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1. Ââåäåíèå.
Ðàññìîòðèì ñèñòåìó

ẋ1 = αx2
1 + x1x2 + X1(x1, x2), ẋ2 = x1x2 + X2(x1, x2) (0 < |α| ≤ 1), (1.1)

ãäå âîçìóùåíèå Xi =
∑∞

p=2 X
(p+1)
i (x), à ôîðìà X

(p+1)
i =

∑p+1
s=0 X

(s,p+1−s)
i xs

1x
p+1−s
2 (i = 1, 2).

Ïóñòü ôîðìàëüíàÿ ïî÷òè òîæäåñòâåííàÿ çàìåíà

x1 = y1 + h1(y1, y2), x2 = y2 + h2(y1, y2), (1.2)

ãäå hi =
∑∞

p=2 h
(p)
i (y1, y2), h

(p)
i =

∑p
s=0 h

(s,p−s)
i ys

1y
p−s
2 , ïåðåâîäèò (1.1) â ñèñòåìó

ẏ1 = αy2
1 + y1y2 + Y1(y1, y2), ẏ2 = y1y2 + Y2(y1, y2) (0 < |α| ≤ 1), (1.3)

â êîòîðîé Yi =
∑∞

p=2 Y
(p+1)
i (y1, y2), Y

(p+1)
i =

∑p+1
s=0 Y

(s,p+1−s)
i ys

1y
p+1−s
2 (i = 1, 2).

Òîãäà ãîâîðÿò, ÷òî ñèñòåìû (1.1) è (1.3) ôîðìàëüíî ýêâèâèâàëåíòíû.
Â ðàáîòå [1] áûë ðàçðàáîòàí êîíñòðóêòèâíûé ìåòîä "ðåçîíàíñíûõ óðàâíåíèé", ïðèìåíÿ-

åìûé ê ñèñòåìàì ïðîèçâîëüíîãî ïîðÿäêà, ìàòðèöà ëèíåéíîé ÷àñòè êîòîðûõ èìååò íóëåâûå
ñîáñòâåííûå ÷èñëà, è ïîçâîëÿþùèé â ÿâíîì âèäå óêàçûâàòü âñå âîçìîæíûå ñòðóêòóðû ñèñòåì,
ôîðìàëüíî ýêâèâàëåíòíûõ èñõîäíîé, è, êàê ñëåäñòâèå, âñå âîçìîæíûå ñòðóêòóðû íàèáîëåå ïðî-
ñòûõ ñèñòåì � îáîáùåííûõ íîðìàëüíûõ ôîðì (ÎÍÔ) � ôîðìàëüíî ýêâèâàëåíòíûõ èñõîäíîé
ñèñòåìå. Â íàñòîÿùåé ðàáîòå ýòîò ìåòîä ïðèìåíÿåòñÿ ê ñèñòåìå (1.1).

Ñîãëàñíî ââåäåííîé â [2] êëàññèôèêàöèè, îñíîâàííîé íà ìèíèìèçàöèè ÷èñëà íåíóëåâûõ
÷ëåíîâ, (α, 1, 0)(0, 1, 0) � íåâîçìóùåííàÿ ÷àñòü ñèñòåìû (1.1) � óæå ïðèâåäåíà ê îäíîé èç 17
êàíîíè÷åñêèõ ôîðì, íà êîòîðûå ìîæíî ðàçáèòü ëèíåéíûìè íåîñîáûìè çàìåíàìè ìíîæåñòâî
äâóìåðíûõ ñèñòåì, íåâîçìóùåííàÿ ÷àñòü êîòîðûõ ÿâëÿåòñÿ ïðîèçâîëüíîé ôîðìîé âòîðîãî ïî-
ðÿäêà (a1, 2b1, c1)(a2, 2b2, c2).

Îòìåòèì òàêæå, ÷òî ðàçëè÷íûå ìåòîäû íîðìàëèçàöèè ñèñòåì, ìàòðèöà ëèíåéíîé ÷àñòè
êîòîðûõ èìååò íóëåâûå ñîáñòâåííûå ÷èñëà, îáñóæäàþòñÿ â [3], [4]. Ïðè ïîìîùè ìåòîäà ðåçî-
íàíñíûõ óðàâíåíèé â [4] èññëåäîâàíû ñèñòåìû, èìåþùèå ëèíåéíî-êâàäðàòè÷íóþ íåâîçìóùåí-
íóþ ÷àñòü. Äàëåå, â [2], [5], [6] è â ïðåäëàãàåìîé ðàáîòå èññëåäîâàíû ñèñòåìû ñ 11 ðàçëè÷íû-
ìè êàíîíè÷åñêèìè ôîðìàìè êâàäðàòè÷íîé íåâîçìóùåííîé ÷àñòè. Íàêîíåö, â [1], [7] ìåòîäîì
ðåçîíàíñíûõ óðàâíåíèé áûëè èññëåäîâàíû ñèñòåìû, â íåâîçìóùåííûå ÷àñòè êîòîðûõ âõîäÿò
êóáè÷åñêèå ÷ëåíû, à èìåííî, (x2,−x3

1) è (x3
2,−x3

1).
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2. Âûâîä ðåçîíàíñíûõ óðàâíåíèé.
Äèôôåðåíöèðóÿ ïî t çàìåíó (1.2) â ñèëó ñèñòåì (1.1) è (1.3), ïîëó÷àåì, ÷òî ïðè ëþáîì p ≥ 2
îäíîðîäíûå ïîëèíîìû h

(p)
i è Y

(p+1)
i óäîâëåòâîðÿþò ñëåäóþùèì äâóì óðàâíåíèÿì:

(αy2
1 + y1y2)

∂h
(p)
1

∂y1
+ y1y2

∂h
(p)
1

∂y2
− (2αy1 + y2)h

(p)
1 (y)− y1h

(p)
2 (y) = Ŷ

(p+1)
1 ,

(αy2
1 + y1y2)

∂h
(p)
2

∂y1
+ y1y2

∂h
(p)
2

∂y2
− y1h

(p)
2 (y)− y2h

(p)
1 (y) = Ŷ

(p+1)
2 ,

(2.1)

ãäå Ŷ
(p+1)
i = Ỹ

(p+1)
i (y) − Y

(p+1)
i (y), à Ỹ

(p+1)
i = {Xi(y + h) + Pi(h) − ∑2

j=1(∂hi/∂yj)Yj}(p+1) è
çàâèñÿò òîëüêî îò h(r) è Y (r+1) ñ 2 ≤ r ≤ p− 1, ò. å. ïîñëåäîâàòåëüíî îïåðåäåëÿþòñÿ.

