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Ðàññìàòðèâàåòñÿ ïðèìåíåíèå ìåòîäà Ìîíòå-Êàðëî äëÿ ðåøåíèÿ çàäà÷ Êîøè äëÿ ñèñòåì ëèíåé-

íûõ è íåëèíåéíûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Ìåòîä Ìîíòå-Êàðëî àêòóà-

ëåí äëÿ ðåøåíèÿ áîëüøèõ ñèñòåì óðàâíåíèé è â ñëó÷àå ìàëîé ãëàäêîñòè èñõîäíûõ ôóíêöèé.

Ñèñòåìà ïðèâîäèòñÿ ê ýêâèâàëåíòíîé ñèñòåìå èíòåãðàëüíûõ óðàâíåíèé Âîëüòåððà. Äëÿ ëè-

íåéíûõ ñèñòåì ýòî ïðåîáðàçîâàíèå ïîçâîëÿåò ñíÿòü îãðàíè÷åíèÿ, ñâÿçàííûå ñî ñõîäèìîñòüþ

ìàæîðàíòíîãî ïðîöåññà. Ïðèâîäÿòñÿ ïðèìåðû îöåíîê ôóíêöèîíàëîâ îò ðåøåíèÿ è îáñóæäà-

åòñÿ ïîâåäåíèå èõ äèñïåðñèé. Â îáùåì ñëó÷àå ïðîìåæóòîê èíòåãðèðîâàíèÿ ðàçáèâàåòñÿ íà

êîíå÷íûå èíòåðâàëû, íà êîòîðûõ íåëèíåéíàÿ ôóíêöèÿ àïïðîêñèìèðóåòñÿ ïîëèíîìîì. Ïîëó-

÷åííîå èíòåãðàëüíîå óðàâíåíèå ðåøàåòñÿ ñ ïîìîùüþ âåòâÿùèõñÿ öåïåé Ìàðêîâà ñ ïîãëîùåíè-

åì. Îáñóæäàþòñÿ âîçíèêàþùèå ïðè ýòîì çàäà÷è ðàñïàðàëëåëèâàíèÿ àëãîðèòìîâ. Â êà÷åñòâå

ïðèìåðà ðàññìîòðåíî îäíîìåðíîå óðàâíåíèå ñ êóáè÷åñêîé íåëèíåéíîñòüþ. Îáñóæäàåòñÿ âûáîð

ïåðåõîäíûõ ïëîòíîñòåé âåòâÿùåãîñÿ ïðîöåññà. Ïîäðîáíî îïèñûâàåòñÿ ìåòîä ïîêîëåíèé. Äàíî

ñðàâíåíèå ÷èñëåííûõ ðåçóëüòàòîâ ñ ðåøåíèåì, ïîëó÷åííûì ìåòîäîì Ðóíãå-Êóòòà. Áèáëèîãð.

9 íàçâ.

Êëþ÷åâûå ñëîâà: ìåòîä Ìîíòå-Êàðëî, ñèñòåìû ÎÄÓ, èíòåãðàëüíûå óðàâíåíèÿ, ñòàòèñòè-

÷åñêîå ìîäåëèðîâàíèå.

1. Ââåäåíèå. Òåîðèÿ ìåòîäîâ Ìîíòå-Êàðëî äëÿ ðåøåíèÿ ëèíåéíûõ êðàåâûõ çàäà÷
ìàòåìàòè÷åñêîé ôèçèêè â íàñòîÿùåå âðåìÿ äîñòàòî÷íî õîðîøî ðàçâèòà [1, 2]. Îáû÷íî
çàäà÷ó ñâîäÿò ê ýêâèâàëåíòíîìó èíòåãðàëüíîìó óðàâíåíèþ. Êàê èçâåñòíî, èíòåãðàëü-
íûå óðàâíåíèÿ 2-ãî ðîäà òåñíî ñâÿçàíû ñ öåïÿìè Ìàðêîâà è íàèáîëåå ðàñïðîñòðàíåí-
íûå àëãîðèòìû îñíîâàíû íà ìîäåëèðîâàíèè N íåçàâèñèìûõ òðàåêòîðèé öåïè Ìàðêî-
âà, ñâÿçàííîé ñ ñîîòâåòñòâóþùèì èíòåãðàëüíûì óðàâíåíèåì óñëîâèåì ñîãëàñîâàíèÿ.
Ïðè ýòîì ïðåäïîëàãàåòñÿ ñóùåñòâîâàíèå èòåðàöèîííîãî ðåøåíèÿ ìàæîðàíòíîãî èíòå-
ãðàëüíîãî óðàâíåíèÿ. Ïîñëåäíåå óñëîâèå ìîæåò áûòü äîâîëüíî îãðàíè÷èòåëüíûì, è
èìååòñÿ ðÿä ðàáîò [3, 4], ãäå ïðåäëîæåíû ñïåöèàëüíûå ìåòîäû äëÿ ñíÿòèÿ ýòèõ îãðàíè-
÷åíèé. Äëÿ íåëèíåéíûõ óðàâíåíèé èñïîëüçóþòñÿ ðàçëè÷íûå ìåòîäû ïîñëåäîâàòåëüíîé
àïïðîêñèìàöèè, ñðåäè êîòîðûõ îñîáîå ìåñòî çàíèìàåò ïðèáëèæåííàÿ çàìåíà íåëèíåé-
íîñòè îáùåãî âèäà ïîëèíîìèàëüíîé íåëèíåéíîñòüþ, ÷òî ïîçâîëÿåò ñòðîèòü àëãîðèòìû
ñ åñòåñòâåííûì ïàðàëëåëèçìîì.

