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The present course is aimed to provide systematic instructions for the choice and application of methods related to processing
the data gotten through the physico-chemical experiments. A correct and conscientious estimation of the experimental results ne-
cessitates certain knowledge of mathematical statistics. So, in order not to convert mathematical routines into a set of formal reci-
pes, whose content is “a black box”, the course explicates basic ideas of statistical methods in conjugation with concepts and notions
of the calculus in probabilities. The authors were focused on giving statistical paradigm transparently, avoiding cumbersome mathe-
matical machinery. As a rule, during the interpretation of experimental data several issues do arise. In first place, the experimental
result inevitably contains methodological or/and random errors. Therefore, it is a must to handle a skill of accessing the reliability of
experimental data, their error bars, to master getting an estimate of the true values of a measurable parameter in a series of sequel
experiments. Another thing, in the course of experimental studying there comes about a problem of analytical representation of
various experimental regularities. Quite often the mathematically analytical type of such dependencies is known a priori, however,
formulae contain a number of constants (parameters), whose values are adjusted so that the experimental data are described in
the best way. Owing to that, the experimental variables contain random errors, estimates of the said parameters also turn out to be
random variables, containing errors, whose statistical analysis is necessary. The course presents typical examples of the methods
of statistical estimation. Last, but not least, the course gives algorithms of hypotheses testing with regard to the true values of the
measured quantities, their variances, coincidence of the statistical characteristics in separate and parallel samples.
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Outlines of the course

U Processing results of direct measurements, estimates of the
purpose(experimentally gotten) quantities and their uncertainties, transfer
of measurement uncertainties onto analytical functions of directly measured
values

U Square-least regression: processing data on the response with a regard to
the changing predictor

U Hypothesis testing
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Part 1

Processing results of direct measurements and transfer of uncertainties of direct measurements onto analytically
defined functions of directly measured properties
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Why is it necessary to process experimental data?

1. There are uncertainties in the gotten values of
directly measured quantities (there are errors, both
random and systematic). So, in 1%t place, one needs
analyzing the reliability of the data

2. Itis necessary to analytically present the data

3. Analytical representation includes certain sets of
parameters, their estimation bases on the direct
measurements, thereby parameters are also subject
to some uncertainties, and yet again there is an issue
of estimating these uncertainties
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Any experimental observation is done amidst action of many
origins who can not be accounted for explicitly. From here
comes the irreproducibility of the observation result. The

latter can be formulated in terms of the error

Errors can be subdivided into:
systematic and random.
If systematic errors are eliminated, the analysis of random
errors make appearance as the object of the calculus in
probabilities and its digression in math statistics
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We articulate three types of problems with regard to random variables:

> Given statistical law is known, one needs to estimate the parameters of
the latter

» Hypothesis testing

> One needs establishing of the statistical law

So, a question arises: what is the statistical law?
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Recalling some bits of the calculus in probabilities
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We define inter-relation between the system we observe and
outer conditions. We call the set of conditions determining the
state of our system as the complex G of conditions. Now we
switch to a particular property (event), whose appearance
could be formalized in a list of outcomes or events

A, B, C, D... etc. in the complex G. If any of them can take place
or not in the G-complex we call them random events

1. If the event consisting in that either A or B takes place in the G-complex is termed their sum, A + B
2. An event is called persistent, if in the G-complex it takes place necessarily, U-event
3. An event is termed impossible, if it will never ever take place in the G-complex, V-event

4. If an event consists in that both, event A and event B, take place in the G-complex, it is referred to as their
product, AB

5. Events A and B are called incompatible if AB =V

6.Events{A;, A4,, ...} constitute a complete group of events, if at least one of them takes
place necessarily in the G-complex, i.e. };;A; = U

Let us now consider a complete group of equally plausible events (intuitively asserted), who are pair-wise
incompatible. Now we constitute a sample space of events = the said group, impossible event and all
the events, who can be sub-divided into partial events, included into the group
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Then the definition of the probability of an event from the sample space
would be the ratio =
the number of events into which the particular event could be subdivided
over
the number of events in the complete group

Obvious properties of the probability, stemming from the definition:

1.wid)=0
2.w(U) =1
3.w(lF)=10

4. the probability of an event, who is a sum of incompatible events A and B:
w(d + B) = w(d) + w(B)

e.g. Tossing a die

A —falling out of an even nominal

B —falling out a nominal “5"

3 1 2
Complete group contains 6 events, so, w(d + B) = :te=3
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Consider now so called conditional probabilities and regularities bound with them and the general
definition of the probability

An example. What is the probability of that the sum of two tossed dice equals 6, if the fallen out sum
is even

Define now a complete group for two distinguishable dice....Obviously it has 36 events. How many of
them procure an evensum? 18. 5o, the complete group for defining the probability of getting sum &
contains 18 events:

2,

l;rssn + Sred: greEEn +4red: 3§rssn +3red: 4;rssn + zred: Sgrssn + 1-reni

. . . 5
S0, w(falling out 6, given the sum is even) = T T EentA given B occurred, w(4/,)
y '’ B

What's the unconditional probability of having sum even?
. 18
Obviously, x /

What's the unconditional probability of an event that

the fallen out sum simultaneouslyis even and equals 62 occurred simultaneously w(AB)
. 5
Obviously, %

Unconditional event B, w(B)

Unconditional event A (6-sum), but B (even sum)
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| take the liberty of the generalization without stringent prove:
wiAB)

“{Afg} = wiB)

w(aB) =w(4/p) - w(B)

If w (A/B) =w(4), events A and B are independent:

widB) = wid) -w(B)
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w(AB) = w(A) -w(B)

Example of independent events.
What is the probability of that upon tossing two dice “5” nominal falls
out on one die and an even nominal falls out on the other?

Probability of “5” on a dice is %- 3
Probability of even nominal on the other is x
i.e.therh.s.is :_GZE'

Insofar as dice are distinguishable, the result
must be multiplied by 2 => %.

1

wi(d) -w(B) = P

Now switch to the event AB, its complete group contains 36
events, and the very event splits into 6 results:

Sgrssn + Zpes 5grssn + 4ppys sgrssn + Bypg: Zgrssn + 5peqs 4grssr1 + Spegs ﬁgrssn + Speg

1

w(dB) =

gl
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Now switch to the continuous random events

dx

dw(x) = Cdx: C = const
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1 -
dw(r) = f':f':] dr flr) = Nor exp {—F}
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Multidimensional random variables

Country's legal tender (i=1,2,3) | China | UK EU

Coinvalue (j=1,2)

1 + + +
2 + +
1 . =
Aunit event: w(:{._v,)ZE: i=1.2.3%j=12

(xey;): i=12.3:;j=12 2 3

2 3
wixy) = Z w(xz,y;) = 5 W= ZW(xi. =g
j=1

J i=1
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Multidimensional continuous random variable

e

dw(y) =( [ re y)az)dy
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What is statistical law?
For a discrete random variable it is a bi-jection:

EA X3 x3 ES

wixy) wix;) wixg) wixy,)

For a continuous random variable it is the function of the probability
density:

fx.y) fix)

Apart from the dependence on the random variable, statistical
law contain certain parameters, who's determination is
extremely important for a judgment about true value of the
studied quantity
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We focus primarily on two of them:

O statistical expectation

MX= Z:c[- wix;): MX= ]‘= xfa)dx

Q Variance

DX = M(x—MX)?
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In first place, we discuss their formal properties, later we elucidate their
statistical meaning

1. Expectation of a sum of random variables equals the sum of expectations:
M(x +y) = MX + MY

2. Expectation of a constant (a persistent event) equals this constant :

MC=C

3. If variables are independent, then it holds:
M(xy)=MX MY

3a. Expectation of a linear function of a random variable holds:

MCX = C-MX
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We prove properties of expectation in case of a discrete random variable
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M(x+y) = Z("L +yw(xy;) = Z xiw(xy;) + ZYJ w(xy;) =

leZw(xlyj) +Zy] Zw(xly]) Zx w(x;) + Zy] w(y]) MX + MY

M(xy) = Z xiyjw(xy;) = Z xiyjw(x)w(y;) = Z xiW(xi)'ZYjW(Yj) = MX-MY
i i i J
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Now prove the properties of the variance:

1. If variables x and y are independent, then D(x + y) = DX + DY
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Dx+y)=M[(x+y)-Mx+y]*=
= M[(x —MX) + (y — MY)|* =
=M[(x—MX)?>+(y—MY)? +2(x — MX)(y — MY)| =

=DX+ DY + M[2(x — MX)(y — MY)]
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Statistical expectation of the function of random variable

+ ¥

y+dy

— x
X ' | x+dx
dw(x) = dw(y)
my= [ yawe) = [ ywawod yrwas
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Consider a random variable £€(—0, + ) with
statistical law f(&). Then for a function of this
variable £?the expectation holds:

MZ= T £f@az= f 21@az + rfff(f;)dﬁ T 21@az >

> J:Eff(t,‘)d¢+ Tfff(é]di

[[ F@ag+ [ ft«:)d;l w(lgi > 2

Pafnutiy Chebyshev

M _
E_;’Z o w2 2 1821-1894

specifically E=MX—x =>M[(MX-x)*]= DX

w(lx —MX| = &) < I:_—;Y
Chebyshev inequality
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Central limit theorem

An experimental result (either per se or as an algebraic sum of true value and an error) is
provided by operation of a number of random events. If a contribution of any of them is not
overwhelming and each of them has finite expectation and variance, then consider the sum

E= Zi &
(&; are presentation of random variables corresponding to contributing random events).

This sum complies with a statistical law close to the normal (a.k.a. Gaussian) law.

o= —om{ - £
Xl = ax -
Aleksander Lyapunov Zme P 20°
1857-1918
E?ch of &; m'lght comply with f';my xeN(a, 02)
statistical law, it should not provide an
overwhelming contributioninto & !
Johann Carl Friedrich
Gauss
1777-1855
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MX = Gl a)z}

] - ar= +fm< +aexp (-] g -
xmexp 307 x—m x—a+ a)exp 307 x =

400

17 (x — a)? d a (x — a)? P y? d _21 a o =
= o | O g e | (a5 g | P ) = g

Siméon Denis Poisson
1781-1840
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+00 +0oo

1 (x —a)? 1 y? 1

DX = f (x —a)%ex {— }dx = J Zex {—— dy = ———+/8m06 = g2
V2mo? J P 20?2 V2mo? J. L 7 g 2V 2mo?

+00 +oo
d d [ 1 =@
2 ,—ax? - _ —ax? —___ |Z_Z [
fxe dx aafe dx aa\/; 2,a3
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One more simple, though, important property of variance (independent of the statistical law) —
In our numeration it is the 2"d property:

If C = const > D(Cx) = M[Cx — M(Cx)]?> = M{C?(x — MX)?} = C’M(x — MX)? = C?DX
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The central limit theorem asserts, that there are reasons to reckon that observation of a
single random variable in a reproduceable complex of conditions comply with the normal
law. If one knows analytical form of the statistical law, how can we determine its
parameters?

We give a pinpointed formulation of the issue. All the perceivable results of the experiment
constitute so called entire assembly, we by necessity have at most some number of
outcomes of our test measurements, called a sample.

{x1,x2, ... x,} — a sample, n — sample size.

Following Lyapunov theorem, we presume that exact values of the sample are
implementation of a random variable &, distributed normally. One experimental move we
will consider independent of another.

An alternative standpoint, each of the values {x;, x5, ... x,} are numeric values gotten by
independent random variables {&;, &5, ... £, } distributed in accord with a normal law having
the same analytical form and the same parameters, although we do not know their values.

So, the question stands: how basing on the elements of the sample we can get estimates of
the normal distribution parameters?

a=a({xy,xz .. %)) 02 = 02({x1, %z, ... Xn}).

Important features of these estimates: they are 1) random variables and 2) point estimates.
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So, the question stands: how basing on the elements of the sample we can get
estimates of the normal distribution parameters?

a= a({xl,xz, ---xn}) 5—2 = ﬁ({xl,xZ, ...xn}).

Obvious thing is in that estimates are also random variables, and even for a fixed
sample size they would alter from one sample to another. Therefore such estimates
would hardly be rationalized from the standpoint of a question: how close are they to

Ronald Aylmer
Fisher

the true values of parameters a and o2? 1890-1962

The methodology of the answer is connected with the maximum likelihood estimation

approach (R. Fisher, 1922).
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Insofar as {€4,&,, ... &, } are independent, the probability of an event

{&1 = x1,&, = x5, ... &, = xp,} conforms to the theorem about independent events:

aw(&y = x1 +dxy, & = x5 +dxy, .. & = Xy +dxy) = Hdw(éi =x;) = nf(&i' a,0%)dE;
i=1 i=1

Likelihood function

L= (1_1[ fea, 02)>

is the density of probabilities for an event consistent in that the random variables
{€1,&,, ... £} simultaneously acquired a set of values:

(&1 =x1 +dxy, 6 = x5 +dxy, . &y = X + dxq}
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Fisher principle asserts that estimation of the distribution parameters of L, and thereby, f, implement

max L. It means that what happened had the maximum probability

L_l—[ 1 (xi — )%
Lz P e
l

__n n , 1 2
InL = —EanTt—Elna _Z_O'ZZ(xi —a)

i

dinL _n 1 N 1 z( )2 =
do2 2 o2 20*L Xi—ar=
L

dlnL 2
e 2z(xi—a)=0
i

da 202
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L - 1 o
As far as aposteriori o < +00 => ¢2 = ;Zi(xi —a)? andhence };x; —na = 0.

1 1
a=;in o2 =£Z(x,-—a)2
L 13

DE, = o2

Eventually, we have:

&I
Il
o

Vlasov A., Victorov A., and Venediktova A.
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Point estimates

{xi} € f(X)o,,04..0m 1<isn

1. Consistent estimate .
Sample size

n—-oo

limw(|§}") - 0a| < e) =1

/
Number of numeric parameter of the law f(x)

2. Unbiased estimate

n = const M@fzn) =0
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. . ) . 1
From the standpoint of these properties we analyze point estimates x = _2 X;
n
i

In first place, the estimate of the expectation
single sample

mean

_ 1 1
1. szM(r—lEl-xi)zzziMxi=M§=a
Therefore, single sample mean is unbiased estimate of the expectation

2. Recall the Chebyshev inequality:
D
w(E[-ME| > &) <
We set & = X, then
w(E - Mz| > &) <%

Consider the r.h.s.:

Dz =D AN by = tpe=lp
£=D(5 Q%) =57 ), Pxi = gz De = D
1A 1A

Hence, the Chebyshev inequality takes the form:
D
w(lx —Mx|>¢e) <—
ne

That means that with an increase of the sample size the probability of deviation of the sample mean from
the expectation decreases!
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There should be done a special note regarding the property of the estimate
consistency.

All of the real measurements are performed with apparatus machinery, who has
certain thresholds of precision §x. So, any single measurement of a sample has

two terms xgappare"t) = xgmndom) + &x and the definition of consistency
(apparent)

involves the sample {xl

}. Therefore, this definition deals with a double
inequality:
f(apparent) —e<a< f(apparent) +&

Its probability equals 1 — W(|(x(appare"f) — a| > g) =1- %

n
E(apparent) — lz xgrandom) + &x
=1
Obviously, whatever big is the sample size, only the 15t term of the latter equation
depends on it, apparatus threshold sensitivity staying constant. So, the 15tterm
can be stabilizing with, n — oo, whilst the 2" one will never ever diminish
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1v,
| | Den=—> @-D)
Now consider sample variance: ne
1 i sample variance
D =) (i = D)2
i

- %Z(xi —a—-(x-a) = %Z(xi —a)* + %Z(ﬁ? -a)? - %Z(xi —a)(x—a)

i

:%Z(Xi—a)2+(f—a)2_2(f—a)[%zxi_%.a.n] =%Z(xz—a)2—(x—a)2

This quantity is obviously random.
Calculate its expectation:

MDE,
D
" [%Z(xi B “)Z] = %Z M[(x; — )2 =%-n ‘D M((x-a)?] =Dx=—

MDE, = Dé— %Z _ (n-1) D¢ The sample variance is a blasec.l estimate of the entire
n n assembly variance

Vlasov A., Victorov A., and Venediktova A.
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Mean square deviation

-1
$2 = - Dg, MS% = - M[Dg,] = - “2. pe = D¢

n-1

Mean square deviation, S, is unbiased estimate of the assembly variance

Both estimates gotten are so called point estimates: although they procure estimation of the
purpose quantities, they cater for no information as to how close we are regarding the
estimated values.

What is needed is to establish statistical laws of their distribution.
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Some more bits of the Gaussian function

fG) =

1 (x —a)?
V2mo? exp{— 202 }

f'( )= _ (x—a) {_(x—a)z}
= 202\ 2mo? P

a a+a X

Xmax = @
vl 1 (x — a)? x—a) (x—-a) (x—a)*) _ 1 (x—a)?) [(x—a)? .
fred=- 02\2mo? exp {_ 207 } * o220’ o2 exp {_ 207 } " 62V2n02 “xp {_ 202 } . [ a2 ]

Xinflection = @ to
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Statistical law for the function of the normally distributed
random variable

wiy<YV)=wkx<X)

Recap the differentiation of an
integral with a varying upper limit:
x(y)

d dx
< f fede = 1093

dx

const

‘ 0 dw(y<Y) d o
f«p(y)dy= f fdx  => ¢(Y)=%=d—f fx)dx = f(X)-X (Y)

. . . . . d
Since X is any value in a span of x, the latter relation can be given as @(y) = f(x) -d—i

If xeN(a, a?) , what would be the statistical law of the variable y = x%'a ?

Vlasov A., Victorov A., and Venediktova A.
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—a)? 2
x=yot+ta => oy = 1 exp{_u}.aziexp{—y_}

if xeN(a, 02) =>y= ? :  yeN(0,1) — standard normal distribution
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Composition of the normal laws

Independent random variables

xeN(ay, 0f) yeN(az, 03)

What is the statistical law of

z=x+y?

