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Ïóñòü íà åäèíè÷íîé îêðóæíîñòè íåçàâèñèìî äðóã îò äðóãà ïîñòàâëåíî n ñëó÷àéíûõ
òî÷åê ñ ðàâíîìåðíûì ðàñïðåäåëåíèåì. Îáðàçóåì âûïóêëûé ñëó÷àéíûé n-óãîëüíèê ñ
âåðøèíàìè â óêàçàííûõ òî÷êàõ. Êàêîâà åãî ñðåäíÿÿ ïëîùàäü è ñðåäíèé ïåðèìåòð?
Âîïðîñ î ñðåäíåé ïëîùàäè áûë ðåøåí â [1], çäåñü âû÷èñëÿåòñÿ çíà÷åíèå ñðåäíåãî ïåðè-
ìåòðà. Ïîïóòíî îáñóæäàåòñÿ âîïðîñ î ñêîðîñòè ñõîäèìîñòè ýòîãî âûðàæåíèÿ ê ïðåäåëó.
Íàéäåíà òàêæå ñðåäíÿÿ äëèíà ñóììû êâàäðàòîâ äëèí ñëó÷àéíîãî âïèñàííîãî òðåóãîëü-
íèêà. Áèáëèîãð. 9 íàçâ.

Êëþ÷åâûå ñëîâà: ñëó÷àéíûé ìíîãîóãîëüíèê, ïåðèìåòð, âûïóêëîñòü, ðàâíîìåðíîå ðàñ-
ïðåäåëåíèå.

1 Ââåäåíèå

Ðàññìîòðèì åäèíè÷íóþ îêðóæíîñòü, íà êîòîðîé íåçàâèñèìî äðóã îò äðóãà è ðàâíî-
ìåðíî ðàñïðåäåëåíû n ≥ 3 ñëó÷àéíûõ òî÷åê X1, . . . , Xn. Ïîñòðîèì ïî ýòèì òî÷êàì
âïèñàííûé âûïóêëûé n-óãîëüíèê. Èíòåðåñíûé âîïðîñ ñîñòîèò â òîì, ÷åìó ðàâíû ñðåä-
íèå çíà÷åíèÿ ìåòðè÷åñêèõ õàðàêòåðèñòèê ýòîãî ìíîãîóãîëüíèêà, íàïðèìåð, ïëîùàäè è
ïåðèìåòðà, è íàñêîëüêî îíè îòëè÷àþòñÿ îò ñîîòâåòñòâóþùèõ ìåòðè÷åñêèõ õàðàêòåðè-
ñòèê ïðàâèëüíûõ âïèñàííûõ ìíîãîóãîëüíèêîâ, íà êîòîðûõ, êàê èçâåñòíî, äîñòèãàþòñÿ
ìàêñèìàëüíûå çíà÷åíèÿ ïëîùàäè è ïåðèìåòðà [2]. Èíòåðåñ ê ñëó÷àéíûì ìíîãîóãîëü-
íèêàì îæèâèëñÿ â ïîñëåäíåå âðåìÿ â ñâÿçè ñ ðàçâèòèåì òåîðèè òàê íàçûâàåìûõ U -max
ñòàòèñòèê [3], [4], [5].

Ðàññìàòðèâàåìóþ çàäà÷ó äëÿ ñðåäíåé ïëîùàäè An ñëó÷àéíûõ n-óãîëüíèêîâ ðåøèë
Ê. Áðàóí â [1]. Îí ïîëó÷èë äâå ïîõîæèå ôîðìóëû äëÿ ÷åòíûõ è íå÷åòíûõ n. Äëÿ
íå÷åòíûõ n = 2m+ 1 èì äîêàçàíî, ÷òî

EA2m+1 =
(2m+ 1)!

