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INTRODUCTION

This tutorial is primarily intended to give instructions for applying basic
routines of statistical analysis to experimental data on physicochemical
properties.

A judicious evaluation of the result of experimental measurements
requires familiarity with mathematical statistics, which, unfortunately, is
often not part of a chemist’s curriculum. To help students understand
the meaning of various statistical methods beyond their formal application
routine, the basic ideas of these methods are explained here, which are quite
transparent, despite their often complicated mathematical expression.

A number of problems arise in the interpretation of the results of
experimental measurements. These results inevitably contain errors, and it is
therefore necessary to evaluate the reliability of the data, to estimate the true
value of the target quantity based on a series of successive measurements,
to compare the accuracy of different experimental techniques, etc. Methods
of descriptive Statistics aimed at solving these problems are discussed
in Chapters I and II of this tutorial. Another problem is the analytical
description of experimental data that show the existence of the dependence
between the measured physicochemical properties. Usually, the mathematical
form of this dependence is assumed to be known, but the expressions contain
a number of unknown constants, adjusted to attain a good description of
experimental data by the mathematical model. Taking into account that
due to experimental errors, the measured properties are random variables,
the model parameters estimated from the experiment will also be random,
and their statistical analysis is necessary. As an example of such analysis,
we present the classical version of the least squares method and discuss the
statistical properties of the obtained estimates (Chapter III).

Our presentation uses matrix algebra and probability theory on a very
elementary level. However, to master the subject successfully, you will need
to recall the basic concepts from these disciplines.

The authors are greatly indebted to Corresponding Member of the
Russian Academy of Sciences, Professor Natalia A. Smirnova (1933-2023),
who initiated the classes in data reduction at the Department of Physical
Chemistry, Leningrad State University, about forty years ago and whose
careful guidance and encouragement were indispensable for the authors in
developing the courses.



I. PROCESSING THE RESULTS OF
DIRECT MEASUREMENTS

§ 1. Classification of experimental errors

Let an experimentalist repeatedly measure a certain quantity (e.g., the
temperature of water in a thermostat), maintaining the conditions of the
experiment throughout all measurements. However, the readings of the
thermometer fluctuate no matter how meticulous the experimentalist is:
both the water and the thermometer are constantly changing their state; the
thermostat vibrates, as does the volume occupied by mercury, drafts arise
in the room, etc. Numerous different, albeit small, perturbating factors act
on the experimental unit. Owing to the simultaneous action of these small
perturbating factors, a certain total error will be introduced into the result of
each measurement and randomly change from measurement to measurement.
The presence of this random error makes it impossible to predict the result
of an individual observation. But with repeated measurements, the tendency
of the results to group around a certain specific value is manifested quite
clearly.

In addition to random errors, all measurements may contain an error
that does not change from experiment to experiment; for example, a
thermometer scale is “off” by several divisions. Errors that undergo non-
random change during the experiment are also possible. Imagine that despite
all the precautions in conducting experiments, water in the thermostat is
cooling steadily. This cooling might be hard to notice in the randomly
fluctuating temperature readings. The errors that regularly shift the result
of measurements in a certain direction and by a specific value (generally
unknown) are called systematic. From the very definition of the systematic
error, it is clear that experimental data alone is insufficient for their
identification. Independent information is required about the properties of
the experimental system. An example is the thermodynamic consistency
test of experimental data on liquid-vapor equilibrium, where the measured
results are checked to obey the Gibbs—Duhem fundamental equation of
Thermodynamics. However, there is no general theory of systematic errors.
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In addition to random and systematic errors, we also distinguish the
outliers (gross errors, misses) to stress the nature of their impact on the
result of measurements. The errors of this type are caused by a sudden, sharp
violation of the experimental conditions (damage to the sample, breakdown
of the device, etc.).

In what follows, we assume (unless otherwise stated) that there are no
systematic and gross errors.

For an experimentalist, the most important obvious questions are:

1. What is the true value of the experimental property that manifests
itself through the scattering of the individual measurements?

2. How strong is this scattering, i.e., what is the random error of the
measurement method?

§ 2. Point and interval estimates

From the mathematical point of view, the measured property (X) is a
random variable. Complete information about random variables gives their
probability distribution law. Several parameters of probability distribution
may serve as a quantitative characteristic of the true value of the measured
property. One may choose, for instance, the expectation value of the random
variable (which is also the center of location, the center of concentration,
and the center of gravity of the distribution), or the most probable value
(the mode), or the median. The choice is not unique. However, the most
convenient mathematical properties are provided by choosing the expectation
value M(X). For the same reason, the measurement error is characterized by
the variance D (X), which is an average measure of the scatter of a random
variable around its expectation value:

D(X) = M(X — M(X))2.

We note here that the brackets in (X) denote an operator acting on the
random variable, not the functional dependence.

The expectation value, the variance, and other parameters of the
distribution (for example, the moments of a higher order) are fixed (non-
random) quantities that, as a rule, are not known to an experimentalist.
His task is, having obtained a sample, i.e., a series of experimentally
measured values (X, Xo,...,X,) of a random variable (in our experiment,
the temperature), to obtain its characteristics:

— to estimate unknown parameters of the probability distribution;

— to test different statistical hypotheses about the random variable;

— to find the probability distribution law of the random variable.
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This fundamental problem of mathematical statistics is solved most
successfully if the general form of the distribution function of a random
variable is known (only the parameter values have to be estimated).
Nevertheless, estimates of the unknown M (X) and D (X) may immediately
be obtained, making no assumption about the unknown distribution law of
the random variable X. Usually, the mean value:

XZEZXZ«, (1)

3

representing the arithmetic mean of the elements of the sample, is taken for
an estimate of M (X). An estimate of D (X) is the variance of the sample:

D, = > (X - X)% (2)

n—14
=1

Often used is s (s> = D,,), called the root mean square deviation (RMSD,

the square root of the variance of the sample, D,,) that has the units of the
random variable. To characterize the spread of experimental data, sometimes
not the variance, or RMSD, but the value of the average absolute deviation

(AAD) is employed:

n

1 _
A=— X, — X|, 3
w2 X - X (3)
and sometimes the spread, which is the difference between the largest and
smallest elements of the sample. If X may vary within a wide range (for
example, the pressure changes from almost zero to thousands of bars), the
accuracy of the experiment is more conveniently expressed in the relative
error, i.e. by the characteristics of the scatter divided by X. The most
commonly used is the average relative deviation, ARD, D, /X, expressed
in percents or in unit fractions.

Sample characteristics X, D,, etc., are composed of the elements of a
sample (such quantity is called the statistic) and therefore are random
quantities. One can study their distribution and consider their expectation
values, variances, and other moments. The statistical properties of sample
characteristics employed to estimate parameters of the distribution law may
serve as measures of the quality of these estimates. It is easy to show that
for the mean value, X, which serves as an estimate of the expectation value
M (X) of a random variable X, we have:

M(X) = M(X). (4)



For independent measurements, a similar relationship holds between the
sample variance, D,,, and the variance of a random variable X, D (X):

M(Dy) = D(X). ()

The estimates whose expectation value is equal to the estimated
parameter are called unbiased. The quality of an unbiased estimate is
measured by the extent of its scatter, i.e., by its variance. In mathematical
statistics, it is shown that the variance of any sample characteristics cannot
be less than a certain limit that depends on the volume of the sample. This
statement is the celebrated Rao — Kramer inequality, and estimates with the
minimum possible variance are called efficient. Other measures of the quality
of estimates have also been introduced |1, 3.

For independent measurements X;, we have:

D(X) = D(X;)/n = D(X)/n, (6)

i.e., their mean value has the variance n times smaller than that of an

individual observation (hence, o(X) = o(X)/+/n, for RMSD). Therefore,
increasing the number of parallel experiments reduces the magnitude of the
random error in X. However, with an unlimited increase in the number of
measurements, the total error will in practice tend not to zero, but to a certain
value characterized by the resolution of the device (sensitivity range), i.e. the
smallest difference in the measured values that the device is able to discern.
In this regard, Poincaré said: “By measuring the length of one meter even a
million million times, we will never obtain this length with an accuracy of
one micron.”

Due to the randomness of a sample statistic, the judgments about the
measured quantity are inevitably probabilistic, and therefore it is clearly
insufficient to estimate its true value and its variance by the random numbers
X and D,, alone (such estimates are called point estimates). In fact, we may
only talk about the probability that the mean X obtained from a sample
corresponds within certain accuracy to the expectation value of the measured
property, M (X), or about the probability that the variances of two samples
are the same, etc. The estimates of another type, the so called interval
estimates are introduced below.

Suppose we know the distribution of an unbiased statistic 6* that
serves as an estimate of an unknown parameter 6 (i.e., M(6*) = 6), and
this distribution does not depend on #. We then can always calculate the
probability « that the deviation of #* from its mean |# — 0*| does not exceed
some given value ¢:

P(|0— 6] < 6) =, (7)
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viz., we can calculate probability + that the following inequlity has been
satisfied

0" —0<0<0 +6. (8)

In other words, Eq (8) states that the interval [6* — 6, 0" + §] that has the
random bounds covers with probability v the unknown (but nonrandom)
parameter 6. This interval is called the confidence interval at a confidence
level (confidence probability) . Some also call ¢ the accuracy, and 7 the
reliability.

The interval estimates give more comprehensive description of
experimental results than the point estimates. For instance, we summarize
our experiment on the temperature of water in the thermostat (Tj,
Ta,...,T,), by the following statement: “our experiment shows that with a
given probability (7) the true value of the temperature is within the following
interval: [T —0,T + 5] ”. Understandably, the higher accuracy J we choose,
the lower is the resulting confidence level ~.

§ 3. The normality hypothesis and exact sampling distributions

To obtain interval estimates, it is necessary to precisely know the distribution
functions of the sample characteristics. For small sample volumes encountered
in physicochemical experiment where parallel measurements do not typically
exceed several dozen, the distributions of sample characteristics may depend
significantly on the distribution of the measured property. Experiments on
a normally distributed random variable have been studied most extensively
in mathematical statistics. In this case, it is said that the samples are taken
from the normal general population).

A number of theorems that express conditions for a random variable to
have normal distribution appear under a general name of the central limit
theorem in the probability theory. These theorems show, in particular, that
if the total random error of a measured quantity is the result of the influence
of a large number of small perturbating factors, such that the influence of
each single factor on the total error is negligible, and the number of these
factors is enormous, one should expect nearly normal distribution of the total
error. Recalling the introduction of the concept of random errors, makes clear
that the normal distribution of errors is very probable in a physicochemical
experiment.

Vast statistical experience shows that in reality the distributions of errors
are indeed very often normal. The central limit theorem provides a theoretical
explanation of these empirical facts. Nevertheless, a violation of the normality
hypothesis is not something extraordinary. Deviations from the normal law

10



occur in a number of typical cases owing to the dominant contribution of a
certain specific factor to the total value of the random error.

In what follows we assume that the measured property X has normal
distribution. This is expressed by the shorthand: X € N(a,o0). The
probability density p(x) of the univariate normal distribution

pl) = (2m0%) " 2exp { ~( — a)2/(20)} (9)

includes only two parameters a = M (X) and ¢ = /D (X) named in
mathematical statistics the expectation (or the mean) and the variance,
respectively. The nonrandom nature of these parameters that describe the
general population emphasizes their difference from the sampling estimates,
Egs 1,2. Any normally distributed random variable is simply realted to the
variable that has the normal distribution with zero mean and unit variance,
U € N(0,1), the so-called standard normal distribution: U = (X — a) /o.

A number of distributions of sample characteristics are associated with
the normal distribution of the measured values. Below, we list distributions
most frequently used for processing experimental data. These are the
sampling distributions known exactly.

1) The Student t-distribution. If n,&1,&s, .. ., &, are independent random
variables having identical normal distribution, viz., n € N(0,0), & € N(0,0),
1=1,2,...,n, then the statistic

(10)

1 n
5;53

has a distribution of an exactly known analytical form (Student’s
distribution). The expression for the probability density of this distribution,
pn(t), (Fig. 1,a) includes the Euler gamma functions, has a complex structure
[1, 4] and is not given here. Student’s function p,(t) is symmetrical with
respect to zero, does not depend on o, and is only determined by the value of
n (the volume of the sample). For n — oo, the Student distribution reduces to
the normal distribution. In practice, t-distribution is replaced by the normal
distribution for the analysis of data, where n > 30.

