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Abstract. In this paper, we consider the problem of making invest-
ment decisions in a situation where the investor has limited information
about the market. Venture capital investment is a good example of this
problem. In such cases, the decision to invest in a project depends on
the investor's belief about the potential pro�tability of the project, the
stage at which the decision is made, and their personal risk propensity.
Using mathematical formalization and game theory, we create a model
that represents an incomplete information situation. The game involves
two players: the Investor and the Project. The market states and possi-
ble types of projects are considered scenarios or alternatives. Based on
these assumptions, pro�t functions and strategies for both players can
be de�ned. First, a one-shot game was considered, where a Bayesian
Nash equilibrium was found. Then, the model was extended to a multi-
stage game, where perfect Bayesian equilibria were identi�ed. Using this
constructed game, analysis was conducted to determine conditions for
project pro�tability and investment e�ectiveness. All the results were
illustrated with numerical examples.

Keywords: Venture capital investments · Game theoretic model · Incomplete
information · Bayesian game · Bayesian Nash Equilibrium (BNE) · Multi-stage
game.

1 Introduction

In modern risk management, one of the most important and signi�cant areas is
the analysis and assessment of investment risks [3]. This is particularly evident
in the �eld of innovative and high-technology projects, where the level of uncer-
tainty is traditionally higher than average [16]. Under these conditions, venture
capital investment [4] becomes a key instrument for implementing an approach
in which risk is consciously treated not as a threat, but as a potentially pro�table
resource. Originating in the mid-20th century and actively developing over recent
decades, venture capital investment serves as a prime example of the application
of the concept of �risk as a resource� [5].

The introduction of this idea represented a signi�cant conceptual shift in risk
theory, allowing us to approach the classic �risk-return paradox� in a more sys-
tematic way. This paradox, which is the contradiction between investors' desire
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to avoid risk while seeking increased returns [7], has been discussed extensively
in fundamental works on portfolio choice theory, such as Markowitz's 1952 clas-
sic paper [12], as well as more recent research on �nancial risk management and
asset pricing theory [3, 4]. Originally proposed by M.A. Green�eld in 1998 [5],
this approach views risk management as a form of resource management that
interprets risk costs and bene�ts in economic terms.

According to Green�eld [5], resource-like risk is characterized by several spe-
ci�c properties that make it a potentially valuable element of strategic decision-
making. Firstly, this type of risk must contain positive aspects, meaning that
its growth within certain bounds is potentially linked to an increase in expected
bene�ts. It is these positive factors that make the risk signi�cant for decision-
makers and give it a resource-like character. Secondly, an important aspect of
the concept is its voluntary nature: the risk manager has the right to choose
whether or not to take on the risk. This means that the concept does not re-
quire mandatory acceptance of the risk, but rather acknowledges the possibility
of purposeful utilization. Thirdly, it's crucial to understand that increasing the
level of resource-like risk can be e�ective only up to a certain point, beyond
which additional positive factors no longer have an impact. At the same time,
we can discuss the existence of an optimal level of risk, where all available ben-
e�ts have been realized and further increases lead to decreased management
e�ciency. Analyzing these features, we can conclude that the risk management
strategy similar to a resource is reduced to �nding and maintaining a saturation
point where a balance between marginal bene�ts and costs is achieved.

Practical examples such as �nancing innovative startups, investing in new
technology development and implementation, and entering international markets
during globalization can illustrate this approach to risk as a resource. Previously,
[10] studied the phenomenon of venture capital investment, which integrates all
these types of risk scenarios, and showed that this activity fully aligns with the
concept of risk as a resource.

To study the described problems and to model such processes, a particu-
larly suitable framework is the integration of mathematical game theory [6] and
decision-making under uncertainty, often formalized as a �game � nature� model
[9]. In this framework, uncertainty about the environment is treated as a �game
against nature�, where the decision-maker chooses a strategy without knowledge
of the realized state of nature. The combination of these two approaches can be
represented through the formalism of Bayesian games, also known as games of
incomplete information [8, 1, 2, 17], in which beliefs about the states of nature
are incorporated directly into the players' strategic choices.