22m+1π2m
(−1)m

m∑
k=1

(−1)k
(2π)2k−1

(2k − 1)!
. (1)

1 c⃝ Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, 2019
2 Ðàáîòà ß. Þ.Íèêèòèíà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòà ÑÏáÃÓ�ÍÍÈÎ 6.65.37.2017,

à ðàáîòà Ò.À. Ïîëåâîé - ïðè ïîääåðæêå Ïðàâèòåëüñòâà ÐÔ, ãðàíò 08-08.
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Â òàêîé ôîðìå ñóììó â ïðàâîé ÷àñòè ìîæíî òðàêòîâàòü êàê ÷àñòè÷íóþ ñóììó ðàç-
ëîæåíèÿ â ðÿä âåëè÷èíû sin 2π.

Ïðè ÷åòíûõ n = 2m+ 2 ôîðìóëà Áðàóíà ïðèíèìàåò âèä

EA2m+2 =
(2m+ 2)!

22m+2π2m+1
(−1)m

m∑
k=1

(−1)k
(2π)2k

(2k)!
, (2)

çäåñü ñóììà â ïðàâîé ÷àñòè ÿâëÿåòñÿ ÷àñòè÷íîé ñóììîé ðàçëîæåíèÿ â ðÿä âåëè÷èíû
1− cos 2π.

ßñíî, ÷òî âûïèñàííûå âûøå âûðàæåíèÿ äëÿ EAn ñòðåìÿòñÿ ê π, ïëîùàäè åäèíè÷íî-
ãî êðóãà. Èíòåðåñóÿñü âîïðîñîì î ñêîðîñòè ýòîé ñõîäèìîñòè, Ê. Áðàóí äîêàçàë, ÷òî ïðè
n → ∞ ñðåäíåå çíà÷åíèå EAn ñòðåìèòñÿ ê π â 6 ðàç ìåäëåííåå, ÷åì ïëîùàäü n

2 sin 2π
n

ïðàâèëüíîãî âïèñàííîãî n−óãîëüíèêà ñòðåìèòñÿ ê òîìó æå ïðåäåëó.
Â äàííîé ðàáîòå ìû íàéäåì ôîðìóëû äëÿ ñðåäíåãî çíà÷åíèÿ ïåðèìåòðà Pn âû-

ïóêëîãî n-óãîëüíèêà, âåðøèíàìè êîòîðîãî ÿâëÿþòñÿ n ñëó÷àéíî âûáðàííûõ òî÷åê íà
åäèíè÷íîé îêðóæíîñòè ñ ðàâíîìåðíûì ðàñïðåäåëåíèåì. Ìû ïîêàæåì, êðîìå òîãî, ÷òî
ñêîðîñòü ñõîäèìîñòè ñðåäíåãî çíà÷åíèÿ ïåðèìåòðà ê äëèíå îêðóæíîñòè 2π òàêæå â 6
ðàç ìåäëåííåå, ÷åì ñêîðîñòü ñõîäèìîñòè ïåðèìåòðà 2n sin π

n ïðàâèëüíîãî âïèñàííîãî
n-óãîëüíèêà ê ýòîìó æå ïðåäåëó. Ñâåðõ òîãî, áóäåò âû÷èñëåíî ñðåäíåå çíà÷åíèå ñóììû
êâàäðàòîâ äëèí ñòîðîí ñëó÷àéíîãî âïèñàííîãî òðåóãîëüíèêà.

2 Ôîðìóëû äëÿ ñðåäíåé äëèíû ïåðèìåòðà

Îñíîâíîé ðåçóëüòàò íàñòîÿùåé ðàáîòû èìååò ñëåäóþùèé âèä.

Òåîðåìà 1. Â óêàçàííûõ âûøå ïðåäïîëîæåíèÿõ äëÿ íå÷åòíûõ n = 2m+1 ñïðàâåäëèâî
ñîîòíîøåíèå

EPn+1 = 2
(n+ 1)!

πn
(−1)

m

(
1 +

m∑
k=0

(−1)
k π2k

(2k)!

