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Abstract—This article is the third in a series of works devoted to two-dimensional homogeneous cubic
systems. It considers the case where the homogeneous polynomial vector on the right-hand side of the
system has a quadratic common factor with real zeros. The set of such systems is divided into classes
of linear equivalence, in each of which a simplest system being a third-order normal form is distin-
guished on the basis of appropriately introduced structural and normalization principles. In fact, this
normal form is determined by the coefficient matrix of the right-hand side, which is called a canonical
form (CF). Each CF is characterized by an arrangement of nonzero elements, their specific normal-
ization, and a canonical set of admissible values of the unnormalized elements, which ensures that the
given CF belongs to a certain equivalence class. In addition, for each CF, (a) conditions on the coef-
ficients of the initial system are obtained, (b) nonsingular linear substitutions reducing the right-hand
side of a system satisfying these conditions to a given CF are specified, and (c) the values of the unno-
rmalized elements of the CF thus obtained are given.
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INTRODUCTION

This paper is devoted to finding canonical forms of real homogeneous cubic systems having a second-
degree common factor with real zeros; it consists of three sections.

In the first section, the right-hand side of the initial system, which is determined by eight coefficients,

is uniquely decomposed into the product of a common factor Poz(x) and a vector Hx, where H is a nonsin-
gular matrix. As shown in [1], the sign of the discriminant D of the characteristic polynomial of this matrix
is invariant. In each of the cases D > 0, D = 0, and D < 0, the system is primarily simplified by reducing
the matrix H to a Jordan normal form and determining a new common factor. It is for the comparatively
simple systems thus obtained that we determine conditions under which they can be reduced to various
CFs by appropriate linear changes.

In the second and the third section, we consider the cases D, = 0 and D, > 0, taking into account the

invariance of the sign of the discriminant D, of the common factor Poz. For each of these cases, we give
lists of canonical forms together with their canonical and minimal canonical sets of admissible values of
parameters introduced in [2]. We prove theorems which confirm the linear nonequivalence of the intro-
duced CFs and give, for each CF, (a) all systems in the linear equivalence class of the given CF, (b) a
linear change reducing any such system to the given CF, and (c) the values of the CF parameters in the
corresponding canonical set resulting from the change.

This paper is a direct continuation of [1, 2], and we use the notation introduced in the previous papers.
We often refer to formulas obtained in [1]; for brevity, we put the superscript “1” on their numbers. For
example, system (2.1) in [1] is referred to as (2.1)%.
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98 BASOV, CHERMNYKH

1. PRIMARY SIMPLIFICATION OF THE SYSTEM FOR [/ = 2
Consider system (2.1)!, that is, x = Aq [*/(x); at / = 2, it can uniquely be written in the form (2.14)":

P} = ox; + 2Bx;x, + x2,
x=P02(x)Hx, 0 1 Bx,x; +7x; H:(Pl q,

D, =B -y, Dy 9>

where o= 1oro,y=0and 2 = 1.

j, 8,, =detH # 0, (L.1)

According to Theorem 2.2 of [1], any nonsingular linear change (change (2.2)")

{xl =nyt sy, nos

or x=Ly, L =(
Xy =HY+ 80

j, S=detL #0 (1.2)

rh S
transforms system (1.1) into a system of the form (2.17)!, namely, y = (@, 2B, 7)qm(y)ﬁy, whose row
(&, 2[3,7) and matrix H with 855 # () are described by (2.18)".
Using notation (2.3)!, we can write system (2.17)! in the form
d= (51 b & d~1j _ (6@1 ag, + 26131 2651 + %D, 7%}
a, b, ¢, d, ap, 0.4, +2Bp, 24, + Vb, Y4,

We reduce system (1.1) to various canonical forms in two steps.

(1.3)

At the first step, we choose a change of the form (1.2) reducing the matrix H of system (1.1) to a Jordan
normal form A in the obtained system (2.17)'. Of course, the form of the change depends on the sign of
the discriminant D = (p, + q2)2 — 48pq in (2.16)! (see [3, Appendix 3.3, p. 112]).

Here and in what follows, when referring to the appendix of [3], we mean that the program package in
this appendix contains a program confirming results presented below by symbolic computations in Maple.

(1) Suppose that D > 0; then, according to (2.16)', the matrix H has different real eigenvalues A, A, # 0.
To be more specific, we assume that

}\‘l :p]+42;GO\/Ba }L2:p1+Q22_60\/5’ k*:pl_q2+00\/5¢0a (14)
where 6, = {1 if p, =2 ¢q,, —1 if p; < g,}; then 6, = sign A, and (50\/5 =X — A,
5 A =24, -
The change J; = ) A 0= 2(50\/57»*), together with the expressions for £, in (2.18)!, reduces
1) *

system (1.1) to a system of the form (1.3) or (2.17)". We have

- [0(7\4 2BA, YA, O ]; 7= (7\‘1 0 ]’ & = chi + 4Bp,Ay + 4Yp22,

0 ar, 2Pr, A, 0 A, (1.5)
B =BAi — 20 — P )As —4Bprgi, T = YA — 4Bais + b0y
(2) Suppose that D= 0. Then A;, A\, =V = (p, + q,)/2 # 0 in (2.16)'; otherwise, det H= 0.
(2;) The change J2za = G 7 2%[) j for g, # 0 (Case a) and the normalization ./zzb = ((1) 0 J forg, =0
2= D 2

and p, # 0 (p,, g, = V) (Case b) reduce system (1.1) to (1.3) or (2.17)". We have

(o Bv v 0) H_(vO
e av+2p Bv+yv) “lrv)

a: G=4y, B=4Bq -2%p —q), T=4aq’ —4Ba(p — ) +Yp -0, (1.6)
b: d=o0, B=Pp =15 (V=p).
(2,) If g, p, = 0, then the matrix H in system (1.1) is diagonal and p,, g, =v # 0.
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TWO-DIMENSIONAL HOMOGENEOUS CUBIC SYSTEMS 99

(3) Suppose that D <0 (,,> 0, p,g, <0); then the numbers A, and A, in (2.16)" are complex conjugate.

