë¢ ­¨ï á

¯®¬®éìî ¤®áâ â®ç­®£® ¯à¨§­ ª  ã¡ë¢ ­¨ï:

f

′

(x) =

1√
lnx

· 1

x · x−
√
lnx

x2
=

1− lnx

x2
√
lnx

,
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f(x) ã¡ë¢ ¥â â ¬, £¤¥ f
′

(x) < 0 ⇔ 1− ln(x) < 0⇔ x > e. �® ¥áâì, ¯à¨
n > 3. �â ª, ¯® ¨­â¥£à «ì­®¬ã ¯à¨§­ ªã ¬®�­® ¨áá«¥¤®¢ âì àï¤

∞∑

n=3

√
lnn
n , ï¢«ïîé¨©áï ®áâ âª®¬ ¨áå®¤­®£® àï¤  ¨, á«¥¤®¢ â¥«ì­®,

¨¬¥îé¨© â®â �¥ å à ªâ¥à áå®¤¨¬®áâ¨:

+∞∫

3

f(x)dx =

+∞∫

3

√
lnx dx

x
= lim

A→+∞

A∫

3

√
lnx dx

x
=

= lim

A→+∞

A∫

3

√
lnx d lnx = lim

A→+∞

2

3

√
lnx

3

∣
∣
∣
∣

A

3

=

= lim

A→+∞

(
2

3

√
lnA

3 − 2

3

√
ln 3

3

)

= +∞.

�­â¥£à « à áå®¤¨âáï, á«¥¤®¢ â¥«ì­®, ¨ àï¤, ï¢«ïîé¨©áï ®áâ âª®¬

¨áå®¤­®£® àï¤ , à áå®¤¨âáï. � ¯®íâ®¬ã à áå®¤¨âáï ¨ ¯¥à¢®­ ç «ì-

­ë© àï¤.

Ǳà¨¬¥à 55. �áá«¥¤®¢ âì áå®¤¨¬®áâì ç¨á«®¢®£® àï¤ 

∞∑

n=1

n
en .

�«ï ¨áá«¥¤®¢ ­¨ï íâ®£® àï¤  ¯à¨¬¥­¨¬ ¯à¨§­ ª � « ¬¡¥à :

lim

n→∞
an+1

an
= lim

n→∞

n+1

en+1

n
en

= lim

n→∞
(n+ 1)en

nen+1

= lim

n→∞
1

e

(

1 +

1

n

)

=

1

e
< 1.

Ǳà¥¤¥« ¯®«ãç¨«áï ¬¥­ìè¥ ¥¤¨­¨æë, á«¥¤®¢ â¥«ì­®, àï¤ áå®¤¨âáï.

Ǳà¨¬¥à 56. �áá«¥¤®¢ âì áå®¤¨¬®áâì ç¨á«®¢®£® àï¤ 

∞∑

n=2

1√
ln

3 n
.

�à ¢­¨¬ ¨áá«¥¤ã¥¬ë© àï¤ á £ à¬®­¨ç¥áª¨¬ àï¤®¬

∞∑

n=2

1

n . �ëç¨-

á«¨¬ ¯à¥¤¥«

lim

n→∞

1

n
1√
ln

3 n

= lim

n→∞

√
ln

3 n

n
.

�â®¡ë ¯à¨¬¥­¨âì ¯à ¢¨«® �®¯¨â «ï, § ¬¥­¨¬ ­ âãà «ì­ë©  à£ã-

¬¥­â n ­  ¢¥é¥áâ¢¥­­ë© x:

lim

x→+∞

√
ln

3 x

x
= lim

x→+∞

(√
ln

3 x
)′

x′
= lim

x→+∞

3

2

√
lnx · 1

x

1

=
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(¯®¢â®à­® ¯à¨¬¥­¨¬ ¯à ¢¨«® �®¯¨â «ï)

= lim

x→+∞
3

√
ln x

2x
= lim

x→+∞

(

3

√
lnx
)′

(2x)′
= lim

x→+∞
3

2

· 1

2

√
lnx

· 1
x
= 0.

Ǳ®áª®«ìªã íâ®â ¯à¥¤¥« áãé¥áâ¢ã¥â, â® ¨

lim

n→∞

√
ln

3 n

n
= 0.

�â ª, ¯à¥¤¥« ®â­®è¥­¨ï ®¡é¨å ç«¥­®¢ àï¤®¢

∞∑

n=2

1

n ¨

∞∑

n=2

1√
ln

3 n
à ¢¥­

­ã«î. �«¥¤®¢ â¥«ì­®, ¯® ¢â®à®¬ã á«¥¤áâ¢¨î ¨§ â¥®à¥¬ë áà ¢­¥­¨ï

¢ ¯à¥¤¥«ì­®© ä®à¬¥, ¨§ à áå®¤¨¬®áâ¨ £ à¬®­¨ç¥áª®£® àï¤ 

∞∑

n=2

1

n

á«¥¤ã¥â à áå®¤¨¬®áâì ¯¥à¢®­ ç «ì­®£®

∞∑

n=2

1√
ln

3 n
.

Ǳà¨¬¥à 57. �áá«¥¤®¢ âì áå®¤¨¬®áâì ç¨á«®¢®£® àï¤ 

∞∑

n=1

enn!
(3n)! .

�«ï ¨áá«¥¤®¢ ­¨ï íâ®£® àï¤  ¯à¨¬¥­¨¬ ¯à¨§­ ª � « ¬¡¥à .

lim

n→∞
an+1

an
= lim

n→∞

en+1

(n+1)!

(3(n+1))!

enn!
(3n)!

= lim

n→∞
en+1

(n+ 1)!(3n)!
(
3(n+ 1)

)
!enn!

=

= lim

n→∞
en!(n+ 1)(3n)!

(3n+ 3)!n!
= lim

n→∞
e(n+ 1)(3n)!

(3n)!(3n+ 1)(3n+ 2)(3n+ 3)

=

= lim

n→∞
e(n+ 1)

(3n+ 1)(3n+ 2)(3n+ 3)

= lim

n→∞
e

(3n+ 1)(3n+ 2)3

= 0 < 1.

Ǳà¥¤¥« ¯®«ãç¨«áï ¬¥­ìè¥ ¥¤¨­¨æë, á«¥¤®¢ â¥«ì­®, àï¤ áå®¤¨âáï.

Ǳà¨¬¥à 58. �áá«¥¤®¢ âì áå®¤¨¬®áâì ç¨á«®¢®£® àï¤ 

∞∑

n=2

1

n!−n .

Ǳà¥®¡à §ã¥¬ ®¡é¨© ç«¥­ àï¤  ¯à¨ n → ∞:

1

n!− n
=

1

n!
(

1− 1

(n−1)!

) ∼ 1

n!
.

�­ íª¢¨¢ «¥­â¥­

1

n! , â ª ª ª

lim

n→∞

1

n!
(

1− 1

(n−1)!

)

1

n!

= lim

n→∞
1

1− 1

(n−1)!

= 1.
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�®£¤ , ¯® ¯¥à¢®¬ã á«¥¤áâ¢¨î ¨§ â¥®à¥¬ë áà ¢­¥­¨ï ¢ ¯à¥¤¥«ì­®©

ä®à¬¥, ¯¥à¢®­ ç «ì­ë© àï¤ ¨¬¥¥â ®¤¨­ ª®¢ãî áå®¤¨¬®áâì á àï¤®¬

∞∑

n=1

1

n! . �ï¤

∞∑

n=2

1

n! ¨áá«¥¤ã¥¬ ¯® ¯à¨§­ ªã � « ¬¡¥à :

lim

n→∞
an+1

an
= lim

n→∞

1

(n+1)!

1

n!

= lim

n→∞
n!

(n+ 1)!

= lim

n→∞
1

n+ 1

= 0 < 1.

