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Àëãåáðà è àíàëèçÒîì 31 (2019), �4ÓÑ�ÅÄÍÅÍÈÅ ÏÅ�ÈÎÄÈ×ÅÑÊÈÕ ÏÀ�ÀÁÎËÈ×ÅÑÊÈÕÑÈÑÒÅÌ ÏÎ L2(R
d)-ÍÎ�ÌÅ Ï�È Ó×ÅÒÅ ÊÎ��ÅÊÒÎ�À© Þ. Ì. ÌÅØÊÎÂÀÂ ïðîñòðàíñòâå L2(R

d;Cn) ðàññìàòðèâàåòñÿ ñàìîñîïðÿæåííûé ìàò-ðè÷íûé ýëëèïòè÷åñêèé äè��åðåíöèàëüíûé îïåðàòîð Bε, 0 < ε 6 1,âòîðîãî ïîðÿäêà. Ñòàðøàÿ ÷àñòü îïåðàòîðà çàäàíà â �àêòîðèçîâàí-íîé �îðìå, îïåðàòîð âêëþ÷àåò ÷ëåíû ïåðâîãî è íóëåâîãî ïîðÿäêîâ.Îïåðàòîð Bε ïîëîæèòåëüíî îïðåäåëåí, åãî êîý��èöèåíòû ïåðèîäè÷-íû è çàâèñÿò îò x/ε. Â ðàáîòå èçó÷àåòñÿ ïîâåäåíèå â ïðåäåëå ìàëîãîïåðèîäà îïåðàòîðíîé ýêñïîíåíòû e−Bεt, t > 0. Äëÿ íåå ïîëó÷åíà àï-ïðîêñèìàöèÿ ïî (L2 → L2)-îïåðàòîðíîé íîðìå ñ îöåíêîé ïîãðåøíîñòèïîðÿäêà O(ε2). Â ýòîé àïïðîêñèìàöèè ó÷òåí êîððåêòîð. �åçóëüòàòûïðèìåíÿþòñÿ ê óñðåäíåíèþ ðåøåíèé çàäà÷è Êîøè äëÿ ïàðàáîëè÷å-ñêèõ ñèñòåì. ÂâåäåíèåÈññëåäîâàíèå îòíîñèòñÿ ê òåîðèè óñðåäíåíèÿ ïåðèîäè÷åñêèõ äè��å-ðåíöèàëüíûõ îïåðàòîðîâ (ÄÎ). Çàäà÷àì óñðåäíåíèÿ ïîñâÿùåíà îáøèðíàÿëèòåðàòóðà; ñì., íàïðèìåð, êíèãè [BaPa, BeLP, ZhKO, Sa℄. Ìû îïèðàåì-ñÿ íà ñïåêòðàëüíûé ïîäõîä ê çàäà÷àì óñðåäíåíèÿ, îñíîâàííûé íà òåîðèèÔëîêå�Áëîõà è àíàëèòè÷åñêîé òåîðèè âîçìóùåíèé è ðàçâèòûé â öèêëå ðà-áîò Ì. Ø. Áèðìàíà è Ò. À. Ñóñëèíîé [BSu1, BSu2, BSu3, BSu4, BSu5℄.Çíà÷èòåëüíàÿ ÷àñòü ïîñòðîåíèé ïðîâîäèòñÿ â àáñòðàêòíûõ òåîðåòèêî-îïåðàòîðíûõ òåðìèíàõ.0.1. Ïîñòàíîâêà çàäà÷è. Èçó÷àåòñÿ óñðåäíåíèå â ïðåäåëå ìàëîãî ïåðè-îäà ðåøåíèé çàäà÷è Êîøè äëÿ ïàðàáîëè÷åñêèõ ñèñòåì âèäà
{
G(x/ε)∂suε(x, s) = −Bεuε(x, s), x ∈ R

d, s > 0;

G(x/ε)uε(x, 0) = φ(x), x ∈ R
d.

(0.1)Çäåñü φ ∈ L2(R
d;Cn), Bε � ìàòðè÷íûé ýëëèïòè÷åñêèé ÄÎ âòîðîãî ïîðÿä-êà, äåéñòâóþùèé â L2(R

d;Cn). Èçìåðèìàÿ (n×n)-ìàòðèöà-�óíêöèÿ G(x)Êëþ÷åâûå ñëîâà: ïåðèîäè÷åñêèå äè��åðåíöèàëüíûå îïåðàòîðû, ïàðàáîëè÷åñêèå ñè-ñòåìû, óñðåäíåíèå, îïåðàòîðíûå îöåíêè ïîãðåøíîñòè.�àáîòà âûïîëíåíà ïðè ïîääåðæêå �îññèéñêîãî íàó÷íîãî �îíäà, ãðàíò �14-21-00035.137



138 Þ. Ì. ÌÅØÊÎÂÀïðåäïîëàãàåòñÿ îãðàíè÷åííîé, ðàâíîìåðíî ïîëîæèòåëüíî îïðåäåëåííîé èïåðèîäè÷åñêîé îòíîñèòåëüíî íåêîòîðîé ðåøåòêè Γ ⊂ R
d. Êîý��èöèåíòûîïåðàòîðà Bε � Γ-ïåðèîäè÷åñêèå �óíêöèè, çàâèñÿùèå îò x/ε. Äëÿ âñÿêîéèçìåðèìîé Γ-ïåðèîäè÷åñêîé �óíêöèè ϕ(x), x ∈ R

d, áóäåì ïîëüçîâàòüñÿîáîçíà÷åíèåì ϕε(x) = ϕ(x/ε).Ñòàðøàÿ ÷àñòü Aε îïåðàòîðà Bε çàäàíà â �àêòîðèçîâàííîé �îðìå
Aε = b(D)∗gε(x)b(D), (0.2)ãäå b(D) � ìàòðè÷íûé îäíîðîäíûé ÄÎ ïåðâîãî ïîðÿäêà, g(x) � Γ-ïåðè-îäè÷åñêàÿ îãðàíè÷åííàÿ è ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðèöà-�óíêöèÿâ R

d. (Òî÷íûå óñëîâèÿ íà êîý��èöèåíòû îïåðàòîðà Bε ïðèâåäåíû íèæåâ �4.) Îïåðàòîð Bε âêëþ÷àåò ÷ëåíû ïåðâîãî è íóëåâîãî ïîðÿäêîâ:
Bεu = Aεu+

d∑

j=1

(
aεj(x)Dju+Dj(a

ε
j(x))

∗u
)
+Qε(x)u+ λu. (0.3)Çäåñü aj(x), j = 1, . . . , d, � Γ-ïåðèîäè÷åñêèå (n× n)-ìàòðèöû-�óíêöèè èçïîäõîäÿùåãî ïðîñòðàíñòâà L̺ íà ÿ÷åéêå Ω ðåøåòêè Γ. Ïîòåíöèàë Qε(x) �âîîáùå ãîâîðÿ, îáîáùåííàÿ �óíêöèÿ ñî çíà÷åíèÿìè â êëàññå ýðìèòîâûõìàòðèö, ïîðîæäåííàÿ íåêîòîðîé áûñòðî îñöèëëèðóþùåé ìåðîé. (Òàê êàêêîý��èöèåíòû íå ïðåäïîëàãàþòñÿ ãëàäêèìè, ñòðîãîå îïðåäåëåíèå îïåðà-òîðà (0.3) äàåòñÿ ÷åðåç êâàäðàòè÷íóþ �îðìó.) Ïîñòîÿííàÿ λ âûáèðàåòñÿòàê, ÷òîáû îïåðàòîð Bε áûë ïîëîæèòåëüíî îïðåäåëåí. Êîý��èöèåíòû îïå-ðàòîðà Bε áûñòðî îñöèëëèðóþò ïðè ε→ 0.Ñòàðøèé ÷ëåí àïïðîêñèìàöèè ðåøåíèÿ çàäà÷è (0.1) ïðè ìàëîì ε ïîëó-÷åí â [M℄:

‖uε( · , s) − u0( · , s)‖L2(Rd) 6 C1ε(s + ε2)−1/2e−C2s‖φ‖L2(Rd), s > 0. (0.4)Çäåñü u0 � ðåøåíèå �óñðåäíåííîé� çàäà÷è
{
G∂su0(x, s) = −B0u0(x, s), x ∈ R

d, s > 0;

Gu0(x, 0) = φ(x), x ∈ R
d,ãäå B0 � ý��åêòèâíûé îïåðàòîð ñ ïîñòîÿííûìè êîý��èöèåíòàìè, G �ñðåäíåå çíà÷åíèå ìàòðèöû G ïî ÿ÷åéêå ïåðèîäîâ: G = |Ω|−1

∫
ΩG(x) dx.Â ñëó÷àå, êîãäà G(x) = 1n, îöåíêà (0.4) äîïóñêàåò î÷åâèäíóþ çàïèñü âîïåðàòîðíûõ òåðìèíàõ:

‖e−Bεs − e−B0s‖L2(Rd)→L2(Rd) 6 C1ε(s + ε2)−1/2e−C2s.



ÀÏÏ�ÎÊÑÈÌÀÖÈß �ÅØÅÍÈÉ ÏÀ�ÀÁÎËÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ 139Ïîýòîìó ðåçóëüòàòû òàêîãî ñîðòà ïðèíÿòî íàçûâàòü îïåðàòîðíûìèîöåíêàìè ïîãðåøíîñòè â òåîðèè óñðåäíåíèÿ. (Â îáùåì ñëó÷àå ïðèõî-äèòñÿ èìåòü äåëî ñ �îêàéìëåííîé� ýêñïîíåíòîé f εe−(fε)∗Bεfεs(f ε)∗, ãäå
G−1 = ff∗, ïðè÷åì ìàòðèöà-�óíêöèÿ f ïðåäïîëàãàåòñÿ Γ-ïåðèîäè÷åñêîé.)Öåëü ðàáîòû � óòî÷íèòü àïïðîêñèìàöèþ (0.4) çà ñ÷åò ââåäåíèÿ êîð-ðåêòîðà. Èíûìè ñëîâàìè, ïðè �èêñèðîâàííîì âðåìåíè s > 0 ïðèáëèçèòüðåøåíèå uε( · , s) çàäà÷è (0.1) ïî L2(R

d;Cn)-íîðìå  îöåíêîé ïîãðåøíîñòèïîðÿäêà O(ε2).0.2. Îñíîâíûå ðåçóëüòàòû. Âî ââåäåíèè îãðàíè÷èìñÿ îáñóæäåíèåìñëó÷àÿ G(x) = 1n. Îñíîâíîé ðåçóëüòàò ðàáîòû � îöåíêà
‖e−Bεs−e−B0s−εK(ε, s)‖L2(Rd)→L2(Rd) 6 C3ε

2(s+ε2)−1e−C2s, s > 0. (0.5)Çäåñü K(ε, s) � êîððåêòîð. Îêàçûâàåòñÿ, ÷òî îí ÿâëÿåòñÿ ñóììîé òðåõ ÷ëå-íîâ, ïðè÷åì äâà ÷ëåíà êîððåêòîðà âçàèìíî ñîïðÿæåíû è ñîäåðæàò áûñòðîîñöèëëèðóþùèå ìíîæèòåëè. Òðåòüå ñëàãàåìîå íå ñîäåðæèò ïåðåìåííûõêîý��èöèåíòîâ.0.3. Îïåðàòîðíûå îöåíêè ïîãðåøíîñòè: îáçîð. Èíòåðåñ ê îïåðàòîð-íûì îöåíêàì ïîãðåøíîñòè âîçíèê â ñâÿçè ñ ðàáîòîé Ì. Ø. Áèðìàíà èÒ. À. Ñóñëèíîé [BSu1℄, ãäå äëÿ ðåçîëüâåíòû îïåðàòîðà (0.2) áûëà óñòàíîâ-ëåíà îöåíêà
‖(Aε + I)−1 − (A0 + I)−1‖L2(Rd)→L2(Rd) 6 Cε. (0.6)Çäåñü A0 = b(D)∗g0b(D) � ý��åêòèâíûé îïåðàòîð, g0 � ïîñòîÿííàÿ ý�-�åêòèâíàÿ ìàòðèöà. Àïïðîêñèìàöèÿ îïåðàòîðà (Aε + I)−1 ïðè ó÷åòå êîð-ðåêòîðà íàéäåíà â [BSu4℄:

‖(Aε + I)−1 − (A0 + I)−1 − εK(ε)‖L2(Rd)→L2(Rd) 6 Cε2. (0.7)Ïðèáëèæåíèå ðåçîëüâåíòû (Aε + I)−1 ïî ýíåðãåòè÷åñêîé íîðìå ïîëó÷åíîâ [BSu5℄:
‖(Aε + I)−1 − (A0 + I)−1 − εK1(ε)‖L2(Rd)→H1(Rd) 6 Cε. (0.8)Çäåñü K1(ε) ñîîòâåòñòâóåò òðàäèöèîííîìó êîððåêòîðó â òåîðèè óñðåäíå-íèÿ. Ýòîò îïåðàòîð ñîäåðæèò áûñòðî îñöèëëèðóþùèå ìíîæèòåëè, ïîýòî-ìó ε‖K1(ε)‖L2→H1 = O(1). Îòìåòèì, ÷òî êîððåêòîð â (0.7) èìååò âèä

K(ε) = K1(ε) + K1(ε)
∗ + K3, ïðè÷åì K3 îò ε íå çàâèñèò. Âïîñëåäñòâèèîöåíêè (0.6)�(0.8) áûëè îáîáùåíû Ò. À. Ñóñëèíîé [Su4, Su7℄ íà áîëåå øè-ðîêèé êëàññ îïåðàòîðîâ (0.3).Ê ïàðàáîëè÷åñêèì ñèñòåìàì ñïåêòðàëüíûé ìåòîä ïðèìåíÿëñÿ â ðàáîòàõÒ. À. Ñóñëèíîé [Su1, Su2℄, ãäå áûë íàéäåí ñòàðøèé ÷ëåí àïïðîêñèìàöèèîïåðàòîðà e−Aεs, Å. Ñ. Âàñèëåâñêîé [V℄, ãäå óñòàíîâëåíî ïðèáëèæåíèå ïðè



140 Þ. Ì. ÌÅØÊÎÂÀó÷åòå êîððåêòîðà ïî îïåðàòîðíîé íîðìå â L2(R
d;Cn), à òàêæå â [Su3℄, ãäåïîëó÷åíî ïðèáëèæåíèå ýêñïîíåíòû ïî ýíåðãåòè÷åñêîé íîðìå:

‖e−Aεs−e−A0s‖L2(Rd)→L2(Rd)6Cε(s+ε
2)−1/2, s>0; (0.9)

‖e−Aεs−e−A0s − εK(ε, s)‖L2(Rd)→L2(Rd)6Cε
2(s+ε2)−1, s>0; (0.10)

‖e−Aεs−e−A0s−εK1(ε, s)‖L2(Rd)→H1(Rd)6Cε(s
−1/2+s−1), s>ε2. (0.11)Â ýòèõ îöåíêàõ íåò ýêñïîíåíöèàëüíîãî óáûâàíèÿ ïî âðåìåíè, ïîñêîëüêóîïåðàòîðû Aε è A0 èìåþò êðàåì ñïåêòðà òî÷êó íóëü. Îáîáùåíèå îöå-íîê (0.9) è (0.11) íà îïåðàòîð (0.3) ïîëó÷åíî â ðàáîòå àâòîðà [M℄. Îáîáùå-íèå îöåíêè (0.10) � îñíîâíîé ðåçóëüòàò íàñòîÿùåé ðàáîòû.Äðóãîé ïîäõîä ê ïîëó÷åíèþ îïåðàòîðíûõ îöåíîê ïîãðåøíîñòè â òåîðèèóñðåäíåíèÿ áûë ïðåäëîæåí Â. Â. Æèêîâûì [Zh℄ è ðàçâèò èì ñîâìåñòíîñ Ñ. Å. Ïàñòóõîâîé [ZhPas1, ZhPas2℄. Ìåòîä, íàçâàííûé àâòîðàìè �ìå-òîäîì ñäâèãà� èëè �ìîäè�èöèðîâàííûì ìåòîäîì ïåðâîãî ïðèáëèæåíèÿ�,îñíîâàí íà ââåäåíèè â çàäà÷ó äîïîëíèòåëüíîãî ïàðàìåòðà � ñäâèãà íàâåêòîð èç Rd, òùàòåëüíîì àíàëèçå ïåðâîãî ïðèáëèæåíèÿ ê ðåøåíèþ è ïî-ñëåäóþùåì èíòåãðèðîâàíèè ïî ïàðàìåòðó ñäâèãà. Âàæíóþ ðîëü èãðàåòèñïîëüçîâàíèå ñãëàæèâàíèÿ ïî Ñòåêëîâó. Â ðàáîòàõ [Zh, ZhPas1℄ ïîëó÷å-íû àíàëîãè îöåíîê (0.6), (0.8) äëÿ îïåðàòîðîâ àêóñòèêè è òåîðèè óïðóãî-ñòè. Ê ïàðàáîëè÷åñêèì çàäà÷àì ìåòîä ñäâèãà ïðèìåíÿëñÿ â [ZhPas2℄, ãäåóñòàíîâëåíû àíàëîãè íåðàâåíñòâ (0.9) è (0.11). Èçëîæåíèå äàëüíåéøèõ ðå-çóëüòàòîâ Â. Â. Æèêîâà, Ñ. Å. Ïàñòóõîâîé è èõ ó÷åíèêîâ ìîæíî íàéòè âîáçîðå [ZhPas3℄.Äî ñèõ ïîð îáñóæäàëèñü îïåðàòîðíûå îöåíêè ïîãðåøíîñòè äëÿ îïåðà-òîðîâ, äåéñòâóþùèõ âî âñåì ïðîñòðàíñòâå R

d. Äëÿ ïîëíîòû èçëîæåíèÿîòìåòèì, ÷òî èçó÷åíèå îïåðàòîðîâ, äåéñòâóþùèõ â îãðàíè÷åííîé îáëàñòè
O ⊂ R

d, áîëåå òðàäèöèîííî äëÿ òåîðèè óñðåäíåíèÿ. Îïåðàòîðíûå îöåíêèïîãðåøíîñòè äëÿ òàêèõ çàäà÷ èçó÷àëèñü ìíîãèìè àâòîðàìè. Âûäåëèì, â÷àñòíîñòè, ðàáîòû [MoVo, Gr1, Gr2, ZhPas1, KeLiS, Su6, Xu, GeS℄. (Áîëååïîäðîáíûé îáçîð ðåçóëüòàòîâ ïî îïåðàòîðíûì îöåíêàì ïîãðåøíîñòè äëÿçàäà÷ â îãðàíè÷åííîé îáëàñòè ìîæíî íàéòè âî ââåäåíèè ê ðàáîòå [MSu℄.)0.4. Ìåòîä èññëåäîâàíèÿ. Îáñóäèì ñëó÷àé G = 1n. Èñïîëüçóÿ ìàñ-øòàáíîå ïðåîáðàçîâàíèå, ìû ñâîäèì äîêàçàòåëüñòâî îöåíêè (0.5) ê äîêàçà-òåëüñòâó àíàëîãè÷íîé îöåíêè äëÿ îïåðàòîðíîé ýêñïîíåíòû e−B(ε)ε−2s, ãäå
B(ε) � îïåðàòîð â L2(R

d;Cn), çàäàííûé äè��åðåíöèàëüíûì âûðàæåíèåì
B(ε) = b(D)∗g(x)b(D) + ε

d∑

j=1

(aj(x)Dj +Djaj(x)
∗) + ε2Q(x) + ε2λI.



ÀÏÏ�ÎÊÑÈÌÀÖÈß �ÅØÅÍÈÉ ÏÀ�ÀÁÎËÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ 141Òàêèì îáðàçîì, îò èçó÷åíèÿ ýêñïîíåíòû îò îïåðàòîðà ñ áûñòðî îñöèë-ëèðóþùèìè êîý��èöèåíòàìè ìû ïåðåõîäèì ê èçó÷åíèþ ïîâåäåíèÿ ïðèáîëüøèõ çíà÷åíèÿõ âðåìåíè ýêñïîíåíòû îò îïåðàòîðà, êîý��èöèåíòû êî-òîðîãî çàâèñÿò îò x, à íå îò x/ε.Ñ ïîìîùüþ òåîðèè Ôëîêå�Áëîõà îïåðàòîð B(ε) ðàñêëàäûâàåòñÿ â ïðÿ-ìîé èíòåãðàë îïåðàòîðîâ B(k, ε), äåéñòâóþùèõ â ïðîñòðàíñòâå L2(Ω;C
n)è çàâèñÿùèõ îò ïàðàìåòðà k ∈ R

d (êâàçèèìïóëüñà). Ôîðìàëüíî îïåðàòîð
B(k, ε) çàäàí âûðàæåíèåì
B(k, ε) = b(D+ k)∗g(x)b(D + k) + ε

d∑

j=1

(
aj(x)(Dj + kj) + (Dj + kj)aj(x)

∗
)

+ ε2Q(x) + ε2λIñ ïåðèîäè÷åñêèìè ãðàíè÷íûìè óñëîâèÿìè. Ñïåêòð îïåðàòîðîâ B(k, ε) äèñ-êðåòåí. Â ñîîòâåòñòâèè ñ [Su4, Su7℄, ìû âûäåëÿåì îäíîìåðíûé ïàðàìåòð
τ = (|k|2 + ε2)1/2 è èçó÷àåì ñåìåéñòâî B(k, ε) ìåòîäàìè àíàëèòè÷åñêîéòåîðèè âîçìóùåíèé ïî ïàðàìåòðó τ .0.5. Ñòðóêòóðà ðàáîòû. �àáîòà ñîñòîèò èç ââåäåíèÿ è òðåõ ãëàâ. Â ãëà-âå 1 (��1�3) èçëàãàåòñÿ àáñòðàêòíàÿ òåîðåòèêî-îïåðàòîðíàÿ ñõåìà. Â ãëà-âå 2 (��4�9) èçó÷àþòñÿ ïåðèîäè÷åñêèå ÄÎ. Ïîëó÷åíà àïïðîêñèìàöèÿ�îêàéìëåííîé� îïåðàòîðíîé ýêñïîíåíòû (â �9). �ëàâà 3 (��10�12) ïîñâÿùå-íà óñðåäíåíèþ ðåøåíèé çàäà÷è Êîøè äëÿ ïàðàáîëè÷åñêèõ ñèñòåì. Â �10 èçðåçóëüòàòîâ �9 ñ ïîìîùüþ ìàñøòàáíîãî ïðåîáðàçîâàíèÿ âûâîäèòñÿ îñíîâ-íîé ðåçóëüòàò ðàáîòû � îöåíêà (0.5). Â �11 ðåçóëüòàòû â îïåðàòîðíûõ òåð-ìèíàõ ïðèìåíÿþòñÿ ê óñðåäíåíèþ ðåøåíèé ïàðàáîëè÷åñêèõ ñèñòåì. Â �12ðàññìàòðèâàåòñÿ ïðèìåð � ñêàëÿðíûé ýëëèïòè÷åñêèé îïåðàòîð.0.6. Îáîçíà÷åíèÿ. Ïóñòü H, H∗ � êîìïëåêñíûå ñåïàðàáåëüíûå ãèëüáåð-òîâû ïðîñòðàíñòâà. Ñèìâîëàìè ( · , · )H è ‖ · ‖H îáîçíà÷èì ñêàëÿðíîå ïðî-èçâåäåíèå è íîðìó â H; ñèìâîëîì ‖ · ‖H→H∗

îáîçíà÷èì íîðìó ëèíåéíîãîíåïðåðûâíîãî îïåðàòîðà èç H â H∗.×åðåç 〈 · , · 〉 è | · | îáîçíà÷èì ñîîòâåòñòâåííî ñêàëÿðíîå ïðîèçâåäåíèå èíîðìó â C
n, ÷åðåç 1n � åäèíè÷íóþ (n× n)-ìàòðèöó. Åñëè a � (m× n)-ìà-òðèöà, òî ñèìâîë |a| îçíà÷àåò íîðìó ìàòðèöû a êàê îïåðàòîðà èç C

nâ C
m. Èñïîëüçóåì îáîçíà÷åíèÿ x = (x1, . . . , xd) ∈ R

d, iDj = ∂j = ∂/∂xj ,
j = 1, . . . , d, D = −i∇ = (D1, . . . ,Dd). Êëàññû Lp âåêòîð-�óíêöèé â îáëà-ñòè O ⊂ R

d ñî çíà÷åíèÿìè â C
n îáîçíà÷àåì ÷åðåç Lp(O;Cn), 1 6 p 6 ∞.Êëàññû Ñîáîëåâà C

n-çíà÷íûõ �óíêöèé â îáëàñòè O ⊂ R
d îáîçíà÷àþòñÿ÷åðåç Hs(O;Cn). Ïðè n = 1 ïèøåì ïðîñòî Lp(O), Hs(O) è ò.ä., íî, åñëè ýòî



142 Þ. Ì. ÌÅØÊÎÂÀíå âåäåò ê íåäîðàçóìåíèÿì, ìû ïðèìåíÿåì òàêèå óïðîùåííûå îáîçíà÷å-íèÿ è äëÿ ïðîñòðàíñòâ âåêòîð-�óíêöèé èëè ìàòðè÷íîçíà÷íûõ �óíêöèé.Ñèìâîë Lp((0, T );H), 1 6 p 6 ∞, îçíà÷àåò Lp-ïðîñòðàíñòâî H-çíà÷íûõ�óíêöèé íà èíòåðâàëå (0, T ).�àçëè÷íûå ïîñòîÿííûå â îöåíêàõ îáîçíà÷àþòñÿ ñèìâîëàìè c, C,C,C(âîçìîæíî, ñ èíäåêñàìè è çíà÷êàìè).0.7. Àâòîð âûðàæàåò áëàãîäàðíîñòü Ò. À. Ñóñëèíîé çà ïîñòàíîâêó çà-äà÷è è âíèìàòåëüíîå ÷òåíèå ðóêîïèñè è àäìèíèñòðàöèè ëàáîðàòîðèèèì. Ï. Ë. ×åáûøåâà, ñòèìóëèðîâàâøåé çàâåðøåíèå äàííîãî èññëåäîâàíèÿ.�ëàâà 1. Àáñòðàêòíàÿ ñõåìà�1. Ïðåäâàðèòåëüíûå ñâåäåíèÿÌàòåðèàë ïóíêòîâ 1.1�1.9 çàèìñòâîâàí èç [Su4, Su5℄.1.1. Îïåðàòîðû X(t) è A(t). Ïóñòü H, H∗ � êîìïëåêñíûå ñåïàðàáåëüíûåãèëüáåðòîâû ïðîñòðàíñòâà. Ïóñòü X0 : H → H∗ � ïëîòíî îïðåäåëåííûéçàìêíóòûé îïåðàòîð, è ïóñòü îïåðàòîð X1 : H → H∗ îãðàíè÷åí. Íà îáëàñòèîïðåäåëåíèÿ DomX(t) = DomX0 çàäàäèì îïåðàòîð
X(t) := X0 + tX1 : H → H∗, t ∈ R. (1.1)�àññìîòðèì ñåìåéñòâî ñàìîñîïðÿæåííûõ â H íåîòðèöàòåëüíûõ îïåðàòîðîâ

A(t) := X(t)∗X(t), t ∈ R, (1.2)îòâå÷àþùèõ çàìêíóòûì â H êâàäðàòè÷íûì �îðìàì
‖X(t)u‖2H∗

, u ∈ DomX0.Îáîçíà÷èì A(0) = X∗
0X0 =: A0. Ïîëîæèì

N := KerA0 = KerX0, N∗ := KerX∗
0 .×åðåç P îáîçíà÷èì îðòîãîíàëüíûé ïðîåêòîð ïðîñòðàíñòâà H íà N, à ÷åðåç

P∗ � îðòîïðîåêòîð H∗ íà N∗.Íàëîæèì ñëåäóþùåå óñëîâèå.Óñëîâèå 1.1. Òî÷êà λ0 = 0 èçîëèðîâàíà â ñïåêòðå îïåðàòîðà A0, ïðè÷åì
0 < n := dimN <∞, n 6 n∗ := dimN∗ 6 ∞.×åðåç d0 îáîçíà÷èì ðàññòîÿíèå îò òî÷êè íóëü äî îñòàëüíîãî ñïåêòðàîïåðàòîðà A0.



