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 A B S T R A C T

A microscopic model of a heterostructure with a quantum well (QW) is proposed to study exciton properties in 
an external electric field. The effect of an electric field ranging from 0 to 6 kV/cm applied to a GaAs/AlGaAs 
QW structure in the growth direction is studied for several QWs of various widths up to 100 nm. The three-
dimensional Schrödinger equation (SE) for the exciton is numerically solved using the finite difference method. 
Wave functions and energies of several states of the heavy-hole and light-hole excitons are calculated. The 
dependencies of exciton state energy, binding energy, radiative broadening, and static dipole moment on 
the applied electric field are determined. Additionally, the threshold for exciton dissociation in the 100-nm 
QW is established. Furthermore, we calculate an electric-field-induced shift in the center of mass of heavy-
hole and light-hole excitons in the QWs. Finally, we simulate the reflection spectra of heterostructures with 
GaAs/AlGaAs QWs under an electric field using the calculated energies, radiative broadenings, and phases of 
exciton resonances.
1. Introduction

Quantum well (QW) spectroscopy allows one to study both the exci-
ton states of motion as a whole and the effects of quantum confinement 
on the relative motion of an electron and a hole in an exciton [1–3]. 
The quantized states of the exciton center-of-mass motion are studied 
in wide QWs, whose thickness exceeds the exciton Bohr radius, 𝑎𝐵 , by 
an order of magnitude [4,5]. The quantization of the exciton motion 
results in the appearance of discrete energy levels, which manifest 
themselves as resonances in reflection and photoluminescence spec-
tra [5–12]. In narrow QWs, whose widths are comparable to 𝑎𝐵 , the 
spatial constraint affects the relative motion of the electron and the hole 
in the exciton. This leads to an increase in the exciton energy and its 
binding energy, as it is reported in many publications see, e.g., [13–21].

External fields applied to heterostructures with QWs enable the 
observations of various physical phenomena related to the influence of 
these fields on quantized exciton states. The application of an electric 
field to semiconductor heterostructures is perhaps the most important 
research area, both from a practical point of view and for studying new 
effects, see, e.g., Refs. [22–25]. Recent studies have also explored the 
impact of electric fields on excitonic states in cuprous oxide, revealing 
fine structure splittings and Stark ladder formations [26–28]. Most 
studies of this kind have been performed for narrow QWs [29–38]. In 
these and many other works, it has been demonstrated that the electric 
field can strongly modify the relative motion of an electron and a hole 
in an exciton. This leads to the Stark effect, which manifests itself as 
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a change in the exciton energy. In addition, the electric field reduces 
the exciton-light interaction, which is observed as significant changes 
in the optical spectra of excitons. These effects become noticeable in 
narrow QWs when a sufficiently strong electric field on the order of 
tens of kV/cm is applied.

In double QWs, the electric field controls the lifetime of an exciton, 
enables switching the exciton type from direct to indirect, and modi-
fies both the binding energy and the exciton oscillator strength [39–
43]. In wide QWs, the electric field induces the inversion of spectral 
oscillations in the reflection spectra [44].

Applying a constant electric field with a controllable magnitude 
in practical works can be a challenging problem. Specifically, the 
presence of free charge carriers in real heterostructures can lead to their 
redistribution under the applied voltage, partially screening the electric 
field. This circumstance significantly complicates the interpretation of 
the results of experiments in electric fields compared, for example, with 
experiments in magnetic fields, where there is no movement of charge 
carriers induced by the field. In this regard, experimental conditions 
in magnetic fields are more controllable, and many papers have been 
devoted to excitons in magnetic fields, see, e.g., Refs. [45–50].

Excitons in QWs of intermediate widths, from 𝐿𝑄𝑊 ≈ 2𝑎𝐵 to 𝐿𝑄𝑊 ≈
10𝑎𝐵 , have been relatively understudied in electric fields [23]. In a 
recent work [24], the authors experimentally studied excitons in a 
single GaAs/AlGaAs QW with a width of 𝐿 = 30 nm under external 
electric fields of up to 5 kV/cm using reflectance spectroscopy. The 
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authors had to use additional optical excitation of the sample to achieve 
an electric field of controllable strength. Excitons in the QW were used 
as sensors for the electric field magnitude. To determine the exact value 
of the applied electric field, the authors compared the experimental 
reflectance spectra of the heterostructure under study with theoretical 
calculations. Several exciton states were investigated, and a consistent 
field strength was obtained.

The goal of this paper is to extend the theoretical results obtained 
in Ref. [24], specifically to conduct an in-depth theoretical study of 
the dependence of exciton energy, exciton-light coupling, and exciton 
dipole moment in relatively wide QWs on the applied electric field. 
These exciton characteristics are studied for several states, which can 
be observed experimentally [24]. In narrow QWs studied earlier [29–
31,34,40], a relatively weak electric field on the order of several kV/cm 
is sufficient to induce a change in the potential energy of a charge 
carrier comparable to the exciton binding energy, 𝐸𝑏, at a distance of 
approximately the exciton Bohr radius. For example, an electric field 
of 𝐹 = 6 kV/cm results in an energy change of 𝛥𝐸 = 4.3 meV at 
𝑎𝐵 ≈ 15 nm, which is the Bohr radius of an exciton in GaAs. This 
energy change is close to 𝐸𝑏 in bulk GaAs. Thus, QWs with a width 
𝐿 > 2𝑎𝐵 ≈ 30 nm can be considered intermediate in width, lying 
between narrow and wide QWs [1].

A rectangular GaAs/Al0.3Ga0.7As QW with a finite potential well 
depth is considered. The heterostructure under study contains a single 
QW with widths of 30, 50, or 100 nm. The QW with an intermediate 
width of 𝐿 = 30 nm is considered because the effects of the electric field 
in this QW can be described by perturbation theory. In wider QWs, 
𝐿 = 50 nm and 100 nm, exciton properties exhibit strongly nonlinear 
behavior. Thus, this study allows us to trace the transition from a 
relatively narrow QW to wide QWs.

Microscopic modeling was performed to analyze exciton states un-
der electric fields ranging from 0 to 6 kV/cm. The electric field is 
assumed to be applied in the direction of the heterostructure growth. 
We consider several exciton states, which can be experimentally iden-
tified and studied in QWs of this width. In wider QWs, exciton res-
onances may overlap [12], making the interpretation of results more 
challenging.

The exciton states in the QWs were described by numerically solving 
the three-dimensional Schrödinger equation (SE) using the fourth-order 
finite difference method (FDM). The energies and wave functions of 
the exciton states were obtained for various electric field strengths. 
The wave functions were then used to calculate the radiative broad-
ening, the static dipole moments, and the center-of-mass displacement 
of the exciton based on well-known formulas [1]. Finally, we model 
reflectance spectra of heterostructures with the QWs in electric fields, 
which can be observed experimentally.

2. Basic theory

A single electron can be described in the Cartesian coordinate 
system by three spatial coordinates (𝑥, 𝑦, and 𝑧). Hereafter it is assumed 
that the 𝑥 and 𝑦 coordinates lie within the QW layer, why the 𝑧
coordinate is directed along the growth axis of the heterostructure. The 
effective mass of an electron is assumed to be isotropic in all three 
directions and is equal to 𝑚𝑒. The hole states are described by the 
Luttinger Hamiltonian [51], due to the degeneration of the valence 
band in GaAs-type crystals. Consequently, the effective mass of the hole 
becomes anisotropic and can be expressed in terms of the Luttinger 
parameters. Namely, the effective mass of a hole along the 𝑧 axis, 𝑚ℎ𝑧, 
is not equal to the effective mass of a hole in the 𝑥𝑦 plane, 𝑚ℎ𝑥𝑦. At the 
same time, it is assumed to be isotropic in the QW plane, 𝑚ℎ𝑥 = 𝑚ℎ𝑦 ≡
𝑚ℎ𝑥𝑦.

