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Abstract—An equation of state based on the perturbed-chain statistical associating f luid theory (PC-SAFT)
for estimates of sound speed in natural-gas mixtures is successfully applied in this work. Prediction results of
the speed of sound for five binary and six multicomponent systems (dataset includes 1000 data points taken
from literature) containing hydrocarbons, nitrogen, and carbon dioxide in a wide range of temperatures
(250–415 K) and pressures (0.1–60 MPa) are presented. The fitting parameters of the binary interaction were
not used in the calculations. The results of modeling for the speed of sound are shown to be in good agreement
with the literature data.
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INTRODUCTION
The speed of sound is an important thermody-

namic quantity extensively used to characterize sys-
tems containing oil and gas components and fluids in
single- and two- or multiphase states in a broad range
of temperatures and pressures [1–5]. Measurements
of the thermodynamic properties for f luid mixtures
often deal with an estimate of the speed of sound,
since the latter helps determine the density; the com-
ponent composition; and, as a consequence, the
molecular weight of the mixture [6–8]. This thermo-
dynamic property is of particular interest from a theo-
retical viewpoint for those researchers who are testing
the capabilities of thermodynamic models, including
equations of state (EOS’s), for an accurate evaluation
of sound speed; this quantity is expressed via the sec-
ond-order derivative of the Helmholtz energy with
respect to volume [9]. The speed of sound (u) is calcu-
lated in accordance with well-known equation [10]

(1)

where V is the total volume of the system; CP and CV
are isobaric and isochoric heat capacities, respec-
tively; Mw is the molecular mass of the system, taking
into account the number of moles and the molecular

masses of all components; and  is the derivative

of pressure with respect to the total volume at given
values of temperature and total number of moles of the

system. Many equations of state (including van der
Waals type EOS’s) cannot accurately describe the
value of the speed of sound [9].

Among the modern equations of state that have
been tested in recent years by various researchers to
improve the quantitative description of the speed of
sound in pure and mixed fluids of various nature, the
equations of the SAFT (Statistical Associating Fluid
Theory) family stand out. An original EOS based on
SAFT has been proposed in [11] and further developed
in [12, 13]. One successful modification of this model
is perturbed-chain SAFT (PC-SAFT) [14]. This EOS
is based on the perturbation theory [15], in which the
reference “unperturbed” term of the equation rep-
resents a chain of hard spheres to describe the repul-
sive forces, and the terms associated with the perturba-
tion reflect different interactions taking into account
the attractive forces. It is assumed for associating f lu-
ids that the surface of a molecule has contact sites
which are capable of specific interactions with contact
sites of other molecules to mimic hydrogen bonding.

At present, a whole family of equations of state
based on PC-SAFT can be talked about; in particular,
new versions of this EOS are proposed, and the
authors emphasize a more accurate estimate of the
speed of sound [10, 16–23], while the description of
P-V-T properties, together with the density of a f luid
and the saturated vapor pressure, remains reliable.
One of the most successful variants of PC-SAFT is
critical-point-based PC-SAFT (CP-PC-SAFT). This
EOS developed in [16, 17, 20, 23] provided a better
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accuracy in describing the speed of sound in various
pure f luids and binary systems in a wide range of con-
ditions, including the single- and two-phase states and
the near-critical region. The authors overcame some
shortcomings of the original version of PC-SAFT
(inaccurate estimate of the speed of sound in the liquid
phase, overestimated values of the critical constants of
pure substances, and incorrect behavior of heat capac-
ities at very high pressures) and introduced insignifi-
cant improvements into the expressions for terms in
the “residual” Helmholtz energy to refine a descrip-
tion of the thermodynamic properties of pure and
mixed fluids. However, the validation of this EOS is
still insufficient: it has not yet been rigorously tested
for its ability to predict the speed of sound in multi-
component systems. Recently, the PC-SAFT family
model (CP-PC-SAFT) has been first applied to esti-
mate the speed of sound for a number of multicompo-
nent systems containing oil and gas f luids [24].