ÀÏÏ�ÎÊÑÈÌÀÖÈß �ÅØÅÍÈÉ ÏÀ�ÀÁÎËÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ 1431.2. Îïåðàòîðû Y (t) è Y2. Ïóñòü H̃ � åùå îäíî ñåïàðàáåëüíîå ãèëüáåð-òîâî ïðîñòðàíñòâî. Ïóñòü Y0 : H → H̃ � ïëîòíî îïðåäåëåííûé ëèíåéíûéîïåðàòîð òàêîé, ÷òî DomX0 ⊂ Dom Y0, à Y1 : H → H̃ � îãðàíè÷åííûéëèíåéíûé îïåðàòîð. Ïîëîæèì Y (t) := Y0+ tY1, DomY (t) = Dom Y0. Áóäåìñ÷èòàòü âûïîëíåííûì ñëåäóþùåå óñëîâèå.Óñëîâèå 1.2. Íàéäåòñÿ ïîñòîÿííàÿ c1 > 0 òàêàÿ, ÷òî
‖Y (t)u‖

H̃
6 c1‖X(t)u‖H∗

, u ∈ DomX0, t ∈ R. (1.3)Èç îöåíêè (1.3) ïðè t = 0 âûòåêàåò, ÷òî KerX0 ⊂ KerY0, òî åñòü Y0P = 0.Ïóñòü Y2 : H → H̃ � ïëîòíî îïðåäåëåííûé ëèíåéíûé îïåðàòîð, ïðè÷åì
DomX0 ⊂ DomY2. Ïðåäïîëîæèì, ÷òî ñïðàâåäëèâî ñëåäóþùåå óñëîâèå.Óñëîâèå 1.3. Äëÿ ëþáîãî ν > 0 ñóùåñòâóåò ÷èñëî C(ν) > 0 òàêîå, ÷òî

‖Y2u‖
2
H̃
6 ν‖X(t)u‖2H∗

+C(ν)‖u‖2H, u ∈ DomX0, t ∈ R.1.3. Ôîðìà q. Ïóñòü â ïðîñòðàíñòâå H çàäàíà ïëîòíî îïðåäåëåííàÿ ýðìè-òîâà ïîëóòîðàëèíåéíàÿ �îðìà q[u, v], ïðè÷åì DomX0 ⊂ Dom q. Íàëîæèìñëåäóþùåå óñëîâèå.Óñëîâèå 1.4. 1◦. Ñóùåñòâóþò òàêèå ïîñòîÿííûå c2 > 0, c3 > 0, ÷òî
|q[u, v]| 6 (c2‖X(t)u‖2H∗

+ c3‖u‖
2
H)

1/2(c2‖X(t)v‖2H∗
+ c3‖v‖

2
H)

1/2,

u, v ∈ DomX0, t ∈ R.

2◦. Ñóùåñòâóþò òàêèå ïîñòîÿííûå 0 < κ 6 1 è c0 ∈ R, ÷òî
q[u, u] > −(1− κ)‖X(t)u‖2H∗

− c0‖u‖
2
H, u ∈ DomX0, t ∈ R.1.4. Îïåðàòîð B(t, ε). Ïóñòü ε ∈ (0, 1]. Â ïðîñòðàíñòâå H ðàññìîòðèìýðìèòîâó ïîëóòîðàëèíåéíóþ �îðìó

b(t, ε)[u, v] = (X(t)u,X(t)v)H∗
+ ε

(
(Y (t)u, Y2v)H̃ + (Y2u, Y (t)v)

H̃

)

+ ε2q[u, v], u, v ∈ DomX0.
(1.4)Èñïîëüçóÿ óñëîâèÿ 1.2, 1.3, 1.4, ëåãêî óñòàíîâèòü îöåíêè

b(t, ε)[u, u] 6 (2 + c21 + c2)‖X(t)u‖2H∗
+ (C(1) + c3)ε

2‖u‖2H, u ∈ DomX0,

b(t, ε)[u, u] >
κ

2
‖X(t)u‖2H∗

− (c0 + c4)ε
2‖u‖2H, u ∈ DomX0. (1.5)Çäåñü

c4 = 4κ−1c21C(ν) ïðè ν = κ2(16c21)
−1. (1.6)Ïîäðîáíûé âûâîä ýòèõ íåðàâåíñòâ ìîæíî íàéòè â [Su4, ï. 1.4℄. Òàêèì îá-ðàçîì, �îðìà b(t, ε) çàìêíóòà è ïîëóîãðàíè÷åíà ñíèçó.



144 Þ. Ì. ÌÅØÊÎÂÀÑàìîñîïðÿæåííûé îïåðàòîð â ïðîñòðàíñòâå H, îòâå÷àþùèé �îðìå (1.4),îáîçíà÷èì ÷åðåç B(t, ε). Ôîðìàëüíî,
B(t, ε) = A(t) + ε(Y ∗

2 Y (t) + Y (t)∗Y2) + ε2Q.Çäåñü Q � �îðìàëüíûé îáúåêò, êîòîðûé ìû ñîïîñòàâëÿåì â ýòîé çàïèñè�îðìå q.Ïóñòü Q0 : H → H � îãðàíè÷åííûé ïîëîæèòåëüíî îïðåäåëåííûé îïåðà-òîð. Äîáàâëÿÿ âåëè÷èíó λQ0 ê Q, áóäåì ñ÷èòàòü, ÷òî îïåðàòîð
B(t, ε) := B(t, ε)+λε2Q0 = A(t)+ε(Y ∗

2 Y (t)+Y (t)∗Y2)+ε
2(Q+λQ0), (1.7)îòâå÷àþùèé �îðìå

b(t, ε)[u, v] := b(t, ε)[u, v] + λε2(Q0u, v)H, u, v ∈ DomX0, (1.8)ïîëîæèòåëüíî îïðåäåëåí. Äëÿ ýòîãî íàëîæèì íà λ îãðàíè÷åíèå
λ > ‖Q−1

0 ‖(c0 + c4), åñëè λ > 0,

λ > ‖Q0‖
−1(c0 + c4), åñëè λ < 0 (è c0 + c4 < 0).

(1.9)Óñëîâèå (1.9) îáåñïå÷èâàåò âûïîëíåíèå íåðàâåíñòâà
λ(Q0u, u)H > (c0 + c4 + β)‖u‖2H, u ∈ H, (1.10)ãäå β > 0 îïðåäåëåíî ïî ÷èñëó λ ñëåäóþùèì îáðàçîì:

β = λ‖Q−1
0 ‖−1 − c0 − c4, åñëè λ > 0,

β = λ‖Q0‖ − c0 − c4, åñëè λ < 0 (è c0 + c4 < 0).
(1.11)Èç (1.5) è (1.10) âûòåêàåò îöåíêà ñíèçó äëÿ �îðìû (1.8):

b(t, ε)[u, u] >
κ

2
‖X(t)u‖2H∗

+ βε2‖u‖2H, u ∈ DomX0. (1.12)Òàêèì îáðàçîì, B(t, ε) > 0. Îïåðàòîð B(t, ε) � îñíîâíîé îáúåêò èññëåäî-âàíèÿ â ãëàâå 1.1.5. Ïåðåõîä ê ïàðàìåòðàì τ , ϑ. Ñåìåéñòâî B(t, ε) ïðåäñòàâëÿåò ñîáîéàíàëèòè÷åñêîå îïåðàòîðíîå ñåìåéñòâî îòíîñèòåëüíî ïàðàìåòðîâ t è ε. Åñ-ëè t = ε = 0, òî îïåðàòîð B(0, 0) ñîâïàäàåò ñ A0 è â ñèëó óñëîâèÿ 1.1 èìååòèçîëèðîâàííîå ñîáñòâåííîå çíà÷åíèå λ0 = 0 êðàòíîñòè n. Õî÷åòñÿ âîñïîëü-çîâàòüñÿ àíàëèòè÷åñêîé òåîðèåé âîçìóùåíèé. Îäíàêî ïðè n > 1 ìû èìååìäåëî ñ êðàòíûì ñîáñòâåííûì çíà÷åíèåì è äâóìåðíûì ïàðàìåòðîì. Àíà-ëèòè÷åñêàÿ òåîðèÿ âîçìóùåíèé íåïîñðåäñòâåííî íåïðèìåíèìà. Ïîýòîìóìû âûäåëÿåì îäíîìåðíûé ïàðàìåòð τ = (t2 + ε2)1/2. Ïðè ýòîì ïðèõîäèò-ñÿ ñëåäèòü çà çàâèñèìîñòüþ îò äîïîëíèòåëüíûõ ïàðàìåòðîâ ϑ1 = tτ−1è ϑ2 = ετ−1. Îòìåòèì, ÷òî âåêòîð ϑ = (ϑ1, ϑ2) ïðèíàäëåæèò åäèíè÷íîé



ÀÏÏ�ÎÊÑÈÌÀÖÈß �ÅØÅÍÈÉ ÏÀ�ÀÁÎËÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ 145îêðóæíîñòè. Îïåðàòîð B(t, ε) áóäåì òåïåðü îáîçíà÷àòü ÷åðåç B(τ ;ϑ), à ñî-îòâåòñòâóþùóþ �îðìó b(t, ε) ÷åðåç b(τ ;ϑ). Ñîãëàñíî (1.4) è (1.8) ýòà �îðìàèìååò âèä
b(τ ;ϑ)[u, v] = (X0u,X0v)H∗

+ τϑ1 ((X0u,X1v)H∗
+ (X1u,X0v)H∗

)

+ τ2ϑ21(X1u,X1v)H∗
+ τϑ2

(
(Y0u, Y2v)H̃ + (Y2u, Y0v)H̃

)

+ τ2ϑ1ϑ2

(
(Y1u, Y2v)H̃ + (Y2u, Y1v)H̃

)

+ τ2ϑ22 (q[u, v] + λ(Q0u, v)H) , u, v ∈ DomX0.Ôîðìàëüíî,
B(τ ;ϑ) = X∗

0X0 + τϑ1(X
∗
0X1 +X∗

1X0) + τ2ϑ21X
∗
1X1 + τϑ2(Y

∗
2 Y0 + Y ∗

0 Y2)

+ τ2ϑ1ϑ2(Y
∗
2 Y1 + Y ∗

1 Y2) + τ2ϑ22(Q+ λQ0).Ïóñòü F (τ ;ϑ;µ) � ñïåêòðàëüíûé ïðîåêòîð îïåðàòîðà B(τ ;ϑ), îòâå÷àþ-ùèé îòðåçêó [0, µ]. Ôèêñèðóåì ïîñòîÿííóþ δ ∈ (0, κd0/13), à çàòåì âûáåðåì÷èñëî τ0 > 0 òàêîå, ÷òî
τ0 6 δ1/2

(
(2 + c21 + c2)‖X1‖

2 + C(1) + c3 + |λ|‖Q0‖
)−1/2

. (1.13)Êàê ïðîâåðåíî â [Su4, ïðåäëîæåíèå 1.5℄, ïðè |τ | 6 τ0 âûïîëíåíî
F (τ ;ϑ; δ) = F (τ ;ϑ; 3δ), rankF (τ ;ϑ; δ) = n, |τ | 6 τ0.Â äàëüíåéøåì ìû ÷àñòî áóäåì ïèñàòü F (τ ;ϑ) âìåñòî F (τ ;ϑ; δ).Íà ïðîòÿæåíèè ãëàâû 1 ìû áóäåì ñëåäèòü çà çàâèñèìîñòüþ îöåíî÷íûõïîñòîÿííûõ îò ñëåäóþùåãî ìíîæåñòâà �äàííûõ�

κ1/2, κ−1/2, δ, δ−1/2, τ0, c1, c
1/2
2 , c

1/2
3 , C(1)1/2, |λ|, ‖X1‖, ‖Y1‖, ‖Q0‖ (1.14)(à òàêæå îò ïîñòîÿííîé č−1

∗ , êîòîðàÿ áóäåò ââåäåíà íèæå â ï. 2.1). Äëÿ ïðè-ìåíåíèÿ ðåçóëüòàòîâ íàñòîÿùåé ãëàâû ê äè��åðåíöèàëüíûì îïåðàòîðàìâàæíî, ÷òî îöåíî÷íûå ïîñòîÿííûå (âîçìîæíî, ïîñëå çàâûøåíèÿ) çàâèñÿòîò ýòèõ âåëè÷èí ïîëèíîìèàëüíî, ïðè÷åì êîý��èöèåíòû ñîîòâåòñòâóþùèõìíîãî÷ëåíîâ � íåêîòîðûå ïîëîæèòåëüíûå àáñîëþòíûå ïîñòîÿííûå.1.6. Îïåðàòîðû Z è Z̃. Â ýòîì è ñëåäóþùåì ïóíêòàõ îïðåäåëÿþòñÿîïåðàòîðû, âîçíèêàþùèå ïðè ðàññìîòðåíèÿõ â äóõå òåîðèè âîçìóùåíèé.Ïîëîæèì D := DomX0 ∩ N⊥. Ïîñêîëüêó òî÷êà λ0 = 0 èçîëèðîâàíà âñïåêòðå îïåðàòîðà A0, �îðìà (X0φ,X0ψ)H∗
, φ,ψ ∈ D, çàäàåò â D ñêàëÿðíîåïðîèçâåäåíèå, ïðåâðàùàÿ D â ãèëüáåðòîâî ïðîñòðàíñòâî. Ïóñòü ω ∈ N.�àññìîòðèì óðàâíåíèå íà ýëåìåíò φ ∈ D (ñð. [BSu2, ãëàâà 1, (1.7)℄):

X∗
0 (X0φ+X1ω) = 0, (1.15)



146 Þ. Ì. ÌÅØÊÎÂÀêîòîðîå ïîíèìàåòñÿ â ñëàáîì ñìûñëå. Èíûìè ñëîâàìè, φ ∈ D óäîâëåòâî-ðÿåò òîæäåñòâó
(X0φ,X0ζ)H∗

= −(X1ω,X0ζ)H∗
, ∀ζ ∈ D. (1.16)Ïîñêîëüêó ïðàâàÿ ÷àñòü â (1.16) åñòü àíòèëèíåéíûé íåïðåðûâíûé �óíê-öèîíàë íàä ζ ∈ D, èç òåîðåìû �èññà ñëåäóåò, ÷òî óðàâíåíèå (1.15) èìååòåäèíñòâåííîå ðåøåíèå φ(ω). Î÷åâèäíî, ‖X0φ‖H∗

6 ‖X1ω‖H∗
. Îïðåäåëèìîãðàíè÷åííûé îïåðàòîð Z : H → H ðàâåíñòâàìè

Zω = φ(ω), ω ∈ N; Zx = 0, x ∈ N⊥.Î÷åâèäíî,
ZP = Z, PZ = 0, PZ∗ = Z∗, Z∗P = 0. (1.17)Íåñëîæíî ïðîâåðèòü (ñì. [Su5, (1.21)℄), ÷òî

‖Z‖H→H 6 κ1/2(13δ)−1/2‖X1‖. (1.18)Àíàëîãè÷íî äëÿ çàäàííîãî ω ∈ N ðàññìîòðèì óðàâíåíèå
X∗

0X0ψ + Y ∗
0 Y2ω = 0 (1.19)íà ýëåìåíò ψ ∈ D, ïîíèìàåìîå â ñìûñëå òîæäåñòâà

(X0ψ,X0ζ)H∗
= −(Y2ω, Y0ζ)H̃, ζ ∈ D.Â ñèëó óñëîâèÿ 1.2 ïðàâàÿ ÷àñòü ÿâëÿåòñÿ àíòèëèíåéíûì íåïðåðûâíûì�óíêöèîíàëîì íàä ζ ∈ D. Ïî òåîðåìå �èññà ðåøåíèå ψ(ω) ñóùåñòâóåò èåäèíñòâåííî. Îïðåäåëèì îãðàíè÷åííûé îïåðàòîð Z̃ : H → H ðàâåíñòâàìè

Z̃ω = ψ(ω), ω ∈ N; Z̃x = 0, x ∈ N⊥.Îòìåòèì, ÷òî Z̃ ïåðåâîäèò N â N⊥, à N⊥ â {0}. Òàêèì îáðàçîì,
Z̃P = Z̃, P Z̃ = 0, P Z̃∗ = Z̃∗, Z̃∗P = 0. (1.20)Íàì ïîòðåáóåòñÿ îöåíêà (ñì. [Su5, (1.25)℄):

‖Z̃‖H→H 6 c1κ
1/2C(1)1/2(13δ)−1/2. (1.21)1.7. Îïåðàòîðû R è S. Îïðåäåëèì òåïåðü îïåðàòîð R : N → N∗ (ñì.[BSu2, ãëàâà 1, ï. 1.2℄) ñëåäóþùèì îáðàçîì: Rω = X0ψ(ω) + X1ω ∈ N∗.Äðóãîå îïèñàíèå îïåðàòîðà R äàåòñÿ �îðìóëîé R = P∗X1|N.Ñïåêòðàëüíûì ðîñòêîì îïåðàòîðíîãî ñåìåéñòâà (1.2) ïðè t=0 íàçûâà-åòñÿ(ñì.[BSu2,ãëàâà 1,ï. 1.3℄)ñàìîñîïðÿæåííûé îïåðàòîð S=R∗R :N→N,äëÿ êîòîðîãî òàêæå ñïðàâåäëèâî ïðåäñòàâëåíèå S = PX∗

1P∗X1|N.



ÀÏÏ�ÎÊÑÈÌÀÖÈß �ÅØÅÍÈÉ ÏÀ�ÀÁÎËÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ 1471.8. Àíàëèòè÷åñêèå âåòâè ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõâåêòîðîâ îïåðàòîðà B(τ ;ϑ). Â ñîîòâåòñòâèè ñ àíàëèòè÷åñêîé òåîðè-åé âîçìóùåíèé (ñì. [Ka℄), ïðè |τ | 6 τ0 íàéäóòñÿ òàêèå âåùåñòâåííî-àíàëèòè÷åñêèå �óíêöèè λl(τ ;ϑ) è âåùåñòâåííî-àíàëèòè÷åñêèå (ïî ïàðà-ìåòðó τ) H-çíà÷íûå �óíêöèè φl(τ ;ϑ), ÷òî
B(τ ;ϑ)φl(τ ;ϑ) = λl(τ ;ϑ)φl(τ ;ϑ), l = 1, . . . , n, |τ | 6 τ0, (1.22)ïðè÷åì φl(τ ;ϑ), l = 1, . . . , n, îáðàçóþò îðòîíîðìèðîâàííûé áàçèñ â ñîá-ñòâåííîì ïîäïðîñòðàíñòâå F (τ ;ϑ)H. Ïðè äîñòàòî÷íî ìàëîì τ∗(ϑ) (6 τ0) è

|τ | 6 τ∗(ϑ) ñïðàâåäëèâû ñõîäÿùèåñÿ ñòåïåííûå ðàçëîæåíèÿ
λl(τ ;ϑ) = γl(ϑ)τ

2 + µl(ϑ)τ
3 + . . . , γl(ϑ) > 0, l = 1, . . . , n; (1.23)

φl(τ ;ϑ) = ωl(ϑ) + τφ
(1)
l (ϑ) + τ2φ

(2)
l (ϑ) + . . . , l = 1, . . . , n.Ýëåìåíòû ωl(ϑ), l = 1, . . . , n, îáðàçóþò îðòîíîðìèðîâàííûé áàçèñ â N.Â [Su4, (1.32), (1.33)℄ óñòàíîâëåíî, ÷òî äëÿ ýëåìåíòîâ

ω̃l(ϑ) := φ
(1)
l (ϑ)− ϑ1Zωl(ϑ)− ϑ2Z̃ωl(ϑ), l = 1, . . . , n,ñïðàâåäëèâî òîæäåñòâî

(ω̃k(ϑ), ωl(ϑ))H + (ωk(ϑ), ω̃l(ϑ))H = 0, k, l = 1, . . . , n. (1.24)Â ñîîòâåòñòâèè ñ [Su4, ï. 1.8℄ ñïåêòðàëüíûì ðîñòêîì îïåðàòîðíîãî ñå-ìåéñòâà B(τ ;ϑ) ïðè τ = 0 íàçûâàåòñÿ îïåðàòîð â N, çàäàííûé âûðàæå-íèåì
S(ϑ)=ϑ21S+ϑ1ϑ2(−(X0Z)

∗X0Z̃−(X0Z̃)
∗X0Z+P (Y ∗

2 Y1+Y
∗
1 Y2))

∣∣∣
N

+ ϑ22

(
−(X0Z̃)

∗X0Z̃|N +QN + λQ0N

)
.

(1.25)Çäåñü QN � ñàìîñîïðÿæåííûé îïåðàòîð âN, ïîðîæäåííûé �îðìîé q[ω, ω],
ω ∈ N, è Q0N := PQ0|N.Â [Su4, ïðåäëîæåíèå 1.6℄ óñòàíîâëåíî, ÷òî ÷èñëà γl(ϑ) è ýëåìåíòû ωl(ϑ),
l = 1, . . . , n, ÿâëÿþòñÿ ñîáñòâåííûìè äëÿ îïåðàòîðà S(ϑ):

S(ϑ)ωl(ϑ) = γl(ϑ)ωl(ϑ), l = 1, . . . , n. (1.26)Âåëè÷èíû γl(ϑ) è ωl(ϑ), l = 1, . . . , n, íàçûâàþò ïîðîãîâûìè õàðàêòåðèñòè-êàìè íà êðàþ ñïåêòðà äëÿ îïåðàòîðíîãî ñåìåéñòâà B(τ ;ϑ).1.9. Ïîðîãîâûå àïïðîêñèìàöèè. Êàê ïîêàçàíî â [Su5, òåîðåìà 3.1℄,
F (τ ;ϑ) − P = Φ(τ ;ϑ), ‖Φ(τ ;ϑ)‖H→H 6 C1|τ |, |τ | 6 τ0. (1.27)



148 Þ. Ì. ÌÅØÊÎÂÀÊðîìå (1.27) íàì ïîòðåáóåòñÿ áîëåå òî÷íàÿ àïïðîêñèìàöèÿ ñïåêòðàëüíîãîïðîåêòîðà, ïîëó÷åííàÿ â [Su5, òåîðåìà 3.1℄:
F (τ ;ϑ) = P + τF1(ϑ) + F2(τ ;ϑ), ‖F2(τ ;ϑ)‖ 6 C2τ

2, |τ | 6 τ0. (1.28)Ñîãëàñíî [Su5, (1.41)℄ îïåðàòîð F1(ϑ) èìååò âèä
F1(ϑ) = ϑ1(Z + Z∗) + ϑ2(Z̃ + Z̃∗). (1.29)Èç (1.17), (1.20) è (1.29) ñëåäóåò, ÷òî

F1(ϑ)P = ϑ1Z + ϑ2Z̃, PF1(ϑ) = ϑ1Z
∗ + ϑ2Z̃

∗. (1.30)Èç (1.18), (1.21) è (1.29) âûòåêàåò îöåíêà
‖F1(ϑ)‖H→H 6 CF1

= 2κ1/2(13δ)−1/2(‖X1‖+ c1C(1)1/2). (1.31)Íàì ïîòðåáóåòñÿ àïïðîêñèìàöèÿ, óñòàíîâëåííàÿ â [Su4, òåîðåìà 2.2℄:
B(τ ;ϑ)F (τ ;ϑ)− τ2S(ϑ)P = Φ1(τ ;ϑ),

‖Φ1(τ ;ϑ)‖H→H 6 C3|τ |
3, |τ | 6 τ0.

(1.32)Óòî÷íåíèå àïïðîêñèìàöèè (1.32) ïîëó÷åíî â [Su5, òåîðåìà 3.3℄:
B(τ ;ϑ)F (τ ;ϑ) = τ2S(ϑ)P + τ3K(ϑ) + Φ2(τ ;ϑ), (1.33)

‖Φ2(τ ;ϑ)‖ 6 C4τ
4, |τ | 6 τ0. (1.34)Â ñîîòâåòñòâèè ñ [Su5, (3.18)�(3.20)℄ èìååì K(ϑ) = K0(ϑ) +N(ϑ), ãäå

K0(ϑ) =

n∑

l=1

γl(ϑ)
(
( · , ωl(ϑ))H(ϑ1Zωl(ϑ) + ϑ2Z̃ωl(ϑ))

+ ( · , ϑ1Zωl(ϑ) + ϑ2Z̃ωl(ϑ))Hωl(ϑ)
)
,

N(ϑ) = N0(ϑ) +N∗(ϑ), (1.35)
N0(ϑ) =

n∑

l=1

µl(ϑ)( · , ωl(ϑ))Hωl(ϑ),

N∗(ϑ) =
n∑

l=1

γl(ϑ)
(
( · , ωl(ϑ))Hω̃l(ϑ) + ( · , ω̃l(ϑ))Hωl(ϑ)

)
.Â áàçèñå {ωl(ϑ)}

n
l=1 îïåðàòîðû N(ϑ), N0(ϑ) è N∗(ϑ) (ñóæåííûåíà N) ïðåäñòàâëÿþòñÿ (n × n)-ìàòðèöàìè. Îïåðàòîð N0(ϑ) äèàãîíàëåí:

(N0(ϑ)ωj(ϑ), ωl(ϑ)) = µj(ϑ)δjl, j, l = 1, . . . , n. Ñ ó÷åòîì (1.24) ìàòðè÷íûåýëåìåíòû îïåðàòîðà N∗(ϑ) èìåþò âèä
(N∗(ϑ)ωj(ϑ), ωl(ϑ)) = γl(ϑ) (ωj(ϑ), ω̃l(ϑ)) + γj(ϑ) (ω̃j(ϑ), ωl(ϑ))

= (γj(ϑ)− γl(ϑ)) (ω̃j(ϑ), ωl(ϑ)) ,
(1.36)
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j, l = 1, . . . , n. Ñëåäîâàòåëüíî, äèàãîíàëüíûå ýëåìåíòû N∗(ϑ) ðàâíû íóëþ.Áîëåå òîãî, (N∗(ϑ)ωj(ϑ), ωl(ϑ)) = 0, åñëè γj(ϑ) = γl(ϑ). Â ñëó÷àå, êîãäà
n = 1, èìååì N∗(ϑ) = 0, òî åñòü N(ϑ) = N0(ϑ).Èíâàðèàíòíîå ïðåäñòàâëåíèå äëÿ îïåðàòîðîâ K0(ϑ) è N(ϑ) íàéäåíî â[Su5, (3.21), (3.30)�(3.34)℄:

K0(ϑ) = ϑ1 (ZS(ϑ)P + S(ϑ)PZ∗) + ϑ2

(
Z̃S(ϑ)P + S(ϑ)PZ̃∗

)
, (1.37)

N(ϑ) = ϑ31N11 + ϑ21ϑ2N12 + ϑ1ϑ
2
2N21 + ϑ32N22. (1.38)Çäåñü

N11 = (X1Z)
∗RP + (RP )∗X1Z, (1.39)

N12 = (X1Z̃)
∗RP + (RP )∗X1Z̃ + (X1Z)

∗X0Z̃

+ (X0Z̃)
∗X1Z + (Y2Z)

∗Y0Z + (Y0Z)
∗Y2Z

+ (Y2Z)
∗Y1P + (Y1P )

∗Y2Z + (Y2P )
∗Y1Z + (Y1Z)

∗Y2P,

(1.40)
N21 = (X0Z̃)

∗X1Z̃ + (X1Z̃)
∗X0Z̃ + (Y2Z)

∗Y0Z̃

+ (Y0Z̃)
∗Y2Z + (Y2Z̃)

∗Y0Z + (Y0Z)
∗Y2Z̃ + (Y2Z̃)

∗Y1P

+ (Y1P )
∗Y2Z̃ + (Y1Z̃)

∗Y2P + (Y2P )
∗Y1Z̃

+ Z∗QP + PQZ + λ(Z∗Q0P + PQ0Z),

(1.41)
N22 = (Y0Z̃)