We consider QWs of finite width, where the heavy-hole and light-
hole states are split by the quantum confinement effect. In this case, 
we can neglect the heavy-hole-light-hole mixing effects and consider 
Xhh and Xlh excitons separately. The analysis carried out in a number 
2 
of works [16,21,52,53] shows that the mixing effects are insignificant 
compared to the electric-field-induced effects discussed in this paper. 
Therefore, we consider here only the diagonal part of the Luttinger 
Hamiltonian [54]. We also do not account for spin interactions within 
the exciton, as they are negligible when the magnetic field is not con-
sidered [1]. We consider the excitons at zero temperature, i.e., we do 
not take into account any temperature-induced effects. A quantitative 
analysis of thermal effects lies beyond the scope of the present work 
and would require a separate, dedicated study.

The time-independent six-dimensional SE can be used to describe 
the quantum mechanical behavior of each type of exciton, taking into 
account the Coulomb interaction between the hole and the electron. 
The SE for an exciton is given by: 
[

𝐾̂(𝑥ℎ, 𝑦ℎ, 𝑧ℎ, 𝑥𝑒, 𝑦𝑒, 𝑧𝑒) −
𝑞2

𝜀 ⋅ 𝑟
+ 𝑉𝑒(𝑧𝑒) + 𝑉ℎ(𝑧ℎ)

]

𝜓(𝑥ℎ, 𝑦ℎ, 𝑧ℎ, 𝑥𝑒, 𝑦𝑒, 𝑧𝑒) = 𝐸 ⋅ 𝜓(𝑥ℎ, 𝑦ℎ, 𝑧ℎ, 𝑥𝑒, 𝑦𝑒, 𝑧𝑒).
(1)

Here, 𝐾̂ is the exciton kinetic energy operator, 𝜀 is the dielectric 
constant, 𝑟 is the distance between the electron and the hole, 𝑞 is 
the absolute value of the electron charge, 𝑉𝑒 and 𝑉ℎ are the potential 
barriers for the electron and the hole, respectively; 𝑧𝑒 and 𝑧ℎ are the 
𝑧 coordinates for the electron and the hole, respectively. The SE (1) 
allows one to find the exciton wave function 𝜓 and the exciton energy 
𝐸.

The operator 𝐾̂ can be expressed as follows: 

𝐾̂ = − ℏ2

2𝑚𝑒
∇2
𝑒 −

ℏ2

2𝑚ℎ𝑥𝑦
∇2
ℎ −

ℏ2

2𝑚𝑒
𝜕2

𝜕𝑧2𝑒
− ℏ2

2𝑚ℎ𝑧
𝜕2

𝜕𝑧2ℎ
. (2)

Here ∇2 is the Laplace operator in the 𝑥𝑦 plane.
The electric field is assumed to be applied along the 𝑧 axis, coin-

ciding with the growth axis of the heterostructure. In the presence of 
an electric field, the QW potential profile for both the electron and the 
hole changes from a rectangular shape to a trapezoidal one. Therefore, 
we can express the potential energy of the electron and the hole as 
follows:

𝑉𝑒 = −𝑞𝐹𝑧𝑒+

{

0, if |𝑧𝑒| < 𝐿∕2

𝑉𝑒0, if |𝑧𝑒| ≥ 𝐿∕2
(3)

𝑉ℎ = 𝑞𝐹𝑧ℎ+

{

0, if |𝑧ℎ| < 𝐿∕2

𝑉ℎ0, if |𝑧ℎ| ≥ 𝐿∕2
(4)

Here 𝐹  is the electric field strength, and 𝑉𝑒0 and 𝑉ℎ0 are, respectively, 
the potential energies of the electron and the hole outside the QW.

The exciton can freely move along the QW layer. Accordingly, we 
can introduce the coordinates of the center-of-mass motion in the 𝑥𝑦
plane: 

𝑋 =
𝑚ℎ𝑥𝑦 ⋅ 𝑥ℎ + 𝑚𝑒 ⋅ 𝑥𝑒

𝑚ℎ𝑥𝑦 + 𝑚𝑒
; 𝑌 =

𝑚ℎ𝑥𝑦 ⋅ 𝑦ℎ + 𝑚𝑒 ⋅ 𝑦𝑒
𝑚ℎ𝑥𝑦 + 𝑚𝑒

. (5)

Using these variables, the exciton wave function can be factorized: 
𝜓(𝑥ℎ, 𝑦ℎ, 𝑧ℎ, 𝑥𝑒, 𝑦𝑒, 𝑧𝑒) = 𝜓(𝑧𝑒, 𝑧ℎ, 𝜌, 𝜃)𝑒𝑖𝐾𝑋𝑋𝑒𝑖𝐾𝑌 𝑌 , (6)

where 𝑒𝑖𝐾𝑋𝑋 and 𝑒𝑖𝐾𝑌 𝑌  are the plane waves describing the exciton 
motion. The wave function 𝜓(𝑧𝑒, 𝑧ℎ, 𝜌, 𝜃) describes the relative motion 
of the electron and the hole in the exciton, as well as their motion across 
the QW layer.

In Eq. (6), we used the cylindrical system of coordinates, in which 
the relative electron–hole motion in the 𝑥𝑦 plane is described by 
coordinates 𝜌 and 𝜃. Here 𝜃 is the angle between the vector ⃖⃗𝜌 and the 
coordinate 𝑥 in the plane, and |𝜌| is described by expression, 

𝜌 ≡ |𝜌| =
√

(𝑥𝑒 − 𝑥ℎ)2 + (𝑦𝑒 − 𝑦ℎ)2. (7)

In what follows, we use the cylindrical symmetry of the exci-
ton problem. In this case, we can further factorize the exciton wave 
function: 

𝑖𝑘𝜃𝜃 (8)
𝜓(𝑧𝑒, 𝑧ℎ, 𝜌, 𝜃) = 𝜓(𝑧𝑒, 𝑧ℎ, 𝜌)𝑒 ,
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where 𝑘𝜃 = 0, 1, 2,… is the orbital quantum number describing the 
angular dependence of the exciton wave function [5,54].

The factorizations (6) and (8) allow us to simplify the SE for the 
exciton in a QW to a three-dimensional form [5]: 
(

− ℏ2

2𝜇𝑥𝑦

[

𝜕2

𝜕𝜌2
− 1
𝜌
⋅
𝜕
𝜕𝜌

+ (1 − 𝑘𝜃2) ⋅
1
𝜌2

]

−

ℏ2

2𝑚𝑒
𝜕2

𝜕𝑧2𝑒
− ℏ2

2𝑚ℎ𝑧
𝜕2

𝜕𝑧2ℎ
−

𝑞2

𝜀 ⋅ 𝑟
+ 𝑉𝑒 + 𝑉ℎ

)

𝜒(𝜌, 𝑧𝑒, 𝑧ℎ)

= 𝐸𝑋 ⋅ 𝜒(𝜌, 𝑧𝑒, 𝑧ℎ).

(9)

Here 𝐸𝑋 is the exciton energy with respect to the bandgap energy 𝐸𝑔
and 𝜇𝑥𝑦 = 𝑚𝑒𝑚ℎ𝑥𝑦∕(𝑚𝑒 + 𝑚ℎ𝑥𝑦) is the reduced effective mass of the 
exciton in the plane. In Eq. (9) we used the substitution, 𝜒(𝑧𝑒, 𝑧ℎ, 𝜌) =
𝜓(𝑧𝑒, 𝑧ℎ, 𝜌) ⋅ 𝜌, to avoid divergence at the coinciding coordinates of the 
electron and the hole [5,21,54–56]. In what follows, we consider only 
the case of 𝑘𝜃 = 0, since only such exciton states interact with light [1].