The objective of this work is to continue the study
we began on applying this equation of state in order to
obtain a more complete picture of the estimate of the
speed of sound with the aid of CP-PC-SAFT, extend-
ing the ability of the model for predicting the speed of
sound for binary systems formed by oil and gas com-
ponents and natural-gas mixtures containing from five
to ten components using the standardized critical-
point-based approach proposed in [17] in the calcula-
tions. To achieve this goal, the task of the work
included an estimate of missing model parameters for
several pure components.

THEORY
According to the CP-PC-SAFT model, the

expression for the “residual” (due to the intermolecu-
lar interaction) contribution to the Helmholtz energy
(Ares) in the system containing nonpolar components
can be written as follows (by analogy with the PC-
SAFT equation of state):

(2)
where the first term in the latter sum (Ahc) is connected
with the contribution from the formation of chains
(Achain) from hard spheres (Ahs), and the second is con-
nected with the dispersion contribution of the Helm-
holtz energy responsible for the attraction-related
interactions (Adisp). The formulas for calculating the
addends in (2) have been reported elsewhere [14, 17,
20], including useful expressions for thermodynamic
properties related with first- and second-order deriva-
tives of the Helmholtz energy with respect to volume
(density). An expression for the EOS, written in terms
of the compressibility factor or pressure, can be easily
derived from (2) with the aid of the known formulas of
thermodynamics.

Here, the main refinements to the CP–PC–SAFT
EOS proposed in [17] in comparison with the original
PC-SAFT are presented. To avoid the prediction of
the negative heat capacities and the isotherms inter-
sections at extremely high pressures (which has no
physical meaning and was observed in the PC-SAFT
modeling), the expression of the hard sphere contri-
bution (Ahs) has been modified. The corresponding
refined expression for the residual contribution to the
Helmholtz energy is as follows:

(3)

where m is the number of segments, σ is the segment
diameter, ε/k is the segment energy parameter divided
by Boltzmann’s constant, d = σθ, and the dimension-
less quantity θ is given by the expression

(4)

This factor, taking into account the temperature
dependence of the segment diameter, has been intro-
duced to obtain a correct description at the infinity
temperature limit and reasonably predict the inversion
curve of the Joule–Thomson effect. Additionally,

(5)

(6)

where the segment radial distribution function is writ-
ten as

(7)

The dispersion term expression of the Helmholtz
energy contains the analytical functions (I1 and I2),
which represent the integrals of the radial distribution
function in the first- and second-order perturbation
terms:
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(8)

where

(9)

(10)

In expressions (9) and (10), a0–2i and b0–2i are the
universal model parameters whose values can be
found elsewhere [17]; universal parameters of the
radial distribution function in the first-order perturba-
tion term have been refitted using the second and third
virial coefficients of n-alkanes. When the EOS is used
for mixtures, the mixing rules are applied, introducing
adjustable binary interaction parameters kij for cor-
recting the dispersive interactions term and/or lij,
which take into account differences in the sizes of the
segment diameters. More f lexible additional mixing
rules in the CP-PC-SAFT model in comparison with
the original PC-SAFT are proposed:

(11)

(12)

(13)

where

(14)

(15)

(16)

In the above formulas, the indices i and j are
referred to different segments of the system.

Four parameters for describing a pure nonpolar
substance i in terms of the CP-PC-SAFT model are
required: the number of segments forming a chain-
molecule mi, the segment diameter σi, and the interac-
tion energy parameter divided by Boltzmann’s con-

stant for segments of ith type εi/k, as well as the
parameter δvc responsible for the shift in the critical
volume (the ratio between the critical volume calcu-
lated by the model to its experimental value). The
parameters of the CP–PC–SAFT model for many
pure components have been determined [17]; the list
of parameters is extending and includes polar and
associating components as well [16, 20, 23]. The pre-
dictive capability of CP-PC-SAFT is enhanced by a
substantial reduction of the data required for evaluat-
ing its substance-specific molecular parameters. To
find the parameters of the model instead of fitting
them using an optimization procedure for processing a
large experimental dataset (as is done for the PC-
SAFT model), these parameters are determined for
two reference points (states), namely, the critical and
triple points, by implementing a standardized numer-
ical procedure using the Mathematica package.

