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Abstract—This work is the second in a series of papers concerning two-dimensional homogeneous
cubic systems. In the first paper of the series, structural principles were developed to introduce a total
order on the set of structural forms, i.e., vector polynomials with a fixed number of zero coefficients
that are right-hand sides of two-dimensional homogeneous cubic systems of ODEs. Among them,
structural forms normalized on the basis of normalization principles and canonical forms (CFs) that
are linearly nonequivalent to each other and are the simplest in their class were sequentially distin-
guished. In this paper, for above-mentioned systems with proportional right-hand side components,
all CFs with their canonical sets of permissible values are distinguished. For each CF, (a) conditions on
the coefficients of the original system, (b) linear substitutions that reduce the right-hand side of a sys-
tem under these conditions to the chosen CF, and (c) the resulting values of the CF’s coefficients are
given.
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INTRODUCTION

This paper is a direct continuation of [1], so it retains the notation introduced in [1]. In view of the
numerous references to formulas obtained in [1], for brevity, they are denoted by superscript 1. For exam-

ple, system (2.1) from [1] is designated as (2.1)".
1. CANONICAL FORMS AND THEIR DEFINITION PRINCIPLES

1. 1. Structural Forms

Let us consider the homogeneous cubic system (2.1)!

x = P(x) = Ag"(x), (11)
which is identified with a real matrix 4 any of whose rows 4; = (a;, b;, ¢;, d;) (i = 1, 2) is nonzero and g3, =
colon(xf, x,2x2, xlxzz, xg).

The main task in this section is to formulate principles that make it possible to distinguish the “sim-
plest” linearly nonequivalent systems, which are referred to hereafter as cubic normal forms (NFs), while
their right-hand sides are called canonical forms. For every cubic NF, we specify the conditions on the
coefTicients of the original system (1.1) and a linear nonsingular substitution (2.2)",

X =Y+ 5 X, =By, +8y, or x=Ly (=detL #0), (L.2)

that reduces (1.1) to the chosen cubic NF.

Moreover, the principles behind the choice of canonical forms have to be formulated so as to maxi-
mally facilitate the reduction of system (1.4)' x = P(x) + X(x), where the unperturbed part P(x) is a canon-
ical form, to generalized normal forms by applying almost identical substitutions.

As the first step toward the definition of a canonical form, we introduce the formal concept of a struc-
tural form and an order on the set of structural forms.
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TWO-DIMENSIONAL HOMOGENEOUS CUBIC SYSTEMS 205

a b ¢ d

Definition 1.1. A real matrix A = ( j with nonzero rows is called a united structural m-form

a, b, ¢, d,
(m=2, ...,8),denoted by USF", if some m of its elements are nonzero, while the others are zero. The finite
set of all USF” is designated as SUSF” (set of USF™).
Obviously, one united structural m-form differs from another by the positions of the nonzero elements.
In what follows, for brevity, any USF" is written in rows, indicating only nonzero elements in each of

a 0c¢ O
=(ay, ¢;; dy).

them, for example,
000 d

Consider all possible arrangements of the nonzero elements in the set SUSF" (m = 2,_8).
Definition 1.2. The index of an element a; (i = 1, 2;j = 1, 2, 3, 4) of the matrix A4 is the number in the

1
. /. j)in th tri
position (i, j) in the matrix (4 391

elements in A4; if necessary, we write 4. The indices of rows 4, and A4, are introduced in a similar manner.
It can be shown by direct verification that the following three structural principles allow one to com-
8
pletely order the finite set SUSF = U , SUSF"™.
m=

Structural principles (SPs) for ordering the SUSF:
(1) Any USF™ precedes any USF" if m < n.
(2) Any USF" with a smaller index precedes any USF" with a larger index.

]. In turn, the index k of A4 is the sum of the indices of the nonzero

(3) Given any two USF™ with identical indices, the preceding m-form is one in which

(3,) the row A, has a smaller index;

(3,) in the case of identical indices of A,, the left nonzero element in A, has a smaller index;

(35) otherwise, the right nonzero element in A, has a smaller index.

Thus, in any subset of SUSF, the structurally “simplest” is a matrix 4 in which, in order of mentioning,
(1) the number m of nonzero elements is minimal; (2) the index k is minimal; (3,) the index of 4, is min-
imal; (3,) the index of the left nonzero element in A, is minimal; and (3;) the index of the right nonzero
element in A4, is minimal.

Let us discuss the basis for choosing the above SPs as applied to system (1.4)! with an unperturbed part
P(x) generated by a united structural m-form A.

SP1 requires that the number of zero elements in 4 be maximal, which is undoubtedly a necessary con-
dition of primary importance for the maximum possible simplification of the bonding system (1.7)".

Relying on the arguments used in Section 1.4 of [1], SP2 and SP3 optimize the arrangement of the
available nonzero coefficients.

For example, SP2 prefers the least weakly related unperturbed system, i.e., a system in which P, and P,
contain variables x, and x,, respectively, in minimal degrees. Naturally, SP2 makes sense only for / < 2,
since, for / = 3, the coefficients of the polynomials are proportional and a permutation of the columns in
A does not change its index.

SP3s always prefer those structural forms that satisfy condition (1.9)!, which is important for the nor-
malization of perturbed systems.

Moreover, SPs were chosen so as to minimize whenever possible the number of nonzero elements in
the row A,. This is indicated in Remark 1.1 below.

After introducing the SPs, the number of USF” used in what follows is considerably reduced, since,
from the point of view of the subsequent normalization of perturbed systems, it is of no matter which of
two matrices is chosen as an unperturbed part if they are obtained from each other by relabeling (2.7)! of
L={r,s,=0,r,s =1}

Definition 1.3. Given two different united structural m-forms obtained from each other by relabeling,
the one that is preceding according to SP3 is called basic (or merely a structural m-form) and is denoted

by SF”, while the other is called additional and is denoted by SF,".

Obviously, there are “symmetric” structural m-forms, i.e., SF” that do not change after relabeling
2.
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Since any pair consisting of a basic and an additional structural form is linearly equivalent, the “worst”
additional form in terms of SP3 is of no interest in itself, but it can sometimes be used for convenience.

Convention 1.1. According to the order introduced, any basic structural m-form is associated with an

index i and is denoted by SF.”, while the corresponding additional structural form is denoted by SFaf'lf.