∗Y2Z̃ + (Y2Z̃)
∗Y0Z̃ + Z̃∗QP + PQZ̃

+ λ(Z̃∗Q0P + PQ0Z̃).
(1.42)Ïîÿñíèì, ÷òî â (1.41) ïîä �îðìàëüíîé çàïèñüþ Z∗QP+PQZ ïîäðàçóìåâà-åòñÿ îãðàíè÷åííûé ñàìîñîïðÿæåííûé îïåðàòîð â H, ïîðîæäåííûé �îðìîé

q[Pu,Zu] + q[Zu,Pu], u ∈ H. Àíàëîãè÷íî â (1.42) ïîä Z̃∗QP + PQZ̃ ïîíè-ìàåòñÿ îãðàíè÷åííûé ñàìîñîïðÿæåííûé îïåðàòîð â H, îòâå÷àþùèé �îðìå
q[Pu, Z̃u] + q[Z̃u, Pu], u ∈ H.Îòìåòèì, ÷òî â ñèëó (1.17), (1.20) è (1.37)�(1.42) äëÿ îïåðàòîðà K(ϑ) =
K0(ϑ) +N(ϑ) ñïðàâåäëèâî òîæäåñòâî

PK(ϑ)P = PN(ϑ)P = N(ϑ). (1.43)Íàì ïîòðåáóþòñÿ ñëåäóþùèå îöåíêè, óñòàíîâëåííûå â [Su5, (3.35),(3.36), (3.44)�(3.49)℄:
‖N(ϑ)‖H→H 6 CN , (1.44)
‖K(ϑ)‖H→H 6 CK . (1.45)Çàìå÷àíèå 1.5. Ââåäåííûå âûøå ïîñòîÿííûå C1, C2, C3, C4 è CF1

çàâè-ñÿò îò äàííûõ (1.14) ïîëèíîìèàëüíî. Ñîîòâåòñòâóþùèå ìíîãî÷ëåíû èìåþò



150 Þ. Ì. ÌÅØÊÎÂÀïîñòîÿííûå ïîëîæèòåëüíûå êîý��èöèåíòû. Êîíñòàíòû CN è CK îöåíèâà-þòñÿ ÷åðåç ïîëèíîìû ñ ïîñòîÿííûìè ïîëîæèòåëüíûìè êîý��èöèåíòàìèîò äàííûõ (1.14). Çàâèñèìîñòü ïîñòîÿííûõ C1, C2, C3, C4, CN è CK îòäàííûõ (1.14) ïðîñëåæåíà â [Su4, Su5℄.�2. Àïïðîêñèìàöèÿ îïåðàòîðà e−B(t,ε)s ñ ó÷åòîì êîððåêòîðà2.1. Àïïðîêñèìàöèÿ îïåðàòîðà e−B(τ ;ϑ)s. Áóäåì ïðåäïîëàãàòü, ÷òîïðè íåêîòîðîì c∗ > 0 âûïîëíåíî
A(t) > c∗t

2I, c∗ > 0, |t| 6 τ0. (2.1)Òîãäà ñ ó÷åòîì (1.12) ñïðàâåäëèâî íåðàâåíñòâî
B(τ ;ϑ) > č∗τ

2I, |τ | 6 τ0; č∗ =
1

2
min{κc∗; 2β}. (2.2)Îòñþäà è èç (1.22) ñëåäóåò, ÷òî ñîáñòâåííûå çíà÷åíèÿ λl(τ ;ϑ) îïåðàòîðà

B(τ ;ϑ) óäîâëåòâîðÿþò îöåíêàì
λl(τ ;ϑ) > č∗τ

2, l = 1, . . . , n, |τ | 6 τ0. (2.3)Ñîïîñòàâëÿÿ (1.23) è (2.3), íàõîäèì, ÷òî γl(ϑ) > č∗, l = 1, . . . , n, à òîãäà(ñì. (1.26))
S(ϑ) > č∗IN. (2.4)Ïóñòü |τ | 6 τ0. Çàïèøåì îïåðàòîð e−B(τ ;ϑ)s, s > 0, â âèäå

e−B(τ ;ϑ)s = e−B(τ ;ϑ)sF (τ ;ϑ)⊥ + e−B(τ ;ϑ)sF (τ ;ϑ). (2.5)Ïóñòü s > 0. Ñîãëàñíî (2.2) ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè (2.5) äîïóñ-êàåò îöåíêó
‖e−B(τ ;ϑ)sF (τ ;ϑ)⊥‖H→H 6 e−δs/2e−č∗τ2s/2 6 2(δs)−1e−č∗τ2s/2. (2.6)Âòîðîå ñëàãàåìîå ïðåäñòàâèì â âèäå
e−B(τ ;ϑ)sF (τ ;ϑ) = Pe−B(τ ;ϑ)sF (τ ;ϑ) + P⊥e−B(τ ;ϑ)sF (τ ;ϑ). (2.7)Â ñèëó (1.28)

P⊥e−B(τ ;ϑ)sF (τ ;ϑ) = (I − P )e−B(τ ;ϑ)sF (τ ;ϑ)

= (τF1(ϑ) + F2(τ ;ϑ))e
−B(τ ;ϑ)sF (τ ;ϑ)

= (τF1(ϑ) + F2(τ ;ϑ))
(
(e−B(τ ;ϑ)sF (τ ;ϑ)− e−τ2S(ϑ)sP ) + e−τ2S(ϑ)sP

)
.Ïîëîæèì

Π(τ ;ϑ; s) := e−B(τ ;ϑ)sF (τ ;ϑ)− e−τ2S(ϑ)sP. (2.8)
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P⊥e−B(τ ;ϑ)sF (τ ;ϑ) = τF1(ϑ)e

−τ2S(ϑ)sP + τF1(ϑ)Π(τ ;ϑ; s)

+ F2(τ ;ϑ)e
−B(τ ;ϑ)sF (τ ;ϑ).

(2.9)Íàì ïîòðåáóåòñÿ îöåíêà, ïîëó÷åííàÿ â [M, ï. 2.2℄:
‖Π(τ ;ϑ; s)‖H→H 6 (2C1|τ |+ C3|τ |

3s)e−č∗τ2s. (2.10)Îòñþäà è èç (1.31) ñëåäóåò, ÷òî
‖τF1(ϑ)Π(τ ;ϑ; s)‖H→H 6 CF1

(2C1τ
2 + C3τ

4s)e−č∗τ2s.Ââîäÿ ïàðàìåòð α = τ2s, ïðèõîäèì ê íåðàâåíñòâó
‖τF1(ϑ)Π(τ ;ϑ; s)‖H→H 6 CF1

(2C1α+ C3α
2)e−č∗αs−1. (2.11)Òðåòüå ñëàãàåìîå â ïðàâîé ÷àñòè (2.9) îöåíèì ñ ïîìîùüþ (1.28) è (2.2):

‖F2(τ ;ϑ)e
−B(τ ;ϑ)sF (τ ;ϑ)‖H→H 6 C2τ

2e−č∗τ2s = C2αe
−č∗αs−1. (2.12)Îáúåäèíÿÿ (2.9), (2.11) è (2.12), íàõîäèì

‖P⊥e−B(τ ;ϑ)sF (τ ;ϑ)− τF1(ϑ)e
−τ2S(ϑ)sP‖H→H 6 φ(α)s−1, s > 0, (2.13)ãäå

φ(α) = CF1
(2C1α+ C3α

2)e−č∗α + C2αe
−č∗α. (2.14)�àññìîòðèì òåïåðü ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè (2.7):

Pe−B(τ ;ϑ)sF (τ ;ϑ) = e−τ2S(ϑ)sP +Υ(τ ;ϑ; s), (2.15)ãäå Υ(τ ;ϑ; s) := Pe−B(τ ;ϑ)sF (τ ;ϑ)−e−τ2S(ϑ)sP . Â [M, ï. 2.2℄ ïîëó÷åíî ïðåä-ñòàâëåíèå
Υ(τ ;ϑ; s) = e−τ2S(ϑ)sPΦ(τ ;ϑ)− J (τ ;ϑ; s),

J (τ ;ϑ; s) : =

s∫

0

e−τ2S(ϑ)P (s−s̃)PΦ1(τ ;ϑ)e
−B(τ ;ϑ)s̃F (τ ;ϑ) ds̃.Çäåñü îïåðàòîðû Φ(τ ;ϑ) è Φ1(τ ;ϑ) îïðåäåëåíû â (1.27), (1.32). Ó÷èòû-âàÿ (1.27) è (1.28), ïðåäñòàâèì îïåðàòîð Υ(τ ;ϑ; s) â âèäå

Υ(τ ;ϑ; s) = e−τ2S(ϑ)PsPτF1(ϑ) + e−τ2S(ϑ)PsPF2(τ ;ϑ)− J (τ ;ϑ; s). (2.16)Âòîðîå ñëàãàåìîå â ïðàâîé ÷àñòè (2.16) îöåíèì ñ ïîìîùüþ (1.28) è (2.4):
‖e−τ2S(ϑ)PsPF2(τ ;ϑ)‖H→H 6 C2τ

2e−τ2č∗s = C2αe
−č∗αs−1. (2.17)



152 Þ. Ì. ÌÅØÊÎÂÀÒðåòüå ñëàãàåìîå â ïðàâîé ÷àñòè (2.16) ïðåîáðàçóåì íà îñíîâàíèè (1.32),(1.33), (1.43) è (2.8):
J (τ ;ϑ; s)

=

s∫

0

e−τ2S(ϑ)P (s−̃s)P (τ3K(ϑ)+Φ2(τ ;ϑ))e
−B(τ ;ϑ)s̃F (τ ;ϑ) ds̃

=

s∫

0

e−τ2S(ϑ)P (s−̃s)P (τ3K(ϑ)+Φ2(τ ;ϑ))
(
Π(τ ;ϑ; s̃)+e−τ2S(ϑ)s̃P

)
ds̃

=J1(τ ;ϑ; s)+J2(τ ;ϑ; s)+J3(τ ;ϑ; s).

(2.18)
Çäåñü

J1(τ ;ϑ; s) : = τ3
s∫

0

e−τ2S(ϑ)P (s−s̃)PN(ϑ)Pe−τ2S(ϑ)s̃P ds̃,

J2(τ ;ϑ; s) : = τ3
s∫

0

e−τ2S(ϑ)P (s−s̃)PK(ϑ)Π(τ ;ϑ; s̃) ds̃,

J3(τ ;ϑ; s) : =

s∫

0

e−τ2S(ϑ)P (s−s̃)PΦ2(τ ;ϑ)e
−B(τ ;ϑ)s̃F (τ ;ϑ) ds̃.Îöåíèì ÷ëåí J2(τ ;ϑ; s) ñ ïîìîùüþ (1.45), (2.4) è (2.10):

∥∥∥J2(τ ;ϑ; s)
∥∥∥
H→H

6 |τ |3
s∫

0

e−č∗τ2(s−s̃)CK(2C1|τ |+ C3|τ |
3s̃)e−č∗τ2s̃ ds̃

= |τ |3e−č∗τ2sCK

s∫

0

(2C1|τ |+C3|τ |
3s̃) ds̃

= e−č∗τ2sCK(2C1τ
4s+ 2−1C3τ

6s2)

= CKe
−č∗α(2C1α

2 + 2−1C3α
3)s−1.

(2.19)
Èñïîëüçóÿ (1.34), (2.2) è (2.4), îöåíèì J3(τ ;ϑ; s):

∥∥∥J3(τ ;ϑ; s)
∥∥∥
H→H

6

s∫

0

e−č∗τ2(s−s̃)C4τ
4e−č∗τ2s̃ ds̃

= e−č∗τ2sC4τ
4s = C4e

−č∗αα2s−1.

(2.20)
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∥∥∥Pe−B(τ ;ϑ)sF (τ ;ϑ)−e−τ2S(ϑ)sP−τe−τ2S(ϑ)sPF1(ϑ)+τ

3M(τ ;ϑ; s)
∥∥∥
H→H

6
(
C2α+2C1CKα

2+2−1C3CKα
3+C4α

2
)
e−č∗αs−1,

(2.21)ãäå
M(τ ;ϑ; s) :=

s∫

0

e−τ2S(ϑ)P (s−s̃)PN(ϑ)Pe−τ2S(ϑ)P s̃ ds̃. (2.22)Òåïåðü èç (1.30), (2.5)�(2.7), (2.13), (2.14), (2.21) è (2.22) âûòåêàåò òîæäå-ñòâî
e−B(τ ;ϑ)s = e−τ2S(ϑ)sP + τ(ϑ1Z + ϑ2Z̃)e

−τ2S(ϑ)sP

+ e−τ2S(ϑ)sPτ(ϑ1Z
∗ + ϑ2Z̃

∗)− τ3M(τ ;ϑ; s) +R(τ ;ϑ; s),
(2.23)ãäå îñòàòî÷íûé ÷ëåí R(τ ;ϑ; s) ïîä÷èíåí îöåíêå

‖R(τ ;ϑ; s)‖H→H 6 C5s
−1e−č∗τ2s/2, s > 0;

C5 = 2δ−1 +max
α>0

φ̌(α)e−č∗α/2. (2.24)Çäåñü ââåäåíî îáîçíà÷åíèå
φ̌(α) = 2(C1CF1

+ C2)α+ (C3CF1
+ 2C1CK + C4)α

2 + 2−1C3CKα
3.Äåëàÿ çàìåíó ïåðåìåííîé č∗α/2 =: α, ìîæíî ïîêàçàòü, ÷òî ïîñòîÿííàÿ C5êîíòðîëèðóåòñÿ ÷åðåç ìíîãî÷ëåí îò č−1

∗ è äàííûõ (1.14).Î÷åâèäíî, ïðè s > 1 âûïîëíåíî s−1 6 2(s+1)−1, à ïîòîìó ‖R(τ ;ϑ; s)‖ 6

2C5(s + 1)−1e−č∗τ2s/2. Ïðè 0 6 s < 1 èç (1.44), (2.22) ñëåäóåò, ÷òî äëÿ
|τ | 6 τ0 èìååò ìåñòî íåðàâåíñòâî |τ |3‖M(τ ;ϑ; s)‖ 6 τ30CNe

−č∗τ2s. Ïîýòîìó,èñïîëüçóÿ (1.18), (1.21), (2.2) è (2.4), èç (2.23) ïîëó÷àåì
‖R(τ ;ϑ; s)‖ 6 C6(1 + s)−1e−č∗τ2s/2, 0 6 s < 1,ãäå C6 = 4 + 4κ1/2(13δ)−1/2τ0(‖X1‖+ c1C(1)1/2) + 2τ30CN .Ó÷èòûâàÿ çàìå÷àíèå 1.5, ïðèõîäèì ê ñëåäóþùåìó ðåçóëüòàòó.Òåîðåìà 2.1. Ïðè |τ | 6 τ0, s > 0 âûïîëíåíî òîæäåñòâî (2.23), ãäå îïåðà-òîð M(τ ;ϑ; s) îïðåäåëåí â (2.22), à äëÿ îïåðàòîðà R(τ ;ϑ; s) âåðíû îöåíêè
‖R(τ ;ϑ; s)‖ 6 C7(s + 1)−1e−č∗τ2s/2, s > 0;

‖R(τ ;ϑ; s)‖ 6 C5s
−1e−č∗τ2s/2, s > 0.Ïîñòîÿííàÿ C5 îïðåäåëåíà â (2.24). Ïîñòîÿííûå C5 è C7 = max{2C5;C6}êîíòðîëèðóþòñÿ ÷åðåç ìíîãî÷ëåíû îò č−1

∗ è äàííûõ (1.14).



154 Þ. Ì. ÌÅØÊÎÂÀ2.2. Âû÷èñëåíèå ìàòðè÷íûõ ýëåìåíòîâ îïåðàòîðà M(τ ;ϑ; s). �àñ-ñìîòðèì ïîäðîáíåå îïåðàòîð (2.22). Â ñèëó (1.35) âûïîëíåíî
M(τ ;ϑ; s) = M0(τ ;ϑ; s) +M∗(τ ;ϑ; s), (2.25)ãäå

M0(τ ;ϑ; s) : =

s∫

0

e−τ2S(ϑ)P (s−s̃)PN0(ϑ)e
−τ2S(ϑ)P s̃ ds̃,

M∗(τ ;ϑ; s) : =

s∫

0

e−τ2S(ϑ)P (s−s̃)PN∗(ϑ)e
−τ2S(ϑ)P s̃ ds̃.Îïåðàòîðû S(ϑ) è N0(ϑ) äèàãîíàëüíû â áàçèñå {ωl(ϑ)}

n
l=1, ïîýòîìó

N0(ϑ)S(ϑ) = S(ϑ)N0(ϑ) è
M0(τ ;ϑ; s) = N0(ϑ)e

−τ2S(ϑ)PsPs. (2.26)Âû÷èñëèì òåïåðü ìàòðè÷íûå ýëåìåíòû îïåðàòîðà M∗(τ ;ϑ; s) â áàçèñå
{ωl(ϑ)}

n
l=1. Â ñîîòâåòñòâèè ñ (1.26) èìååì e−τ2S(ϑ)Psωj(ϑ) = e−τ2γj(ϑ)sωj(ϑ).Ïîýòîìó ìàòðè÷íûå ýëåìåíòû îïåðàòîðà M∗(τ ;ϑ; s) èìåþò âèä(

M∗(τ ;ϑ; s)ωj(ϑ), ωk(ϑ)
)

=

s∫

0

(
e−τ2S(ϑ)P (s−s̃)N∗(ϑ)e

−τ2S(ϑ)P s̃ωj(ϑ), ωk(ϑ)
)
ds̃

=
(
N∗(ϑ)ωj(ϑ), ωk(ϑ)

)
e−τ2γk(ϑ)s

s∫

0

e−τ2(γj(ϑ)−γk(ϑ))s̃ ds̃.Îòñþäà è èç (1.36) âèäíî, ÷òî ïðè γj(ϑ) = γk(ϑ) âûïîëíåíî(
M∗(τ ;ϑ; s)ωj(ϑ), ωk(ϑ)

)
= 0.Ïóñòü òåïåðü γj(ϑ) 6= γk(ϑ). Â ñèëó (1.24) è (1.36)

(
M∗(τ ;ϑ; s)ωj(ϑ), ωk(ϑ)

)

= (N∗(ϑ)ωj(ϑ), ωk(ϑ)) e
−τ2γk(ϑ)s

e−τ2(γj (ϑ)−γk(ϑ))s − 1

(γk(ϑ)− γj(ϑ))τ2

=
e−τ2γj(ϑ)s − e−τ2γk(ϑ)s

τ2
(ωj(ϑ), ω̃k(ϑ))

=
e−τ2γj(ϑ)s

τ2
(ωj(ϑ), ω̃k(ϑ)) +

e−τ2γk(ϑ)s

τ2
(ω̃j(ϑ), ωk(ϑ)) .
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(
M∗(τ ;ϑ; s)ωj(ϑ), ωk(ϑ)

)

= τ−2
((
e−τ2γj(ϑ)sωj(ϑ), ω̃k(ϑ)

)
+
(
ω̃j(ϑ), e

−τ2γk(ϑ)sωk(ϑ)
))
.

(2.27)Ñîãëàñíî (1.24), ïðè γj(ϑ) = γk(ϑ) ïðàâàÿ ÷àñòü â (2.27) ðàâíà íóëþ, ïî-ýòîìó ðàâåíñòâî (2.27) ñîõðàíÿåò ñèëó è â ýòîì ñëó÷àå. Èç (2.27) ñ ó÷åòîìòîæäåñòâ (1.24) ïîëó÷àåì ïðåäñòàâëåíèå
M∗(τ ;ϑ; s) = −τ−2

n∑

l=1

e−τ2γl(ϑ)s
((

· , ω̃l(ϑ)
)
ωl(ϑ) +

(
· , ωl(ϑ)

)
ω̃l(ϑ)

)
. (2.28)Îáúåäèíÿÿ (2.25), (2.26) è (2.28), íàõîäèì

M(τ ;ϑ; s) = N0(ϑ)e
−τ2S(ϑ)PsPs

− τ−2
n∑

l=1

e−τ2γl(ϑ)s
((

· , ω̃l(ϑ)
)
ωl(ϑ) +

(
· , ωl(ϑ)

)
ω̃l(ϑ)

)
.Îòìåòèì, íàêîíåö, ÷òî �îðìóëà (2.23) óïðîùàåòñÿ, åñëè N(ϑ) = 0 èëè

N∗(ϑ) = 0.Ïðåäëîæåíèå 2.2. Ïóñòü N(ϑ) = 0. Òîãäà â óñëîâèÿõ òåîðåìû 2.1 âû-ïîëíåíî
e−B(τ ;ϑ)s = e−τ2S(ϑ)sP + τ(ϑ1Z + ϑ2Z̃)e

−τ2S(ϑ)sP

+ e−τ2S(ϑ)sPτ(ϑ1Z
∗ + ϑ2Z̃

∗) +R(τ ;ϑ; s).Ïðåäëîæåíèå 2.3. Ïóñòü â óñëîâèÿõ òåîðåìû 2.1 N∗(ϑ) = 0. Òîãäà
e−B(τ ;ϑ)s=e−τ2S(ϑ)sP+τ(ϑ1Z+ϑ2Z̃)e

−τ2S(ϑ)sP +e−τ2S(ϑ)sPτ(ϑ1Z
∗+ϑ2Z̃

∗)

−τ3N0(ϑ)e
−τ2S(ϑ)PsPs+R(τ ;ϑ; s).2.3. Âîçâðàùåíèå ê ïàðàìåòðàì t è ε. Âåðíåìñÿ ê èñõîäíûì ïàðà-ìåòðàì t, ε, âñïîìèíàÿ, ÷òî t = τϑ1, ε = τϑ2. Â ñèëó (1.25) îïåðàòîð

τ2S(ϑ) =: L(t, ε) çàäàåòñÿ âûðàæåíèåì
L(t, ε)= t2S+tε

(
− (X0Z)

∗X0Z̃−(X0Z̃)
∗X0Z+P (Y ∗

2 Y1+Y
∗
1 Y2)

)∣∣∣
N

+ε2
(
− (X0Z̃)

∗X0Z̃|N +QN + λQ0N

)
.

(2.29)Îòìåòèì îöåíêó, âûòåêàþùóþ èç (2.4):
L(t, ε) > č∗(t

2 + ε2)IN, t ∈ R, 0 6 ε 6 1. (2.30)



156 Þ. Ì. ÌÅØÊÎÂÀÂ ñèëó (1.38) îïåðàòîð τ3N(ϑ) =: N(t, ε) èìååò âèä
N(t, ε) = t3N11 + t2εN12 + tε2N21 + ε3N22. (2.31)Ñîãëàñíî (1.44) âûïîëíåíî

‖N(t, ε)‖ 6 CN (t2 + ε2)3/2, t ∈ R, 0 6 ε 6 1. (2.32)Çàïèñûâàÿ (2.23) â òåðìèíàõ èñõîäíûõ ïàðàìåòðîâ, äàäèì ðàâíîñèëü-íóþ �îðìóëèðîâêó òåîðåìû 2.1, óäîáíóþ äëÿ äàëüíåéøèõ ïðèìåíåíèé êäè��åðåíöèàëüíûì îïåðàòîðàì. Íàçîâåì êîððåêòîðîì îïåðàòîð
K(t, ε, s) :=

(
tZ+εZ̃

)
e−L(t,ε)sP+e−L(t,ε)sP (tZ∗+εZ̃∗)

−

s∫

0

e−L(t,ε)(s−s̃)PN(t, ε)e−L(t,ε)s̃P ds̃.
(2.33)Â ñèëó (2.30) è (2.32) âûïîëíåíî

‖K(t, ε, s)‖ 6 2max{‖Z‖; ‖Z̃‖}(t+ ε)e−č∗(t2+ε2)s

+CNs(t
2 + ε2)3/2e−č∗(t2+ε2)s.

(2.34)Îáúåäèíÿÿ (1.18), (1.21), (2.34) è èñïîëüçóÿ ýëåìåíòàðíûå íåðàâåíñòâà
e−α 6 α−1e−α/2 è e−α 6 3α−2e−α/2, α > 0, íàõîäèì

‖K(t, ε, s)‖ 6 C8s
−1(t2 + ε2)−1/2e−č∗(t2+ε2)s/2, s > 0; (2.35)

C8 = 23/2č−1
∗ κ1/2(13δ)−1/2 max{‖X1‖; c1C(1)1/2}+ 3č−2

∗ CN .Ïðè s > 0 îöåíêà áîëåå ãðîìîçäêàÿ: òåïåðü äëÿ ýêñïîíåíò èñïîëüçóåìíåðàâåíñòâà âèäà e−α 6 2(1 + α)−1e−α/2 è e−αα 6 4(1 + α)−1e−α/2, ãäå
α > 0. Â ðåçóëüòàòå ïîëó÷àåì, ÷òî

‖K(t, ε, s)‖6C9(t
2+ε2)1/2(1+č∗(t

2+ε2)s)−1e−č∗(t2+ε2)s/2, s>0; (2.36)
C9 = 25/2κ1/2(13δ)−1/2 max{‖X1‖; c1C(1)1/2}+ 4č−1

∗ CN .Òåîðåìà 2.4. Ñïðàâåäëèâî ïðåäñòàâëåíèå
e−B(t,ε)s = e−L(t,ε)sP +K(t, ε, s) +R(t, ε, s), (2.37)ãäå îïåðàòîðû B(t, ε), L(t, ε) è K(t, ε, s) îïðåäåëåíû â (1.7), (2.29) è (2.33)ñîîòâåòñòâåííî. Äëÿ îïåðàòîðà K(t, ε, s) ñïðàâåäëèâû îöåíêè (2.35)è (2.36). Îïåðàòîð R(t, ε, s) := R(τ ;ϑ; s) ïðè t2 + ε2 6 τ20 ïîä÷èíåí íåðà-âåíñòâàì

‖R(t, ε, s)‖ 6 C7(s+ 1)−1e−č∗(t2+ε2)s/2, s > 0; (2.38)
‖R(t, ε, s)‖ 6 C5s

−1e−č∗(t2+ε2)s/2, s > 0. (2.39)



ÀÏÏ�ÎÊÑÈÌÀÖÈß �ÅØÅÍÈÉ ÏÀ�ÀÁÎËÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ 157Ïîñòîÿííûå C5, C7, C8 è C9 êîíòðîëèðóþòñÿ ÷åðåç ïîëèíîìû ñ àáñîëþò-íûìè ïîëîæèòåëüíûìè êîý��èöèåíòàìè îò č−1
∗ è îò äàííûõ (1.14).�3. Àïïðîêñèìàöèÿ îêàéìëåííîé îïåðàòîðíîé ýêñïîíåíòû3.1. Îïåðàòîðíîå ñåìåéñòâî A(t) = M∗Â(t)M . Ïóñòü Ĥ � åùå îäíîãèëüáåðòîâî ïðîñòðàíñòâî, è ïóñòü X̂(t) = X̂0(t) + tX̂1(t) : Ĥ → H∗ � ñå-ìåéñòâî âèäà (1.1), óäîâëåòâîðÿþùåå óñëîâèÿì ï. 1.1. Ïîä÷åðêíåì, ÷òîïðè ýòîì ïðîñòðàíñòâî H∗ íå èçìåíèëîñü. Âñå îáúåêòû, ñâÿçàííûå ñ X̂(t),áóäåì ïîìå÷àòü çíà÷êîì �̂ �. Ïóñòü M : H → Ĥ � èçîìîð�èçì è

MDomX0 = Dom X̂0, (3.1)
X(t) = X̂(t)M : H → H∗; X0 = X̂0M , X1 = X̂1M . Òîãäà A(t) = M∗Â(t)M ,ãäå Â(t) = X̂(t)∗X̂(t). Îòìåòèì, ÷òî N̂ = MN, n̂ = n è N̂∗ = N∗, n̂∗ = n∗,
P̂∗ = P∗. Ïîëîæèì

G = (MM∗)−1 : Ĥ → Ĥ. (3.2)Ïóñòü G
N̂
� áëîê îïåðàòîðà G â ïîäïðîñòðàíñòâå N̂: G

N̂
= P̂G|

N̂
: N̂ → N̂.Î÷åâèäíî, ÷òî G

N̂
� èçîìîð�èçì â N̂.Ïóñòü Ŝ = R̂∗R̂ : N̂ → N̂ � ñïåêòðàëüíûé ðîñòîê îïåðàòîðíîãî ñåìåé-ñòâà Â(t) ïðè t = 0. Â ñîîòâåòñòâèè ñ [BSu2, ãëàâà 1, ï. 1.5℄ âûïîëíåíî

