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Abstract—A difference system of the Lotka—Volterra type is considered. It is assumed that this
system can operate both in some program and perturbed modes. The restrictions on the time of
the system’s stay in these modes, providing the desired dynamical behavior, are investigated. In
particular, the conditions of the ultimate boundedness of solutions and the permanence of the
system are obtained. The direct Lyapunov method is used, and different Lyapunov functions
are constructed in different parts of the state space. The sizes of the domain of permissible
initial values of solutions and the domain of the ultimate bound of solutions corresponding
to the required dynamics of the system are estimated. Constraints are set on the size of the
digitization step of the system.
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manence

DOT: 10.1134,/S199047892404015X

INTRODUCTION

Lotka—Volterra type systems are widely used to model various interactions between entities in
biological, chemical, or economic environments [1, 2|. These systems are most commonly applied to
construct population models describing the dynamics of population sizes in biological communities.
Both continuous and discrete models are employed in applied problems [3, 4]|. Difference equations
can be obtained by discretizing continuous equations using computational schemes or can be con-
structed directly without reference to continuous models. Since population dynamics is essentially
a discrete process, the mathematical framework of difference equations often proves more suitable
for describing such processes [4].

One important problem in population dynamics is the ultimate boundedness of solutions [1].
This involves studying conditions that guarantee the existence of a bounded region in the system
state space such that any solution will enter this region in finite time and remain there thereafter.
From a biological perspective, this means population sizes will not exceed certain specified values.
In discrete models, such ultimate boundedness can often only be guaranteed for solutions starting in
some finite neighborhood of the origin. However, since the size of this neighborhood can be varied,
this does not pose fundamental problems for modeling real processes.

Another key problem is system persistence [1]. Persistence means that during biological inter-
actions, populations do not go extinct, and their sizes do not fall below certain positive thresholds.
A system exhibiting both ultimate boundedness and persistence is said to be permanent [1, 5, 6].

These problems have been extensively studied in recent decades for Lotka—Volterra systems with
constant and variable coefficients [4-6|, under random or nonrandom disturbances [7-9]|, with time
delays or diffusion [10, 11], etc. Of particular practical interest is the study of systems with hybrid
structure |12, 13|, especially when system coefficients can switch between different sets of values
due to external influences, changes in control schemes, etc. Many papers have been devoted to
developing dynamic analysis methods for switched systems (see [14, 15]), Lyapunov’s direct method
being a standard tool. For example, switched Lotka—Volterra systems were examined in [16-18|.

812



ANALYSIS OF THE DYNAMICS OF SOLUTIONS 813

The present paper studies a hybrid discrete Lotka—Volterra type system that can operate either
in a planned mode with an asymptotically stable equilibrium or in a perturbed mode where this
equilibrium and stability properties are lost. The system dynamics is analyzed, sufficient conditions
for ultimate boundedness and permanence are established, and estimates are obtained for admissible
initial and limiting solution values corresponding to the studied dynamics. A distinctive feature of
this paper is the partitioning of the system state space and the construction of different Lyapunov
functions in different regions of this space. This approach yields improved results both qualitatively
and quantitatively [19, 20].

1. STATEMENT OF THE PROBLEM

Consider the discrete system
zi(k+1) = x;(k) exp (h(ci + Zpijfj(xj(k)))> ;o i=1...,n (1)
j=1

Equations (1) represent a difference analog of the well-known generalized Lotka—Volterra differen-
tial system |3, 4|. They are typically used to model interactions between multiple populations in
a biological community. Here the variable x;(k) describes the size of the ith population at the kth
iteration (k = 0,1,...; ¢ = 1,...,n). The parameter h > 0 determines the discretization step.
The constant coefficients ¢; and p;; characterize the natural growth/decline rates of populations, in-
traspecific competition, and interspecific interactions (i,7 = 1,...,n). The functions f;(z;) defined
for z; € [0,+00) (i = 1,...,n) are chosen to ensure that the modeling results are consistent with
experimental observations.

Note that Egs. (1) are also applied to model certain chemical and economic processes |1, 2|.

In accordance with the physical meaning of the variables, we consider system (1) in the non-
negative orthant K+ = {z = (21,...,2,)7 : 2, > 0,4 = 1,...,n}. The interior of K is denoted
by K ={z = (21,...,2,)T : 2z > 0,i = 1,...,n}. Note that both K* and K are invariant sets
of system (1).

