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Ïðåäèñëîâèå

Äàííîå ïîñîáèå ñîçäàíî íà îñíîâå íåêîòîðîé ÷àñòè ãîäîâîãî êóðñà �Àäàï-
òàöèîííàÿ ìàòåìàòèêà�, ââåä¼ííîãî â ó÷åáíóþ ïðîãðàììó ýêîíîìè÷åñêîãî ôà-
êóëüòåòà ÑÏáÃÓ ïî èíèöèàòèâå Î.À.Èâàíîâà è Ï.Ê.×åðíÿåâà. Èçíà÷àëüíî
ïëàíèðîâàëîñü, ÷òî ýòà äèñöèïëèíà ïðèçâàíà ëèêâèäèðîâàòü ïðîáåë â çíàíèÿõ
ñîâðåìåííûõ ñòóäåíòîâ, âîçíèêøèé â ñðåäíåé øêîëå, à èõ óðîâåíü ïîäíÿòü äî
òîãî, êîòîðûé èìåëè èõ ñâåðñòíèêè 30 ëåò íàçàä. Íî â ïðîöåññå ðàáîòû îêàçà-
ëîñü, ÷òî ó ñòóäåíòîâ âîçíèêàåò áîëüøîå êîëè÷åñòâî âîïðîñîâ è ïî òåêóùåìó
ìàòåðèàëó òîæå. Ýòè âîïðîñû áûëè ñîáðàíû è îòñîðòèðîâàíû ïî òåìàì. Èíî-
ãäà ÷èòàòåëþ áóäåò êàçàòüñÿ, ÷òî âîïðîñû ñëèøêîì ïðîñòûå è èõ íå ñëåäîâàëî
îáñóæäàòü â êíèãå. Åñëè ýòè âîïðîñû âñ¼-òàêè áûëè çàäàíû, òî ýòî çíà÷èò, ÷òî
ñóùåñòâóþò ñòóäåíòû, êîòîðûå ëèáî äåéñòâèòåëüíî íå çíàëè, êàê ðåøèòü òàêóþ
ïðîñòóþ çàäà÷ó, ëèáî õîòåëè óáåäèòüñÿ â ïðàâèëüíîñòè ñâîèõ çíàíèé.

Ïîñîáèå íàïèñàíî â æàíðå äèàëîãà ñòóäåíòà, ïðèøåäøåãî íà êîíñóëüòàöèþ,
è äåæóðíîãî ïðåïîäàâàòåëÿ. Èíîãäà ïîñëå îòâåòà íà âîïðîñ, ïðåïîäàâàòåëü, æå-
ëàÿ ïîêàçàòü îáó÷àþùåìóñÿ ïðîáëåìó ñ ðàçíûõ ñòîðîí, ïðèäóìûâàë ñâîé âî-
ïðîñ, ñëåãêà èçìåíèâ çàäàíèå, êîòîðîå ïðèí¼ñ ñòóäåíò. Íåêîòîðûå çàäà÷è îêàçà-
ëèñü ñëèøêîì ãðîìîçäêèìè. Ïðè èçëîæåíèè â ó÷åáíîì ïîñîáèè îíè ðàçäåëåíû
íà ñåðèè âîïðîñîâ.

Àâòîðû âûðàæàþò áëàãîäàðíîñòü ðåöåíçåíòàì çà âíèìàòåëüíîå îòíîøåíèå
ê ðóêîïèñè è ðÿä ïîëåçíûõ çàìå÷àíèé.
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1. ÂÎÏÐÎÑÛ ÍÀ ÏÎÍÈÌÀÍÈÅ ÎÏÐÅÄÅËÅÍÈß ÏÐÅÄÅËÀ

Âîïðîñ 1.1. Äîêàæèòå ñ ïîìîùüþ îïðåäåëåíèÿ, ÷òî ïðåäåë ïîñëåäîâàòåëü-
íîñòè lim

n→∞
1
n
= 0.

Îòâåò. Íàïîìíèì îïðåäåëåíèå êîíå÷íîãî ïðåäåëà ïîñëåäîâàòåëüíîñòè:

×èñëî A íàçûâàåòñÿ ïðåäåëîì ïîñëåäîâàòåëüíîñòè {xn}∞n=1, åñëè äëÿ ëþ-
áîãî ïîëîæèòåëüíîãî ε ñóùåñòâóåò òàêîå ÷èñëî k, ÷òî èç íåðàâåíñòâà n > k
ñëåäóåò íåðàâåíñòâî |xn − A| < ε.

Áûëî áû î÷åíü ïîëåçíî ïèñàòü íå ïðîñòî k, à k(ε), ïîñêîëüêó äëÿ ðàçíûõ ε
áóäóò ðàçíûå, çàâèñÿùèå îò íåãî k(ε). Òîãäà íàõîæäåíèå ôóíêöèè k(ε) êàê ðàç
è îáåñïå÷èâàëî áû ñóùåñòâîâàíèå ïðåäåëà.

Â äàííîì ñëó÷àå xn = 1
n
, A = 0 è òðåáóåìîå íåðàâåíñòâî ïðèîáðåòàåò âèä∣∣∣∣ 1n − 0

∣∣∣∣ < ε⇔
∣∣∣∣ 1n
∣∣∣∣ < ε⇔ 1

n
< ε⇔ n >

1

ε
.

Åñëè ïðèíÿòü k(ε) = 1
ε
, òî ïðè n > k(ε) = 1

ε
òðåáóåìîå íåðàâåíñòâî îêàæåòñÿ

ñïðàâåäëèâûì.
Âîïðîñ 1.2. Íàéäèòå ïðåäåë ïîñëåäîâàòåëüíîñòè lim

n→∞
4n−1
2n+1

è äîêàæèòå ýòîò
ðåçóëüòàò ñ ïîìîùüþ îïðåäåëåíèÿ ïðåäåëà.

Îòâåò. Ïîäåëèì êàæäîå ñëàãàåìîå ÷èñëèòåëÿ è êàæäîå ñëàãàåìîå çíàìåíà-
òåëÿ íà ñòàðøóþ ñòåïåíü äðîáè (íà n).

lim
n→∞

4n− 1

2n+ 1
= lim

n→∞

4− 1
n

2 + 1
n

⇀⇁

Çàìå÷àíèå. Â ñëó÷àå ïðåðûâàíèé ìàòåìàòè÷åñêèõ âû÷èñëåíèé íà êîììåí-
òàðèè, çäåñü è äàëåå, âìåñòî îáû÷íîãî çíàêà ðåâåíñòâà áóäåì èñïîëüçîâàòü çíà-
÷îê ⇀⇁ . Ýòî ñâîåãî ðîäà �ãèïåðññûëêà�.

Â îòâåòå íà âîïðîñ 1.1 áûëî äîêàçàíî, ÷òî lim
n→∞

1
n
= 0, ïîýòîìó

⇀⇁
4− 0

2 + 0
= 2.

Çäåñü áûëà èñïîëüçîâàíà òåîðåìà î ïðåäåëå àðèôìåòè÷åñêèõ îïåðàöèé, êî-
òîðàÿ áóäåò ìîë÷àëèâî ïðèìåíÿòüñÿ è â äàëüíåéøåì, íà÷èíàÿ áóêâàëüíî ñî
ñëåäóþùåãî âîïðîñà. Íàïîìíèì ýòó òåîðåìó.

Ïðåäåëîì ñóììû, ðàçíîñòè, ïðîèçâåäåíèÿ èëè ÷àñòíîãî äâóõ ôóíêöèé (íà-
ïîìíèì, ÷òî ïîñëåäîâàòåëüíîñòü ýòî ÷àñòíûé ñëó÷àé ôóíêöèè) ÿâëÿåòñÿ
ñîîòâåòñòâåííî ñóììà, ðàçíîñòü, ïðîèçâåäåíèå èëè ÷àñòíîå (â ñëó÷àå ÷àñò-
íîãî òðåáóåòñÿ îòëè÷èå ïðåäåëà çíàìåíàòåëÿ îò íóëÿ) ïðåäåëîâ ýòèõ ôóíê-
öèé, åñëè ýòè ïðåäåëû ñóùåñòâóþò è êîíå÷íû.

Òåïåðü äîêàæåì, ÷òî lim
n→∞

4n−1
2n+1

= 2 ñ ïîìîùüþ îïðåäåëåíèÿ ïðåäåëà. Çàïè-

øåì íåðàâåíñòâî, êîòîðîå äîëæíî áûòü âûïîëíåíî â îïðåäåëåíèè ïðåäåëà
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∣∣∣∣4n− 1

2n+ 1
− 2

∣∣∣∣ < ε⇔
∣∣∣∣4n− 1− 2(2n+ 1)

2n+ 1

∣∣∣∣ < ε⇔
∣∣∣∣ −32n+ 1

∣∣∣∣ < ε⇔ 3

2n+ 1
< ε⇔

⇔ 3

ε
< 2n+ 1⇔ 3

ε
− 1 < 2n⇔ n >

1

2

(
3

ε
− 1

)
.

Åñëè ïðèíÿòü k(ε) = 1
2

(
3
ε
− 1
)
, òî ïðè n > k(ε) = 1

2

(
3
ε
− 1
)
òðåáóåìîå íåðà-

âåíñòâî îêàæåòñÿ ñïðàâåäëèâûì, ÷òî è äîêàçûâàåò óòâåðæäåíèå.
Âîïðîñ 1.3. Íàéäèòå ïðåäåë ïîñëåäîâàòåëüíîñòè lim

n→∞
3n2

2−n2 è äîêàæèòå ýòîò
ðåçóëüòàò ñ ïîìîùüþ îïðåäåëåíèÿ ïðåäåëà.

Îòâåò. Ïîäåëèì êàæäîå ñëàãàåìîå ÷èñëèòåëÿ è êàæäîå ñëàãàåìîå çíàìåíà-
òåëÿ íà ñòàðøóþ ñòåïåíü äðîáè (òî åñòü íà n2).

lim
n→∞

3n2

2− n2
= lim

n→∞

3
2
n2 − 1

=
3

0− 1
= −3.

Òåïåðü äîêàæåì, ÷òî lim
n→∞

3n2

2−n2 = −3 ñ ïîìîùüþ îïðåäåëåíèÿ ïðåäåëà. Çàïè-

øåì íåðàâåíñòâî, êîòîðîå äîëæíî áûòü âûïîëíåíî â îïðåäåëåíèè ïðåäåëà

∣∣∣∣ 3n2

2− n2
− (−3)

∣∣∣∣ < ε⇔
∣∣∣∣ n2

2− n2
+ 1

∣∣∣∣ < ε

3
⇔
∣∣∣∣n2 + 2− n2

2− n2

∣∣∣∣ < ε

3
⇔
∣∣∣∣ 2

2− n2

∣∣∣∣ < ε

3
.

Äàëüíåéøèå âûêëàäêè ñïðàâåäëèâû òîëüêî ïðè n > 1. Ïîýòîìó, ïîñëå íà-
õîæäåíèÿ âûðàæåíèÿ, êîòîðîå äîëæíî áóäåò ïðåâçîéäåíî íîìåðîì n, â êà÷åñòâå
ôóíêöèè k(ε) íóæíî áóäåò âçÿòü íàèáîëüøåå èç ýòîãî âûðàæåíèÿ è åäèíèöû.

2

n2 − 2
<
ε

3
⇔ 6

ε
< n2 − 2⇔ n2 > 2 +

6

ε
⇔ n >

√
2 +

6

ε
.

Åñëè ïðèíÿòü k(ε) = max
{
1;
√

2 + 6
ε

}
, òî ïðè n > k(ε)⇔

{
n > 1

n >
√
2 + 6

ε

è n áóäåò áîëüøå åäèíèöû, è (ïîýòîìó) áóäóò ñïðàâåäëèâû âûêëàäêè, îïè-
ñàííûå âûøå. Óòâåðæäåíèå äîêàçàíî.

Èíòåðåñíî, ÷òî â äàííîì êîíêðåòíîì ñëó÷àå ôóíêöèþ k(ε) ìîæíî óïðî-

ñòèòü. Ïîñêîëüêó ε > 0, òî
√

2 + 6
ε
>
√
2 > 1. Ïîýòîìó k(ε) =

√
2 + 6

ε
.

Âîïðîñ 1.4. Äîêàæèòå, ÷òî åñëè α(x) ÿâëÿåòñÿ áåñêîíå÷íî ìàëîé ôóíêöèåé
ïðè x→ c, òî lim

x→c
eα(x) = 1.

Îòâåò. Íàïîìíèì îïðåäåëåíèå êîíå÷íîãî ïðåäåëà ôóíêöèè:

×èñëî A íàçûâàåòñÿ ïðåäåëîì ôóíêöèè f(x) â òî÷êå c, åñëè äëÿ ëþáîãî
ïîëîæèòåëüíîãî ε ñóùåñòâóåò òàêàÿ îêðåñòíîñòü òî÷êè c, ÷òî äëÿ êàæäîãî
àðãóìåíòà x 6= c èç ýòîé îêðåñòíîñòè è âõîäÿùåãî â îáëàñòü îïðåäåëåíèÿ
ôóíêöèè f(x) âûïîëíÿåòñÿ íåðàâåíñòâî |f(x)− A| < ε.

6



Ïîñêîëüêó â äàííîì âîïðîñå íåèçâåñòíî ÷òî òàêîå c, êîíå÷íîå îíî èëè áåñ-
êîíå÷íîå, îäíîñòîðîííèé ïðåäåë èëè äâóñòîðîííèé, òî â îïðåäåëåíèè ïðèøëîñü
�äèïëîìàòè÷íî� ïðèìåíèòü òåðìèí îêðåñòíîñòü, à íå èñïîëüçîâàòü êîíêðåòíîå
íåðàâåíñòâî.

Îáðàòèì âíèìàíèå, ÷òî åñëè äëÿ íåêîòîðîãî ìàëîãî çíà÷åíèÿ εsmall ñóùå-
ñòâóåò óêàçàííàÿ îêðåñòíîñòü, òî ýòà æå îêðåñòíîñòü âïîëíå ïîäîéä¼ò è äëÿ
áîëüøåãî çíà÷åíèÿ εbig > εsmall, ïîñêîëüêó èç íåðàâåíñòâà |f(x)− A| < εsmall
ñëåäóåò íåðàâåíñòâî |f(x)− A| < εsmall < εbig ⇒ |f(x)− A| < εbig. Ïîýòîìó ÷à-
ñòî ãîâîðÿò íå ïðîñòî �äëÿ ëþáîãî ε�, à, óñèëèâàÿ ñìûñë, �äëÿ ëþáîãî ñêîëü
óãîäíî ìàëîãî ε�. Åñòåñòâåííî, ε íàçûâàþò ñêîëü óãîäíî ìàëûì ÷èñëîì.

Åù¼ íóæíî çíàòü, ÷òî òàêîå áåñêîíå÷íî ìàëàÿ ôóíêöèÿ.
Ôóíêöèÿ íàçûâàåòñÿ áåñêîíå÷íî ìàëîé â íåêîòîðîé òî÷êå, åñëè å¼ ïðåäåë
â ýòîé òî÷êå ðàâåí íóëþ.

Ôàêòè÷åñêè â ýòîì îïðåäåëåíèè íåò íè÷åãî íîâîãî. Åñëè â îïðåäåëåíèè ïðå-
äåëà ôóíêöèè (ñì. âûøå) âìåñòî ÷èñëà A ïîñòàâèòü íóëü, òî ïîëó÷èòñÿ îïðå-
äåëåíèå áåñêîíå÷íî ìàëîé ôóíêöèè:

Ôóíêöèÿ α(x) íàçûâàåòñÿ áåñêîíå÷íî ìàëîé ôóíêöèåé â òî÷êå c, åñëè äëÿ
ëþáîãî ïîëîæèòåëüíîãî ε ñóùåñòâóåò òàêàÿ îêðåñòíîñòü òî÷êè c, ÷òî äëÿ
êàæäîãî àðãóìåíòà x 6= c èç ýòîé îêðåñòíîñòè è âõîäÿùåãî â îáëàñòü îïðå-
äåëåíèÿ ôóíêöèè α(x) âûïîëíÿåòñÿ íåðàâåíñòâî |α(x)| < ε.

Ïåðåéä¼ì ê ðåøåíèþ çàäà÷è. Âûáåðåì ïðîèçâîëüíîå (ñêîëü óãîäíî ìàëîå ïî-
ëîæèòåëüíîå) ÷èñëî ε ∈ (0; 1). Ïîñêîëüêó ïî óñëîâèþ α(x) ÿâëÿåòñÿ áåñêîíå÷íî
ìàëîé ôóíêöèåé ïðè x→ c, òî äëÿ ëþáîãî ïîëîæèòåëüíîãî ÷èñëà, â ÷àñòíî-
ñòè è äëÿ ln(1 + ε), äîëæíà ñóùåñòâîâàòü òàêàÿ îêðåñòíîñòü òî÷êè c, ÷òî äëÿ
êàæäîãî àðãóìåíòà x 6= c èç ýòîé îêðåñòíîñòè è âõîäÿùåãî â îáëàñòü îïðåäå-
ëåíèÿ ôóíêöèè α(x), à ñëåäîâàòåëüíî è â îáëàñòü îïðåäåëåíèÿ ôóíêöèè eα(x),
âûïîëíÿåòñÿ íåðàâåíñòâî

|α(x)| < ln(1 + ε)

− ln(1 + ε) < α(x) < ln(1 + ε).

Îáðàòèì âíèìàíèå, ÷òî ln(1− ε) < − ln(1 + ε). Äåéñòâèòåëüíî,
ln(1− ε) + ln(1 + ε) < 0⇔ ln ((1− ε)(1 + ε)) < 0⇔ ln (1− ε2) < 0 ÿâëÿåòñÿ
âåðíûì íåðàâåíñòâîì. Ïîýòîìó

ln(1− ε) < − ln(1 + ε) < α(x) < ln(1 + ε)

ln(1− ε) < α(x) < ln(1 + ε)

eln(1−ε) < eα(x) < eln(1+ε)

1− ε < eα(x) < 1 + ε

−ε < eα(x) − 1 < ε∣∣eα(x) − 1
∣∣ < ε .

Ñëåäîâàòåëüíî, ñóùåñòâîâàíèå óêàçàííîé âûøå îêðåñòíîñòè äîêàçûâàåò, ÷òî
lim
x→c

eα(x) = 1.
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Âîïðîñ 1.5. Äîêàæèòå, ÷òî åñëè lim
x→c

f(x) = A, ãäå A êîíå÷íîå ÷èñëî, òî

lim
x→c

ef(x) = eA.

Îòâåò. Âñïîìíèì (èëè óçíàåì) åù¼ îäíó òåîðåìó (îíà íàçûâàåòñÿ �íåîáõî-
äèìûé è äîñòàòî÷íûé ïðèçíàê ñóùåñòâîâàíèÿ êîíå÷íîãî ïðåäåëà ôóíêöèè�):

Äëÿ òîãî, ÷òîáû êîíå÷íîå ÷èñëî A áûëî ïðåäåëîì ôóíêöèè f(x), íåîá-
õîäèìî è äîñòàòî÷íî, ÷òîáû ýòà ôóíêöèÿ áûëà ïðåäñòàâèìà â âè-
äå f(x) = A+ α(x), ãäå α(x) ÿâëÿåòñÿ áåñêîíå÷íî ìàëîé ôóíêöèåé.

Ïîýòîìó

lim
x→c

ef(x) = lim
x→c

eA+α(x) = lim
x→c

(
eAeα(x)

)
= eA · lim

x→c
eα(x) = eA · 1 = eA.

Âîïðîñ 1.6. Äîêàæèòå, ÷òî åñëè lim
x→c

f(x) = −∞, òî lim
x→c

ef(x) = 0.

Îòâåò. Íàïîìíèì îïðåäåëåíèå áåñêîíå÷íîãî ïðåäåëà ôóíêöèè äëÿ îòðèöà-
òåëüíîé áåñêîíå÷íîñòè:

Ãîâîðÿò, ÷òî −∞ ÿâëÿåòñÿ ïðåäåëîì ôóíêöèè f(x) â òî÷êå c, åñëè äëÿ
ëþáîãî ÷èñëà M ñóùåñòâóåò òàêàÿ îêðåñòíîñòü òî÷êè c, ÷òî äëÿ êàæäîãî
àðãóìåíòà x 6= c èç ýòîé îêðåñòíîñòè è âõîäÿùåãî â îáëàñòü îïðåäåëåíèÿ
ôóíêöèè f(x) âûïîëíÿåòñÿ íåðàâåíñòâî f(x) < M .

Äëÿ äîêàçàòåëüñòâà òîãî, ÷òî êîíå÷íîå ÷èñëî íîëü ÿâëÿåòñÿ ïðåäåëîì ôóíê-
öèè, âîçüì¼ì ïðîèçâîëüíîå ñêîëü óãîäíî ìàëîå ïîëîæèòåëüíîå ÷èñëî ε. Ñîãëàñ-
íî îïðåäåëåíèþ òîãî, ÷òî −∞ ÿâëÿåòñÿ ïðåäåëîì ôóíêöèè f(x) â òî÷êå c, äëÿ
ëþáîãî ÷èñëà, â ÷àñòíîñòè è äëÿ ln ε, äîëæíà ñóùåñòâîâàòü òàêàÿ îêðåñòíîñòü
òî÷êè c, ÷òî äëÿ êàæäîãî àðãóìåíòà x 6= c èç ýòîé îêðåñòíîñòè è âõîäÿùåãî â
îáëàñòü îïðåäåëåíèÿ ôóíêöèè f(x), à ñëåäîâàòåëüíî è â îáëàñòü îïðåäåëåíèÿ
ôóíêöèè ef(x), âûïîëíÿåòñÿ íåðàâåíñòâî

f(x) < ln ε⇔ ef(x) < eln ε ⇔ ef(x) < ε.

Èç-çà ïîëîæèòåëüíîñòè ýêñïîíåíòû ìîæíî íàïèñàòü è òàê:∣∣ef(x)∣∣ < ε⇔
∣∣ef(x) − 0

∣∣ < ε.

