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Abstract.

A wedge-shaped current linking the nightside ionosphere and the plasma sheet is believed
to be the principal cause of a major reconfiguration of the magnetospheric field on the
nightside, observed at the onset of the substorm’s explosive phase. No dynamical model
of the magnetosphere is complete without this important component; however, no realistic
representation for the field of the substorm current wedge has been available so far, in
part due to the geometrical complexity of that current system and related computational
problems. In this work, a simple and flexible analytical model is proposed for the magnetic
field of substorm current wedge. The key element of the mathematical treatment is the vector
potential of the field produced by a pair of current loops with a spread-out volume current
density. Applying appropriate shift, rotation, and a minor stretching deformation makes
it possible to reproduce the desired geometry of the entire system, including ﬁeld—aligned
currents. The current wedge has a variable longitudinal width, and the model is further
generalized by including warping effects due to the tilt of Earth’s dipole. This model is
intended to be used in data-based representations of the magnetic field dynamics in the near
magnetosphere and will make it possible to reproduce the fast restructuring of the near-Earth

field during the explosive phase of a substorm.

1. Introduction

The concept of the substorm current wedge (SCW) was
suggested in the early seventies, based on an extensive evi-
dence from space- and ground-based magnetic field observa-
tions during the expansion phase of magnetospheric distur-
bances [e.g., McPherron et al., 1973, Clauer and McPherron,
1974]. These observations suggested that an essential feature
of a substorm was a sudden disruption of a part of the cross-
tail current and its redirection along geomagnetic field lines,
with downward and upward Birkeland currents concentrated
on the dawn and dusk sides of the disturbance sector, respec-
tively, [e.g., Lui et al., 1992, Lopez and Lui, 1990]. The
rapid disruption of the cross-tail current in a localized region
on the nightside and its divertion via field-aligned currents to
low altitudes is equivalent to a buildup of a three-dimensional
wedge-shaped curcuit with a limited longitudinal extent, as
schematically shown in Figure 1. The total current in the
SCW can be quite large, resulting in a major reconfiguration
of the magnetic field on the nightside, with a local collapse
of previously stretched field lines to a quasi-dipolar configu-
ration.

Quantitative studies of substorm effects often require a re-
alistic model of the magnetic field, capable of replicating the
main effects of the SCW. However, although the concept of
the SCW has existed for many years, no consistent quantita-
tive model of that current system has been developed so far,
mainly for two reasons. First, the configuration, size, and

Copyright 1997 by the American Geophysical Union.

Paper number 97JA01904.
0148-0227/97/97JA-01904$09.00

the local time position of the SCW can vary widely from one
event to another, and even during the same substorm [Lopez
and Lui, 1990]. Hence it is difficult, if at all possible, to
define the parameters of an "average" SCW, based on the
combined data from many substorms. Second, due to the
complex geometry of the SCW, it is not easy to devise a rea-
sonably simple and flexible mathematical model of the SCW
disturbance field. Horning et al. [1974] constructed a simple
wire model, using Biot-Savart integration over line currents,
and fitted it to the data from eight low-latitude ground stations
and the ATS-1 satellite.

Vasilyev et al. [1986] were first to relate the magnetic ef-
fects of the SCW to the formation of the auroral bulge. They
mapped equatorial cross sections of the near tail, running
from dawn to dusk, by using a background model field with
added disturbance field from a simple line-current wedge
model, and found a bulge-like deformation of the ionospheric
projection, caused by the twisting effect of the Birkeland cur-
rents upon the magnetic field line [see also Kaufmann et al.,
1990; Lyons et al., 1990, 1991].

Hilmer and Voigt [1995] suggested modeling the mag-
netic effects of the SCW by adding to the background mag-
netic field model a disturbance field from an eastward current
sheet with a limited extension in the dawn-dusk and tailward-
sunward directions. Although they were able to reproduce the
observed dipolarization of the nightside field, the equatorial
current in their model extended out into the tail lobes, instead
of closing in the ionosphere via localized Birkeland currents.
That limitation did not allow a strong By disturbance to arise,
as is typically observed on the nightside during the substorm
expansion phase.