In [10], a Bayesian game framework was employed to develop a game-theoretic
model of venture capital investment. The present study extends that one-shot
model by treating venture investment as a dynamic, multi-stage process and rep-
resenting it as a multi-stage game. Within this extended framework, the model
explicitly incorporates varying levels of investor risk tolerance [7], which corre-
spond to the particular stage of the project at which investors decide to enter.
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The paper has the following structure. The introduction (section 1) provides
an overview of the historical development of venture capital investment and a
review of existing literature on its modeling. In section 2 the main ideas and
approaches for creating suitable models are outlined. The rationale for using
Bayesian games in this context is explained. Section 3 focuses on the devel-
opment of a game-theoretical model with incomplete information within the
framework of one-shot games. Section 4 is dedicated to the development and
analysis of a multi-stage Bayesian game that describes a two-phase venture in-
vestment process. In section 5 all the results obtained for the model were illus-
trated with numerical examples. Finally, section 6 lists and summarizes all the
results obtained, and discusses possible prospects for the further development of
the model.

2 Model Formulation

Based on the model proposed in [10], let's formulate and study non-antagonistic
game [11, 14], in which players are the Investor and the Project.

2.1 The Process of Interaction Between the Investor and the
Project

It is worth making a few comments. When we talk about a player Investor, at this
point in the research, we are not focused on the speci�c type of investor. These
can be state-owned companies, private venture funds, institutional investors,
business angels, or other capital owners who are willing to invest in a risky but
potentially lucrative project. But it is important to understand that one of the
main di�erences between a venture capitalist and other types of investors is their
goal. Instead of seeking a percentage of pro�ts, as with loans or debt �nancing,
a venture capitalist aims for a share in a project or company. The investor's
income is not derived from interest payments, but from the increase in the value
of their share and the eventual exit from the investment.

When we talk about a player Project, we also don't specify what it is: it may
have great innovation potential, signi�cant at the national level in �elds such
as IT, AI, medicine, or biotechnology. Alternatively, it could be a local startup
that is very pro�table but has a short and memorable life span. Under the term
Project we mean a project team or management with a well-developed concept,
an implementation plan, and a strategy for occupying a niche in the market.

Formally, the Investor makes the decision choosing the strategy A (to invest)
or A (not to invest). The Project's strategies are B (to be implemented) and B
(not to be implemented). Following the traditional approach in Bayesian games
[8, 17], it is assumed that the players make decisions simultaneously, indepen-
dently of each other.

It is worth noting that the actual pro�tability of a project is information that
is not known with certainty at the start of a project, as it depends on various
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external factors (the competitors' behavior, changes in market conditions, con-
sumer purchasing power, etc.) and not just the internal choices of the project
team. In the framework of decision theory [9] these factors are known as states
of nature, or, scenarios. Thus, the Chance (Nature) de�nes a set of types,
which the player Project can possess: to be pro�table (t1) or to be unpro�table
(t2). At the start of the game the Investor does not know the type exactly, but
she can assume that the Project has type t1 with probability p and type t2 with
probability 1 − p correspondingly. These probabilities determine the Investor's
beliefs and she chooses a strategy A or A based on them [17].

The set of strategies of player Project {B,B} can be seen as the ability of the
project manager and her team, with su�cient funding, to launch, develop and
implement a project, taking reasonable actions that are the result of rational
and thoughtful decisions.

2.2 Restrictions on Parameters

Now we need to analyse players' payo� functions, taking into account that for
both of them the aims are to maximise their payo�s. To do this let's make the
following denotations. I is initial investment amount, without it the Project
can not be implemented. R is the Project's revenue. Its value is quite high
compared to the initial amount I, which is a typical feature of venture capital
investments [4]. C is the total cost of launching and maintaining the project
at the considered stage. These may include product design and development,
marketing, promotion, sales, team, infrastructure, and other additional costs. β
is Investor's share in the project, β ∈ (0, 1).

At the same time, the Project may actually turn out to be pro�table (the
type t1) or unpro�table (the type t2). We formalize this by considering that in
each of these cases, the Project generates pro�t R, but in the �rst case the net
revenue NR = R − C is positive, and in the second case it is negative [15].
From a practical point of view, it is much more important to understand that
the project is pro�table for the investor and for the project team itself. For an
Investor, it makes sense to invest only when

I < β R, (1)

i.e. her investments will pay o� due to the high pro�tability of the future project.
The second requirement can be expressed in the form of inequality

(1− β)R > C. (2)

In addition, C should not exceed the amount I invested in the project (C ≤ I).
Accordingly, there are three possible cases.
The �rst case:

R > max

{
I

β
;

C

1− β

}
.

