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Abstract

The inelastic electron scattering is one of the processes that must be understood in detail for the correct
interpretation of astrophysical data. We suggest ab initio QED treatment of the inelastic scattering of
quasi-free electrons on hydrogen-like ions with possible formation and subsequent decay of
intermediate autoionizing states. We calculate the doubly differential cross sections for scattering on
F*T, Ca'" and Kr’>" in the range of energies where doubly excited 3131’ states are involved. The
energies and widths of these states are presented.

1. Introduction

Highly charged ions with a small number of electrons occupy a significant place in atomic physics. In such ions,
electrons move in a very strong electric field of the atomic nucleus, which for heavy ions is much stronger than
the fields available in laboratory. The processes occurring in collisions of electrons and atoms with the highly
charged ions are especially interesting as they allow us to verify the theoretical description of electrons in strong
fields, in particular their correlation and dynamics.

The highly charged ions are widely used for the production of materials with a specific nanostructure [1, 2],
obtaining sources of strong x-ray radiation [3] and in many other fields, including medicine. The study of highly
charged ions is also necessary to describe the laboratory and astrophysical plasmas. The x-rays originating from
the radiative decay of the excited states of highly charged ions are detected in the observations of astrophysical
objects (for example, galaxy clusters). The resulting spectra provide important information about various
characteristics of these objects such as temperature structure, density or metal abundances [4].

Electron impact excitation (or inelastic electron scattering) is an important mechanism of production of ions
in excited states in astrophysical plasmas. In this process, an incident electron is scattered on an ion with one or
more bound electrons transferring a portion of its energy to the ion causing its transition to an excited state. In
the energy region considered in this work, three different channels occur with ion excitation from 1s to 2s,
2p1/2 and 2p3/2.

The lines in x-ray spectra originating from hydrogen-like and helium-like ions are among the most
prominent. The scattering of electrons by hydrogen-like and helium-like ions may lead to the formation of
intermediate two-electron states, which are simple enough for an accurate theoretical description within the
framework of QED. Nevertheless, the existing calculations employ the R-matrix method or the relativistic
distorted wave approximation [5—10]. In these works, the total probability of ion excitation in plasmas of certain
temperature was investigated. However, these approaches can give different values for collision strengths [4],
especially for high temperature plasmas (i.e., for the collision energies where the relativistic effects are
significant) and high Zions. Accordingly, it would be beneficial to have a calculation method suitable for
scattering on medium to high Zions and for relativistic impact energies that has predictable accuracy.
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The theoretical calculations as well as the experimental data for the doubly differential cross sections of the
resonant inelastic electron scattering have so far been limited to light ions with Z up to 9 [11-15]. In these works,
again the R-matrix approach is used for the theoretical description.

Recent developments in experimental apparatus at GSI in Germany [16] and at HIRFL and HIAF in China
[17], which, in particular, resulted in the new opportunities for conducting scattering experiments with medium
and high Zions, have sparked a renewed interest in such experiments.

We present an ab initio QED treatment for the resonant inelastic scattering of quasi-free electrons on
hydrogen-like ions that directly takes into account relativistic and QED effects and can therefore be applied to
the inelastic electron scattering on ions with medium and large Z where these effects become important. We
demonstrate the application of this approach to the description of the inelastic electron scattering by F**, Ca'**
and Kr*>" ions for the energy range where the intermediate autoionizing states can contribute to the process. For
the low-Z ions, we compare our results with the available experimental and theoretical data showing that our
method can also be successfully applied to the light systems.

The relativistic units are used throughout the paper.

2. Theory

In this work, we look into the inelastic scattering of electrons on hydrogen-like ions initially being in the ground
state. We consider the excitation of the ion into the 25, 2p; ., and 2p5 , states. The inelastic electron scattering
can be divided into two channels: the non-resonant channel

e, + X@=D+(15) — e;f + X@=DH2D, (1)

and the resonant channel, in which the scattering proceeds through formation and subsequent decay of
intermediate autoionizing states

e, + XOTVH(Ls) — XEIHEBI) — ep + XD+, )

Here p; and pyare the incident and scattered electron momenta, respectively. We note that the Coulomb
scattering of electron (the Mott scattering) does not change the energy of electron. Accordingly, this channel
does not contribute to the inelastic scattering.