Ââåäåì îáîçíà÷åíèÿ: hp
is = h

(s,p−s)
i (0 ≤ s ≤ p), hp

is = 0 (s < 0, s > p); Ŷ p+1
is = Ỹ

(s, p+1−s)
i −

Y
(s, p+1−s)
i (0 ≤ s ≤ p + 1), Ŷ p+1

is = 0 (s < 0, s > p + 1).
Ïðèðàâíèâàÿ â (2.1) êîýôôèöèåíòû ïðè ys

1y
p+1−s
2 (0 ≤ s ≤ p + 1, p ≥ 2), ïîëó÷àåì ñèñòåìó

(p− s + 1 + α(s− 3))hp
1 s−1 + (s− 1)hp

1s − hp
2 s−1 = Ŷ p+1

1s ,

(p− s + α(s− 1))hp
2 s−1 + shp

2s − hp
1s = Ŷ p+1

2s (s = 0, . . . , p + 1).
(2.2)

Âûäåëèì èç ñèñòåìû (2.2) îáà óðàâíåíèÿ ñ s = 0 :

−hp
i0 = Ŷ p+1

i0 (i = 1, 2). (2.3)

Îíè ôèêñèðóþò hp
10 è çàäàþò ïåðâóþ ñâÿçü íà êîýôôèöèåíòû Y

(p+1)
i :

Ŷ p+1
10 − Ŷ p+1

20 = 0 (p ≥ 2). (2.4)

Ïîäñòàâëÿÿ hp
2s−1 ñ s = 1, p + 1 èç ïåðâîé ïîäñèñòåìû (2.2) âî âòîðóþ, ïîëó÷àåì ñèñòåìó

csh
p
2 s−1 + ash

p
2s + bsh

p
1 s+1 = Ŷ p+1

0s (s = 1, . . . , p + 1), (2.5)

ãäå cs = (p−s+1+α(s−3))(p−s+α(s−1)) (s = 1, p + 1), as = (p−s)(2s−1)−1+α(2s2−4s+1)
(s = 1, p), bs = s2 (s = 1, p− 1), Ŷ p+1

0s = (p− s + α(s− 1))Ŷ p+1
1s + sŶ p+1

1s+1 + Ŷ p+1
2s (s = 1, p + 1).

Ïðè p = 2 ñèñòåìà (2.5) èìååò âèä 2(1−α)h2
10−αh2

11+h2
12 = Ŷ 3

01, α(1−α)h2
11−(1−α)h2

12 = Ŷ 3
02,

0 ·h2
12 = Ŷ 3

03. Ñ ó÷åòîì ðàâåíñòâà (2.3) îíà ñîâìåñòíà, åñëè âûïîëíÿþòñÿ äâå ðåçîíàíñíûå ñâÿçè

2(1− α)2Ŷ 3
10 + (1− α)Ŷ 3

11 + Ŷ 3
12 + 2Ŷ 3

13 + (1− α)Ŷ 3
21 + Ŷ 3

22 = 0, (2α− 1)Ŷ 3
13 + Ŷ 3

23 = 0, (2.6)

ïðè ýòîì êîìïîíåíòà h2
12 íå èìååò îãðàíè÷åíèé.

Ïóñòü òåïåðü p ≥ 3. Çàïèøåì ñèñòåìó (2.5) â ìàòðè÷íîì âèäå, ïåðåíåñÿ â åå ïåðâîì óðàâ-
íåíèè ñëàãàåìîå c1h

p
10 èç ëåâîé ÷àñòè â ïðàâóþ:

Θphp
1 = Y p

0 (p ≥ 3), (2.7)

ãäå Θp � òðåõäèàãîíàëüíàÿ (p + 1) × p ìàòðèöà ñ ýëåìåíòàìè θss = as, θs+1 s = cs+1 (s = 1, p),
θs s+1 = bs (s = 1, p− 1); hp

1 = (hp
11, . . . , h

p
1p), Y p

0 � âåêòîð ñ êîìïîíåíòàìè Y p
01 = Ŷ p+1

01 − c1h
p
10,

Y p
0s = Ŷ p+1

0s (s = 2, p + 1).
Ïîñòàðàåìñÿ ìåòîäîì Ãàóññà àííóëèðîâàòü ïîääèàãîíàëü (c2, . . . , cp+1) ìàòðèöû Θp, äëÿ

÷åãî ââåäåì ðåêóððåíòíóþ ïîñëåäîâàòåëüíîñòü ds :

d1 = a1, ds = as − bs−1cs/ds−1, åñëè ds−1 6= 0 (2 ≤ s ≤ p). (2.8)

Âîçìîæíû äâà ñëó÷àÿ: 1) ∃ s̆ (1 ≤ s̆ ≤ p) : d1, . . . , ds̆−1 6= 0, ds̆ = 0; 2) d1, . . . , dp 6= 0,
ïîëîæèì òîãäà s̆ = p + 1.
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Ëåììà 1. Äëÿ ýëåìåíòîâ ds èç (2.8) ñïðàâåäëèâà ïðÿìàÿ ôîðìóëà

ds = s(p− s + α(s− 2))(p− s− 1− α)/(p− s− α), (2.9)

ãäå s = 1, s̆ â ñëó÷àå 1) è s = 1, p â ñëó÷àå 2).
Äîêàçàòåëüñòâî. Ïðè s = 1 â (2.8) è (2.9) d1 = p − α − 2, ÷òî äàåò áàçó èíäóêöèè.

Ïðåäïîëîæèì, ÷òî ds−1 = (s− 1)(p− s−α)(p− s+1+α(s− 3))/(p− s+1−α) ïðè s ≥ 2. Òîãäà
ñîãëàñíî (2.8) ds = as−bs−1cs/ds−1 = (p−s)(2s−1)−1+α(2s2−4s+1)−(s−1)(p−s+α(s−1))(p−
s+1−α)/(p−s−α) = ((p−s−α)((p−s)s−1+αs(s−2))−((p−s)s+αs(s−2)−(p−s−α)))/(p−s−α),
à ýòî âûðàæåíèå â òî÷íîñòè ñîâïàäàåò ñ ds èç (2.9).