This condition means that the project is pro�table for both players. Let's assume
that in this case R takes value Rp, which satis�es (1) and (2) simultaneously.
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In the second case, when

R < min

{
I

β
;

C

1− β

}
,

the project is unpro�table for both players. In such case its value will be denoted
by Ru.

One more case is also possible:

R ∈
[
min

{
I

β
;

C

1− β

}
; max

{
I

β
;

C

1− β

}]
.

From a mathematical perspective, it is essential to conduct a parametric anal-
ysis in order to determine the conditions for precisely identifying the boundaries
of this range and to examine the payo�s for players within it. However, we will
sacri�ce mathematical precision in favor of the economic meaning of the model
under consideration. Since it was previously assumed that C should not exceed
I, with approximately equal shares of players, it will therefore be the case that

I

β
≥ C

1− β
.

Next, we will assume that, within the context of our model, this condition holds
true, regardless of the value of β. Therefore, in further analyzing the interaction
between the Investor and the Project, it would be su�cient for us to focus on
the two cases mentioned above.

Additionally, let's mention that in the case when the Project is not imple-
mented, R = 0 as the Project generates no revenue despite the total cost C spent
on launching the project.

2.3 Generalization: Bayesian Game

In the literature devoted to Bayesian games ([1, 2, 8, 17]), a game with incomplete
information in normal form is usually de�ned as the set

⟨N,S, T, p, u⟩ (3)

which consists of the following elements:

1. N is a set of players;
2. S is a set of strategies: S = s1 × . . . × sN , where si is the set of possible

strategies for player i;
3. T is a type set: T = t1× . . .× tN , where ti is the (�nite) set of possible types

for player i;
4. Prior p: a joint probability distribution p(t1, . . . , tN ) over all possible type

pro�les: the probability that Player i has type ti, where i = 1, N ;
5. Payo� functions ui : S × T → R assign a payo� to a player given her type

and the strategy.
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Above, the text outlines the �rst four steps necessary for creating a Bayesian
game with two players: the Investor and the Project. A variety of strategies for
each player have been identi�ed, along with the types of players and their prior
probabilities. Further discussion focuses on constructing payo� functions that
depend on the speci�c type of project and the strategies chosen by each player.

3 Static Model: One-Shot Game with Incomplete

Information

First, let's design a one-shot game with incomplete information which is a logical
extension of the model proposed in [10]. According to the classical formulation
of Bayesian game [6, 8, 17], the players can possess various types.

For example, the behavior of the Investor depends on the stage of project:
early stage (pre-seed and seed rounds), middle stage (start-up and expansion)
and late stage (ramp-up, pre-IPO). Various stages de�ne the availability of infor-
mation about the Project, which in�uences on the Investor's decision. Moreover,
Investor can be an economic agent with di�erent risk propensities: risk averse,
risk neutral or risk loving. First, let's restrict and simplify the model by consid-
ering only risk neutral (rational) type of the Investor.

Talking about the player Project, she could possess one of two types: to be
pro�table (t1) or unpro�table (t2), as it was said earlier.

3.1 The Game in Extensive Form

If we take into account the incompleteness of information, we obtain the following
game. Together with the strategies of the players Investor and Project, we also
need to consider the move by nature that determines the prior distribution of
the players' types. In our model, this move will determine the prior distribution
of the Project's type. We will assume that this distribution corresponds to the
Investor's beliefs about the type of the second player. The game tree [11, 13, 14],
that represents the game in extensive form considering the move of nature [6, 9],
is shown in �gure 1.

The dotted line in the �gure shows the information sets of the players and the
branches of the game, which relate to situations where the game conditionally
continues without the actual interaction of the Investor and the Project.

To analyze this bimatrix game [11, 14], we need to study two types of Project,
and, correspondingly, the Investor's beliefs.

First, let's consider the case when the Project is pro�table (has type t1).
It corresponds to the positive scenario which realizes with probability p, repre-
sented by the left branch of the game tree in �gure 1.

If the Investor decides to invest (chooses the strategy A) and the Project is
implemented with the Investor's funding (the strategy B), both players get their
positive payo�s (strategy pro�le (A,B)).

