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(8,13 Мб) Mathematical Reduction of Experimental Data
The present course is aimed to provide systematic instructions for the choice and application of methods related to processing 

the data gotten through the physico-chemical experiments. A correct and conscientious estimation of the experimental results ne-
cessitates certain knowledge of mathematical statistics. So, in order not to convert mathematical routines into a set of formal reci-
pes, whose content is “a black box”, the course explicates basic ideas of statistical methods in conjugation with concepts and notions 
of the calculus in probabilities. The authors were focused on giving statistical paradigm transparently, avoiding cumbersome mathe
matical machinery. As a rule, during the interpretation of experimental data several issues do arise. In first place, the experimental 
result inevitably contains methodological or/and random errors. Therefore, it is a must to handle a skill of accessing the reliability of 
experimental data, their error bars, to master getting an estimate of the true values of a measurable parameter in a series of sequel 
experiments. Another thing, in the course of experimental studying there comes about a problem of analytical representation of 
various experimental regularities. Quite often the mathematically analytical type of such dependencies is known a priori, however, 
formulae contain a number of constants (parameters), whose values are adjusted so that the experimental data are described in 
the best way. Owing to that, the experimental variables contain random errors, estimates of the said parameters also turn out to be 
random variables, containing errors, whose statistical analysis is necessary. The course presents typical examples of the methods 
of statistical estimation. Last, but not least, the course gives algorithms of hypotheses testing with regard to the true values of the 
measured quantities, their variances, coincidence of the statistical characteristics in separate and parallel samples.
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A, B, C, D… etc. in the complex G. If any of them can take place 

1.     

2.  

3.  

4.    

5.      

6.    𝑨𝑨𝟏𝟏,  𝑨𝑨𝒏𝒏, … .     
 σ𝒊𝒊 𝑨𝑨𝒊𝒊 = 𝑼𝑼

A, B, C, D… etc. in the complex G. If any of them can take place 

1.     

2.  

3.  

4.    

5.      

6.    𝑨𝑨𝟏𝟏,  𝑨𝑨𝒏𝒏, … .     
 σ𝒊𝒊 𝑨𝑨𝒊𝒊 = 𝑼𝑼
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𝒘𝒘 Τ𝑨𝑨 𝑩𝑩

𝒘𝒘 𝑩𝑩

𝒘𝒘 𝑨𝑨𝑨𝑨

:
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If ,  events A and B are independent:
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What is the probability of that upon tossing two dice “5” nominal falls 

Probability of “5” on a dice is 1/6.1
6 . 3

6 .

1
6 .

 3
36

 1
12 

.=



15 / 221Mathematical Reduction of Experimental DataVlasov A., Victorov A., and Venediktova A.



16 / 221Mathematical Reduction of Experimental DataVlasov A., Victorov A., and Venediktova A.



17 / 221Mathematical Reduction of Experimental DataVlasov A., Victorov A., and Venediktova A.

𝒘𝒘 𝒙𝒙𝟐𝟐 = ෍
𝒋𝒋=𝟏𝟏

𝟐𝟐

𝒘𝒘 𝒙𝒙𝟐𝟐, 𝒚𝒚𝒋𝒋 = 𝟐𝟐
𝟓𝟓 ;  𝒘𝒘 𝒚𝒚𝟏𝟏 = ෍

𝒊𝒊=𝟏𝟏

𝟑𝟑

𝒘𝒘 𝒙𝒙𝒊𝒊, 𝒚𝒚𝟏𝟏 = 𝟑𝟑
𝟓𝟓 
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law contain certain parameters, who’s determination is 
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𝑴𝑴𝑴𝑴𝑴𝑴 = 𝑪𝑪𝑴𝑴𝑴𝑴
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𝑀𝑀 𝑥𝑥 + 𝑦𝑦 =෍
𝑖𝑖,𝑗𝑗

𝑥𝑥𝑖𝑖 + 𝑦𝑦𝑗𝑗 𝑤𝑤 𝑥𝑥𝑖𝑖𝑦𝑦𝑗𝑗 =෍
𝑖𝑖,𝑗𝑗

𝑥𝑥𝑖𝑖 𝑤𝑤 𝑥𝑥𝑖𝑖𝑦𝑦𝑗𝑗 +෍
𝑖𝑖,𝑗𝑗

𝑦𝑦𝑗𝑗 𝑤𝑤 𝑥𝑥𝑖𝑖𝑦𝑦𝑗𝑗

=෍
𝑖𝑖
𝑥𝑥𝑖𝑖෍

𝑗𝑗
𝑤𝑤 𝑥𝑥𝑖𝑖𝑦𝑦𝑗𝑗 +෍

𝑗𝑗
𝑦𝑦𝑗𝑗෍

𝑖𝑖
𝑤𝑤 𝑥𝑥𝑖𝑖𝑦𝑦𝑗𝑗 =෍

𝑖𝑖
𝑥𝑥𝑖𝑖𝑤𝑤 𝑥𝑥𝑖𝑖 +෍

𝑗𝑗
𝑦𝑦𝑗𝑗 𝑤𝑤 𝑦𝑦𝑗𝑗 ≡ 𝑀𝑀𝑀𝑀 +𝑀𝑀𝑀𝑀

𝑀𝑀 𝑥𝑥𝑥𝑥 =෍
𝑖𝑖,𝑗𝑗

𝑥𝑥𝑖𝑖𝑦𝑦𝑗𝑗𝑤𝑤 𝑥𝑥𝑖𝑖𝑦𝑦𝑗𝑗 =෍
𝑖𝑖,𝑗𝑗

𝑥𝑥𝑖𝑖𝑦𝑦𝑗𝑗𝑤𝑤 𝑥𝑥𝑖𝑖 𝑤𝑤 𝑦𝑦𝑗𝑗 =෍
𝑖𝑖
𝑥𝑥𝑖𝑖𝑤𝑤 𝑥𝑥𝑖𝑖 ෍

𝑗𝑗
𝑦𝑦𝑗𝑗𝑤𝑤 𝑦𝑦𝑗𝑗 ≡ 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀

𝑀𝑀 𝑥𝑥 + 𝑦𝑦 =෍
𝑖𝑖,𝑗𝑗

𝑥𝑥𝑖𝑖 + 𝑦𝑦𝑗𝑗 𝑤𝑤 𝑥𝑥𝑖𝑖𝑦𝑦𝑗𝑗 =෍
𝑖𝑖,𝑗𝑗

𝑥𝑥𝑖𝑖 𝑤𝑤 𝑥𝑥𝑖𝑖𝑦𝑦𝑗𝑗 +෍
𝑖𝑖,𝑗𝑗

𝑦𝑦𝑗𝑗 𝑤𝑤 𝑥𝑥𝑖𝑖𝑦𝑦𝑗𝑗

=෍
𝑖𝑖
𝑥𝑥𝑖𝑖෍

𝑗𝑗
𝑤𝑤 𝑥𝑥𝑖𝑖𝑦𝑦𝑗𝑗 +෍

𝑗𝑗
𝑦𝑦𝑗𝑗෍

𝑖𝑖
𝑤𝑤 𝑥𝑥𝑖𝑖𝑦𝑦𝑗𝑗 =෍

𝑖𝑖
𝑥𝑥𝑖𝑖𝑤𝑤 𝑥𝑥𝑖𝑖 +෍

𝑗𝑗
𝑦𝑦𝑗𝑗 𝑤𝑤 𝑦𝑦𝑗𝑗 ≡ 𝑀𝑀𝑀𝑀 +𝑀𝑀𝑀𝑀

𝑀𝑀 𝑥𝑥𝑥𝑥 =෍
𝑖𝑖,𝑗𝑗

𝑥𝑥𝑖𝑖𝑦𝑦𝑗𝑗𝑤𝑤 𝑥𝑥𝑖𝑖𝑦𝑦𝑗𝑗 =෍
𝑖𝑖,𝑗𝑗

𝑥𝑥𝑖𝑖𝑦𝑦𝑗𝑗𝑤𝑤 𝑥𝑥𝑖𝑖 𝑤𝑤 𝑦𝑦𝑗𝑗 =෍
𝑖𝑖
𝑥𝑥𝑖𝑖𝑤𝑤 𝑥𝑥𝑖𝑖 ෍

𝑗𝑗
𝑦𝑦𝑗𝑗𝑤𝑤 𝑦𝑦𝑗𝑗 ≡ 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀
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𝐷𝐷 𝑥𝑥 + 𝑦𝑦 = 𝐷𝐷𝐷𝐷 + 𝐷𝐷𝐷𝐷𝐷𝐷 𝑥𝑥 + 𝑦𝑦 = 𝐷𝐷𝐷𝐷 + 𝐷𝐷𝐷𝐷𝐷𝐷 𝑥𝑥 + 𝑦𝑦 = 𝐷𝐷𝐷𝐷 + 𝐷𝐷𝐷𝐷
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𝐷𝐷 𝑥𝑥 + 𝑦𝑦 ≡ 𝑀𝑀 𝑥𝑥 + 𝑦𝑦 −𝑀𝑀 𝑥𝑥 + 𝑦𝑦 2

= 𝑀𝑀 𝑥𝑥 −𝑀𝑀𝑀𝑀 + 𝑦𝑦 −𝑀𝑀𝑀𝑀 2

= 𝑀𝑀 𝑥𝑥 −𝑀𝑀𝑀𝑀 2 + 𝑦𝑦 −𝑀𝑀𝑀𝑀 2 + 2 𝑥𝑥 −𝑀𝑀𝑀𝑀 𝑦𝑦 −𝑀𝑀𝑀𝑀

≡ 𝐷𝐷𝐷𝐷 + 𝐷𝐷𝐷𝐷 +𝑀𝑀 2 𝑥𝑥 −𝑀𝑀𝑀𝑀 𝑦𝑦 −𝑀𝑀𝑀𝑀

𝐷𝐷 𝑥𝑥 + 𝑦𝑦 ≡ 𝑀𝑀 𝑥𝑥 + 𝑦𝑦 −𝑀𝑀 𝑥𝑥 + 𝑦𝑦 2

= 𝑀𝑀 𝑥𝑥 −𝑀𝑀𝑀𝑀 + 𝑦𝑦 −𝑀𝑀𝑀𝑀 2

= 𝑀𝑀 𝑥𝑥 −𝑀𝑀𝑀𝑀 2 + 𝑦𝑦 −𝑀𝑀𝑀𝑀 2 + 2 𝑥𝑥 −𝑀𝑀𝑀𝑀 𝑦𝑦 −𝑀𝑀𝑀𝑀

≡ 𝐷𝐷𝐷𝐷 + 𝐷𝐷𝐷𝐷 +𝑀𝑀 2 𝑥𝑥 −𝑀𝑀𝑀𝑀 𝑦𝑦 −𝑀𝑀𝑀𝑀

𝐷𝐷 𝑥𝑥 + 𝑦𝑦 ≡ 𝑀𝑀 𝑥𝑥 + 𝑦𝑦 −𝑀𝑀 𝑥𝑥 + 𝑦𝑦 2

= 𝑀𝑀 𝑥𝑥 −𝑀𝑀𝑀𝑀 + 𝑦𝑦 −𝑀𝑀𝑀𝑀 2

= 𝑀𝑀 𝑥𝑥 −𝑀𝑀𝑀𝑀 2 + 𝑦𝑦 −𝑀𝑀𝑀𝑀 2 + 2 𝑥𝑥 −𝑀𝑀𝑀𝑀 𝑦𝑦 −𝑀𝑀𝑀𝑀

≡ 𝐷𝐷𝐷𝐷 + 𝐷𝐷𝐷𝐷 +𝑀𝑀 2 𝑥𝑥 −𝑀𝑀𝑀𝑀 𝑦𝑦 −𝑀𝑀𝑀𝑀

𝐷𝐷 𝑥𝑥 + 𝑦𝑦 ≡ 𝑀𝑀 𝑥𝑥 + 𝑦𝑦 −𝑀𝑀 𝑥𝑥 + 𝑦𝑦 2

= 𝑀𝑀 𝑥𝑥 −𝑀𝑀𝑀𝑀 + 𝑦𝑦 −𝑀𝑀𝑀𝑀 2

= 𝑀𝑀 𝑥𝑥 −𝑀𝑀𝑀𝑀 2 + 𝑦𝑦 −𝑀𝑀𝑀𝑀 2 + 2 𝑥𝑥 −𝑀𝑀𝑀𝑀 𝑦𝑦 −𝑀𝑀𝑀𝑀

≡ 𝐷𝐷𝐷𝐷 + 𝐷𝐷𝐷𝐷 +𝑀𝑀 2 𝑥𝑥 −𝑀𝑀𝑀𝑀 𝑦𝑦 −𝑀𝑀𝑀𝑀
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–

 −∞,+∞
𝑓𝑓 

2

–

 −∞,+∞
𝑓𝑓 

2

–

 −∞,+∞
𝑓𝑓 

2

–

 −∞,+∞
𝑓𝑓 

2
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–

–

 = σ𝑖𝑖 𝑖𝑖

𝑖𝑖

𝒙𝒙𝑵𝑵 𝒂𝒂,𝝈𝝈𝟐𝟐𝑖𝑖


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𝒇𝒇 𝒙𝒙 = 𝟏𝟏
𝟐𝟐𝟐𝟐𝝈𝝈𝟐𝟐

𝒆𝒆𝒆𝒆𝒆𝒆 − 𝒙𝒙 − 𝒂𝒂 𝟐𝟐

𝟐𝟐𝝈𝝈𝟐𝟐

𝑴𝑴𝑴𝑴 ≡ න
−∞

+∞

𝒙𝒙 𝟏𝟏
𝟐𝟐𝟐𝟐𝝈𝝈𝟐𝟐

𝒆𝒆𝒆𝒆𝒆𝒆 − 𝒙𝒙 − 𝒂𝒂 𝟐𝟐

𝟐𝟐𝝈𝝈𝟐𝟐 𝒅𝒅𝒅𝒅 = 𝟏𝟏
𝟐𝟐𝟐𝟐𝝈𝝈𝟐𝟐

න
−∞

+∞

𝒙𝒙 − 𝒂𝒂 + 𝒂𝒂 𝒆𝒆𝒆𝒆𝒆𝒆 − 𝒙𝒙 − 𝒂𝒂 𝟐𝟐

𝟐𝟐𝝈𝝈𝟐𝟐 𝒅𝒅𝒅𝒅 =

𝟏𝟏
𝟐𝟐𝟐𝟐𝝈𝝈𝟐𝟐

න
−∞

+∞

𝒙𝒙 − 𝒂𝒂 𝒆𝒆𝒆𝒆𝒆𝒆 − 𝒙𝒙 − 𝒂𝒂 𝟐𝟐

𝟐𝟐𝝈𝝈𝟐𝟐 𝒅𝒅𝒅𝒅 + 𝒂𝒂
𝟐𝟐𝟐𝟐𝝈𝝈𝟐𝟐

න
−∞

+∞

𝒆𝒆𝒆𝒆𝒆𝒆 − 𝒙𝒙 − 𝒂𝒂 𝟐𝟐

𝟐𝟐𝝈𝝈𝟐𝟐 𝒅𝒅𝒅𝒅 = 𝒂𝒂
𝟐𝟐𝟐𝟐𝝈𝝈𝟐𝟐

න
−∞

+∞

𝒆𝒆𝒆𝒆𝒆𝒆 − 𝒚𝒚𝟐𝟐
𝟐𝟐𝝈𝝈𝟐𝟐 𝒅𝒅𝒅𝒅 = 𝟐𝟐𝟏𝟏𝟐𝟐

𝒂𝒂
𝟐𝟐𝟐𝟐𝝈𝝈𝟐𝟐

𝟐𝟐𝟐𝟐𝝈𝝈𝟐𝟐 = 𝒂𝒂

න
0

+∞

𝒆𝒆−𝜶𝜶𝒙𝒙2𝒅𝒅𝒅𝒅 = 1
2

𝝅𝝅
𝜶𝜶

Siméon 
–

=
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න
−∞

+∞

𝒙𝒙2 𝒆𝒆−𝜶𝜶𝒙𝒙2𝒅𝒅𝒅𝒅 = − 𝜕𝜕
𝜕𝜕𝜶𝜶 න

−∞

+∞

𝒆𝒆−𝜶𝜶𝒙𝒙2𝒅𝒅𝒅𝒅 = − 𝜕𝜕
𝜕𝜕𝜶𝜶

𝝅𝝅
𝜶𝜶 = 1

2
𝝅𝝅
𝜶𝜶3

𝑫𝑫𝑫𝑫 = 𝟏𝟏
𝟐𝟐𝝅𝝅𝝈𝝈𝟐𝟐

න
−∞

+∞

𝒙𝒙 − 𝒂𝒂 𝟐𝟐𝒆𝒆𝒆𝒆𝒆𝒆 − 𝒙𝒙 − 𝒂𝒂 𝟐𝟐

𝟐𝟐𝝈𝝈𝟐𝟐 𝒅𝒅𝒅𝒅 = 𝟏𝟏
𝟐𝟐𝝅𝝅𝝈𝝈𝟐𝟐

න
−∞

+∞

𝒚𝒚𝟐𝟐𝒆𝒆𝒆𝒆𝒆𝒆 − 𝒚𝒚𝟐𝟐
𝟐𝟐𝝈𝝈𝟐𝟐 𝒅𝒅𝒅𝒅 = 𝟐𝟐 𝒂𝒂

𝟐𝟐𝝅𝝅𝝈𝝈𝟐𝟐
𝟖𝟖𝝅𝝅𝝈𝝈𝟔𝟔 = 𝝈𝝈𝟐𝟐

1
2√2𝜋𝜋𝜋𝜋𝜎𝜎𝜎𝜎2

�8𝜋𝜋𝜋𝜋𝜎𝜎𝜎𝜎6 = 𝜎𝜎𝜎𝜎2 
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𝐶𝐶 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ⇒ 𝐷𝐷 𝐶𝐶𝑥𝑥 = 𝑀𝑀 𝐶𝐶𝐶𝐶 −𝑀𝑀(𝐶𝐶𝐶𝐶) 2 = 𝑀𝑀 𝐶𝐶2 𝑥𝑥 − 𝑀𝑀𝑀𝑀 2 = 𝐶𝐶2𝑀𝑀 𝑥𝑥 −𝑀𝑀𝑀𝑀 2 ≡ 𝐶𝐶2𝐷𝐷𝐷𝐷

–
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𝒙𝒙𝟏𝟏, 𝒙𝒙𝟐𝟐, …𝒙𝒙𝒏𝒏 − 𝒏𝒏 –



𝑥𝑥1, 𝑥𝑥2, … 𝑥𝑥𝑛𝑛
1, 2, … 𝑛𝑛

ෝ𝒂𝒂 = ෝ𝒂𝒂 𝒙𝒙𝟏𝟏, 𝒙𝒙𝟐𝟐, …𝒙𝒙𝒏𝒏 ෢𝝈𝝈𝟐𝟐 = ෢𝝈𝝈𝟐𝟐 𝒙𝒙𝟏𝟏, 𝒙𝒙𝟐𝟐, …𝒙𝒙𝒏𝒏

) ) .

𝒙𝒙𝟏𝟏, 𝒙𝒙𝟐𝟐, …𝒙𝒙𝒏𝒏 − 𝒏𝒏 –



𝑥𝑥1, 𝑥𝑥2, … 𝑥𝑥𝑛𝑛
1, 2, … 𝑛𝑛

ෝ𝒂𝒂 = ෝ𝒂𝒂 𝒙𝒙𝟏𝟏, 𝒙𝒙𝟐𝟐, …𝒙𝒙𝒏𝒏 ෢𝝈𝝈𝟐𝟐 = ෢𝝈𝝈𝟐𝟐 𝒙𝒙𝟏𝟏, 𝒙𝒙𝟐𝟐, …𝒙𝒙𝒏𝒏

) ) .
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ෝ𝒂𝒂 = ෝ𝒂𝒂 𝒙𝒙𝟏𝟏, 𝒙𝒙𝟐𝟐, …𝒙𝒙𝒏𝒏 ෢𝝈𝝈𝟐𝟐 = ෢𝝈𝝈𝟐𝟐 𝒙𝒙𝟏𝟏, 𝒙𝒙𝟐𝟐, …𝒙𝒙𝒏𝒏

𝑎𝑎 𝜎𝜎2 –
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1, 2, … 𝑛𝑛
1 = 𝑥𝑥1, 2 = 𝑥𝑥2, … 𝑛𝑛 = 𝑥𝑥𝑛𝑛

𝑑𝑑𝑑𝑑 1 = 𝑥𝑥1 + 𝑑𝑑𝑥𝑥1, 2 = 𝑥𝑥2 + 𝑑𝑑𝑥𝑥2, … 𝑛𝑛 = 𝑥𝑥𝑛𝑛 + 𝑑𝑑𝑥𝑥𝑛𝑛 =ෑ
𝑖𝑖=1

𝑛𝑛

𝑑𝑑𝑑𝑑 𝑖𝑖 = 𝑥𝑥𝑖𝑖 =ෑ
𝑖𝑖=1

𝑛𝑛

𝑓𝑓 𝑖𝑖 , 𝑎𝑎, 𝜎𝜎2 𝑑𝑑𝑖𝑖

𝑳𝑳 ≡ ෑ
𝒊𝒊=𝟏𝟏

𝒏𝒏

𝒇𝒇 𝒊𝒊, 𝒂𝒂, 𝝈𝝈𝟐𝟐

1, 2, … 𝑛𝑛
1 = 𝑥𝑥1 + 𝑑𝑑𝑥𝑥1, 2 = 𝑥𝑥2 + 𝑑𝑑𝑥𝑥2,… 𝑛𝑛 = 𝑥𝑥𝑛𝑛 + 𝑑𝑑𝑥𝑥1
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𝐿𝐿 𝑓𝑓
𝒎𝒎𝒎𝒎𝒎𝒎𝑳𝑳 .

𝐿𝐿 =ෑ
𝑖𝑖

1
2𝜋𝜋𝜎𝜎2

𝑒𝑒𝑒𝑒𝑒𝑒 − 𝑥𝑥𝑖𝑖 − 𝑎𝑎 2

2𝜎𝜎2 ;

𝒍𝒍𝒍𝒍𝒍𝒍 = −𝒏𝒏
𝟐𝟐 𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍 −

𝒏𝒏
𝟐𝟐 𝒍𝒍𝒍𝒍𝝈𝝈

𝟐𝟐 − 𝟏𝟏
𝟐𝟐𝝈𝝈𝟐𝟐෍

𝒊𝒊
𝒙𝒙𝒊𝒊 − 𝒂𝒂 𝟐𝟐

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜎𝜎2 = −𝑛𝑛

2 ∙
1
𝜎𝜎2 +

1
2𝜎𝜎4෍

𝑖𝑖
𝑥𝑥𝑖𝑖 − 𝑎𝑎 2 = 0

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 2

2𝜎𝜎2෍
𝑖𝑖

𝑥𝑥𝑖𝑖 − 𝑎𝑎 = 0
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𝑎𝑎 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝜎𝜎 < +∞ => ෢𝜎𝜎2 = 1
𝑛𝑛σ𝑖𝑖 𝑥𝑥𝑖𝑖 − 𝑎𝑎 2 σ𝑖𝑖 𝑥𝑥𝑖𝑖 − 𝑛𝑛 ො𝑎𝑎 = 0.

ෝ𝒂𝒂 = 𝟏𝟏
𝒏𝒏෍

𝒊𝒊
𝒙𝒙𝒊𝒊 ෢𝝈𝝈𝟐𝟐 = 𝟏𝟏

𝒏𝒏෍
𝒊𝒊

𝒙𝒙𝒊𝒊 − 𝒂𝒂 𝟐𝟐 .

ҧ𝑥𝑥 = ො𝑎𝑎; 𝐷𝐷𝑛𝑛 = ෢𝜎𝜎2

aposteriori
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𝒍𝒍𝒍𝒍𝒍𝒍
𝒏𝒏→∞

𝒘𝒘 ෡𝜽𝜽𝜶𝜶
(𝒏𝒏) − 𝜽𝜽𝜶𝜶 < 𝜺𝜺 = 𝟏𝟏

𝒏𝒏 = 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 𝑴𝑴෡𝜽𝜽𝜶𝜶
(𝒏𝒏) = 𝜽𝜽

𝒙𝒙𝒊𝒊 𝝐𝝐 𝒇𝒇(𝒙𝒙)𝜽𝜽𝟏𝟏,𝜽𝜽𝟐𝟐,…𝜽𝜽𝒎𝒎 𝟏𝟏 ≤ 𝒊𝒊 ≤ 𝒏𝒏

𝑓𝑓(𝑥𝑥)
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𝑀𝑀 ҧ𝑥𝑥 = 𝑀𝑀 1
𝑛𝑛σ𝑖𝑖 𝑥𝑥𝑖𝑖 = 1

𝑛𝑛 σ𝑖𝑖 𝑀𝑀𝑥𝑥𝑖𝑖 = 𝑀𝑀 = 𝑎𝑎

𝑤𝑤  −𝑀𝑀 > 𝜀𝜀 < 𝐷𝐷
𝜀𝜀2

 = ҧ𝑥𝑥
𝑤𝑤 ҧ𝑥𝑥 − 𝑀𝑀 ҧ𝑥𝑥 > 𝜀𝜀 < 𝐷𝐷 ҧ𝑥𝑥

𝜀𝜀2

𝐷𝐷 ҧ𝑥𝑥 = 𝐷𝐷 1
𝑛𝑛෍

𝑖𝑖
𝑥𝑥𝑖𝑖 = 1

𝑛𝑛2෍
𝑖𝑖
𝐷𝐷𝑥𝑥𝑖𝑖 =

𝑛𝑛
𝑛𝑛2 𝐷𝐷 =

1
𝑛𝑛𝐷𝐷.

𝑤𝑤 ҧ𝑥𝑥 − 𝑀𝑀 ҧ𝑥𝑥 > 𝜀𝜀 < 𝐷𝐷
𝑛𝑛𝑛𝑛2

deviation

ഥ𝒙𝒙 = 𝟏𝟏
𝒏𝒏෍

𝒊𝒊
𝒙𝒙𝒊𝒊

:
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𝛿𝛿𝑥𝑥.
𝒙𝒙𝒊𝒊
(𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂) = 𝒙𝒙𝒊𝒊

(𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓) ± 𝜹𝜹𝜹𝜹
𝒙𝒙𝒊𝒊
(𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂)

ഥ𝒙𝒙(𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂) − 𝜺𝜺 ≤ 𝒂𝒂 ≤ ഥ𝒙𝒙 𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂 +𝜺𝜺
1 − 𝑤𝑤 (𝑥𝑥 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 − 𝑎𝑎 > 𝜀𝜀 = 1 − 𝐷𝐷𝐷𝐷

𝑛𝑛𝑛𝑛

ഥ𝒙𝒙(𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂) = 𝟏𝟏
𝒏𝒏෍
𝒊𝒊=𝟏𝟏

𝒏𝒏

𝒙𝒙𝒊𝒊
(𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓) ± 𝜹𝜹𝜹𝜹.

 

 

𝑛𝑛 → ∞,  
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𝐷𝐷𝑛𝑛 ≡
1
𝑛𝑛෍

𝑖𝑖
𝑥𝑥𝑖𝑖 − ҧ𝑥𝑥 2

= 1
𝑛𝑛෍

𝑖𝑖
𝑥𝑥𝑖𝑖 − 𝑎𝑎 − ҧ𝑥𝑥 − 𝑎𝑎 2 = 1

𝑛𝑛෍
𝑖𝑖

𝑥𝑥𝑖𝑖 − 𝑎𝑎 2 + 1
𝑛𝑛෍

𝑖𝑖
ҧ𝑥𝑥 − 𝑎𝑎 2 − 2

𝑛𝑛෍
𝑖𝑖

𝑥𝑥𝑖𝑖 − 𝑎𝑎 ҧ𝑥𝑥 − 𝑎𝑎

= 1
𝑛𝑛෍

𝑖𝑖
𝑥𝑥𝑖𝑖 − 𝑎𝑎 2 + ҧ𝑥𝑥 − 𝑎𝑎 2 − 2 ҧ𝑥𝑥 − 𝑎𝑎 1

𝑛𝑛෍
𝑖𝑖
𝑥𝑥𝑖𝑖 −

1
𝑛𝑛 ∙ 𝑎𝑎 ∙ 𝑛𝑛 = 1

𝑛𝑛෍
𝑖𝑖

𝑥𝑥𝑖𝑖 − 𝑎𝑎 2 − ҧ𝑥𝑥 − 𝑎𝑎 2

𝑀𝑀𝑀𝑀𝑛𝑛

𝑀𝑀 1
𝑛𝑛෍

𝑖𝑖
𝑥𝑥𝑖𝑖 − 𝑎𝑎 2 = 1

𝑛𝑛෍
𝑖𝑖
𝑀𝑀 𝑥𝑥𝑖𝑖 − 𝑎𝑎 2 = 1

𝑛𝑛 ∙ 𝑛𝑛 ∙ 𝐷𝐷
𝑀𝑀 ҧ𝑥𝑥 − 𝑎𝑎 2 ≡ 𝐷𝐷 ҧ𝑥𝑥 = 𝐷𝐷

𝑛𝑛

𝑀𝑀𝑀𝑀𝑛𝑛 = 𝐷𝐷 − 𝐷𝐷
𝑛𝑛 = 𝑛𝑛−1

𝑛𝑛 𝐷𝐷 

𝑫𝑫𝒏𝒏 =
𝟏𝟏
𝒏𝒏෍
𝒊𝒊=𝟏𝟏

𝒏𝒏

𝒙𝒙 − ഥ𝒙𝒙 𝟐𝟐
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𝑺𝑺𝒏𝒏𝟐𝟐 ≡
𝒏𝒏

𝒏𝒏−𝟏𝟏𝑫𝑫𝒏𝒏 𝑴𝑴𝑺𝑺𝒏𝒏𝟐𝟐 =
𝒏𝒏

𝒏𝒏−𝟏𝟏𝑴𝑴 𝑫𝑫𝒏𝒏 = 𝒏𝒏
𝒏𝒏−𝟏𝟏 ∙

𝒏𝒏−𝟏𝟏
𝒏𝒏 ∙ 𝑫𝑫 = 𝑫𝑫
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𝑓𝑓 𝑥𝑥 = 1
2𝜋𝜋𝜎𝜎2

𝑒𝑒𝑒𝑒𝑒𝑒 − 𝑥𝑥 − 𝑎𝑎 2

2𝜎𝜎2

𝑓𝑓 𝑥𝑥 = − 𝑥𝑥 − 𝑎𝑎
2𝜎𝜎2 2𝜋𝜋𝜎𝜎2

𝑒𝑒𝑒𝑒𝑒𝑒 − 𝑥𝑥 − 𝑎𝑎 2

2𝜎𝜎2

𝑓𝑓 𝑥𝑥 = − 1
𝜎𝜎2 2𝜋𝜋𝜎𝜎2

𝑒𝑒𝑒𝑒𝑒𝑒 − 𝑥𝑥 − 𝑎𝑎 2

2𝜎𝜎2 + 𝑥𝑥 − 𝑎𝑎
𝜎𝜎2 2𝜋𝜋𝜎𝜎2

∙ 𝑥𝑥 − 𝑎𝑎
𝜎𝜎2 𝑒𝑒𝑒𝑒𝑒𝑒 − 𝑥𝑥 − 𝑎𝑎 2

2𝜎𝜎2 = 1
𝜎𝜎2 2𝜋𝜋𝜎𝜎2

𝑒𝑒𝑒𝑒𝑒𝑒 − 𝑥𝑥 − 𝑎𝑎 2

2𝜎𝜎2 ∙ 𝑥𝑥 − 𝑎𝑎 2

𝜎𝜎2 − 1

𝑥𝑥𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = 𝑎𝑎 ± 𝜎𝜎

𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑎𝑎



43 / 221Mathematical Reduction of Experimental DataVlasov A., Victorov A., and Venediktova A.

