
Vibrationally State-Resolved Rotational Relaxation Time

Vibrationally State-Resolved Rotational Relaxation Time
Y. Yun1 and E. Kustova1

St Petersburg University, 7-9 Universitetskaya Embankment, St Petersburg, Russia, 199034

(*Electronic mail: st135205@student.spbu.ru.)

(*Electronic mail: e.kustova@spbu.ru.)

(Dated: 15 August 2025)

In high-temperature non-equilibrium flows, the traditional Parker rotational relaxation model based on the rigid rotor
assumption fails to accurately describe the effects of internal molecular structure on the energy transfer processes, cre-
ating a critical bottleneck for precise modeling. This study aims to establish an improved computational framework for
rotational relaxation times that incorporates vibrational state-resolved calculations and rovibrational coupling effects to
overcome fundamental limitations of existing simplified models. Based on the Variable Soft Sphere molecular model
and Statistical Inelastic Cross Section theory, an exponential correlation function was introduced to accurately describe
transition probabilities between rotational energy levels, establishing a complete state-to-state rotational relaxation time
computational model. Through systematic parameter sensitivity analysis, a strict linear relationship between averaged
rotational relaxation time and the model parameter θ ′ was discovered, significantly streamlining the parameter fitting
procedure. For N2-N2, N2-N and O2-O2, O2-O systems, optimal θ ′ values were determined with average relative er-
rors below 0.7% when validated against recent theoretical data. Important computational guidelines were established.
The improved model provides theoretically accurate and computationally efficient tools for transport coefficient cal-
culations in hypersonic flow numerical simulations, with significant implications for engineering applications such as
atmospheric reentry and interplanetary exploration.

I. INTRODUCTION

With the rapid development of aerospace technology, hy-
personic vehicles are playing an increasingly important role
in atmospheric reentry, interplanetary exploration, and other
fields1? . Under hypersonic flight conditions, gas molecules
undergo complex nonequilibrium phenomena under the influ-
ence of strong shock waves2, which directly affect the stability
and safety of the vehicles3,4. Among the numerous nonequi-
librium processes, rotational energy relaxation is one of the
key physical mechanism5,6. The rotational relaxation time
determines the characteristic time scale required for molecu-
lar rotational energy to reach equilibrium. When it is com-
parable to the flow characteristic time, the rotational mode
cannot equilibrate rapidly, thus leading to the occurrence of
rotational nonequilibrium phenomena7,8. These rotational
nonequilibrium effects have extensive and profound impacts:
they not only alter shock wave structures and thermodynamic
properties9,10, but also influence chemical reaction rates11, ul-
timately causing significant changes in the macroscopic char-
acteristics of the entire flow field, including critical parameters
such as shock standoff distance, wall heat flux, and aerody-
namic force distribution12,13. Furthermore, rotational relax-
ation time serves as the foundation for calculating transport
coefficients such as viscosity and thermal conductivity14–16,
and the accurate prediction of these transport properties is cru-
cial for the reliability of flow field numerical simulations17,18.

The traditional Parker model19 is based on the rigid ro-
tor assumption, making it difficult to accurately describe the
effects of internal molecular structure and rovibrational cou-
pling on the energy transfer processes under high-temperature
conditions. In the state-to-state kinetic theory, each vibra-
tionally excited state of a molecule requires the introduction
of corresponding rotational relaxation times14, but experimen-

tal data for such relaxation times are currently unavailable.
With increasing computational resources, methods based on
ab initio potential energy surfaces have been applied20–22.
In Ref. 13, complete state-to-state transition rates contain-
ing 9,390 rovibrational states from the NASA Ames database
were used to construct comprehensive master equation sys-
tems describing bound-bound, bound-free, and predissocia-
tion transition processes for studying rotational relaxation in
N2-N collisions. In Ref. 9, an innovative atomistic quasi-
classical trajectory (QCT) approach is employed, separating
rotational and vibrational energy modes based on ab initio
N3 potential energy surfaces to calculate rotational relaxation
times for N2-N and N2-N2 collisions. Venturi et al.23 adopted
a rovibrational state-resolved QCT method, using nine poten-
tial energy surfaces developed by Varga et al. to describe
multiplet interactions in the O2-O system. However, these
approaches face extremely high computational costs, partic-
ularly for molecule-molecule collision types, where the need
to handle more than 1015 collision pair combinations makes
complete rovibrational state-to-state calculations practically
infeasible in real applications. Bechina and Kustova 5 devel-
oped a statistical inelastic collision cross-section calculation
method suitable for Direct Simulation Monte Carlo (DSMC)
methods, based on the Variable Soft Sphere (VSS) molecular
model and Statistical Inelastic Cross Section (SICS) model by
Koura 24 . They simplified the calculation of rotational relax-
ation processes by assuming constant transition probabilities
between rotational energy levels and applied this to collision
cross-section calculations for different rotational levels in N2-
N interactions. However, they employed simplified assump-
tions such as statistical uncorrelation, neglecting the exponen-
tial decay law of transition probabilities between rotational
energy levels with energy gaps. While this dramatically re-
duced computational costs, it caused results to deviate from
true values.
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The main contribution of this study is the establishment of
a complete improved computational method for rotational re-
laxation times, including both atom-molecule and molecule-
molecule collisions, and achieving vibrational state-resolved
rotational relaxation time calculations for nitrogen and oxy-
gen molecular systems. By introducing exponential correla-
tion functions to describe the variation of transition probabili-
ties between rotational states with energy gaps, the limitations
of traditional simplified models are overcome. Compared
to complete state-to-state calculations that require handling
1015 rovibrational state combinations, the improved model
in this work significantly reduces computational complexity
while maintaining physical description accuracy, making pre-
cise modeling of important collision types such as N2-N, N2-
N2, O2-O, and O2-O2 feasible under ordinary computational
resource conditions.

The structure of this paper is as follows: Section II estab-
lishes the theoretical model framework, including the state-
to-state approach of the Chapman-Enskog method, Parker
model, simplified statistical rotational relaxation time model,
and improved rotational relaxation time model. Section III
systematically compares the performance differences between
simplified and improved models through parameter sensitiv-
ity analysis and validation, determines optimal model param-
eters, and establishes parameter fitting methods. Section IV
presents detailed computational results for collision integrals
and rotational relaxation times, with comprehensive compari-
son and validation against existing theoretical data. Section V
summarizes the main research conclusions and contributions.
Through this systematic study, important theoretical founda-
tions and computational tools are provided for precise model-
ing of hypersonic non-equilibrium flows.

II. THEORETICAL MODELS

A. State-to-state approach

In the state-to-state approximation14 of the Chapman-
Enskog method, elastic collisions and rotational energy tran-
sitions in a gas mixture are classified as fast processes. Under
this assumption, the hierarchy of characteristic times is given
by the following relation:

τel ≲ τrot ≪ τvibr < τreact ∼ θ
∗, (1)

where τel, τrot, τvibr, τreact represent the relaxation times of
translational, rotational, and vibrational degrees of freedom,
and the characteristic time of chemical reactions, respectively.
θ ∗ is the characteristic time of variation of the macroscopic
parameters of the gas.

The state-to-state model, applicable under conditions where
vibrational and chemical relaxation rates are similar in mag-
nitude to the evolution rates of macroscopic flow parameters,
generates the following coupled transport equations14:

dnci

dt
+nci∇ ·v+∇ · (nciVci) = Rci,

i = 0, . . . ,Lc, c = 1, . . . ,L, (2)

ρ
dv
dt

=−∇ ·P, (3)

ρ
dU
dt

=−∇ ·q−P : ∇v, (4)

where nci, Vci, Rci are the number density, diffusion veloc-
ity and production rate of molecules of species c at vibra-
tional level i respectively, Rci describes the change in the num-
ber density due to coupled vibrational energy transitions and
chemical reactions, L is the number of chemical species in
the mixture, Lc is the number of vibrationally excited state for
molecular species c, ρ is the mass density of the gas mixture,
v is the flow velocity, t is the time, P is the pressure tensor, U
is the specific total energy, q is the total energy flux.