2) The Pearson distribution (x2-distribution) with n degrees of freedom
is the distribution of a sum of squares of n independent variables, all having
the standard normal distribution & € N(0,1),i=1,2,...,n:

xa=) & (11)
i=1
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Fig. 1. Probability densities of exact sampling distributions

for different numbers of degrees of freedom; a) — Student’s di-
stribution; b) — Pearson’s distribution; ¢) — Fisher’s distribution.

The probability density py2(x?) of the chi-square distribution (Fig.1,b)
depends only on n and approaches the probability density of the normal
law as n — oo. The expectation value of a random variable with Pearson’s
distribution is equal to the number of degrees of freedom:

M(xi) = k. (12)

3) The Fisher’s distribution with n and m degrees of freedomis the distri-
bution of the ratio:

Inm o, L=

Fom = E;gZ/E < UrE (13)
where & € N(0,0) and n; € N(0,0) are independent random variables,
i = 1,2,...,n; 7 = 1,2,...,m. The Fisher’s distribution (Fig.1,c) is
uniquely defined by the numbers of degrees of freedom n and m. Note
that F,,,, = 1/F,,,. Being divided by o?, both sums in the numerator and
denominator of Eq.13 are statistics obeying the Pearson’s distribution, y2
and x?2,, respectively.
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For all sampling distributions, statistical tables have been compiled [5]
that contain the percentiles (quantiles) corresponding to varying confidence
levels. We remind the definition, where a percentile (quantile) corresponding
to a given probability level (confidence) P is the value of the random variable
X = Xp, for which the integral distribution function is equal to P:

F(Xp)=P

or

P(X<Xp)=P (14)

In other words, P is the probability (confidence) that X in a single trial will
not exceed Xp. The tables of percentiles (Appendix IT) will be used below
to facilitate data analysis and evaluate different statements about observed
random variables.

An important theorem, Fisher’s lemma, which we take here without
proof, helps to employ the above sampling distributions for the statistical
analysis of data. For a sample composed of n independent measurements of
a normally distributed random variable, X € N(a, o), the mean X and the
variance s> = D,, (Eq.2) are mutually independent, X € N(a,o/y/n), and
(n — 1) s*/0? has a chi-square distribution with (n — 1) degrees of freedom,
X—1-

From this we immediately see that the statistic n = /n (X — a) Jo €
N(0,1), and the statistic (n — 1) s*/0? can be represented as a sum of squares
of (n — 1) independent random variables & € N(0,1). Hence, the statistic

o= Vi (X —a) Jo?(n—1) _ \/EM (15)

o (n—1)s? s

obeys the t-distribution with (n — 1) degrees of freedom.

Based on Fisher’s lemma, we have linked the distribution of sample
characteristics (X,s) of a normal population with the exactly known sampling
distributions (Pearson’s and Student’s). A comment is in order, before we
start to construct the confidence intervals for a and o. We introduced
the number of degrees of freedom formally, as parameter of a family of
probability density curves (Fig. 1). This number may have different meanings
in different statistical applications, but is always associated with the number
of independent variables remaining after estimating the unknown parameters
or selecting the distribution. For a sample statistic, the number of degrees of
freedom is defined as the total number of independent measurements minus
the number of relations imposed on the measurements for the calculation
of the statistic in question. Thus, to obtain the variance of the sample,

13



Eq. 2, it is necessary to calculate X, i.e., Eq.1 represents a single relation
between n measurements, and the number of degrees of freedom is (n — 1).
The denominator in the expression for the variance, Eq. 2, is equal to the
number of its degrees of freedom. If the true expectation value a of the
measured quantity were known,

§ = %Z (X; —a)® (16)

would have been the variance’s estimate with n degrees of freedom. There are
no connections imposed on the elements of the sample when calculating 52,
hence the number of the degrees of freedom is simply equal to n, the volume
of the sample. Again, the denominator of Eq. 16 is the degrees of freedom of
the statistic (this time 5?). The statistic $* is an unbiased estimate of the
variance: M (3%) = D (X). Having f degrees of freedom for a sample estimate
of the variance (5%) means essentially that it can be written as a sum of
squares of f independent variables. Sampling from a normal population, the
variance is related to Xfc distribution, and M (X?c) = f. Therefore, to obtain
an unbiased estimate, the number of the degrees of freedom should be put

into the denominator of the sample variance, thus giving §%/0? = X? /f and
M(3?) = o

§ 4. Construction of confidence intervals for the mean and
the variance of a normally distributed random variable

Let us return to the experimental measurement of the temperature in a
thermostat. We can now estimate the true temperature value and the error
of the method using Eqs 1 and 2. We realize, however, that such description
of the experimental results is rather incomplete, and it is desirable to indicate
the confidence intervals. Let us do this postulating normal distribution of the
measured values; convincing reasons behind the normality hypothesis have
been discussed in the preceding paragraph.

Consider different situations, depending on whether both parameters
M(X) and D (X) are unknown, or one of these parameters is known exactly.
For example, based on the vast previous experience with the same method, we
employ a very accurate estimate of the variance, practically coinciding with
its expectation value. Or, studying some standard system under standard
conditions, and applying different experimental methods, we assume exactly
known M (X), but have to estimate the variances. In these situations, the
methods of construction the confidence intervals will be different.

14



1) Estimation of the mean when the variance is unknown. Let n inde-
pendent observations be made (Xi,Xs,...,X,) over a random variable
X € N(a,0), and neither a, nor o are known. From Egs 1 and 2 we calculate
X and s?, the point estimates of a and o2, respectively. As we know, the
statistic ¢, = /n (X —a) /s has Student’s t-distribution with (n — 1)
degrees of freedom. Hence, the probability « for any percentile d, is calculated
from

Oy

v =Plltni <5) = [ gy (@)ax
—

Conversely, by setting v and taking into account the symmetry of
the Student’s distribution, one can find the percentile ¢,, such that

f057 P, (x)dx = /2. We thus have:

P(|lvn (X —a) /s| <6,) = P(X —d,s/vn<a< X +d,s/v/n)=. (17)
Eq 17 means that with probability + the interval

UL UL

VARV

(18)

covers our target unknown parameter a. Here the accuracy is d,s /v/n at a
confidence level v. For example, choosing the confidence level of 0.95 for a
series of 5 measurements, we find the percentile £ 95,4 = 2.7764 from Table 1
(the number of degrees of freedom here is 5—1 = 4). Thus, with a probability
of 95 %, the true value of the measured property (the temperature) lies within

the interval: [X' — 2é2736és,)2 + 22'_7273664 3], where X and s are calculated from

Egs 1 and 2 for n = 5.

In other situations, the confidence intervals are constructed in a similar

manner.

2) Estimation of the mean when the variance is known exactly. Let, as
before, X € N(a,o0), but the value of o is known to us. Because

X € N{a, %), its transformation using the known o value gives the

standard normal distribution: U = (X —a) y/n/o € N(0,1). Calculating
the confidence interval for the expectation value of the standard normal
distrubtion at the confidece level ~, we obtain:

P(X —d,0/vVn<a<X+68,0/vn)=r.
15



Here 4, is the v — percentile quantile of this distribution. Usually, the
cumulative distribution function is tabulated (rather than probability +!):

P(x) = % / et (19)

which is simply related to ~:
b(0y) = (1+7) /2.

Having calculated ©(6,) from the latter equation, we choose 4, from Table 2
to obtain the following confidence interval for the expectation value:

(X —d0,0/vn, X +6,0//n] . (20)

Taking, for instance, v = 0.95, we have @(6,) = 0.975, and dp95 = 1.96
corresponds to this @ (d,)-value in Table 2. The obtained confidence interval
is narrower than in case 1, where the variance is not exactly known. From
Eq 20 it is also clear that with an increase in the number of parallel
experiments (sample volume n), the confidence interval narrows. Thus, the
more complete the experimental information, the more accurate the estimate.
When n > 30, the Student’s distribution practically coincides with the
normal distribution (the percentiles coincide), the difference in the accuracy
of the estimates will only be due to the random error contained in s.

3) The confidence interval for the variance when the mean is unknown.
Consider X € N(a,0), where a and o are both unknown. According to
Fisher’s lemma (n — 1) s?/0? is distributed as x2_,. For this statistic, the
probability of falling into the interval [5’7, 5;] is v = P((S’7 <(n—1)s?/c% <

5:; ). It is numerically equal to the area under the probability density curve

1!

| ;,J P2 ﬂ(x)dx. For a given vy-value, the percentles 5; and 5:; may be chosen

in an infinite number of ways (given that the area is preserved). The common
practice is to choose the integration limits 5/7 and 5’7’ that give:

5 00
v 1 — 0%
/ Pyz_ (w)dx = / Pyz_ (T)dx = —5
0 6”

~

If the tabulated probabilities are f057 Px2 (x)dx, then the first percentile, 5’7,
is obtained from the equatlity

5, 1—
y
py2(x)dx = ——,

Jy et =

'In some sources, the Laplace function is tabulated instead of function defined in Eq. 19:
L [T t*/2q5 = /2
V2= Jo ==

16



and the second percentile, 5;', — from the equality

1!

)
Y 1—7 1+
/0 p(p)dx = ——+7=——.

The confidence interval for the variance is set now by the probability P of
holding the inequality:

P((n—1)s*/0, <o < (n—1)s%/5.),

where 6/7 and 6; are the percentiles of the Pearson distribution (Table 3).
Often the confidence level « is denoted as 1 — . We then have (1 — ) /2 =
a/2, (1+7)/2=1-—a/2, and the confidence interval is represented in the
following form:

o’ e [(n —-1) 52/X271,17a/23 (n—1) SZ/X?Lfl,a/Z} . (21)

The percentiles of the Pearson distribution are denoted here as Xi—m—a /2
and ng—17a/2'

4) The confidence interval for the variance, when the expectation value
15 known. In this situation, the statistic given by Eq 16 can be employed
to estimate the variance. It has n degrees of freedom. The confidence interval
is constructed in complete analogy with the previous case, but the percentiles
must be taken for n and not for (n — 1) degrees of freedom.

Note that experimentalists are usually concerned with only the upper
bound of the error. Therefore, the statistical tables often report the
percentiles x?a /o only for the values of a that are far from 1.

