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Photon angular distribution in two-photon electron capture by H-like uranium
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We present a comprehensive study of the angular distribution of photons emitted during resonant two-photon
electron capture by H-like uranium ions. Focusing on the energies of incident electrons, for which the di-
electronic recombination (DR) dominates, we analyze the angular emission spectrum of the most significant
cascade transitions, which make the main contribution to the total cross section. In particular, we consider
the cascade transitions that occur with the formation of (1s2s) and (1s2p) intermediate states. We investigate
the angular distribution of the emitted photons beyond the single-photon approximation. We separately consider
the contributions of the DR and the radiative recombination channels and demonstrate that the two-photon
angular distribution shows strong interference between these channels.
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I. INTRODUCTION

Radiative electron transitions in atoms and ions are funda-
mental processes in atomic physics, governing much of the
behavior of matter under various physical conditions. Among
these processes, one- and two-photon transitions play an im-
portant role, particularly in the emission of radiation during
electron capture. Although the energy spectrum of these emis-
sions has been widely studied [1–4], the angular distribution
of the emitted photons, especially for two-photon processes,
has received comparatively less attention. Understanding the
angular distribution is crucial because it provides deeper in-
sight into the dynamics of photon emission and the underlying
atomic interactions, providing more detailed information than
spectral measurements alone [5].

The photon angular distribution of the one-photon radiative
transitions during electron capture was extensively investi-
gated [5,6]. However, the photon angular distribution of the
two-photon electron capture, in particular involving dielec-
tronic recombination (DR), has not been studied in detail.
Most of the theoretical works on the DR were limited by the
single-photon approximation [7–10], where only the emission
of the resonant photon was considered. Within the frame-
work of the single-photon approximation, it is impossible
to investigate the continuous nature of the emission spec-
trum and take into account the complex angular correlations
between the emitted photons. In Ref. [11], the resonance ap-
proximation (disregarding interference between photons) was
employed to investigate the two-photon angular distribution
of the two-photon DR with H-like uranium. In particular,
the angular distribution of the second photon, emitted in the
(1s2p1/2)1 → (1s2) transition, for the DR with the formation
of the (2p1/22p3/2) autoionizing states was calculated. A com-
prehensive study of the full two-photon angular distribution
free from these constraints is therefore essential for under-
standing the photon interaction mechanisms.

Radiative electron capture, in which only the radiative
recombination (RR) channel is dominant, has been thor-
oughly investigated in many atomic systems. However, in
systems with two or more electrons, the DR channel becomes
crucial, attracting considerable attention from experimenters
[1–3,9,12–15]. The DR not only is relevant for understand-
ing atomic systems but also plays a key role in describing
laboratory plasmas and astrophysical phenomena [16]. The
first measurements of the DR cross section were presented
in [9,12], in which the experimental results validate theoret-
ical predictions about the substantial influence of the Breit
interaction and the interference between resonances. Recently,
experimental research has shifted to investigating the energy
spectra of emitted photons in DR [1–3]. Notably, the photon
emission spectra for DR in H-like and He-like iron [1,2]
and Be-like lead [3] ions were measured, focusing on the
continuous nature of the two-photon emission spectrum. This
was a significant step in experimental research, providing new
insights into the complexities of two-photon processes and
serving as motivation for this theoretical investigation.

Building on our previous work [4], in which we investi-
gated the energy emission spectrum of resonant two-photon
electron capture, this study focuses on the photon angular dis-
tribution of photons emitted during the same process in H-like
ions. Two-photon processes exhibit rich angular correlations
that reveal a complex interplay between different physical
channels. Specifically, we examine the contributions of two
main channels: RR and DR. The angular distribution of the
emitted photons in these processes provides key insights into
the nature of the intermediate states and the interactions that
shape the emission pattern.

In this paper, we conduct a rigorous QED analysis of the
angular distribution of photons emitted in two-photon elec-
tron capture by uranium ions. We explore how the photon
angular emission patterns differ between the RR and DR
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channels. In particular, we demonstrate that the DR channel
significantly alters the angular correlation between the emit-
ted photons. This work represents comprehensive studies of
two-photon angular distributions in highly charged ions, and it
highlights the importance of considering angular correlations
when studying photon emission processes.

This paper is organized as follows. In Sec. II, we briefly
outline the theoretical framework used to describe two-photon
electron capture by H-like ions, with a more detailed descrip-
tion of the calculation approach given in our previous work
[4]. Section III presents the energy spectrum of the emitted
photons, explaining which regions of the spectrum were cho-
sen for the analysis of the angular distribution. In Sec. IV,
we present and analyze the calculated angular distribution
of photons for resonant two-photon capture. We explore the
one-photon angular distribution for each photon (with the
angular variables of the other photon integrated out) and
the two-photon angular distribution. The two-photon angular
distribution is examined for two specific geometries: (1) one
in which the momenta of the emitted photons are perpendicu-
lar to the momentum of the incident electron (XY plane) and
(2) one in which the momenta of both photons and the incident
electron lie within the same plane (XZ plane).