The first-order approximations of the generalized
Chapman-Enskog method yield the following constitu-
tive equations for diffusion velocities, the stress tensor, and
heat flux14:

Vci =−∑
dk

Dcidkddk −DTci∇ lnT, (5)

P = (p− prel)I−2ηS−ζ ∇ ·vI (6)

q =−λ
′
∇T − p∑

ci
DTcidci

+∑
ci

(
5
2

kBT + ⟨εci
j ⟩rot + ε

c
i + εc

)
nciVci, (7)

where Dcidk and DTci represent the diffusion and thermal diffu-
sion coefficients specific to the vibrational states, p = nkBT is
the pressure, n is the number density of a gas mixture, kB is the
Boltzmann constant, T is the temperature; prel denotes the re-
laxation pressure, η is the shear viscosity coefficient, ζ is the
bulk viscosity coefficient, λ ′ is the partial thermal conductiv-
ity coefficient, I is the unit tensor, S is the rate-of-shear tensor,
and ddk refers to the diffusive driving forces. Furthermore, εc

i
is the vibrational energy of the ith level for molecular species
c, εci

j is the rotational energy of the jth level for molecular
species c at the ith vibrational energy level, εc is the formation
energy; the notation ⟨...⟩rot means averaging over rotational
states with the local equilibrium Boltzmann distribution.

For the rotational energy εci
j , the non-rigid rotator model is

employed that considers the dependence of rotational energy
on the vibrational energy level of rotating molecules:

εci
j

hc
= Bc

i j( j+1)−Dc
i j2( j+1)2 + . . . , (8)

where h is the Planck constant (h = 6.6261 × 10−34 J·s), c
is the speed of light, j is the rotational energy level of the
molecule, Bc

e, Dc
e, αc

e , and β c
e are spectroscopic constants.

For the vibrational energy εc
i we use the anharmonic oscil-

lator model:

εc
i

hc
= ω

c
e

(
i+

1
2

)
−ω

c
e xc

e

(
i+

1
2

)2

+ω
c
e yc

e

(
i+

1
2

)3

+ . . . ,

(9)
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Vibrationally State-Resolved Rotational Relaxation Time 3

where ωc
e , ωc

e xc
e, and ωc

e yc
e are spectroscopic constants charac-

terizing the vibrational frequency and its anharmonicity.
For the transport coefficients calculation, the first-order

distribution functions is expanded into the series in the So-
nine and Waldmann–Trübenbacher polynomials; the transport
coefficients are expressed in terms of the expansion coeffi-
cients, which, in turn, are found as solutions of transport linear
systems14. For instance, the thermal conductivity coefficient
λ ′ is expressed in terms of expansion coefficients aci,rp:

λ
′ = ∑

ci

5
4

kB
nci

n
aci,10 +∑

ci

mc

2
nci

n
crot,ciaci,01, (10)

where mc is the mass of molecular species c, and the specific
heat of rotational degrees of freedom is defined as:

crot,ci =

(
∂Erot,ci

∂T

)
V
, (11)

Erot,ci =
1

mcZrot
ci

∑
j

sci
j ε

ci
j exp

(
−

εci
j

kBT

)
,

Zrot
ci = ∑

j
sci

j exp

(
−

εci
j

kBT

)
.

(12)

Here, Erot,ci is the specific rotational energy for molecule c at
the ith vibrational level, Zrot

ci is the rotational partition func-
tion.

For the total rotational specific heat, the following relation
is satisfied:

crot = ∑
ci

ρci

ρ
crot,ci. (13)

In order to calculate the expansion coefficients aci,rp in
Eq. (10), linear transport systems are derived, which include
the bracket integrals linked to the linearized collision operator
of rapid processes; the bracket integrals can be further reduced
to the Ω

(l,r)
cidk collision integrals and relaxation times14. The al-

gorithm for the calculation of other transport coefficients is
basically similar, although the resulting transport systems and
bracket integrals are different.

Each internal energy level is treated as a distinct species in
the state-to-state approach, and the macroscopic conservation
laws are extended accordingly. Above equations describe the
evolution of molecular energy states in non-equilibrium gas
flows and provide a framework for investigating complex gas
dynamics involving internal energy modes such as vibration,
rotation, and chemical reactions. In the present work, the col-
lision cross sections and rotational relaxation times for each
vibrational state are calculated, and the internal energy varia-
tions are analyzed on a state-to-state basis.

TABLE I. collision parameters for different systems.

System ω c ζ ∞
c E∗

c , J θR, K
N2-N 0.275 240.3×10−20 20.3898 1.15127×10−21 2.86256
N2-N2 0.235 216.1×10−20 20.3898 1.34655×10−21 2.86256
O2-O 0.199 114.7×10−20 20.8478 1.22331×10−21 2.05706
O2-O2 0.201 155.6×10−20 20.8478 1.48282×10−21 2.05706

B. Parker model

In the calculation of rotational relaxation time, it is com-
monly assumed that the system is quiescent25, and therefore

τrot =
E0

r
dEr(t)

dt

∣∣∣∣∣
Er=0

, (14)

where Er(t) is the energy of rotational degrees of freedom per
unit volume, and E0

r is the equilibrium value of this energy.
The Parker model19 adopts the same assumptions as Eq. (14)
and defines the number of collisions as follows:

ζ
rot
c =

ζ ∞
c

Fc(T )
, (15)

with the function Fc(T ) given by:

Fc(T ) = 1+
π3/2

2

(
kBT
E∗

c

)−1/2

+

(
π2

4
+2
)(

kBT
E∗

c

)−1

+π
3/2
(

kBT
E∗

c

)−3/2

.

(16)

Here E∗
c is the well-depth value of the intermolecular potential

energy for species c, ζ ∞
c is the limiting value of ζc, they are

given in Table I.
The expression for the rotational relaxation time for molec-

ular species c is as follows:

τ
rot
c =

ζ rot
c πηc

4p
, (17)

where ηc is the effective viscosity coefficient of c species.
This equation indicates that the rotational relaxation time
based on the Parker model does not account for the effect of
the molecular vibrational state on the relaxation process, high-
lighting the need for a more refined formulation.

C. Simplified state-to-state rotational relaxation time model

The VSS molecular model for inverse power-law and
Lennard-Jones potentials, developed by Koura and Mat-
sumoto 26 , maintains computational efficiency comparable to
the Variable Hard Sphere (VHS) model while providing su-
perior accuracy in multicomponent gas simulations. The VSS
model enables for more physically realistic representation of
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Vibrationally State-Resolved Rotational Relaxation Time 4

momentum and energy-transfer mechanisms during molecu-
lar interactions.

In their seminal work, Koura 24 implemented a comprehen-
sive approach using the VSS model to address elastic colli-
sions, while complementing it with the SICS model for rota-
tionally inelastic collisions. This integrated methodology es-
tablished a rigorous statistical inelastic collision cross-section
model applicable to DSMC methodologies. The equations in
the above paper introduce a simplification in the rotational re-
laxation process based on the statistical uncorrelated assump-
tion, whereby the transition probabilities between rotational
energy states are treated as constants.

Based on this theoretical foundation, Bechina and Kus-
tova 5 extended the analysis to compute collision cross sec-
tions of different rotational levels for N2-N interactions. The
expressions for the simplified statistical rotationally inelastic
cross section are given below.

The molecular collisions are characterized by the total col-
lision cross section:

σtot( jl,ε) = ∑
j′l′

σ j j′,ll′(ε) = σ j j,ll(ε)+σinel( jl,ε), (18)

where ε is the relative collisional energy, σ j j′,ll′(ε) is the in-
elastic cross section for molecules transitioning from initial
rotational states j, l to final rotational states j′, l′, σ j j,ll(ε)
is the elastic cross section for colliding molecules with in-
ternal states j, l remaining unchanged during the collision,
σinel( jl,ε) is the total inelastic collision. The units are m2.

The total inelastic collision cross section can be written in
the form

σinel( jl,ε) =
∗

∑
j′l

σ j j′,ll′(ε), (19)

where
∗
∑
j′l′

denotes the summation over all rotational levels j′, l′

except j, l.
Combining Eqs. (18) and (19), we obtain:

σinel( jl,ε) = ∑
j′l′

σ j j′,ll′(ε)−σ j j,ll(ε). (20)

The elastic collision cross section weakly depends on the
rotational state27. If we assume the elastic collision cross sec-
tion independent of the internal state, we can use the VSS
model26 for its evaluation:

σ j j,ll(ε) = σel(ε) = c(ε/kB)
−ω , (21)

the parameters c and ω are standard literature values from
Koura and Matsumoto 28 and are given in Table I. These pa-
rameters were derived for air species in the temperature range
300–15,000 K.

The relationship between σel(ε) and σ j j′,ll′(ε) is assumed
to be given by the statistical form24:

σ j j′,ll′ (ε)/σel (ε) = ξ j′l′ (E)S j j′,ll′ (E) . (22)
Here ξ j′l′ (E) represents uncorrelated function of total colli-
sion energy E = ε+εc

i +εci
j +εd

k +εdk
l and satisfies the condi-

tion ξ j′l′ (E) = 0 for E ≤ εci
j′ +εdk

l′ ; S j j′,ll′ (E) is the correlation
function. The uncorrelated function ξ j′l′ (E) is defined by:

ξ j′l′ (E) =C (E)sci
j′s

dk
l′

(
E − ε

ci
j′ − ε

dk
l′

)
σel

(
E − ε

ci
j′ − ε

dk
l′

)
,

(23)

ξ jl (E) =C (E)sci
j sdk

l

(
E − ε

ci
j − ε

dk
l

)
σel

(
E − ε

ci
j − ε

dk
l

)
.