Ðàçîáüåì ìíîæåñòâî ïàð (α, p) (0 < |α| ≤ 1, p ≥ 3) íà ÷åòûðå íåïåðåñåêàþùèõñÿ ñåìåéñòâà
è äëÿ êàæäîãî ââåäåì îòâå÷àþùóþ åìó êîíñòàíòó s :

{α, p}1 = {−k/l, (k + l)n + 2}k,l,n∈N, k≤l, s1 = ln + 2; {α, p}2 = {−1, 2n + 1}n∈N, s2 = 2n + 1;
{α, p}3 = {1, n}n∈N, n≥3, s3 = n− 2; {α, p}0 = {(α, p) 6∈ ∪3

ν=1{α, p}ν}, s0 = p + 1.

Çäåñü è âñåãäà â äàëüíåéøåì k è l � âçàèìíî ïðîñòûå ÷èñëà.
Ëåììà 2. Åñëè ïàðà (α, p) ∈ {α, p}ν (ν = 1, 2, 3), òî äëÿ ýëåìåíòîâ ds èç (2.9) ðåàëèçóåòñÿ

ñëó÷àé 1) ñ s̆ = sν , à åñëè ïàðà (α, p) ∈ {α, p}0, òî ðåàëèçóåòñÿ ñëó÷àé 2) è s̆ = s0.

Äîêàçàòåëüñòâî. Ðàññìîòðèì óðàâíåíèå ds = 0.

Ïðåäïîëîæèì ñíà÷àëà, ÷òî p − s + α(s − 2) = 0. Òîãäà s 6= 1, 2, ïîñêîëüêó |α| ≤ 1 è p ≥ 3.
Ïðè s ≥ 3 ïîëó÷àåì α = −(p − s)/(s − 2) = −k/l, ãäå k, l ∈ N è k ≤ l, òàê êàê 0 < −α ≤ 1.
Ñëåäîâàòåëüíî, p − s = kn, s − 2 = ln (n ∈ N), îòêóäà s = ln + 2, p = (k + l)n + 2, ò. å. ïàðà
(α, p) ∈ {α, p}1 è åäèíñòâåííûé êîðåíü s = s1. Ïðè ýòîì, åñëè α = −1, òî k, l = 1, p = 2n + 2 �
ëþáîå ÷åòíîå ÷èñëî áîëüøåå òðåõ, à s = n + 2 < p.

Ïðåäïîëîæèì òåïåðü, ÷òî p− s− 1−α = 0 (1 ≤ s ≤ p). Åñëè α = −1, òî s = p ≥ 3. Ïîýòîìó,
åñëè p = 2n+2, òî ïàðà (α, p) ∈ {α, p}1, à êîðåíü s = 2n+2 > s1, à çíà÷èò, s̆ = n+2 = s1. Åñëè
æå p = 2n + 1, òî (α, p) ∈ {α, p}2 è åäèíñòâåííûé êîðåíü s̆ = 2n + 1 = s2.

Åñëè α = 1, òî s = p− 2. Ïîýòîìó ïàðà (α, p) ∈ {α, p}3 è s̆ = n− 2 = s3.

Ïóñòü, íàêîíåö, (α, p) ∈ {α, p}0, òîãäà âñå âõîäÿùèå â ds ñîìíîæèòåëè â íóëü íå îáðàùàþòñÿ
ïðè s = 1, p, ò. å. ðåàëèçóåòñÿ ñëó÷àé 2).

Îòìåòèì, ÷òî âõîäÿùèé â (2.9) çíàìåíàòåëü ïðè s = 1 ñîêðàùàåòñÿ ñî âòîðûì ñîìíîæèòå-
ëåì â ÷èñëèòåëå, à ïðè s = 2, s̆ îí îòëè÷åí îò íóëÿ.

Ñèñòåìà (2.7) ìåòîäîì Ãàóññà ìîæåò áûòü ïðåîáðàçîâàíà â ñèñòåìó

Θp
dh

p
1 = Y p

d , (2.7d)

ãäå Θp
d =




d1 b1 . . . 0 0 0 0 . . . 0 0

0 d2
. . . 0 0 0 0 . . . 0 0

... ... . . . . . . . . . ... ... . . . ... ...
0 0 . . . ds̆−1 bs̆−1 0 0 . . . 0 0
0 0 . . . 0 0 bs̆ 0 . . . 0 0

0 0 . . . 0 cs̆+1 as̆+1 bs̆+1
. . . ... 0

0 0 . . . 0 0 cs̆+2 as̆+2
. . . 0 0

... ... . . . ... ... ... . . . . . . . . . ...
0 0 . . . 0 0 0 0

. . . ap−1 bp−1

0 0 . . . 0 0 0 0
. . . cp ap

0 0 . . . 0 0 0 0 . . . 0 cp+1




, Y p
d � âåêòîð ñ êîìïî-

íåíòàìè Y p
d1 = Y p

01, Y p
ds = Y p

0s − (cs/ds−1)Y
p
d s−1 äëÿ s = 2, s̆, Y p

ds = Y p
0s äëÿ s = s̆ + 1, p + 1,

as, bs, cs, ds îïèñàíû â (2.5), (2.9) è, î÷åâèäíî, Y p
ds =

∑s
j=1(−1)s−jY p

0j

∏s
µ=j+1 cµ/dµ−1 (s = 1, s̆).
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Ïåðâûå s̆−1 óðàâíåíèé ñèñòåìû (2.7d) îäíîçíà÷íî ðàçðåøèìû îòíîñèòåëüíî hp
11, . . . , h

p
1 s̆−1,

à óðàâíåíèå ñ íîìåðîì s̆ èìååò âèä

0 · hp
1 s̆−1 + 0 · hp

1 s̆ + bs̆h
p
1 s̆+1 = Y p

ds̆ (hp
1 p+1, h

p
1 p+2 = 0). (2.10)

Â ñëó÷àå 2) s̆ = p + 1, ïîýòîìó Θp
d � äâóõäèàãîíàëüíàÿ ìàòðèöà ñ íóëåâîé íèæíåé ñòðîêîé.

