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Guarapari, Brazil

§National Research Nuclear University MEPhI,
Kashirskoe Shosse 31, Moscow 115409, Russia

¶Saint Petersburg State University, 7/9 Universitetskaya nab.,
St. Petersburg, 199034, Russia

‖St. Petersburg Electrotechnical University LETI,
St. Petersburg, 197376, Russia

∗∗Departamento de F́ısica, Universidade Federal de Ouro Preto,
Campus Morro do Cruzeiro, 35400-000, Ouro Preto,

Minas Gerais, Brazil
††daoudah77@gmail.com

‡‡fabris@pq.cnpq.br
§§adriano.oliveira@ifes.edu.br

¶¶fsmirnov94@gmail.com
‖‖hermano.velten@ufop.edu.br

Received 13 August 2019
Revised 19 September 2019
Accepted 11 October 2019

Published 18 November 2019

Extensions of the gravity theory in order to obtain traceless field equations have been
widely considered in the literature. The leading example of such class of theories is the
unimodular gravity, but there are other possibilities like the mimetic gravity and the
Rastall gravity with a coupling parameter λ = 1/2. The unimodular gravity proposal is
a very interesting approach in order to address the cosmological constant problem. When
coupled to matter, such theories may imply that the energy–momentum tensor is not
divergence free anymore. In this paper, a unimodular type theory will be developed by
evading the conservation T μν

;μ = 0. The cosmological consequences of the later, both at
background as well as for scalar and tensor perturbations, are explored. Possible further
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extensions of this approach are discussed as well as its connection with the traditional
unimodular gravity.

Keywords: Gravity; general relativity; modified gravity.

PACS Number(s): 04.20.−q, 04.50.Kd

1. Introduction

Unimodular gravity can be seen as a simple modification (or gauge fixed version) of
Einstein’s general relativity. It has been realised long ago (see, for example, Ref. 1)
that by adding a constraint on the determinant of the metric to the action principle
the same structure of the standard GR equipped with a cosmological constant term
is achieved. Indeed, one cannot argue that the cosmological constant problem is
solved, but rather it appears as an initial condition which has to be set according to
the cosmological evolution. Therefore, there is naturally great interest in analysing
the relevance of unimodular gravity to the cosmological constant problem. In this
work, we will make use of the term unimodular gravity but having in mind actually
a broader class of traceless gravitational theories.

It has been also widely investigated whether or not unimodular gravity is really
indistinguishable from GR + Λ concerning all possible physical aspects.2 Although
the background cosmological expansion is clearly the same in both cases, it is not
trivial that perturbations should follow the same structure. However, it has been
shown that the cosmological perturbations are identical (or one is not able to distin-
guish between them) in both theories3,4 under the condition that the usual conser-
vation laws are also verified in the unimodular context. Apart from the equivalence
at the classical level, the equivalence at the quantum level has been also discussed
in Ref. 5.

There are also attempts in the literature to find out unimodular versions of
extended theories of gravity as, for example, the unimodular f(R),2,6–8 unimodular
f(R, T ),9 unimodular f(G).10 Another interesting similar proposal is the mimetic
gravity proposed in Ref. 11 which shares with the unimodular gravity the property
of traceless field equation.12 Another recent proposal for a traceless gravity in the
inflationary context appears in Ref. 13. Also, the Rastall field equations14 have
a similar structure to unimodular gravity when the free parameter of the theory
takes the value λ = 1/2 (see, for example, Ref. 15). In these examples, there is no
constraint on the determinant of the metric as in the case the traditional unimodular
gravity.

The goal of this work is to study the structure of unimodular gravity-type
theories by evading the imposition that the energy–momentum tensor has to be
conserved. In this way, we have in mind the sort of extended unimodular gravity as
cited above. Indeed, T μν

;μ = 0 has to be assumed in the derivation of the standard
(or Einstein–Hilbert) version of the unimodular gravity. We promote this discussion
in detail in the next sections. We are motivated by the phenomenology behind the
Rastall theory with λ = 1

2 . We note, en passant, that there has recently been a
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discussion on the equivalence between Rastall and General Relativity theories.16,17

However, as it will become clear later, our approach lies outside such discussion.
We start Sec. 2 reviewing the standard unimodular theory. This allows us to

show clearly at which point our proposal deviates from the standard case in which
T μν

;μ = 0.
By giving up the usual conservation of the energy–momentum tensor, the gen-

eral structure of the unimodular gravity, with the emergence of the cosmological
constant, is not necessarily verified anymore. Moreover, some extra conditions must
be imposed to the field equations in order to obtain a closed set of equations.a We
start exploring the specific extra condition of a constant Ricci scalar R = cte which
represents the simplest possible choice. This analysis is employed in Sec. 3. This
leads to a cosmological evolution exhibiting a transition from radiative phase to a de
Sitter phase. We will show that combining background and perturbative analysis,
the resulting model is more adapted to the primordial universe. Moreover, by choos-
ing a specific ansatz for the perturbed quantities, the nonconservative unimodular
type model becomes, at least in the cosmological case, identical to the corresponding
GR case, except for some multifluid configurations. In Sec. 4, we investigate another
ansatz in which the combination

√−g{R + 4Λ} is constant. Then, by relaxing the
condition R = cte at the background level, many interesting new features appear.
Indeed, it is verified that the R = cte hypothesis represents only a particular case
of the general formalism presented in Sec. 4. We conclude in Sec. 5.