We focus our attention on the resonances corresponding to the excitation of 3/3!” doubly excited
(autoionizing) states. In accordance with the energy conservation law the energies of the incident (¢;) and
scattered (¢p) electron must satisfy the following equality

€ + &5 = & + € (3

where £, is the initial energy of the i_on (1s) and e5;is the final energy of the ion (25, 2p; . or 2p;5 ).
We introduce wave functions ¥/, and ¥/, describing the initial and final states of the two-electron

system in the zeroth order of the pert[n{;ﬁ{)ation ty}nlfe’gfry:
. 1 (+)
\Ijlm,v,ui(rlﬁ 1’2) = f det{pt/j,‘(rl), 1/J1s(fz)}> (4)
(1) = L detf (17 (r), Ya(ra)}s )
o V2 Priy

where v1(r) and 1),/(r) are the wave functions of the bound states (1s and 2s, 2p, ., or 2p; ,) in the hydrogen-
like ion with the total angular momentum projections on z-axis m; and %i) (r)is thein- (+) or out-going
(—) wave function of an electron in the electric field of the atomic nucleus with the asymptotic momentum
(p =po)[18]:
(2m)*/? + igy il
() = ——=—==>" L}, (L) v, i (r), (6)
i Jpe o jlm ¢

where 1).jj,,(r) is the continuum solution of the Dirac equation with certain parity, total angular momentum and
its projection, ¢;;is the Coulomb phase shift [18]. The spinor v, ) for a given direction ¢ is determined by the

following equation:
1 4
E(CU)V”C = ,UCV#C, (7)

where o is the Pauli vector.
For the description of the resonant channel we employ the line-profile approach (LPA) [19] which is suitable
for the treatment of the quasi-degenerate states within the framework of QED. The application of the LPA to the

2
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Figure 1. Feynman graphs corresponding to the one-photon (a) and two-photon (b and ¢) exchange corrections. The double solid
lines denote the electrons in the external potential (the Furry picture); the internal wavy lines describe the exchange of the photon
between two electrons; the indices #; and 7, correspond to the intermediate one-electron states.

elastic electron scattering is discussed in detail in [20]. Within the LPA the matrix V = VI L AVisintroduced.
The matrix V() is a diagonal matrix defined by

V(O) = ﬁD(ﬁ) + ]’AlD (Tz). (8)

Here sz is the Dirac Hamiltonian:
ho(r) = ap; + pm, + V), i=1,2, ©)

where o and G are the Dirac matrices, 1, is the electron mass and V(r;) is the potential energy of the electron in
the electric field of the atomic nucleus. We take into account the interaction with the atomic nucleus in all orders
by employing the Furry picture [21].

The matrix AV contains various QED corrections including the one- and two-photon exchange corrections,
the electron self-energy and vacuum polarization corrections which are derived order by order within the QED
perturbation theory. The Feynman graphs representing the one- and two-photon exchange corrections are
presented in figure 1. Itis convenient to present the matrix V'as a block matrix

Vi V) (VI AV AV o
= ‘/21 ‘/22 - A‘/Z] V2((2))+A‘/22 > ( )
where matrix V, is a finite matrix defined on the given set G. The set G includes all two-electron configurations
with energies close to the energies of the reference (initial and final) states. In particular, it contains all two-
electron configurations consisting of electrons with principal quantum numbers n < N, (calculations were
performed for N, = 3, 4 and 5) and a continuum state describing the incident and scattered electrons (processing
ofa continuum electron is discussed in [22]). Accordingly, the two-electron wave functions satisfy the following
equation

(hp(r) + ho(r) ¥ = EO WY (11)

The states with n > N, are taken into account indirectly through the two-photon exchange corrections in the
second order of the QED perturbation theory as the terms in the electron propagator (1, and #, in b and c graphs
figure 1). We demonstrate the effect of the different selections of the set G on the cross section in figure 2.

In this work, we include into matrix V7, the following corrections: electron self-energy and vacuum
polarization, one-photon and two-photon exchange corrections. For the two-photon exchange correction we
take into account only the box diagram (figure 1(b)) within the Breit approximation neglecting the
retardation [23].

The matrix V7, is a complex symmetric finite matrix. It can be diagonalized numerically:

vdiss — B'V},B, B'B = I. (12)
The eigenvectors of V1, yield the functions @, corresponding to various states of the atomic system:
(I)ng = Z Bkg”g\pg;)’ (13)
kecg

the eigenvalues of V}, give the corresponding energies ¢, and widths I, :

Sng =E, — %Png. (14)

g
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Figure 2. The backward (9 = 180°) differential cross section for the inelastic electron scattering on F** with the excitation 1s — 2s for

different choices of the set G: blue dashed line corresponds to the set G with N, = 3, black solid line to N, = 4 and red dotted line to
N, = 5. The autoionizing states involved in forming the resonances are listed on the right.