Ǳà¥¤¥« ¬¥­ìè¥ ¥¤¨­¨æë, á«¥¤®¢ â¥«ì­®, àï¤

∞∑

n=2

1

n! áå®¤¨âáï. � ¯®

¯¥à¢®¬ã á«¥¤áâ¢¨î ¨§ â¥®à¥¬ë áà ¢­¥­¨ï ¢ ¯à¥¤¥«ì­®© ä®à¬¥ áå®-

¤¨âáï ¨ ¯¥à¢®­ ç «ì­ë© àï¤

∞∑

n=2

1

n!−n .

Ǳà¨¬¥à 59. �áá«¥¤®¢ âì áå®¤¨¬®áâì ç¨á«®¢®£® àï¤ 

∞∑

n=1

(−2)n.
�ëç¨á«¨¬ ¯à¥¤¥« ¬®¤ã«ï ®¡é¥£® ç«¥­  àï¤ :

lim

n→∞
|an| = lim

n→∞

∣
∣
(−2)n

∣
∣
= lim

n→∞
2

n
= +∞ 6= 0.

Ǳà¥¤¥« ¬®¤ã«ï ®ª § «áï ®â«¨ç­ë¬ ®â ­ã«ï ¨, á«¥¤®¢ â¥«ì­®, ¯à¥-

¤¥« ®¡é¥£® ç«¥­  ¡¥§ ¬®¤ã«ï â®�¥ ­¥ ¬®�¥â ¡ëâì à ¢­ë¬ ­ã«î.

Ǳ® ¤®áâ â®ç­®¬ã ¯à¨§­ ªã à áå®¤¨¬®áâ¨ àï¤ à áå®¤¨âáï.

Ǳà¨¬¥à 60. �áá«¥¤®¢ âì áå®¤¨¬®áâì ç¨á«®¢®£® àï¤ 

∞∑

n=1

(−1)

n

√
n

.

� ­­ë© àï¤ §­ ª®ç¥à¥¤ãîé¨©áï ¨ ¬®¤ã«ì ¥£® ®¡é¥£® ç«¥­ , à ¢-

­ë©

1√
n
, | ¬®­®â®­­® ã¡ë¢ îé ï, áâà¥¬ïé ïáï ª ­ã«î ¯®á«¥¤®-

¢ â¥«ì­®áâì. �®£« á­® ¯à¨§­ ªã �¥©¡­¨æ  àï¤ áå®¤¨âáï. �«ï ¯à®-

¢¥àª¨ â®£®, ª ª ï íâ® áå®¤¨¬®áâì,  ¡á®«îâ­ ï ¨«¨ ­¥ ¡á®«îâ­ ï,

¨áá«¥¤ã¥¬ àï¤, á®áâ ¢«¥­­ë© ¨§  ¡á®«îâ­ëå ç«¥­®¢ ¨áå®¤­®£®:

∞∑

n=1

1√
n
. �â®â àï¤ | ®¡®¡é¥­­ë© £ à¬®­¨ç¥áª¨© á ¯®ª § â¥«¥¬

áâ¥¯¥­¨ ¬¥­ìè¨¬ ¥¤¨­¨æë, ¨ ®­ à áå®¤¨âáï. �«¥¤®¢ â¥«ì­®, àï¤

∞∑

n=1

(−1)

n

√
n

áå®¤¨âáï ­¥ ¡á®«îâ­®.

Ǳà¨¬¥à 61. �áá«¥¤®¢ âì áå®¤¨¬®áâì ç¨á«®¢®£® àï¤ 

∞∑

n=1

(−1)n tg 1

n .

� ­­ë© àï¤ §­ ª®ç¥à¥¤ãîé¨©áï, ¨ ¬®¤ã«ì ¥£® ®¡é¥£® ç«¥­ , à ¢-

­ë© tg

1

n , | ¬®­®â®­­® ã¡ë¢ îé ï áâà¥¬ïé ïáï ª ­ã«î ¯®á«¥¤®-

¢ â¥«ì­®áâì. �®£« á­® ¯à¨§­ ªã �¥©¡­¨æ  àï¤ áå®¤¨âáï. �«ï ¯à®-

¢¥àª¨ â®£®, ª ª ï íâ® áå®¤¨¬®áâì,  ¡á®«îâ­ ï ¨«¨ ­¥ ¡á®«îâ­ ï,
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¨áá«¥¤ã¥¬ àï¤, á®áâ ¢«¥­­ë© ¨§  ¡á®«îâ­ëå ç«¥­®¢ ¨áå®¤­®£®:

∞∑

n=1

tg

1

n . �¡é¨© ç«¥­ àï¤  tg

1

n ∼ 1

n ¯®áª®«ìªã â ­£¥­á íª¢¨¢ «¥­-

â¥­ á¢®¥¬ã  à£ã¬¥­âã ¯à¨ áâà¥¬«¥­¨¨ ¯®á«¥¤­¥£® ª ­ã«î. Ǳ®íâ®¬ã

¯® ¯¥à¢®¬ã á«¥¤áâ¢¨î ¨§ â¥®à¥¬ë áà ¢­¥­¨ï ¢ ¯à¥¤¥«ì­®© ä®à¬¥

àï¤

∞∑

n=1

tg

1

n ¨¬¥¥â ®¤¨­ ª®¢ãî áå®¤¨¬®áâì á à áå®¤ïé¨¬áï £ à¬®-

­¨ç¥áª¨¬ àï¤®¬

∞∑

n=1

1

n , â.¥. à áå®¤¨âáï.

�«¥¤®¢ â¥«ì­®, àï¤

∞∑

n=1

(−1)n tg 1

n áå®¤¨âáï ­¥ ¡á®«îâ­®.

Ǳà¨¬¥à 62. �áá«¥¤®¢ âì áå®¤¨¬®áâì ç¨á«®¢®£® àï¤ 

∞∑

n=1

(
2−n
1+n

)n2

.

�«ï ¨áá«¥¤®¢ ­¨ï íâ®£® àï¤  ¯à¨¬¥­¨¬ ¯à¨§­ ª �®è¨ | � ª«®-

à¥­  ¤«ï §­ ª®¯¥à¥¬¥­­ëå àï¤®¢:

lim

n→∞
n
√

|an| = lim

n→∞
n

√
∣
∣
∣
∣

2− n

1 + n

∣
∣
∣
∣

n2

= lim

n→∞

(
n− 2

1 + n

)n

=

= lim

n→∞

(
n+ 1− 3

1 + n

)n

= lim

n→∞

(

1 +

−3
1 + n

)n

=

= lim

n→∞

[(

1 +

−3
1 + n

)n+1

−3

]−3n
n+1

= e
lim

n→∞

−3n
n+1

= e
lim

n→∞

−3

1+

1

n
= e−3 < 1.

Ǳà¥¤¥« ¯®«ãç¨«áï ¬¥­ìè¥ ¥¤¨­¨æë, á«¥¤®¢ â¥«ì­®, àï¤ áå®¤¨âáï

 ¡á®«îâ­®.

Ǳà¨¬¥à 63. � ©â¨ ®¡« áâì áå®¤¨¬®áâ¨ äã­ªæ¨®­ «ì­®£® àï¤ 

∞∑

n=0

(2x)n

3n+1

.

�â® áâ¥¯¥­­®© àï¤. �£® ª®íää¨æ¨¥­âë an =

2

n

3n+1

. � ©¤¥¬ ¥£®

à ¤¨ãá áå®¤¨¬®áâ¨:

R = lim

n→∞

∣
∣
∣
∣

an
an+1

∣
∣
∣
∣
= lim

n→∞

2

n

3n+1

2

n+1

3(n+1)+1

=

= lim

n→∞
2

n
(3n+ 4)

2

n+1

(3n+ 1)

= lim

n→∞

3 +

4

n

2

(
3 +

1

n

)
=

1

2

.