The purpose of the present work is to suggest a mathe-
matically simple and flexible representation for the SCW,
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Figure 1. A sketch illustrating the concept of a substorm current wedge (SCW), confined within a limited

interval of longitude.

which could be used in the development of a versatile dy-
namical data-based model of the disturbed magnetosphere
during substorms.

2. Approach

The accuracy and realism of models of any complex phys-
ical object, based on large amounts of experimental data,
depends crucially on two things. First, one needs a certain
amount of a priori knowledge on the object’s structure and
its dependence on external conditions. At the very least, its
qualitative structure must be guessed, in order to allow an
appropriate choice of the mathematical frame for the model.
Second, the model must include a sufficient amount of free-
dom, so that a good fit to observations could be obtained,
with minimal and random residual differences between the
model and data. The magnetospheric magnetic field depends
not only on {x, y, z} but also on additional varying parame-
ters (the geodipole tilt angle, solar wind characteristics, and
activity indices), and therefore the problem amounts to the
multidimensional fitting of a vector function to large numbers
of data points.

This imposes another requirement on the mathematical
frame of a model: not only should it be realistic and flex-
ible but also sufficiently simple. In this regard, the numerical
computation of the field, based on the Biot-Savart law, is of
little help, unless the integration can be carried out in quadra-
tures, which is possible only for a few simple distributions of
electric current.

With regard to modeling highly variable substorm current
systems, an additional aspect becomes important: due to a
very dynamical nature of the disturbances and a relatively
small number of available simultaneous data, one can expect
to fit meaningfully only a few parameters of the SCW, re-
flecting its most important characteristics. This also requires
the model to be relatively simple.

In some cases it is possible to obtain simple analytical so-
lutions for the magnetic field B with a desired distribution of
the electric current j =V X B by modifying and superpos-
ing some simple "nucleus” solutions for the vector potential,
having appropriate asymptotic properties. For example, the
spread-out model of the ring current by Tsyganenko and Us-
manov [1982] was derived by adding a constant term in the
denominator of the vector potential of the dipolar magnetic
field. The tail current sheet models, developed in our earlier
works [Tsyganenko, 1989; Tsyganenko and Peredo, 1994;
Tsyganenko, 1995], were based on simple analytical vector
potentials for the field of infinitely thin current discs with

different rates of outward decrease of the current strength. In
that case, simple modifications of the original nucleus poten-
tials made it possible to give the current sheet a controllable
finite thickness and to warp it in response to the Earth’s dipole
tilt. Note that since B = V x A, any modification of vector
potentials does not violate the condition V - B=0.

To devise a model for the substorm current wedge, we use
the vector potential of a circular current loop, shown in Figure
2a, as the initial "nucleus" solution. The basic idea is to com-
bine two identical loops, symmetrically tilted with respect to
the midnight meridian plane, shift them tailward, so that the
currents flow nearly along the dipolar field lines at close geo-
centric distances (Figure 2b), and introduce a variable finite
thickness of the current loops by a simple modification of the
vector potential.

Expressed mathematically, the representation starts from
the well-known relation in the cylindrical coordinates {p, ¢, z}
for the vector potential of a circular current loop of radius Rq
shown in Figure 2a [e.g., Smythe, 1950' Jackson, 1962]:
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The argument k of the elliptical integrals E(k) and K (k)
varies within the limits 0 < k < 1, and the exact equality

= 1 is reached when the observation point lies on the loop,
p = Ry, z = 0, at which point the function K (k) becomes
logarithmically singular. A simple and obvious way to spread
out the infinitely thin current loop is to eliminate the singu-
larity by adding a positive term D? to the denominator in the
right-hand side of (2). At large distances from the loop, the
modification does not significantly change the magnetic field,
and it remains there virtually current-free. In the vicinity of
the loop, however, the initially delta-like current becomes
smoothly distributed in space around its original position.

