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We have calculated virial coefficients up to seventh order for the isotropic phases of a variety of
fluids composed of hard aspherical particles. The models studied were hard spheroids, hard
spherocylinders, and truncated hard spheres, and results are obtained for a variety of length-to-width
ratios. We compare the predicted virial equations of state with those determined by simulation. We
also use our data to calculate the coefficients of the y expansion [B. Barboy and W. M. Gelbart, J.
Chem. Phys. 71, 3053 (1979)] and to study its convergence properties. Finally, we use our data to
estimate the radius of convergence of the virial series for these aspherical particles. For fairly
spherical particles, we estimate the radius of convergence to be similar to that of the density of
closest packing. For more anisotropic particles, however, the radius of convergence decreases with
increased anisotropy and is considerably less than the close-packed density. © 2005 American

Institute of Physics. [DOI: 10.1063/1.1992471]

I. INTRODUCTION

The virial equation of state (EOS) has a very sound the-
oretical foundation. Each virial coefficient is given by an
exact expression involving the potential of interaction,' ™ and
so this approach is free from any ad hoc assumptions such as
those that often appear in integral equation theory, perturba-
tion theory, and other liquid-state methodologies.3 Provided
the series converges, one may systematically improve one’s
predictions by adding more terms in the series. Unfortunately
little is known about the radius of convergence of the series.
There exist rigorous results that give a lower bound for the
radius of convergence‘"5 but, for hard-disc and hard-sphere
fluids at least, it is clear that this lower bound lies consider-
ably below the true value.”" In order to get better estimates,
one must resort to numerical work—i.e., to calculate as
many virials as possible and try to numerically analyze the
behavior of the series. The first ten virial coefficients have
been calculated for hard discs and hard spheres6_13 and the
indications are that the radius of convergence is close to the
density of closest packing.9’14’15

It is interesting to ask whether this might be a general
result for all hard bodies—i.e., that the virial series con-
verges for all densities less than that of close packing. Un-
fortunately for systems of aspherical particles, such as sphe-
roids, spherocylinders, and truncated spheres, the virials
have only been calculated up to fifth order.">'*" One needs
more data than this in order to do reasonable numerical
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work. In this article we present our results for the sixth and
seventh virials for these systems so that we are in a better
position to analyze the behavior of the series. We have also
calculated the eighth virial, but we prefer to present these
data in a later publication when we have reduced the associ-
ated statistical errors.

Apart from trying to contribute to the discussion on the
radius of convergence, we hope our calculations will be use-
ful in other ways. Firstly, a knowledge of the virial coeffi-
cients can help fix the values of otherwise unknown param-
eters that appear in approximate equations of state or,
alternatively, can act as a check as to the quality of such
approximate expressions. Good equations of state for refer-
ence fluids are an essential prerequisite for calculations on
real fluids using perturbation theory. Secondly, sufficiently
aspherical hard convex body models can form liquid-
crystalline phases and it would be nice if one could calculate
the phase behavior of such systems theoretically. To date,
most such theories use approximate approaches based on the
knowledge of the orientationally dependent second virial
coefficient,”* though we note some examples in which the
effects of the third virial were also included.”**® In future
papers we will present such an analysis, using higher-order
virials to calculate the phase diagram.

The plan of this article is as follows. In Sec. II we
present our results for high-order virial coefficients for hard
spheroids, hard spherocylinders, and truncated hard spheres
of a variety of length-to-width ratios and we discuss the
trends that are found. In Sec. III we use the data to calculate
equations of state and we compare these with simulation
results, drawing qualitative conclusions about the conver-
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TABLE 1. The reduced virial coefficients (§3 to §7) for hard spheroids (semimajor axis a and semiminor axis b) and the second virial B, in terms of the

spheroid volume v,. The estimated error is the final figure given in parentheses.