3. Calculations of exciton characteristics in electric fields

3.1. Exciton energy

The energy of an exciton is most often calculated using the varia-
tional method to solve the SE [16,57,58]. However, this method allows 
for the calculation of the exciton ground state predominantly. The cal-
culations of excited states meet certain problems [41–43]. The accuracy 
of the calculated wave functions depends on the trial functions, which 
have to be chosen manually. Therefore, the accuracy is unknown a 
priori.

Recently, numerical methods for solving the SE have been exten-
sively used, which do not require the trial functions [5,19,21,24,48,59]. 
One such method is based on the finite difference method (FDM). The 
central idea of the FDM is to represent the Hamiltonian of SE (9) as a 
matrix on a grid. The method can provide accurate numerical results 
when the grid step is sufficiently small. Another approach involves 
expanding the wave function in a basis of B-splines [27], which allows 
one to solve a similar problem. To obtain the exciton state energies and 
wave functions, we must calculate the eigenvalues and eigenvectors 
of the matrix. In fact, only a few of the lowest exciton states that 
are observed in the experiment are of interest. These states can be 
efficiently computed using the well-known Arnoldi algorithm [5,60].

The exponential decay of function 𝜒 at large values of variables 
allows us to impose zero boundary conditions at the boundary of a 
three-dimensional domain. The domain slightly exceeds the width of 
the QW layer to account for the tails of the exciton wave functions due 
to their penetration into the barrier layers. For the 30-nm and 50-nm 
QWs, we have chosen the domain size to be ≈ 65 nm along the 𝑧𝑒 and 𝑧ℎ
coordinates, and approximately 130 nm along the 𝜌 coordinate. For the 
100 nm QW, the domain size along the 𝑧𝑒 and 𝑧ℎ coordinates has been 
chosen to be twice as large. We take into account the difference in the 
mass of the charged carriers in the QW and the barrier layers. However, 
the Bastard boundary condition [61], which ensures continuity of the 
carrier flux across the heterointerface, is not applied in our calculations 
for the sake of simplicity. Theoretical analysis [62,63] indicates that 
this condition has only a minor effect on the exciton energy in wide 
QWs, a few percent for the 30-nm QW and even less for the 50-nm 
and 100-nm QWs considered in this work. We also neglect the small 
discontinuity in the dielectric constants of the QW and the barrier 
layers, as its effect is negligible for the relatively wide QWs under 
study [62,64,65]. The calculation step ranges from 1 nm to ≈ 0.4 nm. 
It has been verified that the smallest spatial step used in the numerical 
calculations is sufficient to accurately model the Coulomb potential. 
Accordingly, extrapolation of the numerical results to zero step yields 
all exciton characteristics with an accuracy of approximately 0.1% or 
better. Further details of the numerical calculations can be found in 
Refs. [5,19,21,48].
3 
3.2. Exciton binding energy

The obtained exciton energies can also be used to determine the 
exciton binding energies. To this end, the energies of the quantum-
confined electron (𝐸𝑒) and hole (𝐸ℎ) states should be calculated. The 
respective SE for a free electron in a QW takes the form of a one-
dimensional equation [66]: 
(

− ℏ2

2𝑚𝑒
𝜕2

𝜕𝑧2𝑒
+ 𝑉𝑒

)

𝜓(𝑧𝑒) = 𝐸𝑒 ⋅ 𝜓(𝑧𝑒). (10)

Due to the exponential decay of the wave function 𝜓(𝑧𝑒) at a significant 
distance from the QW, zero boundary conditions are imposed, ensuring 
that the wave function vanishes at the edges of the considered region. 
The solution of Eq. (10) is straightforward and can be obtained with 
high accuracy [66]. The solution of Eq. (10) yields the energies of the 
quantum-confined electron states 𝑖, 𝐸𝑒𝑖. Each such energy represents 
a lower boundary of a minizone corresponding to a free propagation 
of the electron along the QW layer with kinetic energy, 𝐸𝑒,𝑘𝑖𝑛 =
ℏ2𝑘2𝑒∕(2𝑚

∗
𝑒 ) [19]. A similar equation can be written for a free hole in the 

QW by replacing the index 𝑒 → ℎ. The hole energies, 𝐸ℎ𝑖, and respective 
minizones can be obtained from such equation.

The exciton energy can be expressed as the sum of the free electron 
and free hole energies minus their binding energy: 
𝐸𝑋 = 𝐸𝑒 + 𝐸ℎ − 𝐸𝑏. (11)

This equation allows one to calculate the binding energies for the low-
est heavy-hole and light-hole exciton states using solutions of Eqs. (9) 
and (10). However, for higher-energy exciton states, the calculations 
may encounter difficulties when the states fall into the minizone 
band. In such cases, more advanced computational techniques, such as 
the complex-coordinate rotation method or the stabilization method, 
should be employed [26,56]. Consequently, the binding energy in this 
case is effectively zero.

3.3. Exciton-light coupling

The interaction of an exciton with light can be characterized by a 
constant 𝛤0, which represents the radiative decay rate of the electro-
magnetic wave emitted by the exciton. In experiments, the radiative 
broadening, ℏ𝛤0, of exciton resonances can be measured in reflection 
spectra [21,24,59]. Therefore, theoretical modeling of this broaden-
ing and its dependence on the applied electric field is of particular 
interest [41–43,67].

The exciton wave function obtained by solving the SE (9) enables 
the calculation of ℏ𝛤0 within the framework of the non-local dielectric 
response theory [1]. 

ℏ𝛤0 =
2𝜋𝑘
𝜀

(

𝑒|𝑝𝑐𝑣|
𝑚0𝜔0

)2
|

|

|

|

∫

∞

−∞
𝛷(𝑧)𝑒𝑖𝑘𝑧𝑑𝑧

|

|

|

|

2
. (12)

Here, 𝑘 represents the wave vector of the light wave, 𝜔0 denotes the 
exciton resonance frequency, and |𝑝𝑐𝑣| = 𝑚0 ⋅𝐸𝑝∕2 is the matrix element 
of the momentum operator, calculated using the one-electron states 
of the conduction and valence bands, where 𝐸𝑝 = 28.8 eV [68]. The 
function 𝛷(𝑧) represents the cross-section of the exciton wave function 
along the coinciding coordinates of the electron and the hole, defined 
as 𝛷(𝑧) = 𝜓(𝑧𝑒 = 𝑧ℎ = 𝑧, 𝜌 = 0). The integral in Eq. (12) is commonly 
referred to as the overlap integral of the light wave and the exciton 
wave function. This integral primarily determines the exciton-light 
coupling strength.

3.4. Static dipole moment

In an electric field applied to the QW along the growth direction, 
the exciton becomes polarized. The electron and the hole in the exciton 
are displaced by the electric field to opposite potential barriers of the 
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QW, thus creating a static dipole moment for the exciton. The dipole 
moment of the exciton states can be calculated using the formula, 
𝐷𝑋 = 𝑞 ⋅ ⟨𝜓(𝑧𝑒, 𝑧ℎ, 𝜌)|(𝑧𝑒 − 𝑧ℎ)|𝜓(𝑧𝑒, 𝑧ℎ, 𝜌)⟩. (13)

In the cylindrical coordinate system, this formula is transformed to

𝐷𝑋 = 𝑞 ⋅ ∫ |𝜓(𝑧𝑒, 𝑧ℎ, 𝜌)|
2(𝑧𝑒 − 𝑧ℎ) ⋅ 𝜌𝑑𝜌𝑑𝑧𝑒𝑑𝑧ℎ. (14)

The dipole moment of an exciton is proportional to the average 
distance between the electron and the hole. Obviously, the dipole 
moment is zero in the absence of an electric field for QWs with a 
symmetric potential. In the presence of an electric field, we can expect 
that, in the general case, the dipole moment of an exciton in a QW 
depends nonlinearly on the applied electric field. Indeed, the distance 
between the electron and hole cannot exceed the QW width. Therefore, 
the magnitude of the dipole moment should saturate at high field 
strengths.