)
. (3)

Äëÿ ÷åòíûõ n = 2m+ 2 âåðíà ôîðìóëà

EPn+1 = 2
(n+ 1)!

πn
(−1)

m

(
m∑

k=0

(−1)
k π2k+1

(2k + 1)!

)
. (4)

ßñíî, ÷òî âûðàæåíèÿ â ñêîáêàõ ñïðàâà ÿâëÿþòñÿ ÷àñòè÷íûìè ñóììàìè ñòåïåííûõ
ðÿäîâ äëÿ 1 + cosπ è sinπ.

Äîêàçàòåëüñòâî. Ââèäó âðàùàòåëüíîé èíâàðèàíòíîñòè ìû ìîæåì ïîìåñòèòü íà÷àëî
îòñ÷åòà O â ëþáóþ èç íåçàâèñèìûõ ñëó÷àéíûõ òî÷åê, íàïðèìåð, â òî÷êó Xn+1. Ðàñ-
ñìîòðèì âûïóêëûé ìíîãîóãîëüíèê ñ âåðøèíàìè â òî÷êàõ O,X1, ..., Xn. Îáîçíà÷èì óãîë
ìåæäó êàñàòåëüíîé â òî÷êå O è ïðÿìîé, ïðîõîäÿùåé ÷åðåç O è Xi, ÷åðåç θi, 1 ≤ i ≤ n.
Òîãäà ïåðèìåòð íàøåãî (n+ 1)-óãîëüíèêà äàåòñÿ ôîðìóëîé

Pn+1 = 2{
n−1∑
k=1

sin(θk+1 − θk) + sin θ1 + sin θn}.

Èçâåñòíî, ÷òî ðàâíîìåðíîå ðàñïðåäåëåíèå k òî÷åê íà îêðóæíîñòè ñîîòâåòñòâóåò ðàâíî-
ìåðíîìó ðàñïðåäåëåíèþ k âïèñàííûõ óãëîâ, ïðèíèìàþùèõ çíà÷åíèÿ íà îòðåçêå [0, π].
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Òàêèì îáðàçîì, óãëû θi ïðèíèìàþò çíà÷åíèÿ îò 0 äî π è óäîâëåòâîðÿþò íåðàâåíñòâó
0 < θ1 < θ2 < · · · < θn < π. Èõ ñîâìåñòíîå ðàñïðåäåëåíèå - ýòî ðàñïðåäåëåíèå ïîðÿä-
êîâûõ ñòàòèñòèê äëÿ n íåçàâèñèìûõ è ðàâíîìåðíî ðàñïðåäåëåííûõ òî÷åê íà îòðåçêå
[0, π].

Èòàê, ìû ìîæåì âû÷èñëèòü ìàòåìàòè÷åñêîå îæèäàíèå ïåðèìåòðà ìíîãîóãîëüíèêà
ñ n+ 1 âåðøèíàìè O,X1, . . . , Xn ïî ôîðìóëå

EPn+1 = 2
n!

πn

π∫
0

θn∫
0

...

θ2∫
0

n−1∑
k=1

(sin(θk+1 − θk) + sin θ1 + sin θn) dθ1...dθn−1dθn. (5)

Ìîæíî îïèðàòüñÿ íà àíàëîã ýòîé ôîðìóëû íå ñ âïèñàííûìè, à ñ öåíòðàëüíûìè
óãëàìè, îïèðàþùèìèñÿ íà ñòîðîíû ìíîãîóãîëüíèêà, íî â ýòîì ñëó÷àå íàäî ñ÷èòàòüñÿ ñ
òåì, ÷òî öåíòðàëüíûé óãîë ìîæåò îêàçàòüñÿ áîëüøå π, ÷òî ïðèâåäåò ê äîïîëíèòåëüíûì
òðóäíîñòÿì. Ñ âïèñàííûìè óãëàìè ýòîãî íå ïðîèñõîäèò.

