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Compound-tunable embedding potential: Which oxidation state of
uranium and thorium as point defects in xenotime is favorable?

Yuriy V. Lomachuk,∗a Daniil A. Maltsev,a Nikolai S. Mosyagin,a Leonid V. Skripnikov,a,b,
Roman V. Bogdanov,a,b Anatoly V. Titov.a,‡

Modern strategies for safe handling of high level waste (HLW) and their long-term disposal in deep
geological formations include the immobilization of radionuclides in the form of mineral-like matrices.
The most promising matrices for immobilization of actinides are ceramic forms of waste based on
phosphate minerals such as monazite, xenotime, cheralite. However, the mechanism of substitution of
lanthanides and Y by actinides in phosphate minerals is not entirely clear. We formulate a theoretical
model, compound-tunable embedding potential (CTEP), that allows one to predict properties of such
crystals with point defects. Reliability of the model is validated by a good agreement of calculated
geometry parameters with available experimental data. Substitution of Y in the xenotime crystal
by Th and U is studied by relativistic DFT in the framework of the CTEP method, based on
constructing the embedding potential as linear combination of short-range “electron-free” spherical
“tunable” pseudopotentials. It is shown on the basis of proposed model that oxidation state +3 is
energetically more profitable than +4 not only for thorium but also for uranium as solitary point
defects. This atypical oxidation state of U in mineral is discussed.

Introduction
Natural orthophosphates of yttrium and rare earth elements (min-
erals like xenotime YPO4 and monazite CePO4) are characterized
by high chemical and radiation resistance1 and are considered as
natural analogues of matrices for immobilization of actinides2–4.

Methods for the high-temperature synthesis of ceramics based
on these orthophosphates have been developed in detail, condi-
tions for the stabilization of actinides in the tri- and/or tetrava-
lent states have been found5–7 (higher degrees of oxidation of ac-
tinides are not formed in this case8). It is assumed that the result-
ing composites will be buried in deep geological formations for a
period of at least 10,000 years9. However, understanding the im-
mobilization properties of such matrices at the atomic level can be
reliably achieved only on the basis of quantum-chemical model-
ing the electronic structure of the considered actinide-containing
materials.

Accurate calculation of actinide-containing molecules for wide
variety of properties is yet problematic to-date because of their
multireference character, although density functional theory
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(DFT) and wave-function theory (WFT) based studies for the
ground-state electronic structures and for compounds of actinides
in their highest oxidation states can be quite reliable (see re-
view10, more recent studies11–13 and references therein). Note,
however, that recent developments in coupled-cluster theory14,15

are quite optimistic to believe in a good prospect of the WFT
based applications to actinide-containing compounds of medium
size (about a dozen(s) of atoms) in near future. In turn, in elec-
tronic structure calculations of solids one should study periodic
structures that dramaticaly complicate applicability of WFT based
approaches16. However, for relatively low concentration of ac-
tinides in solids it is reasonable to utilize cluster models to study
some fragments of these minerals in the WFT framework. In this
case, the calculation is carried out only for relatively small region
that includes an impurity atom and its environment. The remain-
ing part of the crystal is modeled by an embedding potential, to
account for influence of environment on the selected fragment
of the crystal. Such a modeling scheme is known as the embed-
ded cluster method17. Mention here hybrid methods of molec-
ular modeling (e.g., see18,19) which are also popular to study
physical-chemical properties of actinide-containing substructures.

While good incorporation of Th into monazite is naturally justi-
fied by approximately the same ionic radii of Ce and Th atoms20

and similarity of their electronic structure, there are no such anal-
ogy between Y and U (Th) atoms for the case of xenotime. There-
fore, one needs in a more detailed consideration based on theoret-
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ical electronic structure modeling of xenotime with the impurity
actinide atoms.

The grounds of new, combined approach based on the rela-
tivistic study of materials and their fragments with inclusion of
impurity atoms (which can be f and heavy d elements) is devel-
oped by us on the basis of the compound-tunable embedding poten-
tial (CTEP) method21,22 (see next section for details). Electronic
structure calculations with CTEP of the point defects containing
uranium and thorium made it possible to determine a number of
their characteristics. One of the most interesting questions is that
about the energetically preferred oxidation state of thorium and
uranium in xenotime. According to Goldschmidt’s long-standing
paper23 it should be +4, not +3. More recently, Vance et al.
wrote in ref.5 “Thus overall the results for U were broadly similar
to those for Np and Pu, except that only tetravalent U was ob-
served” and “U+3 should also be able to be incorporated in prin-
ciple but the necessary conditions would likely be so reducing
that the xenotime and monazite structures would be destabilized
by the reduction of phosphate to elemental P.” Thus, the question
about the +3 oxidation state of U in xenotime is yet open and one
of goals of this research is to discuss this problem from theoretical
point of view.

Our cluster model is given in section “Computational details”,
results of calculation are considered in “Results”, and discussion
about absence of experimental data with trivalent U is given in
“Discussion”.

1 Compound-tunable embedding potential theory

In the framework of CTEP version of the embedding potential the-
ory, the following procedure for calculating the electronic struc-
ture of a crystal fragment which can include a point defect is im-
plemented:

(1) High-level periodic DFT calculation of a crystal without
point defects.