The change J; :( ;D plz_ qz] (8 = 2p,V—D), together with the expressions for B2, in (2.18)!,
D>
reduces (1.1) to a system of the form (1.3) or (2.17)'. We have

[0V 2By - v -2Bu m) ~_(v -4
ap av+2Bu 2Bv+yu v )’ w v
B=v-D(p —q,) +2Bpy),  T=0lp =) +4Bp(p — q,) + 4yp3,
where v = (p; +¢,)/2(= Rery,), L ==D/2 (= [ImA5]) > 0, and v2 + > = §,,.

At the second step, we make an arbitrary change of the form (1.2) in the linearly nonequivalent
systems (1.5)—(1.7), which reduces each of these systems to a system of the form (2.17)!; in the notation
of all components of the resulting system, we replace the symbol ~ by —.

j, o =-oD,
(1.7)

As a result, taking into account (2.18)!, we obtain the following system by analogy with (1.3):

i :(51 b:1 2 ‘le :(6@1 0q, +2[:3ﬁ1 2?"71 +Yp 7@1) (1.8)
a, b, ¢, d, 0.p, 0.4, +2Bp, 2BG, +¥p> ¥4,
where o = 6(7‘12 + 2B, +?r22, B = (as, +[~3s2)r1 +(f)sl + Y8, ¥ = ﬁcsf + 2Bs,s, +?s22, and H =
D, q o, +rd o, +5,0 _
[171 q1]=81[ N10ps T 12005 510ps T 5200 j (detH =3,;=8;; =98,,).

p2 ‘72 _rlspr - r28(1r _5181”, - stqr

It remains to choose the coefficients of change (1.2) so that system (1.8) be simplest according to struc-
tural and normalization principles [2, Sections 1.1 and 1.2].

We implement this plan separately for each of the three classes of systems into which (1.1) is divided

according to the sign of the discriminant D, of the common factor PO2 , which is invariant with respect to
changes (1.2) by virtue of (2.19)".

Thus, in effect, we find canonical forms separately in each of the nine linearly nonequivalent classes
distinguished by the signs of the discriminants D, and D of system (1.1) (see [2, Corollary 1.1]).

In this paper, we consider the comparatively simple cases D, = 0 and D, > 0.

Collection 1.1. We use the following constants and changes below:
D=(p— ) +4pa;, Go={lif p gy, ~1if p; < gy},
A=+, * Go*/ﬁ)/z» Ae=p—q,+ Go‘/ﬁ;
V= +a)/2 w=-D/2% =@ -o9"?, b=0n "
o, =signd, op={iff20-1iff<0}, o,=sign?,
f=P+ot T=@7-p"
J12 ={n, 5, = Ay, 51 = =24, 1, = 25}, J22a ={n=0,8=2q,5=2nrn=q9-p},

Jzzb ={n=1s,n=0,s,=py}, J32 ={n=~N=D,s,=p —q,,r, =0,5, =2p,}.

2. CONSTRUCTION OF CF™? FOR PO2 WITH ZERO DISCRIMINANT
System (1.1) for which PO2 (x) is a full square has the form
X =P (x)Hx, P} =(x+Bx;)’ (=B’ Dy=0,detH =3,, #0). (1.19)
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100 BASOV, CHERMNYKH

Let us select those structural forms, up to SF133’2, in List 1.1 of [2] which refer to the case /=2, D, = 0 (see
[2, Statement 1.2]); there are five such forms. We normalize them by change (2.6)' according to the intro-
duced normalization principles, which yields NSF”2= (see [2, Definition 1.6]).

Let us prove that the list given below contains all possible canonical forms of system (1.17), and the sets
specified in this list are the canonical sets described in Definition 1.10 of [2].

List 2.1. The five forms CF,-'"’Z’= and the corresponding sets cs;" 2= are as follows (the matrix H and the
discriminant D from (2.16)! (6, k= %1, u = 0, (o, 2B, 7) = (1, 0, 0)), are also specified):

CE22=2 _ G(u 00 0]’ G(u oj’ -1 esy? ™ ={u = 1,

0100 01 es?TT = u =1
CE2® - 0(0 K0 oj’ G[o Kj’ s cs;ﬁ*f ={x=1},
1000 10 esye S = o= —1);
esdiiosh ol e I
CF}~ = GG g 8 gj, GG gj M+, esT = lu<—1/4);
CE}™ = GG 2 g gj, GG gj w-17° ey =u=1.

Statement 2.1. The only forms in List 2.1 with parameter values specified above which reduce to struc-
tural forms preceding them according to the structural principles are as follows:

NSF73’2’=’> for u = —1 reduces to SF72’2 by change (1.2) with r, = r, and s, = 0;

NSFX>™ (u > —1/4) and NSF;;>~~ (u = —1/4) reduce to SF;"* by change (1.2) with s, = 0 and r, =
A+ ~1+4uwr, / 2;

NSF133’2’:’> (u #= 1) reduces to SF32’2 by change (1.2) with r, = (1 — u)r, and 5, = 0.

