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Magnetic moment of 207Pb and the hyperfine splitting of 207Pb81+
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We performed nuclear magnetic resonance measurements on lead(II) nitrate Pb(NO3)2 in aqueous solution and
on the hexafluoridoplumbate(IV) [PbF6]2− ion in acetonitrile. Combined with new relativistic coupled cluster
and relativistic density functional theory calculations of the shielding constant, we obtained a magnetic moment
of μ(207Pb) = 0.591 02 (18) μN that is in clear disagreement with the tabulated value of +0.592 583(9) μN .
Similarly as in the case of 209Bi this might be caused by an underestimated chemical shift in the aqueous solution
of the nitrate. The consequences for a test of QED in strong magnetic fields by laser spectroscopy of the hyperfine
splitting in Pb81+ and for the magnetic moments of short-lived lead isotopes are discussed.
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I. INTRODUCTION

Nuclear magnetic resonance has been used to determine
nuclear magnetic dipole moments for almost 70 years. Be-
sides its ubiquitous use in analytical chemistry, e.g., for de-
coding molecular structures, it provides nuclear magnetic mo-
ments with very high accuracy. Practically all stable and many
long-lived isotopes and isomers have been measured with high
precision and are tabulated in reference tables like, for exam-
ple, Ref. [1]. These values are often used as reference values in
fundamental and applied physics research. The determination
of nuclear moments of short-lived isotopes and isomers from
optical hyperfine spectroscopy or β-detected NMR measure-
ments at on-line facilities as tabulated in Ref. [2] is just one
example. In this case, NMR reference values of stable or
short-lived isotopes are often used to calibrate the externally
applied magnetic field or the intrinsic hyperfine fields at the
nucleus produced by the electronic shell.

Another example for the importance of nuclear moments
in fundamental research is the test of quantum electrodynam-
ics (QED) in extremely strong magnetic fields as they are
provided in the vicinity of heavy nuclei. The ground-state
hyperfine splitting in hydrogen-like ions has been proposed
for such tests and the first heavy ions that have been used in
this respect were 209Bi [3] and 207Pb [4] at the experimental
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storage ring ESR at the GSI Helmholtz Centre for Heavy
Ion Research and 165Ho [5], 185,187Re [6], and 203,205Tl [7] at
electron beam ion traps. Some of the results showed signifi-
cant deviations from the QED predictions and it was argued
that those arise from the influence of the nuclear moment
distribution inside the nucleus called the Bohr-Weisskopf
effect. A second line of explanation was that the nuclear
moments determined by NMR measurements were inaccurate
and a reanalysis of the chemical shifts and NMR frequencies
provided in Ref. [8] indicated that some of these values have
at least underestimated uncertainties. Recent measurements in
hydrogen-like and lithium-like bismuth ions at GSI deviated
strongly (7σ ) from QED predictions, even though they were
combined to a so-called “specific difference” to remove the
influence of the Bohr-Weisskopf effect [9]. This triggered
new NMR measurements of 209Bi in aqueous Bi(NO3)3 so-
lutions and on a [BiF6]− complex that were combined with
relativistic density functional theory and relativistic coupled
cluster calculations of the shielding constant and provided a
magnetic moment significantly different from the previously
accepted value [10]. The new result consistently removed
the discrepancies between theoretical predictions and exper-
imental results for the case of the specific difference as well
as for the individual transition wavelengths in both charge
states 209Bi80+,82+. Recently, the new value of the magnetic
moment has been reconfirmed by NMR on aqueous solutions
of Bi(NO3)3 and Bi(ClO4)3 salts [11].