The next step is to shift the loop along the x-axis, incline
it by an angle y to the equatorial plane, and combine it with
another loop with the same radius and strength of the cur-
rent, but rotated in the opposite direction around the x-axis,
as shown in Figure 2b. The resultant current system is qual-
itatively similar to the SCW in its geometrical structure. In
order to bring it closer to the expected one, several modifica-
tions are carried out. .

First, the vector potential A is stretched in the day-night
direction in a way similar to that suggested by Stern [1987],
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Figure 2. Three-dimensional views, illustrating the method
of constructing the simple SCW model: (a) a single loop in
the equatorial plane; (b) acombination of two circular current
loops, providing the prototype magnetic field for the SCW
model.

in order to deform the electric current flow lines and bring
them closer to the shape of the quasi-dipolar magnetic field
lines on the nightside. To do so, it suffices to replace x in the
vector potential (1) by a stretched coordinate f(x). We have
chosen f(x) in the form

fex 3.0 =x(1 3)

/z)
1+r2/R?

where r? = x? + y? + z2. The parameters « and R, control
the degree of the stretch and its radial extent, respectively.
The stretch is maximal near the origin and falls off to zero
at large radial distances, as ¥ >> R;. For the specific form
(3) of the stretch function f(x, y, z), the length of the major
semiaxis of the stretched loop, x4, can be found in a closed
analytical form from the equation f (x, 0, 0) = Rp. Denoting
x/Rs =t and Ry/R; = B, one can obtain x4 as a solution of
a cubic equation t3 — B2 + (1 — &)t — B = 0, in the form

L RN S I

where

_ B, B?
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Thus defined x4 is the distance by which the loops must be
shifted in the negative x-direction, in order to approximately
align the currents with the dipolar field lines near Earth. Note
that in this model we do not require the field-aligned currents
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to close within a thin ionospheric layer, but assume that the
westward closure current at low altitudes is spread-out over
a larger interval of geocentric distances; this question will be
discussed in more detail in section 4.

Second, in order to match the geometry of the model SCW
with the one expected from the general quasi-dipolar struc-
ture of the near-Earth magnetic field, the characteristic half-
thickness of the currents, D, is made to depend on the posi-
tion of the observation point along the x-axis. This results
in a variable transverse dimension of the current flow, so
that it is confined within a narrow flux tube at low altitudes,
but spreads outward and reaches its widest, as the flow lines
reach the equatorial plasma sheet and cross there the mid-
night meridian plane. More specifically, the function D(x)
entering in the modified argument

2 4Rop

= 5
(Ro + p)* + 22 + D?(x) ©)
is assumed to have the form
D(x) = — Do tanh — + 8 6).
Ax

According to (6), the current flow line tubes widen with
increasing tailward distance and narrow down to the iono-
sphere. It is important to note that the formulas (1)—(6)
directly define the magnetic field produced by the spread-out
currents, rather than the electric current density, and, there-
fore, the coordinates {x, y, z} entering in the vector potential
and in the magnetic field components refer to the observa-
tion point, which can be located anywhere in space. With
increasing positive values of x on the dayside, the thickness
D in (6) falls off to zero and then becomes negative; how-
ever, it does not cause a singularity or other problem, since
the shifted current loops reside entirely on the nightside and
hence the argument k? given by (5) never reaches unity.
Figure 3 shows a three-dimensional view of the elec-
tric current flow lines in the model SCW, with y = 55°,
Do = 2Rg, Ax = TR, and § = 0.2Rg. The apparent
sharp kinks in flow lines south of the equator are merely ef-
fects of the viewing angle: actually those lines are mirror
images of the northern ones. Because the original thin loops
were spread out, the current smoothly flows from one loop
into the other across the midnight meridian plane and, thanks