Ïîñëåäíåå óðàâíåíèå ñèñòåìû (2.7d) � óðàâíåíèå (2.10) � èìååò âèä 0 · hp
1p = Y p

d p+1.
Â ñëó÷àå 1) ïîñëåäíèå p + 1− s̆ ≥ 1 óðàâíåíèé ñèñòåìû (2.7d) âûäåëèì â ïîäñèñòåìó

Θp+
d hp+

1 = Y p+
d , (2.7+

d )

ãäå ìàòðèöà Θp+
d � âåðõíåòðåóãîëüíàÿ ñ ãëàâíîé äèàãîíàëüþ (cs̆+1, . . . , cp+1), íàääèàãîíàëÿìè

(as̆+1, . . . , ap), (bs̆+1, . . . , bp−1), à âåêòîðû hp+
1 = (hp

1s̆, . . . , h
p
1p), Y p+

d = (Y p
0 s̆+1, . . . , Y

p
0 p+1).

Ðàçîáüåì ìíîæåñòâî ïàð (α, p) (0 < |α| ≤ 1, p ≥ 3) äðóãèì ñïîñîáîì íà ïÿòü íåïåðåñåêàþ-
ùèõñÿ ñåìåéñòâ ñ ñîîòâåòñòâóþùèìè êîíñòàíòàìè sc :

{α, p}c
1 = {α, p}1, sc

1 = ln + 3; {α, p}c
2 = {α, p}2, sc

2 = n + 1;
{α, p}c

3 = {−k/l, (k + l)n + 1}k,l,n∈N, k<l, sc
3 = ln + 1;

{α, p}c
4 = {1/n, n}n∈N, n≥3, sc

4 = n + 1; {α, p}c
0 = {(α, p) 6∈ ∪4

ν=1{α, p}c
ν}.

Ëåììà 3. Åñëè ïàðà (α, p) ∈ {α, p}c
ν (ν = 1, 4), òî â (2.5) cs = 0 òîëüêî ïðè s = sc

ν , à åñëè
ïàðà (α, p) ∈ {α, p}c

0, òî c1, . . . , cp+1 6= 0.
Äîêàçàòåëüñòâî àíàëîãè÷íî äîêàçàòåëüñòâó ëåììû 2.
Ïîëîæèì cs = c′sc′′s , ãäå c′s = p− s + 1 + α(s− 3), c′′s = p− s + α(s− 1) (s = 1, p + 1).
Ñëåäñòâèå 1. Â (2.5) c1, . . . , cp+1 6= 0, çà èñêëþ÷åíèåì: c′s1+1 = 0, åñëè (α, p) ∈ {α, p}1;

c′′s2−n = 0, åñëè (α, p) ∈ {α, p}2; c′′ln+1 = 0, åñëè (α, p) ∈ {α, p}c
3 ⊂ {α, p}0; c′′p+1 = 0, åñëè

(α, p) ∈ {α, p}c
4 ⊂ {α, p}0.

Ñëåäîâàòåëüíî, â ñëó÷àå 1) ìîæíî ââåñòè ìàòðèöó G = {gjs}p+1
j,s=s̆+1 :

∀ s = s̆ + 1, p + 1 : gsj = 0 (s̆ + 1 ≤ j ≤ s− 1), gss = 1,
gsj = −(gs j−1aj−1 + gs j−2bj−2)/cj (s + 1 ≤ j ≤ p + 1), gs̆+2 s̆ = 0.

(2.11)

Òîãäà GΘp+
d = {gs j−1aj−1+gs j−2bj−2+gsjcj}p+1

s,j=s̆+1 = diag {cs̆+1, . . . , cp+1}, è ïîñëå äîìíîæåíèÿ
ñèñòåìû (2.7+

d ) ñëåâà íà G îíà ðàâíîñèëüíà ñèñòåìå

csh
p
1 s−1 =

p+1∑

j=s

gsjY
p
0j (s = s̆ + 1, p + 1). (2.12)

Âîçâðàùàÿñü ê óðàâíåíèþ (2.10), ïîäñòàâèì â íåãî ïðÿìóþ ôîðìóëó äëÿ Y p
ds̆ èç (2.7d), à

â ñëó÷àå 1) ïðè s̆ ≤ p − 1, ò. å. êîãäà s̆ = s1, s3, òàêæå hp
1 s̆+1 èç óðàâíåíèÿ (2.12) (cs̆+2 6= 0),

ïîëó÷àåì ðåçîíàíñíóþ ñâÿçü

0 · hp
1 s̆ =

s̆∑

j=1

(−1)s̆−j
s̆∏

µ=j+1

cµ

dµ−1
Y p

0j −
bs̆

cs̆+2

p+1∑

j=s̆+2

gs̆+2 jY
p
0j . (2.13)

Âûðàçèì â (2.13) êîìïîíåíòû Y p
0j ÷åðåç Ŷ p+1

is , äëÿ ÷åãî ââåäåì êîíñòàíòû

vj
2 = (−1)s̆−j p− s̆ + 1− α

p− j − 1− α

s̆∏

µ=j+1

p− µ + α(µ− 1)
µ− 1

(j = 1, s̆), v0
1 = v1

2(p− 2α)(p− 1),

v1
1 = v1

2(p− 1), vj
1 = vj

2

p− j + α(j − 1)
α + j − p

(j = 2, s̆); vs̆+1
1 = s̆; vj

2 = −gs̆+2 j bs̆/cs̆+2,

vj
1 = −(gs̆+2 j(p− j + α(j − 1)) + gs̆+2 j−1(j − 1))bs̆/cs̆+2 (j = s̆ + 2, p + 1),

(2.14)
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òîãäà â ñèëó (2.5) è (2.9) vj
2 = (−1)s̆−j

∏s̆
µ=j+1 cµ/dµ−1 (j = 1, s̆), êðîìå òîãî v0

1 = v1
2c1 (c1 6= 0),

vs̆
2 = 1, vs̆

1 = −(p− s̆ + α(s̆− 1))/(p− s̆− α).
Â óðàâíåíèè (2.13) ñîãëàñíî (2.7), (2.5) è (2.3)