For 207Pb the most accurate tabulated value in Ref. [2]
of μ(207Pb) = +0.592 583(9) μN is also extracted from mea-
surements in aqueous nitrate solutions [12] and has a rel-
ative uncertainty similar to the old value of 209Bi, which
might as well be underestimated. Moreover, a second value
of 0.582 19(2) μN was obtained from an optical pumping
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experiment [13] that strongly disagrees with the NMR value.
Since only the NMR value was in agreement with the hyper-
fine splitting measurement in the hydrogen-like ion [4], it was
concluded that the optical pumping result must be erroneous
[14]. It turned out that an explanation for the discrepancy
between the two values was already given in Ref. [15]: the
hyperfine interaction leads to an admixture of the 3P1 state to
the 3P0 ground state of the neutral lead atom, which conse-
quently receives some component of the electronic magnetic
moment, significantly changing the extracted nuclear mag-
netic moment. Including the correction lead to a magnetic
moment very close to the NMR value [16]. Recent NMR
measurements on tetramethyllead Pb(CH3)4 diluted in gases,
lead to a magnetic moment of μ(207Pb) = 0.590 64(48) μN

and consistent values, albeit with larger uncertainty, for Pb2+

ions in water [17].
For Bi, the most reliable value has been extracted from

the NMR of the [BiF6]− complex, since it was consider-
ably narrower than the resonance signal from bismuth nitrate
solutions and it exhibited only an insignificant temperature
dependence whereas the temperature dependence in the aque-
ous solution was as large as 3 ppm/K [10]. Moreover, the
chemical environment was directly proven by the signals
septet structure and could be better modelled in the rela-
tivistic calculations of the shielding constants than the hydra-
tion shell of Bi3+. Therefore, we synthesized the hexafluo-
ridoplumbate(IV) compound [N(C2H5)4]2[PbF6], performed
NMR measurements in acetonitrile across a temperature range
of about 70 K, and compared it to measurements of aqueous
lead(II) nitrate solutions in different concentrations and varia-
tions in temperature of about 100 K. The results of these mea-
surements are presented in the next section, before we report
on the shielding calculations and discuss the conclusions with
respect to the hyperfine structure in hydrogen-like 207Pb81+.

II. EXPERIMENT

A. Sample preparation

1. General experimental techniques

All operations were carried out in an atmosphere of dry
and purified argon (5.0 Praxair, Germany). Anhydrous HF was
dried by mixing it with K2NiF6, which reacts with traces of
moisture, and separated by vacuum distillation on a Monel
Schlenk line. PbCl2 (Merck, p.a.), NaCl (Merck, p.a.), and
[N(C2H5)4]F·4H2O (Alfa Aesar, 97%) were used without
further purification. Fluorine (Solvay) was passed through a
NaF-column to absorb traces of HF and subsequently diluted
with argon (5.0 Praxair, Germany) to 10% (V/V) with a flow
of 5 ml/min. CD3CN was dried over P4O10 and distilled prior
to use.

2. Synthesis of Na2PbF6

PbCl2 (837.8 mg, 3.013 mmol) and NaCl (350.7 mg,
6.000 mmol) were mixed by grinding in a mortar. A corundum
boat was charged with this mixture and exposed to a stream
of diluted fluorine (10% in argon V/V) in a corundum tube
furnace at 400 ◦C (initial heating rate 1 K/min). After three
weeks the reaction mixture was transferred into a glovebox,
pestled and then reacted for additional four weeks under the

conditions given above. Na2PbF6 was quantitatively received
as a colorless solid.

3. Synthesis of [N(C2H5)4]2[PbF6]

Na2PbF6 (270 mg, 0.735 mmol) and [N(C2H5)4]F·4H2O
(327 mg, 1.48 mmol) were placed in a FEP Schlenk tube
equipped with a stainless steel valve. Anhydrous HF (≈5 ml)
was vacuum transferred into the reaction mixture at 196 ◦C.
The reaction vessel was slowly warmed to ambient tempera-
ture and subsequently reacted for 3 h under sporadic shaking
of the tube. Then the volatiles (HF and H2O) were carefully
removed in vacuo at room temperature to receive the product
as a colorless solid.

Samples were prepared by vacuum transferring CD3CN
onto the compounds at −78 ◦C in an NMR tube which was
flame sealed subsequently. The determined NMR spectro-
scopic data on 1H, 13C, and 19F agreed well with the spec-
troscopic properties previously described in Ref. [18] (see the
Appendix).