Collection 2.1. In the rest of Section 2, we use the following constants and changes:

O, =2pPB+Ai, ®, =29 AP, ©;=(p —q)B-2q,
®,=pPB +2pB—q, ©s=pP +(p—@)B-q, Bg=p —q+2pP;

_ -1/2 -1/2
137 ={n = [0 Vo } s =M1V 0], = Umixl\ v o}, 5 =10 11}
_ _ 172
LT = {"1, =81 = ©) Bohy, 15,5, = ‘4657%‘ };
32,=> ) 2~ |71/2 -1
L = {"1 =0,5 =-0, W55, 1, = ‘mzh‘ » 82 =M =) rz}Q
22== -1/2 )
L; ={I‘1=|p1| :51:_[3,7'220, 52:1},

_ -1/2 -1/2 _ _
Lil’ C = {"1 =0,8, =V, = Dmg\" Vv ‘(sz)z\" :|9 Sy = [2B6531Vr2 v —(Bp,) 1”2}}3
_— -1/2 — _

L2 ={n5 = D) QY 0007 =51 = (0 + Bp) D) (V2p,,)

VESTNIK ST. PETERSBURG UNIVERSITY, MATHEMATICS  Vol. 50 No.2 2017



TWO-DIMENSIONAL HOMOGENEOUS CUBIC SYSTEMS 101

L3 ={rn =G,y +VBp, —a) (D) *p', 5, = 8,,@4(-D)*(4vp) ",
r=0p—0,)2p) " 5, =8,,(4vp) '},

where p = p,m; [2v]"°.

Theorem 2.1. Any system (2.1)! with [ = 2 written in the form (1.17) according to (2.15)! is linearly equiv-
alent to the system generated by a representative of the corresponding canonical form in List 2.1. For each

CE'”’z’:’*, the corresponding (a) conditions on PO2 and H in system (1.17), (b) changes (1.2) transforming the
right-hand side of (1.17) under these conditions into the chosen form, and () the values of the factor 6 and the

parameter u in cs;' 2=* obtained under these changes are as follows:

CF*™: (@ D>0,[0,=0v®,=0], (b) J},L¥*, (c) o=][sgn\,Vvsgn,|,

w=[" v AT
CE7 (@) D>0,®,0, %0, =-k,, (b) J7, L3777, (c) o =sgnky;
CE>™: () D>0,®,0,#0,A #-Ay,, (b) JL, L3, (c) c=sgnk, u=A2A]\y;
CFy*™% (@ D=0,¢,=0,p,=0, (b) Ly"™", (c) 6=sgnp;
CF*™: (@) D=0,[q;#0,®;#0vq =0, p,#0,B=0], (b) [J5,vIpl, L3>, (c) o=sgnv;
CEY™": (a) D=0, [q,#0, B#0, ®;=0vq,=0, p,#0,p=0], (b) [/;,vIs], Li7~", (c) o=sgnV;
CF™: () D<0,g,=-p, (b) J5, %75, () o=1

CF3™ (@) D<0,v#0, (b) J5, L5, (c) c=sgnv,u=-3,(2v)".
Proof. Depending on the sign of the discriminant D in (2.16)!, system (1.17) with y= B? is reduced to
system (1.5), (1.6), or (1.7) with Jordan matrix A and common factor 1302 by the change le , Jzza or Jzzb, J32 ,
respectively. Moreover, we have &, ¥ > 0, 6.+ 7 > 0, and B> = &7 by virtue of (2.18)" and (2.19)".

Next, in each of the obtained systems, we make an arbitrary change of the form (1.2) which transforms
the given system into system (1.8), for which canonical forms will be determined.
In system (1.8), the common factor P02 has the following coefficients:
a>0: a=0"@n+Pn)’, B=a @ +Pr)@s +PBs,), T=0a (0 +PBsy) 2.9)
=0 B=0,¥>0): a=yr, B=Vns T=¥s.

We can always ensure that, e.g., B =0and ¥ =01in (2.9). For this purpose, it suffices to fix the following
relation between s, and s, in change (1.2):

a£0: s,=—0 Ps, 6=0: s,=0, (2.10)
as a result, the two rightmost columns of A in system (1.8) are zero.
(D LetD>0 (A, A= 0, A — A, = GO\/B # (). Applying the change le to system (1.17), we obtain
system (1.5), in which POZ has & = 6512, =00, andy= (D%.
Suppose that change (1.2) under condition (2.10) reduces system (1.5) to system (1.8) whose coeffi-
cients P02 are defined by (2.9) (see [3, Appendix 3.4.1, p. 114]).
Ay 000
M =Ao)ris; 2y 00
s;=1,and r, = (J]A)"°, thisis CF;"*™ with o =sgn A, and u = A{'A, # 1.

o= >0, s, = 0), then system (1.8) takes the form ¥~ .Forr,=0,
(1) Ifa=0(¥>0,s,=0), th (1.8) takes the form Jr, Forr, =0

VESTNIK ST. PETERSBURG UNIVERSITY, MATHEMATICS Vol.50 No.2 2017



102 BASOV, CHERMNYKH

(1,) If & > 0, then system (1.8) has the form

- oA + P Bk, —A))s, 00
A=(r1+66_1[3r2) ahn + P 2"2_l BA, ~1)52 . .11
6((}»2 - }\/1)"1”2;92 d?\qu + B}\/lr2 0 O
1 0o ~ ~ 2 }\/1 O 0 0
(1,) If =0y =0, s, =0), then system (2.11) takes the form G, ., . Forr,=0,
Ay =ADrs; A, 00
s,=1,and r, = (@[A,)) ", thisis CFy*™” witho =sgn L, and u = A.L;' = 1.
(1§) Suppose thatB #0.
B3 If A, = =\ & p, + g, = 0, then, for r, = & 'Br,, system (2.11) has the form

0 r's,00 _
rin,| 27T 7 Forr, sy = (7)Y, this is CF22 with 6 = sgn Ay,
nsy' 000

A vy = A)rs s, 00
(1§") If A, # —A,, then, for », = 0, system (2.11) has the form ?rf 2 (A Or 53 . Forr, =
0 A 00
FA) 7" and s, = LAy —Ay) T @), this is NSE;?™ with 6 =sgn A, and u = A 'A, # £ 1.
In system (2.11), we can also make b, = 0 or g, = 0; this results in SF132’2 or SFS,’lzg, which are preceded
by CF73 2= according to the second structural principle.