(24)
with the condition σel

(
E − εci

j′ − εdk
l′

)
= 0 for E ≤ εci

j′ + εdk
l′ .

In the above equations, the statistical weight of the j′th rota-
tional level is given by sci

j′ = 2 j′ + 1. The function C(E) is
equal to a constant value for a given total energy E and de-
termined for rotationally inelastic collision using the Parker’s
classical rotational energy gain function:

C (E) =
2∆ER (E)

GR (E)
. (25)

The function GR(E), defined by summing over discrete ro-
tational energy levels:

GR(E) =∑
jl
(εci

j + ε
dk
l )sci

j sdk
l (E−ε

ci
j −ε

dk
l )σel(E−ε

ci
j −ε

dk
l ),

(26)
∆ER(E) represents the rotational energy gain during a colli-
sion, and it is given by:

∆ER(E) =
[

E
2
+

2π

3
(EE∗)1/2 +

(
π2

4
+2
)

E∗
]
/ζ

∞
c . (27)

Substituting Eq. (22) into Eq. (20), we obtain the inelastic
collision in the form:

σinel( jl,ε) = ξ (E)σel (ε)−ξ jl (E)S j j,ll (E)σel (ε)

ξ (E) = ∑
j′l′

ξ j′l′ (E)S j j′,ll′ (E). (28)

Substituting Eqs. (23), (25), (26) into Eq. (28), the inelastic
rotational collision cross section can be written as:
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Vibrationally State-Resolved Rotational Relaxation Time 5

σR( jl,ε)=

∑
j′l′

2∆ER (E)sci
j′s

dk
l′

(
E − εci

j′ − εdk
l′

)
σel(E − εci

j′ − εdk
l′ )

∑
jl
(εci

j + εdk
l )sci

j sdk
l (E − εci

j − εdk
l )σel(E − εci

j − εdk
l )

S j j′,ll′ (E)−
2∆ER (E)sci

j sdk
l

(
E − εci

j − εdk
l

)
σel

(
E − εci

j − εdk
l

)
∑
jl
(εci

j + εdk
l )sci

j sdk
l (E − εci

j − εdk
l )σel(E − εci

j − εdk
l )

σel (ε) .

(29)

In the simplified statistical rotational inelastic cross section
model, the following assumptions are considered: (1) The
rotational energy of the jth level is assumed as rigid rota-
tor model εci

j = εc
j = kBθR j( j + 1), θR is the characteristic

rotational temperature in K and given in Table I. (2) The
summation of ∑

j′l′
ξ j′l′ (E) is approximated by the integration

(θR ≪E/kB). (3) The correlation function S j j′,ll′ (E) = 1.
Based on above assumptions, the classical forms of GR (E)

and ξ (E) are simplified from the summation form to:

GR,simp(E) =
{

c/[2(2−ω)(3−ω)(4−ω)(kBθR)
2]
}

E4−ω ,

(30)

ξsimp (E) = ∑
j′l′

ξ j′l′ (E) = (4−ω)
∆ER(E)

E
. (31)

In ξ jl (E), a simplified form GR,simp(E) is also adopted, so
ξ jl (E) becomes:

ξ jl,simp (E)=
2∆ER (E)sci

j sdk
l

(
E − εci

j − εdk
l

)
σel

(
E − εci

j − εdk
l

)
{

c/[2(2−ω)(3−ω)(4−ω)(kBθR)
2]
}

E4−ω

.

(32)
The total rotational cross section with uncorrelated function

is simplified as:

σR,simp( jl,ε) =
[
ξsimp (E)−ξ jl,simp (E)

]
σel (ε) . (33)

In the state-to-state approximation, it is assumed that rota-
tional and vibrational energy changes do not occur simultane-
ously during a collision. Accordingly, the rotational relaxation
time for a molecule of species c in the ith vibrational state col-
liding with a molecule of species d in the kth vibrational state
is given by14:

1
τ rot

cidk
=

4kBn
mccrot,ci

〈
∆E rot

ci ∆E rot
cidk
〉

cidk , (34)

If the collision partner is an atom, Eq.(34) simplifies to:

1
τ rot

ci
=

4kBn
mccrot,ci

〈(
∆E rot

ci
)2
〉

ci
. (35)

In the above equations, the dimensionless rotational energy
variation upon collision ∆E rot

cidk is determined as follows14:

∆E rot
cidk = ∆E rot

ci +∆Ẽ rot
dk , (36)

∆E rot
ci =

εci
j′ − εci

j

kBT
, ∆Ẽ rot

dk =
εdk

l′ − εdk
l

kBT
. (37)

Within the state-to-state approximation, the averaging op-
erator is defined in the form:

⟨F⟩cidk =

(
kBT

2πmcd

)1/2

∑
jl j′l′

sci
j sdk

l

Zrot
ci Zrot

dk

×
∫

Fci jγ
3 exp

(
−γ

2 −E ci
j −E dk

l

)
σ

j′l′
cd,i jkld

2
Ωdγ,

(38)

where mcd = mcmd/(mc +md) is the reduced collision mass
for particles of the cth and dth species, Fci j is an arbitrary

function of velocity, γ =
[
(mcd/(2kBT ))1/2 g

]
is the reduced

relative velocity, g is the relative velocity, E ci
j = εci

j /(kBT )is

the dimensionless rotational energy, σ
j′l′

cd,i jkl is cross section
with rotational energy transitions, and d2Ω is the solid angle,
within which the relative velocity vector is located after colli-
sion.

Taking into account that
∫∫

σ
j′l′

cd,i jkl(γ,χ,ε)sin χ dχ dε =

σR( jl,ε), the rotational relaxation time can be written as:

1
τ rot

cidk
=

4kBn
mccrot,ci

(
kBT

2πmcd

)1/2

∑
j j′ll′

sci
j sdk

l

Zrot
ci Zrot

dk
∆E rot

ci ∆E rot
cidk

× e−E ci
j −E dk

l

∫
∞

γmin

γ
3e−γ2

σR( jl,ε)dγ, , (39)

the summation is carried out using the rule

∑
j j′ll′

=
Nrot,i−1

∑
j=0

j+∆ j≤Nrot,i−1

∑
j′= j−∆ j

j′≥0

Nrot,k−1

∑
l=0

l+∆l≤Nrot,k−1

∑
l′=l−∆l

l′≥0

, (40)

and

∆E rot
ci ∆E rot

cidk = (E ci
j′ −E ci

j )(E
ci
j′ −E ci

j +E dk
l′ −E dk

l ). (41)

For multi-quantum rotational energy transitions, j′ = j ±
∆ j, ∆ j = 2,4,6, . . . for homonuclear molecules and ∆ j =
1,2,3, . . . for heteronuclear molecules. Nrot, j is the number of
rotational energy levels for a molecule on the ith vibrational
level. The value γmin is related to j and j′. If j′ < j, then
γmin = 0. If j′ > j, γmin =

√
(E ci

j′ −E ci
j ).

It is also convenient to introduce the collision integral for
rotational energy transfer Qr in the form:

Qr =

(
kBT

2πmcd

)1/2

∑
j j′ll′

sci
j sdk

l

Zrot
ci Zrot

dk
∆E rot

ci ∆E rot
cidke−E ci

j −E dk
l

×
∫

∞

γmin

γ
3e−γ2

σR( jl,ε)dγ. (42)
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Vibrationally State-Resolved Rotational Relaxation Time 6

This integral corresponds to the integral Ω
(0,0)
cidk

14 occurring in
the expressions for the bracket integrals required for the cal-
culation of transport coefficients and reaction rates.

Since ε = kBT γ2, then when using simplified sta-
tistical rotational inelastic cross section, σR,simp( jl,ε) =[
ξsimp(E)−ξ jl,simp(E)

]
σel(ε), the simplified vibrationally

state-resolved rotational relaxation time can be obtained as:

1
τ rot

cidk,simp
=

4kBn
mccrot,ci

(
kBT

2πmcd

)1/2

∑
j j′ll′

sci
j sdk

l

Zrot
ci Zrot

dk
∆E rot

ci ∆E rot
cidk

× e−E ci
j −E dk

l

∫
∞

γmin

γ
3e−γ2

σR,simp( jl,ε)dγ.