×òî êàñàåòñÿ çàäà÷ ñ íà÷àëüíûìè óñëîâèÿìè, òî àëãîðèòìû ìåòîäîâ Ìîíòå-Êàðëî
äëÿ íèõ ìàëî èññëåäîâàíû äàæå â ñëó÷àå ÎÄÓ. Ìîæíî ñîñëàòüñÿ ëèøü íà ðàáîòó [5],
ãäå èìåþòñÿ ïðèìåðû ðåøåíèÿ ìåòîäîì Ìîíòå-Êàðëî ñèñòåì ÎÄÓ. Â òî æå âðåìÿ èìå-
þòñÿ âàæíûå ïðèêëàäíûå çàäà÷è, òðåáóþùèå ðåøåíèÿ áîëüøèõ ñèñòåì òàêîãî ðîäà
èëè ñèñòåì îïðåäåëåííîãî âèäà (íàïðèìåð, ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé). Â óêàçàííûõ ñëó÷àÿõ ìåòîä Ìîíòå-Êàðëî ìîæåò áûòü áîëåå ýôôåêòèâíûì, ÷åì
êëàññè÷åñêèå âû÷èñëèòåëüíûå ìåòîäû.

1Ðàáîòà ïîääåðæàíà ãðàíòîì ÐÔÔÈ �17-01-00267-à.
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Íà÷àëüíàÿ êðàåâàÿ çàäà÷à äëÿ ñèñòåì ÎÄÓ ïðèâîäèòñÿ ê ñèñòåìàì èíòåãðàëü-
íûõ óðàâíåíèé òèïà Âîëüòåððà. Ýòî ïîçâîëÿåò äëÿ ëèíåéíûõ ñèñòåì ñíÿòü îãðàíè÷å-
íèÿ, ñâÿçàííûå ñî ñõîäèìîñòüþ ìàæîðàíòíîãî ïðîöåññà òåîðåòè÷åñêè äëÿ âñåõ âðåìåí
t ∈ [0,∞). Îòíîñèòåëüíî íåêîòîðûõ êëàññîâ íåëèíåéíûõ ñèñòåì òàêæå âîçìîæåí ïîä-
õîä, îñíîâàííûé íà ïðèáëèæåíèè ïîëèíîìàìè, íî òåîðåìà Ïèêàðà äèêòóåò îãðàíè÷åíèÿ
íà äëèíó ïðîìåæóòêà, ãäå ñóùåñòâóåò èòåðàöèîííîå ðåøåíèå, è ìåòîä Ìîíòå-Êàðëî
ðàáîòàåò áåç ñèíõðîíèçàöèè òîëüêî íà ýòîì ïðîìåæóòêå. Ïðè ýòîì âîçíèêàåò ñòîõà-
ñòè÷åñêàÿ ïîãðåøíîñòü, êîòîðàÿ ìîæåò íàêàïëèâàòüñÿ â ïðîöåññå âû÷èñëåíèé, ïîýòîìó
íåîáõîäèì àíàëèç åå ïîâåäåíèÿ.

2. Ìåòîä, îñíîâàííûé íà öåïÿõ Ìàðêîâà. Íàèáîëåå ðàñïðîñòðàíåííûì àëãî-
ðèòìîì ìåòîäà Ìîíòå-Êàðëî ÿâëÿåòñÿ àëãîðèòì, îñíîâàííûé íà ìîäåëèðîâàíèè öåïåé
Ìàðêîâà.

Ïóñòü µ � âåðîÿòíîñòíàÿ ìåðà, è òðåáóåòñÿ ðåøèòü èíòåãðàëüíîå óðàâíåíèå

φ(x) =

∫
k(x, y)φ(y)µ(dy) + f(x), (modµ), (1)

ãäå k è f � çàäàííûå ôóíêöèè, (modµ) îçíà÷àåò, ÷òî ðàâåíñòâî âûïîëíåòñÿ íà íîñèòåëå
ìåðû µ.

Ïðåäïîëîæèì, ÷òî ñõîäèòñÿ ïîñëåäîâàòåëüíîñòü (φ̄n, h) ïðè n → ∞ äëÿ âñåõ h èç
íåêîòîðîãî ìíîæåñòâà H ôóíêöèé, ãäå φ̄n, n = 0, 1, . . . � ïîñëåäîâàòåëüíîñòü ôóíêöèé,
îïðåäåëÿåìûõ ðàâåíñòâîì

φ̄n(x) =

∫
|k(x, y)| φ̄n−1(y)µ(dy) + |f(x)|), (modµ), φ̄0 = |f | (2)

è (φ̄n, h) =
∫
φ̄n(x)h(x)µ(dx). Àëãîðèòì (2) ïðèâîäèò ê ðåøåíèþ óðàâíåíèÿ

φ̄(x) =

∫
|k(x, y)|φ̄(y)µ(dy) + |f(x)|, (modµ), (3)

êîòîðîå ÿâëÿåòñÿ ìàæîðàíòíûì ïî îòíîøåíèþ ê (1). Àëãîðèòì (2) ñõîäèòñÿ, åñëè ñõî-
äèòñÿ ðÿä Íåéìàíà è â ýòîì ñëó÷àå âûïîëíÿåòñÿ ðàâåíñòâî

φ̄(x) = |f(x)|+
∞∑

m=1

∫
|k(x, x1)||k(x1, x2)| · · · |k(xm−1, xm)||f(xm)| ⊗m

i=1 µ(dxi). (4)

Âûáåðåì öåïü Ìàðêîâà, îïðåäåëÿåìóþ íà÷àëüíîé ïëîòíîñòüþ ðàñïðåäåëåíèÿ p0(x),
ïåðåõîäíîé ïëîòíîñòüþ p(x, y) (ïî îòíîøåíèþ ê ìåðå µ) è âåðîÿòíîñòüþ ïîãëîùåíèÿ
g(x) òàê, ÷òî âûïîëíÿþòñÿ ðàâåíñòâà∫

p(x, y)µ(dy) = 1− g(x), (modµ), 0 ≤ g(x) ≤ 1 (5)

è óñëîâèÿ ñîãëàñîâàíèÿ

p0(x) > 0, åñëè h(x) ̸= 0,
p(x, y) > 0, åñëè k(x, y) ̸= 0,
g(x) > 0, åñëè f(x) ̸= 0.

