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ON INSTABILITY
OF THE ABSOLUTELY CONTINUOUS SPECTRUM
OF DISSIPATIVE SCHRODINGER OPERATORS
AND JACOBI MATRICES

R. ROMANOV

ABSTRACT. The absence of the absolutely continuous spectrum is proved for dissipa-
tive Schrodinger operators and Jacobi matrices with slowly decaying imaginary part
of the potential.

§1. INTRODUCTION

This paper addresses the question of stability of the absolutely continuous spectrum
of one-dimensional Schrédinger operators under slowly decaying perturbations. In the
selfadjoint case the absolutely continuous spectrum coincides with the spectrum of the
unperturbed operator on the positive real axis (see [I]) if the potential is of class L?. In
particular, this result means that the absolutely continuous spectrum can be preserved
when conventional scattering theory is no longer applicable. Here the paper [2] should be
mentioned, where a scattering theory was constructed for potentials belonging to L2~¢,
€ > 0. Our aim is to show that the picture is very different for nonselfadjoint Schrédinger
operators. Namely, the following two theorems hold.!

Theorem 1. Let {q;} be a sequence of complex numbers with Img; > 0 and Img; — 0,
and let | be the discrete Schrédinger operator in 1?(N) determined by the matriz

¢t 1 0
1 q2 1
0 1 g3

If the absolutely continuous subspace of | is nontrivial, then Imq € [*.

Theorem 2. Let q be a locally bounded function on Ry with Imq > 0 and Img(z) — 0
as x — 00. Assuming that Re q is bounded below and sup,, f:“ | Re q|? dt is finite, define
[ to be the Schridinger operator in L?(Ry) with the potential q, lu = —u" + qu, on the
domain fixed by a selfadjoint boundary condition at zero. If the absolutely continuous
subspace of 1 is nontrivial, then Imq € L'.
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The abstract local scattering theory for trace class perturbations of selfadjoint op-
erators, developed in [3, 4], shows that the absolutely continuous parts of arbitrary
operators L, Ly are quasisimilar and their spectra coincide if L is selfadjoint and L — Lg
is of trace class. In the situation under consideration this implies that the absolutely
continuous spectrum of [ coincides with that of the selfadjoint Schrédinger operator Rel
provided Imq € L' (Imgq € ' in the discrete case). Thus, the theorems above say
that the existence of the absolutely continuous spectrum for Schrédinger operators in
the dissipative case is equivalent to having a nontrivial scattering theory. To the best
of the author’s knowledge, no nontrivial negative results on the absolutely continuous
spectrum of nonselfadjoint differential operators with nondiscrete spectrum have been
obtained previously.

Notice that we managed to avoid using explicitly the Szokefalvi-Nagy—Foiag functional
model [5], which is the main tool in the study of the absolutely continuous subspace of
a dissipative operator [3] [6]. However, a model-oriented reader will easily recognize the
condition of isometricity a.e. on the real axis of the characteristic function of the operator
in question in the basic criterion (22]).

The structure of the paper is as follows. In §2 we define the absolutely continuous
subspace of a dissipative operator and provide necessary abstract preliminaries. §3 is
devoted to the proof of Theorem 1, §4 to the proof of Theorem 2.

Notation.

Cy ={z: £Imz > 0}.

H,.(L) is the absolutely continuous subspace of an operator L. The notation H,.
without an argument is used when from the context it is clear which operator it refers
to.

S! is the trace class.

T(z,k) is the transfer matrix for the differential equation —y” + py = ky on the

semiaxis x > 0:
T(w,k) <yy'(<%)>) - (5'(&)))

for any solution y of the differential equation.

I-llx = [l 220,

Oess(L) is the essential spectrum of the operator L. We write ogess(L) C § if the
spectrum of L in the complement of the set €2 consists of at most countably many
eigenvalues of finite geometric multiplicity.

Unless otherwise specified, the abbreviation a.e. refers to the Lebesgue measure.

§2. ABSOLUTELY CONTINUOUS SUBSPACE

Let H be a Hilbert space, and let L be a maximal dissipative operator in H of the form
L =A+iV, where A= A* and V > 0 is bounded. We shall assume that oess(L) C R. It
is also assumed throughout that the operator L is completely nonselfadjoint, that is, has
no reducing subspaces on which it induces a selfadjoint operator. We define the Hardy
classes of vector-valued functions H% to be the collections of functions f : Co — H
analytic in C4, respectively, and satisfying sup.~ [ || f(k £ ie)|* dk < oc.

Definition. The absolutely continuous subspace H,.(L) of the operator L is defined as
follows [3}, [7]:

w€ H: 1) (L —2)"'uis analytic in C,
H,.(L) = cos{ .

2.1
@1) 2) V3L - 2)'ue H2
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The absolutely continuous subspace is regular invariant [3]; that is, (L — 2) "1 Hye =
H,. for all z € p(L). This implies that the restriction L|g, with the domain D(L)N H,
is a closed operator in H,.

Various motivations of this definition and its relationship with scattering theory are
discussed in [3] @ [7, [6], [§]. Here we only mention the following “weak” characterization
of the subspace H,.(L) (it will not be used in the paper).

Theorem (see [10]).

we H: 1) (L—2) " uis analytic in C,
H,.(L) = clos L ) .
2) (L —2)" u,v)|c, € HY forallve H

This theorem shows, in particular, that (ZII) can be regarded as a generalization of
the definition of the absolutely continuous subspace in the selfadjoint theory.

The triviality of the subspace H,. in the examples considered in this paper will be
established on the basis of the following criterion, which is implicit in [§].

