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Bulk viscosity in relaxing media
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Two approaches for the calculation of an accoustical property of relaxing media, namely
the bulk viscosity, are analysed. One of them is the thermodynamic relaxation theory and
another one is the analysis of the statistical expression for the bulk viscosity. In the frame of
the statistical method the system of hydrodynamic equations is constructed for relaxing
media. It is shown that the discrepancy between the thermodynamic and statistical approaches
is connected with the influence of momentum on relaxational processes which is not contained
in the thermodynamic method.

1. Introduction

One of the main problems of physical acoustics is the investigation of various
physical processes leading to the sound velocity dispersion and sound attenua-
tion. First of all these phenomena are the various internal relaxational
processes such as vibrational relaxational in liquids and gases, chemical
relaxational, systems near the critical points and so on. There are two
approaches to the problem of obtaining the acoustical characteristics of the
system. One of them is based on the calculation of the complex thermodynamic
derivatives such as adiabatic bulk modulus and heat capacity for harmonic
processes [1-5]. Another one [6-8] is the approach based on the calculation of
the complex bulk viscosity coefficient starting from its statistical expression.
The natural problem appears concerning the identity of both approaches. It
may turn out that they lead to different results. Firstly this problem was
discussed by Sarid and Cannell [9]. In this work the velocity dispersion and the
sound attenuation were analysed in the vicinity of the critical point. It was
shown that at high reduced frequencies the results of both approaches are quite
different. Further Kawasaki and Shiwa [10] discussed this problem for the
simplest system with a single internal relaxation process. They estimated that
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the difference between the results of statistical and thermodynamic approaches
is connected with a different definition of the relaxing part of the internal
energy.

This work is devoted to the statistical calculation of the bulk viscosity
coefficient for the system containing the single relaxation variable. It is shown
that the discrepancy is connected with terms containing the momentum that the
thermodynamical relaxation theory does not include.

The paper is organized as follows. Section 2 contains the basic equations of
the thermodynamical relaxation theory. In section 3 a statistical approach is
given. In section 4 and 5, the relation between both methods is discussed.

2. Thermodynamic relaxation approach

In the thermodynamic relaxation theory [1,3,5] the state of the system is
described by ordinary thermodynamic parameters such as pressure p, tempera-
ture 7 and by an additional relaxation variable £. This variable is a function of
the parameters p, T in equilibrium while for the nonequilibrium state it
becomes an independent variable. The differential of the internal energy E
containing the additional term connected with the relaxational variable has the
form

dE=—pdV + T dS + ¢ dé . (1)

Here S is the entropy, V is the volume, ¢ is the force conjugate to the variable
£ (in equilibrium ¢ =0). In the linear approximation the relaxation of £ is
described by the following equation:

3% I’E
—;37§= ﬁ(;&?)(ﬁ&—ﬁ«fe), (2)

where b is the kinetic coefficient, 3¢° = (3£°/aV ) 8V + (8£°/3S), 8S, and £°
is the equilibrium value of the variable £. The relaxation equation (2) is valid
when £ is an intensive variable or some value per unit of mass. When the
internal relaxation variable 4 = £p refers to the unit of volume the relaxation
equation should include an additional term connected with the mass transfer,

adh . .. ' 62E> .
7+h d1vv——b<ah2 (8h — 8h°) . 3)

Usually the relaxation equation (2) is used in the thermodynamic relaxation
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theory. Eq. (3) can be transformed into (2) by a suitable change of the
relaxation variable.

From egs. (1) and (2) the contribution of the relaxation process to the

adiabatic bulk modulus AK (w) and consequently to the sound velocity
dispersion ¢*(») — ¢2 and the bulk viscosity coefficient An,(w) can be found,

1 ~
F(w)—ct= ? Re AK (w),
1 .
A, (w)=— > Im AK((w) , 4)

where [1,3,5]

AK (@) =p(ci — )

—iwr _V<a§E>2<a2E) —iwr

T—iwr "\ 3V /s\ g2/ 1 —iwr’

N T

T= b(azE/a§2) ’ Ce = ap S.¢ s c()_ ap S . (5)

¢y, €. are the sound velocities at zero and infinite frequency, respectively.