List 1.1. 120 ordered structural forms from the SUSF:

SF12 = (a; dz)[z]: SF22 = (ay; Cz)[3], SF32 = (a;; bz)[4], SF42 = (by; CZ)[4]7 SF52 =(ay; a) s
SF62 =(b; bz)[sp SF72 = (by; az)[s]a SF82 =(cy; bz)[s]: SF92 =(cy; az)m, SFI%) =(dy; az)[g];

SFI3 = (ay, by; dy) 4, SF23 = (a, ¢;; dy)s) SF33 = (ay, by; ¢))s SF43 =(ay, di; dy)6)
SF53 = (b, ¢;; dz)[s]a SF63 =(a, ¢, C2)[6]9 SF73 =(a,, by; bz)[e], SF83 = (b, d;; dz)m,

SF93 =(a,, d;; Cz)m, SFI%) = (b, ¢;; Cz)m, SF131 =(a, ¢, bz)m, SF132 =(a,, by; az)m;
SF133 = (¢, d;; dz)[g], SF]i = (b, d;; Cz)[sp SF135 =(a, d;; bz)[sp SF136 = (b, ¢;; b2)[8]:

SF137 =(a, ¢ a) sy SF]?; = (¢, dy; )95 SF139 = (b, d;; bz)[9]: SF230 =(a, d;; @)\9)s
SF231 = (b, ¢ a9y SF232 = (¢}, dy; by, SF233 = (b, dy; ay)p10p SF234 = (¢, dy; @)
SFl4 = (ay, by; ¢3, dy) 6 SFz4 = (ay, by; ¢;; dy)y), SF34 = (ay, ¢5 ¢y, dy)7

SF44 = (ay, by, di; dy)s), SF54 = (ay, by, ¢; &)y SF64 = (ay, di; ¢, dy)g),

SF74 = (b, c;; ¢y, dz)[sp SF84 = (a,, ¢;; by, dz)[s]a SF94 =(ay, ¢, d; dz)[g],
SFo = (ay, by, di; &) SE1 = (ay, by, ¢i5 by, SFy = (by, dy; €5, dy)yop,

SFlg =(ay, dy; by, dz)[9]= SFli = (b, ¢;; by, dz)[9], SFlA; = (b, ¢, dy; dz)[lo]»
SFl‘é = (@, ¢, di; &) SFl‘; = (a,, by, dy; by)10)

4 4
SFq = (ay, b, c;;a)p0p SFy = (by, dy; by, dy)j10)

SF242 = (ay, dy; b,, CZ)[lO]s SF243 = (b, ci; by, Cz)[lo],

SF;;‘ =(ay, ¢, d; b2)[ll]9 SF246 = (ay, by, d;; az)[ll],
SFy = (by, di; ay, dy) 11, SFye = (by, di; by, €3)111,

4 4

SF; = (ay, ¢, dy; ay)12, SF3y = (¢, dy; @y, dy)j12)s
4 4

SF;y = (b, dy; a,, 02)[12], SF;s = (b, ¢, d; az)[ls],

SF;; = (¢, di; @y, by)j1aps

4
SFs = (¢, dy, ¢y, dy)p10)

4
SF, = (ay, d\; a3, dy)9),

SFyy = (by, ¢, di; ¢y
SFy; = (¢, dy; by, dy)yis
SF = (by, ¢, dy; by)yiays
SFy3 = (1, di; by, &)1
SFy = (ci, di; a5, ¢3)p1ay,

SFI5 =(ay, b, ¢;; ¢y, dz)[f)]a SF25 =(ay, b, d}; c,, d2)[10], SF35 =(ay, b, ¢;; b,, d2)[10]7

SF; =(ay, by, ¢, dy; dy),

SF75 = (a,, by, ¢; ay, dy);11y,
5
SFy = (b, ¢, dy; ¢y, dy)12),

SE = (ay, by, di; by, €)1
SFy = (b, ¢, di; by, dy)pi3)s

SFlf) =(ay, by, di; @y, ¢)13
SF252 = (by, ¢, dy; ay, dy)14

SF255 =(ay, by, d;; a,, bz)[14],

VESTNIK ST. PETERSBURG UNIVERSITY. MATHEMATICS

SFSS =(a, ¢, dy; ¢, dy) 11y
SFSS = (ay, by, ¢;; by, &)y
SFISI =(ay, ¢, dy; by, dy) 12,
SFli =(a,, by, ¢; ay, cz)m],
SE57 =(ay, ¢, dy; a5, dy)(13)
SF250 = (¢, dy; by, ¢, dy)y13),
SF253 = (b, ¢, dy; by, ¢3)14
SF256 = (b, ¢, dy; a3, )15,
SF258 = (by, ¢, dy; ay, by)6)5

SF65 = (ay, by, dy; by, dy)yy,
SF95 = (ay, by, ¢, dyi; )12,
SF = (ay, by, di; a5, dy)y ),
SF155 =(a,, b, ¢, dy; b2)[13ja
SE?% = (@, ¢, di; by, )13,
SF251 =(ay, by, ¢, di; ay)(145
SF254 =(ay, ¢, dy; a3, )14
SF257 =(ay, ¢, dy; ay, by) 15
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SF]6 = (ay, by, ¢;; by, ¢3, dy)p1a),
SFy = (ay, by, d; by, €5, do)y13y,
SF56 =(a,, ¢, dy; by, ¢y, dy)14,
SF76 =(ay, by, ¢, di; ay, dy)y5,
SF96 = (by, ¢, dy; by, ¢y, dy)pi5)
SFS = (ay, by, ¢, dy; ay, ¢3)16)

SF26 =(ay, b, ¢, dy; ¢35 dy)13
SF46 = (ay, by, ¢, dy; by, dy) 4,
SF66 =(ay, by, di; @y, ¢3, dy)|14)
SF86 =(a,, by, ¢, dy; by, ¢3)15),
SFI?) = (ay, ¢, dy; ay, ¢, dy)yi5),
SFS = (bla €1, dla a,, Cy, dZ)[16]a

207

6 6

SF; =(a), ¢, d,; ay, by, d2)[16]a SF4 =(a, b, ¢, d;; a,, b2)[l7]a
6 6

SFs = (b, ¢, di; ay, by, dy) 17, SFig = (by, ¢}, dy; ay, by, ¢)p15p5

7 7
SE' =(ay, b, ¢, dy; by, ¢y, dy)16)y SFy, =(ay, by, ¢, di; ay, ¢y, dy) 17,
7 7
SFy =(ay, by, ¢, dy; ay, by, dy)is), SFy = (ay, by, ¢y, dy; ay, by, ¢3)p19)5
8
SE =(ay, b, ¢, d,; ay, by, ¢y, dz)[zo]-

This list demonstrates the sufficiency of the SPs for ordering the basic structural forms. However, the SPs
also distinguish all additional structural forms.

Indeed, each asymmetric form from List 1.1 with rows A, and A4, having different indices is basic
according to SP3,. The remaining five asymmetric SFs, i.e., SF., SF;, SF, SF;, and SF,;, are basic
according to SP3,.

Remark 1.1. In all SF;" from List 1.1, except for SFZSO, the number of nonzero elements in 4, does not
exceed that in A,.

Definition 1.4. A representative of an arbitrary SF,” is any numerical matrix whose structure coincides
with that of SF,".

As aresult, SF," can be treated as the collection of all its representatives.

An important characteristic of SF;" is related to finding all possible values of the maximum degree of

a common factor POI (see Definition 2.1 in [1]) that can be taken out from the right-hand side of system
(1.1) generated by this structural form for various values of nonzero coefficients. Accordingly, for any

SF", the set of real nonzero values of its elements is divided into subsets s/’ (0 < /< 3) as follows: 5"’

contains those and only those values of elements of SF,” for which a common factor Pol can be taken out
from the right-hand side of system (1.1) generated by this form.