Proposition 2.1. H,.(L) = {0} if and only if for a.e. k € R we have (z =k + i¢)
(2.2) D(z)=e(L* —2) "WV 50
ase | 0.

Notice that it suffices to verify strong convergence on a dense set, because the function
D(z) is bounded in Cy, ||D(2)|| < 1/2 (see a calculation in [8] or the proof of Lemma 23]
below, where a similar calculation is carried out). To make the exposition self-contained,
here we give an elementary proof of the “if” part (the “only if” part is not needed in
this paper). In the argument we shall use the following inequality from [3]:

(2.3) e / (L — & — ie)~ Y| dk < nlJo]?,
R

which is valid for any maximal dissipative operator L and all v € H and € > 0. This
inequality is an easy consequence of the existence of a selfadjoint dilation [5] of the
maximal dissipative operator —L*; see [3] for the details.

Proof. Given a u € H, we define us(z), z € C4, to be the restrictions of the function
VV (L — z)~'u to Cx, respectively. By a fundamental property of dissipative operators,
u_ € H2 for all w € H [3, Theorem 1]. Suppose (22 is fulfilled and u; € H% for a
certain u € H. We shall show that u = 0. Define uy (k) € L?(R, H) to be the boundary
values of the functions u4 on the real axis. The required assertion will be established if
we show that uy = u_ in L3(R, H). For all z =k +ie, ¢ > 0, and e € H we have

(s (=) —u_(2),€)] = 26| (VV(L = 2)" (L = 2) " u,€)| = 2v/E|((L — 2)""u, D(2)e)]-

Then, for any compact interval A C R we can write

/ (s (k + i) —u_(k — ic), e)| dk
A

§2</A||D(k+i5)e||2dk:)l/2 <5/A||(L—k—i5)‘1u|2dk>l/ .

The first factor on the right vanishes as € — 0 by assumption and the Lebesgue theorem.
We show that the second factor is bounded in . An application of the resolvent identity
gives

(2.4)

VEI(L = 2)"tull < VEIL® = 2) " ul + D) - IVVE — 2) .
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Integrating and taking the inequality (23] into account, we find
s/H(L —k —ie)tu||? dk < 27||u|? + / IVV(L — k — ie) " ul|® dk,
R R

which is bounded by the assumption about u. We see that the left-hand side of (24)
converges to 0, which implies that (u4 (k) — u_(k),e) = 0 a.e. on A. Since A and e are
arbitrary, we conclude that uy = u_. ]

As has already been mentioned, in the case of a trace class perturbation V' a local scat-
tering theory exists for the pair (L, A) [3, ], which implies preservation of the absolutely
continuous spectrum as an easy consequence.

Theorem 2.2. If V € S, then o(L|g,.) = 0a.(A), where the absolutely continuous
spectrum of the selfadjoint operator A is defined in the standard way.

Since this assertion was not formulated in [3] [4] explicitly, here we give a sketch of its
proof.

Proof. By the results in [3] 6], the nuclearity of V' implies that any Borel subset w C R
gives rise to a unique maximal invariant subspace H,, of the operator L|p, such that
o(L|g,) C w. This subspace is trivial if |w| = 0, coincides with H,. for w = R, and has
the property that if w = (J,, w, then o(L|g,) = U, o(L|n,, ). In the course of the proof
of Theorem 5 in [3] it was shown that there exists a scalar contractive analytic function
m in the upper half-plane such that for any ¢ > 0 the bounded local wave operators
WY(A,L): H, — H for the set w = {k € R : |m(k)| > ¢} exist and are complete in
the sense that RanW¢¥(A,L) = P,H. Here P, is the spectral projection of the a.c.
part of A corresponding to the set w. This means that L|y, and A, = A|ganp, are
similar, and thus o(L|p,) = 0ac(Aw). Now, considering the exhausting sequence {wy,}
of the sets defined as above with ¢ = 1/n and taking into account the fact that the set
{k : m(k) = 0} has Lebesgue measure zero, from the additivity property we conclude
that o(L|g,.) = dac(A). O

Notice that the statement of the theorem remains true if the weaker condition
(L —2)"' = (A—2)71 € S!is satisfied. The set o(L|g,,) is referred to as the abso-
lutely continuous spectrum of the operator L.

In general, the question as to whether the condition L; — Ly € S! for a pair of
dissipative operators Ly, Lo implies o(L1|g, (1,)) = 0(L2|#H,.(L,)) appears to be open if
Im L; o are not in S! separately. We shall need a result of this type in a special situation.
The original work of this paper starts here.

Lemma 2.3. Let L and L be dissipative operators such that L—L=iT withal €~Sl.
éssumeiﬁhat T ZNO and there exists a bounded operator T > 0 such that I' = VT,
V=ImL. If Hy.(L) = {0}, then H,.(L) = {0}.

Proof. Let Hac(z) = {0}. Applying the criterion of Proposition 2] to L and taking the
assumed factorization of I' into account, we see that

V(L = 2)"'WT =0
for a.e. k € R. We show that /&(L* — 2)~'vT - 0 for a.e. k. We have
VE(L* —2)"WT - G(z) = Ve(L* — 2)"'WT,

where

G(z) =1 +iVT(L* — z)"'VT.
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Let V =1Im L. Then the following calculation shows that G(z) is a contractive function
in C,:

I—G*(2)G(z) =1 — (I —iVT(L —2) " "VT)(I +ivVT(L* — 2)~'VT)
(2.5) = iVI(L—%2) " ((L* = 2) — (L —2) 4+ i) (L* — 2)"'"VT
=VI(L -2 (2 42V +T)(L* — 2) VT > 0.