(6)
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Ìîäåëèðóÿ ñ ïîìîùüþ èçâåñòíûõ àëãîðèòìîâ òðàåêòîðèè ýòîé öåïè:

x0 → x1 → · · · → xτ−1 → xτ (7)

â ïðåäïîëîæåíèè, ÷òî ñëó÷àéíûé ìîìåíò ïîãëîùåíèÿ τ êîíå÷åí, ñ âåðîÿòíîñòüþ 1 ìî-
æåì îöåíèòü (âû÷èñëèòü) âåëè÷èíó (h, φ̄), òàê êàê ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå

E Ja = (h, φ), Ja =
h0k0,1 . . . kτ−1,τfτ
p00p0,1 . . . pτ−1,τgτ

. (8)

Çäåñü h0 = h(x0), ki,i+1 = k(xi, xi+1), i = 0, 1, . . . , τ − 1, è àíàëîãè÷íûå îáîçíà÷åíèÿ
èìåþò ìåñòî äëÿ fτ , p

0
0, pi,j, gτ . Ñëó÷àéíóþ âåëè÷èíó Ja íàçûâàþò îöåíêîé "ïî ïîãëî-

ùåíèÿì".
Îñíîâàííûå íà ìåòîäå Ìîíòå-Êàðëî îöåíêè ôóíêöèîíàëà (h, φ̄) èñïîëüçóþò ïðåä-

ñòàâëåíèå ðåøåíèÿ óðàâíåíèÿ (1) â âèäå ðÿäà Íåéìàíà è ïðåäïîëàãàþò åãî àáñîëþòíóþ
ñõîäèìîñòü, ò.å. ñõîäèìîñòü ðÿäà (4).

Ìîäåëèðóåì N íåçàâèñèìûõ òðàåêòîðèé, äëÿ êàæäîé èç êîòîðûõ âû÷èñëÿþòñÿ
çíà÷åíèÿ Ja(l) (l � íîìåð òðàåêòîðèè) è (h, φ) îöåíèâàåòñÿ ñ ïîìîùüþ ñðåäíåãî
1/N

∑
Ja(l). Ñîîòâåòñòâóþùèå äîêàçàòåëüñòâà è ìîäèôèêàöèè àëãîðèòìà ñîäåðæàòñÿ

â [4]. Ìû ïðèâåëè ñàìóþ ïðîñòóþ èç èçâåñòíûõ Ìîíòå-Êàðëî îöåíîê äëÿ (h, φ). Äëÿ
íàñ âàæíî îòìåòèòü ïàðàëëåëèçì àëãîðèòìà.

Èçâåñòåí ðÿä àëãîðèòìîâ Ìîíòå-Êàðëî äëÿ ðåøåíèÿ íåêîòîðûõ òèïîâ íåëèíåéíûõ
èíòåãðàëüíûõ óðàâíåíèé [6]. Êàê ïðàâèëî, îíè îñíîâàíû íà ïîñëåäîâàòåëüíîé ïðèáëè-
æåííîé ëèíåàðèçàöèè çàäà÷è. Ýòî îáû÷íî óõóäøàåò ñâîéñòâà ïàðàëëåëèçìà, ò.ê. íà
êàæäîì ýòàïå ëèíåàðèçàöèè òðåáóåòñÿ ñèíõðîíèçàöèÿ. Èñêëþ÷åíèåì ÿâëÿþòñÿ óðàâíå-
íèÿ ñ ïîëèíîìèàëüíîé íåëèíåéíîñòüþ (óðàâíåíèÿ Ëÿïóíîâà�Øìèäòà) âèäà

φ(x) =
∞∑
l=1

∫
Kl(x, x1, . . . , xl)Π

l
m=1φ(xm)⊗l

m=1 µ(dxm) + f(x). (9)

Ïðè ñîîòâåòñòâóþùèõ óñëîâèÿõ(ñì.[7, 8]) ôóíêöèîíàë (h, φ) îò ðåøåíèÿ ýòîãî óðàâ-
íåíèÿ ìîæíî îöåíèòü, ìîäåëèðóÿ âåòâÿùèéñÿ ìàðêîâñêèé ïðîöåññ. Íà åãî òðàåêòîðÿõ
âû÷èñëÿåòñÿ àíàëîã îöåíêè Ja è ïðîöåäóðà íå òðåáóåò äîïîëíèòåëüíîé ñèíõðîíèçàöèè.
Ïðàêòè÷åñêèé èíòåðåñ ïðåäñòàâëÿþò ñðàâíèòåëüíî íåáîëüøèå ñòåïåíè íåëèíåéíîñòè.

Ïåðå÷èñëåííûå âûøå âû÷èñëèòåëüíûå ìåòîäû è èõ ìîäèôèêàöèè ïðåäñòàâëÿþò èí-
òåðåñ ïðè ðåøåíèè ìíîãîìåðíûõ çàäà÷, åñëè ôóíêöèÿ φ(x) çàâèñèò îò áîëüøîãî ÷èñëà
ïåðåìåííûõ è (èëè) òðåáóåòñÿ ðåøèòü áîëüøèå ñèñòåìû óðàâíåíèé.

Îòìåòèì, ÷òî âàæíûå â ïðèêëàäíîì îòíîøåíèè êðàåâûå çàäà÷è äëÿ óðàâíåíèé â
÷àñòíûõ ïðîèçâîäíûõ ñâîäÿòñÿ ê çàäà÷àì, ïåðå÷èñëåííûì âûøå. Â ýòîé îáëàñòè èìå-
åòñÿ îáøèðíàÿ ëèòåðàòóðà.