(2) Cutting a fragment out of a crystal with a central metal
atom/ion (which can be further replaced by a vacancy, impurity
atom, etc.) and the ligands attached to it. Thus, the first coordi-
nation sphere consists of a small number of atoms that is usually
not more than 12 (as in the case of dense packing). This structure
will be referred further as the “main cluster”.

(3) For the main cluster one can first choose a nearest cationic
environment, NCE, from the lattice atoms (second coordination
sphere, etc.) and then, a nearest anionic environment, NAE, in-
cluding a set of all anions which are nearest to the NCE atoms
except those of the main cluster. The main cluster together with
the nearest environment, i.e. main cluster + NCE + NAE (or main
cluster + CTEP), will be referred as the extended cluster, or just a
cluster.

The NCE is described by means of pseudopotentials (PP) gen-
erated for cations AXn+

n , where “+” stands for a cationic state
of atom An corresponding to the oX idation state (number) +Xn

(Xn runs over natural numbers), such that all the electrons of the
cations are treated within the PPs as core ones (and below des-
ignated as 0ve-PPs or “big-core” PPs). Thoroughly, 0ve-PP/AXn+

n

generated for a given AiC effective state is written as

U0ve/AiC
n = +Xn/r+V n

L (r)+
∑

lmax
l [V n

l (r)−V n
L (r)]∑

l
m=−l |l,m〉〈l,m| ,

(1)

where standard expression for the spin-averaged semilocal
(radially-local) PP operator is used (e.g., see28 and references;
here l and m mean angular momentum and its projection for one-
electron states; L>lmax, where lmax is highest angular momen-
tum for electrons in the atomic core). Emphasize that the 0ve-
PPs can be considered as “free-electron” PPs assuming that we do
not attach more electrons to the extended cluster additionally to
those already involved in the main cluster in accord to the oxida-
tion numbers of the main-cluster atoms. In practice, the known
schemes of population analysis on atom An will not give exact ze-
ros for occupancies of its valence orbitals even on alkali metals,
and the degree of covalence for the ionic bonding should be taken
into account at the big-core PP generation stage for NCE atoms in
a compound to take account of the core relaxation.

Each NCE atom is described by the semi-local PP and fractional
point effective charge. “Tuning” the 0ve-PPs for environmental
cations is carried out self-consistently in the periodic DFT calcu-
lations of pure crystal to minimize displacement forces on atoms
An and others in the unit cell at the optimized DFT geometry of
the crystal obtained at step (1). The U0ve/AiC

n PPs are constructed
by us basically following the scheme for the “self-consistent” PP
version proposed in28,29 to fit the AiC effective state of the AXn+

n

cations in the crystal (details of the CTEP generation procedure
will be described elsewhere).

The general formula for the CTEP is

UCTEP(~r) = ∑n∈NCE

(
U0ve/AiC

n (~r−~rn)+
qn
|~r−~rn|

)
+

∑a∈NAE

(
qa
|~r−~ra|

)
,

(2)

where U0ve/AiC
n are “electron-free” PPs from Eq.(1) for correspon-

ing NCE cations AXn+
n which are “tuned” to fit the effective states

of atoms (cations) in a compound, AiC, according to the cho-
sen main cluster in the crystal under consideration. The tun-
ing partial charges, negative, qn=−|qn|, for cations and positive,
qa=+|qa|, for anions reflect the “polarization” of those electronic
shells which are treated implicitly for the NCE and NAE atoms
in the compound and simulate in our current CTEP model the
electric field of environment acting on the main cluster.

Both the NAE and NCE charges located at the lattice sites are
optimized when constructing the CTEP to reproduce the spatial
structure of the main cluster as a fragment from the periodic study
(at step 1) in the molecular-type calculation of the extended clus-
ter with only point symmetry of the crystal fragment taken into
account. Our current charge optimization criterion is minimiza-
tion of sum of squares of forces on atoms from the main cluster,
with the constraint that the total charge of the extended cluster is
fixed to zero (see next section). Note, that relaxation of electronic
structure in both main cluster and nearest environment regions is
taken into account within CTEP when one considers processes
and point defects localized on the main cluster despite the coor-
dinates of the environmental atoms are not changed.

2 | 1–10Journal Name, [year], [vol.],
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The key feature of the CTEP approach is its applicability to frag-
ments of a crystal of minimal size that can include only nearest
environment of a central atom. Note that calculation of a crys-
tal fragment of small size (including up to ∼ 6÷12 atoms, with a
central f (or d) element and its first anionic coordination sphere)
using CTEP and combining27,30 advanced two-component (rel-
ativistic) versions of density functional31 and coupled-cluster
(see14,32,33 and refs.) theories can be done in practice. Further-
more, one can perform relativistic calculation of a larger cluster
with the chosen DFT functional with actinide impurities and va-
cancies to take relaxation of its neighbors into account. The rel-
ativistic coupled-cluster (RCC) corrections to the DFT calculation
of the cluster can also be done (see pilot combined study in27).