𝒘𝒘 𝒚𝒚 < 𝒀𝒀 = 𝒘𝒘 𝒙𝒙 < 𝑿𝑿

න
−∞

𝒀𝒀

𝝋𝝋 𝒚𝒚 𝒅𝒅𝒅𝒅 = න
−∞

𝑿𝑿(𝒀𝒀)

𝒇𝒇 𝒙𝒙 𝒅𝒅𝒅𝒅 => 𝝋𝝋 𝒀𝒀 = 𝒅𝒅𝒅𝒅(𝒚𝒚 < 𝒀𝒀)
𝒅𝒅𝒅𝒅 = 𝒅𝒅

𝒅𝒅𝒀𝒀 න
−∞

𝑿𝑿(𝒀𝒀)

𝒇𝒇 𝒙𝒙 𝒅𝒅𝒅𝒅 = 𝒇𝒇(𝑿𝑿) ∙ 𝑿𝑿(𝒀𝒀)

𝑿𝑿 𝒙𝒙 𝝋𝝋 𝒚𝒚 = 𝒇𝒇 𝒙𝒙 ∙ 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅

𝒙𝒙𝑵𝑵 𝒂𝒂, 𝝈𝝈𝟐𝟐 𝒚𝒚 ≡ 𝒙𝒙−𝒂𝒂
𝝈𝝈

𝑑𝑑
𝑑𝑑𝑑𝑑 න

𝑐𝑐𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜

𝑥𝑥(𝑦𝑦)

𝑓𝑓 𝑡𝑡 𝑑𝑑𝑑𝑑 = 𝑓𝑓(𝑥𝑥) ∙ 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
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𝒙𝒙 = 𝒚𝒚𝒚𝒚 + 𝒂𝒂 => 𝝋𝝋 𝒚𝒚 = 𝟏𝟏
𝟐𝟐𝝅𝝅𝝈𝝈𝟐𝟐

𝒆𝒆𝒆𝒆𝒆𝒆 − 𝒙𝒙 − 𝒂𝒂 𝟐𝟐

𝟐𝟐𝝈𝝈𝟐𝟐 ∙ 𝝈𝝈 = 𝟏𝟏
𝟐𝟐𝝅𝝅

𝒆𝒆𝒆𝒆𝒆𝒆 − 𝒚𝒚𝟐𝟐

𝟐𝟐

if 𝒙𝒙𝑵𝑵 𝒂𝒂, 𝝈𝝈𝟐𝟐 ⇒ 𝒚𝒚 ≡ 𝒙𝒙−𝒂𝒂
𝝈𝝈 ∶ 𝒚𝒚∈𝑵𝑵  𝟎𝟎𝟎 𝟏𝟏   — 
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𝑥𝑥𝑁𝑁 𝑎𝑎1, 𝜎𝜎12 𝑦𝑦𝑁𝑁 𝑎𝑎2, 𝜎𝜎22

𝑧𝑧 = 𝑥𝑥 + 𝑦𝑦 
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𝑦𝑦

𝒁𝒁 − 𝒙𝒙

𝑥𝑥

𝑧𝑧 ≤ 𝑍𝑍 ⇒
⇒ ቊ −∞ ≤ 𝑥𝑥 ≤ +∞

−∞ ≤ 𝑦𝑦 ≤ 𝑍𝑍 − 𝑥𝑥

𝑔𝑔 𝑍𝑍 = 𝑑𝑑
𝑑𝑑𝑑𝑑 න

−∞

+∞

𝑓𝑓 𝑥𝑥 න
−∞

𝑍𝑍−𝑥𝑥

𝑓𝑓 𝑦𝑦 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑 =

= න
−∞

+∞

𝑓𝑓 𝑥𝑥 𝑓𝑓 𝑍𝑍 − 𝑥𝑥 𝑑𝑑𝑑𝑑

∀𝑍𝑍 ∈ 𝑧𝑧

𝑔𝑔 𝑧𝑧 = න
−∞

+∞

𝑓𝑓 𝑥𝑥 𝑓𝑓 𝑍𝑍 − 𝑥𝑥 𝑑𝑑𝑑𝑑

     – 

𝒚𝒚𝒛𝒛=𝒁𝒁 𝒙𝒙 𝒛𝒛 = 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 = 𝒁𝒁
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𝑔𝑔 𝑧𝑧 = න
−∞

+∞

𝑓𝑓 𝑥𝑥 𝑓𝑓 𝑧𝑧 − 𝑥𝑥 𝑑𝑑𝑑𝑑 = 1
2𝜋𝜋𝜎𝜎1𝜎𝜎2

න
−∞

+∞
𝑒𝑒𝑒𝑒𝑒𝑒 − 𝑥𝑥 − 𝑎𝑎1 2

2𝜎𝜎12
𝑒𝑒𝑥𝑥𝑥𝑥 − 𝑧𝑧 − 𝑥𝑥 − 𝑎𝑎2 2

2𝜎𝜎22
𝑑𝑑𝑑𝑑 =

=

1
2𝜋𝜋𝜎𝜎1𝜎𝜎2

න
−∞

+∞

𝑒𝑒𝑒𝑒𝑒𝑒 −𝑥𝑥2 − 2𝑥𝑥𝑎𝑎1 + 𝑎𝑎12
2𝜎𝜎12

− 𝑥𝑥2 − 2𝑥𝑥 𝑧𝑧 − 𝑎𝑎2 + 𝑧𝑧 − 𝑎𝑎2 2

2𝜎𝜎22
𝑑𝑑𝑑𝑑

= 1
2𝜋𝜋𝜎𝜎1𝜎𝜎2

න
−∞

+∞

𝑒𝑒𝑒𝑒𝑒𝑒 −𝑥𝑥2 1
2𝜎𝜎12

+ 1
2𝜎𝜎22

+ 2𝑥𝑥 𝑎𝑎1
2𝜎𝜎12

+ 𝑧𝑧 − 𝑎𝑎2
2𝜎𝜎22

− 𝑎𝑎12
2𝜎𝜎12

+ 𝑧𝑧 − 𝑎𝑎2 2

2𝜎𝜎22
𝑑𝑑𝑑𝑑 =

= 1
2𝜋𝜋𝜎𝜎1𝜎𝜎2

න
−∞

+∞

𝑒𝑒𝑒𝑒𝑒𝑒 −𝐴𝐴𝑥𝑥2 + 2𝐵𝐵𝐵𝐵 − 𝐶𝐶 𝑑𝑑𝑑𝑑 =

1
2𝜋𝜋𝜎𝜎1𝜎𝜎2

න
−∞

+∞

𝑒𝑒𝑒𝑒𝑒𝑒 − 𝐴𝐴 ∙ 𝑥𝑥 2 + 2 𝐴𝐴 ∙ 𝑥𝑥 ∙ 𝐵𝐵
𝐴𝐴
+ 𝐵𝐵2

𝐴𝐴 − 𝐵𝐵2
𝐴𝐴 − 𝐶𝐶 𝑑𝑑𝑑𝑑 =
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1
2𝜋𝜋𝜎𝜎1𝜎𝜎2

න
−∞

+∞

𝑒𝑒𝑒𝑒𝑒𝑒 − 𝐴𝐴 ∙ 𝑥𝑥 − 𝐵𝐵
𝐴𝐴

2
∙ 𝑒𝑒𝑒𝑒𝑒𝑒 𝐵𝐵2 − 𝐴𝐴𝐴𝐴

𝐴𝐴 𝑑𝑑𝑑𝑑 =

= 1
2𝜋𝜋𝜎𝜎1𝜎𝜎2

∙ 𝑒𝑒𝑒𝑒𝑒𝑒 𝐵𝐵2 − 𝐴𝐴𝐴𝐴
𝐴𝐴 ∙ 1

𝐴𝐴
න
−∞

+∞

𝑒𝑒𝑒𝑒𝑒𝑒 − 𝐴𝐴 ∙ 𝑥𝑥 − 𝐵𝐵
𝐴𝐴

2
𝑑𝑑 𝐴𝐴 ∙ 𝑥𝑥

= 1
2𝜋𝜋𝜎𝜎1𝜎𝜎2

∙ 𝜋𝜋
𝐴𝐴 ∙ 𝑒𝑒𝑒𝑒𝑒𝑒

𝐵𝐵2 − 𝐴𝐴𝐴𝐴
𝐴𝐴

𝐴𝐴 = 𝜎𝜎12 + 𝜎𝜎22
2𝜎𝜎12𝜎𝜎22

𝑔𝑔 𝑧𝑧 = 1
2𝜋𝜋 𝜎𝜎12 + 𝜎𝜎22

𝑒𝑒𝑒𝑒𝑒𝑒 − 𝑧𝑧 − 𝑎𝑎1 + 𝑎𝑎2
2

2 𝜎𝜎12 + 𝜎𝜎22

𝒛𝒛 𝝐𝝐 𝑵𝑵 𝒂𝒂𝒛𝒛, 𝝈𝝈𝒛𝒛𝟐𝟐 ; 𝒂𝒂𝒛𝒛 = 𝒂𝒂𝒙𝒙 +𝒂𝒂𝒚𝒚, 𝝈𝝈𝒛𝒛𝟐𝟐 = 𝝈𝝈𝒙𝒙𝟐𝟐 + 𝝈𝝈𝒚𝒚𝟐𝟐
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𝒙𝒙𝑵𝑵 𝒂𝒂,𝝈𝝈𝟐𝟐 𝒚𝒚 = 𝑪𝑪 ∙ 𝒙𝒙,
𝐶𝐶 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐.

𝑦𝑦

𝜑𝜑 𝑦𝑦 = 1
2𝜋𝜋𝜎𝜎2 𝑒𝑒𝑒𝑒𝑒𝑒 − 𝑥𝑥−𝑎𝑎 2

2𝜎𝜎2 ∙ 1𝐶𝐶 =
1

2 𝜎𝜎∙𝐶𝐶 2 𝑒𝑒𝑒𝑒𝑒𝑒 − 𝐶𝐶𝑥𝑥−𝐶𝐶𝑎𝑎 2

2 𝜎𝜎∙𝐶𝐶 2 = 1

2𝜋𝜋𝜎𝜎𝑦𝑦2
e𝑥𝑥𝑥𝑥 − 𝑦𝑦−𝑎𝑎𝑦𝑦

2

2𝜎𝜎𝑦𝑦2
.

𝒚𝒚𝑵𝑵 𝒂𝒂𝒚𝒚, 𝝈𝝈𝒚𝒚𝟐𝟐 𝒂𝒂𝒚𝒚 = 𝑪𝑪𝑪𝑪; 𝝈𝝈𝒚𝒚𝟐𝟐 = 𝑪𝑪𝟐𝟐𝝈𝝈𝟐𝟐
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𝒕𝒕𝒌𝒌

𝒇𝒇(𝒕𝒕𝒌𝒌)

𝒕𝒕𝒌𝒌 =


𝟏𝟏
𝒌𝒌σ𝒊𝒊=𝟏𝟏

𝒌𝒌 𝒊𝒊
𝟐𝟐

 i  N o, 1  
1876–1937

𝒕𝒕𝒌𝒌

𝒇𝒇(𝒕𝒕𝒌𝒌)

𝒕𝒕𝒌𝒌 =


𝟏𝟏
𝒌𝒌σ𝒊𝒊=𝟏𝟏

𝒌𝒌 𝒊𝒊
𝟐𝟐

 i  N o, 1  
1876–1937
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𝒇𝒇(𝒕𝒕𝒌𝒌)

𝒕𝒕𝒌𝒌

𝜸𝜸

𝒇𝒇𝒌𝒌 (𝒕𝒕𝒌𝒌)

+𝒕𝒕𝒌𝒌 𝜸𝜸−𝒕𝒕𝒌𝒌 𝜸𝜸

𝜸𝜸 = 𝟎𝟎𝟎𝟎𝟎𝟓𝟓      𝒌𝒌 = 𝟔𝟔

𝒘𝒘( 𝒕𝒕𝒌𝒌 < 𝒕𝒕𝒌𝒌 𝜸𝜸 ) 𝜸𝜸
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–

𝒌𝒌
𝟐𝟐 ≡෍

𝒊𝒊=𝟏𝟏

𝒌𝒌

𝒊𝒊
𝟐𝟐

𝐢𝐢  𝐍𝐍 𝐨𝐨, 𝟏𝟏

k
2

f(k2)
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𝜸𝜸

𝒇𝒇 𝒌𝒌
𝟐𝟐

𝒌𝒌
𝟐𝟐

𝒌𝒌
𝟐𝟐 𝜸𝜸

𝜸𝜸 = 𝟎𝟎𝟎𝟎𝟎𝟓𝟓      𝒌𝒌 = 𝟔𝟔

𝒘𝒘(𝒌𝒌𝟐𝟐 < 𝒌𝒌
𝟐𝟐 𝜸𝜸 ) 𝜸𝜸

𝟐𝟐
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𝑥𝑥𝑖𝑖𝑁𝑁 𝑎𝑎, 𝜎𝜎2
𝑥𝑥𝑖𝑖 = 𝑥𝑥𝑖𝑖 − 𝑎𝑎 𝑥𝑥𝑖𝑖𝑁𝑁 0, 𝜎𝜎2

ҧ𝑥𝑥 = 1
𝑛𝑛σ𝑖𝑖 𝑥𝑥𝑖𝑖 =

1
𝑛𝑛σ𝑖𝑖 𝑥𝑥𝑖𝑖 − 𝑎𝑎 = 1

𝑛𝑛σ𝑖𝑖 𝑥𝑥𝑖𝑖 − 𝑎𝑎 = ҧ𝑥𝑥 − 𝑎𝑎

𝑆𝑆2 𝑛𝑛 − 1 =෍
𝑖𝑖

𝑥𝑥𝑖𝑖 − ҧ𝑥𝑥 2 =෍
𝑖𝑖

𝑥𝑥𝑖𝑖 − 𝑎𝑎 − ҧ𝑥𝑥 − 𝑎𝑎 2 =෍
𝑖𝑖

𝑥𝑥𝑖𝑖 − ҧ𝑥𝑥
2
= 𝑆𝑆

2
𝑛𝑛 − 1

𝑥𝑥𝑖𝑖𝑁𝑁 0, 𝜎𝜎2
𝑥𝑥𝑖𝑖𝑁𝑁 𝑎𝑎, 𝜎𝜎2
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𝑦𝑦𝑖𝑖 , 𝑥𝑥𝑖𝑖

𝑦𝑦𝑗𝑗 = σ𝛼𝛼=1
𝑛𝑛 𝐶𝐶𝑗𝑗𝛼𝛼𝑥𝑥𝛼𝛼

𝑦𝑦𝑖𝑖

𝑀𝑀𝑦𝑦𝑗𝑗 = 𝑀𝑀 ෍
𝛼𝛼=1

𝑛𝑛

𝐶𝐶𝑗𝑗𝛼𝛼𝑥𝑥𝛼𝛼 = ෍
𝛼𝛼=1

𝑛𝑛

𝐶𝐶𝑗𝑗𝛼𝛼𝑀𝑀𝑥𝑥𝛼𝛼 = 0.

෍
𝛼𝛼
𝐶𝐶𝑖𝑖𝛼𝛼𝐶𝐶𝑖𝑖𝛼𝛼 = 𝛿𝛿𝑖𝑖𝑖𝑖

෍
𝛼𝛼
𝐶𝐶𝛼𝛼𝛼𝛼𝐶𝐶𝛼𝛼𝛼𝛼 = 𝛿𝛿𝑖𝑖𝑖𝑖

 
1823–1891

𝐶𝐶11 𝐶𝐶12 𝐶𝐶13 ……
𝐶𝐶21 𝐶𝐶22 𝐶𝐶23 ……… .
𝐶𝐶 𝑛𝑛1

… .
𝐶𝐶𝑛𝑛𝑛

… .
𝐶𝐶𝑛𝑛𝑛 …… .

𝛿𝛿𝑖𝑖𝑖𝑖 = ቊ1, 𝑖𝑖𝑖𝑖 𝑖𝑖 = 𝑗𝑗
0 , 𝑖𝑖𝑖𝑖 𝑖𝑖 ≠ 𝑗𝑗
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𝑦𝑦𝑖𝑖 ∙ 𝑦𝑦𝑗𝑗.

𝑀𝑀 𝑦𝑦𝑖𝑖 ∙ 𝑦𝑦𝑗𝑗 = 𝑀𝑀 𝑦𝑦𝑖𝑖 − 0 ∙ 𝑦𝑦𝑗𝑗 − 0 = 𝑀𝑀 σ𝛼𝛼 𝐶𝐶𝑖𝑖𝑖𝑖𝑥𝑥𝛼𝛼 ∙ σ𝛽𝛽 𝐶𝐶𝑗𝑗𝑗𝑗𝑥𝑥𝛽𝛽 = σ𝛼𝛼,𝛽𝛽 𝐶𝐶𝑖𝑖𝑖𝑖𝐶𝐶𝑗𝑗𝑗𝑗𝑀𝑀 𝑥𝑥𝛼𝛼 𝑥𝑥𝛽𝛽

𝑥𝑥𝛼𝛼 𝑥𝑥𝛽𝛽

൞
𝛼𝛼 ≠ 𝛽𝛽 ⇒ 𝑀𝑀𝑥𝑥𝛼𝛼𝑀𝑀𝑥𝑥𝛽𝛽 = 0

𝛼𝛼 = 𝛽𝛽 ⇒ 𝑀𝑀 𝑥𝑥𝛼𝛼 − 0 𝑥𝑥𝛼𝛼 − 0 = 𝑀𝑀 𝑥𝑥𝛼𝛼 − 0
2
= 𝜎𝜎2 ,

𝑀𝑀 𝑦𝑦𝑖𝑖 ∙ 𝑦𝑦𝑗𝑗 = σ𝛼𝛼,𝛽𝛽 𝐶𝐶𝑖𝑖𝑖𝑖𝐶𝐶𝑗𝑗𝑗𝑗𝛿𝛿𝛼𝛼𝛼𝛼𝜎𝜎2 = 𝜎𝜎2 σ𝛼𝛼 𝐶𝐶𝑖𝑖𝑖𝑖𝐶𝐶𝑗𝑗𝛼𝛼 = 𝜎𝜎2 𝛿𝛿𝑖𝑖𝑖𝑖

𝑦𝑦𝑖𝑖
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Eventually, the “dry fallout” follows:

𝑀𝑀 𝑦𝑦𝑖𝑖2 = 𝐷𝐷𝑦𝑦𝑖𝑖2 𝜎𝜎2
𝑦𝑦𝑖𝑖 ∈ 𝑁𝑁 0, 𝜎𝜎2

𝑦𝑦𝑖𝑖

1
𝑛𝑛

1
𝑛𝑛⋯

1
𝑛𝑛

⋮ ⋱ ⋮
… ⋯ …

1.
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𝑦𝑦1 ∈ 𝑁𝑁 0, 𝜎𝜎2 𝑦𝑦1 =
𝑥𝑥1
𝑛𝑛 +

𝑥𝑥2
𝑛𝑛 + ⋯ 𝑥𝑥𝑛𝑛

𝑛𝑛 = 𝑛𝑛 ҧ𝑥𝑥 ҧ𝑥𝑥𝜖𝜖𝜖𝜖 0, 𝜎𝜎
2

𝑛𝑛

σ𝑖𝑖 𝑦𝑦𝑖𝑖2 = σ𝑖𝑖 𝑥𝑥𝑖𝑖
2

𝑆𝑆2 𝑛𝑛 − 1 ≡ σ𝑖𝑖 𝑥𝑥𝑖𝑖 − ҧ𝑥𝑥
2
= σ𝑖𝑖 𝑥𝑥𝑖𝑖

2
− 2 ҧ𝑥𝑥σ𝑖𝑖 𝑥𝑥𝑖𝑖 + 𝑛𝑛 ҧ𝑥𝑥

2
σ𝑖𝑖 𝑥𝑥𝑖𝑖

2
− 𝑛𝑛 ҧ𝑥𝑥

2
σ𝑖𝑖=1
𝑛𝑛 𝑦𝑦𝑖𝑖2 − 𝑦𝑦12 = σ𝒊𝒊=𝟐𝟐

𝑛𝑛 𝑦𝑦𝑖𝑖2

𝑆𝑆2 𝑛𝑛 − 1 𝒏𝒏 − 𝟏𝟏
𝑦𝑦𝑖𝑖 ∈ 𝑁𝑁 0, 𝜎𝜎2

𝑦𝑦𝑖𝑖 𝑆𝑆2 𝑛𝑛 − 1 ҧ𝑥𝑥 𝑦𝑦1
𝑛𝑛

1.
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𝑆𝑆2 𝑛𝑛−1
𝜎𝜎2 = σ𝑖𝑖=2

𝑛𝑛 𝑦𝑦𝑖𝑖
𝜎𝜎

2
𝑛𝑛 − 1

𝒌𝒌
𝟐𝟐 ≡෍

𝒊𝒊=𝟏𝟏

𝒌𝒌

𝒊𝒊
𝟐𝟐

𝑺𝑺𝟐𝟐 𝒏𝒏−𝟏𝟏
𝝈𝝈𝟐𝟐 = 𝒏𝒏−𝟏𝟏

𝟐𝟐

𝑦𝑦𝑖𝑖
𝜎𝜎 𝜖𝜖 𝑁𝑁(𝑜𝑜, 1)
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ҧ𝑥𝑥𝑛𝑛 = σ𝑖𝑖=1
𝑛𝑛 𝑥𝑥𝑖𝑖 ; 𝑥𝑥𝑖𝑖 ∈ 𝑁𝑁 𝑎𝑎, 𝜎𝜎2

𝑀𝑀 ҧ𝑥𝑥 = 𝑀𝑀 1
𝑛𝑛σ𝑖𝑖=1

𝑛𝑛 𝑥𝑥𝑖𝑖 = 𝑀𝑀𝑥𝑥𝑖𝑖 = 𝑎𝑎
𝐷𝐷 ҧ𝑥𝑥 𝐷𝐷 1

𝑛𝑛 σ𝑖𝑖=1
𝑛𝑛 𝑥𝑥𝑖𝑖

1
𝑛𝑛2 σ𝑖𝑖=1

𝑛𝑛 𝐷𝐷 𝑥𝑥𝑖𝑖 =
𝜎𝜎2
𝑛𝑛

ҧ𝑥𝑥𝜖𝜖𝑁𝑁 𝑎𝑎, 𝜎𝜎2 ҧ𝑥𝑥−𝑎𝑎
ൗ𝜎𝜎 𝑛𝑛

𝜖𝜖𝑁𝑁 0,1

ҧ𝑥𝑥 − 𝑎𝑎
ൗ𝜎𝜎 𝑛𝑛

× 1

1
𝑛𝑛 − 1 ∙ 𝑆𝑆

2 𝑛𝑛 − 1
𝜎𝜎2

= ഥ𝒙𝒙 − 𝒂𝒂 𝒏𝒏
𝑺𝑺 = 𝒕𝒕𝒏𝒏−𝟏𝟏
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The 

𝒙𝒙𝒊𝒊∈ 𝑵𝑵 𝒂𝒂, 𝝈𝝈𝟐𝟐 , 𝟏𝟏 ≤ 𝒊𝒊 ≤ 𝒏𝒏

–

⇒
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መ𝜃𝜃𝑛𝑛 → 𝜃𝜃

𝑤𝑤 መ𝜃𝜃𝑛𝑛 − 𝜃𝜃 < 𝜀𝜀 ≡ 𝛾𝛾
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መ𝜃𝜃𝑛𝑛 − 𝜃𝜃 < 𝜀𝜀 ⇒ መ𝜃𝜃𝑛𝑛 −𝜀𝜀 < 𝜃𝜃 < መ𝜃𝜃𝑛𝑛 − 𝜀𝜀

መ𝜃𝜃𝑛𝑛መ𝜃𝜃𝑛𝑛 − 𝜀𝜀 መ𝜃𝜃𝑛𝑛 + 𝜀𝜀

𝜽𝜽 𝜸𝜸
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𝑥𝑥 − 𝑎𝑎 < 𝜀𝜀 𝑥𝑥−𝑎𝑎
𝜎𝜎 < 𝜀𝜀

𝜎𝜎 ≡ 𝛿𝛿.
𝑤𝑤 𝑥𝑥 − 𝑎𝑎 < 𝜀𝜀 = 𝑤𝑤 𝑥𝑥−𝑎𝑎

𝜎𝜎 < 𝜀𝜀
𝜎𝜎 ≡ 𝛿𝛿

𝑤𝑤 𝛿𝛿𝛾𝛾 = 𝛾𝛾
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𝒌𝒌 ∙ 𝝈𝝈, 𝒌𝒌 

𝑤𝑤 𝑥𝑥 − 𝑎𝑎 ≤ 𝑘𝑘𝑘𝑘 = 𝑤𝑤 𝑥𝑥 − 𝑎𝑎
𝜎𝜎 ≤ 𝑘𝑘 = Φ 𝑘𝑘
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𝑤𝑤 𝑥𝑥 − 𝑎𝑎 ≤ 2 ∙ 𝜎𝜎 = Φ 2 = 0.9545

𝑤𝑤 𝑥𝑥 − 𝑎𝑎 ≤ 1 ∙ 𝜎𝜎 = Φ 1 = 0.6827

𝑤𝑤 𝑥𝑥 − 𝑎𝑎 ≤ 3 ∙ 𝜎𝜎 = Φ 3 = 0.9973

Empirical principle, “the rule of 3 ∙ 𝜎𝜎 “: if you perform a single measurement 

𝐷𝐷𝐷𝐷

𝑤𝑤 𝑥𝑥 − 𝑎𝑎 ≤ 2 ∙ 𝜎𝜎 = Φ 2 = 0.9545

𝑤𝑤 𝑥𝑥 − 𝑎𝑎 ≤ 1 ∙ 𝜎𝜎 = Φ 1 = 0.6827

𝑤𝑤 𝑥𝑥 − 𝑎𝑎 ≤ 3 ∙ 𝜎𝜎 = Φ 3 = 0.9973

Empirical principle, “the rule of 3 ∙ 𝜎𝜎 “: if you perform a single measurement 

𝐷𝐷𝐷𝐷
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𝜸𝜸 𝜹𝜹𝜸𝜸
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𝑥𝑥𝑖𝑖 𝜖𝜖 𝑁𝑁 𝑎𝑎, 𝜎𝜎02 ⇒ ҧ𝑥𝑥

𝛾𝛾 →𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑→ ±𝛿𝛿𝛾𝛾

ҧ𝑥𝑥 − 𝑎𝑎
ൗ𝜎𝜎0 𝑛𝑛

𝜖𝜖 𝑁𝑁 0,1 ; 𝑡𝑡 = ҧ𝑥𝑥 − 𝑎𝑎
ൗ𝜎𝜎0 𝑛𝑛

; 𝑤𝑤 𝑡𝑡 ≤ 𝛿𝛿𝑦𝑦 = 𝛾𝛾

−𝛿𝛿𝑦𝑦 ≤
ҧ𝑥𝑥 − 𝑎𝑎
ൗ𝜎𝜎0 𝑛𝑛

≤ 𝛿𝛿𝑦𝑦

ҧ𝑥𝑥 −
𝛿𝛿𝛾𝛾𝜎𝜎0
𝑛𝑛 ≤ 𝑎𝑎 ≤ ҧ𝑥𝑥 +

𝛿𝛿𝛾𝛾𝜎𝜎0
𝑛𝑛

𝜀𝜀 𝛾𝛾, confidence probability
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𝝈𝝈𝟎𝟎 , the size of the probes’ sample 
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𝝈𝝈𝟎𝟎 = 𝟐𝟐
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ҧ𝑥𝑥 − 𝑎𝑎
ൗ𝜎𝜎 𝑛𝑛

𝜖𝜖 𝑁𝑁 0,1 ; 𝑛𝑛 − 1 𝑆𝑆2
𝜎𝜎2 = 𝑛𝑛−12 ⇒ ҧ𝑥𝑥 − 𝑎𝑎

ൗ𝑆𝑆 𝑛𝑛
= 𝑡𝑡𝑛𝑛−1

𝑤𝑤 𝑛𝑛 ҧ𝑥𝑥 − 𝑎𝑎
𝑆𝑆 ≤ 𝛿𝛿𝛾𝛾 = 𝛾𝛾

𝛾𝛾; 𝑘𝑘 = 𝑛𝑛 − 1 ⇒𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑⇒ 𝛿𝛿𝛾𝛾

ҧ𝑥𝑥 −
𝛿𝛿𝛾𝛾𝑆𝑆
𝑛𝑛 ≤ 𝑎𝑎 ≤ ҧ𝑥𝑥 +

𝛿𝛿𝛾𝛾𝑆𝑆
𝑛𝑛

𝜀𝜀
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𝛿𝛿𝛾𝛾 = 1.753 ⇒

⇒ 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 = 1.753 ∙ 20
4 = 8.765

𝑘𝑘 = 15; 𝛾𝛾 = 0.9

⇒
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Measurements of the diameter of 20 pivots for a lab’s set up gave 
𝒅𝒅ഥ = 𝟏𝟏𝟏𝟏𝟏𝟏 𝑺𝑺𝟐𝟐 = 𝟐𝟐𝟐𝟐𝟐𝟐 𝒎𝒎𝒎𝒎𝟐𝟐. 

𝒂𝒂𝒅𝒅𝝐𝝐 𝟎𝟎𝟎 𝟗𝟗𝟗𝟗ഥ, 𝟏𝟏𝟏 𝟏𝟏𝟏𝟏ഥ 

Measurements of the diameter of 20 pivots for a lab’s set up gave 
𝒅𝒅ഥ = 𝟏𝟏𝟏𝟏𝟏𝟏 𝑺𝑺𝟐𝟐 = 𝟐𝟐𝟐𝟐𝟐𝟐 𝒎𝒎𝒎𝒎𝟐𝟐. 

𝒂𝒂𝒅𝒅𝝐𝝐 𝟎𝟎𝟎 𝟗𝟗𝟗𝟗ഥ, 𝟏𝟏𝟏 𝟏𝟏𝟏𝟏ഥ 
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𝜀𝜀 = 0.1 ∙ ҧ𝑑𝑑 = 10 𝑚𝑚𝑚𝑚 ⇒

𝛿𝛿 = 𝜀𝜀 𝑛𝑛
𝑆𝑆 = 10 20

16 = 3.125 𝑘𝑘 = 𝑛𝑛 − 1 = 24
𝛾𝛾 > 0.99.
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𝑆𝑆 − 𝜀𝜀 ≤ 𝜎𝜎 ≤ 𝑆𝑆 + 𝜀𝜀

𝛾𝛾 𝜀𝜀 > 1

𝑚𝑚𝑚𝑚𝑚𝑚 0,1 − 𝜀𝜀1 ≤ 𝜎𝜎
𝑆𝑆 ≤ 1 + 𝜀𝜀1

𝑛𝑛 − 1
1 + 𝜀𝜀1 2 ≤

𝑆𝑆2 𝑛𝑛 − 1
𝜎𝜎2 ≤ 𝑛𝑛 − 1

𝑚𝑚𝑚𝑚𝑚𝑚 0,1 − 𝜀𝜀1 2

𝑆𝑆2 𝑛𝑛−1
𝜎𝜎2 = 𝑛𝑛−12

1 − 𝜀𝜀1 ≤
𝜎𝜎
𝑆𝑆 ≤ 1 + 𝜀𝜀1, 𝜀𝜀1 =

𝜀𝜀
𝑆𝑆

𝑆𝑆 ∙ 𝑚𝑚𝑚𝑚𝑚𝑚 0; 1 − 𝜀𝜀1 ≤ 𝜎𝜎 ≤ 𝑆𝑆 ∙ 1 + 𝜀𝜀1
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𝒇𝒇 𝒙𝒙 = 𝟎𝟎

𝒇𝒇 𝒙𝒙(𝒎𝒎+𝟏𝟏) = 𝒇𝒇 𝒙𝒙(𝒎𝒎) + 𝒇𝒇 𝒙𝒙(𝒎𝒎) ∙ 𝒙𝒙(𝒎𝒎+𝟏𝟏) − 𝒙𝒙(𝒎𝒎)

𝒇𝒇 𝒙𝒙(𝒎𝒎+𝟏𝟏) = 𝟎𝟎 ⇒ 𝒙𝒙(𝒎𝒎+𝟏𝟏) 𝒙𝒙(𝒎𝒎) − 𝒇𝒇 𝒙𝒙(𝒎𝒎)

𝒇𝒇 𝒙𝒙(𝒎𝒎)

𝒇𝒇 𝒙𝒙(𝒎𝒎) ≅ 𝒇𝒇 𝒙𝒙(𝒎𝒎) + ∆𝒙𝒙
∆𝒙𝒙

–
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𝜀𝜀1
(𝑚𝑚) → 𝑘𝑘

1 + 𝜀𝜀1
(𝑚𝑚) 2 ;

𝑘𝑘
𝑚𝑚𝑚𝑚𝑚𝑚2 0, 1 − 𝜀𝜀1

(𝑚𝑚) → Φ 𝜀𝜀1
(𝑚𝑚) → Φ 𝜀𝜀1

(𝑚𝑚) − 𝛾𝛾

𝜀𝜀1
(𝑚𝑚+1) = 𝜀𝜀1

(𝑚𝑚) −
Φ 𝜀𝜀1

(𝑚𝑚)

Φ 𝜀𝜀1
(𝑚𝑚)
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𝑤𝑤 𝑘𝑘
1 + 𝜀𝜀1 2 ≤ 𝑘𝑘

2 ≤ 𝑘𝑘
𝑚𝑚𝑚𝑚𝑚𝑚 0,1 − 𝜀𝜀1 2

𝒌𝒌 = 𝒏𝒏 − 𝟏𝟏; 𝜸𝜸 ⇒
𝜺𝜺𝟏𝟏

𝑆𝑆 ∙ 𝑚𝑚𝑚𝑚𝑚𝑚 0; 1 − 𝜀𝜀1 ≤ 𝜎𝜎 ≤ 𝑆𝑆 ∙ 1 + 𝜀𝜀1
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𝜸𝜸 = 𝟎𝟎. 𝟗𝟗𝟗𝟗
𝝈𝝈𝟐𝟐

𝑺𝑺𝟐𝟐 = 𝟐𝟐𝟐𝟐.