Vlasov A., Victorov A., and Venediktova A.
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z<7Z>

—o0 < x < 400
=

—o<y<Z-—-x

Family of loci y,_,(x),z = const = Z

+00 Z-x
d i
9(2) =— fO| [\ fOdy|dx | =
dz \
—0o —00 |
\
NB: this is differentiation with regard to the upper limit of vafyingy =Y =Z -

+00

= [ r@r@-vax

—00

Since we have VZ € z =>

400
mn=ffuva—mw
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g(z) = J fx)f(z—x)dx =

—00 =

+00
1 f exp {—
210, 0,

(x — a1)2}
——ex

2
204

{_ (z—x—ay)?

2
20,

1 x2—2xa; +a? x?-2x(z—ay) + (z—a,)?
210, 0, _f P {_ 207 B 20} } dx
1 1 1 a, z-—a, a?  (z—ay)?
o | ez e e )
+oo
= 271;02 f exp{—Mx? + —[dax =
1 2 B B B?
20,0, f exp{—(\/zx) +2\/Z'x-ﬁ+7—7—C}dx=

— 00
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+0oo

2
1 — B B? — AC
27'[0'10'2 exp {_ ( Arx- \/_Z> } Fexp {T} dx -

1 B2—Ac) 1 B\°
. exp{T}-\/—Z:!; exp{— <\/Tx—ﬁ> }d(\/Tx)

1 \/E B? — AC
" 2moy0, NA exp A

_of + 05

~ 20ic?
1 (Z—ia1+a2))2
D | oD

g9(z) =

zeN(a, 0%); a,=a,+a, o%=o0%+03
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Let a variable comply with a normal law xeN(a, 0'2). And a function is defined y(x)= C - x,
C = const

What would be the statistical law of y?

Follow the proven theorem

1 (x—a)?

o) = exp {— } A1 exp {_ (Cx—Ca)Z} __1 exp {_ (y—ay)z}
Vamo? 202 ) ¢ Ja(e0? 2(0-C)? \/;0; 202

Obviously, yeN(a,, 0%), where a, = Ca; 03 = C*0?
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Distributions connected with the standard normal law: Student distribution

n
tk -
Iyl e
‘ k i=1>i
f(ty) T
degree of freedom
K=
. William Sealy Gosset
l N, {E’l} = N(O’ 1) | (a.k.a. Student)
Y 1876-1937
All of the random variables are
k=4 inter-independent
——
0 1
5
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f(tw)

() +u@) &

y=095 k=6

w(|t,| < t,(¥))=y

Vlasov A., Victorov A., and Venediktova A.

7| os e 0,7 0.4 09 Jb 095 || 098 095 | 0999
|| Looo | 1,376 | 1963 | 3,078 /?ﬁ 12,706 31,821 |63,657 B36619
2 | og16 | 1,061 | 1336 | 1L8Bs L3920 | 4303 | 6985 | 9925 [31,59
3| 765 | 0978 | 1250 | 1,638 2353 | 30182 || 4541 | 5Bal |1294)
4 T4l o941 1190 | 1,543 1 2032 || 2,776 | 3,747 | 4604 | K610
5 727 90 L15& 476 2015 2.571 1385 4032

b 718 S| | 1440 | 1943 [[2447 || 3943 13707 | 59
TLL | 896 | LM | 1,415 | 1,895 || 2,368 || 2.998 | 3,499 | 5405
B | 706 | 889 |4 108 | 1,397 | 1860 | 2,306 || 2,896 | 3.355 | 5041
9 | 703 | B8} 1100 | 1,383 | 1833 || 2362 || 2821 | 3350 | 4781
1w | oo | g 1093 | 1,372 | 1812 || 2:228 || 2764 | 3169 | 4,587
697 TG 1.088 1.363 L.7e6 || 2,201 2718 | 3,106 | 4.487
695 873 1,083 1,356 | 1,782 || 2,179 || 2.681 3055 | 4318
870 I 1,350 | 1,771 2160 || 2650 | 3012 | 4.221
2 68 | 1076 | 4345 | 1760 | 20045 || 2624 | 2977 | 40140
691 66 | 1,074 | 1341 | 1,753 | 2130 || 2.602 | 2947 | 4,073
690 | 865 | 1071 | 1,337 | 1746 || 2120 || 2,583 | 20921 | 4015
689 | 863 | 1.069 | 1,333 | 1.740 || 2,110 || 2,567 | 2,898 | 3,965
688 | 862 | 1067 | 1,330 | 1734 | 2103 || 20552 | 287 | 3912
1] R&1 1,066 1.328 1,729 | 2,093 | 2539 | 2,861 3.883
687 %60 | 1064 | 1,325 | 1,725 || 2,086 || 2,528 | 2,845 | 3850
21 686 859 | 1063 | 1323 | 1,721 || 2080 | 2518 | 283 | 3,819
22 | ess | sse | 1ee1 | 1,321 | 1,717 || 2074 || 2508 | 2.819 | 3,792
23 | 685 | 838 | Los0 | 1,319 | 1.714 || 2,069 || 2500 | 2807 | 3,767
2a | e85 | 837 | 1059 | 1318 | 1700 | 2084 || 2492 | 2,797 | 3,748
25 | o684 | 8356 | 1,058 | 1,316 | 1.708 [ 2,060 || 2.485 | 2787 | 3,723
26 684 256 1,58 1.315 1.706 || 2,056 | 2479 | 2,779 3,707
27 | 684 | 855 | 1,057 | 1314 | 1,700 [ 2052 || 2473 | 2,771 | 3690
I8 6813 855 1,056 L3y | 1,70 2467 | 2,763 3,674
29 | 683 | B34 | 1,055 | 1,311 [ 1.699. || Zpds | 2462 | 2,756 | 3,659
30 | s83 | 834 | 10585 | 1310 | 1667 || 20043 || 22457 | 2750 | 3646
a0 | 681 | 851 | 1050 | 1,303 | e84 | 2020 || 2423 | 2704 | 3551
60 | 679 | B48 | 1046 | 1,296 | 1,671 [ 20000 || 2,390 | 2.660 | 3,480
120 677 345 1041 1.289 1,658 || 1,980 || 2,358 | 2,617 3,373
an 674 242 1036 1.282 1.645 I 1,960 || 2326 | 2,576 3,291
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Distributions connected with the standard normal law: Pearson distribution

. f(ie)

x5

k
>
i=1

k=1
: {&} € N(o, 1)
k=6 Y
All of the random variables are
inter-independent Karl (Carl) Pearson
R 8 o 1857-1936
L
0 ? Xk

Vlasov A., Victorov A., and Venediktova A.

Mathematical Reduction of Experimental Data 52 /221




The Pearson y? distribution

2 & Tloose 0,70 0,50 0,50 0,05 .94 099 0999
f (Xk) P
0,455 074 | 1642 | 2 3,84 5.4 664 | 10,83
4l L B0 | 599 782 | @2 | 1382
4.64 625 | 782|| o984 | 134 | 1827
/si;n/ 778 949 || 1167 |1 18,46
! .29 g2a | 107|| 1339 | 1509 | 20,5
T ES56 T5.0% TR | 255 |
» 980 | 1202 | 1407 (] 1662 | 1848 | 24,3
103 | 1336 | 1551 (] 1817 | 200 26,1
1224 | 14588 | 1692|] 198 | 217 | 279
13.44 | 1598 | g3 |] 212 | 232 ) 296
1463 | 1728 | 1988 || 226 | 247 | 313
1581 | 18,55 [ 210 4.1 262 | 329
1698 | 1981 | 224 || 255 7.7 34,5
1515 | 211 337 || %5 | 290 36.1
1931 | 223 250 || 23 06 | 317
we | Bs | Be |l 00 |38 | W
. 1, . X !
quantile . 26 | 260 | 289 || 23 | e | 423
. . 219 272 ;u. i 337 6.2 43.;
0 | 193 | 28 | 250 8.4 i 350 36 | 45,
Yy=095 k=6 201203 | 239 22 296 | 327 [| 363 | 389 | 468
22 | 213 49 | 273 WA 19 || 37 | a3 | a3
23 | 23 60 | 284 320 35,2 w0 | 416 | 497
4 |33 |27 296 332 w4 || 403 | 430 51.2
35 | 143 | 282 0,7 a4 | 377 || ;16 | 443 | 526
2% | 253 | 192 3L 6 | e || 429 | ss58 | 541
27 | 263 | 303 2.9 7 | 40, Y 470 | 555
2% | 273 4 | 40 179 | 413 454 | 483 56,9
2 2 | 283 328 5.1 391 426 467 | 496 58.3
W(X X < Xk (y)):y 30 1203 1335 l32 | awd | a3s | a0 |so9 | 597
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Fisher lemma

Let there be a sample of size n. Its elements are random variables x; e N (a, 62). Consider

variables x; = x; — a. By virtue of the proven theorems x; e N (0, o?).

o1 P 1 _
Calculate the sample meanx = ;Zixi =;Zi(xl- —a) = ;Zixi —a=x-a.

S2(n—1) = Z(xi _%)? = E(xi —a-GFE-a) = z (xi - f’)z - (5')2 (n—1)

i i i

Therefore, the mean average of the sample x; e N (0, 0?) is the same as of the original
experimentally gotten sample x;eN(a, o2).
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!
Now consider a set of variables {y;},gotten by a linear transform of a sample {xl-}:

!
—_yn
yj - Za:l Cjaxa-

As it follows from the previously proven theorems all of the {y;} are distributed normally.
We calculate numeric values of their parameters:

n n
My; =M (Z cjax;> = Z CjoaMxy = 0.
a=1 a=1

Leopold Kronecker
In a particular case of orthogonal matrix one should be mindful of this property: 1823-1891
€11 Gzt Cizee Zciacjazaij 1, ifi=j I
EC21 sz: C23 ...... a 61] - O ;lf i ;t]
Cni Cnal Cnz oo
o : Z CaiCuj = 6ij
a

Vlasov A., Victorov A., and Venediktova A. Mathematical Reduction of Experimental Data 55 /221




One more step further: calculate the expectation of a product y; - y;
M(y;i-y)=M[p;=0)-(y;—0)] =M [Za CiaXa * X Cjﬁxﬁ] = Yap CiaCipM (xaxﬁ)
Since x(; and x[’; are independent, it holds:

a+f =>Mx;Mxé=0

a=f :>M(x;—0)(x;—0)=M(xa—0)2=02

Consequently, M (y; - ¥;) = X p CiaCipapo? = 0% Xa CiaCia = 02 6j;

Therefore all of the {y;} are non-correlated, and insofar as
they are|normally distributed, they are independent |« Thisisin advance!!!

The validation will be
given in Part 2
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Eventually, the “dry fallout” follows:
1. M(y?) = Dy?=c?

2. If the C matrix is an orthogonal one, then y; € N(0, 6%)
3. All the {y;} are statistically inter-independent

It is shown in statistics that there exists an orthogonal matrix:

1 1 1

N
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Then, the features of the transform are:

’ A

, 2
1. y; € N(0,02), because y; = F + \/—_ + - = Jn¥ (f eN (0,%))

"2
2. Due to the fact that orthogonal transform does not change the length of a vector, we have ¥, y? = ¥; (xi)

Then for a sample average square deviation one has:

2

S?m—-1) =Y, (xl' - f')z = (x£)2 - 23?,Zl-x£ +n (f,) =2 (x£)2 —[n (f’)Z

n 2 2 n 2
i=1Yi — = i=2Yi

So, the quantity S?(n — 1) can be presented as a sum of (1 — 1) statistically independent standard normal random
variables y; € N(0,02)

{y;} are inter-independent => S?(n — 1) is independent from 92', insofar as it equals \}/I—%

Vlasov A., Victorov A., and Venediktova A.
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2(0_ N
Now consider a quantity s (:2 D _ >, (%) , the sum on the r.h.s. embraces (n — 1) terms
Vi
—eN(o,1
—eN(o, 1)
k
Remember the definition of the Pearson variable: XZ = Z g?
k i
i=1
S2(n-1) _
o2 — An-1
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Now we turn back to the sample average: ¥n = Y",x;; x;€ N(a,0?)
_ 1

Mx = M(;Z?ﬂxi) = Mxi =a
_ 1 1 o?

Dx:D (ZZ?=1xL)=§Z?=1DxL = 7

xeN(a,c?) => (f_a) eN(0,1)
/\vm

x-a) 1 _ G-V _,

(o)
/x/ﬁ 1 |S2(n—1)
(n—1) o2

Independent standard normal variables feature in the denominator and in the numerator
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Ronald Aylmer
Fisher
1890-1962

Vlasov A., Victorov A., and Venediktova A.

The Fisher lemma

/ x;€ N(a,a?),

1<i<n
U
¥ — 52(n-1) 2
%ﬁ: ne1 g2 An-1
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Interval estimates

Now we know how to estimate true value of the measured quantity: we set it equal to the
sample average; we estimate the variance by the value of the square root deviation.
And so, we come to the issue of judging the quality of the said point estimates

If we have a point estimate (basing on sample size n) of some parameter of the distribution

0,0

Estimate / \ True value of the parameter

What we need is to establish quantitative answer to a question:
What is the link between the possible estimation error (accuracy) and confidence probability (reliability)?

W(|én—9| <g) =y
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We need to interconnect the probability of the random event (the difference of the estimate
does not surpass particular value of the deviation, in other words uncertainty) with boundaries
of the interval, cast by this uncertainty

0, — 6| <e = 0,—e<0<0,—¢

@ O real axis
confidence interval

True value 0 is somewhere inside confidence interval with confidence probability y

Vlasov A., Victorov A., and Venediktova A.

Mathematical Reduction of Experimental Data 63 /221




Confidence interval for a single measurement with a known variance

|x—al

The inequality |x — a| < € is equivalent to < E = §. Therefore, their

a
o
probabilities are equal: w(|x —al < &) =w (@ <i= 6)

g

w(ls,]) =v
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oge8es

t2
®(5) = “hdt =y =w(t| < 6)
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Consider a task of judging about the confidence of a single measurement with known variance so
that deviation from the true value will not surpass a value k - g, k is integer (1,2,3)

w(lx —al < ko) = w<|¥| <k-= dJ(k))
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w(x —al<1:-0)=®(1) =0.6827
w(lx —al <2-0) = ®(2) = 0.9545
w(lx —al <3:0) = ®(3) =0.9973
Empirical principle, “the rule of 3 - g “: if you perform a single measurement

within a methodology and a setup with known general variance, then the
probability to decline from the true value more than VDX is less than 0.3 %
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Alternatively, if the available data-base is only the Laplace function, then the procedure of
getting mapping of yonto 4, is as follows:

®(5,)= “T}’ = j fUau

3
¥
Y 0.7500 0.9000 0.9500 0.9750 0.9900
O ((j ) 0.8750 0.9500 0.9750 0.9875 0.9950
S, 1.1503 1.6449 1.9600 22414 2.5758
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An interval estimate of a sample average for a known general assembly variance

X—a X—a
{x;eN(a,08)} > x JO—GN(OJ); t=g5,; w(ltl|<6,) =y
Vn Vn

Y “standard normal distribution™ iay

~6y <5— <6,

Jn

Interval estimate for the expectation

| 0, 0y O'OI
I~ =<a<x+
PG NG
€, precision or error Y, confidence probability
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An exercise

Vlasov A., Victorov A., and Venediktova A.
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A measurement of concentration in a probe is distributed in accord

with a normal law with a known 0(=2, the size of the probes’ sample
is 25. Find the precision of the average with a confidence 0.95
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o ! 2 3 ‘. s [ ’ L] 9
n = 25 e s —
_ 00 || 0,0000  [0.0080(0,0160(0,0238]0.0319(0.0399[0.0478 |0,0558 [0.0638 [0.0717
— = ol 0876 | 0955 | 1034 | 1113 | 1192 | 1271 | 1350 | 1428 | 1507
Y o2 () isss | 1es3 | 1741 | 1819 | 1 1974 | 2081 | 2128 | 2205 | 2282
= 0 95 03 || 2388 34 | 2510 | 2586 | 2661 | 2737 | 2812 2960 | 3035
. oa || 308 | 3is2 | 3255 | 3328 | 301 | 3473 | 3345 | 3616 3759
05 39 | 4108 | 4177 | 4245 | 4313 | 4381 | 4448
os || s <8 7 | 4713 | 4778 | 4843 4971 | 5035
on = 2 o7|| sier | s223 | 5288 sa67 | 5527 | 558 705
0 o8 (| 573 | 5821 | 5878 | 935 | 5991 | 6os7 | 6102 | 6157 | 6211 | 6265
09 6319 6372 6476 | 6 6579 6679 | 6729
1.0 27 75 310,6970 10,7017 [0,7063{0,7109{0,7154 10,7199 10,7243
Ly 7 7330 | 7373 | 7415 | 7457 | 7499 | 7540 | 7580 |
2 7699 | 7737 | 1778 7887 | 2923 | 7989 29
. 8098 | 8132 | 8165 | 8198 | 8230 | 8262 | 8293 | 8324 | 8355
K 8385 8415 8473 | 8501 | 8529 | 8SS7 8611 38
k 8690 | 8715 | 8740 | 8764 | 8789 | 8312 8859 | 8382
X 990 | 9011 | 9031 | 9081

1 e e e e
N=DoRuUR AR

L 9281 9297 [ 9312 | 9327 | 9342 | 9357 | 9371 | 9385 | 9399 | 9412

g 9426 94. 945 9476 9500 | 9512 | 9523 | 9534
X o.’s‘s 0.9556 10,9566 10,9576 .a(" 9596 10 96506 10 9616 I*M‘\K ﬁ”u