Relativistic units are used throughout unless otherwise
stated.

II. METHOD OF CALCULATION

We perform a calculation of the differential cross section of
the two-photon electron capture by a one-electron ion. The
considered process is schematically described as

e−(ε) + U91+(1s) → · · · → U90+(1s)2 + γ + γ ′, (1)

where the initial state is the incident electron with energy
ε and the one-electron ion in the ground 1s state. The final
state is the two-electron ion in the ground (1s)2 state and two
emitted photons. Special attention is paid to the energy region
of the emitted photons where the electron capture proceeds
through the formation of one of the singly excited states. In
this case, the process can be described as

e−(ε) + U91+(1s) → U90+(1s, nl ) + γ

↓
U90+(1s)2 + γ + γ ′. (2)

In the DR channel, this process proceeds through the addi-
tional formation of a doubly excited state

e−(ε) + U91+(1s) → U90+(nl, n′l ′) → U90+(1s, n′′l ′′) + γ

↓
U90+(1s)2 + γ + γ ′, (3)

where n, n′, n′′ � 2. The two-photon electron capture process
(1), including its subprocesses given by (2) and (3), is treated
uniformly as a composite process.

The calculation method for two-photon electron capture
within QED theory was presented in a previous work [4].
Here, we focus only on the key aspects of that method. The
cross section for two-photon electron capture was calculated
using the line-profile approach (LPA), with a detailed descrip-

tion of LPA provided in [17]. In [4], this method was further
generalized to accommodate two-photon electron capture.

The two-electron wave functions of the final (1s)2 state and
all the intermediate states in the zero-order perturbation theory
are expressed in the j− j coupling scheme

�
(0)
JMn1 j1l1n2 j2l2

(r1, r2)

= N
∑
m1m2

CJM
j1m1 j2m2

det{ψn1 j1l1m1 (r1), ψn2 j2l2m2 (r2)}, (4)

where the one-electron wave functions ψn jlm are solutions
of the Dirac equation with quantum numbers n, j, l , and m,
representing the principal quantum number (or the energy for
continuum electrons), total angular momentum, orbital angu-
lar momentum of the upper component, and the projection
of the total angular momentum, respectively. In this expres-
sion, J and M represent the total angular momentum of the
two-electron configuration and its projection, while N is the
normalization constant, equal to 1/

√
2 for nonequivalent elec-

trons and 1/2 for equivalent electrons. The symbols CJM
j1m1 j2m2

are the Clebsch-Gordan coefficients [18].
The initial state of the electron system [1s and e−(ε)]

includes the incident electron with a certain momentum p and
polarization μ (in the asymptotic r → ∞). Its wave function
can be written as

�
(0)
n jlm,pμ

(r1, r2) = 1√
2

det{ψn jlm(r1), ψpμ(r2)}, (5)

where ψn jlm is the wave function of the bound electron and
ψpμ is the wave function of the continuum electron.

The interaction between electrons plays a crucial role in
the formation of doubly excited (autoionizing) states and must
therefore be properly accounted for. These doubly excited
states are typically quasidegenerate, so quasidegenerate QED
perturbation theory should be applied to accurately describe
the DR channel.

For this purpose, we use the LPA. Within the framework of
the LPA, the function describing a two-electron state, which
accounts for the interaction of quantized electromagnetic and
electron-positron fields, takes the following form [4,17,19]:

�K =
∑

N

BNK�
(0)
N , (6)

where K ≡ (JM j1 j2l1l2n1n2) is a composite index represent-
ing the complete set of quantum numbers describing the
reference state K and the index N runs over all two-electron
configurations, including integration over both positive- and
negative-energy continua.

The coefficients BNK for N �= K in Eq. (6) characterize the
correlation (or mixing) between states N and K . This corre-
lation is primarily governed by the interelectron interactions.
Specifically, the correlation between the initial state and au-
toionizing states results in the emergence of the DR channel.
The role of DR becomes more pronounced in lighter ions,
as the relative contribution of the interelectron interactions
increases in these systems. However, the effects resulting from
the interference between RR and DR channels for the main
DR resonances are more pronounced in the heavier highly
charged ions [4].
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In this work, for states K , where both electrons are bound,
we restrict the summation over N to a basis set composed
of states (n1l1, n2l2), where n1 � 3, n2 � 5, and l1(l2) =� 3.
For the uranium ion, this basis ensures good accuracy for
states K with n1, n2 � 2 [4]. For a description of the initial
state, where the incident electron is presented, we add to
the basis set (nl, epμ) states, where n � 3 and epμ denotes
an incident electron with certain momentum and polariza-
tion. The functions �K account for the electron self-energy
corrections, vacuum-polarization corrections, and one- and
two-photon exchange corrections. The real part of the electron
self-energy correction was included using a model operator
approach [20]. The imaginary part of the electron self-energy
corrections, the vacuum-polarization corrections and one- and
two-photon exchange corrections were accounted for through
direct calculations.

