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Abstract

Satellite remote sensing techniques offer a wealth of optical, infrared (IR), and radar images of the ocean surface, where we
can observe numerous elongated vortex structures known as filaments. These filaments become readily visible in the imagery due
to the presence of surfactant films and/or floating algae clusters on the sea’s surface. Given their elongated form, automated vortex
identification methods do not readily distinguish filaments from vortices. Nevertheless, both filaments and vortices exhibit notable
characteristics such as high relative vorticity and kinetic energy. The process by which vortices transform into filaments is a result
of their interaction with spatially non-uniform background currents. In this study, we apply the theoretical principles regarding the
stretching of mesoscale ocean vortices to real ocean conditions, inferred from altimeter data. The primary objective of this research
is to assess the proportion of mesoscale ocean vortices that undergo stretching to become filaments, consequently facilitating the
redistribution of energy from the mesoscale to the submesoscale. We provide a total assessment of the portion of the World Ocean’s
surface where mesoscale vortices undergo significant stretching. We present maps that indicate the geographical distribution of
regions where vortex stretching is not restricted and offer an interpretation of the findings. The reduction in the inherent energy of
vortices due to the stretching induced by the background flow is explained as a potential mechanism for energy transfer from the
vortex to the flow, possibly leading to the manifestation of the negative viscosity effect within this system.

Keywords: mesoscale vortices, filaments, elongation, ellipsoid, energy, negative viscosity
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TU3UPOBAHHBIX METONOB MAeHTUbUKaIMU. OTHAKO U (PUTAMEHTBI, U BUXPU XapaKTePU3YIOTCs BHICOKOI OTHOCUTENIBHOM 3aBUX-
PEHHOCTBIO M KWHETUYeCcKoii aHeprueii. Tpancdopmalivst BUxpeii B prsiaMeHThI 00yCc/IOB/IeHa B3aUMOIECTBUEM C HEOIHOPOI-
HbIMU (DOHOBBIMU TeUEHUSIMU. B 1aHHOM MccienoBaHM MPUMEHSIETCST TEOPETUUECKAsT MOMIENb PACTSIKEHUSI ME30MAaCIITaOHbBIX
OKeaHWYeCKNX BUXpeil K pealbHbIM TaHHBIM abTUMeTpuu. Llenb ucciaenoBaHuss — OLEHUTh TOJTI0 ME30MAaCIITaAOHBIX BUXPEA,
TPETEPIIEBAIONINX PACTSKEHUE U TPAaHCGHOPMUPYIOIIUXCS B (DMIAMEHTBI, YTO MPUBOAUT K TIEPEPaCIpeieIEHUI0 SHEPTUN C Me-
3omacuitaba Ha cyomezomaciuTad. OneHrBaeTcsi I100albHOE IPOCTPAHCTBEHHOE pacrpe/eieHre 001acTeil ¢ HeorpaHMYeHHBIM
U OTPAHUYEHHBIM PACTSIKEHNEM ME30MaCIITAOHBIX BUXPEil I MHTEPIPETUPYIOTCS TIOTyYeHHBIE Pe3yJIbTaThl. Y MEHbILICHUE SHEP-
MM BUXPeii 3a CYEeT paCTsKEHUST, BBI3BAHHOTO (DOHOBBIM ITOTOKOM, PACCMATPUBAETCsI KaK TOTeHIIMATbHBIN MEXaHU3M ITepeIaqr
SHEPTUU OT BUXPSI K TIOTOKY, YTO MOXET MPOSIBISITHCS B BUAe 2¢deKTa OTPULIATEIbHOI BA3KOCTHU.

KntoueBble cnoBa: me3oMacilTabHble BUXPH, (PUIAMEHTHI, BBITATUBAHUE, SJUTMIICOUT, DHEPTHSI, OTpULIaTeIbHAsI BI3KOCTh

1. Introduction

Mesoscale eddies play a vital role in horizontal and vertical water exchange, influence the spatial distribution
of oceanographic parameters, and have a substantial impact on bioproductivity [1]. The existence of ocean eddies,
such as those found in the Gulf Stream or Kuroshio, has been known to humanity for an extended period. However,
advancements in measurement technology have enabled both direct and indirect assessments of these formations in
the World Ocean only since the latter half of the 20th century. This progress occurred with the involvement of spe-
cialized research vessels equipped for the study of these phenomena. The true surge in the exploration of mesoscale
eddies began following scientific ocean experiments such as POLYGON-70 in the North Atlantic, MODE (Sargasso
Sea, 1973), POLYMODE (North Atlantic, 1977—1978), MESOPOLYGON (North Atlantic, 1985), and MEGA-
POLIGON (Pacific Ocean, 1987). These expeditions sparked widespread interest in the global scientific community
for both experimental and theoretical investigations of oceanic vortex formations with horizontal dimensions ranging
from a few tens of kilometers to 100—200 km.

Mesoscale eddies within the ocean play a pivotal role in transferring the energy of water movement and in shaping
the variability of hydrophysical and hydrochemical fields across the ocean’s scale spectrum [2]. With the discovery of
mesoscale eddies, the prior concept of the ocean as a relatively stable entity in space and time gave way to a new un-
derstanding. According to this perspective, the primary energy of sea water movement is concentrated within eddies,
rather than in the average circulation of the ocean.

Criteria and detection algorithms have been developed for eddies, which are considered closed formations. The
rapid advancement of remote sensing techniques, especially altimetry products, along with the increased computa-
tional capabilities, has spurred the rapid development of automated algorithms for detecting and tracking eddies. The
significance of these algorithms lies in their ability to shift from analyzing the areal characteristics of vortex processes,
such as vortex kinetic energy, to examining specific vortex parameters like radius, amplitude, orbital velocity, life-
time, and movement velocity.

Despite their diverse approaches, automated eddy identification and tracking methods can be categorized into
three general groups: physical, geometric, and hybrid [3]. In physical methods, criteria are directly derived from the
values of the initial field. Geometric methods, on the other hand, focus exclusively on the geometric characteristics of
isolines in the initial parameter when selecting vortices. Mixed algorithms, as the name suggests, differentiate vortices
based on both the physical values and geometric characteristics of the initial field.

However, the ability of all these methods to distinguish filaments within oceanographic fields is constrained,
primarily by the spatial resolution of the data, and secondly, algorithmically, as these algorithms typically don’t
differentiate elongated structures like filaments. This may explain the relatively lower interest of oceanographers in
filaments compared to eddies.

Filaments become discernible in optical, infrared, and radar images of the ocean surface owing to the presence
of surfactant films and/or floating algae on the sea surface (please refer to Fig. 1 for ocean filaments). Temperature
anomalies in filaments often serve as crucial mechanisms for generating light/dark patterns in radar images [4]. One
of the mechanisms contributing to filament formation is the transformation of vortices through stretching under the
influence of spatially non-uniform background flows when one of the horizontal scales becomes several times larger
than the other. For instance, this transformation of a vortex is illustrated in [5]. In their study, the authors analyzed
the evolution of a mesoscale eddy in the Lofoten Basin of the Norwegian Sea during April 3—24, 2012. Initially, a
vortex with a roughly circular shape undergoes deformation to the extent that its length becomes at least four times
greater than its width. This signifies the transformation of the vortex into a filament. During this process, the kinetic
energy decreases by a factor of three, the potential energy diminishes by an average of 1.7 times, and the overall en-
ergy of the vortex decreases by a factor of 2.3 [6].
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Fig. 1. Examples of filament occurrences in the White Sea, as observed in the Envisat ASAR
radar image taken on June 24, 2010, at 08:11. UTC. © ESA

Another instance of such a transformation can be observed in [7] (for the animation, please refer to https://link.
springer.com/article/10.1007/s00024-020-02647-1). The animation illustrates the process of filaments emerging
from initially circular eddies that encircle the quasi-permanent anticyclonic Lofoten eddy in the Norwegian Sea.

Based on in-field observations and principles of fluid dynamics, an oceanic vortex consists of two main compo-
nents: a central vortex core and a mass of seawater surrounding this core. The surrounding water also rotates in align-
ment with the core but at progressively slower speeds as it moves away from the core’s outer edge. The orbital velocity
in the core of the vortex increases as it moves away from the center of the core. It is maximal at the core boundary and
decreases outside the core. Inside the eddy’s core lies seawater that was trapped during the formation of the vortex,
characterized by significantly higher vorticity compared to the surrounding background flow. An apt comparison for
the core of a vortex is to imagine it as a “water-filled pocket.” The core of the vortex moves harmoniously with the
water in its immediate vicinity, which is why vortices have the capacity to transport water over considerable distances.
The core’s shape, usually delineated by its outer boundary, often experiences rotational changes, and the core itself
can undergo deformation [8§—12].