alb B,/ (4vp) B, B, Bs By B,
1/10 3.2978 0.485 40(2) 7.782(2)x 1072 -3.158(3)x 1072 —-1.674(6)x 1072 -1.77(7)x 1073
10 3.2978 0.314 30(2) -1.888(2)x 1072 2.140(3)x 1072 -2.25(7)%x1073 -7.0(1)x1073
1/7 2.4434 0.502 35(2) 0.102 87(2) -1.661(9)x 1072 —-1.282(1)x 1072 —-2.08(6)x 1073
7 2.4434 0.379 50(2) 2.049(2)x 1072 1.155(8)x 1072 5.87(4)x 1073 —-6.81(1)x 1073
1/5 1.8880 0.523 22(2) 0.134 26(2) 3.26(3)x 1073 —-6.96(6)x 1073 -1.14(6)x 1073
5 1.8880 0.442 83(2) 7.233(2)x 1072 1.227(3)x 1072 8.03(6)x 1073 -2.16(9)Xx 1073
1/4 1.6195 0.539 64(2) 0.159 01(2) 1.9622(9)x 1072 -1.16(5)x 1073 -2.4(2)x107*
4 1.6195 0.483 82(2) 0.112 45(2) 2.075(9)x 1072 8.88(4)x 1073 2.9(5)x107*
1/3 1.3634 0.562 83(2) 0.194 08(2) 4.352(3)x 1072 8.03(5)x 1073 2.12(5)x 1073
3 1.3634 0.532 41(2) 0.166 48(2) 4.035(3)x 1072 1.243(5)x 1072 3.17(8)x 1073
1/2.75 1.3027 0.570 11(2) 0.205 00(2) 5.120(9)x 1072 1.128(3)x 1072 3.107(5)x 1073
2.75 1.3027 0.545 70(2) 0.18247(2) 4.761(8)x 1072 1.437(4)x 1072 3.95(4)x 1073
1/1.25 1.0133 0.621 40(2) 0.281 74(3) 0.106 43(3) 3.706(4)x 1072 1.225(4)x 1072
1.25 1.0133 0.621 11(2) 0.281 43(3) 0.106 34(9) 3.696(4)x 1072 1.219(3)x 1072

gence properties. We then use our data to calculate the coef-
ficients in the y expansionw‘30 and investigate how well the y
expansion fares in reproducing simulation data. Finally, we
present a brief analysis of the radius of convergence of the
virial series based on a Padé analysis and finish off with a
few words of conclusion.

Il. CALCULATIONS AND RESULTS

The virial coefficients B, with n=2,3,... are the expan-
sion coefficients of the compressibility factor Z=p/kTp (p,
T, and k are the pressure, temperature, and Boltzmann con-
stant, respectively) in powers of the number density p,

Z=1+ 2 Bp"". (1)

n=2

The virial coefficients B, depend on the interparticle interac-
tions and may be written in the form

Bn:l_‘”f ...fv,,]'[drj. )
! o

n

Extremely useful expressions for V, were provided by
Ree and Hoover® and they developed a Monte Carlo (MC)
procedure which allowed them to calculate the first seven
virial coefficients for hard discs and hard spheres. The eighth
virial was later calculated by van Rensburg using a similar
scheme.® Vlasov er al." recently improved the algorithm by
taking into account all possible topologically equivalent
graphs that contribute to Vi. This is related to the unlabeling
factors discussed by Ree and Hoover®’ and results in a more
efficient method. Very recently By and B, have been calcu-
lated for hard hyperspheres.”’12

The MC method is not, however, restricted simply to
hard spheres and discs. Given an overlap test that can deter-
mine whether two particles do or do not overlap, the method
can be used to determine the virial coefficients for any hard
body. Sample results were given previously.IO We now pro-
ceed to give a fuller discussion.

A crucial ingredient for carrying out the MC integrations
to obtain the virial coefficients is an efficient overlap test.

The overlap test used for spheroids is that devised by Perram
and Wertheim,”' while the overlap tests for spherocylinders
and truncated spheres are given in Ref. 32. In order to create
the necessary spanning trees of overlapping particles, one
must be careful not to introduce any bias in how one gener-
ates the overlaps. In this work we used the simplest place-
ment scheme, i.e., a particle was placed in a random position
within a box centered on the target particle and the orienta-
tion was also chosen completely at random. The dimensions
of the box were chosen to be sufficiently big that no overlap
would be possible should the particle be placed outside the
box. The placement is repeated until an overlap results, and
this establishes the particular link in the spanning tree. It is
possible to come up with more efficient placement schemes
(i.e., that produces a higher fraction of successful overlaps),
but our experience was that the increased computational la-
bor of implementing such schemes often outweighed the
benefits obtained by the higher success rate. Also one could,
all too easily, introduce an accidental bias that would lead to
inaccurate results.