(43)

When the collision partner is an atom, Eq.(43) simplifies to:

1
τ rot

ci,simp
=

4kBn
mccrot,ci

(
kBT

2πmcd

)1/2

∑
j j′

sci
j

Zrot
ci

×
(
E ci

j′ −E ci
j

)2
e−E ci

j

∫
∞

γmin

γ
3e−γ2

σR,simp( jl,ε)dγ.

(44)

The integral parts in above formulas cannot be calcu-
lated analytically, so they are taken by using 15-point Gauss-
Kronrod quadratures.

D. Improved state-to-state rotational relaxation time model

In the simplified rotational relaxation time model, ignor-
ing the correlation between forward and backward transitions
of quantum rotational energy levels, a rigid body model is
used in the simplification process of GR(E) and ξ (E), which
means that the rotational energy of the molecule is indepen-
dent of vibrational energy levels. To improve the computa-
tional accuracy, this subsection aims to establish a more re-
fined mathematical model independent of the aforementioned
assumptions.

In the improved rotational relaxation time model, the calcu-
lation of the elastic collision cross section still uses the VSS
model, however with the following difference: (1) ξ (E) can-
not be simplified into a classical form. (2) The correlation
function S j j′,ll′(E) is considered to be a function of the total
collision energy and transition energy. In Section III we will
analyze the impact of the classical form of GR(E) on the com-
putational results.

In Koura’s work24, it was mentioned that the correlation
function can be represented through either the exponential
gap model or the power law gap model. In 1972, Polanyi
and Woodall 29 investigated the mechanism of rotational re-
laxation and tested four different models, among which only
the exponential model could adequately describe the observed
relaxation patterns, while the other models failed to accu-
rately reproduce the experimental data. In Alexander’s early
work25, the validity of these two models was verified, and it
was pointed out that the exponential gap model has more com-
prehensive theoretical support and formal derivation. In the
present work, calculations were performed for both the ex-
ponential gap model and the power law gap model, but the
fitting results of the power law gap model showed significant
deviation from the reference values. Additionally, considering
the limited space, this paper only presents the relevant formu-
las and calculation procedures for the exponential gap model.
The form of the correlation function S j j′,ll′(E) is as follows:

S j j′,ll′(E) = exp(−θ |∆E|) . (45)

Here ∆E = εci
j′ + εdk

l′ − εci
j − εdk

l is energy transition gap.
θ = θ ′/E is the function of E, the parameter θ ′ does not
have a universal analytical form, as it varies depending on the
gas type and collision partner. Parameters for the exponential
transition probability model can be obtained by fitting exist-
ing experimental or other research data. This paper also uses
similar method to obtain the parameter θ ′.

Due to the consideration of the correlation function, the
function ξ (E) related to the correlation function cannot be
written in a simplified form, and we need to express it in the
following form:

ξimp(E) = ∑
j′l′

ξ j′l′(E)S j j′,ll′(E) = ∑
j′l′

2∆ER(E)sci
j′s

dk
l′ (E − εci

j′ − εdk
l′ )σel(E − εci

j′ − εdk
l′ )exp(−θ ′|∆E|/E)

∑ jl(ε
ci
j + εdk

l )sci
j sdk

l (E − εci
j − εdk

l )σel(E − εci
j − εdk

l )
, (46)

ξ jl,imp(E)=
2∆ER(E)sci

j sdk
l (E − εc

j − εd
l )σel(E − εci

j − εdk
l )

∑ jl(ε
ci
j + εdk

l )sci
j sdk

l (E − εci
j − εdk

l )σel(E − εci
j − εdk

l )
.

(47)
Based on above equations, the improved total rotational

cross section is given by:

σR,imp( jl,ε) =
[
ξimp(E)−ξ jl,imp(E)

]
σel(ε). (48)

When considering the correlation function, the improved

rotational relaxation time can be obtained as:

1
τ rot

cidk,imp
=

4kBn
mccrot,ci

(
kBT

2πmcd

)1/2

∑
j j′ll′

sci
j sdk

l

Zrot
ci Zrot

dk
∆E rot

ci ∆E rot
cidk

× e−E ci
j −E dk

l

∫
∞

γmin

γ
3e−γ2 [

ξimp(E)−ξ jl,imp(E)
]

σel(ε)dγ.

(49)
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Vibrationally State-Resolved Rotational Relaxation Time 7

When the collision partner is an atom, Eq.(47) simplifies to:

1
τ rot

ci,imp
=

4kBn
mccrot,ci

(
kBT

2πmcd

)1/2

∑
j j′

sci
j

Zrot
ci

(
E ci

j′ −E ci
j

)2
e−E ci

j

×
∫

∞

γmin

γ
3e−γ2 [

ξimp(E)−ξ j,imp(E)
]

σel(ε)dγ.

(50)

Furthermore, in order to compare the rotational energy re-
laxation time in the present work with other researchers’ re-
sults, we use the state-resolved relaxation time averaged over
the vibrational energy:

crot,c

τ rot
cdk

=
1

Zvibr
c

∑
i

e−E c
i

crot,ci

τ rot
cidk

, (51)

crot,d

τ rot
cd

=
1

Zvibr
d

∑
k

e−E d
k

crot,dk

τ rot
cdk

, (52)

When the collision partner is an atom, Eq.(50) simplifies to:

crot,c

τ rot
c

=
1

Zvibr
c

∑
i

e−E d
i

crot,ci

τ rot
ci

, (53)

where Zvibr
c is the partition function of vibrational degrees of

freedom for a molecule of the cth species.

III. PARAMETER SENSITIVITY ANALYSIS AND
VALIDATION

The theoretical framework established in Section II intro-
duces a refined methodology for calculating rotational relax-
ation times by incorporating vibrational states and exponential
correlation functions. To evaluate the accuracy and applicabil-
ity of the proposed improved model relative to the simplified
model in specific systems, this section presents a systematic
comparison and validation using the N2–N, N2–N2, O2–O and
O2–O2 systems as the subject.

In the simplified model, we used the GR(E) and ξ (E) with
classical forms and considered S j j′,ll′ (E) = 1, in other words,
θ ′ = 0. Therefore, to evaluate the impact of classical forms of
functions GR(E) and ξ (E), this section first sets the condition
θ ′ = 0 in the improved model. By comparing collision cross
sections derived from this approach with those from the sim-
plified model, we assess the influence range of such simplifi-
cations on results. After that, an investigation is conducted on
the influence of θ ′ on collision cross sections. Subsequently,
we analyze the influence of the transition quantum number ∆ j
on the results to determine reasonable upper truncation limits
for summations in the calculations. Building upon this foun-
dation, we introduce the fitting method for θ ′ and construct a
comprehensive improved model using the fitted θ ′.

A. Analysis of simplifying assumptions

In the simplified model, classical approximations were used
for GR(E) and ξ (E). However, in the improved model, the

complete expressions for these two functions were kept to en-
hance the physical accuracy of calculations. To investigate the
limits of applicability for the simplified model with respect to
different types of gas collisions, we compared the trends in
the collision cross sections within the two models.

Figure 1 presents the collision cross section σR for four col-
lision types as a function of rotational quantum number j at a
relative translational energy ε/kB = 8000 K and various vi-
brational states. For all collision types, as the rotational en-
ergy level increases, the collision cross sections for both mod-
els exhibit a gradually decreasing trend. However, the agree-
ment between simplified and improved models varies depend-
ing on the collision type. For atom-molecule collisions, the
collision cross sections under the simplified model are consis-
tently higher than those of the improved model, particularly
in the low energy range. This indicates that the simplified
function leads to an overestimation of collision cross sections.
For molecule-molecule collisions involving identical species
(N2-N2 and O2-O2 collisions), the curves of the simplified and
improved models show excellent agreement, suggesting that
the simplified treatment of GR(E) and ξ (E) has a negligible
impact on symmetric molecular collision types.

Figure 2 further demonstrates the variation of the collision
cross section with relative energy at a fixed rotational energy
level of j = 50 to validate the influence of simplifications ap-
plied to the functions GR(E) and ξ (E). The four subplots in
Figure 2 correspond to the N2-N, N2-N2, O2-O and O2-O2
collisions respectively. From all collision types, the collision
cross sections decrease monotonically with increasing relative
energy. Notably, the collision cross sections for the ground
vibrational state are significantly higher than those for excited
vibrational states, while the collision cross sections of differ-
ent excited vibrational states remain very close to each other
at the same relative energy. For the atom-molecule collision
types shown in Figures 2 (a) and (c), some differences be-
tween the simplified and improved models are observed. For
the molecule-molecule collision types (N2-N2 and O2-O2 col-
lisions, the results of both the simplified and improved models
are almost identical, confirming the pattern observed in Fig-
ure 1.

