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VIIVUIIIEHHBII MHOI'OMEPHBINI BAPUIAHT
BTOPOI1 PABHOMEPHOM ITPEJIEJIBHOM TEOPEMBI
KOJIMOT'OPOBA

§1. BBEAEHUE

BadurcupyeMm HEKOTOpOe HaTypajbHOe unucjio 7 € N U pacCMOTPUM
HE3A6UCUMDLE CTTyIaltHbIe BEJIMINHBI

517"'7£n€R1a

KOTOpBIE He 00s13aTeJIbHO OJIMHAKOBO pacupejienensl. Kiraccmdyecknit pe-
syabrar A. H. Kosmoroposa [5] yTBepK/aer, 9To ecji 1 BeJINKO, TO IPH
JIOBOJILHO OOINUX YCJIOBUSIX DACIpE/IeIeHue UX CYMMBI B mempuke Jleeu
6JIM3KO K KJIACCY BCeX 0€3rPaHUYHO JeTMMBIX pacipeaeneHuii. las yrod-
Hennsi GOPMYIUPOBOK HAM HOTPEOYIOTCS HEKOTOPbIE OOO3HAYECHS.

Jost crywaitnoit semmuanuel € € RY onpesemum ee dhynwyuto woruyen-
MPaYUY Kax

Q& T):=sup Ple <<+
zeR!

Paccrosame JleBn Mexkny AByMs caydaiHbiMu semmammavu &, & € Rl
OTIPENIEIAETC KaK

L(&,¢) :=inf{\ > 0: P[¢ < 7]
P’ < ]

[
[

O603HauNM gepe3 D KJIACC BCeX DE3rPAHNIHO JIEJTUMBIX CJIYYaiiHbIX Be-
JIMYIWH.

<SPl <z+ N+
< P[¢ <2+ A\ + )\ npu Beex v € R}

Kmouesvie cao6a: CyMMBI HE3ABUCHMBIX CIIyYailHBIX BEJIUYINH, BBIIYKJIbIE MHOIO-
TPaHHUKH, AIIIPOKCUMAIINs, HEPABEHCTBA.

Asropsl Obutn oggepkanbl SFB 1283, Ilepsblit 1 BTOpoil aBTOPBI OBLIN MOAIED-
xkanbl Takzke rpanrom CIIBI'Y-HHUO 6.65.37.2017. Bropoit aBTop 6bL1 moaepKan
Takke rpaarom POPI 19-01-00356. Bropoit m Tperuii aBTOpBHI GBI IIOIEPXKAHBI
rakke [Iporpammoii pynnamentanbubix uccnenosannii PAH “CoBpeMennbie mpoGiembl
TEOPETUYIECKON MaTeMaTUKU' .
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72 @. TETLIE, A. 10. 3ANIIEB, /1. H. 3AIIOPOYKEIL

A. H. Koamoropos [5] nokazas, 9To CyniecrByer Takas abcoaommas
MOCTOSTHHASA C, UTO JJIS NPOUSSOALHHLL HEZABUCUMBIX CJIyIafHBIX BEJTUTIAH
&,...,&, u s Beex T > 0,

inf L(g+ -+ &) <c (p° + 72 (log 7V 4 1)), (1)
ne
rie

p:=max{p1,...,pn} u p;:=1—Q(&;7), i=1,...,n. (2)

OTMeTHM, 9TO UCXOJHBIN pe3ysbTaT B [5] MMeeT HEeCKOJIbKO MHYI0 (GopMy
upu 7 € (0,1/2], cm. 3ameuanue 1.2.

Orpanuuenue (2) Ha pACIIPEIEJICHUs CIANAeMbIX MOXKHO PACCMATPUBATH
KaK HEACHMIITOTUIECKHI AHAJIOT YCJIOBUS IIPEIEIHLHOTO TOCTOSTHCTBA CJIa-
raeMbIX B CXeMe Cepuil He3aBUCUMBIX CJIy9JaiiHbIx BeamanH. OmneHKa TOIHO-
CTH AIMIPOKCUMAIIUU MOYKET PaCCMATPUBATHCS KAK KOJIMYECTBEHHOE yTOY-
HEHUE KJIACCUYECKO TeopeMbl XUHYNHA O MHOXKECTBE OE3rPaHUYIHO JIEJIH-
MBIX PacIpejieIeHrii KAK COBOKYITHOCTH IIPEJIe/IbHBIX 3aKOHOB JIJIsl PACIIpe-
JeJICHH CyMM, PacCMaTPABAE€MBbIX B CXeMe CepHuil.