For ocean eddies with horizontal dimensions roughly equal to or larger than the inner Rossby deformation radi-
us, the concept of potential vorticity conservation remains valid. Put simply, when these eddies travel, the individual
particles inside them preserve their potential vorticity. This principle essentially reflects the conservation of angular
momentum for fluid particles within a layered, rotating ocean environment.

1.1. Historical background

In 1899, the Russian scientist S.A. Chaplygin published a paper that investigated how a two-dimensional Kirch-
hoff vortex is deformed when subjected to a constant shear flow [13] (see also in [14]). Subsequently, these stud-
ies were further advanced in the field of planar hydrodynamics by Kida [15]. Later, generalizations of Kirchhoff’s
solution were proposed for a two-dimensional elliptical vortex with a piecewise-constant vorticity distribution [16].
Additionally, an approximate analytical solution was derived, accurate up to second order in a small Rossby number
expansion, describing the shape of an arbitrarily oriented ellipsoid in an external flow with linear shear [17]. These
works were extended to three-dimensional vortices by V.V. Zhmur [18] and also [19, 20]. These works delve into the
dynamics of ellipsoidal vortices under various background conditions.
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1.2. Ellipsoidal approximation of mesoscale vortices

In our study, we will approximate vortices with a co-rotating core in the form of an ellipsoid with two horizontal
axes and one vertical axis. This is a more general form of vortex core than the traditional circular one. In the special
case where the horizontal semi-axes of the ellipsoid coincide, our vortices become axisymmetric. The approach with
ellipsoidal vortices allows us to investigate the deformation of vortices by external background flows. The problem
of the behavior of ellipsoidal vortices in background barotropic flows was formulated and partially solved in the
works [21, 22, 18], where it was shown that there are three regimes of behavior for such vortex cores. In two of these
regimes, the vortex remains localized in the horizontal plane, undergoing periodic limited shape oscillations, specif-
ically changes in the lengths of the horizontal semi-axes. In these regimes, the core shape rotates or oscillates around
the vertical axis.

When a vortex undergoes deformation, its boundary can display three distinct behaviors: rotation, nutation os-
cillations, and unbounded elongation. In the first two scenarios, the eddy retains its localized structure. However, in
the third case, one of its axes stretches infinitely while the other shrinks to zero. In the horizontal plane, such a vortex
takes on the appearance of a vortex filament.

1.3. Stretching of a mesoscale vortex

We define the stretching of a mesoscale vortex as the process in which it elongates in a manner where its length-
wise dimension becomes greater than its width. The behavior of a vortex varies depending on whether it is within a
barotropic background flow or a flow with vertical shear. In the presence of a background flow, and under specific
conditions, a vortex can be stretched into a filament as it undergoes deformation. When a vortex experiences stretch-
ing in the horizontal plane, meaning its length becomes greater relative to its width, the fluid motion generated by the
vortex weakens. From a physical standpoint, the scenario of unrestricted stretching signifies the vortex’s disintegra-
tion due to the flow. Of particular interest is when the vortex, while interacting with the flow, deforms and stretches
into a filament.

In these regimes, particle rotation within the core occurs either clockwise or counterclockwise, depending
on whether we are considering cyclonic or anticyclonic vortex formation. The evolution of the core shape does
not affect the direction of particle circulation within the core but does impact their magnitudes. The third, most
interesting evolution regime for vortices in currents is the unbounded stretching of vortices in the horizontal plane
by background flows. This behavior is accompanied by interesting hydrophysical phenomena, leading to the for-
mation of long and thin vortex structures in the horizontal plane. As they stretch, these structures gradually lose
their vortex properties: their circulation speeds decrease, both kinetic and potential energies diminish. According
to theory [23], energy decreases both within the vortex cores and in the outer zone surrounding the core. Energy
losses during vortex stretching have been confirmed by observational data [6, 24]. These energy losses are not re-
lated to friction. It is natural to expect that in geographical areas where vortices stretch, the energy lost by vortices
is returned to the background flow.

A rigorous mathematical substantiation of the vortex stretching mode is meticulously detailed in the works [19,
20, 12, 24]. This justification builds upon the theory of mesoscale quasi-geostrophic eddies characterized by potential
vorticity in the core, which takes the form of a deformable ellipsoid. Further advancements of these concepts can be
found in articles authored by David Dritschel and his students (e. g., [25—28] and related references).

When mesoscale vortices are stretched within a deforming flow background, one can expect energy transfer from
vortices to filaments, and subsequently, from mesoscale to submesoscale movements. This constitutes a direct energy
cascade, closely associated with the unbounded stretching of vortices into filaments. Theoretical calculations suggest
that significant elongation of the vortex core can lead to a reduction in vortex energy by 20—60 % [24]. Given that the
physical system comprises solely vortices and a flow, it is reasonable to anticipate that the “lost” vortex energy will
be redistributed back into the flow.

Returning to the concept of an ensemble of eddies as a manifestation of geophysical turbulence, where eddies
originate from the flow and subsequently engage in energetic interactions with it, this phenomenon of energy recov-
ery from turbulence within the flow is referred to as the reverse energy cascade, or alternatively known as the “nega-
tive viscosity phenomenon” [29].

2. Research Objectives

The primary objective of this study is to elucidate the physical conditions that lead to the transformation of eddies
into elongated filaments within the World Ocean. This transformation is driven by the influence of uniformly vortical
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background flows, which exhibit linearity in horizontal coordinates. Additionally, we aim to quantify the proportion
of mesoscale eddies undergoing this elongation process, ultimately facilitating the redistribution of energy from the
mesoscale to the submesoscale.

3. Basics of the theory

The foundational principles of ellipsoidal vortex theory are comprehensively outlined in various works (see the
reference list in [18]). In this approach, the change in the shape of vortex cores is associated with the deforming prop-
erties of large-scale currents, namely, the presence of a nonzero deformation coefficient in the currents. The alter-
ation of the vortex core shapes in response to the deforming properties of the currents is a key aspect in understanding
vortex evolution in hydrodynamic flows. Let’s delve into this thesis in more detail.

If the characteristic horizontal size of background barotropic flows noticeably exceeds the horizontal size of
vortex nuclei, then it is permissible to decompose the background flow field i, (x, y) = (ub (x, y), vy (x, y)) in Taylor’s
row in the vicinity of the vortex center (xy(?), yo(7)), where u,(x, y) and v,(x, y) are the background components of the
velocity field. In this case, we can limit to linear terms in horizontal coordinates:

”b(x’y) = ub(xo’y0)+el(x_xO)_Yl(y_yO)’

1
V[,(an’):Vb(x()»yo)+Y2(x_x0)_el(y_y0)‘ .

. . . . e Y1 ).
Here x and y are horizontal coordinates. The signs of the set of the coefficients (Yl el J in (1) are chosen for con-
2 T4

ou, Ov
venience reasons for further use. In this case, the incompressibility condition 8_b + 8_b =0 is done automatically by
X

y
default, and (y, +7v,) = rot i, (x,y) . The coefficients e, v,, y, will change when rotating the coordinate system (x, y).
However, there is always a coordinate system in which the coefficients y, and y, are equal, i. e. y; =Y, =7 . The coef-

Y1

e
ficient e, in the same coordinate system will take some value e. As a result, the matrix { ! J will take a simpler

Y2 —€

e — 1 ~
form (y Y] . The coefficient v = E’Wz”b (x,y ) is the angular velocity of rotation of the fluid particles of the back-

ground flow, and the coefficient e, called the deformation coefficient, is responsible for the deformation properties of
the background flow. Such flows are called flows with equal vorticity, in which the behavior of ellipsoidal vortices was
studied [21, 22, 18]. The properties of ellipsoidality and equal vorticity of background flows make it possible to write
out the main physical characteristics of vortices in the form of algebraic relations, which significantly simplifies the
study. In the absence of background flow, the vortex does not deform, and its shape (ellipsoid) rotates around a ver-
tical axis with a constant angular velocity. The particles in the core overtake the rotation of the shape. The presence
of a non-zero deformation coefficient e leads to a change in the shape of the core. At the same time, the vortex itself
moves as a whole with the speed of an undisturbed background flow. The presence of movement as a whole has noth-
ing to do with vortex deformation.