2. Nonconservative Version of Unimodular Gravity

2.1. A short review of “standard” unimodular gravity

Let us consider the equations of the unimodular gravity written in the following
form:

Gμν +
1
4
gμνR = 8πG

{
Tμν − 1

4
gμνT

}
. (1)

This equation can be obtained from the Einstein–Hilbert Lagrangian by imposing
the condition gμνδgμν = 0 on the variation of the metric.2

Taking the divergence of this equation, and using the Bianchi identities, we find

R,ν

4
= 8πG

{
T μν

;μ − T ,ν

4

}
. (2)

It is widely accepted that the unimodular gravity comes from an action, which is
invariant by diffeomorphism. Hence, the energy–momentum tensor conserves. How-
ever, this issue is a crucial and subtle aspect of the unimodular gravity. Since one
now has an extra constraint on the determinant of the metric, the theory is left with

aThe necessity to impose some extra condition may be connected to the fact that a nonconservative
theory behaves as an open system.
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nine independent component equations of motion, one less than General Relativity.
This impedes the use of the Bianchi identities for deriving the conservation of the
energy–momentum tensor. This viewpoint is also adopted in Ref. 3. Therefore, one
indeed has to impose the conservation

T μν
;μ = 0. (3)

Then, by imposing the use of the above equation, we are left with the following
result for the standard unimodular gravity:

R,ν = −8πGT ,ν. (4)

The above equation can now be integrated leading to an expression for the Ricci
scalar in terms of the trace of the energy–momentum

R = −8πGT + 4Λ, (5)

where Λ is an integration constant. Inserting this result in the field equations (1)
we find

Gμν = 8πGTμν + Λgμν . (6)

Hence, unimodular gravity is identical to General Relativity with a cosmological
constant, which appears as an integration constant.

2.2. Avoiding the conservation of T μν and cosmological

implications

According to Ref. 18, the integrability condition applied to unimodular gravity
should be rather (T μν/

√|g|) ;μ = 0 but by quoting this reference this is an extra
condition that should be added for consistency but one that looks a bit mysterious.
Recently, it has been found in Ref. 19 that by allowing the self-coupling of the
spin-2 field, Eq. (3) emerges naturally as a consequence of Poincaré invariance of
the theory.

In the approach for unimodular gravity we are considering, the conservation
law is an ad hoc hypothesis. Other approaches are possible, see, Refs. 1 and 2,
but we adopt here the one presented in Ref. 3. Our main goal here is to evade
the hypothesis leading to (2). This implies the necessity to impose other ad hoc
hypothesis, of course. In doing so, the features of the unimodular usual hypothesis
can be tested and possible variants further analysed.

In order to evade T μν
;μ = 0 and to design a nonconservative version of the

unimodular theory, we use the Rastall theory as inspiration. In Rastall gravity,
there is no action. Consequently, the divergence of the energy–momentum tensor
is not necessarily zero, and the integral of the conservation law is not possible as
it occurs with unimodular gravity. We remain with Eq. (2) in its complete form.
Then, in the approach we are about to develop, we assume we cannot promote
the step from Eqs. (2) to (4). That is all difference we must exploit. Hence, our
fundamental structure is given for the moment by Eq. (2).
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Let us consider the flat cosmological case equipped with a flat Friedmann–
Robertson–Lemaitre–Walker (FLRW) metric

ds2 = dt2 − a2(t)(dxi)2. (7)

According to the above metric, the components of the Ricci tensor are

R00 = −3Ḣ − 3H2, (8)

Rij = (Ḣ + 3H2)a2δij , (9)

and the Ricci scalar is

R = −6(Ḣ + 2H2). (10)

The energy–momentum tensor is given by

Tμν = (ρ + p)uμuν − pgμν , (11)

where its components and its trace read as

T00 = ρ, (12)

Tij = pa2δij , (13)

T = ρ − 3p. (14)

It is worth noting that the 0 − 0 and i − j components of the fundamental
unimodular equations (1) lead to the same result

Ḣ = −4πG(ρ + p). (15)

The implications of this structure for a primordial inflation based on a cosmological
constant or a self-interacting scalar field have been discussed in Refs. 20 and 21,
where some interesting analyses of a trace-free theory of gravity are presented.