Since T is of trace class, we have VI(L* — 2)~1vT € S!. Thus, G(z) is a contractive
analytic operator-valued function in C, such that I —G(z) € S*. Moreover, the operator
G(z) is boundedly invertible for Im z sufficiently large, because G(z) — I in the operator
norm as Im z — +o0o by the reason that L has a bounded imaginary part. Hence, by the
Szokefalvi-Nagy theorem [5], the function G(z) admits a scalar multiple; that is, there
exists a scalar contractive analytic function g # 0 such that G(2)Q(z) = g(z) - I for
some bounded analytic function . By the Fatou theorem [5], it follows that the strong
boundary values G~1(k) = s-lim. o G~ (k + i) of the function G~1 exist for a.e. k € R.
We infer that

VE(L* = 2)"'WT = Ve(L* — 2) VT -G 1(2) %O
for a.e. k € R. Now we can verify condition (Z2]) for the operator L. We have
(2.6) Ve(L* —2) "WV = e(L* —2) "WV —ie(L* —2)"'VT - Q(2)

where Q(z) = VT(L* — 2)~'V/V is a bounded analytic function in C.. The latter follows
from a calculation similar to ([2.35), which shows that I — G(2)G*(z) equals the right-
hand side of @38) with (L —%)~! and (L* — z)~! swapped, and therefore Q(2)Q*(z) <
I. The first term on the right in (28) converges strongly to zero by assumption, and
an application of the Fatou theorem to the function @(z) shows that the second term
converges strongly to zero as well. (]

In the next section we establish the triviality of the absolutely continuous subspace for
an operator L by verifying condition ([2:2) for an operator L satisfying the assumptions
of Lemma [Z.3] As the proof of the lemma shows, the final result does not depend then
on the “only if” part of Proposition 2.1l

§3. DISCRETE SCHRODINGER OPERATOR

Let {gn} be an arbitrary sequence of complex numbers such that 0 < Img, < C,
C < 0. Define ©(z) and ®(z), z € C, to be the solutions of the difference equation

(31) Upt1l + Un—1 + Quln = ZUp

for n > 1 with the initial conditions ©®; =0, O, = -1, &1 =1, 3 =2z — q;.
The discrete Schrédinger operator [ acts in the Hilbert space H = [?(N) and has the
form

I=5S+5"+0Q,
(Su)n = Un+1, (Qu)n = qnlUnp.

This formula defines [ on the domain of the multiplication operator @; [ is a maximal
dissipative operator, and it is easily seen to be completely nonselfadjoint if Im ¢ # 0. For
z€C_, let u(z) = (I — 2)~161, where H > §; = (1,0,...); then u(2) is an [?-solution of
@) for n > 1. The function u satisfies

u(z) = =0(2) + m(2)®(2),
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where m(z) f (I = 2)7161,81). Obviously, —m(z) is a Nevanlinna function in C_
(Imm(z) < 0), and therefore the finite boundary values m(k) = lim.|om(k — ie) exist
for almost all k& € R. At such k’s, the solution u(k), u;(k) = lim. o u;(k — ic), of (BI)
with z = k is well defined.

Lemma 3.1. If a finite boundary value m(k) exists, then the sum ), Im g |u;(k)|? is
finite, and
(3.2) limsup(elju(k —ie)|?) < —Imm(k).

€l0

Proof. Both assertions result immediately from the identity (z = k — ie, € > 0)
oo [ee]
S Iyl ()2 3 fuy (=) = — Tmm(z),
j=1 j=1

because each term on the left-hand side is nonnegative. To verify this identity, we notice
that the left-hand side equals

Im((I — 2)u(z),u(z)) = Im(d1,u(z)) = Imm(z) = —Imm(z). O

The following lemma provides a convenient condition sufficient for the triviality of
the subspace H,.(l) and stated in terms of solutions of the equation [BI)) for real values
of the spectral parameter. For a function ¢ analytic in C_, we introduce the notation
() = ¥(Z). Let a; = +/Img;, a = diag{a;}, and let D(z), z = k + ie, be the operator
defined in (2.2) with L = [.

Lemma 3.2. Let k € R be such that m(k) exists finitely. If {o;®;(k)} ¢ [?, then
D(k+z‘g)%>o.

Proof. We shall check the required strong convergence on a certain dense set of compactly
supported vectors. Let us consider the action of the resolvent of [* on such vectors. A
straightforward calculation shows that for any compactly supported f (z = k+ie, e > 0)
we have

[ = 2) 71y = @5(2) 3 (=) + 85 (2) 3 ®nl2) fn

The first term on the right vanishes for the j’s to the right of the support of f. If k is
such that m(k) exists finitely, then 1, (2) converges as ¢ — 0 for each n, and both terms
on the right-hand side are bounded as € — 0 uniformly in j < N for any fixed N. Thus,
we see that

(" = 2)71f = ce[flu(z) +r(e),

(3.3) ce[f] =Y Bulk +ic)fn

for any k satisfying the assumption of the lemma, where 7(e) vanishes to the right of
the support of f and is bounded uniformly and, moreover, in the [?>-norm, as ¢ —
0. Substituting [B3]) in the definition of D(z) and taking into account the fact that
e'/2||u(z)|| is bounded as e — 0 by [B2)), we find that

ID(z)v]| < Cleclav]| +o(1), € —0,
for any compactly supported v. Observe now that the linear set

D= {v € I*(N) : v is compactly supported and Zvjajéj(k) = 0}
J
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is dense in 1% if {a;®;(k)} ¢ [. Hence, it suffices to check that D(k+ic)v — 0 for v € D.

Indeed, cc[av] — > o, @y, (k)v, =0 as e — 0 for v € D, and the required limit relation
follows. O

Theorem 3.3. Let {q;} be a sequence of complex numbers such that 0 < Img, < C,
C < 00, and 0ess(l) CR. IfImq ¢ 11, then H,. = {0}.