CALCULATION METHODOLOGY
A calculation procedure based on the numerical

solution of a system of four equations for finding the
parameters of the CP-PC-SAFT equation of state is
described in detail in [17]. The system of equations has
the following form:

(17)

(18)

(19)

(20)

The idea of the approach used is that the parame-
ters of the CP-PC-SAFT equation are determined at
experimental critical points of pure components (for
given values of critical constants) and the liquid den-
sity data at a triple point (from thermodynamic data-
bases, for example, NIST [24]). For solving equations
(17)–(19), the critical pressure calculated by EOS (Pc,
EOS) is defined by replacing the temperature (T) by
critical temperature (Tc) and volume (V) by the EOS’s
critical volume (Vc, EOS equal to Vc δ). Thereafter, the
conditions of the pure component critical point (Eq.
(17)–(18)) can be derived analytically. Although in
Eq. (20) the experimental value of the density is
equated to its value calculated from the EOS, in fact
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the actual solution is reduced to the equality of pres-
sures at the triple point (Ptp EOS = Ptp). This is due to
the fact that the equation of state is expressed in terms
of pressure as a function of temperature and density.
At the same time, if the temperatures (the densities)
are identical, the pressures must be equal as well. Sys-
tem of equations (17)–(20) can be solved analytically;
however this procedure is tedious and yields different
sets of solutions, which requires the further creation of
final solutions for selecting the algorithm. Unlike that,
the numerical procedure yields only one set of solu-
tions; it is necessary to specify the initial estimations
for model parameters.

Most of the CP-PC-SAFT parameters for typical
oil and gas components have been obtained and pub-
lished in [17]. In the present work, the values of

unavailable parameters for two isoalkanes—isobutane
and isopentane—were estimated. All values of param-
eters used for pure substances are listed in Table 1.

Good results of describing thermodynamic proper-
ties for various pure f luids—light hydrocarbons
(methane, ethane, and propane), heavier alkanes, car-
bon dioxide, nitrogen, and some binary and ternary
systems composed of natural-gas components—have
been previously obtained [17]. To check the predictive
ability of the EOS in calculating the speed of sound for
binary subsystems and multicomponent mixtures, the
binary interaction parameters (lij and kij in equations
(15), (16)) were not adjusted and were set to be zero. It
should be noted that the PC-SAFT model itself makes
it possible to predict thermodynamic properties and
phase behavior for multicomponent systems using
only the parameters of pure components. At the cur-
rent stage of our research, an alternative approach
requiring additional fitting parameters has not been
considered.

RESULTS AND DISCUSSION
First, we tested the capability of the CP-PC-SAFT

to predict the speed of sound in pure methane as a
main substance of the natural-gas mixtures under con-
sideration. As was depicted in Fig. 1, no large devia-
tions were observed between the values measured
experimentally [25] and those predicted from the
model. It is worth noting that the CP-PC-SAFT is
competitive with other PC-SAFT-based models in
describing the speed of sound in methane [10, 17, 19,
21, 22]. Modeling pure components is an important
test for any EOS; however, the main practical inten-
tion for the EOS is to predict thermodynamic proper-
ties for mixtures. In this regard, the asymmetric natu-
ral-gas mixtures formed by various hydrocarbons and
nonhydrocarbons is of special interest.