Equation (2) is just a combination of the fundamental unimodular equation (1)
and its derivative. Thus, it does not contain, in principle, any additional informa-
tion. In the standard unimodular gravity, this does not represent a crucial issue
since the conservation of the energy–momentum tensor is satisfied, leading in the
cosmological case to

ρ̇ + 3H(ρ + p) = 0. (16)

With the specification of the equation-of-state parameter w = p/ρ, the system of
equations is closed. However, in our alternative approach, the conservation of the
total energy–momentum tensor does not exist and extra assumptions have to be
imposed in order to have a complete set of equations.

An important remark must be made at this point. In the unimodular theory,
the condition

√−g = constant is a fundamental property that leads to the General
Relativity equations equipped with Λ as an integration constant. In Ref. 1, it is
argued that this condition allows to recover the general covariance by diffeomor-
phism. Here, on the other hand, we have the traceless version of the gravitational
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equations and they are our fundamental set up. A traceless set of equations in the
geometric gravitational context does not close the necessary number of equations
in order to integrate them unambiguously, at least in the cosmological framework.
This has been discussed briefly in Ref. 15, and a possible way out was sketched.
Such situation depends on the symmetry of the problem: using static spherically
symmetric configurations, such necessity does not appear, as it has also been dis-
cussed in Ref. 15. Such properties have some similarities with conformal theories of
gravity,22 which is somehow expected since the fundamental equations are traceless.

Here, we extend the considerations sketched in Ref. 15 for the cosmological
case both at background and perturbative levels. In order to do this, finding a
specific cosmological scenario, we must impose a suitable additional condition to
close the set of equations. But this condition has a different status in comparison
with the unimodular one: in the present approach, we look for cosmological solutions
subjected to specific restrictions that otherwise would remain underdetermined.
These restrictions do not appear as a fundamental aspect of the theory as in the
unimodular case since it depends on the symmetry of the problem as already stated.
This fact allows to freely choose the coordinate system we will work with. This is not
the case in the usual unimodular context.3 As we will see, using such approach, the
main aspects of a corresponding scenarios in GR may be recovered at background
level, but with possible different properties at perturbative level.

3. Theory Constrained by a Constant Ricci Scalar

The formalism discussed above lacks a specific choice to constrain the Ricci scalar
which holds the remaining degree of freedom of this formalism. Among all the
possibilities, the simplest one is to consider a constant curvature

R = cte. (17)

With this hypothesis, Eq. (10) becomes

Ḣ + 2H2 = k, (18)

k being a constant factor. For k > 0, one finds the usual de Sitter solution

a = a0e
√

k
2 t. (19)

It is worth noting that this is a solution for GR with a cosmological constant
also. Moreover, there are two disconnected branches represented by the following
solutions:

(1) First branch (nonsingular solution):

a = a0 cosh
1
2
√

2kt, (20)

(2) Second branch (singular solution):

a = a0 sinh
1
2
√

2kt. (21)
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The first branch, the nonsingular solution, implies in a violation of the null energy
condition, while the second branch, the singular solution, is achieved when the null
energy condition is satisfied. In principle, these two branch solutions can also be
achieved in the GR context using radiation and a cosmological constant sourcing
the field equations. But, in our model, the only condition imposed in order to obtain
those solutions is ρ �= −p. Besides this condition, no equation-of-state has to be
specified. In fact, the radiative-like feature appears from the traceless property of the
field equations, while the cosmological constant emerges naturally as an integration
constant.

For k < 0, the solution is

a = a0 sin
1
2

√
2|k|t. (22)

The second branch, represented by the cosines solution, is just a spatial displace-
ment of the sines solution.

For k = 0, we have the typical radiative solution,

a = a0t
1
2 . (23)

Now, with this hypothesis of constant curvature, we can investigate two situa-
tions concerning the matter sector. Remember that, since R = const., Eq. (2) for
the matter sector becomes

T μν
;μ =

T ;ν

4
. (24)

• Single fluid case.
From Eq. (24), we obtain the following result:

ρ̇ + ṗ + 4H(ρ + p) = 0, (25)

with the solution for the enthalpy of the system

ρ + p = Ca−4, (26)

where C is constant. The relevant rôle played here by the enthalpy of the system
can be connected to the emergent gravity proposal,23 but at the present stage
this is pure speculative possible connection. The solution (26) corresponds to the
typical radiative behavior. These equations are sensitive to the enthalpy ρ + p

only, independent on the equation-of-state adopted.
• Double fluid case.

Now, the solution for the scale factor, under the hypothesis of constant curvature
is the same as before. Let us suppose, however, that the energy–momentum tensor
is given by

T μν = T μν
m + T μν

x , (27)

where m stands for matter and x indicates a generic exotic fluid. Let us suppose
also that the matter component is pressureless and does conserve separately.