𝛾𝛾 = 0.98; 𝑘𝑘 = 17 − 1 = 16; 𝑆𝑆 = 5 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 − 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ⇒ 𝜀𝜀1 = 0.564

𝑆𝑆 ∙ 𝑚𝑚𝑚𝑚𝑚𝑚 0; 1 − 0.564 = 5 ∙ 1 − 0.564 = 2.18; 5 ∙ 1 + 0.564 = 7.82

2.18 ≤ 𝜎𝜎 ≤ 7.82

4.7524 ≤ 𝜎𝜎2 ≤ 61.1524

𝑺𝑺 ∙ 𝒎𝒎𝒎𝒎𝒎𝒎 𝟎𝟎; 𝟏𝟏 − 𝜺𝜺𝟏𝟏 ≤ 𝝈𝝈 ≤ 𝑺𝑺 ∙ 𝟏𝟏 + 𝜺𝜺𝟏𝟏

𝜸𝜸 = 𝟎𝟎. 𝟗𝟗𝟗𝟗
𝝈𝝈𝟐𝟐

𝑺𝑺𝟐𝟐 = 𝟐𝟐𝟐𝟐.

𝛾𝛾 = 0.98; 𝑘𝑘 = 17 − 1 = 16; 𝑆𝑆 = 5 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 − 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ⇒ 𝜀𝜀1 = 0.564

𝑆𝑆 ∙ 𝑚𝑚𝑚𝑚𝑚𝑚 0; 1 − 0.564 = 5 ∙ 1 − 0.564 = 2.18; 5 ∙ 1 + 0.564 = 7.82

2.18 ≤ 𝜎𝜎 ≤ 7.82

4.7524 ≤ 𝜎𝜎2 ≤ 61.1524

𝑺𝑺 ∙ 𝒎𝒎𝒎𝒎𝒎𝒎 𝟎𝟎; 𝟏𝟏 − 𝜺𝜺𝟏𝟏 ≤ 𝝈𝝈 ≤ 𝑺𝑺 ∙ 𝟏𝟏 + 𝜺𝜺𝟏𝟏

𝜸𝜸 = 𝟎𝟎. 𝟗𝟗𝟗𝟗
𝝈𝝈𝟐𝟐

𝑺𝑺𝟐𝟐 = 𝟐𝟐𝟐𝟐.

𝛾𝛾 = 0.98; 𝑘𝑘 = 17 − 1 = 16; 𝑆𝑆 = 5 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 − 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ⇒ 𝜀𝜀1 = 0.564

𝑆𝑆 ∙ 𝑚𝑚𝑚𝑚𝑚𝑚 0; 1 − 0.564 = 5 ∙ 1 − 0.564 = 2.18; 5 ∙ 1 + 0.564 = 7.82

2.18 ≤ 𝜎𝜎 ≤ 7.82

4.7524 ≤ 𝜎𝜎2 ≤ 61.1524

𝑺𝑺 ∙ 𝒎𝒎𝒎𝒎𝒎𝒎 𝟎𝟎; 𝟏𝟏 − 𝜺𝜺𝟏𝟏 ≤ 𝝈𝝈 ≤ 𝑺𝑺 ∙ 𝟏𝟏 + 𝜺𝜺𝟏𝟏
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1 − 𝜀𝜀𝛾𝛾
(1) ≤ 𝜎𝜎

𝑆𝑆 ≤ 1 + 𝜀𝜀𝛾𝛾
(2)

𝑚𝑚𝑚𝑚𝑚𝑚 0; 1 − 𝜀𝜀𝛾𝛾
(1) ≤ 𝜎𝜎2

𝑆𝑆2 ≤ 1 + 𝜀𝜀𝛾𝛾
(2)

𝑛𝑛 − 1
1 + 𝜀𝜀𝛾𝛾

(2) ≤
𝑆𝑆2 𝑛𝑛 − 1

𝜎𝜎2 ≤ 𝑛𝑛 − 1
𝑚𝑚𝑚𝑚𝑚𝑚 0; 1 − 𝜀𝜀𝛾𝛾

(1)

𝛿𝛿𝛾𝛾
(1) 𝛿𝛿𝛾𝛾

(2)

𝛾𝛾
𝑛𝑛−12

𝛾𝛾(1) 𝛾𝛾(2)



85 / 221Mathematical Reduction of Experimental DataVlasov A., Victorov A., and Venediktova A.

𝛿𝛿𝛾𝛾
(1): න

0

𝛿𝛿𝛾𝛾
(1)

𝑓𝑓 𝑘𝑘
2 𝑑𝑑 𝑘𝑘

2 = 1 − 𝛾𝛾
2 = 𝛾𝛾(1)

𝛿𝛿𝛾𝛾
(2): න

0

𝛿𝛿𝛾𝛾
(2)

𝑓𝑓 𝑘𝑘
2 𝑑𝑑 𝑘𝑘

2 = 1 + 𝛾𝛾
2 = 𝛾𝛾(2)
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𝜸𝜸=𝒘𝒘(𝒌𝒌𝟐𝟐 < 𝒌𝒌
𝟐𝟐 𝜸𝜸 )
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What’s the distribution of the variable 𝑛𝑛𝑆𝑆
2

𝜎𝜎2𝑆𝑆 − 𝜀𝜀 ≤ 𝜎𝜎 ≤ 𝑆𝑆 + 𝜀𝜀

𝜀𝜀1 =
𝜀𝜀
𝑆𝑆

𝑚𝑚𝑚𝑚𝑚𝑚 0; 1 − 𝜀𝜀1 ≤ 𝜎𝜎
𝑆𝑆 ≤ 1 + 𝜀𝜀1

𝑛𝑛
1 + 𝜀𝜀1 2 ≤

𝑛𝑛 ∙ 𝑆𝑆2
𝜎𝜎2 ≤ 𝑛𝑛

𝑚𝑚𝑚𝑚𝑚𝑚2 0; 1 − 𝜀𝜀1

𝑛𝑛2
𝑆𝑆 𝑚𝑚𝑚𝑚𝑚𝑚 0; 1 − 𝜀𝜀1 ≤ 𝜎𝜎 ≤ 𝑆𝑆 1 + 𝜀𝜀1

ቅ𝛾𝛾
𝑘𝑘 = 𝑛𝑛 → 𝜀𝜀1

𝑥𝑥𝑖𝑖 − 𝑎𝑎
𝜎𝜎 𝜖𝜖 𝑁𝑁 0,1 ⇒ 𝑛𝑛𝑛

𝜎𝜎2 ≡෍
𝑖𝑖=1

𝑛𝑛 𝑥𝑥𝑖𝑖 − 𝑎𝑎
𝜎𝜎

2
= 𝑛𝑛2
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𝒂𝒂
𝑺𝑺𝟐𝟐 = 𝟐𝟐. 𝟓𝟓𝟓𝟓 𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎

𝑳𝑳
𝟐𝟐

𝑺𝑺 − 𝟎𝟎. 𝟏𝟏𝟏𝟏; 𝑺𝑺 + 𝟎𝟎. 𝟏𝟏𝟏𝟏 .

𝒂𝒂
𝑺𝑺𝟐𝟐 = 𝟐𝟐. 𝟓𝟓𝟓𝟓 𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎

𝑳𝑳
𝟐𝟐

𝑺𝑺 − 𝟎𝟎. 𝟏𝟏𝟏𝟏; 𝑺𝑺 + 𝟎𝟎. 𝟏𝟏𝟏𝟏 .

𝒂𝒂
𝑺𝑺𝟐𝟐 = 𝟐𝟐. 𝟓𝟓𝟓𝟓 𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎

𝑳𝑳
𝟐𝟐

𝑺𝑺 − 𝟎𝟎. 𝟏𝟏𝟏𝟏; 𝑺𝑺 + 𝟎𝟎. 𝟏𝟏𝟏𝟏 .

𝒂𝒂
𝑺𝑺𝟐𝟐 = 𝟐𝟐. 𝟓𝟓𝟓𝟓 𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎

𝑳𝑳
𝟐𝟐

𝑺𝑺 − 𝟎𝟎. 𝟏𝟏𝟏𝟏; 𝑺𝑺 + 𝟎𝟎. 𝟏𝟏𝟏𝟏 .

𝒂𝒂
𝑺𝑺𝟐𝟐 = 𝟐𝟐. 𝟓𝟓𝟓𝟓 𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎

𝑳𝑳
𝟐𝟐

𝑺𝑺 − 𝟎𝟎. 𝟏𝟏𝟏𝟏; 𝑺𝑺 + 𝟎𝟎. 𝟏𝟏𝟏𝟏 .
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𝑆𝑆 1 − 𝜀𝜀1 < 𝜎𝜎 < 1 + 𝜀𝜀1 𝜀𝜀1 =
0.16
2.56

= 0.1 𝑘𝑘 = 50; 𝜀𝜀1 = 0.1 → 𝛾𝛾

𝛾𝛾,
𝜀𝜀1 = 0.1

𝜀𝜀𝐴𝐴−𝜀𝜀𝐵𝐵
𝛾𝛾𝐴𝐴−𝛾𝛾𝐵𝐵

= 𝜀𝜀1−𝜀𝜀𝐵𝐵
𝛾𝛾1−𝛾𝛾𝐵𝐵

⇒ 0.021
0.1 = 0.016

𝑥𝑥

𝑥𝑥 = 0.076 ⇒ 𝛾𝛾 = 0.076 + 0.6

𝜺𝜺𝑩𝑩 𝜺𝜺𝑨𝑨

𝛾𝛾𝐵𝐵 𝛾𝛾𝐴𝐴

𝑆𝑆 1 − 𝜀𝜀1 < 𝜎𝜎 < 1 + 𝜀𝜀1 𝜀𝜀1 =
0.16
2.56

= 0.1 𝑘𝑘 = 50; 𝜀𝜀1 = 0.1 → 𝛾𝛾

𝛾𝛾,
𝜀𝜀1 = 0.1

𝜀𝜀𝐴𝐴−𝜀𝜀𝐵𝐵
𝛾𝛾𝐴𝐴−𝛾𝛾𝐵𝐵

= 𝜀𝜀1−𝜀𝜀𝐵𝐵
𝛾𝛾1−𝛾𝛾𝐵𝐵

⇒ 0.021
0.1 = 0.016

𝑥𝑥

𝑥𝑥 = 0.076 ⇒ 𝛾𝛾 = 0.076 + 0.6

𝜺𝜺𝑩𝑩 𝜺𝜺𝑨𝑨

𝛾𝛾𝐵𝐵 𝛾𝛾𝐴𝐴
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𝒇𝒇 𝒕𝒕 = 𝝑𝝑𝝑𝝑𝝑𝝑𝝑𝝑 −𝝑𝝑𝝑𝝑 

 
 

𝝑𝝑 
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𝜺𝜺 
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𝒘𝒘 𝒙𝒙 − 𝒂𝒂 ≥ 𝜺𝜺 + 𝒘𝒘 𝒙𝒙 − 𝒂𝒂 < 𝜺𝜺 = 𝟏𝟏

𝒘𝒘 𝒙𝒙 − 𝒂𝒂 < 𝜺𝜺 = 𝟏𝟏 − 𝒘𝒘 𝒙𝒙 − 𝒂𝒂 ≥ 𝜺𝜺 ≥ 𝟏𝟏 − 𝑫𝑫𝑫𝑫
𝜺𝜺𝟐𝟐

𝛾𝛾 𝒑𝒑

𝒑𝒑𝒎𝒎𝒎𝒎𝒎𝒎 = 𝒘𝒘 𝒙𝒙 − 𝒂𝒂 ≥ 𝜺𝜺 = 𝒘𝒘 𝒙𝒙 − 𝒂𝒂 ≥ 𝒌𝒌 ∙ 𝝈𝝈 = 𝝈𝝈𝟐𝟐
𝒌𝒌𝟐𝟐𝝈𝝈𝟐𝟐 =

𝟏𝟏
𝒌𝒌𝟐𝟐

𝜸𝜸𝒎𝒎𝒎𝒎𝒎𝒎 = 𝟏𝟏 − 𝟏𝟏
𝒌𝒌𝟐𝟐
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𝒌𝒌 = 𝟏𝟏 ⇒ 𝒙𝒙 − 𝝈𝝈 ≤ 𝒂𝒂 ≤ 𝒙𝒙 + 𝝈𝝈 ∃ 𝜸𝜸𝒎𝒎𝒎𝒎𝒎𝒎 = 𝟎𝟎. 𝟎𝟎𝟎𝟎

𝒌𝒌 = 𝟐𝟐 ⇒ 𝒙𝒙 − 𝟐𝟐𝝈𝝈 ≤ 𝒂𝒂 ≤ 𝒙𝒙 + 𝟐𝟐𝝈𝝈 ∃ 𝜸𝜸𝒎𝒎𝒎𝒎𝒎𝒎 = 𝟎𝟎. 𝟕𝟕𝟕𝟕

𝒌𝒌 = 𝟑𝟑 ⇒ 𝒙𝒙 − 𝟑𝟑𝝈𝝈 ≤ 𝒂𝒂 ≤ 𝒙𝒙 + 𝟑𝟑𝝈𝝈 ∃ 𝜸𝜸𝒎𝒎𝒎𝒎𝒎𝒎 = 𝟎𝟎. 𝟖𝟖𝟖𝟖

𝒌𝒌 = 𝟓𝟓 ⇒ 𝒙𝒙 − 𝟓𝟓𝝈𝝈 ≤ 𝒂𝒂 ≤ 𝒙𝒙 + 𝟓𝟓𝝈𝝈 ∃ 𝜸𝜸𝒎𝒎𝒎𝒎𝒎𝒎 = 𝟎𝟎. 𝟗𝟗𝟗𝟗

𝒌𝒌 = 𝟏𝟏 ⇒ 𝒙𝒙 − 𝝈𝝈 ≤ 𝒂𝒂 ≤ 𝒙𝒙 + 𝝈𝝈 ∃ 𝜸𝜸𝒎𝒎𝒎𝒎𝒎𝒎 = 𝟎𝟎. 𝟎𝟎𝟎𝟎

𝒌𝒌 = 𝟐𝟐 ⇒ 𝒙𝒙 − 𝟐𝟐𝝈𝝈 ≤ 𝒂𝒂 ≤ 𝒙𝒙 + 𝟐𝟐𝝈𝝈 ∃ 𝜸𝜸𝒎𝒎𝒎𝒎𝒎𝒎 = 𝟎𝟎. 𝟕𝟕𝟕𝟕

𝒌𝒌 = 𝟑𝟑 ⇒ 𝒙𝒙 − 𝟑𝟑𝝈𝝈 ≤ 𝒂𝒂 ≤ 𝒙𝒙 + 𝟑𝟑𝝈𝝈 ∃ 𝜸𝜸𝒎𝒎𝒎𝒎𝒎𝒎 = 𝟎𝟎. 𝟖𝟖𝟖𝟖

𝒌𝒌 = 𝟓𝟓 ⇒ 𝒙𝒙 − 𝟓𝟓𝝈𝝈 ≤ 𝒂𝒂 ≤ 𝒙𝒙 + 𝟓𝟓𝝈𝝈 ∃ 𝜸𝜸𝒎𝒎𝒎𝒎𝒎𝒎 = 𝟎𝟎. 𝟗𝟗𝟗𝟗

𝒌𝒌 = 𝟏𝟏 ⇒ 𝒙𝒙 − 𝝈𝝈 ≤ 𝒂𝒂 ≤ 𝒙𝒙 + 𝝈𝝈 ∃ 𝜸𝜸𝒎𝒎𝒎𝒎𝒎𝒎 = 𝟎𝟎. 𝟎𝟎𝟎𝟎

𝒌𝒌 = 𝟐𝟐 ⇒ 𝒙𝒙 − 𝟐𝟐𝝈𝝈 ≤ 𝒂𝒂 ≤ 𝒙𝒙 + 𝟐𝟐𝝈𝝈 ∃ 𝜸𝜸𝒎𝒎𝒎𝒎𝒎𝒎 = 𝟎𝟎. 𝟕𝟕𝟕𝟕

𝒌𝒌 = 𝟑𝟑 ⇒ 𝒙𝒙 − 𝟑𝟑𝝈𝝈 ≤ 𝒂𝒂 ≤ 𝒙𝒙 + 𝟑𝟑𝝈𝝈 ∃ 𝜸𝜸𝒎𝒎𝒎𝒎𝒎𝒎 = 𝟎𝟎. 𝟖𝟖𝟖𝟖

𝒌𝒌 = 𝟓𝟓 ⇒ 𝒙𝒙 − 𝟓𝟓𝝈𝝈 ≤ 𝒂𝒂 ≤ 𝒙𝒙 + 𝟓𝟓𝝈𝝈 ∃ 𝜸𝜸𝒎𝒎𝒎𝒎𝒎𝒎 = 𝟎𝟎. 𝟗𝟗𝟗𝟗

𝒌𝒌 = 𝟏𝟏 ⇒ 𝒙𝒙 − 𝝈𝝈 ≤ 𝒂𝒂 ≤ 𝒙𝒙 + 𝝈𝝈 ∃ 𝜸𝜸𝒎𝒎𝒎𝒎𝒎𝒎 = 𝟎𝟎. 𝟎𝟎𝟎𝟎

𝒌𝒌 = 𝟐𝟐 ⇒ 𝒙𝒙 − 𝟐𝟐𝝈𝝈 ≤ 𝒂𝒂 ≤ 𝒙𝒙 + 𝟐𝟐𝝈𝝈 ∃ 𝜸𝜸𝒎𝒎𝒎𝒎𝒎𝒎 = 𝟎𝟎. 𝟕𝟕𝟕𝟕

𝒌𝒌 = 𝟑𝟑 ⇒ 𝒙𝒙 − 𝟑𝟑𝝈𝝈 ≤ 𝒂𝒂 ≤ 𝒙𝒙 + 𝟑𝟑𝝈𝝈 ∃ 𝜸𝜸𝒎𝒎𝒎𝒎𝒎𝒎 = 𝟎𝟎. 𝟖𝟖𝟖𝟖

𝒌𝒌 = 𝟓𝟓 ⇒ 𝒙𝒙 − 𝟓𝟓𝝈𝝈 ≤ 𝒂𝒂 ≤ 𝒙𝒙 + 𝟓𝟓𝝈𝝈 ∃ 𝜸𝜸𝒎𝒎𝒎𝒎𝒎𝒎 = 𝟎𝟎. 𝟗𝟗𝟗𝟗

𝒌𝒌 = 𝟏𝟏 ⇒ 𝒙𝒙 − 𝝈𝝈 ≤ 𝒂𝒂 ≤ 𝒙𝒙 + 𝝈𝝈 ∃ 𝜸𝜸𝒎𝒎𝒎𝒎𝒎𝒎 = 𝟎𝟎. 𝟎𝟎𝟎𝟎

𝒌𝒌 = 𝟐𝟐 ⇒ 𝒙𝒙 − 𝟐𝟐𝝈𝝈 ≤ 𝒂𝒂 ≤ 𝒙𝒙 + 𝟐𝟐𝝈𝝈 ∃ 𝜸𝜸𝒎𝒎𝒎𝒎𝒎𝒎 = 𝟎𝟎. 𝟕𝟕𝟕𝟕

𝒌𝒌 = 𝟑𝟑 ⇒ 𝒙𝒙 − 𝟑𝟑𝝈𝝈 ≤ 𝒂𝒂 ≤ 𝒙𝒙 + 𝟑𝟑𝝈𝝈 ∃ 𝜸𝜸𝒎𝒎𝒎𝒎𝒎𝒎 = 𝟎𝟎. 𝟖𝟖𝟖𝟖

𝒌𝒌 = 𝟓𝟓 ⇒ 𝒙𝒙 − 𝟓𝟓𝝈𝝈 ≤ 𝒂𝒂 ≤ 𝒙𝒙 + 𝟓𝟓𝝈𝝈 ∃ 𝜸𝜸𝒎𝒎𝒎𝒎𝒎𝒎 = 𝟎𝟎. 𝟗𝟗𝟗𝟗
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𝝈𝝈ഥ𝒙𝒙 =
𝝈𝝈
𝒏𝒏

𝒑𝒑𝒎𝒎𝒎𝒎𝒎𝒎 = 𝒘𝒘 ഥ𝒙𝒙 − 𝒂𝒂 ≥ 𝜺𝜺 = 𝒘𝒘 ഥ𝒙𝒙 − 𝒂𝒂 ≥ 𝒌𝒌𝒌𝒌 = 𝝈𝝈 ҧ𝑥𝑥
2

𝒌𝒌𝟐𝟐𝝈𝝈𝟐𝟐 =
𝝈𝝈𝟐𝟐

𝒏𝒏𝒌𝒌𝟐𝟐𝝈𝝈𝟐𝟐 =
𝟏𝟏
𝒏𝒏𝒏𝒏𝟐𝟐

𝜸𝜸 = 𝟏𝟏 − 𝟏𝟏
𝒏𝒏𝒏𝒏𝟐𝟐
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𝑥𝑥𝑖𝑖

𝒚𝒚 𝒙𝒙 = 𝒚𝒚 𝒂𝒂 + 𝒅𝒅𝒅𝒅 𝒂𝒂
𝒅𝒅𝒅𝒅 𝒙𝒙 − 𝒂𝒂 +⋯

𝑴𝑴𝑴𝑴 𝒙𝒙 = 𝑴𝑴𝑴𝑴 𝒂𝒂 +𝑴𝑴 𝒅𝒅𝒅𝒅 𝒂𝒂
𝒅𝒅𝒅𝒅 𝒙𝒙 − 𝒂𝒂 +⋯

𝑴𝑴𝑴𝑴 𝒙𝒙 = 𝒚𝒚 𝒂𝒂
𝒚𝒚 = 𝒇𝒇 𝒙𝒙𝟏𝟏, 𝒙𝒙𝟐𝟐,… , 𝒙𝒙𝒏𝒏 .

𝒚𝒚 = 𝒇𝒇 𝒂𝒂𝟏𝟏, 𝒂𝒂𝟐𝟐, … , 𝒂𝒂𝒏𝒏 + σ𝒊𝒊
𝝏𝝏𝝏𝝏 𝒂𝒂𝒊𝒊
𝝏𝝏𝒙𝒙𝒊𝒊

∙ 𝒙𝒙𝒊𝒊 − 𝒂𝒂𝒊𝒊 + ⋯ ⇒ 𝒚𝒚 ∈ 𝑵𝑵 𝒂𝒂𝒚𝒚, 𝝈𝝈𝒚𝒚𝟐𝟐

𝒂𝒂𝒚𝒚 = 𝑴𝑴𝑴𝑴 = 𝑴𝑴𝑴𝑴 𝒂𝒂𝟏𝟏, 𝒂𝒂𝟐𝟐,… , 𝒂𝒂𝒏𝒏 + σ𝒊𝒊𝑴𝑴
𝝏𝝏𝝏𝝏 𝒂𝒂𝒊𝒊
𝝏𝝏𝒙𝒙𝒊𝒊

∙ 𝒙𝒙𝒊𝒊 − 𝒂𝒂𝒊𝒊 + ⋯

 
1685–1731

𝝁𝝁 = 𝑲𝑲
𝜽𝜽 ∙ 𝒎𝒎𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔.

𝒎𝒎𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔
∙ 𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏
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𝒚𝒚 = 𝒇𝒇 𝒙𝒙𝟏𝟏, 𝒙𝒙𝟐𝟐,… , 𝒙𝒙𝒏𝒏

𝒚𝒚
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𝑫𝑫 ෍
𝒊𝒊
𝑪𝑪𝒊𝒊𝒊𝒊 = ෍

𝒊𝒊
𝑪𝑪𝒊𝒊𝟐𝟐𝑫𝑫𝒊𝒊 + 𝟐𝟐෍

𝒊𝒊<𝒋𝒋
෍
𝒋𝒋
𝑪𝑪𝒊𝒊 𝑪𝑪𝒋𝒋𝒄𝒄𝒄𝒄𝒄𝒄 𝒊𝒊, 𝒋𝒋

 

𝑫𝑫 + = 𝑫𝑫+ 𝑫𝑫+ 𝟐𝟐𝟐𝟐 −𝑴𝑴 ∙ −𝑴𝑴 = 𝑫𝑫+ 𝑫𝑫+ 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐 , .

𝑫𝑫 𝑪𝑪𝟏𝟏+ 𝑪𝑪𝟐𝟐 =

𝝈𝝈𝒚𝒚𝟐𝟐

𝑫𝑫 ෍
𝒊𝒊
𝑪𝑪𝒊𝒊𝒊𝒊 = ෍

𝒊𝒊
𝑪𝑪𝒊𝒊𝟐𝟐𝑫𝑫𝒊𝒊 + 𝟐𝟐෍

𝒊𝒊<𝒋𝒋
෍
𝒋𝒋
𝑪𝑪𝒊𝒊 𝑪𝑪𝒋𝒋𝒄𝒄𝒄𝒄𝒄𝒄 𝒊𝒊, 𝒋𝒋

 

𝑫𝑫 + = 𝑫𝑫+ 𝑫𝑫+ 𝟐𝟐𝟐𝟐 −𝑴𝑴 ∙ −𝑴𝑴 = 𝑫𝑫+ 𝑫𝑫+ 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐 , .

𝑫𝑫 𝑪𝑪𝟏𝟏+ 𝑪𝑪𝟐𝟐 =

𝝈𝝈𝒚𝒚𝟐𝟐

𝑫𝑫 ෍
𝒊𝒊
𝑪𝑪𝒊𝒊𝒊𝒊 = ෍

𝒊𝒊
𝑪𝑪𝒊𝒊𝟐𝟐𝑫𝑫𝒊𝒊 + 𝟐𝟐෍

𝒊𝒊<𝒋𝒋
෍
𝒋𝒋
𝑪𝑪𝒊𝒊 𝑪𝑪𝒋𝒋𝒄𝒄𝒄𝒄𝒄𝒄 𝒊𝒊, 𝒋𝒋

 

𝑫𝑫 + = 𝑫𝑫+ 𝑫𝑫+ 𝟐𝟐𝟐𝟐 −𝑴𝑴 ∙ −𝑴𝑴 = 𝑫𝑫+ 𝑫𝑫+ 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐 , .

𝑫𝑫 𝑪𝑪𝟏𝟏+ 𝑪𝑪𝟐𝟐 =

𝝈𝝈𝒚𝒚𝟐𝟐
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𝒚𝒚 𝒙𝒙𝒊𝒊 = 𝒇𝒇 𝒂𝒂𝟏𝟏, 𝒂𝒂𝟐𝟐,… , 𝒂𝒂𝒏𝒏 + σ𝒊𝒊
𝝏𝝏𝝏𝝏 𝒂𝒂𝒊𝒊
𝝏𝝏𝒙𝒙𝒊𝒊

∙ 𝒙𝒙𝒊𝒊 − 𝒂𝒂𝒊𝒊 + ⋯

𝑫𝑫𝑫𝑫 = 𝑫𝑫𝑫𝑫 𝒂𝒂𝟏𝟏, 𝒂𝒂𝟐𝟐,, … . , 𝒂𝒂𝒏𝒏 + 𝑫𝑫 ෍
𝒊𝒊

𝝏𝝏𝝏𝝏 𝒂𝒂𝒊𝒊
𝝏𝝏𝒙𝒙𝒊𝒊

∙ 𝒙𝒙𝒊𝒊 − 𝒂𝒂𝒊𝒊 = 𝑫𝑫 ෍
𝒊𝒊

𝝏𝝏𝝏𝝏 𝒂𝒂𝒊𝒊
𝝏𝝏𝒙𝒙𝒊𝒊

∙ 𝒙𝒙𝒊𝒊 =

= σ𝒊𝒊
𝝏𝝏𝝏𝝏 𝒂𝒂𝒊𝒊
𝝏𝝏𝒙𝒙𝒊𝒊

𝟐𝟐
𝑫𝑫𝒙𝒙𝒊𝒊 + 𝟐𝟐σ𝒊𝒊<𝒋𝒋σ𝒋𝒋

𝝏𝝏𝝏𝝏 𝒂𝒂𝒊𝒊
𝝏𝝏𝒙𝒙𝒊𝒊

∙ 𝝏𝝏𝝏𝝏 𝒂𝒂𝒊𝒊
𝝏𝝏𝒙𝒙𝒋𝒋

𝒄𝒄𝒄𝒄𝒄𝒄( 𝒙𝒙𝒊𝒊, 𝒙𝒙𝒋𝒋)

𝒙𝒙𝒊𝒊
𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙𝒊𝒊, 𝒙𝒙𝒋𝒋 = 𝟎𝟎.

𝑫𝑫𝑫𝑫 = σ𝒊𝒊
𝝏𝝏𝝏𝝏 𝒂𝒂𝒊𝒊
𝝏𝝏𝒙𝒙𝒊𝒊

𝟐𝟐
𝑫𝑫𝒙𝒙𝒊𝒊 ; 𝝈𝝈𝒚𝒚𝟐𝟐 = σ𝒊𝒊

𝝏𝝏𝝏𝝏 𝒂𝒂𝒊𝒊
𝝏𝝏𝒙𝒙𝒊𝒊

𝟐𝟐
𝝈𝝈𝒙𝒙𝒊𝒊𝟐𝟐 .

𝒚𝒚 𝒙𝒙𝒊𝒊 = 𝒇𝒇 𝒂𝒂𝟏𝟏, 𝒂𝒂𝟐𝟐,… , 𝒂𝒂𝒏𝒏 + σ𝒊𝒊
𝝏𝝏𝝏𝝏 𝒂𝒂𝒊𝒊
𝝏𝝏𝒙𝒙𝒊𝒊

∙ 𝒙𝒙𝒊𝒊 − 𝒂𝒂𝒊𝒊 + ⋯

𝑫𝑫𝑫𝑫 = 𝑫𝑫𝑫𝑫 𝒂𝒂𝟏𝟏, 𝒂𝒂𝟐𝟐,, … . , 𝒂𝒂𝒏𝒏 + 𝑫𝑫 ෍
𝒊𝒊

𝝏𝝏𝝏𝝏 𝒂𝒂𝒊𝒊
𝝏𝝏𝒙𝒙𝒊𝒊

∙ 𝒙𝒙𝒊𝒊 − 𝒂𝒂𝒊𝒊 = 𝑫𝑫 ෍
𝒊𝒊

𝝏𝝏𝝏𝝏 𝒂𝒂𝒊𝒊
𝝏𝝏𝒙𝒙𝒊𝒊

∙ 𝒙𝒙𝒊𝒊 =

= σ𝒊𝒊
𝝏𝝏𝝏𝝏 𝒂𝒂𝒊𝒊
𝝏𝝏𝒙𝒙𝒊𝒊

𝟐𝟐
𝑫𝑫𝒙𝒙𝒊𝒊 + 𝟐𝟐σ𝒊𝒊<𝒋𝒋σ𝒋𝒋

𝝏𝝏𝝏𝝏 𝒂𝒂𝒊𝒊
𝝏𝝏𝒙𝒙𝒊𝒊

∙ 𝝏𝝏𝝏𝝏 𝒂𝒂𝒊𝒊
𝝏𝝏𝒙𝒙𝒋𝒋

𝒄𝒄𝒄𝒄𝒄𝒄( 𝒙𝒙𝒊𝒊, 𝒙𝒙𝒋𝒋)

𝒙𝒙𝒊𝒊
𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙𝒊𝒊, 𝒙𝒙𝒋𝒋 = 𝟎𝟎.

𝑫𝑫𝑫𝑫 = σ𝒊𝒊
𝝏𝝏𝝏𝝏 𝒂𝒂𝒊𝒊
𝝏𝝏𝒙𝒙𝒊𝒊

𝟐𝟐
𝑫𝑫𝒙𝒙𝒊𝒊 ; 𝝈𝝈𝒚𝒚𝟐𝟐 = σ𝒊𝒊

𝝏𝝏𝝏𝝏 𝒂𝒂𝒊𝒊
𝝏𝝏𝒙𝒙𝒊𝒊

𝟐𝟐
𝝈𝝈𝒙𝒙𝒊𝒊𝟐𝟐 .