R = R̂M |N, rankR = rank R̂, (3.3)è S = PM∗ŜM |N.3.2. Îïåðàòîðíîå ñåìåéñòâî B(t, ε) =M∗B̂(t, ε)M . Ïðåäïîëîæèì, ÷òîäëÿ îïåðàòîðà Ŷ0 : Ĥ → H̃ ñïðàâåäëèâû óñëîâèÿ ï. 1.2. Ïîä÷åðêíåì, ÷òîïðîñòðàíñòâî H̃ íå èçìåíèëîñü. Ïîëîæèì Y0 := Ŷ0M , MDom Y0 = Dom Ŷ0.Â ñèëó (3.1) è óñëîâèÿ Dom X̂0 ⊂ Dom Ŷ0 èìååò ìåñòî âêëþ÷åíèå DomX0 ⊂

Dom Y0. Ïóñòü Ŷ1 : Ĥ → H̃ � îãðàíè÷åííûé îïåðàòîð, ïóñòü Y1 = Ŷ1M :

H → H̃. Ïîëîæèì Ŷ (t) := Ŷ0 + tŶ1 : Ĥ → H̃, Dom Ŷ (t) = Dom Ŷ0. Ïóñòü
Y (t) = Ŷ (t)M = Y0+tY1 : H → H̃,Dom Y (t) = Dom Y0. Íà îïåðàòîðû X̂(t) è
Ŷ (t) íàëîæèì óñëîâèå 1.2 ñ íåêîòîðîé ïîñòîÿííîé ĉ1. Òîãäà àâòîìàòè÷åñêèâûïîëíåíî ‖Y (t)u‖

H̃
6 c1‖X(t)u‖H∗

, u ∈ DomX0, ãäå c1 = ĉ1.Ïóñòü îïåðàòîð Ŷ2 : Ĥ → H̃ óäîâëåòâîðÿåò óñëîâèÿì ï. 1.2. Ïîëîæèì
Y2 := Ŷ2M : H → H̃, MDom Y2 = Dom Ŷ2. Òàê êàê M � èçîìîð�èçì, àîïåðàòîð Ŷ2 ïëîòíî îïðåäåëåí, îïåðàòîð Y2 òàêæå ïëîòíî îïðåäåëåí. Âñèëó (3.1) ñïðàâåäëèâî âêëþ÷åíèå DomX0 ⊂ Dom Y2. Ïðåäïîëîæèì, ÷òîîïåðàòîðû X̂(t) è Ŷ2 ïîä÷èíåíû óñëîâèþ 1.3 ñ íåêîòîðûìè ïîñòîÿííûìè
Ĉ(ν) > 0. Òîãäà àâòîìàòè÷åñêè äëÿ ëþáîãî ν > 0 íàéäåòñÿ ïîñòîÿííàÿ
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C(ν) = Ĉ(ν)‖M‖2 > 0 òàêàÿ, ÷òî ïðè u ∈ DomX0, t ∈ R, âûïîëíåíàîöåíêà ‖Y2u‖

2
H̃
6 ν‖X(t)u‖2H∗

+ C(ν)‖u‖2H.Ïîëîæèì Q0 := M∗M . Òîãäà Q0 � íåïðåðûâíûé ïîëîæèòåëüíî îïðåäå-ëåííûé îïåðàòîð â H. (�îëü Q̂0 èãðàåò òîæäåñòâåííûé îïåðàòîð â Ĥ.)Ïóñòü â ïðîñòðàíñòâå Ĥ çàäàíà �îðìà q̂, óäîâëåòâîðÿþùàÿ óñëîâèÿìï. 1.3. Îïðåäåëèì �îðìó q, äåéñòâóþùóþ ïî ïðàâèëó q[u, v] = q̂[Mu,Mv],
u, v ∈ Dom q, MDom q = Dom q̂. Ôîðìàëüíî, Q = M∗Q̂M . Ïóñòü äëÿ îïå-ðàòîðà X̂(t) è �îðìû q̂ âûïîëíåíî óñëîâèå 1.4 ñ íåêîòîðûìè ïîñòîÿííû-ìè κ, ĉ0, ĉ2 è ĉ3. Ó÷èòûâàÿ (3.1), ìîæíî ïðîâåðèòü, ÷òî òîãäà îïåðàòîð
X(t) = X̂(t)M è �îðìà q óäîâëåòâîðÿþò óñëîâèþ 1.4 ñ ïîñòîÿííûìè

c0 = ‖M‖2ĉ0, åñëè ĉ0 > 0, c0 = ‖M−1‖−2ĉ0, åñëè ĉ0 < 0, (3.4)
c2 = ĉ2, c3 = ‖M‖2ĉ3 è ïðåæíåé êîíñòàíòîé κ. Èç (1.6) âèäíî, ÷òî ïîñòî-ÿííûå c4 è ĉ4 = 4κ−1ĉ 21 Ĉ(ν) ïðè ν = κ2(16ĉ 21 )

−1 ñâÿçàíû ðàâåíñòâîì
c4 = ‖M‖2ĉ4. (3.5)Ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ îïåðàòîðíûé ïó÷îê

B̂(t, ε) = Â(t) + ε(Ŷ ∗
2 Ŷ (t) + Ŷ (t)∗Ŷ2) + ε2Q̂+ λε2I (3.6)ñâÿçàí ñ ïó÷êîì (1.7) ñîîòíîøåíèåì

B(t, ε) =M∗B̂(t, ε)M. (3.7)Ïîñòîÿííàÿ λ âûáèðàåòñÿ èç óñëîâèÿ (1.9) äëÿ îïåðàòîðà (1.7). Èñïîëüçóÿñîîòíîøåíèÿ (3.4), (3.5) è ðàâåíñòâî Q0 = M∗M , íàõîäèì, ÷òî ïðè òàêîìâûáîðå λ óñëîâèå (1.9) äëÿ îïåðàòîðà (3.6) òàêæå âûïîëíåíî.Îòìåòèì, ÷òî äëÿ îïåðàòîðà (3.6) îáà âàðèàíòà ñîîòíîøåíèé (1.11) ïðè-íèìàþò âèä β̂ = λ− ĉ0− ĉ4. Îòñþäà è èç (1.11), (3.4), (3.5) âûòåêàåò îöåíêà
β 6 ‖M−1‖−2β̂. (3.8)3.3. Ñâÿçü ñïåêòðàëüíûõ ðîñòêîâ S(ϑ) è Ŝ(ϑ). Â âûðàæåíèÿõ äëÿîïåðàòîðîâ B(t, ε) è B̂(t, ε) ïåðåéäåì ê ïàðàìåòðàì τ , ϑ. �àññìîòðèì ñïåê-òðàëüíûé ðîñòîê (1.25) è àíàëîãè÷íûé ðîñòîê äëÿ ñåìåéñòâà (3.6):

Ŝ(ϑ)=ϑ21Ŝ−ϑ1ϑ2(X̂0Ẑ)
∗(X̂0

̂̃
Z)|

N̂
−ϑ1ϑ2(X̂0

̂̃
Z)∗(X̂0Ẑ)|N̂

−ϑ22(X̂0
̂̃
Z)∗(X̂0

̂̃
Z)|

N̂
+ϑ1ϑ2P̂ (Ŷ

∗
2 Ŷ1 + Ŷ ∗

1 Ŷ2)|N̂+ϑ
2
2(Q̂N̂

+λI
N̂
).

(3.9)Â [M, ïðåäëîæåíèå 1.8℄ óñòàíîâëåíà ñâÿçü îïåðàòîðîâ (1.25) è (3.9):
S(ϑ) = PM∗Ŝ(ϑ)M |N. (3.10)



ÀÏÏ�ÎÊÑÈÌÀÖÈß �ÅØÅÍÈÉ ÏÀ�ÀÁÎËÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ 159Âåðíåìñÿ ê ïàðàìåòðàì t, ε. Îïåðàòîð τ2Ŝ(ϑ) =: L̂(t, ε) çàäàåòñÿ âûðà-æåíèåì
L̂(t, ε) = t2Ŝ + tε

(
− (X̂0Ẑ)

∗X̂0
̂̃
Z−(X̂0

̂̃
Z)∗X̂0Ẑ+P̂ (Ŷ ∗

2 Ŷ1 + Ŷ ∗
1 Ŷ2)

)∣∣∣
N̂

+ ε2
(
− (X̂0

̂̃
Z)∗X̂0

̂̃
Z|

N̂
+ Q̂

N̂
+ λI

N̂

)
.

(3.11)Â ñèëó (3.10) èìååì L(t, ε) = PM∗L̂(t, ε)M |N. Çäåñü L(t, ε) � îïåðà-òîð (2.29).3.4. Îïåðàòîðû ẐG è ̂̃
ZG. Ââåäåì ẐG � îïåðàòîð â Ĥ, ïåðåâîäÿùèéýëåìåíò û ∈ Ĥ â (åäèíñòâåííîå) ðåøåíèå φ̂G óðàâíåíèÿ

X̂∗
0 (X̂0φ̂G + X̂1ω̂) = 0, Gφ̂G ⊥ N̂,ãäå ω̂ = P̂ û. Óðàâíåíèå ïîíèìàåòñÿ â ñëàáîì ñìûñëå (ñð. (1.16)). Òîãäà,êàê ïîêàçàíî â [BSu3, ëåììà 6.1℄,

ẐG =MZM−1P̂ . (3.12)Àíàëîãè÷íî ââåäåì ̂̃
ZG � îïåðàòîð â Ĥ, ñîïîñòàâëÿþùèé ýëåìåíòó û ∈ Ĥ(åäèíñòâåííîå) ðåøåíèå ψ̂G óðàâíåíèÿ

X̂∗
0 X̂0ψ̂G + Ŷ ∗

0 Ŷ2ω̂ = 0, Gψ̂G ⊥ N̂,ãäå ω̂ = P̂ û. Óðàâíåíèå ïîíèìàåòñÿ â ñëàáîì ñìûñëå. Ïðîèçâîäÿ ïåðåñ÷åòâ óðàâíåíèè (1.19), ñ ó÷åòîì òîæäåñòâ MN = N̂, (3.1) è (3.2), íàõîäèì
̂̃
ZG =MZ̃M−1P̂ . (3.13)3.5. Îïåðàòîð N̂G(t, ε). Èñïîëüçóÿ ñâÿçü îïåðàòîðîâ X0, X1, Y0, Y1, Y2è Q ñ ñîîòâåòñòâóþùèìè îïåðàòîðàìè ñî �øëÿïêîé�, ðàâåíñòâà N̂ = MN,

Q0 =M∗M , (1.39)�(1.42), (2.31), (3.3), (3.12) è (3.13), çàêëþ÷àåì, ÷òî îïå-ðàòîð
N̂G(t, ε) := P̂ (M∗)−1N(t, ε)M−1P̂ (3.14)èìååò âèä

N̂G(t, ε) = t3N̂G,11 + t2εN̂G,12 + tε2N̂G,21 + ε3N̂G,22, (3.15)
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N̂G,11 = (X̂1ẐG)

∗R̂P̂ + (R̂P̂ )∗X̂1ẐG, (3.16)
N̂G,12 = (X̂1

̂̃
ZG)

∗R̂P̂ + (R̂P̂ )∗X̂1
̂̃
ZG + (X̂1ẐG)

∗X̂0
̂̃
ZG

+ (X̂0
̂̃
ZG)

∗X̂1ẐG + (Ŷ2ẐG)
∗Ŷ0ẐG + (Ŷ0ẐG)

∗Ŷ2ẐG

+ (Ŷ2ẐG)
∗Ŷ1P̂ + (Ŷ1P̂ )

∗Ŷ2ẐG + (Ŷ2P̂ )
∗Ŷ1ẐG + (Ŷ1ẐG)

∗Ŷ2P̂ ,

(3.17)
N̂G,21 = (X̂0

̂̃
ZG)

∗X̂1
̂̃
ZG + (X̂1

̂̃
ZG)

∗X̂0
̂̃
ZG + (Ŷ2ẐG)

∗Ŷ0
̂̃
ZG

+ (Ŷ0
̂̃
ZG)

∗Ŷ2ẐG + (Ŷ2
̂̃
ZG)

∗Ŷ0ẐG + (Ŷ0ẐG)
∗Ŷ2

̂̃
ZG + (Ŷ2

̂̃
ZG)

∗Ŷ1P̂

+ (Ŷ1P̂ )
∗Ŷ2

̂̃
ZG + (Ŷ1

̂̃
ZG)

∗Ŷ2P̂ + (Ŷ2P̂ )
∗Ŷ1

̂̃
ZG

+ Ẑ∗
GQ̂P̂ + P̂ Q̂ẐG + λ(Ẑ∗

GP̂ + P̂ ẐG), (3.18)
N̂G,22 = (Ŷ0

̂̃
ZG)

∗Ŷ2
̂̃
ZG + (Ŷ2

̂̃
ZG)

∗Ŷ0
̂̃
ZG +

(̂̃
ZG

)∗
Q̂P̂ + P̂ Q̂

̂̃
ZG

+ λ
((̂̃
ZG

)∗
P̂ + P̂

̂̃
ZG

)
.

(3.19)Îòìåòèì îöåíêó, âûòåêàþùóþ èç (2.32) è (3.14):
‖N̂G(t, ε)‖ 6 CG(t

2 + ε2)3/2; CG = CN‖M−1‖2. (3.20)Â ñîîòâåòñòâèè ñ çàìå÷àíèåì 1.5 ñïðàâåäëèâî ñëåäóþùåå íàáëþäåíèå.Çàìå÷àíèå 3.1. Ïîñòîÿííàÿ CG êîíòðîëèðóåòñÿ ÷åðåç ïîëèíîì ñ ïîëî-æèòåëüíûìè êîý��èöèåíòàìè îò ‖M−1‖ è îò äàííûõ (1.14).3.6. Àïïðîêñèìàöèÿ îêàéìëåííîé îïåðàòîðíîé ýêñïîíåíòû. Íà-øà öåëü â ýòîì ïóíêòå � äëÿ îïåðàòîðà âèäà (3.7) íàéòè àïïðîêñèìàöèþîïåðàòîðíîé ýêñïîíåíòû e−B(t,ε)s â òåðìèíàõ èçîìîð�èçìàM è ïîðîãîâûõõàðàêòåðèñòèê îïåðàòîðà B̂(t, ε).Ïóñòü äëÿ îïåðàòîðà A(t) ñïðàâåäëèâî íåðàâåíñòâî (2.1) ñ íåêîòîðîéïîñòîÿííîé c∗ > 0: A(t) > c∗t
2I, |t| 6 τ0. Çäåñü τ0 ïîä÷èíåíî óñëîâèþ(1.13) äëÿ îïåðàòîðà B(t, ε). Òîãäà äëÿ B(t, ε) âûïîëíåíà îöåíêà (2.2).Èòàê, îïåðàòîð B(t, ε) âèäà (3.7) óäîâëåòâîðÿåò âñåì óñëîâèÿì òåîðå-ìû 2.4. Ïðèìåíÿÿ åå è óìíîæàÿ ðàâåíñòâî (2.37) íà îïåðàòîð M ñëåâà èíà M∗ ñïðàâà, íàõîäèì

Me−B(t,ε)sM∗ =Me−L(t,ε)sPM∗ +MK(t, ε, s)M∗ +MR(t, ε, s)M∗. (3.21)
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MK(t, ε, s)M∗ =M(tZ + εZ̃)e−L(t,ε)sPM∗

+Me−L(t,ε)sP (tZ∗ + εZ̃∗)M∗

−

s∫

0

Me−L(t,ε)(s−s̃)PN(t, ε)Pe−L(t,ε)s̃PM∗ ds̃.

(3.22)Ó÷òåì òîæäåñòâî, óñòàíîâëåííîå â [M, ïðåäëîæåíèå 3.1℄:
Me−L(t,ε)sPM∗ =M0e

−M0L̂(t,ε)M0sM0P̂ . (3.23)Çäåñü L(t, ε) è L̂(t, ε) � îïåðàòîðû (2.29) è (3.11) ñîîòâåòñòâåííî,
M0 := (G

N̂
)−1/2. (3.24)Îáîçíà÷èì KG(t, ε, s) :=MK(t, ε, s)M∗. Îòìåòèì ñðàçó îöåíêè, âûòåêà-þùèå èç (2.35) è (2.36):

‖KG(t, ε, s)‖6C8‖M‖2s−1(t2+ε2)−1/2e−č∗(t2+ε2)s/2, s>0; (3.25)
‖KG(t, ε, s)‖6C9‖M‖2(t2 + ε2)1/2

(
1+č∗(t

2+ε2)s
)−1

e−č∗(t2+ε2)s/2,

s > 0.
(3.26)Â ñèëó (3.12)�(3.14), (3.22) è (3.23) äëÿ îïåðàòîðà KG(t, ε, s) ñïðàâåäëèâîïðåäñòàâëåíèå

KG(t, ε, s)=
(
tẐG+ε

̂̃
ZG

)
M0e

−M0L̂(t,ε)M0sM0P̂

+M0e
−M0L̂(t,ε)M0sM0P̂

(
tẐ∗

G + ε
(̂̃
ZG

)∗)

−

s∫

0

M0e
−M0L̂(t,ε)M0(s−s̃)M0N̂G(t, ε)M0e

−M0L̂(t,ε)M0s̃M0P̂ ds̃.

(3.27)Îáúåäèíÿÿ (2.38), (2.39), (3.21), (3.23) è (3.27), ïîëó÷àåì ñëåäóþùèéðåçóëüòàò.Òåîðåìà 3.2. Ïóñòü âûïîëíåíû óñëîâèÿ ï. 3.1 è 3.2. Ïóñòü äëÿ îïåðàòî-ðà A(t) ñïðàâåäëèâî íåðàâåíñòâî (2.1). Ïóñòü îïåðàòîð L̂(t, ε) îïðåäåëåíâ (3.11). Ïóñòü M0 � îïåðàòîð (3.24). Òîãäà ñïðàâåäëèâî ïðåäñòàâëåíèå
Me−B(t,ε)sM∗ =M0e

−M0L̂(t,ε)M0sM0P̂ +KG(t, ε, s) +MR(t, ε, s)M∗.



162 Þ. Ì. ÌÅØÊÎÂÀÇäåñü KG(t, ε, s) � îïåðàòîð (3.27), óäîâëåòâîðÿþùèé îöåíêàì (3.25),(3.26), à äëÿ îñòàòî÷íîãî ÷ëåíà âûïîëíåíû íåðàâåíñòâà
‖MR(t, ε, s)M∗‖ 6 C7‖M‖2(s+ 1)−1e−č∗(t2+ε2)s/2, s > 0;

‖MR(t, ε, s)M∗‖ 6 C5‖M‖2s−1e−č∗(t2+ε2)s/2, s > 0.Ïîñòîÿííûå C5, C7, C8, C9 êîíòðîëèðóþòñÿ ÷åðåç ïîëèíîìû îò č−1
∗ èäàííûõ (1.14), êîý��èöèåíòû êîòîðûõ � àáñîëþòíûå ïîëîæèòåëüíûåïîñòîÿííûå.�ëàâà 2. Ïåðèîäè÷åñêèå äè��åðåíöèàëüíûå îïåðàòîðû â L2(R

d;Cn)�4. Ïðåäâàðèòåëüíûå ñâåäåíèÿ4.1. �åøåòêè Γ è Γ̃. Ïóñòü Γ � ðåøåòêà â R
d, ïîðîæäåííàÿ áàçèñîì

a1, . . . ,ad: Γ = {a ∈ R
d : a =

∑d
j=1 n

jaj, n
j ∈ Z}. ×åðåç Ω îáîçíà÷èì ýëå-ìåíòàðíóþ ÿ÷åéêó ðåøåòêè Γ: Ω = {x ∈ R
d : x =

∑d
j=1 ξ

jaj, 0 < ξj < 1}.Áàçèñ b1, . . . ,bd, äâîéñòâåííûé ê a1, . . . ,ad, îïðåäåëÿåòñÿ ñîîòíîøåíèÿìè
〈bl,aj〉 = 2πδlj . Ýòîò áàçèñ ïîðîæäàåò ðåøåòêó Γ̃, äâîéñòâåííóþ ê ðåøåò-êå Γ. Çà Ω̃ îáîçíà÷èì çîíó Áðèëëþýíà ðåøåòêè Γ̃:

Ω̃ = {k ∈ R
d : |k| < |k− b|, 0 6= b ∈ Γ̃}.Îáëàñòü Ω̃ ÿâëÿåòñÿ �óíäàìåíòàëüíîé äëÿ Γ̃. Áóäåì ïîëüçîâàòüñÿ îáîçíà-÷åíèÿìè |Ω| = mesΩ, |Ω̃| = mes Ω̃. Ïóñòü r0 � ðàäèóñ øàðà, âïèñàííîãî âlos Ω̃, è ïóñòü 2r1 = diam Ω̃.Åñëè Φ(x) � Γ-ïåðèîäè÷åñêàÿ ìàòðèöà-�óíêöèÿ â R

d, ïîëîæèì
Φ := |Ω|−1

∫

Ω

Φ(x) dx, Φ :=

(
|Ω|−1

∫

Ω

Φ(x)−1 dx

)−1

. (4.1)Çäåñü ïðè îïðåäåëåíèè Φ ïðåäïîëàãàåòñÿ, ÷òî Φ ∈ L1,loc(R
d), à ïðè îïðå-äåëåíèè Φ ñ÷èòàåòñÿ, ÷òî ìàòðèöà Φ êâàäðàòíàÿ è íåîñîáàÿ, ïðè÷åì

Φ−1 ∈ L1,loc(R
d).4.2. Ôàêòîðèçîâàííûå îïåðàòîðû âòîðîãî ïîðÿäêà. (Ñì. [BSu2℄.)Ïóñòü b(D) =
∑d

l=1 blDl : L2(R
d;Cn) → L2(R

d;Cm) � ÄÎ ïåðâîãî ïî-ðÿäêà. Çäåñü bl � ïîñòîÿííûå (m × n)-ìàòðèöû. Ñ÷èòàåì, ÷òî m > n.Îòíîñèòåëüíî ñèìâîëà b(ξ) = ∑d
l=1 blξl ïðåäïîëîæèì, ÷òî rank b(ξ) = n,

0 6= ξ ∈ R
d. Òîãäà ïðè íåêîòîðûõ α0, α1 > 0 âûïîëíåíî

α01n 6 b(θ)∗b(θ) 6 α11n, θ ∈ S
d−1, 0 < α0 6 α1 <∞. (4.2)



ÀÏÏ�ÎÊÑÈÌÀÖÈß �ÅØÅÍÈÉ ÏÀ�ÀÁÎËÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ 163Ïóñòü (n × n)-ìàòðèöà-�óíêöèÿ f(x) è (m × m)-ìàòðèöà-�óíêöèÿ h(x),
x ∈ R

d, � îãðàíè÷åíû è îãðàíè÷åííî îáðàòèìû:
f, f−1 ∈ L∞(Rd); h, h−1 ∈ L∞(Rd). (4.3)Ôóíêöèè f è h ïðåäïîëàãàþòñÿ Γ-ïåðèîäè÷åñêèìè. �àññìîòðèì ÄÎ

X := hb(D)f : L2(R
d;Cn) → L2(R

d;Cm), (4.4)DomX := {u ∈ L2(R
d;Cn) : fu ∈ H1(Rd;Cn)}. (4.5)Îïåðàòîð (4.4) çàìêíóò íà îáëàñòè îïðåäåëåíèÿ (4.5). �àññìîòðèì ñàìîñî-ïðÿæåííûé â L2(R

d;Cn) îïåðàòîð A := X ∗X , îòâå÷àþùèé êâàäðàòè÷íîé�îðìå
a[u,u] = ‖Xu‖2L2(Rd), u ∈ DomX . (4.6)Ôîðìàëüíî ìîæíî çàïèñàòü A = f∗b(D)∗gb(D)f , ãäå g = h∗h. Èñïîëüçóÿïðåîáðàçîâàíèå Ôóðüå è (4.2), (4.3), ëåãêî ïðîâåðèòü, ÷òî ïðè u ∈ DomXñïðàâåäëèâû îöåíêè

α0‖g
−1‖−1

L∞
‖D(fu)‖2L2(Rd) 6 a[u,u] 6 α1‖g‖L∞

‖D(fu)‖2L2(Rd). (4.7)4.3. Îïåðàòîðû Y è Y2. Ïåðåéäåì ê îïèñàíèþ ìëàäøèõ ÷ëåíîâ. Ââåäåìîïåðàòîð Y : L2(R
d;Cn) → L2(R

d;Cdn), äåéñòâóþùèé ïî ïðàâèëó
Yu = D(fu) = ol {D1(fu), . . . ,Dd(fu)}, DomY = DomX . (4.8)Íèæíÿÿ îöåíêà (4.7) îçíà÷àåò, ÷òî

‖Yu‖L2(Rd) 6 c1‖Xu‖L2(Rd), u ∈ DomX ; c1 = α
−1/2
0 ‖g−1‖

1/2
L∞
. (4.9)Ïóñòü â R

d çàäàíû Γ-ïåðèîäè÷åñêèå (n × n)-ìàòðèöû-�óíêöèè aj(x),
j = 1, . . . , d, òàêèå, ÷òî
aj ∈ L̺(Ω), ̺ = 2 ïðè d = 1, ̺ > d ïðè d > 2; j = 1, . . . , d. (4.10)Ïóñòü îïåðàòîð Y2 : L2(R

d;Cn) → L2(R
d;Cdn) äåéñòâóåò íà îáëàñòè îïðå-äåëåíèÿ DomY2 = DomX ïî ïðàâèëó Y2u = ol {a∗1fu, . . . , a∗dfu}. Ôîð-ìàëüíî, (Y∗

2Y + Y∗Y2)u =
∑d

j=1

(
f∗ajDj(fu) + f∗Dj(a

∗
jfu)

).Èñïîëüçóÿ íåðàâåíñòâî �¼ëüäåðà, óñëîâèÿ (4.3), (4.10) è êîìïàêòíîñòüâëîæåíèÿ H1(Ω) →֒ Lp(Ω) ïðè p = 2̺/(̺ − 2), ìîæíî ïîêàçàòü (ñð. [Su4,ï. 5.2℄), ÷òî äëÿ ëþáîãî ν > 0 ñóùåñòâóåò ïîñòîÿííàÿ C(ν) > 0 òàêàÿ, ÷òî
‖Y2u‖

2
L2(Rd) 6 ν‖Xu‖2L2(Rd) + C(ν)‖u‖2L2(Rd), u ∈ DomX . (4.11)Ïðè �èêñèðîâàííîì ν ïîñòîÿííàÿ C(ν) çàâèñèò îò íîðì ‖aj‖L̺(Ω), j =

1, . . . , d, îò ‖f‖L∞
, ‖g−1‖L∞

, α0, d, ̺ è îò ïàðàìåòðîâ ðåøåòêè Γ.
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2ε|Re(Yu,Y2u)L2(Rd)| 6

κ

2
‖Xu‖2L2(Rd) + c4ε

2‖u‖2L2(Rd), (4.12)
u ∈ DomX ; c4 = 4κ−1c21C(ν) ïðè ν = κ2(16c21)

−1.4.4. Îïåðàòîð Q0, �îðìà q[u,u]. Ïóñòü Q0 � îïåðàòîð â L2(R
d;Cn),äåéñòâóþùèé êàê óìíîæåíèå íà Γ-ïåðèîäè÷åñêóþ ïîëîæèòåëüíî îïðåäå-ëåííóþ îãðàíè÷åííóþ ìàòðèöó-�óíêöèþ Q0(x) := f(x)∗f(x).Ïóñòü â R

d çàäàíà Γ-ïåðèîäè÷åñêàÿ áîðåëåâñêàÿ σ-êîíå÷íàÿ ìåðà
dµ(x) = {dµjl(x)}, j, l = 1, . . . , n, ñî çíà÷åíèÿìè â êëàññå ýðìèòîâûõ
(n×n)-ìàòðèö. Èíà÷å ãîâîðÿ, dµjl(x) � êîìïëåêñíàÿ Γ-ïåðèîäè÷åñêàÿ ìå-ðà â R

d è dµjl = dµ∗lj . Ïðåäïîëîæèì, ÷òî ìåðà dµ òàêîâà, ÷òî �óíêöèÿ
|v(x)|2 ñóììèðóåìà ïî êàæäîé ìåðå dµjl äëÿ ëþáîé �óíêöèè v ∈ H1(Rd).Â L2(R

d;Cn) ðàññìîòðèì �îðìó
q[u,u] =

∫

Rd

〈dµ(x)fu, fu〉, u ∈ DomX .Íàëîæèì íà ìåðó dµ ñëåäóþùåå îãðàíè÷åíèå.Óñëîâèå 4.1. 1◦. Ñóùåñòâóþò ïîñòîÿííûå c̃2 > 0 è ĉ3 > 0 òàêèå, ÷òîïðè ëþáûõ u,v ∈ H1(Ω;Cn) âûïîëíåíà îöåíêà
∣∣∣∣∣

∫

Ω

〈dµ(x)u,v〉

∣∣∣∣∣ 6
(
c̃2‖Du‖2L2(Ω) + ĉ3‖u‖

2
L2(Ω)

)1/2

×
(
c̃2‖Dv‖2L2(Ω) + ĉ3‖v‖

2
L2(Ω)

)1/2
.