Then, we consider the barotropic flow i = (u,v,O) with the linear dependence of the flow velocity on the hori-
zontal coordinates:
u=uy+ex—yy

(@)

V=V, +yx—ey

ft:(u,v,O):{

Here u,, and v, are the flow velocity components in the vortex center x = 0, y = 0. In such a flow, the center of the
vortex moves, as a whole, with the speed of the external flow (i, v,) and simultaneously rotates and deforms. We are
only interested in the deformation component of the vortex evolution. The relations (2) include two flow parame-
ters, i. e. e and y. Both of them describe the inhomogeneity of the flow, i. e. the dependence of the flow on the coor-
dinates. The coordinate system for equations (2) is chosen in such a way that the coefficients for the y-component of
velocity (i. e. — 7y) and for the x-component of velocity (i. e. ) are the same in modulus, but opposite in sign, so
ou ov . . . .
e= ™ = ™ follows from the divergence-free flow (2). This type of coordinate system can always be derived from
X y
any other coordinate system with a vertical axis z, where the velocity vector has an arbitrary linear relationship with
the horizontal coordinates of the barotropic flow. This is achieved by rotating the coordinate system around the ver-
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tical axis z. Kida [15] employed what is commonly known as the “convenient” coordinate system when investigating
the evolution of the Kirchhoff vortex within the flow. The relevance of the chosen coordinate system to the general
case of an arbitrary coordinate system or the traditional coordinate system used in oceanography, where the x-axis
points East, the y-axis points North, and the z-axis is vertical, is clarified in Appendix III. In the case of barotropic
flow, the center of the vortex moves with the velocity of the external flow, converging at the center of the ellipsoid.
The vertical semi-axis (c) remains constant, while the horizontal axes undergo changes so that the product a(?) X b(r)
is preserved where a is the large semi-axis, b is the small semi-axis, and c is the vertical semi-axis of the ellipsoid.

The potential vorticity of the background flow in terms of flow parameters is 2y. The potential vorticity describes
different types of flows at different ratios of e and y. When |y| > |e| , the background flow is a movement along closed
current lines in the form of ellipses. When |y| = |e| , the background flow is a rectilinear flow with a shift. When |y| < |e|
, the current lines of the background flow are a set of hyperbolas.

The problem is reduced to the evolution in time of two horizontal semi-axes of the ellipsoid a(7) and b(?), i. e. to

a system of two differential equations for the ratio of the semi-axes € = b and orientation angle 6 of the larger hori-

zontal semi-axis of the ellipsoid a to the coordinate axis x (see please proofin [18]). In the general case, the variable
intrinsic angular velocity of rotation of the shape of the vortex core Q(g, K) depends on the horizontal elongation of

a . N ¢ .
the vortex core €= 5 and the parameter of the vertical oblateness of the vortex core K = 7ﬁ , where N is the
a

Vaisala-Brunt frequency, fis the Coriolis parameter, and c is the vertical semi-axis. The change in the core shape is a
result of the deformation coefficient e in the background flow (1). Physically, the deformation of the core shape is
attributed to the spatial non-uniformity or variability in the background flow, and o is the excess potential vorticity of
the vortex core over the potential vorticity 2y background flow (1). A discussion about potential vorticity is given in
Appendix 1.

When transitioning to dimensionless variables, it becomes evident that on the phase plane (g, sin260). The trajec-
tory of the integral curve, which describes the evolution of a vortex, is contingent on three dimensionless parameters:
v/e, /e and K. The advantage of utilizing a dimensionless set of variables y/e, 6/e, and K is as follows: y/e pertains
solely to the description or characterization of the background flow, /e shows the relative intensity of the vortex, and
K Is the geometric factor that describes the vertical flatness of the vortex core. Small values K < 1 correspond to thin
vortices, and large values K > 1 correspond to thick ones. When subjected to barotropic flow (1), the parameter K
remains constant, even as the vortex core undergoes deformation. The deformation of the core shape is a result of the
deformation coefficient “e” in the background flow (1), and it is also influenced physically by the spatial non-unifor-

mity of the background flow. When calculating the parameter ||, only the effect of the background flow (and the

exclusion of vortex dynamics) is considered. We used the smoothing of geostrophic velocity fields by the moving av-
erage method with a window of a width of 1° X 1°. A moving average smoothes the data by consolidating the spatial
data points into longer units of space (see please [30]).

For constant coefficients “¢” and “y,” the system of differential equations is solved using quadrature methods
[18]. As a result of this solution, it is derived that any integral curve in the parameter plane (e; sin2q) describes the
evolution of a specific vortex, contingent upon the background flow parameters “e” and “y,” the vertical oblateness
parameter of the vortex core “K,” and the integration constant “C,” subject to a physical constraint: |sir1 29| <l.A
rigorous mathematical derivation of the relevant formulas can be found in [18, 5, 31, 32]. It’s worth highlighting that
in this context, the plane (g; sin20) is the phase plane. In the context of the flow described by formula (1), there are
three possible behaviors for the shape of ellipsoidal vortices:

(1) Two periodic modes: These include the rotation mode and the mode where the core shape oscillates periodically.

(2) The mode of unlimited elongation of the core in the horizontal direction: This occurs under the influence of
uniformly vortexed linear flows in coordinates.

These behaviors are observed within the plane of study.

In the realm of ellipsoidal vortex theory, we utilize a previously established map depicting the theoretical be-
havior of vortices in barotropic flows, employing dimensionless coordinates for convenience. A key finding from
this map is the existence of a region denoting imminent vortex stretching, represented by the color purple. Rather
than delving into the theory itself, we rely on it, drawing upon [5, 31, 32]. The constancy of the parameter K for
each vortex enables us to investigate the presence of each of the three modes (rotation, nutation oscillations, and
unlimited extension) characterizing vortex behavior within the parameter plane. (y/e, o/e). Figure 2 shows for the
selected value K= 0.2 the structure of zones with different behavior of phase trajectories on the parameter plane (y/e,
o/e). According to the theory, the parameter K remains constant during the evolution of vortices in barotropic flows.
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However, it can vary from one vortex to another, and it may also change over time in response to fluctuations in the
Viisala-Brunt frequency. We have chosen a characteristic value of K as 0.2, which represents a typical value for the
majority of mesoscale vortices.

In the ocean, the characteristic value of the ratio N/fis approximately 20. The ratio of the vertical scale to the
horizontal scale for vortices is relatively small, typically around 0.01, which means that the product of 20 X 0.01
equals 0.2. If the horizontal dimensions of the vortices increase, the value of K becomes even smaller. Conversely,
decreasing the horizontal dimensions is associated with a reduction in vertical dimensions, but the overall value of K
remains in the order of 0.2.

y/e

-100 -80 -60 -40 -20 O 20 40 60 80 100
c/e

Fig. 2. In the parameter plane (c/e, y/e), there are three distinct modes of
behavior for vortices, and they are separated by four curves that originate
in pairs from specific points with K= 0.2 [5]

These modes are as follows:

Rotation Mode: Vortices primarily exhibit rotation behavior. This mode is represented by one of the three distinct
areas in the parameter plane.

Nutation Oscillation Mode: Vortices display nutation or oscillatory behavior. This mode is represented by another
distinct area in the parameter plane.

Unlimited Extension (Horizontal) Mode: Vortices elongate significantly in the horizontal direction. This mode is
the third distinct area in the parameter plane.

The four curves, which emerge in pairs from specific points, serve as boundaries or transitions between these
three modes. These curves define the regions where one mode transitions into another. The specific coordinates and
equations for these curves would be determined by the characteristics of the study and the equations governing vortex
behavior.

Three distinct areas are identified along the ordinate (vertical) axis, with each area having specific characteristics
or behaviors |y / e| > 1, there are only oscillatory and rotational modes (red color, the area extends to infinity); in the
area of |y / e| <1, all three modes are allowed, which are separated from each other by four curves emerging in pairs

from points (0; 1) and [i(gj ,* IJ.
€y

As a result, the strip |y / e| <1 is divided into three zones symmetrical concerning the origin:

* Inthe parameter plane, there is an external (green) region where all three modes of vortex behavior are allowed:
rotational, oscillatory, and elongating. This external green region encompasses the entire parameter space, indicating
that vortices within this area can exhibit any of the three modes of behavior without any specific restrictions.

* In the parameter plane, there is an intermediate (yellow) region where only two modes of vortex behavior are
allowed: oscillatory and unlimited stretching. Vortices within this yellow region can exhibit either oscillatory behavior
or unlimited stretching behavior, but rotational behavior is not observed in this zone.

« In the parameter plane, there is an internal (purple) region where only one mode of vortex behavior is allowed:
unlimited vortex core stretching. Vortices within this purple region predominantly exhibit the behavior of elongating
their core in an unlimited manner. Rotational and oscillatory behaviors are not observed within this zone.
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Qualitatively, this behavior can be explained as follows:

According to the equations describing the evolution of vortices in a flow (as presented in [18]), two key factors
influence the vortex shape:

(1) Intrinsic Rotation: The vortex shape inherently rotates on its own.