2 Computational details
The DFT method with hybrid PBE034 functional implemented in
the CRYSTAL code35 was used to carry out electronic structure cal-
culations of the xenotime crystal. This code allows one to use the
same PBE0 functional and basis sets as those in the cluster model
calculations, both one- and two-component, which are discussed
below. Thus, one can directly juxtapose results of these calcula-
tions.

The cluster model calculations were carried out with using the
two-component DFT code36. To avoid significant basis set super-
position error (BSSE) arising from presence of diffuse type or-
bitals at simulating the crystal structure, we use the relatively
small basis sets for such calculations. It is also important to note,
that using the same basis sets, atomic PPs and DFT-functional for
the periodic crystal and cluster model calculations allows one to
estimate reliably the errors arising from using the embedded clus-
ter model simulating the crystal fragment.

The PPs for yttrium developed by our group28,37 was applied to
exclude core shells from calculation such that only 11 outermost
yttrium electrons are treated explicitly. The uncontracted basis
set (5s4p3d)37 was used for these electrons.

The oxygen and phosphorus atoms are treated at all-electron
level, basis sets for them are taken from38.

We consider the following cluster model of xenotime crystal
to perform calculations of properties of Y, Th, U atoms in xeno-
time: the structural formula of our cluster is Y-(PO4)6-Y’22-O’104.
The main cluster, Y-(PO4)6, consists of the central yttrium (sub-
stituted later by uranium or thorium) atom and surrounding six
orthophosphate groups PO4 (see Figure 1). For the main-cluster
atoms, the same PP and basis sets for Y, P, O atoms were used
as for the periodic structure calculations. To reproduce the elec-
tronic structure of a fragment in a crystal (in particular, saturate
chemical bonds properly) we need first reproduce the oxidation
states of the atoms inside the fragment. For the main cluster
we have +3 for oxidation state of Y and -3 for each PO4 group.
Thus, 15 additional electrons should be added to the main cluster,
which, in turn, should be compensated by the charge of environ-
ment (see below).

The cationic layer of the cluster model, Y’22, consists of 22
yttrium pseudoatoms, which are modeled with using particular
kind of the “electron free” PP21, with respect to the Y+3 oxida-
tion state (“electron free” PP means here that we do not introduce

Fig. 1 Xenotime YPO4 cluster model. The cluster model structural for-
mula is Y–(PO4)6–Y’22–O’104. The anionic layer, O’104, is not presented
on this figure due to the limited space. The cationic layer pseudoatoms,
Y’22, are displayed as shaded spheres. The central yttrium atom Y1 and
P atoms of main cluster are denoted by corresponding labels. There are
three types of O atoms in the main cluster area – oxygen atoms of these
types labeled as O1, O2 and O3. The Y–O bond lengths between central
Y1 atom and oxygen atoms of types O1 and O2 differ from each other.
The atoms labeled as O1 belong to the one orthophosphate group in the
main cluster area, while atoms of the second type belong to two adja-
cent orthophosphate groups. The O3 atoms of the main cluster are not
chemically bonded to the central yttrium atom.
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additional electrons to the extended cluster under consideration
compared to the main one). The basis sets used for these atoms
were taken here the same as for the central yttrium atom.

The anionic layer, O’104, consists of the 104 oxygen-site nega-
tive point charges without addition of electrons to the cluster as
well. The net charge of 15 additional electrons to the main clus-
ter is completely compensated by the corresponding fractional
charges on yttrium (cationic) and oxygen (anionic) sites of the
environmental layers. In our approach, the additional charges on
these yttrium pseudoatoms as well as oxygen-site negative point
charges of the anion layer are considered as adjustable parame-
ters of the CTEP for xenotime.

In the present work, values of these charges were obtained by
minimizing root mean square (RMS) force | f | acting on the atoms
of the main cluster. This value is calculated as

| f |=

√√√√Nat

∑
i=1

(
∇iE)2

/
Nat , (3)

where E is the evaluated total energy of the cluster, Nat – number
of atoms in the main cluster (Nat = 31 for the xenotime cluster
model), and ∇i is the gradient operator with respect to coordi-
nates of nucleus of i-th atom.

The basis sets and PPs developed by our group37 were used for
calculations of xenotime with the U and Th point defect substi-
tutes of Y.

3 Results

3.1 Periodic structure calculation results

According to the experimental data39 the crystal system of the
xenotime YPO4 is tetragonal (lattice parameters a = b 6= c, α =

β = γ = 90◦). The space group is I41/amd and there are 3 non-
equivalent atoms Y, P, O in the unit cell.

The lattice parameters as well as positions of the atomic nuclei
within the unit cell of the crystal were optimized to achieve min-
imum of the total energy of the system. The results of calculation
are given in Table 1.