B. NMR-Setup for 207Pb Measurements

The NMR measurements were carried out on a 4.9-T
BRUKER magnet with a home-built spectrometer controlled
by DAMARIS. Further details on the spectrometer compo-
nents and the software can be found elsewhere [19]. The
207Pb NMR and 1H NMR experiments were performed using
the same double resonance probe with a 1H frequency of
νTMS = 200.040445 MHz and a 207Pb frequency of νPb =
41.766707 MHz to ensure equal conditions for both nuclei.
For the 1H NMR calibration tetramethylsilane (TMS) was
used as external standard.

Spectra were obtained from the free induction decay fol-
lowing a 90◦ pulse with a length of 16 μs for 207Pb. Before
the signal acquisition a dead time of 4 μs (1H) and 25 μs
(207Pb) was implemented as well as a waiting time (1 s for
1H and 4 s to 10 s for 207Pb) between each accumulation to
guarantee a full relaxation of the magnetization. The sample
temperature was stabilized using a constant gas flow tempered
by an electric heater with an accuracy of 1 K.

C. Results

Resonance signals of 207Pb2+ in aqueous nitrate solutions
and [PbF6]2− in acetonitrile are shown in Figs. 1(a) and 1(b),
respectively. For the given chemical shift in ppm tetramethyl-
lead was used as in Ref. [20].

We measured the temperature-dependent resonance fre-
quencies of three different concentrations of aqueous nitrate
solutions and of the [PbF6]2− sample in the temperature range
of 255–365 K and 230–300 K, respectively. The results are
depicted in Fig. 2. The nitrate solutions exhibit a relatively
strong temperature dependence of approximately 1.6 ppm/K,
slightly dependent on the concentration, whereas the tempera-
ture dependence of the [PbF6]2− resonance is at least roughly
a factor of 30 smaller enabling a more reliable determination
of the magnetic moment of 207Pb.

Nuclear magnetic moments can be derived from NMR
frequencies νr and νs if the shielding constants of the reference
σr and the sample σs as well as the magnetic moment μr of the

013368-2



MAGNETIC MOMENT OF 207Pb AND THE … PHYSICAL REVIEW RESEARCH 2, 013368 (2020)

FIG. 1. 207Pb NMR spectra obtained for (a) lead(II) nitrate in
an aqueous solution and (b) for hexafluorido-plumbate(IV) ions
in acetonitrile. The outermost satellites of the [PbF6]2−-septett are
barely visible.

reference are known

μs = νs

νr

1 − σr

1 − σs
μr . (1)

The shielding constant of [PbF6]2− was calculated to be
13 393(300) ppm(see Sec. III A) and for TMS the accepted
and very small value of 33 ppm [21] was used. Please note
that the small temperature and solvent dependence of <1 ppm
reported in Ref. [21] can be neglected with respect to our
experimental and theoretical uncertainties. The magnetic mo-
ment of the bare proton μp = 2.792 847 344 62(82) μN was
determined recently with high accuracy in a Penning trap
applying the continuous Stern-Gerlach effect [22]. With these
values we determine the magnetic moment of 207Pb to be

μ(207Pb) = 0.591 02 (18) μN. (2)

The result is in agreement with the one obtained in Ref. [17]
but has about three times smaller uncertainty, being dominated
by the uncertainty of the shielding factor. The difference to the
tabulated value in Ref. [2] is about eight times the combined
uncertainties.

FIG. 2. Temperature dependence of the resonance frequencies
for the two sample types. Below the axis break the temperature-
dependent frequency ratios νPb/νH (H in TMS) for aqueous
Pb(NO3)2 solutions are shown for three sample concentrations. The
ratio shifts by more than 160 ppm across a temperature range of
100 K. In the case of [PbF6]2−, plotted above the axis break, the
shift is less than 5 ppm/80 K.