𝒚𝒚 𝒙𝒙𝒊𝒊 = 𝒇𝒇 𝒂𝒂𝟏𝟏, 𝒂𝒂𝟐𝟐,… , 𝒂𝒂𝒏𝒏 + σ𝒊𝒊
𝝏𝝏𝝏𝝏 𝒂𝒂𝒊𝒊
𝝏𝝏𝒙𝒙𝒊𝒊

∙ 𝒙𝒙𝒊𝒊 − 𝒂𝒂𝒊𝒊 + ⋯

𝑫𝑫𝑫𝑫 = 𝑫𝑫𝑫𝑫 𝒂𝒂𝟏𝟏, 𝒂𝒂𝟐𝟐,, … . , 𝒂𝒂𝒏𝒏 + 𝑫𝑫 ෍
𝒊𝒊

𝝏𝝏𝝏𝝏 𝒂𝒂𝒊𝒊
𝝏𝝏𝒙𝒙𝒊𝒊

∙ 𝒙𝒙𝒊𝒊 − 𝒂𝒂𝒊𝒊 = 𝑫𝑫 ෍
𝒊𝒊

𝝏𝝏𝝏𝝏 𝒂𝒂𝒊𝒊
𝝏𝝏𝒙𝒙𝒊𝒊

∙ 𝒙𝒙𝒊𝒊 =

= σ𝒊𝒊
𝝏𝝏𝝏𝝏 𝒂𝒂𝒊𝒊
𝝏𝝏𝒙𝒙𝒊𝒊

𝟐𝟐
𝑫𝑫𝒙𝒙𝒊𝒊 + 𝟐𝟐σ𝒊𝒊<𝒋𝒋σ𝒋𝒋

𝝏𝝏𝝏𝝏 𝒂𝒂𝒊𝒊
𝝏𝝏𝒙𝒙𝒊𝒊

∙ 𝝏𝝏𝝏𝝏 𝒂𝒂𝒊𝒊
𝝏𝝏𝒙𝒙𝒋𝒋

𝒄𝒄𝒄𝒄𝒄𝒄( 𝒙𝒙𝒊𝒊, 𝒙𝒙𝒋𝒋)

𝒙𝒙𝒊𝒊
𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙𝒊𝒊, 𝒙𝒙𝒋𝒋 = 𝟎𝟎.

𝑫𝑫𝑫𝑫 = σ𝒊𝒊
𝝏𝝏𝝏𝝏 𝒂𝒂𝒊𝒊
𝝏𝝏𝒙𝒙𝒊𝒊

𝟐𝟐
𝑫𝑫𝒙𝒙𝒊𝒊 ; 𝝈𝝈𝒚𝒚𝟐𝟐 = σ𝒊𝒊

𝝏𝝏𝝏𝝏 𝒂𝒂𝒊𝒊
𝝏𝝏𝒙𝒙𝒊𝒊

𝟐𝟐
𝝈𝝈𝒙𝒙𝒊𝒊𝟐𝟐 .
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𝑐𝑐𝑐𝑐𝑐𝑐 𝑥𝑥, 𝑦𝑦 = ඵ𝑥𝑥𝑥𝑥𝑥𝑥 𝑥𝑥, 𝑦𝑦 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = 1
𝜋𝜋𝑟𝑟2ඵ𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 = 0

𝑓𝑓 𝑥𝑥, 𝑦𝑦 = ൝𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐, 𝑥𝑥2+𝑦𝑦2 ≤ 𝑟𝑟2
0, 𝑥𝑥2+𝑦𝑦2 > 𝑟𝑟2

ඵ
−∞

+∞

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = 1 ⇒ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 1
𝜋𝜋𝑟𝑟2

𝑥𝑥 𝑦𝑦 𝑥𝑥 −𝑟𝑟 ≤ 𝑦𝑦 ≤ 𝑟𝑟𝑟 𝑥𝑥 = 𝑟𝑟 𝑦𝑦 = 0
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𝜕𝜕𝜕𝜕 ҧ𝑥𝑥𝑖𝑖
𝜕𝜕𝜕𝜕

2 𝜕𝜕𝜕𝜕 𝑎𝑎𝑖𝑖
𝜕𝜕𝜕𝜕

2

𝜕𝜕𝜕𝜕 ҧ𝑥𝑥𝑖𝑖
𝜕𝜕𝜕𝜕 = 𝜕𝜕𝜕𝜕 𝑎𝑎𝑖𝑖

𝜕𝜕𝜕𝜕 + 𝜕𝜕2𝑓𝑓 𝑎𝑎𝑖𝑖
𝜕𝜕𝑥𝑥2 𝑥𝑥𝑖𝑖 − 𝑎𝑎𝑖𝑖 + ⋯ .

𝜕𝜕𝜕𝜕 ҧ𝑥𝑥𝑖𝑖
𝜕𝜕𝜕𝜕

2
= 𝜕𝜕𝜕𝜕 𝑎𝑎𝑖𝑖

𝜕𝜕𝜕𝜕

2
+ 𝜕𝜕2𝑓𝑓 𝑎𝑎𝑖𝑖

𝜕𝜕𝑥𝑥2 ҧ𝑥𝑥𝑖𝑖 − 𝑎𝑎𝑖𝑖
2
+ 2𝜕𝜕𝜕𝜕 𝑎𝑎𝑖𝑖

𝜕𝜕𝜕𝜕
𝜕𝜕2𝑓𝑓 𝑎𝑎𝑖𝑖

𝜕𝜕𝑥𝑥2 ҧ𝑥𝑥𝑖𝑖 − 𝑎𝑎𝑖𝑖 .

𝑀𝑀 𝜕𝜕𝜕𝜕 ҧ𝑥𝑥𝑖𝑖
𝜕𝜕𝜕𝜕

2
= 𝜕𝜕𝜕𝜕 𝑎𝑎𝑖𝑖

𝜕𝜕𝜕𝜕

2

𝜕𝜕𝜕𝜕 ҧ𝑥𝑥𝑖𝑖
𝜕𝜕𝜕𝜕

2 𝜕𝜕𝜕𝜕 𝑎𝑎𝑖𝑖
𝜕𝜕𝜕𝜕

2

𝒂𝒂𝒚𝒚 𝝈𝝈𝒚𝒚𝟐𝟐

ത𝑦𝑦 = 𝑓𝑓 ഥ𝑥𝑥𝑖𝑖 𝑎𝑎𝑦𝑦

𝑀𝑀ത𝑦𝑦 = 𝑀𝑀 𝑓𝑓 𝑎𝑎𝑖𝑖 +෍
𝑖𝑖

𝜕𝜕𝜕𝜕 𝑎𝑎𝑖𝑖
𝜕𝜕𝑥𝑥𝑖𝑖

ҧ𝑥𝑥𝑖𝑖 − 𝑎𝑎𝑖𝑖 + ⋯ . ≅ 𝑓𝑓 𝑎𝑎𝑖𝑖
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𝑦𝑦: 𝑺𝑺𝒚𝒚𝟐𝟐 ≡ σ𝒊𝒊
𝝏𝝏𝝏𝝏 ഥ𝒙𝒙𝟏𝟏,ഥ𝒙𝒙𝟐𝟐,…ഥ𝒙𝒙𝒏𝒏

𝝏𝝏𝒙𝒙𝒊𝒊

𝟐𝟐
∙ 𝑺𝑺𝒙𝒙𝒊𝒊𝟐𝟐

𝐷𝐷𝐷𝐷.

ҧ𝑥𝑥𝑖𝑖 𝑺𝑺𝒙𝒙𝒊𝒊𝟐𝟐
𝝏𝝏𝝏𝝏 ഥ𝒙𝒙𝟏𝟏,ഥ𝒙𝒙𝟐𝟐,…ഥ𝒙𝒙𝒏𝒏

𝝏𝝏𝒙𝒙𝒊𝒊

𝑺𝑺𝒙𝒙𝒊𝒊𝟐𝟐 𝑴𝑴𝑺𝑺𝒚𝒚𝟐𝟐 ≡ 𝑴𝑴 σ𝒊𝒊
𝝏𝝏𝝏𝝏 ഥ𝒙𝒙𝟏𝟏,ഥ𝒙𝒙𝟐𝟐,…ഥ𝒙𝒙𝒏𝒏

𝝏𝝏𝒙𝒙𝒊𝒊

𝟐𝟐
∙ 𝑺𝑺𝒙𝒙𝒊𝒊𝟐𝟐 = σ𝒊𝒊 𝑴𝑴

𝝏𝝏𝝏𝝏 ഥ𝒙𝒙𝟏𝟏,ഥ𝒙𝒙𝟐𝟐,…ഥ𝒙𝒙𝒏𝒏
𝝏𝝏𝒙𝒙𝒊𝒊

𝟐𝟐
∙ 𝑴𝑴𝑺𝑺𝒙𝒙𝒊𝒊𝟐𝟐 = σ𝒊𝒊

𝝏𝝏𝝏𝝏 𝒂𝒂𝒊𝒊
𝝏𝝏𝒙𝒙𝒊𝒊

𝟐𝟐
∙ 𝝈𝝈𝒊𝒊𝟐𝟐 = 𝑫𝑫𝑫𝑫 = 𝝈𝝈𝒚𝒚𝟐𝟐

𝝈𝝈𝒚𝒚𝟐𝟐 ≈ 𝑺𝑺𝒚𝒚𝟐𝟐; in view of the fact: 𝒚𝒚 𝝐𝝐 𝑵𝑵(𝒂𝒂𝒚𝒚, 𝝈𝝈𝒚𝒚𝟐𝟐)

ഥ𝒚𝒚 − 𝒂𝒂𝒚𝒚
𝑺𝑺𝒚𝒚

𝝐𝝐 𝑵𝑵 𝟎𝟎, 𝟏𝟏 .

𝛾𝛾 𝛿𝛿𝛾𝛾

ഥ𝒚𝒚 − 𝑺𝑺𝑺𝑺 ∙ 𝜹𝜹𝜸𝜸 ≤ 𝒂𝒂𝒂𝒂 ≤ ഥ𝒚𝒚 + 𝑺𝑺𝑺𝑺 ∙ 𝜹𝜹𝜸𝜸

𝑦𝑦: 𝑺𝑺𝒚𝒚𝟐𝟐 ≡ σ𝒊𝒊
𝝏𝝏𝝏𝝏 ഥ𝒙𝒙𝟏𝟏,ഥ𝒙𝒙𝟐𝟐,…ഥ𝒙𝒙𝒏𝒏

𝝏𝝏𝒙𝒙𝒊𝒊

𝟐𝟐
∙ 𝑺𝑺𝒙𝒙𝒊𝒊𝟐𝟐

𝐷𝐷𝐷𝐷.

ҧ𝑥𝑥𝑖𝑖 𝑺𝑺𝒙𝒙𝒊𝒊𝟐𝟐
𝝏𝝏𝝏𝝏 ഥ𝒙𝒙𝟏𝟏,ഥ𝒙𝒙𝟐𝟐,…ഥ𝒙𝒙𝒏𝒏

𝝏𝝏𝒙𝒙𝒊𝒊

𝑺𝑺𝒙𝒙𝒊𝒊𝟐𝟐 𝑴𝑴𝑺𝑺𝒚𝒚𝟐𝟐 ≡ 𝑴𝑴 σ𝒊𝒊
𝝏𝝏𝝏𝝏 ഥ𝒙𝒙𝟏𝟏,ഥ𝒙𝒙𝟐𝟐,…ഥ𝒙𝒙𝒏𝒏

𝝏𝝏𝒙𝒙𝒊𝒊

𝟐𝟐
∙ 𝑺𝑺𝒙𝒙𝒊𝒊𝟐𝟐 = σ𝒊𝒊 𝑴𝑴

𝝏𝝏𝝏𝝏 ഥ𝒙𝒙𝟏𝟏,ഥ𝒙𝒙𝟐𝟐,…ഥ𝒙𝒙𝒏𝒏
𝝏𝝏𝒙𝒙𝒊𝒊

𝟐𝟐
∙ 𝑴𝑴𝑺𝑺𝒙𝒙𝒊𝒊𝟐𝟐 = σ𝒊𝒊

𝝏𝝏𝝏𝝏 𝒂𝒂𝒊𝒊
𝝏𝝏𝒙𝒙𝒊𝒊

𝟐𝟐
∙ 𝝈𝝈𝒊𝒊𝟐𝟐 = 𝑫𝑫𝑫𝑫 = 𝝈𝝈𝒚𝒚𝟐𝟐

𝝈𝝈𝒚𝒚𝟐𝟐 ≈ 𝑺𝑺𝒚𝒚𝟐𝟐; in view of the fact: 𝒚𝒚 𝝐𝝐 𝑵𝑵(𝒂𝒂𝒚𝒚, 𝝈𝝈𝒚𝒚𝟐𝟐)

ഥ𝒚𝒚 − 𝒂𝒂𝒚𝒚
𝑺𝑺𝒚𝒚

𝝐𝝐 𝑵𝑵 𝟎𝟎, 𝟏𝟏 .

𝛾𝛾 𝛿𝛿𝛾𝛾

ഥ𝒚𝒚 − 𝑺𝑺𝑺𝑺 ∙ 𝜹𝜹𝜸𝜸 ≤ 𝒂𝒂𝒂𝒂 ≤ ഥ𝒚𝒚 + 𝑺𝑺𝑺𝑺 ∙ 𝜹𝜹𝜸𝜸

𝑦𝑦: 𝑺𝑺𝒚𝒚𝟐𝟐 ≡ σ𝒊𝒊
𝝏𝝏𝝏𝝏 ഥ𝒙𝒙𝟏𝟏,ഥ𝒙𝒙𝟐𝟐,…ഥ𝒙𝒙𝒏𝒏

𝝏𝝏𝒙𝒙𝒊𝒊

𝟐𝟐
∙ 𝑺𝑺𝒙𝒙𝒊𝒊𝟐𝟐

𝐷𝐷𝐷𝐷.

ҧ𝑥𝑥𝑖𝑖 𝑺𝑺𝒙𝒙𝒊𝒊𝟐𝟐
𝝏𝝏𝝏𝝏 ഥ𝒙𝒙𝟏𝟏,ഥ𝒙𝒙𝟐𝟐,…ഥ𝒙𝒙𝒏𝒏

𝝏𝝏𝒙𝒙𝒊𝒊

𝑺𝑺𝒙𝒙𝒊𝒊𝟐𝟐 𝑴𝑴𝑺𝑺𝒚𝒚𝟐𝟐 ≡ 𝑴𝑴 σ𝒊𝒊
𝝏𝝏𝝏𝝏 ഥ𝒙𝒙𝟏𝟏,ഥ𝒙𝒙𝟐𝟐,…ഥ𝒙𝒙𝒏𝒏

𝝏𝝏𝒙𝒙𝒊𝒊

𝟐𝟐
∙ 𝑺𝑺𝒙𝒙𝒊𝒊𝟐𝟐 = σ𝒊𝒊 𝑴𝑴

𝝏𝝏𝝏𝝏 ഥ𝒙𝒙𝟏𝟏,ഥ𝒙𝒙𝟐𝟐,…ഥ𝒙𝒙𝒏𝒏
𝝏𝝏𝒙𝒙𝒊𝒊

𝟐𝟐
∙ 𝑴𝑴𝑺𝑺𝒙𝒙𝒊𝒊𝟐𝟐 = σ𝒊𝒊

𝝏𝝏𝝏𝝏 𝒂𝒂𝒊𝒊
𝝏𝝏𝒙𝒙𝒊𝒊

𝟐𝟐
∙ 𝝈𝝈𝒊𝒊𝟐𝟐 = 𝑫𝑫𝑫𝑫 = 𝝈𝝈𝒚𝒚𝟐𝟐

𝝈𝝈𝒚𝒚𝟐𝟐 ≈ 𝑺𝑺𝒚𝒚𝟐𝟐; in view of the fact: 𝒚𝒚 𝝐𝝐 𝑵𝑵(𝒂𝒂𝒚𝒚, 𝝈𝝈𝒚𝒚𝟐𝟐)

ഥ𝒚𝒚 − 𝒂𝒂𝒚𝒚
𝑺𝑺𝒚𝒚

𝝐𝝐 𝑵𝑵 𝟎𝟎, 𝟏𝟏 .

𝛾𝛾 𝛿𝛿𝛾𝛾

ഥ𝒚𝒚 − 𝑺𝑺𝑺𝑺 ∙ 𝜹𝜹𝜸𝜸 ≤ 𝒂𝒂𝒂𝒂 ≤ ഥ𝒚𝒚 + 𝑺𝑺𝑺𝑺 ∙ 𝜹𝜹𝜸𝜸

𝑦𝑦: 𝑺𝑺𝒚𝒚𝟐𝟐 ≡ σ𝒊𝒊
𝝏𝝏𝝏𝝏 ഥ𝒙𝒙𝟏𝟏,ഥ𝒙𝒙𝟐𝟐,…ഥ𝒙𝒙𝒏𝒏

𝝏𝝏𝒙𝒙𝒊𝒊

𝟐𝟐
∙ 𝑺𝑺𝒙𝒙𝒊𝒊𝟐𝟐

𝐷𝐷𝐷𝐷.

ҧ𝑥𝑥𝑖𝑖 𝑺𝑺𝒙𝒙𝒊𝒊𝟐𝟐
𝝏𝝏𝝏𝝏 ഥ𝒙𝒙𝟏𝟏,ഥ𝒙𝒙𝟐𝟐,…ഥ𝒙𝒙𝒏𝒏

𝝏𝝏𝒙𝒙𝒊𝒊

𝑺𝑺𝒙𝒙𝒊𝒊𝟐𝟐 𝑴𝑴𝑺𝑺𝒚𝒚𝟐𝟐 ≡ 𝑴𝑴 σ𝒊𝒊
𝝏𝝏𝝏𝝏 ഥ𝒙𝒙𝟏𝟏,ഥ𝒙𝒙𝟐𝟐,…ഥ𝒙𝒙𝒏𝒏

𝝏𝝏𝒙𝒙𝒊𝒊

𝟐𝟐
∙ 𝑺𝑺𝒙𝒙𝒊𝒊𝟐𝟐 = σ𝒊𝒊 𝑴𝑴

𝝏𝝏𝝏𝝏 ഥ𝒙𝒙𝟏𝟏,ഥ𝒙𝒙𝟐𝟐,…ഥ𝒙𝒙𝒏𝒏
𝝏𝝏𝒙𝒙𝒊𝒊

𝟐𝟐
∙ 𝑴𝑴𝑺𝑺𝒙𝒙𝒊𝒊𝟐𝟐 = σ𝒊𝒊

𝝏𝝏𝝏𝝏 𝒂𝒂𝒊𝒊
𝝏𝝏𝒙𝒙𝒊𝒊

𝟐𝟐
∙ 𝝈𝝈𝒊𝒊𝟐𝟐 = 𝑫𝑫𝑫𝑫 = 𝝈𝝈𝒚𝒚𝟐𝟐

𝝈𝝈𝒚𝒚𝟐𝟐 ≈ 𝑺𝑺𝒚𝒚𝟐𝟐; in view of the fact: 𝒚𝒚 𝝐𝝐 𝑵𝑵(𝒂𝒂𝒚𝒚, 𝝈𝝈𝒚𝒚𝟐𝟐)

ഥ𝒚𝒚 − 𝒂𝒂𝒚𝒚
𝑺𝑺𝒚𝒚

𝝐𝝐 𝑵𝑵 𝟎𝟎, 𝟏𝟏 .

𝛾𝛾 𝛿𝛿𝛾𝛾

ഥ𝒚𝒚 − 𝑺𝑺𝑺𝑺 ∙ 𝜹𝜹𝜸𝜸 ≤ 𝒂𝒂𝒂𝒂 ≤ ഥ𝒚𝒚 + 𝑺𝑺𝑺𝑺 ∙ 𝜹𝜹𝜸𝜸

𝑦𝑦: 𝑺𝑺𝒚𝒚𝟐𝟐 ≡ σ𝒊𝒊
𝝏𝝏𝝏𝝏 ഥ𝒙𝒙𝟏𝟏,ഥ𝒙𝒙𝟐𝟐,…ഥ𝒙𝒙𝒏𝒏

𝝏𝝏𝒙𝒙𝒊𝒊

𝟐𝟐
∙ 𝑺𝑺𝒙𝒙𝒊𝒊𝟐𝟐

𝐷𝐷𝐷𝐷.

ҧ𝑥𝑥𝑖𝑖 𝑺𝑺𝒙𝒙𝒊𝒊𝟐𝟐
𝝏𝝏𝝏𝝏 ഥ𝒙𝒙𝟏𝟏,ഥ𝒙𝒙𝟐𝟐,…ഥ𝒙𝒙𝒏𝒏

𝝏𝝏𝒙𝒙𝒊𝒊

𝑺𝑺𝒙𝒙𝒊𝒊𝟐𝟐 𝑴𝑴𝑺𝑺𝒚𝒚𝟐𝟐 ≡ 𝑴𝑴 σ𝒊𝒊
𝝏𝝏𝝏𝝏 ഥ𝒙𝒙𝟏𝟏,ഥ𝒙𝒙𝟐𝟐,…ഥ𝒙𝒙𝒏𝒏

𝝏𝝏𝒙𝒙𝒊𝒊

𝟐𝟐
∙ 𝑺𝑺𝒙𝒙𝒊𝒊𝟐𝟐 = σ𝒊𝒊 𝑴𝑴

𝝏𝝏𝝏𝝏 ഥ𝒙𝒙𝟏𝟏,ഥ𝒙𝒙𝟐𝟐,…ഥ𝒙𝒙𝒏𝒏
𝝏𝝏𝒙𝒙𝒊𝒊

𝟐𝟐
∙ 𝑴𝑴𝑺𝑺𝒙𝒙𝒊𝒊𝟐𝟐 = σ𝒊𝒊

𝝏𝝏𝝏𝝏 𝒂𝒂𝒊𝒊
𝝏𝝏𝒙𝒙𝒊𝒊

𝟐𝟐
∙ 𝝈𝝈𝒊𝒊𝟐𝟐 = 𝑫𝑫𝑫𝑫 = 𝝈𝝈𝒚𝒚𝟐𝟐

𝝈𝝈𝒚𝒚𝟐𝟐 ≈ 𝑺𝑺𝒚𝒚𝟐𝟐; in view of the fact: 𝒚𝒚 𝝐𝝐 𝑵𝑵(𝒂𝒂𝒚𝒚, 𝝈𝝈𝒚𝒚𝟐𝟐)

ഥ𝒚𝒚 − 𝒂𝒂𝒚𝒚
𝑺𝑺𝒚𝒚

𝝐𝝐 𝑵𝑵 𝟎𝟎, 𝟏𝟏 .

𝛾𝛾 𝛿𝛿𝛾𝛾

ഥ𝒚𝒚 − 𝑺𝑺𝑺𝑺 ∙ 𝜹𝜹𝜸𝜸 ≤ 𝒂𝒂𝒂𝒂 ≤ ഥ𝒚𝒚 + 𝑺𝑺𝑺𝑺 ∙ 𝜹𝜹𝜸𝜸

𝑦𝑦: 𝑺𝑺𝒚𝒚𝟐𝟐 ≡ σ𝒊𝒊
𝝏𝝏𝝏𝝏 ഥ𝒙𝒙𝟏𝟏,ഥ𝒙𝒙𝟐𝟐,…ഥ𝒙𝒙𝒏𝒏

𝝏𝝏𝒙𝒙𝒊𝒊

𝟐𝟐
∙ 𝑺𝑺𝒙𝒙𝒊𝒊𝟐𝟐

𝐷𝐷𝐷𝐷.

ҧ𝑥𝑥𝑖𝑖 𝑺𝑺𝒙𝒙𝒊𝒊𝟐𝟐
𝝏𝝏𝝏𝝏 ഥ𝒙𝒙𝟏𝟏,ഥ𝒙𝒙𝟐𝟐,…ഥ𝒙𝒙𝒏𝒏

𝝏𝝏𝒙𝒙𝒊𝒊

𝑺𝑺𝒙𝒙𝒊𝒊𝟐𝟐 𝑴𝑴𝑺𝑺𝒚𝒚𝟐𝟐 ≡ 𝑴𝑴 σ𝒊𝒊
𝝏𝝏𝝏𝝏 ഥ𝒙𝒙𝟏𝟏,ഥ𝒙𝒙𝟐𝟐,…ഥ𝒙𝒙𝒏𝒏

𝝏𝝏𝒙𝒙𝒊𝒊

𝟐𝟐
∙ 𝑺𝑺𝒙𝒙𝒊𝒊𝟐𝟐 = σ𝒊𝒊 𝑴𝑴

𝝏𝝏𝝏𝝏 ഥ𝒙𝒙𝟏𝟏,ഥ𝒙𝒙𝟐𝟐,…ഥ𝒙𝒙𝒏𝒏
𝝏𝝏𝒙𝒙𝒊𝒊

𝟐𝟐
∙ 𝑴𝑴𝑺𝑺𝒙𝒙𝒊𝒊𝟐𝟐 = σ𝒊𝒊

𝝏𝝏𝝏𝝏 𝒂𝒂𝒊𝒊
𝝏𝝏𝒙𝒙𝒊𝒊

𝟐𝟐
∙ 𝝈𝝈𝒊𝒊𝟐𝟐 = 𝑫𝑫𝑫𝑫 = 𝝈𝝈𝒚𝒚𝟐𝟐

𝝈𝝈𝒚𝒚𝟐𝟐 ≈ 𝑺𝑺𝒚𝒚𝟐𝟐; in view of the fact: 𝒚𝒚 𝝐𝝐 𝑵𝑵(𝒂𝒂𝒚𝒚, 𝝈𝝈𝒚𝒚𝟐𝟐)

ഥ𝒚𝒚 − 𝒂𝒂𝒚𝒚
𝑺𝑺𝒚𝒚

𝝐𝝐 𝑵𝑵 𝟎𝟎, 𝟏𝟏 .

𝛾𝛾 𝛿𝛿𝛾𝛾

ഥ𝒚𝒚 − 𝑺𝑺𝑺𝑺 ∙ 𝜹𝜹𝜸𝜸 ≤ 𝒂𝒂𝒂𝒂 ≤ ഥ𝒚𝒚 + 𝑺𝑺𝑺𝑺 ∙ 𝜹𝜹𝜸𝜸



106 / 221Mathematical Reduction of Experimental DataVlasov A., Victorov A., and Venediktova A.



107 / 221Mathematical Reduction of Experimental DataVlasov A., Victorov A., and Venediktova A.

𝒙𝒙𝒊𝒊
𝜶𝜶𝒊𝒊 ഥ𝒙𝒙𝒊𝒊 𝑺𝑺𝒙𝒙𝒊𝒊𝟐𝟐 .

𝝏𝝏𝝏𝝏
𝝏𝝏𝒙𝒙𝒊𝒊

ഥ𝒙𝒙𝒊𝒊

𝑺𝑺𝒚𝒚𝟐𝟐 ≡ σ𝒊𝒊
𝝏𝝏𝝏𝝏 ഥ𝒙𝒙𝟏𝟏,ഥ𝒙𝒙𝟐𝟐,…ഥ𝒙𝒙𝒏𝒏

𝝏𝝏𝒙𝒙𝒊𝒊

𝟐𝟐
∙ 𝑺𝑺𝒙𝒙𝒊𝒊𝟐𝟐

ഥ𝒚𝒚 = 𝒇𝒇 ഥ𝒙𝒙𝒊𝒊

𝜸𝜸 𝜹𝜹𝜸𝜸.

𝑦𝑦:

ഥ𝒚𝒚 − 𝑺𝑺𝑺𝑺 ∙ 𝜹𝜹𝜸𝜸 ≤ 𝒂𝒂𝒚𝒚 ≤ ഥ𝒚𝒚 + 𝑺𝑺𝒚𝒚 ∙ 𝜹𝜹𝜸𝜸

𝒊𝒊 — 𝜶𝜶𝒊𝒊 — 



108 / 221Mathematical Reduction of Experimental DataVlasov A., Victorov A., and Venediktova A.

∆𝑦𝑦 =෍
𝑖𝑖

𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

∙ ∆𝑥𝑥𝑖𝑖

𝑑𝑑𝑑𝑑 =෍
𝑖𝑖

𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

𝑑𝑑𝑥𝑥𝑖𝑖

ഥ𝒚𝒚 − 𝑺𝑺𝑺𝑺 ∙ 𝜹𝜹𝜸𝜸 ≤ 𝒂𝒂𝒚𝒚 ≤ ഥ𝒚𝒚 + 𝑺𝑺𝒚𝒚 ∙ 𝜹𝜹𝜸𝜸

∆𝑦𝑦
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∆𝑥𝑥 = 𝜀𝜀 = 0.237 ≅ 0.3

significant figure should be in the same digit order number that the first significant figure in the “error”:

𝑥𝑥 ± ∆𝑥𝑥 = 243.871 ± 0.026 = 243.87 ± 0.03

8.337 ≅ 8.3

8.3351 ≅ 8.34

8.3350 ≅ 8.34 8.3650 ≅ 8.36

∆𝑥𝑥 = 𝜀𝜀 = 0.237 ≅ 0.3

significant figure should be in the same digit order number that the first significant figure in the “error”:

𝑥𝑥 ± ∆𝑥𝑥 = 243.871 ± 0.026 = 243.87 ± 0.03

8.337 ≅ 8.3

8.3351 ≅ 8.34

8.3350 ≅ 8.34 8.3650 ≅ 8.36

∆𝑥𝑥 = 𝜀𝜀 = 0.237 ≅ 0.3

significant figure should be in the same digit order number that the first significant figure in the “error”:

𝑥𝑥 ± ∆𝑥𝑥 = 243.871 ± 0.026 = 243.87 ± 0.03

8.337 ≅ 8.3

8.3351 ≅ 8.34

8.3350 ≅ 8.34 8.3650 ≅ 8.36

∆𝑥𝑥 = 𝜀𝜀 = 0.237 ≅ 0.3

significant figure should be in the same digit order number that the first significant figure in the “error”:

𝑥𝑥 ± ∆𝑥𝑥 = 243.871 ± 0.026 = 243.87 ± 0.03

8.337 ≅ 8.3

8.3351 ≅ 8.34

8.3350 ≅ 8.34 8.3650 ≅ 8.36

∆𝑥𝑥 = 𝜀𝜀 = 0.237 ≅ 0.3

significant figure should be in the same digit order number that the first significant figure in the “error”:

𝑥𝑥 ± ∆𝑥𝑥 = 243.871 ± 0.026 = 243.87 ± 0.03

8.337 ≅ 8.3

8.3351 ≅ 8.34

8.3350 ≅ 8.34 8.3650 ≅ 8.36
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𝒇𝒇 𝒕𝒕 = 𝝑𝝑𝝑𝝑𝝑𝝑𝝑𝝑 −𝝑𝝑𝝑𝝑 

 
 

𝝑𝝑 
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𝜺𝜺 
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𝒘𝒘 𝒌𝒌
𝟏𝟏 + 𝜺𝜺𝟏𝟏 𝟐𝟐 ≤ 𝒌𝒌

𝟐𝟐 ≤ 𝒌𝒌
𝒎𝒎𝒎𝒎𝒎𝒎 𝟎𝟎, 𝟏𝟏 − 𝜺𝜺𝟏𝟏 𝟐𝟐

𝜺𝜺𝟏𝟏
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𝜺𝜺 = 𝑺𝑺𝜹𝜹𝜸𝜸
𝒏𝒏 ,𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 𝜹𝜹𝜸𝜸

𝜀𝜀 = 0.8
10 ∙ 2.262 = 0.5722
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𝜇𝜇 = 𝐾𝐾
𝜃𝜃 ∙ 𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠.

𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
∙ 1000; 𝐾𝐾 = 1.853 𝑔𝑔 ∙ ᵒ𝐶𝐶

𝑚𝑚𝑚𝑚𝑚𝑚

θ  
𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 — 𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 — 𝐾𝐾  
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𝒙𝒙𝒊𝒊 , 𝒊𝒊 = 𝟏𝟏,…𝒏𝒏

,

𝒚𝒚𝒊𝒊   ,
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𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇 𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓
𝒙𝒙𝟏𝟏 𝒚𝒚𝟏𝟏
𝒙𝒙𝟐𝟐 𝒚𝒚𝟐𝟐
… …
𝒙𝒙𝒏𝒏 𝒚𝒚𝒏𝒏
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𝒚𝒚 𝒙𝒙𝒊𝒊 =  𝒙𝒙𝒊𝒊 + 𝒊𝒊,

 𝒙𝒙 –

𝒊𝒊

𝒊𝒊 ∈ 𝑵𝑵 𝒐𝒐, 𝝈𝝈𝟐𝟐 , 

 𝒙𝒙 = 𝟎𝟎𝒇𝒇𝟎𝟎 𝒙𝒙 + 𝟏𝟏𝒇𝒇𝟏𝟏 𝒙𝒙 +⋯ 𝜽𝜽𝒓𝒓𝒇𝒇𝒓𝒓 𝒙𝒙

𝒇𝒇𝜶𝜶  𝜽𝜽𝜶𝜶  
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ሼ𝒚𝒚𝒊𝒊 = 𝟎𝟎𝒇𝒇𝟎𝟎(𝒙𝒙𝒊𝒊) + 𝟏𝟏𝒇𝒇𝟏𝟏 𝒙𝒙𝒊𝒊 + …+ 𝒓𝒓𝒇𝒇𝒓𝒓 𝒙𝒙𝒊𝒊 + 𝒊𝒊 , 𝟏𝟏 ≤ 𝒊𝒊 ≤ 𝒏𝒏

𝒚𝒚𝟏𝟏
𝒚𝒚𝟐𝟐
.
.
.
𝒚𝒚𝒏𝒏

=
𝒇𝒇𝟎𝟎(𝒙𝒙𝟏𝟏) ⋯ 𝒇𝒇𝒓𝒓(𝒙𝒙𝟏𝟏)

⋮ ⋱ ⋮
𝒇𝒇𝟎𝟎(𝒙𝒙𝒏𝒏) ⋯ 𝒇𝒇𝒓𝒓(𝒙𝒙𝒏𝒏)

𝟎𝟎
𝟏𝟏
.
.
𝒓𝒓

+

𝟏𝟏
𝟐𝟐
.
.
𝒏𝒏
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𝑨𝑨 =
𝒇𝒇𝟎𝟎(𝒙𝒙𝟏𝟏) ⋯ 𝒇𝒇𝒓𝒓(𝒙𝒙𝟏𝟏)

⋮ ⋱ ⋮
𝒇𝒇𝟎𝟎(𝒙𝒙𝒏𝒏) ⋯ 𝒇𝒇𝒓𝒓(𝒙𝒙𝒏𝒏)

is called the design matrix (a.k.a. plan matrix)

 =

𝟎𝟎
𝟏𝟏
.
.
𝒓𝒓

;  =

𝟏𝟏
𝟐𝟐
.
.
𝒏𝒏

; 𝒀𝒀 =

𝒚𝒚𝟏𝟏
𝒚𝒚𝟐𝟐
.
.
.
𝒚𝒚𝒏𝒏
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W

𝑻𝑻 = 𝜺𝜺𝟏𝟏, 𝜺𝜺𝟐𝟐, … , 𝜺𝜺𝒏𝒏 .