Within the LPA the amplitude of the two-photon electron
capture can be expressed as [17]

UFI =
∑

N

(A(k1,λ1 )∗)FN (A(k2,λ2 )∗)NI

EF + ω1 − EN + i
2	N

+
∑

N

(A(k2,λ2 )∗)FN (A(k1,λ1 )∗)NI

EF + ω2 − EN + i
2	N

, (7)

where indices I , N , and F denote the initial, intermediate, and
final two-electron states with energies EI , EN , and EF , respec-
tively. The width of an intermediate state is represented by
	N . The two-electron matrix element of the photon emission
(A(k,λ)∗)UD reads

(A(k,λ)∗)UD = e
∫

d3r1d3r2 �U (r1, r2)

× [
γ (1)νA(k,λ)∗

ν (r1) + γ (2)νA(k,λ)∗
ν (r2)

]
×�D(r1, r2). (8)

In Eq. (8) γ (i)ν are the Dirac γ matrices that act on the one-
electron wave function of the argument ri. The photon wave
function A(k,λ)ν = (A(k,λ)

0 , A(k,λ) ) in the transverse gauge reads

A(k,λ)
0 (r) = 0, A(k,λ)(r) =

√
2π

ω
eikre(λ), (9)

where k is the photon wave vector, ω = |k| is the photon
energy (frequency), and e(λ) is the polarization vector.

The fully differential cross section is connected to the
amplitude as

d4σ

dω1d
1dω2d
2
= δ(ω1 + ω2 − EI + EF )

×|UFI |2 ε

p

ω2
1ω

2
2

(2π )5
, (10)

where 
1,2 are the solid angles of the emitted photons.
In this work we consider unpolarized electrons and pho-

tons, which means that averaging over the incident electron
polarizations μ and the polarization of the initially bound
electron mb as well as summation over photon polarizations

λ1 and λ2 should be performed:

d3σ

dω1d
1d
2
= 1

4

∑
μ,mb

∑
λ1,λ2

∫
dω2

d4σ

dω1d
1dω2d
2
. (11)

The summation in Eq. (7) runs over the complete basis
set, which is constructed from the two-electron functions (6).
However, to achieve good accuracy in the cross section, it is
sufficient to include only intermediate singly excited (1s, nl )
states and (1s, e) states, where one electron is in the con-
tinuum. These states directly contribute to the two primary
channels: the cascade channel and the channel involving
bremsstrahlung. All other states contribute significantly only
to the noncascade channel, which has a minor impact within
the photon energy range considered in this work (see [4]).
Nevertheless, to further enhance accuracy, we also include
(2l, nl ′) states in the summation of Eq. (7). This summation
is performed using a finite basis set for the Dirac equation,
constructed from B splines [21,22].

III. ENERGY DISTRIBUTION

We investigate the process of electron capture by a hy-
drogenlike uranium ion initially in the 1s state, accompanied
by two-photon emission. Uranium ions are chosen for this
study due to the extensive theoretical research on DR in
uranium, as well as the availability of experimental data
(e.g., see [8,9,11]). Moreover, in uranium ions with a high
nuclear charge, the interference between RR and DR is par-
ticularly pronounced, as highlighted in our previous work
[4] and further explored in this study. We also note that this
research builds on our previous investigation into the pho-
ton energy distribution in two-photon electron capture with
uranium ions.

The incident electron energy is chosen so that the energy
of the initial state [EI = ε(e) + ε(1s)] is close to the energy of
one of the doubly excited states [such as (2s2s), (2s2p), and
(2p2p)]. In this scenario, dielectronic recombination plays
a significant role. Specifically, electron capture can occur
through the formation of doubly excited states, followed by
their subsequent decay.

The singly differential cross section of the electron capture
with emission of the two photons is given by

dσ

dω1
=

∫
d
1d
2

d3σ

dω1d
1d
2
. (12)

The energies of the emitted photons lie in the interval deter-
mined by the energy conservation law:

ω1 + ω2 = EI − EF . (13)

Accordingly, the photon energy spectrum is continuous and
limited by the energy interval [0, ωmax], where ωmax =
EI − EF . We note that if one of the photons is registered, then
the energy of the other is determined by Eq. (13).