The function @inh ;s (n, 1) can be written as

Oy, (o 1) =Wy (o) + >0 GO, ) A+ (15)
k¢€ G, kg€ bound
where the coefficients Cy, are determined by the matrix B. The term \If’m 1, (1 1) corresponds to the non-
resonant channel (1). The orthogonal term 3 Cj, \115(2) (r, 1) contains the admixture of the bound states of the
ion with two electrons and describes the formation of the intermediate autoionizing states in the resonant
channel (2).
Since the Coulomb scattering does not contribute to the inelastic scattering, the amplitude U'is determined
by the matrix AVas[20]

Uy = (Uhy, (1, m)|AVI,, (1, 7). (16)

In 16, only the one-photon exchange corrections were included in the matrix AV.
The double differential cross section for the inelastic electron scattering reads [18]
Aoy

1 1 Ei pfgf
O (ep, ) = 20 3 UGS
derany 00 = 2y 2 U oy

X b(ef + eu — € — &) 7)
m'[;l]—

The results of application of this approach are presented and discussed in the next section.

3. Results and discussion

The method described in the previous section has been developed primarily for medium and high Z systems
where the relativistic and QED effects are pronounced. Nevertheless, we can also apply it to the scattering on the
light ions where theoretical calculations using the R-matrix method as well as experimental data are available
[11-14]. In [14] the comprehensive study of the inelastic scattering in the collision of F** with molecular
hydrogen is presented. Thus, in order to test our approach we start our discussion with the revision of the
inelastic electron scattering on hydrogen-like F** ions studied in [ 14].

3.1. Inelastic electron scattering on F "

In the context of the inelastic scattering, the intermediate autoionizing states that contribute to the resonant
scattering channel are located within a densely populated energy region. Consequently, careful treatment of the
interelectron interaction is necessary. The accuracy of our method is principally determined by the electron
states included into the set G. In order to illustrate the relative importance of different electron states we
calculated the backward scattering cross section on F** jon (with the ion excited from 1s to 2s state) for three
choices of the set G. The set G is defined by N, which represents the highest principal quantum number among
the one-electron states forming the two-electron configurations within the set G. The resulting cross sections for
N, =3, 4and 5 are presented in figure 2. We find that the differences in the position of the resonances between
the choices N, = 3 and N, = 4 are most significant for the higher lying (right side of the graph) resonances. This
is expected as the corresponding autoionizing states are getting close in energy to the 314/ states. Our
calculations for N, = 5 show that the inclusion of additional electron states to the set G with N, = 4 does not

4
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Table 1. Energies (E) and widths (1) of 313!’ autoionizing states in F'*
and corresponding incident electron resonant energies (¢;%)ineV.

Autoionizing state F
E s r
(3p?)'s Gpy o —233.3 869.9 0.19
(3s3p; )0 —232.9 870.3 0.12
(3s3p)°P (3s3p, )i —232.9 870.3 0.12
(353p; )2 —232.8 870.3 0.12
(3s3d)'D (3s3ds 1), —231.6 871.6 0.21
(3p12/2)0 —230.7 872.5 0.20
(3p*)°P (3P 2305 2 —230.6 872.5 0.20
GPy 2305 2)2 —230.6 872.6 0.20
(3s3p)'P (3s3p; ) —230.2 873.0 0.56
Gpy 235 2) —229.7 873.5 <0.01
(3p3dy’F Gps 535 2) —229.7 873.5 <0.01
(3ps ,3ds )4 —229.6 873.5 <0.01
(3p3d)'D (3ps 534522 —229.5 873.7 0.01
(3s3ds /) —228.9 874.3 0.03
(3s3d)°D (3s3d5 /1), —228.9 874.3 0.03
(3s3ds 1) —228.8 874.3 0.03
Gpy 535 201 —227.4 875.7 0.14
(3p3d)°’D (p; 535 2): —227.4 875.7 0.14
(3ps 5345 /2)3 —227.4 875.8 0.14
(3d*'D (3ds ) —227.2 876.0 0.46
(3s2)'S (3s%) —226.8 876.3 0.76
(3d5 ) —226.5 876.6 0.15
(3d*’F (3ds /23d5 /2)3 —226.5 876.6 0.15
(3ds ) —226.5 876.7 0.15
(3p; 535,200 —226.3 876.9 0.05
(3p3d)°P (ps ,3d5 21 —226.3 876.9 0.05
(3P, ,3d5,2): —226.3 876.8 0.05
(3d»)'G (3ds 23d5 /2)s —224.5 878.6 1.07
(3p3d)'F (P, 23452 —224.1 879.0 0.58
(3d3 )0 —223.5 879.6 <0.01
(3d?y°P (3ds 23ds /7)1 —223.5 879.6 <0.01
(3ds; /23ds5 1), —223.5 879.6 <0.01
(3p»)'D Gp; ) —221.6 881.6 0.19
(3p3d)'P (3ps 5345 /2): —220.1 883.1 0.15
(3d*»)'s (3ds )0 —215.3 887.8 <0.01

significantly change the cross section. Overall, we find that N, = 4 is optimal for the purposes of this work. The
fast convergence of the method in respect to N, is provided by taking into account the interaction with the n > 5
electron states present in the two-photon exchange graph (two right graphs in figure 1).