Ïðåîáðàçóåì ôîðìóëó (5). Íà÷íåì ñ áîëåå ñëîæíîãî èíòåãðàëà

S(k) =

π∫
0

...

θk+1∫
0

...

θ2∫
0

sin(θk+1 − θk)dθ1...dθk...dθn, 1 ≤ k ≤ n. (6)

Âû÷èñëèì ïðåäâàðèòåëüíî ïî èíäóêöèè âñïîìîãàòåëüíóþ âåëè÷èíó

Ir(y) =

y∫
0

1

r!
xr sin(y − x)dx, 0 ≤ r ≤ n.

Áàçà èíäóêöèè ñîñòîèò â òîì, ÷òî I0(y) = 1− cos(y), I1(y) = y − sin(y). Èíòåãðèðóÿ ïî
÷àñòÿì, ïîëó÷àåì ðåêóððåíòíîå ñîîòíîøåíèå

Ir(y) =
1

r!
yr − Ir−2(y) ïðè r ≥ 2, 0 ≤ y ≤ π.

C åãî ïîìîùüþ ïîëó÷àåì ñëåäóþùèå ôîðìóëû ïðè ëþáîì íàòóðàëüíîì m:

I2m(y) =

m∑
j=0

(−1)j
1

(2m− 2j)!
y2m−2j + (−1)m+1 cos y; (7)

I2m+1(y) =

m∑
j=0

(−1)j
1

(2m+ 1− 2j)!
y2m+1−2j + (−1)m+1 sin y. (8)

Äðóãîé, áîëåå óòîìèòåëüíûé ïóòü ïîëó÷åíèÿ ýòèõ ôîðìóë - èñïîëüçîâàíèå ñîîòíî-
øåíèÿ (2.633) èç [6].

Âåðíåìñÿ ê (6) è âûïîëíèì èíòåãðèðîâàíèå äî ïåðåìåííîé θk. Òîãäà ïîëó÷èì:

S(k) =

π∫
0

...

θk+2∫
0

Ik−1(θk+1)dθk+1...dθn, k ≥ 1. (9)
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Ââåäåì âñïîìîãàòåëüíóþ âåëè÷èíó

T (r) =

π∫
0

θr∫
0

...

θ2∫
0

sin θ1dθ1...dθr−1dθr ïðè r ≥ 1,

ïîëàãàÿ T (0) = 0. Ïðÿìîå âû÷èñëåíèå äàåò T (1) = 2. Ïðè r ≥ 2 ñäåëàåì çàìåíó ïåðå-
ìåííûõ θr = π−sr, ïîçâîëÿþùóþ ïåðåâåñòè èíòåãðèðîâàíèå ñèíóñà â êîíåö. Ïîëó÷àåì

T (r) =
π∫
0

θr∫
0

...
θ2∫
0

sin θ1dθ1...dθr−1dθr =
π∫
0

π∫
sr

...
π∫
s2

sin s1ds1...dsr−1dsr

=
π∫
0

sin s1ds1
s1∫
0

...
sr−1∫
0

dsr...ds2 =
∫ π

0
sr−1

(r−1)! sin s ds = Ir−1(π).

Ïîýòîìó, èñïîëüçóÿ ôîðìóëû (7) è (8), ïîëó÷àåì, ÷òî ïðè ëþáîì íàòóðàëüíîì m

T (2m+ 1) = I2m(π) = (−1)
m
+

m∑
j=0

(−1)
j 1

(2m− 2j)!
π2m−2j , (10)

T (2m+ 2) = I2m+1(π) =

m∑
j=0

(−1)
j 1

(2m+ 1− 2j)!
π2m+1−2j . (11)

Åùå ïðîùå âû÷èñëÿåòñÿ èíòåãðàë

π∫
0

θn∫
0

...

θ2∫
0

sin θndθ1...dθn−1dθn = In−1(π) = T (n).