The matter field behaves as

ρm =
ρm

a3
, (28)
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while Eq. (24) implies for the exotic fluid,

ρ̇x + ṗx + 4(ρx + px) =
1
3
ρ̇m, (29)

resulting in the solution,

ρx + px =
ρ0

a4
− ρm0

a3
. (30)

Some interesting features of this solution:

(1) Again, for the fluid x, only the combination ρx + px is relevant;
(2) In the past, the fluid x behaves as a radiative fluid and drives the dynamical

evolution of the universe;
(3) As matter begins to dominate the energy content of the universe, the fluid x

begins to behave repulsively;
(4) In the case px = −px (cosmological constant), only the empty universe is pos-

sible, and we recover the unimodular universe with a cosmological constant
emerging as an integration constant.

In the previous cases,

Ḣ = − A

a4
, (31)

where A is a positive constant. Hence, the super inflationary phase is a characteristic
of this model. Initially, for k > 0, the universe exhibits a typical radiative behavior
reaching an asymptotic de Sitter phase. In principle, a matter-dominated era may
occur meanwhile, but it must be verified if it lasts enough for the formation of
structure to take place. We will verify later that this is not the case, at least under
the particular conditions assumed above.

3.1. Behavior of the new background solution

Let us consider the background solution represented by

a = a0 sinh
1
2 κt, (32)

where κ =
√

2k. We normalise the scale factor such that today, t = t0, it is equal
to unity. Hence,

a0 =
1

sinh
1
2 κt

. (33)

We write the fundamental equation as

Ḣ = −4πG(ρ + p) = −4πGρ̃ = −4πG
ρ̃0

a4
. (34)

With above solution (32) the above equation can be integrated leading to

H =
4πGρ̃0

κa4
0

coth κt + c, (35)
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where c is an integration constant. For simplicity and without loss of generality we
consider c = 0. In any case, it can be absorbed in the definition of the expansion
rate H .

The solution for H can then be rewritten as,

H =
4πGρ̃0

κa4
0

√
(1 + z)4

a4
0

+ 1, (36)

where the redshift has been used as dynamical variable 1+z = a0/a. The constants
may be fixed using the today’s Hubble constant parameter H(z = 0) = H0 and
also making use of the fact that at the asymptotic future limit given by z = −1, a
de Sitter phase is reached such that H = Λ. With such conditions, the expression
for the Hubble function reduces to

H = H0

√
(1 − Λ̃2)(1 + z)4 + Λ̃2, (37)

where

Λ̃ =
Λ
H0

. (38)

This solution has two free parameters, H0 and Λ̃, the same number of degrees of
freedom as in the flat ΛCDM model. It is worth noting that the model studied here
given by Eq. (37) is equivalent to a GR-based expansion composed of radiation and
cosmological constant. Although not suitable for the late-time universe expansion,
where the presence of a matter component is mandatory, the solution given by
Eq. (37) can model the early universe.

3.2. Perturbations

Since we have established in the previous section the background dynamics of the
nonconservative unimodular cosmology, let us consider now the evolution of per-
turbations in the model described previously. In principle, we could use any of the
background solutions found before. We will analyse in detail the singular solution
represented by the hyperbolic sines showing that even at the perturbative level, it
is equivalent to the corresponding case in General Relativity with radiation and
cosmological constant. Later, we will discuss some interesting situations where the
equivalence with GR is broken. We will not discuss the nonsingular solution repre-
sented by the hyperbolic cosines since it contains negative energy.

We start by splitting the metric such that

gμν = gb
μν + hμν , (39)

where gb
μν is the background metric and hμν represents a small fluctuation around it.

We develop the perturbative analysis by fixing synchronous coordinate conditions
(or the synchronous gauge)

hμ0 = 0. (40)
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Consequently, the perturbed components of the Ricci tensor are24

δR00 =
ḧ

2
+ Hḣ, (41)

δR0i =
1

2a2
{ḣkk,i − ḣki,k − 2H(hkk,i − hki,k)}, (42)

δRij =
1

2a2
{∇2hij − hik,j,k − hjk,i,k + hkk,i,j}

− 1
2
ḧij +

H

2
ḣij − δijHa2 ḣ

2
− 2H2hij . (43)

In the above expressions, we have defined the synchronous scalar potential as usual

h =
hkk

a2
. (44)

The perturbation of the Ricci scalar is given by

δR = ḧ + 4Hḣ − 1
a2

{
∇2h − hkl,k,l

a2

}
. (45)

In order to obtain the full set of perturbed equation we also have to consider
fluctuations of the field source of the theory. We adopt a perfect fluid structure