(2) Suppose that D= (p, —q,)” +4p,q, =0,i.e., A, A, =V =(p, +¢,)/2 # 0in (2.16)".

(2)) If ¢; # 0, then system (1.17) with y= 32 is reduced by the change Jzzu to system (1.6) with & = 4[32,
=-2B((p, - 4,)B —24,), and ¥ = ((p, — 4,)B — 24,)° according to (1.6,); if g, = 0 and p, = 0 (¢, p, = V),
then this system is reduced by the change J 22b to (1.6) with & = 1, p = Bp,, and ¥ = (BP2)2 according to
(1.6p).

Suppose that change (1.2) under condition (2.10) reduces system (1.6) to system (1.8) whose coeffi-
cients 150 are defined by (2.9) (see [3, Appendix 3.4.2, p. 116]).

n+vr, s 00

(2}) If & = 0 (¥ > 0), then system (1.8) takes the form ?rz{ J Forr,=0,r,=

—n sfl vr,—r 00
(?|V|)71/2, and s, = vr, (s, = 0), this is CF;”>™~ with 6 =sgnv and u = 1.
In addition to &, =0, we can obtain 52 =0or a, =0insystem (1.8); this will transform the given system

into one of the forms SF;;’ and Sijg, which are preceded by CF;">~~ according to the second structural
principle.

(2 If & =[4B° v 1] > 0, then system (1.8) has the form
@vr + Py + Py -0 'Bs, 00
arls;! @vr, =Py +Pvr, 00/

A=+ a_]B"z)(

~ v 000
(212”) Suppose that 3 =0 (s, =0) < [G; =0 v B =01]. Then (2.12) has the form 6Lr12 ( . ] For
ns, voo

r=(@v) "% r,=0,ands,=v'r, thisis CE, {3~ with 6 = sgn v. Then, renumbering (2.7)" is performed.

-1y -1
~ - 00
(22b) IfB = 0 (¥ > 0), then, for r;, = 0, system (2.12) has the form ) v .Forr,=
1 v 4
0 % 00

FM)~"? and s, = By "'vr, (s, = vry), thisis CF;*™" withc =sgnvand u = 1.

Cases (2:) and (2121’) for g, # 0 (B =0 and B # 0) are united in the statement of the theorem.
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TWO-DIMENSIONAL HOMOGENEOUS CUBIC SYSTEMS 103

From system (2.12) succeeding forms 513132’2 and SFZ’f8 can also be obtained.

(2,) Suppose that g, = 0 and p, = 0 (¢, = p,), i.e., the matrix H is diagonal in system (1.17) itself.

Change (1.2) with r, =|p,[/?, 5, = —B, r, =0, and s, = | reduces (1.17) to CE3>>~ (u= 1) with 6 =sgn p,.

(3) Suppose that D <0 (p,q, <0). Change J 32 reduces system (1.17) to system (1.7) with & = —D, B =
N=D®4, and ¥ = mé.

Suppose that change (1.2) under condition (2.10) reduces (1.7) to system (1.8) whose coefficients 1'30
are defined by (2.9) (see [3, Appendix 3.4.3, p. 118]).

In other words, system (1.8) has the form

(2.13)

4 6B @v+Bwn+@v-owr,  -a@ +fus, 00
‘ ’ w(n + rd)ss! @v =By + @+, 00)

(3,) Suppose that v =0 < g, = —p,;; then o’ + Bz = —-4Dp,m, # 0, because the discriminant of @,
equals D, and D = 4(p12 + p,q,). In this case, for r, = &_IBrI, system (2.13) takes the form
< 0 -1's,00 < a
a”@ +pH’u| L, . Forry, s, =626 + B ~'u™"?, this is CF;%™ with o = 1.
ns, 0 00
(3,) Suppose that v=0 < p, + g, # 0; then o’ + Bz = —4Dp,ms # 0, because the discriminant of ®;

~3/2
o

equals D. In this case, forr, = &"*(@u + Bv)p, r, = 6"*(Bu — av)p, and s, = v’ +1*)v)'p, where

p= |2V|71/2 u_l(dc2 + [32)_1 , we have b, = 0 in system (2.13), and this is CF;>~ with 6 = sgnv and u =
(v’ +p*)Qv) 7 <—1/4.
Making @, = 0 in system (2.13), we obtain a SF with larger index. []

Thus, we have proved the completeness of List 2.1 of the forms CFi'"’Z’: with common factor PO2 having
zero discriminant and the linear nonequivalence of these forms.

Below, we give nonsingular linear changes which make it possible to distinguish minimal canonical
sets introduced in Definition 1.11 of [2] for the CFs in List 2.1.

Statement 2.2. The only forms in List 2.1 for which the values of the parameters of cs;' >= can be

bounded are CF72’ ’]f’: and CF73 2= in CF% ’,f’:, normalization (2.6)! with r,, —s, = 1 changes the sign of G,

and in CF;>>” with & = 6 and 4 = u, the change with r, = g%, 5, = 0, r, = (1 — @)|a|""*, and s, = ala] ™"

yields 6 = &sgni and u = a.

Corollary 2.1. According to Definition 1.12 in [2], acs%’ﬁ’z ={o=—1}and acs;*™" = {l > 1}; for the

.. 2=% | m2=k
other forms in List 2.1, mcs™ =cs" .

3. CONSTRUCTION OF CF™? FOR PO2 WITH POSITIVE DISCRIMINANT
System (1.1) for a polynomial P02 (x) with positive discriminant has the form

PO2 = OLxl2 + 2Bx,x, + yxzz, D, = Bz —oy>0,

% = Py (x)Hx,
o=1 or o,y=0, =1 (detH =3§,, #0).