Proof. By the preceding lemma and Proposition 2], it suffices to show that if Im ¢ ¢ [*,
then >, Im ¢;|®;(k)|* = oo for a.e. k € R. For k such that m(k) exists finitely, consider
the Wronskian of the solutions ® and u,

(3.4) 1= W(B(K), u(k)] = @51 (F)u;(k) — & (K)u;1 (k). G > 1.

Multiplying this identity by o;a;_1 and summing over j, we obtain
D ajoya <3 a|® 1 (k)] aglug (B)] + Y ol ®5(k)] - o fu1 (K))|
n 1/2 n 1/2
<o Smglempr)  (Smolumr)

By Lemma[3.T] the last factor on the right is bounded in n. We see that if 3, a1 =
oo, then 3, Im ¢;|®;(k)|* = oo for a.e. k € R, and the theorem is proved in this case.
The general case reduces to that considered above, because if Imq ¢ [!, then there
exists a nonnegative d € [! such that ¢ = ¢ + id satisfies Zj ajaj_1 = oo with a; =
(Imaj)l/ 2. Indeed, by the uniform boundedness principle, the assumption that o ¢ 2
implies that there exists p € [? such that > jPj0y = 00, and, obviously, this p can
be chosen to be nonnegative. Now we can set d; = P?qa for ajo5-1 > pj_105-1.
Application of Lemma 2.3 completes the proof. O

Since ess(l) C R as Im g, — 0, this theorem contains Theorem 1 from the Introduc-
tion. Furthermore, in the case where Im ¢ € {! the trace class scattering theory implies
o(l|m,,) = oac(Rel), and we see that the theorem gives a complete description of the
absolutely continuous spectrum of a dissipative discrete Schrodinger operator.

The above proof extends straightforwardly to Jacobi matrices with selfadjoint off-
diagonal part. Namely, given a bounded sequence {p,, } of positive numbers, we introduce
the Jacobi matrix J by

J=AS+S"A+Q,
where
(Aw)y, = prittn.

Then J is a maximal dissipative operator of the class under consideration.

Theorem 3.4. Let {q;} be a sequence of complex numbers such that 0 < Img,, < C,
C < 00, and 0ess(J) CR. If Imq ¢ I, then Hu.(J) = {0}.

Indeed, assuming without loss of generality that p; = 1, we can define the solutions ©
and ® of the equation p,41Un+1 + Prn—1 + Gnttn, = zu, with the same initial conditions
as in the case of p = 1, and put u(z) = (J — 2z)716;. The proof then proceeds verbatim
as in the case of p = 1 until [B4), where we shall have

W;[®@,u] = &1 (k)uj(k) — ®;(k)u; (k) = p;

instead. Obviously, the left-hand side is bounded away from zero, since the p; are
bounded, and the rest of the proof coincides with that of Theorem 3.3l
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§4. CONTINUOUS CASE

1. Preliminaries and the beginning of the proof of the main result. Let ¢ be
a locally bounded function on Ry satisfying Im g(x) > 0 a.e., and let h be an arbitrary
real number. We shall assume throughout that Im ¢ € L*°(R.) and that Re ¢ is bounded
below. Define O(z, z) and ®(z, z) to be the solutions to
(4.1) —u" 4+ qu=2z2u, ze€C,
with the Cauchy data ®(0,z) = ©'(0,2) = 0, '(0,2) = ©(0,z) = 1. It is standard that
the solutions © and ® are continuous in z uniformly in « € I for any compact interval I.
The Schrédinger operator I, ly = —y” +qy, is defined in the Hilbert space H = L?(R )
on the domain of its real part, the Schrodinger operator with the potential Regq, fixed
by the selfadjoint boundary condition ¢'(0) = hy(0). Under the assumptions imposed, !
is a completely nonselfadjoint maximal dissipative operator, provided that Im ¢ # 0 []].
The following lemma is a continuous analog of Lemma [B1]

Lemma 4.1. For any z € C. there exists exactly one linearly independent L?-solution
u(x, z) of (@I, which can be chosen in the form

(4.2) u(zx, z) = O(x, 2) + m(2)®(x, 2),

where m is an analytic function in Co. For almost all k € R the function m has finite
boundary values, m(k) = lim. o m(k + ic), and the solution u(z, k) = lim. o u(x, k + ie)

satisfies
(4.3) /Imq(x)|u(m,k‘)\2dx < 0.
Moreover, for any € > 0 we have
(4.4) Imm(z) = /OO(Imq(t) +e)|u(t,2)|>dt, z=k+ic.
In particular, i
(4.5) limﬁ)up(&”u(-, k+ig)||?) < Imm(k)
e

whenever m(k) exists.

Proof. As is well known (see, e.g., [13]), the assumption that Regq is bounded below
implies that the differential expression corresponding to the potential Regq is in the
limit-point case at infinity; that is, the minimal operator [ = Rel \Cgo has deficiency

indices (1,1). It follows that the operator ly = [ + i Im ¢ satisfies dim ker(lf — z) =1 for
Im z sufficiently large, and therefore for all z € C, because C_ C p(lp). Thus, [@I]) has
exactly one linearly independent L2-solution for all z € C.