§ 5. Arbitrary distribution of the measured quantity.
Sigma rules

We have seen how to build the confidence intervals for a normally distributed
variable. However, these intervals can be estimated even if we know absolutely
nothing about the distribution of a measured quantity. The theoretical basis
of the estimate is the celebrated Chebyshev inequality, stating that the
probability of an absolute deviation [ — M ()| of any random variable £
from its mean M () can not be larger than a certain bound, related uniquely
to the variance D() of this variable:

D(¢)

&2

P(lg = M| > ¢) <

Y

where ¢ is an arbitrary number, measuring the extent of this deviation.
Taking ¢ as a multiple of the standard o of the general population, e= ko,
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we have .
P(—al > o) < o,
where k is an integer number, 02 = D(£), and a = M(€) is the general
population mean. The maximum probabily for the absolute deviation to
exceed ko is P = k% Hence the probability of holding the inverse inequality,
¢ —ko<a < £+ko, is no less than 1 — P. For instance, the probability for £ to
deviate more than 7o from the mean is less than 0.0204, meaning that at a
confidence level 0.9796 a single measurement ¢ lies within 7¢ from the mean
value. The probability of a random variable to fall in a 5o-interval around
the mean is not less than 0.960. This is the basis of the so-called 7-sigma and
5-sigma rules, stating that deviations larger than 7o (50) from the mean are
practically impossible for any random variable. The practical choice of the
rule depends on the choice of the probability value (0.9796 or 0.960) which
for all practical reasons may be assumed equal to 1. Note that for a normal
distribution £ € N(a, o), we find @(6,)=0.99865 for 0, = 3 from the standard
normal distribution tables, and hence v = 2¢ — 1 = 0.9973. This implies
that the inequality & — 3o0<a < & + 30 is satisfied at a confidence level of
v = 0.9973, making the deviations greater than 3o practically impossible.
The last statement is called the 3-sigma rule for a normally distributed
variable: data points that fall more than three standard deviations away
from the mean are considered potential outliers. We would have obtained
the confidence levels of 0.970, 0.90 and 0.89, for the interval of 3o if we
applied the Student’s distribution with n = 5, n = 2, or the Chebyshev’s
inequality, respectively. An increasing uncertainty in the estimate reflects
the price payed owing to a lack of information about the variable.
Returning to an arbitrary distribution law and estimating P in the

Chebyshev’s inequality by its upper bound, P = k%, which implies k = #,
we have

7 <a< &+ 7
VP TETUP
at a confidence level no less than 1 — P. This inequality gives the confidence
interval for the mean from the knowledge of the variance o. The confidence
level for this interval is at least 1—P. When the random variable is the sample
mean, &, its variance diminishes, o¢ = 0/y/n, and at the same confidence
level, the confidence interval for the mean is narrower:

¢

= o = (%
§— ——=<a<{+—

VnP VnP’

This inequality can be compared with Eq. 20 for the mean of a normal
distribution. The only difference is the substitution of percentiles of
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normal distribution law by the factors 1/ V/P. This substitution, however,
substantially enlarges the boundaries and hence the uncertainty of our
estimate at a given confidence level. For the confidence level v =0.95 for
instance, the normal distribution percentile dg 95 = 1.96 must be substituted
by the value 1/y/1 — v = 4.472, resulting in a more than fourfold extension
of the confidence interval. Again, such is the cost of no information about
the distribution of the measurement errors.

Up to this point, we have learned to estimate the mean value of the
measured property, the measurement error and to evaluate the accuracy and
reliability of our estimates. However, such treatment of experimental data is
by far incomplete.

§ 6. Testing statistical hypotheses

The experimentalists often need to check their guesses about the distribution
law of the observed random variable. We have seen, for example, how
important it is to establish that the distribution is normal. It is always
important to determine which of the two methods is more accurate and
whether the obtained values of the measured property are the same within
the experimental error. The methods described above will always result in
somewhat differing estimates of M(X) and D (X) in different experiments,
owing to the random nature of X and s. The question is whether this
difference is only caused by a random error, while the estimates correspond to
the same values of a and o, or is there a non-random, the so-called significant
difference in the estimates, indicating the difference in the corresponding
characteristics of the general population? Let us consider a simple method
for testing statistical hypotheses based on the following reasoning.

Let there be a random variable, £, with a known distribution law. Hence,
we can calculate the probability of £ falling into any region of its admissible
values. For some region, this probability will be extremely small, so that it
can be considered practically impossible for the random variable to fall into
this region in a single trial (this region W is called the critical, or the rejection
region). If, nevertheless, the result of the experiment has fallen into W, we
have all rights to conclude that the variable £ has in fact completely different
distribution law, not the one we postulated for calculating the probability of
falling into the critical region. This probability is called the significance level.
Our hypothesis that the random variable obeys the assumed distribution law
is considered to be refuted by experiment. If the random variable did not fall
into the critical region, then the hypothesis is recognized as not contradicting
the experimental data. Note that testing a statistical hypothesis is in no way
equivalent to the logical proof of its correctness. Testing a hypothesis at a
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chosen significance level, we only establish that from the point of view of the
particular criterion that we apply, this hypothesis (it is customary to denote
it by the symbol Hj) can be a reasonable interpretation of experimental
data. Naturally, our conclusion might be erroneous. The significance level,
by definition, is the probability of rejecting the hypothesis when it is actually
true. From this point of view, it may seem that the significance level should
be set as low as possible. In this case, however, the probability of rejecting
the hypothesis when it is false would decrease: true or false, it would likely
be accepted; the criterion would lose its ability to distinguish between
hypotheses, the selectivity. Based on the practice of processing the results
of physicochemical experiment, the following recommendations have been
developed, which can be used as a guide when choosing the significance
level.

If a hypothesis is accepted at a 5% or higher significance level, it
should be considered consistent with the experimental data. Criteria with
a significance level of <1 % should be avoided when accepting a hypothesis.

If a hypothesis is rejected at a 1% or lower significance level, it should
be considered inconsistent with the experimental data. The use of a 5% or
higher significance level does not provide grounds for rejecting the hypothesis.

For significance levels in the range [1 %, 5%)]|, one can take the risk of
accepting the hypothesis or rejecting it, but it is better to question the
hypothesis and perform experiments to obtain additional data so that a more
definite conclusion can be drawn.

Hypothesis testing is conveniently carried out based on the knowledge
of exact sampling distributions. Several common methods of testing are
summarized below. We start with testing significance for samples from a
normal population.

1) Comparison of variances of two samples. Consider two samples of
volume n and m, respectively, composed of two series of independent
measurements of a random variable obeying the normal distribution.
Calculating the values of sample variances s7 and s3, we certainly obtain
s? # s3. Do the elements of the two samples have really different variance,
i.e., the accuracy of the experiments is different?

Let us test the hypothesis of the equality of the variances. This hypothesis
is denoted as Hy:of = o3. The alternative hypothesis is 0% # o3.

If the results of the experiment are independent and normally
distributed, then the quantity sio3/s307 has the Fisher’s distribution with
(n — 1), (m — 1) degrees of freedom. Thus, if Hy is true (and hence 0? = ¢3),
then the statistic s7/s2 must have the Fisher’s distribution. Selecting the

significance level a, we look for percentiles F,_1,—1.a/2 and Fp,_1m—11-a/2
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in Table 4. If the following inequality for these percentiles is satisfied

Froim—t1.a2 < s7/s5 < Foim-11-a/2 (22)

then the statistic s7/s2 may have the Fisher’s distribution, and we accept
the hypothesis of the equality of variances at significance level a.

For the percentiles of the Fisher’s distribution, F¥, r, 0 = 1/Ff f1-a;
and we rewrite Eq 22:

]-/anl,mfl,lfa/Z < 5%/53 < Foim—1,1-a/2 (23)

For the small a (and the accepted significance level may not be high),
1/Fy, f,1-a/2 < 1. Stipulating that the larger of the compared variances
is always put in the numerator of Eq 23, only the right hand side of this
inequality needs to be checked. The critical region for hypothesis Hy is then

&2
W= {S—; D os7/s3 > Fn1,m1,1a/2} : (24)
2

This symbolic record is decifered as follows: the ratio of the variances
calculated from experimental data is such that it satisfies the inequality in
the curly brackets.

Sometimes, prior to performing experiments, there are reasons to believe
that one of the methods (say, the second) cannot in principle be less accurate
than the other. This means that the hypothesis Hy:0% = o3 is tested against
an alternative of > 3. In this case, the critical region is not divided into
two parts (one-sided test), and we have:

W ={si/s5:51/s5> Footm-11-a} (25)

for a significance level «, where we use the percentile F,,_1 ;—1,1-q-

For example, in two series of independent measurements (6 measurements
in each), we obtain s? = 20.675 and s2 = 1.746. The number of degrees of
freedom for both series n—1 = m—1 = 5, and s7/s3 = 11.841. To evaluate the
possibility of accepting the hypothesis Hy : 07 = o2 versus the alternative
0? > o2, we apply the one-sided criterion, Eq. 25. For a significance level of
5% we obtain F5.0.05 = 5.050 from Table 4. Because s7/s3=11.841 > 5.050,
hypothesis Hy may not be accepted at a 5% significance level. Let us now
estimate the possibility of rejecting the hypothesis Hy. Taking for the test a
significance level of 0.01, we find F5.5.001 = 10.967 from Table 4. Since the
experimental value s7/s2 = 11.841 > 10.967, we reject the hypothesis at a

1 % significance level. Thus, our experimental data indicate differences in the
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variances: 02 > o3. In such cases it is said that the variances s? and s2 of the
samples are nonuniform.

The scheme for comparing variances for two normally distributed random
variables X 4 and Xp is summarized below.

Assumptions: Xa € N(aa,04), Xp € N(ap,0p), indepen-
dent observations

Null Hypothesis: Hy:0% = 0%

Alternative: o4 > o

Significance level: «

Statistic of criterion:  s%/s%

Critical region: W ={s%/s% > Ft, tp1-a}, Where f4 and fp

are the numbers of degrees of freedom of the
variances s% and s%, respectively, and s% is
the larger of two variances.

We now describe, without derivation, similar schemes for testing
frequently encountered statistical hypotheses.

2) Compatibility of the sample variance with a declared value of the
standard deviation. Suppose we need to verify whether the experimental data
are compatible with some specified measurement error (o3). The verification
scheme may look as follows.

Assumptions: X € N(a, o), independent observations
Null hypothesis: Hy:0? = o2, where 02 has a specified value
Alternative: o? # o}

Significance level: «

Statistic of criterion:  s? has a x2_,— distribution

Solution: I X2 0 < (n=1)8*/0f < X2 11 op

Hy is accepted, otherwise rejected.

3) Compatibility of the mean with a declared value. We have a series of

measurements (Xq, X, ..., X,).
Assumptions: X € N(a, o), independent observations
Null Hypothesis: Hy:a = ag, where agis a value given
Alternative: a # ag.

The criteria will vary depending on whether o2 is known or unknown.
a) If 0% is unknown, then it must be estimated by calculating s%, and the
critical region

W={X: |Vn(X—a)/s|>ti1a}, (26)

where ¢, o is the percentile of the Student distribution, « is the significance
level.
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b) If 02 is known then
W={X:|Vn(X—-a)/o| >U.}, (27)

where U, is the quantile of the standard normal distribution.

Thus, to test the hypothesis that the true value of the measured property
is equal to a certain quantity, say, zero (ap = 0), it is necessary to
calculate X. If ¢ is unknown, we calculate its estimate, s?, and check the
inequality}\/ﬁ)_( / s} > ty_1q. If 0 is known, it is substituted in Eq. 27 to
check the inequality |/n (X) /o| > U,.

4) Comparison of the mean from different samples. We have two samples
of volumes n, and ns.

Assumptions: X € N(ay,01), Y € N(ag,02), independent
. measurements
Hypothesis: Hy:aq = as.

a) If o1 and o9 are both known, then

WE{(X—Y): ’X—Y’>Ua\/a%/n1—|—0§/n2}. (28)

Where U, is the percentile of the standard normal distribution at significance
level a.

b) If o1 and oy are both unknown, but it is reasonable to assume their
equality, oy = 09 = 0, — the hypothesis that may be tested using Fisher’s
criterion, Eq.25 — we estimate o2 by a weighted average variance of the
samples:

s =[(n1—1)sT+ (no—1)s3] / (n1 +ns—2).

The statistic s? has f = n; +ny — 2 degrees of freedom, and its critical region
for the hypotheses Hy:a; = as is obtained from the Student distribution:

W = {()_( - }7) : }X - }7} > sv/1/ny + 1/n2tm+n2,271,a/2}, (29)

where £, 4n,—2,1-a/2 is the percentile of ¢-distribution with n; +ny —2 degrees
of freedom.

c) Let o1 and o, be unknown and different from one another. The
exact methods described above are not suitable. Most commonly used is
the following approximate criterion:

W={(X-Y): [X=Y|> (ntw 1102+ Vol 11-a/2) /VV1 + 12},
(30)
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where t,,, _11-a/2 and £,,,_11_4/2 are percentiles of Student’s distribution with
ny—1 and ny — 1 degrees of freedom, respectively, v; = s7/n;, n; is the sample
volume, and s? is an unbiased estimate of the variance of sample (i = 1, 2).

We have learned to compare the mean and the variance of a sample with
some predetermined value, and compare the mean values and variances of
two samples. In this way, we can find which of the two methods is more
accurate, whether the results obtained by these methods agree, whether
the experimental data correspond to the declared error of the method, etc.
When there are more than two samples, special criteria must be used to test
hypotheses regarding the mean and variance. There are criteria for testing
the normality of distribution, criteria for outliers, and many other useful
criteria [3, 5, 8-10], including those free from the assumption of the normal
distribution law. Consideration of these criteria is beyond the scope of this
tutorial. Nevertheless, we discuss a method of identifying systematic errors,
which will be needed later.