The total cross section reads

σ =
∫ ωmax

2

0
dω1

dσ

dω1
. (14)

In Fig. 1 we present the total cross section of two-photon elec-
tron capture as a function of incident electron kinetic energy.
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FIG. 1. Total cross section of two-photon electron capture by H-
like uranium ions as a function of incident electron kinetic energy.

The resonances in the cross section indicate a strong contri-
bution from dielectronic recombination, manifesting in the
formation of the (2s2p1/2)0, (2p1/2)2, (2s2p1/2)1, and (2s)2

autoionizing states. The contributions from these autoioniz-
ing states are represented by blue dashed lines. A detailed
study of the total cross section of this process can be found
in [4,7,10,11,19]. For further investigation of the differential
cross section we choose an electron kinetic energy equal to
63.9235 keV, corresponding to the maximum of the total cross
section. This energy is marked by the red dashed vertical line
in Fig. 1. For this collision energy, Eq. (13) has the form

ω1 + ω2 = 193.4885 keV. (15)

In Fig. 2, we present a differential cross section of two-
photon electron capture as a function of energy for one of
the emitted photons for a chosen incident electron kinetic
energy. A detailed investigation of the photon energy distri-
bution was performed in our previous work [4]. Since the
two-photon states (k1, λ1; k2, λ2) and (k2, λ2; k1, λ1) are iden-
tical, the differential cross section (12) is symmetric with
respect to the center of the energy interval [0, ωmax]. The two-
photon electron capture predominantly proceeds via cascade
transitions (1s, e) → (1s, nl ) → (1s)2 with the formation of
singly excited (1s, nl ) states with n � 2. In particular, the
main contributions come from the energy regions correspond-
ing to the cascade transitions through the (1s2s) and (1s2p)

TABLE I. The cascade energies of the emitted photons ωres,N
1 =

EI − EN and ωres,N
2 = EN − EF and the natural linewidths 	N of the

corresponding singly excited states.

State ωres,N
1 ωres,N

2 	N

N (keV) (keV) (eV)

(1s2s)1 97.4668 96.0217 0.09
(1s2p1/2)1 97.3257 96.1628 20.3
(1s2p3/2)1 92.8835 100.605 34.0
(1s2p3/2)2 92.9572 100.5313 0.22

FIG. 2. Differential cross section of two-photon electron capture
by H-like uranium ions as a function of the photon energy ω1 of one
of the emitted photons (the other photon energy is ω2 = ωmax − ω1).
The kinetic energy of the incident electron equals 63.9235 keV. The
red dashed lines in the bottom panel mark the positions of the cascade
resonances with (1s2l ) states (see Table I).

states. Therefore, we focus on the four pairs of photon ener-
gies (ωres,N

1 , ωres,N
2 ), which are associated with the formation

and radiative decay of four singly excited states N : (1s2s)1,
(1s2p1/2)1, (1s2p3/2)1, and (1s2p3/2)2. These energies are
presented in Table I and are shown by the vertical red dashed
lines in the bottom panel of Fig. 2.

We note that intermediate singly excited states with zero
total angular momentum [such as (1s2s)0 and (1s2p1/2)0] do
not appear in the spectrum of two-photon electron capture. To
take into account cascade resonances involving these states, it
is necessary to consider electron capture involving the emis-
sion of three or more photons.

The energies listed in Table I are calculated with an accu-
racy of 0.5 eV. The width of the (1s2s)1 state is determined
with an accuracy of about 5%, while the widths of the other
states are calculated with a higher accuracy of better than 2%.
The overall accuracy of the cross-section calculations varies
depending on the photon energy range and is estimated to be
better than 5%.

Strictly speaking, in a two-photon process, we cannot as-
sign a specific photon to the particular transition. However,
the two photons can be distinguished by their energies. In the
bottom panel of Fig. 2, we consider photon energy regions
that include the energy differences between the initial state
and singly excited states (EI − E(1s2l )). The energy of the other
photon (determined by the energy conservation law) is close
to the energy difference between a singly excited state and
the final state (E(1s2l ) − EF ). These two photons are therefore
distinguishable by their energies. We refer to the first photon
(ω1, k1) as the resonant photon, with an energy corresponding
to the (1s, e) → (1s, 2l ) transition, and the second photon
(ω2, k2) as the satellite photon, with an energy corresponding
to the (1s, 2l ) → (1s, 1s) transition.
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FIG. 3. Differential cross section as a function of the polar angle of one of the emitted photons (θ1 or θ2). The photon energy corresponds
to (1s2s)1 cascade resonance. The left panel corresponds to the first photon with energy ω1 = EI − E(1s2s)1 = 97.4668 keV, and the right panel
corresponds to the second photon with energy ω2 = E(1s2s)1 − EF = 96.0217 keV. The black curve shows the result of the full calculation, the
red curve corresponds to the DR contribution, and the blue curve demonstrates the RR contribution.