Tμν = (ρ + p)uμuν − pgμν , (46)

which has the following first-order components

δT00 = δρ, (47)

δT0i = (ρ + p)δui, (48)

δTij = a2δpδij − phij , (49)

δT = δρ − 3δp. (50)

Thus, the perturbed version of the field equations (1) becomes

δRμν − 1
4
(hμνR + gμνδR) = 8πG

{
δTμν − 1

4
(hμνT + gμνδT )

}
. (51)

From the above equation, we can write down their components. They read

ḧ + 2Hḣ− δR

2
= 12πG(δρ + δp), (52)

1
2a2

{ḣkk,i − ḣki,k − 2H(hkk,i − hki,k)} = 8πG(ρ + p)δui, (53)

1
2a2

{∇2hij − hik,j,k − hjk,i,k + hkk,i,j}

− 1
2
ḧij +

H

2
ḣij − δijHa2 ḣ

2
+ (Ḣ + H2)hij + a2 δR

4
δij

= 2πGa2(δρ + δp)δij . (54)
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It is worth noting that also at the perturbative level the enthalpy ρ + p is the
relevant quantity that obeys the first-order dynamics. Equation (53) is actually the
expression for the perturbation of the four-velocity.

Equation (54) can be decomposed into two: its trace and its double divergence.
The trace of (54) reads

1
a2

(∇2h − g) − ḧ

2
− 3Hḣ +

3
4
δR = 6πG(δρ + δp), (55)

with the definition,

g =
hkl,k,l

a2
. (56)

Combining (55) with (52), we find again the expression for δR, Eq. (51), confirming
that the entire set of equations is self-consistent.

The divergence of (54) combined with (52) and the expression for δR provides
the following equation:

∇2

a2
(∇2h − g) − 3(g̈ + 3Hġ) + ∇2ḧ + 3H∇2ḣ = 0. (57)

There are then two equations for three unknown functions namely, δρ̃ = δρ+δp,
h and g. As in the background case, we have to impose an additional condition.
According to the procedure adopted for the background,

δR = 0. (58)

Applying the above ansatz to Eq. (45) we obtain

g = −a2

{
ḧ + 4Hḣ− ∇2h

a2

}
. (59)

By taking the derivative of this relation and using (52), we obtain a single equation
for h,

3{hiv + 11H
...
h + (10Ḣ + 38H2)ḧ + 20H(Ḣ + 2H2)ḣ} − ∇2

a2
(ḧ + 2Hḣ) = 0.

(60)

By defining F = ḣ, we have a third-order differential equation,

3{...
F + 11HF̈ + (10Ḣ + 38H2)Ḟ + 20H(Ḣ + 2H2)F} − ∇2

a2
(Ḟ + 2HF ) = 0.

(61)

Replacing the time derivative (“ . ”) by the derivative with respect to the scale
factor (“ ′ ”) the above equation reads

F ′′′ +
{

3
H ′

H
+

14
a

}
F ′′ +

{
20

H ′

aH
+

50
a2

}
F ′ + 20

{
H ′

a2H
+

2
a3

}
F

=
∇2

3a4H2

(
F ′ + 2

F

a

)
. (62)
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The synchronous coordinate condition does not fix completely the coordinate
system. There is a residual coordinate freedom which leads to a spurious mode
represented by

Fg = ḣg = −3ḢΨ(x) − ∇2Ψ(x)
a2

, (63)

where the subscript g indicates the functional form of the residual gauge mode,
and Ψ is an arbitrary function of the position. It is interesting that the condition
δR = 0 is still satisfied for the gauge mode.

Using this gauge mode, we can lower the order of the perturbed differential
equation. Then it reads now as

λ′′ +
{

3
F ′

g

Fg
+ 3

H ′

H
+

14
a

}
λ′ +

{
3
F ′′

g

Fg
+ 2

F ′
g

Fg

(
3
H ′

H
+

14
a

)
+

20
a

H ′

H
+

50
a2

}
λ

= − k2

3a4H2
λ, (64)

where we have defined F = Fg

∫
λda and a Fourier decomposition has been made.

Even with this simplification, the equation is still too complicated to be solved
analytically. However, it can be solved asymptotically. In the limit a → ∞, the
Hubble function becomes H = Λ, a constant. The equation simplifies to

λ′′ + 8
λ′

a
+ 12

λ

a2
= 0, (65)

where we have discarded the right-hand side of Eq. (64), since it is, in that limit,
exponentially suppressed. This implies a solution under the form

F ∝ ep±Λt, p+ = −5, p− = −6. (66)

Hence, the perturbations are exponentially suppressed as expected since this limit
corresponds to the de Sitter regime.