Âìåñòå ñ òåì ñòîõàñòè÷åñêèå ìåòîäû äëÿ ðåøåíèÿ çàäà÷è Êîøè äëÿ áîëüøèõ ñèñòåì
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé èññëåäîâàíû ìàëî. Ïåðâûå ðåçóëüòàòû â
ýòîì íàïðàâëåíèè ïîëó÷åíû â [5], ãäå íàìå÷åí îáùèé ïîäõîä, íî íå îáñóæäàëàñü ñðàâ-
íèòåëüíàÿ ýôôåêòèâíîñòü ìåòîäà è åãî ïàðàëëåëèçì. Çàäà÷à Êîøè äëÿ ÎÄÓ îäíàêî
îáëàäàåò ñâîåîáðàçèåì, êîòîðîå ìîæíî ïðîñëåäèòü íà ïðîñòåéøåì ïðèìåðå, ëèíåéíîé
îäíîðîäíîé çàäà÷è Êîøè.
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Ðåøåíèå ïðîñòåéøåé ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

Y ′ = AY, Y = (y1(t), . . . , yn(t))
T , Y (0) = (1, . . . , 1), (10)

A = ∥ai,j∥ni,j=1 åñòü ìàòðè÷íàÿ ýêñïîíåíòà, ïðåäñòàâëåííàÿ ðÿäîì

Y (t) = exp(At) =
∞∑
l=0

Altl

l!
, (11)

êîòîðûé àáñîëþòíî ñõîäèòñÿ ïðè t ∈ [0,∞), è íèêàêèõ ìàæîðàíòíûõ óñëîâèé íå òðå-
áóåòñÿ.

Ïî àíàëîãèè ñî ñëó÷àåì èíòåãðàëüíûõ óðàâíåíèé ôóíêöèîíàë
∫∞
0

h(t)Y (t) dt ìîæíî
âû÷èñëÿòü ìåòîäîì Ìîíòå-Êàðëî, ìîäåëèðóÿ öåïü Ìàðêîâà. Àíàëîãîì îöåíêè (8) â
ýòîì ñëó÷àåì ìîæåò áûòü

J̃a =
hi0ai0,i1 . . . aiτ−1,iτ t

τ

p◦i0pi0,i1 . . . piτ−1,iτ giτ · τ !
(12)

Äèñïåðñèÿ ýòîé îöåíêè âîçðàñòàåò, îäíàêî, ýêñïîíåíöèàëüíî ñ ðîñòîì t. Îöåíêà íå ó÷è-
òûâàåò òîãî ôàêòà, ÷òî ñîîòâåòñòâóþùåå èíòåãðàëüíîå óðàâíåíèå ÿâëÿåòñÿ âîëüòåð-
ðîâñêèì. Ñóùåñòâî äåëà âèäíî ïðè ðàññìîòðåíèè íåîäíîðîäíîé çàäà÷è. Ðàññìîòðèì

ëèíåéíóþ íåîäíîðîäíóþ çàäà÷ó Êîøè

dY

dt
= A(t)Y + F (t), Y (0) = Y0, (13)

A(t) = ∥ai,j(t)∥ni,j=1, F = (f1, . . . , fn)
T .

Ðåøåíèå åå, êàê èçâåñòíî, ìîæåò áûòü âûðàæåíî â ÿâíîì âèäå. Îíî ðàâíî ñóììå
ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ (10) è ÷àñòíîãî ðåøåíèÿ, êîòîðîå ïðåäñòàâèìî â âèäå
ðÿäà, àíàëîãè÷íîãî (4)

Y (t) = Y0e
∫ t
0 A(τ)dτ + J(t) (14)

ãäå

J(t) = F (t) +
∞∑
k=1

t∫
0

A(τ1) dτ1 . . .

τk−1∫
0

A(τk)F (τk) dτk. (15)

Íàëè÷èå ïåðåìåííûõ âåðõíèõ ïðåäåëîâ â ðàâåíñòâå (15) òðåáóåò äëÿ âû÷èñëåíèÿ
ýòîãî ðÿäà ïðèâëå÷ü íåîäíîðîäíóþ öåïü Ìàðêîâà. Â ÷àñòíîñòè, âûáåðåì â êà÷åñòâå
òàêîé öåïè öåïü ñ íà÷àëüíûì ðàñïðåäåëåíèåì p◦(t) è ïåðåõîäíûìè ìàòðèöàìè

P(k)(τ) = ∥p(k)i,j (τ)∥ni,j=1, τ ∈ (0, τk), k ≥ 0, τ0 = t, (16)

óäîâëåòâîðÿþùèìè óñëîâèÿì

p
(k)
i,j (τ) > 0, åñëè aij(τ) ̸= 0, (17)

è óñëîâèþ, íàëàãàåìîìó íà âåðîÿòíîñòü ïîãëîùåíèÿ ïîñëå k�ãî ïåðåõîäà (k=1, 2, . . .)

τk∫
0

n∑
j=1

p
(k)
i,j (τ) dτ = 1− g

(k)
i (τk), (18)
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ãäå τk ìîìåíò k�ãî ïåðåõîäà öåïè.
Èìååò ìåñòî ñëåäóþùåå óòâåðæäåíèå.
Ïóñòü A(t) èìååò îãðàíè÷åííóþ â íåêîòîðîé ìåòðèêå íîðìó (íàïðèìåð,

max
i,t

n∑
j=1

|ai,j(t)| < M), äëÿ öåïè Ìàðêîâà p◦(t), P(k)(τ) âûïîëíåíû óñëîâèÿ (16), (17) è

g
(k)
i (t) > 0, åñëè fi(t) ̸= 0,

è äëÿ íåêîòîðîãî çàäàííîãî íà [0, T ] âåêòîðà h(t) = (h1(t), . . . , hn(t)) âûïîëíåíî óñëîâèå
pi(t) > 0, åñëè hi(t) ̸= 0. Òîãäà äëÿ ñëó÷àéíîé âåëè÷èíû

ξ =
h0a0,1 . . . al−1,lfl
p◦0p0,1 . . . pl−1,lgl

,

îïðåäåëåííîé íà òðàåêòîðèÿõ (τ0, i0)→(τ1, i1)→ . . .→(τl, il) öåïè, ãäå èñïîëüçîâàíû ñî-