𝒀𝒀 = 𝑨𝑨𝑨𝑨 +
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𝑺𝑺𝟐𝟐 =෍
𝒊𝒊=𝟏𝟏

𝒏𝒏

𝜺𝜺𝒊𝒊𝟐𝟐 = 𝜺𝜺𝑻𝑻𝜺𝜺 = 𝒀𝒀 − 𝑨𝑨𝑨𝑨 𝑻𝑻 𝒀𝒀 − 𝑨𝑨𝑨𝑨 = 𝒀𝒀𝑻𝑻𝒀𝒀 − 𝜽𝜽𝑻𝑻𝑨𝑨𝑻𝑻𝒀𝒀 − 𝒀𝒀𝑻𝑻𝑨𝑨𝑨𝑨 + 𝜽𝜽𝑻𝑻𝑨𝑨𝑻𝑻𝑨𝑨𝑨𝑨

𝑺𝑺𝟐𝟐 𝜽𝜽

𝝋𝝋𝟐𝟐 𝝋𝝋𝟑𝟑 𝝋𝝋𝟒𝟒𝝋𝝋𝟏𝟏
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𝝋𝝋𝟐𝟐

𝑨𝑨𝑻𝑻𝒀𝒀 =

෍
𝒊𝒊
𝒇𝒇𝟎𝟎(𝒙𝒙𝒊𝒊)𝒚𝒚𝒊𝒊
.
.
.
.

෍
𝒊𝒊
𝒇𝒇𝒓𝒓(𝒙𝒙𝒊𝒊)𝒚𝒚𝒊𝒊

𝜽𝜽𝑻𝑻𝑨𝑨𝑻𝑻𝒀𝒀 = 𝜽𝜽0෍
𝒊𝒊=1

𝒏𝒏

𝒇𝒇0 𝒙𝒙𝒊𝒊 𝒚𝒚𝒊𝒊 +𝜽𝜽1෍
𝒊𝒊=𝟏𝟏

𝒏𝒏

𝒇𝒇𝟏𝟏 𝒙𝒙𝒊𝒊 𝒚𝒚𝒊𝒊 + ⋯𝜽𝜽𝒓𝒓෍
𝒊𝒊=1

𝒏𝒏

𝒇𝒇𝒓𝒓 𝒙𝒙𝒊𝒊 𝒚𝒚𝒊𝒊 =

= 𝒚𝒚𝟏𝟏 𝜽𝜽𝟎𝟎𝒇𝒇𝟎𝟎 𝒙𝒙𝟏𝟏 + 𝜽𝜽𝟏𝟏𝒇𝒇𝟏𝟏 𝒙𝒙𝟏𝟏 + ⋯+ 𝜽𝜽𝒓𝒓𝒇𝒇𝒓𝒓(𝒙𝒙𝟏𝟏) + 𝒚𝒚𝟐𝟐 𝜽𝜽𝟎𝟎𝒇𝒇𝟎𝟎 𝒙𝒙𝟐𝟐 + 𝜽𝜽𝟏𝟏𝒇𝒇𝟏𝟏 𝒙𝒙𝟐𝟐 + ⋯+ 𝜽𝜽𝒓𝒓𝒇𝒇𝒓𝒓(𝒙𝒙𝟐𝟐) +

+⋯𝒚𝒚𝒏𝒏 𝜽𝜽𝟎𝟎𝒇𝒇𝟎𝟎 𝒙𝒙𝒏𝒏 + 𝜽𝜽𝟏𝟏𝒇𝒇𝟏𝟏 𝒙𝒙𝒏𝒏 + ⋯+ 𝜽𝜽𝒓𝒓𝒇𝒇𝒓𝒓 𝒙𝒙𝒏𝒏 =

= 𝒚𝒚𝟏𝟏 ෍
𝜶𝜶=𝟎𝟎

𝒓𝒓

𝜽𝜽𝜶𝜶𝒇𝒇𝜶𝜶 𝒙𝒙𝟏𝟏 +𝒚𝒚𝟐𝟐 ෍
𝜶𝜶=𝟎𝟎

𝒓𝒓

𝜽𝜽𝜶𝜶𝒇𝒇𝜶𝜶 𝒙𝒙𝟐𝟐 +…𝒚𝒚𝒏𝒏 ෍
𝜶𝜶=𝟎𝟎

𝒓𝒓

𝜽𝜽𝜶𝜶𝒇𝒇𝜶𝜶 𝒙𝒙𝒏𝒏

𝝋𝝋𝟐𝟐
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𝑨𝑨𝑨𝑨 =

෍
𝜶𝜶=𝟎𝟎

𝒓𝒓

𝒇𝒇𝜶𝜶 𝒙𝒙𝟏𝟏 𝜽𝜽𝜶𝜶

෍
𝜶𝜶=𝟎𝟎

𝒓𝒓

𝒇𝒇𝜶𝜶 𝒙𝒙𝟐𝟐 𝜽𝜽𝜶𝜶
.
.

෍
𝜶𝜶=𝟎𝟎

𝒓𝒓

𝒇𝒇𝜶𝜶 𝒙𝒙𝒏𝒏 𝜽𝜽𝜶𝜶

𝝋𝝋𝟑𝟑

𝝋𝝋𝟑𝟑 = 𝒀𝒀𝑻𝑻𝑨𝑨𝑨𝑨 = 𝒚𝒚𝟏𝟏 σ𝜶𝜶=𝟎𝟎
𝒓𝒓 𝒇𝒇𝜶𝜶(𝒙𝒙𝟏𝟏)𝜽𝜽𝜶𝜶 + 𝒚𝒚𝟐𝟐 σ𝜶𝜶=𝟎𝟎

𝒓𝒓 𝒇𝒇𝜶𝜶(𝒙𝒙𝟐𝟐)𝜽𝜽𝜶𝜶 +⋯+ 𝒚𝒚𝒏𝒏 σ𝜶𝜶=𝟎𝟎
𝒓𝒓 𝒇𝒇𝜶𝜶(𝒙𝒙𝒏𝒏)𝜽𝜽𝜶𝜶

𝝋𝝋𝟐𝟐 = 𝝋𝝋𝟑𝟑
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𝑺𝑺𝟐𝟐 𝜽𝜽 = 𝒀𝒀𝑻𝑻𝒀𝒀 − 2𝜽𝜽𝑻𝑻𝑨𝑨𝑻𝑻𝒀𝒀 + 𝜽𝜽𝑻𝑻𝑨𝑨𝑻𝑻𝑨𝑨𝑨𝑨

𝝋𝝋𝟐𝟐 = 𝝋𝝋𝟑𝟑,

𝝋𝝋𝟏𝟏 𝟐𝟐𝝋𝝋𝟐𝟐 𝝋𝝋𝟒𝟒
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𝑨𝑨𝑻𝑻𝑨𝑨

𝑪𝑪 ≡ 𝑨𝑨𝑻𝑻𝑨𝑨

𝑪𝑪𝒊𝒊𝒊𝒊 = ෍
𝜶𝜶

𝒂𝒂𝒊𝒊𝒊𝒊
𝑻𝑻 𝒂𝒂𝜶𝜶𝜶𝜶 = ෍

𝜶𝜶
𝒂𝒂𝜶𝜶𝜶𝜶𝒂𝒂𝜶𝜶𝜶𝜶 𝑪𝑪𝒋𝒋𝒋𝒋 = ෍

𝜶𝜶
𝒂𝒂𝒋𝒋𝒋𝒋

𝑻𝑻 𝒂𝒂𝜶𝜶𝜶𝜶 = ෍
𝜶𝜶

𝒂𝒂𝜶𝜶𝜶𝜶𝒂𝒂𝜶𝜶𝜶𝜶 

𝑪𝑪𝒊𝒊𝒊𝒊 = 𝑪𝑪𝒋𝒋𝒋𝒋

What’s the size of the matrix?
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𝑺𝑺𝟐𝟐 𝜽𝜽

𝝋𝝋𝟐𝟐 = 𝜽𝜽𝑻𝑻𝑨𝑨𝑻𝑻𝒀𝒀

𝛁𝛁𝝋𝝋𝟐𝟐 =
𝝏𝝏𝝋𝝋𝟐𝟐
𝝏𝝏𝜽𝜽𝟎𝟎

; 𝝏𝝏𝝋𝝋𝟐𝟐
𝝏𝝏𝜽𝜽𝟏𝟏

;…𝝏𝝏𝝋𝝋𝟐𝟐
𝝏𝝏𝜽𝜽𝒓𝒓

𝑻𝑻 𝝏𝝏𝝋𝝋𝟐𝟐
𝝏𝝏𝜽𝜽𝜶𝜶

=෍
𝒊𝒊=𝟏𝟏

𝒏𝒏

𝒇𝒇𝜶𝜶(𝒙𝒙𝒊𝒊)𝒚𝒚𝒊𝒊

𝛁𝛁𝝋𝝋𝟐𝟐 = 𝑨𝑨𝑻𝑻𝒀𝒀
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𝝋𝝋𝟒𝟒 = 𝜽𝜽𝑻𝑻𝑨𝑨𝑻𝑻𝑨𝑨𝑨𝑨 = 𝜽𝜽𝑻𝑻𝑪𝑪𝑪𝑪 = 𝜽𝜽𝟎𝟎, 𝜽𝜽𝟏𝟏, … , 𝜽𝜽𝒓𝒓

෍
𝜶𝜶=𝟎𝟎

𝒓𝒓

𝑪𝑪𝟎𝟎𝟎𝟎𝜽𝜽𝜶𝜶

෍
𝜶𝜶=𝟎𝟎

𝒓𝒓

𝑪𝑪𝟏𝟏𝟏𝟏𝜽𝜽𝜶𝜶
.
.
.

෍
𝜶𝜶=𝟎𝟎

𝒓𝒓

𝑪𝑪𝒓𝒓𝒓𝒓𝜽𝜽𝜶𝜶

=

𝜽𝜽𝟎𝟎 σ𝜶𝜶=𝟎𝟎
𝒓𝒓 𝑪𝑪𝟎𝟎𝟎𝟎𝜽𝜽𝜶𝜶 + 𝜽𝜽𝟏𝟏 σ𝜶𝜶=𝟎𝟎

𝒓𝒓 𝑪𝑪𝟏𝟏𝟏𝟏𝜽𝜽𝜶𝜶 +⋯+ 𝜽𝜽𝒓𝒓 σ𝜶𝜶=𝟎𝟎
𝒓𝒓 𝑪𝑪𝒓𝒓𝒓𝒓𝜽𝜽𝜶𝜶 .

𝝋𝝋𝟒𝟒:

𝝋𝝋𝟒𝟒 = 𝜽𝜽𝑻𝑻𝑨𝑨𝑻𝑻𝑨𝑨𝑨𝑨 = 𝜽𝜽𝑻𝑻𝑪𝑪𝑪𝑪 = 𝜽𝜽𝟎𝟎, 𝜽𝜽𝟏𝟏, … , 𝜽𝜽𝒓𝒓

෍
𝜶𝜶=𝟎𝟎

𝒓𝒓

𝑪𝑪𝟎𝟎𝟎𝟎𝜽𝜽𝜶𝜶

෍
𝜶𝜶=𝟎𝟎

𝒓𝒓

𝑪𝑪𝟏𝟏𝟏𝟏𝜽𝜽𝜶𝜶
.
.
.

෍
𝜶𝜶=𝟎𝟎

𝒓𝒓

𝑪𝑪𝒓𝒓𝒓𝒓𝜽𝜽𝜶𝜶

=

𝜽𝜽𝟎𝟎 σ𝜶𝜶=𝟎𝟎
𝒓𝒓 𝑪𝑪𝟎𝟎𝟎𝟎𝜽𝜽𝜶𝜶 + 𝜽𝜽𝟏𝟏 σ𝜶𝜶=𝟎𝟎

𝒓𝒓 𝑪𝑪𝟏𝟏𝟏𝟏𝜽𝜽𝜶𝜶 +⋯+ 𝜽𝜽𝒓𝒓 σ𝜶𝜶=𝟎𝟎
𝒓𝒓 𝑪𝑪𝒓𝒓𝒓𝒓𝜽𝜽𝜶𝜶 .

𝝋𝝋𝟒𝟒:
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𝛁𝛁𝝋𝝋𝟒𝟒 =
𝝏𝝏𝝋𝝋𝟒𝟒
𝝏𝝏𝜽𝜽𝟎𝟎

; 𝝏𝝏𝝋𝝋𝟒𝟒
𝝏𝝏𝜽𝜽𝟏𝟏

;…𝝏𝝏𝝋𝝋𝟒𝟒
𝝏𝝏𝜽𝜽𝒓𝒓

𝑻𝑻
.

We’ll consider the first line of this vector as an example:

𝝏𝝏𝝋𝝋𝟒𝟒
𝝏𝝏𝜽𝜽𝟎𝟎

= σ𝜶𝜶=𝟎𝟎
𝒓𝒓 𝑪𝑪𝟎𝟎𝜶𝜶𝜽𝜽𝜶𝜶 + 𝜽𝜽𝟎𝟎𝑪𝑪𝟎𝟎𝟎𝟎 + 𝜽𝜽𝜶𝜶𝑪𝑪𝟏𝟏𝟏𝟏 +⋯+ 𝜽𝜽𝒓𝒓𝑪𝑪𝒓𝒓𝟎𝟎 = σ𝜶𝜶=𝟎𝟎

𝒓𝒓 𝑪𝑪𝟎𝟎𝜶𝜶𝜽𝜽𝜶𝜶 + σ𝜶𝜶=𝟎𝟎
𝒓𝒓 𝜽𝜽𝜶𝜶𝑪𝑪𝜶𝜶𝟎𝟎

𝝏𝝏𝝋𝝋𝟒𝟒
𝝏𝝏𝜽𝜽𝟎𝟎

= 𝟐𝟐σ𝜶𝜶=𝟎𝟎
𝒓𝒓 𝑪𝑪𝟎𝟎𝜶𝜶𝜽𝜽𝜶𝜶
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𝛁𝛁𝝋𝝋𝟒𝟒 = 𝟐𝟐

෍
𝜶𝜶=𝟎𝟎

𝒓𝒓

𝑪𝑪𝟎𝟎𝟎𝟎𝜽𝜽𝜶𝜶

෍
𝜶𝜶=𝟎𝟎

𝒓𝒓

𝑪𝑪𝟏𝟏𝟏𝟏𝜽𝜽𝜶𝜶
.
.
.

෍
𝜶𝜶=𝟎𝟎

𝒓𝒓

𝑪𝑪𝒓𝒓𝒓𝒓𝜽𝜽𝜶𝜶

= 𝑪𝑪𝑪𝑪 = 𝑨𝑨𝑻𝑻𝑨𝑨𝑨𝑨

𝝋𝝋𝟒𝟒
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𝛁𝛁𝑺𝑺𝟐𝟐 = −𝟐𝟐𝑨𝑨𝑻𝑻𝒀𝒀 + 𝟐𝟐𝑨𝑨𝑻𝑻𝑨𝑨𝜽𝜽 = 𝟎𝟎

෩𝜽𝜽 = 𝑨𝑨𝑻𝑻𝑨𝑨 −𝟏𝟏𝑨𝑨𝑻𝑻𝒀𝒀

𝑵𝑵𝑵𝑵: 𝑨𝑨𝑻𝑻𝑨𝑨 −𝟏𝟏 = 𝑪𝑪 −𝟏𝟏 − 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝑎𝑎. 𝑘𝑘. 𝑎𝑎. 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖reciprocal matrix a. k. a. matrix inverse
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෩𝜽𝜽


𝑴𝑴෩𝜽𝜽 = 𝑴𝑴 𝑨𝑨𝑻𝑻𝑨𝑨 −𝟏𝟏𝑨𝑨𝑻𝑻𝒀𝒀 = 𝑨𝑨𝑻𝑻𝑨𝑨 −𝟏𝟏𝑨𝑨𝑻𝑻𝑴𝑴𝑴𝑴 =
= 𝑨𝑨𝑻𝑻𝑨𝑨 −𝟏𝟏𝑨𝑨𝑻𝑻𝑴𝑴 𝑨𝑨𝑨𝑨 + 𝜺𝜺 =
= 𝑨𝑨𝑻𝑻𝑨𝑨 −𝟏𝟏𝑨𝑨𝑻𝑻𝑴𝑴𝑴𝑴𝑴𝑴 + 𝑨𝑨𝑻𝑻𝑨𝑨 −𝟏𝟏𝑨𝑨𝑻𝑻𝑴𝑴𝑴𝑴 =
= 𝑨𝑨𝑻𝑻𝑨𝑨 −𝟏𝟏𝑨𝑨𝑻𝑻𝑴𝑴𝑴𝑴𝑴𝑴 + 𝟎𝟎 = 𝑨𝑨𝑻𝑻𝑨𝑨 −𝟏𝟏𝑨𝑨𝑻𝑻𝑨𝑨𝑨𝑨 = 𝜽𝜽

𝑴𝑴𝑴𝑴 =

𝑴𝑴𝑴𝑴𝟏𝟏
𝑴𝑴𝑴𝑴𝟐𝟐
.
.
𝑴𝑴𝑴𝑴𝒌𝒌
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𝑹𝑹𝟐𝟐 =෍
𝒊𝒊=𝟏𝟏

𝒏𝒏

𝒚𝒚𝒊𝒊 − ෪𝜽𝜽𝟎𝟎𝒇𝒇𝟎𝟎 𝒙𝒙𝒊𝒊 − ෪𝜽𝜽𝟏𝟏𝒇𝒇𝟏𝟏 𝒙𝒙𝒊𝒊 − ⋯෪𝜽𝜽𝒓𝒓𝒇𝒇𝒓𝒓 𝒙𝒙𝒊𝒊
𝟐𝟐
=෍

𝒊𝒊
𝜹𝜹𝒊𝒊𝟐𝟐 = 𝜹𝜹𝑻𝑻𝜹𝜹

𝑴𝑴 𝑹𝑹𝟐𝟐
𝒏𝒏−𝒓𝒓−𝟏𝟏 = 𝝈𝝈𝟐𝟐 , 𝑹𝑹𝟐𝟐

𝒏𝒏−𝒓𝒓−𝟏𝟏

෥𝒚𝒚𝒊𝒊

෩𝜽𝜽𝜶𝜶 = ෩𝜽𝜽𝜶𝜶 ෥𝒚𝒚𝒊𝒊
𝒏𝒏 − 𝒓𝒓 − 𝟏𝟏

𝒏𝒏 − 𝒓𝒓 − 𝟏𝟏
𝒏𝒏−𝒓𝒓−𝟏𝟏
𝟐𝟐

𝑹𝑹𝟐𝟐
𝝈𝝈𝟐𝟐 = 𝒏𝒏−𝒓𝒓−𝟏𝟏

𝟐𝟐

෥𝒚𝒚 = 𝑨𝑨෩𝜽𝜽𝒚𝒚 = 𝑨𝑨𝜽𝜽 + 𝜺𝜺

𝑹𝑹𝟐𝟐 =෍
𝒊𝒊=𝟏𝟏

𝒏𝒏

𝒚𝒚𝒊𝒊 − ෪𝜽𝜽𝟎𝟎𝒇𝒇𝟎𝟎 𝒙𝒙𝒊𝒊 − ෪𝜽𝜽𝟏𝟏𝒇𝒇𝟏𝟏 𝒙𝒙𝒊𝒊 − ⋯෪𝜽𝜽𝒓𝒓𝒇𝒇𝒓𝒓 𝒙𝒙𝒊𝒊
𝟐𝟐
=෍

𝒊𝒊
𝜹𝜹𝒊𝒊𝟐𝟐 = 𝜹𝜹𝑻𝑻𝜹𝜹

𝑴𝑴 𝑹𝑹𝟐𝟐
𝒏𝒏−𝒓𝒓−𝟏𝟏 = 𝝈𝝈𝟐𝟐 , 𝑹𝑹𝟐𝟐

𝒏𝒏−𝒓𝒓−𝟏𝟏

෥𝒚𝒚𝒊𝒊

෩𝜽𝜽𝜶𝜶 = ෩𝜽𝜽𝜶𝜶 ෥𝒚𝒚𝒊𝒊
𝒏𝒏 − 𝒓𝒓 − 𝟏𝟏

𝒏𝒏 − 𝒓𝒓 − 𝟏𝟏
𝒏𝒏−𝒓𝒓−𝟏𝟏
𝟐𝟐

𝑹𝑹𝟐𝟐
𝝈𝝈𝟐𝟐 = 𝒏𝒏−𝒓𝒓−𝟏𝟏

𝟐𝟐

෥𝒚𝒚 = 𝑨𝑨෩𝜽𝜽𝒚𝒚 = 𝑨𝑨𝜽𝜽 + 𝜺𝜺

𝑹𝑹𝟐𝟐 =෍
𝒊𝒊=𝟏𝟏

𝒏𝒏

𝒚𝒚𝒊𝒊 − ෪𝜽𝜽𝟎𝟎𝒇𝒇𝟎𝟎 𝒙𝒙𝒊𝒊 − ෪𝜽𝜽𝟏𝟏𝒇𝒇𝟏𝟏 𝒙𝒙𝒊𝒊 − ⋯෪𝜽𝜽𝒓𝒓𝒇𝒇𝒓𝒓 𝒙𝒙𝒊𝒊
𝟐𝟐
=෍

𝒊𝒊
𝜹𝜹𝒊𝒊𝟐𝟐 = 𝜹𝜹𝑻𝑻𝜹𝜹

𝑴𝑴 𝑹𝑹𝟐𝟐
𝒏𝒏−𝒓𝒓−𝟏𝟏 = 𝝈𝝈𝟐𝟐 , 𝑹𝑹𝟐𝟐

𝒏𝒏−𝒓𝒓−𝟏𝟏

෥𝒚𝒚𝒊𝒊

෩𝜽𝜽𝜶𝜶 = ෩𝜽𝜽𝜶𝜶 ෥𝒚𝒚𝒊𝒊
𝒏𝒏 − 𝒓𝒓 − 𝟏𝟏

𝒏𝒏 − 𝒓𝒓 − 𝟏𝟏
𝒏𝒏−𝒓𝒓−𝟏𝟏
𝟐𝟐

𝑹𝑹𝟐𝟐
𝝈𝝈𝟐𝟐 = 𝒏𝒏−𝒓𝒓−𝟏𝟏

𝟐𝟐

෥𝒚𝒚 = 𝑨𝑨෩𝜽𝜽𝒚𝒚 = 𝑨𝑨𝜽𝜽 + 𝜺𝜺

variance being resolved as a sum of
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𝒚𝒚𝒊𝒊 = 𝜽𝜽𝟎𝟎𝒙𝒙𝒊𝒊 + 𝜽𝜽𝟏𝟏𝒙𝒙𝒊𝒊−𝟏𝟏 + 𝜺𝜺𝒊𝒊
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𝐶𝐶−1 𝑖𝑖𝑖𝑖 =
1

𝑑𝑑𝑑𝑑𝑑𝑑 𝐶𝐶 ∙ (−1)𝑖𝑖+𝑗𝑗𝐴𝐴𝑖𝑖𝑖𝑖 𝐶𝐶 𝐴𝐴𝑖𝑖𝑖𝑖 𝐶𝐶 − 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑜𝑜𝑜𝑜 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝐶𝐶 𝑖𝑖𝑖𝑖
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෪𝜽𝜽𝜶𝜶 

෩𝜽𝜽 = 𝑨𝑨𝑻𝑻𝑨𝑨 −𝟏𝟏𝑨𝑨𝑻𝑻𝒀𝒀
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𝒄𝒄𝒄𝒄𝒄𝒄 𝑿𝑿𝟏𝟏, 𝑿𝑿𝟐𝟐 = 𝑴𝑴 𝑿𝑿𝟏𝟏 − 𝑴𝑴𝑴𝑴𝟏𝟏 𝑿𝑿𝟐𝟐 − 𝑴𝑴𝑴𝑴𝟐𝟐 .

–

𝑴𝑴𝑴𝑴 =

𝑴𝑴𝑴𝑴𝟏𝟏
𝑴𝑴𝑴𝑴𝟐𝟐
.
.
𝑴𝑴𝑴𝑴𝒌𝒌

.
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𝒄𝒄𝒄𝒄𝒄𝒄 𝑿𝑿𝟏𝟏, 𝑿𝑿𝟏𝟏 ⋯ 𝒄𝒄𝒄𝒄𝒄𝒄 𝑿𝑿𝟏𝟏, 𝑿𝑿𝒌𝒌 
⋮ ⋱ ⋮

𝒄𝒄𝒄𝒄𝒄𝒄 𝑿𝑿𝒌𝒌, 𝑿𝑿𝟏𝟏 ⋯ 𝒄𝒄𝒄𝒄𝒄𝒄 𝑿𝑿𝒌𝒌, 𝑿𝑿𝒌𝒌 
= 𝑲𝑲 𝑿𝑿 ,

𝒄𝒄𝒄𝒄𝒄𝒄 𝑿𝑿𝒊𝒊, 𝑿𝑿𝒊𝒊 = 𝑫𝑫𝑿𝑿𝒊𝒊 = 𝝈𝝈𝒙𝒙𝒊𝒊
𝟐𝟐 .𝒙𝒙𝒊𝒊𝝐𝝐𝝐𝝐 𝒂𝒂𝒊𝒊, 𝝈𝝈𝒊𝒊

𝟐𝟐

𝑿𝑿𝑿𝑿𝑻𝑻 =
𝒙𝒙𝟏𝟏𝒙𝒙𝟏𝟏 ⋯ 𝒙𝒙𝟏𝟏𝒙𝒙𝒌𝒌

⋮ ⋱ ⋮
𝒙𝒙𝒌𝒌𝒙𝒙𝟏𝟏 ⋯ 𝒙𝒙𝒌𝒌𝒙𝒙𝒌𝒌

𝑩𝑩𝑻𝑻𝑩𝑩 =

෍
𝜶𝜶=𝟏𝟏

𝒌𝒌

𝐵𝐵𝟏𝟏𝜶𝜶𝑩𝑩𝜶𝜶𝜶𝜶

⋮

෍
𝜶𝜶=𝟏𝟏

𝒌𝒌

𝑩𝑩𝒌𝒌𝜶𝜶𝑩𝑩𝜶𝜶𝜶𝜶
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𝑲𝑲 𝑿𝑿 = 𝑴𝑴 𝑿𝑿−𝑴𝑴𝑴𝑴  𝑿𝑿 −𝑴𝑴𝑴𝑴 𝑻𝑻 .

𝑴𝑴 𝑿𝑿 −𝑴𝑴𝑴𝑴  𝑿𝑿 −𝑴𝑴𝑴𝑴 𝑻𝑻 =

=

=
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𝒁𝒁 = 𝑩𝑩𝑩𝑩

𝑲𝑲 𝒁𝒁 = 𝑴𝑴 𝑩𝑩𝑩𝑩 −𝑴𝑴 𝑩𝑩𝑩𝑩  𝑩𝑩𝑩𝑩−𝑴𝑴 𝑩𝑩𝑩𝑩 𝑻𝑻

= 𝑴𝑴 𝑩𝑩𝑩𝑩 −𝑩𝑩𝑩𝑩𝑩𝑩  𝑩𝑩𝑩𝑩 − 𝑩𝑩𝑩𝑩𝑩𝑩 𝑻𝑻 = 𝑴𝑴 𝑩𝑩 𝑿𝑿−𝑴𝑴𝑴𝑴  𝑩𝑩𝑩𝑩−𝑴𝑴𝑴𝑴 𝑻𝑻𝑩𝑩𝑻𝑻

= 𝑩𝑩𝑩𝑩 𝑿𝑿−𝑴𝑴𝑴𝑴  𝑩𝑩𝑩𝑩−𝑴𝑴𝑴𝑴 𝑻𝑻 𝑩𝑩𝑻𝑻 = 𝑩𝑩𝑩𝑩 𝑿𝑿 𝑩𝑩𝑻𝑻

𝒁𝒁 = 𝑩𝑩𝑩𝑩

𝑲𝑲 𝒁𝒁 = 𝑴𝑴 𝑩𝑩𝑩𝑩 −𝑴𝑴 𝑩𝑩𝑩𝑩  𝑩𝑩𝑩𝑩−𝑴𝑴 𝑩𝑩𝑩𝑩 𝑻𝑻

= 𝑴𝑴 𝑩𝑩𝑩𝑩 −𝑩𝑩𝑩𝑩𝑩𝑩  𝑩𝑩𝑩𝑩 − 𝑩𝑩𝑩𝑩𝑩𝑩 𝑻𝑻 = 𝑴𝑴 𝑩𝑩 𝑿𝑿−𝑴𝑴𝑴𝑴  𝑩𝑩𝑩𝑩−𝑴𝑴𝑴𝑴 𝑻𝑻𝑩𝑩𝑻𝑻

= 𝑩𝑩𝑩𝑩 𝑿𝑿−𝑴𝑴𝑴𝑴  𝑩𝑩𝑩𝑩−𝑴𝑴𝑴𝑴 𝑻𝑻 𝑩𝑩𝑻𝑻 = 𝑩𝑩𝑩𝑩 𝑿𝑿 𝑩𝑩𝑻𝑻

𝒁𝒁 = 𝑩𝑩𝑩𝑩

𝑲𝑲 𝒁𝒁 = 𝑴𝑴 𝑩𝑩𝑩𝑩 −𝑴𝑴 𝑩𝑩𝑩𝑩  𝑩𝑩𝑩𝑩−𝑴𝑴 𝑩𝑩𝑩𝑩 𝑻𝑻

= 𝑴𝑴 𝑩𝑩𝑩𝑩 −𝑩𝑩𝑩𝑩𝑩𝑩  𝑩𝑩𝑩𝑩 − 𝑩𝑩𝑩𝑩𝑩𝑩 𝑻𝑻 = 𝑴𝑴 𝑩𝑩 𝑿𝑿−𝑴𝑴𝑴𝑴  𝑩𝑩𝑩𝑩−𝑴𝑴𝑴𝑴 𝑻𝑻𝑩𝑩𝑻𝑻

= 𝑩𝑩𝑩𝑩 𝑿𝑿−𝑴𝑴𝑴𝑴  𝑩𝑩𝑩𝑩−𝑴𝑴𝑴𝑴 𝑻𝑻 𝑩𝑩𝑻𝑻 = 𝑩𝑩𝑩𝑩 𝑿𝑿 𝑩𝑩𝑻𝑻
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𝑨𝑨𝑻𝑻𝑨𝑨 

𝑲𝑲 𝒀𝒀 =
𝝈𝝈𝟐𝟐 ⋯ 𝟎𝟎
⋮ ⋱ ⋮
𝟎𝟎 ⋯ 𝝈𝝈𝟐𝟐

−

 𝑰𝑰 

𝑲𝑲 ෩𝜽𝜽 = 𝑨𝑨𝑻𝑻𝑨𝑨 −𝟏𝟏𝑨𝑨𝑻𝑻𝑲𝑲 𝒀𝒀 𝑨𝑨𝑻𝑻𝑨𝑨 −𝟏𝟏𝑨𝑨𝑻𝑻
𝑻𝑻
= 𝑨𝑨𝑻𝑻𝑨𝑨 −𝟏𝟏𝑨𝑨𝑻𝑻𝝈𝝈𝟐𝟐𝑰𝑰𝑰𝑰 𝑨𝑨𝑻𝑻𝑨𝑨 −𝟏𝟏 𝑻𝑻

= 𝑨𝑨𝑻𝑻𝑨𝑨 −𝟏𝟏𝝈𝝈𝟐𝟐𝑨𝑨𝑻𝑻𝑨𝑨 𝑨𝑨𝑻𝑻𝑨𝑨 −𝟏𝟏 = 𝝈𝝈𝟐𝟐𝑪𝑪−𝟏𝟏𝑰𝑰 = 𝝈𝝈𝟐𝟐𝑪𝑪−𝟏𝟏.
𝑰𝑰 =

𝟏𝟏 𝟎𝟎… 𝟎𝟎
𝟎𝟎 ⋱ 𝟎𝟎
𝟎𝟎 𝟎𝟎… 𝟏𝟏
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estimates’

෩𝒀𝒀 = 𝑨𝑨෩𝜽𝜽.