The energies and widths of the intermediate autoionizing states, as well as the corresponding incident
electron resonance energies for F** are presented in table 1. For F** we also specify the corresponding LS
coupling scheme states. We clearly see that the LS coupling scheme works well in this case. We estimate that the
accuracy of our calculations is about 0.1 eV for the resonance energies and 0.005 eV for the widths. At this level of
accuracy the widths of the electron states are completely determined by the Auger widths.

The existing experiments have studied the inelastic scattering of electrons in the collision of one-electron
ions with a hydrogen molecule, which served as a source of quasi-free electrons [11-14]. In these experiments,
no distinction was made between 25, 2p; , and 2p; , final ion states. Consequently, the double differential
cross sections given in [ 14] contain contributions from all three channels. Our results presented in figure 3 and
discussed below also take into account all possible excitations of the F** ion.

In order to adapt our method to the description of the ion-atom and ion-molecule collisions, we employ the
impulse approximation [24, 25] (see appendix). The relevant double differential cross section reads as
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Figure 3. The double differential cross section for the forward (left panel, § = 0°) and backward (right panel, § = 180°) inelastic
electron scattering on F** in collision with molecular hydrogen.

Table 2. Energies of the highest-lying 313/’ autoionizing states in F’* in eV. The results for the set G with N, =3
are presented in the first column. The second column gives the results for N, = 4 except 4felectrons are
completely excluded from the calculation. The third column gives the results for N, = 4where4f electrons are
excluded from the set G and are accounted for in the box two-photon exchange correction (figure 1(b)). The
values used in this work (N, = 4) are shown in the fourth column and are highlighted in bold. The results for the
set G with N, = 5 are presented in the fifth column.

N;=3 Ny=4 N,=4 N,=4 N;=5
4f excluded 4f partially
included

(3d3,2) —223.46 —223.42 —223.51 —223.53 —223.52
(3d?y°P (3ds /23ds5 2) —223.45 —223.41 —223.50 —223.52 —223.51

(3ds 23ds 1)1 —223.44 —223.40 —223.49 —223.51 —223.50
(3p*)'D Gp; - —221.43 —220.88 —221.51 —221.60 —221.55
(3p3d)'P (ps ,3ds 21 —219.89 —219.22 —219.99 —220.09 —220.03
3dH)!s (3d3 )0 —215.04 —214.87 —215.24 —215.33 —215.29

d*op, 1 d
i(ef) of) = _IHz(pi)—a-(sfr 0f)>
Y de

d{-:fde 5 (18)

where (s the collision velocity, v = 1,/y/1 — (2, J,(p;) is the Compton profile of molecular hydrogen
obtained experimentally [11].

To compare the cross section 18 with the experimental data, we also need to take into account the
experimental resolution. To do this, we convolute the resulting cross sections with the Gaussian function [14]

—(c — Ef)z)

19)

2
207,

1
ex|
2T oy p(

with parameter o, = 0.28 eV corresponding to the experimental resolution.

The resulting forward (upper panel) and backward (lower panel) scattering cross sections for F** are
presented in figure 3. For the spectral region ¢, < 50 eV, our results are in excellent agreement with the
experimental data [14]. For the region &> 50 eV, our results are in reasonable agreement. Three right peaks are
shifted to the left compared to the data given in [14]. Discrepancies observed in the higher energy region can be
attributed to the insufficient accuracy of the calculations. The energies of the rightmost resonances calculated
with different choices of the set G are given in table 2. We particularly emphasize the energy shift caused by
taking into account the 4f electrons which shows that high-Ielectrons should not be neglected in the
calculations. We note that the contribution from the electrons with the principal quantum number n = 5 is too
small to explain the discrepancy.

Using F*" as an example, we have demonstrated that our method works reasonably well and can be
successfully applied even to the light systems. In the next section we consider scattering on heavier ions.
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Table 3. Energies (E) and widths (1) of 313!’ autoionizing states in Ca

18+

and corresponding

incident electron resonant energies (¢;*) in eV. Radiative I, and Auger I, widths are given
separately in eV in the last two columns.