If, oppositely, the Project is not implemented, the Investor only looses her
money I (pro�le (A,B)).
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Fig. 1. The tree of the game with incomplete information

Let's make one signi�cant note. Unlike the Investor, who does not know for
sure the type of the second player, the Project has this knowledge. Therefore,
it is always obvious to her whether the inequality (2) is ful�lled or not. When
the Project is ready to be implemented (as she knows her type t1), but her
opponent chooses A, the project team, wanting to make high pro�ts R in the
future, will look for another source of �nancing for this. It can be a loan that
the player Project will be forced to repay with interest. Or it could be getting
investments elsewhere (let's assume that they are less pro�table for the project).
In any case, a decrease in the initial investment volume or the amount of interest
payments on the loan will mean certain �nancial losses for the project, which we
will designate later as L. Thus, in this pro�le the player Project is implemented
without initial investment, borrowing money or searching for another source of
investments with losses L. At the same time, the Investor looses unearned income
from highly pro�table project (but saves the investment I). This value has the
meaning of regret in the sense of the Savage's criterion [7]) or the penalty for
her incorrect decision. This case corresponds to the pro�le (A,B).

Finally, if the Investor chooses A, and the Project chooses B, both players win
0. Such representation of the game corresponds to the following payo� matrix:

B B
A (−I + β Rp, I − C + (1− β)Rp) (−I, I − C)
A ( I − β Rp, −C − L+ (1− β)Rp) (0, 0)

In this game, the Nash equilibrium [6, 8] is in pro�le (A,B), due to the
limitations (1) and (2) imposed on the variables I, C and R by the pro�tability
condition of the project (subsection 2.2). For the player Investor the dominant
strategy is �to invest� and for the player Project it is �to be implemented�.
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Now let's consider the case when the Project is unpro�table (has type t2).
It corresponds to the positive scenario which realizes with probability 1 − p,
represented by the right branch of the game tree 1. For this case the pro�t matrix
will have the following form: Such representation of the game corresponds to the
following payo� matrix:

B B
A (−I + β Ru, I − C + (1− β)Ru) (−I, I − C)
A (0, −C − L+ (1− β)Ru) (0, 0)

In contrast to the �rst case, pro�le (A,B) here brings a negative payo� to the
Investor, and the payo� that is close to zero, even if it is positive, to the Project.
In pro�le (AB), the investor now has no lost pro�ts or regrets, even if the project
is launched through �nancing from the loan with interest L and generates only
negative pro�ts. In pro�le (A,B) everything is similar to the previous case.
Pro�le (A , B) gives zero payo�s to both players.

In this game, the Nash equilibrium is represented by pro�le (A , B). The
dominant strategies for both players are �do not invest� and �do not implement
the project�, which means refusing to interact with each other.

The �nal representation of the Venture Capital Investments Game with in-
complete information in extensive form can be seen in �gure 2. To formulate the

Fig. 2. The game with incomplete information in extensive form

results obtained for the studied game we need to search for the Bayesian Nash
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equilibrium (BNE) [1, 2, 17]. First of all, we need to analyse how the Investor
makes her decision when the Project chooses dominant strategies with di�erent
types.

3.2 The Analysis of the Game

Previously in subsection 3.1 the Project's dominant strategies were found for
both types of the player; alternative strictly dominated strategy can thus be
removed. Given this, if the Investor chooses A, her pro�t is

uI(A) = p (βRp − I) + (1− p)(−I) = pβRp − I.

If she chooses A, then

uI(A) = p (I − βRp) + (1− p) · 0 = pI − pβRp.

Since in the current study we restricted ourselves to considering only the
risk-neutral (rational) Investor, she will prefer a strategy to invest when uI(A) ≥
uI(A). Thus, the decision to invest is based on the condition:

p ≥ I

2βRp − I
. (4)

Remark 1. The assumption underlying the static model that the parameter p
is known to both participants simpli�es analytical work. In practice, investors
usually do not know the value of probability p and use only its estimation based
on historical data, market research, expert opinions or due diligence processes.
In this case, following the tradition of Bayesian games, what is meant is not
the probability itself that the project is pro�table, but the assessment of this
probability, or the investor's belief.

Taking into account the mathematical meaning of probability (4), we obtain
that the following double inequality must be ful�lled:

0 ≤ I

2βRp − I
≤ 1.