�â® ®§­ ç ¥â, çâ® ¯à¨ x ∈
(
− 1

2

, 1
2

)
àï¤ áå®¤¨âáï  ¡á®«îâ­®,   ¯à¨

x ∈
(
−∞,− 1

2

)
∪
(
1

2

,+∞
)
à áå®¤¨âáï. �áâ « áì ­¥¨§¢¥áâ­®© áå®¤¨-

¬®áâì àï¤  ¢ â®çª å x = ± 1

2

.
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Ǳà¨ x =

1

2

∞∑

n=0

(2x)n

3n+1

=

∞∑

n=0

1

3n+1

. �â® àï¤ á ¯®«®�¨â¥«ì­ë¬¨

ç«¥­ ¬¨. Ǳà¥®¡à §ã¥¬ ¥£® ®¡é¨© ç«¥­ ¯à¨ n → ∞:

1

3n+ 1

=

1

3n
(
1 +

1

3n

) ∼ 1

3n
.

�­ íª¢¨¢ «¥­â¥­

1

3n , â ª ª ª

lim

n→∞

1

3n
(

1+

1

3n )

1

3n

= lim

n→∞
1

1 +

1

3n

= 1.

�®£¤ , ¯® ¯¥à¢®¬ã á«¥¤áâ¢¨î ¨§ â¥®à¥¬ë áà ¢­¥­¨ï ¢ ¯à¥¤¥«ì­®©

ä®à¬¥, àï¤

∞∑

n=0

1

3n+1

¨¬¥¥â ®¤¨­ ª®¢ãî áå®¤¨¬®áâì á àï¤®¬

∞∑

n=1

1

3n .

�ï¤

∞∑

n=1

1

3n á â®ç­®áâìî ¤® ¯®áâ®ï­­®£® á®¬­®�¨â¥«ï á®¢¯ ¤ ¥â á

à áå®¤ïé¨¬áï £ à¬®­¨ç¥áª¨¬ àï¤®¬

∞∑

n=1

1

n ¨, á«¥¤®¢ â¥«ì­®, ¨¬¥¥â á

­¨¬ ®¤¨­ ª®¢ãî áå®¤¨¬®áâì, â.¥. à áå®¤¨âáï. � ¨â®£¥, àï¤

∞∑

n=0

1

3n+1

â®�¥ à áå®¤¨âáï.

Ǳà¨ x = − 1

2

∞∑

n=0

(2x)n

3n+1

=

∞∑

n=0

(−1)

n

3n+1

. �â® àï¤ §­ ª®ç¥à¥¤ãîé¨©-

áï, ¬®¤ã«ì ¥£® ®¡é¥£® ç«¥­ 

1

3n+1

¬®­®â®­­® ã¡ë¢ ¥â ¨ áâà¥¬¨â-

áï ª ­ã«î, ¯®íâ®¬ã àï¤ áå®¤¨âáï. �ï¤, á®áâ ¢«¥­­ë© ¨§ ¬®¤ã«¥©

∞∑

n=0

∣
∣
∣
(−1)

n

3n+1

∣
∣
∣ =

∞∑

n=0

1

3n+1

, à áå®¤¨âáï, ª ª ¡ë«® ãáâ ­®¢«¥­® ¯à¨ ®¯à¥-

¤¥«¥­¨¨ áå®¤¨¬®áâ¨ àï¤  ¢ â®çª¥ x =

1

2

. �â ª, ¯à¨ x = − 1

2

àï¤

áå®¤¨âáï ­¥ ¡á®«îâ­®. � ª¨¬ ®¡à §®¬, ¥á«¨ x ∈
(
− 1

2

, 1
2

)
, â® àï¤

∞∑

n=0

(2x)n

3n+1

áå®¤¨âáï  ¡á®«îâ­®; ¥á«¨ x = − 1

2

, â® ­¥ ¡á®«îâ­®; ¥á«¨

x ∈
(
−∞,− 1

2

)
∪
[
1

2

,+∞
)
, â® à áå®¤¨âáï.

Ǳà¨¬¥à 64. � ©â¨ ®¡« áâì áå®¤¨¬®áâ¨ äã­ªæ¨®­ «ì­®£® àï¤ 

∞∑

n=0

n!(x+7)

n

en .

�â® áâ¥¯¥­­®© àï¤. �£® ª®íää¨æ¨¥­âë an =

n!
en . � ©¤¥¬ ¥£®

à ¤¨ãá áå®¤¨¬®áâ¨:

R = lim

n→∞

∣
∣
∣
∣

an
an+1

∣
∣
∣
∣
= lim

n→∞

n!
en

(n+1)!

en+1

= lim

n→∞
n!en+1

(n+ 1)!en
= lim

n→∞
e

n+ 1

= 0.
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�â® ®§­ ç ¥â, çâ® àï¤ áå®¤¨âáï  ¡á®«îâ­® â®«ìª® ¢ æ¥­âà¥ áå®¤¨-

¬®áâ¨ ¯à¨ x ∈ {7},   ¯à¨ x ∈ (−∞,−7) ∪ (7,+∞) à áå®¤¨âáï.

Ǳà¨¬¥à 65. � ©â¨ ®¡« áâì áå®¤¨¬®áâ¨ äã­ªæ¨®­ «ì­®£® àï¤ 

∞∑

n=0

(2x−1)

4n

4

n .

�®âï íâ®â àï¤ ¨ â ª ï¢«ï¥âáï áâ¥¯¥­­ë¬, ã¤®¡­¥¥ § ¬¥­®©

y = (2x − 1)

4

á¢¥áâ¨ ¥£® ª ¡®«¥¥ ¯à®áâ®¬ã áâ¥¯¥­­®¬ã àï¤ã

∞∑

n=0

yn

4

n

á ª®íää¨æ¨¥­â ¬¨ an =
1

4

n . � ©¤¥¬ ¥£® à ¤¨ãá áå®¤¨¬®áâ¨:

R = lim

n→∞

∣
∣
∣
∣

an
an+1

∣
∣
∣
∣
= lim

n→∞

1

4

n

1

4

n+1

= lim

n→∞
4

n+1

4

n
= 4.

�â® ®§­ ç ¥â, çâ® ¯à¨ y ∈ (−4, 4) àï¤
∞∑

n=0

yn

4

n áå®¤¨âáï  ¡á®«îâ­®,  

¯à¨ y ∈ (−∞,−4) ∪ (4,+∞) à áå®¤¨âáï.

�å®¤¨¬®áâì àï¤  ¢ â®çª¥ y = −4 ¢ëïá­ïâì ­¥â ­¥®¡å®¤¨¬®-

áâ¨, ¯®áª®«ìªã y ï¢«ï¥âáï ç¥â­®© áâ¥¯¥­ìî, á«¥¤®¢ â¥«ì­®, y > 0.

Ǳà¨ y = 4

∞∑

n=0

yn

4

n =

∞∑

n=0

1. �â®â àï¤ à áå®¤¨âáï ¯® ¤®áâ â®ç­®¬ã

¯à¨§­ ªã à áå®¤¨¬®áâ¨, â ª ª ª ¥£® ®¡é¨© ç«¥­ ­¥ áâà¥¬¨âáï ª ­ã-

«î. �â ª, ¯à¨ y > 4 àï¤ à áå®¤¨âáï,   ¯à¨ 0 6 y < 4 áå®¤¨âáï

 ¡á®«îâ­®: � ©¤¥¬ ®¡« áâì §­ ç¥­¨© ¯¥à¥¬¥­­®© x, á®®â¢¥âáâ¢ãî-
éãî ®¡« áâ¨ §­ ç¥­¨© y, ¯à¨ ª®â®àëå àï¤ áå®¤¨âáï  ¡á®«îâ­®.

0 6 (2x− 1)

4 < 4,

−
√
2 < 2x− 1 <

√
2,

1−
√
2

2

< x <
1 +

√
2

2

.

� ª¨¬ ®¡à §®¬, ¯à¨ x ∈
(
1−

√
2

2

, 1+
√
2

2

)

àï¤ áå®¤¨âáï  ¡á®«îâ­®,  

¯à¨ x ∈
(

−∞, 1−
√
2

2

]

∪
[
1+

√
2

2

,+∞
)

à áå®¤¨âáï.