The computational errors include those of the approximate na-
ture of exchange-correlation PBE0 functional, the basis set in-
completeness (that is rather dramatic in practice for periodic and
many-atomic systems) and the PP errors. At the CTEP generation
stage (see the following section) we use the same DFT functional,
basis sets and PPs as in the periodic study calculation, however,
in subsequent small-cluster studies with CTEP, one can seriously
increase the basis set size and use small-core PPs to reduce the
corresponding errors. As a result, the PBE0 errors are expected
to be leading ones in the final DFT studies with CTEPs and can
be estimated by comparing theoretical results with experimental
data. Discussion about typical DFT errors (including PBE0 func-
tional) is given in paper40 and our PBE0 errors, which are about
0.04 Å for lattice parameters and Y–O and P–O bond lengths are
in line with those, that given in Ref.40.

Table 1 Results of the calculations of Y-(PO4)6-Y’22-O’104 cluster model
and xenotime crystal

expt. data crystal cluster
calculations model calculations

a = b, Åa 6.89 6.93 –
c, Åa 6.03 6.06 –
QY , a. u.b 2.6±0.1c

QO, a. u.b −0.4±0.3c

| f |, a.u.d 3.6×10−4

Y–O1, Åe 2.32 2.32 2.317±0.002
Y–O2, Åe 2.38 2.37 2.372±0.004
P–O, Åe 1.54 1.57 1.566±0.001

a The lattice parameters obtained from the DFT PBE0 34 periodic structure
calculations using the CRYSTAL 35 code; the experimental data are taken
from 39.
b The QY and QO are average additional charge values on the Y’ pseu-
doatoms of cluster cation layer Y’22 and on the O’ pseudoatoms of cluster
anion layer, correspondingly. The whole sets of these values were optimized
to minimize RMS force acting on the main-cluster atoms, when the atom
nuclei positions obtained from the crystal calculations are used.
c Standard deviation of the value x calculated on the sets of additional
charges of cation layer atoms for x=QY and of anion layer atoms for x=QO.
d RMS force acting on the atoms of the main cluster Y-(PO4)6. This value is
calculated from equation (3).
e The P–O, Y–O1 and Y–O2 bond lengths (see Figure 1). In the cluster model
calculations column, average values for the atoms of the main cluster are
represented. Errors for them are estimated as corresponding standard devi-
ations.

3.2 Calculation of CTEP parameters for cluster studies
The CTEP is generated for the cluster model of the xenotime
Y-(PO4)6-Y’22-O’104 (see Figure 1) using the calculated periodic
structure data. Due to the lower symmetry of the cluster, for
which only point group can be taken into account as compared
with xenotime crystal, the yttrium pseudoatoms of the cationic
layer are not equivalent to each other; the same is true for the
oxygen-site negative point charges of the anionic layer. This fact
leads to dispersion in values of additional charges on yttrium and
oxygen pseudoatoms. To provide estimation of this dispersion we
calculate standard deviations ∆QY , ∆QO as

∆QX =

√
1

NX
∑
a
(qa−QX )2, X = Y,O, (4)

where the QY , QO are the average additional charges on the yt-
trium and oxygen pseudoatoms, correspondingly, qa is the addi-
tional charge value on the pseudoatom, and we perform summa-
tion over all pseudoatoms indicies of the NCE for X=Y, and of the
NAE for X=O. The results of charge optimization procedure are
listed in Table 1.

Optimal values of charges QY are spread around average value
〈QY 〉 ≈ 2.6± 0.1, this value is in qualitative agreement with the
corresponding formal charge +3. RMS force acting on the main-
cluster atoms | f | is of the order of 10−4 a. u.

To obtain more illustrative estimate of quality of the described
cluster model, positions of the main-cluster atoms were optimized
to achieve minimum of the total energy of the system. During this

4 | 1–10Journal Name, [year], [vol.],
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Fig. 2 The radial dependence of electronic density differences for the
original (non-substituted) cluster. Solid line corresponds to the integral
of absolute difference d(r). Filled peaks at the bottom qualitatively rep-
resent the position of the neighbour atoms (color denotes atom type,
width at the bottom is equal to crystal radius, and the peak height is
proportional to the number (N on the right scale) of atoms at the same
distance to the center).

optimization process, positions of pseudoatoms from cationic and
anionic environmental layers were considered as fixed together
with the values of additional charges. Difference between the
optimized cluster and calculated crystal values for the Y–O and
P–O bond lengths is of the order of 10−3 Å, this value is much
less than the difference between the results of crystal calculation
and experimental data. Due to the symmetry lowering in cluster
model mentioned above, there is a dispersion in values of the
optimized Y–O and P–O bonds lengths in the cluster. We present
standard deviation of these values in the cluster (calculated by
the formula similar to Eq. 4), to show that errors arising from
symmetry lowering are of the order 10−3.

To estimate the reproducibility of the electronic properties of
the original non-substituted cluster, compared to the solid-state
calculations, electronic density cube files were obtained for the
periodic crystal study and for the cluster with CTEP. The cube
grid was chosen to be the same in both cases with the orthogonal
unit vectors of about 0.053 a.u.

As a quantitative criterion we provide the angle-averaged dif-
ference between the cluster and crystal electronic densities, cal-
culated by the following formula:

d(r) =
1

4π

∮
dΩ
∣∣ρcluster(~r)−ρcrystal(~r)

∣∣ ,
where the ~r is the radius vector of the point with origin in the
central atom nucleus site, the dΩ is the differential solid angle,
and the d(r) represents the absolute magnitude of difference.