Ñëåäîâàòåëüíî, ñóùåñòâîâàíèå óêàçàííîé âûøå îêðåñòíîñòè äîêàçûâàåò, ÷òî
lim
x→c

ef(x) = 0.

Âîïðîñ 1.7. Äîêàæèòå, ÷òî åñëè lim
x→c

f(x) = +∞, òî lim
x→c

ef(x) = +∞.

Îòâåò. Íàïîìíèì îïðåäåëåíèå áåñêîíå÷íîãî ïðåäåëà ôóíêöèè äëÿ ïîëîæè-
òåëüíîé áåñêîíå÷íîñòè:

Ãîâîðÿò, ÷òî +∞ ÿâëÿåòñÿ ïðåäåëîì ôóíêöèè f(x) â òî÷êå c, åñëè äëÿ
ëþáîãî ÷èñëà N ñóùåñòâóåò òàêàÿ îêðåñòíîñòü òî÷êè c, ÷òî äëÿ êàæäîãî
àðãóìåíòà x 6= c èç ýòîé îêðåñòíîñòè è âõîäÿùåãî â îáëàñòü îïðåäåëåíèÿ
ôóíêöèè f(x) âûïîëíÿåòñÿ íåðàâåíñòâî f(x) > N .

Äëÿ äîêàçàòåëüñòâà òîãî, ÷òî+∞ ÿâëÿåòñÿ ïðåäåëîì ôóíêöèè, âîçüì¼ì ïðî-
èçâîëüíîå ÷èñëî N . Ñîãëàñíî îïðåäåëåíèþ òîãî, ÷òî +∞ ÿâëÿåòñÿ ïðåäåëîì
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ôóíêöèè f(x) â òî÷êå c, äëÿ ëþáîãî ÷èñëà, â ÷àñòíîñòè è äëÿ lnN , äîëæíà ñó-
ùåñòâîâàòü òàêàÿ îêðåñòíîñòü òî÷êè c, ÷òî äëÿ êàæäîãî àðãóìåíòà x 6= c èç ýòîé
îêðåñòíîñòè è âõîäÿùåãî â îáëàñòü îïðåäåëåíèÿ ôóíêöèè f(x), à ñëåäîâàòåëüíî
è â îáëàñòü îïðåäåëåíèÿ ôóíêöèè ef(x), âûïîëíÿåòñÿ íåðàâåíñòâî

f(x) > lnN ⇔ ef(x) > elnN ⇔ ef(x) > N.

Ñëåäîâàòåëüíî, ñóùåñòâîâàíèå óêàçàííîé âûøå îêðåñòíîñòè äîêàçûâàåò, ÷òî
lim
x→c

ef(x) = +∞.

Âîïðîñ 1.8. Äîêàæèòå, ÷òî åñëè α(x) ÿâëÿåòñÿ áåñêîíå÷íî ìàëîé ôóíêöèåé
ïðè x→ c, òî lim

x→c
ln (1 + α(x)) = 0.

Îòâåò. Äëÿ äîêàçàòåëüñòâà òîãî, ÷òî êîíå÷íîå ÷èñëî íîëü ÿâëÿåòñÿ ïðå-
äåëîì ôóíêöèè, âîçüì¼ì ïðîèçâîëüíîå ñêîëü óãîäíî ìàëîå ïîëîæèòåëüíîå
÷èñëî ε. Ïîñêîëüêó ïî óñëîâèþ α(x) ÿâëÿåòñÿ áåñêîíå÷íî ìàëîé ôóíêöèåé
ïðè x→ c, òî lim

x→c
α(x) = 0. Ñîãëàñíî îïðåäåëåíèþ êîíå÷íîãî ïðåäåëà ôóíêöèè,

äëÿ ëþáîãî ïîëîæèòåëüíîãî ÷èñëà, â ÷àñòíîñòè è äëÿ (1− e−ε), äîëæíà ñóùå-
ñòâîâàòü òàêàÿ îêðåñòíîñòü òî÷êè c, ÷òî äëÿ êàæäîãî àðãóìåíòà x 6= c èç ýòîé
îêðåñòíîñòè è âõîäÿùåãî â îáëàñòü îïðåäåëåíèÿ ôóíêöèè α(x), âûïîëíÿåòñÿ
íåðàâåíñòâî

|α(x)− 0| < 1− e−ε

|α(x)| < 1− e−ε

−
(
1− e−ε

)
< α(x) < 1− e−ε.

Îáðàòèì âíèìàíèå, ÷òî 1− e−ε 6 eε − 1. Äåéñòâèòåëüíî, 2 6 eε + e−ε ÿâëÿ-
åòñÿ ÷àñòíûì ñëó÷àåì íåðàâåíñòâà Êîøè (a+ b > 2

√
ab ïðè a, b > 0; a = eε,

b = e−ε, eε + e−ε > 2
√
eεe−ε = 2

√
1 = 2). Ïîýòîìó

−
(
1− e−ε

)
< α(x) < 1− e−ε 6 eε − 1

−1 + e−ε < α(x) < eε − 1

e−ε < 1 + α(x) < eε.

Òàê êàê äàæå e−ε > 0, òî, âî-ïåðâûõ, íåðàâåíñòâî ìîæíî ëîãàðèôìèðîâàòü,
à, âî-âòîðûõ, àðãóìåíò x èç ðàññìàòðèâàåìîé îêðåñòíîñòè ïðèíàäëåæèò îáëà-
ñòè îïðåäåëåíèÿ ôóíêöèè ln (1 + α(x)).

ln
(
e−ε
)
< ln (1 + α(x)) < ln (eε)

−ε < ln (1 + α(x)) < ε

|ln (1 + α(x))| < ε .

Ñëåäîâàòåëüíî, ñóùåñòâîâàíèå óêàçàííîé âûøå îêðåñòíîñòè äîêàçûâàåò, ÷òî
lim
x→c

ln (1 + α(x)) = 0.

Âîïðîñ 1.9. Äîêàæèòå, ÷òî åñëè lim
x→c

f(x) = A, ãäå A êîíå÷íîå ïîëîæèòåëü-

íîå ÷èñëî, òî lim
x→c

ln (f(x)) = lnA.
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Îòâåò. Ïî íåîáõîäèìîìó è äîñòàòî÷íîìó ïðèçíàêó ñóùåñòâîâàíèÿ êîíå÷íî-
ãî ïðåäåëà A (ñì. âîïðîñ 1.5 íà ñòðàíèöå 8) ôóíêöèÿ f(x) ìîæåò áûòü ïðåä-
ñòàâëåíà â âèäå f(x) = A+ α(x), ãäå α(x) ÿâëÿåòñÿ áåñêîíå÷íî ìàëîé ôóíêöèåé
ïðè x→ c .

Ïîýòîìó

lim
x→c

ln (f(x)) = lim
x→c

ln (A+ α(x)) = lim
x→c

ln

(
A

(
1 +

α(x)

A

))
=

= lim
x→c

(
lnA+ ln

(
1 +

α(x)

A

))
⇀⇁

Òàê êàê ïðåäåë ñóììû ðàâåí ñóììå ïðåäåëîâ, åñëè îíè êîíå÷íû, òî

⇀⇁ lim
x→c

lnA+ lim
x→c

ln

(
1 +

α(x)

A

)
⇀⇁

Ïåðâûé èç ïðåäåëîâ ýòî ïðåäåë êîíñòàíòû, îí ðàâåí çíà÷åíèþ ýòîé êîíñòàíòû.
À âòîðîé ïðåäåë ðàâåí íóëþ ñîãëàñíî ïðåäûäóùåìó âîïðîñó, ïîñêîëüêó, åñëè
ôóíêöèÿ α(x) áåñêîíå÷íî ìàëàÿ, òî α(x)

A
òîæå áåñêîíå÷íî ìàëàÿ ôóíêöèÿ.

⇀⇁ lnA+ 0 = lnA.

Âîïðîñ 1.10. Äîêàæèòå, ÷òî åñëè lim
x→c

f(x) = +∞, òî lim
x→c

ln (f(x)) = +∞.

Îòâåò. Äëÿ äîêàçàòåëüñòâà òîãî, ÷òî +∞ ÿâëÿåòñÿ ïðåäåëîì ôóíêöèè,
âîçüì¼ì ïðîèçâîëüíîå ïîëîæèòåëüíîå ÷èñëî N . Ñîãëàñíî îïðåäåëåíèþ òîãî,
÷òî +∞ ÿâëÿåòñÿ ïðåäåëîì ôóíêöèè f(x) â òî÷êå c (ñì. âîïðîñ 1.7 íà ñòðàíè-
öå 8), äëÿ ëþáîãî ÷èñëà, â ÷àñòíîñòè è äëÿ lnN , äîëæíà ñóùåñòâîâàòü òàêàÿ
îêðåñòíîñòü òî÷êè c, ÷òî äëÿ êàæäîãî àðãóìåíòà x 6= c èç ýòîé îêðåñòíîñòè è
âõîäÿùåãî â îáëàñòü îïðåäåëåíèÿ ôóíêöèè f(x), âûïîëíÿåòñÿ íåðàâåíñòâî

f(x) > eN .

Ýòî íåðàâåíñòâî ìîæíî ëîãàðèôìèðîâàòü, ïîñêîëüêó ýêñïîíåíòà âñåãäà ïðè-
íèìàåò ïîëîæèòåëüíûå çíà÷åíèÿ, à ëåâàÿ ÷àñòü áîëüøå íå¼ è, ñëåäîâàòåëüíî,
òîæå ïîëîæèòåëüíàÿ. Òîãäà ïîëó÷èì

ln (f(x)) > ln eN ⇔ ln (f(x)) > N.

Ñóùåñòâîâàíèå óêàçàííîé âûøå îêðåñòíîñòè è äîêàçûâàåò, ÷òî
lim
x→c

ln (f(x)) = +∞.

Âîïðîñ 1.11. Äîêàæèòå, ÷òî åñëè lim
x→c

f(x) = 0 è f(x) > 0, òî

lim
x→c

ln (f(x)) = −∞.

Îòâåò. Äëÿ äîêàçàòåëüñòâà òîãî, ÷òî−∞ ÿâëÿåòñÿ ïðåäåëîì ôóíêöèè, âîçü-
ì¼ì ïðîèçâîëüíîå ÷èñëî M (ñì. âîïðîñ 1.6 íà ñòðàíèöå 8). Ñîãëàñíî îïðåäåëå-
íèþ òîãî, ÷òî êîíå÷íîå ÷èñëî íîëü ÿâëÿåòñÿ ïðåäåëîì ôóíêöèè f(x) â òî÷êå c
(ñì. âîïðîñ 1.4 íà ñòðàíèöå 6), äëÿ ëþáîãî ñêîëü óãîäíî ìàëîãî ÷èñëà, â ÷àñòíî-
ñòè è äëÿ eM , äîëæíà ñóùåñòâîâàòü òàêàÿ îêðåñòíîñòü òî÷êè c, ÷òî äëÿ êàæäîãî
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àðãóìåíòà x 6= c èç ýòîé îêðåñòíîñòè è âõîäÿùåãî â îáëàñòü îïðåäåëåíèÿ ôóíê-
öèè f(x), âûïîëíÿåòñÿ íåðàâåíñòâî

|f(x)− 0| < eM ⇔ |f(x)| < eM ⇔ −eM < f(x) < eM .

Ïîñêîëüêó f(x) > 0, òî

f(x) < eM ⇔ ln (f(x)) < ln eM ⇔ ln (f(x)) < M.

Ñóùåñòâîâàíèå óêàçàííîé âûøå îêðåñòíîñòè è äîêàçûâàåò, ÷òî
lim
x→c

ln (f(x)) = −∞.

Âîïðîñ 1.12. Äîêàæèòå, ÷òî åñëè lim
x→c

f(x) = A, ãäå A êîíå÷íîå ïîëîæè-

òåëüíîå ÷èñëî, lim
x→c

g(x) = B, ãäå B êîíå÷íîå ÷èñëî, òî lim
x→c

(
(f(x))g(x)

)
= AB.

Îòâåò. Èñïîëüçóÿ ñâîéñòâà ëîãàðèôìà ñîâåðøèì ïðåîáðàçîâàíèÿ

lim
x→c

(
(f(x))g(x)

)
= lim

x→c
eln((f(x))

g(x)) = lim
x→c

eg(x) ln(f(x))⇀⇁

Ïîñêîëüêó lim
x→c

g(x) = B, à èç âîïðîñà 1.9 ñëåäóåò, ÷òî lim
x→c

ln (f(x)) = lnA, òî òàê
êàê ïðåäåë ïðîèçâåäåíèÿ ðàâåí ïðîèçâåäåíèþ ïðåäåëîâ, åñëè îíè ñóùåñòâóþò
è êîíå÷íû, òî ïðåäåë ïîêàçàòåëÿ ñòåïåíè áóäåò ðàâåí B lnA. Ñëåäîâàòåëüíî,
ñîãëàñíî âîïðîñó 1.5 èìååì ðåçóëüòàò:

⇀⇁eB lnA = eln(A
B) = AB.

2. ÍÅÊÎÒÎÐÛÅ ÑÏÅÖÈÀËÜÍÛÅ ÏÐÅÄÅËÛ

Âîïðîñ 2.13. ßâëÿåòñÿ ëè íåîïðåäåë¼ííîñòüþ (+0)1?
Îòâåò. Íåò, íå ÿâëÿåòñÿ. Íè÷òî íå ìåøàåò ïðèìåíèòü ïðîñòåéøóþ ôîðìó-

ëó a1 = a äëÿ a = 0. Ïîëó÷èì 01 = 0.
Âîïðîñ 2.14. ßâëÿåòñÿ ëè íåîïðåäåë¼ííîñòüþ (−∞−∞)?
Îòâåò. Íåò, íå ÿâëÿåòñÿ. Çäåñü áåñêîíå÷íîñòè îäíîãî çíàêà è îíè �íå êîí-

ôëèêòóþò�. Îáå áåñêîíå÷íîñòè �õîòÿò� îäíîãî è òîãî æå: ñäåëàòü îòâåò ðàâíûì
ìèíóñ áåñêîíå÷íîñòè. À ïðåäåë, ñîãëàñíî îïðåäåëåíèþ, ìîæåò áûòü áåñêîíå÷-
íûì. Â òàêîì ñëó÷àå îí òîæå ïðèçíà¼òñÿ ñóùåñòâóþùèì. Åñëè îòâåò áåñêîíå÷-
íîñòü, òî ýòî íå íåîïðåäåë¼ííîñòü: −∞−∞ = −∞.

Âîïðîñ 2.15. ßâëÿåòñÿ ëè íåîïðåäåë¼ííîñòüþ ïðîèçâåäåíèå +∞ · (−∞)?
Îòâåò. Íåò, íå ÿâëÿåòñÿ. Çäåñü áåñêîíå÷íîñòè òàêæå �íå êîíôëèêòóþò�.

Îáå áåñêîíå÷íîñòè �õîòÿò� îäíîãî è òîãî æå: ñäåëàòü îòâåò ðàâíûì áåñêîíå÷-
íî áîëüøèì ïî ìîäóëþ. Âîïðîñ çàêëþ÷àåòñÿ òîëüêî â çíàêå ïîëó÷àþùåéñÿ
áåñêîíå÷íîñòè. Êàê èçâåñòíî, ïðîèçâåäåíèå ÷èñåë ðàçíûõ çíàêîâ îòðèöàòåëü-
íî. Ïîýòîìó âïîëíå ëîãè÷íî óòâåðæäåíèå, çàïèñàííîå â ñîêðàùåííîé ôîðìå:
+∞ · (−∞) = −∞.

Âîïðîñ 2.16. Êàêèå áûâàþò íåîïðåäåë¼ííîñòè?
Îòâåò. Åñëè â ñïèñêå, ñëåäóþùåì íèæå, íè÷åãî íå ïðîïóùåíî, òî: 0

0
, ∞∞ ,

0 · ∞, ∞−∞, 1∞, 00, ∞0 âñå âîçìîæíûå íåîïðåäåë¼ííîñòè.
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Âîïðîñ 2.17. Äîêàæèòå, ÷òî ïðåäåë ïîñëåäîâàòåëüíîñòè lim
n→∞

2n

n!
= 0. Çà-

ìåòèì, ÷òî ýòî ÷àñòíûé ñëó÷àé òåîðåìû 3.28 èç �16 íà ñòðàíèöå 88 ó÷åáíîãî
ïîñîáèÿ [2].

Îòâåò. Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü xn = 2n

n!
. Äîêàæåì, ÷òî íà÷èíàÿ ñ

íåêîòîðîãî íîìåðà ýòà ïîñëåäîâàòåëüíîñòü óáûâàåò.

xn+1 < xn ⇔
2n+1

(n+ 1)!
<

2n

n!
⇔ 2

n+ 1
< 1⇔ 2 < n+ 1⇔ n > 1.

Äîêàçàëè, ÷òî íà÷èíàÿ ñ n = 2 ïîñëåäîâàòåëüíîñòü xn óáûâàåò. Òàê êàê xn > 0,
òî ýòà ïîñëåäîâàòåëüíîñòü îãðàíè÷åíà ñíèçó. Åñòü òåîðåìà:

Åñëè ïîñëåäîâàòåëüíîñòü íà÷èíàÿ ñ íåêîòîðîãî íîìåðà óáûâàåò è îãðàíè-
÷åíà ñíèçó, òî îíà èìååò êîíå÷íûé ïðåäåë.

Ñëåäîâàòåëüíî, ïðåäåë ýòîé ïîñëåäîâàòåëüíîñòè ñóùåñòâóåò è êîíå÷åí.

Îáðàòèì âíèìàíèå, ÷òî

xn+1 =
2n+1

(n+ 1)!
=

2n · 2
(n+ 1) · n!

=
2

n+ 1
· xn.

Îáîçíà÷èì ñóùåñòâóþùèé êîíå÷íûé ïðåäåë ïîñëåäîâàòåëüíî-
ñòè A = lim

n→∞
xn. Ïîñêîëüêó {xn+1}∞n=1 ôàêòè÷åñêè ÿâëÿåòñÿ òîé æå ïîñëå-

äîâàòåëüíîñòüþ, ÷òî è {xn}∞n=1, òîëüêî ñ íóìåðàöèåé, ñäâèíóòîé íà åäèíèöó,
òî îíà èìååò òîò æå ïðåäåë: lim

n→∞
xn+1 = A. Ïåðåõîäÿ ê ïðåäåëó, ïîëó÷èì

lim
n→∞

xn+1 = lim
n→∞

(
2

n+ 1
· xn
)
⇔ A = lim

n→∞

2

n+ 1
· lim
n→∞

xn ⇔ A = 0 · A⇔ A = 0.

Óòâåðæäåíèå äîêàçàíî.
Âîïðîñ 2.18. Äîêàæèòå, ÷òî ïðåäåë ïîñëåäîâàòåëüíîñòè lim

n→∞
n
an

= 0, ãäå

a > 1. Ýòî ïðèìåð 16 íà ñòðàíèöå 52 ó÷åáíîãî ïîñîáèÿ [3].
Îòâåò. Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü xn = n

an
. Äîêàæåì, ÷òî íà÷èíàÿ ñ

íåêîòîðîãî íîìåðà ýòà ïîñëåäîâàòåëüíîñòü óáûâàåò.

xn+1 < xn ⇔
n+ 1

an+1
<

n

an
⇔ n+ 1

a
< n⇔ n+ 1 < an⇔ 1 < an− n⇔

⇔ 1 < n(a− 1)⇔ n >
1

a− 1
.

Òî åñòü, åñëè âçÿòü íîìåð, ïðåâîñõîäÿùèé ÷èñëî 1
a−1 , òî íà÷èíàÿ ñ ýòîãî íîìåðà

ïîñëåäîâàòåëüíîñòü áóäåò óáûâàòü. Òàê êàê xn > 0, òî ýòà ïîñëåäîâàòåëüíîñòü
îãðàíè÷åíà ñíèçó. Åñòü òåîðåìà (ñì. ñòðàíèöó 12):

Åñëè ïîñëåäîâàòåëüíîñòü íà÷èíàÿ ñ íåêîòîðîãî íîìåðà óáûâàåò è îãðàíè-
÷åíà ñíèçó, òî îíà èìååò êîíå÷íûé ïðåäåë.

Ñëåäîâàòåëüíî, ïðåäåë ýòîé ïîñëåäîâàòåëüíîñòè ñóùåñòâóåò.
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Îáðàòèì âíèìàíèå, ÷òî xn = n
an
⇔ an = n

xn
. Ïðè ýòîì

xn+1 =
n+ 1

an+1
=
n+ 1

a · an
=
n+ 1

a · n
xn

=
xn(n+ 1)

a · n
=
xn
(
1 + 1

n

)
a

.

Îáîçíà÷èì ñóùåñòâóþùèé êîíå÷íûé ïðåäåë ïîñëåäîâàòåëüíîñòè b = lim
n→∞

xn.

Ïîñêîëüêó {xn+1}∞n=1 ôàêòè÷åñêè ÿâëÿåòñÿ òîé æå ïîñëåäîâàòåëüíîñòüþ, ÷òî
è {xn}∞n=1, òîëüêî ñ íóìåðàöèåé, ñäâèíóòîé íà åäèíèöó, òî îíà èìååò òîò æå
ïðåäåë: lim

n→∞
xn+1 = b. Ïîñêîëüêó lim

n→∞
1
n
= 0, òî, ïåðåõîäÿ ê ïðåäåëó ïîëó÷èì,

lim
n→∞

xn+1 = lim
n→∞

xn
(
1 + 1

n

)
a

⇔

⇔ b =
b(1 + 0)

a
⇔ ab = b⇔ ab− b = 0⇔ (a− 1)b = 0⇔ b = 0.

Òî åñòü, lim
n→∞

xn = 0.

Âîïðîñ 2.19. Äîêàæèòå, ÷òî lim
x→+∞

x
ax

= 0, ãäå a > 1.

Îòâåò. Çàäà÷à îòëè÷àåòñÿ îò ïðåäûäóùåé òåì, ÷òî ïåðåìåííàÿ n ìîãëà ïðè-
íèìàòü òîëüêî íàòóðàëüíûå çíà÷åíèÿ, à ïåðåìåííàÿ x ∈ R.