Ǳà¨¬¥à 66. � ©â¨ à §«®�¥­¨¥ äã­ªæ¨¨ f(x) = ln

(
1−x
3+x

)

¢ àï¤

¯® áâ¥¯¥­ï¬ x.

�¢¥¤¥¬ à §«®�¥­¨¥ äã­ªæ¨¨ f(x) ª ¨§¢¥áâ­®¬ã à §«®�¥­¨î
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äã­ªæ¨¨ ln(1 + x) = x− x2

2

+

x3

3

− x4

4

+ . . . . �®£¤ 

f(x) = ln

(
1− x

3 + x

)

= ln(1− x)− ln(3 + x) =

= ln

(
1 + (−x)

)
− ln

(

3

(

1 +

x

3

))

= ln

(
1 + (−x)

)
− ln 3− ln

(

1 +

x

3

)

=

=

∞∑

n=1

(−1)n+1

(−x)n

n
− ln 3−

∞∑

n=1

(−1)n+1

(
x
3

)n

n
=

= − ln 3 +

∞∑

n=1

((
− 1

3

)n − 1

)
xn

n
.

� §«®�¥­¨¥ ln

(
1 + (−x)

)
á¯à ¢¥¤«¨¢® ¯à¨

−1 < −x 6 1 ⇔ −1 6 x < 1,

  à §«®�¥­¨¥ ln

(
1 +

x
3

)
| ¯à¨

−1 < x

3

6 1 ⇔ −3 < x 6 3.

�â® ®§­ ç ¥â, çâ® ¯®«ãç¥­­®¥ à §«®�¥­¨¥ äã­ªæ¨¨ f(x) á¯à ¢¥¤«¨¢®
¯à¨ x ∈ [−1, 1) ∩ [−3, 3) = [−1, 1).
Ǳà¨¬¥à 67. � ©â¨ à §«®�¥­¨¥ äã­ªæ¨¨ f(x) = x sinx 
osx ¢

àï¤ ¯® áâ¥¯¥­ï¬ x.
�¢¥¤¥¬ à §«®�¥­¨¥ äã­ªæ¨¨ f(x) ª ¨§¢¥áâ­®¬ã à §«®�¥­¨î

äã­ªæ¨¨ sinx = x− x3

3!

+

x5

5!

− x7

7!

+ . . . . �®£¤ 

f(x) = x sinx 
osx =
x

2

sin 2x =
x

2

∞∑

n=1

(−1)n+1

(2x)2n−1

(2n− 1)!

=

=

∞∑

n=1

(−1)n+1

2

2n−2x2n

(2n− 1)!

.

� §«®�¥­¨¥ sinx á¯à ¢¥¤«¨¢® ¯à¨ «î¡®¬ x, ¯®íâ®¬ã ¨ à §«®�¥­¨¥

äã­ªæ¨¨ f(x) â®�¥ á¯à ¢¥¤«¨¢® ¯à¨ x ∈ (−∞,+∞).

Ǳà¨¬¥à 68. � ©â¨ à §«®�¥­¨¥ äã­ªæ¨¨ f(x) =
3

√
x2 ¢ àï¤ ¯®

áâ¥¯¥­ï¬ (x− 2).

�«ï ã¤®¡áâ¢  á¤¥« ¥¬ § ¬¥­ã ¯¥à¥¬¥­­®©

x− 2 = y ⇔ x = y + 2
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¨ á¢¥¤¥¬ à §«®�¥­¨¥ äã­ªæ¨¨ f(x) ª ¨§¢¥áâ­®¬ã à §«®�¥­¨î äã­ª-

æ¨¨ (1 + x)α, ª®â®à®¥ ¯à¨ α =

2

3

¨¬¥¥â ¢¨¤:

(1 + x)3/2 = 1 +

3

2

x+
3

2

(

3

2

− 1)

2!

x2 +
3

2

(

3

2

− 1)(

3

2

− 2)

3!

x3 + . . .

�®£¤ 

f(x) = 3

√

(2 + y)2 = (2 + y)
2

3

= 2

2

3

(

1 +

y

2

) 2

3

=

= 2

2

3

(

1 +

2

3

· y
2

+

2

3

(
2

3

− 1

)

2!

(y

2

)
2

+

2

3

(
2

3

− 1

) (
2

3

− 2

)

3!

(y

2

)
3

+ . . .

)

=

= 2

2

3

+2

2

3

2

3

· y
2

+2

2

3

2

3

(
2

3

− 1

)

2!

(y

2

)
2

+2

2

3

2

3

(
2

3

− 1

) (
2

3

− 2

)

3!

(y

2

)
3

+ . . . =

= 2

2

3

+2

2

3 ·x− 2

3

+2

2

3

(
2

3

− 1

)

3 · 2!
(x− 2)

2

2

+2

2

3

(
2

3

− 1

) (
2

3

− 2

)

3 · 3!
(x− 2)

3

2

2

+. . . .

� §«®�¥­¨¥ (1+x)α á¯à ¢¥¤«¨¢® ¯à¨ x ∈ (−1, 1), ¯®íâ®¬ã à §«®�¥-
­¨¥ äã­ªæ¨¨ f(x) á¯à ¢¥¤«¨¢® ¯à¨

−1 < y

2

< 1 ⇔ −2 < y < 2 ⇔ −2 < x− 2 < 2⇔ 0 < x < 4.

Ǳà¨¬¥à 69. � ©â¨ à §«®�¥­¨¥ äã­ªæ¨¨ f(x) = x3−3x+1 ¢ àï¤

¯® áâ¥¯¥­ï¬ (x+ 3).

�â®¡ë ¢®á¯®«ì§®¢ âìáï ä®à¬ã«®© f(x) =
∞∑

n=0

f

(n)
(−3)

n! (x + 3)

n
­ ©-

¤¥¬ ¢á¥ ¯à®¨§¢®¤­ë¥ äã­ªæ¨¨ f(x) ¨ ¢ëç¨á«¨¬ ¨å §­ ç¥­¨ï ¢ â®çª¥

x
0

= −3.
f(x) = x3 − 3x+ 1, f(−3) = (−3)3 − 3(−3) + 1 = −17,
f

′

(x) = 3x2 − 3, f

′

(−3) = 3(−3)2 − 3 = 24,

f

′′

(x) = 6x, f

′′

(−3) = 6 · (−3) = −18,
f

′′′

(x) = 6, f

′′′

(−3) = 6,

f

(n)
(x) = 0, f

(n)
(−3) = 0, ¯à¨ n = 4, 5, 6, . . .

� ¨â®£¥, à §«®�¥­¨¥ äã­ªæ¨¨ f(x) ¢ àï¤ ¯® áâ¥¯¥­ï¬ x + 3 ¨¬¥¥â

¢¨¤

f(x) = −17 + 24(x+ 3)− 18

2

(x+ 3)

2

+

6

3!

(x+ 3)

3

=

= −17 + 24(x+ 3)− 9(x+ 3)

2

+ (x+ 3)

3.
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�â® ¯à¥¤áâ ¢«¥­¨¥ ¢¥à­® ¯à¨ x ∈ (−∞,+∞), â ª ª ª ¯®«ãç¥­  ª®-

­¥ç­ ï áã¬¬ .

�â¬¥â¨¬, çâ® íâ®â ¯à¨¬¥à ¬®�­® ¡ë«® à¥è¨âì ¨ á¤¥« ¢ § ¬¥­ã

t = x+ 3 ⇔ x = t− 3.

Ǳà¨¬¥à 70. �ëç¨á«¨âì á â®ç­®áâìî 0,0001 ®¯à¥¤¥«¥­­ë© ¨­-

â¥£à «

0,5∫

0

ar
tgx
x dx.