IV. ANGULAR DISTRIBUTION

We align the z axis with the momentum of the incident
electron and measure the polar angle θ from this axis. The
photon momentum is described by the photon energy ω,
the polar angle θ , and the azimuthal angle ϕ: k = k(ω, θ, ϕ).
The differential cross section for two-photon (k1 and k2)
emission is characterized by the angles of both photons.
However, because of the presence of axial symmetry, the
differential cross section depends only on the difference in the
azimuthal angles:

d3σ

dω1d
1d
2
= d3σ

dω1d
1d
2
(ω1, θ1, θ2, |ϕ2 − ϕ1|). (16)

It is worth noting that, due to the identity of the two pairs
(k1, k2) and (k2, k1) of emitted photons, the following equality
holds:

d3σ

dω1d
1d
2
(ω1, θ1, θ2, |ϕ2 − ϕ1|)

= d3σ

dω1d
1d
2
(ωmax − ω1, θ2, θ1, |ϕ2 − ϕ1|). (17)

A. One-photon angular distribution

Here, we assume that only one [either (ω1, k1) or (ω2, k2)]
of the emitted photons is detected. Accordingly, to inves-
tigate the one-photon angular distribution, we consider the
differential cross section in which integration over the an-
gular variables of the first or second emitted photons is
performed,

d2σ

dω1d
1
=

∫
d
2

d3σ

dω1d
1d
2
, (18)

d2σ

dω1d
2
=

∫
d
1

d3σ

dω1d
1d
2
, (19)

respectively. We note that these differential cross sections are
independent of the azimuthal photon angles ϕi. The differen-
tial cross sections as function of the polar angle θi of the first
or second emitted photon are presented in Figs. 3–6, where
the photon energies are ω1 = EI − EN and ω2 = EN − EF ,
with N representing one of the (1s2s)1, (1s2p1/2)1, (1s2p3/2)1,
and (1s2p3/2)2 states, respectively. The contributions from the
DR and RR channels are shown separately. The DR channel
is dominant for the (1s2s)1 and (1s2p1/2)1 cascades (Figs. 3
and 4), while the RR channel is dominant for the (1s2p3/2)1,2

cascades (Figs. 5 and 6). We observe that the significant con-
tribution from the DR channel results in the differential cross
section for the DR resonances being substantially larger than
that for the RR resonances. Figures 3–6 indicate that the shape
of the angular distribution depends on the relative contribu-
tions of the RR and DR channels. In the RR channel, the first
photon is typically emitted in the forward direction, regardless
of the resonance. In contrast, in the DR channel, the angular
distribution of the first emitted photon can vary significantly
depending on the specific autoionizing state formed. The sec-
ond photon in both channels has a symmetrical distribution
with respect to 90◦.

Figures 3–6 also show evidence of strong interference be-
tween the RR and DR channels. The cascade contribution
of the second photon is associated with the (1s2l ) → (1s1s)
transitions in both channels. The corresponding RR and DR
amplitudes differ only by a phase shift, leading to signifi-
cant interference in transitions where both the RR and DR
channels are strong. For the first photon, the situation is differ-
ent: In the RR channel, the cascade contribution comes from
the (1s, e) → (1s, 2l ) transition, while in the DR channel, it
originates from the (2s2p) → (1s2l ) transition. Since the cor-
responding RR and DR amplitudes are substantially different,
the interference between the RR and DR channels for the first
photon is less pronounced.
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FIG. 4. The same as in Fig. 3, but for photon energy corresponding to (1s2p1/2)1 cascade resonance: ω1 = 97.3257 keV and
ω2 = 96.1628 keV.

To account for the accuracy of the photon detectors and
the energy spread of the incident electrons in the beam, we
perform integration over the energy of the emitted photons.
The four considered cascade resonances can be divided into
two groups of resonances that are close in energy. The first
group includes cascade transitions with the formation of the
(1s2s)1 and (1s2p1/2)1 states, while the second group includes
cascades transitions with the formation of the (1s2p3/2)1 and
(1s2p3/2)2 states. The integration energy interval is [ω(res,N )

1

− 50	N , ω
(res,N )
1 + 50	N ], where N = (1s2p1/2)1 for the first

group and N = (1s2p3/2)1 for the second group. The energies
ω

(res,N )
1 and widths 	N are presented in Table I. The results

of these integrations are given in Fig. 7. This figure shows
that after integration over the energy intervals, the first photon
still has a noticeable maximum in the angular distribution
and tends to be emitted in the forward direction, while the
second photon exhibits almost isotropic behavior for both
groups of resonances. The reason for the isotropic behavior is
the significant compensation of the maximum of the angular
distribution for one resonance and the minimum for the other
in each group. We note that in each resonance group, one of
the resonances has a small maximum in the energy differenti-
ated cross section but has a large width, and the other, on the
contrary, has a large energy differentiated cross section and