2◦. Ñïðàâåäëèâî íåðàâåíñòâî
∫

Ω

〈dµ(x)u,u〉 > −c̃‖Du‖2L2(Ω) − ĉ0‖u‖
2
L2(Ω), u ∈ H1(Ω;Cn),ñ íåêîòîðûìè ïîñòîÿííûìè ĉ0 ∈ R è c̃ òàêîé, ÷òî 0 6 c̃ < α0‖g

−1‖−1
L∞

.Çàìåòèì, ÷òî èç óñëîâèÿ 4.1 âûòåêàþò îöåíêè
∣∣∣∣∣

∫

Ω

〈dµ(x)fu, fv〉

∣∣∣∣∣ 6
(
c̃2‖D(fu)‖2L2(Ω) + c3‖u‖

2
L2(Ω)

)1/2

×
(
c̃2‖D(fv)‖2L2(Ω) + c3‖v‖

2
L2(Ω)

)1/2
,

(4.13)
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∫

Ω

〈dµ(x)fu, fu〉 > −c̃‖D(fu)‖2L2(Ω) − c0‖u‖
2
L2(Ω), (4.14)

fu, fv ∈ H1(Ω;Cn), ñ ïîñòîÿííûìè c0 = ĉ0‖f‖
2
L∞

, åñëè ĉ0 > 0, c0 =

ĉ0‖f
−1‖−2

L∞
, åñëè ĉ0 < 0; c3 = ‖f‖2L∞

ĉ3.Ïðè u,v ∈ DomX çàïèøåì íåðàâåíñòâà (4.13), (4.14) ïî ñäâèíóòûìÿ÷åéêàì Ω+ a, a ∈ Γ, è ïðîñóììèðóåì. Ïîëó÷èì
|q[u,v]| 6

(
c̃2‖D(fu)‖2L2(Rd) + c3‖u‖

2
L2(Rd)

)1/2

×
(
c̃2‖D(fv)‖2L2(Rd) + c3‖v‖

2
L2(Rd)

)1/2
,

q[u,u] > −c̃‖D(fu)‖2L2(Rd) − c0‖u‖
2
L2(Rd).Ñ ó÷åòîì (4.7) îòñþäà ñëåäóþò îöåíêè

|q[u,v]| 6
(
c2‖Xu‖2L2(Rd) + c3‖u‖

2
L2(Rd)

)1/2

×
(
c2‖Xv‖2L2(Rd) + c3‖v‖

2
L2(Rd)

)1/2
,

(4.15)
q[u,u] > −(1− κ)‖Xu‖2L2(Rd) − c0‖u‖

2
L2(Rd), (4.16)

u,v ∈ DomX . Çäåñü c2 = c̃2α
−1
0 ‖g−1‖L∞

, κ = 1− c̃α−1
0 ‖g−1‖L∞

, 0 < κ 6 1.Ïðèìåðû ìåð dµ, óäîâëåòâîðÿþùèõ óñëîâèþ 4.1, ïðèâåäåíû â [Su4,ï. 5.5℄. Âûïèøåì òîëüêî îñíîâíîé ïðèìåð.Ïðèìåð 4.2. Ïóñòü ìåðà dµ àáñîëþòíî íåïðåðûâíà îòíîñèòåëüíî ìå-ðû Ëåáåãà: dµ(x) = Q(x) dx, ãäå Q(x) � Γ-ïåðèîäè÷åñêàÿ ýðìèòîâà
(n× n)-ìàòðèöà-�óíêöèÿ â R

d, ïðè÷åì
Q ∈ Lσ(Ω), σ = 1 ïðè d = 1; σ > d/2 ïðè d > 2. (4.17)Òîãäà

q[u,u] =

∫

Rd

〈Q(x)f(x)u(x), f(x)u(x)〉 dx, u ∈ DomX .Â ñèëó òåîðåì âëîæåíèÿ ïðè óñëîâèè (4.17) äëÿ ëþáîãî ν > 0 ñóùåñòâóåòïîëîæèòåëüíàÿ ïîñòîÿííàÿ CQ(ν) òàêàÿ, ÷òî
∫

Ω

|Q(x)||v|2 dx 6 ν

∫

Ω

|Dv|2 dx+ CQ(ν)

∫

Ω

|v|2 dx, v ∈ H1(Ω;Cn).Ïðè �èêñèðîâàííîì ν ïîñòîÿííàÿ CQ(ν) êîíòðîëèðóåòñÿ ÷åðåç d, σ, íîðìó
‖Q‖Lσ(Ω) è ïàðàìåòðû ðåøåòêè Γ. Èòàê, óñëîâèå 4.1 âûïîëíåíî, ïðè÷åì



166 Þ. Ì. ÌÅØÊÎÂÀïîñòîÿííûå ìîæíî âûáðàòü ñëåäóþùèì îáðàçîì: c̃2 = 1, ĉ3 = CQ(1), c̃ = νè ĉ0 = CQ(ν) ïðè 2ν = α0‖g
−1‖−1

L∞
.4.5. Îïåðàòîð B(ε). Â L2(R

d;Cn) ðàññìîòðèì êâàäðàòè÷íóþ �îðìó
b(ε)[u,u] = a[u,u] + 2εRe (Yu,Y2u)L2(Rd) + ε2q[u,u]

+ λε2(Q0u,u)L2(Rd), u ∈ DomX ,
(4.18)ãäå 0 < ε 6 1, è ïàðàìåòð λ ∈ R óäîâëåòâîðÿåò ñëåäóþùåìó óñëîâèþ:

λ > ‖Q−1
0 ‖L∞

(c0 + c4), åñëè λ > 0,

λ > ‖Q0‖
−1
L∞

(c0 + c4), åñëè λ < 0 (è c0 + c4 < 0).
(4.19)Îöåíèì �îðìó (4.18) ñíèçó. Ïóñòü β > 0 îïðåäåëåíî ðàâåíñòâîì

β = λ‖Q−1
0 ‖−1

L∞
− c0 − c4, åñëè λ > 0,

β = λ‖Q0‖L∞
− c0 − c4, åñëè λ < 0 (è c0 + c4 < 0).

(4.20)Êîìáèíèðóÿ (4.12), (4.16), (4.19) è (4.20), èìååì
b(ε)[u,u] >

κ

2
a[u,u] + ε2β‖u‖2L2(Rd), u ∈ DomX , 0 < ε 6 1. (4.21)Òàêèì îáðàçîì, �îðìà b(ε) ïîëîæèòåëüíî îïðåäåëåíà. Îáúåäèíÿÿ (4.9),(4.11) ïðè ν = 1 è îöåíêó (4.15) äëÿ êâàäðàòè÷íîé �îðìû q[u,u], íàõîäèì

b(ε)[u,u] 6 (2 + c21 + c2)a[u,u]

+ ε2(C(1) + c3 + |λ|‖Q0‖L∞
)‖u‖2L2(Rd), u ∈ DomX .

(4.22)Èç íåðàâåíñòâ (4.21) è (4.22) ñëåäóåò, ÷òî �îðìà b(ε) çàìêíóòà. Îòâå÷àþ-ùèé åé ïîëîæèòåëüíî îïðåäåëåííûé îïåðàòîð â ïðîñòðàíñòâå L2(R
d;Cn)îáîçíà÷èì ÷åðåç B(ε). Ôîðìàëüíî ìîæíî çàïèñàòü

B(ε)=A+ε(Y∗
2Y+Y∗Y2)+ε

2f∗Qf+ε2λQ0

=f∗b(D)∗gb(D)f + ε
d∑

j=1

f∗
(
ajDj +Dja

∗
j

)
f+ε2f∗Qf+ε2λQ0,

(4.23)ãäå Q ñëåäóåò èíòåðïðåòèðîâàòü êàê îáîáùåííûé ìàòðè÷íûé ïîòåíöèàë,ïîðîæäåííûé ìåðîé dµ.Äëÿ óäîáñòâà äàëüíåéøèõ ññûëîê íàçîâåì �èñõîäíûìè äàííûìè� íàáîðâåëè÷èí
d, m, n, ̺; α0, α1, ‖g‖L∞

, ‖g−1‖L∞
, ‖f‖L∞

, ‖f−1‖L∞
, ‖aj‖L̺(Ω),

j = 1, . . . , d; c̃, ĉ0, c̃2, ĉ3 èç óñëîâèÿ 4.1; λ; ïàðàìåòðû ðåøåòêè Γ.
(4.24)



ÀÏÏ�ÎÊÑÈÌÀÖÈß �ÅØÅÍÈÉ ÏÀ�ÀÁÎËÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ 167Ìû áóäåì ñëåäèòü çà çàâèñèìîñòüþ ïîñòîÿííûõ â îöåíêàõ îò ýòèõ äàííûõ.Ïîñòîÿííûå c1, C(1), κ, c2, c3, c4, c0, β ïîëíîñòüþ îïðåäåëÿþòñÿ èñõîäíûìèäàííûìè (4.24).�5. �àçëîæåíèå îïåðàòîðà B(ε) â ïðÿìîé èíòåãðàë5.1. Ïðåîáðàçîâàíèå �åëü�àíäà. Ïðåîáðàçîâàíèå �åëü�àíäà U ïåðâî-íà÷àëüíî çàäàåòñÿ íà �óíêöèÿõ êëàññà Øâàðöà v ∈ S(Rd;Cn) �îðìóëîé
ṽ(k,x) = (Uv)(k,x) = |Ω̃|−1/2

∑

a∈Γ

exp(−i〈k,x+a〉)v(x+a), x ∈ Ω, k ∈ Ω̃.Ïðè ýòîì ∫
Ω̃

∫
Ω |ṽ(k,x)|2 dx dk =

∫
Rd |v(x)|2 dx, à ïîòîìó U ïðîäîëæàåòñÿïî íåïðåðûâíîñòè äî óíèòàðíîãî îòîáðàæåíèÿ

U : L2(R
d;Cn) →

∫

Ω̃

⊕L2(Ω;C
n) dk =: H.×åðåç H̃1(Ω;Cn) îáîçíà÷èì ïîäïðîñòðàíñòâî òåõ �óíêöèé èç H1(Ω;Cn),

Γ-ïåðèîäè÷åñêîå ïðîäîëæåíèå êîòîðûõ íà R
d ïðèíàäëåæèò êëàññó

H1
loc(R

d;Cn).Âêëþ÷åíèå v ∈ H1(Rd;Cn) ðàâíîñèëüíî òîìó, ÷òî
ṽ(k, · ) ∈ H̃1(Ω;Cn)ïðè ï. â. k ∈ Ω̃ è

∫

Ω̃

∫

Ω

(
|(D+ k)ṽ(k,x)|2 + |ṽ(k,x)|2

)
dx dk <∞.Îïåðàòîð óìíîæåíèÿ íà îãðàíè÷åííóþ ïåðèîäè÷åñêóþ ìàòðèöó-�óíêöèþâ L2(R

d;Cn) ïîä äåéñòâèåì U ïåðåõîäèò â óìíîæåíèå íà òó æå �óíêöèþ âñëîÿõ ïðÿìîãî èíòåãðàëà H. Äåéñòâèå îïåðàòîðà b(D) íà v ∈ H1(Rd;Cn)ïåðåõîäèò â ïîñëîéíîå äåéñòâèå îïåðàòîðà b(D+k) íà ṽ(k, · ) ∈ H̃1(Ω;Cn).5.2. Îïåðàòîðû A(k). (Ñì. [BSu2, ï. 2.2.1℄.) Ïîëîæèì
H = L2(Ω;C

n), H∗ = L2(Ω;C
m), H̃ = L2(Ω;C

dn) (5.1)è ðàññìîòðèì çàìêíóòûé îïåðàòîð X (k) : H → H∗, k ∈ R
d, çàäàâàåìûéñîîòíîøåíèÿìè

X (k) = hb(D+ k)f, k ∈ R
d, (5.2)

d := DomX (k) = {u ∈ H : fu ∈ H̃1(Ω;Cn)}. (5.3)
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d, ïîðîæ-äàåòñÿ çàìêíóòîé êâàäðàòè÷íîé �îðìîé a(k)[u,u] := ‖X (k)u‖2H∗
, u ∈ d,

k ∈ R
d. Èç (4.2) è (4.3) âûòåêàþò îöåíêè

α0‖g
−1‖−1

L∞
‖(D + k)v‖2L2(Ω) 6 a(k)[u,u] 6 α1‖g‖L∞

‖(D+ k)v‖2L2(Ω),

v = fu ∈ H̃1(Ω;Cn).
(5.4)Èç (5.4) è êîìïàêòíîñòè âëîæåíèÿ H̃1(Ω; Cn) â H ñëåäóåò, ÷òî ñïåêòð îïå-ðàòîðà A(k) äèñêðåòåí. Ïîëîæèì N := KerA(0) = KerX (0). Èç íåðà-âåíñòâ (5.4) ïðè k = 0 âûòåêàåò, ÷òî

N = KerA(0) = {u ∈ L2(Ω;C
n) : fu = c ∈ C

n}, dimN = n. (5.5)Êàê ïîêàçàíî â [BSu2, (2.2.11), (2.2.12)℄, ñïðàâåäëèâà îöåíêà
A(k) > c∗|k|

2I, k ∈ clos Ω̃; c∗ = α0‖f
−1‖−2

L∞
‖g−1‖−1

L∞
. (5.6)Â ñîîòâåòñòâèè ñ [BSu2, (2.2.14)℄ ðàññòîÿíèå d0 îò òî÷êè λ0 = 0 äî îñòàëü-íîãî ñïåêòðà îïåðàòîðà A(0) äîïóñêàåò îöåíêó

d0 > 4c∗r
2
0. (5.7)5.3. Îïåðàòîðû Y(k) è Y2. �àññìîòðèì îïåðàòîð Y(k) : H → H̃, äåéñòâó-þùèé íà îáëàñòè îïðåäåëåíèÿ DomY(k) = d ïî ïðàâèëó

Y(k)u = (D+ k)fu = col {(D1 + k1)fu, . . . , (Dd + kd)fu}, u ∈ d. (5.8)Èç íèæíåé îöåíêè (5.4) âûòåêàåò, ÷òî
‖Y(k)u‖H 6 c1‖X (k)u‖H∗

, u ∈ d, (5.9)ãäå ïîñòîÿííàÿ c1 îïðåäåëåíà â (4.9).�àññìîòðèì îïåðàòîð Y2 : H → H̃, çàäàííûé ñîîòíîøåíèåì
Y2u = ol {a∗1fu, . . . , a∗dfu}, Dom Y2 = d. (5.10)Êàê ïîêàçàíî â [Su4, ï. 5.7℄, äëÿ ëþáîãî ν > 0 íàéäóòñÿ ïîñòîÿííûå

Cj(ν) > 0, j = 1, . . . , d, òàêèå, ÷òî ïðè k ∈ R
d ñïðàâåäëèâû íåðàâåíñòâà

‖a∗jv‖
2
L2(Ω) 6 ν‖(D+k)v‖2L2(Ω)+Cj(ν)‖v‖

2
L2(Ω), v ∈ H̃1(Ω;Cn), j = 1, . . . , d.Ïóñòü v = fu, u ∈ d. Òîãäà, ñóììèðóÿ óêàçàííûå íåðàâåíñòâà ïî j è ó÷è-òûâàÿ (4.3), (5.4), ïîëó÷àåì, ÷òî äëÿ ëþáîãî ν > 0 ñóùåñòâóåò ïîñòîÿííàÿ

C(ν) > 0 (òà æå, ÷òî è â (4.11)) òàêàÿ, ÷òî
‖Y2u‖

2
H̃
6 ν‖X (k)u‖2H∗

+ C(ν)‖u‖2H, u ∈ d, k ∈ R
d. (5.11)



ÀÏÏ�ÎÊÑÈÌÀÖÈß �ÅØÅÍÈÉ ÏÀ�ÀÁÎËÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ 1695.4. Îïåðàòîð Q0, �îðìà qΩ[u,u]. Ïóñòü Q0 � îãðàíè÷åííûé îïåðà-òîð â H, äåéñòâóþùèé êàê óìíîæåíèå íà ìàòðèöó-�óíêöèþ Q0(x) =
f(x)∗f(x).Â L2(Ω;C

n) ðàññìîòðèì �îðìó
qΩ[u,u] =

∫

Ω

〈dµ(x)fu, fu〉, u ∈ d.Çàìåíÿÿ â (4.13), (4.14) �óíêöèþ f(x)u(x) íà f(x)u(x) exp(i〈k,x〉) (ýòè�óíêöèè ïðèíàäëåæàò ïðîñòðàíñòâó H1(Ω;Cn) îäíîâðåìåííî), à f(x)v(x)íà f(x)v(x) exp(i〈k,x〉) è èñïîëüçóÿ (5.4), ïîëó÷àåì, ÷òî
|qΩ[u,v]| 6

(
c2‖X (k)u‖2H∗

+ c3‖u‖
2
H

)1/2 (
c2‖X (k)v‖2H∗

+ c3‖v‖
2
H

)1/2
, (5.12)

qΩ[u,u] > −(1− κ)‖X (k)u‖2H∗
− c0‖u‖

2
H; u,v ∈ d, k ∈ R

d. (5.13)Çäåñü ïîñòîÿííûå κ, c0, c2, c3 òå æå, ÷òî è â (4.15), (4.16).5.5. Îïåðàòîðíûé ïó÷îê B(k, ε). Â ïðîñòðàíñòâå H ðàññìîòðèì êâàä-ðàòè÷íóþ �îðìó
b(k, ε)[u,u] = a(k)[u,u] + 2εRe (Y(k)u, Y2u)H̃

+ ε2qΩ[u,u] + λε2(Q0u,u)H, u ∈ d.Èç (4.19), (4.20), (5.9), (5.11) è (5.13) âûòåêàåò îöåíêà
b(k, ε)[u,u] >

κ

2
a(k)[u,u] + βε2‖u‖2H, u ∈ d. (5.14)Äàëåå, èç (5.9), (5.11) ïðè ν = 1 è (5.12) ïîëó÷àåì

b(k, ε)[u,u] 6 (2 + c21 + c2)a(k)[u,u]

+ (C(1) + c3 + |λ|‖Q0‖L∞
)ε2‖u‖2H, u ∈ d.

(5.15)Íåðàâåíñòâà (5.14), (5.15) ïîêàçûâàþò, ÷òî �îðìà b(k, ε) çàìêíóòà íà îá-ëàñòè îïðåäåëåíèÿ (5.3) è ïîëîæèòåëüíî îïðåäåëåíà. Ïîðîæäåííûé ýòîé�îðìîé ñàìîñîïðÿæåííûé ïîëîæèòåëüíî îïðåäåëåííûé îïåðàòîð â ïðî-ñòðàíñòâå H îáîçíà÷èì ÷åðåç B(k, ε). Ôîðìàëüíî ìîæíî çàïèñàòü
B(k, ε)=A(k)+ε(Y ∗

2 Y(k)+Y(k)∗Y2)+ε
2f∗Qf+λε2Q0

=f∗b(D+k)∗gb(D+k)f+ε

d∑

j=1

f∗
(
aj(Dj+kj)+(Dj+kj)a

∗
j

)
f

+ε2f∗Qf+λε2f∗f.

(5.16)



170 Þ. Ì. ÌÅØÊÎÂÀ5.6. �àçëîæåíèå â ïðÿìîé èíòåãðàë äëÿ îïåðàòîðà B(ε). Ïîä äåé-ñòâèåì ïðåîáðàçîâàíèÿ �åëü�àíäà U îïåðàòîð (4.23), äåéñòâóþùèé âïðîñòðàíñòâå L2(R
d;Cn), ðàñêëàäûâàåòñÿ â ïðÿìîé èíòåãðàë îïåðàòî-ðîâ (5.16), äåéñòâóþùèõ â L2(Ω;C

n):
UB(ε)U−1 =

∫

Ω̃

⊕B(k, ε) dk.Ñêàçàííîå îçíà÷àåò ñëåäóþùåå. Ïóñòü ũ = Uu, ãäå u ∈ Dom b(ε) = DomX .Òîãäà
ũ(k, · ) ∈ d ïðè ï. â. k ∈ Ω̃, (5.17)
b(ε)[u,u] =

∫

Ω̃

b(k, ε)[ũ(k, · ), ũ(k, · )] dk. (5.18)Îáðàòíî, åñëè äëÿ ũ ∈ H âûïîëíåíî (5.17) è èíòåãðàë â (5.18) êîíå÷åí, òî
u ∈ Dom b(ε) = DomX è âûïîëíåíî (5.18).�6. Âêëþ÷åíèå îïåðàòîðîâ B(k, ε) â àáñòðàêòíóþ ñõåìóÑîäåðæèìîå ïï. 6.1�7.5 çàèìñòâîâàíî èç [Su7℄.6.1. Ïðè d > 1 îïåðàòîðû B(k, ε) çàâèñÿò îò ìíîãîìåðíîãî ïàðàìåòðà k.Ñëåäóÿ [BSu2, ãë. 2℄, âûäåëèì îäíîìåðíûé ïàðàìåòð t, ïîëàãàÿ k = tθ,
t = |k|, θ ∈ S

d−1. Áóäåì ïðèìåíÿòü ñõåìó ãëàâû 1. Ïðè ýòîì âîçíèêàþùèåîáúåêòû áóäóò çàâèñåòü îò äîïîëíèòåëüíîãî ïàðàìåòðà θ, è íåîáõîäèìîñëåäèòü çà ðàâíîìåðíîñòüþ ïî θ ïîñòðîåíèé è îöåíîê. Ïðîñòðàíñòâà H, H∗è H̃ îïðåäåëåíû â (5.1). Ïîëîæèì X(t) = X(t;θ) := X (tθ). Â ñîîòâåòñòâèèñ (5.2) èìååì X(t;θ) = X0 + tX1(θ), ãäå
X0 = X (0) = hb(D)f, DomX0 = d; X1(θ) = hb(θ)f. (6.1)Äàëåå, ïîëîæèì A(t) = A(t;θ) := A(tθ). Â ñîîòâåòñòâèè ñ (5.5) ÿäðî N =

KerX0 = KerA(0) n-ìåðíî. Óñëîâèå 1.1 âûïîëíåíî. Âåëè÷èíà d0 äîïóñêàåòîöåíêó (5.7). Êàê ïîêàçàíî â [BSu2, ãë. 2, �3℄, óñëîâèå n 6 n∗ = dimKerX∗
0òàêæå âûïîëíåíî. Îöåíêà (5.6) ñîîòâåòñòâóåò íåðàâåíñòâó (2.1).Äàëåå, ðîëü Y (t) èãðàåò îïåðàòîð Y (t;θ) := Y(tθ). Ñîãëàñíî (5.8) ñïðà-âåäëèâî ðàâåíñòâî Y (t;θ) = Y0 + tY1(θ), ãäå

Y0u = D(fu) = ol {D1fu, . . . ,Ddfu}, Dom Y0 = d;

Y1(θ)u = col {θ1fu, . . . , θdfu}.
(6.2)Óñëîâèå 1.2 âûïîëíåíî çà ñ÷åò îöåíêè (5.9). Îïåðàòîð Y2 îïðåäåëåíâ (5.10). Óñëîâèå 1.3 âûïîëíåíî â ñèëó (5.11). �îëü �îðìû q èç ï. 1.3



ÀÏÏ�ÎÊÑÈÌÀÖÈß �ÅØÅÍÈÉ ÏÀ�ÀÁÎËÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ 171èãðàåò �îðìà qΩ. Óñëîâèå 1.4 âûïîëíåíî â ñèëó (5.12), (5.13). �îëü îïåðà-òîðà Q0 èç ï. 1.4 èãðàåò îïåðàòîð óìíîæåíèÿ íà ìàòðèöó-�óíêöèþ Q0(x).Îãðàíè÷åíèå (1.9) íà ïàðàìåòð λ âûïîëíåíî â ñèëó (4.19).Íàêîíåö, â êà÷åñòâå îïåðàòîðíîãî ïó÷êà B(t, ε) (ñì. ï. 1.4) âûñòóïàåòîïåðàòîðíîå ñåìåéñòâî (5.16): B(t, ε;θ) := B(tθ, ε).Òàêèì îáðàçîì, âñå ïðåäïîëîæåíèÿ àáñòðàêòíîé ñõåìû âûïîëíåíû.6.2. Â ñîîòâåòñòâèè ñ ï. 1.5 íàäëåæèò �èêñèðîâàòü ïîëîæèòåëüíîå ÷èñëî δòàêîå, ÷òî δ < κd0/13. Ó÷èòûâàÿ (5.6) è (5.7), ïîëîæèì
δ =

1

4
κc∗r

2
0 =

1

4
κα0‖f

−1‖−2
L∞

‖g−1‖−1
L∞
r20.Çàìåòèì, ÷òî èç (4.2), (4.3), (6.1) è (6.2) âûòåêàþò ñîîòíîøåíèÿ

‖X1(θ)‖ 6 α
1/2
1 ‖g‖

1/2
L∞

‖f‖L∞
, ‖Y1(θ)‖ = ‖f‖L∞

, θ ∈ S
d−1. (6.3)Òåïåðü ïðàâàÿ ÷àñòü â îöåíêå (1.13) ïðèíèìàåò âèä

δ1/2((2 + c21 + c2)‖X1(θ)‖
2 + C(1) + c3 + |λ|‖f‖2L∞

)−1/2è çàâèñèò îò θ. Âûáåðåì ñëåäóþùåå çíà÷åíèå ïîñòîÿííîé τ0, ïîäõîäÿùååïðè âñåõ θ ∈ S
d−1:

τ0 = δ1/2((2 + c21 + c2)α1‖g‖L∞
‖f‖2L∞

+C(1) + c3 + |λ|‖f‖2L∞
)−1/2. (6.4)Ñ ó÷åòîì (5.6) è (5.14) äëÿ îïåðàòîðà B(t, ε;θ) ñïðàâåäëèâî óñëîâèåâèäà (2.2):

B(k, ε) = B(t, ε;θ) > č∗(t
2 + ε2)I, k = tθ ∈ Ω̃, 0 < ε 6 1; (6.5)

č∗ =
1

2
min{κc∗; 2β}. (6.6)6.3. Ñëó÷àé f = 1n. Âñå îáúåêòû, îòíîñÿùèåñÿ ê ñëó÷àþ f = 1n, äàëååïîìå÷àþòñÿ âåðõíèì çíà÷êîì � ̂ �. Èìååì Ĥ = H = L2(Ω;C

n). Â ñîîòâåò-ñòâèè ñ ï. 6.1 âûïîëíåíî X̂(t;θ) = X̂0 + tX̂1(θ), ãäå
X̂0 = hb(D), Dom X̂0 = H̃1(Ω;Cn), (6.7)è X̂1(θ) � îãðàíè÷åííûé îïåðàòîð óìíîæåíèÿ íà ìàòðèöó h(x)b(θ):

X̂1(θ) = hb(θ). (6.8)Ôîðìàëüíî Â(t;θ) = X̂(t;θ)∗X̂(t;θ). Â ñëó÷àå f = 1n ÿäðî (5.5) ñîâïàäàåòñ ïîäïðîñòðàíñòâîì êîíñòàíò N̂ = {u ∈ H : u = c ∈ C
n}. Îðòîãîíàëüíûé



172 Þ. Ì. ÌÅØÊÎÂÀïðîåêòîð P̂ ïðîñòðàíñòâà H = L2(Ω;C
n) íà ïîäïðîñòðàíñòâî N̂ = C

n �ýòî îïåðàòîð óñðåäíåíèÿ ïî ÿ÷åéêå Ω:
P̂u = |Ω|−1

∫

Ω

u(x) dx. (6.9)Äàëåå, Ŷ (t;θ) = Ŷ0 + tŶ1(θ) : H → H̃, ãäå
Ŷ0u = Du = col {D1u, . . . ,Ddu}, Dom Ŷ0 = H̃1(Ω;Cn), (6.10)