Therefore, we get that the investment amount and the project revenue should
satisfy I ≤ βR. The last inequality corresponds to the a non-strict requirement
of pro�tability of investments.

But what is the relation between R and I? To answer this question we can
assume that a rational economic agent invests in funds expecting to receive a
certain amount of pro�t from the project in the future. If we are talking about
venture capital, then we assume that in the future the pro�t will be many times
higher than the initial investment. In other words, the minimum value of amount
I can be found as an Investor's discounted pro�t in the current investment
period:

I = βRe−rτ , (5)

where τ is an investment period, r is a discount rate.
Summarising all the preceding considerations and the analysis of the game,

we can formulate the proposition which consists of the following statements.
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Proposition 1. In the considered game (3) of Venture Capital Investments with
incomplete information

1. Bayesian Nash Equilibrium (BNE) is achieved for the pro�les (A,B) for
Project type t1 with probability p and (A,B) for Project type t2 with proba-
bility 1− p;

2. The investments start when prior probability p satis�es (4).

4 Dynamic Model: Multi-stage Game

In section 3, we considered a one-shot investment game in which the venture
investor initially did not have information about whether the project was prof-
itable, i.e. whether her investments would pay o� in the future. But in practice,
venture capital investment is not a one-time event, but rather a series of suc-
cessive stages. Thus we want to apply game-theoretical approach to study the
interaction between the players Investor and Project in dynamic. To do this we
need to consider a multi-stage game [13], based on the Bayesian game described
in section 3.

4.1 Expansion of a Bayesian game

To begin the analysis, we must determine when the game in Fig. 2 can continue
and the next stages can begin. Only the branches of the game tree that corre-
spond to the positive decisions of both players (respectively, �invest� and �to be
implemented�) can have further continuation. In all other cases, the game can
be considered �nished. But one of these branches corresponds to the case when
the Project turned out to be pro�table, and the other is the case of unpro�table
Project. Is the investor generally ready to continue investing in a project that
turned out to be unpro�table after the �rst stage?

If we consider the condition that is crucial in rational deciding whether or not
to invest at the initial stages, it was formulated earlier as inequality (5). Strict
ful�lling this inequality is equivalent to ensuring that the project is pro�table
for the Investor (1).

As a general rule, venture capital investments do not start to generate pro�t
for the venture capitalist until later stages of the project when it is time to exit
the investment [4]. During early stages, the company is typically unpro�table or
operates with zero pro�t, and the entire potential economic e�ect of the investor
is of a capitalization nature, re�ected in an increase in the value of his share.

On this basis, �rst of all, we will combine the mentioned stages under the
general name �Initial stage� and assume that it is described by the game studied
in the previous section 3 and illustrated in the Fig. 2.

Secondly, we will consider both types (t1 and t2) of player Project as possible
for further multi-stage game, and the ful�llment of condition (1) as not manda-
tory in this context. In this context, the types t1 and t2 mean the pro�tability or
non-pro�tability of the Initial stage, rather than the entire project as a whole.
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When discussing venture capital investments, it's important to understand
that each stage of the process involves a di�erent level of risk. The initial stages
(Pre-seed, Seed, Start-up and Early stage [4]) involve a high level of risk and
only economic agents with high risk propensity will invest during these periods
[9]. The following stages, such as Expansion and Late stage (pre-IPO), involve a
lower level of risk and are suitable for risk-neutral investors. Risk-averse investors
may only consider the latest stages of an IPO for potential participation.

Therefore, we will also combine the pre-IPO stages (Expansion and Late
stage) into a single, �Middle stage� and study it from the position of a risk-
neutral Investor, whose rational interaction with the player Project can lead to
the �nal stage such as IPO.

Let's return to the Bayesian game in extensive form (Fig. 2). For both sce-
narios (�Project is pro�table� (type t1) and �Project is unpro�table� (type t2))
the Middle stage of the game can start at the nodes of the graph corresponding
to the pro�le (A,B). Fig. 3 shows that the game between the Investor and the
Project will be repeated again.