Paccrosune JleBu merpusyer cirabyio CXOAUMOCTDH BEPOSTHOCTHBIX Pac-
npejieJieHnii Ha BerecTBeHHoi npsiMoii. [Tosromy mepaserncTrBo Kosimoro-
posa (1) mokaswiBaeT TeopeMy XUHYHMHA, IIOCKOJIBKY CJ1abasi CXOIUMOCTh
npu p — 0 u 7 — 0 pacupegesienuit cymm & + -+ - + &, K HEKOTOPOMY
pPACIIPEIEJIEHUIO BJI€UET CJIabYIO0 CXOAUMOCTD K TOMY K€ PaCIPeIe/IeHUIO
pacipe/iesieHuil HEKOTOPBIX DE3rPAHIUIHO JeINMbIX BeanduH. [Ipenensmoe
pacupeesienne 6E3rPAHNIHO JeINMO KaK IIpeesi 0e3rPaHuTIHO JTeTMMBIX
pacupesenennii. Orako Hepasencrso Kosmoroposa (1) obecrieansaer xo-
poiiiee GE3rPAHUYHO JIEJIUMOE [TPUOJIMKEHNE TTPU (DPUKCUPOBAHHBIX MaJIbIX
P W T, HakKe €CJIM PACIPEIEICHUS CyMM, YIACTBYIOIINX B CXeMe CepHil ¢
p— 0u 7 — 0, He ABIAIOTCH OTHOCUTEIHHO KOMIAKTHBIMH.

Merozpl, ucnonbzoBannbie Kosmoroposoim npu jokasaresnbcrse (1),
HapsiLy ¢ KoMOuHaTopHOit iemmoit [TlepHepa 1mo32ke OBbLIN UCIIOJIb30BAHBI
B. A. Porosusbiu [8,9], 9T06BI OIyYUTh PE3YIIBTAT, KOTOPBIH TENeph XO-
pOIIIO M3BECTEH KaK KJaccmieckoe HepaBeHCTBO Kosmmoroposa—Porosuna:
JJISE HEKOTOPOI abCOJTIOTHOMN MOCTOAHHOM ¢ 1 Bcex T > 0

c
Q1+ +&T) < \/]71-1——74-2%

IMocsegyromye yTOYHEHNs! OIIEHKY B IPpaBoi yacTu (1) ObLIN MOy IeHbI
B paborax [4,6]. HakoHer, onTuMasbHast OlleHKa ObLIa IOJIy9IeHa B pabo-
re [13]:
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il LG+ &) < - (p ([ log 7] + 1) 3

ABTOpHBI paccMoTpein B pabore [13] Takke MeTpuky Jlesu—IIpoxoposa
m(&,¢) =inf {A>0:P[¢ € B]<P[¢ € B+ A,
P[¢' € B|< P[¢ € BN+
JUTsE BCeX DOPEIEBCKUX MHOXKECTB B},
rae
B .= {z cR! :yiggkcfm <},

U IIOJIy9YUJIN OIIEHKY

n
Jnf (& e Gum) e (pr(llogTl+ D)) + >R (4)
i=1
KOTOpas TaKKe ABJsgeTCs onTuMaabHoil, s 6osee rimybokoro obcyx ie-
HUsl [IPEJMEeTa Mbl OTChLIaeM duTaTelis K Monorpaduu [1].

Ouerku (3) u (4), XOTsI U ABJIAIOTCSA ONTHUMAIBHBIMHI, MMEIOT OJTHAKO
CBOM HEJOCTATKU: OHU HE SIBJISIIOTCS MHBAPUAHTHBIMU OTHOCUTEJIHHO Mac-
mrTabHbBIX TPe00PA30BAHMIT CIIyIalHbIX BeJIMINH. B 9acTHOCTH, OHE TIEpe-
CTaIoT OBITH COMEPKATEIbHBIME ITpn OoJibmux 7. Ilo 9T0it npuydnne B pa-
Gore [10] 6bwT0 HIpeIOZKEHO Craeyiomiee obobmenue (3) u (4), y KoToporo
HET TAKOI'0 POJIa HEJOCTATKOB: JIJIsI HEKOTOPBIX abCOJIIOTHBIX MOCTOSHHBIX
c,e >0muBcex A\, 7 >0

inf Ly(€1 4+ ) S (p+exp(—e- /7)),

n (5)
nf mA(€ o ) S (pexp(—e A7) + D

i=1

rae La(+, <) mma(-, -) — caenyronue ycoBepiieHCTBOBaHus MeTpuK JleBu
u Jlesu-IIpoxoposa:

La(§,€) = sup max{P[{ <] -P[¢'<a+ )|, P[¢’'<z]-Pl{<z+A]},

zeR!
ma(€,€) = sup max{P[¢ € B]-P[¢' € BY],P[¢' € B]-P[¢ € B]}.
opeJIeBCKHue

MHOXKecTBa B
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Tocnenusis Bequauna Gblia BlIEpBble pacCMOTpeHa B pabore [2], a nepsas

— B [10]. Buanue Ly(-,, -,) u wa(+,, -, ) gaer Goubiue undopmanuu o 6Jiu-
30CTHU pacupesiesleHnii CayIafiHbIX BeJMINH, 9eM npocTo 3Hanue L( -, -, )
u (-, ). Buacraocrn,

L(&,¢) =1inf{A > 0: Ly(£,€) < A}, (6)

m(&,&) ==inf{A > 0:m\ (&) < AL

3ameuanue 1.1. IMoguepkuem, uro (5) — 310 HelicTBUTEILHO 0606IIE-
aue (3) u (4): HecaoxkHO npoBepuThb, uTo U3 (5) u (6) caexyror (3) u (4),
nozpobuee cum. B [10].