�®®â¢¥âáâ¢ãîé¨© ­¥®¯à¥¤¥«¥­­ë© ¨­â¥£à « ­¥ ï¢«ï¥âáï í«¥¬¥­-

â à­®© äã­ªæ¨¥©, â¥¬ ­¥ ¬¥­¥¥ á ¯®¬®éìî à §«®�¥­¨ï ¢ àï¤ ¯®¤ë­-

â¥£à «ì­®© äã­ªæ¨¨ ¨ ¯®á«¥¤ãîé¨¬ ¨­â¥£à¨à®¢ ­¨¥¬ íâ®£® àï¤ 

¬®�­® ¢ëç¨á«¨âì §­ ç¥­¨¥ ¢ëà �¥­¨ï á «î¡®© § à ­¥¥ § ¤ ­­®©

â®ç­®áâìî. �®á¯®«ì§ã¥¬áï à §«®�¥­¨¥¬ ¢ àï¤  àªâ ­£¥­á , á¯à -

¢¥¤«¨¢ë¬ ¯à¨ x ∈ (−1, 1):

ar
tgx =
∞∑

n=1

(−1)n+1x2n−1

2n− 1

,

ar
tgx

x
=

∞∑

n=1

(−1)n+1x2n−2

2n− 1

,

x∫

0

ar
tg t

t
dt =

∞∑

n=1

x∫

0

(−1)n+1t2n−2

2n− 1

=

∞∑

n=1

(−1)n+1x2n−1

(2n− 1)

2

,

0,5∫

0

ar
tgx

x
dx =

∞∑

n=1

(−1)n+1

0,52n−1

(2n− 1)

2

.

�ëç¨á«¨¬ áã¬¬ã ¯®«ãç¥­­®£® àï¤  á â®ç­®áâìî 0,0001. Ǳ®áª®«ìªã
íâ®â àï¤ ï¢«ï¥âáï àï¤®¬ â¨¯  �¥©¡­¨æ , â®ç­®áâì à áç¥â  ¬®�­®

®æ¥­¨âì ¯® ¯¥à¢®¬ã ®â¡à®è¥­­®¬ã ç«¥­ã. �â ª, ¡ã¤¥¬ ¢ëç¨á«ïâì

¢á¥ ç«¥­ë àï¤ , ¤® â¥å ¯®à ¯®ª  ¬®¤ã«ì ®ç¥à¥¤­®£® á« £ ¥¬®£® ­¥

¡ã¤¥â ¬¥­ìè¥ 0,0001.

0,5∫

0

ar
tgx

x
dx = 0,5− 0,02778+ 0,0025− 0,00032

︸ ︷︷ ︸

≈0,4744

+0,00005+ . . .

�ª®­ç â¥«ì­® ¨¬¥¥¬

0,5∫

0

ar
tgx

x
dx ≈ 0,4744.
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Ǳà¨¬¥à 71. �ëç¨á«¨âì á â®ç­®áâìî 0,0001 ®¯à¥¤¥«¥­­ë© ¨­-

â¥£à «

1∫

−0,5

x6 
os 2x dx.

� ª®© ¨­â¥£à « ¬®�­® ¢ëç¨á«¨âì â®ç­®, ­® ¤«ï íâ®£® ¯à¨è«®áì

¡ë è¥áâì à § ¢®á¯®«ì§®¢ âìáï ä®à¬ã«®© ¨­â¥£à¨à®¢ ­¨ï ¯® ç áâï¬.

�á«¨ ¨§¬¥­¨âì ¢ ãá«®¢¨¨ § ¤ ç¨ è¥áâãî áâ¥¯¥­ì ­  §­ ç¨â¥«ì­®

¡�®«ìèãî, â® ¨­â¥£à¨à®¢ ­¨¥ ­¥ ¯à¥¤áâ ¢«ï¥âáï â¥å­¨ç¥áª¨ ®áãé¥-

áâ¢¨¬ë¬. � â® �¥ ¢à¥¬ï, á ¯®¬®éìî à §«®�¥­¨ï ¢ àï¤ ¯®¤ë­-

â¥£à «ì­®© äã­ªæ¨¨ ¨ ¯®á«¥¤ãîé¥£® ¨­â¥£à¨à®¢ ­¨ï íâ®£® àï¤ ,

¬®�­® ¢ëç¨á«¨âì §­ ç¥­¨¥ ¢ëà �¥­¨ï á «î¡®©, § à ­¥¥ § ¤ ­­®©

â®ç­®áâìî. �­ ï ¯à¥¤áâ ¢«¥­¨¥ ª®á¨­ãá  ¢ ¢¨¤¥ áâ¥¯¥­­®£® àï¤ 


osx = 1− x2

2

+

x4

4!

− x6

6!

+ . . .+ (−1)

k+1x2k−2

(2k−2)!

+ . . . , ¯®«ãç¨¬ à §«®�¥­¨¥


os 2x =
∞∑

n=0

(−1)n(2x)2n
(2n)!

,

x6 
os 2x =

∞∑

n=0

(−1)n22nx2n+6

(2n)!
,

x∫

0

x6 
os 2t dt =

∞∑

n=0

x∫

0

(−1)n22nt2n+6dt

(2n)!
=

∞∑

n=0

(−1)n4nx2n+7

(2n+ 7)(2n)!
,

1∫

−0,5

x6 
os 2x dx =

1∫

0

x6 
os 2x dx−
−0,5∫

0

x6 
os 2x dx =

=

∞∑

n=0

(−4)n12n+7

(2n+ 7)(2n)!
−

∞∑

n=0

(−4)n(−0,5)2n+7

(2n+ 7)(2n)!
=

=

∞∑

n=0

(−4)n(1 + 0,52n+7

)

(2n+ 7)(2n)!
.

�ëç¨á«¨¬ áã¬¬ã ¯®«ãç¥­­®£® àï¤  á â®ç­®áâìî 0,0001. Ǳ®áª®«ìªã
íâ®â àï¤ ï¢«ï¥âáï àï¤®¬ â¨¯  �¥©¡­¨æ , â® å®âï, ª ª ¢ëïá­ï¥âáï

¯à¨ áç¥â¥,  ¡á®«îâ­ë¥ ¢¥«¨ç¨­ë ¥£® ç«¥­®¢ ­ ç¨­ îâ ã¡ë¢ âì ­¥ á

­ã«¥¢®£®,   á ¯¥à¢®£® á« £ ¥¬®£®, â®ç­®áâì à áç¥â  ¬®�­® ®æ¥­¨âì

¯® ¯¥à¢®¬ã ®â¡à®è¥­­®¬ã ç«¥­ã. �ëç¨á«¨¬ á« £ ¥¬ë¥ àï¤ , ¤®
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¯¥à¢®£®, ã ª®â®à®£® ¬®¤ã«ì ¡ã¤¥â ¬¥­ìè¥ 0,0001:

1∫

−0,5

x6 
os 2x dx =

= 0,14397− 0,22266+ 0,06064− 0,00684+ 0,00042
︸ ︷︷ ︸

≈−0,0245

−0,00002+ . . .

�â ª,

1∫

−0,5

x6 
os 2x dx ≈ −0,0245.

Ǳà¨¬¥à 72. �ëç¨á«¨âì áã¬¬ã áâ¥¯¥­­®£® àï¤ 

S(x) =
∞∑

n=1

n(n+ 2)xn
.

Ǳà¥�¤¥ ¢á¥£® ãáâ ­®¢¨¬ ®¡« áâì áå®¤¨¬®áâ¨ àï¤ . �ëç¨á«¨¬ ¥£®

à ¤¨ãá áå®¤¨¬®áâ¨:

R = lim

n→∞

∣
∣
∣
∣

an
an+1

∣
∣
∣
∣
= lim

n→∞
n(n+ 2)

(n+ 1)(n+ 3)

= lim

n→∞

1 +

2

n(
1 +

1

n

) (
1 +

3

n

)
= 1.

Ǳà¨ x = ±1 ®¡é¨© ç«¥­ àï¤  ­¥ áâà¥¬¨âáï ª ­ã«î (¤ �¥ áâà¥-

¬¨âáï ª ¡¥áª®­¥ç­®áâ¨), ¨ ¯® ¤®áâ â®ç­®¬ã ¯à¨§­ ªã à áå®¤¨¬®-

áâ¨ àï¤ à áå®¤¨âáï. �â ª, ®¡« áâì áå®¤¨¬®áâ¨ áâ¥¯¥­­®£® àï¤ 

∞∑

n=1

n(n+ 2)xn
¥áâì ®âªàëâë© ¯à®¬¥�ãâ®ª (−1, 1).