In the other limit, a → 0, the background regime lies in the radiative phase, i.e.
the Hubble function reads H = Ω

a2 . In this case, using the knowledge of the gauge
mode and redefining λ = a

5
2 γ, we obtain the equation

γ′′ +
γ′

a
+

{
k̃2 − 1

4a2

}
γ = 0, (67)

where k̃ = k/
√

3. The above equation is a Bessel differential equation with solution

F =
c±
a4

∫
a

5
2 J± 1

2
(k̃a)da. (68)

This solution implies oscillations in the perturbed quantities. Thus, the ampli-
tude of the perturbed scalar quantities oscillates initially and suffers later an expo-
nential suppression. Indeed, this behavior is the expected one for a universe that
behaves initially as radiation-dominated and reaches a de Sitter phase. Such behav-
ior deduced from the asymptotic expressions is confirmed by numerical integration
of the full Eq. (62), as shown in Fig. 1.
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Fig. 1. Behavior for the perturbed quantity F as function of the scale factor, for k = 0.01 and
Λ̃ = 0.9.

The model features found above are also present in the GR context with a
cosmological constant and radiation. This equivalence is consequence of the ansatz
δR = 0. However, in principle, this implies to convert the gauge mode into the
physical mode unless another gauge invariant ansatz is imposed.

A particular case occurs if the long wavelength limit is taken. Hence, spatial
derivatives can be neglected and ∇2h = g = 0. Then Eq. (59) becomes

ḧ + 4Hḣ = 0, (69)

with solution,

h ∝ coth(
√

2kt), (70)

which is essentially the same solution as in the ΛCDM case.
Indeed, once the solution for h is found, the behavior of matter perturbations

is given by (52). However, there is an interesting situation when the energy–
momentum tensor is decomposed into two components, as described above, an ordi-
nary matter and an extra component, a situation that cannot be fitted in the GR
context (if the matter component conserves, the second component also conserves
necessarily, and the solution cannot be given by the hyperbolic sinus anymore).

Since the pressureless matter component conserves separately,

δm = h. (71)

In the long wavelength limit, this implies that the matter component behaves as in
the ΛCDM model. The difference comes from the modes inside the horizon: in the
ΛCDM model, the matter component follows the same behavior for all wavelength,
while for our case the behavior inside the horizon follows a typical pattern of the
radiative perturbations.

It is worth noting that we end this section showing that condition R = cte

imposed to the nonconservative version of the unimodular gravity leads to the
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same solutions as standard GR. We explore in Sec. 4 another constraining relation
involving the Ricci scalar in which the equivalence is broken.

4. A Possible Nontrivial Extension

In the previous analysis, in which we adopted a constant Ricci scalar, we ended up
with a radiative fluid in the presence of a cosmological constant. Matter may be
introduced by splitting the energy–momentum tensor into two components. How-
ever, we have another possibility to explore in order to obtain a full matter sec-
tor, with radiation, pressureless matter and a cosmological term. Nevertheless, the
model of the last section resembles the same dynamics of GR.

Now, we explore another condition imposed to the Ricci scalar which leads
to different features when compared to GR. Let us consider now the following
hypothesis:

√−g{R + 4Λ} = l, (72)

where Λ and l are constants. This hypothesis, together with the unimodular condi-
tion on the determinant of the metric, implies in supposing that the usual Einstein–
Hilbert Lagrangian is a fixed point.

The choice (72) represents a general case within the nonconservative unimod-
ular approach studied in this work. The case studied in the section above (17)
corresponds to l = 0 in (72).

With this new hypothesis, the field equations take the form

Rμν − 1
2
gμνR = 8πG

(
Tμν − 1

4
gμνT

)
+ gμνΛ − l

4
gμν√−g

, (73)

T μν
;μ − 1

4
T ;ν = 0. (74)

Of course, such equations cannot be invariant by diffeomorphism due to the presence
of tensorial densities in the last term of (73). However, they are invariant by a
restricted class of transformations, one clear example being that dictated by the
unimodular condition.

In order to verify the consistency of Eq. (72), it is important to remember that
the derivative of a tensor density

√−g is given by
√−g;μ =

√−g,μ − Γρ
μρ

√−g. (75)

We can rewrite Eq. (74) by defining

T̃ μν = Tμν − 1
4
gμνT. (76)

Equation (74) resembles the GR equations sourced by a cosmological term and —
as it will be seen later — a geometric matter (dark matter) component.
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Using the FLRW metric, the resulting equations are

Ḣ = −4πG(ρ + p), (77)

ρ̇ + ṗ + 4H(ρ + p) = 0. (78)

The last equation has the solution (writing the constant in a convenient way)

ρ + p =
ργ0

a4
. (79)

Using the hypothesis for R (72) with the expression (10) the final Friedmann equa-
tion is

3H2 = 8πG
ργ0

a4
− l

4a3
+ Λ. (80)

It reduces effectively to the ΛCDM corresponding equation if

l = −32πGρm0. (81)

Hence, it is worth noting that the flat ΛCDM background expansion is achieved

3H2 = 8πG
(ργ0

a4
+

ρm0

a3

)
+ Λ. (82)

Note that matter-like component appearing in (80) has a geometric origin. Baryons,
as it will be discussed latter, can be recovered from a decomposition of the radiative-
like fluid.