3ameuanne 1.2. B pabore [5] 66110 110 CYIIECTBY JOKA3AHO, YTO JIJIS BCEX
T, A, Takux 910 0 < 27 < )\, CIpaBeInBO HEPABEHCTBO

A
inf Lx(& 4+ &nn) <c- (p1/5 + Zlog'/? —),
neD by T

n3 kotoporo Bmecre ¢ (6) caeayer (1) mpu 7 € (0,1/2].

§2. BBICOKME PABMEPHOCTU

[Tpobisiema, obcyKaaeMast B IPEIbIIYIIEM pasJesie, MOXKeT ObITh ecTe-
CTBEHHBIM 0Opa30M IEpeHeCceHa Ha CJIydail OOJIBINEro 4mcjia M3MEpPeHuil.
IIycts Temeps &1, ..., &, € RY — nezaBucumMble d-MepHBIE CIIydaiiHble BEK-
Topel. OyHKIMS KOHIEHTPAIMH CJIydaiiHoro exTopa & € RY onpenensier-
Csl KakK

Q(&7) := sup Pl¢ —a| < 7], (7)
zeRd
rje npu d = 1 3TO onpeJiesIeHne OTIIMIAETCS OT MPEIBLIYINEro MacHITad-
HBbIM Ko durmentom 2 B aprymenre. Oupegenenust (-, -) u wx(+, - ) B
R? ocratorcs 6e3 kKakux-1m60 u3Menenuii ¢ B, onpeiesiseMbIM Kak

B = RY: inf |z —y| < A}
{z e yHelBI:E yl < A}

Curyammst ¢ L(-, -) m Lx(-, -) MeHee onHosHauna. B pa6ore [11] 6puan
[IPEJIVIOZKEHBI CJIE/TYIOIe MHOIOMEPHBIE BADHAHTHI 9THX BesmdanH. ITycrs

1,:=(1,...,1) e R%.

Jist conygaitabix BekTopos &, & € R onpeenmm
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L(g,€) = inf{A > 0: P¢ <a] < P[¢’ <o+ A+ A, (8)
Pl¢’ < 2] < P[€ < x4 Al4] + A npu Beex z € R}

u

Lx(§:€) = sup max{P[¢ < ] - Pl¢' <z + A1),
z€

P[¢ < 2] — Pl¢ <z + Alg)}. (9)
PaccMOTpUM He3aBHCHMBIE CIydaiiHbie BeKTOpHI &1, ..., &, €RY u mycTn
Dy P1s - - - Pn OTIPEJENsOTCs Kak B (2). B pabore [11] 6bu10 mokazaHo, 9To

CIIpaBe/JINB CJIe/y oMU MHOrOMEPHBII BapraHT (5): Jyisi HEKOTOPBIX KOH-
CTaHT Cq,Eq > 0, 3aBuUCAINX TOJBKO 0T d U Beex 7, A > 0

niengd La(&+ - +&nn) <cq- (p+exp(—eq- N/T)), (10)

inf ma(§+ -+ ) Sca (p+exp(—ea- A7)+ pi,  (11)

n i=1

e ® 4 0603HAYAET KJIACC BCEX d-MEPHBIX OE3rPAHUYHO [IEJIMMbBIX CJLydaii-
HBIX BEKTOPOB.

Bameuanne 2.1. 3amernm, uto (6) ocTaercsi BEpHBIM 1 B 60Jiee BBICOKHX
pasmepHOCTsiX. TakuM 06pa30M, HETPY/IHO MOKa3aTh (1mopobHee cM. B [10])
aro u3 (10) u (6) BBITeKaOT MHOrOMepHbIe anasoru (3) u (4):

nig%L(Ew--wLén,n)éCd'(P+T(|1°g7|+1))’ (12)

inf 7(& e+ &) Seas (p(log Tl + 1)) + dori (13

i=1

§3. OCHOBHBIE PE3YJILTATHI

OripeiesieHe MHOTOMEPHOI MeTpuKHy JIeBu, JaHHOE B IIPEJIbIILYIIEM pa3-
JieJie, He COBCEM €CTECTBEHHO: OHO CHJIBHO 3aBUCUT OT BBIOOPA KOODINHAT-
moro 6a3mca, B TO BpeMsi KaK (DYHKIMH KOHIEHTPAIMH, BKJIIOYEHHBIE B
BepxHue oneHkN B (10), ot Hero He 3aBucatT. Mbl cobupaeMcst IpeIoKuTh
CBOOOJTHOE OT KOOPJIMHAT OIPEJIE/IEHNE U TIOJIYIUTD JJIsT HETO aHAJIOT Hepa-
gercrBa (10). HauneMm ¢ HEKOTOPBIX 0603HAYEHUI.
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IIpu m € N mbr obo3uagMM gepe3 P, KIACC BBIIYKJIBIX MHOTOTDAHHU-
koB P C RY, mpejicraBuMbIX B BHIE

P={zeR*: (z,t;) <bj, j=1,...,m}, (14)

met; ERYc|tj|=1ub; €eRY, j=1,...,m. dna P € P, oupejesen-
Horo B (14), m A > 0 o6o3HaTNM

Py={zeR%: (2,t;) <bj+ A\ j=1,...,m}.