3.5. Exciton center-of-mass position

An exciton is a neutral quasiparticle, and its center of mass, at 
first glance, should be insensitive to an electric field. However, this 
is not the case. The fact is that the masses of the electron and the 
hole are different, which causes the exciton to shift towards the heavier 
particle in an electric field. The calculation of an expectation value of 
the center-of-mass position is similar to that of the dipole moment, 

𝑍 =
⟨

𝜓(𝑧𝑒, 𝑧ℎ, 𝜌)
|

|

|

|

𝑚𝑒𝑧𝑒 + 𝑚ℎ𝑧ℎ
𝑚𝑒 + 𝑚ℎ

|

|

|

|

𝜓(𝑧𝑒, 𝑧ℎ, 𝜌)
⟩

. (15)

As we demonstrate in the next section, the shift can be significant, in 
particular, for the heavy-hole exciton.

4. Results

We consider in this paper the heterostructure GaAs/Al𝑥Ga1−𝑥As 
with a parameter 𝑥 of 0.3, representing the atomic fraction of Al 
in the barrier Al𝑥Ga1−𝑥As. The semiconductor layer GaAs can work 
as a QW for the electron and the hole because its bandgap energy, 
𝐸𝑔 ≈ 1.52 eV [21,68], is smaller than that of the solid solution in 
the barriers. Moreover, the GaAs layer surrounded by the Al𝑥Ga1−𝑥As 
barriers creates a potential well both for the electron and the hole, 
so that this is a type-I heterostructure. In our calculations, we use 
the sum of potential well depths 𝑉𝑒0 + 𝑉ℎ0 = 365 meV, and their 
ratio, 𝑉𝑒0∕𝑉ℎ0 = 0.65∕0.35, commonly accepted in the literature for the 
GaAs/Al𝑥Ga1−𝑥As heterostructures [58].

Material parameters used for the calculations of exciton states in the 
QWs are taken from Ref. [58,68] for GaAs and AlAs and adopted for 
the barrier layers AlGaAs with 30% concentration of Al. The dielectric 
constant 𝜀 = 12.53 for the GaAs QW and 𝜀 = 11.8 for the AlGaAs 
barriers. The effective mass of the electron is 𝑚𝑒 = 0.067𝑚0 in the QW 
and 0.0919𝑚0 in the barriers. For the effective masses of the heavy and 
light holes, the following equations must be used: 

𝑚ℎℎ𝑧 =
𝑚0

𝛾1 − 2𝛾2
, 𝑚𝑙ℎ𝑧 =

𝑚0
𝛾1 + 2𝛾2

𝑚ℎℎ𝑥𝑦 =
𝑚0

𝛾1 + 𝛾2
, 𝑚𝑙ℎ𝑥𝑦 =

𝑚0
𝛾1 − 𝛾2

(16)

where 𝛾1 and 𝛾2 are the Luttinger parameters. For the GaAs, 𝛾1 = 6.98
and 𝛾2 = 2.06, and for the AlAs, 𝛾1 = 3.76 and 𝛾2 = 0.82 [68]. 
Subsequently, the hole masses are: 𝑚ℎℎ𝑧 = 0.350𝑚0, 𝑚ℎℎ𝑥𝑦 = 0.111𝑚0, 
𝑚𝑙ℎ𝑧 = 0.090𝑚0, 𝑚𝑙ℎ𝑥𝑦 = 0.203𝑚0. The masses of the heavy and light 
holes for the AlGaAs barriers are obtained by a linear interpolation 
between the hole masses of GaAs and AlAs: 𝑚ℎℎ𝑧 = 0.386𝑚0, 𝑚ℎℎ𝑥𝑦 =
0.143𝑚0, 𝑚𝑙ℎ𝑧 = 0.119𝑚0, 𝑚𝑙ℎ𝑥𝑦 = 0.244𝑚0.

We consider single QWs of three different widths, 𝐿 = 30, 50, 
and 100 nm. The Bohr radius of the exciton in the GaAs crystal is 
approximately 15 nm [1]. Therefore, the 30-nm and 50-nm QWs are 
4 
both of moderate width, but these QW widths provide the excitons with 
a certain degree of spatial freedom. The 100-nm QW is considerably 
wider than the exciton Bohr radius, offering more space for exciton 
polarization in the electric field. Considering these three QWs sizes, we 
demonstrate how the response of exciton states to the external electric 
field becomes stronger as the QW width increases.

4.1. Stark shift and binding energy of exciton states in QW

The total energy of the exciton in the QW varies under the influence 
of an external electric field. Results of microscopic calculations of 
exciton energies in the studied QWs are shown in Fig.  1. Three exciton 
states, the first (Xhh1) and second (Xhh2) quantum-confined states of 
the heavy-hole exciton, and the first quantum-confined state (Xlh1) of 
the light-hole exciton, can be reliably identified in the calculations. 
The higher-energy exciton states overlap with a continuous spectrum 
of motion of free electrons and holes along the QW layer. Their numer-
ical calculation using the approach exploited in this work encounters 
significant difficulties, as described, e.g., in Refs. [21,56]. The lower 
boundaries of the continuous spectrum for the pair (free electron + 
heavy hole, 𝐸𝑒1+𝐸ℎℎ1) are shown in Fig.  1 by the orange dashed curves.

All exciton states experience a Stark shift to the lower-energy region 
when an electric field is applied. The shift is relatively small for the 
30-nm QW (a few meV), moderate for the 50-nm QW, and large for 
the 100-nm QW (tens of meV). Moreover, for the 30-nm QW, it can 
be well approximated by a parabolic dependence on the electric field 
throughout the considered range, 𝐹 ≤ 6 kV/cm. In the wider QWs, 
the parabolic approximation is appropriate only within a smaller field 
range. In particular, the Stark shift of the Xhh1 and Xlh1 exciton states 
tends to be approximately linear in an electric fields 𝐹 > 1.5 kV/cm in 
the 100-nm QW. The boundary of the continuous spectrum (𝐸𝑒1+𝐸ℎℎ1) 
also experiences the Stark shift, reducing the energy distance between 
the Xhh1 state and this boundary. As a result, the Xhh2 state enters 
into the region of the continuous spectrum and cannot be accurately 
determined beyond certain electric field values, as indicated in Fig.  1.

When the electric field strength is sufficiently low, the change in 
the exciton energy, that is the Stark shift, can be analyzed within the 
framework of perturbation theory [69]. The Stark shift is determined 
by the potential energy operator 𝑞𝐹 (𝑧𝑒 − 𝑧ℎ) and is described by the 
second-order perturbation formula: 
𝐸𝑥1 = 𝐸0

𝑥1−

(𝑞𝐹 )2 ⋅
∑

𝑗≠1

|

|

|

|

⟨

𝜓(𝑧𝑒, 𝑧ℎ, 𝜌)0𝑗 |(𝑧𝑒 − 𝑧ℎ)|𝜓(𝑧𝑒, 𝑧ℎ, 𝜌)
0
1

⟩

|

|

|

|

2

𝐸0
𝑥𝑗 − 𝐸

0
𝑥1

≡ 𝐸0
𝑥1 − 𝐴𝐹

2.

(17)

Here 𝐸0
𝑥1 and 𝐸0

𝑥𝑗 are the energies of the ground state and the 𝑗th 
excited state of the exciton in the QW without external perturbation. 
Similarly, 𝜓(𝑧𝑒, 𝑧ℎ, 𝜌)01 and 𝜓(𝑧𝑒, 𝑧ℎ, 𝜌)0𝑗  are respective wave functions in 
the cylindrical coordinate system in the absence of the electric field. 
The summation in Eq. (17) is performed over all the excited states. It 
can be seen from this expression that, under the condition of satisfying 
the perturbation theory, the Stark energy shift should be a quadratic 
function of the external electric field strength.