êðàùåíèÿ h0 = hi0(τ0), ak−1,k = aik−1,ik(τk), fl = fil(τl), gl = g
(l)
il
(τl) è ò.ä., ñïðàâåäëèâî

ðàâåíñòâî

Eξ =

t∫
0

h(τ)J(τ) dτ. (19)

Äîêàçàòåëüñòâî ýòîãî ðàâåíñòâà âïîëíå àíàëîãè÷íî äîêàçàòåëüñòâó òàêîãî æå
ðàâåíñòâà äëÿ îöåíêè (8), åñëè ó÷åñòü, ÷òî ïëîòíîñòü âåðîÿòíîñòè òðàåêòîðèè
(τ0, i0)→ . . .→(τl, il) åñòü p◦0p0,1 . . . pl−1,lgl ñ ó÷åòîì ââåäåííûõ âûøå ñîêðàùåííûõ îáî-
çíà÷åíèé.

Î÷åâèäíî, ÷òî àíàëîãè÷íûå îáîáùåíèÿ (ââåäåíèå ïåðåìåííîé âåðîÿòíîñòè îáðûâà
òðàåêòîðèè) ìîãóò áûòü ñäåëàíû äëÿ óðàâíåíèé ñ ïîëèíîìèàëüíîé íåëèíåéíîñòüþ.

Òàêèì îáðàçîì, äëÿ ðåøåíèÿ çàäà÷è Êîøè äëÿ ñèñòåì îáûêíîâåííûõ äèôôåðåí-
öèàëüíûõ óðàâíåíèé (ÎÄÓ) ìîæíî ïðåäëîæèòü ñëåäóþùèé ïðèáëèæåííûé àëãîðèòì
(îáùàÿ ñõåìà).

Çàäà÷à

dX⃗

dt
=f⃗(t,X), X=(x1, . . . , xs), f⃗=(f1, . . . , fs), X(t0)=X0=(x0

1, . . . , x
0
s) (20)

àïïðîêñèìèðóåòñÿ çàäà÷åé

dX⃗

dt
=P⃗ (t,X), X(t0)=X0,

ãäå

P⃗ (t,X)= (P1(t,X), . . . , Ps(t, x)) è Pk(t,X) =
m∑

i1...is=1

ci1...is(t)x
i1
1 . . . xis

s .

Ôóíêöèè ci1...is ïîäáèðàþòñÿ èç óñëîâèÿ ìèíèìèçàöèè ∥f⃗−P⃗∥ � íåêîòîðîé âûáðàí-

íîé èññëåäîâàòåëåì íîðìû ðàçíîñòè f⃗−P⃗ íà ïðîìåæóòêå (t0−h, t0+h). Åñëè â ëèíåéíîì
ñëó÷àå ïðè âûïîëíåíèè óñëîâèé òåîðåìû Ïèêàðà [9] î ñóùåñòâîâàíèè ðåøåíèÿ ñèñòåìû
(20) h ìîæåò áûòü ïðàêòè÷åñêè íåîãðàíè÷åííûì, òî â ñëó÷àå íåëèíåéíîì � è óñëî-

âèÿ òåîðåìû Ïèêàðà, è òðåáîâàíèå ìàëîñòè íîðìû f⃗−P⃗ ìîãóò íàëàãàòü íà h äîâîëüíî
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æåñòêèå óñëîâèÿ. Òåîðåòè÷åñêèå ñîîáðàæåíèÿ è, âîçìîæíî, ïðîáíûå âû÷èñëåíèÿ äîëæ-
íû äàòü âîçìîæíîñòü âûáðàòü ïîäõîäÿùèåm è∆t<h äëÿ âû÷èñëåíèÿ ðåøåíèÿ ñèñòåìû
â òî÷êå t0+∆t.

Åñëè ñòàâèòñÿ çàäà÷à îöåíêèX(T ) ïðè T>(t0+∆t), òî ïðîìåæóòîê (t0, t0+T ) äåëèòñÿ
íà ÷àñòè, èìåþùèå äëèíó ïîðÿäêà ∆t è ðåøàþòñÿ ïîñëåäîâàòåëüíî çàäà÷è ñ íà÷àëüíû-
ìè äàííûìè X0, X̃(t0+∆t), X̃(t0+2∆t), . . .. Âîëíà îáîçíà÷àåò, ÷òî ñîîòâåòñòâóþùåå çíà-
÷åíèå X èìååò ñèñòåìàòè÷åñêóþ îøèáêó, âûçâàííóþ ïîëèíîìèàëüíîé àïïðîêñèìàöèåé
è ñëó÷àéíóþ îøèáêó ìåòîäà Ìîíòå-Êàðëî. Àíàëèç ïîâåäåíèÿ ïîãðåøíîñòè â ñàìîì îá-
ùåì ñëó÷àå âðÿä ëè ìîæåò áûòü ñîäåðæàòåëüíûì. Êàê îáû÷íî, óäîâëåòâîðèòåëüíûõ
ðåçóëüòàòîâ ìîæíî îæèäàòü â ñëó÷àå âû÷èñëèòåëüíîé óñòîé÷èâîñòè àëãîðèòìà.

Ñëåäóþùåå çàìå÷àíèå îòíîñèòåëüíî ïàðàëëåëèçìà àëãîðèòìà äîëæíî áûòü ñäåëàíî.
Â ïðåäåëàõ îäíîãî ïðîìåæóòêà äëèíû ∆t àëãîðèòì ìåòîäà Ìîíòå-Êàðëî ñîñòîèò â

ìîäåëèðîâàíèè íåçàâèñèìûõ (ìîæåò áûòü âåòâÿùèõñÿ) òðàåêòîðèé è îáëàäàåò íåîãðà-
íè÷åííûì ïàðàëëåëèçìîì. Äëÿ ïåðåõîäà íà ñëåäóþùèé èíòåðâàë òðåáóåòñÿ ñèíõðî-
íèçàöèÿ. Ýòî ñîîáðàæåíèå òàêæå ìîæåò áûòü âàæíûì ïðè âûáîðå ∆t, m è òî÷íîñòè
ïîëèíîìèàëüíîé àïïðîêñèìàöèè.