(1.1%)

Consider the structural forms up to SF243'2 in List 1.1 of [2] which correspond to the case /=2, D, > 0
(see [2, Statement 1.2]); there are nine such forms. We normalize them according to the normalization
principles and find out which NSF”2~ are canonical.
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Let us prove the list given below contains all canonical forms of system (1.1”) together with their canon-
ical sets from Definition 1.10 of [2].

List 3.1. The seven CF,.'"’Z’> and their cs;" 2> are as follows (the row (., 2P, y), the matrix H, and the
discriminants Dy and D in (2.16)! for 6, K = 1 and u, v # 0 are also specified):

> 0u00 0 1/4,
CFf’b’-:o[ . j 0.1,0), c[g J, /

0010 w-1%
cproE _ g[00 K0 ©.1,0) 0x) 1/4
8,k =0 0 1 O 0 ) ) ) &) 1 O bl 41(,
Oulo ul 1/4
(:F3g>2 =0 , 0,1’0 , o s ’
10 0019) ©LO 01) w-1?%
= 0luo0 1u 1/4
CE}>= = 0,10 ’
L [o 10 0) ©.L0) 6[1 o)’ du+1;
CE* _ u0-u 0 (10, - o u0 1,
1 =001 0 -1) 01) w-1?%
CF42>> =G -1010 (1 1 0) G -11 1/4,
Jd4,-1 — 0 LlLlO, s Ly ) 0 u > (ll+1)2;
cEE 2oV VY 00, of" v
23 - 0 1 1 0 s s Ly ) 1 1 5 (u_1)2+4v’
e = u Ay, sy T == esg ==, esg S = (=1
esi =u A, esy T =u=1;

32,>>

esi7T = > /4y, esiT T = lu=—1/4),  esiTS = lu < —1/4);
ess T =lu A 2Ny, esiiy =du# —1,-2,-3);

4,2,>>

CSy3 =uzl,v>—-(1- u) /4, v #u, Qu-—-1/4, u2 —u)/4},

4,2,>=

esyt T = ur -, v=—1—-u)/4, s ={v<—(1-u)’/4.

0 0 OuO—
Statement 3.1. The forms NSF;”>” = (0 g th J and NSF5> = (0 g X lu] in List 3.1 are not

CF*2>,
Proof. The change with s, = —s, and r, = 0 reduces NSE;">” to CF;;”>” or CE;”>> and NSE5™, to

CFﬁ&>>OrCFf2>> 0
Collection 3.1. In the rest of Section 3, we use the following constants and changes:
O = =0k, @ =0 —GFA, @3 =2Tvop T @f = 2TV £ (G + P
Ly =tn =1 s = 0,55 = (Bho) )
L™ ={n =" D' @BA) 000y 51 = M s = 0,5, =7 D7,
L21362’>’> ={n=0,5 = |OC| 2 p r, = |6‘|l/2 01/4(237\11)7 G¢Oqs 55 = —OT S1}§
L§3—1>> {n= |4d7¥1|_1/ » 51 = _?ﬁ_lsza = _aﬁ_l"la Sy = |4?7L1|_1/2};

VESTNIK ST. PETERSBURG UNIVERSITY, MATHEMATICS  Vol. 50 No.2 2017



TWO-DIMENSIONAL HOMOGENEOUS CUBIC SYSTEMS 105

4,2,>> -1/2
I /

1/4 1/2 —1/24.
i1 ={ns =vi(1+v’) }

bl

s 19y 8y = v_l/4(l + vl/z)
L2 =t = %Ron[ ™, s = =10 0, 15 = ~6f i, 5, = 62B) ),
S>> ~ o — ~ A — ~) | ~1/2 o
sz’éz ={n =-yN 1"2, s, =¥(2B) 1"2, n = ¢2n|Y7V2| v , §p = —0M 151}‘;

425, ~1-1/2 ~—1/4 o1 U /2 N1/4, A a—1)2 -1
L1377 ={n = |20L| DY > S ==Y Sy, K, =—0M K, §; = _|OC| DY (=20) / (2v) 0,0,},

L2577 = = O *[6) 2 DV, 5y = AR sy 1 = =0 'R, 5, = B[R |6]? D403'646,0p);

42>> _ _ _
L114,—1 ={ns=1,nrn=0,s,=-2},

LAY = 4n = 0,5, = (@~ 2)s,/2, oy, = 2[aia - 2)"%);

b
22,5= = AL o] ~ ~4 -1y,
Ly ={nh=708=0¥%pN) ,n=-0,5,=0p};
3,2,>= ~x—1 &|~1/2 -1 ~ -1 .
Ly ={rn == "r.s =28 . =vTs, s, = —0fi s}

L™ ={n =Y 'r, 5 = —0/2, 1, = —0NY 05, 5, = =0 '5,};

L2777 = = &, 5, = VR 55, 1y = —60 1, 5, = ON2Y) o)
L3 ={n =0, 5 =0 sy 1, = =05, 5, = 67i(93) O}

22,5,= L1/2 22 F2-1 —-1/2 ol ool .
LS,—I> z{”l,32=|n| (@ +B7)u /,Sl=—7ﬂ 8§y, b, =—0N n};

1/2 -1/2 -1/2

LU ={n =40 ', 5 = 07 + 1) 2@+ 97 @)% r = 00(E + 2D 2, s, = —6f s )

L2777 = {n = 6R(@ +AHW 2, 51 = A sy, i = =07 1, 55 = 0O +177)2@ + 7@
Ly /93}.