III. THEORY

A. Shielding calculations

The chemical shielding tensor corresponding to the nucleus
j in a molecule can be defined as a mixed derivative of the
energy with respect to the nuclear magnetic moment and the
strength of the magnetic field B via the following expression:

σ
j

a,b = ∂2E

∂μ j,a∂Bb

∣∣∣∣
μ j=0,B=0

. (3)

In the present paper we are interested in the isotropic part of
the shielding tensor.

To describe the interaction between electrons in a molecule
with an external uniform magnetic field B one can add the
following term to the Dirac-Coulomb Hamiltonian:

HB = B · c

2
(rG × α). (4)

Here rG = r − RG, RG is the gauge origin and α are the
Dirac matrices. The hyperfine interaction of electrons with
the magnetic moment μ j of the nucleus j is given by the
following Hamiltonian:

Hhyp = 1

c

∑

j

μ j · (r j × α)

r3
j

, (5)

where r j = r − Rj , Rj is the position of the nucleus j.
In the one-electron case the shielding tensor (3) can be

calculated by the sum-over-states method within the second-
order perturbation theory with perturbations (4) and (5). In the
relativistic four-component approach the summation should
include both positive and negative energy states [23]. The
part associated with the former is called “paramagnetic” term
while the part associated with the negative energy states is
called “diamagnetic term” [23]. Within the many-electron
Dirac-Hartree-Fock and density functional theory (DFT)
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TABLE I. The values of 207Pb shielding constant contributions in
[PbF6]2− in ppm.

Contribution Value

Diamagnetic:
QZQZ-MB-LAO/PBE0 8 492
Paramagnetic:
QZDZC-RKB/CCSD 4 991
TZDZC-RKB/CCSD(T)-CCSD −29
Basis set correction −40
Gaunt −22
Total 13 393

approaches one can use the response technique to calculate
both terms [23–26].

The dependence of the shielding constant value on the
choice of the gauge origin RG can be minimized by using the
London atomic orbitals (LAOs) method. It has been formu-
lated and implemented for the four-component DFT methods
[25,26].

In relativistic four-component calculations of energy char-
acteristics of free molecules one often uses the restricted
kinetic balance (RKB) scheme to obtain the small-component
basis set. In the presence of the external magnetic fields
the usual relation between the large and small component
changes. In Ref. [25] the scheme of the simple magnetic
balance (MB) in conjunction with LAOs was proposed to take
into account the modified coupling which is utilised below.

The following basis sets were used in shielding constant
calculations. The largest used QZQZ basis set corresponds to
the uncontracted Dyall’s AAE4Z basis set on Pb and Dyall’s
ACV4Z on F [27,28]. The QZDZC basis set corresponds
to the uncontracted AAE4Z basis set on Pb and contracted
aug-cc-pVDZ [29,30] on F. In the TZDZC basis set the uncon-
tracted AAE3Z [27,28] basis set is used for Pb and contracted
aug-cc-pVDZ [29,30] for F. Finally, we also used the DZDZC
basis set which corresponds to uncontracted CVDZ [27,28]
basis set on Pb and contracted aug-cc-pVDZ [29,30] on F. Rel-
ativistic four-component calculations were performed within
the locally modified DIRAC15 [24] and MRCC [31] codes. For
calculation of the hyperfine-interaction and g-factor matrix
elements the code developed in Refs. [32–34] was used.
Scalar-relativistic calculations were performed within the US-
GAMESS [35] and CFOUR [36] codes using the generalized
relativistic pseudopotential approach [37,38].

The geometry parameters of the [PbF6]2− anion were opti-
mized using the four-component coupled cluster method with
a correction on the basis set enlargement within the density
functional theory with the hybrid Perdew-Burke-Ernzerhof
PBE0 functional [39]. We also applied the correction on the
solvent effects using the polarizable continuum model and the
scalar-relativistic approach. The optimised value of the Pb–F
bond length was found to be 2.07 Å.

