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Abstract
The article considers the Derrida—Retaux model with a random number of terms, i.e. a sequence of integer
random variables defined by the relations X, 41 = (X3 + X2 + ... + X" — o)+, n > 0, where X7
are independent copies of X,,, the values of IV; are independent and identically distributed, a is a positive
integer. The energy in the model is defined as @) := lim (]?E(Jff(l ’Sl We present sufficient conditions (in terms
n—oo

of distributions of X, and Np) for subcritical (@ = 0) and supercritical (Q > 0) regimes of model behavior.

1 Introduction

1.1 Derrida — Retaux model

The theory of fluctuations in chaotic systems is a branch of physics that studies the behavior of systems in
which chaos and randomness are present. The purpose of the theory is to understand how fluctuations or
small changes in the properties of a system can lead to global changes in its overall behavior.

In particular, two states may be distinguished in the system and transitions between them are studied.
The Derrida — Retaux model[3] in a simplified form describes such transitions (depinning transition) between
certain states called "pinned" and "unpinned", which we do not need to describe. Similar relationships have
also been studied in the context of physical [4] and mathematical studies [I].

The Derrida — Retaux model with a random number of terms, which is studied in this paper, is formu-
lated as follows. The model parameters are an integer a > 0 and two integer random variables: Xg > 0 —
the initial value, and N > 1 — the number of terms. It is assumed that Xy has a finite first moment and
is not a constant, as well as P(N > 1) > 0. The functioning of the system is determined by the recurrence
relation:

Xpp1 = (XY + XP 4+ X Vb)) —g)F, (1)

where X,gl) and X,(f) are independent copies of X,,, and V z € R, 7 := max(x,0) is the positive part of z.

Let us note that
Nn+1 Nn+1 Nﬂ+1
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Thus, the following limit is well-defined
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The parameter ) is commonly referred to as free energy, and the recurrence relation described above
was first introduced in the article by Derrida and Retaux [3] and serves to describe the Depinning transition
process. Studying this process is important in both mathematics and physics. Of particular interest is the



dependence of the energy value @ on the initial data — the random variable Xy and a. The parameter a is
referred to as the tax.

Depending on the value of Q, two cases are distinguished: supercritical (Q > 0) and subcritical (Q = 0).
A critical case is also distinguished, which essentially «separetes» the situations described above. The most
interesting questions regarding this model arise in critical cases or cases close to them.

The recurrence relation with parameter ¢ = 1 and determined numbers of terms was considered in
the article [2]. This article provides necessary and sufficient conditions on the random variable X, under
which supercritical, subcritical, and critical cases occur, respectively.

We attempted to generalize the results obtained in this article to arbitrary ¢ > 1 and random num-
bers of terms. We found sufficient conditions on the random variable X, guaranteeing subcriticality or
supercriticality.

2 Main result

The main result of our work is the following theorem.
Let Fy, G be the moment generating function of Xy and N respectively.

Theorem 1. Let it be Do(s,m) = (m — 1)sFj(s) — aFp(s).
1) If Do(EN=,EN) > 0, then Q > 0.
2) Let 3M : P(N < M) = 1. If Do(1+ 2= M) <0, then Q = 0.

Let us emphasize that the first point is true without assuming that the random variable N is bounded.
The result of Theorem 1 is interesting even if the number of terms is fixed, i.e. P(IN = n) = 1 for some n.
In this case, Theorem 1 reduces to the following result.

Theorem 2. Let it be Do(s) = (n— 1)sE}(s) — aFy(s).
1) If Do(n=) > 0, then Q > 0.
2) If Do(1 + "=1) <0, then Q = 0.

a

If a = 1, then the conditions of points 1 and 2 stick together, and we get the result from [2]. If @ > 1, then
Theorem 2 is a new result.

3 Proof of the main result

3.1 Moment generating functions and their evolution
Let F,(s) be the moment generating function of X,,.

Let us rewrite the recurrence relation in terms of generating functions:

a—1

G(Fu(s)) = X2 5r(G(FL)P(0) 4y

—0 G(F,)® (0
Foyi(s) = L o +Z ( ;' ©
p=0 ’
_ G | o) 1 1
= L Y e Y05 (1- 55 (3)
p=0
By differentiating equality we get
G'(Fn(s))F) (s G(F,(s “ a—p 1
Ei(s) = ( (52) () _ a (Sﬁ(l ) + ZG(Fn)(p)(()) T s (4)
p=0

We will use these formulas a lot.