Figure 3. Electric current flow lines in the SCW model,
obtained by spreading out the current and tailward stretching
of the field from the prototype double-loop system shown
in Figure 2b. The apparent kinks on the lines south of the
equator are due to effects of the viewing angle. '
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to the symmetry, no current crosses the equator. Besides
the total electric current in the wedge, the model has several
variable geometrical parameters: the radius Ry, defining the

overall size of the SCW, the stretch amplitude «, the angle

y controlling the width of the SCW in longitude, and the
azimuthal position of the SCW,

If the current disruption on the nightside occurs relatively
close to Earth, one can assume that the SCW tends to fol-
low quasi-dipolar magnetic field and hence its position is
best defined in the solar magnetic coordinates, whose z-axis
is aligned with the axis of the geodipole magnetic moment.
However, the radial extent of the SCW is highly variable
(A. T. Y. Lui, private communication, 1997), so that in a
general case one has to take into account the warping of the
nightside magnetic configuration, due to diurnal and seasonal
change of the inclination of the Earth’s dipole axis to the
terminator plane (or the tilt angle ¥). These effects are ad-
dressed in section 3.

3. Warping Effects Related to the Geodipole Tilt

In the general case W # 0, the limitation of the north-south
symmetry should be removed, which can be done by introduc-
ing a radially dependent warping of the vector potential. We
begin with replacing the unwarped Cartesian solar magneto-
spheric coordinates {x, y, z} by the warped ones, {x*, y*, z*},
which coincide with the solar-magnetic coordinates at the
Earth’s surface and asymptotically approach the solar mag-
netospheric coordinates with growing radial distance r. A
convenient and simple specific form for the warped coor-
dinates was suggested in an earlier work [Tsyganenko and
Stern, 1996] as

x* = xcos W*(r) — zsin W*(r)

Y=y @)
Z* = xsin U*(r) + zcos W*(r)

where the radially varying warp angle W* is related to the
geodipole tilt angle ¥ by

€O Gnw ®)

sinW*(r) = ch

The function C(r) in (8) was chosen in a simple form, pro-
viding a smooth transition from W* = W at r = Rg to
¥* = sin" (R /r) forr — oc:

V(Re +1)? + ARZ —\/(Ry —r)? + AR?
r

Clr) =

©)

with the "hinging distance" Ry = 9REg and the warp scale
distance AR = 3Rg. For zero dipole tilt, ¥ = 0, the warped
coordinates (7) are reduced to the original solar mageto-
spheric ones. The lines of warped coordinates {x*, z*} were
calculated elsewhere (see Figure 3 of Tsyganenko and Stern
[1996]) and are not reproduced here.

In constructing the warped vector potential, A(“’), it was
assumed that its components retained the same functional de-
pendence on the position {x*, y*, z*} in the space of warped

coordinates, as in the unwarped case, and obeyed the same

transformation relations (7), as the components of the posi-
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tion vector. From this, the following procedure was defined.
First, we replace ungvarped coordinates {x, y, z} in the origi-
nal vector potential A by the warped ones from (7) and obtain

the components of A® in the warped coordinate system as
A*(x,y,2) =AG*, y*, 2% (10)

After that, we apply the inverse transformation to the com-
ponents of the potential A* and obtain the components of
the warped vector potential in the original (GSM) coordinate
system as

AW = A% cos W*(r) + A} sin W*(r)
(w) _ p*

AW = A3

AW = — A% sin W*(r) + A} cos W*(r)

11

In specifying the above procedure of the tilt-related space-
warping, we did not use any physical assumptions, con-
straints, or other quantitative criteria (e.g., such as the stress
balance). Rather, it was based merely on a conjecture that,
for relatively small dipole tilt angles W, the response of the
electric current system and its magnetic field to changes in
W can be reduced to simple geometrical transformation of
the vector potential. Therefore the above procedure needs an
a poster_ipri justification by means of calculating the electric
current j for W # 0 and comparing the resultant warped dis-
tribution of the current density with that for the case ¥ = 0.
In doing so, two things should be checked. First, the warping
of the vector potential inevitably gives rise to artificial dis-
tributed currents outside of the current wedge, which should
be kept at a reasonably low level. Second, one can expect
that the the total current in the wedge is relatively insensitive
to the dipole tilt angle.