Further, we used the CP–PC–SAFT in estimating
the speed of sound for binary and multicomponent

Table 1. Values of CP-PC-SAFT parameters for pure components used in this study

Component m ε/k, К σ, Å δ Reference

N2 0.99880 94.351 3.61590 1.10537 [17]
CO2 2.03351 163.491 2.81786 1.17358 [17]
CH4 1.00082 142.508 3.74760 1.12673 [17]
C2H6 1.56358 185.392 3.57406 1.16657 [17]
C3H8 2.41440 184.368 3.39176 1.15188 [17]
n-C4H10 2.48262 209.446 3.65040 1.15976 [17]
i-C4H10 2.16530 213.128 3.84220 1.15340 This work
n-C5H12 3.06424 212.528 3.62421 1.16385 [17]
i-C5H12 3.06420 212.528 3.62420 1.15640 This work
n-C6H14 3.51081 218.238 3.65575 1.16091 [17]

Fig. 1. Dependence of the speed of sound in methane on
pressure. Points are experimental values [25] and lines are
prediction results using CP-PC-SAFT.
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mixtures formed by components of natural gas with
various methane contents. The limited experimental
information for the speed of sound in multicomponent
systems used in this study is not crucial for evaluating
the predictive abilities of the model. Not many exper-
imental datasets taken from the literature were treated,
but they were sufficient for modeling to reflect basic
trends in the sound-speed behavior with changes in
temperature, pressure, and methane composition.
The experimental compositions of binaries and those
of multicomponent synthetic/natural-gas mixtures
from different fields and corresponding values of the
speed of sound in a wide range of pressures for a num-
ber of temperatures are given in [26–28].

A comparison of the results given by the CP-PC-
SAFT model and experimental data was estimated
using mean absolute percentage error (MAPE) values
and is given for binary and multicomponent systems in
Tables 2 and 3, respectively:

(21)

where u is the speed of sound,  is the value of the
speed of sound calculated from the equation of state
for ith point,  is the experimental value of the
speed of sound for the ith point, and N is the number
of experimental points.

Prediction results for the speed of sound for binary
and multicomponent systems containing natural-gas
components together with experimental data are illus-
trated in Fig. 2.

The results show that the model correctly reflects a
slight minimum in the dependence sound speed on
pressure at fixed temperature. As can be seen from
Fig. 2, the calculations yield good results sufficient for
reasonable estimates the speed of sound in the systems
examined at the conditions under consideration. A
slightly larger discrepancy between experimental and
calculated sound speed values is observed for the
binary mixtures at the lowest temperatures of 250 and
275 K and pressures within a range 9–10.5 MPa
(Figs. 2a–2c, Table 2). At these conditions the sound
speed starts to change its direction significantly with
an increase in pressure and the predicted curve is a bit

=
= −

расч

эксп
1

100% 1,
N

i

i i

uMAPE
N u

расч
iu

эксп
iu 380

400

420

440

460

480

500

0 2 4 6 8 10 12

250 K

300 K

275 K

325 K

350 K

360

380

400

420

440

460

480

500

0 2 4 6 8 10 12

250 K 

275 K

300 K

325 K

350 K

360

380

400

420

440

460

480

0 2 4 6 8 10 12

250 K

275 K

300 K

325 K

350 K

380

400

420

440

460

480

0 2 4 6 8 10 12 14

275 K

300 K

325 K

350 K

(a)

(b)

(c)

(d)

P, МPа

u, m/s

Fig. 2. Dependence of the speed of sound on pressure: (a)
points are experimental values for the binary system meth-
ane (0.95) + ethane (0.05) [27] and lines are prediction
results using CP-PC-SAFT, (b) points are experimental val-
ues for the binary system methane (0.95) + nitrogen (0.05)
[27] and lines are prediction results using CP-PC-SAFT, (c)
points are experimental values for the binary system methane
(0.95) + carbon dioxide (0.05) [27] and lines are prediction
results using CP-PC-SAFT, and (d) points are experimental
values for the natural-gas mixture of Gulf Coast field meth-
ane (0.95) + other components (0.05) [27] and lines are pre-
diction results using CP-PC-SAFT.
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Table 2. Results obtained in calculations of the speed of sound for the binary mixtures under consideration using CP-PC-
SAFT