Following standard assumptions (see [1-3|), we consider that the functions f;(z;) are continuous
and strictly increasing for z; € [0, +00), with f;(0) = 0 and f;(z;) = +ooas z; = +oo (i =1,...,n).

Additionally, we assume that for any constant H the functions f;(z;) = f;(e*) satisfy the Lips-
chitz condition on (—oo, H] with some Lipschitz constant L(H) > 0, and moreover, fol @ dr < +o0
(t=1,...,n).

Remark 1. All the assumptions made are satisfied, for example, for power-law functions
fi(z;) = 2" where p; > 0,4 =1,...,n. In particular, the case of u; = ... = p, = 1 corresponds to
the classical Lotka—Volterra difference system.

Let us denote f(z) = (f1(21),. -+, fa(2:))7, ¢ = (c1,...,¢,)T, and P = (p;;)!

ig=1"

We assume that detP # 0, P7'¢ < 0 (component-wise), and there exist positive num-
bers Aq,...,\, such that the matrix AP + PTA, where A = diag{\,...,\,}, is negative defi-
nite.

Under these assumptions, system (1) has a unique equilibrium position x = (Z1,...,7,)" € K,
and this equilibrium is asymptotically stable [1-4].

The dynamics of system (1) will be called the planned (programmed) regime. Furthermore, we
assume that at certain moments, due to external influences, the system switches to the perturbed
regime

zi(k 4+ 1) = z:(k) exp (h(éi(k) + 2 hu(k), (xj(k‘)))> L i=1,...,n. 2)

Here the coefficients ¢;(k) and p;;(k) are bounded quantities,

él(]f)} <&,

ﬁij(k)‘ <pi, k=0,1,... (& =const >0, p;; = const > 0).
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Fig. 1. Domains of the state space.

After the perturbations cease, the system returns to the planned regime (1). Alternatively, one can
interpret the problem as the system operating in the perturbed regime (2), but at certain times we
apply special stabilizing control to bring the system to the planned regime (1). After the control is
turned off, the system returns to the regime (2).

The aim of the present paper is to determine constraints on the times (numbers of consecutive
iterations) for which the system stays in regimes (1) and (2) which guarantee the desired dynamic
characteristics of the system solutions. In particular, we will study the problem on system solutions
entering some compact neighborhood G € K of the point X and remaining there. Thus, the paper
will establish conditions for the ultimate boundedness of solutions and the permanence of the hybrid
system consisting of subsystems (1) and (2).

2. CONSTRUCTION AND ESTIMATES OF LYAPUNOV FUNCTIONS

To solve the problem, we use two Lyapunov functions [3, 17]

i

Va(z) = i/\i /Z fi(TT) dr,

where for the coefficients Aq{,..., A, we take the numbers indicated in the previous section of the
paper.

We have Vi(x) = 0 and Vi(z) > 0 for z # x, and Vi(z) — +oo as z; — +0 for at least
one i € {1,...,n} and also as ||z|| = +o0o. At the same time, the function V,(z) maintains a finite
value as z; — +0 for ¢ € {1,...,n}, but Vo(z) — 400 as ||z|| = +o00. Thus, there exists an H > 0
such that

Vo(z) >0 for |z]| > H. (3)

We will compute the finite differences of the functions V;(z) and V,(z) on the solutions of sub-
systems (1) and (2).
Let us take arbitrary values 0 < H; < min Z; and Hy > ||X|| and specify the domain

i=1,....,n
(see Fig. 1)
Ti(Hi, Hy) ={z € K : |z—x| > Hy, ||z| < H>}.

We obtain
AVi| ) = Vi (x(k +1)) = Vi (x(k))
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yi(k+1)

B Z/\ /wz(k-i-l) filr ) dT— Z/\ / ( (€) — 2(@)) d¢

yi(k)

= hzn:Ai (ﬁ»(yi(k) + 0Dy (k) — fil) ) pr (fj y;(k fj(ﬂj))
- hi& (Fiwk) - fiw) pr (i (s k) = Fi(@))

+hzn:>\i (ﬁ(yz(k) + 0ix Ay, (k )) fz yi(k ) Zpu ( f](g]))

Here y;(k) = In z;(k), y; = In Z;, Ay;(k) = y;(k+1) —y;(k), and 0, € (0,1), i =1,...,n.
Hence if ||x(k)|| < Hy and ||x(k + 1)|| < H,, then

AVA| < (= a4 boL(n Ho)B?) [ £(x(R)) — £(X)] ],

where b; and b, are some positive constants independent of h and Hj.
Take 0 < hy(Hs) < bi/(bs L(In H,)). Now, if h € (0,hi(H>)), then, as long as the solution of
system (1) remains in the domain 7} (H;, H), one has the estimates
AV,

< —hbs(H,) f(X(k)) - f(i)HZ < —hay(Hy, Hy), (4)

{(1)

where b3(Hz) and a4 (H;y, Hs) are positive constants depending on H, and (Hy, Hs), respectively.