Ilo ompenesienuio Py, siBjisieTCs IEpecedIeHneM 3aMKHY ThIX A-OKPECTHOCTEIH

MTOJTY TPOCTPAHCTB {:c e R: (z,t;) < bj}, rae j = 1,..., m. [loguepkuem,
gro Py 3aBucur or npejcraieHus (14), KoTropoe MOXKeT OBbITh He e/fH-
CTBEHHBIM JUIsl JIAHHOI'O MHOrOTpaHHHKa. IlycTs e1,...,eq € RY — Bex-

TOPBI CTAHJAPTHOTO €BKJIMI0Ba 6a3uca. Eciim Mbl pacCMOTPUM TIO/IKIACC
P} C P4 Tex MHOTOTPAHHUKOB, KOTOPBIE ITPE/ICTABAMEL B BUJIE

P={zeR": (z,¢;) <bj, j=1,...,d}, (15)
70 (8) u (9) oueBHAHBIM 06PA30M IKBUBAJCHTHBI COOTHOIICHHSIM
L(¢,€) :=inf{\ > 0: P[¢ € P| < P[¢' € P\] + A,
P[¢' € P] <P € P\] + X upu Beex P € P}

u

La(€,€) = S max{P[¢{ € B|-P[¢’ € B, P[¢' € B]-P[¢ € By} (16)
Do HabIIIOIEHNE IPUBOJIAT K H1e€ CBOOOTHOTO OT KOODJIUHAT OIIPEIeJICHNUST
anst L(-,-) u Ly(+, ) B mpocrpanctse R

Omnpenenenne 3.1. Jaam € N u caywaiinox eexmopos &,& € R no-
NOHCUM

Lon(6,€) = nf{A > 0: P[¢ € P] < P[¢’ € Py] + A,
P[¢' € P] < P[¢ € P\] + A\ npu 6écex P € P,,}
u
Laxm(&,€) == sup max{P[¢ € P] - P[¢ € P\|,P[{' € P| - P[¢ € P]}.

PEP,
13 ompeiesiennst HETIOCPEICTBEHHO CJIEYeT, ITO Ipu m = d,
L, ) <L+, -) m La(e,+) < Lam(-5 ). (17)
)

)
Haun niepBblit pe3yJIbTaT AaeT BePXHUE OUEHKH JUIst Ly, (-, - ) 1 Ly (-, - ),
nonobubie (10) u (12). PaccmorpuM CHOBa NPOU3BOJIBHBIE HE3ABHCHMBIE
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coTyJafinbie BeKTOph &1, .. ., &, € RY w myets p, p1, . . ., Py OTpesesIioTCs
Kak B (2).

Teopema 3.1. Jlaa awbozo m € N cywecmseyom KOHCMAHMYL Cryy Em,
3A8UCAULUE MOABKO OM M, U MAKUE MO

inf Ly, (& + - +&nun) < cm - (p+7(|log 7] + 1)),
nEDy

inf Ly m(&+ -+ &nym) < em - (p+exp(—em - A/T))
NnEDq

npu ecex T, A > 0.

[ToguepkHEM, YTO KOHCTAHTHI Cppy, £y, HE 3ABUCAT OT PA3MEPHOCTH d.
IIpumensiz Teopemy 3.1 pu 7 = 0, 1 TO, ITO

Pl¢ e P] = )l\ir% P[¢ € P\] ana mo6oro P € Py,
—
MBI TIOJIyIaeM cjefyloriee ciaencTsue 3.1.

Caencrue 3.1 ( [3], cm. takxke [12]). Hycmo evinoanenv: ycaosui meo-
pemot 3.1 ¢ 7 = 0. Tozda dan ao6o20 m € N cywecmeyem xoncmanma
Cm, BABUCAWAA TOABKO O M U MAKAA, MO

f m ny g mily
f p (14 +&n) < cmp

2de
pm (&, &) = sup |[P[{ € P]-P[¢ € Pl
PEPm

st mokasareabCTBa CAeACTBUA 3.1 cileflyer NMpuMeHuTh Teopemy 3.1
npu 7 — 0 ¢ A =+/7 = 0.