𝑲𝑲 ෩𝒀𝒀 = 𝑨𝑨𝑨𝑨 ෩𝜽𝜽 𝑨𝑨𝑻𝑻 = 𝝈𝝈𝟐𝟐𝑨𝑨𝑪𝑪−𝟏𝟏𝑨𝑨𝑻𝑻.

𝝈𝝈෩𝜽𝜽𝜶𝜶 = 𝑲𝑲𝜶𝜶𝜶𝜶
Τ𝟏𝟏 𝟐𝟐 ෩𝜽𝜽 = 𝛔𝛔 𝑪𝑪−𝟏𝟏 𝜶𝜶𝜶𝜶

Τ𝟏𝟏 𝟐𝟐.
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෩𝜽𝜽 = 𝑨𝑨𝑻𝑻𝑨𝑨 −𝟏𝟏𝑨𝑨𝑻𝑻𝒀𝒀 ෪𝜽𝜽𝜶𝜶 𝜽𝜽𝜶𝜶 

෪𝜽𝜽𝜶𝜶 − 𝜽𝜽𝜶𝜶 ∈ 𝑵𝑵 𝟎𝟎, 𝝈𝝈෩𝜽𝜽𝜶𝜶
𝟐𝟐 .

𝑹𝑹𝟐𝟐

𝝈𝝈𝟐𝟐 = 𝒏𝒏−𝒓𝒓−𝟏𝟏
𝟐𝟐

෪𝜽𝜽𝜶𝜶 − 𝜽𝜽𝜶𝜶

𝝈𝝈 𝑪𝑪−𝟏𝟏
𝜶𝜶𝜶𝜶

Τ𝟏𝟏 𝟐𝟐 ∈ 𝑵𝑵 𝟎𝟎, 𝟏𝟏 ,

෪𝜽𝜽𝜶𝜶 − 𝜽𝜽𝜶𝜶

𝝈𝝈 𝑪𝑪−𝟏𝟏
𝜶𝜶𝜶𝜶

Τ𝟏𝟏 𝟐𝟐 ∙ 𝝈𝝈 𝒏𝒏 − 𝒓𝒓 − 𝟏𝟏
𝑹𝑹 = 𝒕𝒕𝒏𝒏−𝒓𝒓−𝟏𝟏
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෪𝜽𝜽𝜶𝜶 − 𝜹𝜹𝒏𝒏−𝒓𝒓−𝟏𝟏 𝜸𝜸 ∙
𝑪𝑪−𝟏𝟏 𝜶𝜶𝜶𝜶

Τ𝟏𝟏 𝟐𝟐 ∙ 𝑹𝑹
𝒏𝒏 − 𝒓𝒓 − 𝟏𝟏

≤ 𝜽𝜽𝜶𝜶 ≤ ෪𝜽𝜽𝜶𝜶 + 𝜹𝜹𝒏𝒏−𝒓𝒓−𝟏𝟏 𝜸𝜸 ∙
𝑪𝑪−𝟏𝟏 𝜶𝜶𝜶𝜶

Τ𝟏𝟏 𝟐𝟐 ∙ 𝑹𝑹
𝒏𝒏 − 𝒓𝒓 − 𝟏𝟏

,

𝜹𝜹𝒏𝒏−𝒓𝒓−𝟏𝟏 𝜸𝜸 𝒏𝒏 − 𝒓𝒓 − 𝟏𝟏
𝜸𝜸.

෪𝜽𝜽𝜶𝜶

෪𝜽𝜽𝜶𝜶



155 / 221Mathematical Reduction of Experimental DataVlasov A., Victorov A., and Venediktova A.

෩𝜽𝜽 𝜽𝜽
෥𝒚𝒚𝒊𝒊 − 𝑴𝑴𝒚𝒚𝒊𝒊

෥𝒚𝒚𝒊𝒊 − 𝑴𝑴𝒚𝒚𝒊𝒊 = ෍
𝜶𝜶=𝟎𝟎

𝒓𝒓
෪𝜽𝜽𝜶𝜶 − 𝜽𝜽𝜶𝜶 𝒇𝒇𝜶𝜶 𝒙𝒙𝒊𝒊  𝝐𝝐 𝑵𝑵 𝟎𝟎, ෥𝝈𝝈෥𝒚𝒚𝒊𝒊

𝟐𝟐 ,

𝑲𝑲 ෩𝒀𝒀 , 𝑨𝑨𝑪𝑪−𝟏𝟏𝑨𝑨𝑻𝑻
𝒊𝒊𝒊𝒊

෥𝝈𝝈෥𝒚𝒚𝒊𝒊 = 𝑲𝑲𝒊𝒊𝒊𝒊
Τ𝟏𝟏 𝟐𝟐 ෥𝒚𝒚 = 𝝈𝝈 𝑨𝑨𝑪𝑪−𝟏𝟏𝑨𝑨𝑻𝑻

𝒊𝒊𝒊𝒊
Τ𝟏𝟏 𝟐𝟐

෥𝒚𝒚𝒊𝒊 − 𝑴𝑴𝒚𝒚𝒊𝒊

𝝈𝝈 𝑨𝑨𝑪𝑪−𝟏𝟏𝑨𝑨𝑻𝑻
𝒊𝒊𝒊𝒊

Τ𝟏𝟏 𝟐𝟐 ∈ 𝑵𝑵 𝟎𝟎, 𝟏𝟏 .

Alas, we don’t know 𝝈𝝈𝟐𝟐
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𝑹𝑹𝟐𝟐
𝝈𝝈𝟐𝟐 = 𝒏𝒏−𝒓𝒓−𝟏𝟏

𝟐𝟐 ,

෥𝒚𝒚𝒊𝒊 − 𝑴𝑴𝒚𝒚𝒊𝒊
𝝈𝝈 𝑨𝑨𝑪𝑪−𝟏𝟏𝑨𝑨𝑻𝑻 𝒊𝒊𝒊𝒊

Τ𝟏𝟏 𝟐𝟐 ∙
𝝈𝝈 𝒏𝒏 − 𝒓𝒓 − 𝟏𝟏

𝑹𝑹 = 𝒕𝒕𝒏𝒏−𝒓𝒓−𝟏𝟏.

෥𝒚𝒚𝒊𝒊 − 𝑴𝑴𝒚𝒚𝒊𝒊
𝝈𝝈 𝑨𝑨𝑪𝑪−𝟏𝟏𝑨𝑨𝑻𝑻 𝒊𝒊𝒊𝒊

Τ𝟏𝟏 𝟐𝟐 ∈ 𝑵𝑵 𝟎𝟎, 𝟏𝟏 .
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෥𝒚𝒚𝒊𝒊 − 𝜹𝜹𝒏𝒏−𝒓𝒓−𝟏𝟏 𝜸𝜸 ∙
𝑨𝑨𝑪𝑪−𝟏𝟏𝑨𝑨𝑻𝑻

𝒊𝒊𝒊𝒊
Τ𝟏𝟏 𝟐𝟐𝑹𝑹

𝒏𝒏 − 𝒓𝒓 − 𝟏𝟏
≤  𝑴𝑴𝒚𝒚𝒊𝒊 ≤ ෥𝒚𝒚𝒊𝒊 + 𝜹𝜹𝒏𝒏−𝒓𝒓−𝟏𝟏 𝜸𝜸 ∙

𝑨𝑨𝑪𝑪−𝟏𝟏𝑨𝑨𝑻𝑻
𝒊𝒊𝒊𝒊

Τ𝟏𝟏 𝟐𝟐𝑹𝑹
𝒏𝒏 − 𝒓𝒓 − 𝟏𝟏

.

𝜹𝜹𝒏𝒏−𝒓𝒓−𝟏𝟏 𝜸𝜸
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෥𝒚𝒚𝒊𝒊 − 𝜹𝜹𝒏𝒏−𝒓𝒓−𝟏𝟏 𝜸𝜸 ∙
𝑨𝑨𝑪𝑪−𝟏𝟏𝑨𝑨𝑻𝑻 𝒊𝒊𝒊𝒊

Τ𝟏𝟏 𝟐𝟐𝑹𝑹
𝒏𝒏 − 𝒓𝒓 − 𝟏𝟏

෥𝒚𝒚𝒊𝒊 + 𝜹𝜹𝒏𝒏−𝒓𝒓−𝟏𝟏 𝜸𝜸 ∙
𝑨𝑨𝑪𝑪−𝟏𝟏𝑨𝑨𝑻𝑻 𝒊𝒊𝒊𝒊

Τ𝟏𝟏 𝟐𝟐𝑹𝑹
𝒏𝒏 − 𝒓𝒓 − 𝟏𝟏
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𝒇𝒇 𝒙𝒙𝟏𝟏, 𝒙𝒙𝟐𝟐 = 𝟏𝟏

𝟐𝟐𝝅𝝅𝝈𝝈𝟏𝟏𝝈𝝈𝟐𝟐 𝟏𝟏 − 𝝆𝝆𝟐𝟐
𝟏𝟏
𝟐𝟐
∙ 𝒆𝒆𝒆𝒆𝒆𝒆 − 𝟏𝟏

𝟐𝟐 𝟏𝟏 − 𝝆𝝆𝟐𝟐
𝒙𝒙𝟏𝟏 − 𝒂𝒂𝟏𝟏 𝟐𝟐

𝝈𝝈𝟏𝟏𝟐𝟐
− 𝟐𝟐𝝆𝝆 𝒙𝒙𝟏𝟏 − 𝒂𝒂𝟏𝟏 𝒙𝒙𝟐𝟐 − 𝒂𝒂𝟐𝟐

𝝈𝝈𝟏𝟏𝝈𝝈𝟐𝟐
+ 𝒙𝒙𝟐𝟐 − 𝒂𝒂𝟐𝟐 𝟐𝟐

𝝈𝝈𝟐𝟐𝟐𝟐

𝒂𝒂𝒊𝒊 = 𝑴𝑴𝒙𝒙𝒊𝒊 𝝈𝝈𝒊𝒊𝟐𝟐 = 𝑫𝑫𝒙𝒙𝒊𝒊 𝝆𝝆 = 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙𝟏𝟏, 𝒙𝒙𝟐𝟐
𝑫𝑫𝒙𝒙𝟏𝟏 ∙ 𝑫𝑫𝒙𝒙𝟐𝟐

𝑲𝑲 𝒙𝒙 = 𝝈𝝈𝟏𝟏𝟐𝟐 𝝆𝝆𝝈𝝈𝟏𝟏𝝈𝝈𝟐𝟐
𝝆𝝆𝝈𝝈𝟏𝟏𝝈𝝈𝟐𝟐 𝝈𝝈𝟐𝟐𝟐𝟐

𝝆𝝆  

𝒇𝒇 𝒙𝒙𝟏𝟏, 𝒙𝒙𝟐𝟐 = 𝟏𝟏
𝟐𝟐𝝅𝝅𝝈𝝈𝟏𝟏𝝈𝝈𝟐𝟐

∙ 𝒆𝒆𝒆𝒆𝒆𝒆 − 𝒙𝒙𝟏𝟏 − 𝒂𝒂𝟏𝟏 𝟐𝟐

𝟐𝟐𝝈𝝈𝟏𝟏𝟐𝟐
+ 𝒙𝒙𝟐𝟐 − 𝒂𝒂𝟐𝟐 𝟐𝟐

𝟐𝟐𝝈𝝈𝟐𝟐𝟐𝟐
= ෑ

𝒊𝒊=𝟏𝟏,𝟐𝟐

𝟏𝟏

𝟐𝟐𝝅𝝅𝝈𝝈𝒊𝒊𝟐𝟐
𝒆𝒆𝒆𝒆𝒆𝒆 − 𝒙𝒙𝒊𝒊 − 𝒂𝒂𝒊𝒊 𝟐𝟐

𝟐𝟐𝝈𝝈𝒊𝒊𝟐𝟐

𝒇𝒇 𝒙𝒙𝟏𝟏, 𝒙𝒙𝟐𝟐 = 𝒇𝒇 𝒙𝒙𝟏𝟏 ∙ 𝒇𝒇 𝒙𝒙𝟐𝟐
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𝒇𝒇 𝒙𝒙𝟏𝟏, 𝒙𝒙𝟐𝟐 = 𝟏𝟏

𝟐𝟐𝝅𝝅𝝈𝝈𝟏𝟏𝝈𝝈𝟐𝟐 𝟏𝟏 − 𝝆𝝆𝟐𝟐
𝟏𝟏
𝟐𝟐

∙ 𝒆𝒆𝒆𝒆𝒆𝒆 − 𝟏𝟏
𝟐𝟐 𝟏𝟏 − 𝝆𝝆𝟐𝟐

𝒙𝒙𝟏𝟏 − 𝒂𝒂𝟏𝟏
𝟐𝟐

𝝈𝝈𝟏𝟏
𝟐𝟐 − 𝟐𝟐𝝆𝝆 𝒙𝒙𝟏𝟏 − 𝒂𝒂𝟏𝟏 𝒙𝒙𝟐𝟐 − 𝒂𝒂𝟐𝟐

𝝈𝝈𝟏𝟏𝝈𝝈𝟐𝟐
+ 𝒙𝒙𝟐𝟐 − 𝒂𝒂𝟐𝟐

𝟐𝟐

𝝈𝝈𝟐𝟐
𝟐𝟐

𝒂𝒂𝒊𝒊 = 𝑴𝑴𝒙𝒙𝒊𝒊 𝝈𝝈𝒊𝒊
𝟐𝟐 = 𝑫𝑫𝒙𝒙𝒊𝒊 𝝆𝝆 = 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙𝟏𝟏, 𝒙𝒙𝟐𝟐

𝑫𝑫𝒙𝒙𝟏𝟏 ∙ 𝑫𝑫𝒙𝒙𝟐𝟐
𝑲𝑲 𝒙𝒙 = 𝝈𝝈𝟏𝟏

𝟐𝟐 𝝆𝝆𝝈𝝈𝟏𝟏𝝈𝝈𝟐𝟐
𝝆𝝆𝝈𝝈𝟏𝟏𝝈𝝈𝟐𝟐 𝝈𝝈𝟐𝟐

𝟐𝟐  

𝑲𝑲−𝟏𝟏 𝒙𝒙 = 𝝈𝝈𝟐𝟐
𝟐𝟐 −𝝆𝝆𝝈𝝈𝟏𝟏𝝈𝝈𝟐𝟐

−𝝆𝝆𝝈𝝈𝟏𝟏𝝈𝝈𝟐𝟐 𝝈𝝈𝟏𝟏
𝟐𝟐 ∙ 𝟏𝟏

𝝈𝝈𝟏𝟏
𝟐𝟐𝝈𝝈𝟐𝟐

𝟐𝟐 𝟏𝟏 − 𝝆𝝆𝟐𝟐𝒅𝒅𝒅𝒅𝒅𝒅 𝑲𝑲 𝒙𝒙 = 𝝈𝝈𝟏𝟏
𝟐𝟐𝝈𝝈𝟐𝟐

𝟐𝟐 − 𝝆𝝆𝝈𝝈𝟏𝟏
𝟐𝟐𝝈𝝈𝟐𝟐

𝟐𝟐 = 𝝈𝝈𝟏𝟏
𝟐𝟐𝝈𝝈𝟐𝟐

𝟐𝟐 𝟏𝟏 − 𝝆𝝆𝟐𝟐

𝑭𝑭
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𝒙𝒙 − 𝒂𝒂 𝑻𝑻𝑲𝑲−𝟏𝟏 𝒙𝒙 𝒙𝒙 − 𝒂𝒂 =

= 𝟏𝟏
𝟏𝟏 − 𝝆𝝆𝟐𝟐

𝒙𝒙𝟏𝟏 − 𝒂𝒂𝟏𝟏 𝒙𝒙𝟐𝟐 − 𝒂𝒂𝟐𝟐

𝝈𝝈𝟐𝟐𝟐𝟐
𝝈𝝈𝟏𝟏𝟐𝟐𝝈𝝈𝟐𝟐𝟐𝟐

−𝝆𝝆𝝈𝝈𝟏𝟏𝝈𝝈𝟐𝟐𝝈𝝈𝟏𝟏𝟐𝟐𝝈𝝈𝟐𝟐𝟐𝟐

−𝝆𝝆𝝈𝝈𝟏𝟏𝝈𝝈𝟐𝟐𝝈𝝈𝟏𝟏𝟐𝟐𝝈𝝈𝟐𝟐𝟐𝟐
𝝈𝝈𝟏𝟏𝟐𝟐
𝝈𝝈𝟏𝟏𝟐𝟐𝝈𝝈𝟐𝟐𝟐𝟐

𝒙𝒙𝟏𝟏 − 𝒂𝒂𝟏𝟏
𝒙𝒙𝟐𝟐 − 𝒂𝒂𝟐𝟐 =

= 𝟏𝟏
𝟏𝟏 − 𝝆𝝆𝟐𝟐

𝒙𝒙𝟏𝟏 − 𝒂𝒂𝟏𝟏 𝒙𝒙𝟐𝟐 − 𝒂𝒂𝟐𝟐

𝒙𝒙𝟏𝟏 − 𝒂𝒂𝟏𝟏
𝝈𝝈𝟏𝟏𝟐𝟐

− 𝝆𝝆𝒙𝒙𝟐𝟐 − 𝒂𝒂𝟐𝟐
𝝈𝝈𝟏𝟏𝝈𝝈𝟐𝟐

−𝝆𝝆𝒙𝒙𝟏𝟏 − 𝒂𝒂𝟏𝟏
𝝈𝝈𝟏𝟏𝝈𝝈𝟐𝟐

+ 𝒙𝒙𝟐𝟐 − 𝒂𝒂𝟐𝟐
𝝈𝝈𝟐𝟐𝟐𝟐

=

= 𝟏𝟏
𝟏𝟏 − 𝝆𝝆𝟐𝟐

𝒙𝒙𝟏𝟏 − 𝒂𝒂𝟏𝟏 𝟐𝟐

𝝈𝝈𝟏𝟏𝟐𝟐
− 𝝆𝝆 𝒙𝒙𝟏𝟏 − 𝒂𝒂𝟏𝟏 𝒙𝒙𝟐𝟐 − 𝒂𝒂𝟐𝟐

𝝈𝝈𝟏𝟏𝝈𝝈𝟐𝟐
− 𝝆𝝆 𝒙𝒙𝟐𝟐 − 𝒂𝒂𝟐𝟐 𝒙𝒙𝟏𝟏 − 𝒂𝒂𝟏𝟏

𝝈𝝈𝟏𝟏𝝈𝝈𝟐𝟐
+ 𝒙𝒙𝟐𝟐 − 𝒂𝒂𝟐𝟐 𝟐𝟐

𝝈𝝈𝟐𝟐𝟐𝟐

𝑭𝑭 = −𝟏𝟏
𝟐𝟐 𝒙𝒙 − 𝒂𝒂 𝑻𝑻𝑲𝑲−𝟏𝟏 𝒙𝒙 𝒙𝒙 − 𝒂𝒂

𝒇𝒇 𝒙𝒙𝟏𝟏, 𝒙𝒙𝟐𝟐 = 𝟏𝟏
𝟐𝟐𝝅𝝅 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 𝒙𝒙

𝒆𝒆𝒆𝒆𝒆𝒆 −𝟏𝟏
𝟐𝟐 𝒙𝒙 − 𝒂𝒂 𝑻𝑻𝑲𝑲−𝟏𝟏 𝒙𝒙 𝒙𝒙 − 𝒂𝒂 ,

⇒

𝒅𝒅𝒅𝒅𝒅𝒅𝑲𝑲 𝒙𝒙 = 𝝈𝝈𝟏𝟏𝟐𝟐𝝈𝝈𝟐𝟐𝟐𝟐 − 𝝆𝝆𝝈𝝈𝟏𝟏𝟐𝟐𝝈𝝈𝟐𝟐𝟐𝟐 = 𝝈𝝈𝟏𝟏𝟐𝟐𝝈𝝈𝟐𝟐𝟐𝟐 𝟏𝟏 − 𝝆𝝆𝟐𝟐
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𝒇𝒇 𝒙𝒙𝟏𝟏, 𝒙𝒙𝟐𝟐

𝒇𝒇 𝒙𝒙𝟏𝟏, 𝒙𝒙𝟐𝟐 = 𝟏𝟏
𝟐𝟐𝝅𝝅 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅

𝒆𝒆𝒆𝒆𝒆𝒆 −𝟏𝟏
𝟐𝟐 𝒙𝒙 − 𝒂𝒂 𝑻𝑻𝑲𝑲−𝟏𝟏 𝒙𝒙 − 𝒂𝒂 .

𝟏𝟏
𝟐𝟐 𝒙𝒙 − 𝒂𝒂 𝑻𝑻𝑲𝑲−𝟏𝟏 𝒙𝒙 𝒙𝒙 − 𝒂𝒂 = 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒂𝒂𝟐𝟐

𝒂𝒂𝟏𝟏

−𝒍𝒍𝒍𝒍 𝟐𝟐𝝅𝝅 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 𝒙𝒙 ∙ 𝒇𝒇 𝒙𝒙𝟏𝟏, 𝒙𝒙𝟐𝟐 = 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄
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𝟏𝟏
𝟐𝟐 𝒙𝒙 − 𝒂𝒂 𝑻𝑻𝑲𝑲−𝟏𝟏 𝒙𝒙 𝒙𝒙 − 𝒂𝒂 = 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄

𝒙𝒙𝒊𝒊

𝝋𝝋 𝒙𝒙, 𝒙𝒙 = 𝒙𝒙𝑻𝑻𝑨𝑨𝑨𝑨

𝝋𝝋 𝒙𝒙, 𝒙𝒙 𝒂𝒂𝟏𝟏𝟏𝟏𝒙𝒙𝟏𝟏𝒙𝒙𝟏𝟏 + 𝒂𝒂𝟐𝟐𝟐𝟐𝒙𝒙𝟏𝟏𝒙𝒙𝟐𝟐 +⋯+ 𝒂𝒂𝟐𝟐𝟏𝟏𝒙𝒙𝟐𝟐𝒙𝒙𝟏𝟏+…+𝒂𝒂𝒏𝒏𝒏𝒏𝒙𝒙𝒏𝒏𝒙𝒙𝒏𝒏

𝝋𝝋 ෥𝒙𝒙, ෥𝒙𝒙 =෍
𝒊𝒊=𝟏𝟏

𝒏𝒏

෥𝒂𝒂𝒊𝒊𝒊𝒊෥𝒙𝒙𝒊𝒊𝟐𝟐 = ෥𝒙𝒙𝑻𝑻෩𝑨𝑨෥𝒙𝒙 ⇒ ෩𝑨𝑨 =
෥𝒂𝒂𝟏𝟏𝟏𝟏 ⋯ 𝟎𝟎
⋮ ⋱ ⋮
𝟎𝟎 ⋯ ෥𝒂𝒂𝒏𝒏𝒏𝒏

𝒂𝒂𝒊𝒊𝒊𝒊 = 𝒂𝒂𝒋𝒋𝒋𝒋
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𝝋𝝋 ෥𝒙𝒙, ෥𝒙𝒙 = 𝑩𝑩෥𝒙𝒙 𝑻𝑻𝑨𝑨𝑨𝑨෥𝒙𝒙 = ෥𝒙𝒙𝑻𝑻𝑩𝑩𝑻𝑻𝑨𝑨𝑨𝑨෥𝒙𝒙

quadratic form will stay constant…   — 

෩𝑨𝑨 = 𝑩𝑩𝑻𝑻𝑨𝑨𝑨𝑨
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෩𝑨𝑨

𝑩𝑩
𝑨𝑨
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𝑨𝑨 = 𝟎𝟎 𝟏𝟏
𝟏𝟏 𝟎𝟎

𝒙𝒙 
𝑨𝑨









=

















2

1

2

1

0     1
1    0

x
x

x
x



𝝋𝝋 𝒙𝒙, 𝒙𝒙 = 𝟐𝟐𝒙𝒙𝟏𝟏𝒙𝒙𝟐𝟐

𝑨𝑨𝑨𝑨 = 𝒙𝒙

𝑨𝑨 = 𝟎𝟎 𝟏𝟏
𝟏𝟏 𝟎𝟎

𝒙𝒙 
𝑨𝑨









=

















2

1

2

1

0     1
1    0

x
x

x
x



𝝋𝝋 𝒙𝒙, 𝒙𝒙 = 𝟐𝟐𝒙𝒙𝟏𝟏𝒙𝒙𝟐𝟐

𝑨𝑨𝑨𝑨 = 𝒙𝒙
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ቊ−𝑥𝑥1 + 𝑥𝑥2 = 0
𝑥𝑥1 − 𝑥𝑥2 = 0 𝟐𝟐 − 𝟏𝟏 = 𝟎𝟎

1.   λ  𝑥𝑥1 = 𝑥𝑥2,
quadrants of the “old” frame. If we impose a constraint that its length is unity and at

1
2 ,

1
2

2.   λ – 𝑥𝑥1 = −𝑥𝑥2 
  

1
2 , −

1
2

෥𝒙𝒙𝒊𝒊
𝒊𝒊
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𝟏𝟏 = +𝟏𝟏 𝟐𝟐 = −𝟏𝟏

𝝋𝝋 𝒙𝒙, 𝒙𝒙 = 𝟐𝟐𝒙𝒙𝟏𝟏𝒙𝒙𝟐𝟐 = ෥𝒙𝒙𝟏𝟏𝟐𝟐 − ෥𝒙𝒙𝟐𝟐𝟐𝟐 = 𝝋𝝋 ෥𝒙𝒙, ෥𝒙𝒙

𝟏𝟏 = +𝟏𝟏 𝟐𝟐 = −𝟏𝟏

𝝋𝝋 𝒙𝒙, 𝒙𝒙 = 𝟐𝟐𝒙𝒙𝟏𝟏𝒙𝒙𝟐𝟐 = ෥𝒙𝒙𝟏𝟏𝟐𝟐 − ෥𝒙𝒙𝟐𝟐𝟐𝟐 = 𝝋𝝋 ෥𝒙𝒙, ෥𝒙𝒙

𝟏𝟏 = +𝟏𝟏 𝟐𝟐 = −𝟏𝟏

𝝋𝝋 𝒙𝒙, 𝒙𝒙 = 𝟐𝟐𝒙𝒙𝟏𝟏𝒙𝒙𝟐𝟐 = ෥𝒙𝒙𝟏𝟏𝟐𝟐 − ෥𝒙𝒙𝟐𝟐𝟐𝟐 = 𝝋𝝋 ෥𝒙𝒙, ෥𝒙𝒙

𝟏𝟏 = +𝟏𝟏 𝟐𝟐 = −𝟏𝟏

𝝋𝝋 𝒙𝒙, 𝒙𝒙 = 𝟐𝟐𝒙𝒙𝟏𝟏𝒙𝒙𝟐𝟐 = ෥𝒙𝒙𝟏𝟏𝟐𝟐 − ෥𝒙𝒙𝟐𝟐𝟐𝟐 = 𝝋𝝋 ෥𝒙𝒙, ෥𝒙𝒙

𝟏𝟏 = +𝟏𝟏 𝟐𝟐 = −𝟏𝟏

𝝋𝝋 𝒙𝒙, 𝒙𝒙 = 𝟐𝟐𝒙𝒙𝟏𝟏𝒙𝒙𝟐𝟐 = ෥𝒙𝒙𝟏𝟏𝟐𝟐 − ෥𝒙𝒙𝟐𝟐𝟐𝟐 = 𝝋𝝋 ෥𝒙𝒙, ෥𝒙𝒙

𝟏𝟏 = +𝟏𝟏 𝟐𝟐 = −𝟏𝟏

𝝋𝝋 𝒙𝒙, 𝒙𝒙 = 𝟐𝟐𝒙𝒙𝟏𝟏𝒙𝒙𝟐𝟐 = ෥𝒙𝒙𝟏𝟏𝟐𝟐 − ෥𝒙𝒙𝟐𝟐𝟐𝟐 = 𝝋𝝋 ෥𝒙𝒙, ෥𝒙𝒙

𝟏𝟏 = +𝟏𝟏 𝟐𝟐 = −𝟏𝟏

𝝋𝝋 𝒙𝒙, 𝒙𝒙 = 𝟐𝟐𝒙𝒙𝟏𝟏𝒙𝒙𝟐𝟐 = ෥𝒙𝒙𝟏𝟏𝟐𝟐 − ෥𝒙𝒙𝟐𝟐𝟐𝟐 = 𝝋𝝋 ෥𝒙𝒙, ෥𝒙𝒙

𝟏𝟏 = +𝟏𝟏 𝟐𝟐 = −𝟏𝟏

𝝋𝝋 𝒙𝒙, 𝒙𝒙 = 𝟐𝟐𝒙𝒙𝟏𝟏𝒙𝒙𝟐𝟐 = ෥𝒙𝒙𝟏𝟏𝟐𝟐 − ෥𝒙𝒙𝟐𝟐𝟐𝟐 = 𝝋𝝋 ෥𝒙𝒙, ෥𝒙𝒙

𝟏𝟏 = +𝟏𝟏 𝟐𝟐 = −𝟏𝟏

𝝋𝝋 𝒙𝒙, 𝒙𝒙 = 𝟐𝟐𝒙𝒙𝟏𝟏𝒙𝒙𝟐𝟐 = ෥𝒙𝒙𝟏𝟏𝟐𝟐 − ෥𝒙𝒙𝟐𝟐𝟐𝟐 = 𝝋𝝋 ෥𝒙𝒙, ෥𝒙𝒙

𝟏𝟏 = +𝟏𝟏 𝟐𝟐 = −𝟏𝟏

𝝋𝝋 𝒙𝒙, 𝒙𝒙 = 𝟐𝟐𝒙𝒙𝟏𝟏𝒙𝒙𝟐𝟐 = ෥𝒙𝒙𝟏𝟏𝟐𝟐 − ෥𝒙𝒙𝟐𝟐𝟐𝟐 = 𝝋𝝋 ෥𝒙𝒙, ෥𝒙𝒙

𝟏𝟏 = +𝟏𝟏 𝟐𝟐 = −𝟏𝟏

𝝋𝝋 𝒙𝒙, 𝒙𝒙 = 𝟐𝟐𝒙𝒙𝟏𝟏𝒙𝒙𝟐𝟐 = ෥𝒙𝒙𝟏𝟏𝟐𝟐 − ෥𝒙𝒙𝟐𝟐𝟐𝟐 = 𝝋𝝋 ෥𝒙𝒙, ෥𝒙𝒙

𝟏𝟏 = +𝟏𝟏 𝟐𝟐 = −𝟏𝟏

𝝋𝝋 𝒙𝒙, 𝒙𝒙 = 𝟐𝟐𝒙𝒙𝟏𝟏𝒙𝒙𝟐𝟐 = ෥𝒙𝒙𝟏𝟏𝟐𝟐 − ෥𝒙𝒙𝟐𝟐𝟐𝟐 = 𝝋𝝋 ෥𝒙𝒙, ෥𝒙𝒙

𝟏𝟏 = +𝟏𝟏 𝟐𝟐 = −𝟏𝟏

𝝋𝝋 𝒙𝒙, 𝒙𝒙 = 𝟐𝟐𝒙𝒙𝟏𝟏𝒙𝒙𝟐𝟐 = ෥𝒙𝒙𝟏𝟏𝟐𝟐 − ෥𝒙𝒙𝟐𝟐𝟐𝟐 = 𝝋𝝋 ෥𝒙𝒙, ෥𝒙𝒙

𝟏𝟏 = +𝟏𝟏 𝟐𝟐 = −𝟏𝟏

𝝋𝝋 𝒙𝒙, 𝒙𝒙 = 𝟐𝟐𝒙𝒙𝟏𝟏𝒙𝒙𝟐𝟐 = ෥𝒙𝒙𝟏𝟏𝟐𝟐 − ෥𝒙𝒙𝟐𝟐𝟐𝟐 = 𝝋𝝋 ෥𝒙𝒙, ෥𝒙𝒙

𝟏𝟏 = +𝟏𝟏 𝟐𝟐 = −𝟏𝟏

𝝋𝝋 𝒙𝒙, 𝒙𝒙 = 𝟐𝟐𝒙𝒙𝟏𝟏𝒙𝒙𝟐𝟐 = ෥𝒙𝒙𝟏𝟏𝟐𝟐 − ෥𝒙𝒙𝟐𝟐𝟐𝟐 = 𝝋𝝋 ෥𝒙𝒙, ෥𝒙𝒙

𝟏𝟏 = +𝟏𝟏 𝟐𝟐 = −𝟏𝟏

𝝋𝝋 𝒙𝒙, 𝒙𝒙 = 𝟐𝟐𝒙𝒙𝟏𝟏𝒙𝒙𝟐𝟐 = ෥𝒙𝒙𝟏𝟏𝟐𝟐 − ෥𝒙𝒙𝟐𝟐𝟐𝟐 = 𝝋𝝋 ෥𝒙𝒙, ෥𝒙𝒙

𝟏𝟏 = +𝟏𝟏 𝟐𝟐 = −𝟏𝟏

𝝋𝝋 𝒙𝒙, 𝒙𝒙 = 𝟐𝟐𝒙𝒙𝟏𝟏𝒙𝒙𝟐𝟐 = ෥𝒙𝒙𝟏𝟏𝟐𝟐 − ෥𝒙𝒙𝟐𝟐𝟐𝟐 = 𝝋𝝋 ෥𝒙𝒙, ෥𝒙𝒙

𝟏𝟏 = +𝟏𝟏 𝟐𝟐 = −𝟏𝟏

𝝋𝝋 𝒙𝒙, 𝒙𝒙 = 𝟐𝟐𝒙𝒙𝟏𝟏𝒙𝒙𝟐𝟐 = ෥𝒙𝒙𝟏𝟏𝟐𝟐 − ෥𝒙𝒙𝟐𝟐𝟐𝟐 = 𝝋𝝋 ෥𝒙𝒙, ෥𝒙𝒙

𝟏𝟏 = +𝟏𝟏 𝟐𝟐 = −𝟏𝟏

𝝋𝝋 𝒙𝒙, 𝒙𝒙 = 𝟐𝟐𝒙𝒙𝟏𝟏𝒙𝒙𝟐𝟐 = ෥𝒙𝒙𝟏𝟏𝟐𝟐 − ෥𝒙𝒙𝟐𝟐𝟐𝟐 = 𝝋𝝋 ෥𝒙𝒙, ෥𝒙𝒙
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𝒇𝒇 ෥𝒙𝒙, ෥𝒙𝒙 = 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄,