It is instructive to estimate the magnitude of the Stark shift of the 
Xhh1 state, taking into account only one term of the sum in Eq. (17), 
namely, the coupling of the Xhh1 and Xhh2 states. The curve calculated 
in this way for the 30-nm QW is shown in the upper panel of Fig.  1. 
As seen, this curve shows a slightly smaller Stark shift than that in the 
exact numerical calculations. The curvature coefficient 𝐴 [see Eq. (17)] 
obtained in the perturbation theory is 𝐴 = −0.045 meV/(kV/cm)2. This 
value is about 70% of that found from exact numerical calculations 
(𝐴𝑒𝑥𝑎𝑐𝑡 = −0.064 meV/(kV/cm)2). This means that the Xhh1-Xhh2 cou-
pling gives the main contribution to the Stark shift of the Xhh1 exciton 
state in this QW. In the 50-nm and 100-nm QWs, the perturbation 
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Fig. 1. The electric field dependence of exciton energies for different states in three 
QWs is shown by solid lines with symbols. The dashed curves represent the sum of the 
free electron and free heavy hole energies. The blue curve in the upper panel depicts 
the calculation within the framework of perturbation theory, including the Xhh1-Xhh2 
coupling only.

theory is applicable in the smaller electric field range, and the Xhh1-
Xhh2 coupling describes, respectively, 47% and 7% of the Stark shift 
curvature coefficient.

When the exciton is stretched by the electric field, the distance 
between the electron and hole that constitute it gradually increases, 
causing the binding energy to gradually approach zero [19,56]. As 
seen in Fig.  1, the energy distance between the 𝐸𝑒 + 𝐸ℎℎ1 and 𝐸𝑋 of 
Xhh1 curves gradually decreases with the electric field increase, which 
indicates the decrease of the binding energy. The dependencies of the 
binding energies of the Xhh1 and Xlh1 exciton states on the electric 
field are shown in Fig.  2 for all three QWs studied.

The decrease in binding energy varies for different QWs. It is 
small for the 30-nm QW and significantly larger for the wider QWs. 
Moreover, the binding energy decreases to a finite value rather than 
to zero, in the 100-nm QW. This phenomenon can be explained by the 
fact that the electron and the hole, which are moved apart from each 
other by the applied electric field, are confined by the QW boundaries. 
As a result, their Coulomb interaction remains finite. 

𝐸𝐶 =

⟨

𝜓(𝑧𝑒, 𝑧ℎ, 𝜌)
|

|

|

|

|

𝑞2

𝜀 ⋅ 𝑟

|

|

|

|

|

𝜓(𝑧𝑒, 𝑧ℎ, 𝜌)

⟩

. (18)

The Coulomb energy obtained using the calculated wave functions for 
the Xhh1 and Xlh1 exciton states in the 100-nm QW in an electric field 
𝐹 = 6 kV/cm are, respectively, 1.27 meV and 1.37 meV. The low limit 
of the Coulomb energy for an electron and a hole as point charges at 
a distance 𝐿 = 100 nm, 𝐸𝐶 = 𝑞2∕(𝜀𝐿) = 0.98 meV. The binding energy 
obtained in the exact numerical calculations for the 100-nm QW in a 
strong electric field, 𝐹 = 6 kV/cm, is a bit smaller: 𝐸𝑏 = 0.86 meV 
for the Xhh1 exciton state and 𝐸𝑏 = 0.99 meV for the Xlh1 exciton 
state. This difference is explained by the contribution of kinetic energy, 
𝐸𝑘𝑖𝑛, of the charged carriers to the binding energy: 𝐸𝑏 = | − 𝐸𝐶 + 𝐸𝑘𝑖𝑛|. 
Comparing these values, we can conclude that the kinetic energy has 
little effect on the binding energy of excitons in strong electric fields.
5 
Fig. 2. Dependence of the binding energy of exciton states on the electric field in three 
QWs.

The effect of the QW boundaries is illustrated in Fig.  3 for the 
100-nm QW in more detail. The figure shows the charged carrier 
density distributions. They are calculated by integrating the exciton 
wave function squared over the coordinate 𝑧 of the other particle [70]. 
E.g., the expression for electron density distribution reads, 

𝜌𝑒 = |𝜓𝑒(𝑧𝑒, 𝜌)|
2 = ∫ |𝜓(𝑧𝑒, 𝑧ℎ, 𝜌)|

2𝑑𝑧ℎ. (19)

A similar expression for the hole density distribution, 𝜌ℎ, is obtained 
by replacing indexes 𝑒 ↔ ℎ. It is worth noting that the exciton wave 
functions are normalized, ⟨𝜓(𝑧𝑒, 𝑧ℎ, 𝜌)|𝜓(𝑧𝑒, 𝑧ℎ, 𝜌)⟩ = 1, so that the color 
in Fig.  3 reflects real density in units of nm−3. As seen, when the 
applied electric field increases above 1.5 kV/cm, the electron and hole 
densities are concentrated near the QW boundaries and blocked by 
them. Correspondingly, the relative distance between the two charged 
carriers remains almost unchanged at large electric fields.

Fig.  3 also shows that the density distribution maximum of the 
heavy hole in the Xhh1 exciton state is closer to the QW boundary than 
that of the light hole in the Xlh1 exciton state. This is due to the fact 
that the quantization energy of a particle is inversely proportional to 
its effective mass. The electric field transforms the original rectangular 
QW potential into a triangular potential well [71]. Therefore, the wave 
function of the light hole with higher energy can be more widely 
distributed in the triangular QW. Similarly, the electron density is more 
widely distributed because the electron mass is smaller than the masses 
of the light and heavy holes.

4.2. Effect of external electric field on the exciton-light coupling

The ability of the exciton states (Xhh1, Xlh1, Xhh2) in a QW to 
couple with incident light changes when the states are stretched by an 
applied electric field. Using Eq. (12), we have modeled the influence of 
the electric field on the exciton-light coupling constant, ℏ𝛤0. Results 
are shown in Fig.  4. We have to note that the ℏ𝛤0 constant of the 
Xhh2 exciton state becomes unreliable when the external electric field 
𝐹  exceeds 3 kV/cm, 2.5 kV/cm, and 0.75 kV/cm in the 30-nm, 50-nm, 
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Fig. 3. The sum of the electron and hole density distributions for the Xhh1 and Xlh1 
exciton states, |𝜓𝑒(𝑧𝑒 , 𝜌)|2 + |𝜓ℎ(𝑧ℎ , 𝜌)|

2, in the 100-nm QW for the case of electric field 
𝐹 = 1.5 kV/cm (lower panels) and 𝐹 = 6 kV/cm (upper panels). The calculation step 
is 1 nm.

Fig. 4. Dependence of radiative broadening, ℏ𝛤0, on the applied electric field.

and 100-nm QWs, respectively. This is due to the overlap of this state 
with the continuum of states corresponding to uncoupled electron–hole 
pairs.

As shown in Fig.  4, the radiative broadening ℏ𝛤0 of the Xhh1 and 
Xlh1 exciton states decreases with increasing external electric field. 
This effect is most prominent in the case of the 100-nm QW. The 
exciton-light coupling for the Xhh1 state decreases from ℏ𝛤0 = 54 μeV
to 0.04 μeV, and for the Xlh1 state, it decreases from 19 μeV to 0.4 μeV
even at a small electric field of 1.5 kV/cm. According to Fig.  3, this 
is due to rapid decrease of the probability of the electron and the 
hole to be located at the same point in space, which determines the 
exciton-light coupling [see Eq. (12)]. However, the behavior of ℏ𝛤0
for the Xhh2 exciton state differs significantly. Namely, ℏ𝛤0 gradually 
increases for the 30-nm and 50-nm QWs as the external electric field 
6 
Fig. 5. The cross section 𝛷(𝑧) of wave functions of the Xhh1, Xlh1, and Xhh2 exciton 
states in the 50-nm QW in different electric fields indicated in the panels.

increases. For the 100-nm QW, it remains almost constant in the electric 
fields studied.