Ïîäðîáíîìó àíàëèçó ïîâåäåíèÿ ïîãðåøíîñòè ìåòîäà äëÿ îïðåäåëåííûõ êëàññîâ çà-
äà÷ àâòîðû ïðåäïîëàãàþò ïîñâÿòèòü äàëüíåéøèå ïóáëèêàöèè. Íàèáîëåå ïåðñïåêòèâíûì
ïðåäñòàâëÿåòñÿ ïðèìåíåíèå åãî ê ðåøåíèþ ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíå-
íèé, ãäå îí ìîæåò ñëóæèòü èñòî÷íèêîì íîâûõ àëãîðèòìîâ.

Íèæå ïðèâîäÿòñÿ èëëþñòðàòèâíûå ïðèìåðû.

3. Ïðèìåðû. Ïóñòü

ẋ = β xn − ax, x(t0) = x0, a > 0, t0 ≤ t ≤ T. (21)

Ýòî óðàâíåíèå ïðè T = t ýêâèâàëåíòíî èíòåãðàëüíîìó

x(t) = β

∫ t

t0

e−a(t−τ)x(τ)ndτ + e−a(t−t0)x0. (22)

Íåëèíåéíîå èíòåãðàëüíîå óðàâíåíèå (22) çàïèøåì â âèäå

x(t) =

∫ t

t0

k(t, τ)x(τ)ndτ + f(t), k(t, τ) = βe−a(t−τ), f(t) = e−a(t−t0)x0. (23)

Äëÿ âû÷èñëåíèÿ ðåøåíèÿ óðàâíåíèÿ (23) ìåòîäîì Ìîíòå-Êàðëî, ñîãëàñíî èçëîæåííûì
âûøå àëãîðèòìàì, íóæíî èñïîëüçîâàòü âåòâÿùèéñÿ ïðîöåññ, ó êîòîðîãî â êàæäîé òî÷-
êå âåòâëåíèÿ ðîæäàåòñÿ ðîâíî n íîâûõ ÷àñòèö. Âåñü èíòåðâàë (0, T ) èíòåãðèðîâàíèÿ
íóæíî ðàçáèòü íà ìàëûå ïîäèíòåðâàëû è èñêàòü ðåøåíèå íà íèõ. Áóäåì âû÷èñëÿòü

x(tk), tk = k∆t, k = 1, · · · , L = [T/∆t]. (24)

Äëÿ íîðìû ÿäðà k(t1, t2), t0 ≤ t2 ≤ t1 ≤ t, äîëæíî âûïîëíÿòüñÿ íåðàâåíñòâî

n||k(t1, t2)|| = sup
t0≤t1≤t

∫ t1

t0

n|k(t1, t2)|dt2 =
n|β|
|a|

(1− e−a(t−t0)) < 1, (25)

èç êîòîðîãî, ñëåäóåò íàéòè îãðàíè÷åíèÿ íà ïàðàìåòðû β, a, t, t0.
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Âîñïîëüçóåìñÿ ìåòîäîì "ïîêîëåíèé." Â ðàññìàòðèâàåìîé çàäà÷å â íà÷àëüíûé ìî-
ìåíò âðåìåíè â òî÷êå t èìååòñÿ îäíà ÷àñòèöà, êîòîðàÿ ìîæåò ïîãèáíóòü è òîãäà àëãî-
ðèòì çàêàí÷èâàåòñÿ. Åñëè ÷àñòèöà íå ãèáíåò, òî îíà ïðåâðàùàåòñÿ â n íîâûõ ÷àñòèö,
êîòîðûå îáðàçóþò ïåðâîå ïîêîëåíèå.

Äàëåå êàæäàÿ ÷àñòèöà íåçàâèñèìî îò äðóãèõ âåäåò ñåáÿ òàê æå, êàê èñõîäíàÿ ÷à-
ñòèöà. Âûæèâøèå ÷àñòèöû îáðàçóþò ñëåäóþùèåå ïîêîëåíèå. Àëãîðèòì çàêàí÷èâàåòñÿ,
åñëè íà î÷åðåäíîå ïîêîëåíèå íå ïåðåõîäèò íè îäíîé ÷àñòèöû.

Êàæäàÿ ÷àñòèöà, ïîÿâèâøèñü â íîâîì ïîêîëåíèè â ìîìåíò s, ìîæåò ëèáî ïîãèáíóòü ñ
âåðîÿòíîñòüþ g(s), ëèáî ïðåâðàòèòüñÿ â n íîâûõ ÷àñòèö, â ñëó÷àéíûå ìîìåíòû âðåìåíè

τ (k)s , k = 1, . . . , n, (26)

êîòîðûå îäèíàêîâî ðàñïðåäåëåíû è íåçàâèñèìû. Ïëîòíîñòü ðàñïðåäåëåíèÿ r(s, t2), t0 ≤
t2 ≤ s, ýòèõ ñëó÷àéíûõ âåëè÷èí, êîòîðàÿ íàçûâàåòñÿ óñëîâíîé ïëîòíîñòüþ ïåðåõîäà
÷àñòèöû èç òî÷êè s â òî÷êó τ

(k)
s óäîâëåòâîðÿåò ðàâåíñòâó∫ s

t0

r(s, t2)dt2 = 1.