4.1. Perturbations

Our goal now is to find the perturbed equations considering the new constraint (72).
Using the formalism of the synchronous gauge as presented in the last section, we
obtain the 0 − 0 component of the field equation identically to Eq. (52).

Differently now, we must perturb the condition (72). Using the fact that (remem-
ber that if hμν = δgμν , δgμν = −hμν),

δ
√−g = −1

2
√−ggμνδgμν = −1

2
√−gh, (83)

we obtain

δR =
h

2
(R + 4Λ). (84)

Using the previous relations, we find, after making the expression dimensionless by
dividing by H2

0 , the relation

δR = −6Ωmh. (85)

Hence, Eq. (52) becomes

ḧ + 2Hḣ + 3Ωmh = 12πG(δρ + δp). (86)

It is important to remark that, due to relation (85), the scalar perturbation h is
directly connected with the matter component density contrast. In this sense, the
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relation is essentially the same as it is found in the ΛCDM model up to a numerical
factor.

Now, we perturb the conservation laws such that

δ(T μν
;μ) +

hμν

4
T;μ − gμν

4
δT;μ =

1
32πG

{−hμνR;μ + gμνδR;μ}. (87)

This general expression leads to two perturbed equations:

˙̃
δ +

4
3

[
θ −

(
1 − Ωm

Ωγ

)
ḣ

2

]
= 0, (88)

θ̇ + Hθ =
k2

a2

{
δ̃

4
− Ωm

Ωγ
h

}
. (89)

In these expressions,

δ̃ =
δρ̃

ρ̃
, θ = ∂iδu

i, δρ̃ = ρ + p, (90)

Ωm =
Ωm0

a3
, Ωγ =

Ωγ0

a4
, (91)

Ωm0 =
8πG

3
ρm0

H2
0

, Ωγ0 =
8πG

3
ργ0

H2
0

. (92)

The final set of equations is given by

ḧ + 2Hḣ + 3Ωmh = 6Ωγ δ̃, (93)

˙̃δ +
4
3

[
θ −

(
1 − 3

4
Ωm

Ωγ

)
ḣ

2

]
= 0, (94)

θ̇ + Hθ =
k2

a2

{
δ̃

4
− 3

8
Ωm

Ωγ
h

}
. (95)

Now, we change to the scale factor as the dynamical variable. Making the equa-
tions dimensionless, we end up with the following set of equations.

h′′ +
{

H ′

H
+

3
a

}
h′ + 3

Ωm

a2H2
h = 6

Ωγ

H2a2
δ̃, (96)

δ̃′ +
4
3

{
θ

Ha
−

(
1 − 34

Ωm

Ωγ

)
h′

2

}
= 0, (97)

θ′ +
θ

a
=

k2

a3H

{
δ̃

4
− 3

8
Ωm

Ωγ
h

}
, (98)

with

H =

√
Ωm0

a3
+

Ωγ0

a4
+ ΩΛ0. (99)
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Fig. 2. Growth of density perturbations for Ωm0 = 0.01 (left) and Ωm0 = 0.3 (right).

Fig. 3. Growth of density perturbations for Ωm0 = 0.3 and Ωr = 10−5. On the left panel the
perturbation on the pressureless component is displayed, in the center panel the perturbation on
the effective radiative fluid, and in the right panel the perturbations in the true radiative fluid.

Figure 2 displays the behavior of the density perturbations (directly connected
with h) for two different values of the density parameter Ωm0. The scale k =
0.1h Mpc−1 has been used (h in this expression is the reduced Hubble parameter).

In Fig. 3, the behavior of the “radiative” fluid perturbations is displayed. In
fact, this fluid behaves as the usual matter perturbation with no oscillations, as in
the previous section. This behavior does not depend on the equation-of-state for
p. All equations are only sensible to the combination ρ + p. Hence, even if at the
background level the fluid is similar to the radiative fluid, at the perturbative level
on the other hand, the ansatz (72) yields to behavior similar to pressureless matter.

We can test these features by introducing a true radiative fluid T μν
r , for which

pr = ρr

3 , conserving separately, i.e. T μν
r ;μ = 0. In this case, the perturbed equations

read

ḧ + 2Hḣ + 3Ωmh = 6Ωγ δ̃ + 6Ωrδr, (100)

˙̃δ +
4
3

[
θ −

(
1 − 3

4
Ωm

Ωγ

)
ḣ

2

]
= 0, (101)

θ̇ + Hθ =
k2

a2

{
δ̃

4
− 3

8
Ωm

Ωγ
h

}
, (102)
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Fig. 4. Growth of density perturbations for Ωm0 = 0.3 and Ωr = 10−5 for the ΛCDM case. On
the left panel, the perturbation on the pressureless component is displayed and in the right panel,
the perturbations for the radiative fluid.