FIG. 5. The same as in Fig. 3, but for photon energy corresponding to (1s2p3/2)1 cascade resonance: ω1 = 92.8835 keV and
ω2 = 100.605 keV.
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FIG. 6. The same as in Fig. 3, but for photon energy corresponding to (1s2p3/2)2 cascade resonance: ω1 = 92.9572 keV and
ω2 = 100.5313 keV.

a small width, which provides compensation, leading to the
isotropic distribution.

The angular distribution of the DR process within the
single-photon approximation (where the angular distribu-
tion of only the first photon is available) was studied
in [7,9,10]. The angular distribution of the first photon,

obtained within this approximation, is shown as black dashed
curves in Fig. 7. The angular distribution of the first pho-
ton in the full calculation and approximation is qualitatively
similar, but there is a noticeable quantitative difference. We
explain this difference as follows. First, the destructive in-
terference between cascade resonances decreases the cross

FIG. 7. The differential cross section is presented as a function of the polar angle of one of the emitted photons. The left panels show
the angular distribution of the first photon (with energy ω1 ≈ EI − E(1s2l )), while the right panels show the angular distribution of the second
photon (with energy ω2 ≈ E(1s2l ) − EF ). The top panels display the differential cross section after integration over the photon energy ω1 within
the [96.312, 98.339] keV interval, which includes two close cascade resonances with (1s2s)1 and (1s2p1/2)1 states. The bottom panels show
the differential cross section after integration within the [91.181, 94.585] keV interval, which includes two other close cascade resonances with
(1s2p3/2)1 and (1s2p3/2)2 states. The black curve shows the result of the full calculation, the red curve corresponds to the DR contribution, and
the blue curve demonstrates the RR contribution.
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section. Second, the results of the single-photon approxi-
mation are close to the results of the exact calculation if
the ratio of the partial single-photon width corresponding to
the decay to the ground state 	

(1γ ,N→1s2 )
N to the total width

	N is close to unity (	(1γ ,N→1s2 )
N /	N ≈ 1) for each interme-

diate cascade state N (see Eq. (A8) in [4]). This ratio is,
indeed, close to unity for the states (1s2s)1, (1s2p1/2)1, and
(1s2p3/2)1, but for the state (1s2p3/2)2 this ratio is 0.62 due
to the presence of the single-photon (1s2p3/2)2 → (1s2s)1

transition. Finally, the third reason is the limited interval of
integration.

B. Two-photon angular distribution

Here, we assume that both of the emitted photons are de-
tected. The process is characterized by three vectors: p = pez,
k1(θ1, ϕ1), and k2(θ2, ϕ2), so we align the z axis with the
momentum of the incident electron. To study the two-photon
angular distribution of the emitted photons, we select two
characteristic collision geometries. In the first, the photon
momenta lie in the XY plane, while in the second, they lie
in the XZ plane. We believe that the data obtained from
these geometries can be used to estimate distributions in other
planes, offering a broader understanding of the two-photon
angular distribution.

1. XY plane

In the collision geometry where both emitted photon mo-
menta lie in the XY plane (θ1 = θ2 = 90◦), the differential
cross section depends only on the angle between the photon
momenta. The differential cross section d3σ

dω1d
1d
2
can be con-

sidered a function of ω1 and ϕ = |ϕ2 − ϕ1|,
d3σ XY

dω1d
1d
2
(ω1, ϕ)= d3σ

dω1d
1d
2

(
ω1,

π

2
,
π

2
, |ϕ2−ϕ1|

)
.

(20)

Due to the identity of the emitted photons, the cross sec-
tion has the following energy symmetry in the XY plane:

d3σ XY

dω1d
1d
2
(ω1, ϕ) = d3σ XY

dω1d
1d
2
(ωmax − ω1, ϕ).

(21)

The differential cross section is shown in Fig. 8. The
horizontal axis represents the energy of the first photon,
and the vertical axis represents the angle between photon
momenta ϕ. We can observe the contribution of the four
singly excited states [(1s2s)1, (1s2p1/2)1, (1s2p3/2)1, and
(1s2p3/2)2] to the angular distribution. As before, we focus
on the differential cross section at fixed photon energies cor-
responding to the maxima of the cascade resonances marked
by red lines in the bottom panel of Fig. 2 and presented
in Table I.