1/2 1/2

3= 1{n = 0R(@ + AW T, s = T sy, 1y = =0, 5y = O((@° + 7))

Statement 3.2. The only forms in List 3.1 with given parameters values which can be reduced to struc-
tural forms preceding them according to the structural principles are as follows:

(1) NSF;%™: (a) for u = —1, the change with r, = —r, and s, = s, reduces this form to SFZ*;
8,—1 8
(b) NSF;ff’: (u = 1) is reduced by the same change to SF42’2;
2) NSFE 7 (a) for u = —3, the change with r, = 0 and s, = —2s, reduces this form to SF;” ;
14,-1 2 8,—1

(b) for u = —2, the change with r, = —r, and s, = 0 reduces it to SF13(32;

(©) NSFft;,Zj’: (u = —1) is reduced by the same change to SngZ;

(3) NSF;;"””: (a) for6 =cand u =1 (v > 0, v # 1), the change L‘gi’f’> reduces this form to CFy”;™”
witho=—6andu=(1-v")H1+v") " e (=L, 1) (u<1);

(b) forii = u # 1 and v = (2i —1)/4 (& # +1/2), the change L1} reduces it to CE5>}” with u =
=24 —1(u=—1,-2,-3);

(c)for6=o0, d=u1,and v =2 - ii)/4 (ii # £2), the change L2{;7;” reduces it CF5*7” with

=_Gsgn(i(@—2)) andu=—@G+2)i ' (u#—1,-2,-3).

Theorem 3.1. Any system (2.1)" with | = 2 written in the form (1.17) according to (2.15)" is linearly equiv-
alent to the system generated by a representative of the corresponding canonical form in List 3.1. For each

CFim’2’>’*, the corresponding (a) conditions on the coefficients of system (1.17), (b) changes (1.2) transforming
the right-hand side of (1.17) under these conditions into the chosen form, and (c) the values of the factor ¢ and

. ,2,>, 3% .
the parameters u and v in cs;" obtained under these change are as follows:

CE;/>7:(@)D>0, 6=0,7y=0in(1.5), (b) J], L;>7, () =1,u=AA";
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CE”:@ D>0,[a=0,7#0 va=0, y=0] in (1.5), (b) J;, [LI;;”” v L2771, (c) 6=
[-640, v 6Ol 4= [AAS v AT A, ];

CF77: (@) D>0,B=0,v=0in(1.5), (b) J, Lg377, (c) 6 = GOy

CF%7:(a) D>0,f=0and v = 0in (1.5), (b) J7, L1577, L*” with v = D(2v) >, (¢) 6 = GOy,
u=(2v|- D"*)(2v|+ D'*)7";

CF¢™:(a) D>0,in (1.5), 8, B, 7= 0and 2tv = [6,D"* [f v —0,D"* |1, (b) J{, [ LI}y v L2771,
(c)o=[0,sgnhA, vo,sgnk,l,u= —a7(2P)

CF;%7”: (@) D>0,in(1.5), &, B, 7= 0and 2tv = +D"* ||, 4% = [2i — 1 v @2 — )], where ii = ¢,¢;'
and v = —DaFR’ @57, (b) J7, L2577, [L1)777 v L2377771, (€) © =[Oy V GO, sgn (@2 — i)l u =
[=(1+2a) " v =@ +2)"'];

CF,57: (a) D> 0, in (1.5), &, B, ¥ =0, and 2tv = +D"* B[, 4% = ii2 — i), (20 — 1), where ii = ¢,¢;'
and v = —-DaF’@;", (b) J}, L2377, (C) 6 = 6Oy, U = il, vV = ¥;

CE*"1(a) D=0, ¢;,p, =0, (b) L, () 5= I;

CEY” (L1 if D=0, [q,#0 v ¢, =0, p, #0], and 7 = 0 in [(1.6,) Vv (1.6,)], then the changes
[J3, v J3] and Ly~ reduce (1.17) to CF5>~ with 6 = op;

CFy” 7 (1) (@ D=0,[q, #0v g, =0, p, # 01, in [(1.6,) v (16,)], ¥ % 0and ¢ =0, (b) [J5, v J3, ],
L1377, (c) 6 = —op;

(2) (@) D=0,[g, #0v g, =0, p, #0],in[(1.6,) v (1.6)], ¥ = 0 and ¢; =0, (b) [J5, v J3,1, L2},
(c) 6= op;

CEy" (@ D=0, #0 v ¢, =0, p, #01, in [(1.6,) v (1.6,)], ¥ = 0 and 5 # 0, (b) [J3, v /3,1,
L3777, (©) 6 =0p,u = 03(93) ", v =Y (@3) 3

CE%7 1 (@) D<0,v=0,8+7=0in(L7), (b) J5, Lg*7<, (c) 6 = op;

CE¢7 (@) D<0,v=0, [@; =0v @, =0]in(L7), (b) J5, [LI}77 v L2771, (¢) 6 = [-0p Vv O ;

CFy;7%(a) D<O0, V2 + (6 +7)* # 0and ¢ # 0in (1.7), (b) J35, L3775, () 6 =0p, u = ¢4(9;) , v =
R CA BICAR DU I G

Proof. Depending on the sign of the discriminant D in (2.16)!, system (1.17) with 2 > oy is reduced to
one of systems (1.5), (1.6), and (1.7) with Jordan matrix # and common factor 1502 by one of the changes
Ji,J 22a and J 22b, J3, respectively; moreover, we have %, [fj| > 0, because D, = 82D0 by virtue of (2.19).

Next, for each of the systems thus obtained, we make an arbitrary change of the form (1.2), which
transforms this system into system (1.8), for which canonical forms will be determined.

The coefficients & and ¥ of the common factor 1302 in system (1.8) can always be made zero; as a result,
A in (1.8) will have elements a,, @, = 0 and d,, d, = 0.
To achieve this, it suffices to fix the following two relations in change (1.2):

=5, n=—0R"n @=@"-a0" A=p+og sen0=1), (3.19)

which imply 8 = ris, — s, = 23" 'Gpris, and, in system (1.8), B = 2¥°f 'nis,. If & = 0, then % = |B| #0,
and if = 0, then & = f| = (-a:7)""> > 0.
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However, no changes satisfying condition (3.14) yield NSF;ff and NSF:,’IZ‘;T_l in List 3.1. But these
forms precede only NSF2432’>, and they will be obtained from the latter according to Statement 3.2 in
items 15 and 15, respectively.