Autoionizing state Ca'®*
E gres r r, L,
3pH's 3py o —1170.7 4299.2 0.78 0.021 0.759
(353p; 15D —1187.7 4282.2 0.14 0.022 0.117
(3s3p)°P (3s3p, —1187.2 4282.7 0.14 0.022 0.122
(353p; ,5)2 —1185.9 4284.1 0.14 0.022 0.119
(3s3d)'D (3s3ds 2), —1171.2 4298.8 0.45 0.015 0.435
(3p12/2)0 —1181.4 4288.6 0.23 0.037 0.197
(3p»°P (3P, 2305 0 —1180.7 4289.2 0.23 0.038 0.196
(3P 2305 2)2 —1182.8 4287.2 0.22 0.028 0.196
(3s3p)'P (3s3p; ,) —1179.5 4290.5 0.54 0.024 0.518
Gpy 235 ,2): —1178.6 4291.3 0.03 0.027 0.004
(3p3d)°F (3ps 23ds,2)s —1177.3 4292.6 0.03 0.027 0.004
(3ps 5345 /2)s —1175.9 4294.0 0.03 0.027 0.002
(3p3d)'D (3ps ,3ds /2)2 —1169.3 4300.6 0.08 0.026 0.056
(3s3d5 /) —1176.8 4293.2 0.04 0.008 0.031
(3s3d)°D (3s3d5 2), —-1176.5 4293.5 0.04 0.008 0.031
(3s3ds 2)s —1176.1 4293.9 0.04 0.008 0.030
(3P, 23d3 2 —1172.5 4297.4 0.16 0.027 0.133
(3p3dy°’D (ps ,3d5 ), —1172.1 4297.8 0.16 0.027 0.128
(3ps 535,23 —1171.4 4298.6 0.16 0.027 0.134
(3d*»'D (3d2 ) —1157.0 4312.9 0.21 0.019 0.187
(3sH)'s (3s%) —1188.3 4281.7 0.18 0.015 0.165
(3d3,5) —1169.3 4300.7 0.17 0.014 0.154
(3d2)°F (3d5 235 2); —1168.9 4301.0 0.16 0.014 0.147
(3d3 ) —1168.4 4301.5 0.16 0.014 0.150
(3ps 1,35 /200 —1169.3 4300.6 0.08 0.027 0.057
(3p3d)°P (3ps 23d5 .2 —1169.4 4300.6 0.08 0.026 0.057
(P, 534522 —1176.5 4293.4 0.04 0.027 0.009
(3d*)'G (3d5,23d5 2)4 —1163.3 4306.7 1.09 0.014 1.072
(3p3d)'F (P, 5345 ,2)s —1162.9 4307.0 0.61 0.027 0.579
(3d5 2o —1162.5 4307.5 0.02 0.016 0.004
(3d*»°P (3ds 23ds )1 —1162.3 4307.7 0.02 0.016 0.004
(3d5 23d5 /2)2 —1161.9 4308.0 0.02 0.017 0.005
(3p»)'D 3py ) —1179.3 4290.6 0.23 0.037 0.195
(3p3d)'P (3ps 5345 /2 —1153.8 4316.2 0.19 0.024 0.164
(3d?)'s (3d2 )0 —1142.2 4327.8 0.03 0.020 0.008

3.2. Inelastic electron scattering on Ca'** and Kr*>*
In this section our calculations are performed for the inelastic scattering of free electrons. We consider the
energies of incident electrons where the resonance structure of the cross section arises from the contribution of
the lowest-lying autoionizing states contributing to the process (3/31’). In this energy range, we can differentiate
between three channels of the inelastic electron scattering with the excitation of the ion from the ground state to
the 2s5,2p; , and 2p; -, excited states. In contrast to the scattering on the F®" ion, in the case of heavier ions such
asCa'”" and Kr*>™, the scattered electrons have noticeably distinct final energies depending on the scattering
channel. For each scattering channel the scattered electron energy is strictly determined by the incident electron

energy (3).

D M Vasileva et al

In tables 3 and 4 we present the energies (E) and widths (I') of the autoionizing 313!’ states for Ca'®" and
Kr’** respectively as well as the corresponding resonance energies of the incident electron (/). For these ions
we also give the radiative (/') and Auger (I,) widths separately. The order of two-electron configurations is
carried over from table 1 for F"* ion. The resonance energies of the scattered electron for any scattering channel

can be obtained using
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Table 4. Energies (E) and widths (I) of 3131’ autoionizing states in Kr*** and corresponding

incident electron resonant energies (¢;*) in eV. Radiative I, and Auger I, widths are given

separately in eV in the last two columns.

