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Äèíàìè÷åñêèå ñèñòåìû íà ìíîãîîáðàçèÿõ
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ÍÅÀÂÒÎÍÎÌÍÛÕ ÑÈÑÒÅÌ,

C0-ÁËÈÇÊÈÕ Ê ÑÈÑÒÅÌÅ ÌÎÐÑÀ�ÑÌÅÉËÀ 1

Þ.Â.×óðèí 2

Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

Àííîòàöèÿ

Ðàññìàòðèâàþòñÿ íåàâòîíîìíûå ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëü-
íûõ óðàâíåíèé íà ãëàäêîì ìíîãîîáðàçèè, áëèçêèå â ñìûñëå C0 ê ñèñòåìàì
Ìîðñà�Ñìåéëà. Ôîðìóëèðóåòñÿ òåîðåìà, äàþùàÿ îïðåäåëÿþùåå ñâîéñòâî ðå-
øåíèé íåàâòîíîìíûõ ñèñòåì, C0-áëèçêèõ ê ñèñòåìàì Ìîðñà�Ñìåéëà.

Êëþ÷åâûå ñëîâà: ñèñòåìà Ìîðñà-Ñìåéëà, íåàâòîíîìíûå ñèñòåìû,
îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ, ãëàäêèå ìíîãîîáðàçèÿ

Abstract

The nonautonomous systems of ordinary di�erential equations de�ned on
smooth manifolds and C0-close to Morse-Smale systems are considered. The
theorem giving the de�ning property of solutions of nonautonomous systems C0-
close to Morse-Smale systems is formulated.

Key words: Morse-Smale systems, nonautonomous systems, ordinary
di�erential equations, smooth manifolds
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Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ ñèñòåìû Ìîðñà �Ñìåéëà [1] è èõ âîç-
ìóùåíèÿ.

Ïóñòü íà ãëàäêîì îãðàíè÷åííîì çàìêíóòîì ìíîãîîáðàçèè M çàäàíà ñè-
ñòåìà Ìîðñà-Ñìåéëà

ẋ = F (x). (1)

Ïî îïðåäåëåíèþ ñèñòåì Ìîðñà �Ñìåéëà âñå íåáëóæäàþùåå ìíîæåñòâî
ñîñòîèò èç îáúåäèíåíèÿ êîíå÷íîãî ÷èñëà ñîñòîÿíèé ðàâíîâåñèÿ è ïåðèîäè÷åñ-
êèõ òðàåêòîðèé. Âñå ýòè ñîñòîÿíèÿ ðàâíîâåñèÿ è ïåðèîäè÷åñêèå òðàåêòîðèè
ÿâëÿþòñÿ ãèïåðáîëè÷åñêèìè. Ïî îïðåäåëåíèþ ãèïåðáîëè÷íîñòè êàæäîå èç
íåáëóæäàþùèõ ðåøåíèé èìååò óñòîé÷èâîå è íåóñòîé÷èâîå ìíîãîîáðàçèÿ. Ýòè
óñòîé÷èâûå è íåóñòîé÷èâûå ìíîãîîáðàçèÿ îáîçíà÷àåì W s(p) è W u(p), ãäå p
� íåáëóæäàþùåå ðåøåíèå. Óñòîé÷èâîå ìíîãîîáðàçèå W s(p) íåáëóæäàþùåãî
ðåøåíèÿ p è íåóñòîé÷èâîå ìíîãîîáðàçèå W u(q) íåáëóæäàþùåãî ðåøåíèÿ q
ïåðåñåêàþòñÿ òðàíñâåðñàëüíî, ïðè ýòîì ñ÷èòàåòñÿ, ÷òî åñëè W s(p) è Wu(q)
íå èìåþò îáùèõ òî÷åê, òî îíè òîæå ïåðåñåêàþòñÿ òðàíñâåðñàëüíî.