(1) Suppose that D >0 (A,A, #0, A, — A, = 60«/5 # 0). The change J;” reduces system (1.1”) to sys-
tem (1.5) (see [3, Appendix 3.5.1, p. 119]).

An arbitrary change of the form (1.2) satisfying condition (3.14) reduces (1.5) to system (1.8) of the
form

%GB [0 A _6‘%_2%)’]52 _?ﬁ_lo\'l _xz)szz 0] (3.15)

0 &f ™'y =) (A, — 63 "Ans, 0)
(1,) Consider the case &7 =0 (B # 0, 7 =[], fj = 2B).

0 2Prrs, 0 0

1 If &,% =0 (r, s, = 0), then (3.15) takes the form ~ .Forr,=1ands, =
(1) Y (r, 85 ) ( ) [O 0 Whyns, Oj 1 2

(2BA,)”', thisis CF;>>” witho = 1and u = L, 15" = 1.

0 2BArs; Y —A,)s5 0
(112) If & = 0 and ¥ # 0, then system (3.15) takes the form [ Prinsy Y 2)S J For r,

0 0 2BArs, 0
~[h; = A" 2BA,) 040, and s, = [k, — A,)[?, thisis CEjy>™” with 6 =~ sgn ¥ andu= A" = 1.

3 ~ ~ 0  2BAns, 0 0
(1) If ¥ = 0 and & # 0, then system (3.15) has the form — . For r, =
0 OA; — A" 2BAyris; O

oA, =) and s, = [&h, — o) 7% 2BA1) 1640, this is CF,5 with u = A;"A, # 1 and 6 = 6,0,,.

Renumbering (2.7)! reduces it to CF;;>>” with the same & and u.

(1) Suppose that & = 0 and ¥ = 0 (% # [B)). In this case, we have &5, # 0 in system (3.15).

(15) If B =0, then 67 < 0 and 1}, % = (—ay)"/>. Therefore, system (3.15) has the form

[0 2-09)"2 My + A)ns, =27\ —Ay)s; O] (3.16)

0 26A —A)r 2(=69)"\ + Ars, 0)

(15) Suppose that A, = —A, < ¢, = —p,. Then system (3.16) with r, = |46(7\,1|71/2 and s, = |4'~y7»1|71/2 is
CFy7” with 6 = sgn (@A) (= 6,0, = G, SgN p; = —G,C.,).

(1Y) Suppose that A, # —A;. Then (3.16) with s, = —|a(A, — 1,)|"* (=269)"*(h, + X,)'6,0,, and
n =26k, =A% is NSES™ with 6 = sgn (A, — X,)) (= 646,), u=1,and v = Dk, + A,) "> (v >

0, v # 1). According to Statement 3.2, this system is not canonical, because it reduces to CFQ fi>’>.

(1%) Suppose that f # 0. Then 512 + 522 = 0.
(15) We have ¢, = 0 & A, = 61| A, © T\, +A,) = |B| (A, = \,), because &y = (B — oM. In this
0 8BT°H Ars, —4VETH As; 0

0 48%8°7 A 0 0
, this is CF;>>” with 6 = 6, sgn A, and u = —a7(2) > > —1/4.

case, (3.15) has the form ( } For r, = i2%)" |6L7\.1|_1/2 and s, =

1/2

Aou4pr) " |an|”
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(13") In the case b, = 0 © A, = 671 A, © TA, +A,) = —|B| (A; = A,), system (3.15) has the form
0 0 5 0 - . )
457770, ) 27 For r, = A7) Ao and s, = /(2% [, this is CE2%™ with
0 —6“‘1 2BI’1S2 O
0 =0,s8n A,andu = —6(?(2[3)_2. Then, renumbering (2.7)! is applied.

(1) Inthe case by, & # 0 < (A, + &) £ [ (A, — &,) =0, system (3.15) with r, = [7*a(A, — 1, "* §
and s, = [fi[** |6, —1,)|" 09;'00,05 is NSF5™ with 6 = 646, 4 = ¢,¢;' (u # 1), and v =
—OF M = 20’05 (v = u, v > —(1 —u)?).

If v=_Qu-1)/4 or v =u(2 — u)/4, then the obtained form NSF243’2’>’> is not canonical, because it

42> >

reduces to CF;~7~ by Statement 3.25.
If v # Qu—1)/4, u2 — u)/4, then NSE,;>>” = CF,;>™.
(2) Suppose that D=0 (A, A, =V = (p, + ¢,)/2 # 0) (see [3, Appendix 3.5.2, p. 128]).

2) Ifg,#=0o0rg,=0andp, #0(g, = p, = V), then the change Jzza or J22b reduces (1.17) to system (1.6),
and the latter is reduced by any change (1.2) satisfying condition (3.14) to system (1.8) of the form

0 o' %2552 0 N
2% o3M '2'152 Y_T]_l BS2 (@3 = 2tvoy £ ). (3.17)
0 opn o ns, 0
B _ ~[0 0 0 -
(2}) If¥=0 (% =|B[, | = 2B), then system (3.17) has the form 2[3( V7is2 ] Forr, = |2[3| 12 and

2
0 n vns, 0

S, = V_lrl, this is CF3’12(‘)>’: with 6 = 65 and u = 1. Then, renumbering (2.7)! is applied.

a,

(2}) If ¥ # 0, then b,¢, = 0 and b’ + ¢, # 0 in system (3.17).

_ 0 0 —2%'fi  ogs; 0O
(212”) Suppose that b, = 0 < ¢; = 0. Then system (3.17) takes the form 5 v T'l_ . B2 .
0 2Togr™ —473YN ns, O

For r, = —§/2 and s, = -0y~ ‘o5, thisis CF,; ~ with 6 = —6 and u = —1/4; then, we apply (2.7)".

a,

0 4271 'ns, —2%7° “ops; 0

(2" Ifé,=0 < @; =0, then (3.17) has the form [ oj’ Forr,=ands, =

Aoy’ 0
$7(27) o, this is CF;™~ with 6 = 6z and u = —1/4.