Îáîçíà÷èì n = [x]. Çäåñü êâàäðàòíûå ñêîáêè îáîçíà÷àþò ôóíêöèþ öåëàÿ

÷àñòü ÷èñëà. Ýòî íàèáîëüøåå öåëîå, íå ïðåâîñõîäÿùåå äàííîå. Î÷åâèäíî, íåðà-
âåíñòâî

n 6 x < n+ 1.

Òàê êàê a > 1, òî

an 6 ax < an+1 ⇔ 1

an
>

1

ax
>

1

an+1
⇔ 1

an+1
6

1

ax
<

1

an
.

Óìíîæàÿ ýòè äâà íåðàâåíñòâà, ïîëó÷èì òàêæå âåðíîå íåðàâåíñòâî

n · 1

an+1
6 x · 1

ax
< (n+ 1) · 1

an
⇔ n

an+1
6

x

ax
<
n+ 1

an
⇔

⇔ n

a · an
6

x

ax
<
a · (n+ 1)

an+1
⇔ [x]

a · a[x]
6

x

ax
<
a · ([x] + 1)

a[x]+1
.

Îáðàòèì âíèìàíèå, ÷òî ïîñëåäíåå èç ïîëó÷åííûõ íåðàâåíñòâ íàïèñàíî äëÿ
âåùåñòâåííîé ïåðåìåííîé x. Ïðîöèòèðóåì íóæíûé âàðèàíò òåîðåìû î ñæàòîé
ôóíêöèè

Åñëè ñóùåñòâóåò òàêîå ÷èñëî M , ÷òî ïðè x > M âåðíî íåðàâåí-
ñòâî f(x) 6 g(x) 6 h(x) è ñóùåñòâóþò lim

x→+∞
f(x) = lim

x→+∞
h(x) = A, òî ñó-

ùåñòâóåò lim
x→+∞

g(x), ïðè÷¼ì îí òîæå ðàâåí A.

Â íàøåì ñëó÷àå

lim
x→+∞

[x]

a · a[x]
= lim

n→∞

n

a · an
=

0

a
= 0,
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lim
x→+∞

a · ([x] + 1)

a[x]+1
= lim

n→∞

a · (n+ 1)

an+1
= a · 0 = 0.

Òàê êàê ïîñëåäîâàòåëüíîñòü n+1
an+1 ôàêòè÷åñêè ÿâëÿåòñÿ òîé æå ïîñëåäîâàòåëü-

íîñòüþ n
an

òîëüêî ñ íóìåðàöèåé, ñäâèíóòîé íà åäèíèöó.
Ïî òåîðåìå î ñæàòîé ôóíêöèè lim

x→+∞
x
ax

òîæå ðàâåí íóëþ.

Âîïðîñ 2.20. Äîêàæèòå, ÷òî lim
x→+∞

xm

ax
= 0, ãäå a > 1.

Îòâåò. Îáðàòèì âíèìàíèå íà òî, ÷òî äàííûé ïðåäåë ïðåäñòàâëÿåò èç ñåáÿ
íåîïðåäåë¼ííîñòü

[∞
∞

]
òîëüêî ïðè m > 0, ïîýòîìó ðàçáåð¼ì òîëüêî ýòîò ñëó÷àé.

lim
x→+∞

xm

ax
= lim

x→+∞

( x

a
x
m

)m
= lim

x→+∞

 x(
a

1
m

)x
m

= lim
x→+∞

( x
bx

)m
= 0m = 0.

Çäåñü áûëî îáîçíà÷åíî b = a
1
m .

Âîïðîñ 2.21. Äîêàæèòå, ÷òî lim
x→+∞

lnx
xm

= 0, ãäå m > 0.

Îòâåò. Ñäåëàåì çàìåíó ïåðåìåííîé t = ln x. Íîâàÿ ïåðåìåííàÿ t→ +∞.
Òîãäà x = et. Ïîýòîìó

lim
x→+∞

lnx

xm
= lim

t→+∞

t

(et)m
= lim

t→+∞

t

etm
= lim

t→+∞

t

(em)t
= lim

t→+∞

t

at
= 0.

Çäåñü áûëî îáîçíà÷åíî a = em .
Âîïðîñ 2.22. Äîêàæèòå, ÷òî lim

x→+∞
lnk x
xm

= 0, ãäå k > 0 è m > 0.

Îòâåò. Ñäåëàåì çàìåíó ïåðåìåííîé t = ln x. Íîâàÿ ïåðåìåííàÿ t→ +∞.
Òîãäà x = et. Ïîýòîìó

lim
x→+∞

lnk x

xm
= lim

t→+∞

tk

(et)m
= lim

t→+∞

tk

etm
= lim

t→+∞

tk

(em)t
= lim

t→+∞

tk

at
= 0.

Çäåñü áûëî îáîçíà÷åíî a = em .
Âîïðîñ 2.23. Äîêàæèòå, ÷òî ïðåäåë ïîñëåäîâàòåëüíîñòè lim

n→∞
n
√
n = 1. Ýòî

òåîðåìà 3.30 èç �16 íà ñòðàíèöå 89 ó÷åáíîãî ïîñîáèÿ [2].
Îòâåò. Çàïèøåì íåðàâåíñòâî, êîòîðîå äîëæíî áûòü âûïîëíåíî â îïðåäåëå-

íèè ïðåäåëà∣∣ n√n− 1
∣∣ < ε⇔ n

√
n− 1 < ε⇔ n

√
n < 1 + ε⇔ n < (1 + ε)n ⇔ n

(1 + ε)n
< 1.

Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü xn = n
(1+ε)n

. Ïîñêîëüêó ε > 0, òî 1 + ε > 1 è ïî-
ñëåäîâàòåëüíîñòü xn ýòî õîðîøî èçó÷åííàÿ â âîïðîñå 2.18 ïîñëåäîâàòåëüíîñòü
xn = n

an
, ïðåäåë êîòîðîé ðàâåí íóëþ. Íàïîìíèì åù¼ îäíó òåîðåìó:

Åñëè ïîñëåäîâàòåëüíîñòü xn, èìååò êîíå÷íûé ïðåäåë, ðàâíûé A è B > A,
òî ñóùåñòâóåò íîìåð, íà÷èíàÿ ñ êîòîðîãî âåðíî íåðàâåíñòâî xn < B.

Â äàííîì ñëó÷àå ïðåäåë ïîñëåäîâàòåëüíîñòè xn ðàâåí A = 0, à B = 1. Ñî-
ãëàñíî òåîðåìå ñóùåñòâóåò íîìåð, íà÷èíàÿ ñ êîòîðîãî xn < 1⇔ n

(1+ε)n
< 1. Ñó-

ùåñòâîâàíèå òàêîãî íîìåðà è äîêàçûâàåò òðåáóåìîå óòâåðæäåíèå.
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Âîïðîñ 2.24. Ìîæåò ëè ïåðèîäè÷åñêàÿ ôóíêöèÿ èìåòü ïðåäåë íà áåñêîíå÷-
íîñòè?

Îòâåò. Åñëè ïîäîéòè ê ýòîìó âîïðîñó ôîðìàëüíî, òî îòâåò �äà�. Äåëî â
òîì, ÷òî êîíñòàíòà òîæå ÿâëÿåòñÿ ïåðèîäè÷åñêîé ôóíêöèåé è ïðè ýòîì èìååò
íà áåñêîíå÷íîñòè ïðåäåë (ñîâïàäàþùèé ñî ñâîèì çíà÷åíèåì).

À åñëè ïåðèîäè÷åñêàÿ ôóíêöèÿ íå ÿâëÿåòñÿ êîíñòàíòîé, òî òîãäà å¼ ïðåäåëà
íà áåñêîíå÷íîñòè íå ñóùåñòâóåò. Äîêàæåì, ÷òî êîíå÷íîå ÷èñëî C íå ìîæåò áûòü
å¼ ïðåäåëîì.

Åñëè ôóíêöèÿ f(x) íå ÿâëÿåòñÿ êîíñòàíòîé, òî îíà èìååò ïî êðàéíåé ìå-
ðå äâà ðàçëè÷íûõ çíà÷åíèÿ. Îáîçíà÷èì èõ A è B. Ïîñêîëüêó ýòè çíà÷åíèÿ
ðàçëè÷íûå, òî îäíî èç íèõ áîëüøå äðóãîãî. Ïóñòü äëÿ îïðåäåë¼ííîñòè A < B.
Ïåðèîäè÷åñêàÿ ôóíêöèÿ â îêðåñòíîñòè áåñêîíå÷íîé òî÷êè áóäåò áåñêîíå÷íîå
÷èñëî ðàç ïðèíèìàòü êàê çíà÷åíèå A, òàê è çíà÷åíèå B.

Â îïðåäåëåíèè êîíå÷íîãî ïðåäåëà íåðàâåíñòâî |f(x)− C| < ε ïðè íåêîòîðûõ
óñëîâèÿõ äîëæíî âûïîëíÿòüñÿ äëÿ ëþáîãî ε > 0. Â ÷àñòíîñòè, è äëÿ ε = B−A

2
.

Ïîñêîëüêó â îêðåñòíîñòè áåñêîíå÷íîé òî÷êè âîçìîæíî êàê f(x) = A, òàê è
f(x) = B, òî îäíîâðåìåííî äîëæíû âûïîëíÿòüñÿ îáà íåðàâåíñòâà, ãåîìåòðè-
÷åñêèé ñìûñë êîòîðûõ çàêëþ÷àåòñÿ â òîì, ÷òî äâå òî÷êè A è B äîëæíû ïî-
ìåñòèòüñÿ â ïðîìåæóòîê, äëèíà êîòîðîãî êîðî÷å ðàññòîÿíèÿ ìåæäó íèìè, ÷òî
íåâîçìîæíî. {

|A− C| < B−A
2

|B − C| < B−A
2

⇔

{
−B−A

2
< A− C < B−A

2

−B−A
2

< B − C < B−A
2

⇔

⇔

{
−B + A < 2A− 2C < B − A
−B + A < 2B − 2C < B − A

⇔

⇔

{
−B + A− 2A < −2C < −2A+B − A
−B + A− 2B < −2C < −2B +B − A

⇔

{
−B − A < −2C < B − 3A

A− 3B < −2C < −B − A
⇒

⇒ −B − A < −2C < −B − A⇒ −B − A < −B − A.
Êàê âèäíî, àëãåáðàè÷åñêèì ïóò¼ì òîæå ìîæíî ïîëó÷èòü ïðîòèâîðå÷èå.

Äîêàçàòåëüñòâî òîãî, ÷òî ïåðèîäè÷åñêàÿ ôóíêöèÿ, íå ÿâëÿþùàÿñÿ êîíñòàí-
òîé, íå ìîæåò íà áåñêîíå÷íîñòè èìåòü áåñêîíå÷íîãî ïðåäåëà, ïðåäîñòàâèì ÷è-
òàòåëþ.

Âîïðîñ 2.25. Íàéäèòå lim
x→∞

ln(− sinx).

Îòâåò. Äàííàÿ â óñëîâèè ôóíêöèÿ ïåðèîäè÷åñêàÿ. Ìîæíî äàæå ñêàçàòü,
÷òî å¼ ïåðèîä ñîâïàäàåò ñ ïåðèîäîì ñèíóñà, òî åñòü ðàâåí 2π. Ñîãëàñíî ïðåäû-
äóùåìó âîïðîñó å¼ ïðåäåëà íà áåñêîíå÷íîñòè íå ñóùåñòâóåò.

Âîïðîñ 2.26. Êàêèå îñíîâíûå ïðåäåëû íóæíî çíàòü?
Îòâåò.

lim
x→∞

1

x
= 0, lim

x→0

1

x
=∞, lim

x→−∞
ex = 0, lim

x→+∞
ex = +∞,

lim
x→+0

lnx = −∞, lim
x→+∞

lnx = +∞,
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lim
x→+0

ctg x = +∞, lim
x→−0

ctg x = −∞, lim
x→0

ctg x =∞,

lim
x→∞

sinx, lim
x→∞

cosx, lim
x→∞

tg x, lim
x→∞

ctg x íå ñóùåñòâóþò,

lim
x→−∞

arctg x = −π
2
, lim

x→+∞
arctg x =

π

2
, lim

x→−∞
arcctg x = π, lim

x→+∞
arcctg x = 0,

lim
x→∞

ex, lim
x→∞

arctg x, lim
x→∞

arcctg x íå ñóùåñòâóþò,

lim
x→+∞

lnx

x
= 0, lim

x→+∞

ex

x
= +∞, lim

x→+∞

x

lnx
= +∞, lim

x→+∞

x

ex
= 0,

lim
x→+∞

lnx

xn
= 0, lim

x→+∞

ex

xn
= +∞, lim

x→+∞

xn

lnx
= +∞, lim

x→+∞

xn

ex
= 0, ãäå n > 0,

lim
x→∞

sinx

x
= 0, lim

x→∞

cosx

x
= 0, lim

x→∞

arctg x

x
= 0, lim

x→∞

arcctg x

x
= 0,

lim
x→0

sinx

x
= 1, lim

x→0

sin(kx)

x
= k, lim

x→0

tg x

x
= 1, lim

x→0

tg(kx)

x
= k,

lim
x→0

arcsinx

x
= 1, lim

x→0

arcsin(kx)

x
= k, lim

x→0

arctg x

x
= 1, lim

x→0

arctg(kx)

x
= k,

lim
x→0

ln(1 + x)

x
= 1, lim

x→0

ln(1 + kx)

x
= k,

lim
x→0

loga(1 + x)

x
=

1

ln a
, lim

x→0

loga(1 + kx)

x
=

k

ln a
,

lim
x→0

ex − 1

x
= 1, lim

x→0

ekx − 1

x
= k, lim

x→0

ax − 1

x
= ln a, lim

x→0

akx − 1

x
= k ln a,

lim
x→0

(1 + x)p − 1

x
= p, lim

x→0

(1 + kx)p − 1

x
= kp,

lim
x→0

1− cosx

x2
=

1

2
, lim

n→∞
n
√
n = 1,

lim
x→∞

(
1 +

1

x

)x
= e, lim

x→0
(1 + x)

1
x = e.

3. ÍÀÕÎÆÄÅÍÈÅ ÏÐÅÄÅËÀ Ñ ÏÎÌÎÙÜÞ ÏÐÅÎÁÐÀÇÎÂÀÍÈÉ

Âîïðîñ 3.27. Íàéäèòå ïðåäåë ïîñëåäîâàòåëüíîñòè lim
n→∞

1+2·
√
n·lnn
n

.

Îòâåò. Ðàçäåëèì ïî÷ëåííî ÷èñëèòåëü íà çíàìåíàòåëü è âîñïîëüçóåìñÿ òåî-
ðåìîé î ïðåäåëå ñóììû:

Ïðåäåë ñóììû äâóõ ïîñëåäîâàòåëüíîñòåé ðàâåí ñóììå ïðåäåëîâ ýòèõ ïî-
ñëåäîâàòåëüíîñòåé, åñëè îíè ñóùåñòâóþò è êîíå÷íû.

lim
n→∞

1 + 2 ·
√
n · lnn

n
= lim

n→∞

(
1

n
+

2 · lnn√
n

)
= lim

n→∞

1

n
+ lim

n→∞

2 · lnn√
n

⇀⇁
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Ñóììà ïðåäåëîâ çäåñü íàïèñàíà �àâàíñîì�. Â áëèæàéøåì áóäóùåì îáà ýòè ïðå-
äåëà áóäóò íàéäåíû è îêàæóòñÿ êîíå÷íûìè, ÷òî îïðàâäàåò ïðèìåíåíèå òåîðåìû
î ïðåäåëå ñóììû.

Ïåðâûé èç ïðåäåëîâ ðàâåí íóëþ, ýòî âîïðîñ 1.1. Âòîðîé ïðåäåë òîæå ðàâåí
íóëþ, ýòî ÷àñòíûé ñëó÷àé âîïðîñà 2.21. Èòîãî:

⇀⇁ 0 + 0 = 0.

Âîïðîñ 3.28. Íàéäèòå ïðåäåë ïîñëåäîâàòåëüíîñòè lim
n→∞

1+3+9+...+3n

1+3n
.

Îòâåò. Êàê áû ñòðàííî íå ïðîçâó÷àëî, íî ñàìîå ñëîæíîå â çàäàíèè ýòî ìíî-
ãîòî÷èå. Ïîýòîìó íóæíî ñíà÷àëà �ñâåðíóòü� âûðàæåíèå ñ ìíîãîòî÷èåì, ÷òîáû
îíî îêàçàëîñü çàïèñàííûì â âèäå ôîðìóëû. Íåòðóäíî ðàçãëÿäåòü â ÷èñëèòåëå
ñóììó ÷ëåíîâ ãåîìåòðè÷åñêîé ïðîãðåññèè ñ ïåðâûì ÷ëåíîì b1 = 1 è çíàìåíàòå-
ëåì q = 3. Ñóììà ïåðâûõ n ÷ëåíîâ ãåîìåòðè÷åñêîé ïðîãðåññèè ðàâíà

1 + 3 + 9 + . . .+ 3n = Sn =
b1 (q

n − 1)

q − 1
=

1 · (3n − 1)

3− 1
=

3n − 1

2
.

Ïîýòîìó

lim
n→∞

1 + 3 + 9 + . . .+ 3n

1 + 3n
= lim

n→∞

3n − 1

2 (1 + 3n)
⇀⇁

Ïî÷ëåííî ïîäåëèì ÷èñëèòåëü è çíàìåíàòåëü íà ñòàðøåå ñëàãàåìîå, òî åñòü
íà 3n.

⇀⇁ lim
n→∞

1− 1
3n

2
(

1
3n

+ 1
)⇀⇁

Ïî àíàëîãèè ñ âîïðîñîì 1.6 íà ñòðàíèöå 8 ìîæíî ñ÷èòàòü, ÷òî
lim
n→∞

1
3n

= lim
n→∞

3−n = 0. Ïîýòîìó

⇀⇁
1− 0

2 (0 + 1)
=

1

2
.

Âîïðîñ 3.29. Íàéäèòå lim
x→0

3x−1
1+3x

.

Îòâåò. Ïî àíàëîãèè ñ âîïðîñîì 1.5 íà ñòðàíèöå 8 ìîæíî ñ÷èòàòü, ÷òî
lim
x→0

3x = 30 = 1. Ïîýòîìó

lim
x→0

3x − 1

1 + 3x
=

1− 1

1 + 1
=

0

2
= 0.

Âîïðîñ 3.30. Íàéäèòå lim
x→−0

1
1+3ctg x

.

Îòâåò. Èç ñâîéñòâ êîòàíãåíñà èçâåñòíî, ÷òî lim
x→−0

ctg x = −∞. Ïîýòîìó ïî

àíàëîãèè ñ âîïðîñîì 1.6 íà ñòðàíèöå 8 ìîæíî ñ÷èòàòü, ÷òî lim
x→−0

3ctg x = 0. Ñëå-
äîâàòåëüíî,

lim
x→−0

1

1 + 3ctg x
=

1

1 + 0
= 1.
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Âîïðîñ 3.31. Íàéäèòå lim
x→+0

1
1+3ctg x

.

Îòâåò. Èç ñâîéñòâ êîòàíãåíñà èçâåñòíî, ÷òî lim
x→+0

ctg x = +∞. Ïîýòîìó ïî

àíàëîãèè ñ âîïðîñîì 1.7 íà ñòðàíèöå 8 ìîæíî ñ÷èòàòü, ÷òî lim
x→+0

3ctg x = +∞.

Ñëåäîâàòåëüíî,

lim
x→+0

1

1 + 3ctg x
=

[
1

1 +∞
=

1

+∞

]
= 0.

Çàìå÷àíèå. Ôîðìàëüíî íåëüçÿ èñïîëüçîâàòü çíàêè áåñêîíå÷íîñòåé â àëãåá-
ðàè÷åñêèõ âûðàæåíèÿõ. Ïîýòîìó ïîäîáíûå äåéñòâèÿ, ôàêòè÷åñêè ÿâëÿþùèåñÿ
ìûñëÿìè, ìàòåðèàëèçîâàâøèìèñÿ íà áóìàãå, ïðèíÿòî áðàòü â ñêîáêè.

Âîïðîñ 3.32. Íàéäèòå lim
x→−∞

(
3
√

(x+ 1)2 · e−x
)
.

Îòâåò. Êàê ñëåäóåò èç ðåøåíèÿ, ïðèâåä¼ííîãî íèæå, äàííûé ïðåäåë íå ÿâ-
ëÿåòñÿ íåîïðåäåë¼ííîñòüþ.

lim
x→−∞

(
3
√
(x+ 1)2 · e−x

)
=
[

3
√

(−∞+ 1)2 · e−(−∞) = 3
√

(−∞)2 · e+∞
]
=

=
[

3
√
+∞ · (+∞) = +∞ · (+∞)

]
= +∞.

Îáðàòèòå âíèìàíèå íà àêêóðàòíóþ ðàáîòó ñî çíàêàìè áåñêîíå÷íîñòåé. Õî-
÷åòñÿ íàïîìíèòü, ÷òî ñóùåñòâóþò òðè âèäà çíàêà áåñêîíå÷íîñòè: +∞, −∞ è∞.

Âîïðîñ 3.33. Íàéäèòå lim
x→∞

(
3 · 3
√

(x− 1)2 − 2x+ 2
)
.