Assume now that the solution is representable as in ([@2).2 Since Regq is bounded
below, the identity

(4.6) 0= /:(—u” +(@—2)w)udt = —u'(z)u(x)+m(z) + /Ox(q— 2)|ul? dt + /095 lu'|? dt

shows that the function |u'@| has a limit, finite or infinite, as  — +o0. Taking the real
part, we find

1 d x x
——Ju(z)|? :ConstJr/ Re(q — 2)|ul? dt+/ /| dt,
2 dx 0 0

20nce the uniqueness of an L2-solution is established, the representation @2) and identity (@Z) are
results of the nesting circles analysis of equation (@Il carried out in [I1]. For completeness, here we
provide a simple derivation of these facts, except for the analyticity of m.
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which implies that ' € L? (otherwise |u(z)] — oo as 2 — +o00). This shows that
o' (z)u(z) — 0 as © — +oo. Taking the imaginary part of (6] and passing to the limit
as ¢ — +oo, we obtain ([@4]). This shows that m(z) is a Nevanlinna function in C
(Imm(z) > 0) and therefore has finite boundary values for a.e. k on the real axis, and
for any such k the integral [*Imq(¢)|u(t, k)| dt is bounded in x (by Imm(k)). It follows
that the integral in ([3]) is finite.

To establish the representation ([€.2]), it suffices to observe that ®(x, z) cannot be an
L2-solution for z € C, for otherwise a calculation similar to the above would lead to the
formula fooo (Im q + ¢)|®|? dt = 0 implying that ® = 0. The analyticity of the function m
was established in [IT]. O

We shall often suppress the argument « in the notation and write u(z) for the element
of the space H determined by the function u(z, z) for each z € Cy.

From now on, we shall assume that Img(x) — 0 as * — oo, which guarantees that
0ess(l) C R by a relative compactness argument. Then [ is an operator of the class
considered in §2.

In the following lemma, D(z) is defined by [22]) with L = 1. Let up, = © + h®.

Lemma 4.2. Let k € R be such that the finite boundary value m(k) exists, and let
m(k) # h. Then
(i) for any compactly supported v € H (z = k + ie) we have

(4.7) D(2)v = /eC:[v]u(z) + o(1), &—0,
where
1 e .
(4.8) Cev] = W mir ) /0 up (2, k +ie)y/Im q(x)v(z) dz,

and the o-symbol refers to the L?-norm;
(i) if VI qun(:, k) ¢ L*, then D(k +ig) == 0.
€

Proof. The arguments are completely similar to the proof of Lemma Let f € H be
supported on a finite interval [0, X]. It is straightforward to check that

(" =27 ()
(4.9) o . -
= [u(x,z)/o up(s,2)f(s)ds + uh(m,z)/z u(s, 2) f(s) ds]

for all z € C. Obviously, the function in the square brackets, which will be denoted by

g, coincides with
([ unts2)s0)ds) ute2)
0

for ¢ > X. Moreover, g(z,z) converges as ¢ — 0 uniformly in z € [0, X]. Since the
condition m(k) # h secures the boundedness of the common factor in (£9), this gives

(1 —2)tf = ( s [Tl are ds) u(z) +(2),

h—m
where the function r(x, z) vanishes for > X and is uniformly bounded as e — 0. This
implies (i).

Notice that, by (@3), €'/?||u(k + i) is bounded as e — 0, so that ||D(z)v| <
C|C:[v]| + o(1) for any compactly supported v. Now, define Cy[v] by formula (Z8) with
e = 0. If v satisfies Cy[v] = 0, then C. — 0, and thus D(z)v — 0. Since the set
of compactly supported v such that Cylv] = 0 is dense in L? if \/Imquy (-, k) ¢ L2,
statement (ii) follows. O
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Since the set of all k such that m(k) = h has measure zero by the uniqueness theorem
for Nevanlinna functions, we have the following.

Corollary 4.3. If /TImquy (-, k) ¢ L? for a.e. k € R, then H,.(L) = {0}.

Before proving the main result (Theorem 2), we would like to give a motivation of
it in terms of the WKB asymptotics for the solutions. As is shown in the asymptotic
theory of ordinary differential equations [I2], for potentials ¢ behaving at infinity in a
sufficiently regular way the asymptotics of solutions of equation [@Il) as x — oo can be
calculated explicitly. In particular, the theory asserts the existence of two solutions w4
of the equation —u" + qu = ku for k > 0 with the asymptotics of the form

(4.10) Uy ~ exp [j:i (x/Ex — ﬁ /yc@dg)} . T — o0,

(the WKB asymptotics) if ¢ belongs to certain classes of decaying functions. For instance,
the asymptotics ([@I0) occurs for all k > 0 if ¢ € L? and ¢’ € L' [12]. Let Imq ¢ L'.

Observe that then the solution u_ grows, |u_| ~ exp (ﬁ f‘T Imgqg d{), while u decays.

It should be noted that if the WKB asymptotics occurs for a given k£ > 0, and a solution
v of @) with 2 = k > 0 satisfies y/Im qv € L?, then v must be a multiple of u, because

/ Imglu_|? dz

~ /Oo Im ¢(z) exp <c /w Tm ¢(¢) d§> dz = exp <c/oo Im ¢(z) d:r) = o0.

A decaying function ¢ will be called a WKB-class potential if the asymptotics (EI0)
occurs for a.e. k > 0. It follows that, if ¢ is a WKB-class potential, then the solutions
up (-, k) and u(-, k) must coincide for a.e. k > 0 such that v/Imqup(-,k) € L% This
is only possible on the set of k such that m(k) = h; hence \/Imqup(-, k) ¢ L? for a.e.
k > 0. Applying Corollary 1.3, we thus obtain Theorem 2 for WKB-class potentials. In
particular, by a result quoted above, this shows immediately that the operator with the
potential ¢(z) = iz~P, 1/2 < B < 1, has trivial absolutely continuous subspace. Notice
that the eigenvalues of this operator only accumulate at 0 by a complex scaling argument
(a remark due to S. Naboko).