5) The Abbe criterion. Our goal is to test the hypothesis of no systematic
shift in observations Xi, Xs,..., X, i.e., the hypothesis that M (X;) =
a (i = 1,2,...,n), where a is the expectation value, same for all the
measurements. X; are assumed to be independent, normally distributed
variables with unknown but equal variances.

Testing hypothesis M (X;) = a is based on comparison of the sum of
squares of the observation errors with the sum of squares of the successive
differences between the observations, which is less sensitive to a systematic
shift in the expectation value.

The statistics of the Abbe criterion are:

9 =7 : (Xz‘+1 - Xi)2 (31)

and

2 = (X, - X)*. (32)

If there is a systematic shift, s? is expected to be much larger than ¢.
Table 5 contains percentiles of the statistic » = ¢?/s®. The critical region of
hypothesis M (X;) = a is

W={r: r<m,}. (33)

Here 7, , is the critical value of r, Table 5.
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II. PROPAGATION OF ERRORS IN
INDIRECT MEASUREMENTS

§ 1. Formula for the variance of an indirectly measured quantity.
Correlation

So far we have analyzed quantities that are directly measured in the
experiment, as in our example of measuring water temperature in a
thermostat. Much more often, the experimentalist deals with indirectly
measured properties. Examples of indirect measurements include obtaining
the heat of vaporization from the dependence of the saturated vapor pressure
on temperature, determining the activity coefficients from the pressure and
composition of equilibrium phases, etc. In all such cases, the ultimate goal of
experiments is to calculate the target property y, using the directly measured

quantities (&1,&s, ..., &):

y=f(&,8, &) (34)

We know how to estimate the true value and the error of directly measured
properties &1, &s,...,&, see Chapter I, but what we actually need is
the expectation value and the variance of y. The multivariate function
given by Eq.34 is expanded in a Taylor series around the true values
(M&y, Mgy, ..., ME,) of the measured properties:

k

Fl€.6, o &) = F(ME,ME,y, ..., ME)+>

=1

af
9

(& —ME)+.... (35)

Assuming that the measurement errors (§; — M¢;) are small, the series
is truncated, and for the resultant linear function of &;,&,...,&, the
expectation value is given by:

To derive the variance of y, we need to address the concept of correlation
between random variables, which is recapitulated below.
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According to the definition, the covariance of random variables §; and &;
is the mixed second central moment:

COV(&‘,@') =M {(52 — M¢,) (5] - ng)} . (37)
From which it is clear that the variance of a random variable is a diagonal
covariance term of a random vector (§1,&s,...,&k), i.e., cov(&;, &) = D(&).

For independent random variables &; and ¢;, the expectation of the product
decomposes into separate factors: M(&,&;) = M(&)M(E), for all @ # j.
Therefore, cov(§;, &;) = 0 for all pairs of independent random variables (§;, ;)
where 7 # j. The converse is not true, that is, the equality of the covariance to
zero does not yet imply the independence of random variables. The variables
for which cov(§;, ;) = 0 are called uncorrelated. Correlation between &; and
&;, that is, the difference of cov(&;, €;) from zero, indicates that the errors in
& and are not independent, the error in one random variable changes with
a change of the error in the other. Correlation is a specific manifestation of
the so-called stochastic relationship between random variables §; and §;, that
dictates the change in the probability distribution of one random variable in
response to changing values of the other. Correlation represents that part of
the stochastic relationship that makes the variance of the sum of D(; + &)
different from D(¢;) + D(&;), the value of this sum for the independent ¢;
and ;. This is readily seen by combining the general definitions, D(§) =
M(& — M(£))?, and Eq.37:

D(& + &) = D(&) + D(&)) + 2cov(&;, &;)- (38)

The quantitative characteristic of correlation is a dimensionless correlation

coefficient, p:
= cov(6 )/ (VDTG DIE)). (39)

We list below, without proof, the properties of the correlation coefficient

1) |pl < 15

2) For independent &; and &;, p = 0;

3) |p| =1, if and only if & and &, are related by a linear relationship.

Thus, the correlation coefficient is an indicator of how close is the
relationship between §; and &; to a linear dependence. Deviations of |p| from
1 indicate either weakening dependence between §; and §;, or increasing non-
linearity of this dependence.

The sample correlation coefficient r for random variables n and v is
defined as

r= Z (i =) (i =)/ {(n = 1) sy84}, (40)
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where n is the sample volume, 7 and ) are the means of the sample, and
sy, Sy are the sample RMSDs, Eq.2 for the quantities n and 1. To test
the hypothesis of no correlation, it is necessary to check whether r deviates
significantly from zero. Note that even if there is no correlation, r # 0 due
to the randomness of a sample. There are tables of critical r-values |3, 5]. It
is generally accepted that for » < 0.2 =+ 0.3, the correlation dependence is
weak, and for r > 0.8 + 0.9, it is strong (tight).

Taking into account possible correlation between the variables, we find
the variance y, truncating the series, Eq. 35 after the linear terms:

D<y>=§;(§£) @*22(@&) (55) ot an

For independent measurements of all variables &1, &, . .., &, Eq. 41 simplifies

to:
pw =3 (5) P& (42)

To employ Eq.42, it is not necessary for the quantities &1,&s,...,& to
be independent variables. For example, when determining the activity
coefficients in a binary solution from liquid-vapor equilibrium data, the
phase compositions and the pressure cannot be independent, according to
the Gibbs phase rule. However, if the conditions of the experiment ensure
independence of the measurement errors of these variables, we may safely use
Eq. 42.

Moving now from characteristics of the general population, Eqgs. 35, 36
and 42, to their sample estimates, we write the working equations for the
independent measurements:

j = [, &, ). (43)

Z (a&) “

where & and s?i are the sample means and the variances of directly measured
properties.

The confidence intervals for y are usually constructed, assuming the
normal distribution for y. For nonlinear functions of normally distributed
quantities &; this is an approximation that may only be valid provided that
the errors of the measurements &; are small, and that our estimate of the
variance is fairly accurate, i.e., 532/ ~ o2. Under these conditions, we may
apply Eq. 20 for the confidence interval and use the percentile of the standard

27



normal distribution. For a 95 % confidence probability, dg5 = 1.96, giving a
confidence interval of [§ — 1.96 - s, 5 + 1.96 - s,|. Hence, the result of indirect
measurement can be expressed as

y=g§+1.96-s, (45)
at a 95 % confidence level.

§ 2. Limiting error formula

Another approach to estimating the uncertainty in the indirectly measured
property is to consider the absolute errors as some small perturbations,
identified with the differentials of variables and their functions. Within
this approach, the propagation of errors should be determined from the
differentiation rules:

dy =3 e, (46)

However, it is taken into account that upon addition and subtraction, the
errors can always add up. To avoid an underestimation of error and be on
the safe side, it makes sense to take the sum of the modules in Eq. 46:

k
Ay = Z
i=1

To find an expression for the relative error, Ay/y, it is often convenient
to take the logarithm of y = f(&,&,...,&) prior to differentiation, since
dy/y = dlny. Thus

of
3

AE|. (47)

k

5yEAy—Z

gl =

oln f
9%

Note that transfer of errors may lead to a dramatic loss of accuracy. Let, for
instance, y = & — &. Then 6, = (A& + AE,) / ‘5_1 - 52‘ This value can be
very large if & and &, are close, even for rather small A¢,/ }EZ , 1. e., for very
accurate experimental data.

Egs. 44 and 47 essentially differ in their physical meaning. In Eq. 44, s,
characterizes the scattering, the inaccuracy of experimental data caused by
random errors. The meaning of the quantity A¢,; in Eq.47 is less specific,
it is the error of any kind in the initial experimental data, the sources of
this error can be different. If A, is an estimate of the random error in
&, Eq.47 produces the random error in y. If, however, A, measures the
systematic error, then the corresponding Ay also gives the systematic shift.
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Taking the instrumental scale error for A¢;, we obtain the contribution of
the inaccuracy of this latter type to Ay (the sensitivity range of the device is
usually characterized by an error equal to the scale division value, or half the
division value). If A, estimates the maximum possible value of the total error
(the lower bound of this value is called the limiting error), Eq.47 gives the
maximum possible error in Ay. Therefore, Eq. 47 is often called the limiting
error formula. Note that even if not the maximum, but the most probable
values are taken for AE;, Eq. 47 is likely to overestimate the error in y, since
in fact the errors can not only add up, but also cancel out, which is not taken
into account Eq.47.

Treating experimental data, the random error (Ay,) is usually estimated
from Eqs.44 and 45. The other types of errors — systematic (Ay,),
instrumental scale (Ay,.), computational, etc. — are calculated using Eq. 47.
The total error is then

AyE = Ayr + Aysys + Aysc +... (49)
and the final result of the experiment is represented in the form:

y=1y+Ayy. (50)

It is customary to round off the terms of Eq. 50, leaving a limited number
of significant digits. In reference books, for example, the mass of an electron
is presented as:

me = (9.109558 £ 0.000054) - 1072 g,

that is, only four significant digits (9.109) are warranted. Expressing the
result of a measured length in the form (6.210 £ 0.019) mm, we see that
the thousandths in the value of the measured result are incorrect, and the
hundredths have an uncertainty of 2 units; thus a more reasonable expression
for this result is (6.21 £ 0.02) mm.

In some cases, e.g., for extensive tables of experimental data, it is too
cumbersome to present the error of each experimentally obtained value .
In such cases, the number of significant digits left in the recorded y-values
reflects the uncertainty of §. Usually, the number of retained significant digits
is such that the absolute error in the recorded quantity does not exceed 5-10
units of the first discarded digit (that is, only the correct decimal places are
shown). We remind that any decimal number A can be written as

A=0710"+ ax10™ L+ . 4+ o, 10m 4

Let a denote the true value of approximate number A. The first n digits (o,
i=1,2,...,n)are called true if |A — a| < w-10™"""! where w is an arbitrary
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number from the interval (0, 1]. This number is chosen by convention, either
w = 0.5, or w = 1, corresponding to 5 or 10 units of the first discarded digit
(as mentioned above). According to this convention, writing the result of
our experiment as an approximate number 3.14 without specifying its error,
means that the error does not usually exceed 0.5 - 1072(for w = 0.5), but in
no case is greater than 0.01 (for w = 1). However, published experimental
data often contain one or two more significant digits. These extra digits are
to prevent significant accumulation of errors when processing the data in
further calculations.
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I1l. LEAST SQUARES METHOD

§ 1. Construction of estimates

Studying the dependence of a physicochemical property on the state of
the system, the experimentalist usually obtains a discrete set of values of
the measured quantity. Thus, studying the dependence of the saturated
vapor pressure on the boiling temperature of a liquid, we obtain a series
of P, — T, pairs, where each measured pressure P; corresponds to a
certain temperature 7T; fixed in the experiment. For solutions, concentration
dependence of physicochemical characteristics is investigated very often:
a series of experiments are performed, preparing solutions of different
composition. Observing some property y, which depends on variable z, we
obtain a set of experimental data (x1,y1), (z2,¥2), ..., (Tn, y,) for different
values z;, see Fig. 2. Such discrete data are inconvenient to use, naturally
leading to the task of an analytical description (interpolation, approximation)
of experimental data choosing an appropriate mathematical model.

y

XU X2 X3 Xa . Xn Xnel xne )
X

Fig. 2. Experimental data on y(z)
dependence (symbols), the regression line
(solid curve), and the confidence interval for
this line (dashed).