Definition 1.5. For any SF," specified by a matrix 4, the notation SF,-”"/ means the same matrix 4, but
the values of its nonzero elements belong to s;" S

In other words, SE'"’I unites those and only those representatives of SF,” whose elements belong to the

nonempty set s, ! or, equivalently, SE””’ generates only those systems that have a common factor of max-
imum degree /.

Definition 1.5 and Theorem 2.3 from [1] imply the following result.

Proposition 1.1. SF,"™" is linearly not equivalent to SF"" for I, # l; i.e., any two representatives of SF,""
and SF,-”"]2 are linearly not equivalent.

If SF" has only one set s # (), then it has no constraints and is called trivial. Thus, SF"™" = SF".

For example, the values of the nonzero elements in SFg4 = (a,, c¢y; b,, d,) are divided into two subsets:
sg’o ={a,d, # byc,} and sg’Z = {a,d, = byc,}. System (1.1) generated by SF24 = (a,, b, ¢;; d,) for any values

of elements has no common factor, i.e., / = 0 and the only nonempty set s;,o is trivial.

VESTNIK ST. PETERSBURG UNIVERSITY. MATHEMATICS Vol.49 No.3 2016
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1.2. Normalized Structural Forms and Permissible Sets
The next step toward the definition of a canonical form is to introduce the concept of a normalized

structural form based on the normalization of all representatives of SE'"” with the help of the substitution
(2.6)' L = {r, s, arbitrary r,, s, = 0} in order to obtain unit (in absolute value) elements in two properly
chosen positions.

Let us formulate the principles behind the choice of elements of 4 to be normalized. The basic idea is
to normalize perturbed systems of elements that are the nastiest for the subsequent normalization, i.e.,
those having maximum indices. Following the logic of the structural principles (see SP3,), whenever pos-
sible, it is preferable to normalize elements from the row 4,.

Normalization principles (NPs) for SE'"”.

(1) The normalized elements in A are arranged in the following order:

(1)) The first normalized element is in A, and has the maximum index.

(1,) If not all nonzero elements of A are from the same zigzag (see Remark 2.1 in [1]), then the second nor-

malized element, after normalization, must have a definite sign for any values of elements of A from s, !

(1;) If I =3, then A, = Ay; if | £ 2, then the second normalized element is, if possible, in the row A, and has
the maximum index in A, out of the remaining ones; otherwise, it is in A, and has the maximum index there.

(2) The values of normalized elements are equal to unity in absolute value; moreover, the following condi-
tions hold:

(2)) If they are from an odd zigzag, then the first normalized element is equal to 1.

(2,) If they are from different zigzags, then the sign of a normalized element from an odd zigzag must coin-
cide with the sign of a normalized element from an even zigzag.

Direct verification shows that, relying on the NPs introduced, in any SE'"’I, we can uniquely choose
the positions of normalized elements and the values to be obtained by the elements in these positions after

normalization. Moreover, a normalizing substitution is uniquely determined for all SF, except SF32”2 and

SF42’2, for which the element s, in (2.6)! is arbitrary and can be set, for example, to unity (see Remark 2.1
in [1]).

Thus, the representatives of any SE""[ (numerical matrices of given structure with elements from s, ‘[)
can be divided into equivalence classes with respect to normalizing substitutions (2.6)!, while normalized
representatives are used as generatrices.

Definition 1.6. SE'"’I is called a normalized structural form, denoted by N SF,.'"’/, if it unites only its rep-
resentatives normalized according to the NPs.

Convention 1.2. Any normalized structural form A will be written as 6B, where the factor ¢ taken out
from A is equal to the sign of the first normalized element. The nonzero elements of B remaining unnor-
malized, if any, will be properly expressed in terms of variables known as parameters of NSF, which are
denoted by u, v, w, .... If necessary, NSF will be written as a function of its parameters.

uvv—uo
10 0 1

Relying on Convention (1.2), we can obtain the maximum number of units in the matrix B, which is
used below for normalizing perturbed systems, while G, if negative, can always be set to unity by time sub-
stitution.

For example, we can write NSF75’l = NSF75"(G, u,v) = G( ]; here, v # u; otherwise, m # 5.

1000
For example, by making substitution (2.6)', SF22’1 = (a,; ¢,) can be reduced to NSFZZ’1 = G[ 001 Oj

with 6 = sgn a,. Here, the normalized elements are from different zigzags and, according to Remark 2.1
in [1], the sign of an element of an even zigzag cannot be affected, so it is factored out as ¢, while the sign
of a normalized element from an odd zigzag can always be made equal to G, as required in NP2,.

Now we discuss the rationale behind the introduction of NP1,.

If the normalized elements in SF are taken from the same zigzag, then, after normalization, their prod-
uct can be positive or negative.

VESTNIK ST. PETERSBURG UNIVERSITY. MATHEMATICS  Vol. 499 No.3 2016



TWO-DIMENSIONAL HOMOGENEOUS CUBIC SYSTEMS 209

For example, let us normalize b, and d, in SF]‘; = (a,, d\; b,, d,), as required by NP1;. Then, for /=1,

. 4l u00 u . . . u00v) .
we obtain NSF;” =0 with 6 = sgn b,, while, for /=0, we obtain the system ¢ with
010-1 010x
K = sgn(b,d,) and the same G; moreover, v # u if Kk = —1, i.e., depending on the sign of K, we have one of
two different NSFs.

In this case, the bifurcation can be avoided, since SF;;’0 contains the nonzero element d, from another
zigzag, and it is this element that is to be normalized according to NP1,. Therefore, for / = 0, we obtain

001
the unique N. SFS‘0 =0 g 10 j with v # —u~2, which is preferable to normalizing both elements of 4,
v

at the cost of the bifurcation of NSF.

Definition 1.7. If all nonzero elements of SE'"’[ are from the same zigzag, which results in the second
normalized element in B (if any) being equal to 1 or —1 (denote it by k), then the resulting NSFis called

dual and is denoted by NSF%'.

Thus, the position of the second normalized element in any SE'"" can be uniquely determined by NP1,
and NP1;. For / <2, they place this element in 4, and, if impossible, in A4,, in position with a maximum
index, so that uniqueness is preserved after the normalization. At the same time, for / = 3, the second unit
element is automatically placed in A, above the first one in view of the natural assumption that 4, and A4,
are equal, which prevents bifurcation.

Note that the conditions fixing the maximum degree / of the common factor are much easier to write
for NSF™ than for SF™'.
uvwo

1001
above constraints on the parameters are not satisfied.

For example, NSF75 = (5[ j is NSF75’2 for—v,w=u; NSF75’1 forw=v —u;and NSF75"0 if the

Definition 1.8. Parameter values for which an arbitrary NSF['"’I is defined are called permissible. The
union of permissible parameter values for each form is called a permissible set and is denoted by ps;” T A

permissible set is said to be trivial (denoted by #ps,” ’l) if the parameters involved have no constraints.
Definition 1.8 and Theorem 2.3 from [1] imply the following result.