Ïîñëåäíèé èíòåãðàë, êîòîðûé íàì ïîíàäîáèòñÿ ïðè r ≥ 1, ýòî

π∫
0

θr∫
0

...

θ2∫
0

cos θ1dθ1...dθr−1dθr = T (r − 1) .

Òåïåðü ìû ìîæåì âû÷èñëèòü S(k) ïðè ëþáîì 1 ≤ k ≤ n. Ïîäñòàâëÿÿ â ôîðìóëó (9)
âûðàæåíèÿ äëÿ Ik−1(θk+1) èç (7) è (8) è èíòåãðèðóÿ èõ ïî÷ëåííî ñ ó÷åòîì íàéäåííûõ
âûøå ôîðìóë äëÿ T (r), ïîëó÷àåì

Sk =

m∑
j=0

(−1)
j 1

(n− 1− 2j)!
πn−1−2j + (−1)

m+1
T (n− k − 1) ïðè k = 2m+ 1,

Sk =

m∑
j=0

(−1)
j 1

(n− 1− 2j)!
πn−1−2j + (−1)

m+1
T (n− k) ïðè k = 2m+ 2.

Òåïåðü íàéäåì
n−1∑
k=1

Sk. Ðàññìîòðèì ÷åòíûé è íå÷åòíûé ñëó÷àè. Ïóñòü n = 2p + 2.

Òîãäà

n−1∑
k=1

Sk =

p∑
j=0

(−1)
j 1

(n− 2j − 2)!
πn−2j−1 +

p−1∑
j=0

2 (−1)
j+1

T (n− 2j − 2) + (−1)
p+1

T (0) .
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Ïðåîáðàçóåì âòîðóþ ñóììó:

p−1∑
j=0

2 (−1)
j+1

T (n− 2j − 2) =

p∑
k=1

2 (−1)
p−k+1

T (2k) =

=

p−1∑
k=0

2 (−1)
p−k

T (2k + 2) = 2

p−1∑
k=0

k∑
j=0

(−1)
p−k+j 1

(2k + 1− 2j)!
π2k+1−2j =

= 2

p−1∑
k=0

k∑
r=0

(−1)
p−r 1

(2r + 1)!
π2r+1 = 2

p−1∑
r=0

(p− r) (−1)
p−r 1

(2r + 1)!
π2r+1.

Ïîëó÷àåòñÿ, ÷òî

n−1∑
k=1

Sk =

p∑
j=0

(−1)
j 1

(n− 2j − 2)!
πn−2j−1 + 2

p−1∑
r=0

(p− r) (−1)
p−r 1

(2r + 1)!
π2r+1.

Ïóñòü òåïåðü n = 2p+ 1. Òîãäà

n−1∑
k=1

Sk =

p−1∑
j=0

(−1)
j 1

(n− 2j − 2)!
πn−2j−1 +

p−1∑
j=0

2 (−1)
j+1

T (n− 2j − 2) .

Ïðåîáðàçóåì ñíîâà âòîðóþ ñóììó:

p−1∑
j=0

2 (−1)
j+1

T (n− 2j − 2) =

p∑
k=1

2 (−1)
p−k+1

T (2k − 1) =

=

p−1∑
k=0

2 (−1)
p−k

T (2k + 1) = 2

p−1∑
k=0

(−1)
p−k

(−1)
k
+

k∑
j=0

(−1)
j 1

(2k − 2j)!
π2k−2j

 =

= 2

p−1∑
k=0

(
(−1)

p
+

k∑
r=0

(−1)
p−r 1

(2r)!
π2r

)
= 2p (−1)

p
+ 2

p−1∑
r=0

(p− r) (−1)
p−r 1

(2r)!
π2r.

Îêàçûâàåòñÿ, ÷òî

n−1∑
k=1

Sk =

p−1∑
j=0

(−1)
j 1

(n− 2j − 2)!
πn−2j−1 + 2p (−1)

p
+ 2

p−1∑
r=0

(p− r) (−1)
p−r 1

(2r)!
π2r.