We assume that the general form of this model is known, but the
expression for y(x) contains a set of unknown constants — the parameters
that we have to determine from our experimental data (the so-called inverse
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task as opposed to the task of predicting y(z) based on the knowledge of
the parameter values). In the language of Mathematics, we look for the
approximation of y(z) within a given class of functions. We leave open the
question of where to obtain the mathematical model for the dependence
y(z). This model should be constructed by the experimentalist based on
physical arguments for the system under consideration. Even if there is
no information, the function under study can always be expanded in a
Taylor series; truncating the series within a narrow z-interval we obtain a
polynomial with constant coefficients that we want to estimate from the
experimental data. Methods of constructing the estimates and the properties
of the estimates depend essentially on whether the mathematical model is
linear or nonlinear with respect to the sought parameters. We limit our
discussion to linear models and consider below the classical version of the
least squares method, well known to all experimentalists.

Suppose that the chosen mathematical model n(z) is capable of
reproducing the true values of the measured property completely without
error:

M {y(x)} = n(x) (51)
meaning that if we ignore random measurement errors, the true dependence

y(x) is given by Eq.51. This dependence is called the regression of y on x
(regression curve). Let the selected model have the following structure:

where 6g,0,...,0, are the unknown parameters of the model and
fo, fi,-.., fr are some functions that do not contain any unknown
parameters. The value 7 is also called the response, and an independent
variable x — the factor. Eq.52 is linear in parameters; in this case the
regression is called the linear regression. In particular, if we take fo(z) =
1, fi(x) =x, fo(x) =22,..., fr(x) = 2", then Eq. 52 is simply a polynomial
of degree r. We will not, however, restrict ourselves to any specific choice of
functions f;(x).

Assume that measured y; contain a random error ¢;, and that x; is not
random, i. e., the error in x is so small that it can be safely neglected compared
to €;. Beyond this assumption, both the method of parameter estimation
discussed below and the statistical properties of the obtained estimates are
no longer valid. The approaches taking into account the errors in x; can be
found in ref. [7].

For each experimental point, we write:

yi = n(x;) + e = Op fo(z:) + 00 fr(zs) + ...+ 0, fr(s) + & (53)
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1=1,2,...,n

and introduce a number of assumptions regarding the errors ¢;:

1) all measurements are independent, and therefore cov(e;,e;) = 0 for
i #

2) M(g;) = 0 for i = 1,2,...,n, i.e., no systematic error is associated
with the inaccuracy of measurements or the imperfection of the model,
Eq. 52. Therefore, M(y;) = n(x;);

3) the variances at all experimental points are the same, D(g;) =
0%, i = 1,2,...,n, though unknown (equal accuracy of all experimental
measurements).

Our goal is to evaluate 6y,0,...,0,, using the measured values
Y1, Yo, - - -, Yn that is, to construct a curve that best describes the experimental
data. But what is the meaning of “best” It implies here that a quantitative
measure is introduced for the discrepancy between the model predictions and
the experiental results (the objective function, the quality criterion, the loss
or risk function), and the parameters of the model are adjusted to minimize
this discrepancy. There is no unique choice of such criterion of model quality.
According to the least squares method (LSM), the model parameters are
found from the condition of a minimum for the sum of squared errors:

n

§=> et =) (i —Oofolw) =0 fulwe) = = O folw)). (54)

=1

This condition means that y; must have minimal scatter around its

expectation value 7(z;) thereby implying a minimum of its variance. This is

exactly why our choice of the variance as a quantitative measure of the scatter

in a random variable leads us naturally to the principle of least squares.
Introducing the matrix-vector notation, we write

Y = (ylay27 B ayn)T; €= (617€2a v 7€n)T; 0 = (907017 cee aer)Ta (55)

where superscript T stands for a transpose (for example, the error vector e
is a column vector),

Az | Dol ) e file) (56)
folwn) Silen) - fi(e)

This matrix is called the regressor matriz, and for the chosen model it depends
only on the location of the points x; in the factor space, which is why it is
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also called the experimental design matriz. We rewrite Eq.54 in a matrix
form:

S=eTe=(Y —A0)" (Y — A0). (57)

To find the parameters @, we employ the necessary condition for the minimum
of S, equating 0S/00;, to zero for i = 0,1,...,r, which gives:

ATAG - ATY =0. (58)

This set of equations is called the set of normal equations of the least squares
method. Its linearity is a consequence of the linearity of the regression. The
matrix C = AT A is called the Fisher information matriz (and also the
Gram matriz of the normal equations set of the least squares method). In
terms of the scalar products

fkfs ka xz fs Ilf, (59)

this matrix is often expressed as

(fos fo) (fo, fr) - (fo, fr)

oo | VoI Gof) o (hot) | 0

Urifo) (Fnf) - (o f)

Vector ATY = (g0, g1,...,9-)" is expressed in a similar form, where

(y, fs) = Zyzfs (). (61)

The solution of the linear set of equations, Eq. 58, with respect to parameters
is given by:
6= (ATA) " ATY. (62)

Note that 8 are not the true values of the parameters @, appearing in Eq. 53,
but their estimates found from the experimental data by the least squares
method. It is evident that @ is a random vector, since its calculation from
Eq. 62 involves vector Y with random components y;. To find the vector of
estimates @, we do not need to know the type of the distribution law for
the random errors €;, nor their variance, as long as all variances are the
same. The neccessity of this requirement, which at first glance has not been
used anywhere in our derivation, will become clear later, when considering
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the case of varying variances of observations and weighing the experimental
information.

We now proceed to statistical properties of the obtained parameter
estimates 6, echoing our statistical analysis of the direct measurements in
Chapter I. We list these properties without proof.

§ 2. Properties of estimates that do not depend
on the distribution law of errors ¢;

1) Properties of calculated parameter estimates.
0 is an unbiased estimate of the parameter true values 0:

- - - \T
M(8) = (MHO,MHI,...,MHT) — 9. (63)
2) Residual sum of squares and measurement variance.

The calculated estimates of parameters are used in the mathematical
model, the linear regression of Eq. 52, to obtain vector of predicted values v;:

Y = A6. (64)

The differences between experimental and predicted values of y; for each
experimental point

=Y — A6 (65)

are named the residuals. A random variable
R=06"8 = (Y - A5>T (Y - AE) (66)
called the residual sum of squares, has an expectation value
M (R/(n—1)) = o> (67)

Here [ = r + 1 is the number of estimated parameters of the model, (n — 1)
is the number of degrees of freedom of the residual sum of squares. Eq.67
shows that the ratio R/ (n —1[) can serve as an unbiased estimate of the
variance of the measured y;. Recall that we performed a single measurement
y; at each point x;. It is of course impossible to deduce any information
about the scattering from a single measurement. However, based on the
assumption that the accuracy of measurements is the same for all points, it
becomes possible to estimate the experimental error from Eq. 67. The number
of degrees of freedom of statistic R is (n—1), because the predicted values Y,
estimating the true values of the measured property are found from Eq. (64)
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with parameters 6 obtained via solving the set of [ equations, Eq.62 that
constitute [ relationships between the elements y; of the sample.

3) Correlation and errors of the regression coefficients.

It is important to evaluate the errors in estimated parameter values. For
a random vector, an analogue of the variance is the covariance matrix. For
the vector of observed values, the covariance matrix is written as:

D(y1)  cov(yi,y2) -+ cov (Y1, Yn)
K(Y) = cov (3{2, Y1) D(:yz) cov (3{2, Yn) (68)
Cov (yna yl) cov (yna y2) e D(yn)

This matrix has a particularly simple form under the assumptions of
independence and equal accuracy (i. e., the variance) of all the measurements:

g2 0 --- 0
0 o2 .- 0
0 0 o?

where I is the identity matrix.

For the non-random z; (recall our assumption that z; have been
controlled accurately and do not contain random errors), Eq.62 is a linear
transformation of random variables, experimental values of Y. It is easy to
show that the covariance matrix of a linearly transformed vector Z = HY
with a non-random matrix H is given by:

K(Z)=H -K(Y)-H* (70)

which is a multivariate analogue of Eq.41 for calculating the variance in
indirect measurements. Hence

K(8) =s’C, (71)

where C' is the Fisher information matrix. The non-diagonal terms of this
matrix equation give the correlations between the regression coefficients,
while the diagonal terms give their errors.

4) Errors and correlations of the predicted values.

Eq. 64 expresses the predicted vector Y as a linear transformation of
the parameter estimates 6 (a random vector) with a non-random matrix of
regressors A. The covariance matrix of the predicted vector

K(Y)=0?AC AT, (72)
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It is clear from Eqs56, 60 and 71, 72 that K(6) and K(Y) do not
depend on observations y;, but are determined by the structure of the
experimental design matrix A. This circumstance serves for judicious
planning of experiment, which allows improving the statistical properties
of the estimates. Despite the fact that the components of vector Y are
independent, and hence K(Y') is a diagonal matrix, K(Y) is non-diagonal
and, therefore, the components of the predicted vector Y are mutually
dependent. Eq.71 shows that if Fisher’s matrix C is non-diagonal the
components of vector @ (parameter estimates) are also dependent.

We have shown how to find the point estimates of parameters solving
the set of normal equations, and calculate the covariance matrices K (6)
and K (}7) for the found parameter estimates and the predicted values of
yi, respectively. Provided that x; are known exactly, this procedure may
be applied irrespective of the distribution law of ¢;. However, to construct
confidence intervals and test hypotheses, we need information about the
distribution of statistics. In the classical regression analysis, the normal
distribution of errors ¢; is assumed.

§ 3. Properties of estimates when the errors
have normal distribution

We assume that the measurement errors have normal distribution, i.e.,
g; € N(0,0%), 1 = 1,2,...,n. Let us recall some general properties of a
multivariate normal distribution. A random vector X = (X1, X, ... ,Xn)T
has n-dimensional normal distribution if its probability density is given by

1 1 Tyt
p(X1, Xoy .oy X)) 2 et (K)exp{ 2(X m) K (X m)} ,
(73)
where m = (MX;, MXo, ..., MXn)T is the vector of expectation values, K
is the covariance matrix of vector X, and det (K) is the determinant of
the covariance matrix. The multivariate normal distribution is completely
specified by giving vector m and matrix K. The notation is similar to that
for the univariate normal distribution: X € N,,(m, K).
An important special case

Let X € No(m,K), m = (my,ms,...,m,)" and the components of
vector X are uncorrelated (cov(XZ, X ]) = 0 for i# 7)1
DX, 0 - 0 o2 0 - 0
0 DX, --- 0 0 0—% .
K({Y)= : : . : - : o : ’ (74)
0 0 --- DX, 0 0 - o2
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In this case, it is easy to calculate the inverse of the covariance matrix, K
and we have

p(Xl,XQ, .. 7Xn> =
{ 1[(X1—m1)2 <X2—m2>2 <Xn—mn)2]}
exps = || —— ) +(—) +.. +| —— =
2 ozl o) On

- 1 (X1 — m1)2
= e —_—— 7, 75
V270, Xp{ 207 (75)

where the probability densities of the one-dimensional normal law,
Eq.9 appear under the product sign. Thus, the probability density
p(X1,Xs,...,X,) is equal to the product of the densities p; (X;), from
which it follows that the random variables X, Xs,..., X,, are statistically
independent. Thus for a normal distribution, the absence of correlation
between random variables also implies their independence (recall that in
general this is not true).

Let us discus now the properties of the least-square-method estimates.

1. Estimates 6 are efficient.

2. Vector 6 has an [ = (r + 1)-dimensional normal distribution with the
mean 6 and the covariance matrix ¢2C ™'

6 € N,(0,5°C™). (76)

If matrix K (5) = ¢2C™! is diagonal, parameter estimates 50, 51, . 0,
are independent, see Eqs. 73-75. This can be achieved by choosing a
mathematical model based on a set of orthogonal functions { fo, f1,..., fr},

i.e., such functions that (fy fs) = 0 for k # s.