Proposition 1.2. For [ = 2, 3, all representatives constituting NSF,-'"’I can be partitioned into three disjoint
sets, depending on the sign of the discriminant Dy = 3> — vy from (2.14)'. These sets are denoted by NSF,-'"’[’>,

NS Fim’[‘:, and NS Em’[’<. For 1= 2, all representatives constituting NS Fim’l‘* can be partitioned into three dis-
Jjoint sets, depending on the sign of the discriminant D = (p, — q,)* + 4p,q, from (2.16)". These sets are denoted

by NSF™"™  NSF™"*= and NSF"*<. For 1= 3, there are two such sets, since in (2.22)" we have D > 0.
Similar partitions can be made in ps;' ! (/=2,3).

Corollary 1.1. The systems generated by any two representatives of N, SF,""/ (/=2, 3) with different pairs
of third and fourth superscripts cannot be linearly equivalent.

It should be kept in mind that the positions of normalized elements in NSE'”" can be different not only
for different / (see the normalizations of SE‘;’O and SF,‘;,’1 above), but also for superscripts appearing when

the action of NP1, is stopped due to fixing the sign of the second normalized element, which is chosen
according to NP1; from the same zigzag as the first.

1.3. Canonical Sets and Canonical Forms

Consider an arbitrary matrix NSF,-""/ with m nonzero elements in given positions that fix its index i in

SUSF” according to the introduced SPs. Let / denote the degree of a common factor POI taken out from

VESTNIK ST. PETERSBURG UNIVERSITY. MATHEMATICS Vol.49 No.3 2016
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the right-hand side of the system generated by any representative of NSF,-'"’/. By Theorem 2.3 in [1], /is
invariant under linear nonsingular substitutions.

Note that obtaining normalized structural forms is a formal task requiring only normalization (2.6)',
i.e., a substitution that does not affect the structure of the matrix 4 generating these forms.

Now, we simplify NSE’"’I, reducing them, by applying suitable linear nonsingular substitutions (1.2)
with certain parameter values from ps;” ’[, to preceding structural forms, i.e., to SE”’I with n <m orj <ifor
n=m.

On the one hand, nearly every NSE'”’[ can be reduced to preceding SF,-”’I, i.e., it has “redundant” rep-
resentatives that are linearly equivalent to some representatives of the preceding forms. The parameter val-
ues generating such representatives have to be deleted from ps;” !

On the other hand, those NSF,”"’ that are linearly equivalent to some preceding forms for all permis-
sible parameter values are of no interest in themselves, since they cannot be the “simplest.”

Definition 1.9. A nonempty set containing those and only those parameter values from ps;” ! for which
NSE'”’[ is linearly equivalent to none of the preceding SF is called canonical and is denoted by cs;" !

Definition 1.10. Any NSF,-'”’[ is called a canonical form, denoted by CF,-'"’[, if its parameters belong to

m,l
cs;
Thus, the matrices CF,™ and NSF,™' look identical, but the parameters of CF,” belong to ¢s', i.e.,

to ps;" ! with deleted parameter values for which the representatives of NSF,.”"I are reducible to preceding
SF by substitutions (1.2).

Proposition 1.3. No two canonical forms are linearly equivalent.

This obvious result means that no two representatives of different CFs or, equivalently, no two systems
(1.1) generated by corresponding numerical matrices are related by a linear nonsingular substitution.

For /=2, 3, the concepts of a canonical form and a canonical set have to be refined. The fact is that,

for certain discriminant values, CF,-'"’/ ceases to be canonical, i.e., all its representatives whose values are
taken from the permissible set with certain third and fourth superscripts are reducible to preceding forms.

In these cases, in every CF,""‘[ , the values of the discriminants for which it remains canonical will be listed
in the third and (or) fourth upper positions and all canonical sets for these discriminant values will be
described.

In some cases, canonical sets of parameters can be additionally constrained with the help of linear sub-
stitutions transforming CF into itself. In what follows, any such constraint undoubtedly facilitates finding
generalized normal forms of perturbed systems.

Definition 1.11. The canonical set of any CF,-'"’I is called minimal and is denoted by mcs,’"’l ifthereisa
linear nonsingular substitution that transforms CFi'"’l into itself and constrains the values of elements of
cs;” ’/, namely, if possible, at least one of the nonunit elements becomes bounded from above and (or)
below and (or) the sign of the factor ¢ is fixed.

Thus, if CF,.'"’I does not contain parameters or they cannot be constrained, we automatically have

m,l
CS;

1

N . . . ..
= mecs;", i.e., this canonical set is minimal.

Definition 1.12. The set containing those parameter values from cs;" ! that can be eliminated by apply-
ing linear nonsingular substitutions transforming CE'"” into itself is called additional and is denoted by

m,l
i

acs

: N ¥ ¥
Thus, we can write mes;” = cs;"\acs;"" .

The concept of acs was introduced because it is more convenient to writing it than mcs in practice.
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TWO-DIMENSIONAL HOMOGENEOUS CUBIC SYSTEMS 211

1.4. Degenerate Forms for [ = 3

a b ¢ d
In addition to the nondegenerate system (1.1) identified with the coefficient matrix A = ( e 'j,

a, b, ¢, d,
in the case / = 3, there are systems such that one row of 4 is zero.
Definition 1.13. A structural form 4 (L = 1,_4) is called degenerate and is denoted by SF,' if 4, = 0.

Then, in view of SP3, and Definition 1.3, the form with a zero first row obtained from SF; with the
help of relabeling (2.7)! is additional.

Note that the possible use of relabeling in obtaining SF[,*l leads to the refusal of Convention 2.8 from
[1] and admits the case a,, b, =0, 4, = 0.

System (1.1) generated by a degenerate SF is naturally called degenerate. It arises only for / = 3 and is
system (2.20)! with £ = 0.

For SF}' 3 , all SPs remain valid, except for SP35, which is replaced by the following principle: (3 ;) oth-
erwise, the subsequent nonzero element of 4, has a smaller index.

Now, for any u = 1,_4, according to the introduced ordering, every SF,' 2 s assigned its index 1 and is
denoted by Sijf. All NPs and the subsequent definitions and notation are naturally extended to SF,, ;3
with the only difference being that, in NP1, both elements to be normalized are taken from the row 4,.

To conclude, we describe the possibilities provided by degenerate canonical forms for the normaliza-
tion of perturbed systems in the case / = 3.

Supplement 1.1. With the use of CFd“’3, there are three different ways of normalizing the system (1.4)!
x = P(x) + X(x), where P corresponds to the case / = 3:

(D) CFd“’3 itself is used as an unperturbed part.

2)CF ™3 isused as an unperturbed part, and the corresponding linear substitution transforming CF' 3
into CF™ is made in the perturbed system.