Íàðÿäó ñ ñèñòåìîé (1) ðàññìîòðèì åå íåàâòîíîìíîå âîçìóùåíèå � ñèñòå-
ìó

ẋ = F (x) + f(t, x). (2)

Îòíîñèòåëüíî âîçìóùàþùåé ôóíêöèè f ïðåäïîëàãàåì, ÷òî îíà íåïðåðûâíà
íà R × M , ìàëà â ñìûñëå ìåòðèêè C0 è òàêîâà, ÷òî ñèñòåìà (2) îáëàäàåò
ñâîéñòâîì åäèíñòâåííîñòè ðåøåíèÿ ëþáîé çàäà÷è Êîøè,

Â ðàáîòå [2] áûëà ðàññìîòðåíà ñèñòåìà (2), â êîòîðîé êîìïîíåíòû âåêòîð-
ôóíêöèè F (x) ÿâëÿþòñÿ îäíîðîäíûìè ïîðÿäêà m (m > 1) ôóíêöèÿìè. Àâ-
òîðîì ïîêàçàíî, ÷òî ïðè îïðåäåëåííûõ óñëîâèÿõ íîðìà ðåøåíèÿ ñèñòåìû (2)
íåîãðàíè÷åííî ðàñòåò ïðè âîçðàñòàíèè è óáûâàíèè âðåìåíè. Ïðè ýòîì íîðìà
ðåøåíèé, íà÷èíàþùèõñÿ âíå øàðà äîñòàòî÷íî áîëüøîãî ðàäèóñà, ñòðåìèòñÿ
ê áåñêîíå÷íîñòè, êîãäà t ñòðåìèòñÿ ê íåêîòîðîìó êîíå÷íîìó ïðåäåëó.

Â ðàáîòå [2] ïðåäïîëàãàåòñÿ, ÷òî ñèñòåìà, çàïèñàííàÿ â ñôåðè÷åñêèõ êî-
îðäèíàòàõ,

dϕ

dt
= G(ϕ),

ãäå ϕ ∈ Sn−1 = {x ∈ Rn : ‖x‖ = 1}, à G(ϕ) = F (ϕ) − 〈ϕ, F (ϕ)〉ϕ, à 〈·, ·〉
îáîçíà÷àåò ñêàëÿðíîå ïðîèçâåäåíèå â Rn, ÿâëÿåòñÿ ñèñòåìîé Ìîðñà �Ñìåéëà.
Â äîêàçàííîé àâòîðîì â [2] òåîðåìå óñòàíàâëèâàåòñÿ, ÷òî îïðåäåëÿþùåé ïî-
âåäåíèå ðåøåíèÿ ñèñòåìû (2) ÿâëÿåòñÿ ñòðóêòóðà ðåøåíèé ñèñòåìû Ìîðñà �
Ñìåéëà íà ñôåðå Sn−1.
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Â íàñòîÿùåé ðàáîòå ñèñòåìû Ìîðñà �Ñìåéëà ðàññìàòðèâàþòñÿ íå òîëüêî
íà ñôåðå Sn−1, íî è íà ïðîèçâîëüíîì ãëàäêîì îãðàíè÷åííîì ìíîãîîáðàçèè
M.

Äàëåå áåç äîêàçàòåëüñòâà ïðèâîäèòñÿ òåîðåìà, äàþùàÿ îïðåäåëÿþùåå
ñâîéñòâî ðåøåíèé íåàâòîíîìíûõ ñèñòåì, C0-áëèçêèõ ê ñèñòåìå Ìîðñà�
Ñìåéëà.

Òåîðåìà. Äëÿ ëþáîãî äîñòàòî÷íî ìàëîãî ε > 0 ñóùåñòâóåò δ > 0
òàêîå, ÷òî â ñëó÷àå, åñëè ñèñòåìà (2), ó êîòîðîé ||f(t, x)|| < δ, èìååò
ðåøåíèå x(t), t ∈ R, ïîïàäàþùåå â íåêîòîðûå ìîìåíòû t1 è t2 (t2 > t1) â
ε-îêðåñòíîñòè ðàçëè÷íûõ íåáëóæäàþùèõ òðàåêòîðèé p è q ñèñòåìû (1),
òî W u(p)

⋂
W s(q) 6= ∅.

Ñôîðìóëèðîâàííàÿ òåîðåìà çàâåðøàåò èññëåäîâàíèå, íà÷àòîå àâòî-
ðîì â [2].
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