3.2 Proof of the first point of Theorem 1

The proof relies on two lemmas. First, we will prove the result using them, and the proof of the lemmas
themselves will be presented below.

1
a

Lemma 1. If the assumption of the first statement of the theorem is true, then there exists 1 < s < (EN)a,
such that

(EN — DE(X,,s%") — aE(s*") — 00 as n — oco.



In terms of generating functions, Lemma 1 can be represented as follows: there is 1 < s < (EN )5 such that

(EN —1)sF) (s) — aF,(s) — oo as n — co.

Lemma 2. If Q =0, then supE(X,s¥") < co with 0 < s < (EN)=.

n>0

Now let us apply these lemmas to prove the statement.
Let aB(((EN)#)X0) < (EN — 1)E(Xo((EN)=)X0); we will show that Q > 0.

By Lemma 1, there is 1 < s < (EN)=, such that (EN — 1)E(X,,s¥") — aE(s¥X") — oo, as n — oo, therefore
(EN — 1)E(X,58%") — co as n — oc.

But if Q = 0, then by Lemma 2 sup E(X,,s%") < co. Hence @ > 0.
n>0

Now we will provide proof of the lemmas.

Proof of Lemma 1

By
SEN 1)1 (5) = BN = 1>sG;§Fn<s>>Fé<s> ,G(ENf1)%655”#12@%1)0(&)@) <o>~“; 8 Sf_p
p=0

Let us give the lower bound for G’'(F,(s)).

Let us prove the inequality: for any v > 1, vG'(v) > EN - G(v). In terms of generating functions, it means:
E(Nv™V) > EN - E(vY).

For any independent copies N1, Ny of the random variable N the following is true:

If (N7 — No) (vt — oN2) >0, then 0 < E[(N; — No) (v — v™2)] = 2(E(NvY) — ENEvV).

We note that for any v > 1: (N7 — Na)(v™V1 —o™2) > 0.

Thus, for any v > 1, vG'(v) > EN - G(v). Therefore, F,,(s)G'(F,(s)) > EN - G(F,(s)). Let us substi-
tute this relation into the previous inequality:

BN (3 > ENEN ;)ﬁ({:n(s))m(s) —a(EN—1) EFn) Ji(mna(a,)(m(oyap,p- L
' (s)s s = PooseTP
Therefore,
S(EN — 1)F! 1 (s) — aFpi1(s)
a-l — — a—as* P
> BN O (o) — D (6) — abals)) + X GUENO0) - EPET DS - 0
n p=0 ’

Let us prove that (a — p)(EN —1)+a—as®? >0forp=0,1,...,a—1and s <ENw.

Rewrite this as:
y(EN —1)4+a > as¥, where y =a —p > 0. (6)

Let us introduce two functions fi(y) = a(EN)« and fa(y) = y(E(N) — 1) + a.
These functions are equal at y = 0 and y = a and the function f; is concave, while f; is linear.
Therefore,

f2(y) > fily), 0<y<aq,

namely,
y(EN —1) +a > a(EN)« > as¥.

We have proved inequality @ hence the sum in is non-negative.
We conclude that

EN - G(Fu(s))

(EN —1)sF}, 1 (s) — aFpq1(s) > [(EN —1)sE)(s) — aF,(s)].

T Fu(s)s®
&) Ie (o) o0
Let G(v) = Y apv”*, where a;, >0 (N > 0). So 5}”) = > apf Tt > Y a1kl =1,
k=1 k=1 k=1



This means that

EN

Sa

(BN — DsFLa(s) — aFnn(s) 2 (T ) [EN = 1si(e) ~ aFi(o)]
Let p=EY¥ > 1, C1 = (EN — 1)sF{(s) — aFy(s), then
(EN —1)sF, ,(s) — aFp41(s) > p"Ch,

which goes to +oo , if C; > 0. As by assumption Do(E(N)a, EN) > 0, hence, for s close to EN# we have
Do(S, IEN) > 0.