Îòâåò. Â äàííîì çàäàíèè àðãóìåíò ñòðåìèòñÿ ê áåñêîíå÷íîñòè áåç çíàêà.
Ýòî îçíà÷àåò, ÷òî íóæíî íàéòè äâà ðàçíûõ ïðåäåëà ïðè x→ −∞ è ïðè x→ +∞.
Åñëè ýòè äâà ïðåäåëà îêàæóòñÿ îäèíàêîâûìè, òî èì ðàâåí è ïðåäåë ïðè x→∞.
À åñëè îíè îêàæóòñÿ ðàçíûìè, òî ïðåäåëà ïðè x→∞ íå ñóùåñòâóåò. Èç ýòîãî
ïðàâèëà åñòü îäíî èñêëþ÷åíèå, ïîä êîòîðîå ïîäïàäàåò äàííûé ïðåäåë.

lim
x→−∞

(
3 · 3
√

(x− 1)2 − 2x+ 2
)
=
[
3 · 3
√

(−∞− 1)2 − 2(−∞) + 2
]
=

=
[
3 · 3
√
(−∞)2 − (−∞) + 2 = 3 · 3

√
+∞+∞+ 2 = 3 · (+∞) +∞

]
=

= [+∞+∞] = +∞.

Ïðåäåë íà ïëþñ áåñêîíå÷íîñòè îêàæåòñÿ íåîïðåäåë¼ííîñòüþ

lim
x→+∞

(
3 · 3
√

(x− 1)2 − 2x+ 2
)
=
[
3 · 3
√

(+∞− 1)2 − 2(+∞) + 2
]
=

=
[
3 · 3
√

(+∞)2 − (+∞) + 2 = 3 · 3
√
+∞−∞+ 2 = 3 · (+∞)−∞ = +∞−∞

]
⇀⇁

Ýòó íåîïðåäåë¼ííîñòü âîçìîæíî ðàñêðûòü ñ ïîìîùüþ àëãåáðàè÷åñêèõ ïðåîá-
ðàçîâàíèé.

⇀⇁ lim
x→+∞

(
3 · 3
√
(x− 1)2 − 2(x− 1)

)
= lim

x→+∞

(
3
√

(x− 1)2
(
3− 2 3

√
x− 1

))
=
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=
[

3
√

(+∞− 1)2
(
3− 2 3

√
+∞− 1

)
= 3
√

(+∞)2
(
3− 2 3

√
+∞

)]
=

=
[

3
√
+∞ (3− 2(+∞)) = +∞ (3− (+∞)) = +∞ (3−∞) = +∞(−∞)

]
= −∞.

Âðîäå áû ïðåäåëû ïîëó÷èëèñü ðàçíûå. Îäèí ðàâåí ìèíóñ áåñêîíå÷íîñòè, à äðó-
ãîé ðàâåí ïëþñ áåñêîíå÷íîñòè. Íî ó ýòèõ îòâåòîâ åñòü îáúåäèíÿþùèé òåðìèí:
áåñêîíå÷íîñòü áåç çíàêà. Ïîýòîìó èñõîäíûé ïðåäåë ïðèçíà¼òñÿ ñóùåñòâóþùèì
è ðàâíûì áåñêîíå÷íîñòè áåç çíàêà

lim
x→∞

(
3 · 3
√

(x− 1)2 − 2x+ 2
)
=∞.

Ñðàâíèòå äàííóþ çàäà÷ó ñ âîïðîñîì 3.42.
Âîïðîñ 3.34. Íàéäèòå lim

x→−1
1+x

3√
x2−2 3√x−3

.

Îòâåò. Ëåãêî óáåäèòüñÿ, ÷òî ïðåäåë ÿâëÿåòñÿ íåîïðåäåë¼ííîñòüþ

lim
x→−1

1 + x
3
√
x2 − 2 3

√
x− 3

=

[
1− 1

1− 2 + 1
=

0

0

]
×òîáû ðàñêðûòü ýòó íåîïðåäåë¼ííîñòü, ðàçëîæèì ÷èñëèòåëü è çíàìåíàòåëü íà
ìíîæèòåëè. Äëÿ óïðîùåíèÿ ðàñ÷¼òîâ ñäåëàåì çàìåíó ïåðåìåííîé t = 3

√
x, òîãäà

ïðè x = t3 è t→ −1 ïîëó÷èì

lim
t→−1

1 + t3

t2 − 2t− 3
= lim

t→−1

(1 + t) (1− t+ t2)

(t+ 1)(t− 3)
⇀⇁

Ñîêðàùàòü äðîáè ìîæíî íà îñíîâàíèè òåîðåìû î ïðåäåëüíîì ïåðåõîäå â ðàâåí-
ñòâå:

Åñëè äâå ôóíêöèè f(x) = g(x) ïðè x 6= c è ñóùåñòâóåò lim
x→c

f(x), òî ñóùå-

ñòâóåò è lim
x→c

g(x) = lim
x→c

f(x).

Äåéñòâèòåëüíî, ïîñëå ñîêðàùåíèÿ äðîáè ïîëó÷èòñÿ ôóíêöèÿ, êîòîðàÿ îò-
ëè÷àåòñÿ îò íåñîêðàù¼ííîãî âàðèàíòà òîëüêî òåì, ÷òî îíà îïðåäåëåíà â òî÷êå
t = −1, à äî ñîêðàùåíèÿ äðîáü â ýòîé òî÷êå íå áûëà îïðåäåëåíà, òàê êàê íà
íîëü äåëèòü íåëüçÿ. Â èòîãå ïîëó÷àåì

⇀⇁ lim
t→−1

1− t+ t2

t− 3
=

1 + 1 + 1

−1− 3
= −3

4
.

Âîïðîñ 3.35. Íàéäèòå lim
x→∞

√
2+x+

√
1+x√

x
.

Îòâåò. Îòìåòèì, ÷òî ñîãëàñíî îáëàñòè äîïóñòèìûõ çíà÷åíèé àðãóìåíò
x > 0, è ïîýòîìó íå ìîæåò ñòðåìèòüñÿ ê ìèíóñ áåñêîíå÷íîñòè. Ñëåäîâàòåëüíî,
óñëîâèå x→∞ ìîæíî òðàêòîâàòü, êàê x→ +∞. Î÷åâèäíî, ïðåäåë ÿâëÿåòñÿ
íåîïðåäåë¼ííîñòüþ

lim
x→+∞

√
2 + x+

√
1 + x√

x
=

[
+∞+∞

+∞
=

+∞
+∞

]
⇀⇁
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Ïî÷ëåííî ïîäåëèì ÷èñëèòåëü íà çíàìåíàòåëü.

⇀⇁ lim
x→+∞

(√
2

x
+ 1 +

√
1

x
+ 1

)
= lim

x→+∞

√
2

x
+ 1 + lim

x→+∞

√
1

x
+ 1⇀⇁

Çäåñü áûëà èñïîëüçîâàíà òåîðåìà î ïðåäåëå ñóììû (ñì. ñòðàíèöó 31).

⇀⇁
√
0 + 1 +

√
0 + 1 = 1 + 1 = 2.

Âîïðîñ 3.36. Íàéäèòå lim
x→∞

(√
x3 + x+

√
x3 − 1

)
.

Îòâåò. Îòìåòèì, ÷òî ñîãëàñíî îáëàñòè äîïóñòèìûõ çíà÷åíèé àðãóìåíò
x > 1, è ïîýòîìó íå ìîæåò ñòðåìèòüñÿ ê ìèíóñ áåñêîíå÷íîñòè. Ñëåäîâàòåëüíî,
óñëîâèå x→∞ ìîæíî òðàêòîâàòü, êàê x→ +∞.

lim
x→+∞

(√
x3 + x+

√
x3 − 1

)
=
[√

(+∞)3 +∞+
√

(+∞)3 − 1 =
]

[
=
√
+∞+∞+

√
+∞− 1 =

√
+∞+

√
+∞ = +∞+∞

]
= +∞.

Âîïðîñ 3.37. Íàéäèòå lim
x→∞

(√
x3 + x−

√
x3 − 1

)
.

Îòâåò. Â îòëè÷èå îò ïðåäûäóùåãî ýòîò ïðåäåë ÿâëÿåòñÿ íåîïðåäåë¼ííîñòüþ.

lim
x→+∞

(√
x3 + x−

√
x3 − 1

)
= [+∞−∞]⇀⇁

Òàêóþ íåîïðåäåë¼ííîñòü ìîæíî ðàñêðûòü äîìíîæèâ ÷èñëèòåëü è (ðàâíûé
ïîêà åäèíèöå) çíàìåíàòåëü íà ñóììó ýòèõ æå êîðíåé (òàêîå âûðàæåíèå íàçû-
âàåòñÿ ñîïðÿæ¼ííûì), ÷òîáû îáðàçîâàëàñü ðàçíîñòü êâàäðàòîâ.

⇀⇁ lim
x→+∞

(√
x3 + x−

√
x3 − 1

) (√
x3 + x+

√
x3 − 1

)
√
x3 + x+

√
x3 − 1

=

= lim
x→+∞

(√
x3 + x

)2 − (√x3 − 1
)2

√
x3 + x+

√
x3 − 1

= lim
x→+∞

(x3 + x)− (x3 − 1)√
x3 + x+

√
x3 − 1

=

= lim
x→+∞

x3 + x− x3 + 1√
x3 + x+

√
x3 − 1

= lim
x→+∞

x+ 1√
x3 + x+

√
x3 − 1

=

[
+∞
+∞

]
⇀⇁

Ïîëó÷èëàñü íåîïðåäåë¼ííîñòü äðóãîãî âèäà. Îïûò ðåøåíèÿ çàäà÷ ïîêàçûâà-
åò, ÷òî íåîïðåäåë¼ííîñòü ∞∞ ðàñêðûòü ïðîùå, ÷åì íåîïðåäåë¼ííîñòü (+∞−∞).
Ïî÷ëåííî ïîäåëèì ÷èñëèòåëü è çíàìåíàòåëü íà ñòàðøåå ñëàãàåìîå, òî åñòü
íà
√
x3.

⇀⇁ lim
x→+∞

1√
x
+ 1√

x3√
1 + 1

x2
+
√

1− 1
x3

=
0 + 0√

1 + 0 +
√
1− 0

=
0

2
= 0.

Âîïðîñ 3.38. Íàéäèòå lim
x→∞

(
1−5x√
5x−2 +

√
5x
)
.
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Îòâåò. Îòìåòèì, ÷òî ñîãëàñíî îáëàñòè äîïóñòèìûõ çíà÷åíèé àðãóìåíò
x > 2

5
è ïîýòîìó íå ìîæåò ñòðåìèòüñÿ ê ìèíóñ áåñêîíå÷íîñòè. Ñëîæèì äðîáè,

ïðèâåäÿ èõ ê îáùåìó çíàìåíàòåëþ.

lim
x→+∞

(
1− 5x√
5x− 2

+
√
5x

)
= lim

x→+∞

1− 5x+
√
5x ·
√
5x− 2√

5x− 2
=

= lim
x→+∞

√
5x(5x− 2)− (5x− 1)√

5x− 2
⇀⇁

Â ÷èñëèòåëå ïîÿâèëàñü íåîïðåäåë¼ííîñòü âèäà (+∞−∞). Äîìíîæèì ÷èñëè-
òåëü è çíàìåíàòåëü íà âûðàæåíèå, ñîïðÿæ¼ííîå ÷èñëèòåëþ, ÷òîáû â ÷èñëèòåëå
îáðàçîâàëàñü ðàçíîñòü êâàäðàòîâ.

⇀⇁ lim
x→+∞

(√
5x(5x− 2)− (5x− 1)

)(√
5x(5x− 2) + (5x− 1)

)
√
5x− 2

(√
5x(5x− 2) + (5x− 1)

) =

= lim
x→+∞

(√
5x(5x− 2)

)2
− (5x− 1)2

√
5x− 2

(√
5x(5x− 2) + (5x− 1)

) =

= lim
x→+∞

5x(5x− 2)− (25x2 − 10x+ 1)
√
5x− 2

(√
5x(5x− 2) + (5x− 1)

) =

= lim
x→+∞

25x2 − 10x− 25x2 + 10x− 1
√
5x− 2

(√
5x(5x− 2) + (5x− 1)

) =

= lim
x→+∞

−1
√
5x− 2

(√
5x(5x− 2) + (5x− 1)

) =

[
−1
+∞

]
= 0.

Âîïðîñ 3.39. Íàéäèòå lim
x→∞

((
3
√
x+ 3− 3

√
x+ 1

) (
3
√
x+ 3 + 3

√
x+ 1

))
.

Îòâåò. Â ýòîì ïðåäåëå ïðîáëåìà â ïåðâîé ñêîáêå, êîòîðàÿ ÿâëÿåòñÿ íåîïðå-
äåë¼ííîñòüþ âèäà (∞−∞). Äëÿ ðàñêðûòèÿ ýòîé íåïðåîäåë¼ííîñòè íóæíî äî-
ìíîæèòü (è îäíîâðåìåííî ðàçäåëèòü) ýòî âûðàæåíèå íà íåïîëíûé êâàäðàò ñóì-
ìû, ÷òîáû îáðàçîâàëàñü ðàçíîñòü êóáîâ.

lim
x→∞

((
3
√
x+ 3− 3

√
x+ 1

)(
3
√
x+ 3 + 3

√
x+ 1

))
⇀⇁

Ïîñêîëüêó âûðàæåíèå íå ïîìåùàåòñÿ â îäíó ñòðîêó, ñäåëàåì ýòî äåéñòâèå óñòíî

⇀⇁ lim
x→∞

((
3
√
x+ 3

)3 − ( 3
√
x+ 1

)3) ( 3
√
x+ 3 + 3

√
x+ 1

)
(

3
√
x+ 3

)2
+ 3
√
x+ 3 · 3

√
x+ 1 +

(
3
√
x+ 1

)2 =

= lim
x→∞

(x+ 3− (x+ 1))
(

3
√
x+ 3 + 3

√
x+ 1

)(
3
√
x+ 3

)2
+ 3
√
x+ 3 · 3

√
x+ 1 +

(
3
√
x+ 1

)2 =
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= lim
x→∞

2
(

3
√
x+ 3 + 3

√
x+ 1

)(
3
√
x+ 3

)2
+ 3
√
x+ 3 · 3

√
x+ 1 +

(
3
√
x+ 1

)2 ⇀⇁
Ïîëó÷èëàñü íåîïðåäåë¼ííîñòü âèäà ∞∞ . Ïî÷ëåííî ïîäåëèì ÷èñëèòåëü è çíàìå-
íàòåëü íà ñòàðøåå ñëàãàåìîå, òî åñòü íà 3

√
x2 .

⇀⇁ lim
x→∞

2
(

3

√
1
x
+ 3

x2
+ 3

√
1
x
+ 1

x2

)
(

3

√
1 + 3

x

)2
+ 3

√
1 + 3

x
· 3

√
1 + 1

x
+
(

3

√
1 + 1

x

)2 =

=
2
(

3
√
0 + 0 + 3

√
0 + 0

)(
3
√
1 + 0

)2
+ 3
√
1 + 0 · 3

√
1 + 0 +

(
3
√
1 + 0

)2 = 0.

Âîïðîñ 3.40. Íàéäèòå lim
x→+∞

5x−3x+2x

5x+1+3x+1−2x .

Îòâåò. Äàííûé ïðåäåë ïðåäñòàâëÿåò èç ñåáÿ íåîïðåäåë¼ííîñòü âèäà +∞−∞
+∞−∞ .

Ïîñêîëüêó â ýòîì çàäàíèè ñòàðøèì ñëàãàåìûì ÿâëÿåòñÿ 5x, òî ïî÷ëåííî ðàç-
äåëèì íà íåãî ÷èñëèòåëü è çíàìåíàòåëü.

lim
x→+∞

5x − 3x + 2x

5x+1 + 3x+1 − 2x
= lim

x→+∞

1−
(
3
5

)x
+
(
2
5

)x
5 + 3 ·

(
3
5

)x − (2
5

)x ⇀⇁
Îñíîâàíèå êàæäîé èç ïîëó÷èâøèõñÿ ñòåïåíåé ìåíüøå åäèíèöû, ïîýòîìó îíè
âñå ñòðåìÿòñÿ ê íóëþ.

⇀⇁
1− 0 + 0

5 + 3 · 0− 0
=

1

5
.

Âîïðîñ 3.41. Íàéäèòå lim
x→+∞

x· 3
√
x+1+

√
x2−x√

x3−2+ 3√x4+x2
.

Îòâåò. Äàííûé ïðåäåë ïðåäñòàâëÿåò èç ñåáÿ íåîïðåäåë¼ííîñòü âèäà ∞∞ . Ïî-
ñêîëüêó â ýòîì çàäàíèè ñòàðøèì ñëàãàåìûì ÿâëÿåòñÿ

√
x3 , òî ïî÷ëåííî ðàç-

äåëèì íà íåãî ÷èñëèòåëü è çíàìåíàòåëü. Íåêîòîðàÿ ñëîæíîñòü çàêëþ÷àåòñÿ â
òîì, ÷òî íóæíî ïîíÿòü íà êàêóþ èìåííî ñòåïåíü íóæíî äåëèòü âûðàæåíèÿ ïîä
êóáè÷åñêèìè êîðíÿìè. Äëÿ óïðîùåíèÿ ðàáîòû ìîæíî ïðåäëîæèòü äåëèòü â äâà
ýòàïà. Ñíà÷àëà íà ïåðâóþ ñòåïåíü, à ïîòîì íà êâàäðàòíûé êîðåíü.

lim
x→+∞

x · 3
√
x+ 1 +

√
x2 − x√

x3 − 2 + 3
√
x4 + x2

= lim
x→+∞

3
√
x+ 1 +

√
1− 1

x√
x− 2

x2
+ 3

√
x+ 1

x

⇀⇁

Òåïåðü íóæíî äåëèòü íà êâàäðàòíûé êîðåíü. Ýòî îçíà÷àåò ÷òî âûðàæåíèÿ,
ñòîÿùèå ïîä êóáè÷åñêèìè êîðíÿìè, íóæíî äåëèòü íà x

√
x .

⇀⇁ lim
x→+∞

3

√
1√
x
+ 1

x
√
x
+
√

1
x
− 1

x2√
1− 2

x3
+ 3

√
1√
x
+ 1

x2
√
x

=
3
√
0 + 0 +

√
0− 0√

1− 0 + 3
√
0 + 0

= 0.

Âîïðîñ 3.42. Íàéäèòå lim
x→∞

(√
x2 − x+ 5−

√
x2 + 7x− 2

)
. Çàäà÷à âçÿòà èç

ó÷åáíîãî ïîñîáèÿ [1].
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Îòâåò. Äàííûé ïðåäåë ïðåäñòàâëÿåò èç ñåáÿ íåîïðåäåë¼ííîñòü âèäà
(+∞−∞). Äîìíîæèì ÷èñëèòåëü è, ðàâíûé ïîêà åäèíèöå, çíàìåíàòåëü íà ñî-
ïðÿæ¼ííîå âûðàæåíèå.

lim
x→∞

(√
x2 − x+ 5−

√
x2 + 7x− 2

)
=

= lim
x→∞

(√
x2 − x+ 5−

√
x2 + 7x− 2

) (√
x2 − x+ 5 +

√
x2 + 7x− 2

)
√
x2 − x+ 5 +

√
x2 + 7x− 2

=

= lim
x→∞

(√
x2 − x+ 5

)2 − (√x2 + 7x− 2
)2

√
x2 − x+ 5 +

√
x2 + 7x− 2

= lim
x→∞

(x2 − x+ 5)− (x2 + 7x− 2)√
x2 − x+ 5 +

√
x2 + 7x− 2

=

= lim
x→∞

x2 − x+ 5− x2 − 7x+ 2√
x2 − x+ 5 +

√
x2 + 7x− 2

= lim
x→∞

7− 8x√
x2 − x+ 5 +

√
x2 + 7x− 2

.

Ïîëó÷èëàñü íåîïðåäåë¼ííîñòü âèäà ∞∞ . È äëÿ å¼ ðàñêðûòèÿ õîòåëîñü áû ðàç-
äåëèòü íà x. Ïðîáëåìà çàêëþ÷àåòñÿ â òîì, ÷òî ïî óñëîâèþ x→∞, à íå ê ïëþñ
áåñêîíå÷íîñòè. Ñòðåìëåíèå x→∞ îçíà÷àåò, ÷òî íóæíî îäíîâðåìåííî ðàññìàò-
ðèâàòü x→ +∞ è x→ −∞, òåì áîëåå, ÷òî îáëàñòü îïðåäåëåíèÿ ôóíêöèè íå
çàïðåùàåò ñòðåìëåíèå àðãóìåíòà ê îòðèöàòåëüíîé áåñêîíå÷íîñòè. Ðàññìîòðèì
ñòðåìëåíèå ê îáåèì áåñêîíå÷íîñòÿì.

lim
x→+∞

7− 8x√
x2 − x+ 5 +

√
x2 + 7x− 2

= lim
x→+∞

7
x
− 8√

1− 1
x
+ 5

x2
+
√

1 + 7
x
− 2

x2

=

=
0− 8√

1− 0 + 0 +
√
1 + 0− 0

=
−8
2

= −4.

Ïðè ñòðåìëåíèè ê ìèíóñ áåñêîíå÷íîñòè, åñòåñòâåííî, x < 0 è äåëèòü êâàä-
ðàòíûå êîðíè íà îòðèöàòåëüíîå ÷èñëî íåêîìôîðòíî. Ïîýòîìó äåëèòü áóäåì íà
ïîëîæèòåëüíîå ÷èñëî (−x).

lim
x→−∞

7− 8x√
x2 − x+ 5 +

√
x2 + 7x− 2

=

= lim
x→−∞

7
−x −

8x
−x√

x2

(−x)2 −
x

(−x)2 +
5

(−x)2 +
√

x2

(−x)2 +
7x

(−x)2 −
2

(−x)2

=

= lim
x→−∞

− 7
x
+ 8√

x2

x2
− x

x2
+ 5

x2
+
√

x2

x2
+ 7x

x2
− 2

x2

= lim
x→−∞

− 7
x
+ 8√

1− 1
x
+ 5

x2
+
√

1 + 7
x
− 2

x2

=

=
0 + 8√

1− 0 + 0 +
√
1 + 0− 0

=
8

2
= 4.