2 9651 | 9660 9676 | 9684 | 9692 | 9700 | 9207 | 9IS

2, 9122 9729 | 9736 | 9741 | 9749 | 9756 | 9762 | 9768 | 9774

9791 | 979 9807 | 9812 | 9817 | 9822 | 9827 | 9832

9836 9841 | 984S | 9849 | 5853 7 | 9861 | 9865 | 9869 | 9872

9876 9879 | 9883 9889 | 9892 | 9895 | 9898 | 9901 | 9504

9910 | 9912 199915 | 99917 | 99920 | 9922 | 9924 | 9926 | 9928

9931 9933 | 9935 | 9937 | 9938 | 9940 | 9942 9946 | 9947

9 9951 | 9952 | 9953 | 9955 | 9956 | 9958 | 9959 | 9960 | 9961

9967 | 9968 | 9969 9971 | 9972
30|) 09973 [0.9974]0.997510.9976 10,9976 [0.9977 |0.9978 {0,979 0,9979 0,980

31 998 1 | 9982 9983 | 9984 | 9984 | 9985 | 9985 | 9986

38 995 9996 9996 | 9996 | 9996 | 9996 | 9997 | 9997

)6 997 9997 | 9997 | 9997 | 9997 | 9997 | 9997 | 9998 998

1 96.2 37 9998 9998 | 9998 9998 | 9998 | 9598 | 9998 | 9998 | 9998
e _ 3| 9999 | 9999 | 9999 | 9999 | 9999 | 9999 | 9999 | 9999 | 9999 | 9999
E=——— = o 391 9999 | 9999 | 9999 | 9999 | 9999 | 9999 | 9999 | 9999 | 9999 | 9999
4.0 ||0.999936 9999 | 9999 | 9999 | 9999 | 9999 | 9999 | 9999 | 9999 | 9999

25 4.5 |[0,99999¢ - - ~ =] =]=1=1-
s0lpo999oge ! — | — | — | =1 — | — | - | = | =
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An interval estimate of a sample average for an unknown general assembly variance

X—a (n—1)Ss?
0'/ € N(0,1); 0z =i, >
\Jn

Vn(x —a)
S

“

We set desired y; k = n — 1 =gyqent distribution™ 6}/

Sc?y):y

5,5 5,5
Ll<a<x+=

Vi Vi
] ]

€, precision (accuracy) or error
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The Student distribution

A ~3

| X
2 | 0816 | 1,061 { 1,336 | 1886 | 2920 | 4,303 965 | 9, 31,598
k] 765 | 0978 | 1,250 | 1,638 | 2,353 | 3,182 | 4,54 | 584] |12,94]
A 741 941 1190 | 1,533 | 2,132 | 2,776 | 3,747 | 4,604 | %610
5 77 920 | 1,156 | 1476 | 2,015 | 2,571 | 3,365 | 4,032 | 6359
6 718 906 | 1134 | 1440 | 1943 | 2447 | 3143 | 3,707 | 5959
7 7M1 896 | 1,119 | 1415 | 1,895 | 2365 | 2998 | 1,499 | 5405
] 706 889 | 1,108 | 1,397 | 1,860 | 2,306 | 2896 | 3,355 | 5.041
9 703 883 | 1,000 | 1,383 | 1,833 | 2262 | 2821 | 3,250 | 4.781
10 00 879 | 1,093 | 1372 | 1,812 | 2,228 | 2764 | 3,169 | 4,587
J 1,363
J 1,356

15 691 1,074 | 1,341 | 1,753 | 2,131 602 | 2947 | 4073
16 [ 69 | 65 | 1071 | 1337 | 1746 | 21120 | 2,583 | 2921 | 4015
17 | 689 | 863 | 1 1333 | 1,740 | 2110 | 21367 | 2, 3,965
18 | 688 | $62 | 1,067 | 11330 | 1.734 | 20103 | 25552 | 23878 | 392
19 | 688 | 861 | 1066 | 1328 | 1,729 | 21093 | 253 | 2861 | 33883
20 | 687 | %60 | 1064 | 11325 | 17725 | 2086 | 2328 | 2345 | 38%0
21 | 686 | 859 [ 1,063 | 1323 | 1721 | 2080 [ 2518 | 2831 | 3819
2 | es6 | 858 | vosl | 1321 | 1,717 | 21074 | 2508 | 2819 | 3,

23 | 685 | %58 | 1060 | 1319 | 1,714 | 2069 | 2500 | 2, 3767
24 | 685 | 857 | 1059 | 138 | 1,700 | 2064 | 2492 | 2797 | 3745
25 | 684 | 556 | 1.0S8 | 12316 | 1,708 | 2060 | 2485 | 2,787 | 3725
2% | 684 | 856 | 1,058 | 1315 | 1,706 | 2056 | 2479 | 2779 | 3707
27 684 855 1,057 | 1,314 | 1,703 | 2,052 | 2,473 | 2,771 | 3,6%
23 683 855 1,056 | 1,313 | 1,701 | 2,048 | 2,467 | 2,763 | 3,674
29 | 683 | #54 | 10SS | 1301 | 1699. | 2045 | 2462 | 2756 | 3659
30 | 683 | 854 | 10sS | 1310 | 1697 | 21042 | 2457 | 2750 | 3646
40 681 &51 1,050 | 1,303 | 1,684 | 2021 | 2,423 | 2, 3,551
60 | 679 | 848 | 1046 | 1296 | 1,671 | 2:000 | 2,390 | 2660 | 3.460
120 | 677 | s45 | 1041 | 1289 | 1658 | v.9m0 | 2358 | 2617 | 337
w | 674 | 842 | 1036 | 1282 | 1}645 | 1960 | 22326 | 2576 | 3291
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The measurements of 16 probes provided mean average value
of nanoobjects in the view-field of a microscope equals to 3000
species, square mean deviation is 20 units. Considering the

number of nanoobjects conforming to the normal distribution,
determine with confidence 0.9 the error bars for the
expectation
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The Student distribution

k=15 y=0.9

6, =1753 =
1.753 - 20
= error = — = 8.765

Vlasov A., Victorov A., and Venediktova A.

R T os s 07 0% 09 || 095 | o098 | 09 | 099
1| 1,000 | 1,376 | 1963 | 3078 | 6,314 (12,706 (31,821 [63,657 p36.619
2 | 0816 | 1,061 | 1.336 | 1.886 |( 2,920 || 4,303 | 6,965 | 9.925 [31,598
3| 765 | 0978 | 1,250 | 1,638 [ 2,353 || 3,182 | 4,541 | 5,841 |12,941
4 | 741 | o4 | 1190 | 1,533 [ 2,032 || 2776 | 3,747 | 4,604 | £,610
s | 727 | 920 | 1,056 | 1.476 [ 2,015 || 2,571 | 3,365 | 4,032 | 6,859
6 | 18 | 906 | 1134 | 1440 [ 1,943 || 2,447 | 3143 | 3,707 | 5959
7| 71 | 896 | 1,019 | 1415 |[ 1,895 || 2,365 | 2998 | 3499 | 5405
8 | 706 | 889 | 1,108 | 1,397 || 1,860 || 2,306 | 2896 | 3,355 | 5.041
9 | 703 | 883 | 1,000 | 1.383 |[ 1,833 (| 2,262 | 2821 | 3250 | 4.781
10 | 700 | 879 [ 1,003 | 1372 |[ 1,812 || 2,228 | 2764 | 3,169 | 4,587
1| 697 | 876 | 1088 | 1,363 || 1,796 || 2201 | 2718 | 3,106 | 4,487
12 | 95 | 873 | 1,083 | 1,356 || 1,782 || 2,179 | 2.681 | 30355 | 4318
13 | 694 | 570 |1 1,350 [ 1,771 || 2,160 | 2650 | 3,012 | 4,221
14 | 692 m 1,076 | 4345 || 1,761 || 2.145 | 2.624 | 2977 | 4.140
1881 1074 | 1Jal |[ 1783 [| 2031 | 2.

16 | 690 | 865 | 1,071 | 1,337 |[ 1,746 || 2,120 | 2,583 | 2,921 | 4,015
17 | 689 | 863 | 1,069 | 1,333 [ 1,740 || 2,110 | 2,567 | 2,898 | 3965
18 | es8 | %62 | 1,067 | 1,330 |[ 1,734 || 2,003 | 2552 | 2878 | 392
19 | 688 | 861 | 1,066 | 1,328 || 1,729 || 2,093 | 2,539 | 2,861 | 3883
20 | 687 | %60 | 1064 | 1,325 || 1,728 || 2,086 | 2528 | 2,848 | 38%0
21 | 686 | 839 | 1,063 | 1,323 [ 1,721 || 2,080 | 2,518 | 2,831 | 3819
22 | 686 | 858 | 1,060 | 1,321 (| 1,717 || 2074 | 2508 | 2819 | 3,

23 | 685 | 858 | 1,060 | 1,319 || 1,714 || 2,069 | 2,500 | 2,807 | 3,767
24 | 685 | 857 | 1,059 | L8 || 1,700 || 2,064 | 2492 | 2797 | 3,745
25 | 684 | 856 | 1,058 | 1.316 | 1,708 || 2,060 | 2,485 | 2,787 | 3,725
26 | 684 | 856 | 1,058 | 1315 [ 1,706 || 2,056 | 2479 | 2779 | 3,707
27 | 684 | 855 | 1,057 | 1314 [ 3,703 || 2,052 | 2,473 | 2,771 | 3.6%
28 | 683 | 855 | 1,056 | 1.313 [ 1,701 || 2,088 | 2467 | 2,763 | 3,674
29 | 683 | 854 | 1,055 | 1311 [ 1,699.|| 2,045 | 2,462 | 2,756 | 3,659
30 | 683 | 854 | 1,055 | 1,310 [ 1,697 || 2.042 | 2.457 | 2,750 | 3,646
40 | 681 | 851 | 1,050 | 1.303 [ 1,684 || 2,021 | 2,423 | 2,704 | 1581
60 | 679 | 848 | 1,046 | 1,296 |[ 1,671 || 2,000 | 2,390 | 2,660 | 3,460
120 | 677 | 545 | 1041 | 17289 | 1658 || 1.980 | 2358 | 2617 | 3373
w© 674 | 842 | 1,036 | 1.282 || 1,645 || 1,960 | 2,326 | 2,576 | 3201
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Measurements of the diameter of 20 pivots for a lab’s set up gave
an average d = 100 mm; S2 = 256 mm?. Diameters obey the

normal law. Find the confidence probability that a true value of
diameter belongs to the interval ade(O. 9d,1.1d)
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e=01-d=10mm =

Insofaras § = % = 101\/62_0 =3.125andk =n—1 = 24,

one hasy > 0.99
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An interval estimate of a variance

S—e<o<S+¢

1_51S S1+€1, & =

€
S

Now, set confidence probability: Y If it is too big, it may well turn out that: & > 1

RS

max(0,1 — &) < % <(1+g) S-(max[0;(1—¢g)]) <0o=<S-(1+¢)

(n—1) <Sz(n—1)< (n—1)
(1+4+¢&)%~ o2 ~ [max(0,1 — &)]?

Sz(n—l) — Xz

o2 n—1
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Vlasov A., Victorov A., and Venediktova A.

Recap: Newton — Raphson method

fx)=0

F(xD) = () 4 £ (x0) - (xmD — 5 )

F(xm+D) = 0 = %+ = ) I:(x(’"))
f(xm)
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k k
S:Em) - (1 n Sl(m))z;maxz [0, 1— Sl(m)] -0 (El(m)) - |CD (Eim)) - )’|

: | men _ oy _ @&
&1 =& >

Vlasov A., Victorov A., and Venediktova A.
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if (Xﬁ) . k 0,5 0,6 0,7 08 0,9 0,95 0,98 0,99 0,999
. 1 | 0568 | 906 | 1,602 | 2,946 | 6,923
2 | 367 | 473 | 0678 | 1,125 | 2,086 | 3,400 | 5857 | 8,500
3| 290 | 370 | 482 | 0730 | 1,270 | 1,932 | 3,000 | 4,200 { 9,00
4 | 248 | 306 | 398 | s63 | 0941 | 1,382 | 2,056 | 2,700 | 5,00
s | 221 | 277 | 3a8 | 475 | 738 | 1,104 | 1,594 | 200 | 3,80
. , 6 | 200 | 251 | 308 | 416 | 623 | 0918 | 1,306 | 1,650 | 3,00
ik » yas 7 | 185 | 232 | 290 | 380 | 576 | 800 | 1,143 | 1,393 | 2,50
: - - g8 | 173 | 216 | 269 | 354 | si6 | 713 | 0,986 | 1,225 | 2,05
(1+e)? (A-#&) 9 | 162 | 202 | 252 | 329 | 476 | 65 | 889 | 1,094 | 1,75
10 | 153 | 192 | 239 | 304 | 442 | 596 | 814 | 098 | 1,5
12 | 140 | 176 | 218 | 276 | 388 | 527 | 700 | 840 | 1,30
k k 14 | 130 | 162 | 290 | 252 | 357 | 468 | 620 | 740 | 1,14
wl——=<u < 2) 16 | 122 | 150 | 188 | 236 | 325 | 422 | 564 | 671 | 1,02
(1+e) [max(0,1 — &)] 18 115 143 | 177 | 223 | 297 | 390 | 500 | 600 | 092
20 | 108 | 136 | 168 [ 210 | 282 | 370 | 480 | 567 85
25 | 096 | 122 | 148 | 187 | 247 | 317 | 408 | 485 70
30 | 008 | 111 137 | 172 | 226 | 281 | 369 | 425 60
The algorithm goes as follows: 35 085 101 127 156 207 261 347 400 56
B . 4 | 076 | 095 | 119 | 146 | 193 | 342 | 312 | 375 52
Onesetsk =n—1;, y = s0 | 068 | o84 | 105 | 133 | 174 | 212 | 270 | 3 | 45
e 60 | 062 | 077 | 095 | 122 | 155 | 193 | 242 | 283 40
1 70 | 057 | 072 | 088 | 112 | 145 | 180 | 222 | 250 37
80 | 054 | 067 | 082 | 103 | 138 | 167 | 200 | 236 35
S-(max[0;(1—e))<o<S-(1+¢&) 90 | 051 063 | 078 | 096 131 151 192 | 220 32
100 | 048 | 060 | 074 | 092 | 125 | 146 | 184 | 200 30
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With a confidence y = 0. 98 give an interval estimate of the general
assembly variance afor a sample of size 17 having an average square
deviation $% = 25

y=098 k=17-1=16; S=5 data— base source = ¢ = 0.564
S-(max[0;(1—&)])<o<S-(1+¢&)

S-max(0;1— 0.564) = 5- (1 — 0.564) = 2.18; 5.(1+0.564) = 7.82
218 <0 <782

47524 < 0% < 61.1524

With a confidence of 98 % this interval contains the true value of the general variance
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This speculation may well be criticized: there are no grounds to suppose that the confidence interval is
symmetrically allocated regarding the true value of the general-assembly square deviation (the square
root of the general assembly variance).
So, we discuss an alternative approach to the issue:

1—81(,1) S%S1+$}(,2).
That is, we presume that probability, rather than precision, is distributed equally leftwards and
rightwards with respect to the point estimate of the general variance. Yet again, we must exclude the
situation when for some big confidence we get epsilon so big that the |.h.s. of the inequality is negative.
Then, strictly speaking the condition reads:

2
max [O; 1- e}(,l)] < Z—Z <1+ e}(,z) or equivalently:
n—1| S*’(n-1) n—1
< <

() o2 -
1+ £,

max [O; 1— sl(,l)

(€Y) )
5)/ 51/

We set confidence y, and along with it, a constraint for
the probabilities of the ¥2_; to be left- and rightwards off
the confidence interval, y D=y (2,
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(1)
Sy

1-y
50 [ re@)a0d) = =r®
5@
1+y
8P| rR)d08) =L =@

0

y(z)
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( 2 . LA ,[ 34 [ ] .90 0,95 r 95 r 0,59 0,599
T Xk) | ; |

i 0455 | 10T | 142 | 271 38 | s41 | 684 | 1083

2 136 | 241 112 a0 | see | Tz | a3 | 1382
y | 237 | 1es | 464 625 | TA2 | 9m4 | 1034 | 1627
4 11 4,58 599 TR 445 1167 13,28 18,46

s | 435 | eos | TR 424 | 1107 | 1338 | 1509 | M5

6 535 7,23 B.56 10,64 12,50 1503 16,21 ILS

7 | B35 | %38 | 90 | 1202 | 1407 | 1662 | 1848 | 243

B T3 9,52 1103 13,36 1550 18.17 201 26,1

) 9 & 14 10,66 12.24 1458 16,92 19,68 2.7 e

o 2 Xk I 9.314 11,78 1344 15,99 1831 21,2 732 2
1Y) I | 1034 | 120 | 1aed | 1728 | 1968 | 226 | M7 | 3L3

12| 1134 o | isal | oiess | 20 | 240 6.2 | 329

13| 12sa | a5z | iess | 1wl | 224 | 285 | 27 | M40

14| 1334 | 1623 | 1815 | 20 237 | 2wy | 36, |

15| 1434 | 173z |93 | 223 | 20 | 23 | 306 | 30T

16 | 1534 | 1842 | 205 Bs | w3 | 26 | 320 | 393

17| 1634 | 1951 | 216 48 | e | 3o | 34 ang

2 2 18 | 1734 | 204 e 26,0 Ny 33 348 413

-— < [E 18,34 21,7 N 211 3 3T 36,2 418
y— w X k X k y w 19 |23 |20 | mae | 34 | 30 | e | a3
Ho[my |38 | 2 oa | 327 36, WE | 468

n |n3 |49 | 173 ws | B |3y | a3 | aa3

23 | z3 | 2 6.4 zp | 32 e | 4le | 487

M| ny |2 296 2z | w4 | o403 | 40 | sL2

25 M3 8.2 7 44 nr 4] & 44,1 526

£ 5.3 02 LB 56 38,9 419 456 54,1

27 | 2.3 W3 E ] 16,7 4,1 a1 410 i5,5

% | 273 |34 | mD e | 413 | 454 | ap3 | §69

2 | s | s | s Wl | 426 | 487 | aws | sE2

W lms s |62 awy | 438 |4 | osep | a7
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Interval estimate of the variance, when the expectation is known

