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Abstract—We simultaneously study two classes of two-dimensional time-periodic systems of
differential equations with a small positive parameter, namely, systems with “slow” or “fast”
time whose first-approximation systems are autonomous and conservative and do not contain
terms of order higher than three. Thus, the corresponding unperturbed systems have one, two,
or three rest points.

For the perturbations, we indicate explicit conditions, independent of the small parameter,
under which every original system of either class with coefficients three times continuously
differentiable with respect to the phase variables and the parameter in a neighborhood of zero
has finitely many two-dimensional invariant surfaces homeomorphic to tori for all sufficiently
small parameter values. We also give formulas for these surfaces.
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1. INTRODUCTION
1.1. Statement of the Problem

Consider the standard two-dimensional system

"tl - (_'1"2 + Xl (t’xl)xQ’s) 6) 51” (1,/)
"tgz (m?—20$§+77$1+X2 (t,xl,xg,ﬁ)ﬁ) g’ (V:O’l)

with a small parameter €, where 0 = 0,1, n = —1,0,1 for c =0, 7 € R for 0 = 1, and X; and X,
are continuous functions defined for ¢t € R, |z1| < g, |2x2| < o, and 0 < & < gy, T-periodic with

respect to t, and belonging to the class C*® with respect to x;, x5, and ¢ in the above-mentioned
domain.

Essentially, formula (1) describes two different systems, (1°) and (1'); comparing them, one can

say that system (1') has “fast” time, since when reducing it to (1°) one obtains a system with
period Te.

The first approximation system, or the unperturbed system, corresponding to system (1") is
naturally defined as the autonomous system

1 = —x0e”, iy = (2] — 202t +n21) e’ (v =0,1). (2v)

Obviously, the phase portraits of systems (2°) and (2') coincide.
Let us introduce notation for the roots of the polynomial 3 — 2027 + nz,. We set

Y=0 m=0c-+o>-n  p=oc+ oi-n if np<o’. (3)

Ifo=1landn <1 theny, =1—+1I—-n, 1w =1+/1—n andn =7;(2—7,); if 0 =0 and
n = —1, then v; = (=1)’; if n =0, then v, =0 (j = 1,2).
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2 BASOV

System (2") is conservative. The phase plane of system (2¥) is filled with closed trajectories and
separatrices, which are given by the integrals

r] — 8230 /3 + 2nat + 225 =a
and surround one, two, or three rest points (0,0), (71,0), and (72, 0); here the last two points can

be absent or coincide with the first one.

The aim of the present paper is as follows. For any sufficiently small ¢ > 0, we find several
two-dimensional cylindrical invariant surfaces of system (1) which are homeomorphic to tori if
time is taken modulo the period and whose phase projections lie in a small neighborhood of some
closed trajectories of the unperturbed system (2”) and thereby surround one or all rest points.

As a result, we write out closed-form conditions on the functions X; (¢, x1, z5,0) under which the
perturbed system (1”) has the above-mentioned invariant surfaces. These conditions depend on o
and 7. We also write out estimates for the number of such surfaces and present the asymptotic
expansion of each of these surfaces in powers of the small parameter.

Systems (1°) and (1') are studied simultaneously, since the invariant tori are found with the use
of the same method developed in [1, 2] and substantially modified in [3]. However, when finding
the bifurcation equations, there are important distinctions between the cases v = 0 and v = 1, and
we discuss these distinctions in detail.

1.2. Approaches to the Solution

The general method for solving such problems is quite standard and includes three stages. One
should

1. Rewrite system (1¥) in special polar coordinates r and ¢ (called the “action—angle variables”
in [4, Sec. 50]) in a neighborhood of an arbitrary closed trajectory of the unperturbed system (2").

2. Find and analyze conditions on the functions X; (t,z;,22,0) in system (1) sufficient for
the bifurcation equation to have at least one admissible solution satisfying the nondegeneracy
condition, which guarantees the existence of a nonzero focal quantity generated by the above-
mentioned functions.

3. Make a number of averaging and scaling changes of variables reducing system (1”) to a system
that, by the Hale lemma [5], has a two-dimensional invariant surface homeomorphic to a torus.

Therefore, nowadays the main problems that necessitate the development of new approaches
and methods arise at the first stage of the analysis when constructing special polar coordinates for
increasingly complicated first approximation systems with several rest points.

Additional interest is also attracted by the second stage, since the bifurcation equation, which is
quadratic for systems with simpler first approximations, in this case has a very complicated integral
structure.

The third stage is standard but should be realized with care, since it permits one to obtain
closed formulas for each invariant surface corresponding to a root of the bifurcation equation.

1.3. Versions of System (1')

1. System (1') can be obtained from the more general T-periodic system

I = —yae + Y1 (t,y1,2,) €%, an
y2 = (’Uo(t)yf + U1 (t)y% + UQ(t)yl + US(t)) e+ }/2 (ta Y1, Y2, 5) 62 '
with a small positive parameter £, where fOT vo(t)dt > 0 and the Y; are functions similar to X;.
Indeed, after the change of variables y, = wy + Zi:o 05 (t)y? *e in (11), the first approximation
(—yQ, Zi:o vkyf7k> ¢ acquires the form (—wg, Zzzo Dky:f*k> e. Here v(t) = v + 0(t), where v is
the mean value of v(t), and 0*(t) = |, ' 5(¢)d¢ is a T-periodic function with zero mean for an
appropriate choice of ¢*.
After the change of variables y; = w; + (, we obtain (—ws, ﬂowf + Dyw? + Vowy) €, where Ty > 0,
U, = U1 + 3(0g, and Uy = Uy + 2(0; + 3?0, provided that ¢ is a real root of the cubic equation
3 _ 3.
Zk:() ’Uké_g k = 0
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INVARIANT SURFACES OF STANDARD TWO-DIMENSIONAL SYSTEMS 3

Let v; = 0. If ¥, = 0, then we make the scaling change of variables w; = x1, wy = 1_}(1)/2.%'2,

€ = 651/26, but if ¥, # 0, then we make the change of variables w; = 17(;1/2 |132|1/2 Ty, Wy =

Oy /2 |Og| g, € = |T)2|71/2 e. We obtain the first approximation (—zq, %) in the first case and
(=3, 2% 4+ sgnUyx;) € in the second case. But if ©; # 0, then we make the change of variables

/

11 o 3/2. . 1/2 . -1 . o
wy = =270, M0y, we = —2720, 70y | Uy | 2, € = 2v0/ |01]” " € and obtain the first approximation

3 2 _1/2 . -1 .
(—xg,xl — 2z + 2v0/ |01 v2x1) E.

In particular, if o # 0 in a system of the form (1'), then it can be scaled to unity; if o = 0, then
a nonzero 7 can be scaled to +1.