෍
𝒊𝒊=𝟏𝟏

𝒏𝒏

෥𝒂𝒂𝒊𝒊𝒊𝒊 ෥𝒙𝒙𝒊𝒊 𝟐𝟐 =෍
𝒊𝒊=𝟏𝟏

𝒏𝒏

𝒊𝒊 ෥𝒙𝒙𝒊𝒊 𝟐𝟐 = 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 ෍
𝒊𝒊=𝟏𝟏

𝒏𝒏 ෥𝒙𝒙𝒊𝒊
𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄
𝒊𝒊

𝟐𝟐
= 𝟏𝟏

𝒊𝒊 > 𝟎𝟎

෍
𝒊𝒊=𝟏𝟏

𝒏𝒏

𝒊𝒊 ෥𝒙𝒙𝒊𝒊 𝟐𝟐 ≤ 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 ෍
𝒊𝒊=𝟏𝟏

𝒏𝒏 ෥𝒙𝒙𝒊𝒊
𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄
𝒊𝒊

𝟐𝟐
≤ 𝟏𝟏,
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෩𝜽𝜽. The locus of vectors, who’s ending 

𝒘𝒘 ෩𝜽𝜽 − 𝜽𝜽 𝑻𝑻𝑲𝑲−𝟏𝟏 ෩𝜽𝜽 ෩𝜽𝜽 − 𝜽𝜽 = 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 𝜸𝜸 = 𝜸𝜸

𝒘𝒘 𝜽𝜽 − ෩𝜽𝜽 𝑻𝑻𝑲𝑲−𝟏𝟏 ෩𝜽𝜽 𝜽𝜽 − ෩𝜽𝜽 ≤ 𝜹𝜹𝜸𝜸 = 𝜸𝜸

𝟏𝟏
𝝈𝝈𝟐𝟐

෩𝜽𝜽 − 𝜽𝜽 𝑻𝑻𝑪𝑪 ෩𝜽𝜽 ෩𝜽𝜽 − 𝜽𝜽 = 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄

changed… —
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𝟐𝟐 × 𝟐𝟐

𝑩𝑩 = 𝟏𝟏
𝝈𝝈𝟐𝟐 𝑫𝑫 = 𝟏𝟏

𝝈𝝈𝟐𝟐
𝑫𝑫𝟏𝟏𝟏𝟏 𝑫𝑫𝟏𝟏𝟏𝟏
𝑫𝑫𝟏𝟏𝟏𝟏 𝑫𝑫𝟐𝟐𝟐𝟐 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 = 𝟏𝟏

𝝈𝝈𝟒𝟒 𝑫𝑫𝟏𝟏𝟏𝟏𝑫𝑫𝟏𝟏𝟏𝟏 − 𝑫𝑫𝟏𝟏𝟏𝟏
𝟐𝟐 ;  𝒂𝒂𝒂𝒂𝒂𝒂 = 𝟏𝟏

𝝈𝝈𝟐𝟐
𝑫𝑫𝟐𝟐𝟐𝟐 −𝑫𝑫𝟏𝟏𝟏𝟏

−𝑫𝑫𝟏𝟏𝟏𝟏 𝑫𝑫𝟏𝟏𝟏𝟏
 

𝑩𝑩−𝟏𝟏 = 𝝈𝝈𝟒𝟒

𝑫𝑫𝟏𝟏𝟏𝟏𝑫𝑫𝟏𝟏𝟏𝟏 − 𝑫𝑫𝟏𝟏𝟏𝟏
𝟐𝟐 ∙ 𝟏𝟏

𝝈𝝈𝟐𝟐
𝑫𝑫𝟐𝟐𝟐𝟐 −𝑫𝑫𝟏𝟏𝟏𝟏

−𝑫𝑫𝟏𝟏𝟏𝟏 𝑫𝑫𝟏𝟏𝟏𝟏
= 𝝈𝝈𝟐𝟐

𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅
𝑫𝑫𝟐𝟐𝟐𝟐 −𝑫𝑫𝟏𝟏𝟏𝟏

−𝑫𝑫𝟏𝟏𝟏𝟏 𝑫𝑫𝟏𝟏𝟏𝟏
= 𝝈𝝈𝟐𝟐𝑫𝑫−𝟏𝟏

𝒅𝒅𝒅𝒅𝒅𝒅𝑩𝑩−𝟏𝟏 = 𝝈𝝈𝟒𝟒

𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 𝟐𝟐 𝑫𝑫𝟏𝟏𝟏𝟏𝑫𝑫𝟏𝟏𝟏𝟏 − 𝑫𝑫𝟏𝟏𝟏𝟏
𝟐𝟐 = 𝝈𝝈𝟒𝟒

𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 ;  𝒂𝒂𝒂𝒂𝑩𝑩−𝟏𝟏 = 𝝈𝝈𝟐𝟐

𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅
𝑫𝑫𝟏𝟏𝟏𝟏 𝑫𝑫𝟏𝟏𝟏𝟏
𝑫𝑫𝟏𝟏𝟏𝟏 𝑫𝑫𝟐𝟐𝟐𝟐

𝑩𝑩−𝟏𝟏 −𝟏𝟏 = 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅
𝝈𝝈𝟒𝟒 ∙ 𝝈𝝈𝟐𝟐

𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅
𝑫𝑫𝟏𝟏𝟏𝟏 𝑫𝑫𝟏𝟏𝟏𝟏
𝑫𝑫𝟏𝟏𝟏𝟏 𝑫𝑫𝟐𝟐𝟐𝟐

= 𝟏𝟏
𝝈𝝈𝟐𝟐

𝑫𝑫𝟏𝟏𝟏𝟏 𝑫𝑫𝟏𝟏𝟏𝟏
𝑫𝑫𝟏𝟏𝟏𝟏 𝑫𝑫𝟐𝟐𝟐𝟐

= 𝑩𝑩

𝝈𝝈𝟐𝟐𝑫𝑫−𝟏𝟏 −𝟏𝟏 = 𝟏𝟏
𝝈𝝈𝟐𝟐 𝑫𝑫
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𝑲𝑲−𝟏𝟏 ෩𝜽𝜽 = 𝟏𝟏
𝝈𝝈𝟎𝟎𝟐𝟐𝝈𝝈𝟏𝟏𝟐𝟐 𝟏𝟏 − 𝝆𝝆𝟐𝟐

𝝈𝝈𝟏𝟏𝟐𝟐 −𝝆𝝆𝝈𝝈𝟎𝟎𝝈𝝈𝟏𝟏
−𝝆𝝆𝝈𝝈𝟎𝟎𝝈𝝈𝟏𝟏 𝝈𝝈𝟎𝟎𝟐𝟐

=

𝟏𝟏
𝝈𝝈𝟎𝟎𝟐𝟐 𝟏𝟏 − 𝝆𝝆𝟐𝟐 − 𝝆𝝆

𝟏𝟏 − 𝝆𝝆𝟐𝟐 ∙ 𝟏𝟏
𝝈𝝈𝟎𝟎𝝈𝝈𝟏𝟏

− 𝝆𝝆
𝟏𝟏 − 𝝆𝝆𝟐𝟐 ∙ 𝟏𝟏

𝝈𝝈𝟎𝟎𝝈𝝈𝟏𝟏
𝟏𝟏

𝝈𝝈𝟏𝟏𝟐𝟐 𝟏𝟏 − 𝝆𝝆𝟐𝟐

෢𝑲𝑲−𝟏𝟏 = 𝒂𝒂 𝟎𝟎
𝟎𝟎 𝒃𝒃 ⇒ ෢𝑲𝑲−𝟏𝟏 −𝟏𝟏 =

𝟏𝟏
𝒂𝒂 𝟎𝟎

𝟎𝟎 𝟏𝟏
𝒃𝒃

= ෝ𝝈𝝈𝟎𝟎𝟐𝟐 𝟎𝟎
𝟎𝟎 ෝ𝝈𝝈𝟏𝟏𝟐𝟐

𝑲𝑲−𝟏𝟏 = 𝟏𝟏
𝝈𝝈𝟐𝟐 𝑪𝑪 ⇒ ෣𝑲𝑲−𝟏𝟏 =

𝟎𝟎
𝝈𝝈𝟐𝟐 𝟎𝟎

𝟎𝟎 𝟏𝟏
𝝈𝝈𝟐𝟐

⇒ ෢𝑲𝑲−𝟏𝟏
𝜶𝜶𝜶𝜶 =

𝟏𝟏
ෝ𝝈𝝈𝜶𝜶𝟐𝟐

= 𝜶𝜶
𝝈𝝈𝟐𝟐

ෝ𝝈𝝈𝜶𝜶𝟐𝟐 =
𝝈𝝈𝟐𝟐
𝜶𝜶
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𝜽𝜽 − ෩𝜽𝜽 ≡ ෙ𝜽𝜽

𝑫𝑫 𝒙𝒙 + 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 = 𝑫𝑫𝑫𝑫; 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙𝟏𝟏 − 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝟏𝟏, 𝒙𝒙𝟐𝟐 − 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 = 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙𝟏𝟏, 𝒙𝒙𝟐𝟐

෡𝜽𝜽.
෡𝑪𝑪.

𝟏𝟏
𝝈𝝈𝟐𝟐

ෙ𝜽𝜽𝑻𝑻𝑪𝑪 ෩𝜽𝜽 ෙ𝜽𝜽 = 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄
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𝑲𝑲 𝑲𝑲−𝟏𝟏

𝝈𝝈𝟐𝟐

෡𝜽𝜽𝜶𝜶

ൗ𝝈𝝈
𝜶𝜶

∈ 𝑵𝑵 𝟎𝟎, 𝟏𝟏  =>  ෍
𝜶𝜶=𝟎𝟎

𝒓𝒓 ෡𝜽𝜽𝜶𝜶

ൗ𝝈𝝈
𝜶𝜶

𝟐𝟐

= 𝒓𝒓+𝟏𝟏
𝟐𝟐

𝟏𝟏
𝝈𝝈෡𝜽𝜽𝜶𝜶

𝟐𝟐

𝝈𝝈෡𝜽𝜽𝜶𝜶
𝟐𝟐 = 𝝈𝝈𝟐𝟐

𝜶𝜶

෩𝜽𝜽𝜶𝜶 − 𝜽𝜽𝜶𝜶 ≡ ෙ𝜽𝜽𝜶𝜶𝝐𝝐 𝑵𝑵 𝒐𝒐, 𝝈𝝈𝜶𝜶
𝟐𝟐 → ෡𝜽𝜽𝜶𝜶𝝐𝝐𝝐𝝐 𝟎𝟎, 𝝈𝝈 ෢𝜽𝜽𝜶𝜶

𝟐𝟐
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෍
𝜶𝜶=𝟎𝟎

𝒓𝒓 ෡𝜽𝜽𝜶𝜶𝟐𝟐

ൗ𝝈𝝈 𝜶𝜶

𝟐𝟐 = 𝒓𝒓+𝟏𝟏
𝟐𝟐

𝝈𝝈𝟐𝟐

–

 

൘𝒑𝒑
𝟐𝟐
𝒑𝒑
൘𝒒𝒒
𝟐𝟐
𝒒𝒒
≡ 𝑭𝑭 𝒑𝒑, 𝒒𝒒
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𝒑𝒑𝒒𝒒𝜸𝜸 = 𝟎𝟎𝟎𝟎𝟎𝟓𝟓
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𝜸𝜸 𝒑𝒑 = 𝒓𝒓 + 𝟏𝟏, 𝒒𝒒 = 𝒏𝒏 − 𝒓𝒓 − 𝟏𝟏

𝑹𝑹
𝑭𝑭𝜸𝜸 𝒓𝒓 + 𝟏𝟏, 𝒏𝒏 − 𝒓𝒓 − 𝟏𝟏 ∙ 𝒓𝒓 + 𝟏𝟏

𝒏𝒏 − 𝒓𝒓 − 𝟏𝟏 𝜶𝜶

𝜸𝜸 ⇒

σ𝜶𝜶=𝟎𝟎
𝒓𝒓

෢𝜽𝜽𝜶𝜶𝟐𝟐
𝝈𝝈
𝜶𝜶

𝟐𝟐 𝒏𝒏 − 𝒓𝒓 − 𝟏𝟏 ∙ 𝝈𝝈𝟐𝟐

𝑹𝑹𝟐𝟐 𝒓𝒓 + 𝟏𝟏 ≤ 𝑭𝑭𝜸𝜸 𝒓𝒓 + 𝟏𝟏, 𝒏𝒏 − 𝒓𝒓 − 𝟏𝟏

𝜸𝜸 ⇒

σ𝜶𝜶=𝟎𝟎
𝒓𝒓

෢𝜽𝜽𝜶𝜶𝟐𝟐
𝝈𝝈
𝜶𝜶

𝟐𝟐 𝒏𝒏 − 𝒓𝒓 − 𝟏𝟏 ∙ 𝝈𝝈𝟐𝟐

𝑹𝑹𝟐𝟐 𝒓𝒓 + 𝟏𝟏 ∙ 𝑭𝑭𝜸𝜸 𝒓𝒓 + 𝟏𝟏, 𝒏𝒏 − 𝒓𝒓 − 𝟏𝟏 ≤ 𝟏𝟏
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𝑅𝑅
𝐹𝐹𝛾𝛾 𝑟𝑟 + 1, 𝑛𝑛 − 𝑟𝑟 − 1 ∙ 𝑟𝑟 + 1

𝑛𝑛 − 𝑟𝑟 − 1 0

𝑅𝑅
𝐹𝐹𝛾𝛾 𝑟𝑟 + 1, 𝑛𝑛 − 𝑟𝑟 − 1 ∙ 𝑟𝑟 + 1

𝑛𝑛 − 𝑟𝑟 − 1 1

𝑹𝑹
𝑭𝑭𝜸𝜸 𝒓𝒓 + 𝟏𝟏, 𝒏𝒏 − 𝒓𝒓 − 𝟏𝟏 ∙ 𝒓𝒓 + 𝟏𝟏

𝒏𝒏 − 𝒓𝒓 − 𝟏𝟏 𝜶𝜶

෪𝜽𝜽𝟎𝟎

෪𝜽𝜽𝟏𝟏 ෙ𝜽𝜽𝟎𝟎

ෙ𝜽𝜽𝟏𝟏
෡𝜽𝜽𝟎𝟎෡𝜽𝜽𝟏𝟏

𝜽𝜽𝟏𝟏

𝜽𝜽𝟎𝟎
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 𝒙𝒙 = 𝟎𝟎𝒇𝒇𝟎𝟎 𝒙𝒙 + 𝟏𝟏𝒇𝒇𝟏𝟏 𝒙𝒙 + ⋯ 𝜽𝜽𝒓𝒓𝒇𝒇𝒓𝒓 𝒙𝒙 𝑨𝑨 =
𝒇𝒇𝟎𝟎(𝒙𝒙𝟏𝟏) ⋯ 𝒇𝒇𝒓𝒓(𝒙𝒙𝟏𝟏)

⋮ ⋱ ⋮
𝒇𝒇𝟎𝟎(𝒙𝒙𝒏𝒏) ⋯ 𝒇𝒇𝒓𝒓(𝒙𝒙𝒏𝒏)

𝑪𝑪 ≡ 𝑨𝑨𝑻𝑻𝑨𝑨 ෩𝜽𝜽 = 𝑨𝑨𝑻𝑻𝑨𝑨 −𝟏𝟏𝑨𝑨𝑻𝑻𝒀𝒀

෥𝒚𝒚 = 𝑨𝑨෪𝜽𝜽; 𝑹𝑹𝟐𝟐 = ෥𝒚𝒚 − 𝒚𝒚 𝑻𝑻 ෥𝒚𝒚 − 𝒚𝒚 ; 𝑲𝑲 ෩𝒀𝒀 = 𝑨𝑨𝑨𝑨 ෩𝜽𝜽 𝑨𝑨𝑻𝑻 = 𝝈𝝈𝟐𝟐𝑨𝑨𝑪𝑪−𝟏𝟏𝑨𝑨𝑻𝑻.𝑲𝑲 ෩𝜽𝜽 = 𝝈𝝈𝟐𝟐𝑪𝑪−𝟏𝟏;

෪𝜽𝜽𝜶𝜶 − 𝜹𝜹𝒏𝒏−𝒓𝒓−𝟏𝟏 𝜸𝜸 ∙
𝑪𝑪−𝟏𝟏

𝜶𝜶𝜶𝜶
Τ𝟏𝟏 𝟐𝟐 ∙ 𝑹𝑹

𝒏𝒏 − 𝒓𝒓 − 𝟏𝟏
≤ 𝜽𝜽𝜶𝜶 ≤ ෪𝜽𝜽𝜶𝜶 + 𝜹𝜹𝒏𝒏−𝒓𝒓−𝟏𝟏 𝜸𝜸 ∙

𝑪𝑪−𝟏𝟏
𝜶𝜶𝜶𝜶

Τ𝟏𝟏 𝟐𝟐 ∙ 𝑹𝑹
𝒏𝒏 − 𝒓𝒓 − 𝟏𝟏

,

෥𝒚𝒚𝒊𝒊 − 𝜹𝜹𝒏𝒏−𝒓𝒓−𝟏𝟏 𝜸𝜸 ∙
𝑨𝑨𝑪𝑪−𝟏𝟏𝑨𝑨𝑻𝑻

𝒊𝒊𝒊𝒊
Τ𝟏𝟏 𝟐𝟐𝑹𝑹

𝒏𝒏 − 𝒓𝒓 − 𝟏𝟏
≤  𝑴𝑴𝒚𝒚𝒊𝒊 ≤ ෥𝒚𝒚𝒊𝒊 + 𝜹𝜹𝒏𝒏−𝒓𝒓−𝟏𝟏 𝜸𝜸 ∙

𝑨𝑨𝑪𝑪−𝟏𝟏𝑨𝑨𝑻𝑻
𝒊𝒊𝒊𝒊

Τ𝟏𝟏 𝟐𝟐𝑹𝑹
𝒏𝒏 − 𝒓𝒓 − 𝟏𝟏

.

𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 − 𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂 𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂 ෪𝜽𝜽𝜶𝜶 = 𝑹𝑹
𝑭𝑭𝜸𝜸 𝒓𝒓 + 𝟏𝟏, 𝒏𝒏 − 𝒓𝒓 − 𝟏𝟏 ∙ 𝒓𝒓 + 𝟏𝟏

𝒏𝒏 − 𝒓𝒓 − 𝟏𝟏 𝜶𝜶
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…

ഥ𝒙𝒙 𝒂𝒂𝟎𝟎

𝒂𝒂𝟎𝟎
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𝝋𝝋(𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄)

𝜶𝜶 = ∞−׬
𝝋𝝋(𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄) 𝒇𝒇𝟎𝟎 𝝋𝝋 𝒅𝒅𝒅𝒅

𝜷𝜷 = 𝝋𝝋(𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄)׬
+∞ 𝒇𝒇𝟏𝟏 𝝋𝝋 𝒅𝒅𝒅𝒅

𝝁𝝁 = 𝟏𝟏 − 𝜷𝜷 = ∞−׬
𝝋𝝋(𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄) 𝒇𝒇𝟏𝟏 𝝋𝝋 𝒅𝒅𝒅𝒅

𝟏𝟏 − 𝜶𝜶 = 𝝋𝝋(𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄)׬
+∞ 𝒇𝒇𝟎𝟎 𝝋𝝋 𝒅𝒅𝒅𝒅

𝜶𝜶 − 𝝁𝝁 −

αα, µµ  αα  µµ  
ϕϕ
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𝒙𝒙𝟏𝟏, 𝒙𝒙𝟏𝟏,… , 𝒙𝒙𝟏𝟏
𝝈𝝈𝟐𝟐 = 𝝈𝝈𝟎𝟎𝟐𝟐

𝒂𝒂 = 𝒂𝒂𝟎𝟎
𝒂𝒂 = 𝒂𝒂𝟏𝟏 > 𝒂𝒂𝟎𝟎

𝝋𝝋 = ഥ𝒙𝒙−𝒂𝒂
ൗ𝝈𝝈
𝟎𝟎 𝒏𝒏

𝝋𝝋𝟎𝟎 =
ഥ𝒙𝒙 − 𝒂𝒂𝟎𝟎
ൗ𝝈𝝈𝟎𝟎 𝒏𝒏

; 𝝋𝝋𝟏𝟏=
ഥ𝒙𝒙 − 𝒂𝒂𝟏𝟏
ൗ𝝈𝝈𝟎𝟎 𝒏𝒏

=
ഥ𝒙𝒙 − 𝒂𝒂𝟎𝟎 + ∆𝒂𝒂

ൗ𝝈𝝈𝟎𝟎 𝒏𝒏
= 𝝋𝝋𝟎𝟎 −

∆𝒂𝒂
ൗ𝝈𝝈𝟎𝟎 𝒏𝒏
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𝛷𝛷 = 1 − 𝛼𝛼; 𝛾𝛾 = 1 − 2𝛼𝛼 𝛿𝛿
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𝜶𝜶 → Φ = 𝟏𝟏 − 𝜶𝜶
𝜸𝜸 = 𝟏𝟏 − 𝟐𝟐𝜶𝜶 → 𝒂𝒂𝒂𝒂𝒂𝒂 𝒐𝒐𝒐𝒐 𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳 𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅

→ 𝝋𝝋 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 = 𝜹𝜹𝜸𝜸 → 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 𝝋𝝋𝟎𝟎 =
ഥ𝒙𝒙 − 𝒂𝒂𝟎𝟎
ൗ𝝈𝝈𝟎𝟎 𝒏𝒏

→

𝒊𝒊𝒊𝒊𝝋𝝋𝟎𝟎 < 𝝋𝝋 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 , 𝑯𝑯𝟎𝟎 𝒊𝒊𝒊𝒊 𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂; 𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐 𝑯𝑯𝟎𝟎 𝒊𝒊𝒊𝒊 𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓
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𝑎𝑎 = 𝑎𝑎0
𝑎𝑎 = 𝑎𝑎1 < 𝑎𝑎0

𝝋𝝋 = ഥ𝒙𝒙−𝒂𝒂
ൗ𝝈𝝈
𝟎𝟎 𝒏𝒏

𝝐𝝐𝝐𝝐(𝟎𝟎, 𝟏𝟏)

𝝋𝝋𝟎𝟎 =
ഥ𝒙𝒙 − 𝒂𝒂𝟎𝟎
ൗ𝝈𝝈𝟎𝟎 𝒏𝒏

; 𝝋𝝋𝟏𝟏=
ഥ𝒙𝒙 − 𝒂𝒂𝟏𝟏
ൗ𝝈𝝈𝟎𝟎 𝒏𝒏

=
ഥ𝒙𝒙 − 𝒂𝒂𝟎𝟎 − ∆𝒂𝒂

ൗ𝝈𝝈𝟎𝟎 𝒏𝒏
= 𝝋𝝋𝟎𝟎 +

∆𝒂𝒂
ൗ𝝈𝝈𝟎𝟎 𝒏𝒏
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𝜶𝜶 → Φ = 𝟏𝟏 − 𝜶𝜶
𝜸𝜸 = 𝟏𝟏 − 𝟐𝟐𝜶𝜶 → 𝒂𝒂𝒂𝒂𝒂𝒂 𝒐𝒐𝒐𝒐 𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳 𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅

→ 𝝋𝝋 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 = − 𝜹𝜹𝜸𝜸→ 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 𝝋𝝋𝟎𝟎 =
ഥ𝒙𝒙 − 𝒂𝒂𝟎𝟎

ൗ𝝈𝝈
𝟎𝟎 𝒏𝒏

→

𝒊𝒊𝒊𝒊𝝋𝝋𝟎𝟎 > 𝝋𝝋 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 , 𝑯𝑯𝟎𝟎 𝒊𝒊𝒊𝒊 𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂; 𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐 𝑯𝑯𝟎𝟎 𝒊𝒊𝒊𝒊 𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓
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𝝈𝝈𝟎𝟎𝟐𝟐


𝒂𝒂𝟏𝟏 = ഥ𝒙𝒙
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𝜸𝜸 = 𝟏𝟏 − 𝟐𝟐𝟐𝟐 = 𝟎𝟎. 𝟗𝟗𝟗𝟗 ⇒ 𝜹𝜹𝜸𝜸 = 𝟏𝟏. 𝟔𝟔𝟔𝟔, −𝜹𝜹𝜸𝜸= −𝟏𝟏. 𝟔𝟔𝟔𝟔

𝝋𝝋𝟎𝟎 =
𝟑𝟑 𝟒𝟒𝟒𝟒 − 𝟓𝟓𝟓𝟓

𝟑𝟑 = −𝟐𝟐 𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎
𝑳𝑳 < −𝟏𝟏. 𝟔𝟔𝟔𝟔 ⇒ 𝑯𝑯𝟎𝟎 𝒊𝒊𝒊𝒊 𝒕𝒕𝒕𝒕𝒕𝒕 𝟏𝟏𝒔𝒔𝒔𝒔 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 𝒊𝒊𝒊𝒊 𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓

𝝋𝝋𝟎𝟎 =
𝟑𝟑 𝟒𝟒𝟒𝟒 − 𝟒𝟒𝟒𝟒

𝟑𝟑 = −𝟏𝟏 𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎
𝑳𝑳 > −𝟏𝟏. 𝟔𝟔𝟔𝟔 ⇒ 𝑯𝑯𝟎𝟎 𝒊𝒊𝒊𝒊 𝒕𝒕𝒕𝒕𝒕𝒕 𝟐𝟐𝒏𝒏𝒏𝒏 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 𝒊𝒊𝒊𝒊 𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂

𝜷𝜷 = 𝟏𝟏
𝟐𝟐 +

𝜱𝜱 𝝋𝝋(𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄) −𝟏𝟏
𝟐𝟐 = 𝟎𝟎. 𝟓𝟓 + 𝟎𝟎. 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐 = 𝟎𝟎. 𝟕𝟕𝟕𝟕𝟕𝟕𝟕𝟕𝟕𝟕 ⇒ 𝝁𝝁 = 𝟏𝟏 − 𝜷𝜷 ≅ 𝟎𝟎. 𝟐𝟐𝟐𝟐

0.900.90 1.65,1.65, 1.651.65

1.651.65

1.651.65

0.260.260.50.5 0.242150.24215 0.742150.74215
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𝑎𝑎 = 𝑎𝑎0
𝑎𝑎 ≠ 𝑎𝑎0

𝝋𝝋 = ഥ𝒙𝒙−𝒂𝒂
ൗ𝝈𝝈
𝟎𝟎 𝒏𝒏

𝝋𝝋𝟎𝟎 =
ഥ𝒙𝒙 − 𝒂𝒂𝟎𝟎
ൗ𝝈𝝈𝟎𝟎 𝒏𝒏

; 𝝋𝝋𝟏𝟏=
ഥ𝒙𝒙 − 𝒂𝒂𝟏𝟏
ൗ𝝈𝝈𝟎𝟎 𝒏𝒏

=
ഥ𝒙𝒙 − 𝒂𝒂𝟎𝟎 ± ∆𝒂𝒂

ൗ𝝈𝝈𝟎𝟎 𝒏𝒏
= 𝝋𝝋𝟎𝟎 ±

∆𝒂𝒂
ൗ𝝈𝝈𝟎𝟎 𝒏𝒏
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ൗ𝜶𝜶 𝟐𝟐 → Φ = 𝟏𝟏 − ൗ𝜶𝜶 𝟐𝟐
𝜸𝜸 = 𝟏𝟏 − 𝜶𝜶 → 𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳 𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 → 𝝋𝝋𝟐𝟐

𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 = 𝜹𝜹𝜸𝜸

ൗ𝜶𝜶 𝟐𝟐 → Φ = ൗ𝟏𝟏 − 𝜶𝜶 𝟐𝟐
𝜸𝜸 = 𝟏𝟏 − 𝜶𝜶

→ 𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳 𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 → 𝝋𝝋𝟏𝟏
𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 = −𝜹𝜹𝜸𝜸

𝒊𝒊𝒊𝒊 𝝋𝝋𝟎𝟎𝝐𝝐 𝝋𝝋𝟏𝟏
𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 , 𝝋𝝋𝟐𝟐

𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 , 𝑯𝑯𝟎𝟎 𝒊𝒊𝒊𝒊 𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂; 𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐 𝑯𝑯𝟎𝟎 𝒊𝒊𝒊𝒊 𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓
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𝝋𝝋 = ഥ𝒙𝒙−𝒂𝒂
ൗ𝑺𝑺 𝒏𝒏

= 𝒕𝒕𝒏𝒏−𝟏𝟏𝑨𝑨 𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙𝒊𝒊 , 𝟏𝟏 ≤ 𝒊𝒊 ≤ 𝒏𝒏 ⇒ ഥ𝒙𝒙 == 𝟏𝟏
𝒏𝒏෍
𝒊𝒊=𝟏𝟏

𝒏𝒏

𝒙𝒙𝒊𝒊 ; 𝑺𝑺𝟐𝟐 =
𝟏𝟏

𝒏𝒏 − 𝟏𝟏෍
𝒊𝒊=𝟏𝟏

𝒏𝒏

𝒙𝒙𝒊𝒊 − ഥ𝒙𝒙 𝟐𝟐
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ത𝝉𝝉 =
𝑺𝑺𝒏𝒏𝟐𝟐 = 𝟒𝟒 𝒂𝒂𝝉𝝉 =

≠ 𝒂𝒂𝝉𝝉
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𝝋𝝋 = 𝒏𝒏 ത𝝉𝝉 − 𝒂𝒂𝝉𝝉
𝑺𝑺𝒏𝒏

ቊ𝑯𝑯𝟎𝟎: 𝒂𝒂𝟎𝟎= 𝟖𝟖𝟖𝟖
𝑯𝑯𝟏𝟏: 𝒂𝒂𝟏𝟏 ≠ 𝒂𝒂𝟎𝟎

ቊ 𝜸𝜸 = 𝜶𝜶 = 𝟎𝟎𝟎𝟎𝟎𝟗𝟗 
𝒌𝒌 = 𝒏𝒏 − 𝟏𝟏 = 𝟏𝟏𝟏𝟏

𝜹𝜹𝜸𝜸 = ±𝟐𝟐𝟐𝟐𝟐𝟔𝟔𝟔𝟔

𝝋𝝋𝟎𝟎 =
𝟐𝟐𝟐𝟐 𝟕𝟕𝟕𝟕 − 𝟖𝟖𝟖𝟖

𝟐𝟐 = −𝟔𝟔𝟔𝟔𝟔𝟎𝟎𝟎𝟎 < −𝟐𝟐𝟐𝟐𝟐𝟔𝟔𝟔𝟔

𝑯𝑯𝟎𝟎



199 / 221Mathematical Reduction of Experimental DataVlasov A., Victorov A., and Venediktova A.