We used the rigid rotor model for the rotational energy in
both simplified and improved models in Figure 1 and 2. One
of the purposes of calculating collision cross sections with dif-
ferent rotational state and relative energy in the two models
is to understand the trend of collision cross section variation
with rotational state and relative energy. Another purpose is to
verify the influence of GR(E) and ξ (E) summation simplifica-
tion process. We used both rigid rotors and non-rigid rotors in
the calculation of the simplified model (to save space, specific
figures are not provided in this paper), and found that the re-
sults were consistent. This indicates that the use of rigid and
non-rigid rotors in the simplified model has little impact on
the final results. In other words, the classical forms of GR(E)
and ξ (E) in the simplified model have forced the calculation
of rotational energy to be considered as the rigid rotor. There-
fore, in Figure 3, we used non-rigid rotors in the simplified
and improved models to further explore the applicability of
the GR(E) and ξ (E) with the classical form.

   
    

Th
is 

is 
the

 au
tho

r’s
 pe

er
 re

vie
we

d, 
ac

ce
pte

d m
an

us
cri

pt.
 H

ow
ev

er
, th

e o
nli

ne
 ve

rsi
on

 of
 re

co
rd

 w
ill 

be
 di

ffe
re

nt 
fro

m 
thi

s v
er

sio
n o

nc
e i

t h
as

 be
en

 co
py

ed
ite

d a
nd

 ty
pe

se
t. 

PL
EA

SE
 C

IT
E 

TH
IS

 A
RT

IC
LE

 A
S 

DO
I:

10
.10

63
/5.

02
85

54
2



Vibrationally State-Resolved Rotational Relaxation Time 8

FIG. 1. The variation of collision cross sections with rotational quantum number j for different vibrational states in the two models

The collision cross section ratio between the improved and
simplified models (σR,imp/σR,simp) as a function of vibrational
quantum number i is examined from four different collision
patterns at a relative energy of ε/kB = 8000 K, as shown in
Figure 3. For atom-molecule collision types, the ratio remains
close to unity at low vibrational states but exhibits significant
deviations at higher vibrational quantum numbers. The sim-
plified model increasingly overestimates the collision cross-
sections compared to the improved model as the vibrational
excitation increases. This obvious difference at high vibra-
tional states can be attributed to the rigid rotor approximation
employed in the simplified model’s treatment of GR(E) and
ξ (E), which becomes inadequate for highly vibrationally ex-
cited molecules where rovibrational coupling effects become
substantial. For molecule-molecule collision types, the ratios
remain consistently close to unity across the entire range of vi-
brational states examined. The maximum deviations are less
than 0.2%, indicating excellent agreement between the two
models. It is worth noting that for molecule-molecule inter-

actions at the ground vibrational state, the ratio exhibits slight
elevations above unity in certain rotational quantum number
ranges. This phenomenon reflects the fundamental difference
between the classical approximations employed in the sim-
plified model and the complete discrete summation structures
preserved in the improved model. These results validate that
employing the classical form of GR(E) in the improved model
is feasible for molecule-molecule collisions, as the approxi-
mation introduces negligible errors while significantly reduc-
ing computational complexity.

Therefore, when pursuing precise results, complete expres-
sions should be adopted. For molecule-molecule collisions,
such simplification barely affects the calculation results, so
the simplified form can be employed to reduce computational
complexity while ensuring efficiency. However, it should be
noted that due to the introduction of the correlation function,
ξ (E) can no longer be simplified to a classical form; therefore,
only the GR(E) component within ξ (E) can be approximately
simplified. Consequently, the collision cross-section calcula-
tion equation for molecule-molecule collisions becomes:
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Vibrationally State-Resolved Rotational Relaxation Time 9

FIG. 2. The variation of collision cross sections with relative energy for different vibrational states in the two models.

σR,imp( jl,ε) = σel(ε)

∑
j′l′

2∆ER(E)sci
j′s

dk
l′

(
E − εci

j′ − εdk
l′

)
σel(E − εci

j′ − εdk
l′ )

{c/[2(2−ω)(3−ω)(4−ω)(kBθR)2]}E4−ω
S j j′,ll′(E)

−
2∆ER(E)sci

j sdk
l

(
E − εci

j − εdk
l

)
σel

(
E − εci

j − εdk
l

)
{c/[2(2−ω)(3−ω)(4−ω)(kBθR)2]}E4−ω

 . (54)

To validate the effectiveness of the parameter θ ′ in the im-
proved model, we examined its influence on collision cross
sections across different collision types. Figure 4 illustrates
how varying θ ′ affects the collision cross section as a function
of relative energy at a fixed rotational energy level of j = 50.
The results demonstrate a clear inverse relationship between
θ ′ and collision cross sections. As θ ′ increases, the collision
cross sections progressively decrease across all energy ranges
examined. This behavior confirms the physical significance of

θ ′ as a controlling parameter for intermolecular energy trans-
fer processes. When θ ′ = 0, corresponding to the absence of
correlation effects in the energy transition probability, the col-
lision cross sections attain their maximum values. Conversely,
higher θ ′ generates greater constraints on energy transfer be-
tween molecules, thereby reducing the probability of success-
ful collisions and resulting in diminished cross sections.This
systematic variation pattern is consistently observed in both
N2-N and O2-O systems, validating the universal applicabil-
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Vibrationally State-Resolved Rotational Relaxation Time 10

FIG. 3. The variation of σR,imp/σR,simp with rotational quantum number j for different vibrational states.

ity of the θ ′ across different molecular species, though the
magnitude of influence may vary between systems.

Figure 5 shows the relationship between collision cross sec-
tion and relative energy in the N2-N, N2-N2, O2-O, and O2-
O2 collisions, as well as the effect of the number of quanta
∆ j = j′ − j taken into account in multi-quantum transitions
in the improved model on the collision cross section. All
figures display the calculation results of simplified and im-
proved models under the conditions of θ ′ = 0 and fixed ro-
tational energy level j = 50. The collision cross sections of
the N2-N and O2-O collisions exhibit a clear monotonic de-
creasing trend as the relative energy ε increases. For the im-
proved model, when ∆ j increases, the collision cross sections
gradually increase and tend to converge. For the N2-N sys-
tems, when ∆ j ≥ 60, the differences between the collision
cross-section curves become very small and is same as the
value of simplified model, indicating that a truncation value
of ∆ j = 60 can be selected as a reasonable upper limit for
the number of quanta in multi-quantum jumps. For the O2-O
systems, convergence is achieved when ∆ j ≥ 70, suggesting
a slightly higher truncation requirement. This finding helps to
reduce computational complexity while ensuring calculation

accuracy.
The comprehensive analysis results demonstrate that in

molecule-molecule collisions (N2-N2 and O2-O2), employing
the classical form of approximation for the GR(E) and ξ (E)
functions yields good accuracy, introducing errors less than
0.2% while significantly reducing computational complexity.
Through convergence analysis, reasonable upper truncation
limits for the number of quanta in multi-quantum transitions
are determined to be ∆ j = 60 for N2-N systems and ∆ j = 70
for O2-O systems, which requires a slightly higher truncation
requirement. Furthermore, non-rigid rotor models should be
adopted for rotational energy calculations, particularly as the
inadequacy of rigid rotor approximations becomes more ob-
vious at highly vibrationally excited states. These findings
establish an important foundation for subsequent parameter
fitting and the construction of the complete improved model.

B. Validation of improved model

Rotational energy transfer in molecular collisions follows
the energy gap law. Polanyi and Woodall29 first proposed that
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Vibrationally State-Resolved Rotational Relaxation Time 11

FIG. 4. The variation of collision cross sections with relative energy for different θ ′.

rotational transition probabilities exhibit an exponential rela-
tionship with energy differences, subsequently Levine30 de-
veloped the information theory-based linear surprisal model.
The development of this theoretical framework has experi-
enced an important evolution from empirical observations to
microscopic theoretical foundations. Heller31 first provided
theoretical derivation for the exponential gap law from a mi-
croscopic dynamics perspective through semiclassical meth-
ods, establishing a quantitative relationship between the sur-
prisal parameter and potential range parameter and reduced
mass. Alexander et al.25 further validated the applicability of
these energy gap models in polar molecule collisions, empha-
sizing the importance of parameter fitting through experimen-
tal data or theoretical calculations.