As was noted previously [10] the paramagnetic part of
the shielding tensor strongly depends on the level of the
electron correlation effects treatment. Therefore, we used the
following scheme to calculate this contribution (see Table I).
The leading value was calculated within the relativistic four-
component coupled cluster method with single and double

amplitudes, CCSD, using the QZDZC basis set. To check
the convergence with respect to accounting for electron cor-
relation effects we calculated the contribution of perturbative
triple cluster amplitudes within the TZDZC basis set. Also the
correction on the basis set enlargement has been calculated
as a difference between the values obtained within the QZQZ
and QZDZC basis sets using the four-component PBE0 theory
[39]. Finally, the contribution of the Gaunt interaction to the
shielding constant was estimated as the difference between
the values calculated at the Dirac-Hartree-Fock-Gaunt and
Dirac-Hartree-Fock levels.

The diamagnetic part of the shielding constant has been
calculated within the four-component DFT using the PBE0
functional. Note that in case of the diamagnetic contribution
the values calculated within the Dirac-Hartree-Fock and PBE0
theories coincide within a few ppm. However, the values of
the paramagnetic contribution obtained within these theories
differ by more than 1300 ppm. It turns out that the value of the
contribution depends strongly on the choice of the functional.
For example, we obtained that the application of the PBE
[40] and PBE0 [39] functionals leads to the values that differ
by more than 700 ppm. The value obtained within the LDA
[41] functional differs again by more than 1000 ppm from
the PBE0 [39] result. These results provide an uncertainty
estimate for DFT-based calculations of the paramagnetic term
and indicate that these are not sufficiently accurate for our
needs. Instead, in the present paper the paramagnetic term has
been calculated within the ab initio relativistic coupled cluster
theory. In this approach it is possible to directly estimate the
uncertainty concerned with the electron correlation effects
treatment. For example, within a given basis set we obtained
that the inclusion of triple cluster amplitudes changes the
value of the paramagnetic term obtained within the coupled
cluster with single and double amplitudes by only −29 ppm.
This is more than an order of magnitude smaller than the
uncertainty of the DFT treatment of the paramagnetic con-
tribution.

Table I gives the final value of the shielding constant as
well as its contributions described above. It can be seen that
both basis set and correlation corrections on triple cluster
amplitudes are rather small. However, some uncertainty can
come from the effect of the solvent. To estimate a possible
contribution of this effect we calculated the shielding constant
for several values of the Pb–F distances and found approxi-
mately linear dependence of the shielding constant value on
the distance for small distortions. For example, increasing
the Pb–F distances by 0.02 Å leads to an increase of the
paramagnetic part of the shielding constant value by about
81 ppm [within the relativistic CCSD(T) approach using the
DZDZC basis set]. This value can serve as some indirect
estimation of the solvent effects. As a direct treatment of these
effects is hardly possible at the considered level of theory we
conservatively estimate the uncertainty of the final value of
the shielding constant as about 300 ppm.

B. Hyperfine structure in Pb81+

The ground-state hyperfine splitting in a H-like ion can be
written as

�EHFS = �ED
HFS(1 − ε) + �EQED

HFS , (6)
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where �ED
HFS is the Dirac value which incorporates the

relativistic and nuclear-charge-distribution effects, �EQED
HFS is

the QED correction, and ε takes into account the nuclear-
magnetization distribution correction (the so-called Bohr-
Weisskopf effect). The calculation of the Dirac value causes
no problem. For the nuclear magnetic moment determined
in this work, we obtain �ED

HFS = 1.2721(4) eV. The QED
correction was also evaluated by different groups [42–44],
yielding �EQED

HFS = −0.0073 eV. Most problematic is the
evaluation of the Bohr-Weisskopf correction, which requires
using a microscopic nuclear model. The correction is rather
sensitive to the choice of the model and generally yields an
uncertainty that is of the same order of magnitude as the
QED contribution. In the case of 207Pb the nuclear single-
particle model predicts the value of the nuclear magnetic
moment within 10% of the observed value. This was taken
into account in Ref. [14] and it was assumed that the rela-
tive uncertainty of the Bohr-Weisskopf correction, calculated
within this model, should be approximately the same. The
result ε = 0.042(4) reduces the HFS value by −0.053(5) eV
and yields a total theoretical value of 1.212(5) eV. A more
elaborated evaluation [45], based on the Migdal theory of
finite Fermi systems, yielded ε = 0.0353(−35,+164). With
the new value of the magnetic moment reported here, this
leads to �E theor

HFS = 1.220(−21,+4) eV. Both theoretical val-
ues are in good agreement with the experimental result of
�E exp

HFS = 1.2159(2) eV [4].