To estimate B through to B; 10° random configurations
were used. The errors were estimated using the method de-
scribed by Ree and Hoover.*” Our methodology gave iden-
tical answers for the lower-order virials to those published
earlier, which serves as a check on our overlap and random
placement routines.

The quantity directly calculated is the virial coefficient
normalized by an appropriate power of B,, i.e., one calcu-

lates E,FB”/BZ_I. Our results for spheroids are given in
Table I, our results for spherocylinders are in Table II, and
the truncated sphere results are in Table III. For complete-
ness, we quote our values for the first seven virial coeffi-
cients, also giving the values of the second virials, which are
simple analytic expressions for spherocylinders and trun-
cated spheres and which may be calculated as accurately as
one wishes for hard spheroids.](’

For spheroids we denote the semimajor axis by a and the
semiminor axis by b. The aspect ratio is given by a/b. For
a/b>1, the spheroid is prolate, while for a/b<1 the spher-
oid is oblate. In Table I we present our data on B,—B; for
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TABLE II. The reduced virial coefficients (§3 to §7) for hard spherocylinders (length L and diameter D) and the second virial B, in terms of the
spherocylinder volume v,. The estimated error is the final figure given in parentheses.

L/D B,/ v, B, B, Bs By B,
3.0 18.588 0.489 78(2) 0.118 16(2) 2.159(3)x 1072 8.74(4)x 1073 9.5(6) X 107
32 20.190 0.481 64(2) 0.109 77(2) 1.935(3)x 1072 8.510(4)x 1073 5.3(6) x 10~
4.0 27.227 0.451 62(2) 8.085(2)x 1072 1.359(3)x 1072 7.97(4)x 1073 —-1.41(6)x 1073
5.0 37.437 0.419 40(2) 5.271(2)x 1072 1.110(3)x 1072 7.34(4)x 1073 —-3.69(6)x 1073
10.0 112.050 0.31257(2) -1.618(2)x 1072 2.259(3)x 1072 -3.95(4)x 1073 -5.51(7)x1073

aspect ratios ranging from 0.1 to 10, i.e., from thin discs to
long rods. Our results for the lower-order virials are in agree-
ment with previous works.'*'®"'® For the more spherical par-
ticles (1/3<a/b<3) all seven virials are positive, as is the
case for hard spheres. For less spherical particles, negative
virials appear. This has been noted before for the lower-order
virials."*'”""® Thus for oblate spheroids, Bg is negative for
alb=<1/4. By is negative for a/b=<1/4 and a/b=5.

The equation of state for prolate spheroids (aspect ratio
alb) is approximately the same as that for oblate spheroids
with the inverse aspect ratio (i.e., b/ a).lf”33 The second virial
coefficients of these spheroids are equal,16 but no such sym-
metry holds for the higher virial coefficients. For hard sphe-
roids with moderate anisotropy (e.g., 1/3 <a/b=<3) the pro-
late and oblate virial coefficients (B; to B;) are rather similar
and this leads to the approximate similarities in the equation
of state. When the spheroids are more anisotropic, the coef-
ficients differ significantly and it would appear to be fortu-
itous that the equations of state are so similar. Similar con-
clusions were reached by Vega and Lago18 on the basis of the
knowledge of five virial coefficients.

For spherocylinders, we denote the length of the cylinder
by L and the diameter of the cylinder by D. In Table II, we
present results for L/D ranging from 3 to 10. Again the val-
ues of the lower-order virials agree with previous
results.'>!%20 Negative virials once more make an appear-
ance. By is negative for L/D=10 and we find negative values
for B; for L/D=4.