2. The system

Uy = ug + Uy (t,ug, ug,€), Uy = —ud + 2ule — nuie? + Uy (t,uy, ug, ) (13)
was considered in [3], where U; = UP™ 4+ U7 U is a form of order k in uy, us, and & with
coefficients 2w-periodic in ¢ assuming that u; and € have the first order of smallness and u, has

the second order of smallness; Uf[k] is a function 2m-periodic in ¢ and sufficiently smooth in a
neighborhood of the point u; = uy = ¢ = 0 whose expansion starts from some order > k. This

system can be reduced by the change of variables u; = 1€, uy = —5? to system (1') with o = 1
and
2+i
X, (t, 21, 2o, 0) _ Z Ui(p1,2p2,2+i—p1—2pz)(t)xzfl (_xQ)pz :
p1+2p2=0

i.e., if e = 0, then X; has six terms at most quadratic in o and X, has nine terms at most cubic
in z,.
3. Another special case of system (1') is given by the Duffing equation

J+y°—20y°c+nye® =Y (t,y,9,¢), (13)

which describes small oscillations of a periodic oscillator whose restoring force has the third order
of smallness and whose quadratic and linear terms depend on the small parameter.

Equation (13) can be reduced by the change of variables y = u;, § = uy to system (13) with

Uy (t,z1,29,6) =0, Uy (t, @1, 29,6) = =Y (t, 21, %2,€) .

2. PARAMETRIZATION OF CLOSED TRAJECTORIES AND SEPARATRICES
OF A UNPERTURBED SYSTEM

2.1. Admussible Initial Values

By using the structure of system (2"), we introduce special polar coordinates by analogy with the
coordinates that were introduced in [6, p. 290], in particular, for the unperturbed system i, = z,,
%o = —x? and were then generalized in [2] with the normalization preserved to the unperturbed
system &, = @y, T, = —2% — n’x,e? with a single rest point.

The main difference between the special trigonometric functions C(¢) and S(¢p) introduced in [3]
and in the present paper is that the function C(¢) is not only nonsymmetric owing to the presence
of a term containing x7 in system (2”) but is also chosen to be not normalized at zero, which
permits directly parametrizing any closed trajectory and separatrix of the unperturbed system by
the above-mentioned trigonometric functions.

Thus, consider the real autonomous system
C'(p) ==S(p),  S'(¢) =C(p) —20C%(¢) +nC (). (4)
Obviously, its trajectories coincide with those of system (2V).
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The closed trajectories of (4) that are generators of invariant cylindrical surfaces in the
(p,C, S)-space meet the abscissa axis at certain points. To find out what these points are for
various values of ¢ and 7, we introduce the function

F(¢) = ¢* —8aC?/3 + 2n(.

Then f(0) =0, f(¢) — +o0 as ¢ — +o0; by (3), if 0 = 1 and n < 1, then f (v;) = 77 (4/3 —;),
and if o = 0 and = —1, then f(y;) = —1. In addition, the derivative " = 4¢ (¢* — 20( +1n) is
zero at the points g, 71, and ~,, and f'(C(¢)) = 45’(p) for the trajectories of system (4).

For certain values of the real parameter ¢, the relation

f(C)+285% = f(e), or C*—85C*/3+2nC*+25* = f(c), (5)
is obviously an integral of system (4).

Definition 1. A real parameter c is said to be admissible if ¢ # v, | = 0,1,2, [see (3)] and
there exists a number b = b(c) such that

b<e, b#Fw, [f(b)=/Ff(e), [(Q)<[fle) for Ce(bo)

For any admissible parameter ¢, (b, ¢) is referred to as an admissible interval. It is a solution of
the inequality C? (C? —80C/3 +2n) < f(c), or f(C) < f(c), and formula (5) describes a closed
curve passing through the points (b,0) and (¢,0) in the coordinates C' and S. Since b,c # ,
it follows that this curve is not a separatrix loop of system (4).

Thus if ¢ is an admissible parameter, then the solution of the Cauchy problem for system (4)
with the initial data C(0) = ¢, S(0) = 0 is given by real-analytic w = w(c)-periodic functions
C(p) = C(p,c) and S(¢) = S(p,c). In addition, C(w/2) = b and S(w/2) = 0.

2.2. Classification of Closed Trajectories of System (4)

For any values of the parameters o and 7 occurring in the unperturbed part of system (1"), we
split the set of closed trajectories of system (4), or the set of admissible values of the parameter c,
into three disjoint classes 0, 1, and 2 depending on which of the rest points (v,0) of system (4)
[the origin, (71,0), or (72, 0)] is surrounded by the closed trajectory C(¢), S(¢) passing through the

point (¢,0) for ¢ = 0. The trajectory can also surround other rest points, only together with
the adjacent separatrices.

For each of these classes of closed trajectories, we establish the boundary of the set of admissible
values of the parameter ¢, the corresponding boundary for the parameter b, and the range of the
function f(c) depending on the values of the parameters o and 7.

Lemma 1. The parameter c is admissible in the following cases:

a.c=1andn<0(n<v <0,2<v <2-—mn); then

Oa. b € (—o0,b%), c € (¢, +0), and f(c) > 0.

la. b e (b5,71), ¢ € (71,0), and f (1) < f(c) <0 forn <0 (71 <0, 72 > 2).

2a. b € (0,7%), ¢ € (y2,¢}), and f(y2) < f(c) <0, where b =4 (1 —/1—91/8)/3 < v for
n<0andb; =0 forn=0,c; =4 (1+ VA 977/8)/3 > 93 i.e., b and ¢ are roots of the equation
f(C) = f(0).

b.o=1and0<n<10<vy <n,2—n<v <2); then

Ob. b€ (b5,0), c€ (0,71), and 0 < f(c) < f(m)-

1b. b € (—00,bf), c € (¢}, +0), and f(c) > f(m).

2b. b € (71,7%2) 5 ¢ € (12,65) 5 and f(y2) < fle) < f(m) for 0 <mp <1 (y <m 2 >2-—1n),
where by < 0 : f(bf) = f(n), ¢ =1 forn=1and ¢ > v; f(¢) = f(n) for 0 < n < 1;
moreover, f (1) =3 (4/3 — 1) > 0.

c.o=0,n=-1[yn=-1, %=1, and f({) = ¢* — 2¢?], then
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INVARIANT SURFACES OF STANDARD TWO-DIMENSIONAL SYSTEMS 5

Oc. b € (—o0,b%), c € (¢, +00), and f(c) > 0.

le. be (bf,m), c€ (m,0), and =1 < f(c) < 0.

2¢. b € (0,7), ¢ € (y2,¢%), and —1 < f(c) < 0, where b = —/2 and ¢ = \/2; i.e., b} and c:
are roots of the equation f(C) = f(0).

d. etther c =0 and n=0,1 or o =1 and n > 1; then

0d. b € (—00,0), c € (0,400), and f(c) > 0.

Proof. The properties of the function f({) permit one to conclude that the boundary of admis-
sible values of ¢ coincides with the boundary of the intervals on which f'(C) > 0 with “separatrix”
points deleted.

In case a, we have f'(C) > 0 for C' € (71,0) U (72, +00), and f attains the zero maximum for
C = 0 and minima at the points 7; and ~,. (If 73 = 0, then it is an inflection point.) Therefore,
for ¢ = 0 Eq. (5) defines one (n = 0) or two (1 < 0) separatrices entering the point (0,0), and the
equation f(C) = 0 has the roots ¢ =4/3+ 1/16/9 — 2n > v, and b} =4/3 — \/16/9 — 2n < ;.