∑s̆
j=1 vj

2Y
p
0j = −v1

2c1h
p
10 +

∑s̆
j=1 vj

2((p − j +
α(j − 1))Ŷ p+1

1j + jŶ p+1
1 j+1 + Ŷ p+1

2j ) = v1
2c1Ŷ

p+1
10 + v1

2(p − 1)Ŷ p+1
11 +

∑s̆
j=2(v

j
2(p − j + α(j − 1)) +

vj−1
2 (j − 1))Ŷ p+1

1j + vs̆
2s̆Ŷ

p+1
1 s̆+1 +

∑s̆
j=1 vj

2Ŷ
p+1
2j =

∑s̆+1
j=0 vj

1Ŷ
p+1
1j +

∑s̆
j=1 vj

2Y
p
2j , à

∑p+1
j=s̆+2 gs̆+2 jY

p
0j =∑p+1

j=s̆+2 gs̆+2 j((p− j + α(j − 1))Ŷ p+1
1j + Ŷ p+1

2j ) +
∑p+2

j=s̆+3 gs̆+2 j−1(j − 1)Ŷ p+1
1j .

Â ðåçóëüòàòå ðåçîíàíñíàÿ ñâÿçü (2.13) ïðèíèìàåò âèä

v0
1Ŷ

p+1
10 +

s̆∑

j=1

(vj
1Ŷ

p+1
1j + vj

2Ŷ
p+1
2j ) + vs̆+1

1 Ŷ p+1
1 s̆+1 +

p+1∑

j=s̆+2

(vj
1Ŷ

p+1
1j + vj

2Ŷ
p+1
2j ) = 0. (2.15)

Åñëè (α, p) ∈ {α, p}1, òî ïî ëåììå 2 è ñëåäñòâèþ 1 s̆ = s1 è cs̆+1 = 0, ïîýòîìó (2.12) ïðè
s = s1 + 1 äàåò äîïîëíèòåëüíóþ ðåçîíàíñíóþ ñâÿçü:

0 · hp
1 s1

=
p+1∑

j=s1+1

gs1+1 jY
p
0j . (2.16)

Àíàëîãè÷íî (2.15) ñâÿçü (2.16) ìîæíî ïðåäñòàâèòü â âèäå
p+1∑

j=s1+1

(vj1
1 Ŷ p+1

1j + vj1
2 Ŷ p+1

2j ) = 0 ((α, p) ∈ {α, p}1), (2.17)

ãäå ìíîæèòåëè vj1
1 = gs1+1 j(p− j + α(j − 1)) + gs1+1 j−1(j − 1), vj1

2 = gs1+1 j .
Èç óðàâíåíèé (2.13), (2.16) âèäíî, ÷òî åñëè (α, p) ∈ {α, p}1, òî êîìïîíåíòà hp

1 s1
ñâîáîäíà.

Çàïèøåì ïîëó÷åííûå ðåçîíàíñíûå ñâÿçè (2.15), (2.17) ÷åðåç êîýôôèöèåíòû ñèñòåìû (1.3),
ïðåäâàðèòåëüíî ðàçîáðàâøèñü, êîãäà ìíîæèòåëè v, âõîäÿùèå â ýòè ñâÿçè, ðàâíû íóëþ.

Ñîãëàñíî îïðåäåëåíèþ (2.14) ïðè 2 ≤ j ≤ s̆ ìíîæèòåëü vj−1
2 = 0 è ìíîæèòåëü vj

1 = 0, åñëè∏s̆
µ=j(p−µ+α(µ− 1)) = 0, ò. å. c′′j . . . c′′s̆ = 0, à ìíîæèòåëè v0

1, v
1
1 = 0, åñëè c′′2 . . . c′′s̆ = 0. Ïîýòîìó,

èñïîëüçóÿ ñëåäñòâèå 1, ìîæíî ïðåîáðàçîâàòü óðàâíåíèå (2.15) â ñëó÷àå 2), êîãäà s̆ = p + 1.
Ïóñòü (α, p) ∈ {α, p}c

3 ⊂ {α, p}0, ò. å. α = −k/l, p = (k + l)n + 1 (k, l, n ∈ N, k < l). Òîãäà
sc
3 = ln + 1 (2 ≤ sc

3 ≤ p− 1), ïîýòîìó v
sc
3

2 , . . . , vp+1
2 6= 0, v

sc
3+1

1 , . . . , vp+1
1 6= 0, òàê êàê íå ñîäåðæàò

c′′sc
3

= 0, è óðàâíåíèå (2.15) ïðèíèìàåò âèä

v
sc
3

2 Y
(ln+1,kn+1)
2 +

p+1∑

j=sc
3+1

(
vj
1Y

(j,p+1−j)
1 + vj

2Y
(j,p+1−j)
2

)
= c̃. (2.153

0)

Ïóñòü (α, p) ∈ {α, p}c
4 ⊂ {α, p}0, ò. å. α = 1/p. Òîãäà sc

4 = p + 1, à çíà÷èò, òîëüêî vp+1
2 6= 0, è

óðàâíåíèå (2.15) ïðèíèìàåò âèä

Y
(p+1,0)
2 = c̃ (p ≥ 3). (2.154

0)

Åñëè òåïåðü (α, p) ∈ {α, p}0 \ ({α, p}c
3 ∪ {α, p}c

4), òî (2.15) ïðèíèìàåò âèä

v0
1Y

(0,p+1)
1 +

p+1∑

j=1

(
vj
1Y

(j,p+1−j)
1 + vj

2Y
(j,p+1−j)
2

)
= c̃ (p ≥ 3), (2.150

0)

è âñå âõîäÿùèå â íåãî ìíîæèòåëè v îòëè÷íû îò íóëÿ.
Ïóñòü (α, p) ∈ {α, p}2 = {α, p}c

2, ò. å. α = −1, p = 2n + 1 (n ∈ N). Òîãäà s̆ = p, ò. å. ïîñëåäíÿÿ
ñóììà â (2.15) òàêæå îòñóòñòâóåò, à sc