For truncated spheres, we present in Table III our results
for aspect ratios ranging from infinitely thin discs (L/D=0)

to hard spheres (L/D=1). Here we denote the thickness of
the disc by L and the diameter of the sphere by D. Again our
results for the lower-order virials agree with previous
calculations.” By and B, are negative for L/D<0.2. It is

worth noting that for spherocylinders, 56 and 57 both de-

crease as L/D increases. For truncated spheres, the EG virial
coefficient is negative for infinitely thin hard discs, but as the

thickness increases, By also increases, becoming positive for

L/D>0.3. 57 is positive for infinitely thin discs and, with
increasing thickness, decreases to a minimum before increas-
ing again.

lll. DISCUSSION
A. Virial equation of state

We now turn to the question as to how well the virial
series can predict the equation of state. In all cases we show
the variation of the reduced pressure, p“=pwv,/kT, with vol-
ume fraction, n=vyp. Here vy, is the volume of the hard
particle. To avoid overburdening the reader with graphs, we
choose just one or two examples of typical behavior for each
type of particle. We also reiterate that the virial expansion
considered here applies only to the isotropic phase. The
simulation data sometimes refer to both isotropic and liquid-
crystalline phases, so in the text we will indicate the packing
fraction at which the isotropic phase is no longer stable.

We first consider hard spheroids. The equation of state
for spheroids of aspect ratio 3 and 10 are plotted in Figs. 1
and 2, respectively. We compare simulation results®*3*

TABLE III. The reduced virial coefficients (53 to §7) for hard truncated spheres (thickness L and diameter D) and the second virial B, in units of D?. The

estimated error is the final figure given in parentheses.

Bs Bg B,

L/D B,/D? B B,

0.0 0.616 85 0.444 64(2) 1.993(2)x 1072
0.05 0.736 95 0.479 93(2) 7.114(2) X 1072
0.1 0.855 54 0.508 05(2) 0.111 83(2)

0.15 0.971 86 0.520 52(2) 0.144 43(2)
0.2 1.085 21 0.548 58(2) 0.17091(2)
0.3 1.300 52 0.575 09(2) 0.209 72(2)
0.4 1.496 90 0.605 33(2) 0.255 04(3)
0.5 1.670 44 0.605 33(2) 0.255 04(2)
0.6 1.817 80 0.613 95(2) 0.268 46(3)
0.7 1.936 11 0.619 74(2) 0.277 91(3)
0.8 2.022 96 0.623 24(2) 0.283 79(3)
0.9 2.076 29 0.624 77(2) 0.286 52(2)
1.0 2.094 40 0.625 0.2869

-6.0339(3) %1072
-3.334(3)x 1072
—-1.031(3)x 1072

9.12(3) X 1073
2.561(3) X 1072
5.101(3) X 1072
8.334(3) x 1072
8.334(3) x 1072
9.398(3) X 102

0.101 96(3)

0.107 30(3)

0.109 82(3)
0.110 252(1)

-1.730(5)x 1072
—-1.470(5)x 1072
-1.039(4)x 1072
—5.49(4)x 1073
—43(4)x10™*
8.72(4)x 1073
1.644(4)x 1072
2.297(3)x 1072
2.869(3)x 1072
3.343(3)x 1072
3.682(3)x 1072
3.852(3)x 1072
3.881(6)x 1072

1.57(7)x 1073
—-5.6(7)X107*
-1.40(6)x 1073
-1.27(6)x 1073
—-8.4(6)X107*
1.10(5)%x 1073
3.13(5)x1073
5.51(5)x 1073
7.75(5)% 1073
1.008(5)x 1072
1.187(4)x 1072
1.288(4)x 1072
1.305(2)x 1072
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FIG. 1. The virial equation of state for prolate spheroids with a/b=3 for
various levels of truncation, as indicated in the legend. The triangles are
simulation data (Ref. 31).

with the predictions of the virial expansion [Eq. (1)] and, to
help assess the rate of convergence of the series, we plot the
predictions for various levels of truncation of the series.