First, we show that an unbiased estimate in this case will be a quantity:

i

1% _1 @2 en-tprpro
szzzzi(xi_a)z MSZ—HM;&,- a)l=n an—Dx—crz
2
S—e<o<S+¢ What'’s the distribution of the variable %?
R
& = 3
4 n
max[O;l—el]SES(1+el) X —a n2 X; — a2
eN(O1) > — = ( ) = %n
2 o o . o
n n-S n i=1
< <
(1+&)2 o2 max?(0; 1 — &) y }
- €
k=n 1 1
l A+e) A-a)2
S(max[0;1—¢&]) <0 <S5 + &)
2
An

Vlasov A., Victorov A., and Venediktova A.
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Exercise
As a result of 50 analytical chemistry determinations of the known
content of a gauging substance, a is thereby fixed and known, it

mmol

)
was established that $? = 2.56 ( ) . Assuming that

determined concentration complies with a normal law, calculate
the confidence of the confidence interval (S — 0.16;S + 0.16)
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0.16

S1l—g)<o<+4+&)S ¢=——=0.1 k=50; ¢,=01 -
1 1) 1 \/2_56 1 Y

« 7| os y 28 [y o7 | o8 | 09 | 095 | 0% | 099 | 05%

Wehneed tg gni y, consistent ; 0559,8 906 (','“’3 2.946 g‘qgg va0 | 5857 | 850

withe, = 0.1. If w lv th 6 473 | 0,678 | 1,125 | 2,0 ’ 857 | 8,
1 e apply the 3 290 370 482 | 0,730 | 1,270 | 1,932 | 3,000 | 4,200 | 9,00
Table, the only way to get 4 | 248 | 306 | 398 | 563 0?941 1,382 | 2,056 | 2,700 | 5,00
T . . 5 221 277 348 475 38 1,104 | 1,594 | 2,00 3,80
through is linear interpolation: 6 200 251 308 416 623 | 0,918 | 1,306 | 1,650 | 3,00
Ea—€p  €1-€p 0.021  0.016 7 | 185 | 232 | 290 | 380 | 576 | 800 | 1,143 | 1,393 | 2,50
= = 8 173 216 269 354 516 713 | 0,986 | 1,225 | 2,05
YA~YB  Y17VB 0.1 x 9 | 162 | 202 | 252 | 329 | 476 | 650 | 889 | 1,094 | 1,75
AR AEAE A AR AL A
18 6 3 7 ,30
x=0076 > y=0076+0.6 14 | 130 | 162 | 290 | 252 | 357 | 468 | 620 | 740 | 1,14
16 122 150 188 236 325 422 564 671 1,02
18 115 143 177 223 297 390 500 600 0,92
AN AR AL AR AR AR AR
i ; 0 ; 1 148 18 17
With a confidence 67% the interval % | o088 | 111 137 172 3% 281 369 425 60
S—016<o<5+0.16 23 085 (l)gl 127 156 207 261 347 4(7)0 56
; H 076 S 119 146 193 342 12 375 52
W|Illconta|n the true value of the e 068 e LR I 174 12 270 I 45
variance 60 062 077 095 122 155 193 242 283 40
70 057 072 088 112 145 180 222 250 37
80 054 067 082 103 138 167 200 236 35
90 051 063 078 096 131 151 192 220 32
100 048 060 074 092 125 146 184 200 30
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Homework 1

Vlasov A., Victorov A., and Venediktova A.
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An exercise on the maximum likelihood

The random variable t (days), time of the fail-safe work of the
measuring sensor, has a distribution law:

f(t) = dexp{—9It}.
The table contains the data on the time of performance of 1000 sensors: first

line gives varying average time of fail-safe time t; and the 2" line provides
the information on the number of sensors, who showed this average time. By
the maximum likelihood method give a point estimate of the unknown
parameter 9

n; 365 245 150 100 70 45 25
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Find the minimal necessary number of measurements of the
transition heat (the normal general assembly), which would ensure error not

exceeding 0.3 kJ/mol with the confidence not less than 0.9, provided general
assembly variance is 4 (kJ/mol )2
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Control test of 15 spectrometers established that the average
functionality time (before the maintenance service) equals 3000 hours.

There are reasons to reckon that the functionality time is distributed
normally with a variance of 256 hours?2. Find the confidence of that the
precision of the time estimate € equals 10 hours

Vlasov A., Victorov A., and Venediktova A.
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10 measurements of a refractive index have been performed by
one refractometer, the average square distribution S equaled 0.8. Find
precision (an error bars) of the methodology and a confidence interval for

the general variance, given the confidence for both distributions is taken

equal to 0.95. Results of measurements are distributed in accord with a
normal law

Vlasov A., Victorov A., and Venediktova A.
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Interval estimates in the case, when there is no grounds to accept the normal
distribution for the directly measured variable

w(lx—al=z&e)+w(lx—al<e)=1

DX
w(Ix—a|<e)=1—w(|x—a|28)21—?

b b

14 14
o2 1
Pmax =W(x—a|=¢&)=w(lx—a| = ko) = =73
ko k
1
Ymin 1- F
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k=1 = x—-0c<a<<x+0 3IVnin=000

k=2 = x—-20<as<x+20 IYnuin=075

k=3 = x—-30<a<x+30 3IYn=089

k=5 = x—-50<a<x+50 3IyYnpin=096
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What would be the interval estimate (given a certain confidence) for the

expectation on the platform of the sample average, given the
distribution law is unknown?
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o2 a? 1
k?6? nk?c? nk?

Pmax = W(X —al =z &) =w(|X —al = ko) =
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Interval estimate for the function of directly measured random variables

One-dimensional case: y(x) = y(a) + —— dy(a) x—a)+-
Mgy pst.
Practical cue: u = o' m -1000 y(a)
sotvent My(x) = My(a) + M [—( )] + o
N My(x) = y(a)
Multidimensional situation: y = f(xq, X2, ..., X ).
af({a;
y =@y, az ., a) + L5 (xi—a) + - =y € N(ay,0%)
dy(a) ofa;
dx =My = Mf(aq,ay, .., a,) +%; M[ f({a D, X — ai)] +
———————.—.4‘1.—i————bd

Brook Taylor
1685-1731

For a given set of conditions, {x;} is a
sample providing point estimates of a
sample
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Obviously, if the Taylor expansion of y = f(xq, X3, ..., X, ) is linear truncated (the reason is in the
predominant feasibility of small deviations from the expectations of directly measured quantities),
then the expectation of y can be identified with function of expectations of directly measured

variables
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To the end of discussing af, we recap some properties of the variance.
Let the variables £and 7 be random quantities, not necessarily independent.

Then one has: DE(+1) = DE + Dn + 2M[(§ — ME) - (n — Mn)] = DE + Dn + 2cové(, ).

Generalizing to a case of linear combination one has:

D(C4&+ Cam) =

=D(C18) + D(Con) + 2M[(C1 & — Cras) - (Con— Caay)| = CEDE+ C2Dn+ 2C,Cocov(& 7).

D (z ciai) - 2 C?DE; +2 z Z Ci Cjcov(Ey ).

i<j j
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Now apply this formula to the Taylor expansion:

Y = f(ay,az, .., an) + 5L (; — @) + -

i} i d i
Dy=Df(a1,a2_,....,an)+D<Z¥-(xi—ai)>=D(Z f(g{:}) i)=

2
a i a i 9 i
_ Zi( f;{xa })) Dx; +23,,3, f;{: D f({tj D cov( x;, %),

If the quantities of {x;}, separately measured variables, are, by and large, inter-independent =>
cav(x,-, x]-) = 0.

And then

2 2
af({a;}) af({a;})
Dy = Zl( faxai ) Dxi; 0'§, - Z‘( fﬁJZ ) a’zfi'
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const, x?+y? <r?
floy) = {0' x2+y? > r2
+00
1
.U const -dxdy =1= const =—
nr

—00

cov(x,y) = Jf xyf (x,y)dxdy = %ﬂ xydxdy =0

But, obviously x and y are dependent! If x=0, then —r <y <r;ifx =7,theny =0

No correlation does not necessarily signal statistical independence,
But in the case of normally distributed variables it does! (See next Chapter)
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Both a, and af, are unknown. How can we estimate them?

In first place, we show, that ¥ = f({X;}) is an unbiased estimate of a,,

o (e
My = M[f({al})+2( L) 5 - a

Neglection of the

] = f({a;}) orders of

magnitude above

Next, we show that (@) is an unbiased point estimate of (@)2 : the linear one
af({x}) _of({a;}) 4 0%f({a;)
ox  ox
of(ED\ _ (o Uah) | [2fUadp AN) oHflad) o
ox - ox 0x2 l i~ ¢ 0x oxz T

o (i D\* _ (o (e’
0x ox

7\ 2 N 2
So, given the linear truncation of the Taylor expansion(%) is an unbiased point estimate of(@)
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f (X1,X2,..Xn )

2
) - §2 It can be shown
ax; i

Now we introduce a quantity of a sample average deviation for y: SJZ, = Zi(

that this quantity renders an unbiased estimate of Dy.

Af (%1,%2,..%n )
Xi

= - 2 S 2 2
2 .Then MS2 = M [ZL(W) -s,%i] =3 [M (W) : Ms,%i] =% (%) .0? = Dy = o2.

Every X; and S,Zci are statistically independent by the virtue of Fisher lemma, hence is independent of

Next, if the following assumption is applicable: af, = Sﬁ; in view of the fact: y € N(a,, af,), the following random
quantity holds the standard normal distribution:

Y eN(0,1
5 € (0,1).

y

And so, setting y, we pick up &, from the data-base of the standard normal law.
So, eventually the interval estimate of the function of directly measured random variables is:

y—Sy-6,<ay<y+Sy-4,.
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o, -

o)=L rffwyar
- | / o

—
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A simple flow-chart of giving an interval estimate of the indirectly measurable variable:
(ap)

1. For each independent directly measured variable we get a sample {xi

i — the number of directly measurable variable, a; — sample size of the directly measured variable

2. Calculate numeric value y = f({x;})

dy

3. Give explicit derivatives — and calculate their numeric values in the point {X;}

6xi

2
Af (X1,%X2,..%n )
1,X2 ) 'S_%i

4. Calculate numeric value of the quantity S)Z, =)y ( "
i

5. Set desired value of the confidence y and obtain the value of 4,

6. Eventually we get interval estimate for y:

y-Sy-8,<a,<y+5,-8,

Vlasov A., Victorov A., and Venediktova A.

- 2
} , calculate x; and S%,
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Estimation of the limiting error

Another approach is to consider the absolute error as some small value, which is identified with the differential
of functions against differentials of independent variables. Error transfer is determined by the rules of

differentiation:

but it is taken into dy & Z <0_y> do:
account that when YT Li\ox, !
adding and subtracting l ' \\'
errors can always add dy

up and you need to Ay = Z |<E> |[Ax;]
take the sum of the i :
modules:
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Rules of ob-truncation (rounding off)

1. The uncertainty (error) is to be rounded off to the first valid digit (significant figure) always rounding it up for a unity
of the current digit order number:

Ax = =0.237=0.3
2. Results of measurements, no matter direct or indirect, are rounded off to the precision of an uncertainty, i. e. the last
significant figure should be in the same digit order number that the first significant figure in the “error”:

x + Ax = 243.871 4+ 0.026 = 243.87 £ 0.03
Rounding off the result is provided by a simple truncation of figures, given the first cut off one does not surpass 5:

e. g. rounding to the tenth of integer 8.337 = 8.3
3. If the first among the cut off figures is equal or greater than 5, than the last intact figures in increase by 1:
e. g. rounding to the hundredth 8.3351 = 8.34

4. |If the cut off figure is 5 and there no significant figures after it (or there are only zeros), then the last remaining figure
is increased by unity if it is odd or leaved intact if it is even

e. g. rounding to the hundredth digit order 8.3350 = 8.34 8.3650 = 8.36
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Homework 1

Answers and discussion

Vlasov A., Victorov A., and Venediktova A.
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An exercise on the maximum likelihood

The random variable t (days), time of the fail-safe work of the
measuring sensor, has a distribution law:

f(t) = dexp{—It}.
The table contains the data on the time of performance of 1000 sensors: first

line gives varying average time of fail-safe time t; and the 2" line provides
the information on the number of sensors, who showed this average time. By
the maximum likelihood method give a point estimate of the unknown
parameter 9

n; 365 245 150 100 70 45 25
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Find the minimal necessary number of measurements of the
transition heat (the normal general assembly), which would ensure error not

exceeding 0.3 kJ/mol with the confidence not less than 0.9, provided general
assembly variance is 4 (kJ/mol )?
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Control test of 15 spectrometers established that the average
functionality time (before the maintenance service) equals 3000 hours.

There are reasons to reckon that the functionality time is distributed
normally with a variance of 256 hours?2. Find the confidence of that the
precision of the time estimate € equals 10 hours

Vlasov A., Victorov A., and Venediktova A.
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10 measurements of refractive index have been performed by
one refractometer, the average square distribution S equaled 0.8. Find
precision (an error bars) of the instrument and confidence interval for the

general variance, given the confidence for both distributions is taken equal

to 0.95. Results of measurements are distributed in accord with a normal
law

Vlasov A., Victorov A., and Venediktova A.
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FOi) \
y k 0,5 0, 0,7 08 0,9 0,95 0,98 0,99 0,999
1 | 0568 | 906 | 102 | 2,946 | 6,923
2 | 367 | 4713 |06 1,125 | 2,086 || 3,400 || 5,857 | 8,500
3] 290 | 370 | 482 N0.730 | 1,270 || 1,932 || 3,000 | 4,200 | 9,00
N , 4 | 248 | 306 | 398 0941 || 1,382 || 2,056 | 2,700 | 5,00
ik » e s | 21 | 277 | 348 | 47 738 |/ 1,104 || 1,594 | 200 | 3,80
o o - 6 | 200 | 251 | 308 | 416 ]N623 /0918 || 1,306 | 1,650 | 3,00
(I+e)? (A-&) 7 | 185 | 232 | 29 | 380 800 || 1,143 | 1,393 | 2.50
g | 173 | 216 | 269 | 354 | 51 713 || 0,986 | 1,225 | 2,05
[9 T 162 202 252 329 4 B89 1.094 | AN}
10 | 153 | 192 | 239 | 304 | 442 | s96 || 814 | 0980 | 1,5
12 | 1490 | 176 | 218 | 276 | 388 || 527 || 700 | 840 | 1,30
14 | 130 | 162 | 290 | 252 | 357 || 468 || 620 | 740 | 1,14
( L k ) s | BB % | 3|l %0 | & | 09
wl——- <yl 3 i
(1 + g9)? [max(0,1 — £)]? 20 | 108 | 136 } 168 [ 210 | 282 || 370 || 480 | 567 85
25 | 096 | 122 | 148 | 187 | 247 | 317 || 408 | 485 70
30 | 0088 | 111 137 | 172 | 226 | 281 || 369 | 425 60
35 | 085 | 101 127 | 156 | 207 || 261 || 347 | 400 56
4 | 076 | 095 | 119 | 146 | 193 | 342 | 312 | 375 52
50 | 068 | 084 | 105 | 133 | 174 | 212 || 270 | 31 45
60 | 062 | 077 | 095 | 122 | 155 | 193 || 242 | 283 40
70 | 057 | 072 | 088 | 112 | 145 | 180 || 222 | 250 37
80 | 054 | o067 | o082 | 103 | 138 || 167 || 200 | 236 35
9 | os1 | o063 | 078 | 09 | 131 151 192 | 220 32
100 | 048 | 060 | 074 | 092 | 125 Il 146 || 184 | 200 30
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b
f63) jf(xi)ﬂ'xi

a b
[ roayess o™ = [ OBt - [ 0@z
¢ 0 0

* " pes
b a
|
k k
e™ - (1 N g(m})z;ﬂm2 [0’1 - £§m]] - @ (sim)) - |¢> (s{m)) - r| [:'>
a

_ ) = ogm_ #(e7)
ak 1 ¥ IE(l’rz,’]
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Next, determine the error-bars span (precision) of the true value

s "l os s 07 0 09 | 095 | oss | 09 | 09
| oo
2 | o816
3 | s
4 741
s | 22
6 | 78
7 7M1
8 | 06
58, 9 | 709
— e ——— 1
& Jn ,where ‘Sy 1] 67 | 876 | 1088 | 11363 | 1796 | 2201 | 278 | 3106 | 4287
13 | 64 | 870 | 10w | 135 | 17 | Tieo | 2eso | 3012 | <3t
: E o |0 K 1 ; 4
is the border value of the 16 | 62 | ges | Lote | 1345 | 761 | 20as | 2624 | 2977 | 40
. . . is | e 1074 | 1341 | 17793 | 2431 | 2602 | 25947 | 4073
Student distribution 16 | 690 | 265 [ 1071 | 1337 | 1746 | 20120 | 2583 | 20921 | 4015
17 | 689 | %63 | 1069 | 11333 [ 1,740 | Z110 | 2567 | 2898 | 3965
18 | 628 | £62 | 1067 | 11330 | 1734 | 2103 | 20552 | 287 | 3922
19 | es8 | 861 | 1066 | | 1,729 | 2093 | 2539 | 2861 | 3883
20 | 687 | %60 | 1064 | 1325 | 17725 | Zoss | 2328 | 2348 | 38%0
21 | 686 | 8% | 1,063 | 11323 [ 1,721 | 2080 [ 2518 | 2831 [ 3819
2 | es6 | 838 | 1060 | 1321 | 1717 | 20074 | 2 2819 | 3192
23 | e85 | 858 | 1060 | 1319 | 1,714 | 2069 | 2500 | 21807 | 3767
20 | 685 | 857 | 1059 | 1318 | 1701 | 20064 | 2 2797 | 3745
08 AR R
_ L _ ¥ i X 0 . 79 | 3
So, e = - 2.262 = 0.5722 27 | 684 | 855 | 1057 | 1314 | 1703 | 20052 | 2473 | 2771 | 3iev0
V10 28 | 683 | 855 | 1056 | 1303 | 1,701 | 2oek | 2467 | 2763 | 3674
29 | 683 | 854 | 10ss | 1311 | 1699, | 2045 | 21462 | 2756 | 3659
30 | 683 | 8ss | ross | 17310 | 1697 | 2042 | 22457 | 2750 | 3646
0 | 681 | &51 | 1050 | 17303 | 1684 | 2,021 | 2423 | 2704 | 358
60 | 679 | 848 | 1046 | 1296 | 1:671 | 2 2,390 | 2:660 | 3,460
120 | 677 | 845 | 1041 | 17289 | 1658 | 1.980 | 20358 | 2617 | 337
w | 674 | 842 | 1036 | 17282 | 1645 | 1980 | 20326 | 2576 | 3201
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Homework 2

Vlasov A., Victorov A., and Venediktova A.
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Determining molecular weight of a substance by cryoscopy methodology

K
u

O1s the drop of of the melting temperature of the solution of a substance (admixture) against that in the pure

_ Msupst. .1000:
6 Msolvent

o

g-°C

K =1.853

mol

solvent; mg, st — Mass of a substance; Mg, ,0n: — Mass of a solvent (water in the particular example); K is the

cryoscopy constant of a solvent (water)

Experimental data are:

Number of a probe o (°C) Msubse. (9) Msolvent. (g)
1 0.535 2.002 248.12
2 0.542 2.003 248.10
3 0.530 1.990 248.08
4 0.531 2.001 248.10
5 0.533 2.002 248.09

Estimate a confidence interval for the molecular mass of a dissolved substance with confidence probability 0.95

Vlasov A., Victorov A., and Venediktova A.