In case b, we have f'(C) > 0 for C € (0,71) U (72, +00), and f attains the maximum at the
point 4, and the minimum at the point 5. (If 71,7, = 1, then it is an inflection point.) Moreover,
f(71) > 0. Therefore, for ¢ = v; Eq. (5) defines one (n = 1) or two (0 < 1 < 1) separatrices at
the point (71,0), and the equation f(C) = f(7y,) always has a root bj < 0 and a root ¢ > =, if
0<n<l

Case c is similar to the two preceding cases.

In case d, we have f'(C) > 0 for C' > 0; therefore, every ¢ > 0 is admissible.

By M we denote the set of admissible values of the parameter c. Let M? = (¢, +00), MY =
(0771)7 Mco = (C:7+OO)7 M(? = (07+OO)7 Mal = (7170)7 M}} = (CE,—l—OO), Mcl = (7170)7 Ma2 = (72702)7
M? = (y2,¢), and M? = (v2,¢;). Then , by the classification in Lemma 1, the set M has the
form M = M, = |J._, M! in case a, in which ¢ = 1 and < 0, M = M, = |J7_, M} in case b,
in whicho=1and0<n<1, M= M, = UIQZOMCI in case ¢, in which ¢ = 0 and n = —1, and
M = My = MY} in case d, in which either 0 =0 and  =0,1 or 0 =1 and n > 1.

In turn, class [ (I =0,1,2) consists of admissible values of ¢ in the set M' = {M! in case a, M}
in case b, M! in case ¢, and M}, in case d}; i.e., M = JI_, M.

2.3. Separatrices of System (4)

The partition into classes 0, 1, and 2 introduced for closed trajectories determines the singular
point (0,0), (71,0), or (72, 0), respectively, of system (4) for which the admissible intervals (b, ¢) and
separatrices are constructed in Lemma 1 for various values of the parameters ¢ and n distinguished,
in turn, between cases a—d.

Corollary 1. In case a, formula (5) with ¢ = ¢ describes the equations of two separatrices, left
and right, forming a separatriz figure-eight entering the point (0,0) and denoted by S° U SS, where
S is the trajectory of system (4) passing through the point (b:,0) and S¢ is the trajectory passing
through the point (c:,0). Ifn /0, then bX \,v1 \, 0 and ¢ /vy /* 2; therefore, S° = & forn = 0.

In cases b, formula (5) with ¢ = ¢} describes the equations of the separatriz figure-eight entering
the point (v1,0) and denoted by SP U SE, where SY is the trajectory passing through the point (b5, 0)
and S¢ is the trajectory passing through the point (cf,0). If n /0, then bf \, by, where by is a root
of the equation f(C) = f(1), 1 /1, and ¢ \, v2 \\ 1; therefore, St = @ forn=1.

In case c, formula (5) with ¢ = ¢& describes the equations of the separatriz figure-eight again
entering the point (0,0) and denoted by S° U S¢, where S® is the trajectory of the solution with
th(e )@'mjtial data C(0) = —v/2, S(0) = 0, and S¢ is the trajectory with the initial data C(0) = /2,
S(0) =0.

In cases d, the separatrices are absent.

Note that for the parametrization of S° the initial data on the abscissa axis have to be posed at
the left point b* rather than at the right point (which is a rest point).

DIFFERENTIAL EQUATIONS Vol. 44 No.1 2008 (Reg. No. 101, 15.2.2008)
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Thus, the above-introduced partition into classes 0, 1, and 2 implies the following: if the param-
eter ¢ ranges over the set M' (I = 0,1,2) of admissible values, then the closed trajectories C(¢p),
S(p) of system (4) passing through the points (¢, 0) for ¢ = 0 fill either a neighborhood of the
singular point (~;,0) inside a separatrix surrounding that point or (for classes 0 and 1) the entire
phase plane outside a separatrix figure-eight entering the points (v,0) and (71,0), respectively.

This remark completes the construction of the phase portrait of the unperturbed system (2"),
which coincides with (4) after the change of time ¢ = ¢/e”.

3. PASSAGE INTO A NEIGHBORHOOD
OF A CLOSED TRAJECTORY OF CLASS 0

3.1. Special Polar Change of Variables

Let ¢ range over the set of admissible values in class 0. Then the closed trajectories C(¢), S(p)
of system (4) passing through the point (c,0) for ¢ = 0 fill the following neighborhoods of the
origin: outside S? U S¢ in cases 0a and Oc, inside S{ in case Ob, and any neighborhood in case 0d.

We fix an arbitrary ¢ and find the w-periodic solution C(¢), S(¢) of system (4) with the initial
data C'(0) = ¢, S(0) = 0.

We investigate the perturbed system (1) in a small neighborhood of the closed cylindrical
surface f (x1)+2x3 = f(c) generated by the chosen trajectory z; = C(p), 2 = S(¢) of system (2¥).
To this end, in system (1”) we perform a special affine polar change of variables with a nonsymmetric
nonnormalized generalized cosine:

v =C(p)(1+7),  z2=8)1+r)? (r|<l), (6)

which transforms the cylindrical surface to the point r = 0.

For the realization of the substitution (6), it is necessary that system (1) satisfies the inequality
|z1|, |z2] < @ for all » < 1. Since the interval [b, ¢] is the range of the function C'(y), the function
f(C) attains its minimum at one of the points v; (I = 0,1,2), and 25% = f(¢) — f(C), from (5), we
have |C(g)| < max{-b,c} and [S(p)| < max\/(f(c) — f ())/2

We have |z1] < 2|C(¢)| and |za] < 4|S(¢)| in the change of variables (6); consequently, the
desired inequality is valid if

max {—b, e V/2F () — 2 () } < 20/2. (7)

If ¢ grows inside some range of admissible values, then the left-hand side of inequality (7)
increases; therefore, condition (7) can substantially restrict the set of closed trajectories in class 0.
The function

p(C) = f(c) +20C?/3 — nC*? (p’(C) =20C? — 2170) ,
depending on ¢, plays an important role when making the change of variables (6). By (5),
p(C) = C* — 20C% +nC* +28* = CS' + 252

By differentiating the change of variables (6) according to system (1”) and by solving the re-
sulting equations for 7 and ¢, we obtain the system

p(C)or = (SoXo(C,0) + (S'0X1 + SX;5)e)e”,

P(C)%6 = (p(C)6" + CoXo(C,0) + (CXa — 250X1)€) e, &)

where

o=1+r, Xy =20C%0(0—1) —nC (92—1), X, =X, (t,CQ,SQQ,e’S).

(Reg. No. 101, 15.2.2008) DIFFERENTIAL EQUATIONS Vol. 44 No.1 2008
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3.2. Verification of the Monotonicity of the Angular Variable

In general, the function p(C') occurring on the left-hand side in system (8”) can change sign.