B onpexnenenun Ly, (-, -) u L m(-, ) Mbl pacCMATPUBAJIH BBLIYKJIbIE
MHOTIOIDaHHUKM P BMecTe ¢ ux npubjumkeHusimu Py, B TO BpeMsl KakK B
KJraccndeckoil Mmerpuke Jlesu-IIpoxoposa paccmarpusatorcs ece bopeses-
ckue MHO)kKecTBa B 1 mx okpectnoctn B, Taxmm 06pa3oM, €CTECTBEHHO
PacCMOTPETH IIPOMEKY TOUHBIH CIIydail: BBITYKJ/Ible MHOTOTDAHHUKHU P BMe-
CTe ¢ X OKPECTHOCTSME P,

Omnpenenenne 3.2. /s m € N u cayuatinox eexmopos &,& € R no-
N02HCUM

m (&, &) == inf{\ > 0: P[¢ € P]
P[¢' € P]

Pl¢' € P+ A,

<
< P[¢ € P+ )\ npu scex P € P,,}
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Tam(€,€) = sup max{P[¢ € P] — P[¢' € P}, P[¢' € P] - P[¢ € P}
EPm

OusiTh 2Ke, U3 OIpe/IeJIeHNsI Mbl HMeeM
L(-, .)ng(., .)gﬂm(., .)gﬂ(.7 ) u
L)\(., ) <L)\,m('7 ) gﬁ)\,m('; ) <7T,\(', )
Tosromy (11) u (13) srerko 1aI0T OMEHKH CBEPXY IS Ty, (+, ) T m (-, « ).

(),HH&KO7 KaK IIOKa3bIBa€T Hallla CJAECAYIOIlasl TeOpeMa, 3aMEHa KJ/laCCa 00-
PeIEBCKUX MHO2KECTB Ha BBIITYKJIbIC MHOT'OI'DaAHHUKHU ITO3BOJISIE€T HAM n3ba-

(18)

n
BUTHCS OT CJIAraeMoro » . p? B 3THX OICHKAX.

i=1
Teopema 3.2. Jlaa awbozo m € N cywecmseyom KoOHCMAHMBL Cryy Em,
3A8UCAULUE MOALKO OM M, MAKUE YIMO

inf Ly (& + -+ &nn) < cm - (p+7(log 7] + 1)),
nEDaq

inf Lam(&+ - +&,n) <cm- (p+ exp(—em - A/7))
nEDq

npu ecex T, A > 0.

OnsiThb-TaKu, KOHCTAHTBI Cppy, £,y HE 3ABUCAT OT PA3MEPHOCTH.

W3 (18) sterko coremyet, uro u3 Teopemsbl 3.2 BbiTekaer Teopema 3.1. O-
HaKO HaM Oyzer ymoOHO CHadaJa JI0Ka3aTh TeopeMy 3.1 u 3aTeM BbIBeCTH
3 Hee TeopeMy 3.2.

Teopema 3.1 Oymer BbIBe/eHA IIyTEM IOCTPOEHUS ISt JIIOOOTO BBITYK-
JIOTO MHOTOI'DAHHUKA U3 Pp, HEKOTOPOro JIMHEHHOIO MPeodpa3oBaHus U3
R? B R™, Takoro 4To MHOIOTDAHHHK OKA3BIBAETCs IIPOOGPAZOM JIPYTO-
ro BbIIyKJIOro MHororpananka B R™ suga (15), u 3arem npumensis (10)
u (12).

Jloka3aTe/IbCTBO TEOPEMBI 3.2 HECKOJIBKO CJIOXKHee. UTOOBI BBIBECTH €TI0
u3 TeopeMbl 3.1, HAM HOHAZOGUTCS BJIOKATL Py B MHOXKeCTBO P Jyis
HEKOTOpOro ¢ > 1. B 0bmieM ciiydae 3T0 HEBO3MOXKHO: KaK JIEIKO BHUIETH,
Jtst jiroboro ¢ > 1 cymecrByer P € Py, s Koroporo Py ¢ P, Omako,
KaK ObLIO OTMedeHO Bblme, Py 3aBucur or npejcrasienus (14), koropoe
He SBJISIETCS €IMHCTBEHHBIM. TaKimM 00pa30M, KaK IOKA3BIBAET CJIELYIOIIee
peJUIozKeHne, MOXKHO OyzieT 100aBuTh K npapoii dactu (14) "He caumikom
MHOr0" TOJIyIIPOCTPAHCTB, KOTOPbIe HE BJIUSIIOT Ha P, HO u3mensitor Py,
Tak aro Py C P,
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IIpenmoxkenne 3.1. Jagurxcupyem nexomopwe m € N u e > 0. Tozda
CYWECTNBYEM BEAUMUHA Cpy e, 3GBUCAUAA MOADKO OM M, €, MAKAA 4MO
oaa a06oz0 mrozozparnuka P € Py, suda (14) cywecmeyrom mo < Cm e
ubj,t; e RYct;| =1, j=m+1,...,mg, maxue wmo

P={zeR":(z,t;)<bj, j=1,...,mg},
u Oas 4106020 X > 0,
Pyi={z e R*: (a,t;) <bj+ X j=1,...,mg} C PITI*  (19)

HokazareabcTBO nipeiokenus 3.1 oryioxkeno jo paszena 6. [lepeitaem
Terepb K JIOKA3aTEbCTBY TEOPEM.