δ̇r +
4
3

[
θr − ḣ

2

]
= 0, (103)

θ̇ + Hθ =
k2

a2

δr

4
. (104)

In these equations, the subscript r indicates the true radiative fluid with its density
and velocity perturbations.

We can compare this behavior with the usual ΛCDM standard case. The per-
turbed equations for the ΛCDM model are

ḧ + 2Hḣ− 3Ωmh

2
= 6Ωrδr, (105)

δ̇r +
4
3

[
θr − ḣ

2

]
= 0, (106)

θ̇ + Hθ =
k2

a2

δr

4
. (107)

The behavior for the pressureless matter (from the metric perturbation) and the
perturbed radiative fluid are displayed in Fig. 4.

The set of Eqs. (100)–(104) has a different structure in comparison to the stan-
dard cosmology, represented by Eqs. (105)–(107) due to the appearance of the new
source terms to the density contrast δ̃. Indeed, such new aspects emerge from the
geometrical sector of the theory and do not have a fluid-type counterpart. An inter-
esting qualitative result is that δ̃ indeed grows in amplitude with time as expected
to give rise to cosmological large-scale structure. However, the use of matter growth
data can be helpful to discriminate quantitatively between such models but this is
beyond the aims of this work.

5. Conclusions

We have designed in this work a nonconservative version of unimodular theories
of gravity. Even if not starting from the unimodular constraint on

√−g, our main
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idea was to keep in mind the unimodular field equations and then to evade the
imposition that the total energy–momentum tensor has to be conserved. It is worth
noting that by imposing T μν

;μ = 0, the unimodular field equations are formally the
same as GR + cosmological constant.

Since T μν
;μ �= 0, new constraints must be imposed to the field equations. In Sec. 3,

we explored the trivial case given by a constant Ricci scalar. This analysis has a
pedagogical appeal since we ended up with the same expansion as the one given by
GR sourced with a radiative fluid and cosmological constant. At the background
level the effective dynamics interpolates from a pure radiation-dominated universe
to the de Sitter phase in the future time limit without having a matter-dominated
epoch. Scalar perturbations behave similarly, at least for the case of the background
solution represented by the hyperbolic sinus, to the corresponding General Rela-
tivity case mixing radiation and a cosmological constant. Such equivalence emerges
uniquely due to the ansatz employed. However, even in this case, some special con-
figurations may appear, which are not presented in the GR counterpart case, as
the possibility to introduce a conserved matter component without spoiling the
background solution.

Moreover, in order to describe the present universe, it is necessary to relax the
condition R = const. It has to be violated if we want to obtain a matter-dominated
phase during the evolution of the universe. We have found in Sec. 3 that the non-
trivial case

√−g{R+4Λ} = l, where l is constant, yields to a ΛCDM-like expansion.
There is a new feature here since matter-like behavior has a geometric origin. The
absence of such matter-dominated phase in the model of Sec. 2 is surely one of the
reasons responsable to rule out this approach since it is not adapted to the descrip-
tion of the present universe. Then, the condition

√−g{R+4Λ} = l leads to a tran-
sient matter-dominated phase. However, the perturbative analysis becomes much
more complex. This ansatz leads to important new features: the effective radiative
fluid perturbatively behaves as a matter component, and in order to recover the
usual radiative behavior, a traceless fluid which conserves separately must be intro-
duced. In general,

√−g{R + 4Λ} = l leads to a perturbative behavior completely
different from the ΛCDM framework even if the background expansion is essentially
the same. The latter reinforces the viability of the model. This unexpected effect
should be further investigated in detail in light of recent data. Perhaps, a more
natural extension is to implement holographic hypothesis similar to that used in
many analyses with interaction in the dark sector, a possibility that we intend to
explore in future works.

Issues concerning other astrophysical and cosmological aspects of this theory
should also be further investigated. For example, applying a time reversal symmetry
(t → −t) to the first model investigated in this paper leads to a transition from
the de Sitter expansion to a pure radiation behavior. Such phenomenology can
also be explored in the realm of inflationary models which, in principle, is very
attractive.
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It is worth noting that Rastall-like theories represent just a prototype for non-
conservative gravity. In this work, we have explored the nonconservative unimodu-
lar gravity via this approach but another understanding of nonconservative gravity,
which can also be further designed in relation to unimodular gravity, can be found in
Refs. 25 and 26. We hope to explore deeply those extensions of the model presented
here in future works.
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