Using a similar argument, one can specify a nonnegative constant /3, (H,) depending on Hy such
that if h € (0, hy(Hz2)), then, as long as the solution of system (2) remains in the domain (see Fig. 1)

Ty(Hy) ={z € K{ : ||z|| < H.},

one has the estimate

Now consider a domain of the form (see Fig. 1)
Ts(Hj, Hy) = {z € Ki : H; < |z| < Hy},

where H; and H, are some positive constants and Hs < Hy.
We have

AVy| = Va(x(k +1)) — Va(x(k))

(k+1) n yi(k+1)
fi(T) 3
Z /W) Har=3y (/) fi(e) de
SONYICER NI (8 o ATD)
i=1 =1

= hzn: Xifi (yi(k)) (Cz' + Zn:pijfj(yj(/f)))
+hz>\ ( k) + 0 Ayi(k)) —ﬁ(yi(/ﬂ))> (CiJFiPijfj(yj(k))) :

Here, as before, y;(k) = In x;(k), Ayi(k) = y:(k +1) — y:(k), and 0y, € (0,1),i=1,...,n.
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Hence if ||x(k)|| < Hy and [|x(k + 1)|| < Hy, then one has the inequality

2
AV ) < —buh||£ (k) |+ s

‘f(x(k))” + beL(In Hy)h? (1 + Hf(x(k:))

2)
where by, b5, and bg are some positive constants independent of h and Hjy.
Let us find a number H > 0 such that

|£(2)|| > bs/bs for |z| > H. (6)

Based on the quantities defined by formulas (3) and (6), we find the constant H = max{H; H}.

We will assume that H, > Hs > H. Then it is not difficult to find positive constants ho(Hjz, Hy)
and b;(Hs, Hy) such that if h € (0, ho(Hs, Hy)), then, as long as the solution of system (1) remains
in the domain T3(Hjz, Hy), the inequality

2

AVy| ., < —hbs(Hs, Hy) | £(x(k))

‘(1)

holds. Consequently, for any n > 0 in the domain T3(Hj, Hy) we can construct the estimate

AV, < —has(n, Hs, Hi)Vy' (x(k)), (7)
where ay(n, Hs, Hy) is a positive constant depending on the choice of 1, Hs, and H,.

In a similar way, we can find a nonnegative constant (5(n, Hz, H;) depending on the choice of 7,
Hs, and H, such that for h € (0, hy(Hjz, Hy)) the estimate

AVa| ) < hBa(n, Hs, Hy)Vy' (x(k)) (8)

‘(2)
holds in the domain T3(Hs, Hy).

Remark 2. The coefficients o, (Hy, Hy), f1(Hz), aa(n, Hs, Hy), and a2(n, Hy, Hy) occurring in
inequalities (4)—(8), as well as the quantities h;(H>) and ho(Hj, Hy), can be estimated in a straight-
forward manner for selected values of Hy, Hs, H3, Hy, and 1 and for a specifically given family of
subsystems (1) and (2) via numerical analysis.

3. ESTIMATES OF SOLUTIONS OF THE HYBRID SYSTEM

Now consider the hybrid system formed by subsystems (1) and (2). Let a discrete func-
tion o(k): {0,1,...} — {1,2} determine the switching order between these subsystems. Thus,
if (k) = 1, we consider that during the kth iteration the hybrid system operates in the planned
mode (1), while if o(k) = 2, then the hybrid system operates in the perturbed mode (2), k = 0,1, .. ..

Relations (4)—(8) established earlier for the selected Lyapunov functions permit one to obtain
estimates for solutions of the hybrid system in the corresponding regions of the positive orthant K .

Lemma. For any n, y, and x such that n >0, y > 0, and x < y~"', one has the inequalities

) T ey e (=D i o> 1,

(y —ay"
and
(y—ay”) "<y 4 (- i 0<n<l.
Proof. Take n > 0 and y > 0 and consider the function
_ —1
p(x) = (¥ + (= D) (y—zy")"
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We have I
p'(x) = —n(n — Day"(y — zy")

If n > 1, then ¢'(z) > 0 for x < 0 and ¢'(z) < 0 with 0 < z < y~ 7!, and hence
max @(x) = p(0) = 1.