Âîçâðàùàÿñü ê ôîðìóëå (5) äëÿ ïåðèìåòðà è ñîáèðàÿ âîåäèíî âñå åå ñîñòàâíûå
÷àñòè, ïîëó÷àåì ïîñëå íåêîòîðûõ ïðåîáðàçîâàíèé îêîí÷àòåëüíî ôîðìóëû (3) è (4).
Ôîðìóëû äëÿ ñðåäíåãî çíà÷åíèÿ ïåðèìåòðà ïîëó÷åíû.

Áðàóí òàêæå äàë ÷èñëåííûå çíà÷åíèÿ óêàçàííûõ âûøå ñðåäíèõ çíà÷åíèé ïëîùàäè
(1) è (2) ïðè n ≤ 32. Ïðèâåäåì è ìû íåñêîëüêî ïåðâûõ çíà÷åíèé ñðåäíåãî ïåðèìåòðà.

EP3 = 2 3!
π2 (

π
1! ) =

12
π ≈ 3.820,
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EP4 = 2 4!
π3 (−2 + π2

2! ) ≈ 4.543,

EP5 = 2 5!
π4 (− π

1! +
π3

3! ) ≈ 4.992,

EP6 = 2 6!
π5 (2− π2

2! +
π4

4! ) ≈ 5.289,

EP7 = 2 7!
π6 (

π
1! −

π3

3! +
π5

5! ) ≈ 5.494,

EP8 = 2 8!
π7 (−2 + π2

2! −
π4

4! +
π6

6! ) ≈ 5.644 è ò.ä.

3 Ñõîäèìîñòü ñðåäíåãî ïåðèìåòðà ê ïðåäåëó

Ïðåäåëüíîå ïîâåäåíèå ðàçíîñòè ìàòåìàòè÷åñêîãî îæèäàíèÿ ïåðèìåòðà âïèñàííîãî ìíî-
ãîóãîëüíèêà è äëèíû îêðóæíîñòè ïîõîæå íà ïðåäåëüíîå ïîâåäåíèå ðàçíîñòè ìàòåìàòè-
÷åñêîãî îæèäàíèÿ ïëîùàäè âïèñàííîãî ìíîãîóãîëüíèêà è ïëîùàäè îêðóæíîñòè. Äëèíà
äóãè åäèíè÷íîé îêðóæíîñòè, çàäàâàåìîé öåíòðàëüíûì óãëîì θ, ñîñòàâëÿåò θ, â òî âðå-
ìÿ êàê äëèíà ñîîòâåòñòâóþùåé õîðäû ñîñòàâëÿåò 2 sin θ

2 , òàê ÷òî èõ ðàçíîñòü ðàâíà

θ− 2 sin θ
2 . Ó÷èòûâàÿ ðàçëîæåíèå ñèíóñà â ðÿä, ìîæíî ïðåäñòàâèòü ýòó ðàçíîñòü â âèäå

θ − 2 sin
θ

2
=

θ3

24
− θ5

1920
+ ...,

÷òî àñèìïòîòè÷åñêè ýêâèâàëåíòíî θ3/24, êîãäà n → ∞, à íàèáîëüøèé óãîë ñòðåìèòñÿ
ê 0.