Mathematical Reduction of Experimental Data

119/ 221



Part 2

Square least regression

Vlasov A., Victorov A., and Venediktova A.
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Norman R. Draper, Harry Smith. Applied Regression Analysis

Vlasov A., Victorov A., and Venediktova A.
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Oftentimes an experiment is a study of the dependency of one quantity on another, both of them undergo variation in the
same set of conditions. For example, we measure the electrical conductivity of a solution depending on the concentration of

the electrolyte in it at fixed temperature, pressure and other external conditions.

» [np

1
Inp=—-B=+A
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The value that we change at our discretion (in our example, concentration) is called the

predictor (a.k.a. factor)
and denotes specific elements of the array of its values
{x;}, i=1,..n.
The quantities that take the values determined by the predictor (for us it is electrical conductivity), are
called the
response,
the elements of the array of its values are denoted

{ri},

implying the correspondence of the elements of these two arrays when their numbers match. The

response values are obviously inter-independent.
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Experimentally established bijection predictor vs. response

factor response

X1 Y1
X2 Y2
xn yn

Vlasov A., Victorov A., and Venediktova A.
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y(x;) =n(xy) + g,

regression

where 77 (x) — functional dependence of the expectation of the response upon the current value of the predictor, and the

measurement error with the number i is assumed to be a random variable obeying the normal distribution of
g; € N(o,0?)
13 ] )

the variance being considered unknown, but having the same value for all response measurements. We look for the

expectation as a predictor function in the form of a polynomial (let's call it a regression a.k.a. a statistical model):

n (x) = O0fo(x) +01f1(x) + -+ 0,.f(x) |
Y

regression

where analytical form of the function {f,} is known, while coefficients {6} should be determined.

Vlasov A., Victorov A., and Venediktova A.
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Taking into account the abovementioned, the results of the response measurements can be represented as a system

of ratios:

i =00fo(x)) +01f1(x)) + ...+ 0,.f(x) +tg 1<i<n

We consider this system as a basis for calculating unknown coefficients of the model. Let's rewrite it in a matrix form:

2
fo(x1) - fr(x1)\ [ 61 €2
= : : N
fO (xn) fr(xn)
0 €n
Yn "
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The matrix
fo(.x1) fr(?ﬁ)
foltn) - Fr(n)

is called the design matrix (a.k.a. plan matrix)

We also introduce notation for vectors:

60 81 il
61 €2 2
0= ; e= s Y=
06 €
r " Yn

Vlasov A., Victorov A., and Venediktova A.
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We will mark the conjugation (a.k.a. transposition) of matrix objects with the upper index (superscript) T:

gT = (Sllgz} "-;Sn)

Then the system of the conditions can be rewritten:

Y =40 +¢
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We are up to a search for the coefficients (the entire vector of coefficients) from the condition of the minimum
square of the length of the error vector, hence, the name of the method. The square of its length according to the

Pythagorean theorem is:

The inner product

n

sz = Z e2=ele= (Y—A0)T(Y —40) =YTY —0TATY —YTA0 + 0TAT A6
= f t f f

P1 P2 P3 P4

i

Sine we are minimizing a scalar, whose algebraic sense is the sum of the squares of the difference between the regression
and an experimental response, the method is termed the square least regression (= least squares regression)

S? is a scalar function of a vector argument 6. Before examining it for minimality, let's transform its expression somewhat

Vlasov A., Victorov A., and Venediktova A.
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Consider the term ¢, of the equation. First, focus at the product: z Fo(x)y:
L
ATy =

Z fr.(xi)yi

Then the term ¢, is entirely representable:

n n n
6TATY = 0, ) folxyi+61 ) f1(xdyi+ -6, ) fr(x)y: =
i=1 i=1 i=1

=y1 [0ofo(x1) + 01f1(x1) + -+ 0, f(x1)] + ¥2[00f0(x2) + O1f1(x2) + -+ 0, fr(x2)] +

+ - YulO0fo(xn) + 01f1(xp) + -+ 0, fr(x,)] =

=y Zoeafam) +y, Zoeafauz) o Vn Zoeafaun)
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Consider the term @3 z fa(x1)0O
a\A*1)Y%a

X2)0
First, A6 = Zfa( 2)0a

Then: @3 =YTA0 =y, Y5 ofa(X1)00+ Y2 Xt—0fa(x2)00 + -+ Yn Xt—0 fa(X2) 04

P2 = @3
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Owing to that ¢, = @3, the scalar purpose function takes the form:

$2(0) =YTY —207ATY + 6TAT A0

P1 Z(PZ (OF)

Vlasov A., Victorov A., and Venediktova A.
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One intermediary moment. Consider the product
ATA

and designate it as

— AT
C=A4"'A What’s the size of the matrix?

Fisher information
matrix

_ T o _ _ T o _
Cij = Z AjoQgj = Z AgiQqj Cji = Z Ao Qi = Z AgjQy;
a a

a a
Cij = Cj; Fisher matrix is a symmetric one
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S2(0) is a scalar function of a vector argument

A necessary condition for its extremum is the zero value of its gradient in the coordinate space of the coefficient
vector. The gradient is a linear operator; in order to calculate it, it is necessary to alternately find the gradients of

the terms of the right side of equation

@, =0TATY
T e -
d d d 2
Vo, = (Pz; P2 . P2 0. Zfa(xi)yi
90, 06, 00, =
Vo, = ATY
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Now, turn to the term @4:

@4 =0TATAO = 07CO = (8,0, ...,0,) | =0 -

=]

a=

=0 Z;:o CoaBo + 04 ZZ:O C100g + -+ 0, Z:(:O Crabq
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T
_(0@y 0@, 0@y
Vo, = ; .
00, 064 a0,
We'll consider the first line of this vector as an example:

in

30, =0 CoaBa + 00Co0 + 04C10 + -+ 0,Cro = Xi—0 Coaba + Xi=00aCao

Then, using the symmetry of the Fisher matrix, we obtain:

094 r
=2 ZazO Cana
a0

Vlasov A., Victorov A., and Venediktova A.
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For the entire gradient of ¢, it holds:

r
Z Cana
a=0

r
z Claea
a=0 )

Vo, =2 =C0 =ATA6
Lo
> Craba
a=0
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Eventually for the condition of the minimum length of the coefficient-dependent scalar we get:

VSs2 = —2A4Ty + 247460 =0

And from here the minimizer of the scalar function is a vector of point estimates:

NB: (ATA)_1 = (€)™ — reciprocal matrix a. k. a. matrix inverse

Vlasov A., Victorov A., and Venediktova A.
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Thus, the random vector 0 represents an estimate of an unknown vector
0, the set of components of which gives point estimates for the
expectation of a random response at any value of the predictor. Let's see
if this estimate is unbiased. The expectation of a matrix object is a matrix

of the expectations of all its elements. Therefore:

MX,

Mx, M@ = M(,;ITA)_lATY = (AT4) 'A™MY =
MX=|. = (ATA) "ATM(A46 +¢) =

: — (AT A\ 1T TA\ AT e —

MX, = (ATA) ATMA6 + (ATA) A™Me =

= (ATA) 'A™MA6 +0 = (ATA) 'ATAO =6

Here familiar theorems about expectation and the fact that the expectation of the error vector is zero are used
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Residual sum of squares

y=A0 +¢ y =46
Vector of measured values Vector of predicted values
- 2
R =" (yi— Bofolx) = Oif1(x) — B, f,(x)) = ) 6% = 87
i=1 i
1. It characterizes how the measured response values differ from the predicted ones

. R?
)ZO'Z,I.e.

is an unbiased estimate of

n-r-1 n-r-—

2. It is demonstrated in statistics, that: M <

the measurement variance
From here stems an important inference. The elements of the predicted vector {y;} are within our
assumption normally distributed random variables. However, they are bound with constraints
0, = 0,({¥:})
Therefore, there are only n —  — 1 among them, who are statistically independent. Hence,
following the Fisher lemma the unbiased estimate of the variance being resolved as a sum of
n — 1r — 1 independent squares of the differences between the predicted and measured
responses, features as the variable y2_,._;

RZ

= Xn-r-1
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Worked example

Assignment: give point
estimates for the

parameters of the
regression model

yi=00x; +01x;7 1 + &

Vlasov A., Victorov A., and Venediktova A.

I X Vi i X Vi
1 0,770 2,900 10 2910 4,100
2 1,004 2,700 11 3.198 4,362
3 1,222 2,700 12 3.544 4,629
4 1,457 2,800 13 3.861 4,900
5 1,735 2,957 14 4,078 5,175
6 2,039 3,150 15 4213 5,453
7 2,317 3,367 16 4,370 5,733
8 2,531 3,600 17 4,643 6,016
9 2,705 3.845 18 5,022 6,300
19 5.394 6,586
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0770 1299 |
1,004 0,996
1222 0818
1457 0,686
1,735 0,576
2039  0.490 276,621
2317 0432 Ay = (31197)
2531 0395
folx)  filxy) 2,705 0,370
A= ( : : ) A= 2910 0344
X X 3,198 0313
fO( 19) fl( 19) 31544 0’282 C = ATA
3861 0259
4078 0245
bl 0.3 206,988 19,000
4370 0229 C= - )
4643 0215 (19,000 5,523)
5022 0.199
| 5394 0.185_]
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C= (206,988 19,000)
~\19,000 5,523

) 1 .y
e 1”ii = det(0) (=1 A0 A;;(C) — algebraic cofactor of matrix element |[C||;;

Vlasov A., Victorov A., and Venediktova A.
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0,007 —0,024
-1 ’ ’
(== (-0,024 0,265)

o= (1516)

[yi = 1,197x; + 1,518:!4:,;‘1]

Vlasov A., Victorov A., and Venediktova A.
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7 -
v=0,95
i
5 -
- Ay
ymax
4 -
Y min
regression line
3 -
2 I I 1 T | 1
0 1 2 3 4 5 6

Vlasov A., Victorov A., and Venediktova A.
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9= (ATa) ATy

It is seen that the r.h.s. side is a linear transform of a random normal vector Y.
Therefore, according to the theorem on the composition of normal laws,
parameter estimates are also normally distributed.

But!!!

Each of the coefficients 9:, is expressed in terms of all of the measured response
values, thus there may well be a statistical dependence of the predicted

coefficients on each other, which is mediated by this dependence.
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How can a description of the statistical inter-dependence of quantities be set up?

cov(X1,X;) = M[(X; — MX{) (X, — MX,)]

How can we generalize the definition of numerical characteristics for random vector quantities?
The vector expectation holds:

MX,
MX,
MX =
MX,
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The statistical dependence of the coordinates of a random vector is characterized by the so-called covariance matrix:

cov(Xy,X1) -+ cov(Xq, Xy )

: . ; = K(X)
cov(Xy, X1) - cov(Xy, Xy )

In case x,-eN(a,-, 0',2) cov(X;, X;) =DX; = O',ch.

To the end of simplicity of the

rearrangements to come, we T _
introduce a notion of the XQX" =

outer product of matrices: XkX1 0 XXk

X1X1 0 X1Xg

k
Z BlaBal
a=1
. :
Z BkaBak
a=1

Henceforth, take care to distinguish it from the inner product, viz.

BTB =

Vlasov A., Victorov A., and Venediktova A.
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Via the introduced notion, the covariance matrix can be represented as an
expectation of an outer product:

M[(X — MX)®(X — MX)T] =

M(X; — MX,)?
M(Xz — MX;)(X; — MX;)

(X — MXg)(X; — MXy)

o
cov(xz, Xq)

cov(xy, X1)

Vlasov A., Victorov A., and Venediktova A.

KX)=M[(X -MX)®X —MX)T]

M(Xy — MX{)(X; — MX3)
M(X; — MX;)*

M(Xg — MX,)(X; — MXy)

cov(xq,X3)
3

cov(xy, X3)

M(X; — MX,)(Xg — MXg)
M(X; — MX3)(Xg — MXg)

M(Xyx — MXy)?

cov(xy, xp)
cov(xz, Xi)

o

Mathematical Reduction of Experimental Data
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Now in a Euclidean space, built on the axes corresponding to a set of components of a random vector, we define

some linear transform:
Z = BX

Matrix B is not random (we set it at our discrete). Then its covariance matrix follows the above gotten presentation:

K(Z)=M [((BX — M(BX))®(BX — M(BX))T>] =

=M [(BX — BMX)® ((BX - BMX)T)] = M[B(X — MX)®(BX — MX)TBT] =

= BM[(X — MX)®(BX — MX)T|BT = BK(X)BT
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Applying this scheme to the point estimate of the regression parameters, we get:

K(a) _ (ATA)‘lATK(Y) [(ATA)_lAT]T _ (ATA)_lATO'ZIA [(ATA)_I]T

- (ATA)_IGZATA [(ATA)_l] =0 =g%C 1. 0. 0
_ I= (0 0)

0 0. 1

The circumstances employed up here are:

1. AT A is a Fisher matrix, itis a symmetric one, which means that the inverse matrix is also symmetric, and
2. the conjugation of a symmetric matrix keeps it unchanged
3. Next, the covariance matrix of the measured response values
gt . 0
KY)=| : : | —is a diagonal matrix (the elements of a random vector are independent of each
0 .- o2
other)
4. Finally, the product of the matrix by its inverse is the unit matrix I
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Note, that the vector of the predicted response values is a linear transform of the estimates’ vector:

~

Hence, its covariance matrix is expressed as follows:

K(Y) = AK(0)AT = g2AC AT

That is, the square root of the variance of the predicted parameters can be estimated from the diagonal

elements of this covariance matrix:

= —111/
05, = Ku (8) = ol|c1|| .,
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Vlasov A., Victorov A., and Venediktova A.

6,—0,€N (0, aga)

Thus, taking into account that:

éjx_ea

a Student variable can be set up:

0,—0, o/n—-r—-1)

1 1/2 =
ollc-1||2 R

- tn—r—l

Mathematical Reduction of Experimental Data

= y2 < Statistically independent >
— = —— —1111/2
o2 An-r-1 allC 1”‘m

~ -1 —
From the linear transform 6 = (ATA) ATY  and the fact that Ba is the unbiased estimate of Ba we see:

e N(0,1),
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Then the confidence interval for the true value of each of the model parameters is:

lcY% - R lc% - R

6n—r— <0, < é:: 6n—r—
1(¥) - Epr— <04+ 1(¥) - Ep—

o

Here 6n_r_1 (Y) the percent points of the Student's distribution with the degree of freedom 1. — 1 — 1,

corresponding to the confidence probability

But! We should be mindful of the feasible interdependence between the elements of the vector 0,

Later we will give account of the joint confidence domain for the elements of Ba
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Since the elements of the vector @ are unbiased estimates of the corresponding elements of the vector 3, the

variable Y; — MY : holds:
i i
r

Fi— My, = ) [0 0a]fux) €N (0,52),
a=0
where the variance can be determined via diagonal elements of the matrix K(V), viz., ”AC_lAT ”ii:
35, = Ki{/*® = ol|ac1a"|;/?

121

Alas, we don’t know o?

yi— My,
allac-1ar|l/?

€ N(0,1)

Vlasov A., Victorov A., and Venediktova A.
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Vlasov A., Victorov A., and Venediktova A.