3. Statistical approach

In the statistical approach the bulk viscosity coefficient is calculated. In such
a case A7, (w) is complex and this coefficient is connected with the modulus
AK (w) by a simple relation

AK(0) = —iw A7, (0) . (6)

To find the contribution to the bulk viscosity due to the internal relaxation
variable X we use the Fourier transform of the linear hydrodynamic equations
in the form [11]

dA, (¢ L b
———Z—;;’( . (LA, )Ap () Aing® ~ [ &5 G =D AR G=5), ()

where {A} is the set of variables including the collective variable {84} and an
additional variable 8X. In the set of variables {A} the equilibrium values are
excluded. The symbol ~ means that this value is microscopical, i.e. dependable
on the coordinates and momenta of the system’s particles. The set of



530 V.P. Romanov, S.V. Ul’yanov | Bulk viscosity in relaxing media

thermodynamic variables {34} includes the number density 87, the energy
densxty 8¢, and the momentum density p, , for a one- component system.

As X is the relaxation variable the equilibrium value {(X) depends on the
values a; = (4;) from the set {d}. In the system of equations (7) the _summing
over the repeated indexes is implied, L is the Liouville operator, f} = (1=
P,ILA, j.¢ 18 the stochastic force, conjugated to the variable A, j.q> Pa is the
projection operator on the set of variables {A},

LA

jl

P,Y. (YA] CHAA)

a < oA (8)

The Fourier component is defined by

= 71—‘7 J' drY(re ™. 9

The microscopic expressions for the densities of the collective variables have
the following form:

~ig-r;

W,e ’
\/1‘—,2( +3 ZU,,) I

Poy = W? Paje ™, (10)

where I, means summing over all particles, m and p; are the mass and
momentum of each particle, respectively, and U, is the potential of the pair
interaction between the particles j and I. The conservation laws are valid if we
introduce the densities

/\(")

n,= —igJ s

A 2(e)

é, =194, ,,

Doy = "1qTiga g » (1)

where J ;"),j fle) are the flux densities of the particles and the energy, and 7, ,
is the pressure tensor.

It is convenient to introduce into the hydrodynamic set {84} the new
variables BS and 8*(1) instead of 87, and 8¢, by the following formulae:
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8S, —(fﬁ) 84 +(£> dé
7 6nen" aeneq’

A P oo (P o,
ap;1>=(—)e8nq+ E)ﬂaeq. (12)

The new variables 85" and 8S are the thermodynamic fluctuations of the
pressure and the entropy. As before the set {84} includes also the momentum
density. For this set of thermodynamic variables the following relations are
valid:

<8 i,g= Oaa]q 0> 6 (13)

which means that the set {84} consists of independent variables. The formula
(13)is a consequence of the thermodynamic theory of fluctuations [12].
For the variables SS and Bp(l) analogous conservation laws are valid,

4 s
88, = —ig, g,
(1) _ 5(p)
8pq lqa‘,a .q
where .] . " and J, j" are the densities of the flux conjugates to the variables

8S,,3p.".

q’ q

The operators P, and Py are the projection operators on the set of variables
{84} and on 38X =(1—P,) 8X, i.e. on the part of the relaxation variable which
is orthogonal to {84},

P.Y,=(Y,54_,)(d,%4_,) ;" 5,,, (14)
. (Y. 8X_) .
PyY, = —",,—2">an : (15)
(18,1

In such a case the projection operator P, can be expressed in the form

P, =P, +Ps. (16)

Starting from system (7) and using relation (16) we can write the equation
for the momentum
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A

@%:’(Q = —iqp 8] (1) —ig, %;"ij;"} 8X,(1)
—7}ffds Fowalog-a(=))0p4(t =) , (17)
o
where
s ll) (1) = (., 04, _,)(8d,04,) ;" da, (1),

Vg, = \/I—/pB, ,/mn,_, is the mass velocity. In eq. (17) we used the following
relation:

. kT
(Pa,qu,—q> vamnq=08aB b (18)

where k is the Boltzmann constant. From eq. (17) one can see that the
equation for the momentum includes only the part of the relaxation variable
orthogonal to the collective variables set {3d}.

The system (7) gives us the equation for the variable BXq(t),

38X (1) i o 83X (t)
5 = (8XPu ) PagPp o) Pp )~ (19)
q

A A
where X, =iLX,. Eq. (19) was written under the condition of quite rapid decay
of the stochastic forces temporal correlator.
Here we introduced the relaxation time

([3%,1°)
Te = T ) (20)
and the kinetic coefficient
Lo
b=%7 ) Frofro(=9)) ds. o

1]

For the variable 8X,(¢) the analogous equation may be written with the help of
relation (15) in the following form:
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38X (1) i L ~ 3X (1) — P, 3X (1)
= = (8K Po Y Buabp-g) Do) — . (22)

q

To transform the first term in the right hand side of eq. (22) we rewrite the
correlator (38X, _,) with the help of the relation

(3X Bo-,) = — (8K p._,) - (23)

Here we used the well-known fact that the operator L is Hermitian. Using the
conservation law (11) we find