Îòñþäà ñëåäóåò, ÷òî ðàçíîñòü óêàçàííûõ äëèí ïðîïîðöèîíàëüíà êóáó öåíòðàëüíî-
ãî óãëà, îïèðàþùåãîñÿ íà äàííóþ äóãó, ïðè÷åì ýòî âåðíî êàê äëÿ ïðàâèëüíîãî, òàê è
äëÿ ñëó÷àéíîãî ìíîãîóãîëüíèêà. Òàêèì îáðàçîì, ðàçíîñòü ïåðèìåòðîâ îêðóæíîñòè è
âïèñàííîãî ñëó÷àéíîãî n-óãîëüíèêà ïðèáëèæàåòñÿ ñóììîé êóáîâ óãëîâ ìåæäó ñîñåä-
íèìè âåðøèíàìè ñ ÷èñëîâûì êîýôôèöèåíòîì, ðàâíûì 1/24. Ïîñêîëüêó â äàëüíåéøåì
èññëåäóåòñÿ îòíîøåíèå ðàçíîñòè ïåðèìåòðîâ, ýòîò êîýôôèöèåíò, âîçíèêàþùèé êàê â
÷èñëèòåëå, òàê è â çíàìåíàòåëå äðîáè, ìîæíî íå ó÷èòûâàòü.

Èçìåíèì òåïåðü íîðìèðîâêó è ðàññìîòðèì óãëû êàê âûáîðî÷íûå ïðîìåæóòêè (ñïåé-
ñèíãè) íà îòðåçêå [0, 1]. Ñóììà êóáîâ óãëîâ, ñîîòâåòñòâóþùàÿ ïðàâèëüíîìó n-óãîëüíèêó

ñ ïåðèìåòðîì Qn, ñîñòàâëÿåò n
(
1
n

)3
= n−2. Èíûìè ñëîâàìè, 2π−Qn ∼ n−2 ïðè n → ∞.

C äðóãîé ñòîðîíû, ñðåäíåå çíà÷åíèå ñóììû êóáîâ ýëåìåíòîâ ñëó÷àéíîãî ðàçáèåíèÿ
åäèíè÷íîãî îòðåçêà íà n ÷àñòåé íàéäåíî Áðàóíîì â [1]. Òàì äîêàçàíî, ÷òî ýòî çíà÷åíèå
ðàâíî 6

(n+1)(n+2) . Ñëåäîâàòåëüíî, 2π − EPn ∼ 6n−2, ïðè n → ∞.

Îòñþäà âûòåêàåò îêîí÷àòåëüíî, ÷òî

lim
n→∞

2π − EPn

2π −Qn
= 6. (12)

Ïðåäåëüíîå ñîîòíîøåíèå (12) ïîëíîñòüþ ñîîòâåòñòâóåò àíàëîãè÷íîìó ñîîòíîøåíèþ äëÿ
ñëó÷àéíûõ ïëîùàäåé, óñòàíîâëåííîìó â [1].

4 Cðåäíåå çíà÷åíèå ñóììû êâàäðàòîâ ñòîðîí ñëó÷àé-

íîãî âïèñàííîãî òðåóãîëüíèêà

.
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Óêàçàííûì âûøå ïóòåì ìîæíî ðåøàòü è ïîõîæèå çàäà÷è. Èçâåñòíî, ÷òî ñðåäè âñåõ
âûïóêëûõ ìíîãîóãîëüíèêîâ, âïèñàííûõ â äàííóþ îêðóæíîñòü, ìàêñèìàëüíàÿ ñóììà
êâàäðàòîâ äëèí ñòîðîí ó òðåóãîëüíèêà [9, çàäà÷à 57556]. Äåëî â òîì, ÷òî áëàãîäàðÿ
òåîðåìå êîñèíóñîâ ñòîðîíû ìíîãîóãîëüíèêà, íàïðèìåð, BC è CD, çàêëþ÷àþùèå òóïîé
óãîë, ìîæíî

”
ñïðÿìèòü“, çàìåíèâ èõ còîðîíîé BD, ïðè÷åì |BD|2 > |BC|2 + |CD|2, è

ïðîäîëæàòü ýòîò ïðîöåññ, ïîêà ìû íå ïðèäåì ê òðåóãîëüíèêó. Ñðåäè âñåõ òðåóãîëüíè-
êîâ óêàçàííûé ìàêñèìóì äîñòèãàåòñÿ íà ïðàâèëüíîì òðåóãîëüíèêå, [7, çàäà÷à 2.44] è
[8, çàäà÷à 18], è ðàâåí 9.

