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Abstract
One of the promising areas in MRI diagnostics is the mapping of the distribution 
of nuclei other than 1H. It is caused by the presence of such nuclei in molecules 
involved in important biological processes. The spatial distribution of these nuclei in 
a body can be judged on those or other pathological processes occurring in it. One of 
such nuclei is 31P, which plays an important role in a living organism. So, adenosine 
triphosphate is a main metabolite that plays a fundamental role as an energy transfer 
molecule and is involved in the construction of the cell membrane and in many other 
processes, for example, a phosphate donor and a signaling molecule inside the cells. 
This work presents the technique of displaying phosphorus-containing components 
in a ultralow magnetic field (7 mT) without a receiving signal of 31P using the dou-
ble magnetic resonance method. The working substance in a phantom was the com-
pound trimethyl phosphate (CH3O)3PO.

1  Introduction

Current trends in the development of magnetic resonance imaging (MRI) go beyond 
the classic experiment displaying the distribution of 1H in a body [1–3]. For more 
diagnostic information, technologies of visualization of various physical parameters 
are being developed [4], and this paper describes one of such approaches.

In the described experiment an obtaining MRI of the spatial distribution of 
phosphorus in an object to study is based on the double resonance spin echo 
(DRSE) technique [5–7]. When the 90-τ-180-τ-echo pulse sequence acts on pro-
tons, during the action of the 180° pulse at the hydrogen frequency, the 180° 
pulse is sent at the phosphorus (31P) frequency. An RF pulse sequence is applied 
to the 1H–31P two-spin system with the scalar spin–spin coupling. The application 
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of this method allows obtaining an MRI of the distribution of phosphorus with 
a sensitivity 16 times greater than the direct method. This is because the image 
is obtained indirectly as the difference of MRI received from all protons (with-
out 180° pulse at the phosphorus frequency) and at presence of such pulse. As 
a result, we obtain an MR image of 1H nuclei associated with 31P nuclei, which 
is identical to the distribution of 31P nuclei. This is especially important in the 
case of a weak field, where the problem of sensitivity is very acute. On the other 
hand, it is in a weak field that the internuclear scalar interactions manifest them-
selves most strongly, since the splittings caused by them do not depend on the 
field level.

In this paper, we present the theory of the method and its experimental realiza-
tion using a phantom with trimethyl phosphate (TMP) (CH3O)3PO in a magnetic 
field 7 mT.

2 � Equipment

The experiment was carried out with a homebuilt magnetic resonance imager in a 
magnetic field 7 mT [8] complemented with a transmitting channel at NMR fre-
quency of phosphorus nuclei 31P. The above-mentioned channel consists

•	 A high-frequency generator at the NMR frequency of 31P 125 kHz.
•	 Power amplifier at this frequency [9].
•	 Dual frequency sensor.
•	 Electronic control software.

In this work, a phantom containing water and TMP was used. The phantom 
was a two-section glass cylindrical flask (Fig.  1). The internal section  is filled 
with TMP, while the external section is filled with water.

Fig. 1   Phantom water–trimethyl 
phosphate
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3 � Theoretical Calculation

The initial state of the two-spin system H–P (equilibrium state), in the presence of 
a constant magnetic field B0 applied in the z direction, is described by the reduced 
density operator. The density operator is written as a combination of the identity 
matrix and the matrix of the operator Iz [10]:

where Iz is the projection operator of spin H onto the z axis, Sz is the projection 
operator of spin P onto the z axis, n is the number of molecules per unit volume, and 
Δ is the difference in population levels.

The Hamiltonian of the indirect spin–spin interaction takes the following form 
[11]:

The total Hamiltonian in the rotating frame, taking into account the chemical 
shift, can be written as follows:

where �csIz is the proton chemical shift Hamiltonian.
As a result of the action of 90° pulses on 1H spins, the density matrix takes the 

following form:

where Hrf = B1�Iy is the Hamiltonian of the rf interaction and t90 is the length of the 
90° pulse.

To calculate the resulting signal, we use the average Hamiltonian theory [10]. For 
this purpose, we calculate the effective Hamiltonian in a frame of reference associ-
ated with the RF interaction before and after the 180° pulse.

Let us consider the effect of a 180° pulse on 1H and a pulse of arbitrary duration 
on 31P on the total Hamiltonian of the internal spin–spin interactions.