Now, we proceed to the proof of Theorem 2. The argument becomes less direct than
in the discrete case because estimating the Wronskian of solutions v and uj requires a
bound on their derivatives, which is only available in the mean with respect to the spectral
parameter and leads to some mild conditions on the real part of the potential in the
theorem. The proof involves spectral averaging for the selfadjoint problem corresponding
to the potential Re ¢ [14] and the Gilbert—Pearson subordinacy theory [13]. The required
part of the Last—Simon result reads as follows.

Theorem 4.4 ([14, Theorem 2.1C]). Let V be a real potential locally bounded and bound-
ed below, and let du = min{dp®”,dpN}, where the dpP/N are the spectral measures for
the selfadjoint Schrodinger operators with potential V' and Dirichlet—Neumann boundary
conditions at zero, respectively. Let © and ® be the solutions to —y"' + Vy = ky with
the Cauchy data ®(0,k) = ©'(0,k) = 0, ®'(0,k) = ©(0,k) = 1. Then for any compact
interval I C R there exists a constant C(I) such that for all x > 0 we have

(4.11) / (10, ) + |®(z, K)[2) du(k) < C(1),

r+1
(1.12) / [ [0 whE + 19 0P | du < ca

-1
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If additionally sup,, fsﬂ |V (t)|2 dt is finite, then
(4.13) /(IG'($7k)\2 + 1/ (z, k)[*) du(k) < C(D).
I

In terms of the transfer matrix T'(z, k) for the differential equation —y” + Vy = ky,
(EII) and (EI3) together are equivalent to saying that

(4.14) ST mE dutiy < e,

We shall need the following lemma of some interest on its own.

Lemma 4.5. Let yo be any solution of the equation —y" + qy = ky such that r =
¥6(0)/yo(0) € R (or yo(0) = 0). Then for any solution y of this equation there exists a
constant C' such that |y(z)| < Clyo(x)| for x sufficiently large, provided that Im g # 0.

Proof. As we shall see later, the solution yo(z) does not vanish for large 2.2 Therefore,
it suffices to establish the required estimate for the solution

n = ([ 2 ) wle)

linearly independent of yy. Multiplying the equation for yg by 7y and integrating from 0
to x, we obtain

T T
@@l + [ b+ [ @ Rl a =
0 0

Taking the imaginary part and observing that yj(0)yo(0) = r|yo(0)|? is real, we find

~Dnlyi()n(@] = [ Tmaalan .

We denote the left-hand side by p(z). The above identity shows that p(z) > 0 for large
x, whence yo(x) # 0, and we can introduce variables R, ¥ (R > 0) by yo = Re™ Y. By
direct inspection, we have p = R2¥’, so that ¥/ > 0, and the phase ¥ can be chosen to
be a continuous monotone increasing function. Then we have

/‘T dg _ /m eQz’\II(@M _ /‘P(w) 207
Y5 () R2(&)W(¢) SE@))

The nonnegative function ((s) = 1/p(£(s)) is monotone decreasing, which implies that
the integral on the right is uniformly bounded, and the result follows. (Il

This lemma shows, in particular, that the solution wy(z,k) estimates the solution
u(z, k) from above whenever the latter exists, u = O(|uy|) at large z. In the following
lemma we use standard asymptotic perturbation theory [12] to compare the asymptotics
of solutions corresponding to the potentials ¢ and Regq.

Lemma 4.6. Let k € R be such that m(k) exists, and let m(k) # h. If /Imquy (-, k) €
L2, then the equation

(4.15) —y" +Reqy =ky

has solutions yy 2 such that y1 = up(1 + o(1)), y2 = u + o(jup|) as * — oo, and the
Wronskian Wy, ys] satisfies

(4.16) Wy, yo] = Wlu, up] = mi(k) — b.

3This can also be seen immediately from the fact that a completely nonselfadjoint dissipative operator
has no real eigenvalues.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



336 R. ROMANOV
Proof. Rewriting equation ([@I5) in the matrix form,

;o 0 1 (Y1 Y2
Y_<Req—k O)Y’ Y_(yi ys)’

and resorting to variation of the parameter formula, we obtain the equation

1 Im qupu Im g u?
4.17 7 = Z
(4.17) h —m(k) ( Imgu? —Imqupu) ™

Y = (”7 “,) Z.
u, u
The fact that /Tmqu(-, k) € L? (see (@3)) and the assumption /Tm q uy (-, k) € L? imply

that
<Imquhié Im g u? ) eIl
—Imqu; —Imqupu

where

Applying now the Levinson theorem to equation ([@I7), we see that it has a solution Z
satisfying Z(z) = I + o(1). Since u = O(|uy|), we obtain the existence of the solutions
y1,2. Calculating the determinant of Y at infinity, we obtain (£.16). a

Proof of Theorem 2 (beginning). Suppose that H,. is nontrivial. Then, by Proposition
21 there exists a set M C oegs(1) of positive Lebesgue measure such that D(k +ie) does
not converge to 0 strongly as € | 0 for k € M, and therefore the function +/Tm quy(+, k)
belongs to L? for a.e. k € M by Lemma HE2(ii). For such k’s, let y12(-,k) be the
solutions of ([£I5]) described* in Lemma From the lemma it is immediate that the
solutions y1 2(-, k) are square integrable with the weight Img for a.e. k € M. Let u
be the a.c. measure given by du = min{dp”,dp™}, where the dpP/N are the spectral
measures for the selfadjoint Schrodinger operators with potential Req and Dirichlet—
Neumann boundary conditions at zero, respectively. We fix arbitrary c¢q, N, and A such
that the set