(2) External Flow Interaction: Additionally, the vortex shape is further twisted by the rotational component of
the external flow.

The elongation of the vortex is closely related to its rotation. For the vortex to elongate continuously, it requires
a significant reduction in the rotation of its shape. This reduction in rotation occurs when the signs of the potential
vorticity parameter (o) and the parameter (y) representing the external flow’s rotational component are different.

In other words, when o and y have opposite signs, they tend to counteract each other’s rotational effects, leading
to the elongation of the vortex core. This explains why the internal (purple) region in the parameter plane is associ-
ated with unlimited vortex core stretching since in this region, the signs of o and vy are such that they minimize the
rotation of the vortex’s shape, allowing for its elongation.

Indeed, when the signs of the potential vorticity parameter (o) and the parameter (y) representing the external
flow’s rotational component are the same, several key behaviors result:

(1) Independent Rotation: The vortex rotates independently, maintaining its intrinsic rotational characteristics.

(2) Additional Twisting by Flow: The vortex shape is additionally twisted by the external flow in the same direc-
tion, amplifying its rotation.

As a consequence of this behavior, vortices with the same signs of o and v tend to reinforce their rotational
tendencies, making it challenging for them to elongate indefinitely. This is why, in the parameter plane, points cor-
responding to vortices with the same sign of vorticity are situated in the rotation zone. This zone signifies that these
vortices maintain their rotation rather than elongate significantly.

Conversely, weaker vortices with different signs of o and y experience a different outcome. These vortices are
primarily stretched by the flow, leading to the formation of vortex filaments. Conversely, vortices with the same signs
of o and vy are not stretched significantly by deformation flows.

This phenomenon explains the presence of weaker, smaller vortices with opposite signs of vorticity in the vicin-
ity of larger, more intense eddies. The weaker vortices, when close to the intense vortex of the same sign, tend to be
drawn out into filaments due to their susceptibility to stretching by the flow. This behavior aligns with the observa-
tions and findings discussed in [7, 33—35].

Thus, when |y / e| <1, a stretching mode is allowed, but only a stretching mode exists in the zone colored in
purple in Fig. 2. Indeed, when the conditions align such that ¢ and y have certain relationships, primarily when they
differ in sign, a stretching mode becomes allowed. In the purple-shaded zone on Fig. 2, only this stretching mode is
observed, indicating that vortices in this region predominantly exhibit the behavior of stretching their cores.

The availability of real-world information about the current field in various regions of the World Ocean allows for
the empirical determination of which regime (rotation, oscillation, stretching, or a combination thereof) is realized in
specific areas. These empirical findings can provide valuable insights into the behavior of vortices in different oceanic
regions. Despite the fact that the presented theory relates to the parameter K = 0.2, these results can be extended to
other parameters of the vertical flatness of the vortex if the dimension theory is applied. More details are provided in
the Appendix II.

The results of this empirical analysis, which identify the dominant vortex behavior in various parts of the World
Ocean, are expected to be presented in one of the upcoming sections. These findings will contribute to a better un-
derstanding of mesoscale oceanic phenomena and their impact on ocean circulation and dynamics.

4. Data and Methods

To achieve the objectives of the study, we rely on satellite altimetry data, which are compiled by merging mea-
surements from various altimetry missions, including Jason-3, Sentinel-3A, HY-2A, Saral/AltiKa, Cryosat-2, Ja-
son-2, Jason-1, TOPEX/Poseidon, Envisat, GFO, ERS1/2. We utilized Sea Level Anomalies (SLA) and geostrophic
velocity components derived from dynamic topography data (ADT). These datasets were obtained from the Co-
pernicus Marine Environment Monitoring Service (CMEMS) portal (http://marine.copernicus.eu/). The data is a
comprehensive compilation of measurements from various altimetry missions, including missions such as Jason-3,
Sentinel-3A, HY-2A, Saral/AltiKa, Cryosat-2, Jason-2, Jason-1, TOPEX/Poseidon, Envisat, GFO, and ERS1/2,
spanning from 1993 to the present.

This SLA data is a result of an interpolated dataset CMEMS with a spatial resolution of 0.25 degrees for both lat-
itude and longitude. The data is provided at a temporal interval of 1 day, as outlined in [36]. The most recent update
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of the dataset incorporates several improvements. These include the addition of a new sensor and atmospheric cor-
rections, recalibration of various altimeters, the integration of a new tide model, and an extension of the base period
for estimating mean sea level to 20 years, as documented in [37].

For this dataset, Sea Level Anomalies (SLAs) were computed relative to the Mean Sea Surface (MSS) data,
which is accessible through the Aviso+ portal (Archiving, Validation, and Interpretation of Satellite Oceanographic
Data, http://www.aviso.altimetry.fr/en/data/products/auxiliary-products/mss.html). The altimetry data covers the
period from 1993 to 2021. These enhancements and the utilization of the updated MSS data contribute to the accu-
racy and comprehensiveness of the dataset, making it valuable for various applications related to oceanography and
sea level analysis over this 28-year period.

In this work, we also use the data of the regional hydrodynamic model of the MITgcm (Massachusetts Institute of
Technology General Circulation Model) with a horizontal spatial resolution of about 4 km and 50 layers from 10 m in
thickness near the surface to 456 m near the bottom. A description of the model can be found in [38]. Oceanic bound-
ary conditions were taken from the optimal implementation of the global ECCO2 model, and the initial conditions
were taken from the World Ocean Atlas 2009 database. As forcing, the model uses atmospheric reanalysis data JRASS5
(Japanese 55-year Re-analysis).

In the context of studying the impact of background flow on vortices, an essential parameter is the dimensionless
number |y/e|, which characterizes the properties of background flow inhomogeneities. However, when attempting
to calculate |y/e| using altimetry data, where currents and vortices are intertwined, it becomes necessary to distin-
guish between the properties of currents and vortices. In this research paper, we employ a relatively straightforward
approach to address this issue. In the first step, we extract the values of the desired characteristics from the 0.25° al-
timetric data grid and place them onto a coarser 1° grid. This process results in the majority of vortices being filtered
out, as they fall into the coarser subgrid area. Nonetheless, some vortices still intersect with the nodes of the 1° grid,
introducing a degree of error into the analyzed flow. However, the averaging process smooths out the spatial inhomo-
geneities in the flow itself, making the real properties of the flows align more closely with the theoretical requirements
of large-scale flows. While it’s important to acknowledge that complete separation of flow fields from vortex fields
is not achievable through this method, it does significantly reduce the influence of vortices on the parameters y and
e. Consequently, it also diminishes the significance of vortex effects on the final parameter |y/e| characterizing the
background flow.

5. Results

Mesoscale vortices are one of the most common dynamic structures of the World Ocean, covering about 1/3 of
its area [1, 39]. In this section, we do not analyze the features of vortex formation in a particular region of the World
Ocean and its regional specifics considering various regions just as examples. We also do not analyze the spatial and
temporal variability caused by mesoscale vortices. We are interested in a property of vortices in the ocean that has not
been studied before, namely, the ability of vortices to stretch into filaments. We demonstrate this property for one
randomly selected date July 1, 2022. We believe that choosing a different date will not significantly change the esti-
mates obtained. We consider the property of vortices to elongation for the World Ocean and for individual regions,
the choice of which in this study also does not matter significantly.

We proceed to calculate the proportion of mesoscale eddies that undergo unlimited elongation into submeso-
scale filaments under the influence of a barotropic current in different regions of the World Ocean. For this analysis,
we shift to a geographical coordinate system where the x-axis is oriented to the east, and the y-axis is oriented to
the north. In Figure 3, we observe a patchy distribution across the World Ocean, with regions exhibiting properties
lv/e| > 1 (indicating that vortex stretching into filaments is not allowed) and properties |y/e| < 1 (representing the re-
gime of unrestricted vortex stretching).

This analysis seeks to quantify the prevalence of mesoscale eddies transitioning into submesoscale filaments in
various oceanic areas, shedding light on the geographical distribution of this phenomenon and its implications for
ocean dynamics.