This value is plotted at the Figure 2 as the solid line. The bot-
tom curves qualitatively represent the electronic density of atoms
from the main cluster. The black curve is the total density, and
the difference curve is multiplied by factor of 100.

3.3 Properties of Th and U in xenotime

The effective states of impurity uranium and thorium atoms in
xenotime were studied in calculations of the clusters with the
above constructed xenotime cluster model and the above gener-
ated CTEP, in which the central yttrium atom is substituted by the
U or Th atom. For both cases four different types of calculations
were carried out, with 15, 14, 13 and 12 additional electrons in
the main cluster (that is not neutral in the last three cases in con-
trast to the extended one at the CTEP generation step). The first
two calculations are corresponding to the cases of X+3 and X+4

(X= Th, U) oxidation states of the appropriate defects in xeno-
time. While the clusters with 13 and 12 additional electrons for
central uranium atom case correspond to the cases of the U+5

and U+6 oxidation states, analogous clusters with central thorium
atom correspond to the Th+4 oxidation state and ionized neigh-
boring PO4 groups (see Table 2). Positions of atoms in the main
cluster with actinides were optimized to minimize its total energy.
Results of these calculations are listed in Table 2.

To determine if the cases of 14, 13 and 12 additional electrons
in the main cluster correspond to the X+4, X+5, X+6 oxidation
states of the central atom X (Th or U), or not, Bader’s charge
analysis42 were performed for all the studied clusters with using
BADER code41. The evaluated Bader net charges show that the
case of 14 additional electrons corresponds to the X+4 substitute
in the main cluster (X=Th, U), whereas 13 and 12 additional
electrons in the main cluster correspond to X+5 and X+6 substitute
only for case of X=U.

The evaluated Y–O and P–O bond lengths show that the defects
of Th and U being in the +3 oxidation state deform the crystal
cell much more than those in the +4 oxidation state. This can be
explained by the fact, that despite the trivalent Th and U have the
same formal charge as Y+3 in YPO4, the tetravalent ones have sig-
nificantly smaller ionic radii20, which are comparable with that
of Y+3.

Let us consider spin density |~S(~r)| =
√

S2
x(~r)+S2

y(~r)+S2
z (~r) ap-

pearing around Th and U upon introducing the impurity atoms
into the crystal. It formed mainly by electrons on the open d and
f shells of these atoms. Since radial parts of electronic wavefunc-
tions of these shells are different, it is possible to estimate occu-
pations of these shells from the specific form of the spin density
distribution.

The spin density distributions in the clusters with impurity ura-
nium atom are presented on Figure 3. It follows from the data
that the numbers of electrons on the open 5 f -shell of U corre-
late with the numbers of additional electrons in the cluster. Note
that one cannot extract the corresponding information from the
conventional population or Bader analyses since they take into
account contribution of the f -orbitals to U-O bonding states that
largely compensate (more than on 50% the different numbers of
additional electrons.

The spin density distributions in the clusters with impurity tho-
rium atom are presented on Figure 4. From the data one can
conclude that there is one electron on the thorium valence shells
in the cluster with 15 additional electrons (this case corresponds
to the 6dx7s1−x configuration of the free Th3+ ion); in the case of
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Table 2 Properties of thorium and uranium impurity atoms in xenotimea

YPO4
a TPO (TPO)+1 (TPO)+2 (TPO)+3 UPO (UPO)+1 (UPO)+2 (UPO)+3

QX , bader charge, a. u.b 2.4 3.0 3.0 3.0 2.3 2.8 3.0 3.2
〈|~S|〉, a. u.c 1.1 0.0 1.2 2.4 2.8 1.9 1.1 0.0
P - O, Åd 1.56 1.56 1.54 – 1.58 1.54 – 1.58 1.54 – 1.56 1.56 1.55 – 1.59 1.54 – 1.62 1.51 – 1.67
X - O1, Åd 2.32 2.42 2.32 2.32 2.32 2.40 2.29 2.15 – 2.34 2.06 – 2.10
X - O2, Å 2.37 2.47 2.40 2.37 2.4 2.45 2.37 2.15 – 2.34 2.25 – 2.29
RX , Åd 0.9 1.04 0.94 1.00 0.89
∆Eion , eV e – – 3.5 18.0 35.0 – 6.2 11.2 25.0

a Results of the two-component DFT PBE0 calculations of the cluster models. The YPO4 column coressponds to the xenotime cluster model Y – (PO4)6-
Y’22-O’104, TPO and UPO correspond to the X – (PO4)6-Y’22-O’104, X = Th, U clusters, columns (XPO)+n , n = 1,2,3, X=Th, U correspond to the ionized
clusters.
b The Bader net charge values of the central atom QX (X=Y, Th, U) are obtained with using the computer code 41. It worth mentioning that the bader charges
of Th and U ions with equal formal charges also approximately equal. The equal Thorium ion charge values for the cases of (TPO)+1 , (TPO)+2 and (TPO)+3

clusters prove that ionization of the PO4 group occurs instead of further ionization of the central atom in the former two cases.
c The value of total spin for the system, calculated as 〈|~S|〉 =