System
Composition, mol. 
fraction of the first 

component

Number
of experimental 

points
Temperature, K Pressure range, 

MPa
MAPE for speed 

of sound, % Reference

CH4 + C2H6

0.94985

15
14
12
20
20

250.00
275.00
300.00
325.00
350.00

0.78–9.86
0.65–10.59
0.62–10.44
0.50–10.40
0.55–10.52

0.75
0.35
0.28
0.23
0.26

[27]

0.84902

8
9
9
9

250.00
275.00
300.00
350.00

2.52–19.96
0.52–20.08
0.51–19.75
0.55–20.05

2.37
1.84
1.42
0.63

[28]

0.68526

11
14
17
14

275.00
300.00
325.00
350.00

0.63–8.47
0.94–10.67
0.69–10.62
0.35–10.68

0.65
0.75
0.48
0.45

[27]

0.34524

7
10
15
17
15

250.00
275.00
300.00
325.00
350.00

0.25–1.42
0.54–4.21
0.50–6.45
0.70–10.37
0.48–10.57

0.45
0.29
0.46
1.34
0.75

[27]

CH4 + C3H8 0.90016

7
11
14
25
14

250.00
275.00
300.00
325.00
350.00

0.48–3.05
0.58–10.22
0.55–10.45
0.48–10.41
0.62–10.25

0.21
0.93
0.44
0.43
0.46

[27]

CH4 + N2

0.95114

29
12
12
21
20

250.00
275.00
300.00
325.00
350.00

0.28–10.40
0.68–10.46
0.70–9.98
0.67–10.65
0.52–10.43

0.52
0.31
0.30
0.24
0.23

[27]

0.71373

17
17
18
29
14

250.00
275.00
300.00
325.00
350.00

0.09–10.07
0.35–9.92
0.10–10.26
0.55–10.01
0.93–10.47

0.38
0.45
0.27
0.26
0.34

[27]

CH4 + CO2

0.94979

19
12
12
28

9

250.00
275.00
300.00
325.00
350.00

0.58–10.52
0.45–10.50
0.49–10.60
0.60–10.38
0.69–8.01

0.80
0.48
0.50
0.44
0.30

[27]

0.69944

16
17
17
20
15

250.00
275.00
300.00
325.00
350.00

0.63–7.48
0.56–10.40
0.69–10.38
0.58–10.45
0.63–10.37

0.97
1.20
1.20
0.99
1.02

[27]

N2 + CO2 0.49593

9
9

11
19
17

250.00
275.00
300.00
325.00
350.00

0.84–3.96
2.04–10.21
1.33–10.03
0.52–10.02
1.75–10.34

0.30
0.64
0.69
0.63
0.86

[27]
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steeper in comparison with experimental one. In this
case, tuning parameter kij to improve the predicted
results was not necessary due to the generally robust
estimates for the speed of sound using CP-PC-SAFT
obtained for the two- and multicomponent systems
(Fig. 2d, Table 3), which were studied at 250 K and
higher temperatures.

The results represented in Figs. 1 and 2a–2c
demonstrate that, in accord with the experimental
data, the addition of the second component to pure
methane leads to a decrease in the speed of sound
value for the binary system compared with that for a
pure component at a fixed temperature and pressure.
Figures 2a–2c show the influence of adding the sec-
ond component on sound speed (approximately 95
mol. % methane and 5 mol. % of another component,
respectively). Taking into account the nonpolar nature

of the mixture components (polarity close to zero), the
differences in the sound-speed values for the pre-
sented binary subsystems with methane can be associ-
ated with the differences in the molecular size of the
fluids (two components). The model correctly repro-
duces the observed dependences.

It can be seen from Table 3 that the MAPE values
for the speed of sound do not exceed 2.5% for the mul-
ticomponent systems studied, which indicates a rather
good accuracy of the results. It is worth noting, as we
have shown earlier [24] that, in addition to the speed of
sound, CP-PC-SAFT gives fairly accurate results in
predicting density for multicomponent mixtures.