Estimates of domain scales at latitudes around 30° North and South indicate that the characteristic size of the
i
e

“spots” is approximately 200 kilometers. Meanwhile, the size of the larger “spots” with a brown color [ > 1} is less

Y

< lj. It means that S_; — the integral areas of the regions corresponding to
e

than the size of large “spots” of blue[

the regime of unrestricted elongation of mesoscale vortices into filaments are greater than the areas of regions where
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Fig. 3. The geographical distribution of the parameter Y in the World Ocean was obtained from altimetry data

e

using spatial averaging via the moving average method with a window width of 1°. This data is dated July 1, 2022,

and it provides insights into how this parameter varies across different oceanic regions. In this representation, a

brown color is used to denote spots with a certain characteristic |y/e| > 1, indicating that vortex stretching into fila-

ments is prohibited. On the other hand, a blue color is employed for spots with a different characteristic y/e| < 1,

signifying that the regime of unlimited vortex stretching is taking place in those regions. These color distinctions
help visualize the distribution of vortex behavior in the World Ocean based on the specified criteria

elongation is prohibited. Indeed, our estimates demonstrate a specific ratio S, to the total surface area S of the World

S L . . . .
Ocean ?1 =0.60 . When we calculate the same ratio using altimeter data with a spatial resolution of 0.25 degrees, we
obtain % =0.66 . The ratio of the integral areas represented by the blue color S, and the areas of brown color S,

S ) .S . . . .
on a one-degree grid without averaging is —=L ~ 1.9, and it is —=L ~ 1.5 with spatial averaging. From the analysis, it
>1 >1
can be deduced that the integral area of the World Ocean domains where eddies can elongate is larger than the inte-
gral area of domains where elongation is prohibited. The estimated ratio of areas, both with and without field averag-
ing, is expressed as follows:

1.5<§

>1

<19, 3

0.60 <%<0.66. ()

It’s important to note that the maps (Fig. 3—5) are considered for a single date each and that the spatial smooth-
ing is applied individually for each date. To assess the seasonal variations and interannual variability in the spatial

e , we conducted analyses using appropriate time-averaging techniques for the period

e
spanning from 1993 to 2021. The results of these averaged calculations are presented in Tables 1 and 2, allowing us to
gain insights into the parameter’s behavior over this extended time frame.

Hence, the ratio of integral areas across various types of domains displays minimal variation from one season to
another. This consistency is maintained even during interannual fluctuations, as evidenced by the data presented in
Table 2.

distribution of the parameter
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Table 1
The seasonal variations in the ratios of integral areas corresponding to different types of domains
World Ocean Northwest Pacific Arabian Sea and the Bay of Bengal
Winter 1.49 0.60 1.73 0.63 1.18 0.54
Spring 1.49 0.60 1.68 0.63 1.43 0.59
Summer 1.48 0.60 1.65 0.62 1.77 0.64
Autumn 1.44 0.59 1.64 0.62 1.52 0.60
Table 2
The interannual variability in the ratios of integral areas corresponding to different types of domains
World Ocean Northwest Pacific Ocean Arabian Sea and the Bay of Bengal
1993 1.51 0.60 1.91 0.66 1.49 0.60
1994 1.49 0.60 1.92 0.66 1.52 0.60
1995 1.52 0.60 1.83 0.65 1.43 0.59
1996 1.48 0.60 1.75 0.64 1.43 0.59
1997 1.50 0.60 1.86 0.65 1.35 0.58
1998 1.54 0.61 1.97 0.66 1.39 0.58
1999 1.47 0.60 1.86 0.65 1.30 0.57
2000 1.48 0.60 1.99 0.67 1.47 0.60
2001 1.48 0.60 2.09 0.68 1.58 0.61
2002 1.49 0.60 1.83 0.65 1.45 0.59
2003 1.49 0.60 1.99 0.67 1.48 0.60
2004 1.49 0.60 1.85 0.65 1.34 0.57
2005 1.51 0.60 2.11 0.68 1.44 0.59
2006 1.49 0.60 1.96 0.66 1.31 0.57
2007 1.51 0.60 1.78 0.64 1.74 0.64
2008 1.50 0.60 1.73 0.63 1.27 0.56
2009 1.49 0.60 1.69 0.63 1.36 0.58
2010 1.48 0.60 1.62 0.62 1.63 0.62
2011 1.51 0.60 1.69 0.63 1.66 0.62
2012 1.50 0.60 1.71 0.63 1.57 0.61
2013 1.51 0.60 1.95 0.66 1.42 0.59
2014 1.48 0.60 2.08 0.68 1.49 0.60
2015 1.49 0.60 2.08 0.68 1.30 0.56
2016 1.50 0.60 1.65 0.62 1.46 0.59
2017 1.56 0.61 1.98 0.66 1.60 0.62
2018 1.50 0.60 1.66 0.62 1.40 0.58
2019 1.50 0.60 1.93 0.66 1.39 0.58
2020 1.49 0.60 1.90 0.65 1.43 0.59
2021 1.50 0.60 1.99 0.67 1.50 0.60
The averages calculated for the pe-
riod spanning from 1993 to 2021. 130 0.60 1.69 063 1.40 0.58

Figures 4—6 depict the spatial distributions of domains with distinct characteristics within specific regions of the
World Ocean. These figures prov1de visual 1ns1gh§s into how these properties vary across various oceanic areas. Table 1
depicts the seasonal variability of /a and <1 distributions for the World Ocean, Northwest Pacific, Arabi-

an Sea, and the Bay of Bengal individually. Table 2 demonstrates the interannual variability of S% and Sﬁ%
>1
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distributions for these basins. They reveal the insignificant seasonal and interannual variability inside every basin
because there are small differences in values of these characteristics. However, there are differences for the various
areas which is understandable since the intensity of the vortex dynamics varies for different areas. Figures 4 and 5
demonstrate these distributions for the chosen date (July 1, 2022) as well as for the different seasons which corre-
spond to the values in Table 1.

150°E  155°g  160°E 165 E

140° . g 140° o o
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Summer Autumn
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Fig. 4. The geographical distribution of the parameter H for the Northwest Pacific was derived from altim-

etry data using spatial averaging via the moving average method with a window width of 1°. The top figure

presents the distribution for July 1, 2022, and the lower figures demonstrate the seasonal variability for

1993—2021. A brown color is indicative of spots with a specific characteristic |y/e| > 1, denoting that vortex

stretching into filaments is prohibited. Conversely, the blue color is used to designate spots with a different

characteristic |y/e| < 1, signifying that the regime of unlimited vortex stretching is occurring in those regions.

These color distinctions help visualize the distribution of vortex behavior within the Northwest Pacific
Ocean based on the specified criteria
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Fig. 5. The geographical distribution of the parameter H for the Arabian Sea and the Bay of Bengal of the Indian
e

Ocean was derived from altimetry data using spatial averaging via the moving average method with a window width
of 1°. The top figure presents the distribution for July 1, 2022, and the lower figures demonstrate the seasonal vari-
ability for 1993—2021. A brown color is indicative of spots with a specific characteristic [y/e| > 1, denoting that vortex
stretching into filaments is prohibited. Conversely, the blue color is used to designate spots with a different charac-
teristic |y/e| < 1, signifying that the regime of unlimited vortex stretching is occurring in those regions

It’s noteworthy that the ratio of integral domain areas S, (representing vortex stretching and other properties) to
the total area of the ocean (S) has exhibited remarkable stability, consistently remaining at 60 %. This finding implies
that mesoscale eddies in the ocean have the capacity to stretch, but the overall integral areas where this property is
observed remain relatively constant.

Therefore, we observe another conservation principle at play, which we refer to as the “law of conservation of the
integral area of the World Ocean,” where the ratio of integral domain areas to the total ocean area remains approx-
imately constant at 60 %. This signifies that regions in the World Ocean where mesoscale eddies can elongate into
vortex filaments maintain their overall integral area over time. Similarly, the integral area of regions where stretching
is prohibited remains conserved. Typically, these regions correspond to areas where quasi-stationary eddies are lo-
cated, such as the Lofoten Basin eddy (as discussed in [30, 40], or in areas where large rings are formed, such as the
Agulhas Current region (as observed in [41, 42]). This conservation phenomenon suggests that these regions with
specific eddy characteristics maintain their integral areas consistently over time.
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6. Discussion and Conclusion

Within mesoscale vortices, the field of relative vorticity tends to remain relatively uniform because the develop-
ment of filaments within the cores of these vortices is limited. While filaments can form outside the vortices, they
tend to dissipate quickly due to diffusion. As a result, dynamically active regions like the Agulhas, Gulf Stream, and
Kuroshio may contain areas with both filamentary structures and smoother features.

The question arises: do the regions |y/e| > 1 really identify the property of ocean dynamics, where there is a prohi-
bition of vortices to elongation? For this purpose, we compare the various characteristics characterizing the presence
of a vortex in a given area with standard parameters that are commonly used in vortex analysis. We are talking about
relative vorticity and the Okubo-Weiss parameter. The object of comparison is a quasi-permanent anticyclonic Lo-
foten vortex. A notable feature of the Lofoten anticyclone is that it has a topographic nature and is quasi-permanent.
This means that the vortex is constantly in approximately the same place.