The theoretically obtained phenomena are consistent with those 
experimentally observed in Ref. [24] for radiative broadening of ex-
citon states in a 30-nm QW in external electric fields. According to 
this work, the radiative broadening of the Xhh1 and Xlh1 exciton states 
does decrease with increasing external electric field. This is consistent 
with the results shown in Fig.  3. For the case of Xhh2 exciton state, the 
experimentally obtained radiative broadening increases with increasing 
electric field, which is also consistent with our calculations.

Let us analyze the theoretically predicted behavior of exciton-light 
coupling in a more quantitative manner. According to Eq. (12), the 
exciton-light coupling is determined by the overlap of the function 
𝛷(𝑧) with the plane wave 𝑒𝑖𝑞𝑧 describing the incident light wave. The 
squared integral can be expressed as: 
|

|

|

|

∫

∞

−∞
𝜙(𝑧)𝑒𝑖𝑘𝑧𝑑𝑧

|

|

|

|

2
= |

|

𝐼𝐶 ||
2 + |

|

𝐼𝑆 ||
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|
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2
.

(20)

Functions 𝛷(𝑧) for the Xhh1 and Xlh1 exciton states are symmetric rel-
ative to the QW center in the absence of an electric field. Accordingly, 
only the first term in Eq. (20), |𝐼𝐶 |2, contributes to ℏ𝛤0. When the 
electric field is applied, functions 𝛷(𝑧) are distorted, and both terms, 
|𝐼𝐶 |

2 and |𝐼𝑆 |2, become non-zero. Examples of the 𝛷(𝑧) functions of 
the Xhh1 state under different electric fields for the 50-nm QW are 
shown in Fig.  5. However, the amplitude of 𝛷(𝑧) significantly decreases 
in strong electric fields (see an example in the lower panel of Fig.  5). 
This is due to the reduced overlap of the electron and hole density 
distributions, as illustrated in Fig.  3. This effect leads to significant 
drops in ℏ𝛤0.

The behavior of the exciton-light coupling of the Xhh2 state shown 
in Fig.  4 can be understood considering again Eq. (12) and the profile 
of the function for this state. At zero electric field, the function 𝛷(𝑧) is 
antisymmetric with respect to the QW center (see Fig.  5). Consequently, 
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Fig. 6. Dependence of the exciton dipole moment on the applied electric field.

only the second term, |𝐼𝑆 |2, of Eq. (20) contributes to ℏ𝛤0. This 
contribution is relatively small for the 30-nm and 50-nm QWs due to 
the small QW width compared to the light wavelength. In the 100-nm 
QW, the contribution is significantly greater due to the larger overlap 
between 𝛷(𝑧) and the light wave. When the electric field is applied, the 
function 𝛷(𝑧) is modified as shown in Fig.  5. Accordingly, the overlap 
integral 𝐼𝐶 starts to grow, which results in an overall increase of the 
exciton-light coupling in the 30-nm and 50-nm QWs. However, in the 
case of the 100-nm QW, the increase in integral 𝐼𝐶 is compensated 
by the rapid decrease of integral 𝐼𝑆 . As a result, ℏ𝛤0 remains almost 
unchanged within the studied electric field range.

4.3. Exciton dipole moment in external electric field

As mentioned above, the static dipole moment of the exciton state is 
proportional to the average distance between the electron and the hole 
in the exciton. In the individual QWs considered in this study, the static 
dipole moments of all three exciton states gradually increase in absolute 
value from zero as the electric field increases (see Fig.  6). The negative 
values in Fig.  6 merely indicate the direction of the dipole moment. In 
narrower QWs, the exciton is stronger confined by the QW boundaries. 
Consequently, the dipole moments of all the exciton states increase 
linearly but at a slower rate in the 30-nm QW. The maximum value of 
𝐷𝑋∕𝑞, the dipole moment in units of the electron charge, is only −7 nm
for the Xhh1 state and approximately −4 nm for the Xlh1 state, which 
is significantly smaller than the exciton Bohr radius (𝑎𝐵 ≈ 15 nm).

When the QW width increases to 50 nm, the exciton state becomes 
more sensitive to the electric field. For 𝐹 ≥ 4 kV/cm, the dipole 
moment of the Xhh1 exciton state begins to change nonlinearly with 
increasing electric field. This means that the electron and hole in the ex-
citon state are spatially separated and confined by the QW boundaries. 
When the QW width reaches 100 nm, even in a weak electric field, 
𝐹 = 1.5 kV/cm, the electron and the hole in the Xhh1 and Xlh1 exciton 
states move close to the QW boundaries (see Fig.  3). The mean distance 
between the electron and hole becomes large, |𝐷𝑋∕𝑞| > 50 nm, which 
is greater than the exciton Bohr radius. Further substantial increase in 
7 
Fig. 7. Electric field dependence of the center of mass position of exciton states in 
separate QWs of different widths.

the dipole moment is limited by the QW boundaries. This behavior of 
the dipole moment is consistent with that of the exciton energy 𝐸𝑋 , the 
exciton binding energy 𝐸𝑏, and the radiative broadening ℏ𝛤0, as shown 
in Figs.  1, 2, and 4, respectively.

4.4. Shift of exciton center of mass in electric field

Due to the difference in effective masses of an electron and a hole, 
the application of an electric fields leads to a displacement of the center 
of mass of excitons. This effect is described by Eq. (15). The greater 
the difference between the masses of charged carriers, the greater the 
shift 𝑍 is expected to be. Here, we have calculated the center of mass 
position for the Xhh1 and Xlh1 exciton states in all three QWs under 
an applied external electric field. The results are shown in Fig.  7.

As seen in the figure, the shift 𝑍 of the heavy-hole and light-
hole excitons differs significantly in all three QWs. In the 30-nm QW, 
it is nearly linear in the electric fields studied and relatively small 
compared to the QW width. At the same time, the Xhh1 exciton shift 
is approximately 6 times greater than that of the Xlh1 exciton state. 
For the 50-nm QW, the shift of the Xhh1 exciton becomes sublinear 
for 𝐹 > 3 kV/cm, while the Xlh1 exciton position remains almost 
linearly dependent on the electric field. The ratio of the exciton shifts, 
𝑅 = 𝑍𝑋ℎℎ1∕𝑍𝑋𝑙ℎ1 = 4.9, for 𝐹 = 6 kV/cm. In the case of the 100-nm 
QW, the shifts of both excitons increase slowly for electric fields 𝐹 > 1.5
kV/cm, and their ratio, 𝑅 = 4.7, at 𝐹 = 6 kV/cm. The strong shift of 
the heavy-hole exciton, compared to that of the light-hole exciton, is 
associated with a stronger localization of the heavy-hole exciton, rather 
than with the large ratio of their masses, which is only 2.66.

The observed nonlinear behavior of the exciton center-of-mass shift 
is consistent with the behavior of other exciton characteristics shown 
in Figs.  2, 4, and 6. It is instructive again to evaluate the maximum 
shift of the exciton center of mass considering the electron and the 
hole as point charges. In strong electric fields, they are located near 
the QW boundaries, that is, 𝑧𝑒 = −50 nm and 𝑧ℎ = 50 nm in the 100-
nm QW. Simple calculations show that the center of mass positions of 
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the Xhh1 and Xlh1 exciton states are, respectively, 34 nm and 7.3 nm. 
These values are close to those obtained from the exact numerical 
calculations, 𝑍𝑋ℎℎ1 = 29.5 nm and 𝑍𝑋𝑙ℎ1 = 6.32 nm, for the 100-nm 
QW.

5. Modeling of reflection spectra

The properties of exciton states in QW heterostructures can be 
studied in experiments through their reflection spectra [12,24]. The 
exciton characteristics calculated in previous sections allow us to the 
model reflection spectra, which could be observed experimentally.