Autoionizing state Kr*t
E gres r r, r,
3pH's 3py o —3869.3 14066.8 1.01 0.332 0.681
(353p; ,5)o0 —3934.7 14001.4 0.33 0.220 0.112
(3s3p)°P (3s3p, —3931.2 14005.0 0.37 0.222 0.148
(353p5 ,5)2 —3912.6 14023.5 0.34 0.223 0.117
(3s3d)'D (3s3ds 2), —3886.6 14049.5 0.48 0.281 0.201
(3p12/2)0 —3915.6 14020.5 0.55 0.298 0.253
(3p»°’P (3P 2305 20 —3902.8 14033.3 0.61 0.411 0.194
(3P 2305 2)2 —3906.5 14029.7 0.50 0.307 0.197
(3s3p)'P (3s3p; ,)1 —3900.0 14036.2 0.66 0.239 0.418
(P, 235 2): —3900.4 14035.8 0.29 0.286 0.006
(3p3d)°F (ps ,3d5,2)s —3866.7 14069.4 0.44 0.281 0.163
(3ps /5345 /2)s —3870.0 14066.1 0.29 0.284 0.002
(3p3d)'D (3ps 5345 ,2): —3861.8 14074.4 0.35 0.281 0.070
(3s3d5 /) —3896.6 14039.5 0.11 0.082 0.033
(3s3d)°D (3s3d5 /2), —3894.1 14042.0 0.17 0.112 0.055
(3s3ds 2)s —3889.2 14046.9 0.11 0.080 0.029
(3P, 23d5 2 —3883.0 14053.1 0.40 0.273 0.125
(3p3dy’D (ps 535 2), —3872.4 14063.7 0.36 0.284 0.076
(3p; 23ds 2)s —3850.6 14085.5 0.77 0.281 0.494
(3d*»'D (3ds ) —3836.9 14099.2 0.31 0.173 0.140
(3sH)'S (3s%) —3934.8 14001.3 0.33 0.167 0.160
(3d3 ,5)2 —3861.9 14074.2 0.31 0.158 0.150
(3d2)°F (3d5 23d5 2); —3857.2 14078.9 0.29 0.147 0.144
(3d3 )4 —3843.9 14092.2 1.08 0.146 0.933
(3ps /535,200 —3865.5 14051.5 0.36 0.283 0.074
(3p3d)°P (3ps 23d3 .2 —3865.6 14070.6 0.36 0.279 0.085
(P, 5345 22 —3884.6 14070.6 0.33 0.280 0.051
3dH'G (3d5,23d5 2) —3852.6 14083.5 0.41 0.146 0.264
(3p3d)'F (P, 23452 —3887.8 14048.3 0.33 0.282 0.043
(3d5 2o —3849.7 14086.4 0.17 0.154 0.019
(3d*»)°P (3ds 23ds )1 —3846.4 14089.7 0.17 0.155 0.014
(3d5,23d5 /2)2 —3846.3 14089.8 0.24 0.160 0.082
(3p»)'D G3py ) —3871.2 14064.9 0.62 0.250 0.366
(3p3d)'P (3ps 5345 /21 —3838.6 14097.5 0.49 0.268 0.217
(3d?»)'s (3d2 )0 —3810.9 14125.2 0.24 0.197 0.043

Table 5. The energy transfer Ae in the inelastic electron
scattering for 2s,2p; -, and 2p; -, final states of the Ca't
and Kr** " ionsineV.

Ae (eV) €25 — €15 €pyy — s 23,7 ~ Cis

Calot 4100.4 4100.2 4107.6

K>t 13430.9 13429.2 13508.8
e =& — (ea — ay),

D M Vasileva et al

(20)

where energy differences (€5, — £;5) can be found in table 5 for each final excited state of the ion. We can see that
the increasing importance of spin-orbit interaction for Ca'®** and Kr’** makes the jj coupling scheme more

suitable for describing autoionizing states. For the heavier element of Kr

34+

important that it leads to a significant change in the energy distribution of autoionizing states.

, the spin-orbit interaction is so

8
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Figure 4. The decimal logarithm of the differential cross section for the inelastic electron scattering on Ca'®* as a function of scattering

angle f and scattered electron energy e for the 2s final ion state (central panel). Corresponding forward and backward scattering cross
sections are presented in the bottom and top panels respectively.
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Figure 5. Same as figure 4 but for the 2p; , final state of the ion.

In figures 49 we present the differential cross sections for three different channels of scattering on Ca'*™"

and Kr>>". The forward scattering cross sections are shown in the bottom panels, the backward scattering cross
sections are demonstrated in the top panels and the cross sections for all scattering angles are presented in the
middle panels in a 3D color format. The vertical lines indicate the positions of the resonances corresponding to
the energies from tables 3 and 4. The raw numerical data can be found in supplemental materials.