§4. SAMEYAHIME OB OBOBIIIEHHBIX PACIIPEJIEJIEHUSIX
IIyACCOHA

Iycrs &€ € RY — caywaitasiit Bexrop u myers €1 €3) .. — ero nesa-
pucnmble Kormu. OGozHaunM uepes e(§) ciayvaiiHblii BEKTOD B R¢ | pac-
npeJieJIeHHbIN KaK

oo

e(€) L3 (W 4+ €M) 1{C =k},

k=0
rje ¢ UMeeT CTaHJapTHOE pacupesenenne [lyaccoHa n HE 3aBUCHT OT BEK-
topos M, €2) . Me1 Gyzem rosoputs, aro e(£) mmeer obobuwentioe pac-
npedenenue ITyaccona 1o oTHomeHuo K £. fIcHO, 9TO ciaydaiiHblil BEKTOP
e(§) Gesrpannuno mesnuM. Kaxkzplii pa3, korma Mbl crponM e(£) mo HeKo-
TOPOMY CJIy4ailHOMY BEKTOpY &, MBI MOJIYAJIMBO IPEIOoIaraeM, 9To OH He
3aBHCHT OT BCETO OCTAJBHOTO (BKJOUYasd §).

Jle Kawm [7] obuapy»kus, uro o6obuientbie pacupeaesenus [lyaccona sB-
JISTFOTCSI TIEPCIIEKTUBHBIMA KAHJIAJIATAMA HA POJIb OE3rPAHUIHO JIEJTUMbIX
IpUOIMKEeHUIT JJIs pacpele/IeHuii CyMM He3aBUCUMBIX CJIydYailHbIX BeJId-
quH. DTO HAOJIOAEHUE JIAJI0 HOBBI CII0co0 MOJIydYeHnsl ONeHOK Tula Koi-
MoropoBa, Takux Kak (3) u (4). Ilepeiizem Tereps K 60jiee KOHKPETHOMY
M3JI0ZKEHUIO.

BadukcnpoBas, KaKk W BbINE, HEKOTOpoe T > (), BBEJIEM HE3aBUCHMBbIE
d-MepHBIe CiIyuaiiHble BeKTOPHI &1, ..., &, € R, u nycrs Besmauns! p, p1,

., Pn onpejesienbl Kak B (2). 13 (7) u u3 onpejeneHust p ciejiyer, 9ro
CymecTByIOT @}, . .., al, € R%, Takue aro

Pll& —a)|<7]>1—p, i=1,...,n.

?
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O606muB 1peaplyye ogHoMepuble pesyibrarel, A. FO. Baiines [11] mo-
Kaz3aJl CJIeJIyIolee yTBepK/ICHIe.

JIemma 4.1. IIycmv o; € RY, X;,Y; € R, i =1,...,n, — nesasucumvie
CAYHATIHYIE BEAUMUNDL U 6EKTNOPYL, MaKUe “Mo npu Hekomopur a, € RY
Pla; =1]=1-Pla; =0l =p;, P[X;—di|<7|]=1, i=1,...,n.
(20)
Iycmo
a;=EX;, &§=(01-a)Xi+aoY;, i=1,...,n. (21)
2de Y; € RY — nexomopuie nesasucumvie cay atinoe 6eKmopsl, e 3a6UCA-
wue om {X;, «;}. Toeda das sexmopa

n
no := E lai + e(& — ai)]. (22)
=1
U ONA HEKOMOPVLT KOHCTANM Cq,eq > 0, dasucawur moavko om d, 6bi-
NOoAHEHO

La(Gr+ -+ +&mo) <ca- (p+exp(—ea- A/T)), (23)

A&+ &numo) < ca- (p+exp(—ea- A7)+ Y pi,

i=1

omxyda caedyrom ouenru (10) u (11).

§5. JIOKA3ATEJ/IbCTBO TEOPEM 3.1 1 3.2

okazarenabcTBo TeopeMbl 3.1. 3adukcupyem HEKOTOPBIA MHOTOI'DaH-
Huk P € P,,:

P={zeR%: (z,t;)<b;, j=1,...,m}.
IIycts A : R — R™ — jmmeiinbiii ornepaTop, 0ToOparKalomumit
Ty = ((m,t1>,...,<x,tm>).
Ilyctb €1, ...,em — BEKTOPbI CTAHJIAPTHOIO €BKIIN0BA 6asuca B R™. Pac-

cMoTpuM MHororpanauk P C R™, npunajygexkammii kinaccy P, (em. (15))
" oIpeAeIdeMblil KaK