Ïðåäåëû íà ïëþñ è ìèíóñ áåñêîíå÷íîñòè ïîëó÷èëèñü ðàçíûìè. Ñëåäîâàòåëü-
íî, äâóñòîðîííåãî ïðåäåëà íà áåñêîíå÷íîñòè áåç çíàêà íå ñóùåñòâóåò. Ìîæåò
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ïîêàçàòüñÿ, ÷òî îòâåòîì ÿâëÿåòñÿ ±4. Íî ýòî ïðîòèâîðå÷èò òåîðåìå î åäèí-
ñòâåííîñòè ïðåäåëà:

Åñëè ôóíêöèÿ èìååò â íåêîòîðîé òî÷êå êîíå÷íûé ïðåäåë, òî îí åäèíñòâåí-
íûé.
Âîçìîæíà çàïèñü

lim
x→±∞

(√
x2 − x+ 5−

√
x2 + 7x− 2

)
= ∓4.

íî â íåé ñîäåðæèòñÿ èíôîðìàöèÿ î äâóõ îäíîñòîðîííèõ ïðåäåëàõ, à íå îá îäíîì
äâóñòîðîííåì.

Ñðàâíèòå äàííóþ çàäà÷ó ñ âîïðîñîì 3.33.

Âîïðîñ 3.43. Íàéäèòå lim
x→+0

(x5 + x7)
3

ln x . Çàäà÷à âçÿòà èç ó÷åáíîãî ïîñî-

áèÿ [1].
Îòâåò. Äàííûé ïðåäåë ÿâëÿåòñÿ íåîïðåäåë¼ííîñòüþ 00. Äëÿ òîãî, ÷òîáû

âìåñòî ñòåïåíè ðàáîòàòü ñ áîëåå ïðîñòûì äåéñòâèåì (óìíîæåíèåì) ñäåëàåì ñëå-
äóþùåå ïðåîáðàçîâàíèå (ôàêòè÷åñêè ïðîëîãàðèôìèðóåì; ïîäðîáíåå ýòî îïèñà-
íî â âîïðîñå 1.12):

lim
x→+0

(
x5 + x7

) 3
ln x = lim

x→+0
e
ln

(
(x5+x7)

3
ln x

)
= lim

x→+0
e

3
ln x

ln(x5+x7).

Ñîñëàâøèñü íà âîïðîñ 1.5 íàéä¼ì îòäåëüíî ïðåäåë îò ïîêàçàòåëÿ ñòåïåíè.

lim
x→+0

3

lnx
ln
(
x5 + x7

)
= lim

x→+0

3 ln (x5 (1 + x2))

lnx
= lim

x→+0

3 (ln (x5) + ln (1 + x2))

lnx
=

= lim
x→+0

3 (5 lnx+ ln (1 + x2))

lnx
= lim

x→+0

(
3 · 5 lnx+ ln (1 + x2)

lnx

)
=

= lim
x→+0

(
3 ·
(
5 +

ln (1 + x2)

lnx

))
⇀⇁

Ïîñêîëüêó lim
x→+0

lnx = −∞, òî

⇀⇁

[
3 ·
(
5 +

ln(1 + 0)

−∞

)]
=

[
3 ·
(
5 +

0

−∞

)]
= 3 · (5 + 0) = 15.

Â èòîãå, îêîí÷àòåëüíûé îòâåò: e15 .

Âîïðîñ 3.44. Íàéäèòå lim
x→+∞

(x5 + x7)
3

ln x .

Îòâåò. Äàííûé ïðåäåë ÿâëÿåòñÿ íåîïðåäåë¼ííîñòüþ ∞0. Äëÿ òîãî, ÷òîáû
âìåñòî ñòåïåíè ðàáîòàòü ñ áîëåå ïðîñòûì äåéñòâèåì (óìíîæåíèåì) ñäåëàåì ñëå-
äóþùåå ïðåîáðàçîâàíèå (ôàêòè÷åñêè ïðîëîãàðèôìèðóåì; ïîäðîáíåå ýòî îïèñà-
íî â âîïðîñå 1.12):

lim
x→+∞

(
x5 + x7

) 3
ln x = lim

x→+∞
e
ln

(
(x5+x7)

3
ln x

)
= lim

x→+∞
e

3
ln x

ln(x5+x7).
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Ñîñëàâøèñü íà âîïðîñ 1.5 íàéä¼ì îòäåëüíî ïðåäåë îò ïîêàçàòåëÿ ñòåïåíè.

lim
x→+∞

3

lnx
ln
(
x5 + x7

)
= lim

x→+∞

3 ln
(
x7
(

1
x2

+ 1
))

lnx
= lim

x→+∞

3
(
ln (x7) + ln

(
1
x2

+ 1
))

lnx
⇀⇁

Åñëè ïàðàëëåëüíî ñìîòðåòü íà ðåøåíèå ïðåäûäóùåãî ïðèìåðà, òî ìîæåò
âîçíèêíóòü âîïðîñ, ïî÷åìó â îäíîì ñëó÷àå çà ñêîáêó âûíîñèòñÿ íàèìåíüøàÿ
ñòåïåíü (ïÿòàÿ), à â äðóãîì ñëó÷àå íàèáîëüøàÿ (ñåäüìàÿ).

⇀⇁ lim
x→+∞

3
(
7 lnx+ ln

(
1
x2

+ 1
))

lnx
= lim

x→+∞

(
3 ·

7 lnx+ ln
(

1
x2

+ 1
)

lnx

)
=

= lim
x→+∞

(
3 ·

(
7 +

ln
(

1
x2

+ 1
)

lnx

))
⇀⇁

Ðàçãàäêà òîãî, êàêóþ èìåííî ñòåïåíü íóæíî âûíîñèòü, çàêëþ÷àåòñÿ â òîì,
êàêàÿ ñòåïåíü îñòà¼òñÿ â ñêîáêàõ. Îñòàâøàÿñÿ ñòåïåíü äîëæíà ñòðåìèòüñÿ ê
íóëþ.

Ïîñêîëüêó lim
x→+∞

lnx = +∞, òî

⇀⇁

[
3 ·
(
7 +

ln(0 + 1)

+∞

)]
=

[
3 ·
(
7 +

0

+∞

)]
= 3 · (7 + 0) = 21.

Â èòîãå, îêîí÷àòåëüíûé îòâåò: e21 .

4. ÈÑÏÎËÜÇÎÂÀÍÈÅ ÝÊÂÈÂÀËÅÍÒÍÛÕ ÁÅÑÊÎÍÅ×ÍÎ ÌÀËÛÕ

ÔÓÍÊÖÈÉ

Âîïðîñ 4.45. Ðàçâå ïðåäåë îò äðîáè sinx
x

íå ðàâåí åäèíèöå?
Îòâåò. Ñóäÿ ïî âñåìó, çàäàâøèé ýòîò âîïðîñ çíàåò òàê íàçûâàåìûé ïåðâûé

çàìå÷àòåëüíûé ïðåäåë lim
x→0

sinx
x

= 1 . Ñì., íàïðèìåð, [5]. Íî äàâàéòå åù¼ ðàç

ïðî÷èòàåì îïðåäåëåíèå ïðåäåëà ôóíêöèè. Õîòÿ áû ñàìîå íà÷àëî ýòîãî îïðåäå-
ëåíèÿ.

×èñëî A íàçûâàåòñÿ ïðåäåëîì ôóíêöèè f(x) â òî÷êå x0, åñëè ...

Êàê âèäèì, äëÿ íàõîæäåíèÿ ïðåäåëà, êðîìå ôóíêöèè f(x) äîëæíà áûòü
çàäàíà åù¼ è ïðåäåëüíàÿ òî÷êà x0. Òî åñòü, åñëè â ïðåäåëå lim

x→0

sinx
x

= 1 âìåñòî

ïðåäåëüíîé òî÷êè íîëü ïîñòàâèòü äðóãîå ÷èñëî, òî îòâåò ìîæåò áûòü äðóãèì:

lim
x→1

sinx

x
=

sin 1

1
= sin 1,

lim
x→2

sinx

x
=

sin 2

2
,
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lim
x→π

sinx

x
=

sin π

π
=

0

π
= 0 ,

lim
x→π

2

sinx

x
=

sin π
2(

π
2

) =
1(
π
2

) =
2

π
,

lim
x→∞

sinx

x
= lim

x→∞

(
1

x
· sinx

)
= 0.

Â ïîñëåäíåì ñëó÷àå èñïîëüçîâàíà òåîðåìà î òîì, ÷òî

Ïðîèçâåäåíèå áåñêîíå÷íî ìàëîé â íåêîòîðîé òî÷êå ôóíêöèè íà îãðàíè-
÷åííóþ â îêðåñòíîñòè ýòîé æå òî÷êè ôóíêöèþ åñòü áåñêîíå÷íî ìàëàÿ â
òîé æå òî÷êå ôóíêöèÿ.

Âîïðîñ 4.46. Êàê èñïîëüçîâàòü áåñêîíå÷íî ìàëûå ôóíêöèè ïðè íàõîæäå-
íèè ïðåäåëîâ?

Îòâåò. Åñòü ïðàâèëî:

Ïðè âû÷èñëåíèè ïðåäåëîâ äðîáåé (è íå òîëüêî äðîáåé) áåñêîíå÷íî ìàëûå
ôóíêöèè, ÿâëÿþùèåñÿ ñîìíîæèòåëÿìè ÷èñëèòåëÿ èëè çíàìåíàòåëÿ, ìîæ-
íî çàìåíÿòü íà ýêâèâàëåíòíûå èì ôóíêöèè.

Â âèäå ôîðìóëû ýòî ìîæåò âûãëÿäåòü òàê: åñëè ïðè x→ c ýêâèâàëåíòíû
äâå ïàðû ôóíêöèé α(x) ∼ γ(x) è β(x) ∼ δ(x), òî

lim
x→ñ

f(x) · α(x)
g(x) · β(x)

= lim
x→ñ

f(x) · γ(x)
g(x) · δ(x)

.

Äëÿ èñïîëüçîâàíèÿ ýòîãî ïðàâèëà íà ïðàêòèêå íóæåí çàïàñ çíàíèé îá ýêâè-
âàëåíòíîñòÿõ. Âîò íåêîòîðûé íàáîð ýêâèâàëåíòíûõ ïðè x→ 0 ôóíêöèé:

x ∼ sinx ∼ tg x ∼ arcsinx ∼ arctg x ∼ ln(1 + x) ∼ ex − 1,

(1 + x)p − 1 ∼ px, 1− cosx ∼ x2

2
.

Âîïðîñ 4.47. Íàéäèòå lim
x→+∞

(
x ·
√
x · sin 1

x

)
.

Îòâåò. Óêàçàííûå âûøå ýêâèâàëåíòíîñòè ñïðàâåäëèâû ïðè ñòðåìëåíèè àð-
ãóìåíòà ê íóëþ. Ïîýòîìó ñäåëàåì çàìåíó ïåðåìåííîé òàê, ÷òîáû íîâàÿ ïåðåìåí-
íàÿ ñòðåìèëàñü ê íóëþ. Ïóñòü t = 1

x
òîãäà x = 1

t
. Òàê êàê x→ +∞, òî t→ +0.

Ýòî ÷àñòíûé ñëó÷àé òîãî, ÷òî t→ 0, è ïîýòîìó ìîæíî áóäåò îñóùåñòâëÿòü çà-
ìåíó ýêâèâàëåíòíûõ áåñêîíå÷íî ìàëûõ ôóíêöèé.

lim
x→+∞

(
x ·
√
x · sin 1

x

)
= lim

t→+0

(
1

t
·
√

1

t
· sin t

)
⇀⇁

Âîò ìîìåíò çàìåíû ñèíóñà íà ñâîé àðãóìåíò

⇀⇁ lim
t→+0

(
1

t
·
√

1

t
· t

)
= lim

t→+0

√
1

t
= +∞.

Âîïðîñ 4.48. Íàéäèòå lim
x→∞

(
(x2 + x) · arcsin 1

x
· sin 1

x

)
.
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Îòâåò. Ñäåëàåì çàìåíó ïåðåìåííîé. Ïóñòü t = 1
x
òîãäà x = 1

t
. Òàê êàê

x→∞, òî t→ 0.

lim
x→∞

((
x2 + x

)
· arcsin 1

x
· sin 1

x

)
= lim

t→0

(((
1

t

)2

+
1

t

)
· arcsin t · sin t

)
⇀⇁

Çàìåíèì íà ýêâèâàëåíòíûå

⇀⇁ lim
t→0

((
1

t2
+

1

t

)
· t · t

)
= lim

t→0
(1 + t) = 1 + 0 = 1.

Âîïðîñ 4.49. Íàéäèòå lim
x→∞

(
3
√
2x− 1 · arctg 1

2
√
x+1

)
.

Îòâåò. Íà âñÿêèé ñëó÷àé, îáðàòèì âíèìàíèå, ÷òî â ñèëó îáëàñòè îïðåäå-
ëåíèÿ, ñòðåìëåíèå x→∞ ôàêòè÷åñêè îçíà÷àåò x→ +∞. Ñäåëàåì âèðòóàëüíî
ïîäñòàíîâêó t = 1

2
√
x+1

, çàìåòèâ, ÷òî òàêîå t → 0. È ïðîèçâåä¼ì çàìåíó áåñêî-
íå÷íî ìàëîé ôóíêöèè íà ýêâèâàëåíòíóþ, çàïèñàâ âìåñòî àðêòàíãåíñà åãî àðãó-
ìåíò.

lim
x→∞

(
3
√
2x− 1 · arctg 1

2
√
x+ 1

)
= lim

x→+∞

(
3
√
2x− 1 · 1

2
√
x+ 1

)
⇀⇁

Ïîñêîëüêó â ýòîé äðîáè ñòàðøèì ñëàãàåìûì ÿâëÿåòñÿ
√
x, òî ïî÷ëåííî ðàç-

äåëèì íà íåãî ÷èñëèòåëü è çíàìåíàòåëü. Ïðè ýòîì êàæäîå ñëàãàåìîå âíóòðè
êóáè÷åñêîãî êîðíÿ íóæíî áóäåò ðàçäåëèòü íà êóá êâàäðàòíîãî êîðíÿ.

⇀⇁ lim
x→+∞

3
√
2x− 1

2
√
x+ 1

= lim
x→+∞

3

√
2√
x
− 1√

x3

2
√
1 + 1

x

=
3
√
0− 0

2
√
1 + 0

= 0.

Âîïðîñ 4.50. Íàéäèòå lim
x→1

ex−e
x2−1 .

Îòâåò. Ñäåëàåì çàìåíó ïåðåìåííîé. Ïóñòü t = x− 1 òîãäà x = t+ 1. Òàê
êàê x→ 1, òî t→ 0.

lim
x→1

ex − e
x2 − 1

= lim
t→0

et+1 − e
(t+ 1)2 − 1

= lim
t→0

e · et − e
t2 + 2t+ 1− 1

= lim
t→0

e · (et − 1)

t2 + 2t
⇀⇁

Çàìåíèì ðàçíîñòü (et − 1) íà ýêâèâàëåíòíóþ áåñêîíå÷íî ìàëóþ t.

⇀⇁ lim
t→0

e · t
t · (t+ 2)

= lim
t→0

e

t+ 2
=

e

0 + 2
=
e

2
.

Âîïðîñ 4.51. Íàéäèòå lim
x→0

32x−2x
22x−3x .

Îòâåò. Èç ýêâèâàëåíòíîñòè ex − 1 ∼ x ïðè x→ 0 âûâåäåì ñëåäñòâèå:
ax − 1 = eln(a

x) − 1 = ex ln a − 1 ∼ x ln a, ïîñêîëüêó x ln a→ 0.

lim
x→0

32x − 2x

22x − 3x
= lim

x→0

9x − 2x

4x − 3x
= lim

x→0

2x
((

9
2

)x − 1
)

3x
((

4
3

)x − 1
)⇀⇁
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Çàìåíèì íà ýêâèâàëåíòíûå áåñêîíå÷íî ìàëûå

⇀⇁ lim
x→0

2x
(
x · ln

(
9
2

))
3x
(
x · ln

(
4
3

)) = lim
x→0

2x · ln
(
9
2

)
3x · ln

(
4
3

) =
20 · ln

(
9
2

)
30 · ln

(
4
3

) =
ln
(
9
2

)
ln
(
4
3

) .
Âîïðîñ 4.52. Íàéäèòå lim

x→∞

(
x
(
3

1
x − 4

1
x

))
.

Îòâåò. Ñäåëàåì çàìåíó ïåðåìåííîé. Ïóñòü t = 1
x
òîãäà x = 1

t
. Òàê êàê

x→∞, òî t→ 0.

lim
x→∞

(
x
(
3

1
x − 4

1
x

))
= lim

t→0

(
1

t
·
(
3t − 4t

))
= lim

t→0

3t ·
(
1−

(
4
3

)t)
t

⇀⇁

Ïðèâåä¼ì âûðàæåíèå ê íóæíîìó âèäó äëÿ çàìåíû íà ýêâèâàëåíòíóþ áåñêîíå÷-
íóþ ìàëóþ ôóíêöèþ

⇀⇁ lim
t→0

−3t ·
((

4
3

)t − 1
)

t
= lim

t→0

−3t · t · ln
(
4
3

)
t

= lim
t→0
−3t · ln

(
4

3

)
=

= −30 · ln
(
4

3

)
= − ln

(
4

3

)
= ln

(
3

4

)
.

Âîïðîñ 4.53. Íàéäèòå lim
x→0

(
1
x
· ln
(

1−x
1+2x

))
.

Îòâåò. Âûäåëèì ïîä ëîãàðèôìîì öåëóþ ÷àñòü, ÷òîáû èñïîëüçîâàòü ýêâè-
âàëåíòíîñòü ln(1 + t) ∼ t ïðè t→ 0.

lim
x→0

(
1

x
· ln
(

1− x
1 + 2x

))
= lim

x→0

(
1

x
· ln
(
1 + 2x− 3x

1 + 2x

))
=

= lim
x→0

(
1

x
· ln
(
1 +

−3x
1 + 2x

))
⇀⇁

Ñäåëàåì âèðòóàëüíî ïîäñòàíîâêó t = −3x
1+2x

, çàìåòèâ, ÷òî òàêîå t → 0. È ïðîèç-
âåä¼ì çàìåíó áåñêîíå÷íî ìàëîé ôóíêöèè íà ýêâèâàëåíòíóþ.

⇀⇁ lim
x→0

(
1

x
· −3x
1 + 2x

)
= lim

x→0

−3
1 + 2x

=
−3

1 + 2 · 0
= −3.

Âîïðîñ 4.54. Íàéäèòå lim
x→∞

(
x2 ·

(
etg

1
x
·sin 1

x − 1
))

.

Îòâåò. Ñäåëàåì âèðòóàëüíî ïîäñòàíîâêó t = tg 1
x
· sin 1

x
, çàìåòèâ, ÷òî òàêîå

t→ 0. È ïðîèçâåä¼ì çàìåíó áåñêîíå÷íî ìàëîé ôóíêöèè íà ýêâèâàëåíòíóþ.

lim
x→∞

(
x2 ·

(
etg

1
x
·sin 1

x − 1
))

= lim
x→∞

(
x2 · tg 1

x
· sin 1

x

)
⇀⇁

Ñäåëàåì åù¼ îäíó âèðòóàëüíóþ ïîäñòàíîâêó u = 1
x
, çàìåòèâ, ÷òî òàêîå u → 0.

Ïðîèçâåä¼ì çàìåíó áåñêîíå÷íî ìàëûõ ôóíêöèé íà ýêâèâàëåíòíûå.

⇀⇁ lim
x→∞

(
x2 · 1

x
· 1
x

)
= lim

x→∞
1 = 1.
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Âîïðîñ 4.55. Íàéäèòå lim
x→∞

(
x3
(
3arctg

1
x2 − 1

))
.

Îòâåò. Íå èñêëþ÷åíî, ÷òî â óñëîâèè ïðèñóòñòâóåò îïå÷àòêà. Íî, òåì íå
ìåíåå, òàêîé âîïðîñ òîæå ìîæåò áûòü çàäàí.

lim
x→∞

(
x3
(
3arctg

1
x2 − 1

))
= lim

x→∞

(
x3

(
e
ln

(
3
arctg 1

x2

)
− 1

))
=

= lim
x→∞

(
x3
(
earctg

1
x2
·ln 3 − 1

))
⇀⇁

Ñäåëàåì âèðòóàëüíî ïîäñòàíîâêó t = arctg 1
x2
· ln 3, çàìåòèâ, ÷òî òàêîå t → 0.

È ïðîèçâåä¼ì çàìåíó áåñêîíå÷íî ìàëîé ôóíêöèè íà ýêâèâàëåíòíóþ.

⇀⇁ lim
x→∞

(
x3 · arctg 1

x2
· ln 3

)
⇀⇁

Ñäåëàåì åù¼ îäíó âèðòóàëüíóþ ïîäñòàíîâêó u = 1
x2
, çàìåòèâ, ÷òî òàêîå u→ 0.

Ïðîèçâåä¼ì çàìåíó áåñêîíå÷íî ìàëîé ôóíêöèè íà ýêâèâàëåíòíóþ.

⇀⇁ lim
x→∞

(
x3 · 1

x2
· ln 3

)
= lim

x→∞
(x · ln 3) =∞.

Åñëè íåìíîãî èçìåíèòü óñëîâèå, òî ïðåäåë áóäåò êîíå÷íûì ÷èñëîì (ñì. ñëåäó-
þùèé âîïðîñ).

Âîïðîñ 4.56. Íàéäèòå lim
x→∞

(
x2
(
3arctg

1
x2 − 1

))
.

Îòâåò. Ïîëíîñòüþ ïîâòîðèì ëîãèêó ðåøåíèÿ ïðåäûäóùåãî ïðåäåëà.

lim
x→∞

(
x2
(
3arctg

1
x2 − 1

))
= lim

x→∞

(
x2

(
e
ln

(
3
arctg 1

x2

)
− 1

))
=

= lim
x→∞

(
x2
(
earctg

1
x2
·ln 3 − 1

))
⇀⇁

Ñäåëàåì âèðòóàëüíî ïîäñòàíîâêó t = arctg 1
x2
· ln 3, çàìåòèâ, ÷òî òàêîå t → 0.