Proof of Lemma 2

Let us fix £ > 1 and n > 0. Consider the following inequality

Ty

Kntr 2 Z]lx,(f’zakw
i=1

where X,(f), i > 1, are independent copies of X,,, and T}, is a random variable equal to the number of ancestors,
when building our counting tree, at depth k. It follows, from independence and properties of mathematical
expectation that ET}, = (EN)".

Therefore,

E(Xnik) > (EN)'P(X, > ak +1).
On the other hand, because Q = 0, we may use ., hence E(X, 1) < g for any n >0,k > 1.
Therefore,

P(X, > ak+1) < EN-DEN

Let us sum it up and get the desired inequality.

= Y B(X, = k)ks* < ZP(ak $1> X, >alk—1)+ 1)(ak +1)sak 1
k=0 k=1

(ak + 1)s2k+1

ak+1
kg (Xn > a(k —1) +1)(ak + 1)s gg EN)k -

o /
= a ak+1 _
’ (; (EN — 1)(EN)’€*18 > s,0,EN < 00,

where Cs , gy is some constant that depends on s,EN and a.
Thus,
E(anxn) S Cs,a,]EN'

3.3 Proof of the second point of Theorem 1

Let us define the sequence of functions D,,:
D, (s) = (M —1)sF),(s) — aF,(s).
As in Section 3, we formulate two lemmas, which will be proved below.

Lemma 3.

M -1 MG(F,
, and n >0 it is true that Dy11(s) < MG(Fn(s))
F,(s)s®

For any s > 1+

D, (s).

Lemma 4. If s > 1, then
E(X,s%") > E(X,)E(s%").



-1
, then for any n > 0 inequality D, (sg) < 0

Lemma 3 implies that if Dg(sg) < 0 for some s > 1+

holds.
Let us express D,, in terms of mathematical expectation:

D,(s) = (M —1)sF!(s) — aF,(s) = (M — 1)E(X,,s*") — aE(s%") <0,
Therefore,
aB(s%") > (M — 1)E(X,,s%").

By Lemma 4 we have:
aB(s%) > (M — 1)E(X,)E(s*").

We get that E(X,,) < which means that @) = 0.

_a
M-1>

Proof of Lemma 3

Forp=0,1,...,a—land s > 1+ % we will prove the following:
(a—p) (M —1)4+a—as* P <0.
Let us denote y = a — p > 1. and rewrite the required fact as
y(M —1)4+a < asv.
Let us use Bernoulli’s inequality:

(1+2)" >1+nz, forany n € N,z > 0.

We note that as? = a(l + (s —1))Y.
By assumption y > 1,s > 1+ %; it means s —1 > % > 0. Therefore, we can apply Bernoulli’s inequality
torx=s—1and n=y. It gives us:

(1+(s—1))921+(s—1)y21+@.

Hence,

asyza(ljty(Ma_l)> = (M —-1)y+a.

Let us prove the auxiliary inequality:

vG' (v) < MG(v), namely F,(s)G'(F,(s)) < MG(F,(s)).

As EN < M is true, vG'(v) < E(NvV) <EN -Eo¥ < M -Eo¥ = MG(v) is true.
It follows that
S(E(N) = D) Fyp1(s) — aFnia(s)

MG(Fu(s))
—  F,(s)s®

(GOL = DEY) —aFals) + Y GEIP(0) - W
p=0 ’

All terms in the corresponding sum are non-positive, because as proven, (a — p)(M — 1) + a — as® P < 0.
Therefore,

MG(Fy(s))

Fo(s)5° D, (s).

DnJrl(S) <
Proof of Lemma 4

Let Y7, Y5 be independent copies X,,.
At s > 1 we have:

(Y1 — Ya)(s¥* — s¥2) > 0.



Therefore,
E[(Y; - Ya)(s" — %)] > 0.

Y; and Ys are independent, hence Y; and s¥2 are independent.

Therefore,

E(Y1s¥) + E(Yys¥?) — BY;EsY? — EY,EsY* > 0.

Y1, Ys are independent copies X,,, hence

2R(X,5%") — 2EX,,Es*" >0,

E(X,sX") - EX,Es%" > 0.

The authors are grateful to M. Lifshits for setting the problem and useful advice.
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