P={yeR": (ye;)<bj, j=1,....m}.
TTockonmbky
(e,1;) = {2, A%¢;) = (Aa,c;),



PABHOMEPHAM ITPEJEJIBHAA TEOPEMA KOJIMOT'OPOBA 81

OTCIOZIA CJIEJYET, ITO
P=AYP) u P\=A'(P).
ITosToMy 1t JTI06BIX Cirydaiinbx BekTopos &, & € R Mbl nmeem
max{P[¢ € P] - PI¢’ € P,],PIe’ € P] - P[¢ € Py]}
= max{P[A¢ € P] — P[A¢' € P],P[A¢' € P| — P[A¢ € P\]}
< La(4g, AL,

rJie Ha [OCJIeIHEM Iiare Mbl ucrosb3osasn (16). CremoBarensho,

L)\,Tn(ga 5/) < L)\(Aga Afl) (24)
HanomunmM, 9To paccMaTpuBaeMble He3aBUCUMBIE CJIydaiiHble BEKTOPHI &1,
L& €RYup, py, ..., p, oupenensiores Kak B (2). He mapymas o6m-

HOCTH, MBI MOYXKEM CUUTATh, UTO &; TPeNCTABIeHbl B Buze (21), mpuaem
pacrpeesierne X; COBIAIACT C YCJIOBHBIM paclipeliesieHneM &; MpH yCIo-
Bun, uto |&; —al| < 7 ¢ nekoropeivu @) € RY, cymecrytomumu B cuiy (2).
IIpu sToMm
P(l& — ai] > 7] = ps,

a pacrpe/ieJieHre Y; COBIAJIAaeT ¢ YCJIOBHBIM pacipejiesieHueM &; pu ycJio-
Buu, aro |§; — a}| > 7. llycrs ay,...,a, u 1 oupezesnenst B (21) u (22).
ITockoubky |t;| = 1 npu j = 1,...,n, mer umeem [|A|| < y/m. Ucnoab3osa-
HHE 3TOTO JAeT

P[|A¢ — Aa;]l < Vmr] = 1—p, i=1,...,n,

npudem
3amMerum, 9To

n n

A770 = Z [Aai + Ae({i — ai)} = Z [Aal + E(AEI — Aal)} .
i=1 i=1
Takum obpazom, BekTopbl ALy, ..., AL, yIOBIETBOPSIOT BCEM YCJIOBU-

sIM, KOTOPBIE HAJIArAJUCh HA BEKTODPHI &1,...,&, B jgemme 4.1 ¢ 3ameHoil
a; Ha Aa;, a; va Aa) u 7 wa 74/m. IlosTomy npumenenue (23) K BEKTO-
pam A&y, ..., A&, naer (JuIs HEKOTOPBIX KOHCTAHT Cppy,y £y > 0, 3aBUCSIIX
TOJIBKO OT M):

Ly(A& + -+ A, Ano) < ¢ - (p+ exp(—em - A/T)),
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qT0 BMecTe ¢ (24) Baeder

Lam(& 4+ 4 &nsmo) < em - (p+ exp(—em - A/7)).

HamomuumMm, 9To BeKTOp 79 GE3rpaHUYHO JEIUM. JTO 3aBepINaeT J0Ka3a-
TEJILCTBO BTOPO#T YacTu TeopeMbl 3.1. [lepBas 9acTh BRIBOIUTCS U3 BTOPOIA
CTAaHJIAPTHBIMU PACCYXKJIEHUSIMU, cM. 3aMedanus 1.1, 2.1. (I

JokazaresabcTBO TeopeMbl 3.2. 3aduKcupyeM HEKOTOPBIl MHOTOI'DaH-
Huk P € P,,:

P={zeR%: (z,t;) <bj, j=1,....,m}.
W3 npengoxenus 3.1 cieryer, 9T0 MOXKHO MpECTaBUTH P B Bue
P={zeR*: (2,t;) <bj, j=1,...,mo},
TAaKOM YTO
P/\/QCPA u mo< N, €N,

rjie nocrosiiHasi [N, 3aBUCUT TOJIBKO OT m. Takum oOpa3oM, Jjist JTH0bIX
CITyIaiiHBIX BEKTOPOB &, &’ MBI mMeeM

max{P[¢ € P] — P[¢' € P, P[¢' € P] - P[¢ € PV]}
<max{P[¢ € P] - P[¢’ € Py)5],P[¢' € P] - P[¢ € Py2l}
< Lyjan,, (§,€).
TTockoubky 910 BepHO jtst mi06oro P € Py, MBI IPUXOAUM K
am(-5 ) < Lajen, (o))
Takum 06pa30oM, Bropast 4aCTh T€OPEMBI 3.2 CJIeIyeT U3 BTOPOii YaCTH TEO-

pewmot 3.1. [lepBas 9acThb BRIBOAUTCSH U3 BTOPOil CTAHIAPTHBIMA PACCY 2K /1€~
HUSIMH, cM. 3aMedanus 1.1, 2.1. O