∫√
Sx(~r)2 +Sy(~r)2 +Sz(~r)2dV . For the spin density distribution in the considered clusters, see

Fig 3 and Fig 4. The non-zero values of spin of the clusters (TPO)+2 and (TPO)+3 correspond to the unpaired electrons on the PO4 groups in these cases.
d Lengths of the P – O and X – O bonds. Ionic radii RX of the Th+4 and U+4 (see paper 20 and row RX of this table) are approximately equal to that of the Y+3

cation. This statement agrees with that the U+4, Th+4 substitutes incapsulated in the crystal deform their nearest environment in much less extent than U+3

and Th+3 substitutes.
e Energy of the cluster ionization XPO→ (XPO)+n, n = 1,2,3, X = U, Th calculated as difference between total energies of the corresponding systems.

the cluster with 14 additional electrons, which corresponds to the
Th+4 oxidation state, the 6d shell of thorium is unoccupied. The
presence of the spin density peak at 8 a.u. shows that the non-
zero total spin value of the clusters with 13 and 12 additional
electrons arise from unnatural ionization of the PO4 groups.

There are experimentally measurable properties of “an atom in
a compound”43 which correlate with oxidation state of a given
atom. First of all they are chemical shifts of Kα1 and Kα2 lines of
the x-ray emission spectra (transitions 2p3/2→ 1s, 2p1/2→ 1s, cor-
respondingly, see44,45). We have estimated values of the chemical
shifts for the Kα1,2 lines in thorium and uranium as yttrium sub-
stitutes in xenotime with respect to the corresponding free ion by
the method described in papers43,44. These data are presented
in Table 3. The chemical shifts of the thorium and uranium Kα1,
Kα2 lines are evaluated for the cluster models with 14, 13 and
12 additional electrons in the considered clusters with respect to
free U4+ and Th4+ cations. The chemical shifts of the specific line
differ from each other by approximately 100 to 200 meV, for the
cases corresponding to different oxidation states of the same im-
purity cation in xenotime. Difference between Kα1, Kα2 chemical
shifts in the Th-centered clusters with the same oxidation state of
thorium is almost zero.

3.4 Frequencies of the localized vibrational modes in the
xenotime

Consider frequencies of localized vibrational modes as property
of the impurity atoms in xenotime. Such properties for uranium
and thorium doped clusters are calculated compared to the clus-
ter with the parent yttrium ion. The vibrational modes in the case
of yttrium are, obviously, associated with the vibrational modes
of the whole crystal. Thus, one can additionally estimate quality
of the given cluster model comparing frequencies of these modes
with the results of calculations of xenotime crystal and experi-

Fig. 3 Radial electron densities corresponding to the 5 f and 6d one-
electron states of the uranium neutral free atom calculated with HFD

code46 (at top) and spin density |~S(r)|=
√

S2
x(r)+S2

y(r)+S2
z (r) distri-

bution as function of the distance from central uranium atom in the
U−(PO4)6−Y′22−O′104 clusters (at bottom). The spin density distribu-
tions of the clusters with 15, 14, 13 and 12 additional electrons (denoted
as UPO , (UPO)+1 , (UPO)+2 and (UPO)+3 , correspondingly) is almost
proportional to each other.
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Table 3 Uranium and Thorium x-ray emission spectra Kα1 and Kα2 lines chemical shifts in xenotime cluster calculations

U4+a U3+ UPO b (UPO)+1 (UPO)+2 (UPO)+3

χ2p1/2→1s1/2, meV c 0 259 189 -10 -174 -285
χ2p3/2→1s1/2, meV c 0 332 240 -15 -227 -372

Th4+ a Th3+ TPO b (TPO)+1 (TPO)+2 (TPO)+3

χ2p1/2→1s1/2, meV c 0 265 78 7 5 4
χ2p3/2→1s1/2, meV c 0 338 101 10 9 7
a Free U3+, U4+, Th3+, Th4+ ions with the electronic configurations calculated using the two-component DFT PBE0 framework.
b Cluster model calculations of Uranium and Thorium atoms in xenotime (see the Table 2 and the text of the paper for details.)
c The chemical shifts values of the energies of Uranium and Thorium Kα1, Kα2 transitions in xenotime with respect to the corresponding X4+ free ion are
obtained from the results of electronic structure calculations by the method described in works 43,44.

Fig. 4 Radial electron densities corresponding to the 6d and 7s one-
electron states of the free thorium ion with electronic configuration
[Rn]7s0.37p0.36d0.35 f 0.1 calculated with HFD code46 (at top) and spin den-

sity |~S(r)|=
√

S2
x(r)+S2

y(r)+S2
z (r) distribution as function of the distance

from central thorium atom in the Th−(PO4)6−Y′22−O′104 clusters (at
bottom). The spin density distributions of the clusters with 15, 14, 13
and 12 additional electrons (denoted as TPO , (TPO)+1 , (TPO)+2 and
(TPO)+3 correspondingly) are presented.

mental data. These values are listed in table 4.