3. Statistic R/o? has distribution x? .

Properties 3 and 2 may be employed to construct confidence intervals.
Aplying the method described in §4, Chapter I, we obtain the confidence
interval for the variance of the measured values:

o’ € [R/Xi—l,l—a/2; R/X?z—l,a/Q] . (77)
From Egs.62-63, and taking into account that &; € N(0,0%), we have:
(é; — 9i> /\/[(ATA)_l} 02 € N(0,1). Replacing ¢ in this latter equation

by its unbiased estimate from Eq. 67, we obtain

(ai- - ei) /\/ [(ATA)*} Rf(n=1) =ty
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This statistic obeys the Student t-distribution, and hence the confidence
interval for parameter 6; is given by (see Eq. 18, Chapter I):

[92 by [CT B (= 10+ £y [CTH R/ (0 1)} . (8)

Similarly, one can construct a confidence interval for the regression values:

M) € 5=t [KD)] i+t [KE | 09

Note that although y; are equally distributed, the accuracy of predicting the
response at different points is different, and y; have larger errors towards the
ends of the z-interval (see Fig. 2).

The constructed confidence intervals are called individual. When
components of a random vector are statistically dependent, the cross-
confidence region — a multivariate analogue of the confidence interval —
contains more detailed information about the location of the true parameter
values. Let us construct this region for the case of normally distributed
errors, &;.

It is known that the quadratic form

(5 - 9) "K1(9) (5 - 9) (80)

has a chi-square distribution with [ degrees of freedom, x?. An independent
unbiased estimate of the variance S? = R/(n—1) is also related to

x> _,~distribution according to property 3. Therefore, the statistic F' =
~ T
(0—9) C(B—O)/(lSQ) has the Fisher’s distribution with I, (n —1)

degrees of freedom. This means that with probability + the random scalar
variable F' obeys the inequality:

F S Fv,l,n—la (81)

where F, ;,,—; — is the quantile of the Fisher’s distribution, and the confidence
region of the parameter vector is determined by the condition

(?9' - 9) ‘c (b’ - 0) <IS%F, 0. (82)

Geometrically, this inequality defines a region inside an ellipsoid in the
coordinate frame 6. The center of the ellipsoid lies at the point 8, and the
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directions of the principal axes coincide with the direction of the eigenvectors?
of matrix C. The lengths of the semi-axes are given by

VISP, 1/, (83)

where )\; are the eigenvalues of the Fisher matrix C. With confidence 7,
the true values of model parameters are located within this ellipsoid. The
confidence ellipsoid is stretched along the directions related to the parameters
that have larger variance, i.e., the ones estimated less accurately. For the
two-dimensional case, the confidence ellipse is shown in Fig. 3.

o, o, b)
P12 =0; D(él) > D(éz)
° (él’ éz)
o, 0,

Fig. 3. Confidence ellipse in the case of strong correlation of
parameters (a) and in the absence of correlation (b).

If the ellipse’s principal axes are parallel to coordinate axes (Fig.3,b),
there is no correlation between parameters: the correlation coefficient p;5 and

cov <§1, 52) are both equal to zero. If the uncertainty region for parameter
0, is infinitely large, (—oo, +00), this parameter is not needed at all, and we
may, for example, set §; = 0. The value of this parameter is insignificant

within our model. In general, the significance of a parameter (a significant
difference of its value from zero) can be checked if the sampling distribution

of this parameter is known. For a normally distributed estimate 6;, the ratio

1= [(a7) ] R/ G- (84)

can be calculated to test the hypothesis Hy: 6; = 0, as described in §5,
Chapter I (see Eq.27). If t <'t.,,,_;, the parameter can be discarded, i.e., 6; =

2Eigenvectors X of matrix C are solutions of the set of linear equations CX =
XX, where \; are the eigenvalues (characteristic numbers), which are the roots of the
characteristic equation: det (C — AI') = 0. For a symmetric matrix (which is the case for
matrix C), the eigenvectors are orthogonal when the eigenvalues are different.
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0 at a confidence level . The slope of the ellipse’s axes close to +1 (Fig. 3,a)
indicates a strong correlation of the parameters. The parameter values are
not unique; changing both values consistently in the direction of the principal
axis retains the accuracy in the model description of experimental data.

For an orthogonal set of functions fy, fi,..., f-, the matrix C, Eq. 60,
is diagonal, the parameters are uncorrelated (see Eq.71), and the principal
axes of the ellipsoid are parallel to the coordinate axes.

§ 4. Unequal accuracy of observables

Supppose that the measurement error may vary from point to point, such
that De; = 0?/p;, where p; are some known quantities that depend neither
on @, nor on Y. In other words, we pretend to know the change of the error
while moving from one experimental point to another. Introducing the matrix
of weights

pr 0 -0 0
0 e 0

p=| 7 (85)
0 0 - p,

we find parameter estimates 0 by minimizing the weighted sum of squares
min {Y ", p;e7}. Minimization leads to a linear set of equations with respect
to 8, and in complete analogy with Eqs. 58-62, we obtain:

6= (ATPA) T ATPY. (86)

All statistical properties of the obtained estimates will remain the same if
the residual sum of squares, Eq. 66, is redefined as

R=6"P6 (87)
and the Fisher information matrix, Eq. 60, is also redefined according to
C = ATPA, (88)
where & is the vector of residual, defined, as before, by Eq. 65, and the matrix
of regressors A is calculated from Eq. 56.
§ 5. Groups of equally accurate observables

Suppose that we perform multiple measurements at each point ;. Let m; be
the number of parallel measurements at point x;, and all the measurements
be equally accurate. For every single measurement, we then have

Yiw = Oofo(wi) + 01 fi(zi) + ...+ 0. fr (i) + €, (89)
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where i = 1,2,...,n, v =1,2,...,m;, and D(g;,) = 0. The averages of the
measured values at different points z;

mg

Yi = = Z Yiv (90)

mA
v y=1

have variances that are m; times smaller than the variance of a single
measurement:

D (y;) = o*/m;. (91)

This equation shows that all the estimates can now be obtained exactly as
explained in the previous case (see §4) with the matrix of weights given by

my 0 .- 0
0 myg --- 0

p=| . . (92)
0 0 - m,

and the vector of measured values that contains the averages:

Y = (glagQa"'agn)T' (93)

§ 6. Selection of the degree of the approximating polynomial

Suppose we are trying to describe the experimental data using a polynomial
Y; = 90+01$2+92$3++0r$:+6“2 = 1,2,...,7’L. (94)

The degree of the polynomial r is usually unknown. We can not check
whether a polynomial of degree r reproduces the experimental data within
their error limits, since the error (0?) is assumed to be unknown. On the
contrary, this error itself has to be estimated from the discrepancy between
the experimental and regression values, quantified by the residual sum of
squares. Truncation of the regression series in Eq. 94 based on checking
the significance of a regression coefficient is often unacceptable due to the
correlation of their estimates. Nevertheless, it is possible to check whether
the description significantly improves with an increase in the degree of the
polynomial. We use a polynomial of degree r, and then a polynomial of
degree r; > r. The improvement in description is insignificant if the following
hypothesis is true:

HQI 97+1 = 9r+2 =...= 97'1 =0.
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This hypothesis can be accepted provided that

(R, —R,)(n—r1—1)
(ri—r) R,

S Fa,rl —rn—ri—1 (95)

where R, and R,, are the residual sums of squares for polynomials of
degrees r and 7, respectively, and Fi ,,_rn_r—1 is the percentile of the
Fisher distribution for the significance level a. When Eq. 95 is satisfied, the
difference in the description of the data using polynomials of degrees r and 7,
is only caused by the random errors. This means that increasing the degree of
the polynomial does not lead to an improvement in the description. If Eq. 95 is
violated, it makes sense to increase the degree of approximating polynomial,
Eq.94. The same problem can be solved by increasing successionally the
number of regression coefficients in the model, » + 1, 7 4+ 2 and so on, and

after evaluating a new coefficient, each time checking the significance of a
Rn—(r+1) (n—r—2)
(n—r=1) Ry_(r42)"

partial F-criterion:

§ 7. Testing the adequacy of the polynomial regression model

To check whether the model applied to describe experimental data is
adequate, we need an estimate of the measurement error that is independent
of the model equations. Such estimate can be obtained, for instance, from the
parallel experiments. Suppose that m independent parallel measurements y;,
are performed at every point x;:

’yil,:90+91$i+92$?+...+9T$:+8iy;’i:1,2,...,71,1/:1,2,...,772;

Eiv € N(0,0'2).

The statistic S = R/(n—r —1) calculated with the aid of the model
equations is an unbiased estimate of 0. The distribution of the ratio R/o?
is X __1-

An independent estimate of o
measurements at each point:

2 is found directly from parallel

m

v=1
This statistic has a chi-square distribution x2,_,. Taking into account the
experimental data for all points, we obtain another estimate

n m

S; = m Z Z (Yo — )" (97)

i=1 v=1
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with a chi-square distribution Xi(m—n- S2 serves as a measure of the scatter
caused by experimental errors, while S? characterizes the inaccuracy of the
model. If the model is adequate, then S7/S2 has the Fisher distribution with
(n—r—1),n(m—1) degrees of freedom. When S}/S3 < Fyn_r_1n(m-1)
we accept the hypothesis that the model is adequate. Both estimates of
the variance can then be combined by introducing the following unbiased
estimate of o2

n—r—1)St+n(m-1)53

2 (
5= m—r—1)+n(m-—1)

(98)

Thus, to check the adequacy of the model, an independent estimate of the
variance of experimental data is needed. But the inadequacy of the model
(not only of a polynomial regression) can be revealed even in the absence
of such estimates by checking the significance of the multiple correlation
coefficient.

Suppose no repeated measurements are made at points x;. The multiple
correlation coefficient r. (also named the coefficient of multiple correlation)
of a sample is defined as

r?=1-R/Q, (99)

where

1
N2
Q i—9)0==)
; n <
=1 =1
r? quantifies the extent to which the prediction from the regression model is
better than from just taking the average, 7, over all the measured values ;.
r. can also be calculated from the expression

n n 21/2
n:Z(yi—m(@—E)/[Z@i—g)?z(@—i)], (100)

i=1 =1 i=1

3

where g; = % > i, Ui is an average of the regression values. From Eq. 100, it
is evident that the multiple correlation coefficient (as its sample estimate is
often called) r. reflects the closeness of the correlation between the observed
y;and their predictions from the model. The coefficient of multiple correlation
takes values between 0 and 1. Higher values indicate better predictability
from the model.

If
r2n=10/[1=r)(1—=1)] < Fay—1n (101)
at a significance level «, the model does not explain the scatter of observations

relative to their mean. Such a model cannot be used; it is inadequate.
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The violation of this inequality indicates the significance of the multiple
correlation coefficient but does not mean yet that the model is adequate.

§ 8. Analysis of the residuals

The residual-property graphs (Fig.4) are quite informative, as they make it
easy to notice outliers (Fig.4,a), large random errors (Fig.4,b), systematic
bias (Fig.4,d) or shift (Fig.4,c).

5 & . . .

. a)

032080 0N Mool e vimed ofs .
. ° . b) .
) S e
° . A .o.'.... .
00000 499 § ¢ 0°8 © © Bhoog 9% 400 8 §° ee ".‘.‘:”
0 \‘-’-{ .
0 ".,.'.
C) d)
Fig. 4. The residual (0) — property graphs (see text for
explanations).

However, there are more accurate criteria than purely visual ones. When
applying quantitative criteria, it is assumed that the residuals are statistically
independent and normally distributed. Generally speaking, the number of
degrees of freedom in regression is reduced by the number of parameters
estimated from experimental data and, therefore, the residuals are correlated.
Fortunately, as long as the ratio (n —[) /I is not too small, the correlations
are weak and their effects on the tests may be safely neglected.

A systematic shift of the residuals from their zero mean (Fig. 4, ¢) can be
detected using the ¢-test. The Student ratio, Eq. 15, is given by:

tao1 = 0\/n/s, (102)

where 6 = L 3" 5, 2 = LS (6, — 5)2. The critical region for testing
the hypothesis of zero mean has been defined in Eq.27, §6 of Chapter I. To
detect systematic bias (Fig. 4,d), the Abbe test can be applied, Eq. 33. Other
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statistical criteria are also applicable to the analysis of residuals. It is also
possible to detect a systematic error, provided that it is sufficiently large to
notice against the background of random errors. However, it is impossible
to identify the source of the systematic error and to determine whether it is
contained in the experimental data or introduced by the model.

