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Discussed is the mathematical model of the formation of hydrograph of the catastrophic fl ood of lakes 
overlapped in general case by a glacier of arbitrary thickness. This model is a further development of the Yu.B. Vi-
nogradov’s mathematical model created in 1976, which still has not lost its topicality. Some improvements to 
this model have resulted in descriptions of the evolution of outburst fl ooding of subglacial and intraglacial water 
bodies. The use of the bathymetric data eo ipso increasing the modelling accuracy is the main advantage of the 
model. Evaluation of the correctness of the modeling has been carried out for the process of intraglacial lake 
outburst in Dålk Glacier, East Antarctica, in 2017. 
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INTRODUCTION

As it was likewise defi ned by W.M. Davis [1962] 
in his concept of landscape-development stages, the 
life cycle of a body of water developing within the 
cryosphere begins from its inception, which is fol-
lowed fi rst by the steady-state, and then by its degra-
dation, until the water body completely ceases to ex-
ist. The fi nal phase is often accompanied by the onset 
of period of outburst fl oods generally termed glacier 
lake outburst fl ood (GLOF). This phenomenon re-
fl ects the natural glacial and subglacial processes dy-
namics. Predicting glacial outburst fl oods in itself is a 
challenge, and is almost impossible with respect to 
intraglacial or subglacial reservoirs. This is associated 
primarily with the fact that water bodies characte-
rized by rapid discharges are usually located in hard-
to-reach areas where systematic observations are un-
available. The characteristics of glacial outburst 
fl oods are therefore commonly derived from the apos-
teriori information.

Given that most implications of outbursts of gla-
cial and subglacial lakes may entail essential damage 
to the surrounding area and even can potentially 
cause human casualties [Vinogradov, 1977; Fowler, 
1999; Richardson and Reynolds, 2000; Björnsson, 2002; 
Chernomorets et al., 2003, 2007; Popovnin et al., 2003; 
Popov et al., 2017], the question as to whether there 
are alternative ways of obtaining relevant information 
is critical. Physical modeling, which is certainly ca-
pable of providing most accurate representations, can 
be one of the options, however in practice this tech-
nique is often seen to be too costly or sophisticated. 
This can be exemplifi ed by the experiments on artifi -
cial mudfl ow dammed natural stream channel. To the 
best of the authors’ knowledge, the pioneering at-
tempts were guided by S.P. Kavetsky [1957]. The 
large-scale works conducted on August 27, 1972 and 
August 19, 1975 by the KazNIGMI staff  and led by 

Yu.B. Vinogradov at the unique site for studing the 
mudfl ow phenomena on the Chemolgan river (Kara-
say, Almaty region, USSR) yielded most important 
results and fi ndings [Vinogradov, 1976]. These were 
pre sented in a 19- min scientifi c research-based mo vie 
titled “A Word about Mudfl ow” fi lmed by the Kazakh 
Research Institute of Hydrometeorology (KazNIG-
MI). Some slides from the movie are shown in Fig. 1.

Advances in computing technologies during the 
past decade have enabled mathematical modeling to 
become another alternative way to obtain informa-
tion about the dynamics of certain natural phenome-
na and processes. The foundations of contemporary 
modeling of catastrophic lake water discharge were 
laid in the 70s of the last century. J. Nye’s pioneering 
fundamental research into this problem is presented 
in [Nye, 1976], whose model is underpinned by the 
glacier hydrology (theory of channelized water fl ow 
through glaciers) discussed in detail in [Röthlisberger, 
1972]. Numerous scientifi c works have been devoted 
to the study of rapid water discharges from lakes in 
mountainous areas. In respect to polar regions, this 
subject matter has gained the greatest traction after 
the discovery of subglacial lake Vostok [Ridley et al., 
1993; Kapitsa et al., 1996] and subglacial floods 
(jökulhlaups) [Wingham et al., 2006]. Numerous 
overviews and detailed descriptions of contemporary 
models which focus on various aspects of this process, 
have been amply discussed in the scientifi c publica-
tions [Björnsson, 1992, 2002; Clarke, 2003; Evatt et al., 
2006; Fowler, 2009; Pattyn, 2013], as well as in the de-
dicated monograph [Glazovsky and Macheret, 2014].

The mathematical model proposed in this paper 
is an extension of the earlier version developed by 
Yu.B. Vinogradov [1976]. Its main advantage consists 
in the comprehensive approach, since, on the one 
hand, it adheres to the strictness of physical laws, 
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and, on the other hand, includes initial and boundary 
conditions that can be obtained from fi eld measure-
ments. From among the existing calculus methods, 
this model uses data and parameters that can be de-
rived from empirical relations while performing fi eld 
works without involving calculations. Basically, this 
model was used to estimate the volume of outburst 
fl oods in mountainous areas [Gnezdilov et al., 2007; 
Kidyaeva et al., 2018], however, our research has 
shown its appropriateness for studying this phenom-
enon in polar regions.