Figure 1 is for prolate spheroids of moderate anisotropy
(a/b=3). It would appear that the more virial coefficients we
use, the closer is the agreement with simulation data®*—the
same as is found for hard spheres. Indeed when we include
our current estimate of By, the virial predictions are yet more
accurate. The packing fraction of the isotropic phase at the
isotropic-nematic transition is 0.56.%

For highly anisotropic particles, however, the virial ex-
pansion is considerably less well-behaved. Figure 2, for pro-
late spheroids with a/b=10, shows typical behavior. Except
for rather low densities, the virial expansion does not seem to
be convergent. Indeed for certain levels of truncation of the

2.0 r . 7
7
18 — B3 e
e Bl 7
18| ----B5 S5
——- B8 ’,’,/
14 | - i
A Simulation I :__,A A
1.2 1
= 10 i
0.8 1
N
08 .
AN
04 o
,\\
0.2 .
i
0.0
0.0 01 0.2

n

FIG. 2. The virial equation of state of prolate spheroids with a/b=10 for
various levels of truncation, as indicated in the legend. The triangles are
simulation data (Ref. 32).
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FIG. 3. The virial equation of state of spherocylinders with L/D=4 for
various levels of truncation, as indicated in the legend. The triangles are
simulation data (Ref. 33).

series, one finds that increasing the density leads to a de-
crease of pressure, with the pressure becoming negative at
sufficiently high densities. From simulation the isotropic
phase is stable up to a packing fraction of 0.22.53

We now turn to hard spherocylinders. In Fig. 3 we com-
pare the virial EOS with simulation® for spherocylinders
with an aspect ratio L/D=4. Here the virial expansion seems
to be approaching the simulation results as one adds more
and more virials. The simulation studies indicate that the
isotropic phase is stable up to a packing fraction of 0.47. For
more anisotropic particles, however, one regains plots resem-
bling those for highly anisotropic spheroids—convergence is
limited to a small density range.

Finally, we consider truncated hard spheres. In Fig. 4 we
compare the virial predictions with simulation data®® for thin
truncated spheres with L/D=0.1. Again the convergence
properties are poor and negative pressures are found at high
densities for certain levels of truncation of the virial series.
In this case the isotropic phase is stable up to 7]=0.30.20

In summary it seems that all seven virial coefficients are
positive for particles with small anisotropies, and the virial
series appears to converge over a wide range of densities.
For greater anisotropies, however, negative virial coefficients
appear and these seem to have a damaging effect on conver-
gence. The general rule is that the more anisotropic the par-
ticle, the smaller is the range of volume fraction for which
the series is convergent. Clearly some form of resummation
of the series is needed in these cases and we now turn to the
y expansion proposed by Barboy and Gelbart. >

B. The y expansion

Barboy and Gelbart observed that for a number of hard-
core fluids, an n-term y expansion tends to reproduce the true
equation of state better than the corresponding n-term virial
series. This expansion takes the form
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FIG. 4. The virial equation of state of truncated spheres with L/D=0.1 for
various levels of truncation, as indicated in the legend. The triangles are
simulation data (Ref. 20).

pi=2Cyr, 3)

n=1

where y=n/(1-17). The coefficient C,, is given in terms of
the virial coefficients of order less than or equal to n.

We calculated the coefficients of the y expansion for the
cases discussed previously, i.e., spheroids with a/b=3 and
10, spherocylinders with L/D=4, and truncated spheres with
L/D=0.1. We compare the predictions of the y expansion,
truncated at various levels, with simulation data in Figs. 5-8.

In the less anisotropic cases, such as spheroids with
al/b=3, the y expansion does initially converge faster than
the virial series. Indeed a third-order expansion is in very
reasonable agreement with simulation, see Fig. 5. However,
as one goes to higher order, the y expansion is arguably less
well-behaved than the virial expansion—note the bad behav-

14.0 . . : . — -
! Ay
s ! Al
- ; ;
120 e C4 / &
I ' '
_ g ! &/
; ‘
10.0 | --—-G7 ! A q
ASimulation i &
80 - ]
*
o
8.0 B
40 - 1
20 1
0.0
0.0

FIG. 5. The equation of state for prolate spheroids, a/b=3, for various
levels of truncation of the y expansion, as indicated in the legend. The

triangles are simulation data (Ref. 31).
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FIG. 6. The equation of state for prolate spheroids with a/b=10 for various
levels of truncation of the y expansion, as indicated in the legend. The
triangles are simulation data (Ref. 32).

ior on truncating at the C; term. For more anisotropic par-
ticles (e.g., spheroids with a/b=10), where the virial series
converged badly, the y expansion fares no better. As Fig. 6
shows, we once again find that negative pressures may be
predicted at high densities and adding more terms to the
series does not improve agreement with simulation. Similar
conclusions hold for spherocylinders and truncated spheres
(Figs. 7 and 8).