According to the nonlocal dielectric response theory [1], the inten-
sity reflection coefficient, 𝑅, of a QW heterostructure can be expressed 
as follows: 

𝑅(ℏ𝜔) =
|

|

|

|

|

𝑟𝑠 + 𝑟𝑄𝑊 (ℏ𝜔)
1 + 𝑟𝑠 ⋅ 𝑟𝑄𝑊 (ℏ𝜔)

|

|

|

|

|

2

. (21)

Here, 𝑟𝑠 is the amplitude reflection from the surface of the heterostruc-
ture sample, 𝑟𝑄𝑊  is the amplitude reflection of the QW, and ℏ𝜔 is the 
photon energy of the incident light.

The amplitude reflection 𝑟𝑠 weakly depends on the photon energy 
and can be considered constant for the GaAs surface in the spectral 
range under study [59], 𝑟𝑠 ≈ −0.565. The amplitude reflection 𝑟𝑄𝑊  is 
a sum of resonant terms. Each term depends on the energy 𝐸𝑋𝑗 of the 
exciton resonance 𝑗, the radiative broadening ℏ𝛤0𝑗 , the nonradiative 
broadening ℏ𝛤𝑗 , and the phase 𝜙𝑗 : 

𝑟𝑄𝑊 (ℏ𝜔) =
∑

𝑗

𝑖ℏ𝛤0𝑗𝑒
𝑖2𝜙𝑗

(𝐸𝑔 + 𝐸𝑋𝑗 ) − ℏ𝜔 − 𝑖ℏ(𝛤𝑗 + 𝛤0𝑗 )
. (22)

Here 𝐸𝑔 = 1519.4 meV is the band gap energy of GaAs [21] and index 
𝑗 = 1, 2, 3, . . . enumerates exciton states.

The parameter ℏ𝛤𝑗 in Eq. (22) represents the nonradiative broad-
ening of the exciton resonance. It phenomenologically describes the 
contribution of all broadening mechanisms of the exciton resonance, 
which are always observed in experiments [72]. In high-quality het-
erostructures, the inhomogeneous part of the broadening is negligible, 
so we can consider only the homogeneous nonradiative broadening. 
The latter is related to the interaction of excitons with other quasi-
particles in the system, such as phonons, other excitons, and free 
charge carriers [73]. This interaction is unavoidable in real structures 
and we assume a finite value for the broadening, ℏ𝛤𝑗 = 120 μeV
for the 30-nm and 50-nm QWs and 60 μeV for the 100-nm QW. The 
smaller value of ℏ𝛤𝑗 for the widest QW is consistent with experimental 
observations [20,21]. Another possible mechanism for the nonradiative 
broadening could be, in principle, related to the carrier tunneling 
through barrier layers in the presence of an electric field. However, 
we ignore this broadening mechanism by assuming sufficiently high 
potential barriers. Correspondingly, we ignore any dependence of ℏ𝛤𝑗
on the electric field strength [74].

The parameter 𝜙𝑗 , which represents the phase of an exciton reso-
nance, is given by the following expression [24,59]: 

tan(𝜙𝑗 ) =
∫ 𝛷𝑗 (𝑧) sin(𝑘𝑧)𝑑𝑧
∫ 𝛷𝑗 (𝑧) cos(𝑘𝑧)𝑑𝑧

≡
𝐼𝑆𝑗
𝐼𝐶𝑗

. (23)

Besides the phase 𝜙𝑗 , which is determined by the symmetry of the 
exciton wave function, there is another phase, 𝜙0, which can modify 
the profile of exciton resonances [20]. This phase shift results from the 
propagation of the light wave through a top layer (up to the middle of 
the QW [1]), which separate the surface of the structure from the QW, 
𝜙0 = 2𝜋[𝐿top∕(𝜆∕𝑛top)]. Here 𝐿top is the thickness of the top layer, 𝜆
is the wavelength of light, and 𝑛top is the effective refractive index of 
the top layer. For simplicity, we assume that the top layer thickness is 
chosen so that [𝐿top∕(𝜆∕𝑛top)] = 1. In this case, 𝜙0 = 2𝜋, and it does not 
affect the exciton resonances.

Examples of reflection spectra calculated using Eqs. (21)–(23) are 
shown in Fig.  8. As seen in the upper panels, the Xhh1 resonance at zero 
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Fig. 8. Examples of reflection spectra in the range of the Xhh1 and Xhh2 resonances in 
the 50-nm (left panels) and 100-nm (right panels) QWs at zero and some electric fields 
indicated in the panels. The spectra are calculated using Eqs. (21)–(23) and numerical 
results shown in Figs.  1 and 4. The dashed lines show the background reflection from 
the heterostructure surface, |𝑟𝑠|2 ≈ 0.32.

electric field manifests itself as a Lorentzian peak superimposed on the 
background reflection, 𝑅𝑠 = |𝑟𝑠|

2, from the heterostructure surface. For 
the GaAs surface, value of 𝑅𝑠 ≈ 0.32. The full width at half maximum 
(FWHM) of the Lorentzian peak, 𝛥𝐸, is determined by the radiative ℏ𝛤0
and non-radiative ℏ𝛤  broadenings of the exciton resonance, as well as 
by the amplitude reflection |𝑟𝑠|, 𝛥𝐸 = 2ℏ[(𝛤0 + 𝛤 ) + |𝑟𝑠|𝛤0] [20]. The 
phase 𝜙 of the resonance is zero because the function 𝛷(𝑧) is symmetric 
relative to the QW center (see Fig.  5) and the overlap integral 𝐼𝑆 = 0, 
see Eq. (23).

When the electric field is applied, the resonance shifts to the lower 
energy region (the Stark shift) and its amplitude decreases. The latter is 
due to a decrease of the exciton-light coupling strength ℏ𝛤0, as shown 
in Fig.  4. In addition, the peak acquires an asymmetric shape with a 
high-energy tail. This is related to the field-induced modification of 
the function 𝛷(𝑧) of this resonance shown in Fig.  5. The phase of the 
resonance becomes non-zero. In particular, the phase changes from 0 to 
−0.26 rad for the 50-nm QW and to −0.43 rad for the 100-nm QW in the 
electric fields indicated in Fig.  8. We should note that the phase of the 
Xlh1 resonance is less sensitive to the electric field and varies only from 
0 to −0.04 rad and −0.05 rad, respectively, in the considered cases. 
Therefore the asymmetry of this resonance is almost invisible, and we 
do not show it in this figure. The smaller change of phase for the Xlh1 
resonance is explained by smaller shift of its center of mass, see Fig.  7. 
The calculated changes of phases are similar to the experimental results 
presented in Ref. [24].

The phase 𝜙𝑗 of the Xhh2 resonance is much more sensitive to the 
electric field. The bottom panels of Fig.  8 illustrate this sensitivity. At 
zero electric field, the resonance is observed as a dip with the amplitude 
determined by the radiative broadening shown in Fig.  4. The phase of 
this resonance, 𝜙 = 𝜋, which is due to the odd symmetry of its function 
𝛷(𝑧), as shown in Fig.  5. The FWHM of the dip, 𝛥𝐸 = 2ℏ[(𝛤0 + 𝛤 ) −
|𝑟𝑠|𝛤0], which is noticeably smaller than that for the peak with the same 
exciton parameters [20].

In the presence of an electric field, the function 𝛷(𝑧) of the Xhh2 
state is modified as shown in the middle panel of Fig.  5. Correspond-
ingly, the overlap integral 𝐼𝐶 increases while the integral 𝐼𝑆 decreases, 
which results in a decrease in the phase 𝜙. When the electric field 
becomes strong enough (see the left bottom panel in Fig.  8), the Xhh2 
resonance transforms from the dip to a peak with a low-energy tail. 
The phase of this resonance, 𝜙 ≈ −0.16 rad, which is close to zero. 
In the case of the 100-nm QW, we managed to calculate parameters 
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Fig. 9. Reflection spectra modeled for the QW widths of 30, 50, and 100 nm. The exciton states Xhh1, Xlh1, and Xhh2 are taken into account.
of the Xhh2 exciton only for the relatively small electric fields up to 
𝐹 = 0.625 kV/cm at most (see Figs.  1–4). The resonance transforms 
under such a field into a dispersion-like curve with long tails in the 
lower and higher energy regions. The phase 𝜙 ≈ −1.08 rad in this case.