Ǳà¨ x 6= 0

S(x)

x
=

∞∑

n=1

n(n+ 2)xn−1

=

( ∞∑

n=1

(n+ 2)xn

)′

.

�á«¨ ®¡®§­ ç¨âì S

1

(x) =
∞∑

n=1

(n+ 2)xn
, â®

S(x)
x = S

′

1

(x),

xS
1

(x) =

∞∑

n=1

(n+ 2)xn+1

=

( ∞∑

n=1

xn+2

)′

=

(
x3 + x4 + x5 + . . .

)′

=

=

(
x3

1− x

)′

=

3x2(1− x) + x3

(1− x)2
=

3x2 − 2x3

(1− x)2
,
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S

1

(x) =
3x− 2x2

(1− x)2
,

S

′

1

(x) =
(3− 4x)(1− x)2 + 2(1− x)(3x − 2x2)

(1− x)4
=

=

(3− 4x)(1− x) + 2(3x− 2x2)

(1− x)3
=

3− x

(1− x)3
,

∞∑

n=1

n(n+ 2)xn
= S(x) = xS

′

1

(x) =
3x− x2

(1− x)3
.

Ǳà¨ x = 0 ¨¬¥¥¬ S(0) = 0, çâ® á®®â¢¥âáâ¢ã¥â ¤¥©áâ¢¨â¥«ì­®áâ¨ ¨,

á«¥¤®¢ â¥«ì­®, ¢ë¢¥¤¥­­ ï ä®à¬ã«  á¯à ¢¥¤«¨¢  ¨ ¢ íâ®¬ á«ãç ¥.

Ǳà¨¬¥à 73. �ëç¨á«¨âì áã¬¬ã áâ¥¯¥­­®£® àï¤ 

∞∑

n=1

xn

n·n! .

Ǳà¥�¤¥ ¢á¥£® ãáâ ­®¢¨¬ ®¡« áâì áå®¤¨¬®áâ¨ àï¤ . �ëç¨á«¨¬ ¥£®

à ¤¨ãá áå®¤¨¬®áâ¨:

R = lim

n→∞

∣
∣
∣
∣

an
an+1

∣
∣
∣
∣
= lim

n→∞

1

n·n!
1

(n+1)(n+1)!

= lim

n→∞
(n+ 1)(n+ 1)!

n · n! =

= lim

n→∞
(n+ 1)

2

n
= lim

n→∞
(n+ 1)

(

1 +

1

n

)

= +∞.

�â® ®§­ ç ¥â, çâ® àï¤ áå®¤¨âáï ­  ¢á¥© ç¨á«®¢®© ®á¨. Ǳãáâì

S(x) =
∞∑

n=1

xn

n·n! , â®£¤  ¯à¨ x 6= 0

S

′

(x) =

∞∑

n=1

xn−1

n!
=

1

x

∞∑

n=1

xn

n!
=

1

x

( ∞∑

n=0

xn

n!
− 1

)

=

1

x

(
ex − 1

)
,

¯®áª®«ìªã ex = 1+x+x2

2!

+

x3

3!

+. . . . Ǳ® â¥®à¥¬¥ ® ¯à¥¤¥«¥ ¯à®¨§¢®¤­®©
[9, £« . VI , §2, 103℄

S

′

(0) = lim

x→0

S

′

(x) = lim

x→0

ex − 1

x
= lim

x→0

1 + x+ x2

2

+ . . .− 1

x
=

= lim

x→0

x+ x2

2

+ . . .

x
= lim

x→0

1 +

x

2

+ . . . = 1.
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Ǳ¥à¢®®¡à §­ ï ®â S

′

(x) ¯® â¥®à¥¬¥ � àà®ã [9, £« . XI , §2, 183℄ ¬®-
�¥â ¡ëâì ¢ëà �¥­  ¢ ¢¨¤¥ ®¯à¥¤¥«¥­­®£® ¨­â¥£à «  á ¯¥à¥¬¥­­ë¬

¢¥àå­¨¬ ¯à¥¤¥«®¬:

S(x) =

x∫

x
0

S

′

(t)dt =

x∫

x
0

et − 1

t
dt.

�­ ç¥­¨¥ x
0

¬®�¥â ¡ëâì ­ ©¤¥­®, ¨áå®¤ï ¨§ â®£®, çâ® ¯à¨

x = 0 S(x) =

∞∑

n=0

0 = 0. �® ¥áâì 0 =

0∫

x
0

S

′

(t)dt,   íâ® ®§­ ç ¥â,

çâ® x
0

= 0. �â ª,

S(x) =

x∫

0

et − 1

t
dt.

� á®� «¥­¨î, ¯®«ãç¥­­ë© ¨­â¥£à « ­¥ ï¢«ï¥âáï í«¥¬¥­â à­®©

äã­ªæ¨¥©. �â®â ¯à¨¬¥à ¯®ª §ë¢ ¥â, çâ® ¤ «¥ª® ­¥ ¢á¥£¤  ¢®§¬®�­®

­ ©â¨ áã¬¬ã ¤ �¥ ¢¥§¤¥ áå®¤ïé¥£®áï ¨ ¢¥§¤¥ ¯®ç«¥­­® ¨­â¥£à¨àã¥-

¬®£® àï¤ .

����������� �������

�â®â à §¤¥« ï¢«ï¥âáï ¤®¯®«­¥­¨¥¬ ª á¡®à­¨ªã ª®­âà®«ì­ëå à -

¡®â [3℄, ¯à¥¤­ §­ ç¥­­®¬ã ¤«ï â¥å ä ªã«ìâ¥â®¢ ã­¨¢¥àá¨â¥â , £¤¥

®¡ãç¥­¨¥ ¬ â¥¬ â¨ª¥ ¢¥¤¥âáï ¯® á®ªà é¥­­ë¬ ¯à®£à ¬¬ ¬. � â®

�¥ ¢à¥¬ï ­  ­¥ª®â®àëå á¯¥æ¨ «ì­®áâïå â¥¬  "�ï¤ë" ¨§ãç ¥âáï ¡®-

«¥¥ ã£«ã¡«¥­­®. �®­âà®«ì­®¥ § ¤ ­¨¥ N

◦
13 ¨§ £« ¢ë 5 á¡®à­¨ª  [3℄

á®¤¥à�¨â § ¤ ç¨ â®«ìª® ¯® â¥¬¥ "�¨á«®¢ë¥ àï¤ë". � ­ áâ®ïé¥¬ ¯®-

á®¡¨¨ íâ¨ § ¤ ç¨ ¯¥à¥¯¥ç â ­ë ¡¥§ ¨§¬¥­¥­¨©, ¨ ª ­¨¬ ¤®¡ ¢«¥­ë

­®¢ë¥ § ¤ ç¨ ¯® â¥¬¥ "�â¥¯¥­­ë¥ àï¤ë." �¨�¥ ¯à¥¤« £ ¥âáï 30 ¢ -

à¨ ­â®¢ ª®­âà®«ì­ëå à ¡®â, ª®â®àë¥ ¬®£ãâ ¡ëâì ¨á¯®«ì§®¢ ­ë ¤«ï

 ã¤¨â®à­ëå ¨ ¤®¬ è­¨å ª®­âà®«ì­ëå à ¡®â.