Ôóíêöèè g(s) è r(s, t2) íóæíî çàäàòü è íàéòè ïåðåõîäíóþ ïëîòíîñòü, êîòîðàÿ ðàâíà

p(t1, t2) = (1− g(t1)) r(t1, t2), (27)

Ìîäåëèðóþùèå ôîðìóëû ñëó÷àéíûõ âåëè÷èí τ
(k)
s , k = 1, . . . , n, ïðè ëþáîì k ïîëó-

÷àþòñÿ èç óðàâíåíèé ∫ s

τ
(k)
s

r(s, t2)dt2 = α(k), (28)

â êîòîðûõ α(k) - íåçàâèñèìûå ñëó÷àéíûå âåëè÷èíû, ðàâíîìåðíî ðàñïðåäåëåííûå íà
(0, 1).

Íà ñëó÷àéíûõ ìîìåíòàõ (26), â êîòîðûõ ïðîèñõîäèò èçìåíåíèå ñîñòàâà ÷àñòèö, ñòðî-
èòñÿ âåñîâàÿ ôóíêöèÿ

W (t1, t2) =
k(t1, t2)

p(t1, t2)
.

Ïîñìîòðèì, êàêîé âêëàä â îöåíêó âíîñèò èñõîäíàÿ ÷àñòèöà. Îíà ñ âåðîÿòíîñòüþ g(t)
ãèáíåò, òîãäà àëãîðèòì çàêàí÷èâàåòñÿ. Åñëè ÷àñòèöà íå ãèáíåò, òî ïîÿâëÿþòñÿ n íîâûõ
÷àñòèö. Âêëàä íà÷àëüíîé ÷àñòèöû òàêîâ

J0 =


f(t)

g(t)
ñ âåðîÿòíîñòüþ g(t),∏n

k=1 ζ
(k), ζ(k) = W (t, τ

(k)
t ) ñ âåðîÿòíîñòüþ 1− g(t),

çäåñü τ
(k)
t -íåçàâèñèìûå ñëó÷àéíûå âåëè÷èíû, êîòîðûå ìîäåëèðóþòñÿ ñ ïîìîùüþ ôîð-

ìóëû (28).

Ïóñòü {t(k)1 , . . . , t
(k)
nk } - êîîðäèíàòû ìíîæåñòâà ÷àñòèö T (k), îáðàçóþùèõ k - îå ïîêî-

ëåíèå. Â T (k) = G(k) ∪H(k) âõîäÿò ÷àñòèöû G(k), èç êîòîðûõ îáðàçóåòñÿ k+1 ïîêîëåíèå
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è ÷àñòèöû H(k), êîòîðûå ãèáíóò. ×àñòèöû k - ãî ïîêîëåíèÿ âíîñÿò ñ ñîîòâåòñòâóþùèìè
âåðîÿòíîñòÿìè ñëåäóþùèé âêëàä â îöåíêó

Jk =
∏

t
(k)
j ⊂G(k)

n∏
i=1

W (t
(k)
j , τ

(i)

t
(k)
j

)
∏

t
(k)
l ⊂H(k)

f(t
(k)
l )

g(t
(k)
l )

,

à îöåíêà, ó÷èòûâàþùàÿ ñîñòîÿíèå ñèñòåìû ñ íóëåâîãî ïî k - îå ïîêîëåíèÿ, ðàâíà∏k
r=0 Jr. Àëãîðèòì çàêàí÷èâàåòñÿ íà K ïîêîëåíèè, åñëè ìíîæåñòâî G(K+1) îêàçûâàåòñÿ

ïóñòûì, à G(K) - íåò. Â ðåçóëüòàòå, îäíà ðåàëèçàöèÿ, îöåíèâàþùàÿ ðåøåíèå óðàâíåíèÿ
(23), ïðèíèìàåò âèä

V (1) =
K(1)∏
k=0

Jk, (29)

çäåñü K(1) - ÷èñëî ïîêîëåíèé â ïåðâîé ðåàëèçàöèè. Ýòîò àëãîðèòì íóæíî ïðîäåëàòü N
ðàç è ïðè áîëüøèõ çíà÷åíèõ N ïîëó÷àåì

x(t) ≈ x̂(t)N =
N∑
j=1

V (j)/N.

Óñëîâèå (25) ïðèâîäèò ê ãèáåëè âåòâÿùåãîñÿ ïðîöåññà ñ âåðîÿòíîñòüþ åäèíèöà è,
ñëåäîâàòåëüíî, ê êîíå÷íîñòè ÷èñëà ïîêîëåíèé K(j) ïðè ëþáîì j.

Ðàññìîòðèì êîíêðåòíóþ çàäà÷ó, êîòîðàÿ èìååò âèä (21)

ẋ = 0.4x3 − 0.6x, x(0) = 0.7, β = 0.4, a = 0.6, 0 ≤ t ≤ 4. (30)

Ó÷èòûâàÿ âèä ÿäðà k(t1, t2) = 0.4e−0.6(t1−t2), âûáèðàåì

r(t1, t2) =
be−b(t1−t2)

1− e−b(t1−t0)
, b ≥ a, t0 ≤ t2 ≤ t1.

Â ÷àñòíîñòè, ìîæíî âûáðàòü b = a. Òàê êàê ïåðåõîäíàÿ ïëîòíîñòü óäîâëåòâîðÿåò ðà-
âåíñòâó (27), òî â êà÷åñòâå ôóíêöèè g(s) - âåðîÿòíîñòè ïîãëîùåíèÿ â òî÷êå s, áåðåì
g(s) = e−c(s−t0). Çàìåòèì, ÷òî ñ ðîñòîì íîìåðà ïîêîëåíèÿ âåðîÿòíîñòè ïîãëîùåíèÿ â
íåì âîçðàñòàþò.