I= {k e M :|m(k)| < co, /000 Im q(|y1 (t, k)|? + |y2(t, k)[?) dt < N} N[—A, A]

has positive p-measure. This is possible because, as we shall show later, u(M) > 0.
Let p(k) = 1+ max{|y1,2(0, k)], [y7 2(0,k)[}, and let T'(x, k) be the transfer matrix for
equation ([I5). Then |y} o(z, k)| < p(k)||T(x, k)|. Taking (£I0) into account, we have
(4.18) [h = m(k)| = [Wlyr, y2]| < p(R)|T (@, k)| (ly2] + y2])-

Multiplying this by (p(k))~! Im ¢ and integrating, we obtain

[h = m(k)| ’
/IWdM(k)/ Tmqdt

<c (/1 du(k) / Tm g(Jy|? + |y22)dt)1/2 (/ dt Imq(t)/I|T(t,k)||2du(k))

Now, [;||T(t, k)||* dpu(k) is bounded uniformly in ¢ by Theorem B4 (see @I4])). Here we
have used the assumption that Re ¢ is uniformly locally L2-bounded. This gives
1/2

c (/wlqut) e (/Idu(k) [+ |y2|2)dt) < O/Nu(D),

and so the integral on the left is bounded.

1/2

4Without loss of generality, we may assume that m(k) exists and m(k) # h for all k € M.
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Thus, it remains to show that p(M) > 0. This will occupy the rest of the paper and
requires developing an analog of the subordinacy theory [13] for dissipative Schrédinger
operators.

2. Subordinacy theory and the end of the proof of Theorem 2. Recall [13]
that a solution w; of a second-order differential equation on the semiaxis [0, c0) is called
subordinate if

[[ua ||

[Jual|n
as N — oo for any solution uy linearly independent of u;. Here ||-||n = ||-||z2(0,n)-

Theorem 4.7. LetImq # 0. Then for a.e. k € R the following assertions are equivalent.
(i) D(k +ie) == 0.
|0
(ii) There exists a subordinate solution to —y" + qy = ky.
As the proof shows, the set of full measure in this theorem can be identified with the
set of real k such that m(k) exists finitely and m(k) # h. We shall provide a complete

proof of the implication (i) == (%) only, because the reverse implication is not used in
this paper. The proof is subdivided into several assertions.

Lemma 4.8. For any real k such that m(k) exists and m(k) # h, assertion (i) is
equivalent to saying that

(4.19) ellu(-, k +ie)||* — 0.
Proof. Lemma [2(i) shows that for any compactly supported v € H we have
ID(k + ie)o|| < Ce'?[lu(k + ie) || + o(1),

because C.[v] given by ([AJ) converges as ¢ — 0. This implies that if [@I9) is satisfied,
then D(k + ie)v — 0 for any compactly supported v € H, and (i) follows.

To establish the reverse implication, we choose v to be uy(x, k)x(x) where x is the
indicator of an interval A. Then

1
Cult] = =g [ s B VB ds .0

if A is sufficiently large. Now, Lemma [£.2(i) shows that if D(z)v — 0, then (£I9) is
true. O

The proof of the following assertion, which is central in the subordinacy theory, carries
over, with a slight simplification, from the selfadjoint theory [13].

Proposition 4.9. If the equation —y" + qy = ky has a subordinate solution for some
k € R such that m(k) exists and m(k) # h, then this solution is a multiple of u(z, k).

Proof. Without loss of generality, we may assume that u(-, k) ¢ L?. Let v be the subor-
dinate solution in question, with the normalization chosen so that v = © 4 ¢y ®, so that
the Wronskian W[®, v] is equal to 1. This is possible since, by Lemma 5, ® cannot be
a subordinate solution. We must prove that cg = m(k).

A straightforward calculation shows that the solution u(z,z) satisfies the following
integral equation:

g(z) = O(z, k) + m(2)®(x, k) — ic |:(I)(:C, k) /O‘T v(s)g(s) ds — v(x) /O‘T D(s,k)g(s) ds] .

We consider this equation in L?(0, A(¢)) with a finite A(e) to be chosen so that A(g) — oo
ase — 0. If

1
(4.20) el @, Bl ae vl ace) < 3
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then the equation can be iterated in L?(0, A(g)) to give

[u(, 2)lla@) =< 1OC, k) + m(2)®( F)l[ae) = [[o(- k) + (m(z) = co)@(, k)| ae)
= (Im(2) = col + (W1 (, )l ace),

where we have used the fact that v is subordinate, and therefore

[vllac)/I12C, B)llage) — 0.
We define A(e) by

12(, B)lla vl ae) = gelul- & +ie)|1%,
C = limsup,_,o Imm(k + ie).

Then ([20) is satisfied by [@3]), and A(e) tends to infinity as € | 0 because otherwise
[lu(-, k)| <liminf||u(-, k + ie)|| would be finite. Thus, we obtain

_ , 1/2
lco — m(z) lul, & + i) +o(1) = <SC||(I)|U||A(E) ) +o0(1) — 0. O

| < Ml Rrie)l
1D(, k)l ae) (k) ace)

Proof of Theorem 7. (i) = () To establish this implication it remains to show that
if u(-, k) is a subordinate solution, then ([4I9)) is satisfied. We shall actually show that if
u(+, k) is subordinate, then, moreover,

/000 Im q(z)|u(z, k)|? de = Im m(k).

From (44)) it is clear that condition ([@I9]) then follows. We shall use an argument from
the proof of Lemma Multiplying the identity —u” + (7 — k)u = 0 by %, integrating
and taking the imaginary part, we obtain

Im[v (z, k)u(z, k)] = Imm(k) — /Oﬂ? Im q(t)|u(t, k)|? dt.