The effective Hamiltonian of the system before applying the two pulses is

In the tilted frame, which is associated with the RF interaction, the Hamiltonian 
of the RF interactions can be written as follows:

(1)�0 =

( n

2
+ Δ 0

0
n

2
− Δ

)

=
n

2

(

1 0

0 1

)

+ 2Δ

(

1

2
0

0 −
1

2

)

=
n

2
E + 2Δ ⋅ Iz,

(2)E =

(

1 0

0 1

)

,

(3)�0 = Iz + Sz,

(4)HJ = 2�JSzIz.

(5)Hfull = 2�JSzIz + �csIz,

(6)�1 = e−iHrft90�0e
iHrft90 = Ix + Sz,

(7)Hfull = 2�JSzIz + �csIz.
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where we assume that �1I Ix and �1SSx are much larger than all the internal interac-
tions in the Hamiltonian Hfull . Thus, during the RF irradiation, the internal interac-
tions are ignored.

Upon the transfer to the reference frame associated with the RF interaction, the 
internal Hamiltonian H̃int in the new interaction frame is calculated in accordance 
with the expression:

where Uext(t) = e−iHrftp is the propagator of the RF interaction Hrf and tp is the length 
of the RF pulse.

H̃full2 = U
†
ext
HfullUext is the Hamiltonian of the system after the 180° and X° 

pulses:

Consider the two terms individually.
The first term after substitution of Hint becomes:

Hrf = �1I Ix + �1SSx—since RF interactions, applied to nuclei of different types, 
do not affect each other or, in other words, the corresponding operators Ix and Sx 
commute, the effect of the two pulses can be considered separately. Therefore, 
the exponential operator in the expression can be divided into the product of two 
exponential operators. Therefore, to analyze the influence of a 180° pulse on the 
chemical shift Hamiltonian and the inhomogeneity of the field, we can confine 
ourselves to that part of the preceding equation that contains the operators of the 
hydrogen nuclei:

Thus, after the 180° pulses on protons, parts of the Hamiltonian linear in Iz 
change sign to the opposite.

Let us consider the second term in Eq. (10):
Since both terms in Hrf = �1I Ix + �1SSx commute with each other, then

(8)Hrf = �1I Ix + �1SSx,

(9)H̃int = U
†
ext
(t)HintUext(t) − iU

†
ext
(t)

d

dt
Uext(t),

(10)
H̃full2 = eiHrftp (𝜔(r)Iz + 2𝜋JSzIz + 𝜔csIz)e

−iHrftp

= eiHrftp(𝜔(r)Iz + 𝜔csIz)e
−iHrftp + eiHrftp (2𝜋JSzIz)e

−iHrftp .

(11)H̃
(1)

full2
= eiHrftp (𝜔(r)Iz + 𝜔csIz)e

−iHrftp .

(12)

H̃
(1)

full2
= eiHrftp (𝜔(r)Iz + 𝜔csIz)e

−iHrftp = ei𝜋Ix (𝜔(r)Iz + 𝜔csIz)e
−i𝜋Ix

= ei𝜋Ix Ize
−i𝜋Ix (𝜔(r) + 𝜔cs)

= (Iz cos(𝜋) + Iy sin(𝜋))(𝜔(r) + 𝜔cs)

= −(𝜔(r)Iz + 𝜔csIz).
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If the rotation angles of the pulses in both channels are equal to 180° in the exper-
iment, then the Hamiltonian does not change. Then throughout the entire experi-
ment, the effective (average) spin Hamiltonian is equal:

In the case of 180° pulses, the last expression equals to 2�JSzIz.
Thus, as a result of the action of this pulse sequence, the chemical shifts and 

inhomogeneity of the static magnetic field B0 are averaged (spin echo), while the 
effective average Hamiltonian of the spin–spin interactions does not equal to zero in 
general.

Let us consider the effect of the average Hamiltonian on the density matrix:

Let us consider the effect of the Hamiltonian on the hydrogen part of the density 
matrix. In this case, the term of the density matrix describing the state of the phos-
phorus nuclei, Sz , is excluded from consideration, since the operator Sz commutes 
with the average spin Hamiltonian ( [Sz, 2IzSz] = 0). Consequently, the orientation of 
the spins of the phosphorus nuclei does not change.

(13)

H̃
(2)

full2
= eiHrftp (2𝜋JSzIz)e

−iHrftp

= ei𝜔1StpSx (2𝜋JSzIz)e
−i𝜋Ixe−i𝜔1StpSx

= 2𝜋Jei𝜋Ix (Iz)e
−i𝜋Ixei𝜔1StpSx (Sz)e

−i𝜔1StpSx ,

(14)H̃
(2)

full2
= 2𝜋J(Iz cos(𝜋) + Iy sin(𝜋))(Sz cos(𝜔1Stp) + Sy sin(𝜔1Stp)).