§ 9. Summary of the least squares method

1) Build the regressor matrix, Eq. 56

fo(z1)  filzr) -+ folm)

A= fo(?é) fl(.@) fr(.lé)

folen) Ful@a) - filew)

2) Specify the matrix of weights P, Eqs85 or 92;

3) Calculate vector G = ATPY;

4) Calculate the information matrix C = ATPA, Eqs60 or 88;

5) Perform matrix inversion to obtain C™*;

6) Find estimates of the regression parameter values 0= c'G;

7) Calculate the regression (predicted) values Y = A6, Eq. 64;

8) Calculate the residuals § =Y — Y, Eq.65;

9) Calculate the residual weighted sum of squares R = ' Pé§, Eq.87
(or 66 for P =1I);

10) Estimate the variance 0> = R/ (n —[), where [ = r +1 is the number
of parameters being evaluated;

11) Check the model adequacy (when an independent estimate of the
variance is available, see § 7) or check the possibility to refine the model (for
example, choosing the degree of the approximating polynomial if the model
is a polynomial, see §6); reveal whether the model is inadequate by checking
the significance of the multiple correlation coefficient, Eq. 101; B

12) Calculate the covariance matrix of parameter estimates K(0) =
o?C™', Eq.71; B

13) Calculate the covariance matrix of predicted values K(Y) =
0?AC AT Eq.72;

14) Obtain confidence intervals for parameters 6;, Eq. 78, the regression
line y(x), Eq. 79, and other properties predicted from the model;

~ T
15) Construct a joint confidence region for parameters (9—0)
C(é—@) < IS*F, n-1, Eq.82; find the directions and lengths of
the principal axes for this ellipsoid, i.e., calculate the eigenvalues and
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eigenvectors of matrix C' by solving equations det (C' — A\I) =0 and CX =
NiX.

The calculation scheme summarized above can be supplemented by
testing various statistical hypotheses: testing the significance and correlation
of parameters, analyzing residuals, identifying systematic errors, etc. In
the classical scheme of the least-square technique, only steps 1)-10) are
“mandatory”. Some of the items 11)-15) may be skipped, at the discretion of
the experimentalist. If for instance, the calculation of matrix K (6) is skipped
(item 12), there is no need to invert the information matrix C'. In this case,
item 5) is also missing, and the set of normal equations (item 6) may be
solved using any appropriate technique (e.g., the Gauss exclusion method).

Finally, let us wish success to the experimentalist, noting that no
mathematical data-processing can turn sloppy and inaccurately performed
measurements into a neat and accurate data set. The only purpose of
statistical analysis is to interpret the available data, and the higher the
quality of the data, the more reliable our conclusions.
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APPENDIXES

I. Example of application of the least-square method

Suppose that the following table contains the results of experimental
measurements:

1 2.5 0.5
2 3.0 3.0
3 5.5 5.0
4 6.0 7.0
5 7.1 8.0

Assuming that the measurements y; are independent, equally accurate, and
that z; do not contain an error, we wish to describe the dependence y(z) using
the regression model y = ax 4+ b, where a and b are the unknown regression
coefficients.

Solution?
In our notation for the regression curve,

y="bofo(x) +01f1(x) + ...+ 0.f(2),
we have: [=r+1=2;
folz) =2° = 1; fi(z) = ;
Oy = b; 0, = a;

n = 5.

3In our calculations, we need to perform multiplication and inversion of matrixes. Recall
that the elements g of a (n x m)-matrix @, which is the product of a (n x k)-matrix H
and a (k x m)-matrix Z, Q = HZ, are defined as ¢;; = Zle hizj, where i =1,2,...,n,
and j = 1,2,...,m. The elements ¢; of Q ', the inverse of a square (n x n)-matrix Q,
can be calculated using the formula: ¢ = (—1)i+j6/2;/detQ, 1,5 =1,2,...,n, where 6/2;1 is
the minor of matrix @, that is, the determinant of the matrix obtained by deleting j-th
row and i-th column from matrix Q. The product (—1)*+7Qy; is called the cofactor.
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1. In our experiment, the experimental design matrix

2. We calculate vector G = A'Y:
2.5
G- 1 1 1 1 1 ?g B 24.1
L 05 3.0 5.0 7.0 8.0 6‘0 ~\ 136.55
7.1

3. Next, calculate the Fisher information matrix C = AT A:

0.5

gg _( 5 235 )
70 23.5 147.25
8.0

11 1 1 1
C—(0.5 3.0 5.0 7.0 8.0)

—_ = =

and find the determinant: det (C) = 5 - 147.25 — (23.5)> = 184.
4. Invert matrix C:

1 (14725 =235\ _ [ 0.80027 —0.12772
184 \ =235 5 —\ —0.12772 0.02717 |-

5. Calculate the parameter estimates 0=C'G:

5 ( 080027 —0.12772 241 \ _ [ 1.8467\ _ (b
-\ —0.12772  0.02717 136.55 )\ 06326 /] — \ a )’
We thus obtained the equation of a straight line: y = 0.6326x + 1.8467 shown
in Fig. 5 together with experimental points.

6. Using the obtained parameter estimates, calculate vector of predicted
values y; (regression): Y = A@:

1 05 2.1630
1 3.0 3.7445
Y=|1 50 (ézggg)z 5.0097
1 7.0 ' 6.2749
1 8.0 6.9075
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7. Calculate vector of residuals, d =Y — Y:

2.5 2.1630 0.3370
3.0 3.7445 —0.7446
=1 55 | — | 50097 | = 0.4902
6.0 6.2749 —0.2750
7.1 6.9075 0.1924
8. Calculate the residual sum of squares, R = 8 6:
0.3370
—0.7446
R = ( 0.3370 —0.7446 0.4902 —0.2750 0.1924 ) 0.4902 | =1.021
—0.2750
0.1924
8- ,
6 - °
=~
4
2 ° |
0 : , : :
0 2 4 6 8

X

Fig. 5. Regression line (solid), its 90 %
confidence interval (dotted) and experimental
data (symbols).

9. Calculate the estimate of variance 62 = R/ (n — 1):
1.021
~2
= —— = 0.3403.
7T 52
10. Perform model’s adequacy test.
Calculating the multiple correlation coefficient for our sample

r2=1-R/> (y;—9)"
=1

we obtain § = %Z?:l y; = 4.820, > = 1 — 1.021/15.748 = 0.935, and
r2(n—1)/[(1=7r?) (1—1)] =43.15.

Let us evaluate the model’s adequacy at a 1% significance level. Then v =
l—a = 099, and from Table 4 we find F%lfl’n,l = F0.9971’3 ~ 34.12. This

o1



is less than the calculated value of 43.15, and therefore, the sample multiple
correlation coefficient is significant. Thus, the linear regression model can
be considered reasonable: our test has not revealed any inadequacy of the
model. B

11. Calculate the covariance matrix of parameter estimates K(0) =
FC™

~ 0.80027 —0.12772 0.272 —0.043
K(6) = 0'3403( —0.12772  0.02717 ) n ( —0.043 0.009 ) '

12. Construct the confidence intervals for parameters.

Choosing the confidence level 7y =1 —a = 0.9, we find ¢3¢ ~ 2.35 from
Table 1 for f = n — [ = 3 (this is the number of degrees of freedom for
our estimate o2of the variance, see step 9.) The uncertainty intervals in the

~\N1/2
parameter estmates, Af; = :t(D(HZ-)) ts~, are then calculated from the

corresponding diagonal elements of K (@), which gives:
Ab = =+ (0.272)"/? . 2.35 = +1.226,

Aa = £ (0.009)"/2 - 2.35 = +0.223,

as shown in Fig.6, dotted lines. Hence, we obtain a € [0.409,0.855], b €
[0.621, 3.07] for 90 % confidence intervals of the parameter values.
13. Plot a 90 % confidence interval for the regression line:

1 . .
Ui — t300(D (0:))? <y < Ui + t3,0.9(D(yi))1/2-

The covariance matrix of vector of the regression values, Y, is given by:

K(Y)=AK(0)A” =
0.5
2:8 (0.272 —0.043)< 1 1 1 1 1):
-0 —0.043  0.009 0.5 3.0 5.0 7.0 8.0
8.0

I
el

0.5

3.0 < 0.2505  0.143 0.057 —0.029 —0.072)

?8 —0.0385 —0.016 0.002 0.02 0.029

8.0

I
— e e

The diagonal elements of K(Y') are: D (1) = 0.231, D (g5) = 0.095, D (y3) =
0.067, D (g4) = 0.111, D (g5) = 0.160.
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Fig.6. A 90% joint confidence ellipse
in (a—a) — (bfl;) coordinate plane. The
dashed lines show the direction of the
principal axes. The dotted lines indicate the

90 % confidence intervals for the parameters
(obtained in step 12).

Taking the percentile ¢309 = 2.35 from Table 1, we calculate the
components of vector Ay, = tso(D (§:)"* ~ 2.35 - (D(§))"*. This
calculation gives:

(1.129, 0.724, 0.608, 0.783, 0.940)".

Eq. 79 is used next to obtain 90% confidence intervals for the regression
line: y; € [1.03,3.29],y> € [3.02,4.47],y3 € [4.40,5.62],y4 € [5.49,7.06],y5 €
[5.97,7.85]. These intervals are plotted in Fig.5 (dotted curves).
14. Construction of a cross-confidence ellipse for the parameters.
Cross-confidence ellipsoids are determined from the inequality of Eq. (82),

i.e., <5 — 0) TC’ <5 — 9) < lSzF%l,n_l, where S? is an estimate of the
variance, and F,;,_; is a persentile of the Fisher distribution. Choosing a
confidence level of 90 %, we obtain @ = 1 — 0.9 = 0.1, and Fh399 = 5.462
(Table 4). Using the variance estimate found in step 9), we calculate the right
hand side of the inequality 102 Fy 399 = 2-0.3403-5.462 = 3.717, and proceed
to determine the directions and lengths of the principal axes of the ellipsoid
(an ellipse in our two-dimensional case).

a) Finding the lengths of the semi-azes of an ellipse.

Characteristic equation of the matrix C

5—A 235 |
235 14725 X |

23

A2 —152.25M0+ 184 =0



has two different roots A\ o = 76.125 = 74.907. Thus, we have \; = 151.032
and Ay = 1.218. The lengths of the semi-axes of an ellipse a?/L? +b*/L} = 1
are calculted from Eq.83. We have: L? = 3.717/151.032, L} = 3.717/1.218,

and, finally:
L, =0.157; L, = 1.75.

b) Finding the directions of the principal azes.
The eigenvectors of the matrix C' must satisfy the set of linear equations:

i=1,2.