Taking into consideration that

R? < Statistically independent > i~ My e N(0,1)
—1aTn1/2 ’
sllAc1aT|

Yet another Student variable can be constructed:

yi-My: Xm-r-1) _

=t, 1

Mathematical Reduction of Experimental Data
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The confidence interval for the true response value in each of the predictor-response pair is expressed by

the following condition:

1/2 1/2

. lac—a"| /%R N lac—1aT|| "R
Yi— 6pr1(¥) - S My; <yi+6pr1(y):
. n-r-1) n-r-1)
\\
\
~_
6,,—_1(y) is gotten from the Student distribution law
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_ lac-1a7||}/*R
Vit Oy (¥) —F/—m—m———

n-r-1)

1.2 4

1.0 4

lac-1aT| /%R
Vi=Ongr(y)  —F——

o.s- n-r-1)

06

Vlasov A., Victorov A., and Venediktova A.
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Multi-dimensional normal law

Flxy,xp) = 1 exp{ 1 [(x1 —a1)® 2p(xq—ag)(x; —ay) N (x2 — az)z]}
1,X2) = 1’ - ) 2 - 2
2mo,0,(1 — p2)Z 21-p%) g1 0103 o3
- cov(xq,x3) 6%  poqo,
al':Mxi o; —Dxi = —_— K(x): 2
Dxq-Dx, pPo10; gy

If p =0, then variables are non-correlated. As for the probability, its distribution function gets the form:

} _ 1 {_ (x; — ai)z}
(=)l

i=12\ |2mo; t

(x1 — a1)2 (x2 — az)z
202 203

f(xl! x2) =

21010, Fexp {_

f(x1,x2) = f(xq) - f(x2)

Non-correlated normal random variables are independent

Vlasov A., Victorov A., and Venediktova A.
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Multi-dimensional normal law

Flxy,xp) = 1 exp [(x1 —a))? 2p(x; —ay)(x; — az) N (x2 — ap)?
1,X2) = 1° 2 2
2mo,0,(1 — p2)2 2(1 P*) 0103 o3 |
Y ]
F
) cov(xq,x3 ) 63  poqo,
a; = Mx; o; = Dx; = K(x) = 2
Dxq - Dx, P10 03
det K(x) = 6305 — poia5 = a505(1 — p?) K1l(x) = o —poroz) __ 1
102 — p010; 102 P —poyoy 0_% 010_2(1 %)
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Consider a product: (x — a)TK 1(x)(x —a) = o3 0,05
x %, — t2) o303 d3o3 (xl - al)
1— 2~ A =
(- 010, o} Xz —ap
Pott ol
(x1—a)) x-a
1 o2 0,0,
=—(X1— Qa1 Xy —Qy 1 =
(1—p2)( ) _ xl_a1+x2_a2
010, a3
1 (x1 — ay)? C m—a)—a) (- ap)(xg —ay) 4 (x2 — ay)?
1-p?) a3 010> 010> o3

So, F = —%(x —a)'K'(x)(x —a) detK(x) = g;05 — pasos = 6505(1 — p?)

U

1
f(x1,x3) = —=~(x—a)TK1(x)(x - a)}

1
exp
2m./detK(x) { 2
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f(xl, xz) The constant value of the distribution function
and, thereby, the locus of small domains with
equal probability is given by the constant value
of the argument in the exponent:

1
f(xq,x2) = -3 (x—a)TK(x— a)}

1
——eX
2mdetk ”{

1
E(x —a)TK1(x)(x — a) = const

—In [Zm/detK(x) -f(x1,x2)] = const

What is the probability, that a pair of
random coordinates is within the
ellipsoid cast with the above condition?

Vlasov A., Victorov A., and Venediktova A. Mathematical Reduction of Experimental Data 162 / 221




! Tg-1 = t The type of the expression on the I.f.s. is: ( ) = Tg
E(x—a) (x)(x —a) = cons yp P fis.is: o(x,x) =x"Ax

An equivalent explicit algebraic expression holds:

O(x, x)=a11X1X1 + A21X1X3 + - + A1 X2 X1+ F Ay X X
| J
| |

Quadratic form

Coefficients of this expression form a symmetric matrix: a;j = Qjj
Set of numbers {x;} may be considered as coordinates of some vector in a certain frame

In a specially chosen coordinate frame this expression can be brough to the so-called canonical form, wherein the
matrix of the quadratic form turns out to be a diagonal one:

n a;;, - 0
p(x,x) = Z ax>=x"TAx > A= : -~
i=1 0 ﬁnn
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The question stands: how to organize this special coordinate frame?

Imagine we have found it, then there must be an orthogonal linear transform inter-
relating two coordinate frames, the one where the form has the original
presentation, and a new one, where the form is canonical and the matrix of the form
is diagonal

We denote the orthogonal linear transform from the new to the old frame as B: x=Bx

Then in the new frame the quadratic form gets the presentation: ¢(¥,%) = (BX)"ABX = X' BT ABX
A=B"AB

For any given vector, whose coordinates are presented in two different frames the numeric value of the
quadratic form will stay constant... — Why?
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It is established in the linear algebra, that a matrix A would
be a diagonal one and the quadratic form would get a
canonical representation, if the columns of the matrix B are
the eigenvectors of the initial symmetric matrix A (in the
initial coordinate frame), coordinates being those in a new
frame build up so that its axes are co-linear with
eigenvectors of the initial symmetric matrix. Therefore, the
new coordinate frame is set on the eigenvalues of the initial
matrix.
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Worked example

Bring a quadratic form to a canonical representation and its matrix to a diagonal form

01
Q(x,x) = 2x1x; A= (1 0)
Df: eigenvector x and eigenvalue ). are holding the following property of the linear transform presented
by a matrix A:
Ax = \x
0 I\x X
1 ﬂ 1
1 O\x, X,
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—kxl 4+ X, = 0 Nontrivial solutions for the homogeneous linear system exist, if the
X —Axs =0 determinant of the system is zero: A2 — 1 = 0
1 2 =

1. A =+1, then both of the system equations establish a locus x; = x,,which is a bisector of the 15
and 3" quadrants of the “old” frame. If we impose a constraint that its length is unity and at

. . , N (11
our discretion chose positive direction in the 15t quadrant. Then the vector is {v_i’v_i}
2. L =-1, similarly, it signifies a locus x; = —x,, which is a bisector of the 2"dand 4t quadrants

We chose a unit vector

=)

Xz

So far, two properties of the eigenvectors are exemplified, viz.: g
1. Eigenvectors {X;} are orthogonal; =
2. Eigenvalues {);} are real

Xz

Vlasov A., Victorov A., and Venediktova A. Mathematical Reduction of Experimental Data 167 / 221



T = [’ 1][1/45 m]_{m _l/ﬂ
1z % Aol 2] e e
r e (VN2 N2 UNZ -2 (10
(e T e e

Question en route:
why the value of the
quadratic form for any

given vector will not alter
with a change in the M =+1 Ay =-—1

coordinate frame? \ /

Q(x,x) = 2x1x; = X5 — X% = (%, %)
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Now, if we set f(X,X) = const,

it will cast a locus of vectors holding on this condition for ; > 0
in a coordinate frame, set up on eigenvectors of a linear
transform A

n n n 2

~ ~N\2 ~\2 %i
a;(x)== ) N(XE)* = const ot =1
i=1 i=1

i=1

i=

Ai

If we set a condition:

const n n % 2
y Z 1i(X)? < const Z —\ <1,
; ¢ ¢ const
semi-axes i=1 i=1 o
X1 t
const it will establish a set of vectors ending up
A in the interior of the elliptic domain

So, the issue stands: to establish the relationship between the spread a the random vector coordinate along a semi-
axis (eigenvector of covariance inverse) and the confidence

Vlasov A., Victorov A., and Venediktova A.
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Now let's return to the normal distribution law of a multidimensional vector 8. The locus of vectors, who'’s ending
points in the coordinate frame of the vector coordinates are constrained with equal probability of occurrence, is
determined with a constant value of the argument in the exponent:

w|(@-6) K1(8)(8 - 6) = const (1)| =¥

We pose a more loose question: how to find a domain in the space consistent with a constraint:

w/[{@) -8) k' (8)(0-8)<5,|=v

The sequence _—
oftermsinthe _— __ 5 1 < > K_l 1 C
vectoris —  K(@Y=0"C~ - —
changed... — ( ) Ci'2
why?

—2(8-6)"c(8)(8 - 0) = const
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Consider a partial case of a symmetric matrix 2 X 2

1 /D D 1 1/D -D
B=—D=—( 11 12) [ —_n2). =_( 22 12)
a? 02\D1; Dy detB ot (D11D1; — D,);  adB 02\—Dy; Dy
ot 1/D -D > /D -D
B-1— _( 22 12) _ ( 22 12) — g2p-1
(D11D12 _D%Z) 0'2 _DIZ Dll detD _D12 D11
ot ot 2
o D D
detB™1 D{1D1— D dB1 = ( 1n “)
€ ~ (de tD)Z( 1D1z = Dip) = detc’ @ detD \D12 Dy,
(B )_1 detD 0'2 <D11 D12> _ i(Dll DlZ) =B
“o* ‘detD\D1z Dy;)  62\Dy; Dy
— 1
2p-1\"1 _
(62D71) " = —D

Vlasov A., Victorov A., and Venediktova A.
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1 P 1
K1(3) = 1 o3 —poooy) a3(1— p?) (1-p?) 0904
03021 - p?)\-pogo, o} __r 1 1
(1-p3?) 0904 oi(1-p?)
1 0
- ~2
=1 _(a 0 ~n\1_|a (o 0O
K_(Ob):(K) 01‘(0&%
b
A
-1 -1 O'_g 0 -1 7\'“
K =?C = K-1= » = |k ||m= == 2
0 =
o
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We shift the zero-point of the frame for
random vectors to the point of the
predicted values

D(x + const) = Dx; cov(x; — consty,x, — const,) = cov(xq,X3)

It would leave the matrix intact Why? Prove it, PLS

0-0=0

1 Ei
AT \A igenvalues of the
? (7] C(B)H = const Fisher matrix
! A,
— 0 0.0

Eventually, we switch (as has been o’ \

o \
shown above in an example for a A

. . ~-1 0 — 0.0 |-
quadratic form) to a set of eigenvectors mm) T ) v 8 = const

of the Fisher matrix . It gives a diagonal \

...............................

representation of the matrix C \
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1

The meaning of a diagonal element of the diagonalized inverse of the covariance matrix is: 5
[0

2 o? 0q

As we have established, O0; — —
w \" i 9 }\‘a

a

0o~ 0.=0,eN(0,02) > B.eN(0,0%)

,0\ r —~ 2
—% _eN(0,1) =>

O
o
Ve = AN

— 2
= Ar+1

All the variables are 1) standard normal and 2) inter-independent: all the elements off the diagonal of K and K1
are zeros

2

But! The values o“are unknown
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r =~ 2
6% ) R™
So, we have: 2 = Xr+1 However, we are mindful of that: 7 Z}r—:-—l
a

2

o“ is the same in all of the measurements, but is unknown!

And now we take a chance to praise the achievements of the already mentioned R. Fisher:

2

Xp
; i . b _
, Fisher random variable: xz_ =F(p,q)
Ronald Aylmer q/q
Fisher
1890-1962
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. e e p
Fisher distribution for y = 0.95 q x

i 2 3 4 S 6 8 12 @ _
1| 161,40 | 199,50 [ 215.70 | 224,60 | 230,20 | 234,00 | 238,90 | 243 90 | 249,00 | 254,30
2| 1851} 19.00) 19,16( 19.25| 1930 1933 | 1937} 1941 | 1945} 19,50
3| 10,13| 9,551 928 9,12{ 9.01 894 884 574| 864| 553
4 7.7 694| 659 639 62| 6,16/ 604 591 577 5.63

sl o661l sl sai| siol sos| 495 as2| aes| 33) 3,
6| 59| sia| a76| as53) a39| a28| 4xs| 400l x| 3@
7 559 474 435| 4,121 397] 387| 373| 357( 34l 3,23
8 532| 446 407{ 384| 369( 358 344 328| 312 293
9| 512| 426| 386| 363| 48] 337] 323 30| 290 271
F 10 49| 4,10 371 348 333 32 307( 291 274 2,54
fF@.9) 11| 484] 398! 359 336| 320( 309 295 279| 26| 240
12| 47s| 38| 3a9| 326| 31| 30| 285 2es| 250l 230
13 467 380| 341 3,08 3021 292f 277 260) 242| 221
14| 40| 37a| 334\ 3| 29| 285| 27| 233} 2350 213
is| asa| 3es| 329| 306| 29| 279| 2ie4| 2as| 22| 207
y 16 449| 363 324 301 285 2.74| 259 242 224| 201
17| 44s| 359| 320| 29| 281| 270( 25| 23¢| 29[ 19
18 441 355| 306| 293 2,77 266| 25i 234 215 1,92
19 433| 3,51 33| 29| 2,74| 263] 248( 231 2,11 1,88
20| 435| 39| 30| 287| 271| 260| 24 208| 184
| 4@l el o7l Tw) 2e| Te| 2e) 2| 205) 1)

430| 344| 305| 2 66| 25| 240| 223| 203] I
Ko Fe9 23| 48| 3a2| 303| 280| 26| 23| 28| 220| 200| 176
24| 426\ 30| 301| 27| 262 251| 236| 218| to8| 173
25 424 338( 299 276| 260 249| 234 216 1.96 L7
36| a22| 337 298| 274| 259 2a7| 232| 2u5| 195| 169
27| a21| 33s| 29| 27| 257| 246| 230 213| 193] 167
28| a2 334 2os| 27| 256| 2aa| 229) 22| 191 1es
Wesety,p=r+1,q=n—r—1 2| 418 333| 293 270 24| 243| 228 210| 190 1ed
30 417 332 292 269 253 242 227 2,09 189 1,62
40 4,08 3231 284 261 245 234| 2,18 200 1,79 1.51
| 35| 307 Zea| 2as| 29| 3u3| 02| 1w vel| 128
92| 307| 2e8| 245] 229( 217( 202| 183[ 16| 125
w(F(p,q) < Fy(p, q))=Y « | 3sal 290l 2g0l 231 2211 209l teal 17l vs2l ioo
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Wesety,p=r+1,q=n—-r—-1

£=0i2 (n—1—1) ¥ l
(%)

Yy = o+ 1D <F,(r+1n-r-1)
n2
. i"‘ s|(n—1—1) - 0?
7)
y = < 1

R:(r+1)-F,(r+1,n-r-1)

F,r+1n-r-1)-(r+1)
n—-r—-—1),
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R\/Fy(r+1,n—r—1)-(r+1)
(n—r—11,

Semi-axes of the joint confidence
ellipsoid are:

% R F,r+1n-r—-1)-(r+1)

n—r—1)»x,
55\ "8
R\/Fy(r+1,n—r—1)-(r+1)
n—r—1n
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Joint confidence domain of the regression parameters

pi =0 D(B) > D(B)
01]__ 01 |a=— - g0
|
I |
I |
% %

parameters are non-correlated

6'0 is insignificant
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Flow-chart of the linear regression of the experimental data

1. Setting the form of the regression, calculating the design matrix, Fisher matrix and point estimates of the regression

parameters

fo(x1) - fr(x1) _ 1

n(x) =0ofo(x) +01f1(x) + - O,fr(x) A= ; c=A4"A 6=(4"T4) A"y
fﬂ(xn) fr(xn)

2. Calculation of the predicted regression, residual sum of squares and covariance matrices for the parameters and
predicted regression values: ¥ =48; R*= G -y»'F-y); K(0)=d?c"'; K(V)=AK(0)A" = o?AC'A"

3. Calculation of the individual interval estimates of the parameters and confidence band for the predicted regression
values: _1111/2 _an1/2
- ™l . - R - €7l - R
00— nr1(¥) —=50a< 0,4+ 8,y 1(¥)  ——x,
n-r-1) Jn—r—-1)
lac-1a7| /%R lac-1aT| /R
. I | S
n—r-— n—r—
( 1) ( 1)

4. Finding eigenvectors of the Fisher matrix, diagonalization of the matrix, finding semi-axes of the joint confidence

Yi—0n—r-1¥)- S My;<¥;+ 8, 1)

ellipsoid for the regression parameters

. is al 7 =R F,r+1ln-r-1)-(r+1)
semi — axis along 6, = CETEEy
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Part 3
Hypotheses testing

Vlasov A., Victorov A., and Venediktova A.
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Hypotheses about the average given the variance is known or unknown

Statistical X © ap
sample of probes
sized n

Whether the expectation a is lower against the maximum permissible concentration?