�®­âà®«ì­ ï à ¡®â  á®áâ®¨â ¨§ ¢®áì¬¨ § ¤ ­¨©. � ¯¥à¢ëå âà¥å

§ ¤ ­¨ïå ª �¤®£® ¢ à¨ ­â  ­ã�­® ¨áá«¥¤®¢ âì áå®¤¨¬®áâì ç¨á«®-

¢ëå àï¤®¢. � ç¥â¢¥àâ®¬ § ¤ ­¨¨ ¤«ï ¨áá«¥¤®¢ ­¨ï áå®¤¨¬®áâ¨ ¯à¥¤-

«®�¥­ §­ ª®¯¥à¥¬¥­­ë© àï¤; ¢ á«ãç ¥, ¥á«¨ ®­ áå®¤¨âáï, ­ã�­®

ãª § âì ª ª ï ¨¬¥­­® íâ® áå®¤¨¬®áâì |  ¡á®«îâ­ ï ¨«¨ ­¥ ¡á®-

«îâ­ ï. � ¯ïâ®¬ § ¤ ­¨¨ ­ã�­® ãª § âì ¯à¨ ª ª¨å §­ ç¥­¨ïå x
¯à¥¤«®�¥­­ë© áâ¥¯¥­­®© àï¤ áå®¤¨âáï  ¡á®«îâ­®, ¯à¨ ª ª¨å ­¥ ¡-

á®«îâ­®, ¨ ¯à¨ ª ª¨å à áå®¤¨âáï. � è¥áâ®¬ § ¤ ­¨¨ ­ã�­® ­ ©â¨
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à §«®�¥­¨¥ äã­ªæ¨¨ f(x) ¯® áâ¥¯¥­ï¬ (x − x
0

). � á¥¤ì¬®¬ § ¤ ­¨¨

âà¥¡ã¥âáï ¢ëç¨á«¨âì ãª § ­­ë© ®¯à¥¤¥«¥­­ë© ¨­â¥£à « á â®ç­®-

áâìî 0,0001. � ¢®áì¬®¬ § ¤ ­¨¨ ¯à¥¤« £ ¥âáï ­ ©â¨ áã¬¬ã áâ¥¯¥­-

­®£® àï¤ .

1.

∞∑

n=1

n2 − 1

n2 + 1

;

∞∑

n=1

3n+ 1

(

√
3)

n
;

∞∑

n=1

1√
2n+ 1

;

∞∑

n=2

(−1)n
ln lnn

;

∞∑

n=1

(x+ 1)

n

n2n
; f(x) =

3

(1− x)(1 + 2x)
, x

0

= 0 ;

1∫

0

sin

x
4

x
dx ;

∞∑

n=1

x2n+1

2n+ 1

.

2.

∞∑

n=1

n− 1

n3
;

∞∑

n=1

(n!)2

(2n)!
;

∞∑

n=1

(
n

2n− 1

)n2

;

∞∑

n=2

(−1)n
ln

2 n
;

∞∑

n=0

x2n−1

2n+ 1

; f(x) = x3 − 2x2 − 5x− 2, x
0

= 4 ;

1/2∫

0

sinx

x
dx ;

∞∑

n=0

(n+ 1)!

n!
xn .

3.
∞∑

n=1

n2 − n+ 1

n2 + n
;

∞∑

n=1

n2 − 1

3

n
;

∞∑

n=1

1

4 + n2
;

∞∑

n=1

(−1)n n
√
n ;

∞∑

n=0

x4n−3

4n− 3

; f(x) = ex, x
0

= 4 ;

0,2∫

0,1

dx

x2ex
;

∞∑

n=1

x4n−3

4n− 3

.

4.

∞∑

n=1

1

√

n(n+ 1)

;

∞∑

n=1

n2 + 1

5

n
;

∞∑

n=1

(
n

2n+ 1

)n2

;

∞∑

n=1

(−3)n
(2n+ 1)

n−1

;

∞∑

n=1

(

1− 1

n

)n2
x2n

2n
; f(x) = x 
os 3x, x

0

= 0 ;

0,8∫

0

x10 sinx dx ;

∞∑

n=0

(n+ 1)xn .
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5.

∞∑

n=1

2n− 1

n+ 1

;

∞∑

n=1

2

2n−1

n!
;

∞∑

n=2

1

n(lnn)3/2
;

∞∑

n=1

(

1− n
√
2

)n

;

∞∑

n=0

(n+ 1)xn
; f(x) = x

√
1 + x, x

0

= 0 ;

0,2∫

0

dx

1 + x4
;

∞∑

n=1

x4n−1

4n− 1

.

6.

∞∑

n=1

1

√

(n2 + 1)n
;

∞∑

n=1

2n− 1

(

√
2)

n
;

∞∑

n=1

(
2n+ 1

4n+ 1

)n/2

;

∞∑

n=2

(−1)n+1

n−√
n

;

∞∑

n=1

(−1)nxn

n
; f(x) = x2 ar
tgx, x

0

= 0 ;

π/4∫

π/6


osx

x
dx ;

∞∑

n=1

(n+ 1)(n+ 2)

2

xn .

7.

∞∑

n=1

1

3

√

n2(n+ 1)

2

;

∞∑

n=1

2

n−1n!

3

n
;

∞∑

n=1

(
2n2 − 1

3n2 + 1

)n

;

∞∑

n=2

(−1)n
n ln2 n

;

∞∑

n=1

xn

n(n+ 1)

; f(x) = lnx, x
0

= 3 ;

1/4∫

0

e−x2dx ;

∞∑

n=1

n(n+ 1)xn−1 .

8.

∞∑

n=1

n− 1

n2(n+ 1)

;

∞∑

n=1

2

n−1

n!
;

∞∑

n=1

(
2n3 − 1

n2 + n

)n

;

∞∑

n=1

(−1)n√
n+ 1

;

∞∑

n=0

x2n+1

; f(x) = x ln(2 + x), x
0

= 0 ;

1∫

0,1

dx

xex
;

∞∑

n=1

(−1)n−1

x2n−1

2n− 1

.
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9.

∞∑

n=1

2

1/n
;

∞∑

n=1

n2 − n+ 1

3

n
;

∞∑

n=2

1

n ln3 n
;

∞∑

n=1

(−1)n+1n ;

∞∑

n=0

n!(x− 1)

n
; f(x) =

x

ex2
, x

0

= 0 ;

0,5∫

0

e−x2dx ;

∞∑

n=0

x2n .

10.

∞∑

n=1

lg n

n
;

∞∑

n=1

2

n
+ n

n!
;

∞∑

n=1

1

9 + n2
;

∞∑

n=1

(−1)n
(

n

2n+ 1

)n+1

;

∞∑

n=1

(x− 2)

nn!

nn
; f(x) = ln(10 + x), x

0

= 0 ;

0,1∫

0

dx

1 + x2
;

∞∑

n=0

(−1)n(2x)n .

11.

∞∑

n=1

3n− 1

4n− 1

;

∞∑

n=1

3

2n−1

n!
;

∞∑

n=1

(
2n− 1

n+
√
n

)n

;

∞∑

n=1

(−1)n
n+ 1

;

∞∑

n=1

(x − 7)

n

n2
; f(x) =

√

1 + x2, x
0

= 0 ;

1∫

0

e−x2dx ;

∞∑

n=0

x2

(1 + x2)n
.

12.
∞∑

n=1

n2 − n− 1

2n2 + 1

;

∞∑

n=1

n2 + n− 1

3

n
;

∞∑

n=1

(
n2 − n− 1

2n2 − n+ 1

)n

;

∞∑

n=1

(
1− n

2n

)n

;

∞∑

n=2

(n− 1)(3x)n−1

;

f(x) = 3

√
1 + x, x

0

= 0 ;

0∫

−2

ex
2

dx ;

∞∑

n=0

(3− x)n

3

n+1

.
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13.

∞∑

n=1

1

√

n+
√
n
;

∞∑

n=1

(n− 1)

2

n!
;

∞∑

n=2

1

n ln4 n
;

∞∑

n=1

(−1)n+1n2 ;

∞∑

n=1

(x − 2)

2n

n33n
; f(x) =

x

1 + x2
, x

0

= 0 ;

0,1∫

0

ln(1 + x)

x
dx ;

∞∑

n=1

nxn−1 .

14.

∞∑

n=1

(

1− 1

n

)
2

;

∞∑

n=1

n(n− 1)

(

√
5)

n
;

∞∑

n=1

(
n− 1

3n+ 1

)n+1

;

∞∑

n=1

(
2

1− 3n

)n

;

∞∑

n=1

(x − 5)

2n

n2
; f(x) =

3

√

1− x3, x
0

= 0 ;

1∫

0


osx2dx ;

∞∑

n=1

n2xn−1 .