(15)H̃ =
(Hfull𝜏 + H̃full2𝜏)

2𝜏
,

(16)H̄ =
2𝜋JSzIz𝜏 − 2𝜋JIz(Sz cos𝜔1Stp + Sy sin𝜔1Stp)𝜏

2𝜏
,

(17)H̄ = 𝜋J[SzIz − Iz(Sz cos𝜔1Stp + Sy sin𝜔1Stp)],

(18)
H̃full2 = −(𝜔(r)Iz + 𝜔csIz) + 2𝜋JIz cos(𝜋) + Iy sin(𝜋))(Sz cos(𝜔1Stp) + Sy sin(𝜔1Stp)),

(19)H̃full2 = −(𝜔(r)Iz + 𝜔csIz) + 2𝜋J(−Iz)(Sz cos(𝜔1Stp) + Sy sin(𝜔1Stp)).

�1 = Ix + Sz − densitymatrix after a 90◦ pulse,

(20)�2 = Uevol�1U
†

evol
,

(21)Uevol = e−iH̄t,

(22)�2 = e−i2�JIzSz2��1e
i2�JIzSz2� .
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Since there are three operators for which the cyclic commutation relation is 
fulfilled: Ix, 2IySz, 2IzSz , we can write:

The observed signal can be calculated according to the following equation 
[10]:

As only the first term is directly detected in the experiment, the following con-
dition must be fulfilled for minimization of the observed signal: 2�J� =

�

2
 , which 

leads to � =
1

4J
 . In this case, one achieves the maximal contrast between different 

parts of the sample, where coupled and non-coupled subsystems are localized. 
The echo signal detected by the receiving RF coil from the J-coupled spins is 
absent in this case.

Figure 2 presents the theoretical dependence of the echo amplitude on τ.

(23)�final = e−i�J2IzSz2�Ixe
i�J2IzSz2� ,

(24)�final = Ix(cos(2�J�) + 2IySz sin(2�J�)).

(25)S(t) = Tr{(Ix(cos(2�J�) + 2IySz sin(2�J�)))(Ix + iIy)}.

Fig. 2   Theoretical dependence of the proton echo amplitude on τ on condition of action of 180° 31P pulse
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4 � Experimental Results

To check the result of the above described experiment, we obtained a series of 
MR images with suppression of proton signal from the 31P-containing compo-
nent. Figure  3 shows the pairs of pictures that were obtained with different 
extents of impact that inverting 31P pulse made on the system. The left images 
in the depicted series were received with the switched-off inverting 31P pulse, 
i.e., we obtained an image of the full distribution of protons on the sample. The 
right images were recorded with the switched-on phosphorus inverting pulse. The 
series demonstrate how the suppression depends on the echo delay parameter τ. It 
is seen that the maximum effect is obtained when τ = 22.5 ms, which corresponds 
to that calculated from the 31P–1H J-coupling constant (11 Hz) theoretical value.

Fig. 3   Proton MR images of the phantom with 180° 31P pulse on or off and by various values of τ: a rf 
pulse on 31P channel is off, τ = 22.5 ms, b 31P rf pulse is on, τ = 22.5 ms, c 31P rf pulse is off, τ = 33.5 ms, 
d 31P rf pulse is on, τ = 33.5 ms, e 31P rf pulse is off, τ = 45 ms, f 31P rf pulse is on, τ = 45 ms
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In Fig. 4, the experimental dependence of proton signal from TMP on τ is pre-
sented for the cases with the presence of phosphorus inverting pulse (upper graph) 
and its absence (lower graph). Figure 5 demonstrates the effect of proton signal sup-
pression more visually. 

5 � Conclusion

The graphs presented in Figs. 2, 4 and 5 and MR images with signal suppression 
from 1H associated with 31P in Figs. 3 and 6 show that the obtained experimental 
data completely confirm the theoretical calculation. The maximum effect of suppres-
sion of the proton signal were observed at � = (1∕4)J . Thus, the described method 
allowed visualizing a spatial distribution of phosphorus without direct observation 
of the phosphorus image that provided a sufficient sensitivity to carry out an experi-
ment at ultralow magnetic field.

Fig. 4   Dependence of the experimental proton echo amplitudes on τ (τ = TE/2) for a case with lack of an 
impulse on phosphorus and a case with its existence
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