DESCRIPTION
OF THE MATHEMATICAL MODEL

We use the Yu.B. Vinogradov’s mathematical 
model [1976] for evaluation of the processes occur-
ring during devastating GLOFs. Let us consider a wa-
ter body with depth Hw which is overlapped by the 
glacier with ice thickness Hr and assume that a slop-
ing channel with sectional area ω generally develops 
in its bottom part during the outburst fl ood. Consider 
the movement of an infi nitely small volume of water 
along the tunnel (fl ow path) at a distance l, corre-
sponding to the elevation diff erence Δh (Fig. 2).

Fig. 1. Modeling of artifi cial mudfl ow in the Chemol-
gan river basin. 
а – a dam used for constructing a water reservoir; b – water 
discharge from a reservoir; c – mudfl ow set in motion.

Fig. 2. Schematic representation of a water body 
and discharge water channel in the discussed mo-
dels.
ρw – water density in lake; Hw – lake depth (to the mid point of 
the channel slope); l – channel slope depth; Δh – diff erence be-
tween heights of the channel slope; ω – cross-sectional area of 
the channel slope; t1, t2 – infl owing/outfl owing water tempera-
ture in the sloping channel; ρi – density of the tunnel substra-
tum; Ws – volume of lake water between the overburden and 
mid point of the channel slope; Hr – overburden thickness; 
ρr – overlying glacier density generally inconsistent with ρi.
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At the initial moment of time, infi nitely small 
volume of water has some potential energy Ep, which, 
upon reaching the terminal point, goes into the ki-
netic energy of water movement, as well as the energy 
consumed on heating the fl ow and on melting of the 
ice walls of the channel:

 
2

,
2p w w w i i

vE m c m t V= + Δ + λ ρ  (1)

where mw is the weight of infi nitely small volume of 
water; v is its fl ow velocity; cw is specifi c heat capacity 
of water (4190 J/(kg ⋅°C)); λ is the specifi c heat of fu-
sion of ice (3.34 ⋅105 J/kg); Vi is the volume of melted 
ice; ρi is its density (917 kg/m3) [Paterson, 1981]; Δt 
is the temperature diff erence at the tunnel closure t2 
and in the lake t1 (Δt = t2 – t1). Here and below the 
dimensions are given in the SI units.

The potential energy Ep of the elementary volu-
me of water consists of the potential energies of the 
position and pressure. The fi rst value is related to the 
vertical movement of the elementary volume of water 
at Δh, and the second value – with the pressure in 
excess due to the overburden (the water thickness 
above and the overlapping glacier). Given that, pure-
ly hypothetically, the density of the overlying glacier 
and the channel walls may diff er, we will de sig nate 
the potential energy of pressure as ρr, and most likely, 
ρr = ρi. Thus,
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where ρw is density of water (1000 kg/m3); g is free fall 
acceleration (gravity factor) (9.8 m/s2).

By equating (1) and (2) and considering that 
mw = QρwΔT, we express Vi as 
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where Q is water discharge per time interval ΔT.
We obtain the ratio in order to change the chan-

nel cross-sectional area dω, dω  =  Vi/l. Following 
Yu.B. Vinogradov [Vinogradov, 1976, 1977; Vinogra-
dov and Vinogradova, 2010], we will assume that 
v → 0. Then
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where dW = QΔT in itself, represents the considered 
elementary volume of water.

In his model, Yu.B. Vinogradov proposed to ex-
press the lake depth Hw through the volume of water 
W as a power function written as Hw = aWm [Vinogra-
dov, 1976, 1977; Vinogradov and Vinogradova, 2010]. 
Figure 3 shows real dependences Hw = F(W) built for 
three Antarctic subglacial water bodies and under-

pinned by well studied bathymetries. These are sub-
glacial lakes (Vostok [Popov and Chernoglazov, 2011], 
Concordia [Thoma et al., 2009] and Ellsworth [Ross et 
al., 2011]), as well as a series of water bodies located 
in the area of Progress station (Larsemann Hills, East 
Antarctica).

As it follows from Fig. 3, these absolutely diff er-
ent water bodies have generally identical distribution 
patterns, and therefore the presence of functional de-
pendence Hw = F(W) appears perfectly reasonable. 
However, the proposed approximation by power 
function (given for each lake) does not always refl ect 
it realistically (Fig. 3). 