§6. JIOKA3ATEJIbCTBO ITPEJIOKEHUSA 3.1

HoxkazaresibecTBo. Iloctpoum cragama by,11,tm+1;- - -, 0mg, tmg- 1IyCTH
H;:={xeR%: (z,t;)=b;}, j=1,...,m.
O6o3uaunm uepes Fi(P) cCOBOKYIHOCTD k-MEPHBIX IDaHeli MHOIOIDAHHHUKA
P. Eciu k < d — min(d, m), To Fj(P) mycro, mosromy
d—1
F(P) = U Fi(P)

k=d—min(d,m)
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SIBJISIETCST COBOKYITHOCTBIO BCEX COOCTBEHHBIX TpaHeil P. Sadukcupyem He-
koTopyio rpaub F € F(P) u nycrb xp — Kakag-HUOYJIb TOYKA U3 €e OT-
HOCHUTEILHOI BHyTpeHHOCTH, relint F. Obo3naunm dyepe3 Tr KacaTe/IbHBIM
KOHYC IIpy I'paHu F', KOTOPBIi ompejiesisiercsi Kak

Tr=Tr(X) ={x € R?: zp + ez € X 1151 HEKOTOPOTO £ > 0}.

Ouepuano, uro Tr He 3aBUCUT OT BbiOOpa Tp. Oupenesnm Takxke Np —
HOPMaJIbHBIN KOHYC IIpK I'padu F', KOTOPBI onpesessieTcss KaK MOJISPHbBIA
KOHyC Konyca Tr:

Np = Np(X) :={zx € R%: (z,y) <0 upn scex y € Tr}.
N3sectHo, aTO
dim Ng < m. (26)

IIycrs § > 0 — mocTaTovdHO MajieHbKAasl KOHCTAHTA, KOTOpast OyIeT yTOUHe-
Ha 1o3zke. 110cKoIbKY nepecedenue Konyca Np ¢ exuananoii cdepoit S1
KOMIIAKTHO, CyIIeCTByeT KoHedHoe nokpouitue Sy C Np NS4, takoe uro

max (u,v) > 1—4§ s moboro u € Np NS4 (27)

vESE

Boutee Toro, u3 (26) cienyer, aro Sp cogepxkurcst B (min(d, m)—1)-mepHoit
eIMHIYHOMN cdepe, Tak 9To

#SF g Cm,5s (28)

[JI€ Cpy,s 3ABICUT TOJBKO OT M, J.

Teneps ompenesmy uckoMslit Ha6op {(b;, tj)}y;“m 41 Kax Habop BCex map
({xp,v),v), nae v upoberaer Bee Toukn Sg, a F' — Bce rpann P. OusTh xKe,
MOTIEPKHEM, ITO 9TO OIPEJIETEHNE HE 3aBUCHT OT BBIOOpa L. [IocKOMbKY
mobasi rpaHb MPEJICTABIISETCS KaK Iepecedenne P ¢ HECKOJMbKUME THTIED-
wrockocTsvu u3 Hy, ..., H,,, ux ducso #e upesbimaet 2", OTKy/1a BMeCTe
¢ (28) BbITEKAET

mg < Wl+—2mtnh&

OmupeeauB Teneps b 11-tm41y -« - s bmg s tmg , JOKazKeM (19). adurcupyem
HEKOTOPYIO TOUKy o € Py. IlycTh yo 0b03HAUAET €BKJINIOBY MTPOEKIIHUIO
To Ha P:

yo := argmin{||zo — y|| : y € P}. (29)
Tenepb HAM OCTAETCS MOKA3ATH, 9TO

o = yoll < (L +e)A. (30)
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OueBUIHO, MBI MOXKEM TIPEJIIOJIOKUT, YTO Lo & P, OTKyJa CJIeyer, 9To
Yo € OP. XopoIlo u3BeCTHO, YTO TPAHUIA MHOIOIDAHHUKA MOXKET OBITh
[peJICTaB/IeHa KaK 00'beIMHEHNE OTHOCUTE/IbHBIX BHYTPEHHOCTEN ero cob-
CTBEHHBIX I'paHell (KOTOpble He mepecekarTcs). Takum obpasom, cyiie-
CTByeT eJIMHCTBeHHas rpadb F MHOrorpanHuka P, Takas 4To

Yo € relintF.
U3 mocsrennero Bmecre ¢ (29) BBITEKAET, 9TO
xo — Yo € Np.

Taxum obpazom, u3 (27), nupumenerHoro K (xo — yo)/||zo — yol|, crenyer,
9TO0 JIJIsT HEKOTOpOro v € Sg,

(o — yo,v) = (1 = d)[|zo — yol|-

C apyroit cTOpOHBI, TIO0 TTOCTPOEHUIO {(bj,tj)}?z"m 41 uu3 2o € Py u ce-
JLyeT, 9TO

(z0,v) < (yo,v) + A

Kombuanms n1Byx mocaeanx HEPaBEHCTB JTAeT

2o — yoll < 72

To — —.

0~ Yl S 1-5

Boibupasi § = 1— ﬁ, nosygaeM (30), OTKyza ceilyeT yTBepKIeHUe Pe/i-
JIOYKEHMUSI. O
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