The Lofoten Vortex is of great interest to researchers, being a unique natural laboratory for studying vortices in
nature. It is represented by a lens of warm salt water at a depth interval of 300—1000 m with a horizontal scale of about
60—80 km. According to glider data, the radius of the vortex core is 18 & 4 km [43]. The existence of a quasi-constant
anticyclonic Lofoten Vortex in the basin is confirmed by in situ measurements [11, 43—49], satellite data [30, 33,
50—52], and hydrodynamic modeling data [33, 38, 48, 53—58]. Its most probable location in the Lofoten Basin is
limited to 69°—70° N and 2°—5° E. The Lofoten Vortex is in continuous motion mainly along isobaths in a cyclonic
direction at a speed of 3—4 cm/s relative to the center of the basin. The maximum orbital velocities in the vortex are
50—70 cm/s.

Let’s focus on the stretching impact of the flow near the Lofoten anticyclone. In this context, “flow” encompass-
es the combined influence of the background flow and the flow generated by the Lofoten vortex itself. This combina-
tion of flows leads to the creation of elongated vortices in the vicinity of the Lofoten anticyclone. Figure 6a displays
the relative vorticity field in the mid-flow. In the depicted figure, the vortex core is characterized by a negative vor-
ticity on the order of —3x 1072 s~!, represented by the blue color. In the vicinity of the vortex, there are regions with
positive vorticity of a similar order, indicated by the brown color. The Rossby number in this area does not exceed
0.25 (with the Coriolis parameter f= 1.371x10~*s~! at 70° N). Furthermore, the analysis includes the calculation of
the strain rate or deformed flow field, following the Okubo-Weiss formulation (as described in [59, 60]). This addi-
tional analysis provides insights into the deformation characteristics of the flow field within this region (Fig. 6b):

2 2 2
v_ou_¢g (6_21_’_6_21} is the relative vorticity, s, :a_u_@ = _28 0h and s, =
ox? oy ox oy f oxoy

W =st+s2—C*, where (= =
ox oy f

2 2
= v, ou & Oh_oh are both normal (s,) and shear (s;) components, and /4 is the SLA. It’s observed that in
x oy flaxr o’

regions where relative vorticity predominates, the Okubo-Weiss parameter tends to be negative (W < 0). Conversely,
in areas where vortex movements within the currents are less pronounced, the Okubo-Weiss parameter tends to be
positive (W > 0). The Okubo-Weiss parameter is a valuable tool for identifying regions where the shear and normal
components of flow exceed the relative vorticity values. When this parameter is negative, it indicates that particle
rotation dominates in the fluid. Conversely, when it is positive, it suggests that shear and normal stress components
are dominant. Importantly, the Okubo-Weiss parameter can be negative for both cyclones and anticyclones, signify-
ing its utility in characterizing a range of oceanic phenomena.

It’s important to emphasize that Figures 6¢ and 6d illustrate the absence of stretching in the area where the core
of the Lofoten anticyclone is located. High vortex activity is observed in the Lofoten basin, while a wide variety of
vortex core shapes is observed — from almost round to strongly elongated horizontally or writhing filaments [33, 34,
40,42, 7, 50, 61]. The main feature of the Lofoten basin is the quasi-permanent anticyclonic Lofoten vortex, which is
depicted as a localized formation with limited deformations. Based on this observation, we assume that submesoscale
vortices located in the brown-shaded zones should exhibit similar behavior. Therefore, we conclude that unlimited
stretching of small vortices is permitted in the vicinity of the core, within a region approximately equivalent to the
diameter of the vortex’s core. In this region, vortices have the potential to transform into filaments.

When we compare Fig. 6, a and 6b with 6¢ and 6d, a clear pattern emerges. The brown regions in Fig. 6¢ and 6d
predominantly align with the areas occupied by large-scale vortex structures. In Fig. 6a, we can observe two distinct
vortices, one being an anticyclone and the other a cyclone. The center of the anticyclone, which is shown in blue in
Fig. 6a (negative relative vorticity) has coordinates 69.7° N, 3° E, and the center of the cyclone, which is shown in red
in Figure 6a (positive relative vorticity) has coordinates 70.3° N, 4.8° E. It is noteworthy that the cyclone and anticy-
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Fig. 6. The spatial distribution of various characteristics in the Lofoten Basin area on June 10, 2010, is depicted as follows: @ — the
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to MIT data. Brown color in ¢) and d) indicates areas, where stretching of vortices is prohibited, while blue color corresponds to
zones where vortices can be stretched

according

according to altimetry; d — the parameter

relative vorticity; b — the Okubo-Weiss parameter; ¢ — the parameter

clone regions show the areas in Figure 6¢ where stretching is vortex-prohibited. Remarkably, these vortices are also
prominently indicated in the Okubo-Weiss parameter field (Fig. 6b). The differences in the location of the regions in
Figures 6a and 6b are also understandable since the relative vorticity and the Okubo-Weiss parameter are calculated
using different formulas based on data with a spatial resolution of 0.25°. Additionally, let’s take into account the im-
portant fact that second-order differential derivatives are calculated to construct the distributions for £ and W.

The differences in Fig. 6¢ and 6d are determined by the fact that they are based on different datasets. Fig. 6¢ is
based on altimetric data with a spatial resolution of 0.25°, and Fig. 6d is based on data from a high-resolution hydro-
dynamic model MIT with a spatial resolution of 4 km. It would be very naive to expect a 100 % coincidence of the
patterns in the figures constructed using different datasets. On the whole, Fig. 6 reinforces the notion that these large-
scale vortices are unable to undergo stretching, as implied by brown-shaded areas in the parameter map (Fig. 6¢ and
6d). In other words, these stable vortexes are located in the areas where it is a prohibited vortex stretching.

In addition, there are natural limitations due to the framework of the basic theory. Recall that the theory de-
scribes barotropic flows with baroclinic vortices, which we approximate by ellipsoids. Of course, this is to a certain
extent a first approximation. In the real ocean, things are much more complicated.
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A fascinating new characteristic of the World Ocean’s eddies has been uncovered. It appears that, under the
influence of the deforming effects of large-scale currents, certain mesoscale eddies are undergoing stretching, trans-
forming into filaments. This investigation was conducted using GLORYS12V1 reanalysis data at a spatial resolution
of 1/12°, as documented in [5, 6, 31, 32]. However, it has been discovered that this property also applies to altimetric
data with a spatial resolution of 0.25°, showcasing the universality of this phenomenon across different datasets and
resolutions.

As previously established, there is a notable and consistent preservation of the ratio (approximately 60 %) be-
tween the total areas where the stretching of vortices into filaments is allowed and the areas where such stretching is
prohibited within the ocean. It is noteworthy that the integrated area of regions where vortices can stretch into fila-
ments predominates over other areas. This ratio remains consistent not only for the entire World Ocean but also for
specific oceanic regions, highlighting its universality across different scales of observation.

As vortices undergo stretching, the initial energy concentrated within their characteristic horizontal dimensions
is redistributed to smaller scales, roughly aligning with the horizontal width of the resulting filaments. This mecha-
nism represents one of the possible pathways for energy transfer from mesoscale formations to submesoscale motions.
This process can be seen as an example of how a portion of energy transitions from the mesoscale to the submesoscale.
This mechanism may be considered as the primary method of energy transfer between these scales, illustrating how
energy is effectively transferred from larger eddies to smaller-scale features in the ocean.

If we consider a collection of mesoscale eddies in the presence of a large-scale background flow as a geophysical
quasi-two-dimensional turbulence, such a system can also undergo a reverse energy redistribution process. In this
process, energy transfers from smaller scales to larger ones due to the merging of eddies. However, it’s essential to
note that merging occurs primarily when vortices are closely spaced. In the context of two-dimensional fluid dynam-
ics, the critical distance between the nearest boundary points of flat vortices is approximately 0.6 times the initial vor-
tex scale, as described in [62]. Nevertheless, it’s important to recognize that two-dimensional hydrodynamics offers
only a simplified representation of the actual behavior of ocean eddies, and the real dynamics can be more complex
and three-dimensional. In the context of three-dimensional hydrodynamics in the ocean, especially for thin eddies
(which make up the majority of baroclinic eddies in the ocean), the estimated critical distance for merging is relatively
small. In such cases, the merging process requires vortices to come very close to each other, almost making physical
contact, as detailed in [18]. This indicates that the dynamics of eddy merging in the ocean can be quite intricate and
may differ significantly from the simplified scenarios presented in two-dimensional fluid dynamics.