To obtain more accurate ratios between ω and W 
we integrate (4) allowing for the remarks stated, giv-
en the conditions corresponding to the GLOF’s start-
ing point and to a certain time T. Since the channel 
has not formed at the initial moment of time, the 
lower limit of integration over its cross-sectional area 
dω is equal to zero. At this time point, the volume of 
water in the lake to the channel’s midpoint depth is 
known and equal to Ws. This is the upper limit of in-
tegration with respect to dW. We therefore have

  ( )( ) ( ) .
sW

w
w s
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l
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Let us turn now to the integral remaining in the 
right part of the expression (5) which corresponds to 
region under the curve of function defi ned by tabular 
data Hw = F(W) in the interval between W and Ws. It 
would be logical to assume that the best result within 
the frames of the considered model can be derived 
from calculating specifi cally on real curves shown in 
Fig. 3 as an example. This can best be achieved by 
numerical integration using any of the known meth-
ods. In the calculations, the authors used the trape-
zoid method [Mochalov and Tsukerman, 1982; Volkov, 
1987]. We use S(W) to denote the result of numerical 
integration of arbitrary function Hw = F(W) at cer-
tain W. Then, taking into account its calculus meth-
od, we will write the ratio (5) as

 ( )( ) ( ) .w
w s

i
g c t W W W g

l
ρ
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S  (6)

In [Vinogradov, 1976, 1977], the author provided 
a substantiation of the use the model of a “short tube” 
which allowed to estimate the discharge

 ( )1.25 ,Q W= αω F

where α is some dimensionless empirical coeffi  cient.
Then the ratio (6) takes the form
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Fig. 3. A relationship between the volume of water masses and depth for lakes: Vostok (а), Ellsworth (b), 
Concordia (c), lake within Dålk Glacier (d), Scandrett (e) and Discussion (f) lakes.
Dashed line shows the power law fi tting of real data. 
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The approximate dependence α on the tunnel 
with length l, derived from the fi eld measurements, is 
given in [Vinogradov and Vinogradova, 2010]. In the 
interval between 1.9 and 50 km, it can be approxi-
mated by the relation

 lg α = –1.124 lg l + 0.7289 (8)

within the accuracy of 2 %, with l expressed in kilo-
meters. For limit values (see fi gure in [Vinogradov 

and  Vinogradova, 2010]) we have 
0

lim ( ) 2.7,
l

l
→

α =  

lim ( ) 0.07.
l

l
→∞

α =  By omitting further calculations, the 

ratio for the diff erence in water temperatures in the 
lake and the tunnel, taking into account the new ex-
pression for Hw:
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Upon substituting (9) into (8), our model reach-
es its fi nal form 
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The solution of this equation cannot be obtained 
analytically, however given that (10) might be repre-
sented by F(Q, W) = 0, it is solved numerically, in 
particular, by the Newton’s method [Volkov, 1987]. 
We thus obtain a hydrograph, i.e. the rate of fl ow (dis-
charge) Q over time T. This problem is solved numer-
ically as well. To do this, we divide the total amount 

of water Ws fl owing from the lake into J parts (J → ∞), 
with each having volume δW = Ws/J. Then, according 
to (10), the discharge Qj corresponds to the j-th vo-
lume Wj = jδW. Besides, the volume of water δW cor-
responding to this discharge transferred through the 
cross section of a tunnel over the time is δTj = δW/Qj. 
The total time Tj (since the water of lake broke the ice 
blockage) has amounted to
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Expressions (10) and (11) are found appropriate 
for compiling a computer program (which actually is 
a product of this study) applicable to calculating the 
desired hydrograph [Popov et al., 2018b].