With the continuous improvement of theory, Procaccia and
Levine32 developed a comprehensive approach combining
classical trajectory method and information theory, provid-
ing systematic methods for parameter determination through
maximum entropy principles and sum rules. Sanctuary33 pro-
posed a modified exponential model to improve the descrip-

tion of nonlinear surprisals, addressing the limitations of tra-
ditional models. Although methods for direct prediction of
model parameters have been proposed, accurate parameter
values can generally only be obtained through fitting, and
these fitted parameters have significant physical meanings that
can be used to compare different collision types and extrapo-
late to different conditions.This study adopts a similar energy
transition model to describe the transition processes between
rotational states:

S j j′,ll′(E) = exp
(
−θ

′ |∆E|/E
)
. (55)

This model includes the fundamental physical principle that
transition probabilities decay exponentially with increasing
energy gaps under energy conservation constraints.

Through systematic analysis of the averaged rotational re-
laxation time as a function of θ ′ at different temperatures, we
discovered a significant linear relationship pattern as demon-
strated in Figure 6. This finding reveals that the averaged ro-
tational relaxation time exhibits a linear dependence on the
parameter θ ′ across all temperature ranges examined, which
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Vibrationally State-Resolved Rotational Relaxation Time 12

FIG. 5. The variation of collision cross sections with relative energy for different ∆ j in the two models.

substantially simplifies the parameter fitting procedure.
For a given temperature T , the averaged rotational relax-

ation time τ rot
cd exhibits the following linear relationship with

θ ′:

τ
rot
cd (T,θ

′) = A(T ) ·θ ′+B(T ). (56)

where A(T ) is the temperature-dependent slope coefficient,
and B(T ) is the temperature-dependent intercept, which
equals τ rot

cd (T,θ
′ = 0).

Based on this linear relationship, the parameter fitting pro-
cess can be implemented as following:

Step 1: Initial Calculation. Calculate the averaged rota-
tional relaxation time at θ ′ = 0:

τ
rot(0)
cd (T ) = τ

rot
cd (T,θ

′ = 0). (57)

Step 2: Trial Point Calculation. Select an arbitrary trial
value θ ′

trial and calculate the corresponding averaged rotational
relaxation time:

τ
rot(trial)
cd (T ) = τ

rot
cd (T,θ

′
trial). (58)

Step 3: Linear Relationship Establishment. The slope coef-
ficient can be determined as:

A(T ) =
τ

rot(trial)
cd (T )− τ

rot(0)
cd (T )

θ ′
trial −0

=
τ

rot(trial)
cd (T )− τ

rot(0)
cd (T )

θ ′
trial

.

(59)
Step 4: Target Parameter Determination. Given the refer-

ence (theoretical or experimental) value τ
rot(ref)
cd (T ) at temper-

ature T , the optimal θ ′ can be directly calculated:

θ
′
opt(T ) =

τ
rot(ref)
cd (T )− τ

rot(0)
cd (T )

A(T )
. (60)

Substituting the expression for A(T ) yields

θ
′
opt(T ) =

τ
rot(ref)
cd (T )− τ

rot(0)
cd (T )

τ
rot(trial)
cd (T )− τ

rot(0)
cd (T )

·θ ′
trial. (61)

To validate and fit the parameter θ ′, this study employs the
work of Jo et al.9,34 and Venturi et al.23 as the primary theoret-
ical basis. Jo et al.9 conducted detailed state-to-state kinetic
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Vibrationally State-Resolved Rotational Relaxation Time 13

FIG. 6. The variation of averaged relaxation time with θ ′ and fitting curves for different temperatures.

analyses for the rotational relaxation times of N2-N2 and N2-N
collisions in their work on shock standoff distance prediction
in air mixtures. For O2-O2 collisions, Jo et al.34 employed
QCT method and master equation analyses to construct a
rovibrational-specific kinetic database, covering a tempera-
ture range of 7500-20000 K. The rotational relaxation time
comparison data for O2-O collisions used in this study are de-
rived from the theoretical calculations by Venturi et al.23.

These studies provide results with high precision and relia-
bility, not only employing advanced ab initio potential energy
surfaces in their methods but also validating model accuracy
through comparisons with experimental data. Therefore, this
study adopts these results as the primary benchmark for vali-
dating and fitting the parameter θ ′, ensuring the physical ra-
tionality and computational accuracy of the improved model.

To specifically illustrate the calculation process of the pa-
rameter θ ′, this section conducts a detailed analysis using the
N2- N collision type as an example. According to the linear
relationship at T = 30000 K shown in Figure 6 (a), we can
extract key linear parameters.

From the linear fitting results, when T is equal to 30000 K,
the slope coefficient A(T ) = 7.93301×10−10 s and the inter-
cept B(T ) = 2.58769×10−9 s.

According to the theoretical calculation results of Jo et al.9

for the N2-N collision type, the reference rotational relaxation
time at T = 30000 K is:

τ
(ref)
rot,c (30000K) = 1.57985×10−8 s, (62)

Applying the linear relationship method, the optimal θ ′ can
be directly calculated through the following equation:

θ
′
opt(30000K) =

τ
(ref)
rot,c (30000K)− τ

(0)
rot,c(30000K)

A(30000K)
, (63)

Substituting the specific values we obtain:

θ
′
opt(30000K)=

1.57985×10−8 −2.58769×10−9

7.93301×10−10 = 16.653.

(64)
This calculation process demonstrates the efficiency of the

linear relationship method: the optimal parameters can be
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Vibrationally State-Resolved Rotational Relaxation Time 14

TABLE II. Optimal θ ′ for different collision types.

Collision type N2-N N2-N2 O2-O O2-O2
θ ′ 16.65 821.37 34.14 696.92

accurately determined through only two calculation points
(θ ′ = 0 and θ ′ = θ ′

trial), avoiding the complexity and uncer-
tainty of traditional iterative methods.

Through the above method, we can obtain the optimal pa-
rameters θ ′ for different systems as shown in the Table II. The
optimal θ ′ values determined for different collision types re-
veal significant variations that reflect the underlying physics
of energy transfer processes. The parameter θ ′ quantifies the
degree to which actual collision cross sections deviate from
purely statistical predictions, serving as a measure of dynam-
ical constraints in rotational energy transfer.

These differences are fundamentally physical in nature,
though the parameter remains phenomenological and difficult
to predict from first principles.

By substituting the optimal θ ′ obtained in Table II into the
expression for the average rotational relaxation time, the ro-
tational relaxation behavior of different collision types can be
predicted over a wide temperature range. To validate the accu-
racy and universality of these parameters, we conducted sys-
tematic comparisons between our calculated results and the
other theoretical data. Figure 7 presents the validation results
for the N2-N collision type, which includes theoretical data
for N2-N and N2-N2 collisions from the study by Jo et al.9.
As observed in the figure, the average rotational relaxation
times calculated using the optimal θ ′ maintain excellent con-
sistency with the reference data throughout the entire temper-
ature range. For the N2-N collision, the average relative er-
ror between the calculated and reference values is only 0.61%
within the temperature range of 7500-20000 K; for the N2-N2
collisions , the corresponding error is 0.68%. This high degree
of agreement fully demonstrates the accuracy of the θ ′ fitting
method. Similar validation results are also confirmed in O2-
O and O2-O2 collisions. The average relative error between
calculated results and theoretical values for O2-O collisions
is 0.37%, while for the O2-O2 system it is 0.52%, based on
comparisons with data from the study by Jo et al.34 on oxygen
mixtures. These results indicate that the improved model not
only performs excellently in nitrogen systems but also demon-
strates good predictive capability in oxygen systems.

IV. RESULT AND DISCUSSION

The preceding section has successfully established and val-
idated improved rotational relaxation time models for N2-N
and O2-O systems through comprehensive parameter sensitiv-
ity analysis. The optimal correlation function parameters were
determined through systematic fitting against recent theoreti-
cal data. The validation results demonstrate excellent agree-
ment with other calculations.

Based on this validated theoretical framework, this section
presents comprehensive computational results for collision

integrals and rotational relaxation times under various ther-
modynamic conditions. The calculations encompass a wide
temperature range representative of hypersonic flow environ-
ments, from moderate heating conditions to extreme high-
temperature regimes encountered in atmospheric reentry and
shock wave phenomena. Additionally, the analysis extends
to multiple vibrational quantum states to capture the complete
spectrum of molecular energy distributions in non-equilibrium
gas dynamics. It should be noted that in the previous calcu-
lations (Figures 1, 2, and 3), θ ′ in the improved model was
set to zero in order to analyze the impact of the classical form
GR(E) simplification process on collision systems. However,
in the calculations of this section, we use the realistic θ ′ values
to investigate the variation of collision integral and rotational
relaxation time with vibrational states and temperature, based
on the improved model.

The first subsection focuses on the computation of colli-
sion integrals for rotational energy transfer, providing detailed
analysis of how these fundamental transport properties vary
with temperature and vibrational states for both simplified and
improved models with realistic θ ′. These collision integrals
serve as the foundation for macroscopic transport coefficient
calculations.

