
References 

[1] Ego'rov A.D.,Sobolevski P.l. and Yanovich L.A. Functional Integrals:Approximate 
Evaluation and Applications.Kiuwer Academic Publishers. 1993,418p. 

(2] Inoue A.Path integral for diffusion equations.Hokka.ido Ma.th.J., 1986,v.15,p.71-99. 

RECURSIVE EQUATIONS BASED MODELS OF QUEUE
ING SYSTEMS 

N.K. Krivulin 
Faculty of Mathematics and Mechanics 

St.Petersburg State University 

As a representat.ion of dynamics of queueing systems, recursive equations have been 
introduced by Lindley in his classical investigation of the G /G /I queue. In the last few 
years the representations based oil recursive equations have been extended to a variety 
of systems which consist of single server. queues and operate according the first come, 
first served discipline. Specifically, there ~re the <'quations dPsigned for open and dose 
tandem queue~ with both infinite and finite buffers. Recursive equations have been also 
derived to represent more complicated .systems of G/G/1 queues, including acyclic fork
join networks and closed networks with a g<'neral determif1istk routing mechanism. 

Recursive equations find a wide application in recent works on both analytical study 
and simulation of queueing systems. As an analytical tool, t.h<'y were exploited to invf.'sti
gate.system performance mea.~ures and estimates of their gradi<'nts. Recursive equations 
based representations have provided the m<'ans for-establishing the stability conditions 
and deriving bounds on system performance in· a class of queueing systems. Finally, 
these representations made it possible to develop efficient algo.rithms of queueing systems 
simulation as well as powerful methods of estimating gradients of system performance 
measures. 

A brief overview of advances in the area is given. Specifically, included are new results 
concerning recursive representations for the G/G/m queue [5], simulation algorithms [2], 
and evaluation of sensitivity of networkperformance measurP.s [2]- [4]. Finally, limitations 
on the use of the queueing system models based on the recnrsive equations are discussed. 
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It known that system modeling is the synthesis of scicw ,. ,md art. [3]. The process ol 
model's construction can't he completely. formalized and the transition from the verbal 
decription of the system to its mathematical model require' illV<ostigatoris exjwri.,nce and 
intuition. This aspect makes students training in constr11dion of mathematical modeb 
llllit:h l!lore difficult to have in some sense the uniform not fonnal descriptiou of a su!Ii
ciently wide range of systems. One 'of the possible [1] approache> to the solution of this 
problem is represented in the present work [2]. 

We assume that the investigating system can be descril,ed by the account set Z of 
element units (or simply nnits) inlt:ractiug with each other iu some way. Then each unit 
i E Z in the process of functioning is supposed to he in the finite Hlll!lher of slates ! S, I 
where S, is the set of the states of the i-th unit. The units themsdves and their states 
are cho8en in such a way that the state of the system as ;, wlmle fin,t would be comple
tely defined hy the state of the units and, secondly, it would sul"tantia.lly ddermine the 
efficiency of tlw syst<'lllOlJ tlw whole. Thus, the state of tlw cut re systt'm on the whole is 
given l..y the set of the states of the units ( .), I i E Z.} 

It is supposed thai the whole s~t uf units Z (in the geucral, ase infinite) can he divided 
iuto the linite nlllnber 11 of groups so that all the units of ow· group have one and the same 
•et of the states. HZ, is the set of units of ith-group theu l Z c~ Z1 i ... + Z,., Z, n Z1 I 
0, z I j). Two unib from Z art· attributed to different groups if the slal<'ln<'nt of the pro
blem urg<'s you to consider that tlw Stlls of their stales are sub> I antialy different. If S,, 
is th<· st'l uf the stal<'s of th<' tlllits IH·lunging to group Z, and 11,1 is the mernb~r of units 
in tl11' state J tl"'" tlw array of llllfllh<·rs {11,1 I i E l: u,.i E S,,} rulllpletely Ot'scribes the 
;tate uf tlw systeut u11 th.: whole. As regal\ls real sysl<'lll'. tlw dimension uf the states 
vntm S 1 cuusid.,r<dJI_y l'Xnnb tht· dinleiJsion of the vector 11 11 . 

The rl10ire of tlw units dt'JH'uds ou tlw til.sk which tilt' iuV<'.stigalor brings his atten· 
lion tu. \'uu cau'l"'""' '" lluit., },,tJ, ind•·p··mknt phisic;d obj,•cts of tlw rt>al syHl<'ITl (f01 
ex.uttplo·, di·lll•llill.-, • il<~llno:b, t'l1') iilld O<'Jlillil!<- qnanlita••· \'ilriabl•·s with their possihk 
\'1tltws cui .sta'(·:-.. A dw.ugt· of 1hc stat.t· ,,f the uuiLs hriugs. tu a..challg,t' uf the ::;tate of 
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