MODELING OF GLACIAL 
AND SUBGLACIAL LAKE OUTBURSTS

In order to evaluate correctness of the above dis-
cussed model, we consider in detail the outburst fl ow 
of englacial reservoir formed in the area of Dålk gla-
cier, East Antarctica [Popov et al., 2017]. According 
to the tachymetry and GPR surveys, the lake volume 
is 708 690 m3 [Boronina et al., 2018]. This water body 
is physically described as: rounded in shape; the 
coastline is slightly indented; the slopes are mostly 
steep, sometimes vertical; the linear dimensions are 
188 × 250 m; the average depth is about 27 m [Boroni-
na et al., 2018; Popov et al., 2018a]. Proceeding from 
the preliminary assumptions, the water body is lo-
cated within the glacier (i.e. intraglacial), and during 
the initiation of outburst fl ooding, an inclined (slop-
ing) channel forms in its bottom portion with a length 
of 1134 m, which corresponds to the distance from 
the lake border to the glacier front. According to the 
airborne geophysical data, the elevation diff erence in 
the tunnel between the infl ow and outfl ow is 764 m 
[Popov and Pozdeev, 2002; Popov and Kiselev, 2018]. 
In a number of cases, the outburst flood discharge 
hyd rograph was estimated from a series of calcula-
tions. The fi rst hydrograph was calculated for the real 
situation when the ice thickness on the lake was 0 m, 
i.e. the amount of ice varies from insignifi cant to non-
existing (Fig. 4, curve 1). Other synthetic hydro-
graphs were calculated for a hypothetical situation 
when the thickness of the overlying ice is 1, 2 and 
3 km, respectively (Fig. 4, curves 2–4).

The temperature in the water body for all the 
simulation cases is assumed to be 0 °C, based on the 
assumption that it is overlapped by either a thick gla-
cier or a small layer of seasonal ice, i.e. lake water is at 
the phase transition temperature (its dependence on 
pressure was ignored). The density of the dam (ice 
blockage) broken through by the suffi  ciently accumu-
lated water is 910 kg/m3 [Paterson, 1981]. The em-
pirical parameter α was calculated based on the tun-
nel length l, using the ratio (8).

Fig.  4.  Modeled glacier lake outburst discharge 
hydrographs for varying thicknesses of the overlap-
ping glacier. 
1 – 0 km; 2 – 1 km; 3 – 2 km; 4 – 3 km.
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The model calculations have shown, that the ti-
me from the initiation of water outfl ow to its peak 
discharge tends to increase, as the overlying ice thick-
ness decreases. The largest fl ow rate (among all the 
conside red scenarios of outburst fl oods) is observed 
in the fourth case with the overlying glacier 3 km in 
thickness. The fl ow reached maximum after 1 hour 
48 mi nu tes from the start of discharge and its drain-
age capacity was about 920 m3/s. When the peak is 
passed, the outfl ow rate fi rst sharply falls, then com-
pletely ceases after 1 h 54 min. 

A similar situation is observed with intermediate 
glacier thicknesses over the lake. The hydrograph 
shape remains to be asymmetric showing a gentle rise 
combined with sharp decline. However, the maxi-
mum discharge rates are tending to be lower: about 
630 and 370 m3/s at glacier thickness of 2 and 1 km, 
respectively. The time of their inception also increas-
es as the glacier decreases in thickness. Thus, the gla-
cier lake discharge was peaking after 2 h 38 min (the 
overlying ice thickness: 2 km), and after 4 h 28 min 
(ice thickness: 1 km). A similar pattern is characteris-
tic of the period of the discharge decline which start-
ed after reaching its peak value: 8 min after the maxi-
mum value in the second calculation case (glacier 
thickness: 2 km); and about 15 min in the third case 
(glacier thickness: 1 km).

The situation somehow diff ers in the absence of 
ice cover on the lake. The lake outfl ow hydrograph is 
also characterized by negative asymmetry with a gen-
tle rise, whereas the discharge declines less sharply. 
The glacial lake discharge reaches its maximum 
(141 m3/s) after 11 h 27 min from the GLOF onset, 
and complete termination of the drainage occurred 
after 12 h 9 min from the release of outfl ow. The dif-
ference between the discharge volumes is quite un-
derstandable if we keep it in mind that in the fi rst 
case we have water pressure in excess of about 
270 atm of the glacier overburden pressure. The con-
sidered model can also be applied to glacial lake break 
through the ice-snow and snow dam, by changing the 
λ and ρi values for the relation (10), accordingly.

CONCLUSION 

The results presented have allowed an inference 
that the application of the adapted Yu.B. Vinogradov’s 
model is appropriate for calculating the outfl ow hyd-
rographs formed during the glacial lake outburst 
fl oods (both intraglacial and subglacial lakes). This 
also enables evaluation of the outburst flood dis-
charge variation over time, its maximum volume and 
the total time of hydraulic transmissivity, i.e. to quan-
tify this process. Besides, in the case when the fl ood 
path is formed not at the lake bottom, it is possible to 
estimate the volume of fl ood discharge. The model 
also allows to calculate the hydrograph at any dis-
tance from the outburst fl ood center. Importantly, the 

calculated hydrograph is not only of great scientifi c 
and applied interest, but it equally allows to use the 
data obtained as correct initial conditions for the mo-
dels of extensive fl ood-aff ected areas and predicting 
the propagation of surges of devastating fl oods.
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