The process of vortices merging occurs quite rapidly. Therefore, within a collection of eddies, it’s expected that
closely positioned individual eddies will merge early in their development. Over time, the remaining localized vorti-
ces will interact with each other in a manner that resembles their behavior as point vortices. This interaction with the
background flow primarily affects the vortices and can result in a significant portion of them stretching into filaments.

During the initial phase of the evolution of an ensemble of vortices in the presence of a deforming flow, it’s rea-
sonable to anticipate energy transfer from vortices to filaments. However, the specific mechanisms of vortex energy
transfer across the spectrum of scales remain somewhat unclear. Nevertheless, based on the authors’ observations,
the process of vortices transforming into filaments seems to dominate over the process of vortices merging. This
ultimately leads to a comprehensive redistribution of vortex energy from the mesoscale to the submesoscale in the
oceanic dynamics.

The assessment of vortex energy has revealed an interesting pattern: as a vortex extends in length, its energy levels,
including kinetic energy, available potential energy, and the combined energy of both types, decrease concurrently
with the stretching of the vortex core. Theoretical calculations have indicated a substantial decrease in vortex energy
when the core undergoes significant elongation, ranging from 20 % to 60 %. These same investigations were applied
to the study of real eddies in the Lofoten Basin (as detailed in [24]), where both qualitative and quantitative alignment
with theoretical findings was demonstrated.

This raises a natural question: where does the energy lost during the elongation of the vortex go?

Considering that our physical system consists solely of a vortex and a flow, it’s reasonable to expect that the
vortex’s energy will be redistributed to the flow. In the context of an ensemble of eddies as a form of geophysical
turbulence, where eddies arise from a flow and subsequently engage in energetic interactions with it, the phenome-
non of energy being returned from turbulence to the flow is known as negative viscosity. This phenomenon is highly
intriguing and not yet fully understood. Interest in negative viscosity has grown since Victor Starr’s publication [29].

In the context of the research, it can be asserted that you have encountered the phenomenon of negative viscosi-
ty, and you are even able to identify areas on the map of the World Ocean where this negative viscosity is expected to
manifest itself. This suggests that the study contributes to a deeper understanding of the complex dynamics of energy
transfer and redistribution within the oceanic system.
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u

These areas can be characterized as domains with the property |-/ <1. All these zones are depicted in blue color
e

in Fig. 3—5, where the combined area of the identified negative viscosity zones is extensive, encompassing approxi-
mately 60—66 % of the total area of the World Ocean. However, it should be noted that many physical processes

Y

unresolved by || maps also can contribute to the sign of viscosity (e. g. instability of the mixed layer, frontal instabil-
e

ity, vortex instability, vortex interactions, etc.).

In our work, we neglected the interaction of vortices with vortices, leaving only the interaction of vortices with
background currents. Let’s try to understand at a qualitative level what new things should turn out if we take into
account this interaction. The following happens in the ensemble of interacting vortices. Closely spaced vortices of
the same name will merge, and weak vortices will stretch out into filaments. Larger vortex centers surrounded by
vortex filaments will appear in the considered ensemble. According to our theory, the size of vortices does not play
any role in the ability of vortices to stretch in background flows. Only the potential vorticity of the liquid in the core is
important. The background flow, acting on such an altered vortex field, will also pull part of the large vortex centers
into filaments. As a result, there will be more vortex filaments than in the case of a simple effect of flows on vortices.
The purpose of our work is to show that the conditions for the formation of filaments from vortices are formed in the
ocean. Taking into account the interaction of vortices with each other, these conditions will only intensify.

APPENDIX 1

. . C . . . + rot i
In the barotropic ocean, the term potential vorticity is used in the law of conservation of magnitude f—z ,

where H is the thickness of a homogeneous liquid layer. For a barotropic background flow rot_ii =2y . Here you re-
ally need to consider (f+ 2y). However, in our problem we consider a baroclinic ocean and baroclinic vortices, but

o fro

with a barotropic background flow. The potential vorticity in our case is different: o = roz u + a—Fa—w (y is the
4 c4

. . +rotu . . . L . -
current function) and does not match with sz neither in physics nor in dimension. Therefore, it is not neces-

sary to add fand rof i in this study.

APPENDIX I1

To analyze the behavior of vortices in the flow (1), we apply the theory of dimension. In the background flow
U= (u,v,O) , the coefficients e and y have the same dimension m~!. An ellipsoidal vortex, in addition to three geomet-
ric dimensions — the lengths of the semi—axes, has another dimensional parameter o which means excess of the po-
tential vorticity of the core over the potential vorticity of the background flow. The potential vorticity of the barotrop-

. . . . - 1 _ . . .
ic background flow o coincides with the relative vorticity y = 5’"0’1”/)(% y) . The dimensions of o and the relative

vorticity of the background flow also coincide.

Let’s return to the geometric parameters of the vortex core. Let us denote the sizes of the horizontal semi-axes of
the vortex core as a and b, and the size of the vertical half-axis is ¢. Note that the problem of the evolution of an ellip-
soidal core is studied at a constant the Vaisald-Brunt frequency N [25—28, 18, and references herein). The problem
of vortex evolution is formulated in a mathematical space where the vertical z-axis is stretched (N)/ftimes (f'is the
Coriolis parameter). As a result, in such a vertically stretched space, the horizontal half-axes a and b of the ellipsoid

. . . . . . N
remained the same, and the vertical half-axis stretched (N)/ftimes. Denote the stretched axis as ¢ =—c . In baro-

tropic flows (2), the vertical semi-axis ¢ does not change, and the horizontal semi-axis change so that their product
a(t) X b(t) is also preserved. In this formulation, the vortex core has three dimensional geometric parameters a, b and
¢ , from which two dimensionless geometric parameters of the vortex can be made, and they are the parameter of

C
Jab

each vortex does not change, while € changes with time. From a set of other dimensional parameters of the problem

horizontal elongation e=a/b and the parameter of vertical oblateness of the core K =

. The parameter K for
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e,vand o, it is also possible to compose two dimensionless parameters (y)/e and (c)/e, which do not change over time
for each vortex in its flow. There is another dimensionless parameter in the problem, i. e. the orientation angle of the
vortex 0 or the angle of rotation for the certainty of the semi-axis of the ellipsoid a with respect to the x-axis of a con-
venient coordinate system. In this formulation, it is possible to reduce the problem of the behavior of a vortex in a
barotropic flow to the problem of the evolution of two variables over time of the vortex parameters € and 6 depending
on the remaining dimensionless parameters (c)/e, (Y)/e and K. In the complete mathematical formulation of the
problem, we should add the initial conditions for € and 6, denote them ¢, and 6.

As a result, the problem of vortex behavior in the flow (2) can be considered on the plane of dimensionless
parameters ((c)/e, (y)/e) for a set of fixed values of K. Let’s choose the most characteristic value of the flatness pa-
rameter K = 0.2. Of course, other values of K may also occur, so additionally consider K = 0.1 and K = 0.3. When
the parameter K is changed, the boundaries separating zones with different behavior of vortices in the band |(y)/e|<1
change. Decreasing the parameter K will expand the boundaries of the purple zone in Figure 2. Options for changing
the boundaries of zones of different vortex behavior at different values of K are shown in Figure Al. The coefficient of
boundary expansion (or the coefficient of boundary recalculation for other values of K) is proposed in Figure A2. The
same conversion factor is valid for the boundaries between the yellow and purple zones. Thus, the boundaries in Fig-
ure 2 are self-similar, i. e. they are obtained from each other by stretching or compressing the scale of the horizontal
axis (0)/e. From K= (0.2, we can obtain these boundaries for other values of K.

1.2Y
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0.2

0
—0.2
—0.4
—0.6
—0.8
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—1.2
—200 —150 —100 -50 0 50 100 150 20

Fig. Al. The nature of the change in the boundaries of zones of different behavior of vortices at
different values K= 0.1, 0.2, 0.3 in the plane of dimensionless characteristics ((c)/e, (Y)/e)
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Fig. A2. The scaling factor L of the boundaries of the regions of different behavior of vortices
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APPENDIX 111

The famous scientist Kirchhoff [63] mathematically formulated and solved the problem of the behavior of a vor-
tex in the form of an elliptical equal-vortex region in a medium at rest at infinity for the case of an ideal fluid. Such a
vortex is called a Kirchhoff vortex and is an exact solution of the Euler equations for the case of plane hydrodynamics
of an ideal fluid. According to Kirchhoff, the behavior of an elliptical equal-vortex region was reduced to the rotation
of the ellipse (rotation of the shape of the vortex core) with a constant angular velocity without changing the lengths
of the ellipse axes. The fluid particles inside the elliptical vortex core overtake the rotation of the shape. The center
of the vortex stands still. All hydrophysical fields are continuous. In particular, the velocity field is continuous, but
the derivatives of the tangential velocity normal to the vortex boundary break at the boundary itself, therefore the
vorticity changes abruptly, which is included in the formulation of the problem. The speed inside the ellipse increases
from the center to the boundary of the ellipse, and it decreases outside the ellipse with asymptotic behavior 1/R at
large distances R. The next generation of researchers solved the problem of the evolution of the Kirchhoff vortex in
background flows.