(5-X) X1 + 23.5X, 0
235X, 4+ (147.25—-X\) X, 0

For i = 2, we have

3.78X; + 235X, 0 é&fv_g
235X, + 146.03X, 0 X, 1

Thus, the direction of the eigenvector (X7, XQ)T is determined by the ratio
of its components.
Similarly, for ¢ = 1,

—146.03X; + 235X, O N & - 1
235X; + —-378X, 0 X, 6
The eigenvectors obtained for i = 2 and 7 = 1 are orthogonal (—6-1+1-6 = 0).
This condition can be used to check the correctness of the calculations. The
ellipse is shown in Fig. 6.
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Il. Statistical tables

Table 1. Percentiles of Student’s distribution.
The values tf, are such that the probability

¢
y=1l—-a= f_if”v p(z)dz

f @
0.25 0.10 0.05 0.025 0.01

1 | 24142 | 6.3138 | 12.706 | 25.452 | 63.657
2 ] 1.6036 | 2.9200 | 4.3027 | 6.2053 | 9.9248
3 | 1.4226 | 2.3534 | 3.1825 | 4.1765 | 5.8409
4 | 1.3444 | 2.1318 | 2.7764 | 3.4954 | 4.6041
5 | 1.3009 | 2.0150 | 2.5706 | 3.1634 | 4.0321
6 | 1.2733 | 1.9432 | 2.4469 | 2.9687 | 3.7074
7 | 1.2543 | 1.8946 | 2.3646 | 2.8412 | 3.4995
8 | 1.2403 | 1.8595 | 2.3060 | 2.7515 | 3.3554
9 | 1.2297 | 1.8331 | 2.2622 | 2.6850 | 3.2498
10 | 1.2213 | 1.8125 | 2.2281 | 2.6338 | 3.1693
15 | 1.1967 | 1.7530 | 2.1315 | 2.4899 | 2.9467
20 | 1.1848 | 1.7247 | 2.0860 | 2.4231 | 2.8453
25 | 1.1777 | 1.7081 | 2.0595 | 2.3846 | 2.7874
30 | 1.1731 | 1.6973 | 2.0423 | 2.3596 | 2.7500
oo | 1.1503 | 1.6449 | 1.9600 | 2.2414 | 2.5758

Table 2. Percentiles of the standard normal distribution.
Values §, are such that the probability

B (6,) = 2 = [ p(U)dU

vy 0.7500 | 0.9000 | 0.9500

0.9750 | 0.9900 | 0.9973

9 () | 0.8750 | 0.9500 | 0.9750

0.9875 | 0.9950 | 0.99865

0ry 1.1503 | 1.6449 | 1.9600

2.2414 | 2.5758 3.00
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Table 5. Abbe criterion. The critical values r, ,
are given for three significance levels, o

a=0.001|a=001|a=0.05
0.2949 0.3128 0.3902
0.2080 0.2690 0.4102
0.1817 0.2808 0.4451
0.1848 0.3070 0.4680
0.2018 0.3314 0.4912
9 0.2210 0.3544 0.5121
10 0.2408 0.3759 0.5311
11 0.2598 0.3957 0.5482
12 0.2778 0.4140 0.5638
13 0.2949 0.4309 0.5778
14 0.3112 0.4466 0.5908
15 0.3266 0.4611 0.6027
16 0.3413 0.4746 0.6137
17 0.3552 0.4872 0.6237
18 0.3684 0.4989 0.6330
19 0.3809 0.5100 0.6417
20 0.3926 0.5203 0.6498
21 0.4037 0.5301 0.6574
22 0.4142 0.5393 0.6645
23 0.4241 0.5479 0.6713
24 0.4334 0.5562 0.6776
25 0.4423 0.5639 0.6836
26 0.4509 0.5713 0.6893
27 0.4591 0.5784 0.6946
28 0.4670 0.5850 0.6996
29 0.4748 0.5915 0.7046
30 0.4822 0.5975 0.7091
35 0.5150 0.6242 0.7292
40 0.5425 0.6467 0.7461
45 0.5660 0.6659 0.7603
50 0.5853 0.6814 0.7718
55 0.6020 0.6949 0.7817
60 0.6174 0.7071 0.7906

ol | o o x| 3
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I1l. Processing data on a PC

In the previous sections, we explained in detail the sequence of calculations
performed for statistical analysis of experimental data. However, it is highly
unlikely today that anyone would think of doing these tedious calculations
manually or even writing a computer code, when almost every PC contains
the software that gives the result within a fraction of a second. The IMSL
(International Mathematical and Statistical Libraries) and NAG libraries for
Fortran and C, Maple, Microsoft Excel, Origin, Sigma Plot and many other
packages provide wide possibilities for analytical description and statistical
processing of data. Below we briefly comment on the usage of Origin 2017
software, which has a rich variety of options for processing of data, far beyond
the tools considered in this tutorial.

For processing the results of direct measurents, the instruments of
Descriptive Satistics explained in Chapter I are available under the
<Statistics> tab in the main menu and include calculation of various
characteristics of the samples and statistical tests.

The tools of regression analysis may be reached through the <Analysis>
tab in the main menu. Let us show how to perform a linear fit of the data
set that we treated in every detail in Appendix I. We choose <Fitting> —
<Linear Fit> — <Open Dialog>, as demonstrated in a snapshot below:

&l OriginPro 2017 64-bit - C\Users\alex

ile i iew o olumn orkshee nalysis atistics  Image Tools Forma indow Help
Fil Edit Vi Flot  Col Worksheet | Analysi Statisti I Tool F t Wind Hel
T b [ N L i O, = "
EEEEEEEE D@ﬂ Mathematics e - __E’H @:I - 6&. JJ@%
# B3 @ [ Fp Default Arial - |[0 D kenipulation Th = A By . BB P .ol )
= Fitting 2 Linear Fit 3 1 <Last used= 'l
® B Ao | Bm |
=2 E Signal Processing L4 Fit Linear with X Error... "
= Long Name Open Dialog...
5.," @\ Units Peaks and Baseline 4 Polynomial Fit...
ERIE=% Comments Multiple Li R ion...
% _*_ Flx)= 1 Linear Fit: <Llast used= utliple Linear Regression
5 1 05 25 2 Linear Fit: <Last used>... Monlinear Curve Fit... Ctri=¥
2 3 3 3 Linear Fit <default> ... Monlinear Implicit Curve Fit...
b 3 5 55
| FY 7 6 Monlinear Surface Fit...
E 5 ] 71
= - 5 Simulate Curve...
b
o [ 7 Simulate Surface...
=1 8
T g Exponential Fit...
= 10 single Peak Fit...
= A~ " A
2 12 Sigmoidal Fit...
o
FRPe
= 8 Compare Datasets...
o | @ 14
- 15 Compare Models...
2 0 16
Rank Models...
1 17

In the opened “Linear Fit” window (see the next snapshot) we must
first press the <Input> tab and specify the location of data on the values
of dependent and independent variables. In our case, the locations are
columns A and B of Bookl for the independent and dependent variable,

62



respectively. The other tabs in the dialog box serve for requesting the
components the statistical analysis and controlling the output. Pressing
<OK> button launches the computation.

LRI I LU W ML e e ALY (L T
File Edit View Plot Column Worksheet Analysis Statistics Image Tools Format Window Help
pRpbE/c-EER sEHMD aaml bd v o ERE BES: & awBERg 8028
# B3 _° #p Default: Arial v 0 - B ¥ U X ox sapAAE-M- A B 0 -
Az
EH A
N 0 [ 8w | — : IEW
. Long Name Linear Fit E
A Units i
a Comments Dizlog Theme = ﬂ
Fix)=
+ ¢ )1 05 55 Description | Performn Linear Fitting
1 2 3
3 3 5 Recalculate | panual v
3
e ; ; Input | Fit Control | Quantities | Residual Analysis | Output | Fitted Curves Plot | Find X/¥ | Residual Plots
- 3 "
T Multi-Data Fit Mode [ndependent Fit - Consolidated Report
2
T 9 E Input Data [ »
3 13 El Range 1 |[Bonk1]5haeﬂ‘[A,B] NI
12 ® [[Booki]5heetla %[
13
14 ¥ [[Bock1]SheetiiB =S
15
o 15 ' Ermar | |
i :11_8{ Flows al W
19
o 20
g 21 Corece
5 22
‘ 23
= 24

By pressing the <Quantities> tab, for instance, one can request
calculation of the confidence intervals for parameter estimates, the residual
sum of squares, and many other statistics, as shown in the next snapshot.

An output window exemplified below conatins preliminary notes,
estimated parameter values, their errors (see items 5 and 12 of Appendix 1),
the residual sum of squares, the multiple correlation coefficient (named
COD, the coefficient of determination), see items 8 and 10 of Appendix 1,
respectively. The covariance matrix of parameter estimates (item 11 of
Appendix 1) is given under the title “Covariance B”.

Adj.R-Square displays the value 1 — R(n—1)/[(n —1)Q], see Eq.99,
which takes into account the number of degrees of freedom (number of
parameters) of the selected model; for a good model, this value should
tend to one. Student’s and Fisher’s ratios (t-Value) and (F Value, Eq. 101),
respectively, are given together with the probabilities (Prob>|t| and Prob>F)
for checking the significance of the parameters. Small F value and,
accordingly, large probability “Prob>F" (larger than the selected significance
level) reveal the inadequacy of the model. The results of regression also
contain the values of dependent variable predicted by the model and the
residuals, which appear in a separate sheet “FitLinearCurvel”. The plot of
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g Recalculate | Manual v
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Bl Fit Paramet _FI
Walue
Standard Error
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Description | Perform Linear Fitting
User Name | alexey
Operation Time | 22.12.2024 18:31:53
Equation | ¥y =a + b*x
Report Status | New Analysis Report
Weight | No Weighting
Special Input Handling
Data Filter | No
Input Data
Input X Data Source | |nput Y Data Source | Range
[Book1]Sheet1!A [Book1]Sheet1IB [1%5*%]
Paramefers
Value Standard Error t-Value Prob=|t|
Intercept 1,84674 0,52185| 3,53885 0,0384
Slope 0,63261 0,09616 | 6,57862 | 0,00715
Slope is significantly different from zero (See ANOVA Table).
Standard Error was scaled with square root of reduced Chi-Sar.
Statistics
B
Number of Points 5
Degrees of Freedom 3
Residual Sum of Squares | 1,02087
Pearson'sr ~ 0,96704
R-Square(COD) | 0,93517
Adj. R-Square |  0,91357
Summary
Intercept Slope Statistics
Value Standard Error Value Standard Error | Adj. R-Square
B 184674 0,52185 | 0,63261 0,09616 0,91357
ANOVA
DF | Sumof Squares = Mean Square F Value Prob=F
Model 1 14,72713 1472713 | 43,27819 | 0,00715
B Error 3 1,02087 0,34029
Total 4 15,748

At the 0.05 level, the slope is significantly different from zero.

Covariance
B
Intercept Slope
Intercept 027232 -0,04346
Slope | -0,04346 0,00925
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the initial data with the regression line and the plots of the residuals appear
at the bottom of the output window (not shown here).

The Origin software contains many other important features beyond the
scope of this tutorial. Help on each option can be found in a comprehensive
Help menu.

66



IVV. Notation

Latin

A — regressor matrix (56);

a — expectation value;

C — Fisher’s information matrix (88); for equally accurate measurements,
see (60);

cov — covariance (37);

D — variance;

D,, — sample variance (2);

det — determinant;

F, ,, — arandom variable that has Fisher’s distribution with n,m degrees of
freedom (13);

Fy, #, o — quantile of the Fisher’s distribution at significance level «;

Fy, 1,4 — the same at confidence level ;

f — number of degrees of freedom,;

fi(x) — a specified function of variable z, (52);

Hy — statistical hypothesis;

I — identity matrix;

K(Y) — covariance matrix of the observed values;

K(Y) — covariance matrix of the predicted values (72);

K (5) — covariance matrix of parameter estimates (71);

[ — the number of estimated parameters;

M — operator that produces the expectation value;

n — sample size;

P (B) — probability of an event B;

P — matrix of weights (85);

R — residual sum of squares (87); for equally accurate measurements,
see (66);

r — sample correlation coefficient;

r. — sample coefficient of multiple correlation (99, 100);

s — root mean square deviation;

5% — sample estimate of the variance (16);

t, — a random variable that has Student’s distribution (10) with n degrees
of freedom:;

tn~ — quantile of the Student’s distribution at the confidence level ;

U — a random variable that has the standard normal distribution (§3,
Section I);

U, — quantile of the standard normal distribution;
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W — critical region of the hypothesis;

X — random variable;

X — sample mean;

X; — result of observation;

x; — fixed experimental value of the argument for the function y(z), (53);
Y — vector of observed values v;, (55);

Y — vector of predicted values Ui, (64);

y; — experimentally measured value of the function y(z), (53)

Greek

« — significance level,

~ — confidence level;

d — vector of residuals (65);

0, — v — percentage quantile;

e — vector of errors (55);

g; — measurement error (53);

n — random variable;

n(x) — mathematical model (52);

Q — parameter expectation value;

6 — vector of parameter estimates (86); for equally accurate measurements,
see (62);

A; — eigenvalues;

& — random variable;

p — probability density;

pij — correlation coefficient (39);

o — standard deviation;

@ — probability integral (19) for the standard normal distribution;

Xfc — a random variable that has Pearson’s distribution with f degrees of
freedom (11);

X?ﬂl—a /2 x?a Pl quantiles of the Pearson’s distribution at significance

level a, (21).
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