È ïðîèçâåä¼ì çàìåíó áåñêîíå÷íî ìàëîé ôóíêöèè íà ýêâèâàëåíòíóþ.

⇀⇁ lim
x→∞

(
x2 · arctg 1

x2
· ln 3

)
⇀⇁

Ñäåëàåì åù¼ îäíó âèðòóàëüíóþ ïîäñòàíîâêó u = 1
x2
, çàìåòèâ, ÷òî òàêîå u→ 0.

Ïðîèçâåä¼ì çàìåíó áåñêîíå÷íî ìàëîé ôóíêöèè íà ýêâèâàëåíòíóþ.

⇀⇁ lim
x→∞

(
x2 · 1

x2
· ln 3

)
= lim

x→∞
ln 3 = ln 3.

Âîïðîñ 4.57. Íàéäèòå lim
x→0

lg(1+tg x)

(1+2 arctg x)
3
2−1

.
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Îòâåò. Â ÷èñëèòåëå ïåðåéä¼ì ê íàòóðàëüíîìó ëîãàðèôìó, à â çíàìåíàòåëå
ñäåëàåì âèðòóàëüíî ïîäñòàíîâêó t = 2arctg x, çàìåòèâ, ÷òî òàêîå t → 0, ÷òîáû
ïðîèçâåñòè çàìåíó áåñêîíå÷íî ìàëîé ôóíêöèè íà ýêâèâàëåíòíóþ.

lim
x→0

lg(1 + tg x)

(1 + 2 arctg x)
3
2 − 1

= lim
x→0

(
ln(1+tg x)

ln 10

)
3
2
· 2 arctg x

= lim
x→0

ln(1 + tg x)

3 · ln 10 · arctg x
⇀⇁

Â ÷èñëèòåëå âèðòóàëüíî ïîäñòàâèì u = tg x. Ïîñêîëüêó è u → 0, òî âîçìîæíî
çàìåíèòü áåñêîíå÷íî ìàëóþ ôóíêöèþ íà ýêâèâàëåíòíóþ. Â çíàìåíàòåëå àðê-
òàíãåíñ òîæå ìîæíî ïîìåíÿòü íà ñâîé àðãóìåíò.

⇀⇁ lim
x→0

tg x

3 · ln 10 · x
⇀⇁

Òåïåðü ïðèøëî âðåìÿ çàìåíèòü íà ñâîé àðãóìåíò òàíãåíñ.

⇀⇁ lim
x→0

x

3 · ln 10 · x
= lim

x→0

1

3 · ln 10
=

1

3 · ln 10
.

Âîïðîñ 4.58. Íàéäèòå lim
x→∞

(
x · ln x−2

x+2

)
.

Îòâåò. Âûäåëèì ïîä ëîãàðèôìîì öåëóþ ÷àñòü, ÷òîáû èñïîëüçîâàòü ýêâè-
âàëåíòíîñòü ln(1 + t) ∼ t ïðè t→ 0.

lim
x→∞

(
x · ln x− 2

x+ 2

)
= lim

x→∞

(
x · ln x+ 2− 4

x+ 2

)
= lim

x→∞

(
x · ln

(
1 +

−4
x+ 2

))
⇀⇁

Ñäåëàåì âèðòóàëüíî ïîäñòàíîâêó t = −4
x+2

, çàìåòèâ, ÷òî òàêîå t → 0. È ïðîèç-
âåä¼ì çàìåíó áåñêîíå÷íî ìàëîé ôóíêöèè íà ýêâèâàëåíòíóþ.

⇀⇁ lim
x→∞

(
x · −4

x+ 2

)
= lim

x→∞

−4
1 + 2

x

=
−4
1 + 0

= −4.

Âîïðîñ 4.59. Íàéäèòå lim
x→0

x3+x2

cos 4x−cosx .

Îòâåò. Äàííûé ïðåäåë ÿâëÿåòñÿ íåîïðåäåë¼ííîñòüþ 0
0
. Âîñïîëüçóåìñÿ òðè-

ãîíîìåòðè÷åñêîé ôîðìóëîé cosα− cos β = −2 sin α−β
2
· sin α+β

2
.

lim
x→0

x3 + x2

cos 4x− cosx
= lim

x→0

x2(x+ 1)

−2 sin 4x−x
2
· sin 4x+x

2

= lim
x→0

x2(x+ 1)

−2 sin 3x
2
· sin 5x

2

⇀⇁

Àðãóìåíòû â îáîèõ ñèíóñàõ ñòðåìÿòñÿ ê íóëþ. Ýòî îçíà÷àåò, ÷òî âîñïîëüçîâàâ-
øèñü ýêâèâàëåíòíîñòüþ ñèíóñû ìîæíî çàìåíèòü íà èõ àðãóìåíòû.

⇀⇁ lim
x→0

x2(x+ 1)

−2 · 3x
2
· 5x

2

= lim
x→0

2 · (x+ 1)

−3 · 5
=

2 · (0 + 1)

−3 · 5
= − 2

15
.

Âîïðîñ 4.60. Íàéäèòå lim
x→∞

x2−2 sinx
x(cosx−2x) .
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Îòâåò. Äàííûé ïðåäåë ïðåäñòàâëÿåò èç ñåáÿ íåîïðåäåë¼ííîñòü âèäà ∞∞ . Ïî-
ñêîëüêó â ýòîì çàäàíèè ñòàðøèì ñëàãàåìûì ÿâëÿåòñÿ x2, òî ïî÷ëåííî ðàçäåëèì
íà íåãî ÷èñëèòåëü è çíàìåíàòåëü.

lim
x→∞

x2 − sinx

x(cosx− 2x)
= lim

x→∞

1− sinx
x2

cosx
x
− 2

= lim
x→∞

1− 1
x2
· sinx

1
x
· cosx− 2

⇀⇁

Â ñèëó òåîðåìû:

Ïðîèçâåäåíèå áåñêîíå÷íî ìàëîé â íåêîòîðîé òî÷êå ôóíêöèè íà îãðàíè-
÷åííóþ â îêðåñòíîñòè ýòîé æå òî÷êè ôóíêöèþ åñòü áåñêîíå÷íî ìàëàÿ â
òîé æå òî÷êå ôóíêöèÿ.
èìååì

⇀⇁
1− 0

0− 2
= −1

2
.

Âîïðîñ 4.61. Íàéäèòå lim
x→0

x2−2 sinx
x(cosx−2x) .

Îòâåò. Ðàçäåëèì ïî÷ëåííî ÷èñëèòåëü íà çíàìåíàòåëü è âîñïîëüçóåìñÿ òåî-
ðåìîé î ïðåäåëå ðàçíîñòè:

Ïðåäåë ðàçíîñòè äâóõ ôóíêöèé ðàâåí ðàçíîñòè ïðåäåëîâ ýòèõ ôóíêöèé,
åñëè îíè ñóùåñòâóþò è êîíå÷íû.

lim
x→0

x2 − 2 sinx

x(cosx− 2x)
= lim

x→0

x2

x(cosx− 2x)
− lim

x→0

sinx

x(cosx− 2x)
⇀⇁

Ðàçíîñòü ïðåäåëîâ çäåñü íàïèñàíà �àâàíñîì�. Â áëèæàéøåì áóäóùåì îáà ýòè
ïðåäåëà áóäóò íàéäåíû è îêàæóòñÿ êîíå÷íûìè, ÷òî îïðàâäàåò ïðèìåíåíèå òåî-
ðåìû î ïðåäåëå ðàçíîñòè. Çàìåíèì ñèíóñ íà åãî àðãóìåíò.

⇀⇁ lim
x→0

x

cosx− 2x
− lim

x→0

x

x(cosx− 2x)
=

0

cos 0− 2 · 0
− lim

x→0

1

cosx− 2x
=

= 0− 1

cos 0− 2 · 0
= − 1

1− 0
= −1.

Âîïðîñ 4.62. Íàéäèòå ïðåäåë ïîñëåäîâàòåëüíîñòè lim
n→∞

n−2+sin(n−1)
n−1·(3+n−1)

.

Îòâåò. Ðàçäåëèì ïî÷ëåííî ÷èñëèòåëü íà çíàìåíàòåëü è âîñïîëüçóåìñÿ òåî-
ðåìîé î ïðåäåëå ñóììû:

Ïðåäåë ñóììû äâóõ ïîñëåäîâàòåëüíîñòåé ðàâåí ñóììå ïðåäåëîâ ýòèõ ïî-
ñëåäîâàòåëüíîñòåé, åñëè îíè ñóùåñòâóþò è êîíå÷íû.

lim
n→∞

n−2 + sin (n−1)

n−1 · (3 + n−1)
= lim

n→∞

1
n2 + sin

(
1
n

)
1
n
·
(
3 + 1

n

) = lim
n→∞

1
n2

1
n
·
(
3 + 1

n

) + lim
n→∞

sin
(
1
n

)
1
n
·
(
3 + 1

n

)⇀⇁
Ñóììà ïðåäåëîâ çäåñü íàïèñàíà �àâàíñîì�. Â áëèæàéøåì áóäóùåì îáà ýòè ïðå-
äåëà áóäóò íàéäåíû è îêàæóòñÿ êîíå÷íûìè, ÷òî îïðàâäàåò ïðèìåíåíèå òåîðåìû
î ïðåäåëå ñóììû. Çàìåíèì ñèíóñ íà åãî àðãóìåíò.

⇀⇁ lim
n→∞

(
1
n

)
3 + 1

n

+ lim
n→∞

(
1
n

)
1
n
·
(
3 + 1

n

) =
0

3 + 0
+ lim

n→∞

1

3 + 1
n

= 0 +
1

3 + 0
=

1

3
.
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Âîïðîñ 4.63. Íàéäèòå lim
x→0

(1+x sinx)7−(1+x3)
9

(1+tg(x2))5−1 .

Îòâåò. Â ÷èñëèòåëå âû÷òåì è äîáàâèì åäèíèöó, ÷òîáû èñïîëüçîâàòü ýêâè-
âàëåíòíîñòü (1+ t)p−1 ∼ pt ïðè t→ 0. Â çíàìåíàòåëå ýòó ýêâèâàëåíòíîñòü óæå
ìîæíî èñïîëüçîâàòü, ñäåëàâ âèðòóàëüíî ïîäñòàíîâêó t = tg (x2) , çàìåòèâ, ÷òî
òàêîå t→ 0.

lim
x→0

(1 + x sinx)7 − (1 + x3)
9

(1 + tg (x2))5 − 1
= lim

x→0

(1 + x sinx)7 − 1− (1 + x3)
9
+ 1

5 tg (x2)
⇀⇁

Òåïåðü â çíàìåíàòåëå ìîæíî çàìåíèòü òàíãåíñ íà åãî àðãóìåíò.

⇀⇁ lim
x→0

(1 + x sinx)7 − 1−
(
(1 + x3)

9 − 1
)

5x2
⇀⇁

Ðàçäåëèì ïî÷ëåííî ÷èñëèòåëü íà çíàìåíàòåëü è �àâàíñîì� âîñïîëüçóåìñÿ òåî-
ðåìîé î ïðåäåëå ðàçíîñòè. Ïîñëå ÷åãî â îáîèõ ÷èñëèòåëÿõ ñäåëàåì çàäóìàííóþ
èçíà÷àëüíî çàìåíó ýêâèâàëåíòíûõ áåñêîíå÷íî ìàëûõ ôóíêöèé.

⇀⇁ lim
x→0

(1 + x sinx)7 − 1

5x2
− lim

x→0

(1 + x3)
9 − 1

5x2
= lim

x→0

7x sinx

5x2
− lim

x→0

9x3

5x2
⇀⇁

Îñòàëîñü åù¼ ñèíóñ ïîìåíÿòü íà ñâîé àðãóìåíò.

⇀⇁ lim
x→0

7x · x
5x2

− lim
x→0

9x

5
= lim

x→0

7

5
− lim

x→0

9 · 0
5

=
7

5
− 0 =

7

5
.

5. ÈÑÏÎËÜÇÎÂÀÍÈÅ ÂÒÎÐÎÃÎ ÇÀÌÅ×ÀÒÅËÜÍÎÃÎ ÏÐÅÄÅËÀ

Âîïðîñ 5.64. Íàéäèòå lim
x→0

(1 + x)
1
x .

Îòâåò. Èçâåñòåí òàê íàçûâàåìûé âòîðîé çàìå÷àòåëüíûé ïðåäåë

lim
x→∞

(
1 + 1

x

)x
= e . Ñì., íàïðèìåð, [5]. Âòîðîé çàìå÷àòåëüíûé ïðåäåë ïîç-

âîëÿåò ðàñêðûâàòü íåîïðåäåë¼ííîñòè âèäà 1∞. Ñäåëàåì çàìåíó ïåðåìåííîé,
÷òîáû èì âîñïîëüçîâàòüñÿ: t = 1

x
, x = 1

t
, t→∞,

lim
x→0

(1 + x)
1
x = lim

t→∞

(
1 +

1

t

)t
= e.

Âîïðîñ 5.65. Íàéäèòå lim
x→∞

(
3x+1
3x−1

)2x−1
.

Îòâåò. Ïðåäåë ïðåäñòàâëÿåò èç ñåáÿ íåîïðåäåë¼ííîñòü 1∞. Ðàñêðîåì å¼ ñ
ïîìîùüþ âòîðîãî çàìå÷àòåëüíîãî ïðåäåëà. Âûäåëèì â îñíîâàíèè öåëóþ ÷àñòü,
ðàâíóþ åäèíèöå.

lim
x→∞

(
3x+ 1

3x− 1

)2x−1

= lim
x→∞

(
3x− 1 + 2

3x− 1

)2x−1

= lim
x→∞

(
1 +

2

3x− 1

)2x−1
⇀⇁
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Ïîêàçàòåëü ñòåïåíè äîìíîæèì è ðàçäåëèì íà îäíî è òî æå âûðàæåíèå, ÷òîáû
âîñïîëüçîâàòüñÿ âòîðûì çàìå÷àòåëüíûì ïðåäåëîì. Ïîìíèì ñâîéñòâî, ÷òî ïðè
âîçâåäåíèè ñòåïåíè â ñòåïåíü ïîêàçàòåëè ïåðåìíîæàþòñÿ.

⇀⇁ lim
x→∞

(
1 +

2

3x− 1

) 3x−1
2
· 2
3x−1

·(2x−1)

= lim
x→∞

((
1 +

2

3x− 1

) 3x−1
2

) 2(2x−1)
3x−1

Ïîñëåäîâàòåëüíîñòü äîêàçàòåëüñòâ, çàâåðøèâøèõñÿ âîïðîñîì 1.12, ïîçâîëÿåò
îòäåëüíî íàéòè ïðåäåëû îò îñíîâàíèÿ è îò ïîêàçàòåëÿ ñòåïåíè. Îñíîâàíèå ñòðå-
ìèòñÿ ê ÷èñëó e. Äëÿ ïîíèìàíèÿ ýòîãî äîñòàòî÷íî ñäåëàòü çàìåíó t = 3x−1

2
,

1
t
= 2

3x−1 , t→∞:

lim
x→∞

(
1 +

2

3x− 1

) 3x−1
2

= lim
t→∞

(
1 +

1

t

)t
= e.

Ïðåäåë ïîêàçàòåëÿ íàõîäèòñÿ î÷åíü ïðîñòî:

lim
x→∞

2(2x− 1)

3x− 1
= lim

x→∞

2(2− 1
x
)

3− 1
x

=
2(2− 0)

3− 0
=

4

3
.

Â èòîãå, îêîí÷àòåëüíûé îòâåò: e
4
3 =

3
√
e4 = e · 3

√
e .

Âîïðîñ 5.66. Íàéäèòå lim
x→+∞

(
x−
√
2x

x+
√
3x

)√x
.

Îòâåò. Ïðåäåë ïðåäñòàâëÿåò èç ñåáÿ íåîïðåäåë¼ííîñòü 1∞. Ðàñêðîåì å¼ ñ
ïîìîùüþ âòîðîãî çàìå÷àòåëüíîãî ïðåäåëà. Âûäåëèì â îñíîâàíèè öåëóþ ÷àñòü,
ðàâíóþ åäèíèöå.

lim
x→+∞

(
x−
√
2x

x+
√
3x

)√x
= lim

x→+∞

(
x+
√
3x−

√
2x−

√
3x

x+
√
3x

)√x
=

= lim
x→+∞

(
1 +
−
√
2x−

√
3x

x+
√
3x

)√x
⇀⇁

Ïîêàçàòåëü ñòåïåíè äîìíîæèì è ðàçäåëèì íà îäíî è òî æå âûðàæåíèå, ÷òîáû
âîñïîëüçîâàòüñÿ âòîðûì çàìå÷àòåëüíûì ïðåäåëîì. Ïîìíèì ñâîéñòâî, ÷òî ïðè
âîçâåäåíèè ñòåïåíè â ñòåïåíü ïîêàçàòåëè ïåðåìíîæàþòñÿ.

⇀⇁ lim
x→+∞

(
1 +
−
√
2x−

√
3x

x+
√
3x

) x+
√
3x

−
√
2x−
√
3x
·−
√
2x−
√
3x

x+
√
3x
·
√
x

=

= lim
x→+∞

(1 + −√2x−√3x
x+
√
3x

) x+
√
3x

−
√
2x−
√
3x


(−
√
2x−
√
3x)·
√
x

x+
√
3x
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Ïîñëåäîâàòåëüíîñòü äîêàçàòåëüñòâ, çàâåðøèâøèõñÿ âîïðîñîì 1.12, ïîçâîëÿåò
îòäåëüíî íàéòè ïðåäåëû îò îñíîâàíèÿ è îò ïîêàçàòåëÿ ñòåïåíè. Îñíîâàíèå ñòðå-
ìèòñÿ ê ÷èñëó e. Äëÿ ïîíèìàíèÿ ýòîãî äîñòàòî÷íî ñäåëàòü çàìåíó t = x+

√
3x

−
√
2x−
√
3x
,

1
t
= −

√
2x−
√
3x

x+
√
3x

, t→ −∞:

lim
x→+∞

(
1 +
−
√
2x−

√
3x

x+
√
3x

) x+
√
3x

−
√
2x−
√
3x

= lim
t→−∞

(
1 +

1

t

)t
= e.

Ïðåäåë ïîêàçàòåëÿ íàõîäèòñÿ î÷åíü ïðîñòî:

lim
x→+∞

(
−
√
2x−

√
3x
)
·
√
x

x+
√
3x

= lim
x→+∞

−
√
2−
√
3

1 +
√

3
x

=
−
√
2−
√
3

1 + 0
= −
√
2−
√
3.

Â èòîãå, îêîí÷àòåëüíûé îòâåò: e−
√
2−
√
3 = 1

e
√
2+
√
3
= 1

e
√
2·e
√
3
.

Âîïðîñ 5.67. Íàéäèòå lim
x→π

2

(1− ctg x)
1

2x−π .

Îòâåò. Ïîñêîëüêó lim
x→π

2

ctg x = 0, òî ïðåäåë, äàííûé â óñëîâèè, ïðåäñòàâëÿåò

èç ñåáÿ íåîïðåäåë¼ííîñòü 1∞. Ðàñêðîåì å¼ ñ ïîìîùüþ âòîðîãî çàìå÷àòåëüíî-
ãî ïðåäåëà. Îáðàòèì âíèìàíèå, ÷òî âî âòîðîì çàìå÷àòåëüíîì ïðåäåëå âíóòðè
ñêîáêè ñòîèò çíàê �ïëþñ�. Ïîýòîìó ñäåëàåì â îñíîâàíèè èç ðàçíîñòè ñóììó.

lim
x→π

2

(1− ctg x)
1

2x−π = lim
x→π

2

(1 + (− ctg x))
1

2x−π ⇀⇁

Ïîêàçàòåëü ñòåïåíè äîìíîæèì è ðàçäåëèì íà îäíî è òî æå âûðàæåíèå, ÷òîáû
âîñïîëüçîâàòüñÿ âòîðûì çàìå÷àòåëüíûì ïðåäåëîì. Ïîìíèì ñâîéñòâî, ÷òî ïðè
âîçâåäåíèè ñòåïåíè â ñòåïåíü ïîêàçàòåëè ïåðåìíîæàþòñÿ.

⇀⇁ lim
x→π

2

(1 + (− ctg x))−
1

ctg x
·(− ctg x)· 1

2x−π = lim
x→π

2

(
(1 + (− ctg x))−

1
ctg x

)− ctg x· 1
2x−π

⇀⇁

Ïîñëåäîâàòåëüíîñòü äîêàçàòåëüñòâ, çàâåðøèâøèõñÿ âîïðîñîì 1.12, ïîçâîëÿåò
îòäåëüíî íàéòè ïðåäåëû îò îñíîâàíèÿ è îò ïîêàçàòåëÿ ñòåïåíè. Îñíîâàíèå ñòðå-
ìèòñÿ ê ÷èñëó e. Äëÿ ïîíèìàíèÿ ýòîãî äîñòàòî÷íî ñäåëàòü çàìåíó t = − 1

ctg x
,

1
t
= − ctg x , t→∞:

⇀⇁ lim
x→π

2

(1 + (− ctg x))−
1

ctg x = lim
t→∞

(
1 +

1

t

)t
= e.

Ïðåäåë ïîêàçàòåëÿ íàõîäèòñÿ ñ ïîìîùüþ çàìåíû áåñêîíå÷íî ìàëîé ôóíêöèè íà
ýêâèâàëåíòíóþ. Äëÿ íàõîæäåíèÿ ýêâèâàëåíòíîé ôóíêöèè ñäåëàåì çàìåíó ïå-
ðåìåííîé òàê, ÷òîáû ýòà ïåðåìåííàÿ ñòðåìèëàñü ê íóëþ: u = x− π

2
, x = u+ π

2
.

lim
x→π

2

(
− ctg x · 1

2x− π

)
= lim

u→0

(
− ctg

(
u+

π

2

)
· 1

2
(
u+ π

2

)
− π

)
⇀⇁
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Èñïîëüçóåì îäíó èç ôîðìóë ïðèâåäåíèÿ

⇀⇁ lim
u→0

(
− (− tg u) · 1

2u+ π − π

)
= lim

u→0

(
tg u · 1

2u

)
= lim

u→0

(
u · 1

2u

)
= lim

u→0

1

2
=

1

2
.