We note that the channels under consideration lead to different final states, particularly in terms of their
parity. This results in qualitative differences between the cross sections associated with these channels. In
particular, for the final ion state of 2s the scattering occurs mainly in the forward and backward directions. The
resonance peaks also reach maximum at 0°and 180°. In contrast, for the 2p states the angular dependence of the
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Figure 6. Same as figure 4 but for the 2p; , final state of the ion.
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Figure 7. The decimal logarithm of the differential cross section for the inelastic electron scattering on Kr*>* as a function of scattering
angle f and scattered electron energy e for the 25 final ion state (central panel). Corresponding forward and backward scattering cross
sections are presented in the bottom and top panels respectively.

differential cross section changes making scattering into other angles much more significant. For these two
channels we can find resonances where electrons tend to scatter to the side.

The comparison of the cross sections for F**, Ca'** and Kr’*" also shows a significant dependence on Z.
The differences are explained primarily by the different spectra of autoionizing states (see tables 1, 3 and 4). Due
to the increased spin-orbit interaction, many previously (in light ions) indistinguishable resonances become
separated which leads to the increase in the number of isolated peaks in the cross section.

In collisions involving atoms or molecules we can observe contributions from all possible scattering
channels simultaneously as the incident atom or molecule can be regarded as a source of quasi-free electrons
with a continuous energy spectrum. In the case of heavier ions, the differences in scattered electron energies for

10
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Figure 8. Same as figure 7 but for the 2p; , final state of the ion.
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Figure 9. Same as figure 7 but for the 2p;  final state of the ion.

various scattering channels become large compared to the widths of the autoionizing states. Consequently, the
cross section for atom-ion or molecule-ion collisions emerges from the partial overlap of resonant structures
associated with the three scattering channels. This leads to a significant increase in the complexity of the cross
section. Notably, different autoionizing states may contribute to a single peak via different scattering channels.
We include complete numerical data for the inelastic electron scattering on Ca'** and Kr*>* in the
supplemental materials so that the relevant cross sections can be obtained for any experimental setup.

Resonant channel in inelastic scattering substantially alters the overall impact excitation rate, a phenomenon
of particular significance in astrophysical investigations of cosmic plasma [4]. We made a rough estimation of
the contribution of the resonant channel to the total impact excitation cross section in the energy range of 313/
resonances. For that purpose we calculated the value of s*¢, where

11
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Table 6. The estimated contribution from the resonant
channel to the total cross section in the energy range
where 331" autoionizing states are involved (kbarn eV). In
the brackets the ratio of the resonant channel to the total

cross section is given.
s Calot K5+
2s 78.0(39%) 14.0(53%) 2.1(37%)
2p1 2 90.9 (35%) 15.9 (49%) 2.4 (36%)
2ps,» 177.1(34%) 12.3 (27%) 0.8 (9%)
sres — def(O’tOtal(Ef) _ O.nonres(gf))‘ (21)

The results are presented in table 6 where we also give an approximate share of the resonant channel for the
energy range under consideration. Overall, the total cross section of the non-resonant channel varies for
different excitations of the ion, being largest for the 2p; , state and smallest for the 2s final state. It is notable that
the contribution of the resonance structure increases with the nuclear charge Zin a complex manner and also
depends on the final state of the ion. In particular, we observe that the relative contribution of the resonant
structure for the excitation to 2s and 2p, , is larger for Ca'** than for F*" and Kr*>*.

4. Conclusions

We developed ab initio QED treatment of the inelastic scattering of quasi-free electrons on hydrogen-like ions
with possible formation and subsequent decay of intermediate autoionizing states. The developed method can
be applied to a wide range of ions, from relatively light to heavy. Our study focused on the energy range where
doubly excited 3131’ states are involved.

We revised the theoretical description of the inelastic scattering on F** ions presented in [14]. For this
purpose, we calculated the double differential forward and backward inelastic scattering cross section in the
collision of molecular hydrogen with F** and compared our results with previous theoretical calculations as well
as the experimental data. We also explored the importance of accounting for the interelectron interaction of
n<4 and n<5 electrons nonperturbatively.

The developed method was subsequently applied to the scattering on heavier ions, yielding the differential
cross sections for the inelastic scattering on Ca'*" and Kr*>* for three scattering channels leading to the
excitation of ions into 2s, 2p, , and 2p; , states. The results for Ca'" and Kr*** jons demonstrate that
variations in final states result in substantial qualitative differences in the cross sections across different channels,
in particular for the final states with different parities. Furthermore, we investigated the resonant structure and
demonstrated that the inelastic scattering cross sections exhibit non-trivial dependence on the atomic number Z
in regards to the energy distribution of the autoionizing states and the relative contribution of the resonant
channel.