Ŷ1(θ)u = col {θ1u, . . . , θdu}. (6.11)Îïåðàòîð Ŷ2 : H → H̃ äåéñòâóåò ïî ïðàâèëó
Ŷ2u = col {a∗1u, . . . , a

∗
du}, Dom Ŷ2 = H̃1(Ω;Cn). (6.12)�îëü �îðìû q̂[u,u] èãðàåò �îðìà ∫

Ω〈dµ(x)u,u〉, u ∈ H̃1(Ω;Cn). Â ðîëèîïåðàòîðà Q̂0 âûñòóïàåò òîæäåñòâåííûé îïåðàòîð I.Îïåðàòîðíûé ïó÷îê B̂(t, ε;θ) �îðìàëüíî äàåòñÿ âûðàæåíèåì
B̂(t, ε;θ) = Â(t;θ) + ε(Ŷ ∗

2 Ŷ (t;θ) + Ŷ (t;θ)∗Ŷ2) + ε2Q+ λε2I.(Ïîä÷åðêíåì, ÷òî �îðìàëüíûé îáúåêò Q íå èçìåíèëñÿ.)6.4. Ñëó÷àé f 6= 1n. �åàëèçàöèÿ óñëîâèé �3. Âåðíåìñÿ ê ðàñ-ñìîòðåíèþ îïåðàòîðîâ B(ε) îáùåãî âèäà (4.23) è ñîîòâåòñòâóþùèõ ñå-ìåéñòâ B(t, ε;θ), îïèñàííûõ â ï. 6.1. Âåðõíèé çíà÷îê � ̂ � óäåðæèâàåòñÿäëÿ îáîçíà÷åíèÿ îáúåêòîâ, îòâå÷àþùèõ f = 1n ïðè ñîõðàíåíèè òåõ æå
b(D), g, aj , j = 1, . . . , d, λ è dµ.Ïîéìåì, ÷òî äëÿ îïåðàòîðíûõ ñåìåéñòâ B(t, ε;θ) è B̂(t, ε;θ) ñïðàâåä-ëèâû óñëîâèÿ �3 àáñòðàêòíîé ñõåìû. Äåéñòâèòåëüíî, òîæäåñòâî (3.7) ñî-îòâåòñòâóåò î÷åâèäíîìó ðàâåíñòâó B(t, ε;θ) = f∗B̂(t, ε;θ)f . �îëü èçîìîð-�èçìà M ñåé÷àñ èãðàåò îïåðàòîð óìíîæåíèÿ íà ìàòðèöó-�óíêöèþ f(x).Òîãäà â êà÷åñòâå îïåðàòîðà G (ñì. (3.2)) âûñòóïàåò îïåðàòîð óìíîæåíèÿíà ìàòðèöó-�óíêöèþ (f(x)f(x)∗)−1. Áëîê G â ÿäðå N̂ = C

n � îïåðàòîðóìíîæåíèÿ íà ïîñòîÿííóþ ìàòðèöó G = |Ω|−1
∫
Ω(f(x)f(x)

∗)−1 dx. �îëüîïåðàòîðà M0 (ñì. (3.24)) èãðàåò îïåðàòîð óìíîæåíèÿ íà ìàòðèöó
f0 := (G)−1/2 = (ff∗)1/2. (6.13)Çàìåòèì, ÷òî

|f0| 6 ‖f‖L∞
, |f−1

0 | 6 ‖f−1‖L∞
. (6.14)



ÀÏÏ�ÎÊÑÈÌÀÖÈß �ÅØÅÍÈÉ ÏÀ�ÀÁÎËÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ 1736.5. Îá îöåíî÷íûõ ïîñòîÿííûõ. Ìû íàöåëåíû íà ïðèìåíåíèå ðåçóëü-òàòîâ ãëàâû 1 ê îïåðàòîðó B(t, ε;θ), êîòîðûé çàâèñèò îò äîïîëíèòåëüíîãîïàðàìåòðà θ. ×òîáû ðåàëèçîâàòü àáñòðàêòíóþ ñõåìó, òðåáóåòñÿ ñäåëàòüâñå îöåíêè ãëàâû 1 â ïðèìåíåíèè ê ýòîìó îïåðàòîðó ðàâíîìåðíûìè ïî θ,òî åñòü äëÿ êàæäîé ïîñòîÿííîé âûáðàòü çíà÷åíèå, ïîäõîäÿùåå ïðè âñåõ
θ ∈ S

d−1. Â ãëàâå 1 áûëî ïðîñëåæåíî (ñì. çàìå÷àíèÿ 1.5 è 3.1 è òåîðå-ìó 3.2), ÷òî ïîñòîÿííûå CN , C5, C7, C8 è C9 êîíòðîëèðóþòñÿ ÷åðåç ïîëè-íîìû ñ àáñîëþòíûìè ïîëîæèòåëüíûìè êîý��èöèåíòàìè îò äàííûõ (1.14)è č−1
∗ , à ïîñòîÿííàÿ CG çàâèñèò îò òåõ æå âåëè÷èí è îò ‖M−1‖. Â ðàñ-ñìàòðèâàåìîì ñëó÷àå ‖M−1‖ = ‖Q0‖

1/2
L∞

, äàííûå (1.14) ñâîäÿòñÿ ê íàáîðóâåëè÷èí δ, δ−1/2, τ0, κ1/2, κ−1/2, c1, c1/22 , c1/23 , C(1)1/2, |λ|, ‖X1(θ)‖, ‖Y1(θ)‖è ‖Q0‖L∞
. Âåëè÷èíû δ, δ−1/2, κ1/2, κ−1/2, c1, c1/22 , c1/23 , C(1)1/2 îò θ íå çà-âèñÿò è äîïóñêàþò êîíòðîëü ÷åðåç èñõîäíûå äàííûå (4.24); ÷èñëî τ0 óæåâûáðàíî íå çàâèñÿùèì îò θ (ñì. (6.4)). Èñïîëüçóÿ (6.3), âìåñòî ‖X1(θ)‖ìîæíî âçÿòü α1/2

1 ‖g‖
1/2
L∞

‖f‖L∞
, à âìåñòî ‖Y1(θ)‖ � íîðìó ‖f‖L∞

. Òàêèìîáðàçîì, ñïðàâåäëèâî ñëåäóþùåå íàáëþäåíèå.Çàìå÷àíèå 6.1. Çíà÷åíèÿ ïîñòîÿííûõ CG, C5, C7, C8 è C9 äëÿ îïåðàòîðà
B(t, ε;θ) ìîæíî âûáðàòü íå çàâèñÿùèìè îò θ ∈ S

d−1.�7. Ý��åêòèâíûå õàðàêòåðèñòèêè7.1. Îïåðàòîðû Ẑ(θ), ̂̃Z è R̂(θ). Îïåðàòîð Ẑ, îïðåäåëåííûé â ï. 1.6, ñåé-÷àñ çàâèñèò îò θ. Ââåäåì Γ-ïåðèîäè÷åñêóþ (n×m)-ìàòðèöó-�óíêöèþ Λ(x),ÿâëÿþùóþñÿ ñëàáûì ðåøåíèåì óðàâíåíèÿ
b(D)∗g(x)(b(D)Λ(x) + 1m) = 0,

∫

Ω

Λ(x) dx = 0. (7.1)Êàê ïðîâåðåíî â [Su4, ï. 6.3℄, îïåðàòîð Ẑ(θ) : H → H îïðåäåëÿåòñÿ ðàâåí-ñòâîì
Ẑ(θ) = Λb(θ)P̂ , (7.2)ãäå P̂ � ïðîåêòîð (6.9).Â ñîîòâåòñòâèè ñ [Su4, ï. 6.3℄

̂̃
Z = Λ̃P̂ , (7.3)ãäå Λ̃(x) � Γ-ïåðèîäè÷åñêîå (n× n)-ìàòðè÷íîå ðåøåíèå çàäà÷è

b(D)∗g(x)b(D)Λ̃(x) +
d∑

j=1

Djaj(x)
∗ = 0,

∫

Ω

Λ̃(x) dx = 0. (7.4)



174 Þ. Ì. ÌÅØÊÎÂÀÎïåðàòîð R̂(θ) : N̂ → N∗ äåéñòâóåò êàê óìíîæåíèå íà ìàòðèöó-�óíêöèþ
R̂(θ) = h(b(D)Λ + 1m)b(θ). (7.5)7.2. Îïåðàòîð Ŝ(θ). Ý��åêòèâíàÿ ìàòðèöà. Ñïåêòðàëüíûé ðî-ñòîê Ŝ, ââåäåííûé â ï. 1.7, òåïåðü çàâèñèò îò θ. Ñîãëàñíî [BSu2, ãë. 3, �1℄îïåðàòîð Ŝ(θ) : N̂ → N̂ äåéñòâóåò êàê îïåðàòîð óìíîæåíèÿ íà ìàòðèöó

b(θ)∗g0b(θ), θ ∈ S
d−1. Çäåñü g0 � ïîñòîÿííàÿ (m ×m)-ìàòðèöà, íàçûâàå-ìàÿ ý��åêòèâíîé ìàòðèöåé è çàäàííàÿ âûðàæåíèåì

g0 = |Ω|−1

∫

Ω

g̃(x) dx, g̃(x) := g(x)(b(D)Λ(x) + 1m). (7.6)Íàì ïîòðåáóþòñÿ ñëåäóþùèå ñâîéñòâà ý��åêòèâíîé ìàòðèöû, ñì.[BSu2, ãë. 3, �1℄.Ïðåäëîæåíèå 7.1. Ý��åêòèâíàÿ ìàòðèöà g0 ïîä÷èíåíà îöåíêàì
g 6 g0 6 g.(Çäåñü g è g îïðåäåëåíû ñîãëàñíî (4.1).) Ïðè m = n âûïîëíåíî g0 = g.Ïðåäëîæåíèå 7.2. �àâåíñòâî g0 = g ðàâíîñèëüíî ñîîòíîøåíèÿì

b(D)∗gk(x) = 0, k = 1, . . . ,m, (7.7)äëÿ ñòîëáöîâ gk(x) ìàòðèöû g(x).Ïðåäëîæåíèå 7.3. �àâåíñòâî g0 = g ýêâèâàëåíòíî ïðåäñòàâëåíèÿì
lk(x) = l0k + b(D)wk, l0k ∈ C

m, wk ∈ H̃1(Ω;Cm), k = 1, . . . ,m,ãäå lk(x), k = 1, . . . ,m, � ñòîëáöû ìàòðèöû g(x)−1.7.3. Îïåðàòîð B0(k, ε). Îïåðàòîð L̂(t, ε), îïðåäåëåííûé ñîãëàñíî (2.29)è äåéñòâóþùèé â ïðîñòðàíñòâå N̂, òåïåðü çàâèñèò îò θ. Îêàçûâàåòñÿ (ñì.[Su4, (7.2), (7.3), (7.8)℄), ñïðàâåäëèâî ïðåäñòàâëåíèå
L̂(k, ε) = b(k)∗g0b(k)

− ε(b(k)∗V + V ∗b(k)) + ε

d∑

j=1

(aj + a∗j)kj + ε2(−W +Q+ λI),ãäå ïîñòîÿííûå ìàòðèöû (aj + a∗j) îïðåäåëåíû ñîãëàñíî (4.1),
V := |Ω|−1

∫

Ω

(b(D)Λ(x))∗g(x)b(D)Λ̃(x) dx, (7.8)
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W := |Ω|−1

∫

Ω
(b(D)Λ̃(x))∗g(x)b(D)Λ̃(x) dx, (7.9)

Q := |Ω|−1

∫

Ω

dµ(x). (7.10)Â ñîîòâåòñòâèè ñ (5.6) âûïîëíåíî íåðàâåíñòâî Â(k) > ĉ∗|k|
2I, k ∈ Ω̃,ãäå ĉ∗ = α0‖g

−1‖−1
L∞

. Îòìåòèì, ÷òî ïîñòîÿííûå c∗ è ĉ∗ ñâÿçàíû ðàâåíñòâîì
c∗ = ‖f−1‖−2

L∞
ĉ∗. Ñîãëàñíî (3.8) β 6 ‖f−1‖−2

L∞
β̂. Â ñèëó (6.6) èìååì č∗ =

1
2 min{κc∗; 2β}, ̂̌c∗ = 1

2 min{κĉ∗; 2β̂}. Ñëåäîâàòåëüíî, č∗ 6 ‖f−1‖−2
L∞

̂̌c∗. Âñîîòâåòñòâèè ñ (2.30) L̂(k, ε) > ̂̌c∗(|k|2 + ε2)1n. Ñ ó÷åòîì (6.14) îòñþäàâûòåêàåò îöåíêà
f0L̂(k, ε)f0 > č∗(|k|

2 + ε2)1n, k ∈ R
d. (7.11)Ïîëîæèì

Â0(k) = b(D+ k)∗g0b(D+ k), Ŷ0(k) = −b(D+ k)∗V +
d∑

j=1

aj(Dj + kj),

B̂0(k, ε) = Â0(k) + ε(Ŷ0(k) + Ŷ0(k)∗) + ε2(Q−W + λI). (7.12)Òîãäà
L̂(k, ε)P̂ = B̂0(k, ε)P̂ . (7.13)Îáîçíà÷èì

B0(k, ε) := f0B̂
0(k, ε)f0, (7.14)ãäå B̂0(k, ε) � îïåðàòîð (7.12). Òàê êàê ñèìâîë îïåðàòîðà B0(k, ε) ïîä÷èíåíîöåíêå (7.11), èñïîëüçóÿ ðàçëîæåíèå â ðÿä Ôóðüå, íåñëîæíî ïðîâåðèòü, ÷òî

B0(k, ε) > č∗(|k|
2 + ε2)I, k ∈ Ω̃. (7.15)7.4. Ñëó÷àé f 6= 1n. Îïåðàòîðû ẐG(θ) è ̂̃

ZG. Âåðíåìñÿ ê ðàññìîòðå-íèþ îáùåãî ñëó÷àÿ f 6= 1n. �åàëèçóåì îïåðàòîðû èç ï. 3.4. Îïðåäåëèì
Γ-ïåðèîäè÷åñêóþ (n ×m)-ìàòðèöó-�óíêöèþ ΛG(x) êàê (ñëàáîå) ðåøåíèåçàäà÷è

b(D)∗g(x) (b(D)ΛG(x) + 1m) = 0,

∫

Ω
G(x)ΛG(x) dx = 0. (7.16)Ñð. [BSu4, �5℄. Î÷åâèäíî, ΛG(x) îòëè÷àåòñÿ îò ðåøåíèÿ Λ(x) çàäà÷è (7.1)íà ïîñòîÿííîå ñëàãàåìîå:

ΛG(x) = Λ(x) + Λ0
G, Λ0

G = −
(
G
)−1 (

GΛ
)
. (7.17)
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|Λ0

G| 6 CG = m1/2(2r0)
−1α

−1/2
0 ‖g‖

1/2
L∞

‖g−1‖
1/2
L∞

‖f‖2L∞
‖f−1‖2L∞

. (7.18)Ñîãëàñíî [BSu4, �5℄ ðîëü îïåðàòîðà ẐG èç ï. 3.4 èãðàåò îïåðàòîð
ẐG(θ) = ΛGb(θ)P̂ . (7.19)C ó÷åòîì b(D)P̂ = 0 èìååì tẐG(θ) = ΛGb(D+ k)P̂ , k ∈ R

d.Äàëåå, àíàëîãè÷íî (7.4) ðàññìîòðèì Γ-ïåðèîäè÷åñêîå (n×n)-ìàòðè÷íîåðåøåíèå Λ̃G(x) çàäà÷è
b(D)∗g(x)b(D)Λ̃G(x) +

d∑

j=1

Djaj(x)
∗ = 0,

∫

Ω
G(x)Λ̃G(x) dx = 0. (7.20)Çàìåòèì, ÷òî

Λ̃G(x) = Λ̃(x) + Λ̃0
G, Λ̃0

G = −
(
G
)−1

(
GΛ̃

)
. (7.21)Â [M, (7.12)℄ óñòàíîâëåíà îöåíêà

|Λ̃0
G| 6 C̃G = (2r0)

−1Can
1/2α−1

0 ‖g−1‖L∞
‖f‖2L∞

‖f−1‖2L∞
|Ω|−1/2. (7.22)Çäåñü C2

a =
∑d

j=1

∫
Ω |aj(x)|

2 dx. Èç îïðåäåëåíèé îïåðàòîðà ̂̃
ZG è ìàòðèöû-�óíêöèè Λ̃G âûòåêàåò òîæäåñòâî̃̂

ZG = Λ̃GP̂ . (7.23)7.5. Îïåðàòîð N̂G(k, ε). Îïåðàòîð N̂G(t, ε), îïðåäåëåííûé ñîãëàñíî(3.15)�(3.19), òåïåðü çàâèñèò îò θ è ïðåäñòàâëÿåòñÿ â âèäå
N̂G(t, ε;θ) = t3N̂G,11(θ) + t2εN̂G,12(θ) + tε2N̂G,21(θ) + ε3N̂G,22, (7.24)ãäå îïåðàòîðû N̂G,jl(θ) îïðåäåëåíû ñîîòíîøåíèÿìè (3.16)�(3.19), â êîòî-ðûõ îïåðàòîðû X̂1, ẐG, R̂, Ŷ1 çàâèñÿò îò θ. (ßñíî, ÷òî N̂G,22 îò θ íå çàâè-ñèò.)Èñïîëüçóÿ ðàâåíñòâà (6.8), (6.9), (7.5) è (7.19), ìîæíî ïîêàçàòü (ñð.[BSu4, ï. 5.3℄), ÷òî ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè (7.24) èìååò âèä

N̂G,11(k) := t3N̂G,11(θ) = b(k)∗MG(k)b(k)P̂ ,ãäå MG(k) = Λ∗
Gb(k)

∗g̃ + g̃∗b(k)ΛG. Îòìåòèì, ÷òî MG(k) � ýðìèòîâà
(m × m)-ìàòðèöà-�óíêöèÿ, îäíîðîäíàÿ ïåðâîé ñòåïåíè ïî k. Òàêèì îá-ðàçîì, MG(k) ÿâëÿåòñÿ ñèìâîëîì ñàìîñîïðÿæåííîãî ÄÎ MG(D) ïåðâîãîïîðÿäêà ñ ïîñòîÿííûìè êîý��èöèåíòàìè.



ÀÏÏ�ÎÊÑÈÌÀÖÈß �ÅØÅÍÈÉ ÏÀ�ÀÁÎËÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ 177Ïîëîæèì N̂G,12(k) := t2N̂G,12(θ). Èñïîëüçóÿ ðàâåíñòâà (6.7)�(6.12),(7.5), (7.19) è (7.23) è ðàññóæäàÿ ïî àíàëîãèè ñ [Su7, ï. 5.2℄, ìîæíî ïðîâå-ðèòü, ÷òî
εN̂G,12(k) = ε

(
b(k)∗TG,0b(k) +MG,1(k)b(k) + b(k)∗MG,1(k)

∗
)
P̂ ,ãäå

MG,1(k) = Λ̃∗
Gb(k)

∗g̃ + (b(D)Λ̃G)∗gb(k)ΛG +
d∑

j=1

(aj + a∗j)ΛGkj ,

TG,0 = 2

d∑

j=1

ReΛ∗
GajDjΛG.Ïóñòü N̂G,21(k) := tN̂G,21(θ). �àññóæäàÿ ïî àíàëîãèè ñ [Su7, ï. 5.2℄,íåñëîæíî óñòàíîâèòü, ÷òî

ε2N̂G,21(k) = ε2
(
MG,2(k) +MG,2(k)

∗ + T ∗
Gb(k) + b(k)∗TG

)
P̂

+ 2ε2
d∑

j=1

Re (aj + a∗j )Λ̃GkjP̂ ,ãäå
MG,2(k) = (b(D)Λ̃G)∗gb(k)Λ̃G,

TG =

d∑

j=1

(
Λ∗
Gaj(Dj Λ̃G) + (DjΛG)∗a∗j Λ̃G

)
+ Λ∗

GQ+ λΛ∗
G.Çäåñü Λ∗

GQ = |Ω|−1
∫
Ω ΛG(x)

∗ dµ(x).Íàêîíåö, ïî àíàëîãèè ñ [Su7, (5.30), (5.31)℄ N̂G,22 = (T̃G + T̃ ∗
G)P̂ . Çäåñü

T̃G =
d∑

j=1

Λ̃∗
Gaj(DjΛ̃G) + Λ̃∗

GQ+ λΛ̃∗
G,ãäå Λ̃∗

GQ = |Ω|−1
∫
Ω Λ̃G(x)

∗ dµ(x).Â èòîãå îïåðàòîð N̂G(k, ε) = N̂G(t, ε;θ), îïðåäåëåííûé â (7.24), ïðåä-ñòàâëÿåòñÿ â âèäå
N̂G(k, ε) = N̂G,11(k) + εN̂G,12(k) + ε2N̂G,21(k) + ε3N̂G,22.Â ñîîòâåòñòâèè ñ çàìå÷àíèåì 6.1, äëÿ îïåðàòîðà N̂G(k, ε) âûïîëíåíà îöåí-êà âèäà (3.20), â êîòîðîé ïîñòîÿííóþ CG ìîæíî âûáðàòü íå çàâèñÿùåé
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d è 0 < ε 6 1 èìååì

‖N̂G(k, ε)‖H→H = |N̂G(k, ε)| 6 CG(|k|
2 + ε2)3/2. (7.25)(Ìû ó÷ëè, ÷òî äëÿ îïåðàòîðà óìíîæåíèÿ íà ïîñòîÿííóþ ìàòðèöó îïåðà-òîðíàÿ íîðìà â L2(Ω;C

n) ñîâïàäàåò ñ ìàòðè÷íîé íîðìîé.)Òàê êàê â âûðàæåíèÿõ, îïðåäåëÿþùèõ îïåðàòîðû N̂G,11(k), N̂G,12(k) è
N̂G,21(k), ïðèñóòñòâóåò ïðîåêòîð P̂ , â íèõ ìîæíî çàìåíèòü k íà D + k:
N̂G(k, ε) = N (k, ε)P̂ , ãäå N (k, ε) � ñàìîñîïðÿæåííûé ÄÎ òðåòüåãî ïîðÿä-êà:

N (k, ε) = N11(D+ k) + εN12(D+ k) + ε2N21(D+ k) + ε3N22.Çäåñü ñëàãàåìûå â ïðàâîé ÷àñòè � ÄÎ òðåòüåãî, âòîðîãî, ïåðâîãî è íóëå-âîãî ïîðÿäêîâ, ñîîòâåòñòâåííî, çàäàííûå ñîîòíîøåíèÿìè
N11(D+ k) = b(D+ k)∗MG(D+ k)b(D+ k),

N12(D+ k) = b(D+ k)∗TG,0b(D+ k) +MG,1(D+ k)b(D + k)

+ b(D+ k)∗MG,1(D+ k)∗,

N21(D+ k) =MG,2(D+ k) +MG,2(D+ k)∗ + T ∗
Gb(D+ k) + b(D+ k)∗TG

+ 2

d∑

j=1

Re (aj + a∗j)Λ̃G(Dj + kj),

N22 = T̃G + T̃ ∗
G. (7.26)Çàìå÷àíèå 7.4. Åñëè Γ-ïåðèîäè÷åñêèå ðåøåíèÿ çàäà÷ (7.16) è (7.20) îá-ðàùàþòñÿ â íóëü: ΛG = 0, Λ̃G = 0, òî ïî ïîñòðîåíèþ N (k, ε) = 0.�8. Àïïðîêñèìàöèÿ îïåðàòîðà fe−B(k,ε)sf ∗8.1. Ïðèìåíèì òåîðåìó 3.2 ê îïåðàòîðó B(k, ε). Ó÷èòûâàÿ ðàâåíñòâà (7.2),(7.3), (7.13) è (7.14), íà îñíîâàíèè òåîðåìû 3.2 ïðè |τ | = (|k|2 + ε2)1/2 6 τ0èìååì

fe−B(k,ε)sf∗ = f0e
−B0(k,ε)sf0P̂ +K(k, ε, s) + fR(k, ε, s)f∗. (8.1)Çäåñü îïåðàòîð B0(k, ε) îïðåäåëåí â (7.14),

K(k, ε, s) :=
(
ΛGb(D+ k) + εΛ̃G

)
f0e

−B0(k,ε)sf0P̂

+ f0e
−B0(k,ε)sf0P̂

(
b(D+ k)∗Λ∗

G + εΛ̃∗
G

)

−

s∫

0

f0e
−B0(k,ε)(s−s̃)f0N (k, ε)f0e

−B0(k,ε)s̃f0P̂ ds̃,

(8.2)



ÀÏÏ�ÎÊÑÈÌÀÖÈß �ÅØÅÍÈÉ ÏÀ�ÀÁÎËÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ 179à äëÿ îñòàòî÷íîãî ÷ëåíà fR(k, ε, s)f∗ ïðè (|k|2 + ε2)1/2 6 τ0 ñïðàâåäëèâûîöåíêè
‖fR(k, ε, s)f∗‖L2(Ω)→L2(Ω)6C7‖f‖

2
L∞

(s+1)−1e−č∗(|k|2+ε2)s/2, s> 0; (8.3)
‖fR(k, ε, s)f∗‖L2(Ω)→L2(Ω)6C5‖f‖

2
L∞
s−1e−č∗(|k|2+ε2)s/2, s > 0. (8.4)8.2. Îöåíêè ïðè |k|2 + ε2 > τ20 . Åñëè k ∈ Ω̃, 0 < ε 6 1 è |k|2 + ε2 > τ20 ,äîñòàòî÷íî îöåíèòü êàæäûé îïåðàòîð â (8.1) ïî îòäåëüíîñòè. Èñïîëü-çóÿ (6.5) è ýëåìåíòàðíûå íåðàâåíñòâà e−α 6 α−1e−α/2 ïðè α > 0 è

e−α 6 2(1 + α)−1e−α/2 ïðè α > 0, íàõîäèì, ÷òî ïðè k ∈ Ω̃, |k|2 + ε2 > τ20âûïîëíåíî
‖fe−B(k,ε)sf∗‖L2(Ω)→L2(Ω) 6 ‖f‖2L∞

e−č∗(|k|2+ε2)s

6 τ−2
0 č−1

∗ s−1e−č∗(|k|2+ε2)s/2‖f‖2L∞
, s > 0;

(8.5)
‖fe−B(k,ε)sf∗‖L2(Ω)→L2(Ω) 6 2max{1; č−1

∗ τ−2
0 }

× (1 + s)−1e−č∗(|k|2+ε2)s/2‖f‖2L∞
, s > 0.

(8.6)Àíàëîãè÷íî, íà îñíîâàíèè (6.14) è (7.15) ïðè k ∈ Ω̃, |k|2 + ε2 > τ20 èìååì
‖f0e

−B0(k,ε)sf0P̂‖L2(Ω)→L2(Ω)6τ
−2
0 č−1

∗ s−1e−č∗(|k|2+ε2)s/2‖f‖2L∞
, s>0; (8.7)

‖f0e
−B0(k,ε)sf0P̂‖L2(Ω)→L2(Ω)62max{1; č−1

∗ τ−2
0 }

× (1+s)−1e−č∗(|k|2+ε2)s/2‖f‖2L∞
, s>0.

(8.8)Â ñèëó (3.25), (3.26) è çàìå÷àíèÿ 6.1 äëÿ êîððåêòîðà ñïðàâåäëèâû îöåíêèñ ïîñòîÿííûìè, íå çàâèñÿùèìè îò θ:
‖K(k, ε, s)‖L2(Ω)→L2(Ω) 6 C8‖f‖

2
L∞
s−1(|k|2 + ε2)−1/2e−č∗(|k|2+ε2)s/2

6 C8τ
−1
0 ‖f‖2L∞

s−1e−č∗(|k|2+ε2)s/2,

s > 0, 0 < ε 6 1, k ∈ Ω̃, |k|2 + ε2 > τ20 ;

(8.9)
‖K(k, ε, s)‖L2(Ω)→L2(Ω)

6 C9‖f‖
2
L∞

(|k|2 + ε2)1/2
(
1 + č∗(|k|

2 + ε2)s
)−1

e−č∗(|k|2+ε2)s/2

6 C9‖f‖
2
L∞

(r21 + 1)1/2 max{1; č−1
∗ τ−2

0 }(1 + s)−1e−č∗(|k|2+ε2)s/2,

s > 0, 0 < ε 6 1, k ∈ Ω̃, |k|2 + ε2 > τ20 .