2 = n + 1 (2 ≤ sc
2 ≤ p − 1). Ïîýòîìó v

sc
2

2 , . . . , vp
2 6= 0,

v
sc
2+1

1 , . . . , vp
1 6= 0, òàê êàê íå ñîäåðæàò c′′sc

2
= 0, vs̆

1 = s̆ = 2n + 1, è (2.15) ïðèíèìàåò âèä

v
sc
2

2 Y
(n+1,n+1)
2 +

p∑

j=sc
2+1

(
vj
1Y

(j,p+1−j)
1 + vj

2Y
(j,p+1−j)
2

)
+ vs̆

1Y
(2n+2,0)
1 = c̃. (2.152)
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Ïóñòü (α, p) ∈ {α, p}3, ò. å. α = 1. Ïîñêîëüêó s̆ = p − 2, ïîñëåäíÿÿ ñóììà â óðàâíåíèè
(2.15) ñîäåðæèò äâà ñëàãàåìûõ. Ñîãëàñíî (2.5) è (2.11) bp−2 = (p− 2)2, ap = 2p(p− 2), cp, cp+1 =
(p−2)(p−1), gpp = 1, gp p+1 = −2p/(p−1), îòêóäà vp

2 = −(p−2)/(p−1), vp+1
2 = 2p(p−2)/(p−1)2,

vp
1 = −(p− 2), vp+1

1 = (2p− 1)(p− 2)/(p− 1), è (2.15) ïðèíèìàåò âèä

v0
1Y

(0,p+1)
1 +

2∑

i=1

p−2∑

j=1

vj
i Y

(j,p+1−j)
i + vs̆

1Y
(p−1,2)
1 +

2∑

i=1

p+1∑

j=p

vj
i Y

(j,p+1−j)
i = c̃ (p ≥ 3). (2.153)

Ïóñòü, íàêîíåö, (α, p) ∈ {α, p}1. Íàäî îöåíèòü ìíîæèòåëè vj ïðè j = s1 + 2, p + 1 â óðàâíå-
íèè (2.15) è ìíîæèòåëè vj1 ïðè j = s1 + 1, p + 1 â óðàâíåíèè (2.17), ÷åìó ìåøàåò ðåêóððåíòíîå
çàäàíèå ýëåìåíòîâ gsj â (2.11).

Äëÿ s = s1 + 1, p ââåäåì ðåêóððåíòíóþ ïîñëåäîâàòåëüíîñòü ÷èñåë

fss = −as, fsj = −aj − bj−1cj/fs j−1 (s + 1 ≤ j ≤ p), ïîêà fs j−1 6= 0, (2.18)

è ïîêàæåì ìåòîäîì èíäóêöèè, ÷òî â (2.11) ïðè s̆ = s1

gsj = gs j−1fs j−1/cj (j = s + 1, p + 1, gss = 1). (2.19)

Ïðè j = s+1 cîãëàñíî (2.11) è (2.18) gs s+1 = −(gssas+gs s−1bs−1)/cs+1 = gssfss/cs+1, ÷òî äàåò
áàçó èíäóêöèè. Ïðåäïîëîæèì, ÷òî âûïîëíåíî (2.19), òîãäà gs j+1 = −(gsjaj + gs j−1bj−1)/cj+1 =
−gsj(aj + cjbj−1/fs j−1)/cj+1 = gsjfsj/cj+1 ñîãëàñíî (2.18).

Ïîñêîëüêó (α, p) ∈ {α, p}1, òî α = −k/l, p = (k + l)n + 2 è s1 = ln + 2. Ïîýòîìó â (2.5)
as = ((k+l)n+2−s)(2s−1)−1−k(2s2−4s+1)/l, cs = (k+l)(n−(s−3)/l)((k+l)(n−(s−1)/l)+1),
ãäå k, l, n ∈ N. Ïðè ýòîì cs = 0 ïðè s = ln + 1 + l/(k + l), ln + 3, ïîýòîìó cs > 0 ïðè s ≥ ln + 4.

Äëÿ îöåíêè ñíèçó fsj ââåäåì ôóíêöèþ

ξj = −j(p− j − 1 + α(j − 2)) = j(j − (k + l)n− 1 + k(j − 2)/l) (j = s1 + 1, p).

Ïîñêîëüêó ξj = 0 ïðè j = 0, ln + 1 + k/(k + l), òî ξj > 0 ïðè j ≥ ln + 2.
Ïîêàæåì ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè, ÷òî

fsj > ξj (s = s1 + 1, s1 + 2, j = s, p). (2.20)

Ïðè s = s1+1 = ln+3 ñîãëàñíî (2.18) fss = −as = (3k+2l)n+6+7k/l > (k+2l)n+6+3k/l = ξs

è ïðè s = s1 + 2 = ln + 4 fss = (5k + 4l)n + 15 + 17k/l > (2k + 3l)n + 12 + 8k/l = ξs � áàçà.
Ïðåäïîëîæèì, ÷òî fs j−1 > ξj−1. Òîãäà fsj = −aj − bj−1cj/fs j−1 > −aj − bj−1cj/ξj−1 > ξj ,

òàê êàê (−aj − ξj)ξj−1 = bj−1cj − 2α(j − 1)2 > bj−1cj .
Òåïåðü ñîãëàñíî (2.11), (2.19) è (2.20) ïðè s = s1 + 1, s1 + 2

gss = 1, gsj > gs j−1ξj−1/cj > 0 (j = s + 1, p + 1). (2.21)

Ïîñêîëüêó c′′j = p− j +α(j−1) < 0 ïðè j = s1 +1, òî â (2.17) vj1
1 < 0. Ïðè j ≥ ln+4 = s1 +2

c′j = p− j + 1 + α(j − 3), c′′j < 0, ïîýòîìó ïðè òåõ æå s, j, ÷òî èñïîëüçóþòñÿ â (2.21), âõîäÿùåå
â vj

1 èç (2.14) è â vj1
1 èç (2.17) âûðàæåíèå gsj(p− j + α(j − 1)) + gs j−1(j − 1) < gs j−1(j − 1)((j −

p− α(j − 3))/(p− j + 1 + α(j − 3)) + 1) = gs j−1(j − 1)/(p− j + 1 + α(j − 3)) < 0.
Â ðåçóëüòàòå, åñëè (α, p) ∈ {α, p}1, ò. å. α = −k/l, p = (k + l)n + 2 (k, l, n ∈ N, k ≤ l) è

s1 = ln + 2, òî, âî-ïåðâûõ, âñå âõîäÿùèå â óðàâíåíèå (2.17) ìíîæèòåëè vj1
2 > 0, à vj1