An analysis of the contribution from individual
terms in Eq. 2 with nonpolar f luid n-hexane as an
example using PC-SAFT showed [10] that the accu-
rate representation of the second-order derivative of

Table 3. Results obtained in calculations of the speed of sound in the multicomponent systems under consideration using
CP-PC-SAFT

Gas mixture or field Number of 
experimental points Temperature, K Pressure range, MPa MAPE for speed

of sound, % Reference

Synthetic gas mixture

22 323.31 4.86–56.69 1.14

[26]
22 346.48 5.11–56.69 1.11
24 369.41 4.79–56.90 1.12
18 392.34 6.12–56.86 1.27
18 415.45 6.90–58.37 1.36

Gulf Coast

12 250.00 0.59–10.41 0.95

[27]
13 275.00 0.50–10.33 0.38
14 300.00 0.47–10.31 0.38
17 325.00 0.54–10.38 0.36
14 350.00 0.63–10.40 0.32

Amarillo

11 250.00 0.67–10.88 1.20

[27]

10 275.00 0.65–10.47 0.43
6 298.00 6.89–23.39 1.71

11 300.00 0.56–10.43 0.38
19 325.00 0.69–10.43 0.37
15 350.00 0.86–10.64 0.30

Statoil Dry Gas

15 250.00 0.80–9.74 1.52

[27]
11 275.00 0.52–10.42 0.65
18 300.00 0.53–10.30 0.41
17 325.00 0.47–10.40 0.42

Statoil Statvordgass
12 300.00 1.86–10.38 1.37

[27]14 325.00 0.42–9.89 0.79
16 350.00 0.64–10.44 0.86

Natural-gas mixture

9 250.00 0.52–19.59 2.50

[28]
8 275.00 0.52–19.06 1.61
9 300.00 0.50–20.06 1.22
9 350.00 0.51–20.17 0.53
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the Helmholtz energy with respect to volume results in

a good estimate of the quantity , which, in turn,

leads to an accurate speed of sound predictions. Since
this derivative is determined by the contribution of
hard spheres in the expression for Ahs, it can be con-
cluded that a quantitative description of the interac-
tions connected with repulsion would possibly
improve the estimate of the partial derivative of pres-
sure with respect to volume and related thermody-
namic properties. This is essentially what was achieved
in [17] with the CP-PC-SAFT, where a number of
improvements (refinements) for the expression of the
term Ahs was introduced. It can be summed up that the
revisited PC-SAFT-based model seems to be robust
for estimating the speed of sound in natural-gas sys-
tems. At this stage, predicting the sound speed in mul-
ticomponent mixtures seems quite encouraging for
further research.

CONCLUSIONS
It was found that the results obtained in calculating

the speed of sound in systems composed of oil and gas
components are promising for the further use of the
equation of state based on PC-SAFT for evaluating
the thermodynamic properties of natural gas for prac-
tical purposes. No adjustable binary interaction
parameters were used in this work, and the MAPE val-
ues in the sound speed for all binary and multicompo-
nent mixtures studied were no more 2.5%, which is
attributed to the strong physical basis of PC-SAFT-
related models, including the examined version of this
EOS. The CP-PC-SAFT EOS can be considered a
suitable tool for the robust prediction of the speed of
sound in various systems with reasonable accuracy for
applications in chemical engineering.

ACKNOWLEDGMENTS
We thank I. Polishuk for his helpful comments and

discussion.
This study was financially supported by a joint

project of the Russian Foundation for Basic Research
(RFBR) and the Iran National Science Foundation
(INSF), INSF contract no. 96004167 and RFBR
grant no. 17-58-560018.

SYMBOLS

A Helmholtz energy, J
a, b universal constants in CP-PC-SAFT model
С heat capacity, J/(K mole)
d distance between segments, Å
g radial distribution function
I abbreviated expression for the integral in pertur-

bation theory

( )∂
∂ ,T n

P
V
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