The second subsection presents calculations of rotational
relaxation times as functions of temperature and vibrational
states for both simplified and improved models. Particular at-
tention is given to the influence of vibrational excitation on
rotational energy transfer rates, as this coupling becomes in-
creasingly important at elevated temperatures where multiple
internal energy modes are simultaneously activated. The aver-
aged rotational relaxation times are computed and compared
with existing theoretical data to assess the predictive capabil-
ity of the developed models.

A. Collision integral for rotational energy transfer

Figure 8 presents the variation of collision integrals for ro-
tational energy transfer (Qr) as a function of vibrational quan-
tum number i at a fixed temperature of T = 5000 K for four
different collision types. The red solid lines represent the
improved model (Qr,imp), while the blue dashed lines repre-
sent the simplified model (Qr,simp). For atom-molecule colli-
sion types (N2-N and O2-O), the values from the improved
model are obviously lower than those from the simplified
model. This is because the improved model uses the real-
istic θ ′ values, which reduces the probability of large quan-
tum transitions occurring, and resulting in smaller Qr. How-
ever, both models show similar trends in collision integrals
with vibrational states, occurring slight variations at low vi-
brational states and significant differences occur at higher vi-
brational quantum numbers, where both models exhibit obvi-
ous decreasing trends, reflecting the enhanced rovibrational
coupling effects at highly vibrationally excited states. For
molecule-molecule collision types (N2-N2 and O2-O2), the
two models show significant differences throughout the wide
vibrational state range. Due to the introduction of correla-
tion functions and realistic θ ′ values, the collision integral
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Vibrationally State-Resolved Rotational Relaxation Time 15

FIG. 7. The validation of optimal θ ′ for N2-N and O2-O systems with existing theoretical data.

FIG. 8. The variation of Qr with vibrational states in the two models
when T = 5000K.

obtained within the improved model is not only lower than
that for the simplified model, but also exhibits distinct non-
monotonic behavior with vibrational states, while using the
simplified model yields a monotonic decreasing trend. These
results emphasize the importance of considering complete
quantum state transition probabilities and correlation func-
tions for accurately describing rotational energy transfer pro-
cesses in molecule-molecule collisions.

At the temperature of T = 30000 K (Figure 9), the collision
integrals for rotational energy transfer exhibit similar overall
patterns to those observed at T = 5000 K, with the simplified
model showing a gradual decline followed by a sharp drop
at both low and high temperatures, and consistently yielding
higher values than the improved model. The improved model
exhibits non-monotonic behavior at low temperature but fol-
lows trends consistent with the simplified model at high tem-
perature. The differences between the two models become
more obvious at low vibrational states.

Figure 10 presents the variation of collision integrals for
rotational energy transfer using the improved model (Qr,imp)
as a function of vibrational quantum number i under different
temperatures for four collision types. The horizontal axis rep-
resents the vibrational state, while the vertical axis shows the
collision integral values. Different colored curves correspond
to various temperatures.

For all four collision types, the collision integrals consis-
tently decrease with increasing temperature, with the highest
values observed at T = 5000 K and the lowest at T = 30000
K. All systems exhibit non-monotonic behavior with respect
to vibrational states at lower temperatures, showing peaks or
oscillatory patterns rather than simple monotonic trends.

Distinct characteristics are observed for different collision
types. For atom-molecule collisions (N2-N and O2-O), at
temperatures below 10000 K, N2-N collisions exhibit a more
prominent single peak around i = 35, while O2-O collisions
show a more prominent single peak around i = 20. At temper-
atures above 10000 K, Qr,imp decreases monotonically with
increasing vibrational states. For molecule-molecule colli-
sions (N2-N2 and O2-O2), the behavior is markedly different,
exhibiting more complex oscillatory patterns and multiple lo-
cal maxima throughout the vibrational state range. The N2-N2
system shows particularly obvious oscillations with a domi-
nant peak around i= 30−35, while the O2-O2 system exhibits
similar oscillatory behavior. These differences highlight the
increased complexity of energy transfer mechanisms in sym-
metric molecule-molecule interactions compared to asymmet-
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Vibrationally State-Resolved Rotational Relaxation Time 16

FIG. 9. The variation of Qr with vibrational states in the two models
when T = 30000K.

ric atom-molecule collisions.

B. Rotational relaxation time

Figure 11 presents the variation of rotational relaxation
time with the number of rotational quanta allowed in multi-
quantum transitions ∆ j for different vibrational states and for
both simplified and improved models. The horizontal axis
represents ∆ j, while the vertical axis shows the logarithm of
rotational relaxation time. Solid lines correspond to the sim-
plified model, and dashed lines represent the improved model.
Different colors indicate various vibrational states, ranging
from the ground state (i = 0) to highly excited states.

The overall trend for all four collision types demonstrates
that rotational relaxation times decrease monotonically with
increasing ∆ j and gradually approach convergence at higher
numbers of rotational quanta taken into account in multi-
quantum transitions. As ∆ j increases, more rotational transi-
tion combinations are considered in the calculations, requiring
longer computational time but yielding more accurate results.
However, beyond a certain threshold, further increases in ∆ j
have negligible impact on the relaxation times, indicating that
computational convergence has been achieved. In the simpli-
fied model, relaxation times under different vibrational states
are relatively similar. However, in the improved model, dif-
ferent collision types exhibit distinct behaviors with respect
to ∆ j variations. For atom-molecule collisions, rotational re-

laxation times for various vibrational states are relatively sim-
ilar at low multi-quantum jump numbers ∆ j, while significant
differences occur among vibrational states at high ∆ j. For
molecule-molecule collisions, some vibrational states already
show differences in rotational relaxation times even at low ∆ j.
Convergence is achieved when ∆ j ≥ 60 for both models in the
N2-N system. For the O2-O system, convergence is reached
when ∆ j ≥ 70 for both models.

These convergence values are consistent with the collision
cross-section analysis presented in Section III, confirming the
reliability of the established truncation limits for practical
computational applications. Based on these convergence anal-
ysis results, in all subsequent calculations, ∆ j = 60 is adopted
for N2-N and N2-N2 collision types, while ∆ j = 70 is used
for the O2-O collision type to ensure computational accuracy
while optimizing computational efficiency. The systematic
convergence behavior validates the computational methodol-
ogy and provides clear guidelines for balancing accuracy and
efficiency in rotational relaxation time calculations.

Figure 12 presents the variation of rotational relaxation
time with temperature for different vibrational states in both
simplified and improved models. The horizontal axis repre-
sents the inverse temperature (T−1/3[K−1/3]), while the ver-
tical axis shows the logarithm of rotational relaxation time.
Solid lines correspond to the simplified model, and dashed
lines represent the improved model. In the simplified model,
the variation of rotational relaxation times with temperature
for different vibrational states is highly consistent and mono-
tonic, and at the same temperature, rotational relaxation times
for different vibrational states are relatively similar. However,
in the improved model, different collision types exhibit signif-
icantly different behaviors in how rotational relaxation times
for various vibrational states vary with temperature, with ob-
vious numerical differences. The relaxation times of the im-
proved model are consistently higher than those of the simpli-
fied model, primarily because the improved model considers
transition probabilities between rotational energy levels. For
atom-molecule collision types (Figures12 (a) and (c)), both
N2-N and O2-O exhibit strong temperature dependence, par-
ticularly for lower vibrational states. The ground vibrational
state (i = 0) shows the most obvious temperature sensitivity,
with relaxation times varying by nearly two orders of magni-
tude across the examined temperature range. In the improved
model, higher vibrational energy levels correspond to shorter
rotational relaxation times. In contrast, molecule-molecule
collision types (Figures 12 (b) and (d)) display markedly dif-
ferent behavior. For N2-N2 and O2-O2 collisions, both simpli-
fied and improved models show smaller variations with tem-
perature across all vibrational states and are not strictly mono-
tonic. Compared to atom-molecule systems, the temperature
dependence is less obvious, and the influence of vibrational
excitation on temperature sensitivity is minimal.