(=00, y=7t1)
Likewise, if 0 < < 1, then ¢’(z) < 0 for z < 0 and ¢’(z) > 0 for 0 < z < y~ "', and hence

min  ¢(z) = ¢(0) = 1.

(=00, y=nt1)

The proof of the lemma is complete. [
Let some values 0 < H; < I{nn Z; and Hy > ||X|| be chosen, the quantity h;(H,) be defined,

77777

and the estimates (4) and (5) in the domain T} (H;, H,) be constructed.
Define wy(Hy, Hy) = oy (Hy, Hs) if o(k) = 1 and wy(Hy, He) = —f1(Hy) ifo(k) =2,k =0,1,....
Take ko > 0 and xq € T} (H;, Hy) and consider a solution x(k) of the hybrid system (1), (2) such
that x(ko) = Xo. Assume that for k = kq, ..., k the solution x(k) remains in the domain T} (H,, H>).
Now if h € (0, hy(Hy)), then the following estimates hold for k = ko +1,. .., k:

Vie()) < Valx(k — 1)) — b y(Hy ) < - < Vi) —h S G(HuHD). (9

i=ko

In a similar way, let some values n > 0 and Hy, > H3 > H be selected, the quantity hq(Hs, Hy)
be defined, and the estimates (7) and (8) in the domain T5(Hj, Hy) be constructed. Define
%k(né}{37H4) = QQ(T],H3,H4) lf O'(k) = 1 and (T}k(n,Hg,H4) = —52(777 H3,H4) lf O'(k) = 2,

Take ko > 0 and xq € T3(H3, Hy) and consider a solution x(k) of the hybrid system (1), (2) such
that x(ko) = xo. Assume that for k = ko, .. , k the solution x(k) remains in the domain T3(Hs, Hy).
Then, applying the lemma, it is stralghtforward to find a positive hy(n, Hs, H4) < ho(Hj, Hy) such
that if & € (0, ho(n, Hs, Hy)), then the following estimates hold for k = ko 4+ 1,. .., k:

—n+1

Vi (x(k)) = (Va(x(h — 1)) — hiGioa (n, Hy, H)V (x(k — 1))
> Vy " (x(k = 1)) + (n — 1)hivg_1(n, Hs, Hy)

o (10)
> 2 ‘/’Q_TI—H(XO) + (77 - 1>h Z a}i(n7H37H4)
ifn>1; o
Vi (k) < (Va (= 1)) = iy (n, Hy, H)V3 (x(k — 1)) !
gwwk@—m+(—W@lmmﬂ@ (1)
<<V (xo) + _1h§: ((n, Hs, Hy)
if0<n<l1;
%(X(k)) < (]- - hak71(17H3>H4)>‘/2(X(k - 1)) << l—[1 (1 - ha}i(]-vaSaHﬁl)) ‘/2(X0) (12)
ifn=1.
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Taking into account the specific form of the Lyapunov functions Vi(z) and V(z), inequali-
ties (9)—(12) permit one to estimate ||x(k)| as long as the solution x(k) of the hybrid system
remains in the corresponding domains of the positive orthant.

4. ANALYSIS OF THE DYNAMICS OF THE HYBRID SYSTEM

Now let us study the dynamics of solutions of the hybrid system (1), (2). First, we establish
sufficient conditions for the ultimate boundedness of solutions using the Lyapunov function V;(z).

Theorem 1. Suppose that for some selected values Hy > Hs > H', n > 0, the estimates (7)
and (8) have been constructed and the following conditions hold:

1. There exist numbers Ay and Ay such that

H; < B(H;) < Ay < Ay < B(Ay) < Hy, (13)
where
B(s) = max Iz,
2EKY: Va(z)=A(s)

A(s) = max Vi(z).

ZGKJ: ||z||=s

2. The time (number of consecutive iterations) for which the hybrid system stays in mode (1) is
bounded below by a positive integer Ly, the time (number of consecutive iterations) for which
the system stays in mode (2) is bounded above by a positive integer Ly, and one has the relation

—052(7'], H3,H4)L1 +62(77, H3,H4)L2 < 0 (14)

Then there exists an hoy > 0 such that if h € (0, ho1) and ||xo|| < Ay, then, for some K > 0,
the inequality ||x(k)|| < Ag holds for all k > ko + K. Here x(k) is the solution of the hybrid
system (1), (2) with the initial condition x(ko) = Xo; ko > 0, xo € K.