15.

∞∑

n=1

n2 + n
n2

2

− n
;

∞∑

n=1

n(n+ 1)

(2n− 1)!

;

∞∑

n=1

1

1 + 4n2
;

∞∑

n=1

(−2n− 1

3n+ 1

)n

;

∞∑

n=1

(−x)nn22n ; f(x) =
3

√

8− x3, x
0

= 0 ;

2∫

0

sinx

x
dx ;

∞∑

n=1

nxn

n!
.

16.

∞∑

n=1

2

n

n+ 1

;

∞∑

n=1

n2 − 2n+ 1

2

n
;

∞∑

n=2

1

n ln lnn
;

∞∑

n=1

(

−1− 1

n

)n

;

∞∑

n=0

(x + 6)

n

n!
; f(x) =

x2√
1− x2

, x
0

= 0 ;

1/9∫

0

dx
3

√
1− x2

;

∞∑

n=0

(n+ 1)xn

n!
.
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17.

∞∑

n=1

n+
√
n

2n+
√
n
;

∞∑

n=1

2

n
(n+ 1)

n!
;

∞∑

n=1

(
lnn

n2 + 1

)n

;

∞∑

n=1

(−1)n+1

2

1

n
;

∞∑

n=1

(x+ 5)

n

n4
; f(x) =

x

2− x
, x

0

= 0 ;

0,2∫

0

dx√
1 + x4

;

∞∑

n=0

(−1)nx2n+1

2n+ 1

.

18.

∞∑

n=1

1

n2 + n
;

∞∑

n=1

2n+ 1

(

√
3)

n
;

∞∑

n=1

n

4 + n2
;

∞∑

n=2

(−1)n+1

n lnn
;

∞∑

n=1

(x− 2)

n

n
√
n+ 1

; f(x) =
1

x
, x

0

= 3 ;

0∫

−1

sinx

x
dx ;

∞∑

n=0

(−1)n(2n+ 1)x2n .

19.

∞∑

n=1

(−2)n2 ;
∞∑

n=1

(

√
2)

n

n!
;

∞∑

n=1

(
n− 1

n2 + 1

)n
2

;

∞∑

n=1

(−1)n+1

n 3

√
n

;

∞∑

n=1

(x+ 2)

2n−1

n7n
; f(x) =

x+ 2

x2 − 5x+ 6

, x
0

= 0 ;

0∫

−1

e−x2dx ;

∞∑

n=0

(2n+ 1)xn .

20.
∞∑

n=1

en

n!
;

∞∑

n=1

n2 − 2n+ 1

n!
;

∞∑

n=1

n

1 + 4n2
;

∞∑

n=1

(−1)n
(n+ 1)(n+ 2)

;

∞∑

n=0

n!(x− 3)

n
; f(x) =

1

1− x
, x

0

= 2 ;

0,5∫

0

√

1 + x3dx ;

∞∑

n=0

(−1)n(3n+ 1)xn .
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21.

∞∑

n=1

(
(−1)n + 1

)
;

∞∑

n=1

n(n+ 1)

(

√
3)

n
;

∞∑

n=1

1

1 + 9n2
;

∞∑

n=1

(−1)nn
2

n
;

∞∑

n=0

3

n
(x+ 1)

n

n!
; f(x) =

√
x, x

0

= 1 ;

1∫

0


os

√
x dx ;

∞∑

n=0

(n+ 1)(n+ 2)

2

(−x)n .

22.

∞∑

n=1

n+
√
n

2n−√
n
;

∞∑

n=1

n2 + 3n+ 2

2

n
;

∞∑

n=3

1

n(lnn)4/3
;

∞∑

n=1

(−1)n+1

(
n
√
2− 1

)
2n

;

∞∑

n=1

(x+ 1)

3n

n(2n + 1)

;

f(x) = 
os

2 x, x
0

= 0 ;

0,25∫

0

ln

(
1 +

√
x
)
dx ;

∞∑

n=0

(−1)n−1x2n−1 .

23.

∞∑

n=1

n2 − n

n2 + 2n+ 1

;

∞∑

n=1

n2

(n+ 1)!

;

∞∑

n=1

(
n2 − n

2n2 + n

)n

;

∞∑

n=2

(−1)nn2
lnn

;

∞∑

n=1

(x+ 2)

n

n(5n + 1)

; f(x) = x sin2 x, x
0

= 0 ;

0,2∫

0,1

ar
tgx

2x
dx ;

∞∑

n=0

x3n−1 .

24.
∞∑

n=2

1√
n lnn

;

∞∑

n=1

(n!)2

(3n)!
;

∞∑

n=1

1

3 + n2
;

∞∑

n=1

(−1)nn
3

n
;

∞∑

n=1

n(3x)n ; f(x) = x4 + 2x3 − 5x2 + 2x+ 4, x
0

= −3 ;

−π/4∫

−π/2


osx

x
dx ;

∞∑

n=0

x4n+3

4n− 1

.
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25.

∞∑

n=2

n+ 1

(n− 1)

2n
;

∞∑

n=1

n2 − n

(

√
2)

n
;

∞∑

n=1

n

4 + 9n2
;

∞∑

n=1

(−1)n
√

3

n

n!
;

∞∑

n=0

(−1)n(3x)2n ; f(x) = x5 − 7x4 + 6x3 − 10x2 + 4x+ 1, x
0

= 1 ;

−0,1∫

−0,2

ex

x
dx ;

∞∑

n=1

x2n

2n
.

26.

∞∑

n=1

1

n2 − n+ 1

;

∞∑

n=1

n− 1

(

√
3)

n
;

∞∑

n=2

1

n(ln n)5
;

∞∑

n=1

(
1

n
− 1

)n

;

∞∑

n=1

xn

n5n
; f(x) =

√

7 + x2, x
0

= 0 ;

0,1∫

0

ar
tgx

x
dx ;

∞∑

n=1

nx2n .

27.
∞∑

n=1

3

n

n+ 1

;

∞∑

n=1

n!

10

n
;

∞∑

n=1

(
n3 − 1

2n3 + 1

)n/2

;

∞∑

n=1

(−1)n+1

(n2 − 1)

2

n
;

∞∑

n=1

(
n+ 1

n

)n2
xn

2

n
; f(x) = 2

x, x
0

= 0 ;

0,2∫

0,1


os

2 x

x
dx ;

∞∑

n=2

n(n− 1)xn .

28.

∞∑

n=1

1√
n 3

√
n+ 1

;

∞∑

n=1

2

3n−1

n3
;

∞∑

n=1

(
n− 1

n2 + 2n

)n/3

;

∞∑

n=1

(−1)n+1

(n+ 1)

nn
;

∞∑

n=1

(x − 1)

n

n2
; f(x) =

√
x3, x

0

= 1 ;

0,1∫

0

sin

2

2x

x
dx ;

∞∑

n=0

x4n−1 .
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29.

∞∑

n=1

2n− 1

n2 − n+ 1

;

∞∑

n=1

2

n

n! + 1

;

∞∑

n=1

n+ 1

2 + n2
;

∞∑

n=1

(−1)n+1

n(n+ 3)

;

∞∑

n=1

(x+ 3)

2n

n
; f(x) = x

√

1 + x2, x
0

= 0 ;

0,1∫

−0,1

e−x2dx ;

∞∑

n=1

xn+1

2n
.

30.

∞∑

n=1

1

√

(n2 + 1)(n+ 1)

∞∑

n=2

3

n
+ n

n!− 1

;

∞∑

n=1

(
n31/n − n

)n/2
;

∞∑

n=1

(−1)n sin 1

n
;

∞∑

n=1

n32nxn
; f(x) = 3

√
8 + x, x

0

= 0 ;

0,8∫

0,2

dx

xex
;

∞∑

n=0

(n+ 5)xn .
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