Lemma 2. Let ¢ be an admissible parameter in class 0. Then p(C) > py > 0 in system (8")

for C € [b, c|; moreover, b < 0 < c. But if ¢ belongs to class 1b and n < 1, then p(C) changes sign
on [b,c].

Proof. We have p(0) = f(c) > 0 in all cases considered in the lemma; therefore, p(C) > f(c)/2
for |C| < 7. In addition, p(C) > q(C) = C? (C? — 2C +n) for C € [b,¢], since f(C) < f(c).

The inequality n < 0 is valid in case Oa; then p(C) > f(c¢) for C > 0 and C' € [n,0), since
p'(C) <0 for C € (n,0). Since ¢(C) has the roots 7, 0, 0, and 7, we have ¢(C) > 0 for C' < ~;.
Since n < 74, we find that p(C) > p. > 0 for C € [b,7].

In cases Ob and 1b, we have n > 0; therefore, ¢(C) > ¢g. > 0 for C € [b, —7].

If C € [r, |, then in case Ob, we have 0 < ¢ < 7, and ¢(C) > 0 for C € (0,71).

In case 1b, we have p'(C) < 0 for C € (0,n) and p(n) = f(c) — 773/3 at the point of minimum.
But 7 < 7 < ¢, and so p(C) > p* > 0 for C > 0 if f(c) > n*/3, which is valid only for
= 1. If, on the other hand, 0 < 74 < 1 < 1, then this condition fails for ¢ close to ¢}, since

n’/3 > f(’Y1) =71 (4/3 = m)-
Case Oc is obvious, since p(C) = f(c) + C? in it.
Case 0d is also obvious, since ¢(C') > 0 for any C # 0 if n > 1.

Remark 1. It follows from geometric considerations that p(C') is zero in cases la, lc, and 2,

provided that the interval [b, ¢] does not contain zero for any admissible value of ¢, since the deriva-
tive ¢ in system (8”) should change sign when going around a closed trajectory not surrounding
the origin if the motion is observed from the point (0,0). In case b, b < 0 < y; < 7, < ¢. Neverthe-
less, if from the point (0,0) we observe going around a closed trajectory lying outside a separatrix
figure-eight and sufficiently close to it, the polar angle is oscillating in a neighborhood of the adja-
cency of the figure-eight to the singular point (v;,0), which again implies a change of sign of p(C).
Therefore, in cases 1 and 2, special polar coordinates should be introduced in neighborhoods of the
points (71,0) and (72,0) after the preliminary shift of the origin to these points.

3.83. Completion of the Polar Change of Variables
For a smooth function v(¢,¢), we set v = Jv/J¢ and v° = dv/Pe. We denote the arguments
(t,C(1+7), S(1+7)%¢e) = (5) and (t,C, S,0) = (55). Then in system (8"), we have
Xi(3) = Xi (50) + (X[ (329) C + X[ (50) - 29) 1 + X7 (500) e + O ((Ir] +€)?)

and, by (1%), (6), and (7), O(---) € C?_ for |r| <1, 0 < & < .
Let R(t, p,r,e) = X1(30)S"+ X5(3¢)(1+7) 1S and Ry(t, p) = R(t, ¢,0,0). By taking into account
Lemma 2, one can rewrite system (8”) in the form
7= ((er + R2T2) S + (Ro + Ryr + Rge + O ((|r| + 5)2)) pils) gv, (@)
= (L+p®ir + O (|r]*) + (R + O(|r| + ¢)) £) &
where
R, = (2002 — 2770) p Ry = (2002 — 170)
¢, =(1+CR/(C))p !, D(t, ) = (Xo (369) C — X1 (sor) - 2S)p~!
in view of the fact that C' = C(yp), S = S(¢), and O(---) € C?_ for |r| < 1,0 <& < .
Therefore,

Ri(C)=p'p, Ry(C)= (' +nC)p ", <I>1(C) =p '+ Cpp?
Ro(t, @) = X1 (5%) 8" + X3 (34) S, Ri(t, 80) XT (509) 8" + X5 (54) S,
Ry(t, o) = (X7 (50) C + X772 (559) - 25) S + (X3 (300) C + X352 (59) - 25) S

DIFFERENTIAL EQUATIONS Vol. 44 No.1 2008 (Reg. No. 101, 15.2.2008)
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in system (9”); moreover,

S'=C?—200? +1C, p(C) = f(e) +20C? /3 —nC? = CS" + 25°.

8.4. Preliminary Averaging

First, we introduce the w-periodic real-analytic function

C(p)
p(Ce) = [ 00 (5 6) - mw®)) a0

c

satisfying the equation p*' = p~! (p'®; — R,) and show that the averaging change of variables

r=p(Cly) (2 +p"(Cly))z*) (10)
reduces system (9”) to the system

2= (0(]2P) + (Ro+ Zz+ Rie + O ((|2| + €)*)) €) €

= (1+ @124 0 (]2]°) + (@0 + O(|2] +€)) €) €, (117

where Z(t,p) = p 'R — p~'p'S®y — 2p* Ry.
To this end, we differentiate (10) according to systems (9”) and (11") and cancel €”; then

(Rlp_1 (z —|—p*22) + Rop 22 ) S + (RO +Rip 'z + RS )p_le +0 ((!z\ + 8)2) e+ 0 (]2\3)

= (L4 2°2) (Ro+ Z2 + Rig) e + (—p 2 (2 4+ p2%) +p7'p"22) (=8) (1 + D12 + Bpe)
By matching the coefficients of z, 22, €, ze, and €2, we obtain obvious identities for the above-
mentioned p*(C) and Z(t, p).

Remark 2. If desired, in the first equation in system (9”), one can nullify all terms containing €,
i.e., nullify O (]z|*) in system (11”). This was carried out in [2].

Now in systems (11) one should average the functions Ry (¢, ¢) and Z(t, ¢), but since p = 1+---
in (11°) and ¢ =+ --- in (11'), it follows that the averaging changes of variables and conditions
for their existence are different.

For functions v(t, ) T-periodic in ¢ and w-periodic in ¢ in the case v = 1, we use the expansion

w T T
U 1 1 i
v:v—i—v(ap)—i—v(t,ap), v = w—T//'U(t,QO)dtdQO, v = T/U(tatp)dt v.
00 0

Then the functions [ 0(p)dyp and [ 0(t, ¢)dt are also periodic and are uniquely determined by the
condition that their mean value is zero.

If v = 1, then it is unnecessary to single out the term ©; therefore, we simply write v = 0+0(¢, ).
Let us show that, by using the change of variables

2=y +G(tpy,ee  (Gye) =0), (12)

where G° = gl (t, ) + g (t. 9)y and G' = g}() + g (¥)y + gb(t. ©)e + g1 (£, p)ye, one can reduce
system (11") to the system

= ((Ro+L'y+Yye)e+ 0O ((Jyl +2)°))e
p=(1+0%e+Py+0((lyl+)?))e”

(Reg. No. 101, 15.2.2008) DIFFERENTIAL EQUATIONS Vol. 44 No.1 2008
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~ ~ N _ _ ~/
Here ®°(t,p) = @190 + Po; P(t, ) = P19l + Po; L¥ = Z — Y7, where Y'(p) = ¢gJ ®; and
— ~ ~/ ~_____ -~ ~/ ~____ ~/
Vi) = Ro®y; YP'(t, ) = 90Z + R§ — g3 @° — gV Ry and Y (¢, ) = g Z + R — g5 @' — g1 Ro — g5 ;
Ry, R§, o, and ®; are the functions introduced in (9”), and Z is defined in (11”).