Â èòîãå, îêîí÷àòåëüíûé îòâåò: e
1
2 =
√
e .

Âîïðîñ 5.68. Íàéäèòå lim
x→+∞

(
sin 1

x
+ cos 1

x

)x
.

Îòâåò. Òàê êàê sin 0 = 0, à cos 0 = 1 , òî ïðåäåë ÿâëÿåòñÿ íåîïðåäåë¼ííî-
ñòüþ 1∞. Èñïîëüçóåì âòîðîé çàìå÷àòåëüíûé ïðåäåë. Äëÿ ýòîãî �ñîçäàäèì� â
îñíîâàíèè âûðàæåíèå, íà÷èíàþùååñÿ íà �1+�.

lim
x→+∞

(
sin

1

x
+ cos

1

x

)x
= lim

x→+∞

(
1 + sin

1

x
+ cos

1

x
− 1

)x
⇀⇁

Ïîêàçàòåëü ñòåïåíè äîìíîæèì è ðàçäåëèì íà îäíî è òî æå âûðàæåíèå, ÷òîáû
âîñïîëüçîâàòüñÿ âòîðûì çàìå÷àòåëüíûì ïðåäåëîì. Ïîìíèì ñâîéñòâî, ÷òî ïðè
âîçâåäåíèè ñòåïåíè â ñòåïåíü ïîêàçàòåëè ïåðåìíîæàþòñÿ.

⇀⇁ lim
x→+∞

(
1 + sin

1

x
+ cos

1

x
− 1

) 1

sin 1
x+cos 1

x−1
·(sin 1

x
+cos 1

x
−1)·x

=

= lim
x→+∞

((
1 + sin

1

x
+ cos

1

x
− 1

) 1

sin 1
x+cos 1

x−1

)(sin 1
x
+cos 1

x
−1)·x

Ïîñëåäîâàòåëüíîñòü äîêàçàòåëüñòâ, çàâåðøèâøèõñÿ âîïðîñîì 1.12, ïîçâîëÿ-
åò îòäåëüíî íàéòè ïðåäåëû îò îñíîâàíèÿ è îò ïîêàçàòåëÿ ñòåïåíè. Îñíîâà-
íèå ñòðåìèòñÿ ê ÷èñëó e. Äëÿ ïîíèìàíèÿ ýòîãî äîñòàòî÷íî ñäåëàòü çàìåíó
t = 1

sin 1
x
+cos 1

x
−1 ,

1
t
= sin 1

x
+ cos 1

x
− 1 , 1

t
→ +0, t→ +∞:

lim
x→+∞

(
1 + sin

1

x
+ cos

1

x
− 1

) 1

sin 1
x+cos 1

x−1

= lim
t→+∞

(
1 +

1

t

)t
= e.

Ìîã âîçíèêíóòü âîïðîñ, ïî÷åìó ïåðåìåííàÿ t ñòðåìèòñÿ èìåííî ê ïëþñ áåñêî-
íå÷íîñòè, à íå ê áåñêîíå÷íîñòè áåç çíàêà (íà ñàìîì äåëå äëÿ ïîëó÷åíèÿ îòâåòà
çíàê áåñêîíå÷íîñòè íå ïðèíöèïèàëåí). Òî, ÷òî t→ +∞ îáúÿñíèì îäíîâðåìåííî
ñ âû÷èñëåíèåì ïðåäåëà îò ïîêàçàòåëÿ ñòåïåíè.

lim
x→+∞

((
sin

1

x
+ cos

1

x
− 1

)
· x
)
⇀⇁

Âîñïîëüçóåìñÿ òðèãîíîìåòðè÷åñêèìè ôîðìóëàìè äâîéíûõ óãëîâ

sin 2α = 2 sinα cosα

cos 2α = 1− 2 sin2 α
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⇀⇁ lim
x→+∞

((
2 sin

1

2x
cos

1

2x
+ 1− 2 sin2 1

2x
− 1

)
· x
)

=

= lim
x→+∞

((
2 sin

1

2x
cos

1

2x
− 2 sin2 1

2x

)
· x
)

=

= lim
x→+∞

(
2 sin

1

2x

(
cos

1

2x
− sin

1

2x

)
· x
)
⇀⇁

Âåðîÿòíî, ñåé÷àñ âèäíî, ÷òî ïðè î÷åíü áîëüøèõ ïîëîæèòåëüíûõ çíà÷åíèÿõ x
âûðàæåíèå 1

t
= sin 1

x
+ cos 1

x
− 1 = 2 sin 1

2x

(
cos 1

2x
− sin 1

2x

)
> 0 .

Òàê êàê 1
2x

åñòü áåñêîíå÷íî ìàëàÿ ôóíêöèÿ, òî ñèíóñ, ÿâëÿþùèéñÿ ñîìíî-
æèòåëåì, ìîæíî çàìåíèòü íà ýêâèâàëåíòíóþ.

⇀⇁ lim
x→+∞

(
2 · 1

2x

(
cos

1

2x
− sin

1

2x

)
· x
)

= lim
x→+∞

(
cos

1

2x
− sin

1

2x

)
=

= cos 0− sin 0 = 1− 0 = 1.

Â èòîãå, îêîí÷àòåëüíûé îòâåò: e1 = e .
Âîïðîñ 5.69. Íàéäèòå lim

x→6+0
(19− 3x)

1
6−x . Ñôîðìóëèðóéòå �íà ÿçûêå ε � δ�

îïðåäåëåíèå ïðåäåëà äëÿ ýòîãî êîíêðåòíîãî ñëó÷àÿ. Ñõåìàòè÷åñêè èçîáðàçèòå
ãðàôèê äàííîé ôóíêöèè â ñîîòâåòñòâóþùåé îêðåñòíîñòè.

Îòâåò. Ïðåæäå ÷åì êàê ôîðìóëèðîâàòü îïðåäåëåíèå è ðèñîâàòü ãðàôèê,
íàéä¼ì çíà÷åíèå ïðåäåëà. Îí ÿâëÿåòñÿ íåîïðåäåë¼ííîñòüþ 1∞. Ðàñêðîåì å¼ ñ
ïîìîùüþ âòîðîãî çàìå÷àòåëüíîãî ïðåäåëà.

lim
x→6+0

(19− 3x)
1

6−x = lim
x→6+0

(1 + 18− 3x)
1

6−x ⇀⇁

Ïîêàçàòåëü ñòåïåíè äîìíîæèì è ðàçäåëèì íà îäíî è òî æå âûðàæåíèå, ÷òîáû
âîñïîëüçîâàòüñÿ âòîðûì çàìå÷àòåëüíûì ïðåäåëîì. Ïîìíèì ñâîéñòâî, ÷òî ïðè
âîçâåäåíèè ñòåïåíè â ñòåïåíü ïîêàçàòåëè ïåðåìíîæàþòñÿ.

⇀⇁ lim
x→6+0

(1 + 18− 3x)
1

18−3x
(18−3x) 1

6−x = lim
x→6+0

(
(1 + 18− 3x)

1
18−3x

)3(6−x) 1
6−x

=

= lim
x→6+0

(
(1 + 18− 3x)

1
18−3x

)3
⇀⇁

Çàìåíèì ïåðåìåííóþ t = 1
18−3x ,

1
t
= 18− 3x , 1

t
→ −0, t→ −∞.

⇀⇁ lim
t→−∞

((
1 +

1

t

)t)3

= e3.

Ñôîðìóëèðóåì îïðåäåëåíèå ïðåäåëà äëÿ äàííîãî êîíêðåòíîãî ñëó÷àÿ. ×èñ-
ëî e3 ÿâëÿåòñÿ ïðàâîñòîðîííèì ïðåäåëîì ôóíêöèè (19− 3x)

1
6−x â òî÷êå 6, åñëè

äëÿ ëþáîãî ε > 0 ñóùåñòâóåò δ > 0, òàêîå ÷òî èç íåðàâåíñòâà 6 < x < 6 + δ

ñëåäóåò íåðàâåíñòâî
∣∣∣(19− 3x)

1
6−x − e3

∣∣∣ < ε.
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Äàæå äëÿ ñõåìàòè÷åñêîãî èçîáðàæåíèÿ ãðàôèêà íóæíî çíàòü, âîçðàñòàåò
èëè óáûâàåò ôóíêöèÿ â ðàññìàòðèâàåìîé ïðàâîñòîðîííåé îêðåñòíîñòè. Óïðî-
ùàþùàÿ ôóíêöèþ çàìåíà ïåðåìåííîé óæå áûëà ñäåëàíà, è äëÿ ðåøåíèÿ ïðî-
áëåìû îñòàëîñü óñòàíîâèòü âèä ìîíîòîííîñòè ôóíêöèè

(
1 + 1

t

)t
ïðè t→ −∞.

Êàæåòñÿ îáùåèçâåñòíûì, ÷òî óêàçàííàÿ ôóíêöèÿ âîçðàñòàåò ïðè t→ +∞. Íî
êàê îíà ñåáÿ âåä¼ò íà îòðèöàòåëüíîé áåñêîíå÷íîñòè? Ñäåëàåì çàìåíó ïåðåìåí-
íîé t = −u, òàê ÷òîáû íîâàÿ ïåðåìåííàÿ ñòðåìèëàñü ê ïðèâû÷íîé ïëþñ áåñêî-
íå÷íîñòè.

(
1 +

1

t

)t
=

(
1− 1

u

)−u
=

(
u− 1

u

)−u
=

(
u

u− 1

)u
=

(
u− 1 + 1

u− 1

)u
=

=

(
1 +

1

u− 1

)u
=

(
1 +

1

v

)v+1

.

Ïðèøëîñü ñäåëàòü åù¼ îäíó çàìåíó ïåðåìåííîé v = u− 1. Êîíå÷íî, ìîæíî áû-
ëî ñðàçó çàìåíèòü v = −t− 1, íî òîãäà áóäåò íå ïîíÿòíî, êàê ñàìîñòîÿòåëüíî
äîãàäàòüñÿ äî àíàëîãè÷íîé çàìåíû â ïîõîæåé çàäà÷å. Íà ñòðàíèöå 45 ó÷åáíîãî
ïîñîáèÿ [4] äîêàçûâàåòñÿ, ÷òî ïîñëåäîâàòåëüíîñòü

(
1 + 1

n

)n+1
óáûâàåò. Ê ñîæà-

ëåíèþ, íî îñíîâàíèè ýòîãî ôàêòà íåëüçÿ óòâåðæäàòü, ÷òî è ôóíêöèÿ
(
1 + 1

v

)v+1

òàêæå óáûâàåò (ìîæíî óòâåðæäàòü òîëüêî íåâîçìîæíîñòü å¼ âîçðàñòàíèÿ). Äî-
êàçàòåëüñòâî óáûâàíèÿ ýòîé ôóíêöèè íà ïëþñ áåñêîíå÷íîñòè âûõîäèò çà ðàìêè
íàñòîÿùåãî ïîñîáèÿ è îñíîâàíî íà èñïîëüçîâàíèè ïðîèçâîäíûõ. Èçîáðàçèì ñõå-
ìàòè÷åñêè â ïðàâîñòîðîííåé îêðåñòíîñòè òî÷êè x = 6 ôðàãìåíò ãðàôèêà ôóíê-
öèè, âåðòèêàëüíàÿ êîîðäèíàòà ïåðåìåííîé òî÷êè êîòîðîãî óìåíüøàåòñÿ ïî ìåðå
ñòðåìëåíèÿ ñ ïðàâîé ñòîðîíû ãîðèçîíòàëüíîé êîîðäèíàòû ê òî÷êå x = 6.

O

e3

e3 + ε

e3 − ε

6 6 + δ

y

x
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6. ÈÑÑËÅÄÎÂÀÍÈÅ ÏÎÑËÅÄÎÂÀÒÅËÜÍÎÑÒÅÉ

Âîïðîñ 6.70. Èññëåäîâàòü ïîñëåäîâàòåëüíîñòü
xn =

√
n+ 2 +

√
n+ 3 +

√
n− 4, è íàéòè å¼ ïðåäåë.

Îòâåò. Âîçìîæíî, äàæå íå ïîíÿòíî, ÷òî çíà÷èò �èññëåäîâàòü ïîñëåäîâà-
òåëüíîñòü�. Ïîä ýòèì ïîäðàçóìåâàåòñÿ, ÷òî íóæíî ðåøèòü âîïðîñ î å¼ ìîíî-
òîííîñòè è îãðàíè÷åííîñòè. Ïîñëåäîâàòåëüíîñòü, äàííàÿ â ýòîì âîïðîñå, âîç-
ðàñòàåò, òàê êàê ñ ðîñòîì n óâåëè÷èâàåòñÿ êàæäîå èç òð¼õ ñëàãàåìûõ. Ëþ-
áàÿ âîçðàñòàþùàÿ ïîñëåäîâàòåëüíîñòü âñåãäà îãðàíè÷åíà ñíèçó, íàïðèìåð ñâî-
èì ïåðâûì ÷ëåíîì. Îáðàòèòå âíèìàíèå, ÷òî ïî ïðè÷èíàì ñâÿçàííûì ñ îáëà-
ñòüþ îïðåäåëåíèÿ êâàäðàòíîãî êîðíÿ, ïåðâûì ÷ëåíîì ïîñëåäîâàòåëüíîñòè áó-
äåò x4 =

√
4 + 2 +

√
4 + 3 +

√
4− 4 =

√
6 +
√
7. Äîêàæåì ñïîñîáîì �îò ïðîòèâ-

íîãî�, ÷òî ïîñëåäîâàòåëüíîñòü íå îãðàíè÷åíà ñâåðõó. Äëÿ ýòîãî ïðåäïîëîæèì,
÷òî îíà îãðàíè÷åíà ñâåðõó ÷èñëîì M > 0 è íàéä¼ì ïðîòèâîðå÷èå.
√
n+ 2 +

√
n+ 3 +

√
n− 4 6M ⇒

√
n+ 3 < M ⇔ n+ 3 < M2 ⇔ n < M2 − 3.

Ïîëó÷åííîå íåðàâåíñòâî ïåðåñòàíåò âûïîëíÿòüñÿ, êàê òîëüêî íîìåð n
ïðåâçîéä¼ò ÷èñëî (M2 − 3). Ïðîòèâîðå÷èå íàéäåíî, ñëåäîâàòåëüíî, ïîñëå-
äîâàòåëüíîñòü íåîãðàíè÷åíà ñâåðõó. Èç ýòîãî íåèçáåæíî âûòåêàåò, ÷òî
lim
n→∞

(√
n+ 2 +

√
n+ 3 +

√
n− 4

)
= +∞.

Âîïðîñ 6.71. Èññëåäîâàòü ïîñëåäîâàòåëüíîñòü xn = (2n+3)n+1

(2n+1)n+1 , è íàéòè å¼
ïðåäåë.

Îòâåò. Óïðîñòèì âûðàæåíèå, ïðåäñòàâèâ äðîáü â âèäå åäèíîé ñòåïåíè
xn =

(
2n+3
2n+1

)n+1
. Íàéä¼ì ïåðâûå äâà ÷ëåíà ïîñëåäîâàòåëüíîñòè, ÷òîáû âûñêà-

çàòü ïðåäïîëîæåíèå î òîì, âîçðàñòàåò îíà èëè óáûâàåò.

x1 =

(
2 · 1 + 3

2 · 1 + 1

)1+1

=

(
5

3

)2

=
25

9
,

x2 =

(
2 · 2 + 3

2 · 2 + 1

)2+1

=

(
7

5

)3

=
343

125
.

Ïîñêîëüêó áåç âû÷èñëåíèé íå ÿñíî, êàêàÿ èç ïîëó÷èâøèõñÿ äðîáåé áîëüøå,
çàïèøåì íàóãàä çíàê íåðàâåíñòâà ìåæäó íèìè è áóäåì ñîâåðøàòü ðàâíîñèëüíûå
ïðåîáðàçîâàíèÿ. Ïóñòü

25

9
<

343

125
⇔ 25 · 125 < 343 · 9⇔ 3125 < 3087.

Ïîëó÷èëîñü íåâåðíîå íåðàâåíñòâî. Ñëåäîâàòåëüíî, ìû íå óãàäàëè è íà ñàìîì
äåëå 25

9
> 343

125
. Òî åñòü, x1 > x2. Ýòî äà¼ò îñíîâàíèÿ ïîïûòàòüñÿ äîêàçàòü, ÷òî

ïîñëåäîâàòåëüíîñòü óáûâàåò. Äîêàæåì, ÷òî

xn > xn+1 ⇔
(
2n+ 3

2n+ 1

)n+1

>

(
2(n+ 1) + 3

2(n+ 1) + 1

)n+1+1

⇔
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⇔
(
2n+ 3

2n+ 1

)n+1

>

(
2n+ 5

2n+ 3

)n+2

⇔
(
2n+ 3

2n+ 1

)n+1

>

(
2n+ 5

2n+ 3

)n+1

·
(
2n+ 5

2n+ 3

)
⇔

⇔
(
2n+ 3

2n+ 1

)n+1

·
(
2n+ 3

2n+ 5

)n+1

>
2n+ 5

2n+ 3
⇔
(
2n+ 3

2n+ 1
· 2n+ 3

2n+ 5

)n+1

>
2n+ 5

2n+ 3
⇔

⇔
(

(2n+ 3)2

(2n+ 1)(2n+ 5)

)n+1

>
2n+ 5

2n+ 3
⇔
(
4n2 + 12n+ 9

4n2 + 12n+ 5

)n+1

>
2n+ 5

2n+ 3
.

Âûäåëèì â îñíîâàíèÿõ åäèíèöû(
4n2 + 12n+ 5 + 4

4n2 + 12n+ 5

)n+1

>
2n+ 3 + 2

2n+ 3
⇔

⇔
(
1 +

4

4n2 + 12n+ 5

)n+1

> 1 +
2

2n+ 3
⇐

Âûðàæåíèå â ëåâîé ÷àñòè ïðåäñòàâëÿåò èç ñåáÿ áèíîì Íüþòîíà. Ïðè÷¼ì âñå
ñëàãàåìûå áèíîìà ïîëîæèòåëüíûå. Â ýòîì ñëó÷àå, îïóñòèâ ñëàãàåìûå íà÷èíàÿ
ñ íåêîòîðîãî ìîæíî ïîëó÷èòü âåðíîå íåðàâåíñòâî

(1 + q)m > 1 +mq + m(m−1)
2
· q2, ïðè q > 0, m ∈ N

Ïî÷åìó àâòîðû îñòàíîâèëèñü èìåííî íà ñëàãàåìîì ñ êâàäðàòîì? Ïîòîìó,
÷òî ïðè ïîäãîòîâêå ýòîãî ó÷åáíîãî ïîñîáèÿ îïûòíûì ïóò¼ì áûëî óñòàíîâëåíî,
÷òî ïðåäûäóùèõ ñëàãàåìûõ äëÿ äîêàçàòåëüñòâà íåäîñòàòî÷íî.

Åñëè òåïåðü äîêàçàòü, ÷òî äàæå ìåíüøåå âûðàæåíèå îêàæåòñÿ áîëüøå ïðà-
âîé ÷àñòè (âîçìîæíî, Âû çàìåòèëè, ÷òî âìåñòî çíàêà ðàâíîñèëüíîñòè â ýòîì
ïåðåõîäå ñòîèò çíàê ñëåäîâàíèÿ), òî ïî ñâîéñòâó òðàíçèòèâíîñòè ýòî áóäåò äî-
êàçûâàòü òðåáóåìîå óòâåðæäåíèå.

⇐ 1 + (n+ 1) · 4

4n2 + 12n+ 5
+
n(n+ 1)

2
·
(

4

4n2 + 12n+ 5

)2

> 1 +
2

2n+ 3
⇔

⇔ 4(n+ 1)

4n2 + 12n+ 5
+

8n(n+ 1)

(4n2 + 12n+ 5)2
>

2

2n+ 3
⇔

⇔ 2n+ 2

4n2 + 12n+ 5
+

4n2 + 4n

(4n2 + 12n+ 5)2
>

1

2n+ 3
⇔

⇔ (2n+ 2)(2n+ 3)
(
4n2 + 12n+ 5

)
+
(
4n2 + 4n

)
(2n+ 3) >

(
4n2 + 12n+ 5

)2 ⇔
⇔
(
4n2 + 10n+ 6

) (
4n2 + 12n+ 5

)
+ 8n3 + 8n2 + 12n2 + 12n >

> 16n4 + 144n2 + 25 + 96n3 + 40n2 + 120n⇔

⇔ 16n4 + 40n3 + 24n2 + 48n3 + 120n2 + 72n+ 20n2 + 50n+ 30 >

> 16n4 + 88n3 + 164n2 + 108n+ 25⇔
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⇔ 122n+ 5 > 108n⇔ 14n+ 5 > 0.

Ïîëó÷èëîñü âåðíîå íåðàâåíñòâî. Óáûâàíèå ïîñëåäîâàòåëüíîñòè äîêàçàíî.
Óáûâàþùàÿ ïîñëåäîâàòåëüíîñòü âñåãäà îãðàíè÷åíà ñâåðõó ñâîèì ïåðâûì

÷ëåíîì, â äàííîì ñëó÷àå ÷èñëîì 25
9
. Ñíèçó äàííàÿ ïîñëåäîâàòåëüíîñòü îãðà-

íè÷åíà íóë¼ì, òàê êàê îíà î÷åâèäíî ñîñòîèò èç ïîëîæèòåëüíûõ ÷èñåë.
Íàéä¼ì ïðåäåë ýòîé ïîñëåäîâàòåëüíîñòè:

lim
n→∞

(
2n+ 3

2n+ 1

)n+1

= lim
n→∞

(
2n+ 1 + 2

2n+ 1

)n+1

= lim
n→∞

(
1 +

2

2n+ 1

)n+1

=

= lim
n→∞

((
1 +

2

2n+ 1

) 2n+1
2

) 2(n+1)
2n+1

= e1 = e,

ïîñêîëüêó ïðåäåë ïîêàçàòåëÿ ñòåïåíè: lim
n→∞

2(n+1)
2n+1

= lim
n→∞

2(1+ 1
n
)

2+ 1
n

= 2(1+0)
2+0

= 1.