(2{) If b, # 0« @3 = 0, then system (3.17) with r, = ¢ and s, = ¢7i(3) 'y is CF,;”~ with 6 = o,
u = (p;r((p;)f1 , and v = —?2(([)5)72 (u #£1, 4v = —(1—u)’), because, according to Statement 3.2,
NSF;;>”~ cannot be reduced to NSFy™ or NSF;>7™.

(2,) Suppose that g, =0 and p, =0, i.e., the matrix H is diagonal in system (1.1”) itself, and its diagonal
is (p;, p)- Then change (1.2) withr, =R, 5, = (T)W(plﬁ)_l, ry=—0,ands,= 6)41)1_1 reduces (1.17) to CF42’2’>’=
witho=1(u=1).

(3) Suppose that D = (p, — q2)2 + 4p,q;, <0 (pyq; <0). From system (1.17) we obtain (1.7) (see [3,
Appendix 3.5.3, p. 135]).
An arbitrary change (1.2) satisfying condition (3.14) reduces (1.7) to system (1.8) of the form
2t65 (0 TiQans —(7 + 7 )uss 0
—JB( J(P‘['z : (7~ i s (@ = 2Evop + (3 + D). (3.18)
n° 0 (@ +17)un NQ47S, 0
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B) Ifv=0( p+q,=0) and &+7=0, then © = (& +p*)"2, and (3.18) has the form
0 0 471 'us; 0
0 48°1 'ur’ 0 0

(3,) If V2 + (6. + )2 # 0, then b + &, = 0.

). Forry, s,= ¢’ |ﬁ|l/2 w2, we obtain CFy? with 6 = sgn .

(312) Ifb,=0& ¢, = 0 (V(6 + J) # 0), then system (3.18) has the form

2tuc, (0 0 -7 +7)ss 0
> 0 @ +7)r —20@ +rs, 0)

%)/2 Y2 and s, = o1((¥* + 7)) "7, this is CF, 7, with 6 = - and u =

@+7) (4"
—@> + 1) F + 7 QA6 + 7)) > < —1/4. Then, renumbering (2.7)! is performed.

Forr = §(7" +17

(3%) Ifé, =0 @, =0 (v(&+79) # 0), then system (3.18) takes the form
2tpoy (0 20+ Prs, 77 +17)s; 0
oo @y 0 o)
Fors, = ¢ +1°)"*(@+ 9~ (4w)~"* and r, = $7i((@” + i’ ))~""?, this is CFy”" with 6 = 6 and the

same u as in (312).

(33) If bé, # 0 o @, = 0, then system (3.18) with r, = H(@E° + 77 )w) "

o((&* + AW (@r) ! is CF  with 6 = o5, u = 3 (¢;) ', and v = —p*(@” + 1) ¥ + AR (91~

4,2,>< 42><

(4v < —(1-u)?), because, according to Statement 3.2, NSF,;”"" cannot be reduced to NSF;™" and
NSE{<. O

Below, we give nonsingular linear changes which make it possible to distinguish minimal canonical
sets introduced in Definition 1.11 of [2] for the CFs in List 3.1.

Statement 3.3. The only forms CF™2” in List 3.1 for which the values of the parameters of cs
be bounded are as follows:

and s, =

2> can

(1) in CFE;”>”, normalization (2.6)! with r,, —s, = 1 changes the sign of &; for i = u, || > 1, the change

. ~—l1 . ~—1
withr, s, =0,s,=1,andr, =@ yieldsu=1a ;

(2) in CF;%, renumbering (2.7)' changes the sign of 6, and in CF,;>7” with u = 1, so does the change

with —r, 1y, 5, = 372 and s, = 2s,;

(3) in CFy%™” with & = 6 and @ = u, |a| > 1, the change with r, s, = 0 and s,, , = |a|""/* yields 6 =

~ s ~ ~—1
—G6signiZ andu=d ;

3/2 -1

(4) in CF;;>™” with & = 6, 4 = u, [i| > 1, and ¥ = v, the change with ry, s, = 0, 5, = [#]"* (@%) ', and

r= |x7'|_1/2 yields6=6&sgn ¥, u=i ', and v =i ¥.
Corollary 3.1. According to Definition 1.12 in [2],
acs;™” = {u| >1, 0 =-1, acsy?”" ={o =-1, acséﬁf’< ={c=-1},
acs;’_z’l>’> = {|u| > 1}, acsffj’> ={c=—-1foru=1}, acs;"32’>’> = {|u| > 1};

for the remaining canonical forms in List 3.1, mcs™>”* = ¢s™2>>*,

ADDITION

In [4, 5], on the basis of real canonical linear transformations, Markeev classified the unperturbed
autonomous Hamiltonians of the third and fourth orders and determined the canonical forms of such
Hamiltonians (in our terminology). Thus, for Hamiltonian systems, all Hamiltonian normal forms of the
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second and third orders have been obtained. It is interesting to compare such forms with normal forms
of the second order, which were first obtained by Sibirskii [6] and, later, by Basov and coauthors (see
[12, 13] in the bibliography of [1]) on the basis of different principles, as well as with the normal forms of
the third order obtained in the present cycle of papers. In the case of coincidence (coincidences do occur),
it is interesting to compare the structure of the arising Hamiltonian and non-Hamiltonian generalized
normal forms.

We also mention that, in [5], separate canonical Hamiltonians of the third order were used as unper-
turbed Hamiltonians for the purpose of a subsequent normalization of Hamiltonian perturbations of any
finite order, after which a series of results on the stability or instability of an equilibrium position deter-
mined by conditions imposed on the corresponding terms of normal forms were obtained.
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