To summarize the results of the theoretical study of the excitons, 
we have modeled reflection spectra of heterostructures with three QWs 
in the whole range of electric field considered. The discrete numerical 
data for the exciton energies 𝐸𝑋 and radiative broadening ℏ𝛤0 shown 
in Figs.  1 and 4, respectively, were interpolated to obtain smooth 
dependencies on the electric field. For the Xhh2 exciton states, we used 
only the data reliably obtained in the calculations in the limited ranges 
of the electric field, 𝐹 < 3 kV/cm for the 30-nm QW, 𝐹 < 2.5 kV/cm for 
the 50-nm QW, and 𝐹 < 0.625 kV/cm for the 100-nm QW. The modeled 
reflection spectra are shown in Fig.  9. The light blue color in the figure 
represents the background reflection from the heterostructure surface. 
The exciton states in reflection spectra are represented as resonant 
features. These resonances are depicted in the green to red colors when 
they have a peak-like shape with an increased reflection coefficient and 
in dark blue for the dip in the reflection.

The Xhh1 and Xlh1 exciton resonances are represented as reflection 
peaks. The Stark shift of these resonances reproduces that shown in 
Fig.  1. However, their visibility rapidly decreases with the electric 
field increase, in particular, for the 50-nm and 100-nm QWs. This is 
due to the electric-field-induced decrease of the exciton-light coupling 
strength shown in Fig.  4. These resonances become nearly invisible for 
the 100-nm QW at electric field 𝐹 > 1 kV/cm. Therefore, this field 
range is not shown in the right panel of Fig.  9. The visibility of these 
resonances in experiments can drop even faster because of an additional 
nonradiative broadening of the resonances with the increase of the 
electric field [24]. The Xhh1 and Xlh1 resonances can overlap in the 
100-nm QW due to the nonradiative broadening.

The Xhh2 exciton resonance in the studied QWs appears in the 
reflection spectra differently from the Xhh1 and Xlh1 resonances. At 
small electric fields, the Xhh2 state is observed as a reflection dip for all 
three QWs. For example, the reflection coefficient for a heterostructure 
with the 100-nm QW at the Xhh2 exciton resonance is about 0.18 at 
𝐹 = 0 kV/cm. When the external electric field gradually increases, the 
Xhh2 resonance is transformed into a peak. The maximum amplitude 
of the Xhh2 resonant reflection reaches 0.42 for the 50-nm QW in the 
electric field of 2.5 kV/cm. It may increase further in larger electric 
fields, but we have not been able to reliably calculate the characteristics 
of the Xhh2 exciton for such electric fields.

In the heterostructure with the 100-nm QW, the Xhh2 resonance 
is observed as a dip at zero field and transforms into a dispersion-
like curve with the field increase (compare with Fig.  8). Due to the 
dispersion-like shape of the resonance, its wings are seen far from the 
Xhh2 exciton energy. In particular, these wings are visible in the right 
panel of Fig.  9 as a dark (light) blue area in the high (low) energy 
region for the electric fields 𝐹 < 0.625 kV/cm. We did not manage to 
study the Xhh2 exciton at fields 𝐹 > 0.625 kV/cm, so its contribution 
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is not represented in this electric field region, which leads to a sharp 
color change in the figure.

The general shape of the exciton resonance reflection for a het-
erostructure with the 50-nm QW is similar to that for the 30-nm QW, 
which indicates a gradual change in the characteristics of exciton states 
from those in a relatively narrow QW to those in a wide QW.

6. Conclusion

We used the fourth-order finite difference method to accurately 
solve the Schrödinger equation that describes the quantum mechanical 
behavior of exciton states (Xhh1, Xlh1, and Xhh2) in the
GaAs/Al𝑥Ga1−𝑥As (𝑥 = 0.3) QWs with widths of 30, 50, and 100 nm 
in an external electric field applied along the structure axis. The Stark 
shift of exciton states is found to gradually increase from a few units 
of meV in the 30-nm QW to several tens of meV in the 100-nm QW 
at 𝐹 = 6 kV/cm. Under small electric fields, the Stark shift can be 
described by perturbation theory. The Xhh2 state was studied in a 
smaller range of electric fields. At large electric fields, for example, at 
𝐹 > 3 kV/cm for the 30-nm QW, it overlaps with a continuous spectrum 
of states of the free electrons and holes and cannot be found by the 
numerical algorithm used.

The binding energy of the Xhh1 and Xlh1 gradually decreases as 
the external electric field increases from 0 to 6 kV/cm. This decrease is 
more pronounced for the widest QW. For the 100-nm QW, an abrupt, 
threshold-like, decrease in the binding energy is observed in the electric 
fields of 0.5 → 1 kV/cm. This behavior indicates a break in the Coulomb 
coupling of the electron and the hole in the exciton, i.e., dissociation of 
the exciton. At the same time, the binding energy decreases down to a 
non-zero value of about 1 meV, rather than reaching zero. This is due 
to the blocking effect of the QW boundaries when the average distance 
between the electron and the hole inside the exciton cannot exceed the 
width of the QW.

The applied electric field polarizes the excitons. The static dipole 
moment of the Xhh1 and Xlh1 excitons increases linearly (in absolute 
value) in the 30-nm QW and experiences an abrupt increase at 𝐹 ≈
1 kV/cm in the 100-nm QW. Then the dipole moment remains almost 
constant at larger electric fields in this QW, which is also due to the 
blocking effect of the QW boundaries.

The exciton-light coupling constant ℏ𝛤0 of the Xhh1 and Xlh1 
states gradually decreases in the narrow QW and decreases abruptly 
down to zero at 𝐹 > 1 kV/cm in the 100-nm QW. This indicates a 
strong decrease in the overlap of the electron and hole densities in the 
excitons induced by the exciton polarization. The exciton-light coupling 
constant of the Xhh2 state is small for the narrow QW and comparable 
to that of the Xlh1 state for the 100-nm QW in the absence of the 
electric field. This constant increases with the electric field increase in 
the 30-nm and 50-nm QWs and remains almost constant in the 100-nm 
QW. This behavior is explained by specific features of the overlap of the 
sine-like and cosine-like parts of the light wave with the Xhh2 exciton 
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state, whose wave function is antisymmetric at zero field and is strongly 
modified when the electric field is applied.

The applied electric field shifts the center of mass of the excitons, 
although the exciton is a neutral quasi-particle. This effect is caused by 
a difference in the masses of the electron and the hole in the exciton. 
The heavy hole/electron mass ratio, 𝑚ℎℎ∕𝑚𝑒 = 5.2, which is several 
times larger than that for the light hole/electron masses (𝑚𝑙ℎ∕𝑚𝑒 =
1.34). Therefore, the shift of the center of mass of a heavy-hole exciton 
with an increase in the field occurs several times more strongly for all 
three QWs. For a wide QW (100 nm), the threshold behavior of the 
effect is again observed in the field 𝐹 = 1 kV/cm, above which the 
displacement of the center of mass slows down. This is also explained 
by the limitation of the movement of the electron and the hole in the 
QW.

The obtained results enabled us to model reflection spectra, which 
can be observed experimentally. The modeling shows that the visibility 
of exciton resonances gradually decreases with the increase of the 
electric field, in particular, for wide QWs. For the 100-nm QWs, the 
resonances are hardly visible at electric fields 𝐹 > 1 kV/cm.
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