(3K a0 BuaBp-a) " Po.o®) = ~iq, (3K, e _s)(Bu.Bor-a) Po.oll) -
(24)

After substitution (18) in (24) in the lowest approximation on g we have

3 . P - (3X,_,3p 0>
<6qua,—q><pa,qpﬁ,—q> lpB,q(t)z - = kT = a aq(t) (25)

Here we take into account the expression for pressure

A

Py=% T - (26)

Substituting expression (25) into eq. (22) and using the equation of continuity
in the lowest order of g we have

08K, t) | (8%,-086y-0) 38V, o) __ 8Xy-o(t) = Py 8Xyo(®)

ot kTV ot Ty=0 - (27)
with help of the following expressions [13]:
194
(392,87, ) = —kTV( fw)) (28)
. 104
(88,0087, ,) = kTV( §T>) (29)
we may rewrite the term P, 38X, _,(¢) in the next form:
axX* 0X* .
P, 38X, (1) = (W)s WV, o)+ < 35S )V 38, _o(t) =3X; _(®) (30)
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where X° = (X).

The relation (27) is the relaxation equation for the internal variable obtained
by the method of statistical mechanics. It is important to compare it with the
relaxation equation (2) which is used in the thermodynamic relaxation theory.

4. Comparison of the two methods

First of all we may see that the relaxation times are equal in both methods
since [13]

(%, =k1v /(22) ()
and
(o, =krv /(ZE). (32)

Here ¢ = ¢(p, T, X) is the Gibbs thermodynamic potential. The validity of the
expression (32) is proved in the appendix. It should be noted that the
thermodynamic potential ¢ is the function of variables p, T, X while the
potential E is the function of variables V, S, X. It is necessary to have the
relation between the thermodynamic derivatives 3°E/0X> and 8°¢/0X". Such
an expression is given by formulae (A.2), (A.6) in the appendix,

(Ge) =58 (@06 Gr) ), )

If we take the variable ¢ instead of X then the relaxation equation (27) under
the condition

(88,208p,9) =0 (34)

is of the same form as eq. (2).
For the variable & the analogue takes place under the condition

(3h,.8p,_o) =kTh*. (35)
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It is important to note that a priori there are no reasons for the validity of
these relations. Furthermore the statistical mechanics calculations show that
egs. (22) and (27) for the variable X includes the term describing the
dependence of X on the momentum.

The validity of the relations (34) and (35) is supposed in the thermodynamic
relaxation theory. Hence the dependence on the momentum is not considered
in this approach.

Using the space—time Fourier transform and substituting the variable X (@)
to (17) from (19) we obtain the following equation for the momentum:

~iwp, (@) = ~igy 87l — 2(

a f 85 € ofy (=)

1 qaqﬂ ~ A - T
+ﬁ q <8 06Pq=0>2<|8Xq=0|2> ! 1_iw7)v[¢‘,q(w) .

(36)
So for the longitudinal component of the momentum we have
P 1 . qﬂqv 1) 2 1 iws 7€ 4

_lea,q(w) =T, q gy~ 4 kTq2 ; dse <fp3,qu3,—q(—s)>
1 (8X,_48p,.0)°
= =0 0P 4= 0> T )Ui,q(w) , (37)

kT <|6 0' > 1-iwT

where Y¢ = qa43/‘12Y3-

The expression in large parentheses in the right-hand side of eq. (37) is the
longitudinal viscosity coefficient nﬁ(w). The second term in brackets is con-
nected with the relaxing variable. From eq. (36) one can see that the transverse
viscosity coefﬁc1ent 17 "(w) has not a contribution from variable X. When ¢ =0
the coefficients »"" and 7° are connected with the coefficients of the bulk
viscosity 7, and shear viscosity 7, by the relations

T 4
n"=mn, n=in+n,.

One can see that the relaxation process contributes to the coefficient of buik
viscosity only. So we have
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- 1 <81{~7q=0 8PAq=0>2 T
An"(w)—ﬁ <|8)? |2> 1—-iwr
qg=0

i <8Xq=0(6ﬁq:0 - 8ﬁ£)1=)0)>2 T

kT <|8Xq=ol2> 1 —iwr
_ 1 (8K, 08p,) +KTV(RX /aV)]*  + .
o (1%, o) [=iwr’

As to the thermodynamics relaxation theory, the substitution of the expres-
sion for AI?S from (5) into expression (6) gives us the formula (38) without
correlator (38X, _,85,-,).

If we use eq. (27) instead of (2) in the thermodynamics relaxation theory we
get the expression (38), i.e. the same results as in statistical approach.