Äëÿ ñõîäèìîñòè àëãîðèòìà äîñòàòî÷íî âûïîëíåíèÿ óñëîâèÿ |W (t1, t2)| < 1, êîòîðîå
ïðèâîäèò ê ñëåäóþùåìó íåðàâåíñòâó

|W (t1, t2)| =
|β|e−(a−b)(t1−t2)(1− e−b(t1−t0))

b(1− e−c(t1−t0))
< 1. (31)

Íåðàâåíñòâî (31) íàêëàäûâàåò óñëîâèÿ: a ≥ b, c > b.
Íóæíî çàäàòü ïàðàìåòðû b è c. Îñíîâûâàÿñü íà èäåå ñóùåñòâåííîé âûáîðêè ïðè

çàäàíèè âåëè÷èíû ïàðàìåòðà b, ìîæíî âçÿòü b = a èëè ÷èñëî áëèçêîå ê a. Ïàðàìåòð c
îïðåäåëÿåò ïîãëîùåíèå g(t) â íà÷àëüíûé ìîìåíò âðåìåíè è, òàê êàê ñ ýòîé âåðîÿòíîñòüþ
àëãîðèòì íå äîéäåò äî ïåðâîãî ïîêîëåíèÿ, ñëåäîâàòåëüíî, g(t) íå äîëæíî áûòü ñëèøêîì
áîëüøèì.
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Ñ ÷èñëîì èñïûòàíèé N = 1000 áûëè ïðîìîäåëèðîâàíû äâà âàðèàíòà ïðè øàãå
∆t = 0.15 è ∆t = 0.25. Äëÿ ïðîâåðêè òî÷íîñòè áûëè âû÷èñëåíû âûáîðî÷íûå ñðåä-
íåêâàäðàòè÷åñêèå îòêëîíåíèÿ σ̂N îöåíîê x̂(t)N è íàéäåíû âåëè÷èíû

χ =
L∑

k=1

I(|x(tk)− x̂(tk)N | > 2σ̂N), δ = max
1≤k≤L

|x(tk)− x̂(tk)N |. (32)

Â êàæäîì èç âàðèàíòîâ íàäåíû âåëè÷èíû ìàêñèìàëüíîãî Kmax è ñðåäíåãî K (îêðóã-
ëåííàÿ âåëè÷èíà) ÷èñëà ïîêîëåíèé, êîòîðûå ïðîÿâèëèñü ïðè âû÷èñëåíèè îöåíîê (24).
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Ðèñ.1. ∆t = 0.25, b = 0.6. Ðèñ.2. ∆t = 0.15, b = 0.5.

Èñõîäíûå äàííûå äëÿ òðåõ âàðèàíòîâ ïàðàìåòðîâ è ðåçóëüòàòû ìîäåëèðîâàíèÿ ïðè-
âåäåíû, ñîîòâåòñòâåííî, ïðè ∆t = 0.25 â òàá.1 (ðèñ.1) è ïðè ∆t = 0.15 òàá.2 (ðèñ.2). Íà
êàæäîì èç ðèñóíêîâ ïîñòðîèíû ãðàôèêè x̂(tk)N â âèäå ñèíåé, çåëåíîé è ôèîëåòîâîé
ëèíèé, êîòîðûå ñîîòâåòñòâóþò äàííûì ñ íîìåðàìè 1�3 â òàáëèöàõ. Òî÷íîå ðåøåíèå íà
êàæäîì ãðàôèêå îòìå÷åíî êðàñíîé ëèíèåé.

Òàáëèöà 1.

∆t = 0.25, b = 0.6

� c g(t) δ Kmax K χ
1 4.0 0.368 0.035 11 3 1
2 6.6 0.192 0.048 13 4 0
3 9.0 0.105 0.097 17 5 6

Òàáëèöà 2.

∆t = 0.15, b = 0.5

� c g(t) δ Kmax K χ
1 2.5 0.678 0.020 6 1 3
2 4.0 0.549 0.017 8 2 0
3 6.5 0.377 0.036 13 2 0

Îäíàêî íå ïðè âñåõ çíà÷åíèÿõ ïàðàìåòðà c àëãîðèòì ïðèâîäèò ê õîðîøåìó ïðèáëè-
æåíèþ. ×òîáû óñòðàíèòü ýòî ïðåïÿòñòâèå, ìîæíî, èñïîëüçóÿ îïèñàííûé ìåòîä, íàéòè
îöåíêè x̂N ïðè ðàçíûõ çíà÷åíèÿõ c è çàòåì, óñðåäíèâ èõ, ïîëó÷èòü x̄N .

Â íàøåì ïðèìåðå, ÷òîáû ïîëó÷èòü x̄N , íàéäåì è óñðåäíèì ïðèáëèæåíèÿ ïðè c0 = 2,
ci = c0 + i1.5, 1 ≤ i ≤ 4. Ïðè ∆t = 0.15 âåëè÷èíà δ, ïîëó÷åííàÿ ïî ôîðìóëå (32) ñ
çàìåíîé x̂N íà x̄N , äàåò: δ(b = 0.6) = 0.056 è δ(b = 0.5) = 0.024, à ïðè ∆t = 0.25
ïîëó÷åíî: δ(b = 0.6) = 0.056 è δ(b = 0.5) = 0.018. Îòñþäà è èç àíàëèçà îáîèõ òàáëèö
äåëàåì âûâîä, ÷òî ëó÷øàÿ îöåíêà ïîëó÷àåòñÿ, åñëè âçÿòü b = 0.5.
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An application of the Monte Carlo method to solution of problems Cauchy for system of linear

and nonlinear ordinary di�erential equations is considered. the Monte Carlo method is topical

for solution of large systems of equations and in the cases with given functions are not smooth

enough. A system is reduced to an equivalent system of integral equations of the Volterra type.

For linear systems this transformation allows to avoid restrictions, connected with a convergence of

a majorizing process. Examples of estimates of functionals of solutions are given, and a behavior

of their dispersions are discussed. In the general case an interval of solution is divided into �nite

subintervals in that nonlinear functions are approximated by polynomials. An obtained integral

equations are solved by using branching Markov chains with an absorption. Appearing problems of

parallel algorithms are discussed. As an example an one dimensional cubic equation is considered.

A method of levels of branching process is discussed in details. a comparison of numerical results

with a solution, obtained by the Runge-Kutta method, is presented.

Keywords: Monte Carlo method, systems ODE, integral equations, statistic simulation
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