Proof. Let xo € T5(Hs, Hy). Now if h € (0, ho(n, Hs, Hy)), then, as long as the solution of the
hybrid system remains in the domain 75(Hs, Hy), the estimates (10)—(12) will hold (depending on
the chosen value of 7).

The choice of A; according to inequalities (13), along with the assumption about the bounded
time of the system staying in the mode (2), guarantees the existence of a value

0< h21(777H37H47A1>L2) < ]_7“2(777H37H4)

such that for h € (0, hay(n, H3, Hy, Ay, L)) and ||xo|| < A; the condition ||x(k)|| < Hy will be
maintained for all k = ko, ko + 1,... (i.e., the solution of the hybrid system will not leave the
domain T3(Hs, H,) through the upper boundary ||z|| = H,).

On the other hand, according to condition (14), there exists a k > kg such that for k = k the
estimates (10)—(12) become inconsistent in the domain T3(Hj, Hy) (which means that the solution
of the hybrid system will leave the region T3(Hs, Hy) through the lower boundary ||z|| = Hj at
time k = k).

Finally, the choice of A, according to inequalities (13), taking into account the assumption
about the bounded time of the system staying in the mode (2), guarantees the existence of
a value 0 < hQQ(T], Hg,H4,A2,L2) S hg('f], H3,H4) Suc_h that for h S (0, th(T],Hg,H;bAQ,LQ)) the
condition ||x(k)|| < Ay will be maintained for all £ > k& (i.e., the solution of the hybrid system, once
entering the region T5(A,) at some time, will not leave it thereafter).

Setting hoy = min{hay (1, Hz, Hy, Ay, La); hoo(n, Hy, Hy, Ag, Ly)}, we arrive at the desired result.
The proof of the theorem is complete. [
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22
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Fig. 2. Constraints on the selection of Hs and Hy values.

Remark 3. One can readily verify that the quantity K in Theorem 1 can be chosen independently
of kg, which means that the conditions of Theorem 1 ensure the uniform ultimate boundedness of
solutions.

Remark 4. Inequalities (13) impose constraints on the selection of H3 and H, (see Fig. 2). Note
that for the existence of A; and A, satisfying (13) it is necessary and sufficient that Hz and H, are
chosen so that the inequality B(B(Hj;)) < H, holds.

Remark 5. By choosing 7, one can optimize relation (14) by means of finding the value
of max ao(n, Hs, Hy)/B2(n, Hy, Hy). Note that condition 1 of Theorem 1 is independent of . How-
n

ever, the choice of 1 affects the estimate for the limiting admissible discretization step ho;.

Remark 6. If the functions f;(z;) = fi(e*), i = 1,...,n, satisfy the Lipschitz condition on any
interval (—oo, H] with a Lipschitz constant L > 0 independent of H, then by setting H, = +00, one
can consider the problem of uniform dissipativity of the hybrid system (1), (2). This only requires
the additional assumption that there exists an n > 0 for which the estimates (7) and (8) hold in
the domain T3(Hjs, +00). In this case, A; = 400 can be chosen in Theorem 1.

We now use the Lyapunov function V;(z) for the dynamic analysis to guarantee permanence of
the hybrid system (1), (2).

Theorem 2. Let the time (number of consecutive iterations) of the hybrid system staying in the
mode (1) be bounded below by a positive integer Ly, let the time (number of consecutive iterations)
of the system staying in mode (2) be bounded above by a positive integer Lo, and let the following
conditions be satisfied:

1. For some selected values Hy > Hy > H, n > 0, the estimates (7) and (8) have been con-
structed, there exist numbers Ay and Ay satisfying inequalities (13), and relation (14) holds
true as well.

.....

—Oél(Hl, AQ)Ll + Bl(AQ)LQ < 0. <15)

Then for any constant C' > 0 there exists an hoy > 0 such that if h € (0, ho), then there exists
an N > 0 for which any solution of the hybrid system (1), (2) starting in the domain To(A;) enters
the domain

G={ze Kj: Vi(z) <D(H))+C}NTy(Ay),

where D(H;) = , max Vi(z), no later than the Nth iteration and remains there.
zeEK | : ||z—x||=H:1
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820 PLATONOV

Proof. By Theorem 1, for h € (0,hy;) any solution of system (1), (2) starting in the do-
main T5(A;) will eventually enter the domain 75(A,) and remain there. Condition (15), together
with estimate (9), guarantees that if h € (0,h1(Az)), then the solution will eventually enter the
H,-neighborhood of the point X. Finally, the discretization step can be chosen sufficiently small so
that the solutions starting in the H;-neighborhood of the point x do not jump beyond the domain G
within L, iterations. The proof of the theorem is complete. [J