Analysis of the frequencies is complicated due to different sym-
metries of the used cluster model and crystalline structure. The
cluster symmetry lowering, mentioned above, leads to many-to-
one correspondence between frequencies obtained from the clus-
ter and crystalline calculations. As it follows from our cluster
calculations with CTEP modeling the crystal environment, the ab-
solute errors in the vibrational frequencies are within 50 cm−1

by the order of magnitude compared to the cristalline study and
experimental data.

Table 4 Vibrational frequencies in the xenotime, cm−1

crystal calculationsa cluster model calculationsb exptc

B1g 189 178±3 185
Eg 200 199±3 210
A2g 217 211 –
Eu 223 228 230
B2g 293 253±20 331
Eg 296 299 299
A2u 320 319±5 307
B1g 326 319±5 316
Eu 346 337 325
A1u 390 362±2 –
A1g 487 484±4 485
Eu 488 508±6 523
B2u 553 530±5 –
Eg 558 549±5 581
A2u 631 652±6 637
B1g 656 659
B2u 978 973
A1g 992 964±10 1001
Eu 1004 1015 997
Eg 1034 1039±7 1026
B1g 1084 1057±2 1058
A2u 1085 1091±5 1059
a YPO4 crystal structure DFT calculations were performed with using CRYS-
TAL computer code with the PBE0 exchange-correlation functional.
b Cluster model calculations data. Frequencies are estimated as eigenvalues
of the mass-weighted Hessian calculated for the optimal cluster geometry.
Every frequency value obtained from the crystalline structure calculations
corresponds to the group of the cluster model frequencies. In this column
average frequencies and deviations from them are listed for each group.
c Experimental data provided from papers on the Raman and IR spec-
troscopy analysis of xenotime crystal 47–49.
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The frequencies of normal localized vibrational modes for the
clusters with the U and Th substitutes of central Y atom are com-
puted and presented in Table 5 along with the results of calcula-
tions of normal modes in the xenotime cluster model discussed
above. These values depend, obviously, both on chemistry of the
central atom and features of its environment and one can note
that most of localized modes are associated with interaction of
orthophosphate groups with NCE layer in the cluster model. The
frequencies of these modes are almost the same for all considered
clusters and we did not include them to the table.

Although the results obtained for all cluster models almost co-
incide, one can see that the frequencies greater than 1000 cm−1,
which correspond to the normal modes of the orthophosphate
groups near central atom depend first on its oxidation state –
frequencies of normal modes in the clusters with the Y+3, U+3

and Th+3 central ions differ much less from each other than from
those in the clusters with U+4 and Th+4 ions.

Table 5 Frequencies of localized vibrational modes for the Uranium and
Thorium impurity ions in the xenotime, cm−1

YPOa UPO TPO (UPO)+1 (TPO)+1

228b 213 190 226 227
236 220 208 234 232
275 257 250 277 272
280 264 276 295 291
299 279 280 307 297
299 288 288 317 304
480 446 447 480 477
643 599 612 633 632
958 898 931 962 949

1017 995 1000 987 981
1017 1019 1024 987 986
1034 1034 1030 1005 997
1034 1036 1033 1012 1003
1036 1037 1040 1012 1008
1104 1103 1107 1134 1132
1123 1131 1125 1161 1149
1123 1131 1143 1161 1155
1133 1141 1147 1167 1170

a The YPO stands for the neutral xenotime cluster model (with the Y+3 ion
in center of the cluster), The TPO and UPO stand for cluster with Th+3 and
U+3 impurity ions correspondingly. The clusters with the Th+4 and U+4 ions
are denoted as (TPO)+1 and (UPO)+1 correspondingly.
b Frequencies were estimated as eigenvalues of the mass-weighted Hessian
calculated for the optimal cluster geometry.

4 Discussion
The obtained result about energetically most profitable oxidation
state uranium(III) (to avoid misleadings arabian designation of
both ionic and oxidation states for U and Th, we use below only
roman designations for their oxidation states) is in somewhat con-
tradiction with only observed oxidation state U(IV)5. Our cal-
culations show that substitution of U(III) instead of Y(III) does
not lead to local geometry compression of the U-neighboring or-
thophosphate groups; they are rather shifted and rotated as a
whole (xenotime-to-monazite like structure transformation) with

respect to the central atom. Authors of5 explained absence of the
data on existence of U(III) in the crystal by too reducing condi-
tions to form trivalent U in xenotime (see “Introduction”). How-
ever, an open question is why the trivalent uranium was also not
found in single-atom point defects in natural xenotime, i.e. after
geologic-scale storage time?