The next generation of researchers solved the problem of the evolution of the Kirchhoff vortex in background
flows. The Japanese hydrodynamicist Kida [15], who described the behavior of the Kirchhoff vortex in equally vortex
flows of plane hydrodynamics, coped with this problem most successfully. Equally swirling flows were not chosen by
Kida by chance. Only in such flows will the vortex, being elliptical at the initial moment, remain elliptical further.
But at the same time, the elliptical vortex core moves as a whole along the flow at the speed of the background flow at
the center of the vortex. In this case, the core can rotate, and deform with rotating, remaining an ellipse. Kid’s work
gave rise to a huge number of theoretical, laboratory, and numerical studies on the evolution of Kirchhoff vortices in
the flows.

Let’s take a closer look at the background currents that Kida used. These are flat incompressible flows with veloc-
ities linearly dependent on coordinates

U=uy+ex—y,y, (Al
V=V +7,Xx—ey.

3nech (x, y) — MPOU3BOJIbHAS CUCTEMA OPTOTOHATBHBIX KOOPIWHATSIL; Uy, V), €, ¥, Y2 KOHCTAHTBI, TPUBS3aHHBIC
K BBIOpaHHOI cucTteme KoopmuHatr. [Ipy mM3MeHeHMM CUCTEeMBbl KOOpAWHAT, HampuMep, MpPU ITOBOPOTE, BCE
yKa3aHHbIE KOHCTAHTBI U, Vy, €, Y1, Ya-

Here (x, y) is an arbitrary system of orthogonal coordinates; u,, v, e, ;, ¥, are the constants tied to the selected
coordinate system. When changing the coordinate system, for example, when rotating, all specified constants uy, v,
e, V1, Yo Will change. However, a number of properties should be preserved. For example, the linear dependence (Al)
on coordinates will be preserved in any coordinate system. Further, in any system, the coefficient e for x in the first
equation and the coefficient e for y in the second equation must be identical in magnitude but have different signs.
However, the coefficient e will change when changing the coordinate system. Finally, it follows from the equality

ov 0 . . . .
YV, = a—v - a—u that the sum of the coefficients g, + g, is the same in any coordinate system. Further, by a parallel
X oy
shift, you can always select a coordinate system in which u, = v, = 0. In this coordinate system:
u=ex—vy,y
{ 11 (A2)
V=7,x—ey.

Let’s consider two coordinate systems: the old (x, y) and a new (%, y) . In the new coordinate system, the property of
linearity will be preserved:

~ (A3)

Naturally, e and é differ from each other, but y, +y, = 2y = rot_ii. Let the new system be turned to the old one at an

angle a. Then the coefficients e, y;, v, and é, ¥,,y, are related by the relations

¢, = e, cos2a. —%(yl —7,)sin2a

- . 1 1
7 =¢ sm2a+5(y1 +y2)+5(y1 —yz)cos2ot, (A4)

26



Evolution of Mesoscale Vortices in the Ocean into Filaments Inferred from Altimeter Data

Tpchd)opMauml Me30MaCIITAOHBIX OKEAHHYECKHUX anpeﬁ B (bl/lJ'laMeHTl)l: AHAJIU3 TAHHBIX AJIETUMETPUA

- . 1 1
7, =—¢ sm2(x+5(y, +y2)_5(YI —7,)cos2a

Statement: you can always choose such a coordinate system (find the angle of rotation a), wherein ¥, =y, =y. In
this case

e, sin2o +%(y1 +y2) +%(y1 —y2)cos2a =—e,;sin2a +%(y1 +y2)—%(y1 —yz)COSZOL,

e, sin2a +%(Y1 —7,)c0s2a =0,

tg2o = NV
2e,

In the new coordinate system

|
7 =9, =7 =5(V1 +7,),

~ 1
é =.le’ +Z(y1 -1,).

For uniformity, we denote € = ¢, . Thus, with a linear dependence of the speed of flat currents on coordinates, it is
always possible to select a coordinate system in which the speed field looks like this:

u=ex—yy
v=yx—éy
Now let us explain why, following Kida, we consider such a coordinate system convenient. The point is this. If we

worked with the old coordinate system, in which the velocity field would be given by relations (A2), then the equa-
tions for the evolution of the parameters of an elliptical vortex look as follows

a :—b{e 0820 —%(yl - yz)sinZB} ,

b :a[e c0s20 _%(‘h —yz)sinZG} ,

0=0(a b)+l(y +y )—M e sin26+l(y —7,) cos20
’ ) 1 2 612 — bz 2 1 2 .
Here a and b are the values of the horizontal semi-axes of the ellipse and 6 is the orientation angle of the vortex core
in this coordinate system (the angle between axis a and the positive direction of axis x). Q(a, b) is the own angular
velocity of rotation of the ellipse in the absence of external flow:

€ a
£=—

2° :
(8 + 1) b
Here o is the excess of the vortex core vorticity over the vorticity of the external flow. Note that the deformation of
the semi-axes of the ellipse @ and b in this coordinate system depends on all parameters of the external flow e, v, v,.
If we move to a convenient coordinate system proposed by Kida, then the same velocity field in it is presented as

Q(a,b)=0

i=ex—7yy
V=9x—éy’
and the evolution equations for the same vortex for a, b, and orientation angle 6 look much simpler:

a=—bé cos20,

b=aé cos20,
2 2
0=0(a,b)+7 -5 +22 & sin26.
a —_—

Here 6 is the angle of orientation of the vortex in the new coordinate system.
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When described in a convenient Kida’s coordinate system, only one parameter € of the external flow is respon-
sible for the vortex deformation, calculated in the above convenient coordinate system. That is why € is called the
deformation coefficient. In the general case, the coordinate system, which is convenient for studying the behavior of
elliptical vortices in external flows, differs from the standard coordinate system for geophysicists, where the x-axis is
directed to the East. To understand how vortices behave in the flows, we need to know only two flow parameters from
a convenient coordinate system: the deformation coefficient € and the vertical component of the background flow

oo~ _ . . .
vorticity y = Erotzu, which generally does not depend on the choice of the coordinate system. Therefore, the only

parameter we need from a convenient coordinate system is the deformation coefficient ¢ .

An equally swirling horizontal flow, independent of the vertical coordinate, has its name in oceanology — baro-
tropic flow. When studying three-dimensional ellipsoidal vortices in barotropic flows, a convenient coordinate sys-
tem coincides with Kida’s coordinate system, and the behavior of the vortex characteristics differs only in the form of
the function Q(a, b), which in the case of ellipsoidal vortices will be more complex and will additionally depend on
the size of the vertical semi-axis c.

Let’s return to the flow field in the convenient Kida’s coordinate system:

i=eéex—7yy

V=YX —éy
Further, we will work only in this coordinate system, so to simplify the recording we will discard the “tilde” sign on
all letters

u=ex—yy
v=yx—ey

oy oy

Moving on to the stream function y(a, b), we get u = v y=———,and
y

oy

—=ex —
oy vy
X

The solution to this system of equations

\I/(x,y) = —%y(xz + y2)+ exy+C,

where C is the integration constant. Stream function isolines \y(x, y) = const in the stationary case coincide with the
trajectories of particles. Therefore, the set of lines

—%y(xz + y2> +exy = const

represents a set of trajectories of particles of equally swirling flows. Flows with different values e and y describe com-
pletely the entire variety of equally swirling barotropic flows. The quadratic dependence of the trajectory equations
indicates that the trajectories of motion can be hyperbolas and ellipses and, in the frequent case, plane-parallel flow
with a constant velocity shift. An ellipsoidal vortex placed in an equally swirling barotropic flow will move as a whole
with the speed of the background flow at its center. Simultaneously with the movement of the vortex as a whole, the

Y

e
out. The inequality |y/e| > 1 is a necessary condition for prohibiting the stretching of vortices. Everything that has been

said is presented in detail, starting from [63] for two-dimensional hydrodynamics and also [5, 21, 22, 18].

vortex is subjected to the deforming influence of the background flow, so vortices in the flows with |-/ <1 can stretch
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