5. Discussion

The main difference between the two approaches is the form of the
relaxation equation for the additional variable. The general system of the
linear hydrodynamic equations (7) leads to the relaxation equation in the form
(22). This equation has the following structure:

33X
— =P

P herm X T P, 83X, (39)
where the first term in the right-hand side has the form —(3X —8X°)/7 as in
the thermodynamic approach. This term describes the relaxation of the
additional variable in the space-homogeneous media with the thermodynamic
parameters which can vary with time. As to the second term, it is the
projection of 3X on the momentum. This term describes the reaction of the
additional variable caused by the space-inhomogeneous distribution of the
momentum in the system. This term arises already in the linear approximation
and a priori its magnitude may be of the same order as the thermodynamic
one. It is necessary to have a microscopic model of the additional variable for
its calculation.

It follows from the comparison of egs. (5) and (6) with eq. (38) that the
term connected with the projection on the momentum leads to a correction of
the thermodynamic value for the complex coefficient of the bulk viscosity, but
does not violate its frequency dependence. So in acoustical measurements the
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full sound velocity dispersion as well as the total alteration of the bulk viscosity
7v(0) —ny(*) contains not only the thermodynamic contribution but also the
kinetical contribution connected with the space-inhomogeneous distribution of
the momentum.

Now it can be noted that the result of the statistical approach may be
obtained directly from the statistical expression of the bulk viscosity coefficient,

() = 7 | 5 €™ (89, = 35085 -0 ~ BH20)-5))
0

where 8p,_, — 81351’:)0 is the fluctuation of the nonthermodynamic part of the

pressure. To obtain the contribution connected with the additional variable X
we may project the fluctuation 3p,_, — 813;20 on 3X ,-o- It can be noted that
we must project the nonthermodynamic part of the pressure only on the
nonthermodynamic part of the additional variable. Thus we have

~ 1 T iws
Anv(w)=ﬁfdse
0

% ((SPAq=o - 8135120) qu=0> <(8ﬁq=o B 8135,130) 8)‘2;20
<|82q=0t2)

Using the solution of eq. (19) for ¢ =0,
8X,_o(t) =" 8X,_4(0)

we obtain after a simple calculation the previous result (38).

To illustrate these results we consider the system near the second order
phase transition point. To obtain the sound velocity dispersion and attenuation
of sound caused by the relaxation of the order parameter average value
(Landau—Khalatnikov mechanism [14]) we can write the Helmholz free energy
of the system in the following form:

FX)=F,+1AX*+ (1/4)CXx*.

From this relation we can obtain the expression for the pressure depending on
the order parameter,
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1/0A
P(X)=Po—§<‘37)TX2,
dA
3p(X)=3p, — 7 X 3X,

where we put (8C/0V), =0 for simplicity. In the Gaussian approximation in
lowest order in X° it can be obtained for the correlator (3X,_,p,_,) that

<6 08pq 0>_ <gé) X© <|8 0|2>=_k13 <2;> <6V> X°.

After substitution of this expression in eq. (38) we have

A3 = o v{5),- (2;)"(%’3)’(]
:(1—}w7)b [p(a;i )5—<§;> p<6p> Xe]z. (40)

To approximate the numerical values of the terms in brackets we use the
parameters of the nematic liquid crystal MBBA near the phase transition point
to the isotropic phase. The coefficient A has the structure A = A (T — T*(p))
where A~ 1.5x 10 °ergem > K™' [15]. The thermodynamic derivative (3 A/
dp)y can be rewritten as follows:

(aA> __(6A) _ A, dr*
ap op y dp~’
where r=G, o/ Cy o~ c~1.5x10°cms™", dT*/dp ~ 4 x

10" *Kem®erg” [16] The magnitude of the order parameter X° is a function
of the argument T — T*(p). In this case we may transform the last term in (40)
as

(25, - T (25

ap C,o aT
LTy —=1) <1 _dT* pC,,,o><aX‘*>
B C,o dp Ta; /\ 3T

where C, , is the regular part of the heat capacity under the constant pressure
per un1t mass, C, ,~2X 10" ergg ' K™', a, is the coefficient of the heat
expansion, a;~7.3x107*K™' [17]. The values X°, (8X°/9T),, (3°¢/0X")
variate with 7, and for T*-~T~1K they are X°~0.4, (8X°/9T),~
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-0.04K™', (82¢/6X2)~8>< 10° ergcm_3; for T*—T~10K they are X°~
0.6, (9X°/3T),~—-0.01K™", (8°¢/9X*)~4x 10" ergem ™ [18]. So we have
for T* - T~1K,

) (25) b3 ¢
p< 25 )5~ 30 ~7) P X°~ =25,

and for T* - T~ 10K,

()0, (58) e(50) xe~ 75
P\ap /s ’ ax?/ P\lap

As is seen from this rough estimate there is no a priori reason for neglecting
the dependence on the momentum in the relaxation equation (39).