(3) The unperturbed part CF,' * is made nondegenerate by adding some terms from the perturbation of
system (1.4)! to P, =0 so that the new unperturbed part becomes a quasihomogeneous polynomial due to
introducing a corresponding weight.

Convention 1.3. In what follows, (1) the notation “... {=[g, v v,] ... N =[¢, V v,] ...” means that either
{=c¢,andn = ¢, or { = v, and n = v,; (2) a condition in round brackets given after another condition is
not a requirement, but is presented as a reminder to clarify the subsequent argument; and (3) in the for-
mulations of results, the fact that the denominator is nonzero is not assumed, but is shown in the course
of the proof.

2. CANONICAL FORMS OF A HOMOGENEOUS CUBIC SYSTEM
WITH A COMMON FACTOR OF THIRD DEGREE

2.1. Six Classes of Linear Equivalence of Systems for [ = 3

Consider the system (1.1) x = P(x) = AgP(x). For [ = 3, since the nonzero rows of the matrix 4 in
(2.20)" are proportional (P, = kP,) and in view of Convention 2.3 from [1], this system can be uniquely
written in the form of (2.21)! by using formulas (2.23)!, namely,

2, 2
+q;, 20, k=0,
%= P0OHx, Py=x+2Pxx, +yx, H= (”1 7 j Prd Q.1)
kpy kq, 8,, =detH =0.
By Theorem 2.2 in [1], any substitution (1.2) x = Ly reduces (2.1) to system (2.17)" of the form
¥ = (6,28, 94" () Ay, (2.2)
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where & = 1" + 2Brr, + yry, B = ns, + B(rs, + 1)) + Yrs,, and ¥ = 57 + 2Bs;s, + ys; (o= 1) according
to (2.18)! and the matrix H also introduced in (2.18)! is singular, i.e., 8;; =0.
Any linear nonsingular substitution transforms the matrix
a b ¢ d int i (s, —kspa* (s, — ks))b* (s, —ks))c* (s, — ks))d*
= into = .
ka, kb, kc, kd, (krn, — ry)a* (kn — r)b* (kn —ry)c* (kn —r)d*

By using the form of A, we can find some relations between the coefficients of the substitution and the
structures of the bonded systems.

Proposition 2.1. Suppose that substitution (1.2) reduces (2.1) to system (2.2). Then the following assertions
hold:

() IfP,=0 k=0, then ,=0 < r,=0.

Q) IfP,=02k=0,then P=P,ok=1ar=—s5#0.

Q) IfP, =Py, k=1 then B=P,ok=1or=r +s,—s,.
Substitution (1.2) is chosen so that A in system (2.2) is a Jordan matrix.

Of course, the form of the substitution depends on the sign of the discriminant D = kf of the charac-
teristic polynomial of H, which is a linear invariant. Here, according to (2.22)', the eigenvalues satisfy the
equalities A, = p, + kg, and A, = 0. Therefore, the set of systems (2.1) is divided into two linearly nonequiv-
alent classes depending on the sign of D.

1
The substitution J 13 = (
k —p, k q

(2.1) into system (2.17)! of one of the following two forms, respectively:

i=n, oc2[370’ ﬁ:(xloj
0000 00

o =1+2Bk+vk>, PB=01+Bk)g —B+v)p, T=o0g —2Bpg +1p;
ptkg #0;

. (0a2py - (01 (2.3)
A_(o 00 oj’ H_(O Oj’

a=1+2Bk+yk>, B=@+vba ', T=va

10
N j for D > 0 or the substitution J 23 = ( 1] for D = 0 transforms system

Obviously, (2.3,) and (2.3,) are degenerate systems of form (2.20)! with k = 0.

By virtue of (2.19)! DO = 8’D,, the set of systems (2.1) is divided into three linearly nonequivalent
classes depending on the sign of D, = B? — v, which is the common factor P,.

In what follows, sequentially fixing the various combinations of the signs of D, and D, in each of the
six equivalence classes, we can simplify system (2.3) as much as possible, while preserving its degeneracy.

2.2. Construction of Degenerate Canonical Forms

Let us prove that the list presented below contains all possible degenerate canonical forms of system
(2.1) with their canonical sets from Definitions 1.10 and 1.9.

List 2.1. Ten CFa,‘f{3 and their nontrivial cs,‘;f (o, kx==1):

CF,;7™ =06(1,0,0,0), CF;>~" =0(0,1,0,0), CF,;3~" =0(0,0,1,0),
CF;3;™" =0(0,0,0,1); CF;77 =0(1,1,0,0), CFj5¢” =0(x,0,1,0),
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3,3,2,>

CFy™" =0(1,0,0,1), CF;3”” =0(0,1,1,0), CF55 =06(0,+1,0,1); CF;% = o(v,1,1,0);
espyy = ==1),  espyy ={k=1; esiy = v <1/4, v 2/, espyS = {v>1/4,v£1/3).

Here, the third and fourth superscripts indicate the signs of D, and D for which the forms are canonical,
and the right-hand sides contain only the rows A, since all 4, are zero.

Proposition 2.2. Forv =2/9, NSF,; is reduced to SFdz”;’f’> by substitution (1.2) with s, = —3s,/2 and r, =
0; for v =1/4, it is reduced to SFd%’f’:’> by a substitution with s, = —2s, and r, = 0; for v = 1/3, it is reduced

oS Fdz,‘33’<‘> by a substitution with s, = —2s, and r, = 0; and it is not reduced to preceding forms for the other
values of v.
Family 2.1. The substitutions used in what follows in Section 2:

J=th=Ls=q,n=ks=-p}, J={n=Ls=0r=ks=—q};
Li57 =1 =QB) sy 51,1 = 0, 55 = |7\

LT =tn =[on [ s =10 v —a Bl a7 =05, = [mlr‘” VA2

1/2

1/2

L7 =1n =P sy 51, 1 = 0, 55 = [7A|”
L7 =tn =@M s, =0,5,=1);
L7 =tn =1 5,1, = 0,5, =AD"

277 = (s, = @D = 0,55 = —aF s}

Ll[},}é:’: ={n=a",s,=-0"P,rn=0s5=1;

Ld4 ={n=%s,n=0s,=1};

23> ~n 1-1/2 ~ -1/2,.
Lish =1{n = |00"1| , S, 1 =0,8,= ('Y|7\-1|) 15

23, on =172 N N
Ld3<> {r, s, = |0€7b | 1 = 0,5, ==30(2B) s};
33,5, 1172 1/2 1/2

L™ =i =B Y M s = 0,5, = [YA]
23,<= JU ~1/2
Ld,Sj—l ={nh=0 s,,85 =0 Bszs r,=05=1""7.