Here and throughout the following, the dot stands for the partial derivative with respect to t,
and the prime stands for the partial derivative with respect to ¢.

By differentiating the change of variables (12") according to systems (11”) and (13)") and by
cancelling €”, we obtain

(Ro+ (y+G"e) Z + Rie) e + O ((ly| +¢)°)
= (14e0G”/dy) (Ro + L’y + Yye) e + GVe(1+®% + Bry) + GVe' .

Let v = 0. The terms multiplying € and ye form the equations

~/ ~ . ~/ ~ -
9) +90=Ro—Ro, ¢} +9)=2—g)® — IO,

whose right-hand sides have zero means.
Suppose that the periods 7" and w = w(c) satisfy the condition

lgw —pT| > K(p+q)™7, K >0, 72>1, pand q are positive integers. (14)

Then, by Lemma B.5 in [7, p. 17], the equations have solutions g~8(t, v) and gN?(t, @) of the
same smoothness as that of the right-hand sides; i.e., the solutions are continuous, real-analytic,
w-periodic in ¢, and T-periodic in t. They are uniquely determined by the conditions 9_8 = 0 and
¢% = 0. Now the terms multiplying 2 form an obvious identity by virtue of the choice of Y2.

Let v = 1. For €2 and ye?, we obtain the equations

_ ~1 ~ _ ~1 ~1 ~
Ro=Ro+g5 +95, Z=L"+g5® +9gf +9i,

-~ ~ ~ ~ ~ ~ — ~
whence it follows that g} = Ry, g8 = Ro; gt = Z — Y, gi = Z, and the desired functions g' can
be found successively and uniquely without additional conditions like (14). Now from the resulting

identity for the terms with €3, we find Y (¢, ), which completes the construction of the change of
variables (12).

4. PASSAGE TO A NEIGHBORHOOD
OF A CLOSED TRAJECTORY OF CLASSES 1 AND 2

4.1. Shift to the Singular Points (71,0) and (7v2,0) of the unperturbed System

Now let the parameter ¢ be chosen from class 1 or 2; therefore, n < 1 for ¢ =1 and n = —1 for
o = 0. In this case, the closed trajectories of system (4) passing through the points (¢, 0), where ¢
ranges over all admissible values, fill the following neighborhoods of the singular points (7;,0) and
(72,0) of the unperturbed system (2”): 1, inside S’; 1b, outside Sy; 1lc, inside S; 2a, inside S¢;
2b, inside S¢; 2¢, inside S¢.

As was mentioned in Remark 1, one cannot directly make the change of variables (6) in sys-
tem (1¥) in these domains, since it would require dividing by the alternating function p(C') in
system (8").

The difficulty thus arising is removed by the introduction of polar coordinates directly in a
neighborhood of the point (7;,0) or (72,0); to this end, the origin in systems (1°) and (4) should
be shifted to these points.

We introduce a common notation for classes 1 and 2. Set

Y=n (G=12:  s=0-37/2 =37 —doi+n
b=b—

v v

v, c=c—*A.

DIFFERENTIAL EQUATIONS Vol. 44 No.1 2008 (Reg. No. 101, 15.2.2008)
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By (3),if o =1and n <1, then 5 =1—3v;/2 and 77 = 27, (7, —1); and if 0 = 0 and n = —1,
then ¢ = 3(—1)"'/2 and 7j = 2.
We perform two shifting changes of variables

T =Y+ &, @o=iy C=%+C, S=5. (15)
The first change of variables in (15) reduces system (1”) to the form
i = (—:EQ + X, (t, &1, 29,€) 6) ev,
%y = (if — 26882 — ity + Xo (t, %1, %, ) 5) e (v=0,1),

where le (t, .i'l, i‘Q, E) = X,L' (t, ’\;’ + .i'l, T, E).
The second change of variables in (15) reduces system (4) to the system

C'(p) = =5(p),  S'(p) = C(p) = 26C%(p) +iIC (), (4)
which has the singular points (0,0) and either (—v;,0), (2 —27,;,0) if 0 = 1 and n < 1 (cases a
and b) or ((=1)’=1,0) and (2(=1)"~1,0) if o = 0 and 5 = —1 (case c). System (4) parametrizes the
same phase portrait as (4).
By analogy with f(C'), we introduce the function

v

f(C) =C* —85C%/3 + 2iiC.

Then f(0) = 0, f(’vy—i-(f’) :f(’vy)—i-fv((f’), and f’(’“y—i—(j') = f (é’) =45, For any ¢ = ¢ — ¥, the

relation

FO)+252=F(&) or C*—85C/3+2iiC% + 252 = f (&) (5)
is an integral of system (4).

By Lemma 1, if ¢ is an admissible parameter, then we have the following for ¥ = v;: 1a, 0 <
@ <—=f(n);1b, f(¢)>0;1c,0< f(¢) < —f (1) = 1. We also have the following for § = 7,:
22,0 < f (&) < —f(1);2b,0 < f(&) = f ()= f (12) = 16 (72 = 1)* /3;2¢,0 < [ (&) < —f (72) = L.
In this case, one always has b < 0 and ¢ > 0.

4.2. Polar Change of Variables in Classes 1 and 2

v

By analogy with the changes of variables without the symbol 7 we subject system (1) to the
successive changes of variables (6), (10), and (12") leading to systems (8”) and (9*), (11¥), (13").
The only fact to be justified is the positivity of the function

5 (C) = f (&) +25C%/3 —iC? for C € [b,d;

i.e., one should prove an analog of Lemma 2, which permits one to derive systems (§)
By (4) and (5), we have p = C* — 25C® + #C? + 25% = C'S’ + 25", whence we obtain

p(C) > ¢ (C) =C* - 25C° +iC*

for C € [b,d, and ¢ (C’) has the roots 0, 0 and —v;, 2 — 27, in cases a and b or (—1)7~*, 2(—-1)/"!
in cases c.

Since p(0) = f (¢) > 0, we have (é’) > f(&)/2for |C| <7 (r>0) and § (é’) > 0 if C' is nonzero
and does not lie between nonzero roots of .

Consider the following cases: la, ¢ < —y; < 2—27;;2a,2—27, < —7; < 5; 2b, —y2 <227 < 5;
le, ¢ < —y; = 1 (the roots 1 and 2); 2¢, b > —y, = —1 (the roots —1 and —2). Therefore,
g (C) > go > 0 for C € [b,—7] U[r, 4.