(8.10)Îáúåäèíÿÿ (8.4), (8.5), (8.7) è (8.9), çàêëþ÷àåì, ÷òî äëÿ s > 0 ïðè âñåõ
k ∈ Ω̃ ñïðàâåäëèâî ïðåäñòàâëåíèå (8.1) ñ îöåíêîé îñòàòêà

‖fR(k, ε, s)f∗‖L2(Ω)→L2(Ω)6C10s
−1e−č∗(|k|2+ε2)s/2, s>0, k∈ Ω̃. (8.11)
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−2
0 č−1

∗ + C8τ
−1
0 }‖f‖2L∞

.Â ñèëó (8.3), (8.6), (8.8) è (8.10) äëÿ îñòàòî÷íîãî ÷ëåíà â (8.1) ïðè s > 0è k ∈ Ω̃ ñïðàâåäëèâà îöåíêà
‖fR(k, ε, s)f∗‖L2(Ω)→L2(Ω)6C11(1+s)

−1e−č∗(|k|2+ε2)s/2, s>0, k∈ Ω̃, (8.12)ñ ïîñòîÿííîé C11 = max
{
C7; (4 + C9(1 + r21)

1/2)max{1; č−1
∗ τ−2

0 }
}
‖f‖2L∞

.Ìû ïîëó÷èëè ñëåäóþùèé ðåçóëüòàò.Òåîðåìà 8.1. Ïóñòü B(k, ε) è B0(k, ε) � îïåðàòîðû (5.16) è (7.14) ñîîò-âåòñòâåííî, ïóñòü K(k, ε, s) � êîððåêòîð (8.2). Òîãäà ïðè s > 0, 0 < ε 6 1è k ∈ Ω̃ ñïðàâåäëèâî ïðåäñòàâëåíèå (8.1), ïðè÷åì äëÿ îñòàòî÷íîãî ÷ëåíàâåðíû îöåíêè (8.11) è (8.12), ãäå ïîñòîÿííûå C10 è C11 êîíòðîëèðóþòñÿ÷åðåç èñõîäíûå äàííûå (4.24).�9. Àïïðîêñèìàöèÿ îïåðàòîðà fe−B(ε)sf ∗9.1. Âåðíåìñÿ ê ðàññìîòðåíèþ îïåðàòîðà B(ε), äåéñòâóþùåãî â L2(R
d;Cn)è îïðåäåëåííîãî â ï. 4.5. Àïïðîêñèìàöèÿ îêàéìëåííîé îïåðàòîðíîé ýêñ-ïîíåíòû fe−B(ε)sf∗ âûâîäèòñÿ èç òåîðåìû 8.1 ñ ïîìîùüþ ðàçëîæåíèÿ âïðÿìîé èíòåãðàë.Ââåäåì ý��åêòèâíûé îïåðàòîð ñ ïîñòîÿííûìè êîý��èöèåíòàìè

B0(ε) := f0b(D)∗g0b(D)f0

+ εf0

(
− b(D)∗V − V ∗b(D) +

d∑

j=1

(aj + a∗j )Dj

)
f0

+ ε2f0(−W +Q+ λI)f0.

(9.1)Ñèìâîëîì îïåðàòîðà (9.1) ÿâëÿåòñÿ ìàòðèöà f0L̂(k, ε)f0 (ñì. ï. 7.3).Îïðåäåëèì ÄÎ òðåòüåãî ïîðÿäêà ñ ïîñòîÿííûìè êîý��èöèåíòàìè:
N (ε) = N11(D) + εN12(D) + ε2N21(D) + ε3N22, (9.2)

N11(D) = b(D)∗MG(D)b(D),

N12(D) = b(D)∗TG,0b(D) +MG,1(D)b(D) + b(D)∗MG,1(D)∗,

N21(D) =MG,2(D) +MG,2(D)∗ + T ∗
Gb(D) + b(D)∗TG

+ 2
d∑

j=1

Re (aj + a∗j )Λ̃GDj .(Íàïîìíèì, ÷òî ìàòðèöà N22 îïðåäåëåíà â (7.26).)



ÀÏÏ�ÎÊÑÈÌÀÖÈß �ÅØÅÍÈÉ ÏÀ�ÀÁÎËÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ 181Èñïîëüçóåì ðàçëîæåíèå äëÿ îïåðàòîðà B(ε) â ïðÿìîé èíòåãðàë, ñì.ï. 5.6. Òîãäà äëÿ îïåðàòîðíîé ýêñïîíåíòû ñïðàâåäëèâî ïðåäñòàâëåíèå
e−B(ε)s = U−1

(∫

Ω̃

⊕e−B(k,ε)s dk

)
U .Àíàëîãè÷íîå òîæäåñòâî èìååò ìåñòî è äëÿ e−B0(ε)s. Îïåðàòîð

ΛGb(D) + εΛ̃Gðàñêëàäûâàåòñÿ â ïðÿìîé èíòåãðàë ñî ñëîÿìè ΛGb(D+k)+ εΛ̃G. Äëÿ îïå-ðàòîðà N (ε) ñïðàâåäëèâî ðàçëîæåíèå â ïðÿìîé èíòåãðàë ïî îïåðàòîðàì
N (k, ε). Ïîýòîìó èç çàìå÷àíèÿ 7.4 âûòåêàåò ñëåäóþùåå íàáëþäåíèå.Çàìå÷àíèå 9.1. Åñëè ΛG = 0 è Λ̃G = 0, òî N (ε) = 0.Îïðåäåëèì îãðàíè÷åííûé îïåðàòîð Π â L2(R

d;Cn) ñîîòíîøåíèåì
Π = U−1[P̂ ]U ,ãäå [P̂ ] � îïåðàòîð â ïðîñòðàíñòâå H =

∫
Ω̃
⊕L2(Ω;C

n) dk, äåéñòâóþùèéïîñëîéíî êàê îïåðàòîð óñðåäíåíèÿ ïî ÿ÷åéêå P̂ . Êàê âûÿñíåíî â [BSu4,ï. 6.1℄, îïåðàòîð Π ïðåäñòàâèì â âèäå
(Πu)(x) = (2π)−d/2

∫

Ω̃

ei〈x,ξ〉(Fu)(ξ) dξ, (9.3)ãäå (Fu)( · ) � Ôóðüå-îáðàç �óíêöèè u. Òàêèì îáðàçîì, Π � ÏÄÎ ñ ñèì-âîëîì χΩ̃(ξ), ãäå χΩ̃ � õàðàêòåðèñòè÷åñêàÿ �óíêöèÿ ìíîæåñòâà Ω̃. Ýòîòîïåðàòîð ÿâëÿåòñÿ ñãëàæèâàþùèì. Îòìåòèì, ÷òî Π êîììóòèðóåò ñ äè�-�åðåíöèàëüíûìè îïåðàòîðàìè ñ ïîñòîÿííûìè êîý��èöèåíòàìè.Èç òåîðåìû 8.1 âûòåêàåò òîæäåñòâî
fe−B(ε)sf∗ = f0e

−B0(ε)sf0Π+K(ε, s) +R(ε, s). (9.4)Çäåñü êîððåêòîð K(ε, s) = U−1
(∫

Ω̃
⊕K(k, ε, s) dk

)
U èìååò âèä

K(ε, s) =
(
ΛGb(D) + εΛ̃G

)
f0e

−B0(ε)sf0Π

+ f0e
−B0(ε)sf0Π

(
b(D)∗Λ∗

G + εΛ̃∗
G

)

−

s∫

0

f0e
−B0(ε)(s−s̃)f0N (ε)f0e

−B0(ε)s̃f0Π ds̃,

(9.5)
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(∫

Ω̃
⊕fR(k, ε, s)f∗ dk

)
U ñïðàâåäëèâû îöåí-êè

‖R(ε, s)‖L2(Rd)→L2(Rd) = ess sup
k∈Ω̃

‖fR(k, ε, s)f∗‖L2(Ω)→L2(Ω)

6 C10s
−1e−č∗ε2s/2, s > 0;

‖R(ε, s)‖L2(Rd)→L2(Rd) 6 C11(1 + s)−1e−č∗ε2s/2, s > 0.9.2. Óñòðàíåíèå îïåðàòîðà Π. Îáñóäèì âîçìîæíîñòü óñòðàíåíèÿ ñãëà-æèâàþùåãî îïåðàòîðà èç àïïðîêñèìàöèè (9.4). Ïîëîæèì
Ξ(ε, s) := f0e

−B0(ε)sf0(I −Π). (9.6)Òàê êàê ìàòðèöà f0L̂(ξ, ε)f0 � ñèìâîë îïåðàòîðà B0(ε), à Π � ÏÄÎ ññèìâîëîì χΩ̃(ξ), â ñèëó (6.14), (7.11) è ýëåìåíòàðíîãî íåðàâåíñòâà e−α 6

2(1 + α)−1e−α/2, α > 0, ïðè s > 0 ñïðàâåäëèâà îöåíêà
‖Ξ(ε, s)‖L2(Rd)→L2(Rd) 6 ‖f‖2L∞

sup
ξ∈Rd

|e−f0L̂(ξ,ε)f0s|(1− χΩ̃(ξ))

6 ‖f‖2L∞
sup

ξ∈Rd, |ξ|>r0

e−č∗(|ξ|2+ε2)s

6 2‖f‖2L∞
max{1; č−1

∗ r−2
0 }(1 + s)−1e−č∗ε2s/2.Òàêèì îáðàçîì, èç ñòàðøåãî ÷ëåíà àïïðîêñèìàöèè (9.4) ñãëàæèâàòåëü Πâñåãäà ìîæåò áûòü óñòðàíåí.Òàêæå ïðè s > 0 ìîæíî çàìåíèòü Π íà I â òðåòüåì ÷ëåíå êîððåêòî-ðà (9.5). Îòìåòèì, ÷òî N (ε) � ÄÎ ñ ñèìâîëîì N̂G(ξ, ε) (ñì. ï. 7.5), äëÿ êî-òîðîãî ñïðàâåäëèâà îöåíêà (7.25). Îòñþäà, ó÷èòûâàÿ (6.14) è îöåíêó (7.11)äëÿ ñèìâîëà îïåðàòîðà B0(ε), ïîëó÷àåì

∥∥∥
s∫

0

f0e
−B0(ε)(s−s̃)f0N (ε)f0e

−B0(ε)s̃f0(I −Π) ds̃
∥∥∥
L2(Rd)→L2(Rd)

6 ‖f‖4L∞
sup
ξ∈Rd

s∫

0

|e−f0L̂(ξ,ε)f0(s−s̃)||N̂G(ξ, ε)||e
−f0L̂(ξ,ε)f0s̃| ds̃(1− χ

Ω̃
(ξ))

6 ‖f‖4L∞
sup

ξ∈Rd,|ξ|>r0

se−č∗(|ξ|2+ε2)sCG(|ξ|
2 + ε2)3/2

6 3č−2
∗ r−1

0 CG‖f‖
4
L∞
s−1e−č∗ε2s/2, s > 0.(Ìû èñïîëüçîâàëè ýëåìåíòàðíîå íåðàâåíñòâî e−α 6 3α−2e−α/2, α > 0.)



ÀÏÏ�ÎÊÑÈÌÀÖÈß �ÅØÅÍÈÉ ÏÀ�ÀÁÎËÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ 183Îáñóäèì âîçìîæíîñòü óñòðàíåíèÿ îïåðàòîðà Π èç îñòàëüíûõ ÷ëåíîâêîððåêòîðà. Òàê êàê ìàòðèöû-�óíêöèè ΛG è Λ, Λ̃G è Λ̃ îòëè÷àþòñÿ íàïîñòîÿííûå ñëàãàåìûå (ñì. (7.17) è (7.21)), íàì ïîòðåáóþòñÿ ìóëüòèïëèêà-òîðíûå ñâîéñòâà ìàòðèö-�óíêöèé Λ è Λ̃, ÷òîáû óñòðàíèòü ñãëàæèâàþùèéîïåðàòîð â ÷ëåíàõ êîððåêòîðà, ñîäåðæàùèõ ΛG è Λ̃G. Ñëåäóþùèé ðåçóëü-òàò óñòàíîâëåí â [BSu4, ïðåäëîæåíèå 6.8℄ ïðè d 6 4 è [V, (7.19) è (7.20)℄ïðè d > 4.Ëåììà 9.2. Ïóñòü Λ � Γ-ïåðèîäè÷åñêîå (n×m)-ìàòðè÷íîå ðåøåíèå çà-äà÷è (7.1). Ïóñòü l = 1 ïðè d 6 4 è l = d/2− 1 ïðè d > 4. Òîãäà îïåðàòîð
[Λ] óìíîæåíèÿ íà ìàòðèöó-�óíêöèþ Λ íåïðåðûâíî ïåðåâîäèòH l(Rd;Cm)â L2(R

d;Cn), è ñïðàâåäëèâà îöåíêà
‖[Λ]‖Hl(Rd)→L2(Rd) 6 CΛ.Ïîñòîÿííàÿ CΛ êîíòðîëèðóåòñÿ ÷åðåç m, n, d, α0, ‖g‖L∞

, ‖g−1‖L∞
è ïà-ðàìåòðû ðåøåòêè Γ.Ïðè d 6 6 áóäåì ïîëüçîâàòüñÿ ïðåäëîæåíèåì 6.9 èç [Su7℄, à ïðè d > 6� ëåììîé 6.5(1◦) èç [MSu℄.Ëåììà 9.3. Ïóñòü Λ̃ � Γ-ïåðèîäè÷åñêîå (n× n)-ìàòðè÷íîå ðåøåíèå çà-äà÷è (7.4). Ïîëîæèì σ = 2 ïðè d 6 6 è σ = d/2 − 1 ïðè d > 6. Òîãäàîïåðàòîð [Λ̃] óìíîæåíèÿ íà ìàòðèöó-�óíêöèþ Λ̃ íåïðåðûâíî ïåðåâîäèò

Hσ(Rd;Cn) â L2(R
d;Cn), è ñïðàâåäëèâà îöåíêà

‖[Λ̃]‖Hσ(Rd)→L2(Rd) 6 C
Λ̃
.Ïîñòîÿííàÿ C

Λ̃
êîíòðîëèðóåòñÿ ÷åðåç èñõîäíûå äàííûå (4.24).Ñëåäóþùèé ðåçóëüòàò ïîëó÷åí â [M, ïðåäëîæåíèå 8.3℄.Ïðåäëîæåíèå 9.4. Ïóñòü Ξ(ε, s) � îïåðàòîð (9.6). Òîãäà ïðè s > 0 èâñåõ l > 0 îïåðàòîðû b(D)Ξ(ε, s) è εΞ(ε, s) îãðàíè÷åíû èç L2(R

d;Cn) â
H l(Rd;Cn) è

‖b(D)Ξ(ε, s)‖L2(Rd)→Hl(Rd) 6 α
1/2
1 C (l)s−(l+1)/2e−č∗ε2s/2, (9.7)

ε‖Ξ(ε, s)‖L2(Rd)→Hl(Rd) 6 C (l)s−(l+1)/2e−č∗ε2s/2. (9.8)Ïîñòîÿííàÿ C (l) çàâèñèò òîëüêî îò l è èñõîäíûõ äàííûõ (4.24).Òåïåðü ìû ìîæåì ðàññìîòðåòü ïåðâîå ñëàãàåìîå â (9.5). (Âòîðîå ñëàãà-åìîå ÿâëÿåòñÿ ñîïðÿæåííûì ê ïåðâîìó è äîïîëíèòåëüíîãî èññëåäîâàíèÿíå òðåáóåò.) Â ñèëó (7.17)
ΛGb(D)Ξ(ε, s) = Λb(D)Ξ(ε, s) + Λ0

Gb(D)Ξ(ε, s). (9.9)



184 Þ. Ì. ÌÅØÊÎÂÀÎáúåäèíÿÿ (4.2), (6.14), (7.11), (7.18), (9.6), íàõîäèì
‖Λ0

Gb(D)Ξ(ε, s)‖L2(Rd)→L2(Rd)

6 CG‖f‖
2
L∞

sup
ξ∈Rd

|b(ξ)|e−č∗(|ξ|2+ε2)s(1− χ
Ω̃
(ξ))

6 α
1/2
1 č−1

∗ r−1
0 CG‖f‖

2
L∞
s−1e−č∗ε2s/2, s > 0.

(9.10)Â äàëüíåéøåì íàñ áóäóò èíòåðåñîâàòü áîëüøèå çíà÷åíèÿ s, ïîýòîìó ñåé÷àñäîñòàòî÷íî ðàññìàòðèâàòü s > 1. Èç ëåììû 9.2 è îöåíêè (9.7) ñëåäóåò, ÷òî
‖Λb(D)Ξ(ε, s)‖L2(Rd)→L2(Rd) 6 C12s

−1e−č∗ε2s/2, s > 1. (9.11)Çäåñü C12 = CΛα
1/2
1 C (l), ãäå l = 1 ïðè d 6 4 è l = d/2 − 1 ïðè d > 4.Îáúåäèíÿÿ (9.9)�(9.11), ïîëó÷àåì

‖ΛGb(D)Ξ(ε, s)‖L2(Rd)→L2(Rd) 6 C13s
−1e−č∗ε2s/2, s > 1,ãäå C13 = α

1/2
1 č−1

∗ r−1
0 CG‖f‖

2
L∞

+ C12.Àíàëîãè÷íî, íà îñíîâàíèè ëåììû 9.3 è (7.21), (7.22), (9.8), ïðèõîäèì êîöåíêå
‖εΛ̃GΞ(ε, s)‖L2(Rd)→L2(Rd) 6 C14s

−1e−č∗ε2s/2, s > 1,ñ ïîñòîÿííîé C14 = č−1
∗ r−1

0 C̃G‖f‖
2
L∞

+ CΛ̃C (σ), ãäå σ = 2 ïðè d 6 6 è σ =
d/2− 1 ïðè d > 6. Òåì ñàìûì ìû ïîêàçàëè, ÷òî ïðè s > 1 ñãëàæèâàþùèéîïåðàòîð Π ìîæåò áûòü óñòðàíåí èç âñåõ ÷ëåíîâ êîððåêòîðà (9.5).Òåîðåìà 9.5. Ïóñòü B(ε) è B0(ε) � îïåðàòîðû (4.23) è (9.1) ñîîòâåò-ñòâåííî.
1◦. Ïóñòü K(ε, s) � îïåðàòîð (9.5). Òîãäà ïðè 0 < ε 6 1 è s > 0 ñïðàâåä-ëèâà îöåíêà
‖fe−B(ε)sf∗ − f0e

−B0(ε)sf0 −K(ε, s)‖L2(Rd)→L2(Rd) 6 C15(1 + s)−1e−č∗ε2s/2(9.12)ñ ïîñòîÿííîé C15 = C11 + 2‖f‖2L∞
max{1; č−1

∗ r−2
0 }.

2◦. Ïîëîæèì
K0(ε, s) : =

(
ΛGb(D) + εΛ̃G

)
f0e

−B0(ε)sf0

+ f0e
−B0(ε)sf0

(
b(D)∗Λ∗

G + εΛ̃∗
G

)

−

s∫

0

f0e
−B0(ε)(s−s̃)f0N (ε)f0e

−B0(ε)s̃f0 ds̃.

(9.13)
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‖fe−B(ε)sf∗−f0e

−B0(ε)sf0−K0(ε, s)‖L2(Rd)→L2(Rd) 6 C16s
−1e−č∗ε2s/2, (9.14)ãäå C16 = C10 + 2‖f‖2L∞

max{1; č−1
∗ r−2

0 }+ 3č−2
∗ r−1

0 CG‖f‖
4
L∞

+ 2C13 + 2C14.�ëàâà 3. Çàäà÷à óñðåäíåíèÿ äëÿ ïàðàáîëè÷åñêèõ ñèñòåì�10. Óñðåäíåíèå îïåðàòîðà f εe−Bεs(f ε)∗10.1. Ïîñòàíîâêà çàäà÷è. Äëÿ âñÿêîé Γ-ïåðèîäè÷åñêîé �óíêöèè φ(x),
x ∈ R

d, áóäåì ïîëüçîâàòüñÿ îáîçíà÷åíèåì φε(x) := φ(x/ε), ε > 0. Â
L2(R

d;Cn) ðàññìîòðèì îïåðàòîð
Aε = f ε(x)∗b(D)∗gε(x)b(D)f ε(x),îòâå÷àþùèé êâàäðàòè÷íîé �îðìå

aε[u,u] =

∫

Rd

〈gεb(D)f εu, b(D)f εu〉 dx (10.1)íà îáëàñòè îïðåäåëåíèÿ dε = {u ∈ L2(R
d;Cn) : f εu ∈ H1(Rd;Cn)}. Äëÿ�îðìû (10.1) ñïðàâåäëèâû îöåíêè, àíàëîãè÷íûå íåðàâåíñòâàì (4.7):

α0‖g
−1‖−1

L∞
‖D(f εu)‖2L2(Rd) 6 aε[u,u] 6 α1‖g‖L∞

‖D(f εu)‖2L2(Rd). (10.2)Äàëåå, ïóñòü Yε : L2(R
d;Cn) → L2(R

d;Cdn) � îïåðàòîð, äåéñòâóþùèéïî ïðàâèëó
Yεu = D(f εu) = col {D1(f

εu), . . . ,Dd(f
εu)}, DomYε = dε,è ïóñòü Y2,ε : L2(R

d;Cn) → L2(R
d;Cdn) � îïåðàòîð óìíîæåíèÿ íà (dn×d)-ìàòðèöó, ñîñòàâëåííóþ èç áëîêîâ aεj(x)∗f ε(x), j = 1, . . . , d:

Y2,εu = col {(aε1)
∗f εu, . . . , (aεd)

∗f εu}, u ∈ dε.Ïóñòü dµ � ìàòðè÷íîçíà÷íàÿ ìåðà íà R
d, îïðåäåëåííàÿ â ï. 4.4. Ïî-ñòðîèì ïî íåé ìåðó dµε ñëåäóþùèì îáðàçîì. Äëÿ ëþáîãî áîðåëåâñêîãîìíîæåñòâà ∆ ⊂ R

d ðàññìîòðèì ìíîæåñòâî ε−1∆ = {y = ε−1x : x ∈ ∆} èïîëîæèì µε(∆) = εdµ(ε−1∆). Êâàäðàòè÷íóþ �îðìó qε îïðåäåëèì ðàâåí-ñòâîì
qε[u,u] =

∫

Rd

〈dµε(x)(f εu)(x), (f εu)(x)〉, u ∈ dε.Âñå óñëîâèÿ èç ï. 4.2�4.4 ïðåäïîëàãàåì âûïîëíåííûìè. Â ïðîñòðàíñòâå
L2(R

d;Cn) ðàññìîòðèì êâàäðàòè÷íóþ �îðìó
bε[u,u] = aε[u,u] + 2Re (Yεu,Y2,εu)L2(Rd) + qε[u,u], u ∈ dε. (10.3)



186 Þ. Ì. ÌÅØÊÎÂÀÏóñòü Tε � óíèòàðíûé â L2(R
d;Cn) îïåðàòîð ìàñøòàáíîãî ïðåîáðàçî-âàíèÿ:

(Tεu)(x) = εd/2u(εx), ε > 0. (10.4)Äëÿ �îðì (4.6) è (10.1), (4.18) è (10.3) ñïðàâåäëèâû î÷åâèäíûå òîæäåñòâà
aε[u,u] = ε−2a[Tεu, Tεu], bε[u,u] = ε−2b(ε)[Tεu, Tεu], u ∈ dε.Îòñþäà è èç îöåíîê (4.21), (4.22) ñëåäóåò, ÷òî ïðè u ∈ dε âûïîëíåíî

bε[u,u] >
κ

2
aε[u,u] + β‖u‖2L2(Rd), (10.5)

bε[u,u] 6 (2 + c21 + c2)aε[u,u] + (C(1) + c3 + |λ|‖Q0‖L∞
)‖u‖2L2(Rd). (10.6)Èç (10.2), (10.5) è (10.6) âûòåêàåò, ÷òî �îðìà bε çàìêíóòà è ïîëîæèòåëüíîîïðåäåëåíà. ×åðåç Bε îáîçíà÷èì îòâå÷àþùèé åé ñàìîñîïðÿæåííûé îïåðà-òîð â ïðîñòðàíñòâå L2(R

d;Cn). Ôîðìàëüíî,
Bε = Aε + (Y∗

2,εYε + Y∗
εY2,ε) + (f ε)∗Qεf ε + λQε

0

= (f ε)∗b(D)∗gεb(D)f ε +

d∑

j=1

(f ε)∗
(
aεjDj +Dj(a

ε
j)

∗
)
f ε

+ (f ε)∗Qεf ε + λQε
0,

(10.7)ãäå Qε ñëåäóåò èíòåðïðåòèðîâàòü êàê îáîáùåííûé ìàòðè÷íûé ïîòåíöèàë,ïîðîæäåííûé áûñòðî îñöèëëèðóþùåé ìåðîé dµε.10.2. Ñòàðøèé ÷ëåí àïïðîêñèìàöèè îïåðàòîðà f εe−Bεs(f ε)∗. Àï-ïðîêñèìàöèÿ â ñòàðøåì ïîðÿäêå íàéäåíà â [M, ï. 9.3℄. ×òîáû ñ�îðìó-ëèðîâàòü ðåçóëüòàò, âûïèøåì ý��åêòèâíûé îïåðàòîð:
B0 = f0b(D)∗g0b(D)f0

+ f0

(
− b(D)∗V − V ∗b(D) +

d∑

j=1

(aj + a∗j)Dj

)
f0

+ f0(−W +Q+ λI)f0.

(10.8)Çäåñü ïîñòîÿííûå ìàòðèöû f0, g0, V ,W , (aj + a∗j) èQ îïðåäåëåíû ñîãëàñíî(6.13), (7.6), (7.8), (7.9), (4.1), (7.10). Ñèìâîëîì îïåðàòîðà (10.8) ÿâëÿåòñÿìàòðèöà f0L̂(ξ, 1)f0 (ñì. ï. 7.3). Ïîýòîìó èç îöåíêè (7.11) âûòåêàåò ïîëî-æèòåëüíàÿ îïðåäåëåííîñòü îïåðàòîðà B0: B0 > č∗I.Â [M, òåîðåìà 9.1℄ óñòàíîâëåí ñëåäóþùèé ðåçóëüòàò.



ÀÏÏ�ÎÊÑÈÌÀÖÈß �ÅØÅÍÈÉ ÏÀ�ÀÁÎËÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ 187Òåîðåìà 10.1. Ïóñòü âûïîëíåíû óñëîâèÿ ï. 4.2�4.4. Ïóñòü Bε � îïåðà-òîð (10.7), è ïóñòü B0 � ý��åêòèâíûé îïåðàòîð (10.8). Òîãäà ïðè s > 0è 0 < ε 6 1 ñïðàâåäëèâà îöåíêà
‖f εe−Bεs(f ε)∗ − f0e

−B0sf0‖L2(Rd)→L2(Rd) 6 C17ε(s + ε2)−1/2e−č∗s/2.Ïîñòîÿííàÿ C17 çàâèñèò òîëüêî îò èñõîäíûõ äàííûõ (4.24).10.3. Àïïðîêñèìàöèÿ îïåðàòîðà f εe−Bεs(f ε)∗ ïðè ó÷åòå êîððåêòî-ðà. Óñòàíîâèì òåïåðü áîëåå òî÷íóþ àïïðîêñèìàöèþ îïåðàòîðíîé ýêñïî-íåíòû íà îñíîâàíèè ðåçóëüòàòîâ �9 ñ ïîìîùüþ ìàñøòàáíîãî ïðåîáðàçî-âàíèÿ (10.4). Äëÿ îïåðàòîðîâ (10.7) è (4.23), (10.8) è (9.1) ñïðàâåäëèâûòîæäåñòâà Bε = ε−2T ∗
ε B(ε)Tε è B0 = ε−2T ∗

ε B
0(ε)Tε. Ñëåäîâàòåëüíî,

f εe−Bεs(f ε)∗ = T ∗
ε fe

−B(ε)ε−2sf∗Tε, (10.9)
f0e

−B0sf0 = T ∗
ε f0e

−B0(ε)ε−2sf0Tε. (10.10)Äàëåå, ÷åðåç Πε îáîçíà÷èì ÏÄÎ â L2(R
d;Cn), ñèìâîë êîòîðîãî � õà-ðàêòåðèñòè÷åñêàÿ �óíêöèÿ χΩ̃/ε(ξ) ìíîæåñòâà Ω̃/ε:

(Πεf)(x) = (2π)−d/2

∫

Ω̃/ε

ei〈x,ξ〉(Ff)(ξ) dξ. (10.11)Îïåðàòîðû (9.3) è (10.11) ñâÿçàíû ðàâåíñòâîì
Πε = T ∗

εΠTε. (10.12)Îáîçíà÷èì
N := N11(D) +N12(D) +N21(D) +N22.Òîãäà

N = ε−3T ∗
εN (ε)Tε, (10.13)ãäå îïåðàòîð N (ε) îïðåäåëåí â (9.2).Îòìåòèì òîæäåñòâà

[Λε
G]b(D) = ε−1T ∗

ε [ΛG]b(D)Tε, [Λ̃ε
G] = T ∗

ε [Λ̃G]Tε. (10.14)Ââåäåì êîððåêòîðû:
Kε(s) : =

(
Λε
Gb(D) + Λ̃ε

G

)
f0e

−B0sf0Πε

+ f0e
−B0sf0Πε

(
b(D)∗(Λε

G)
∗ + (Λ̃ε

G)
∗
)

−

s∫

0

f0e
−B0(s−s̃)f0N f0e

−B0s̃f0Πε ds̃,

(10.15)
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K0

ε(s) : =
(
Λε
Gb(D) + Λ̃ε

G

)
f0e

−B0sf0

+ f0e
−B0sf0

(
b(D)∗(Λε

G)
∗ + (Λ̃ε

G)
∗
)

−

s∫

0

f0e
−B0(s−s̃)f0N f0e

−B0s̃f0 ds̃.