IV. CONCLUSION

We performed nuclear magnetic resonance studies of 207Pb
in [PbF6]2− anions and demonstrated that the magnetic mo-
ment of 207Pb can be reliably extracted from these mea-
surements in combination with improved relativistic coupled
cluster and relativistic density functional theory calculations
of the shielding constant. Similar as in the case of Bi [10],
the new value differs significantly from the tabulated value
[≈8(σnew + σold)], which affects the calculation of the hyper-
fine splitting in highly charged ions. Applying the new value
of μ(207Pb) in these calculations provides good agreement
with the previously measured hyperfine splitting in hydrogen-
like Pb81+ at the GSI Helmholtz Centre for Heavy Ion
Research [4].

Please note that 207Pb is also the reference isotope for all
studies of magnetic moments of short-lived isotopes. As such,
the change also affects their tabulated values. Even though the
accuracy of the hyperfine measurements on short-lived lead
atoms limits the accuracy of all tabulated magnetic moment
values, for 203,205,211Pb the shift is larger than 3σ of the
stated uncertainties in Ref. [2]. However, it should be kept in
mind that the tabulated uncertainty does also not include the
(unknown) hyperfine structure anomaly, which still has to be
added to both uncertainties.

In summary, our study substantiates again the fact that
magnetic moments provided in literature and review tables
have to be taken with care. Future high precision measure-
ments on bare nuclei as they are possible in Penning traps
and have been realized already in measuring the magnetic
moment of the proton [22] and the antiproton could provide
magnetic moments without the need for any diamagnetic

shielding corrections. Bare and hydrogen-like ions of heavy
elements will be delivered by the HITRAP setup at GSI [46]
and the ARTEMIS experiment is designed to perform high-
precision measurements of nuclear moments on hydrogen-
like or lithium-like systems [47], which are much better
understood theoretically than systems with a large number of
electrons.
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FIG. 3. NMR spectra obtained for [N(C2H5)4]2[PbF6] in acetoni-
trile with (a) 1H NMR and (b) 19F NMR after synthesis.
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APPENDIX: SAMPLE CHARACTERIZATION

1H and 13C NMR spectra were recorded on a Bruker
Avance III 500 spectrometer equipped with a Prodigy Cryo-
Probe. 1H NMR (500 MHz) and 13C NMR (126 MHz) chemi-
cal shifts are given relative to the solvent signal for CD3CN
(1.94 and 1.32 ppm). 19F NMR (282 MHz) spectra were
recorded on a Bruker Avance III HD 300 spectrometer and
used CFCl3 (0 ppm) as an external standard. NMR spectra
were processed with the MestReNova software.

The resulting 1H and 19F NMR spectra for
[N(C2H5)4]2[PbF6] are shown in Fig. 3 and yielded the
following spectroscopic properties.

1H NMR (500 MHz, 300 K, CD3CN)
δ = 1.21 (tt, 3JHH = 7.3 Hz, 3JNH = 1.9 Hz, 12H; CH3),

3.17 ppm (q, 3JHH = 7.3 Hz, 8H, CH2).
13C{1H} NMR (126 MHz, 300 K, CD3CN)
δ = 7.6 (s, CH3), 53.0 ppm (t, 1JNC = 3.2 Hz, CH2).
19F{1H} NMR (282 MHz, 300 K, CD3CN)
δ = 105.47 ppm (s, 1JPbF = 3371.3 Hz).
This is in good agreement with NMR spectroscopic

properties previously described in Ref. [18]: 19F{1H} NMR
(471 MHz, 306 K, CD3CN) δ = 103.8 ppm (s, 1JPbF =
3331 Hz).
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