(Reg. No. 101, 15.2.2008) DIFFERENTIAL EQUATIONS Vol. 44 No.1 2008
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v

It remains to consider case 2b, in which 0 < ¥ = v, < 1. If 74 = 2/3, then & = 0 and
P (é’) = f(&)+4C?/9 > py > 0. We set v, = 4y, (71 — 1) / (2 — 371); then @ (C’) = 925C% - 2C =
(2-3y)C (C’ — 7). If 1 >2/3, then —y; <0< 2—27y <, and (é) > 0 for C € (0,7.); and
if v; < 2/3, then v, < —y; <0< 2—2v; and p/ (é) <0for C e (74, 0). Therefore, we always have
P (é’) > f(&) >0 for C € [—71,2 — 27] and § (C’) > 0 outside this interval.

Thus, in cases 1 and 2, in system (7), we have p (C’) >py > 0 for C € [5,5] In addition,
p(C) =p(C) =58 =p (7 +C) 45"

Remark 3. It is reasonable to shift the origin to the point (v;,0) only if the existence and
smoothness domain of the functions X; of system (1) specified by the constant z, is sufficiently

large; otherwise, the set of admissible values ¢ satisfying inequality (7) would be empty. Therefore,
we assume that o > —~; in case la, oy > ¢, in case 1b, and zy > 7, in case 2.

Remark 4. The notation introduced for classes 1 and 2 can be used for class 0 as well. To this
end, it suffices to assume that 4 (in addition to ; and 7) can be equal to 79 = 0. Then, for class 0,

the change of variables (15,) reducing system (1) to (1*) proves to be the the identity mapping,

6 =o,1n=mn, and c=cC ; i.e., all formulas marked by ~ coincide with the corresponding formulas
without this symbol.

5. EXISTENCE CONDITIONS FOR INVARIANT SURFACES

5.1. Invariance of the Function Ry(c)

In forthcoming considerations, the function Ry = Ry(c) in system (13”) and the function FE—O =
Ry (¢) in system (13") (¢ = ¢ —¥) are of interest.

We extend the domain of the function Ry(c) introduced in system (9”) for ¢ € M° to admissible
values c in classes 1 and 2.

For any admissible parameter ¢ € M, we set

?%zJ¥//@%%ﬂ@£%%5w%®+Swmut0wxﬂ@ﬁﬁﬁ®% (16)

where X; and X, are given in system (1”) and C(yp), S(¢) is a real-analytic w-periodic solution of
system (4) with the initial data C(0) = ¢, S(0) = 0. In class 0, formula (16) is a formula for the
mean value Ry in (13”).

Lemma 3. Let ¢ be an admissible operator, and let ¢ = ¢ — 3; then, in systems (4) and (4),
the periods w = w(c) and © = @ (¢) of solutions with the initial data (c,0) and (¢,0) are given by the
formula

¢ o) — —1/2
w@=s@=2 [ (HD) T o= s, v<o, (17)

and R_o(é) = Ry(c) in system (13") obtained for classes 1 and 2.

Proof. We have S? = C"? in system (4); therefore, 2C"%(¢) + f(C(¥)) = f(c) in (5), whence it
follows that dp = £((f(c) — f(C))/2)~'/2dC. By integrating from b to ¢ (over a half-period), we
obtain (17) for w(c). By proceeding in a similar way in system (4), we obtain

& (&) :2/ ((F@ —f(é))/Q)_1/2dé.

DIFFERENTIAL EQUATIONS Vol. 44 No.1 2008 (Reg. No. 101, 15.2.2008)
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By performing the change of variables C' = C'—% in (15,) and by taking into account the relation

F(©) = F(7+¢) — f (4), we again obtain (17).
By (1), (15), and (17), we have X, (t, C, S, 0) =X (t,’vy—i—(f',g',O) = X;(t,C, S,0) and S =9
ie., C®—25C2+1C = C® — 20C% + nC, and & = w; therefore,

Ro (&) = (@T)" / /T (le (t, cso) + 38X, (t, .8, o)) dt dp = Ry (c).

5.2. The Structure and Analysis of Ry(c) in the Analytic Case

Let us analyze the function Ry(c) for the case in which X; (¢, 71, ¥s,0) are analytic functions.

Suppose that the functions X (¢, 2, x9,0) in system (1”) are continuous, T-periodic in ¢, and
analytic with respect to x; and 5 in the domain G = {({,z1,22) : t € R, |x1],|z2] < mo}; i€,
Xi (t,21,72,0) = 327 X9 (#)aPx? are absolutely and uniformly convergent power series in H
with real continuous T-periodic coefficients. Then under condition (7) in (9¥), the series

= Y (X708 ()7 (9)5 () + XV (D ()57 ()

p,q=0

is absolutely convergent for arbitrary ¢ and .

Since the integral of the product of an even and an odd function and that of S’ over the period
are zero, it follows that formula (16) acquires the form

- SR [ TR [
p=1 ¢q=0 p=0 ¢=1 0
By integrating the relation (2¢ + 1)C?S$%4S" = (C?S24+1) 4 pCP~1 5242 we obtain

oo oo +1 - - w
:ngiﬂﬂW@%mywﬂ/mwwww.
0

=0 q:l

S

By (5), we have S%1(y)

((f(c) = F(C(¢)))/2)7; therefore,

] CP ()2 (p)dip = 2 / v <M>q_m dc.

Ra(e) = 253>

qul

As a result,

+1 = =
a9 — 2’1]_ 1X1p+1,2q 2 4 xlp2 D), (16,)

:jg(ﬂ@;ﬂoyl“%

for any admissible parameter ¢ under condition (7), where the Xi(p 9) (t) are the coefficients of the
series X; (¢, 21, ¥o,0) in system (1"), w(c) is the period given by (17), and f(¢) = (*—80(3/3+2n¢? <
7€) for ¢ € (b(c). ).
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For example, Ry = 2w~ *(c) Zi:o a®Vd, (c) for system (11) in [3]; i.e.., Ry is a linear combina-

tion of three integral functions d, ;(c).
Let us analyze the functions d, ,(c) and the number of zeros of Ry(c). Note that

f(e) = Q) = (¢ = O (©)/e + F(O)/C + (e + (= 8/3)cC).

But f(b) = f(c); therefore, f(c)/c+ f(b)/b+ (c+b—8/3)bc = 0. By substituting f(c)/c into the
first equation, we obtain the expansion

F@)= Q) ==K =b) (fb+C+ )b+ +c)> = (be+ Cb+Cc)) .

By Lemma 1, if ¢ € M, then f'(c) =4(c* — 2¢2 + 'yc) >0 and f(b) < 0. The differentiation of the

identity f(c) — f(b(c)) = 0 implies that 0'(c) = f'(c)/f'(b) <
Consider the integral functions d, ,(c). It follows from (16() that

dy, ,(c) = ¢” < )q i <M)q—1/2

2
- q—3/2
v / & (q— ;) (M) 2 e)dc,
b
whence we obtain

_ P c) — q—3/2
G0 =270 [ (PITHD) Va0 4z

4
b

Consequently, dj, (¢) > 0 for ¢ € M, djy. ., ,(c) > 0 for ¢ € M? [since b(c) > 0], and
diji14(c) <0 for ¢ € M, or ¢c € M, (since ¢ < 0) (k = 0,1,...). In this case, the functions

d, ,(c) have the same signs as their derivatives for the above-mentioned admissible values of the
parameter c.