To investigate the ϕ dependence in Eq. (16), it is convenient
to introduce the normalized differential cross section

d3σ̃ XY

dω1d
1d
2
= d3σ XY

dω1d
1d
2

/
d3σ XY

dω1d cos θ1d cos θ2
,

(22)

FIG. 8. XY plane. Differential cross section [in barn/(keV sr2)]
for two-photon electron capture by a H-like uranium ion, shown
as a function of the energy of the first photon ω1 and the angle
between photons momenta ϕ. The narrow vertical black region, lo-
cated at the (1s2s)1 resonance, represents a differential cross section
exceeding 100 barn/(keV sr2), with a maximum value of 2.4 × 104

barn/(keV sr2).

where

d3σ XY

dω1d cos θ1d cos θ2
=

∫
d3σ XY

dω1d
1d
2
dϕ1dϕ2. (23)

In Fig. 9, we present the normalized differential cross sec-
tion (22) for the photon energies corresponding to the four
cascade resonances under consideration. The dependence on
ϕ can be factorized and parameterized quite accurately as
follows:

d3σ̃ XY

dω1d
1d
2
≈ 1

2π
[C(ω1) − A(ω1) sin2 ϕ]. (24)

FIG. 9. XY plane. Normalized differential cross section of the
two-photon electron capture by H-like uranium ions as a function of
ϕ = |ϕ2 − ϕ1| for photon energies corresponding to (1s2l ) cascade
resonances (see Table I).
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TABLE II. Parameters of the approximation (24) of the differ-
ential cross section with fixed polar angles of the photon momenta
(θ1 = θ2 = π/2).

State d3σXZ

dω1d cos θ1d cos θ2
C A

(barn/keV) (10−2 rad−2) (10−2 rad−2)

(1s2s)1 7.04 × 105 3.34 1.61
(1s2p1/2)1 2.28 × 103 3.11 1.16
(1s2p3/2)1 35.4 2.57 0.076
(1s2p3/2)2 4.15 × 103 2.45 −0.16

The normalization condition yields the following relation be-
tween A and C: π (2C − A) = 1. The values of C and A are
listed in Table II. The unpolarized cross section d3σ̃ XY

dω1d
1d
2
as a function of ϕ has a symmetrical shape relative to the
center of [0, 2π ]. We note that, for fixed photon and electron
polarizations, Eq. (20) does not take place, and this symmetry
is absent.

From Fig. 9, we observe that the differential cross sec-
tions for the (1s2s)1 and (1s2p1/2)1 cascades exhibit a more
pronounced angular dependence compared to those for the
(1s2p3/2)1,2 cascades. This behavior is linked to the role of
the DR channel. As discussed in Sec. IV A, the DR channel
plays a significant role in the (1s2s)1 and (1s2p1/2)1 cas-
cades, while it is strongly suppressed by the RR channel in
the (1s2p3/2)1,2 cascades. To clarify this phenomenon, we
present the normalized contributions of the DR and RR chan-
nels separately, along with the full calculation, in Fig. 10.
From Fig. 10, we can see that the DR exhibits a notice-
able angular dependence, whereas the angular dependence for

the RR is relatively weak. Therefore, we conclude that the
significant angular dependence observed for the (1s2s)1 and
(1s2p1/2)1 cascades is evidence of the DR channel’s influ-
ence, while the weak angular dependence for the (1s2p3/2)1,2

cascades indicates the limited role of the DR channel in these
cascades.

2. XZ plane

Here, we consider photons with momenta in the XZ plane,
so the photon momenta k1 and k2 and the incident electron
momentum p lie in the same plane. Accordingly, in this colli-
sion geometry, the azimuthal angles of the emitted photons
(ϕi, i = 1, 2) can take two values: 0◦ and 180◦. The polar
angles (θi, i = 1, 2) vary within the interval [0, π ].

It is convenient to introduce an angle θ̃i varying within the
interval [0, 2π ]:

θ̃i =
{

θi for ϕi = 0◦,

2π − θi for ϕi = 180◦.
(25)

We investigate the differential cross section as a function of
ω1, θ̃1, and θ̃2:

d3σ XZ

dω1d
1d
2
(ω1, θ̃1, θ̃2)

= d3σ

dω1d
1d
2
(ω1, θ1, θ2, |ϕ2 − ϕ1|), (26)

where θ̃i is related to θi and ϕi in accordance with Eq. (25).
In Fig. 11, we present the angular differential cross sec-

tion for the emitted photons corresponding to the four cascade

FIG. 10. XY plane. Normalized differential cross section of the two-photon electron capture by H-like uranium ions as a function of
ϕ = |ϕ2 − ϕ1| for photon energies corresponding to (1s2l ) cascade resonances (see Table I). The black line corresponds to the full calculation.
The blue and red lines correspond to calculations that take into account only RR and DR, respectively.
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FIG. 11. XZ plane. Differential cross section of the two-photon electron capture by H-like uranium ions as a function of θ̃1 and θ̃2. The
photon energies correspond to (1s2l ) cascade resonances (see Table I).