1 < 0, è
(2.17) ïðèíèìàåò âèä

p+1∑

j=s1+1

(vj1
1 Y

(j,p+1−j)
1 + vj1

2 Y
(j,p+1−j)
2 ) = c̃, (2.171)

âî-âòîðûõ, â (2.15) ïðè j = s1 + 2, p + 1 ìíîæèòåëè vj
2 < 0, vj

1 > 0, è (2.15) ïðèíèìàåò âèä

v0
1Y

(0,p+1)
1 +

2∑

i=1

s1∑

j=1

vj
i Y

(j,p+1−j)
i + s1Y

(s1+1,p−s1)
1 +

2∑

i=1

p+1∑

j=s1+2

vj
i Y

(j,p+1−j)
i = c̃. (2.151)

6



Îñòàåòñÿ ïåðåïèñàòü ïîëó÷åííûå ðàíåå ðåçîíàíñíûå ñâÿçè (2.4) è (2.6) òàêæå ÷åðåç êîýô-
ôèöèåíòû ôîðì Y

(p+1)
1 , Y

(p+1)
2 :

2(1− α)2Y (0,3)
1 + (1− α)Y (1,2)

1 + Y
(2,1)
1 + 2Y

(3,0)
1 + (1− α)Y (1,2)

2 + Y
(2,1)
2 = c̃,

(2α− 1)Y (1,2)
1 + Y

(3,0)
2 = c̃, Y

(0,3)
1 − Y

(0,3)
2 = c̃ (p = 2);

(2.22)

Y
(0,p+1)
1 − Y

(0,p+1)
2 = c̃ (p ≥ 3). (2.23)

Îòìåòèì, ÷òî âî âñåõ ðåçîíàíñíûõ óðàâíåíèÿõ âèäà (δ, Y ) = c̃ êîíñòàíòà c̃ èçâåñòíà, ðàâíà
(δ, Ỹ ) è, åñëè α = −k/l, çàâèñèò îò âûáîðà ñâîáîäíûõ êîýôôèöèåíòîâ h

(s1,p−s1)
1 çàìåíû (1.2).

3. Ôîðìàëüíàÿ ýêâèâàëåíòíîñòü è ÎÍÔ.
Ïîëîæèì np = {3, åñëè p = 2 èëè (α, p) ∈ {α, p}1; 2 � â ïðîòèâíîì ñëó÷àå.}

Îïðåäåëåíèå 1. Êîýôôèöèåíòû ôîðì Y
(p+1)
1 (y), Y

(p+1)
2 (y) ñèñòåìû (1.3), âõîäÿùèå õîòÿ

áû â îäíî èç ðåçîíàíñíûõ óðàâíåíèé (2.171), (2.15ν) (ν = 0, 3), íàçûâàþòñÿ ðåçîíàíñíûìè, à
îñòàëüíûå � íåðåçîíàíñíûìè.

Îïðåäåëåíèå 2. Â ñèñòåìå (1.3) np ðàçëè÷íûõ ðåçîíàíñíûõ êîýôôèöèåíòîâ ôîðì Y
(p+1)
i

îáðàçóþò ðåçîíàíñíûé íàáîð, åñëè ýòî êîýôôèöèåíòû:
ïðè p = 2 � 1) Y

(0,3)
2 èëè Y

(0,3)
1 , 2) Y

(3,0)
2 èëè Y

(1,2)
1 ïðè α 6= 1/2, 3) ëþáîé èç (2.221);

ïðè p ≥ 3 � 1) Y
(0,p+1)
2 èëè Y

(0,p+1)
1 , 2à) åñëè α 6= 1, 1/n (n ≥ 3), −k/l (k < l), −1, òî ëþáîé

èç (2.150
0), 2á) åñëè α = 1, òî ëþáîé èç (2.153), 2â) åñëè α = 1/n (n ≥ 3), òî Y

(p+1,0)
2 ïðè p = n,

ëþáîé èç (2.150
0) ïðè p 6= n, 2ã) åñëè α = −k/l (k < l), òî ëþáîé èç (2.153

0) ïðè p = (k + l)n + 1,
ëþáîé èç (2.151) ïðè p = (k + l)n + 2, ëþáîé èç (2.150

0) ïðè p 6= (k + l)n + i (i = 1, 2), 2ä) åñëè
α = −1 (k, l = 1), òî ëþáîé èç (2.152) ïðè p = 2n + 1, ëþáîé èç (2.151) ïðè p = 2n + 2, 3) åñëè
α = −k/l (k ≤ l) è p = (k + l)n + 2, òî ëþáîé Y

(j3,p+1−j3)
i3

èç (2.171), îòëè÷íûé îò âûáðàííîãî
âûøå Y

(j2,p+1−j2)
i2

èç (2.151), ïðè óñëîâèè, ÷òî vj2
i2

vj31
i3
− vj21

i2
vj3
i3
6= 0, ãäå vj

i , vj1
i � ìíîæèòåëè ïðè

ñîîòâåòñòâóþùèõ êîýôôèöèåíòàõ â óðàâíåíèÿõ (2.151), (2.171).
Èç îïðåäåëåíèÿ 2 âûòåêàåò, ÷òî np ñîîòâåòñòâóþùèõ ðåçîíàíñíûõ óðàâíåíèé ïðè ëþáûõ

p ≥ 2 îäíîçíà÷íî ðàçðåøèìû îòíîñèòåëüíî êîýôôèöèåíòîâ èç ëþáîãî ðåçîíàíñíîãî íàáîðà.
Îïðåäåëåíèå 3. Ñèñòåìà (1.3) íàçûâàåòñÿ îáîáùåííîé íîðìàëüíîé ôîðìîé (ÎÍÔ), åñëè