Owing to an appropriate choice of the factors a® (p = 0,1,2) fixing some coefficients of the
forms U (t, uy, us,€) in (11), it was shown in [3] that one can find two zeros of the function
Ry(c), one of which lies in an arbitrarily small given neighborhood of an arbitrary admissible value
¢, and Ry(c) with three zeros was constructed.

5.3. Main Condition

Definition 2. The equation Ry(c) = 0, where Ry(c) is given by (16) and ¢ € M, is referred to
as the bifurcation equation of system (1V).

For system (1”), we assume that
dcr e M: Ry(c) =0, LY #0, (18")

where LY = LV (¢*) is given by (13") if ¢* € M'; LY = L» (&) is given by (13*) if ¢* belongs to
class 1 or 2 (and then ¢* = ¢* — 7).

If it turns out that some root of the equation R(c) = 0, for example, ¢, is not admissible, i.e.,
¢t ¢ M, then it cannot be used, since it is impossible to make the polar change of variables (6) with
C(0) = ¢t. From the geometric viewpoint, this implies that the closed trajectory of the unperturbed
system (2") with the maximum abscissa equal to ¢ does not pass through the point (c%,0).

The condition LY # 0, that is, the presence of a term linear in y in the first equation in
system (13") or (13¥) implies the existence of dissipative terms inducing a nonzero focal quantity
due to terms X (t,z1,x2,0) in system (1").

DIFFERENTIAL EQUATIONS Vol. 44 No.1 2008 (Reg. No. 101, 15.2.2008)
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5.4. Choice of Polar Coordinates

Let the parameter ¢* satisfy the main condition (18”). We fix the initial data (¢*,0) for an
w* = w(c*)-periodic solution C(p), S(¢) system (4); this determines a closed trajectory whose

small neighborhood, as is shown below, contains the projection of a T-periodic two-dimensional
cylindrical surface for any small € > 0.

If the chosen parameter is ¢* € M° then the composition of the polar change of variables (6)
with ¢ = ¢* and the averaging changes of variables (10) and (12¥) is a polynomial in y and € with
w*-periodic coefficients T-periodic in ¢ and real-analytic in ¢,

z,=C (1 +p 1(CO) (y +Ge+p"(y+ G”&?)Q)) ,
5 =8 (1497(C) (y+ G 49y + G)") )

and can be represented in the form

xy = C(p) (1 + FY(t, ¢,9,€)/p(C(p)) ,
wy = S(p) (1+2F (¢, y,¢)/p(C(9))) ,

where F¥ = F'M 4+ F'P 4 pY>2 moreover,

(19%)

~ ~ ~\ 2
FW =yt gle,  FP=pry? 4 (29819* + g?) ye + (98) pe?,
0i2] 0i2] 2 11]
Fy" =F" + y+29095+(9) F _?/+90
FP = py? 4 (29619* + 91 ye + ( P+ go> :
2
B =Ry (y + 2g8ye + (go £ >

the F />2 are polynomials of degree > 3 in y and ¢, and, by (17), the period is

o =2 [ (1) = 1O e,

b*
If either ¢* € M! or ¢* € M?, then the composition of the changes of variables (15,), (6) with

¢=¢& =c" =%, (9), and (13) can be represented in the form

v

(19¥)

ok

7 = s<so>(1+F”wy, >/p( >))

where the F ¥ are polynomials similar to F}? and, by Lemma 3,
We have thereby proved the following assertion.

=w .

Lemma 4. Let ¢* satisfy the main condition (18”) and inequality (7), and let condition (14°)
with v = 0 be valid for the period w = w*. Then the change of variables (19") with ¢* € M° or the

change of variables (19*) with ¢* € M*' or ¢* € M? reduces system (1°) to the system
g=(Liye+Y'E+0 ((lyl+2)?%)e",  ¢=1+e+2y+0((lyl+)?))e", (207

which coincides with system (13"), where ¢ = ¢*, or with system (13"), where ¢ = ¢* — 5. In this
case, LY # 0 and Y} =Yy (t,¢,c*) for class 0, and Y} = Y (t,0,¢*) for classes 1 and 2. In a
similar way, one can define ®% and D7.
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6. CONSTRUCTION ALGORITHM
FOR A TWO-DIMENSIONAL INVARIANT SURFACE

6.1. Final Averaging

The forthcoming considerations are quite standard. They guarantee that a two-periodic invariant
surface of system (20”) is found for all sufficiently small £ > 0.
First, we nullify Y’ (¢, ) in system (20”) by performing the change of variables

y=u+ H"(t, ¢ ¢)e, (21%)
where H? = B0 + hO(t, p)e, H' = hT + h1(p)e + hl(, ¢)e?, which reduces (20*) to the system

= (Lue + O ((Ju] +¢)*)) &,

b= (14 (® + B0} e + Bju+ O ((Ju] +2)2)) . (22°)

The function H” occurring in the change of variables (21¥) satisfies the equation LOh0 + Y? =
RO 470 for v = 0 and the equation LAl Y} = hi' 47l for v = 1. This implies that h* = Y /LY,
the first equation is uniquely solvable by virtue of condition (14%), and the other implies the uniquely

solvable equations n' = S//} and bl = 17,}
Now we average W (t, @) = ®Y(t,¢) + h*®% () in system (22) by making a T- and w*-periodic
invertible change of the angular variable

o =v+E"( ¢ e, (23")

where 20 = £0(¢,4)) and ' = £1(yh) + £1(¢,1p)e. This change of variables reduces (22") to the
system

= (Liue + O ((Ju] +¢)*)) &, b= (1+UZe + @i ()u+ O (([ul +¢)?)) e". (24")

—_y

Obviously, under the change of variables (23"), Z¥ is uniquely found from the equation W9 =
WO 4+ fNO/ + 50 or the equations 51/ = @ and §~1 = @:{
The inverse change of variables for (23") has the form

where

T0 = —€0(t,¢) + E(t,9)E (t, ) + O (%) ,
T = ~8i(p) + (8(0)8 (9) - E(t9) ) e + O (2)

are functions T-periodic in ¢ and real-analytic w*-periodic in .

6.2. Use of the Hale Lemma

To reduce the original system (1”) to a form that permits one to establish the existence of a
two-periodic invariant surface in it for all sufficiently small parameter values, it remains to perform
the scaling change of variables

u = ve®/? (25)
reducing system (24") to the form
:(L:va—i—V( Y, v,e)e 3/2)6 ¢:(1+\Il_’;€+\11”( Y, v,e)e 3/2)5 (26")

where V¥ and WU are continuous functions of their arguments in a small neighborhood of v and ¢,
continuously differentiable in v and v, T-periodic in ¢, and w*-periodic in .
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Indeed,
VY (t,,v,e) = O ((\0\53/2 + 6)3) €73,

U (t, 9, v,6) = ®iv+ O <(|v|53/2 + 5)2) g%/,

and the functions O(- - -) are real-analytic for all ¢ and three-times continuously differentiable in a
small neighborhood of the point v = ¢ = 0. Therefore, in particular, V" and ¥” are continuous at
this point.