Vlasov A., Victorov A., and Venediktova A.
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Any statement about the distribution law is a hypothesis

The methodology of statistical hypothesis testing consists in that a hypothesis is
juxtaposed with some other statement about the distribution law: these two
assertions are termed the basic and the alternative hypotheses

Both hypotheses are juxtaposed via analysis of the behavior of a quantity, whose value is
determined by a sample values and whose distribution law is known

This random quantity (why is it random?) and its distribution law are termed a criterion
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The distribution of the criterion within the basic and alternative hypotheses casts a
critical domain for the basic hypothesis

a — level of significance u — strength of the test
crit)
(p(
fl (@) n f o(®) The probability to reject a correct hypothesis is
g . (crit)
—1-p don a=[""" fole)de
=1 E _-' -', The probability to accept a hypothesis, whilst it is
— 3 incorrect B = [y f1(¢)dg
g .‘:\\__ K ® The probability to reject an incorrect hypothesis is
= £ (crit)
\ o p=1-g=["" fi(p)de
- ] ] The probability of accepting a basic hypothesis
Plerit) B = f1(@)de givenitisacorrectone=1—a = fq:r(:i,) fol@)de
(crit)
a= folp)de v
—eo

The better is @, the worse is 2. The practice is such that regularly & is set equal 0.05; the value of xz should
be calculated from f, (p(crt))

Vlasov A., Victorov A., and Venediktova A.
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Types of hypotheses we will consider:

@ Hypothesis about the expectation from the sample given the variance is known

@ Hypothesis about the expectation from the sample given the variance is unknown

@ Hypothesis about variance from the sample

@ Hypothesis about equality of average values from two sample having different variances

@ Hypothesis about equality of averages from two samples having the same, but unknown

variance
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Hypotheses about the average given the variance is known

Let there be a sample {xq, xq, ..., X1};

HypothesisH,: a = ay
the variance is known o

= o3 HypothesisH;: a=a; > ag

x—a

How to chose a criterion? @ =
AR

AN e
fo(‘P/) // \\\ﬁ(‘{?) %:?_;;\:; (p1=7;—a1=7—(ao+Aa)=%_ Aa
/| N\

So, an expedient thing is to set a critical domain on
j) e the r.h.s. of the real axis of the criterion

Vlasov A., Victorov A., and Venediktova A.
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In order to get the boundary point of the one-sided critical domain one needs the database of the
Laplace function. There are several types of presenting these data. Most often are cases A and B

A

8
1 e
<D(6y) = \/,T_”_Jy exp {— 7} dx
B
)

2 % x2
o J,Texp {— ?} dx

1+ y
DIo, )= .
6,)==
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S
\\f 1(9)

0

(p(crit)

Vlasov A., Victorov A., and Venediktova A.

a- {f : 11__20;} — any of Laplace function databases

f—ao
o
Vn

0
ifpo < @ Hy is accepted;otherwise H,

N (p(crit) = 8, - calculate ¢, = -

isrejected

Mathematical Reduction of Experimental Data
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Hypothesis Hy: a = q,
Hypothesis Hi: a = a; < qg

A criterion: @ = 5_‘1 EN(O, 1)
o/ﬁ
xX—ap x—a; x—(ay—Aa) Aa
Po = o ; P1= o = o =(p0+a'
0/\/ﬁ o/\/ﬁ o/\/ﬁ o/\/ﬁ

Obviously, a critical domain is on the l.h.s. of the real
axis of the criterion

@

Vlasov A., Victorov A., and Venediktova A.
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o - {CD =l-a«a } — any of Laplace function databases

\j y=1-2«a
. b i xX—a
//[/ \\“ - (p(crzt) - _ Sy_’ calculate ¢, = 5 0,
/ / \\\ N fo(@) NG
f 1(("’)// / \\ ifpo > @™ H, is accepted; otherwise H, isrejected
/) \
/- 4 O\
: / / \\\ \\\
v/ |
_é_élf/ ~ &
nf | ¢
: T s
@lerit

Vlasov A., Victorov A., and Venediktova A.
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Worked example

As a result of 9 measurements the average concentration of some substance in the solution was
determined to be 48 mmol/L. The variance of the methodology is known to be a%= 9 (mmol/L)2.
Whether it is possible to accept 50 mmol/L as a true concentration at the level of significance a=0.05?
How about 49 mmol/L? In the latter case determine the force of the criterion

A hint: in both cases formulate the alternative as a; = X

Vlasov A., Victorov A., and Venediktova A.
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S ] ! 2 L) 4 5 6 7 B 9
0,0 0,0000 0,0080/0,0160 {0,0238 [0,0319 (0.03990,0478 {0,0558 |0,0638 10,0717
0,1 0797 OB76 | 09SS | 1034 | 1113 | 1192 | 1271 | 1350 | 1428 | 10
0.2 1585 1663 | 1741 | 1819 | 1897 | 1974 | 2051 | 2128 | 2205 | 2282
S5 03 2358 2434 | 2510 | 2586 | 2661 | 2737 | 2812 | 2886 | 2960 | 3035
2 [, sl dos |um e 2 e e
®(0) = f e” /z2dt =y =w(|t] <) ok || asts | assi | a647 | 4713 | 4778 | s843 | 4907 | 4971 | 5035 | soo8
v 21T 0,7 5161 5223 | 5285 | 5346 | 5407 | 5467 | 5527 | 5587 5705
0 08 5763 S821 | S878 { 3935 | 5991 | 6047 | 6102 | 6157 | 6211 | 6265
09 6319 6372 | 6424 | 6476 | 6528 | 6579 | 6629 | 6679 | 6729 | 6778
10 0.6827 0,6875/0,6923 10,6970 (0,7017|0,70630,71090,7154 [0,7199]0,7243
11 7287 7330 | 7373 | 7415 | 7457 | 7499 | 7540 | 7580 | 7620 | 7660
. 7699 7737 | 7775 | 7813 | 7850 | 7887 | 7923 | 7959 | 7994 | 8029
13 8098 | 8132 | 8165 | 8198 | 8230 | 8262 | 8293 | 8324 | 8355
14 8385 8415 8473 | 8501 | 8529 | BSS7 | 8584 | 8611 | 86
1.5 8690 | 8715 | 8740 | 8764 | 8789 | 8812 | 8836 | 8859 | BS82
16 8926 | 8948 | 8969 | & Q011 | 9031 | 9051
17 | I 9127 | 9146 | 9164 | 9IB] | 9189 ) 9216 | 9233 | 9249 | 9265
1.8 9281 9297 | 9312 | 9327 | 9342 | 9357 | 9371 | 9385 | 9399 | 9412
19 9426 9439 | 9451 9476 | 8488 | 9500 | 9512 | 9523 | 9534
20 0,9545 0,9556 10,9566 10,9576 |0,9586 (0,9596 | 0,9606 10,9616 |0.9625 10,9634
21 3 9651 9668 | 9676 | 9684 | 9692 | 9700 | 9707 | 9718
2.2 9722 9729 | 9736 | 9743 | 9749 | 9756 | 9762 | 9768 | 9774
23 9786 9791 | 9797 | 9802 | 9807 | 9812 | 9817 | 9822 | 9827 | 9832
24 I 9836 9841 | 984S | 9849 | 9853 | 9857 | 9B&1 | 9R6S | 9849 | 9872
23 9876 9879 | 9883 | 9886 | 98R9 | 9892 | 9895 | 9RUS | 9901 | 904
26 9907 9910 | 9912 {99915 | 99917 | 99920 | 9922 | 9924 | 9926 | 9928
2.7 9931 9933 | 9935 | 9937 | 9938 | 9940 | 9942 | 9944 | 9946 | 9947
8[| 9939 | 9951 | 9952 | 9953 | 9935 | 9ass | 9958 | 9959 | 9960 | 9961
29 9963 9964 9966 | 9967 | 9968 | 9969 | 9970 | 9971 | 9972
30 0,973 [0,9974}0,997510,9976 10,9976 |0.99770,9978 {0,9979 |0,9979 |0,9980
3 9981 9981 | 9982 | 9983 | 9983 | 0984 | 9984 | 9985 | 9985 | 9986
3.5 995 9996 | 9996 | 9996 | 9996 | 9996 | 9996 | 9996 | 9997 | 9997
36 9997 9997 | 9997 | 9997 | 9997 | 9997 | 9997 | 9998 | 9998 | 9998
37 9998 9998 | 9998 | 9998 | 9998 | 9998 | 9998 ) 9998 | 9998 | 9998
38 9999 9999 | 9999 | 9999 | 9999 | 9999 | 9999 | 9999 | 9999 | 9999
39 9999 9999 | 9999 | 9999 | 9999 | 9999 | 9999 | 9999 | 9999 | 9999
40 999936 9999 | 9999 | 9999 | 9999 | 9999 | 9999 | 9999 | 9999 | 9999
4.5 599994 - - - - - — -- o~ -
5.0 110,99999944 - -— — — — - - - —
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y=1-2a=09 = &, =165 -6,=-165 = -

) < —-1.65 = H, inthe 1% case isrejected

B 3(48 — 50) _ 5 mmol
Po = 3 = L

_ 3(48-49) (mmol

@ 3 ) >—1.65 = H, inthe 2" case is accepted

(crit)|_
p=2420e70 0 _ 05 4 024215 = 074215 > p=1-p=026
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Hypothesis Hy: a = a,
Hypothesis H;: a # qg

x—-a
A criterion: @ = 37
o/ﬁ
—Qy Y—al f—(aoiAa) Aa
» P1=¢g = o =@PoTg
o/\/ﬁ o/ﬁ o/\/ﬁ o/ﬁ

It would make appearance as a rational thing to set a
critical domain on the both wings of the Laplace
function

Vlasov A., Victorov A., and Venediktova A.
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b=1-a .
%y - { y=1- 42} - Laplace function database - ¢, = §,

q):l—a/z

1 } - Laplace function database — ¢,V = -8,
y=1-a

“/2‘){

if po€[@, D, @, "] Hy is accepted; otherwise H, isrejected

Vlasov A., Victorov A., and Venediktova A.
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Hypotheses about the average with unknown variance

PN

/ N\ e
fﬂ(‘p)/'/ /’/ \ N\ file)
// / \\‘ \
/ /’ \ \\
A A AN
/f '/ \\\f\\\\
I ' "’
I I

o x—a
Acriterion: @ = —— =, 1

S/\/ﬁ

Asample{x},1<i<n =

A flow-chart for accepting an inference about hypothesis is basically the same as in the case of the
known-variance hypotheses with the only difference in that the boundary of the critical domain is
gotten from the database on the Student distribution
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Worked example

Kinetic study of a certain reaction provided 20 observations giving the average time for it from the
moment of mixing up components up to attaining chemical equilibrium T =77 min, the standard
sample deviation S = 4min2. Can one reckon on the significance level 0.01 that a, = 80 min is

the reaction time in the given conditions

Hint: set an alternative hypothesis as the reaction time + a,

Vlasov A., Victorov A., and Venediktova A.
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_ \/Tl(f_ ar) Hol ag= 80
- Sn Hli a, # ag

{ y=a=099 |:> Student database |:> 6,=12.861

k=n-1=19

V20(77 - 80
@0 = % =—-6.708 < —2.861

H, will be rejected
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Hypotheses about the variance

Hypothesis Hy: 02 = g¢

Does the true variance exceed the permissible maximum value? . 2 5 5
Hypothesis H;: 0% = a{ > 0§

n n

1 1
A Asample{x;},1<i<n = f::-in;ﬂ:_Z(xi_y)z
n n—1
i=1 i=1
o $?n-1) _ 2
A criterion: @ = T o2 An—-1 /
2 n-1)  $*(m-1) S*(n-1) 1 |og
R R TP A
a3 ﬂ
1 R.h.s. critical domain
1
‘p(crit) qo
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4

‘p(crit)

k=n—-1, a—>y=1-a- percent points of the Pearson distribution - @lerit) — &,

if o < @D, H, is accepted; otherwise rejected

Vlasov A., Victorov A., and Venediktova A.
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Another way of articulating alternative hypothesis

Hypothesis Hy: 02 = g¢

A Hypothesis H,: 02 = of < ¢
|
1
s?2(n-1
Fole) A criterion: @ = (0_—2) = X,21_1
_$’(n-1)  S’m-1) S’m-1 1 laf |
Po = 0_(2) P91 = 0_% - 0'%/ 0_(2) = Po O'%
f1(9) a
hay a ﬂ
> ¢ . L.h.s. critical domain
. G
(p(cnt)
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fo(p)

f1(@)

L 2
<

1
(p(cnt)

k=n-1; a >y =a - percent points of the Pearson distribution — @lerit) — é,

if @ = @D, H, is accepted; otherwise rejected

Vlasov A., Victorov A., and Venediktova A.
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Vlasov A., Victorov A., and Venediktova A.

The third way of articulating alternative hypothesis

Hypothesis Hy: 62 = o2

HypothesisH,: o2 = g% # 0%

f1(e) )
A“‘\ S n_l
‘: \ | A criterion: @ = (0_—2) — Xlz’l—l -
]
[}
] -
’ /n
| Sy Sy _se-n 1 [a])
0 2 9 o? o? o2 ®o o2 |/
a3
-

(pgcrit)

@ ﬁ ] Double-sided critical domain
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|
Yo “2
U (erin : (crit) T
2 L)
k=n—-1,a-y= “/2 — percent points of the Pearson distribution - (p;mt) =4,
k=n—-1a-y=1- “/2 — percent points of the Pearson distribution — (pgmt) =94,
if poe [(p(lcrit), (pgm't)] , H, is accepted; otherwise rejected
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Worked example

The precision of a newly constructed detector of a certain substance was evaluated
from the data on variance, which must not exceed 0.15 mmol/L. A statistical sample
comprises measurements of 25 probes from one solution. The sample average
deviation equals $% = 0.25 (mmol/L)?. Whether it is possible to accept the
precision of the setup relevant on the significance level & = 0.05?

Hint: set an alternative the statement that the setup precision is worse

Vlasov A., Victorov A., and Venediktova A.
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The Pearson y? distribution & TS 0,70 0,50 0,50 0,95 0,94 0.9 0,599
f( 2) I 0,455 1074 | 1.642 2,71 384 541 664 | 10,83
Lk 2 | 1386 | 241 | 322 | a0 | s99 | T2 | @21 | 1382
3| 23 366 | 464 625 | 782 | 984 | 11,34 | 1627
4 | 336 | ags | 599 778 | 949 | 1167 | 1 18,46

s | 435 | b0e | 729 924 | 1107 | 1339 | 1509 | 205

6 | 438 723 | BS6 | 1064 | 1259 | 1503 | 1681 | 22.5

7 | 635 | 838 | 980 | 1202 | 1407 | 1662 | 1848 | 243

8 734 | 952 | 103 | 1336 | 1551 | 1817 | 20, 26,1

9 | 834 | 066 | 1224 | 1468 | 1692 | 1968 | 217 | 279

w | o3 | n7e | 1aas | ases | agn | 212 | 132 | 96

1| 1034 | 1290 | 1463 | 0728 | 1968 | 226 | 247 | 313

12 | i34 | 140t | 1581 | 1855 [ 20 | 240 | 262 | 329

2 2 13 | 1234 | 1512 | 1698 | 1981 | 224 | 255 | 277 34,5

e (V) Xk 1a 1338 we2z [sis |2 | 37 | %5 | w01 | e

15 | 1434 |73z | e | 223 | 250 | 283 | 3os | 37

16 | 1534 | 1842 | 205 235 | 63 | 296 | 320 | 393

17 | 1634 | 1951 | 216 ME | 76 | 30 | 334 408

18 | 1734 | 206 | 228 %0 | 89 | 323 | 48 | 423

19 | 1834 | 217 | 239 2712 | 0l 337 | 362 | 438

2 2 20 | 1934 | 228 | 250 M4 | N4 | 350 | e | 453
w < — 2 {03 | 2390 |22 296 | 327 | 33 | W9 | 468
X k X k y —y 22 |23 249 7.3 0.8 119 377 403 48,3
23 [ 223 | 260 | 284 320 | 352 | w0 | 46 | 497

2 | 233 | 270 296 332 | ¥4 | 403 | 430 51,2

25 | 243 | 282 30,7 34 | 377 | 416 | 443 | 526

26 | 253 | 292 38 356 | 389 | 429 | 456 | 4.

27 | 263 | 303 129 6,7 | 40,1 a3 | 470 | 555

2% | 273 | 314 | 340 379 | 413 | 454 | 483 56,9

20 |23 |axs | asa w1 | 426 | 467 | 496 | 583

30 12903 1335 36,2 03 | 438 | ao | s09 | 597
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_$2(n-1)
Hy: 02=a§ Po = 20(2, )
Hy: 62>0 S2n-1) (o
1 0 Q1= # (—g) = critical domainisr.h.s.

y=1-a;, k=n—-1=24 = ¢ =364

_0.25-24
0.15

Py = =40 > 36.4 = thedasic hypothesis should be rejected
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Hypothesis about equality of averages in two samples with different, but known variances

The situation of juxtaposing measurements of the same physico-chemical property with two methodologies

One sample {x;} size n, with variance a%; another sample {y;} size n, with variance o}

Variables

Vlasov A., Victorov A., and Venediktova A.

: the difference betweenx andy is accedental = M(x—y) =0 = a,=a

2. 2

Do gotten averages from the two samples estimate the same expectation?

xX—a 7 - ay — — anr O'f,
s—— and g——= €N(0,1) Hence, X—yeN|a,—ay, —+_=
x/ y ny ny
My /ny
o -y—(ax—ay)
Criterion: ¢=—7———-€N(0,1)
%%
ny ny

y
a,* a,
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—Me N(0,1) H,: thedifference betweenx andy is accedental > M(x—y) =0 = a, =a,,

P= —
a_x+0_y H1 . ax¢ ay
ny ny

fo(p)
7PN
£ X NN
= . /.-,.'\\\
X—Yy Positioning of alternatives /NN
= / ,ﬂ \ \
Po 5 . /// \\ Lt
/ N\ \
9x 9y \g\/ AN N
n, n /S INS N N I
y A ,/’/ \\ \\ \« |
— f1(@) et R

a-y=1—-a - ) )
Ifpge [(p(mt), (pgmt)] = H,accepted

— percent points of the Normal distribution 1
(crit) _ . (crit) _
- o =8 0 =6y

Mathematical Reduction of Experimental Data 209 /221

Vlasov A., Victorov A., and Venediktova A.



Worked example

A statistical sample of 14 probes from the river was studied by a specific methodology and
showed average concentration of detrimental contaminations 182 mmol/L, whilst another
sample of 9 probes was studied by another methodology and showed the average concentration
of the same substances 185 mmol/L. Variances of the employed methods were known and
equaled: 62 = 5 (mmol/L)? and 6% = 7 (mmol/L)? . Can one assert on the significance level

0.05 that both samples provide equal estimates of the same true values of the concentration?

A hint: an alternative consists in that the difference of the estimates is not a random case
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Hy: a,=a,

y=1-0.05 =095 = Studentdatabase = §,=11.96
Hy: a, #a,
x—y 182 — 185
Po = = — =-2.82 <-1.96
ot 9 12t9
n, mn,

Basic hypothesis should be rejected

Vlasov A., Victorov A., and Venediktova A.
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Hypothesis about equality of averages in two samples with equal, but unknown variances

The situation of juxtaposing averages of the same physico-chemical property estimated from two statistical
samples obtained by the same methodology with equal, yet unknown variances

2

One sample {x;} size n, with variance S%; another sample {y;} size n, with variance S3. %= 03 = o*

Do gotten averages from the two samples estimate the same expectation?

S2(n, —1) S2(n, -1
€ N(O, 1) xvx 7 :2 = X?lx—l;—y( Y )

2 42 —

o 62 o x-y—(ay,—a

X—yeN|a,—a,; ~+-2 ( ) =X -1
n, n, o2 y

tnx+ny—2
1 1 1 20 _ 2(n _
"Jn— ta, \](nx +n,—2) (st = 1) + 83(ny — 1))
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Vlasov A., Victorov A., and Venediktova A.