Theorem 2.1. Any system (1.1) with [ = 3 written in the form of (2.1) according to (2.23)" is linearly equiv-
alent to the system generated by a certain representative of the corresponding degenerate canonical form from

List2.1. Below, forevery CF, d*}f’*’*, we present (a) conditions on the coefficients of system (2.1), (b) substitutions
(1.2) that transform the right-hand side of (2.1) under the indicated conditions into the chosen form, and (c)

the resulting values of the factor ¢ and the parameters from csM 2

CF/™7 (@) y< P A #0,in(2.3) 6.=0,7%0; (b) J;, L7y™; (¢) 6 =sgn(TA);

CE52 (@) v < B2 Ay = 0, in (2.3) & = 0, ¥ = 0, B2 =[0v 9a7/8]; (b) J;, L5 () & =
[sgn(YA)) v —sgn(YA))];

CF)77: (@) Yy <B4 A #0,in (2.3) & = 0, 7 = 0, B> # 0, 987/8; (b) J;, L)7™; (c) 6 = sgn(YA,),
v =672

CF; 7™ (@) y=P% A #0,in (2.3) ¥ =0; (b) J{, L;}™7; (¢) = sgn ),

CF/3™7(a)y=P% A #0,in (2.3) & =0; (b) J7, L5 7; (c) 6 = sgny;

CE™1 @) =P 0 #0,in (23) 6 #0, 7% 0; (b) /), Lg}™71 (¢) 0 =sgnAy;
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CFi5~ " (@) y=PB% A =0,in (2.3) & = 0; (b) J3, L5 5 (c) 6= 1;

CFi3 ™" @ y=P% A =0,in (2.3 6. =0; (b) J;, Lj; " (c)6=1;

CFry s @y > B2 A #0,in (2.3) B=0; (b) J7, L3357; () 6 =sgn;

CF<7: () y> B2 A =0, in (2.3) B = 3a7/4; (b) J7, L73%7; (c) 6 =sgnhy;

CF)" 7 (@) y> B A = 0,in (2.3) B> # 0, 367/4; (b) J;, Lj77; (c) o =sgn Ay, v = a72) *;
CFo57 (@) y>BL A =0, d, B, ¥ from (2.3,); (b) J3, L35 () o = 1.

Proof. Systems (2.3,) and (2.3,) are obtained from (2.1) by making substitutions J 13 and J 23 . Let us max-

imally simplify them, while preserving the condition 132 = (. For this purpose, according to Proposition
2.1, we used an arbitrary substitution (1.2) with », = 0, which reduces (2.3,) and (2.3,) to systems with a
zero second row:

A=, (Gcrlz, (36is, + 2Ps,)n, 3dis, + 4Psys, + ¥s3, (Busy + 2Bsys, + ?sf)rl_'sl), 2.4)
A= (O, 0rsy, 2006, + Ps,)sy, (6Ls12 + 2Bs;s, + ’yszz)rl_lsz), '

respectively. Elements of these systems will be marked by the symbol “.
(1) Consider D, > 0, i.e., Py(x) is factored into two different factors.

(1) A, =p, +kq, =0 (D =LA} > 0). Substitution J; reduces (2.1) to system (2.3,).

(1?) & =0, ¥ =0.Then, in (2.3,) we obtain }31 = (ZBy1 ¥,)(A,y,), which is not possible, since, according
to Convention 2.3, and Corollary 2.1 from [1], yl2 has to be taken out from system (2.3,).

(1) 6. =0, ¥ = 0. Then, in (2.3,), we have B, = (6Ly12 +2By,3,) (A,y,), which is the situation from case
(7).

(17) 6. =0, 7 # 0 (B #0). System (2.4,) is transformed into A,5,(0, 2B, 4Ps, + ¥s,, 2Bs, + ¥s,)s,r,') and
Elz + 4712 # 0. In view of SP2, we obtain d, = 0 & s; = 0. Then system (2.4,) can be written as
A155(0,2B 71, 7s,,0). For r, = ¥2P) 's, and s, = [yA,| 7/, this is CF;7™” with 6 = sgn(YA,).

(1) &, 7 0.

(1;) B = 0 (67 < 0). Then, for 5, = 0, system (2.4,) is transformed into A,(ér;’,0,7s;,0). For r, =
l6h,| "% and s, = [yA,| 72, this is CF,577 with 6 = sgn(J\,).

" B=0x=@-an”’ =[p).

The case b, ¢, = 0 would require that s, = (=2f + (4B> — 36%)"/*)(38) s, and 5, = —2p(38)'s,, but
then we obtain 4[~32 — 30y = 0, which is not possible, since Bz > .

Therefore, in view of SP2, we obtaind, =0 & s, = d_l(—ﬁ + %)s, ors, =0.

Under these constraints, system (2.4,) has the form

A (arf, BGT ™ — s, 26 1T — [Bss, 0) or (6, 2ris,. 73, 0), 2.5)

respectively.

") Bl = 3t « B = 320"’ /4 (@7>0). For r, = |6, %, 5, = V2[7A,["%, and s, =
_6(1[3|6c|1/2 ‘szl‘_l/z, system (2.5,) is CF;5”" with 6 = —sgn(y\,).

(17"%) 3t # B « B* # 967/8. Then system (2.5,) with r, = (2B) '¥s,, 5, =0, and s, = [yA,| "/ is CF;;
with 6 = —sgn(yA,) and v = 6y 2B) " (v < 1/4, v =0, 2/9).
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(1) Ay = p, + kq, = 0 (¢, # 0). The substitution .]23 made in (2.1) yields system (2.3,).

(12) &, ¥ = 0. Then, in system (2.3,), 151 = (2By1y2)(y2), which is the situation from case (1?).

(112) 6 # 0,7 =0.1In (2.3,), we obtain P, = ((icyl2 + 2By,»,) (¥,), which is not possible, since, according
to Convention 2.3, from [1], with an appropriate grouping, £, = (6y,y, + 26 y22 Y(y) and A, = 1.

(13) & =0, ¥ # 0. Then, in (2.3,), B = 2By,», + 797)(y,), which is the situation from case (1).

(13) 6,7 #0.In(2.35), B = (@) + 2By, + 12) (1) = @ + Lyo) 0 +71y2)) (1) with § # i, which

is the situation from case (112).
(2) Consider D, =0, i.e., the common factor Py(x) is a perfect square.

(2) A, =p, + kg, #= 0 (D= A} > 0). The substitution J; made in (2.1) yields system (2.3,).

(2}) ¥=0(PB =0, & >0). Then, fors, =0, system (2.4,) is transformed into the form (Klﬁcrlz,O, 0,0).

For r, = (& |7\,l|)_1/2 and s, = 1, this is CF;;"~ with 6 = sgn A,.

(212) a=0 (ﬁ =0, ¥> 0). Then, for s, = 0, system (2.4,) can be written as (0, 0, kﬁszz, 0).

Forr, = lands, = (y[\,))™"?, this is CF,3~ with 6 = sgn A,.

(2}) 6> 0, ¥> 0 (7 = 6 'B?). Then, in (2.4,), we have ¢ = A& ' (3ds, + Ps,)(bs, +Ps,), d, =
7u1((~>u~1)_1s1(6cs1 + Bsz)z, and, hence, for s, = —(xB_'sl, system (2.4,) can be rewritten as A,0r, (7, s, 0, 0).
Forry, s, = (6L|7\,1|)_1/2, this is CF,;"~” with ¢ = sgn A,.