Testing of the warped SCW model gave satisfactory re-
sults. The electric current flow pattern was found to be close
to the expected one, without major spurious currents, as il-
lustrated by the contour maps of jy and jy distributions for
the case of the dipole tilt of ¥ = 20° in Figure 4. The left
panel displays the contour maps of —jy, i.e. of the current
flowing across the noon-midnight meridian plane in the dusk-
dawn direction. The dusk-dawn current is confined within a
localized region in the near-tail plasma sheet and, for the
given set of model parameters, the current density peaks at
Xgsm ~ —11Rg. The low-altitude closure currents flow in
the opposite direction (from dawn to dusk) and are concen-
trated within a much narrower region in the vicinity of Earth.
Because of the conservation of the total current, they have
much larger amplitude and are not shown in the plot because
of their much smaller spatial scale. The right panel shows the
contour plots of jy in the plane Xgsy = —5Rg, parallel to
the dawn-dusk meridian plane. Two pairs of Birkeland cur-
rents are clearly visible; the ones in the southern hemisphere
have larger volume current density, because they are closer
to Earth due to the positive dipole tilt.

4. Discussion

In this section we discuss in more detail the effects of
the disturbance magnetic field as reproduced by the present
model and point out its limitations. Figure 5 (left) shows the
plots of the equatorial B, from the model SCW for different
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Figure4. Contour maps of the electric current density distribution in the SCW model. (left) The distribution
of jy in the noon-midnight meridian plane; strong westward closure current near Earth is not shown,
because of its much smaller spatial scale. (right) The distribution of j, in the cross section of the tail at
XGsm = —5Rg. Two pairs of spread-out field-aligned currents are clearly seen as concentric circular

contours.

values of the inclination angle y, defining the longitudinal
extent of the wedge. The total current in the double loop
system is the same in all the cases and equals ~ 550 kA,
which provides a disturbance of B, &~ 10 nT inside of the
SCW with y = 55°. As expected, smaller inclination angles
v (i.e., larger longitudinal extent of the wedge) correspond to
larger disturbance field inside the current system. The distur-
bance is nearly constant inside the distant part of the wedge,
but rapidly increases earthward at distances r < 5Rg. This
is a consequence of our tacit assumption that the most part
of the disrupted current is redirected along the field lines and
extends all the way down to ionospheric altitudes. However,
we still have no data that could either support or refute the
assumption of fully ionospheric closure of the equatorial cur-
rent. As noted by Vasilyev et al. [1986], the rapid buildup
of the SCW is actually a complex dynamical process, which

40
seoeo y=45°
T
30 - pmi Y
20

probably involves the formation of a steep Alfven wave with
associated strong polarization currents across the magnetic
field, propagating from the disruption region toward Earth.
Therefore one should be aware that the electric current geom-
etry like that in Figure 1 is a theoretical conjecture, reflecting
only gross features of the real phenomenon. In that regard,
empirical SCW models should have sufficient flexibility, in
order to be able to replicate temporal evolution of the SCW
structure. The present model allows to control the amount
of electric current that reaches low altitudes, by varying the
parameters of the function D(x) in (6). In the right panel of
Figure 5, the plots of B;(x) are shown, similar to those in
the left panel, but with Dy = 0.8 and § = 1.2. Because of
the larger value of D (x) near Earth, the field-aligned currents
close at higher altitudes, which results in a more uniform ra-
dial distribution of the disturbance field. Note that, according
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Figure 5. Plots of the SCW disturbance field (B,) along the Xgsp axis, for four different values of
the loop inclination angle. (left) Corresponds to Dy = 2 and § = 0.2 (near-Earth closure of the SCW
via field-aligned currents). (right) Corresponds to Dy = 0.8 and § = 1.2, providing a more distributed

westward closure current at low altitudes.
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Figure 6. Ionospheric footpoints of model magnetic field lines, mapped from a family of 16 equidistant
circles lying in the equatorial plane between R = 5Rg and R = 20Rg. (left) No SCW. (right) A SCW
with I;o; =1080 kA is turned on; due to tranverse field perturbation by field-aligned currents, a bulge is

formed near midnight.