𝑨𝑨 𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙𝒊𝒊 , 𝟏𝟏 ≤ 𝒊𝒊 ≤ 𝒏𝒏 ⇒ ഥ𝒙𝒙 == 𝟏𝟏
𝒏𝒏෍
𝒊𝒊=𝟏𝟏

𝒏𝒏

𝒙𝒙𝒊𝒊 ; 𝑺𝑺𝟐𝟐 =
𝟏𝟏

𝒏𝒏 − 𝟏𝟏෍
𝒊𝒊=𝟏𝟏

𝒏𝒏

𝒙𝒙𝒊𝒊 − ഥ𝒙𝒙 𝟐𝟐

𝜎𝜎2 = 𝜎𝜎02
𝜎𝜎2 = 𝜎𝜎12 > 𝜎𝜎02

𝝋𝝋 = 𝑺𝑺𝟐𝟐 𝒏𝒏−𝟏𝟏
𝝈𝝈𝟐𝟐 = 𝒏𝒏−𝟏𝟏

𝟐𝟐

𝝋𝝋𝟎𝟎 =
𝑺𝑺𝟐𝟐 𝒏𝒏 − 𝟏𝟏

𝝈𝝈𝟎𝟎𝟐𝟐
;𝝋𝝋𝟏𝟏 =

𝑺𝑺𝟐𝟐 𝒏𝒏 − 𝟏𝟏
𝝈𝝈𝟏𝟏𝟐𝟐

= 𝑺𝑺𝟐𝟐 𝒏𝒏 − 𝟏𝟏

൘𝝈𝝈𝟏𝟏𝟐𝟐
𝝈𝝈𝟎𝟎𝟐𝟐

∙ 𝟏𝟏𝝈𝝈𝟎𝟎𝟐𝟐
= 𝜑𝜑0 ∙

𝝈𝝈𝟎𝟎𝟐𝟐
𝝈𝝈𝟏𝟏𝟐𝟐

< 𝟏𝟏
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𝒌𝒌 = 𝒏𝒏 − 𝟏𝟏; 𝜶𝜶 → 𝜸𝜸 = 𝟏𝟏 − 𝜶𝜶 → 𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑 𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑 𝒐𝒐𝒐𝒐 𝒕𝒕𝒕𝒕𝒕𝒕 𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 → 𝝋𝝋 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 = 𝜹𝜹𝜸𝜸

𝒊𝒊𝒊𝒊 𝝋𝝋𝟎𝟎 ≤ 𝝋𝝋 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 , 𝑯𝑯𝟎𝟎 𝒊𝒊𝒊𝒊 𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂; 𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐 𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓
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𝜎𝜎2 = 𝜎𝜎02
𝜎𝜎2 = 𝜎𝜎12 < 𝜎𝜎02

𝝋𝝋 = 𝑺𝑺𝟐𝟐 𝒏𝒏−𝟏𝟏
𝝈𝝈𝟐𝟐 = 𝒏𝒏−𝟏𝟏

𝟐𝟐

𝝋𝝋𝟎𝟎 =
𝑺𝑺𝟐𝟐 𝒏𝒏 − 𝟏𝟏

𝝈𝝈𝟎𝟎𝟐𝟐
;𝝋𝝋𝟏𝟏 =

𝑺𝑺𝟐𝟐 𝒏𝒏 − 𝟏𝟏
𝝈𝝈𝟏𝟏𝟐𝟐

= 𝑺𝑺𝟐𝟐 𝒏𝒏 − 𝟏𝟏

൘𝝈𝝈𝟏𝟏𝟐𝟐
𝝈𝝈𝟎𝟎𝟐𝟐

∙ 𝟏𝟏𝝈𝝈𝟎𝟎𝟐𝟐
= 𝜑𝜑0 ∙

𝝈𝝈𝟎𝟎𝟐𝟐
𝝈𝝈𝟏𝟏𝟐𝟐

> 𝟏𝟏
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𝒌𝒌 = 𝒏𝒏 − 𝟏𝟏; 𝜶𝜶 → 𝜸𝜸 = 𝜶𝜶 → 𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑 𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑 𝒐𝒐𝒐𝒐 𝒕𝒕𝒕𝒕𝒕𝒕 𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 → 𝝋𝝋 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 = 𝜹𝜹𝜸𝜸
𝒊𝒊𝒊𝒊 𝝋𝝋𝟎𝟎 ≥ 𝝋𝝋 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 , 𝑯𝑯𝟎𝟎 𝒊𝒊𝒊𝒊 𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂; 𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐 𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓
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𝝈𝝈𝟐𝟐 = 𝝈𝝈𝟎𝟎𝟐𝟐
𝝈𝝈𝟐𝟐 = 𝝈𝝈𝟏𝟏𝟐𝟐 ≠ 𝝈𝝈𝟎𝟎𝟐𝟐

𝝋𝝋 = 𝑺𝑺𝟐𝟐 𝒏𝒏−𝟏𝟏
𝝈𝝈𝟐𝟐 = 𝒏𝒏−𝟏𝟏

𝟐𝟐

𝝋𝝋𝟎𝟎 =
𝑺𝑺𝟐𝟐 𝒏𝒏 − 𝟏𝟏

𝝈𝝈𝟎𝟎𝟐𝟐
; 𝝋𝝋𝟏𝟏 =

𝑺𝑺𝟐𝟐 𝒏𝒏 − 𝟏𝟏
𝝈𝝈𝟏𝟏𝟐𝟐

= 𝑺𝑺𝟐𝟐 𝒏𝒏 − 𝟏𝟏

൘𝝈𝝈𝟏𝟏𝟐𝟐
𝝈𝝈𝟎𝟎𝟐𝟐

∙ 𝟏𝟏𝝈𝝈𝟎𝟎𝟐𝟐
= 𝜑𝜑0 ∙

𝝈𝝈𝟎𝟎𝟐𝟐
𝝈𝝈𝟏𝟏𝟐𝟐

> 𝟏𝟏
< 𝟏𝟏
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𝒌𝒌 = 𝒏𝒏 − 𝟏𝟏; 𝜶𝜶 → 𝜸𝜸 = ൗ𝜶𝜶 𝟐𝟐 → 𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑 𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑 𝒐𝒐𝒐𝒐 𝒕𝒕𝒕𝒕𝒕𝒕 𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 → 𝝋𝝋𝟏𝟏
(𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄) = 𝜹𝜹𝜸𝜸

𝒌𝒌 = 𝒏𝒏 − 𝟏𝟏; 𝜶𝜶 → 𝜸𝜸 = 𝟏𝟏 − ൗ𝜶𝜶 𝟐𝟐 → 𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑 𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑 𝒐𝒐𝒐𝒐 𝒕𝒕𝒕𝒕𝒕𝒕 𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 → 𝝋𝝋𝟐𝟐
(𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄) = 𝜹𝜹𝜸𝜸

𝒊𝒊𝒊𝒊 𝝋𝝋𝟎𝟎𝝐𝝐 𝝋𝝋𝟏𝟏
(𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄), 𝝋𝝋𝟐𝟐

(𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄) , 𝑯𝑯𝟎𝟎 𝒊𝒊𝒊𝒊 𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂; 𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐 𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓
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𝑺𝑺𝟐𝟐 = 𝟎𝟎. 𝟐𝟐𝟐𝟐 𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎/𝑳𝑳 𝟐𝟐.
𝜶𝜶 = 𝟎𝟎. 𝟎𝟎𝟎𝟎?

𝑺𝑺𝟐𝟐 = 𝟎𝟎. 𝟐𝟐𝟐𝟐 𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎/𝑳𝑳 𝟐𝟐.
𝜶𝜶 = 𝟎𝟎. 𝟎𝟎𝟎𝟎?

𝑺𝑺𝟐𝟐 = 𝟎𝟎. 𝟐𝟐𝟐𝟐 𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎/𝑳𝑳 𝟐𝟐.
𝜶𝜶 = 𝟎𝟎. 𝟎𝟎𝟎𝟎?
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𝒘𝒘(𝒌𝒌𝟐𝟐 < 𝒌𝒌
𝟐𝟐 𝜸𝜸 ) 𝜸𝜸
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𝝋𝝋𝟎𝟎 =
𝑺𝑺𝟐𝟐 𝒏𝒏 − 𝟏𝟏

𝝈𝝈𝟎𝟎𝟐𝟐

𝝋𝝋𝟏𝟏 =
𝑺𝑺𝟐𝟐 𝒏𝒏 − 𝟏𝟏

𝝈𝝈𝟎𝟎𝟐𝟐
∙ 𝝈𝝈𝟎𝟎𝟐𝟐
𝝈𝝈𝟏𝟏𝟐𝟐

⇒ 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 𝒊𝒊𝒊𝒊 𝒓𝒓. 𝒉𝒉. 𝒔𝒔.

𝜸𝜸 = 𝟏𝟏 − 𝜶𝜶; 𝒌𝒌 = 𝒏𝒏 − 𝟏𝟏 = 𝟐𝟐𝟐𝟐 ⇒ 𝝋𝝋 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 = 𝟑𝟑𝟑𝟑. 𝟒𝟒

𝝋𝝋𝟎𝟎 =
𝟎𝟎. 𝟐𝟐𝟐𝟐 ∙ 𝟐𝟐𝟐𝟐
𝟎𝟎. 𝟏𝟏𝟏𝟏 = 𝟒𝟒𝟒𝟒 > 𝟑𝟑𝟑𝟑. 𝟒𝟒 ⇒ 𝒕𝒕𝒕𝒕𝒕𝒕 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉 𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 𝒃𝒃𝒃𝒃 𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓

𝑯𝑯𝟎𝟎: 𝝈𝝈𝟐𝟐 = 𝝈𝝈𝟎𝟎𝟐𝟐
𝑯𝑯𝟏𝟏: 𝝈𝝈𝟐𝟐 > 𝝈𝝈𝟎𝟎𝟐𝟐

𝝋𝝋𝟎𝟎 =
𝑺𝑺𝟐𝟐 𝒏𝒏 − 𝟏𝟏

𝝈𝝈𝟎𝟎𝟐𝟐

𝝋𝝋𝟏𝟏 =
𝑺𝑺𝟐𝟐 𝒏𝒏 − 𝟏𝟏

𝝈𝝈𝟎𝟎𝟐𝟐
∙ 𝝈𝝈𝟎𝟎𝟐𝟐
𝝈𝝈𝟏𝟏𝟐𝟐

⇒ 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 𝒊𝒊𝒊𝒊 𝒓𝒓. 𝒉𝒉. 𝒔𝒔.

𝜸𝜸 = 𝟏𝟏 − 𝜶𝜶; 𝒌𝒌 = 𝒏𝒏 − 𝟏𝟏 = 𝟐𝟐𝟐𝟐 ⇒ 𝝋𝝋 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 = 𝟑𝟑𝟑𝟑. 𝟒𝟒

𝝋𝝋𝟎𝟎 =
𝟎𝟎. 𝟐𝟐𝟐𝟐 ∙ 𝟐𝟐𝟐𝟐
𝟎𝟎. 𝟏𝟏𝟏𝟏 = 𝟒𝟒𝟒𝟒 > 𝟑𝟑𝟑𝟑. 𝟒𝟒 ⇒ 𝒕𝒕𝒕𝒕𝒕𝒕 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉 𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 𝒃𝒃𝒃𝒃 𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓

𝑯𝑯𝟎𝟎: 𝝈𝝈𝟐𝟐 = 𝝈𝝈𝟎𝟎𝟐𝟐
𝑯𝑯𝟏𝟏: 𝝈𝝈𝟐𝟐 > 𝝈𝝈𝟎𝟎𝟐𝟐

𝝋𝝋𝟎𝟎 =
𝑺𝑺𝟐𝟐 𝒏𝒏 − 𝟏𝟏

𝝈𝝈𝟎𝟎𝟐𝟐

𝝋𝝋𝟏𝟏 =
𝑺𝑺𝟐𝟐 𝒏𝒏 − 𝟏𝟏

𝝈𝝈𝟎𝟎𝟐𝟐
∙ 𝝈𝝈𝟎𝟎𝟐𝟐
𝝈𝝈𝟏𝟏𝟐𝟐

⇒ 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 𝒊𝒊𝒊𝒊 𝒓𝒓. 𝒉𝒉. 𝒔𝒔.

𝜸𝜸 = 𝟏𝟏 − 𝜶𝜶; 𝒌𝒌 = 𝒏𝒏 − 𝟏𝟏 = 𝟐𝟐𝟐𝟐 ⇒ 𝝋𝝋 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 = 𝟑𝟑𝟑𝟑. 𝟒𝟒

𝝋𝝋𝟎𝟎 =
𝟎𝟎. 𝟐𝟐𝟐𝟐 ∙ 𝟐𝟐𝟐𝟐
𝟎𝟎. 𝟏𝟏𝟏𝟏 = 𝟒𝟒𝟒𝟒 > 𝟑𝟑𝟑𝟑. 𝟒𝟒 ⇒ 𝒕𝒕𝒕𝒕𝒕𝒕 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉 𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 𝒃𝒃𝒃𝒃 𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓

𝑯𝑯𝟎𝟎: 𝝈𝝈𝟐𝟐 = 𝝈𝝈𝟎𝟎𝟐𝟐
𝑯𝑯𝟏𝟏: 𝝈𝝈𝟐𝟐 > 𝝈𝝈𝟎𝟎𝟐𝟐

𝝋𝝋𝟎𝟎 =
𝑺𝑺𝟐𝟐 𝒏𝒏 − 𝟏𝟏

𝝈𝝈𝟎𝟎𝟐𝟐

𝝋𝝋𝟏𝟏 =
𝑺𝑺𝟐𝟐 𝒏𝒏 − 𝟏𝟏

𝝈𝝈𝟎𝟎𝟐𝟐
∙ 𝝈𝝈𝟎𝟎𝟐𝟐
𝝈𝝈𝟏𝟏𝟐𝟐

⇒ 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 𝒊𝒊𝒊𝒊 𝒓𝒓. 𝒉𝒉. 𝒔𝒔.

𝜸𝜸 = 𝟏𝟏 − 𝜶𝜶; 𝒌𝒌 = 𝒏𝒏 − 𝟏𝟏 = 𝟐𝟐𝟐𝟐 ⇒ 𝝋𝝋 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 = 𝟑𝟑𝟑𝟑. 𝟒𝟒

𝝋𝝋𝟎𝟎 =
𝟎𝟎. 𝟐𝟐𝟐𝟐 ∙ 𝟐𝟐𝟐𝟐
𝟎𝟎. 𝟏𝟏𝟏𝟏 = 𝟒𝟒𝟒𝟒 > 𝟑𝟑𝟑𝟑. 𝟒𝟒 ⇒ 𝒕𝒕𝒕𝒕𝒕𝒕 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉 𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 𝒃𝒃𝒃𝒃 𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓

𝑯𝑯𝟎𝟎: 𝝈𝝈𝟐𝟐 = 𝝈𝝈𝟎𝟎𝟐𝟐
𝑯𝑯𝟏𝟏: 𝝈𝝈𝟐𝟐 > 𝝈𝝈𝟎𝟎𝟐𝟐

𝝋𝝋𝟎𝟎 =
𝑺𝑺𝟐𝟐 𝒏𝒏 − 𝟏𝟏

𝝈𝝈𝟎𝟎𝟐𝟐

𝝋𝝋𝟏𝟏 =
𝑺𝑺𝟐𝟐 𝒏𝒏 − 𝟏𝟏

𝝈𝝈𝟎𝟎𝟐𝟐
∙ 𝝈𝝈𝟎𝟎𝟐𝟐
𝝈𝝈𝟏𝟏𝟐𝟐

⇒ 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 𝒊𝒊𝒊𝒊 𝒓𝒓. 𝒉𝒉. 𝒔𝒔.

𝜸𝜸 = 𝟏𝟏 − 𝜶𝜶; 𝒌𝒌 = 𝒏𝒏 − 𝟏𝟏 = 𝟐𝟐𝟐𝟐 ⇒ 𝝋𝝋 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 = 𝟑𝟑𝟑𝟑. 𝟒𝟒

𝝋𝝋𝟎𝟎 =
𝟎𝟎. 𝟐𝟐𝟐𝟐 ∙ 𝟐𝟐𝟐𝟐
𝟎𝟎. 𝟏𝟏𝟏𝟏 = 𝟒𝟒𝟒𝟒 > 𝟑𝟑𝟑𝟑. 𝟒𝟒 ⇒ 𝒕𝒕𝒕𝒕𝒕𝒕 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉 𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 𝒃𝒃𝒃𝒃 𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓

𝑯𝑯𝟎𝟎: 𝝈𝝈𝟐𝟐 = 𝝈𝝈𝟎𝟎𝟐𝟐
𝑯𝑯𝟏𝟏: 𝝈𝝈𝟐𝟐 > 𝝈𝝈𝟎𝟎𝟐𝟐
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𝒙𝒙𝒊𝒊 𝒏𝒏𝒙𝒙 𝝈𝝈𝒙𝒙𝟐𝟐 𝒚𝒚𝒊𝒊 𝒏𝒏𝒚𝒚 𝝈𝝈𝒚𝒚𝟐𝟐

ഥ𝒙𝒙 − 𝒂𝒂𝒙𝒙
ൗ𝝈𝝈𝒙𝒙
𝒏𝒏𝒙𝒙

ഥ𝒚𝒚 − 𝒂𝒂𝒚𝒚
൘

𝝈𝝈𝒚𝒚
𝒏𝒏𝒚𝒚

𝝐𝝐 𝑵𝑵 𝟎𝟎, 𝟏𝟏 ഥ𝒙𝒙 − ഥ𝒚𝒚 𝝐𝝐 𝑵𝑵 𝒂𝒂𝒙𝒙 − 𝒂𝒂𝒚𝒚;
𝝈𝝈𝒙𝒙𝟐𝟐
𝒏𝒏𝒙𝒙

+
𝝈𝝈𝒚𝒚𝟐𝟐
𝒏𝒏𝒚𝒚

𝝋𝝋 ഥ𝒙𝒙−ഥ𝒚𝒚− 𝒂𝒂𝒙𝒙−𝒂𝒂𝒚𝒚

𝝈𝝈𝒙𝒙𝟐𝟐
𝒏𝒏𝒙𝒙
+
𝝈𝝈𝒚𝒚𝟐𝟐
𝒏𝒏𝒚𝒚

𝝐𝝐 𝑵𝑵 𝟎𝟎, 𝟏𝟏

𝑯𝑯𝟎𝟎 : 𝒕𝒕𝒕𝒕𝒕𝒕 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 ഥ𝒙𝒙 𝒂𝒂𝒂𝒂𝒂𝒂 ഥ𝒚𝒚 𝒊𝒊𝒊𝒊 𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂 ⇒ 𝑴𝑴 ഥ𝒙𝒙 − ഥ𝒚𝒚 = 𝟎𝟎 ⇒ 𝒂𝒂𝒙𝒙 = 𝒂𝒂𝒚𝒚
𝑯𝑯𝟏𝟏 : 𝒂𝒂𝒙𝒙≠ 𝒂𝒂𝒚𝒚
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𝝋𝝋𝟎𝟎 =
ഥ𝒙𝒙 − ഥ𝒚𝒚

𝝈𝝈𝒙𝒙𝟐𝟐
𝒏𝒏𝒙𝒙 +

𝝈𝝈𝒚𝒚𝟐𝟐
𝒏𝒏𝒚𝒚

𝜶𝜶 → 𝜸𝜸 = 𝟏𝟏 − 𝜶𝜶 →
→ 𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑 𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑 𝒐𝒐𝒐𝒐 𝒕𝒕𝒕𝒕𝒕𝒕 𝑵𝑵𝑵𝑵𝑵𝑵𝑵𝑵𝑵𝑵𝑵𝑵 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅
→ → 𝝋𝝋𝟏𝟏

(𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄)= − 𝜹𝜹𝜸𝜸; 𝝋𝝋𝟐𝟐
(𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄) = 𝜹𝜹𝜸𝜸

𝑰𝑰𝑰𝑰𝝋𝝋𝟎𝟎𝝐𝝐 𝝋𝝋𝟏𝟏
(𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄), 𝝋𝝋𝟐𝟐

(𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄) ⇒ 𝑯𝑯𝟎𝟎 𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂

𝑯𝑯𝟎𝟎 : 𝒕𝒕𝒕𝒕𝒕𝒕 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 ഥ𝒙𝒙 𝒂𝒂𝒂𝒂𝒂𝒂 ഥ𝒚𝒚 𝒊𝒊𝒊𝒊 𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂 ⇒ 𝑴𝑴 ഥ𝒙𝒙 − ഥ𝒚𝒚 = 𝟎𝟎 ⇒ 𝒂𝒂𝒙𝒙 = 𝒂𝒂𝒚𝒚
𝑯𝑯𝟏𝟏 : 𝒂𝒂𝒙𝒙≠ 𝒂𝒂𝒚𝒚

𝝋𝝋 ഥ𝒙𝒙−ഥ𝒚𝒚− 𝒂𝒂𝒙𝒙−𝒂𝒂𝒚𝒚

𝝈𝝈𝒙𝒙𝟐𝟐
𝒏𝒏𝒙𝒙
+
𝝈𝝈𝒚𝒚𝟐𝟐
𝒏𝒏𝒚𝒚

𝝐𝝐 𝑵𝑵 𝟎𝟎, 𝟏𝟏
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𝟏𝟏𝟏𝟏𝟏𝟏𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎/𝑳𝑳

𝟏𝟏𝟏𝟏𝟏𝟏𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎/𝑳𝑳
𝝈𝝈𝒙𝒙𝟐𝟐 = 𝟓𝟓 𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎/𝑳𝑳 𝟐𝟐 𝝈𝝈𝒙𝒙𝟐𝟐 = 𝟕𝟕 𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎/𝑳𝑳 𝟐𝟐
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𝑯𝑯𝟎𝟎: 𝒂𝒂𝒙𝒙 = 𝒂𝒂𝒚𝒚
𝑯𝑯𝟏𝟏: 𝒂𝒂𝒙𝒙 ≠ 𝒂𝒂𝒚𝒚

𝝋𝝋𝟎𝟎 =
ഥ𝒙𝒙 − ഥ𝒚𝒚

𝝈𝝈𝒙𝒙𝟐𝟐
𝒏𝒏𝒙𝒙 +

𝝈𝝈𝒚𝒚𝟐𝟐
𝒏𝒏𝒚𝒚

= 𝟏𝟏𝟏𝟏𝟏𝟏 − 𝟏𝟏𝟏𝟏𝟏𝟏
𝟓𝟓
𝟏𝟏𝟏𝟏 +

𝟕𝟕
𝟗𝟗

= −𝟐𝟐. 𝟖𝟖𝟖𝟖 < −𝟏𝟏. 𝟗𝟗𝟗𝟗

𝜸𝜸 = 𝟏𝟏 − 𝟎𝟎. 𝟎𝟎𝟎𝟎 = 𝟎𝟎. 𝟗𝟗𝟗𝟗 ⇒ 𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 ⇒ 𝜹𝜹𝜸𝜸 = ±𝟏𝟏. 𝟗𝟗𝟗𝟗0.050.05 0.950.95 1.961.96

2.822.82 1.961.96
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𝒙𝒙𝒊𝒊 𝒏𝒏𝒙𝒙 𝑺𝑺𝒙𝒙𝟐𝟐 𝒚𝒚𝒊𝒊 𝒏𝒏𝒚𝒚 𝑺𝑺𝒚𝒚𝟐𝟐 𝝈𝝈𝒙𝒙𝟐𝟐= 𝝈𝝈𝒚𝒚𝟐𝟐 = 𝝈𝝈𝟐𝟐

ഥ𝒙𝒙 − ഥ𝒚𝒚 𝝐𝝐 𝑵𝑵 𝒂𝒂𝒙𝒙 − 𝒂𝒂𝒚𝒚;
𝝈𝝈𝒙𝒙𝟐𝟐
𝒏𝒏𝒙𝒙

+
𝝈𝝈𝒚𝒚𝟐𝟐
𝒏𝒏𝒚𝒚

ഥ𝒙𝒙 − ഥ𝒚𝒚 − 𝒂𝒂𝒙𝒙 − 𝒂𝒂𝒚𝒚
𝝈𝝈𝟐𝟐
𝒏𝒏𝒙𝒙 +

𝝈𝝈𝟐𝟐
𝒏𝒏𝒚𝒚

𝝐𝝐 𝑵𝑵 𝟎𝟎, 𝟏𝟏 𝑺𝑺𝒙𝒙𝟐𝟐 𝒏𝒏𝒙𝒙 − 𝟏𝟏
𝝈𝝈𝟐𝟐 = 𝒏𝒏𝒙𝒙−𝟏𝟏

𝟐𝟐 ;
𝑺𝑺𝒚𝒚𝟐𝟐 𝒏𝒏𝒚𝒚 − 𝟏𝟏

𝝈𝝈𝟐𝟐 = 𝒏𝒏𝒚𝒚−𝟏𝟏
𝟐𝟐

𝝋𝝋 =
ഥ𝒙𝒙 − ഥ𝒚𝒚 − 𝒂𝒂𝒙𝒙 − 𝒂𝒂𝒚𝒚

𝝈𝝈 𝟏𝟏
𝒏𝒏𝒙𝒙 +

𝟏𝟏
𝒏𝒏𝒚𝒚

∙ 𝝈𝝈
𝟏𝟏

𝒏𝒏𝒙𝒙 + 𝒏𝒏𝒚𝒚 − 𝟐𝟐 𝑺𝑺𝒙𝒙𝟐𝟐 𝒏𝒏𝒙𝒙 − 𝟏𝟏 + 𝑺𝑺𝒚𝒚𝟐𝟐 𝒏𝒏𝒚𝒚 − 𝟏𝟏
= 𝒕𝒕𝒏𝒏𝒙𝒙+𝒏𝒏𝒚𝒚−𝟐𝟐
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𝑯𝑯𝟎𝟎 : 𝒕𝒕𝒕𝒕𝒕𝒕 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 ഥ𝒙𝒙 𝒂𝒂𝒂𝒂𝒂𝒂 ഥ𝒚𝒚 𝒊𝒊𝒊𝒊 𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂 ⇒ 𝑴𝑴 ഥ𝒙𝒙 − ഥ𝒚𝒚 = 𝟎𝟎 ⇒ 𝒂𝒂𝒙𝒙 = 𝒂𝒂𝒚𝒚
𝑯𝑯𝟏𝟏 : 𝒂𝒂𝒙𝒙≠ 𝒂𝒂𝒚𝒚

𝝋𝝋𝟎𝟎 =
ഥ𝒙𝒙 − ഥ𝒚𝒚

𝟏𝟏
𝒏𝒏𝒙𝒙 +

𝟏𝟏
𝒏𝒏𝒚𝒚

∙ 𝟏𝟏

𝑺𝑺𝒙𝒙𝟐𝟐 𝒏𝒏𝒙𝒙 − 𝟏𝟏 + 𝑺𝑺𝒚𝒚𝟐𝟐 𝒏𝒏𝒚𝒚 − 𝟏𝟏
𝒏𝒏𝒙𝒙 + 𝒏𝒏𝒚𝒚 − 𝟐𝟐

𝑰𝑰𝑰𝑰𝝋𝝋𝟎𝟎𝝐𝝐 𝝋𝝋𝟏𝟏
(𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄), 𝝋𝝋𝟐𝟐

(𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄) ⇒ 𝑯𝑯𝟎𝟎 𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂
𝒌𝒌 = 𝒏𝒏𝒙𝒙 + 𝒏𝒏𝒚𝒚 − 𝟐𝟐;𝜶𝜶 → 𝜸𝜸 = 𝟏𝟏 − 𝜶𝜶 →

𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑 𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑 𝒐𝒐𝒐𝒐 𝒕𝒕𝒕𝒕𝒕𝒕 𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅
→ 𝝋𝝋𝟏𝟏

(𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄) = −𝜹𝜹𝜸𝜸; 𝝋𝝋𝟐𝟐
(𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄) = 𝜹𝜹𝜸𝜸

𝝋𝝋 =
ഥ𝒙𝒙 − ഥ𝒚𝒚 − 𝒂𝒂𝒙𝒙 − 𝒂𝒂𝒚𝒚

𝟏𝟏
𝒏𝒏𝒙𝒙 +

𝟏𝟏
𝒏𝒏𝒚𝒚

∙ 𝟏𝟏
𝟏𝟏

𝒏𝒏𝒙𝒙 + 𝒏𝒏𝒚𝒚 − 𝟐𝟐 𝑺𝑺𝒙𝒙𝟐𝟐 𝒏𝒏𝒙𝒙 − 𝟏𝟏 + 𝑺𝑺𝒚𝒚𝟐𝟐 𝒏𝒏𝒚𝒚 − 𝟏𝟏
= 𝒕𝒕𝒏𝒏𝒙𝒙+𝒏𝒏𝒚𝒚−𝟐𝟐
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              𝒏𝒏𝒙𝒙 = 𝟗𝟗)  

     

         𝒏𝒏𝒚𝒚 = 𝟏𝟏𝟏𝟏)    

𝑯𝑯𝟎𝟎: 𝒂𝒂𝒙𝒙 = 𝒂𝒂𝒚𝒚 𝑯𝑯𝟏𝟏: 𝒂𝒂𝒙𝒙 ≠ 𝒂𝒂𝒚𝒚
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𝜸𝜸 = 𝟏𝟏 − 𝜶𝜶
𝒌𝒌 = 𝟗𝟗 + 𝟏𝟏𝟏𝟏 − 𝟐𝟐 = 𝟐𝟐𝟐𝟐 𝜹𝜹𝜸𝜸 = ±𝟏𝟏𝟏𝟏𝟏𝟐𝟐𝟐𝟐

ഥ𝒙𝒙 = 𝟑𝟑𝟑𝟑𝟑𝟑 ∙ 𝟏𝟏 + 𝟑𝟑𝟑𝟑𝟕𝟕 ∙ 𝟒𝟒 + 𝟑𝟑𝟑𝟑𝟖𝟖 ∙ 𝟒𝟒
𝟗𝟗 = 𝟑𝟑𝟑𝟑𝟑𝟑.𝟏𝟏𝟏𝟏 ഥ𝒚𝒚 = 𝟑𝟑𝟑𝟑𝟑𝟑 ∙ 𝟐𝟐 + 𝟑𝟑𝟑𝟑𝟒𝟒 ∙ 𝟔𝟔 + 𝟑𝟑𝟑𝟑𝟔𝟔 ∙ 𝟒𝟒 + 𝟑𝟑𝟑𝟑𝟑𝟑 ∙ 𝟏𝟏

𝟏𝟏𝟏𝟏 = 𝟑𝟑𝟑𝟑𝟑𝟑.𝟕𝟕𝟕𝟕

𝑺𝑺𝒙𝒙𝟐𝟐 =
𝟏𝟏
𝟖𝟖෍

𝟏𝟏

𝟗𝟗

𝒙𝒙𝒊𝒊 − 𝒙𝒙ഥ  𝟐𝟐 = 𝟐𝟐𝟐𝟐𝟐𝟕𝟕𝟕𝟕; 𝑺𝑺𝒚𝒚𝟐𝟐=
𝟏𝟏
𝟏𝟏𝟏𝟏෍

𝟏𝟏

𝟗𝟗

𝒚𝒚𝒊𝒊 − 𝒚𝒚ഥ  𝟐𝟐 = 𝟏𝟏𝟏𝟏𝟏𝟖𝟖𝟖𝟖;

𝝋𝝋𝟎𝟎 =
𝟑𝟑𝟑𝟑𝟑𝟑.𝟏𝟏𝟏𝟏 − 𝟑𝟑𝟑𝟑𝟑𝟑.𝟕𝟕𝟕𝟕

𝟐𝟐𝟐𝟐𝟐𝟕𝟕𝟕𝟕 ∙ 𝟖𝟖 + 𝟏𝟏𝟏𝟏𝟏𝟖𝟖𝟖𝟖 ∙ 𝟏𝟏𝟏𝟏 
𝟐𝟐𝟐𝟐

𝟏𝟏
𝟗𝟗 +

𝟏𝟏
𝟏𝟏𝟏𝟏

= 𝟑𝟑𝟑𝟑𝟑𝟑𝟑𝟐𝟐    𝟑𝟑𝟑𝟑𝟑𝟗𝟗𝟗𝟗   > 𝜹𝜹𝜸𝜸     ⇒   𝑯𝑯𝟎𝟎 𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 𝒃𝒃𝒃𝒃 𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓
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𝒘𝒘( 𝒕𝒕𝒌𝒌 < 𝒕𝒕𝒌𝒌 𝜸𝜸 ) 𝜸𝜸
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𝒘𝒘(𝒌𝒌𝟐𝟐 < 𝒌𝒌
𝟐𝟐 𝜸𝜸 ) 𝜸𝜸
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𝒘𝒘 𝒌𝒌
𝟏𝟏 + 𝜺𝜺𝟏𝟏 𝟐𝟐 ≤ 𝒌𝒌

𝟐𝟐 ≤ 𝒌𝒌
𝒎𝒎𝒎𝒎𝒎𝒎 𝟎𝟎, 𝟏𝟏 − 𝜺𝜺𝟏𝟏 𝟐𝟐

𝜺𝜺𝟏𝟏
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𝒑𝒑𝒒𝒒𝜸𝜸 = 𝟎𝟎𝟎𝟎𝟎𝟓𝟓