(2,) A, =p, + kg, = 0 (g, # 0). MakKing the substitution .123 in (2.1), we obtain system (2.3,).

(25) @ > 0 (7 = 6 'B?). Then, in (2.4,), we have ¢, = 2s,(&s, + Bs,) and d, = (6r) "'s,(6is, + Ps,y)’;
therefore, for s, =—a,"'Ps,, system (2.4,) can be rewritten as (0, ér;s,, 0, 0). Forr, = &' and s, = 1, this is
CF;5~".

(2%) =20 (B =0, ¥ > 0). Then system (2.4,) has the form (0, 0, 0, 7r1_1s§). Forr,=#%,5,=0,and s, =

1, this is CF,;~".

(3) Consider D, <0, i.e., P, has no real zeros.

G)M=p, tkq=0(D= Xf > 0). Making the substitution J13 in (2.1) yields system (2.3,).

(31) p =0 (617 > 0). Then, for s, = 0, system (2.4,) is transformed into the form A,(&r’,0,s;,0). For r,
= |6c7»1|71/2 and s, = |?7»1|71/2, this is CF,37; with 6 =sgn \,.

(3B =0.

(312”) ¥ = 4(36()_1[32 e 6(162). Then, for s, = —36((2[3)_1s1, system (2.4,) can be written as
ar(1,0,0,77'sy). For vy, s, = |6iA,| /%, this is CF;3” with 6 = sgn A,

3P 7 #4(3d)'B>. In (2.4,), we obtain d, = A, (Gs; + 2Ps;s, + ¥s5)r's,. Then, fors, =0, system (2.4,)
is transformed into the form (61, 2B rs,,¥s3,0). For r, = (2)"'y"? |7»1|71/2 and s, = |'~Y7\,1|71/2, this is
CF,"” with o =sgn A, and v = 6yQ2B) > (v > 1/4, v = 1/3).

(3,) A, = p, +kq, = 0 (¢, = 0). Making the substitution J; in (2.1), we obtain system (2.3,). For s, =
—6."'Bs,, system (2.4,) can be written as (0,615,,0,6'%°r's3). For r, = &'s;" and s, = 77"/, this is
CF 5" witho = 1.

As a result, we have proved the completeness of List 2.1 and the linear nonequivalence of the forms
involved. []
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Let us single out the minimal canonical sets introduced in Definition 1.11.
Proposition 2.3. The parameter values in ¢s can be constrained only in the following forms from List

2.1: (1) the sign of © reverses in CFd S CF[,1 i ~7, and CFd%g%f’z by using normalization (2.6)! with r, = 1

and s, = —1 and in CFdZ’f " by using a substitution with 7, s, =1, 7, =0, and s, = —1; (2) in CF‘2]3‘>‘> for
v= v e (2/9, 1/4), a substitution with r, = (8% —2+20)"2(6v—1-0)@4%) 'OQv-2)", s =
(8% =2 +20) 247 —1-0)@») '@ =1)"",r,=0, and s, = —(8% — 2 + 20)/*(20) ', where o = (1 — 47%)"/?,

gives v = (36v —137+1+0o(1-37%))(97 -2) /2 therefore v € (0, 2/9).
13==

Corollary 2.1. According to Definition 1.12, we have the following additional cs: acsfl;,2 T, acsgy

acs;y”, acsyyy ={o=—1}, acs)y”” = {2/9 < v < 1/4}. For the other degenerate canonical forms from
List 2.1, mesh™™ ™ = esh ™%,

2.3. Reduction of Degenerate Canonical Forms to Canonical Ones

Let us prove that the list presented below contains all possible canonical forms of system (2.1) and their
canonical sets introduced in Definitions 1.10 and 1.9.

List 2.2. Seven CF,"’ and their nontrivial ¢s)/; (o, k = 1):

_ 1000 _ 0100
CF{*™ =0 ;. CFP™7 =0 ;
> 1000 6 0100

- (001-1 010u 100«
CFgi" =0 , CFg™" =0 , ChY =0 ;
e (0 01 —1) 20 010u 2 100k

CF6,3,:,> -0 01-21 X CF8’3’:’_ _ 1 -33 -1
> o1 —21) ! l1-33-1)

43 43, 4,3, 43
C520>> {u <0}, cs20<> {u > 0}; C521+<1> {k=1}, CS21<1>={K=—1}-

Family 2.2. The substitutions used in what follows in Section 2:
L7 ={n—n sy = Los =00 L™ =, s, -n, 8, =37
L&™ = {n sy =L =0 L2577 = {7 =0,5 ==2 ~1, 5, = I3
LT =in=0,s,m-s=1 Lyy =5 =2""-n5=03/2");
L2537 ={rosu s =L ==l Ly ={n,5 =372 n, -5 =3"27",
Liy™ = {5, =2 s =58 n==5) L7 = (=05, -n 5 =1}

435>, . 83,==
L320>>:{r1 :O’ § :_2’ =, S2:1}5 Ll :{rls r, —S2:1, § :O}
Let us establish the linear relations between degenerate and nondegenerate canonical forms, thereby prov-

ing the linear nonequivalence of all CF,-'"’3
Theorem 2.2. It holds that

CF577 with & =  is reduced by the substitution L13,” to CFy; "~ with 6 = —& and u = —1/9;
CF}}”>” with & = © is reduced by the substitution 125, to CFy;>” with 0=~6 and u = —1;
CFdzf’ > is reduced by the substitution L35, to CFyy>”” withu=4v — 1 (u<0,u # —1,—1/9);
CF,™ is reduced by the substitution Ly~ to CF{">™;

1,3,=> 6,3,=,> 6,3,=>.
CF,;3" isreduced by the substitution Ly to CF, ;
CF{™ is reduced by the substitution L3>~ to CF{™>™7;

CFJ”; is reduced by the substitution ng | to CFlg3 P
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CF, Jj’:’: is reduced by the substitution Ly~ to CF,>>~~;

CF, f)iff is reduced by the substitution L;’ﬁ 5 to CF2“1"3;T’>;

CF,y” is reduced by the substitution L13,"” to CFy; withu = 1/3;

CF,;"* is reduced by the substitution 125, to CFyy"~” withu=4v — 1 (u> 0, u # 1/3); and

CFdz,’;fl’z with & = © is reduced by the substitution Lg’ﬁ fo CF;;?,’T’: with 6 = —6.

Proof. For each CFd‘f;3 from List 2.1, we make substitution (1.2), in which, according to Proposition
2.12, r, = —s, # 0. For brevity, we introduce &, = (r, +s,)~".

23>> . 2 2
CFd’4 > 1S I’Cduced tO (5(7’1(1’1 - S2), I’l - 2"1S1 - 2"132 + 51S2, 2"151 + I'152 - Sl - 23152, Sl(Sl + Sz))SIS2. For

ry, 8| = 8,, we obtain SF,;>”” of the form 6(0,—1,0,1)s5.