7. ÏÐÅÄÅËÛ ÏÎÑËÅÄÎÂÀÒÅËÜÍÎÑÒÅÉ, ÇÀÄÀÍÍÛÕ ÐÅÊÓÐÐÅÍÒÍÎ

Âîïðîñ 7.72. Íàéäèòå ïðåäåë ïîñëåäîâàòåëüíîñòè, çàäàííîé ðåêóððåíòíûì
ñîîòíîøåíèåì xn+1 =

√
2xn + 15 , ãäå x1 = 5.

Îòâåò. Íàéä¼ì

x2 =
√
2x1 + 15 =

√
2 · 5 + 15 =

√
10 + 15 =

√
25 = 5.

Î÷åâèäíî, ÷òî âñå xn = 5. Äàííàÿ ïîñëåäîâàòåëüíîñòü ïîñòîÿííà. Å¼ ïðåäåë
ðàâåí ýòîé ïîñòîÿííîé: lim

n→∞
xn = 5.

Âîïðîñ 7.73. Êàê íàéòè ïðåäåë ïîñëåäîâàòåëüíîñòè, çàäàííîé ðåêóððåíò-
íûì ñîîòíîøåíèåì?

Îòâåò. Òàê, êàê â ïðåäûäóùåì ïðèìåðå, âåç¼ò äàëåêî íå âñåãäà. Îáû÷íî â
çàäà÷àõ ïîñëåäîâàòåëüíîñòü íå ÿâëÿåòñÿ êîíñòàíòîé. Ïðîñòåéøèì ðåêóððåíò-
íûì ñîîòíîøåíèåì áóäåò çàâèñèìîñòü xn+1 = f(xn). Åñëè ïðåäïîëîæèòü, ÷òî
lim
n→∞

xn = A, òî lim
n→∞

xn+1 = A, ïîñêîëüêó ýòî òà æå ñàìàÿ ïîñëåäîâàòåëüíîñòü,

òîëüêî ñ íóìåðàöèåé, ñäâèíóòîé íà åäèíèöó. Ïåðåõîäÿ â ðàâåíñòâå xn+1 = f(xn)
ê ïðåäåëó (îòìåòèì, ÷òî ýòîò ïåðåõîä âîçìîæåí òîëüêî äëÿ íåïðåðûâíîé ôóíê-
öèè f(x)), ïîëó÷èì óðàâíåíèå A = f(A), èç êîòîðîãî ìîæíî íàéòè êîíå÷íîå
÷èñëî A. Ñðàçó ñêàæåì, ÷òî ïîñëå ðåøåíèÿ ýòîãî óðàâíåíèÿ çàäà÷à åù¼ íå áóäåò
ðåøåíà ïîëíîñòüþ. Âî-ïåðâûõ, òàêèõ çíà÷åíèé A ìîæåò îêàçàòüñÿ íåñêîëüêî,
à ïðåäåë ïîñëåäîâàòåëüíîñòè åäèíñòâåíåí; âî-âòîðûõ, ðåøåíèå äàííîãî óðàâíå-
íèÿ íå äîêàçûâàåò ñóùåñòâîâàíèå ïðåäåëà; è íàêîíåö, â-òðåòüèõ, ïðåäåë ìîæåò
îêàçàòüñÿ è áåñêîíå÷íîñòüþ!

Âîïðîñ 7.74. Íàéäèòå ïðåäåë ïîñëåäîâàòåëüíîñòè, çàäàííîé ðåêóððåíòíûì
ñîîòíîøåíèåì xn+1 =

√
6 + xn , ãäå x1 = 0.

Îòâåò. Ïóñòü ñóùåñòâóåò êîíå÷íîå ÷èñëî A = lim
n→∞

xn. Òîãäà lim
n→∞

xn+1 = A,

ïîñêîëüêó ýòî òà æå ñàìàÿ ïîñëåäîâàòåëüíîñòü, òîëüêî ñ íóìåðàöèåé,
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ñäâèíóòîé íà åäèíèöó. Ïåðåéä¼ì â ðàâåíñòâå xn+1 =
√
6 + xn ê ïðåäå-

ëó. Ïîëó÷èì óðàâíåíèå A =
√
6 + A. Ðåøèì åãî. Ïîñêîëüêó êâàäðàòíûé

êîðåíü âñåãäà íåîòðèöàòåëåí, òî íåîáõîäèìî âûïîëíåíèå óñëîâèÿ A > 0.
×òîáû èçáàâèòüñÿ îò êâàäðàòíîãî êîðíÿ, âîçâåä¼ì óðàâíåíèå â êâàä-
ðàò A2 = 6 + A. Ïîëó÷èëîñü êâàäðàòíîå óðàâíåíèå A2 − A− 6 = 0. Íàéä¼ì åãî
äèñêðèìèíàíò D = 1 + 4 · 6 = 1 + 24 = 25. Êîðíÿìè êâàäðàòíîãî óðàâíåíèÿ áó-

äóò A1,2 =
1±5
2

=

{
−2
3
. Èç ýòèõ äâóõ êîðíåé óñëîâèþ A > 0 óäîâëåòâîðÿåò

ëèøü A = 3. Âñ¼ âûøåñêàçàííîå îçíà÷àåò òîëüêî îäíî: åñëè ïîñëåäîâàòåëü-
íîñòü èìååò êîíå÷íûé ïðåäåë, òî îí ðàâåí 3. Äîêàæåì, ÷òî äàííàÿ ïîñëåäî-
âàòåëüíîñòü èìååò êîíå÷íûé ïðåäåë. Ëåãêî âû÷èñëèòü x2 =

√
6 , ÷òî áîëüøå,

÷åì x1 = 0. Ìîæåì âûñêàçàòü ãèïîòåçó, ÷òî ïîñëåäîâàòåëüíîñòü xn âîçðàñòàåò.
Äîêàæåì ýòî. Î÷åâèäíî, xn > 0, êàê êâàäðàòíûé êîðåíü. Ïîýòîìó

xn+1 > xn ⇔
√
6 + xn > xn ⇔ 6+xn > x2n ⇔ 0 > x2n−xn−6⇔ (xn+2)(xn−3) < 0.

Ïðè xn > 0 íåðàâåíñòâî ñïðàâåäëèâî äëÿ xn < 3. Ýòî îçíà÷àåò, ÷òî ïðî ïîñëåäî-
âàòåëüíîñòü áóäåò äîêàçàíî, ÷òî îíà âîçðàñòàåò, åñëè îíà îêàæåòñÿ îãðàíè÷åí-
íîé ñâåðõó ÷èñëîì 3. Îãðàíè÷åííîñòü ïîñëåäîâàòåëüíîñòè äîêàæåì ìåòîäîì ìà-
òåìàòè÷åñêîé èíäóêöèè. Èíäóêöèîííàÿ áàçà: x1 = 0 < 3 ÿâëÿåòñÿ âåðíûì íåðà-
âåíñòâîì. Èíäóêöèîííûé ïåðåõîä: ïóñòü xn < 3, òîãäà xn+1 <

√
6 + 3 =

√
9 = 3.

Èòàê, äàííàÿ ïîñëåäîâàòåëüíîñòü âîçðàñòàåò è îãðàíè÷åíà ñâåðõó, ïîýòîìó îíà
èìååò êîíå÷íûé ïðåäåë. È, êàê áûëî äîêàçàíî â ñàìîì íà÷àëå, ýòîò ïðåäåë
ðàâåí èìåííî 3.

Âîïðîñ 7.75. Íàéäèòå ïðåäåë ïîñëåäîâàòåëüíîñòè, çàäàííîé ðåêóððåíòíûì
ñîîòíîøåíèåì xn+1 = 5− 6

xn
, ãäå x1 = 6.

Îòâåò. Ïóñòü ñóùåñòâóåò êîíå÷íîå ÷èñëî A = lim
n→∞

xn. Òîãäà lim
n→∞

xn+1 = A,

ïîñêîëüêó ýòî òà æå ñàìàÿ ïîñëåäîâàòåëüíîñòü, òîëüêî ñ íóìåðàöèåé, ñäâèíó-
òîé íà åäèíèöó. Ïðåäïîëîæèâ, ÷òî A 6= 0 ïåðåéä¼ì â ðàâåíñòâå xn+1 = 5− 6

xn

ê ïðåäåëó. Ïîëó÷èì óðàâíåíèå A = 5− 6
A
. Ðåøèì åãî. Äîìíîæèì óðàâíåíèå

íà A 6= 0. Ïîëó÷èëîñü êâàäðàòíîå óðàâíåíèå A2 − 5A+ 6 = 0. Íàéä¼ì åãî äèñ-
êðèìèíàíò D = 25− 4 · 6 = 25− 24 = 1. Êîðíÿìè êâàäðàòíîãî óðàâíåíèÿ áó-

äóò A1,2 =
5±1
2

=

{
2

3
. Ñëåäîâàòåëüíî, êîíå÷íûì ïðåäåëîì ïîñëåäîâàòåëüíî-

ñòè ìîæåò áûòü: 0 (ïîêà åù¼ íå äîêàçàíî, ÷òî ýòî íå òàê), 2 è 3. Äîêà-
æåì, ÷òî äàííàÿ ïîñëåäîâàòåëüíîñòü èìååò êîíå÷íûé ïðåäåë. Ëåãêî âû÷èñ-
ëèòü x2 = 5− 6

6
= 5− 1 = 4, ÷òî ìåíüøå, ÷åì x1 = 6. Ìîæåì âûñêàçàòü ãèïî-

òåçó, ÷òî ïîñëåäîâàòåëüíîñòü xn óáûâàåò. Äîêàæåì ýòî.

xn+1 < xn ⇔ 5− 6

xn
< xn ⇔ 0 < xn − 5 +

6

xn
⇔ x2n − 5xn + 6

xn
> 0⇔

⇔ (xn − 2)(xn − 3)

xn
> 0.

Âîñïîëüçóåìñÿ ìåòîäîì èíòåðâàëîâ.
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xn320

++ −−

Ýòî îçíà÷àåò, ÷òî ïðî ïîñëåäîâàòåëüíîñòü áóäåò äîêàçàíî, ÷òî îíà óáû-
âàåò, åñëè îíà îêàæåòñÿ îãðàíè÷åííîé ñíèçó ÷èñëîì 3. Îãðàíè÷åííîñòü ïî-
ñëåäîâàòåëüíîñòè äîêàæåì ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè. Èíäóêöèîí-
íàÿ áàçà: x1 = 6 > 3 ÿâëÿåòñÿ âåðíûì íåðàâåíñòâîì. Èíäóêöèîííûé ïåðåõîä:
ïóñòü xn > 3, òîãäà xn+1 > 5− 6

3
= 5− 2 = 3 (ïîñêîëüêó åñëè óâåëè÷èòü çíà-

ìåíàòåëü, òî äðîáü áóäåò ìåíüøå è ïåðåä äðîáüþ ñòîèò çíàê �ìèíóñ�). Èòàê,
äàííàÿ ïîñëåäîâàòåëüíîñòü óáûâàåò è îãðàíè÷åíà ñíèçó, ïîýòîìó îíà èìååò êî-
íå÷íûé ïðåäåë. Åñòåñòâåííî, ýòîò ïðåäåë ðàâåí 3, ïîñêîëüêó 2 (è òåì áîëåå 0)
íå ñìîãóò áûòü å¼ ïðåäåëàìè èç-çà òîãî, ÷òî xn > 3.

Âîïðîñ 7.76. Íàéäèòå ïðåäåë ïîñëåäîâàòåëüíîñòè, çàäàííîé ðåêóððåíòíûì
ñîîòíîøåíèåì xn+1 = 5− 6

xn−1 , ãäå x1 = 6.
Îòâåò. Ïóñòü ñóùåñòâóåò êîíå÷íîå ÷èñëî A = lim

n→∞
xn. Òîãäà lim

n→∞
xn+1 = A,

ïîñêîëüêó ýòî òà æå ñàìàÿ ïîñëåäîâàòåëüíîñòü, òîëüêî ñ íóìåðàöè-
åé, ñäâèíóòîé íà åäèíèöó. Ïðåäïîëîæèâ, ÷òî A 6= 1 ïåðåéä¼ì â ðàâåí-
ñòâå xn+1 = 5− 6

xn−1 ê ïðåäåëó. Ïîëó÷èì óðàâíåíèå A = 5− 6
A−1 . Ðåøèì

åãî. Äîìíîæèì óðàâíåíèå íà A− 1 6= 0. Ïîëó÷èëîñü êâàäðàòíîå óðàâ-
íåíèå A(A− 1) = 5(A− 1)− 6⇔ A2 − 6A+ 11 = 0. Íàéä¼ì åãî äèñêðèìè-
íàíò D = 36− 4 · 11 = 36− 44 < 0. Îòðèöàòåëüíîñòü äèñêðèìèíàíòà îçíà÷àåò,
÷òî ïîëó÷åííîå óðàâíåíèå íå èìååò âåùåñòâåííûõ êîðíåé. Ïîýòîìó íèêàêîå êî-
íå÷íîå ÷èñëî, êðîìå 1, íå ìîæåò áûòü ïðåäåëîì. Íàïîìíèì, ÷òî ïðåäåë åù¼
ìîæåò áûòü áåñêîíå÷íûì.

Ïðàêòè÷åñêèé îïûò ïîäñêàçûâàåò, ÷òî äàííàÿ ïîñëåäîâàòåëüíîñòü íå èìååò
ïðåäåëà.

Ñíà÷àëà äîêàæåì, ÷òî ïðåäåë íå ìîæåò áûòü ðàâåí 1. Ñôîðìóëèðóåì îïðå-
äåëåíèå ïðåäåëà äëÿ ýòîãî ñëó÷àÿ. ×èñëî 1 áóäåò ïðåäåëîì ïîñëåäîâàòåëüíî-
ñòè xn, åñëè äëÿ ëþáîãî ÷èñëà ε > 0 áóäåò ñóùåñòâîâàòü òàêîå ÷èñëî N , ÷òî äëÿ
ëþáîãî íîìåðà n > N îêàæåòñÿ âåðíûì íåðàâåíñòâî |xn − 1| < ε. Èç ýòîãî îïðå-
äåëåíèÿ ñëåäóåò, ÷òî äëÿ ëþáîãî ÷èñëà ε > 0 ñóùåñòâóþò õîòÿ áû äâà ñîñåäíèõ
÷ëåíà ïîñëåäîâàòåëüíîñòè, äëÿ êîòîðûõ îäíîâðåìåííî âûïîëíåíû íåðàâåíñòâà{
|xn − 1| < ε

|xn+1 − 1| < ε
. Íàéä¼ì òàêîå ÷èñëî ε > 0, äëÿ êîòîðîãî ýòî íå òàê. Ïåðâîå

íåðàâåíñòâî èìååò ïðîñòîå ðåøåíèå −ε < xn − 1 < ε⇔ 1− ε < xn < 1 + ε. Âòî-
ðîå íåðàâåíñòâî ðåøàåòñÿ ïîñëîæíåå:

−ε < xn+1 − 1 < ε⇔ −ε < 5− 6

xn − 1
− 1 < ε⇔ −ε < 4− 6

xn − 1
< ε⇔

⇔

{
−ε < 4− 6

xn−1

4− 6
xn−1 < ε

⇔

{
4 + ε− 6

xn−1 > 0

4− ε− 6
xn−1 < 0

⇔

{
(4+ε)(xn−1)−6

xn−1 > 0
(4−ε)(xn−1)−6

xn−1 < 0
⇔

⇔

{
(4+ε)xn−4−ε−6

xn−1 > 0
(4−ε)xn−4+ε−6

xn−1 < 0
⇔

{
(4+ε)xn−(10+ε)

xn−1 > 0
(4−ε)xn−(10−ε)

xn−1 < 0
.
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Îáðàòèì âíèìàíèå, ÷òî ÷èñëî ε ìîæåò áûòü ëþáûì ïîëîæèòåëüíûì. Â òîì
÷èñëå è ñêîëü óãîäíî ìàëûì. Ïîýòîìó âñå ïîëó÷èâøèåñÿ ñêîáêè ìîæíî ñ÷èòàòü
ïîëîæèòåëüíûìè. Èñïîëüçóåì ìåòîä èíòåðâàëîâ, ó÷èòûâàÿ îòíîøåíèÿ ïîðÿä-
êà: 10+ε

4+ε
= 4+ε+6

4+ε
= 1 + 6

4+ε
> 1, è 10−ε

4−ε = 4−ε+6
4−ε = 1 + 6

4−ε > 1.

xn10+ε
4+ε

1

++ −

xn10−ε
4−ε

1

++ −

Îïðåäåëèâ, ÷òî

10− ε
4− ε

>
10 + ε

4 + ε
⇔ (10− ε)(4 + ε) > (10 + ε)(4− ε)⇔

⇔ 40 + 6ε− ε2 > 40− 6ε− ε2 ⇔ 12ε > 0,

çàôèêñèðóåì ðåøåíèå âòîðîãî íåðàâåíñòâà: 10+ε
4+ε

< xn <
10−ε
4−ε . Íàïîìíèì, ÷òî

ðåøåíèåì ïåðâîãî íåðàâåíñòâà áûëî: 1− ε < xn < 1 + ε. Òåïåðü íå ñîñòàâèò òðó-
äà ïîäîáðàòü õîòÿ áû îäíî òàêîå ìàëîå ïîëîæèòåëüíîå ÷èñëî ε, ÷òîáû ñèñòåìà{

1− ε < xn < 1 + ε
10+ε
4+ε

< xn <
10−ε
4−ε

íå èìåëà ðåøåíèé. Äëÿ ýòîãî íóæíî íàéòè õîòÿ áû îäíî

òàêîå ÷èñëî ε > 0, ÷òîáû 1 + ε < 10+ε
4+ε

. Ïîäîéä¼ò äàæå ε = 1, ïîñêîëüêó 2 < 11
5
.

Òåïåðü äîêàæåì, ÷òî ïðåäåë íå ìîæåò áûòü ðàâåí áåñêîíå÷íîñòè. Ñôîðìó-
ëèðóåì îïðåäåëåíèå ïðåäåëà è äëÿ ýòîãî ñëó÷àÿ. Áåñêîíå÷íîñòü áóäåò ïðåäåëîì
ïîñëåäîâàòåëüíîñòè xn, åñëè äëÿ ëþáîãî ÷èñëàM > 0 áóäåò ñóùåñòâîâàòü òàêîå
÷èñëî N , ÷òî äëÿ ëþáîãî íîìåðà n > N îêàæåòñÿ âåðíûì íåðàâåíñòâî |xn| > M .
Èç ýòîãî îïðåäåëåíèÿ ñëåäóåò, ÷òî äëÿ ëþáîãî ÷èñëà M > 0 ñóùåñòâóþò õîòÿ
áû äâà ñîñåäíèõ ÷ëåíà ïîñëåäîâàòåëüíîñòè, äëÿ êîòîðûõ îäíîâðåìåííî âûïîë-

íåíû íåðàâåíñòâà

{
|xn| > M

|xn+1| > M
. Íàéä¼ì òàêîå ÷èñëî M > 0, äëÿ êîòîðîãî ýòî

íå òàê. Ïåðâîå íåðàâåíñòâî èìååò ïðîñòîå ðåøåíèå

[
xn < −M
xn > M

. Âòîðîå íåðà-

âåíñòâî ðåøàåòñÿ ïîñëîæíåå:[
xn+1 < −M
xn+1 > M

⇔

[
5− 6

xn−1 < −M
5− 6

xn−1 > M
⇔

[
5− 6

xn−1 +M < 0

5− 6
xn−1 −M > 0

⇔

⇔

[
5(xn−1)−6+M(xn−1)

xn−1 < 0
5(xn−1)−6−M(xn−1)

xn−1 > 0
⇔

[
5xn−5−6+Mxn−M

xn−1 < 0
5xn−5−6−Mxn+M

xn−1 > 0
⇔

[
(M+5)xn−(M+11)

xn−1 < 0
−(M−5)xn+(M−11)

xn−1 > 0
.
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Îáðàòèì âíèìàíèå, ÷òî ÷èñëî M ìîæåò áûòü ëþáûì ïîëîæèòåëüíûì.
Â ÷àñòíîñòè è ñêîëü óãîäíî áîëüøèì. Ïîýòîìó âñå ïîëó÷èâøèåñÿ ñêîáêè ìîæíî
ñ÷èòàòü ïîëîæèòåëüíûìè. Èñïîëüçóåì ìåòîä èíòåðâàëîâ, ó÷èòûâàÿ îòíîøåíèÿ
ïîðÿäêà: M+11

M+5
= M+5+6

M+5
= 1 + 6

M+5
> 1, è M−11

M−5 = M−5−6
M−5 = 1− 6

M−5 < 1.

xnM+11
M+5

1

++ −

xnM−11
M−5

1

−+−

Çàôèêñèðóåì ðåøåíèå âòîðîãî íåðàâåíñòâà: M−11
M−5 < xn <

M+11
M+5

&xn 6= 1. Íà-

ïîìíèì, ÷òî ðåøåíèåì ïåðâîãî íåðàâåíñòâà áûëî:

[
xn < −M
xn > M

. Òåïåðü íå ñî-

ñòàâèò òðóäà ïîäîáðàòü õîòÿ áû îäíî òàêîå äîñòàòî÷íî áîëüøîå ïîëîæèòåëüíîå

÷èñëî M , ÷òîáû ñèñòåìà


[
xn < −M
xn > M

M−11
M−5 < xn <

M+11
M+5

íå èìåëà ðåøåíèé. Äëÿ ýòîãî

íóæíî íàéòè õîòÿ áû îäíî òàêîå ÷èñëîM > 0, ÷òîáû

{
−M < M−11

M−5

M > M+11
M+5

. Ïîäîéä¼ò

äàæå M = 12, ïîñêîëüêó

{
−12 < 1

7

12 > 23
17

.
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