It should be noted that the phase transition between nematic and isotropic
phase is the so-called “weak first order” phase transition. For the pure second
order phase transition the influence of the momentum term may be somewhat
smaller because of the vanishing of the order parameter X° when T* — T— 0.

In some similar situation the correlator with momentum (23) may be
accurately calculated. This calculation is provided for the gas—liquid critical
point or for the binary mixture separation point. The additional variables here
are the Fourier components of density or concentration fluctuations, 8¢, 3¢_,
In this case the correlator {p, g 9¢_, 8¢,_ ) is calculated precisely,

o300 06,_y) ik, S (5 () = i, (o | 2202

The time dependence of fluctuations is described by the diffusion equation
— o~ 2(2) ¢* — o tT
e (t)=e P 7" 3 (0) =™ 8¢, (0),

where 9(q) is the diffusion coefficient. Hence for the bulk viscosity coefficient
we have

A (o) =%§ [(% p(lék|2>>”

k; a . z T,
+7g@(|86k|2>] (8¢ T

10T, °

By the pure thermodynamic calculations we obtain in brackets only the terms
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(55 ptlocd™),

The additional contribution is quite small [19].

6. Summary

For the system with the internal relaxation process the bulk viscosity
coefficient is calculated in a linear approximation in two approaches, namely
thermodynamic and statistical. These approaches lead to different results due
to the following reason. In the thermodynamic approach, the contribution to
the bulk viscosity is taken into account, caused only by the variation of the
thermodynamic variables during the relaxation process. In the statistical
approach the variation of the momentum in the relaxation process is consid-
ered, along with the variation of the thermodynamic variables. This additional
nonthermodynamic contribution conserves the frequency dependence but can
vary the magnitude of the effect.

The numerical simulation for the system near the phase transition point with
the parameters of the nematic liquid crystal MBBA shows that the thermo-
dynamic and nonthermodynamic contributions to the bulk viscosity are of a
same order.

An analogous nonthermodynamic contribution which is arisen due to
relaxation of the order parameter fluctuations in a critical region, may be
somewhat smaller. In particular, it follows from calculations in the vicinity of
liquid—gas and liquid-liquid critical points.

In general, the problem of the correct calculation of the nonthermodynamic
input into the bulk viscosity reduces to computation of the correlator
(AP, 53X 40, for an arbitrary relaxation variable X.

Appendix

In this appendix starting from the expression

(|8X,_o%) =kTv/(g;;), (A.1)

we prove the validity of the relation
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(8%, o) = kTV/<6X2> (A.2)

Here the thermodynamic potentials ¢ and E are considered as the functions of
its intrinsic variables, i.e. ¢ =¢(p, T, X), E=E(V, S, X). We can write the
expressions for the thermodynamic potential differentials similar to eq. (1),
d¢=-SdT+Vdp + ¢ dx, (A.3)
dE=TdS-pdV +¢ydX. (A4)
Using the definition 5X —0=(1—P) dX 4-0> ONE can write
(1X,=ol) = (18X, -o[*) = (8K, o 85 20) (1892 |*)

- <8Xq=0 8S'q=0>2<|8$’q=0| >_ . (A'S)

Substituting the correlation function in the right-hand side of (A.5) by the
thermodynamic derivatives with the help of (A.1), (28) and (29) we get

(18X, o) = kTV/(aX2>+kTV

()5~ G7),. 8, ) (a6)
Using the relation
- (3),.69),./),.. (A7)
we obtain
o, =4rv|(35), ./ (5%),..35),.
()5~ (67,3, a9

We express the thermodynamic derivatives in (A.8) through the partial
derivatives of the internal energy E(V, S, X). Using the notation A,, =9°A/
dx dy we have
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() g _Es
65 p.X T mss EVV ’
(L -k __E_§1_<E _%)2/(,5 _Eig)
a8/ o ST E,, SX E,, xx " E, )’
(&) _g- Evx (3X) __Eu
0X/ p,s XX Eu’ WV /sy E.y’
aP) E},
<6V S ~Eyy F E,.’
(g) _ (Esx — EyxEys/Eyy)
T/ pw (Esx - EVXEVS/EVV)2 - (Ess - EéV/EVV)(EXX - E%/X/Evv)

(A.9)

Substitution of the expressions (A.9) in (A.8) after some simple algebraic
transformations leads to the formula (A.2).
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