Remark 7. The use of the Lyapunov function V,(z) enables driving solutions of the hybrid
system (1), (2) starting in the domain T5(A;) into the domain T5(A;) (ensuring their ultimate
boundedness). The subsequent application of the Lyapunov function V;(z) then drives these solu-
tions into a neighborhood G of point X (ensuring system permanence). The size of neighborhood G,
constraints on L; and L,, and the estimate of admissible discretization step can be adjusted through
selection of the constants C, Hy, Hs, Hy, 1, Ay, and A,. Figure 3 illustrates the solution behavior
guaranteed by Theorem 2. Note that using only one of the Lyapunov functions V;(z) or V,(z) would
not suffice to guarantee system permanence under the given assumptions.

5. NUMERICAL EXAMPLE

Consider a vector of the form (1) describing the interaction of two (n = 2) populations in
a biological community:

z1(k+1) =x:(k)exp (h( —1—a(k)+ 2x2(kz))>,

(16)
xo(k 4+ 1) = x2(k) exp (h(3 — 2z, (k) — :cg(k;))>
Here f;(z;) = z;, i = 1,2. System (16) has the equilibrium position x = (1,1)7 € K.
Assume that the perturbed system (2) is represented in the form
21(k +1) = 2, (k) exp <h( — cos(k) + cos(k) 1 (k) + 2sin(k) x2(k;))),
(17)

zo(k + 1) = xo(k) exp <h(3 cos(k) — 2sin(k) z1 (k) + cos(k) m(k)))

Take A = diag{1, 1} and construct the Lyapunov functions

Vi(z) =21 —Inzy 4+ 25 — lnzy — 2,
Va(z) = 21 + 22 — 2.

22

Ay

Ay

> 2]

0 Ay

Fig. 3. Dynamics of solutions for the hybrid system.
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Set H; = 4. Then B(Hs) = 4v/2, and hence one can take, say, Ay, = 6, A; = 10. We
obtain B(A;) = 10v/2; consequently, it suffices to set Hy = 15 for inequalities (13) to be satisfied.

For 7 = 2 and for a sufficiently small discretization step h, in the domain T3(4,15) we arrive at
the estimates

Va(z) > 0,
AV, < —0.15h Vi (x(k)),
AV, < T.1hVE(x(k)).

)
)

By Theorem 1, if the inequality
—0.15L +7.1L, < 0, (18)

holds, then, for the hybrid system consisting of subsystems (16) and (17), the solutions starting in
the domain 75(10) will eventually enter the domain 75(6) and remain there. Thus, these solutions
will be ultimately bounded.

Now take H; = 0.75. For a sufficiently small discretization step h, in the domain 77(0.75,6) we
obtain the estimates

AV, < —0.56 h,

|(16) =
AV} < 53h.

lam)
Therefore, if in addition to inequality (18), the relation
—0.56L; + 53Ly < 0, (19)

holds; then, according to Theorem 2, the hybrid system studied will be permanent for solutions
starting in the domain 75(10). Note that inequality (18) follows from inequality (19). Thus, con-
dition (19) will guarantee nonextinction of the considered populations and their bounded numbers.
Moreover, using Theorem 2, we can estimate the boundaries for the limiting numbers of these popu-
lations. The best accuracy of estimates can be achieved by numerically enumerating possible values
of the parameters Hy, Hs, Hy, A1, Ay, and 7.

CONCLUSIONS

The paper obtained constraints on the switching law between the planned and perturbed modes
of operation of a given discrete dynamical system, guaranteeing the ultimate boundedness of the
solutions and the permanence of the system. The Lyapunov direct method was used to solve
the problem. Since for nonhomogeneous systems, the estimates for the chosen Lyapunov function
generally depend significantly on the considered region of the state space, it is often advisable to
partition the state space into parts and use separate estimates in each part. It is even possible to
construct a separate Liyapunov function in each part. In the present paper, two Lyapunov functions
were employed for the analysis. It was noted that only the joint application of these functions
leads to the desired result. The obtained relations connect the constraints on the switching law, the
sizes of the domain of initial solution values, the sizes of the domain of ultimate solution behavior,
and the discretization step size. These relations are determined by the choice of certain auxiliary
parameters, which allows formulating optimization problems for this choice.
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