:E—y—(ax—ay). 1

Ny+ny—2
1 1 1 200 _ 2(n
\/n_x + n_y \/(nx n n, — 2) (Sx(nx 1) + Sy("y 1))

H, : thedifference betweenX andy is accedental > M(x —y) =0 = a, = a,
Hy: a,* ay

X—y 1 Alternatives
Po = : > >

1,1 (2, — 1) + $3(n, — 1))

M Ty (ne +n, —2)

k=ny+n,-2a-y=1-a -
percent points of the Student distribution

5 (pgcrit) — _Sy; (p;crit) — Sy

If o€ [‘chrit),¢gcrit) ] = H,accepted
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Worked example

Two spots in the forest area were studied by a single analytical detector regarding the content of a
particular contamination in the air. The sample from the spot X (number of probes n, = 9) showed
the following concentrations in the probes:

Number of probes —--

Registered concentration (mmol/L) 304

The other sample from spot Y (number of probes n,, = 13) gave the following data:

nnl-—

Registered concentration (mmol/L) 303
In the assumption of equal variances in both samples test on the S|gn|f|cance level 0.1 a

hypothesis Hy: a, = a, with an alternative H,: a, # a,

Vlasov A., Victorov A., and Venediktova A.
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Yy=1-«
k=9+13-2=20 8,=11.725
304-1+307-4+308-4 _ 303-2+304-6+306-4+308-1
x= =307.11 y= =304.77
9 13
9 9

st=1 (x;— X)?=2378; si= L - ¥)*=1.685;
*x~ g - Xi—X)"= 4. , Y712 - (yi y) = 4 ,

307.11 — 304.77

2378 - 8+1685-12 (1 1
9713

Po = =3.852 (3.696)>4, = H, should be rejected

20
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Databases of statistical distributions

Vlasov A., Victorov A., and Venediktova A.
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Percent points of the standard é

. . . 0,0 0,019 X 0,0717
normal distribution o1 |l 0797 | 0876 | 095s | 1034 | 1113 | 1192 | 1271 | 1350 | 1428 | 1507
0.2 1585 1663 | 1741 | 1819 | 1897 | 1974 | 2051 | 2128 | 2205 | 2282
S5 03 2358 2434 | 2510 | 2586 | 2661 | 2737 | 2812 | 2886 | 2960 | 3035
2 (e oS R A
®(0) = f e” 2dt =y =w(|t] <) o6 || ssis | asst | aea7 | 4713 | 4778 | 4843 | 4907 | 4971 | 5035 | soo8
v 2T 0,7 5161 $223 | 5285 | 5M6 5467 | 5527 | 5587 | 5646 | 5705
0 08 5763 S821 | $878 | 5935 | 5991 | 6047 | 6102 | 6157 | 6211 | 6265
09 6319 6372 24 | 6476 | 6528 | 6579 | 6629 | 6679 | 6729 | 6778
10 0,6827 0,6875/0,6923 10,6970 (0,7017|0.70630,7109[0,7154 |0.7199 [0,7243
11 7 7330 | 7373 | 7415 | 7457 | 7499 | 7540 | 7580 | 7620 | 7660
7699 7737 | 7775 | 7813 | 7850 | 7887 | 7923 | 9% 8029
8098 | 8132 | 8165 | 8198 | 8230 | 8262 | 8293 | 8324 | 8355
8385 8415 8473 | BS01 | 8529 | BSS7 | 8584 | 8611 [ 8638
8715 | 8740 | 8764 | 8789 | 8812 | 8836 | 8859 | 8882
8926 | 8948 | 8969 | 8990 | 9011 | 9031 | 9051 90%
9109 9127 | 9146 | 9164 | 9IB] | 9189 | 9216 | 9233 | 9249 | 9265
9281 9297 | 9312 | 9327 | 9342 | 9357 | 9371 | 9385 | 9399 | 9412
9426 9439 | 9451 | 9464 | 9476 | 8488 | 9500 | 9512 | 9523 | 9534
0,9545 0,9556 10,9566 10,9576 10,9586 {0,9596 | 0, 0,9616 |0,9625 10,9634
3 9651 9668 | 9676 | 9684 | 9692 | 9700 | 9707 | 97IS
9722 9729 | 9736 | 9743 | 9749 | 9756 | 9762 | 9768 | 9774 | 9780
9786 9791 | 9797 | 9802 o812 | 9817 | 9822 | 9827 | 9832
9836 9OB41 | 984S | 9849 | 9853 | 9857 | 9R61 | 9R6S | 9849 | 9872
9876 9879 | 9883 | 9886 | 9889 | 9892 | 9895 | 9RU8 | 9901 | 9504
9907 9910 | 9912 {99915 (99917 | 99920 | 9922 | 9924 | 9926 | 9928
27 9931 9933 | 9935 | 9937 | 9938 | 9940 | 9942 | 9944 | 9946 | 9947
8 9949 9951 | 9952 | 9953 | 9955 | 9956 | 9958 | 9959 | 9960 | 9961
29 9964 | 9965 | 9966 | 9967 | 9968 | 9969 | 9970 | 9971 | 9972
0|l 09973 [0.9974]0.997510.9976]0.9976 |0.9977 [0,9978 10,9979 [0,9979 |0, 9980
3 9981 9981 | 9982 | 9983 | 9983 | 9984 | 9984 | 9985 | 9985 | 9986
3.5 9995 9996 9996 | 9996 | 9996 | 9996 | 9996 | 9997 | 9997
36 9997 9997 | 9997 | 9997 | 9997 | 9997 | 9997 | 9998 | 9998 | 9998
37 9998 9998 | 9998 | 9998 | 9998 | 9998 | 9998 | 9998 | 9998 | 9998
38 9999 9999 | 9999 | 9999 | 9999 | 9999 | 9999 | 9999 | 9999 | 9999
39 9999 | 9999 | 9999 | 9999 | 9999 | 9999 | 9999 | 9999 | 9999
40 999936 9999 | 9999 | 9999 | 9999 | 9999 | 9999 | 9999 | 9999 | 9999

4.5 599904 - - - - - — — - -

5.0 11099999904 | — - — - — - - — -
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f(ty)

() @) 4

w(lt| <t (¥)=y &|%| %

Vlasov A., Victorov A., and Venediktova A.

x| os 0.6 0,7 'K} 0,9 0,95 0,98 0.9% 0,999
1 1 O} LAT6 | L9963 | 3,078 | 6304 |12.706 |[31.8B21 [63,657 pI6619
2 0816 | 1061 [ 1,336 | 1.BB& | 2920 | 4,303 | 6,965 | 9925 |31,598
3 765 | 0978 | 1.250 | 1,638 | 2,353 | 3,182 | 4,541 | 5,841 [12.94]
4 T41 41 1,190 | 1,533 | 2,132 A 3,747 | 4604 | K610
5 727 M0 1,156 | 1,476 | 2,015 | 2,571 | 3,365 | 4,032 | 6,859
[ TIB 06 1134 | 1440 | 1943 | 2,447 | 3143 | 3,707 5.959
7 7 296 1119 1.415 1. 895 | 2,365 | 2998 | 3499 5,405
8 TO6 BED 1108 | 1,397 | 1.B60 | 2,306 | 2,89 | 3,355 | 5.041
9 703 883 106 | 1383 | 1,833 | 2,262 | 2821 | 3250 | 4.780

I TOD 179 1,093 1.372 1,812 | 2,228 | 2,764 | 1,169 | 4,587
I &7 76 1.088 1.363 1L.796 | 2,201 2718 | 3,106 | 4.487
12 &95 873 1,083 1,356 | 1,782 | 2,179 | 2,681 1055 | 4318
13 694 270 Lo | 1,350 | 1,771 2060 [ 2650 | 3012 | 4,221
14 | &2 68 | 1076 | 4,345 | 1761 | 2,145 | 2624 | 2977 | 4140
I &1 66 1.074 1.341 1753 | 2,030 | 2602 | 2,947 [ 4073
16 690 865 | 1,071 | 1,337 | 1746 | 2,120 | 2,583 | 2,921 [ 4.015
17 689 62 1,065 1,333 1,740 | 2,110 [ 2,567 | 2,898 3,965
18 GHE 862 1,067 | 1,330 | 1,734 | 2,003 | 2,552 | 2,878 | 3922
19 6BE 861 1066 | 1,328 | 1,729 | 2,093 | 2,539 | 1861 | 3883
20 GR7 w60 1064 1,325 1,725 | 2,086 | 2,528 | 2,845 3850
21 6B #59 | 1063 | 1,323 | 1721 | 2,080 | 2,518 | 2,831 | 3.819
2 ERE 458 | 1061 | 1,321 [ 1,707 | 2,074 | 2,508 | 2819 | 3,792
23 GRS 4358 1060 | 1,319 1714 | 2,069 | 2500 | 2,807 3,767
4 685 857 | 1,059 | 1318 | L7101 | 2,064 | 2,492 | 2797 | 3.745
25 684 856 1058 | 1,316 [ 1,708 | 2,060 | 2,485 | 2787 | 3,725
26 684 836 1,058 1,315 1.706 | 2,056 | 2479 | 2,779 707
7 654 855 | 1,057 | 1,314 | 1,703 | 2,052 | 2,473 | 2,771 | 3.6%0
683 855 | 1056 | 1313 | 17001 | 2048 | 2467 | 2763 | 3674
683 254 1055 1.311 1699, | 2045 | 2462 | 2,756 1,659
683 854 1,055 | 1,310 | 1697 | 2,042 | 2,457 | 2,750 | 1o46
1,050 1,303 1.684 | 2,021 2423 | 2,704 3,551
1,046 1.296 1.671 2,000 | 2,390 | 2,660 3,460
1,041 1.289 1LASE | 198D | 2358 | 2,617 3,373
a 674 842 1,036 1,282 1,645 1 1,960 | 2326 | 2,576 . ]|
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The Pearson y? distribution & TS 0,70 0,50 0,50 0,95 0,94 0.9 0,599
f( 2) I 0,455 1074 | 1.642 2,71 384 541 664 | 10,83
Lk 2 | 1386 | 241 | 322 | a0 | s99 | T2 | @21 | 1382
3| 23 366 | 464 625 | 782 | 984 | 11,34 | 1627
4 | 336 | ags | 599 778 | 949 | 1167 | 1 18,46

s | 435 | b0e | 729 924 | 1107 | 1339 | 1509 | 205

6 | 438 723 | BS6 | 1064 | 1259 | 1503 | 1681 | 22.5

7 | 635 | 838 | 980 | 1202 | 1407 | 1662 | 1848 | 243

8 734 | 952 | 103 | 1336 | 1551 | 1817 | 20, 26,1

9 | 834 | 066 | 1224 | 1468 | 1692 | 1968 | 217 | 279

w | o3 | n7e | 1aas | ases | agn | 212 | 132 | 96

1| 1034 | 1290 | 1463 | 0728 | 1968 | 226 | 247 | 313

12 | i34 | 140t | 1581 | 1855 [ 20 | 240 | 262 | 329

2 2 13 | 1234 | 1512 | 1698 | 1981 | 224 | 255 | 277 34,5

e (V) Xk 1a 1338 we2z [sis |2 | 37 | %5 | w01 | e

15 | 1434 |73z | e | 223 | 250 | 283 | 3os | 37

16 | 1534 | 1842 | 205 235 | 63 | 296 | 320 | 393

17 | 1634 | 1951 | 216 ME | 76 | 30 | 334 408

18 | 1734 | 206 | 228 %0 | 89 | 323 | 48 | 423

19 | 1834 | 217 | 239 2712 | 0l 337 | 362 | 438

2 2 20 | 1934 | 228 | 250 M4 | N4 | 350 | e | 453
w < — 2 {03 | 2390 |22 296 | 327 | 33 | W9 | 468
X k X k y —y 22 |23 249 7.3 0.8 119 377 403 48,3
23 [ 223 | 260 | 284 320 | 352 | w0 | 46 | 497

2 | 233 | 270 296 332 | ¥4 | 403 | 430 51,2

25 | 243 | 282 30,7 34 | 377 | 416 | 443 | 526

26 | 253 | 292 38 356 | 389 | 429 | 456 | 4.

27 | 263 | 303 129 6,7 | 40,1 a3 | 470 | 555

2% | 273 | 314 | 340 379 | 413 | 454 | 483 56,9

20 |23 |axs | asa w1 | 426 | 467 | 496 | 583

30 12903 1335 36,2 03 | 438 | ao | s09 | 597
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The values of €,complying

. o Y| o5 0,6 0.7 08 09 095 | 098 | 099 | 0999
with a condition determined A
: : 1 | 0568 | 906 | 1,602 | 2,946 | 6,923
in accordance with the § ;&7) ‘;73 0,678 "'§3 %'ggg ?“;g 23&7; 2 3% -
TSP A S 70 | 482 | 07 . 9 q 1
Pearson distribution: 4 248 306 398 563 | 0,941 | 1,382 | 2,056 | 2,700 | 5,00
s | 221 | 277 | 348 | 475 | 738 | 1,104 | 1,594 | 200 | 3,80
6 | 200 | 251 | 308 | 416 | 623 | 0918 | 1,306 | 1,650 | 3,00
k k 7 | 185 | 232 | 290 | 380 | 576 | 800 | 1,143 | 1,393 | 2,50
wl——— <y2< g8 | 173 | 216 | 269 | 354 | si6 | 713 | 0,986 | 1,225 | 2,05
1+ &9)? [max(0,1 — &1)]? 9 162 202 252 329 | 476 | 650 889 | 1,094 | 1,75
10 | 153 | 192 | 239 | 304 | 442 | 596 | 814 | 0980 | 1,50
12 { 140 | 176 | 218 | 276 | 388 | 527 | 700 | 840 | 1,30
14 | 130 | 162 | 290 | 252 | 357 | 468 | 620 | 740 | 1,14
16 | 122 | 150 | 188 | 236 | 325 | 422 | S64 | 671 | 1,02
18 | 115 | 143 | 177 | 223 | 297 | 390 | S00 | 600 | 092
(&) 20 | 108 | 136 |} 168 [ 210 | 282 | 370 | 480 | s67 | 85
25 | 096 | 122 | 148 | 187 | 247 | 317 | 408 | 485 70
30 | 0088 | 111 137 | 172 | 226 | 281 | 369 | 425 60
¥ 35 | 085 | 101 127 156 | 207 | 261 347 | 400 56
4 | 076 | 095 | 119 | 146 | 193 | 342 | 312 | 375 52
50 | 068 | 084 | 105 | 133 | 174 | 212 | 270 | 311 45
60 | 062 | 077 | 095 | 122 | 155 | 193 | 242 | 283 40
70 | 057 | 072 | 088 | 112 | 145 | 180 | 222 | 250 37
i - 7 80 | 054 | 067 | 082 | 103 | 138 | 167 | 200 | 236 35
- 9 | os1 | 063 | 078 | 09 | 131 151 192 | 220 32
A+&)2 (1-¢g)? 100 | 048 | 060 | 074 | 092 | 125 | 146 | 184 | 200 30
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. s er s p
Fisher distribution for y = 0.95 q x
1 2 3 4 5 6 8 12 i e
1| 161,40 | 199,50 | 215.70 | 224,60 | 230,20 | 234,00 | 238,90 | 243 90 | 245,00 | 254,30
2| 1851} 19.00) 19,161 19.25] 19,30 1933 1937 1941 | 1945] 19,50
3| 10,13 9,55 928 9,12 9,01 8,94 8,84 8,74 3.64 8,53
4 .7 6,94 6.59 6,39 6,20 6,16 6,04 591 577 5,63
5 6,61 5 541 519 5.05 495 482 4,68 <33 +,36
6| 59| sua| a76| as53] a39| 42| ars| a00] 33| 387
7 5,59 474 435 412 397 387 n 3,57 341 323
8| 532{ aa4s| 407 38¢| 369| 38| 34| 3328( 32| 293
9l s12| 426| 386| 363| 348] 337] 323| 307) 2901 271
F 10 496 4,10 3,71 348 333 32 3,07 291 274 2,54
fF(p.q) 11| 484] 398| 359 3.36| 320 3.09| 295| 279| 21| 240
12| 475| 388| 39| 326| 31| 300| 285| 2eo! 20l 230
13 4,67 3.80 34) 3,18 3,02 292 277 2,60 242 2,2)
14| 460| 374| 334 31| 29| 285| 270| 233! 235 213
15| a3a| 38| 329] 306| 29| 279| 264f 214s| 25| 207
y 16 4,49 3,63 3,24 301 2,85 2,74 2,59 242 224 201
17| aas| 3s9| 32| 29| 281 270| 2ss| 23%| 29| 19
18| 441| 355 36| 293| 27| 266| 21| 234| 215 192
19 433 3,51 313 2.9 2,74 2,63 248 231 2,11 1,88
20| 435| 349| 30| 287 27| 260| 2.5 208| 184
a| an| a7l dor| 2m i'“ 257) 24| 225| 203| 181
430| 34| 305 2 66| 255| 240| 223 2 .
Ko  F@9 23| a28| 342| 303| 280| 24| 253 28| 220| 200| 176
24| 426| 340| 301| 278| 262| 251| 236| 28| e8| 173
25 424 338 299 2,76 2,60 2,49 2,34 2,16 1.96 L7
% | a22| 337| 298| 274| 2s50| 2a7| 232| 25| 95| 169
27| a21| 33s| 296| 2m| 257] 246 230| 23| 193] 167
28| a20| 33a| 2os| 27| 256| 2as| 2290 212| 191] 1es
Wesety,p=r+1,q=n—r—1 29| a18| 333| 293| 270| 254| 243| 28| 210| 19| 164
0| a17| 332 292| 2e9| 23| 242| 227] 29| 189 162
40 4,08 323 2,84 2.61 245 2,34 2,18 2,00 1,79 1,51
0] 39| 30| 3es| 3as| 3| an| 72| 13| ver| 12
92| 3 68| 2. 290 217 202| 183 1elf 125
W(F(p’ q) s Fy (p, q) ) =y x| 38al 2990 260l 2371 2211 209l toal 17501 1521 100
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