Íî êàêîâî ñðåäíåå çíà÷åíèå µ2 ñóììû êâàäðàòîâ ñòîðîí ñëó÷àéíîãî âïèñàííîãî
òðåóãîëüíèêà? Ðàññóæäàÿ êàê â íà÷àëå ýòîé ðàáîòû, ìû ïðèõîäèì ê ôîðìóëå

µ2 =
8

π2

π∫
0

θ2∫
0

{sin2(θ2 − θ1) + sin2 θ1 + sin2 θ2} dθ1dθ2 = 6.

Èíòåãðèðîâàíèÿ âûïîëíÿþòñÿ ëåãêî ââèäó ïðîñòûõ ôîðìóë∫ π

0

∫ y

0

sin2(y − x) dxdy =

∫ π

0

∫ y

0

sin2 x dxdy =

∫ π

0

∫ y

0

sin2 y dxdy =
1

4
π2.

Â ðåçóëüòàòå ñðåäíåå çíà÷åíèå ñóììû êâàäðàòîâ äëèí ñòîðîí ñëó÷àéíîãî òðåóãîëü-
íèêà ñîñòàâëÿåò 2/3 îò åå ìàêñèìàëüíîãî çíà÷åíèÿ. Äëÿ ïåðèìåòðà, êàê ìû âèäåëè, ýòî
îòíîøåíèå ðàâíî 4/π

√
3 ≈ 0.735.

5 Çàêëþ÷åíèå

Â äàííîé ðàáîòå áûëî íàéäåíî òî÷íîå âûðàæåíèå äëÿ ñðåäíåãî çíà÷åíèÿ ïåðèìåòðà
âûïóêëîãî ìíîãîóãîëüíèêà, âåðøèíû êîòîðîãî ðàâíîìåðíî ðàñïðåäåëåíû ïî îêðóæ-
íîñòè. Ýòî ïðåäñòàâëåíèå öåííî â ñèëó ïðîñòîòû âû÷èñëåíèÿ. Â äîïîëíåíèå ê ýòî-
ìó áûëî âû÷èñëåíî ñðåäíåå çíà÷åíèå ñóììû êâàäðàòîâ ñòîðîí ñëó÷àéíûõ âïèñàííûõ
òðåóãîëüíèêîâ ñ ðàâíîìåðíûì ðàñïðåäåëåíèåì âåðøèí. Áûëî òàêæå óñòàíîâëåíî, ÷òî
ìàòåìàòè÷åñêîå îæèäàíèå ðàçíîñòè ïåðèìåòðîâ îêðóæíîñòè è ñëó÷àéíîãî ìíîãîóãîëü-
íèêà àñèìïòîòè÷åñêè â 6 ðàç áîëüøå ðàçíîñòè ïåðèìåòðîâ îêðóæíîñòè è ïðàâèëüíîãî
ìíîãîóãîëüíèêà, ÷òî ïîëíîñòüþ ñîîòâåòñòâóåò èçâåñòíîìó ðàíåå ñîîòíîøåíèþ äëÿ ïëî-
ùàäåé.
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ON THE AVERAGE PERIMETER OF THE INSCRIBED
RANDOM POLYGON

Ya.Yu.Nikitin, T.A. Polevaya

Suppose we put on the unit circumference n independent uniformly distributed random
points and build a convex random polygon with the vertices in these points. What are the
average area and the average perimeter of this polygon? The average area was calculated
by K. Braun some years ago. We calculatå the average perimeter and obtain quite similar
formulae. In the same time we discuss the rate of convergence of this value to the limit. We
evaluate also the average value of the sum of squares for the sides of the inscribed triangle.
Refs. 9.

Key words: random polygon, perimeter, convexity, uniform distribution.
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