Our calculations show (see Table 2) that ionization of an elec-
tron in the U(III)–(PO4)6 fragment leads (after its relaxation) to
its [U(IV)–(PO4)6]+ state (note, that ionizing radiation is inher-
ent to actinide-containing minerals). In turn, electron attach-
ment (EA) to the orthophosphate groups in [U(IV)–(PO4)6]+ can
hardly be suggested as expected (LUMO energy for orthophos-
phate group is positive) and only direct EA to vacant 5 f states
of U(IV) is energetically profitable (5 f -LUMO energy of U(IV)
is ≈− 0.2 a. u.) but its ionic radius (∼5 f -orbital size), that is
only ∼0.1 nm compared to that of whole main cluster, ∼0.6 nm,
and high angular momentum (l=3) dramatically reduce such a
probability. So, we expect that ionization of U(III)-in-xenotime is
much more likely than the electron affinity in U(IV)-in-xenotime.
Add here that ambient-electron transfer through the orthophos-
phate barrier from other defects is also unlikely. In turn, ion-
ization of U(IV)-in-xenotime is not profitable compared to the
electron affinity to U(V)-in-xenotime since the total Bader charge
on neighboring orthophosphate groups, (PO4)6, is about 1.3 a.u.
smaller for U(V)-in-xenotime than that for the case of lowest-
energy U(III)-in-xenotime as one can see from Table 2. As a
consequence, the (PO4)6 group around U(V) has a positive elec-
tron affinity in our estimates. The detailed radiation analysis
of actinide-containing xenotime is not a subject of the present
quantum-chemical research, it requires particular consideration
elsewhere. The other reason for unobservability of U(III)-in-
xenotime is that substitution of neighboring atoms by those with
smaller oxidation state takes place in natural xenotime since it
may also contain minor Ca(II) on Y site, Si(IV) on P(V) site, F(I)
on O site and other elements, which can dramatically change the
relative profitability of U(IV) vs. U(III) as is estimated here. Be-
sides, as is noted in Introduction, some more complicated local
structures can be more profitable energentcally than solitary U or
Th impurities, which can inlcude three neihboring U (Th) atoms
as substitutes of Y together with one Y-site vacancy, etc.

5 Conclusions
Results of the embedded cluster calculations of properties of point
defects in xenotime containing Th and U atoms are presented and
discussed. The electronic structure studies are performed using
hybrid DFT functional, PBE034, and different versions of the gen-
eralized relativistic pseudopotential theory28. The cluster model
Y–(PO4)6–Y’22–O’104 for xenotime YPO4 was used.

The validity of this model is justified by comparing the optimal
Y-O and P-O bond lengths obtained from the cluster calculations
and corresponding values from the YPO4 periodic study. Differ-
ences between the bond lengths obtained from the cluster model
and periodic crystal calculations are of the order of 0.001 Å and
are much smaller than differences between results of the crys-
tal structure calculations and experimental data, which are about
0.04 Å. One can conclude that the errors, arising from using the
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cluster model are smaller by order of magnitude than those aris-
ing from using the PBE0 approximation.

The cluster model calculations of the vibrational frequencies
are also carried out. Frequencies obtained in these calculations
differ from those obtained in the crystalline calculations and the
available experimental data less than 10%

A good agreement of results of cluster modeling and periodic
structure calculations for xenotime show that the suggested clus-
ter model with CTEP provides reliable data on the total energy
as function of coordinates for the main-cluster atoms. This leads
to the possibility of studying embedding of uranium and thorium
atoms into the crystal in the framework of the suggested cluster
model.

The optimized atomic positions and vibrational frequencies in
the cluster study with CTEP are almost equal to those, obtained
from periodic structure calculations. Thus, one can conclude that
first and second derivatives of total energy with respect to the
atomic coordinates are also close.

Using suggested cluster model, the properties of X = U, Th in
xenotime were calculated. It has been shown that the oxidation
states X(III) are energetically more favorable than X(IV) for the
solitary U and Th impurities (∆E ≈ 5 eV).

The x-ray emission spectra chemical shifts of Kα1, Kα2 lines
of Th and U in xenotime compared to the free Th4+, U4+ ions
were calculated within the cluster models corresponding to the
U(III), U(IV), U(V), U(VI) as well as Th(III) and Th(IV) oxi-
dation states of the actinide cations in xenotime. The chemi-
cal shift values correlate with the formal charge of the cations,
Bader net charges and spin density cluster distributions. Both
Th–(PO4)6–Y’22–O’104 cluster models with 13 and 12 additional
electrons describe Th(IV) oxidation state in different environ-
ments, accordingly; the thorium Kα1 and Kα2 lines chemical shifts
in these cluster models almost equal to each other.

The present calculations of xenotime with solitary Th and U
impurities are pilot ones for materials containing actinides within
the CTEP approach. Our coming next studies will include sev-
eral f elements in a local defect of tantalum-niobate minerals (on
the example of fersmite crystal with basic formula Ca(Nb,Ta)2O6)
and the structures containing periodically arranged lanthanide
atoms, which can have open 4f shell, on examples of YbF2 and
YbF3 crystals (the latter development of CTEP can also be con-
sidered in context of studing line and planar defects in minerals).
The further systems of our interest include magnetic materials,
crystals and matrices with localized excitations. The phenomena
which are planned to be studies using CTEP method include in-
trinsic localized modes25 and molecular rotors24, electronic tran-
sitions and magneto-optical effects in point defects26. One of at-
tractive perspectives of the CTEP method is in reliable studying
those properties of ferroelectrics which cannot be measured but
required for interpretation of experiments on search for a “new
physics” in the materials (see27 and refs.).
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