resonances under consideration. The energies ω
(res,N )
1 associ-

ated with these resonances are shown in the Table I.
Due to the azimuthal symmetry of the process relative to

the direction of the incident electron momentum, we have the
following symmetry in the XZ plane:

d3σ XZ

dω1d
1d
2
(ω1, θ̃1, θ̃2)

= d3σ XZ

dω1d
1d
2
(ω1, 2π − θ̃1, 2π − θ̃2). (27)

The complex structure of the two-photon angular distri-
bution is reflected in the one-photon angular distribution, as
discussed in Sec. IV A. For instance, the two-photon distri-
bution for the photon energy corresponding to the (1s2p3/2)2

cascade shows two maxima at θ̃1 = 45◦ and 315◦ (for
fixed θ̃2) and three maxima at θ̃2 = 0◦, 180◦, and 360◦ (for
fixed θ̃1). This pattern matches the one-photon distribution
shown in Fig. 6, where θ1 has a maximum at θ1 = 45◦ and
θ2 has two maxima at θ2 = 0◦, 180◦.

We observe that in cascades where the DR channel dom-
inates [(1s2s)1 and (1s2p1/2)1], the emitted photons are
significantly more correlated than in cascades where the RR
channel dominates [(1s2p3/2)1 and (1s2p3/2)2]. For instance,
in the (1s2s)1 cascade, for any given angle θ̃1, there is a
corresponding θ̃2 where the differential cross section shows a
pronounced maximum. In contrast, for the (1s2p3/2)1 cascade,
when θ̃1 = 180, the differential cross section remains small
for all values of θ̃2.

The obtained angular distribution is shaped by the relative
contributions of the DR and RR channels for each cascade res-
onance. In the top panels, the DR channel dominates, while in
the bottom panels, the RR channel contribution is more signif-

icant. To illustrate this, we show the individual contributions
of the DR and RR channels separately in Figs. 12 and 13.

In the DR-dominated cascades, when only the DR channel
is considered (as shown in the top panels of Fig. 12), we find
that the first photon can be emitted in any direction, but the
second photon remains correlated with it. Alternatively, the
second photon can be emitted in any direction, and the first
photon adjusts to its direction. A similar trend is evident in the
RR-dominated cascades (bottom panels of Fig. 12), although
to a lesser extent, as the RR resonances are weaker and cannot
be fully isolated from DR contributions.

In Fig. 13, where only the RR channel contribution is
considered, we see a weak dependence on the second photon,
reflecting the weak correlation between the first photon, cor-
responding to the transition from the initial state to the singly
excited state, and the second photon, which corresponds to the
transition from the singly excited state to the ground state.

V. SUMMARY

We investigated the photon angular distribution in resonant
two-photon electron capture by H-like uranium. Our study
focused on the incident electron energy that corresponds to
the largest contribution from the DR channel and the max-
imum of the total cross section. We conducted a detailed
analysis of the main cascade transitions [(1s2p) and (1s2s)],
which contribute the most significantly to the cross section.
We investigated the one-photon angular distribution, in which
the integration over the angles of one of the photons was
performed. The angular distribution of the resonant photon is
in qualitatively good agreement with results obtained within
the single-photon approximation. Going beyond the single-
photon approximation, we examined the angular distribution
of the satellite photon.
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FIG. 12. XZ plane. The same as in Fig. 11, but only the DR channel is taken into account.

We analyzed the two-photon angular distribution for two
specific geometries: the XY plane, where the photon momenta
are perpendicular to the incident electron momentum, and
the XZ plane, where the incident electron and the photon
momenta lie in the same plane. The angular distribution of
the photons depends on the relative contributions of the DR
and RR channels. The cascade resonances considered fall into

two categories: those dominated by the DR channel and those
dominated by the RR channel.

In the XY plane, the DR channel exhibits noticeable os-
cillations in the angular distribution, while the RR channel
leads to a more isotropic pattern, shaping the overall angular
dependence in this plane.

FIG. 13. XZ plane. The same as in Fig. 11, but only the RR channel is taken into account.
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In the XZ plane, for the RR-dominated resonances, the
photons associated with the free-bound transition are not
aligned with the incident electron momentum, and the second
photons show only a weak correlation with the direction of
the first photons. On the contrary, for resonances dominated
by the DR, the emitted photons correlate with each other, but
not with the incident electron momentum.

The presented investigation of the RR and DR channels
demonstrates strong interference between these channels in
the two-photon angular distribution.
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