Fig. 3. The multi-stage game with incomplete information in extensive form

It will have similar matrices and the shape of the payout functions, taking
into account the following assumptions:

1. It is assumed that investments in the project are of a one-time nature, i.e.
I is the only amount invested at the start of the initial stage for all future
stages;
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2. The revenue and pro�t from the project may vary signi�cantly at di�erent
stages; if Rm is the revenue generated by the Project in the Middle stage,
let's assume that Rm ≥ R, where R now is the revenue of the Initial stage.
Therefore, even if at the end of the �rst stage the project turned out to be
unpro�table for the investor, it may turn out to be pro�table in the second
stage.

It is important to understand that, at this stage of the project and game,
choosing the strategy A does not mean � to invest again� for the Investor. Instead,
it means continuing to engage with the Project. In this case, the investor would
not sell her stake in the project but would reinvest the pro�ts from the Initial
stages into subsequent ones.

But what can be used as a criterion for making investment decisions? Typ-
ically, the net present value of a project (NPV ) or its payback period (T ) are
considered as characteristics for evaluating the e�ectiveness of a project. If we
follow the methodology discussed in section 3, it seems more logical to consider
NPV as a criterion.

According to [3], within the income approach, Net Present Value (NPV)
is used as a measure of the current value of a project or a business, computed
as the sum of discounted future cash �ows generated by the asset without the
initial investment.

In our model it can be expressed as

NPV = −I + βRe−rτ + βRme−rT , (6)

where βR and βRm are the cash �ows, discounted to the start of the game,
τ and T are the time period of Initial state and the total period before IPO
correspondingly.

It is also worth considering that the revenue received at the Initial stage is
then reinvested in the Middle stage, thus (6) can be rewritten in the following
form:

NPV = −I + βRe−rτ + βRe−rT
(
eρ(T−τ) − 1

)
,

or,

NPV = −I + βRe−r T
(
er(T−τ) + eρ(T−τ) − 1

)
, (7)

where ρ is rate of return on reinvested funds. ρ and r have di�erent values because
they re�ect the pro�tability of the project in di�erent periods (τ and T −τ) with
di�erent internal and external conditions, which include both the pro�tability
of the project itself, as well as the levels of in�ation, key interest rate and other
economic characteristics. For a static game considered in the section 3, NPV
can be obtained as the di�erence between the left and right sides of formula (5).
Thus, the positivity of (7) can be considered as a condition for the e�ectiveness
of the project.

4.2 Game Analysis and Results

Now let's get back to studying the game in extensive form 3. From the point
of view of the full implementation of the Project, only the nodes F1 and F2
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are of interest. The path leads to them when the Investor consistently chooses
strategies A,A in each decision node, and the Project chooses B,B in her nodes.
Thus, for both types of the Project two nodes ABAB correspond to the case
of a fully implemented project. But when is it e�ective?

Node F1 corresponds to perfect Bayesian equilibrium (PBE) [11] in a two-
stage game, as it is achieved by a set of equilibrium strategies in both subgames.
But for the case when the Project is unpro�table (has type t2) it is not an
equilibrium, because in this case, the subgame of the second stage begins when,
in her information set, the Investor makes a choice from node A, B from a
losing position. Thus, F2 represents an eqilibrium only in a subgame related to
the second stage of the game.

Additionally, it is worth noting that the necessary condition for the possibility
of launching the Middle Stage is

I + ((1− β)Ru − C) > Cm, (8)

which means that the Project, despite the unpro�tability of the Initial stage,
has enough funds to launch the second stage of the game.

In node F1, when PBE is realized, the Investor's payo� is

UI(ABAB) = −I + βRp eρp(T−τ), (9)

where ρp is reinvestment rate for the Project's type t1. The Project's payo� is

UP (ABAB) = I − (C + Cm) + (1− β)Rp eρp(T−τ), (10)

where Cm is the total cost of the implementation in the Middle stage.
According to the type of the Project, the value Rp satis�es inequalities (1)

and (2), thus the value ρp does not require additional restrictions. Actually:

I < β R < β Rp
(
eρp(T−τ) − 1

)
.

Remark 2. The parameters r, ρp and ρu governing the subsequent stage behav-
ior speci�cally refer to the investment rate and reinvestment rate. The invest-
ment rate r represents the capital allocation in the initial stage, determined
by the investor's available funds, risk tolerance, and project requirements. The
reinvestment rate ρp or ρu represents the rate at which �rst-stage returns are
reinvested, which can be estimated using market benchmarks (current rates for
similar opportunities), the company's cost of capital (WACC), historical rein-
vestment performance, or MIRR (Modi�ed Internal Rate of Return adjusted
for reinvestment). In practice, the reinvestment rate is uncertain and creates
reinvestment risk, so investors typically use conservative estimates and conduct
sensitivity analysis across plausible values of these parameters.