ïðè ëþáîì p ≥ 2 ó íåå ðàâíû íóëþ âñå êîýôôèöèåíòû ôîðì Y
(p+1)
1 (y), Y

(p+1)
2 (y), êðîìå np

êîýôôèöèåíòîâ èç êàêîãî-ëèáî ðåçîíàíñíîãî íàáîðà, èìåþùèõ ïðîèçâîëüíûå çíà÷åíèÿ.
Â ðåçóëüòàòå îêàçàëèñü äîêàçàíû ñëåäóþùèå óòâåðæäåíèÿ.
Òåîðåìà 1. Äëÿ òîãî ÷òîáû ñèñòåìà (1.3) áûëà ôîðìàëüíî ýêâèâàëåíòíà èñõîäíîé ñèñòå-

ìå (1.1), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû äëÿ ëþáîãî p ≥ 2 êîýôôèöèåíòû åå îäíîðîäíûõ ïî-
ëèíîìîâ Y

(p+1)
1 , Y

(p+1)
2 óäîâëåòâîðÿëè ñëåäóþùèì ðåçîíàíñíûì óðàâíåíèÿì: ïðè p = 2 � ýòî

òðè óðàâíåíèÿ (2.22); ïðè p ≥ 3 � ýòî óðàâíåíèå (2.23), â çàâèñèìîñòè îò ïàðàìåòðà α îäíî
èç øåñòè óðàâíåíèé (2.15ν) (ν = 0, 3), à òàêæå óðàâíåíèå (2.171), åñëè ïàðà (α, p) ∈ {α, p}1.
Ïðè ýòîì âñå ìíîæèòåëè v, âõîäÿùèå â âûøåíàçâàííûå óðàâíåíèÿ, îòëè÷íû îò íóëÿ.

Ñëåäñòâèå 2. Ñèñòåìà (1.1) ôîðìàëüíî ýêâèâàëåíòíà ñèñòåìå (1.3), ó êîòîðîé ïðè ëþáîì
p ≥ 2 âñå êîýôôèöèåíòû Y

(j,p+1−j)
i (i = 1, 2; j = 0, p + 1) ïðîèçâîëüíû, êðîìå np äîëæíûì

îáðàçîì âûáðàííûõ êîýôôèöèåíòîâ èç ëþáîãî ðåçîíàíñíîãî íàáîðà. Â ÷àñòíîñòè, åñëè âñå
ïðîèçâîëüíûå êîýôôèöèåíòû â ñèñòåìå (1.3) âûáðàòü ðàâíûìè íóëþ, òî ñèñòåìà (1.1) áóäåò
ôîðìàëüíî ýêâèâàëåíòíà ÎÍÔ (1.3).

Òåîðåìà 2. Çàôèêñèðóåì ïðîèçâîëüíûì îáðàçîì ñòðóêòóðó ÎÍÔ (1.3), ò. å. äëÿ âñÿêîãî
p ≥ 2 çàôèêñèðóåì ïîðÿäêè òåõ np ÷ëåíîâ ôîðì Y

(p+1)
i , ÷üè êîýôôèöèåíòû âõîäÿò â âû-

áðàííûé äëÿ äàííîãî p ðåçîíàíñíûé íàáîð, à åñëè (α, p) ∈ {α, p}1, òî çàôèêñèðóåì òàêæå
ïðîèçâîëüíûì îáðàçîì êîýôôèöèåíò h

(s1,p−s1)
1 çàìåíû (1.2). Òîãäà ñóùåñòâóåò è åäèíñòâåííà
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íîðìàëèçóþùàÿ çàìåíà (1.2), ïðåîáðàçóþùàÿ ïðîèçâîëüíóþ ñèñòåìó (1.1) â ÎÍÔ (1.3) ñ âû-
áðàííîé ñòðóêòóðîé, â êîòîðîé ïðè êàæäîì p ≥ 2 êîýôôèöèåíòû âûáðàííîãî ðåçîíàíñíîãî
íàáîðà îäíîçíà÷íî íàõîäÿòñÿ èç òåõ ðåçîíàíñíûõ óðàâíåíèé (2.22), (2.23), (2.15ν), (2.171), â
êîòîðûå îíè âõîäÿò.

Ïðèìåð 1. Ðàññìîòðèì îáùóþ ñèòóàöèþ, êîãäà α 6= 1, 1/n (n ≥ 3), −k/l (k < l), −1, ò. å.
ñëó÷àé 2à) èç îïðåäåëåíèÿ 2, òîãäà ñèñòåìà (1.1) ìîæåò áûòü ïðèâåäåíà ê ÎÍÔ (1.3), èìåþùåé,
íàïðèìåð, òàêèå ñòðóêòóðû:

ẏ1 = αy2
1 + y1y2, ẏ2 = y1y2 + Y

(3,0)
2 y3

1 + yp
2

∞∑

p=2

(
Y

(0,p+1)
2 y2 + Y

(1,p)
2 y1

)
;

ẏ1 = αy2
1 + y1y2 + Y

(1,2)
1 y1y

2
2 +

∞∑

p=3

Y
(0,p)
1 yp

2 , ẏ2 = y1y2 +
∞∑

p=3

Y
(0,p)
2 yp

2 .

Ïðèìåð 2. Ïóñòü α = −1 (k, l = 1), òîãäà ðåàëèçóþòñÿ ñëó÷àè 2ä) è 3) èç îïðåäåëåíèÿ 2 è
ñèñòåìà (1.1) ìîæåò áûòü ïðèâåäåíà ê ÎÍÔ (1.3)

ẏ1 = −y2
1 + y1y2, ẏ2 = y1y2 +

∞∑

n=1

(
Y

(0,2n+2)
2 y2n+2

2 + Y
(n+1,n+1)
2 yn+1

1 yn+1
2

)
+

+
∞∑

n=0

(
Y

(0,2n+3)
2 y2n+3

2 + Y
(1,2n+2)
2 y1y

2n+2
2 + Y

(n+3,n)
2 yn+3

1 yn
2

)
.
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V. V. Basov, E. V. Fedorova
Normalization of a System Whose Unperturbed Part is (αx2

1 + x1x2, x1x2)

Summary
Formal almost identical transformations of two dimensional systems of differential equations whose

unperturbed part is (αx2
1 + x1x2, x1x2) and perturbations are of order 3, are investigated. ”Resonance

equations” for such systems are given. With help of them, some criteria of formal equivalence of systems
and all structures of generalized normal forms are presented.
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