(10.16)
Îáúåäèíÿÿ (10.9), (10.10) è (10.12)�(10.14), çàêëþ÷àåì, ÷òî îïåðàòî-ðû (9.5) è (10.15) ñâÿçàíû ðàâåíñòâîì

εKε(s) = T ∗
εK(ε, ε−2s)Tε. (10.17)Äëÿ îïåðàòîðîâ (9.13) è (10.16) ñïðàâåäëèâî àíàëîãè÷íîå òîæäåñòâî. Òå-ïåðü èç (9.12), (9.14), (10.9), (10.10) è (10.17) âûòåêàåò ñëåäóþùèé ðåçóëü-òàò.Òåîðåìà 10.2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 10.1. Ïóñòü Kε(s) è

K0
ε(s) � îïåðàòîðû (10.15) è (10.16) ñîîòâåòñòâåííî. Òîãäà ïðè 0 < ε 6 1è s > 0 ñïðàâåäëèâà àïïðîêñèìàöèÿ

‖f εe−Bεs(f ε)∗ − f0e
−B0sf0 − εKε(s)‖L2(Rd)→L2(Rd)

6 C15ε
2(s+ ε2)−1e−č∗s/2.

(10.18)Ïðè 0 < ε 6 1 è s > ε2 âûïîëíåíî
‖f εe−Bεs(f ε)∗ − f0e

−B0sf0 − εK0
ε(s)‖L2(Rd)→L2(Rd) 6 C16ε

2s−1e−č∗s/2.Ïîñòîÿííûå C15, C16 è č∗ çàâèñÿò òîëüêî îò èñõîäíûõ äàííûõ (4.24).10.4. Ñëó÷àé íóëåâîãî êîððåêòîðà. Ïðåäïîëîæèì, ÷òî g0 = g, òîåñòü âåðíû ñîîòíîøåíèÿ (7.7). Òîãäà Γ-ïåðèîäè÷åñêèå ðåøåíèÿ çàäà÷ (7.1),(7.16) ðàâíû íóëþ: Λ(x) = ΛG(x) = 0. Ïðåäïîëîæèì äîïîëíèòåëüíî, ÷òî∑d
j=1Djaj(x)

∗ = 0. Òîãäà Γ-ïåðèîäè÷åñêèå ðåøåíèÿ çàäà÷ (7.4), (7.20) òàê-æå ðàâíû íóëþ: Λ̃(x) = Λ̃G(x) = 0. Ïîýòîìó èç (7.8), (7.9) ñëåäóåò, ÷òî
V = 0 è W = 0. Ý��åêòèâíûé îïåðàòîð (10.8) ïðèíèìàåò âèä

B0 = f0b(D)∗g0b(D)f0 + f0

d∑

j=1

(aj + a∗j)Djf0 + f0(Q+ λI)f0. (10.19)Íà îñíîâàíèè (10.13) è çàìå÷àíèÿ 9.1 ïîëó÷àåì, ÷òî â ðàññìàòðèâàåìîìñëó÷àå N = 0. Òàêèì îáðàçîì, âñå ÷ëåíû êîððåêòîðà (10.15) îáðàùàþòñÿâ íóëü è èç (10.18) âûòåêàåò ñëåäóþùèé ðåçóëüòàò.



ÀÏÏ�ÎÊÑÈÌÀÖÈß �ÅØÅÍÈÉ ÏÀ�ÀÁÎËÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ 189Ïðåäëîæåíèå 10.3. Ïóñòü â óñëîâèÿõ òåîðåìû 10.2 ñïðàâåäëèâû ñîîò-íîøåíèÿ (7.7) è ∑d
j=1Djaj(x)

∗ = 0. Òîãäà ïðè 0 < ε 6 1 è s > 0 èìååì
‖f εe−Bεs(f ε)∗ − f0e

−B0sf0‖L2(Rd)→L2(Rd) 6 C15ε
2(s+ ε2)−1e−č∗s/2.Çäåñü B0 � îïåðàòîð (10.19).�11. Óñðåäíåíèå ðåøåíèé çàäà÷è Êîøè äëÿ ïàðàáîëè÷åñêèõ ñèñòåì11.1. Ïðèìåíåíèå ê çàäà÷å Êîøè äëÿ îäíîðîäíîãî óðàâíåíèÿ.Ïóñòü B̂ε � îïåðàòîð âèäà (10.7) â ñëó÷àå, êîãäà f = 1n:

B̂ε = b(D)∗gεb(D) +

d∑

j=1

(
aεjDj +Dj(a

ε
j)

∗
)
+Qε + λI.�àññìîòðèì çàäà÷ó Êîøè

Gε(x)
∂uε(x, s)

∂s
= −B̂εuε(x, s), s > 0; Gε(x)uε(x, 0) = φ(x), (11.1)ãäå φ ∈ L2(R

d;Cn), a Γ-ïåðèîäè÷åñêàÿ (n × n)-ìàòðèöà-�óíêöèÿ G ïðåä-ïîëàãàåòñÿ îãðàíè÷åííîé è ïîëîæèòåëüíî îïðåäåëåííîé. Çàïèøåì G(x) â�àêòîðèçîâàííîì âèäå: G(x)−1 = f(x)f(x)∗, ãäå f(x) � Γ-ïåðèîäè÷åñêàÿìàòðèöà-�óíêöèÿ. Ïîëîæèì vε = (f ε)−1uε. Òîãäà vε(x, s) � ðåøåíèå çà-äà÷è
∂vε(x, s)

∂s
= −(f ε)∗B̂εf

εvε(x, s), s > 0; vε(x, 0) = (f ε)∗φ(x).Ïóñòü Bε = (f ε)∗B̂εf
ε. Òîãäà vε( · , s) = e−Bεs(f ε)∗φ. Îòñþäà âûòåêàåò, ÷òîðåøåíèå uε = f εvε çàäà÷è (11.1) äîïóñêàåò ïðåäñòàâëåíèå

uε( · , s) = f εe−Bεs(f ε)∗φ. (11.2)Ñîîòâåòñòâóþùàÿ ý��åêòèâíàÿ çàäà÷à èìååò âèä
G
∂u0(x, s)

∂s
= −B̂0u0(x, s), s > 0; Gu0(x, 0) = φ(x). (11.3)Çäåñü

B̂0 = b(D)∗g0b(D)− b(D)∗V − V ∗b(D) +

d∑

j=1

(aj + a∗j)Dj −W +Q+ λI.Ïîëîæèì f0 = (G)−1/2 è B0 = f0B̂
0f0. Òîãäà

u0( · , s) = f0e
−B0sf0φ. (11.4)Èç (11.2), (11.4) è òåîðåìû 10.2 âûòåêàåò ñëåäóþùèé ðåçóëüòàò.



190 Þ. Ì. ÌÅØÊÎÂÀÒåîðåìà 11.1. Ïóñòü uε è u0 � ðåøåíèÿ çàäà÷ (11.1) è (11.3), ñîîòâåò-ñòâåííî. Òîãäà ïðè 0 < ε 6 1 è s > ε2 ñïðàâåäëèâà àïïðîêñèìàöèÿ
∥∥∥uε( · , s) − u0( · , s)− ε

(
Λε
Gb(D)u0( · , s) + Λ̃ε

Gu0( · , s)

+ f0e
−B0sf0

(
(Λε

Gb(D))∗ + (Λ̃ε
G)

∗
)
φ

−

s∫

0

f0e
−B0(s−s̃)f0Nu0( · , s̃) ds̃

)∥∥∥
L2(Rd)

6 C16ε
2s−1e−č∗s/2‖φ‖L2(Rd).

(11.5)
Îòìåòèì, ÷òî òðåòèé ÷ëåí êîððåêòîðà â (11.5) � �óíêöèÿ

v(3)( · , s) :=

s∫

0

f0e
−B0(s−s̃)f0Nu0( · , s̃) ds̃� ÿâëÿåòñÿ ðåøåíèåì çàäà÷è

G
∂v(3)(x, s)

∂s
= −B̂0v(3)(x, s) +Nu0(x, s), s > 0; Gv(3)(x, 0) = 0.11.2. Çàäà÷à Êîøè äëÿ íåîäíîðîäíîãî óðàâíåíèÿ. �àññìîòðèì òå-ïåðü áîëåå îáùóþ çàäà÷ó Êîøè

Gε(x)
∂uε(x, s)

∂s
= −B̂εuε(x, s) + F(x, s), s ∈ (0, T );

Gε(x)uε(x, 0) = φ(x),
(11.6)ãäå x ∈ R

d, s ∈ (0, T ), T > 0. Ïóñòü
φ ∈ L2(R

d;Cn), F ∈ Lp((0, T );L2(R
d;Cn)) =: Hpïðè íåêîòîðîì 1 < p 6 ∞. Ïóñòü u0 � ðåøåíèå �óñðåäíåííîé� çàäà÷è

G
∂u0(x, s)

∂s
= −B̂0u0(x, s) + F(x, s), s ∈ (0, T ); Gu0(x, 0) = φ(x).(11.7)Äåéñòâóÿ ïî àíàëîãèè ñ âûâîäîì ïðåäñòàâëåíèÿ (11.2), ìîæíî ïîêàçàòü,÷òî

uε( · , s) = f εe−Bεs(f ε)∗φ+

s∫

0

f εe−Bε(s−s̃)(f ε)∗F( · , s̃) ds̃, (11.8)
u0( · , s) = f0e

−B0sf0φ+

s∫

0

f0e
−B0(s−s̃)f0F( · , s̃) ds̃. (11.9)



ÀÏÏ�ÎÊÑÈÌÀÖÈß �ÅØÅÍÈÉ ÏÀ�ÀÁÎËÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ 191Àïïðîêñèìàöèÿ ðåøåíèÿ uε â ñòàðøåì ïîðÿäêå ïîëó÷åíà â [M, òåîðå-ìà 10.1℄:
‖uε( · , s) − u0( · , s)‖L2(Rd) 6 C17ε(s + ε2)−1/2e−č∗s/2‖φ‖L2(Rd)

+ C18θ1(ε, p)‖F‖Hp ,
(11.10)ãäå ïîñòîÿííàÿ C18 çàâèñèò òîëüêî îò p è èñõîäíûõ äàííûõ (4.24),

θ1(ε, p) =





ε2−2/p, 1 < p < 2,

ε(1 + | ln ε|)1/2, p = 2,

ε, 2 < p 6 ∞.

(11.11)Ïîâòîðÿÿ ðàññóæäåíèÿ [V, ï. 10.1℄, íà îñíîâàíèè òåîðåìû 10.2 è ïðåä-ñòàâëåíèé (11.8), (11.9) ìîæíî ïîëó÷èòü ñëåäóþùèé ðåçóëüòàò.Òåîðåìà 11.2. Ïóñòü uε è u0 � ðåøåíèÿ çàäà÷ (11.6) è (11.9), ñîîòâåò-ñòâåííî, ãäå φ ∈ L2(R
d;Cn) è F ∈ Hp. Òîãäà ïðè 0 < s < T , 0 < ε 6 1 è

2 < p 6 ∞ ñïðàâåäëèâî ïðåäñòàâëåíèå
uε( · , s) = u0( · , s) + ε

(
Λε
Gb(D)Πεu0( · , s) + Λ̃ε

GΠεu0( · , s)

+ f0e
−B0sf0

(
(Λε

Gb(D)Πε)
∗ + (Λ̃ε

GΠε)
∗
)
φ
)

− ε

s∫

0

f0e
−B0(s−s̃)f0NΠεf0e

−B0s̃f0φ ds̃

+ ε

s∫

0

f0e
−B0(s−s̃)f0

(
(Λε

Gb(D)Πε)
∗ + (Λ̃ε

GΠε)
∗
)
F( · , s̃) ds̃

− ε

s∫

0

ds̃

s−s̃∫

0

ds′f0e
−B0(s−s̃−s′)f0NΠεf0e

−B0s′f0F( · , s̃) + ũε( · , s),ãäå îñòàòî÷íûé ÷ëåí ũε( · , s) äîïóñêàåò îöåíêó
‖ũε( · , s)‖L2(Rd) 6 C15ε

2(s+ ε2)−1e−č∗s/2‖φ‖L2(Rd) + C19ε
2/p′θ2(ε, p)‖F‖Hp ,

p−1 + (p′)−1 = 1. Çäåñü ïîñòîÿííàÿ C19 çàâèñèò òîëüêî îò p è èñõîäíûõäàííûõ (4.24), θ2(ε, p) = 1 ïðè p <∞ è θ2(ε, p) = 1 + | ln ε| ïðè p = ∞.



192 Þ. Ì. ÌÅØÊÎÂÀÏðè 0 < s < T , 0 < ε 6 1 è 1 < p 6 2 ñïðàâåäëèâî ïðåäñòàâëåíèå
uε( · , s) = u0( · , s) + ε

(
Λε
Gb(D)Πεf0e

−B0sf0φ+ Λ̃ε
GΠεf0e

−B0sf0φ

+ f0e
−B0sf0

(
(Λε

Gb(D)Πε)
∗ + (Λ̃ε

GΠε)
∗
)
φ
)

− ε

s∫

0

f0e
−B0(s−s̃)f0NΠεf0e

−B0s̃f0φ ds̃+ ũε( · , s),ïðè÷åì
‖ũε( · , s)‖L2(Rd) 6 C15ε

2(s + ε2)−1e−č∗s/2‖φ‖L2(Rd) + C18θ1(ε, p)‖F‖Hp .Çäåñü θ1(ε, p) � âåëè÷èíà (11.11).Çàìå÷àíèå 11.3. �àçíûå àïïðîêñèìàöèè ðåøåíèÿ uε ïðè ðàçíûõ óñëî-âèÿõ íà p â òåîðåìå 11.2 îáóñëîâëåíû òåì, ÷òî ó÷åò êîððåêòîðà â ïåðâîìñëàãàåìîì â ïðàâîé ÷àñòè (11.8) ïðèâîäèò ê óòî÷íåíèþ àïïðîêñèìàöèè ïîñðàâíåíèþ ñ (11.10) ïðè ëþáîì 1 < p 6 ∞, à ó÷åò êîððåêòîðà âî âòîðîìñëàãàåìîì � òîëüêî ïðè 2 < p 6 ∞.�12. Ïðèìåð ïðèìåíåíèÿ îáùåé ñõåìû:ñêàëÿðíûé ýëëèïòè÷åñêèé îïåðàòîðÂ íàñòîÿùåì ïàðàãðà�å ìû ðàññìîòðèì îäèí èç ïðèìåðîâ ïðèìåíåíèÿîáùåé ñõåìû. �àíåå äëÿ ýëëèïòè÷åñêèõ çàäà÷ ýòîò ïðèìåð èçó÷àëñÿ â [Su4,Su7℄. Òàì æå ìîãóò áûòü íàéäåíû äðóãèå ïðèìåðû.12.1. Ñêàëÿðíûé ýëëèïòè÷åñêèé îïåðàòîð. �àññìîòðèì ñëó÷àé, êî-ãäà n = 1, m = d, b(D) = D, à g(x) � Γ-ïåðèîäè÷åñêàÿ ñèììåòðè÷íàÿ
(d × d)-ìàòðèöà ñ âåùåñòâåííûìè ýëåìåíòàìè, îãðàíè÷åííàÿ è ïîëîæè-òåëüíî îïðåäåëåííàÿ. Òîãäà îïåðàòîð Aε èìååò âèä

Aε = D∗gε(x)D = −div gε(x)∇.Î÷åâèäíî, â äàííîì ñëó÷àå α0 = α1 = 1; ñì. (4.2).Äàëåå, ïóñòü A(x) = col {A1(x), . . . , Ad(x)}, ãäå Aj(x) � Γ-ïåðèîäè÷åñ-êèå âåùåñòâåííûå �óíêöèè, ïðè÷åì
Aj ∈ L̺(Ω), ̺ = 2 ïðè d = 1, ̺ > d ïðè d > 2; j = 1, . . . , d.Ïóñòü v(x) è V(x) � âåùåñòâåííûå Γ-ïåðèîäè÷åñêèå �óíêöèè òàêèå, ÷òî

v,V ∈ Lσ(Ω), σ = 1 ïðè d = 1, σ >
d

2
ïðè d > 2;

∫

Ω

v(x) dx = 0.
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d) ðàññìîòðèì îïåðàòîð Bε, �îðìàëüíî çàäàííûéäè��åðåíöèàëüíûì âûðàæåíèåì

Bε = (D−Aε(x))∗gε(x)(D−Aε(x)) + ε−1vε(x) + Vε(x). (12.1)Òî÷íîå îïðåäåëåíèå îïåðàòîðà Bε äàåòñÿ ÷åðåç êâàäðàòè÷íóþ �îðìó
bε[u, u]=

∫

Rd

(
〈gε(D−Aε)u, (D−Aε)u〉+(ε−1vε+Vε)|u|2

)
dx, u ∈ H1(Rd).Îïåðàòîð (12.1) ìîæíî òðàêòîâàòü êàê ïåðèîäè÷åñêèé îïåðàòîð Øð¼äèí-ãåðà ñ ìåòðèêîé gε, ìàãíèòíûì ïîòåíöèàëîì Aε è ýëåêòðè÷åñêèì ïîòåí-öèàëîì ε−1vε + Vε, ñîäåðæàùèì �ñèíãóëÿðíîå� ïåðâîå ñëàãàåìîå.Â [Su4, ï. 13.1℄ ïîêàçàíî, ÷òî îïåðàòîð (12.1) ìîæíî çàïèñàòü â òðåáóå-ìîì âèäå

Bε = D∗gε(x)D+

d∑

j=1

(
aεj(x)Dj +Dj(a

ε
j(x))

∗
)
+Qε(x).Âåùåñòâåííàÿ �óíêöèÿ Q(x) îïðåäåëåíà ñëåäóþùèì îáðàçîì:

Q(x) = V(x) + 〈g(x)A(x),A(x)〉. (12.2)Êîìïëåêñíûå �óíêöèè aj(x) çàäàíû âûðàæåíèÿìè
aj(x) = −ηj(x) + iζj(x), (12.3)ãäå ηj(x) � êîìïîíåíòû âåêòîð-�óíêöèè η(x) = g(x)A(x), à �óíêöèè

ζj(x) îïðåäåëåíû ÷åðåç Γ-ïåðèîäè÷åñêîå ðåøåíèå óðàâíåíèÿ ∆Φ(x) = v(x)ñîîòíîøåíèåì ζj(x) = −∂jΦ(x). Ïðè ýòîì âûïîëíåíî
v(x) = −

d∑

j=1

∂jζj(x). (12.4)Íåòðóäíî óáåäèòüñÿ, ÷òî �óíêöèè (12.3) óäîâëåòâîðÿþò òðåáîâàíèþ (4.10)ñ ïîäõîäÿùèì ïîêàçàòåëåì ˜̺ (çàâèñÿùèì îò ̺ è σ); ïðè ýòîì íîðìû
‖aj‖L ˜̺(Ω) êîíòðîëèðóþòñÿ ÷åðåç ‖g‖L∞

, ‖A‖L̺(Ω), ‖v‖Lσ(Ω) è ïàðàìåòðûðåøåòêè Γ. Ôóíêöèÿ (12.2) óäîâëåòâîðÿåò óñëîâèþ (4.17) ñ ïîäõîäÿùèì ïî-êàçàòåëåì σ̃ = min{σ; ̺/2}. Òàêèì îáðàçîì, ñåé÷àñ ðåàëèçóåòñÿ ïðèìåð 4.2.Âûáåðåì ïàðàìåòð λ èç óñëîâèÿ (4.19), â êîòîðîì c0 è c4 îòâå÷àþò îïå-ðàòîðó (12.1). Îáîçíà÷èì Bε := Bε + λI. Íàñ èíòåðåñóåò àïïðîêñèìàöèÿýêñïîíåíòû îò ýòîãî îïåðàòîðà. Â ðàññìàòðèâàåìîì ñëó÷àå èñõîäíûå äàí-íûå (4.24) ñâîäÿòñÿ ê ñëåäóþùåìó íàáîðó:
d, ̺, σ; ‖g‖L∞

, ‖g−1‖L∞
, ‖A‖L̺(Ω), ‖v‖Lσ (Ω), ‖V‖Lσ(Ω), λ;ïàðàìåòðû ðåøåòêè Γ.

(12.5)



194 Þ. Ì. ÌÅØÊÎÂÀ12.2. Ý��åêòèâíûé îïåðàòîð. Âûïèøåì ý��åêòèâíûé îïåðàòîð. Âíàøåì ñëó÷àå Γ-ïåðèîäè÷åñêîå ðåøåíèå çàäà÷è (7.1) ÿâëÿåòñÿ ìàòðèöåé-ñòðîêîé: Λ(x) = iΨ(x), Ψ(x) = (ψ1(x), . . . , ψd(x)), ãäå ψj ∈ H̃1(Ω) � ðåøå-íèå çàäà÷è
div g(x)(∇ψj(x) + ej) = 0,

∫

Ω

ψj(x) dx = 0.Çäåñü ej , j = 1, . . . , d, � ñòàíäàðòíûå îðòû â R
d. ßñíî, ÷òî �óíêöèè ψj(x)âåùåñòâåííîçíà÷íûå, à ýëåìåíòû ìàòðèöû-ñòðîêè Λ(x) ÷èñòî ìíèìûå.Ñîãëàñíî (7.6) ñòîëáöàìè (d × d)-ìàòðèöû-�óíêöèè g̃(x) ñëóæàò âåêòîð-�óíêöèè g(x)(∇ψj(x) + ej), j = 1, . . . , d. Ý��åêòèâíàÿ ìàòðèöà îïðåäåëå-íà â ñîîòâåòñòâèè ñ (7.6): g0 = |Ω|−1

∫
Ω g̃(x) dx. ßñíî, ÷òî g̃(x) è g0 èìåþòâåùåñòâåííûå ýëåìåíòû.Â ñîîòâåòñòâèè ñ (12.3), (12.4) ïåðèîäè÷åñêîå ðåøåíèå çàäà÷è (7.4) ïðåä-ñòàâëÿåòñÿ â âèäå Λ̃(x) = Λ̃1(x) + iΛ̃2(x), ãäå âåùåñòâåííûå Γ-ïåðèîäè÷å-ñêèå �óíêöèè Λ̃1(x) è Λ̃2(x) ÿâëÿþòñÿ ðåøåíèÿìè çàäà÷

− div g(x)∇Λ̃1(x) + v(x) = 0,

∫

Ω

Λ̃1(x) dx = 0;

− div g(x)∇Λ̃2(x) + div g(x)A(x) = 0,

∫

Ω

Λ̃2(x) dx = 0.Ìàòðèöà-ñòîëáåö V (ñì. (7.8)) èìååò âèä V = V1 + iV2, V1, V2 � ñòîëáöû ñâåùåñòâåííûìè ýëåìåíòàìè, îïðåäåëÿåìûå ðàâåíñòâàìè
V1 = |Ω|−1

∫

Ω

(∇Ψ(x))tg(x)∇Λ̃2(x) dx,

V2 = −|Ω|−1

∫

Ω

(∇Ψ(x))tg(x)∇Λ̃1(x) dx.Ñîãëàñíî (7.9) ïîñòîÿííàÿ W çàïèøåòñÿ â âèäå
W = |Ω|−1

∫

Ω

(
〈g(x)∇Λ̃1(x),∇Λ̃1(x)〉 + 〈g(x)∇Λ̃2(x),∇Λ̃2(x)〉

)
dx.Ý��åêòèâíûé îïåðàòîð äëÿ Bε äåéñòâóåò ïî ïðàâèëó

B0u = −div g0∇u+ 2i〈∇u, V1 + η〉+ (−W +Q+ λ)u, u ∈ H2(Rd).Ñîîòâåòñòâóþùåå äè��åðåíöèàëüíîå âûðàæåíèå äîïóñêàåò çàïèñü â âèäå
B0 = (D−A0)∗g0(D−A0) + V0 + λ,
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A0 = (g0)−1(V1 + gA), V0 = V + 〈gA,A〉 − 〈g0A0,A0〉 −W.12.3. Îïåðàòîð N . Âèä îïåðàòîðà N â ðàññìàòðèâàåìîì ñëó÷àå íàéäåíâ [Su7, (9.12)�(9.15)℄. Âûïèøåì ðåçóëüòàò:

N =

d∑

k,l=1

N12,klDkDl +

d∑

k=1

N21,kDk +N22,ãäå
N12,kl = 2Λ̃1g̃kl + vψkψl −

d∑

j=1

(gjlψk + gjkψl)∂j Λ̃1,

N21,k = 2

d∑

j=1

gjk

(
Λ̃1∂jΛ̃2 − Λ̃2∂jΛ̃1

)

+ 2ψk〈η,∇Λ̃1〉 − 2Λ̃1〈η,∇ψk〉+ 2vΛ̃2ψk − 4ηkΛ̃1,

N22 = 2Λ̃2〈η,∇Λ̃1〉 − 2Λ̃1〈η,∇Λ̃2〉+ v
(
Λ̃2
1 + Λ̃2

2

)
+ 2Λ̃1(Q+ λ).12.4. Àïïðîêñèìàöèÿ ýêñïîíåíòû. Â ñèëó ðàâåíñòâà Λ(x) = iΨ(x)îïåðàòîð (10.16) èìååò âèä

K0
ε(s)=(Ψε∇+Λ̃ε)e−B0s+e−B0s(Ψε∇+Λ̃ε)∗−

s∫

0

e−B0(s−s̃)N e−B0s̃ ds̃

=(Ψε∇+ Λ̃ε)e−B0s+e−B0s(Ψε∇+Λ̃ε)∗−sN e−B0s.

(12.6)Ìû ó÷ëè, ÷òî â íàøåì ñëó÷àå ñêàëÿðíûé äè��åðåíöèàëüíûé îïåðàòîð Nêîììóòèðóåò ñ ýêñïîíåíòîé îò ý��åêòèâíîãî îïåðàòîðà B0 ñ ïîñòîÿííûìèêîý��èöèåíòàìè.Èç òåîðåìû 10.2 âûâîäèì ñëåäóþùèé ðåçóëüòàò.Òåîðåìà 12.1. Ïóñòü îïåðàòîðû Bε è B0 îïðåäåëåíû â ï. 12.1 è 12.2ñîîòâåòñòâåííî, ïóñòü K0
ε(s) � êîððåêòîð (12.6). Òîãäà ïðè 0 < ε 6 1 è

s > 0 ñïðàâåäëèâà àïïðîêñèìàöèÿ
‖e−Bεs − e−B0s − εK0

ε(s)‖L2(Rd)→L2(Rd) 6 C16ε
2s−1e−č∗s/2.Ïîñòîÿííûå C16 è č∗ çàâèñÿò òîëüêî îò èñõîäíûõ äàííûõ (12.5).
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