It is clear that in this scenario, the NPV , as expressed in equation (7), is
positive, making the Project an attractive investment for the Investor.
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In node F2 the payo� functions are similar to the pro�table case. The In-
vestor's payo� is

UI(ABAB) = −I + βRu eρu(T−τ), (11)

where ρu is reinvestment rate for the Project's type t2. The Project's payo� is

UP (ABAB) = I − (C + Cm) + (1− β)Ru eρu(T−τ). (12)

But in this case, it is necessary to formulate the requirements for the reinvestment
rate more carefully. They arise from the fact that the Project was not pro�table
at the Initial stage. Therefore, the total two-stage revenue Ru+Ru

m should exceed
the investment I. It means that

βRu eρu(T−τ) > I.

Thus ρu should satisfy the following condition:

ρu >
1

T − τ
(ln I − ln(βRu)). (13)

However, even if it is so, in the case of t2, the expression (7) is not necessarily
positive. This condition requires additional restrictions on the parameters r and
ρu, which may not always be satis�ed. This corresponds to a higher level of risk
associated with the unpro�tability of the project in the initial stage.

Mixed strategies leading to the implementation of the project in two stages
provide a representation of the players' payo� functions.

The Investor's expected payo�:

E UI = −I + β
(
pRp eρp(T−τ) + (1− p)Ru eρu(T−τ)

)
. (14)

The Project's expected payo�:

E UP = I − (C + Cm) + (1− β)
(
pRp eρp(T−τ) + (1− p)Ru eρu(T−τ)

)
. (15)

Let us summarize all of the above in the following proposition.

Proposition 2. In the multi-stage game of Venture Capital Investments with
incomplete information

1. The expected players' payo�s are de�ned according to (14) and (15);
2. Perfect Bayesian Equilibrium (PBE) is reached in the pro�le (AA,BB) for

Project type t1 with a probability of p. This equilibrium corresponds to a
positive NPV as determined in (7), without any additional restrictions on
the discount rate r and reinvestment rate ρp;

3. The pro�le (AA,BB) for project type t2 represents an equilibrium in the
second-stage subgame, which can be reached if condition (8) is met; in this
case, the Project pays o� only during both stages when the reinvestment rate
satis�es (13), which does not guarantee the positivity of (7).
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5 Numerical Examples

Let us consider a few numerical examples to illustrate the results obtained in
Sections 3 and 4.

5.1 Example 1

Let's consider the following values of model parameters: initial amount of invest-
ments is I = 100 conventional monetary units ( (hereafter referred to as �m.u.�),
future revenue is R = 150 m.u., the Investor's share in the project β = 0.6, costs
for the Initial stage of the project C = 30 m.u.. With this set of parameters, if
the Investor decides to invest in a project (chooses strategy A) and the Project
is implemented (strategy B), we get that the Investor's payo� is UI(A,B) =
−I + βR = −10 m.u., the Project payo� is UP (A,B) = I −C + (1− β)R = 130
m.u..

The fact that the Investor's income is negative is due to a violation of the
condition (1), while condition (2) has been met. It can be concluded that in this
case, the Project has type t1 and is not pro�table at the Initial stage.

Let's move on to the Middle stage of the Project in the framework of the
game we discussed in section 4. The following parameters are required: periods
τ = 1 and T = 2, rates ρ = ρu = 0.7 and r = 0.6 and costs for the Middle stage
of the project Cm = 20 m.u..

First of all, let's check condition (8) to understand, whether the Middle stage
is possible or not. For this parameter ratio, the inequality holds (100+30 = 130 >
20), thus, the next stage is possible and we can check the condition (13) to verify
the pro�tability of both stages. It is also true (90 · 2.01375 = 181.24 > 100).

Then we will calculate the winnings of both players, assuming that the in-
vestment was made and the project was implemented. According to (11) and
(12), the Investor's payo� is UI(ABAB) = 81.24 m.u., the Project's payo� is
UP (ABAB) = 170.825 m.u.. At the same time NPV obtained according to (7) is
NPV = −23.13. It is negative because a positive NPV implies a high discounted
income for the Investor, which is not achievable in this case due to the Project's
unpro�tability at the Initial stage of the game.