to observations of the substorm onset, the positive excursions
of the H component at low-latitude ground stations have ap-
proximately the same amplitude as those at the geostation-
ary orbit [e.g., Nagai, 1982]. This disagrees with the strong
earthward increase of B; in the left panel of Figure 5, found
under assumption of the near-Earth closure of the disrupted
tail current and supports the assumption of a more spread-out
closure current, distributed over a larger range of altitudes.

By superposing several SCW models, shifted in longitude
and having different parameters, it is in principle possible
to obtain a wide variety of model substorm current systems,
which can be fitted to simultaneous data of several spacecraft,
spanning the nightside magnetosphere.

As was pointed out by Vasilyev et al. [1986] and Lyons et
al. [1990, 1991], assuming the SCW model in the form of the
"Birkeland current loop" allows to explain in terms of mag-

netic mapping the formation of the auroral bulge during sub-
storms. To study that effect in more detail, the present SCW
model was combined with the last version of the global field
model [Tsyganenko, 1996] and the resultant field was used
for mapping of a set of concentric circles in the equatorial
plane along magnetic field lines to the ionosphere. Figure 6
shows the result of that calculation for y = 55° and two val-
ues of the total current in the SCW, I;,; =0, and I;,; =1080
kA, corresponding to the disturbance in the B, component in-
side the SCW equal to O nT and 20 nT, respectively. In both
cases, the field of the SCW was added to the background
field given by T96_01 model with the following values of in-
put parameters: solar wind pressure P=4 nPa, Dst=-40 nT,
IMF By = 2 nT, and B, = —5 nT, simulating conditions
during the growth phase of a substorm. As can be seen in the
right panel, a conspicuous bulge is formed on the nightside,
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Figure 7. Mapping of model field lines in the noon-midnight meridian plane, illustrating the effect of the
SCW-related dipolarization of the nightside magnetic field. (a) No SCW field (a prebreak-up configuration);
(b) A SCW with I;,,=1080 kA is turned on. Field lines having the same values of the footpoint latitude
are displayed by using the same linestyle.
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resembling the well-known characteristic feature of auroral
activity during the expansion phase of a substorm.

Figure 7 shows two noon-midnight plots of field line con-
figurations, corresponding to the cases of (1) I;o; = 0 in the
SCW (left plot in Figure 6, end of the growth phase), and
(2) I;os = 1080 kA (right plot in Figure 6, onset of an expan-
sion phase). The configurations do not represent any specific
event and are given just for illustrating the effect of the SCW
on the global field geometry. Field lines with different foot-
point latitudes were plotted using different line styles, in order
to better demonstrate the effect of a dramatic collapse of the
field lines towards a more dipolar configuration.

The representation of the SCW magnetic field, described
above, is intended to be used with the model of the average
global field, in order to simulate transient reconfigurations of
the nightside field during the substorm expansion phase. The
model is analytically simple and contains a few parameters,
which can be fitted to spacecraft data. However, as already
noted above, the statistical approach, used for constructing
the global field models, may be not feasible for the deriva-
tion of the SCW parameters, due to a large variability of the
disturbed field from one substorm to another. The most ef-
fective way of implementing the SCW model would be the
"event-oriented" modeling, based on fitting to data, taken si-
multaneously at several different locations by a constellation
of spacecraft. First attempts have already been made to apply
that method for studying the magnetic configurations during
the growth and recovery phases of a substorm [Pulkkinen et
al., 1992, 1994].

With the advent of the era of multispacecraft missions,
one can expect a substantial progress in the studies of the
dynamical evolution of the global disturbed magnetosphere.
Using simultaneous data from many spacecraft, covering the
near tail region, it will be possible to determine the parameters
of the tail and SCW inreal time and use them for constructing
consecutive snapshots of the evolution of the global magnetic
field.
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