In conclusion, we believe that a low-order y expansion is
superior to an equivalently low-order virial expansion for
near-spherical models, but at higher order, there is little to
choose between the two expansions. Indeed there is some
evidence that the virial expansion is superior at high order.
For more anisotropic particles both expansions are equally
poorly convergent.

8.0 ; x x — i
i —— c3

80 -—-¢C8 ; A

A Simulation ! '

50 -

R 40 -

20

10 -

Q.0

0.0 05

FIG. 7. The equation of state of spherocylinders with L/D=4 for various
levels of truncation of the y expansion, as indicated in the legend. The
triangles are simulation data (Ref. 33).
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FIG. 8. The equation of state of truncated spheres with L/D=0.1 for various
levels of truncation of the y expansion, as indicated in the legend. The
triangles are simulation data (Ref. 20).

C. Padé analysis

In order to estimate the radius of convergence of the
virial series, we use a Padé analysis. The [n/m] Padé approx-
imant for the compressibility factor Z is denoted by Z, ,, and
is given by

1+ E a,-77i
7 = i=1

n,m

i=1

The coefficients, a; and b;, are chosen so that a virial expan-
sion of the approximant gives the correct values of the first
n+m virial coefficients. We may estimate the radius of con-
vergence of the virial series by finding the root of the de-
nominator with the smallest modulus. There are, however,
certain caveats in this procedure that we should note. Firstly,
these estimates will vary with the values chosen for m and n,
but we know that we should only trust fairly symmetrical
approximants (i.e., when m and n are not too different). We
have examined as many possibilities as we can, given the
limited number of virial coefficients available, but here we
only present results for Z; ;—the symmetrical approximant
that makes use of all seven virial coefficients. The general
conclusions that follow are not qualitatively changed either
by looking at lower-order approximants or by including our
current estimates of Bg to obtain higher-order approximants.
Secondly, we need to check that the numerator and denomi-
nator do not have very similar zeros. In this case the approx-
imant is termed defective and is not trustworthy. Here we
class an approximant as defective if the zeros differ by less
than 1%. Finally, we note that statistical errors in the virial
coefficients can sometimes have a marked effect on the cal-
culated roots. We have estimated the errors in our calculated
zeros by repeating the calculations, varying the virial coeffi-

J. Chem. Phys. 123, 034510 (2005)

TABLE 1V. The poles of the Padé Z;; approximant for hard spheroids
(semimajor axis @ and semiminor axis b). The estimated error is the final
figure given in parentheses. When it exists, 7, is the smallest real, positive
pole. For significantly anisotropic particles, 7 is the pole of smallest modu-
lus and we have attempted to track its behavior as the particles become more
spherical. A complex pole is denoted by an asterisk, while a dash indicates
a defective approximant. 7y is the packing fraction of the isotropic phase at
the isotropic-nematic transition, as obtained from simulation studies.

alb A 7 7N
10 — — 0.22°
7 N N
5 0.606(2) -0.207(7) 0.35°
4 0.635(1) -0.33(1)

3 0.662(4) -0.9(2) 0.51°
2.75 0.673(2) ~1.057(1) 0.56"
1/2.75 0.66(1) 0.82(2)" 0.54°
1/3 0.66(1) 0.76(2)" 0.5"

1/4 0.737(7) 0.607(3)"

1/5 0.810(3) 0.472(7)* 0.31°
1/7 0.3559(4)"

1/10 0.2365(1)" 0.19%

“Reference 32.
PReference 31.

cients by a standard mean error, and seeing how the results
change.

In Table IV, the second column gives the smallest posi-
tive, real pole of the Z; ; approximant. For significantly an-
isotropic particles, the pole with the smallest modulus is ei-
ther real and negative or it is complex. In the third column
we give this pole for the highly anisotropic cases and we
attempt to track its behavior as the particles become more
and more spherical. For sufficiently spherical particles, the
real positive pole has the smallest modulus.