CF577 isteduced to 6(ry(r; — $5)(ry + 85), 3178, + 2ri83 — 8,83, 310 — 1185 + 25,53, 5,(5; — $,) (51 + 5,))8,.
For r,, 3s, = s,, we obtain SF;:)JP’> of the form 26(0,—1,0,1/9) s%. Instead of ¢; = 0, we can use d; = 0, thus
obtaining SF243’3, which is preceded by SF2%3’>’>.

CF£]3’>’> (v<1/4,v#0,2/9) is reduced to (S(rl(vrl2 —ns, + s22), 3vr12s, —2n8,5, + r,zs2 - 2rls22 + slsz2 ,
3vr1s12 + 218,85, — slzsz - 2s1s22 + r1s22, s](vsl2 + 5,5, + sf))Sl. Forr, =0and s, = —2s,, we obtain SF;ff ofthe
form ¢(0,1,0,4v — l)s22 . It is also possible to obtain SF243’3.

CF,}™ is reduced to o(r;’, 31 s,, 357, 5,)8,. For s; = 0, we obtain SF;"*~ of the form o(1,0,0,0)r;".

CF,y~ is reduced to o(r,s, —2r,7 — 25,,5)3,s;. For r, = 0, we obtain SF*>" of the form
o(0,1,-2, 1)s22. Instead of a; = 0, we can use b, = 0 to obtain SF]%3.

CFa,%f’:’> is reduced to (5(7‘12(r1 —8,), W(3ns, — 28,8, + 18,), 8,38, + 218, — 5,55), slz(sl +5,))9,. Forr, =
s,and s, = 0, we obtain SF,">~ of the form 6(0, 1,0, 0)s5.

CF,5™" is reduced to o(—r, /(1 — 25,), 5,21, — 5,),57)3,5,. For r, = 0, we obtain SF¢>;"~ of the form
6(0,0,—1,1)s;s,.

CF;j’:’: is reduced to o6(—1,3,-3,1)8,s;.

CFdzjiff is reduced to (S(rl(rl2 + szz), ?>r,2s1 - 2r1s22 + slszz, 3r1s12 - 2s1s22 + r,szz, sl(sl2 + s22))81. Forr, s, =
3-125,, we obtain SF,;~” of the form 26(1,0,0,1)s5 /3.

CF;y= is reduced to o((r; — 5,) (1 + 18y + 53), 30708, +53), 3(1RS] = 53), (51 + $,)(5] = 5185 + 53))3,.
For ry, s, = s,, we obtain SF,;~ of the form 35(0,1,0,1/3)s5.

CF;;>*” (v > 1/4, v # 1/3). Everything is similar to CF,;™.

CFdzj’;f’: is reduced to o(=r" — 53, 1> — 218, + 353, 218, — 5. — 353, s¢ + 53)8,5,. For r, s, = 312, we
obtain SF,}*T7 of the form 26(-1,0,0,1)s; /3"

Now, following the NPs, it remains to make normalization (2.6)! in all SF" 3 obtained.

Since CF}' ? from List 2.1 are pairwise linearly nonequivalent and any original system (2.1) is reduced
to one of them, we conclude that List 2.2 covers all CF” 3. []

Theorems 2.1 and 2.2 imply an assertion establishing linear relations between the original system (2.1)
and various canonical forms from the list.

Theorem 2.3. Any system (1.1) with [ = 3 written in the form of (2.1) according to (2.23)" is linearly equiv-
alent to the system generated by some representative of the corresponding canonical form from List 2.2. Below,

for every CEm’3’*’*, we present (a) conditions on the coefficients of system (2.1), (b) substitutions (1.2) that
transform the right-hand side of (2.1) under the indicated conditions into the chosen form, and (c) the resulting

m,3% %
i

values of the factor o and the parameters from cs
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CFyy™7 (@) Y< PAL A #0,in (2.3) ¥ = 0and (a)) 6.=0; (b)) J7, L5, L1577 (¢y) 6 = —sgn(Y\,),
u=—1; (a) & = 0, B> = [0v 9a7/8]; (by) J;, Lg577, L2577; () 6 = [-1v 1]sgn(¥h,), u = —1/9;
(a5) & =0, B> %0, 969/8; (by) J7, Ly, L3375 (c3) 6 =sgn(¥A)), u= P> — 1 (u<0,u#—1,-1/9);

CFP™ @ y=PB%L A #0,in (2.3) 7= 0;(b) J7, L, L3775 (c) o =sgn Ay;

CE>™7: (@) y=PB% A #0,in (2.3) & = 0; (b) J7, L5, Lg>™7; (c) 0 =sgn A;

CF () y=PBL A = 0,in (2.3) &, ¥ =0; (0) J7, L1, L*7; (c) o =sgn Ay;

CRGT™ (@) y=P% A =0,in (2.3 6% 0; (b) J3, L5, LIy () 6= 1;

CR*™ ™ (@ y=PBL M =0,in (23) 6 =0;(b) J3, Lj;~, LI’ () o =1,

CHI™: @)y > B4 4 #0,in (2.3) B=0; (b) J], L3557, L3175 () 6 =sgn Ay;

CFy™ "1 (@) y> B2 A =0, in (2.3)): (a)) B° =36:7/4; (b)) J7', L33™, and L1575 (¢)) 6 =sgn A, u =
1/3; (a,) B* =0, 367/4; (by) J7, Ly~ and L2575 (¢,) 6 =sgn Ay, u = G~ (u > 0, u = 1/3);

CET7 @) y> BL A =0, d, B, ¥.from (2.3,); (b) J5, L3357, and L3575 (¢) 6 = —1.

Here, the substitutions J 13, J 23 , and Lﬁ’j’*’* are given in Family 2.1, while L,'-"’3’*‘*, in Family 2.2.

Let us single out the minimal canonical sets introduced in Definition 1.11.

Proposition 2.4. The parameter values in cs™ > can be constrained in view of Proposition 2.15 only in the
Jollowing CP™3 from List 2.2:

(1) The sign of © is reversed by a substitution withr,=1,s, = =2, r,=0, and s, = —1 in Cﬂi’il:’z and by
relabeling (2.7)" in CFy;>y~ and CF>>~".

() In CFY>7, for i = u € (—oo, —1) U (=1, —1/9), a substitution with r, = o2 +20)""?, s, =
—30(0 =D Bo+1)"' Qi +20)", 1y = (i +20)"?, and s, = (0 — 1) B0 + 1) "4 + 20)™""*, where o = i,

yields u=—(p — 1)2(3Q + 1)_2, sou e (—1/9,0), while, for u = —1, a substitution withr, = 1/2,s, =—-3/2, and
ry, S, = —1/2 changes the sign of ©.

Corollary 2.2. According to Definition 1.12, we have the following additional cs: acsfg?fl’:, acs;fff:,

acst?™= ={o=—1}, and acs§63’>’> ={ue (—oo, —1) U (-1, —1/9), 6 = —1 for u = —1}. For the other
canonical forms from List 2.2, mes™ 3 *> * = ¢cg ™3 % *
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