System (26") satisfies the assumptions of Lemmas 2.1 and 2.2 [5], which imply that it has
an invariant surface v = I'(t,1,¢)e'/? for all sufficiently small ¢ > 0, where I' is a continuous
continuously differentiable function T-periodic in ¢ and w*-periodic in .

We have thereby proved the following assertion.

Lemma 5. System (207) with any sufficiently small € > 0 has a continuous surface
y=H"(t,p,e)e + T (t, o + Te,e) (277)

T-periodic in t and continuously differentiable and w*-periodic in v, which is obtained by the sub-

stitution of the invariant surface v = T'(t,1,€)e*/? into the composition of the changes of vari-
ables (21V), (23f), and (25).

7. RESULTS OF ANALYSIS
7.1. Main Theorem

Lemmas 1-5 imply the following assertion.

Theorem 1. For any parameter c* satisfying the test condition (18”) and condition (14°) if
v = 0, for any sufficiently small ¢ > 0, system (1¥) has a continuous two-dimensional invari-
ant surface TY. = TY.(t,p,€) that is T-periodic in t and continuously differentiable and w* =

23/2 fbc*(f(c) — f(C))~Y2dC-periodic in .

If ¢ € M°; i.e., c* € (c;,+0) in case a, ¢* € (0,71) in case b, ¢* € (¢, +0) in case ¢, and
c* € (0,400) in case d, then T is obtained by the substitution of the surface (27") into the change
of variables (19") and has the form

z1 = C(p) + FY (t, 0, H' (t, p,e)e + TV (t, 0 + Te,¢) e%,¢) C/p(0), (287)
Ty = S(p) 4+ 2F (t, 0, H" (t,,€)e + T (t, 0 + TVe,e) e2,€) S/p(C).

If either ¢t € M" [i.e., ¢* € (71,0) in cases a and ¢ and ¢* € (¢, +00) in case b] or ¢* € M?
(i.e., ¢* € (72,¢k) in case a, ¢* € (7a,¢}) in case b, and ¢* € (yq,¢}) in case c, then TY is given
by formula (28"), which is similar to (28") and is obtained by the substitution of the surface (27")

into the change of variables (197).

Corollary 2. For any sufficiently small € > 0, the invariant surface TV (t,p,€) of system (1¥)
is a two-dimensional cylindrical surface whose embedding in the three-dimensional space of the
variables 1, T4, t is given by formula (28") or (28"). The surface T% is homeomorphic to a two-
dimensional torus if the time t is taken modulo the period T .

Corollary 3. If ¢* € MY, then the invariant torus T (t,,€) occurring in Theorem 1 admits
the asymptotic expansion

z,=CH+ (tfe+67) Cp ' + O (%), Ty =S5+2(15e+65°S)p " + O (%), (297)
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where T = 90 + 1o,
0 0 <)\ 2
80(t, ) = T°(t,,0) + hO + p* (ho) (2gop + 91> ho + (98> P,
- - o\ 2
5 (t, ) = &) (t, ) + ((ho)2 + 2g9h° + (98) )/(Zp),

and 7} and &} are given by similar formulas with the superscript 0 replaced by 1, with the coefficient
g:O(t, ©) replaced by gj-l(go), and with the new term g%(t, ©)e? added to 4;.

If ¢t € MY or ¢ € M?, then T% (t,,€) admits an expansion (297) that differs from (29) by the
presence of the sign” over all functions and the addition of the term v, or 7y, to the equation for x;.

7.2. Results in the Phase Space

For any t € [0,T], by P¥ = P (¢, ¢) we denote the projection of the invariant surface T onto

the phase space of system (1”). By Theorem 1, the projection P! is a closed curve dlffeomorphlc
to a circle.

Definition 3. The trace of system (1”) induced by the parameter ¢* in condition (18") is defined
as the closed set Py = U;cpom B

Obviously, the trace P lies in an arbitrarily small neighborhood of the smooth closed curve
x1 = C(p), o = S(p) for any sufficiently small € > 0, where C'(0) = ¢* and S(0) =

Corollary 4. The following assertions are valid for any sufficiently small ¢ > 0.

1. The trace P is an annular domain whose boundaries P, and P _ . are homeomorphic to

a circle and can stick together completely or partially, for example, @f system (17) is autonomous.
2. By (29"), the width of the trace PL is of the order of at least €2, and the width of P% can be

of the order of € owing to gd(t,p) occurring in 7.

3. In accordance with the classification in Lemma 1, the trace PY can have the following position
and form:

¢ € M? = (ci,+00) = Int P%,, D (S5US¢), St =@ if n=0;

¢t € M} =(v,0) = n<0, (71,0) C Int P%,,, P%,.. C IntS?;

¢ € M? = (y9,¢7) = (75,0) C Int P, P%,., C Int S¢;

¢t e MY = (0,v) = (0,0) C Int P%,,, P%, ., C IntSE;

¢ € M} = (¢, 400) = Int P%,, D (SLUSE), S =2, ifn=1;

¢t € M2 = (v,¢), = 0<n<1, (7,0) C Int P%,, P%_ .. C IntSg;

¢ € MY = (¢;,400) = Int P%,, D (S5US5¢);

€ M! = (v,0) = (1,0) C Int P%,,, P%,,. C Int S

c e M2 (v2,¢5) = (72,0) C Int P%,, P% . C Int S

ct € M(? = (0,400) = (0,0) C Int P%,,, where Int~y stands for the set of points on the plane

lying inside the closed curve 7.

4. The tragectory of any solution lying on the torus TY. never leaves its trace PY and performs
an infinite rotation with frequency 7% = (1/w* 4+ O(¢)) e v in accordance with the equation for ¢ in
system (207).

5. Two arbitrary traces of system (1¥) induced by different parameters c; and ¢ do not meet
each other for all sufficiently small ¢.

Remark 5. By generalizing system (1”), one can assume that X; and X, are quasiperiodic
functions of ¢ with m basic frequencies wy, ..., wy,.

The function ©(t) is quasiperiodic if ©(t) = © (wyt,...,wy,), where © (A4, ...,6,,) is a function
T-periodic in the variables 64,...,8,,.
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In other words, instead of (1”), one can consider system (1*) with quasiperiodic perturbations

X;(01,..., 0,21, 29,€) by virtually supplementing it with the equations 0, = w; (j = 1,...,m)
instead of the equation ¢ = 1, which permits one to apply the Hale lemma to the resulting sys-
tem (26v).

For the useful realization of all averaging changes of variables, one need only to require that the
basic frequencies satisfy the Siegel condition for small exponents similar to (14°):

lqrws + -+ + gmwi| > Klq| 7,

where |g| # 0, K >0, and 7 > 1. (Here |g| = g1 + -~ + |¢m|5 ¢1,- -, g ave integers.)
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