By (#4), the right-hand side is nonnegative for all x, and so the required assertion is
immediate if the left-hand side has a zero. Suppose now that the left-hand side does
not vanish for all > 0, so that, at least, u(z) # 0, and we can introduce variables
R, ¥ (R > 0) by u= Re'¥. Then the left-hand side becomes p(z) := R?(x)¥’(z). Since
p(x) is positive, it follows that the phase ¥ can be chosen to be a continuous monotone
increasing function.

Then, for a solution v linearly independent of u, we have

_ ( / xe—%wo%w(m) _ ( / " e—%%(\p)dxv)u(x),

where ((s) = 1/p(¥~1(s)) is a positive monotone increasing function. It follows that
¢(s) — oo; otherwise the integral would be bounded and v would be bounded above by wu,
which contradicts the assumption that u is subordinate. Thus, fom Im qlu|? dt — Imm(k)
as ¥ — 0o, as required. O

Remark 1. In the selfadjoint theory the assertion corresponding to the last part of the
proof of Theorem 1 (if u(+, k) is a subordinate solution, then Imm(k) = 0) is trivial,
because a subordinate solution normalized by the condition %(0) = 1 must be real when
Img=0.
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Remark 2. We have left unproved only one assertion in the implication (i) = (i) of
Theorem ET if e|lu(k + ic)||> — 0 for some k € R such that m(k) exists and m(k) # h,
then u(z, k) is a subordinate solution. The proof of this fact can be taken verbatim from
the corresponding assertion in the selfadjoint theory [13].

Proof of Theorem 2 (end). We must show that u(M) > 0. Suppose, by contradiction,
that u(M) = 0. Since p is equivalent to the a.c. part of the spectral measure of the
selfadjoint Schrédinger operator with the potential Re g, the following assertion of the
selfadjoint Gilbert—Pearson theory applies.

Proposition (see [13]). Let V' be a locally bounded real potential in the limit point case at
infinity, and let dv be the a.c. part of the spectral measure for the selfadjoint Schrédinger
operator with the potential V and a selfadjoint boundary condition at zero. If v(S) = 0,
then the equation —y"” + Vy = ky has a subordinate solution for Lebesque-almost-all
kels.

This shows that equation ([@IH) has a subordinate solution for a.e. k € M. Lemma
now implies that the equation —y” + gy = ky has a subordinate solution for a.e.
k € M as well. Indeed, let y = coy1 + y2 be a subordinate solution of (£I5). Then
y ~ u~+ coup + o(up), whence

lu+ counlln llylln
l[unl v [yl w

— 0;

that is, u + coup, is a subordinate solution of ([I]) with z = k. Since y; cannot be a
subordinate solution, we are done. Applying Theorem E7] we obtain D(k + i) — 0 for
a.e. k € M, a contradiction. O

As was mentioned above, conditions on the real part of the potential in Theorem 2 are
required to apply spectral averaging. In particular, the condition that Re q is uniformly
locally L2-bounded allows us to use the following standard estimate for derivatives of
solutions of a second-order differential equation (see, for instance, [I5, Lemma 3.1]): if
sup,, f:ﬂ |V (t)|? dt is finite, then

x+1
G@F <cr) [ lglsfds

rz—1
for any solution g to —y” + Vy = ky with a constant C' depending on the potential
V only. As was noticed in [I4], a combination of this bound with [@IT]) allows us to
drop the additional integration in y in ({I2) and to arrive at (£I3]). By the following
theorem, if we omit the condition on the positive part of Re ¢, then the nontriviality of
H,. implies that Im ¢ is in L' in an averaged sense.

Theorem 4.10. Let g be a locally bounded function on Ry with Img > 0, Img(xz) — 0
as x — 00. Assume that Req is bounded below. If the absolutely continuous subspace of
the Schrédinger operator l is nontrivial, then

; (/nnJrl\/Irniqu2 < oo,

Proof. The argument develops as before until the Wronskian estimate (£I8]), which we
multiply by (p(k))~!y/Imgq and integrate in ¢ from n to n + 1 and in k, to obtain

J IOy [ iwgar <o (fau [ o + ) a)

1/2
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Here we have taken ([@I2)) into account. Squaring and summing over n, we arrive at the
result. |

It remains unclear if it is possible to carry the proof of Theorem 2 over to the discrete
case. The difficulty here is that no appropriate discrete analog of the trigonometric
substitution u = Re'¥ in the proof of Theorem E.7 is known.

Finally, it should be mentioned that the condition of pointwise decay of Im g as x — oo
in Theorem 2 can be replaced by any other condition guaranteeing that oess(l) C R.

§5. CONCLUDING REMARKS

As is well known [5], the triviality of the subspace H,. implies that the characteristic
function of the operator is inner. So far, the analysis of operators with inner characteristic
functions has mainly been developed for the discrete part of the spectrum and requires
the existence of a scalar multiple [16], thus rendering it efficient in the case of trace
class perturbations only. Examples considered in this paper suggest that a nontrivial
“singular” inner factor of the characteristic function appears naturally in applications
when the perturbation is not of trace class.

It should also be mentioned that the instability phenomenon described in this paper is
likely to be a specific feature of dissipative Schrodinger operators. In the nondissipative
case, a WKB-class potential will have all solutions of (LIl bounded for a.e. z > 0 if its
imaginary part is conditionally integrable. This suggests that, in this case, the absolutely
continuous subspace can be nontrivial even if Imq ¢ L.

Acknowledgements. The author is indebted to S. Naboko for helpful and encouraging
discussions and to M. Marletta for noticing a mistake in the initial formulation of Lemma
4.0l
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