Thus, we have examined an example where a project that was unpro�table
in its early stages was implemented through venture capital investment and
began to generate pro�ts in the middle stages prior to an IPO. Even in this
scenario, however, the NPV of the project was negative, indicating a low return
on investment.

5.2 Example 2

Now let's consider an example where we keep all of the model parameter values
from the previous example, except for the Initial stage revenue R, which we will
slightly increase: R = 200 m.u..

We immediately get that the Project is already pro�table at the Initial Stage
(condition (1) is satis�ed, since 100 < 120). In this case, there is no need to check
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the conditions (8) and (13), as shown in subsection 4.2. When the players choose
the strategies A and B twice, a perfect Bayesian equilibrium is achieved. In PBE
the Investor's payo� (9) is UI(ABAB) = 141.65 m.u., the Project's payo� (10)
is UP (ABAB) = 211.10 m.u., NPV (7) is NPV = 2.49 m.u..

All of them have positive values, albeit small ones, which indicates the e�ec-
tiveness of the project's investment. Naturally, a greater increase in the value of
revenue R and the reinvestment rate ρ would have a more signi�cant impact.

5.3 Example 3

Now, let's solve the problem of �nding the expected payo�s (14) and (15) of both
players in the entire two-stage game. Consider combining the examples studied
in subsections 5.1 and 5.2.

In order to determine the probability p of a project being pro�table (has type
t1), we can refer to Russian statistics [18]. According to a study of the current
state of the Russian venture investment market, 30% of invested projects are un-
successful (completely losing their investments), 30% generate moderate returns,
and 30% are highly pro�table (generating signi�cant pro�ts). This means that
approximately 60% of projects provide at least a moderate or high return, while
around 40% either fail or generate only a small return that does not cover the
overall risk. So, let's take p = 0.6 as a value of the Investor's belief in pro�tability
of the Project before the Initial stage of the game.

According to (14) and (15), the Investor's expected payo� is E UI = 117.49
m.u., the Project's expected payo� is E UP = 194.99 m.u..

6 Conclusions and Prospects

The paper examines a one-stage and two-stage game-theoretical models of ven-
ture investment. In this model, there are two main players: the Investor, who
invests her capital in a future project, and the Project, which is the project
team or management, that is launched when the appropriate level of investment
has been received. The cases of pro�table and unpro�table Project are studied,
while the Investor does not have accurate information, but only beliefs in this
property of the Project, described in terms of probability. It is also assumed that
despite the fact that the Project may not initially be pro�table, it can generate
the necessary pro�t during two consequent stages of implementation. In the cur-
rent work, these two stages are conventionally called Initial (it includes Pre-seed,
Seed, Start-up and Early stages of a venture project) and Middle (Expansion
and pre-IPO).

For both models, the conditions for the implementation of the project (in
one and two stages) were obtained, the corresponding payo�s of the players and
restrictions on the parameters of the model were found. These results, including
the Bayes-Nash equilibrium for a one-stage game and the perfect Bayesian equi-
librium for a two-stage game, were presented in the form of two propositions.
All the results were illustrated with numerical examples.
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The venture capital investment model, �rst discussed in [10] and developed
here, has great prospects.

First, the probabilistic component of the existing game deserves special atten-
tion and, accordingly, the Bayesian approach to the assessment and re-evaluation
of a prior and a posterior probabilities. While the static model assumes that pa-
rameter p is known to both players, this represents a simplifying assumption
for analytical tractability. In practical applications, investors typically estimate
p based on historical data, market research, expert opinions, or due diligence
processes. Future extensions of this model could incorporate Bayesian learning
mechanisms where players update their beliefs about p based on observed out-
comes, or consider p as a random variable with a known distribution (Bayesian
game framework). Such extensions would better capture the uncertainty inherent
in real investment decisions.

Secondly, we can consider co-�nancing the project by many investors (as is
now customary in crowdfunding, crowdinvesting etc.) and also construct a model
ih terms of game theory. Thirdly, it is possible to analyze existing statistics on
venture projects and use them to evaluate the parameters of an existing model.

At the moment, venture capital investment is actively growing, and the mod-
els that can be used to explore it should also be developed and improved.
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