Figure 13 presents a comparison of rotational relaxation
times between the improved and simplified models developed
in this study and existing theoretical data from the study for
N2-N and O2-O systems. In Figure 13 (a), the improved model
of this study (red solid line) demonstrates excellent agree-
ment with the computational results of Jo et al.9, Macdonald et
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FIG. 10. The variation of Qr,imp with vibrational states for different temperatures.

al.35, Kim and Boyd13 across the large temperature range. Jo
et al.9 employed an innovative atomistic QCT approach that
separates rotational and vibrational energy modes from cou-
pled rovibrational states, assuming vibrational states follow
a Boltzmann distribution at vibrational temperature, thereby
significantly reducing computational cost while calculating
complete rotational state-to-state transition rates based on ab
initio N3 potential energy surfaces. Kim and Boyd13 used
complete state-to-state transition rates from the NASA Ames
database containing 9,390 rovibrational states, establishing
comprehensive master equation systems to describe bound-
bound, bound-free, and predissociation transition processes.
Macdonald et al.35 developed a coarse-grain QCT method
that balances computational accuracy and efficiency by group-
ing rovibrational states, with detailed validation through com-
parison with direct molecular simulation methods. The im-
proved model of this study exhibits excellent consistency with
these three studies based on modern ab initio potential en-
ergy surfaces and detailed state-to-state dynamics across the
large temperature range. This close agreement validates the

accuracy of the proposed methodology and confirms that the
introduction of exponential correlation functions provides a
physically realistic representation of rotational energy transfer
processes in atom-molecule collisions. The Parker model19

predictions are significantly higher, showing substantial devi-
ation from these advanced models. It is derived based on rigid
rotor assumptions and hard sphere collision models, and this
simplified treatment cannot accurately describe the complex
intermolecular interactions and rovibrational coupling effects,
particularly at high temperatures where the limitations of the
rigid rotor assumption become more obvious. Meanwhile, the
simplified model of this study exhibits systematic deviation
from the reference data, consistently predicting longer relax-
ation times, especially at higher temperatures. This discrep-
ancy highlights the limitations of simplified approximations
when applied to atom-molecule collision types where rovibra-
tional coupling effects become significant.

Based on the validated improved rotational relaxation time
model described above, Figure 13 (b) presents a comparison
of rotational relaxation times between the present simplified
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FIG. 11. The variation of rotational relaxation time with ∆ j for different vibrational states in the two models.

and improved models and existing theoretical data from the
study for the N2-N2 collision type. The figure covers a wide
temperature range from moderate to extremely high temper-
atures, with comparisons including the master equation cal-
culations and curve-fitting results from Jo et al.9, theoretical
calculations from Park36, and predictions from the classical
Parker model19.

In the work by Jo et al.9, an innovative rovibrational sep-
aration approach and QCT calculations based on ab initio
N4 potential energy surfaces were employed to determine the
rotational relaxation time for N2-N2 collisions through ro-
tational state-resolved master equations. This method9 as-
sumes that vibrational states follow a Boltzmann distribu-
tion at the vibrational temperature, successfully avoiding the
computational challenge of handling 1015 rovibrational state
combinations while maintaining accuracy in physical descrip-
tion. Park’s work36 was based on the empirical equation of
Rahn and Palmer, boldly extrapolating low-temperature ex-
perimental data (≤1500K) to high-temperature ranges up to
128,000K. The Parker model19 employs rigid rotor assump-
tions and hard sphere gas models to describe molecular colli-
sion processes, which, while computationally convenient, has
a relatively simplified physical foundation. Significant differ-

ences exist among the various models, primarily because of
their different theoretical foundations and assumptions. Park’s
model predicts significantly higher relaxation times at high
temperatures compared to other models, with this deviation
mainly attributed to uncertainties in its extrapolation method.
Park’s model involves substantial extrapolation based on ex-
perimental data below 1500K, and at high temperatures, the
rotational relaxation time even exceeds the vibrational relax-
ation time, which is considered “hypothetical” from a phys-
ical viewpoint because rovibrational coupling effects would
cause the temperatures of these two modes to converge. The
Parker model’s predictions are moderate but lack tempera-
ture dependence, as this model is derived based on rigid ro-
tor assumptions and cannot accurately describe quantum me-
chanical effects and the influence of internal molecular struc-
ture on energy transfer processes at high temperatures. The
present simplified model, due to overly simplified assump-
tions, particularly in the treatment of quantum energy level
transition probabilities, results in significantly underestimated
relaxation times. The improved model determined in this
study demonstrates excellent agreement with the latest the-
oretical calculations by Jo et al.9, validating the accuracy and
reliability of the proposed approach. The improved model
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FIG. 12. The variation of rotational relaxation time with temperature for different vibrational states in the two models.

effectively describes the variation of transition probabilities
with energy gaps through the introduction of the θ ′, overcom-
ing the limitations of the simplified model.

Figure 13 (c) and (d) respectively show comparisons be-
tween the present calculated rotational relaxation times for
O2-O and O2-O2 collisions and other exciting data. In O2-
O collisions, Venturi et al.23 employed a rotationally and
vibrationally state-resolved QCT method, using nine poten-
tial energy surfaces developed by Varga et al.37 to describe
the multiplet interactions of the O2-O system. They simu-
lated non-equilibrium relaxation processes through the mas-
ter equation method and defined relaxation times using the
e-folding method. The rotational relaxation time calculations
from the improved model in this study show excellent agree-
ment with the data from Venturi et al.23, with the curves al-
most completely overlapping. However, compared to the re-
sults of Andrienko and Boyd38, there are significant differ-
ences, with their predicted relaxation times being approxi-
mately one order of magnitude higher than those in this study.
This is because Andrienko and Boyd38 used a QCT method
combined with a single potential energy surface developed by
Varandas and Pais39, which is a singlet ground state poten-

tial energy surface with much lower reactivity than the quin-
tet potential energy surface. For O2-O2 collisions, Jo et al.34

adopted a thermal collider (TC) method, which assumes that
the internal states of one O2 molecule follow a Boltzmann dis-
tribution at a given internal temperature, thereby reducing the
computational complexity of the four-atom system to a level
comparable to that of a three-atom system. They used the
QCT method combined with high-accuracy ab initio potential
energy surfaces developed by Paukku et al.40,41 to calculate
state-to-state transition rates, then determined relaxation times
through the master equation method and e-folding method.
The results from the improved model show good agreement
with the latest computational data from Jo et al.34, particu-
larly in considering temperature dependence, further confirm-
ing the accuracy of the improved model in handling complex
molecule-molecule collision types. In both O2-O and O2-O2
collisions, the Parker model, as a theoretical model based on
classical mechanics and rigid rotor approximation, shows sig-
nificant deviations in its predictions at high temperatures. The
simplified model, due to neglecting quantum transition prob-
abilities of rotational energy levels, yields calculated results
much smaller than other theoretical values.
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FIG. 13. Comparison of rotational relaxation times in the N2-N and O2-O systems with simplified model and existing theoretical data.

V. CONCLUSION

This study has successfully developed and validated an
improved computational framework for vibrationally state-
resolved rotational relaxation times, which, while ensuring
computational efficiency, addresses the critical problem that
the traditional Parker model based on rigid rotor assump-
tions fails to accurately describe the effects of internal molec-
ular structure on the energy transfer processes under high-
temperature non-equilibrium conditions.

An improved rotational relaxation time computational
model incorporating vibrational state-resolved calculations
and exponential correlation functions has been estab-
lished, which includes the exponential correlation function
S j j′,ll′(E)= exp(−θ ′|∆E|/E) to accurately describe transition
probabilities between rotational energy levels. This model
overcomes the limitations of simplified statistical models by
maintaining complete summation structures and properly ac-
counting for rovibrational coupling effects, while ensuring
reasonable computational costs and enabling consideration of
rotational relaxation times for each vibrational state.

Systematic parameter sensitivity analysis reveals that the

averaged rotational relaxation time exhibits a linear depen-
dence on the parameter θ ′, significantly simplifying the fit-
ting procedure. Optimal θ ′ values were determined for key
collision types: N2-N (16.65), N2-N2 (821.37), O2-O (34.14),
and O2-O2 (696.92). Validation against recent theoretical data
demonstrates that the average relative errors for all studied
systems are below 0.7%.

Important computational guidelines have been established:
convergence requires ∆ j = 60 for N2-N systems and ∆ j = 70
for O2-O systems. For molecule-molecule collisions, classi-
cal form approximations introduce negligible errors (< 0.2%)
while significantly reducing computational complexity. The
analysis reveals that atom-molecule and molecule-molecule
collision types exhibit strong sensitivity to correlation func-
tion treatments, and molecule-molecule systems display com-
plex oscillatory behavior in collision integrals. Vibrational
states significantly influence the rotational relaxation time.

The validated improved model provides a basic tool for hy-
personic flow simulations, serving as fundamental input for
transport coefficient calculations in computational fluid dy-
namics codes. However, the current study only covers four
collision types: N2-N, N2-N2, O2-O, and O2-O2, and the pa-
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rameter θ ′ lacks a universal analytical prediction method, re-
quiring determination through fitting. Future research should
be extended to more molecular systems and collision partners,
explore the physical significance of the parameter θ ′ to estab-
lish a predictive theoretical framework.
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