The general conclusions are as follows: Firstly, as ex-
pected, the radius of convergence decreases as the particle
becomes more anisotropic. For fairly spherical particles, the
pole of smallest modulus is real and positive and its value is
reasonably close to the packing fraction of closest crystalline
packing (0.7048). Indeed if one constructs a higher-order ap-
proximant based on our present, tentative estimates of By, the
pole gets closer to the close-packing value. As the particles
become less spherical, the pole of lowest modulus is either
real and negative (prolate) or is complex (oblate) and it is
this pole that determines the radius of convergence of the
series. For 1/5=<a/b<35 there exists a positive real pole,
with a modulus close to the density at closest packing, but
this pole only controls the radius of convergence of the series
for 1/3=<al/b<3.

Naturally one requires many more virial coefficients to
firm up this analysis, but the general observation that for
highly aspherical hard particles the radius of convergence is
much less than the density of closest packing is also very
clear just from a casual study of Figs. 2 and 4.

Assuming the Padé analysis is at least qualitatively
valid, one may ask if the negative or complex poles govern-
ing the radius of convergence have any physical interpreta-
tion. Two possibilities that spring to mind are either a density
related to the isotropic-nematic transition or else a maximum
random-packing density with the constraint that the orienta-
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tions are isotropically distributed. It is, however, difficult to
explain on this basis why the relevant root is not real and
positive and, indeed, there are no obvious physical argu-
ments to support either of these hypotheses.

While the radius of convergence of the virial expansion
for significantly aspherical particles would appear to be
much less than the packing fraction at close packing, an im-
portant question is whether the series is convergent for pack-
ing fractions up to the isotropic-nematic transition, should it
occur. These values are also listed in Table IV. A comparison
of these values with the estimates of the radius of conver-
gence of the isotropic virial series suggests that the virial
series may provide a good account of the isotropic equation
of state up to the isotropic-nematic transition density.

IV. CONCLUSIONS

We have calculated the sixth and seventh virial coeffi-
cients for a variety of hard bodies. We have presented results
for hard spheroids with aspect ratios ranging from 1/10 (ob-
late) to 10 (prolate), for hard spherocylinders with L/D rang-
ing from 3 to 10, and for hard truncated spheres with L/D
ranging from O (infinitely thin discs) to 1 (hard spheres).

We then examined the predicted equations of state and
compared these, where possible, with computer simulation
data. Our conclusion is that for reasonably spherical par-
ticles, the more virial coefficients one includes, the closer
one approaches the simulation results. For longer or flatter
particles, however, negative virials start to make an appear-
ance and these seriously affect the convergence properties of
the series. Indeed the range of packing fractions for which
the series converges seems to decrease with increasing as-
phericity.

We also investigated the convergence properties of the y
expansion. For fairly spherical particles, a low-order y ex-
pansion is more accurate than a correspondingly low-order
virial expansion, but at higher order the virial expansion is
arguably superior. For more anisotropic particles, the conver-
gence of the y expansion is no better than that of the virial
expansion.

Finally, we used a Padé analysis to investigate the radius
of convergence of the virial series. The indications are that
for fairly spherical particles, the radius of convergence is
determined by a real, positive pole, whose value is in the
vicinity of the density of closest packing. As the particle
becomes less spherical a second pole, either negative or com-
plex, has the smallest modulus and this determines the radius
of convergence of the series.

In reality, of course, highly aspherical particles may
form a nematic crystalline phase at low packing fractions.
This is certainly the case for the axially symmetric particles
considered here. Thus if one wished to use the virial series to
calculate the phase diagram for these particles, a relevant
question is whether or not the virial expansion for the isotro-
pic phase converges for densities up to the isotropic-nematic
transition density. Looking at our estimates of the radius of
convergence and also at simulation values for the isotropic-
nematic transition densities, it would appear that the values

J. Chem. Phys. 123, 034510 (2005)

are fairly similar (though we do not wish to claim any exact
correspondence). It is thus quite possible that the virial series
approach will prove useful in predicting the liquid-
crystalline-phase behavior and we shall study this in detail in
a series of future papers.
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