Additionally, the energies and widths of the 331’ doubly excited states in F'", Ca'®* and Kr*** were calculated.
The results obtained emphasise the increasing importance of the spin-orbit interaction with increasing Z.
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Appendix

The impulse approximation is a useful tool for dealing with processes occurring in asymmetric ion-atom and
ion-molecule collisions when the process in question can be considered with a high degree of accuracy as
involving only one electron from the atom or molecule [26]. In this case, the atomic or molecular target can be
adequately described by a quasi-free electron beam with the initial momentum distribution determined by the
internal structure of the system neglecting further interactions with atomic nuclei or other bound electrons.
Starting from the one-electron approximation for the atomic or molecular target, we introduce the relation
between the wave functions of the bound electron with the ionization energy ; in the target rest frame (O’) in
coordinate W/ (r") and momentum ®;(\) representations:
V(') = ﬁ f BA Bi(N) exp(iAr). (A1)

The physical meaning of A is the momentum of the target electron in the target rest frame.

Our first approximation is to neglect the real trajectory of the target. We assume that in the rest frame of the
ion (O) the target is moving with the velocity 3 along the z-axis. In order to transition to the rest frame of the ion,
we use the Lorentz transformations

t' =t — Pz) (A2)
Z=y(=pt+2), xX'=x,y =y (A3)
to obtain the vector r, pointing from the center of mass of the target to the bound electron in the rest frame of the
ion and represent the vector r of the bound electron in the rest frame of the ion as
r=r,+r, (A4)
where r, is the vector of the target center of mass in the rest frame of the ion. We also neglect transverse electron
momentum projections A, and A, (this is the second approximation) so below we assume that the momentum

of the incident electron is directed along z so that p = p_e,. Thus, the resulting expression for the incident
electron wave function ¥(r) can be written as follows:

1 . 1 . .
. - pr _ R —iAXap—idyy,
Wi(r) 2y fdpze X = fdAxd)\yé,()\)e e~ M, (A5)
p=0p =70\ + Bep). (A6)
We introduce function j(p, x, y) depending on the electron momentum and the impact parameter:
7 1 —1(Aex, y
](p’ Xa» yu) = ﬁ fd/\xd/\y¢)1()\)€ (Ax (ﬂLA)Yu)‘ (A7)

Then for the ¥;(r) we have the following expansion:

W) = [dp WEO0j(p, %0 1), (A8)

(Z=0) — !
where vy () = a7

€ ="(ep + BN, in the ion rest frame. In the impulse approximation we replace @;Z:O)(r) with ¥, (r) - wave
function of the electron in the field of the ion with asymptotic momentum p (6):

() = [dp G)j(p, xur 3. (A9)

e’?" is the wave function of free electron with certain momentum p and energy

The electron scattering is one of the processes where the energy transfer to the target can be neglected.
Therefore, from now on we assume that the initial and final energies of the electron satisfy some variation of the
energy conservation law:

& =¢i + Aeg, (A10)
and the corresponding amplitude can be written as:

U(p;> pp) = U(p)d(er — &i — Ae). (A11)

Since we neglect the transverse components of the incident electron momentum, the energy conservation law
implies that for a given energy of the scattered electron the incident electron momentum is fixed:

po=p =+l =1, p =0 p =0 (A12)
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The amplitude of the process under consideration in the ion-atom collision then can be written as:

Usx ) = [dp UCps i (ps % 3,) = %U(pi, I (P Xar 7). (A13)

We are interested in the square of the amplitude absolute value averaged over all impact parameters
(x,and y,):

ifdxdy Uy, P = == |U(p;, pp)I

27yp;

x [[axdn, [ ax.ax, o erN)

Xf dxqdy, e/ ATl (A14)
2
é‘.
=—=|U(p;, )T (p); (A15)
w;

where we introduce the Compton profile J(p) of the bound electron:

J(p) = [ardr P, (A16)

The Compton profile J(p) gives the distribution of the z-projection of the incident electron momentum. In
equation (A15) the Compton profile corresponds to one of the one-electron orbitals of the target. For atoms or
molecules with multiple electrons, the one-electron Compton profile J,(p) must describe the momentum
distribution of all electrons in the target. The cross section then reads:

d2otarget 1 dofree
e ) = —(p) (e, 0 A17
440, (g5, 0p) ’yﬁ]t(Pl) a0, (G (A17)

In this work, we use the approximation for the Compton profile of the hydrogen molecule obtained from
experimental data [11].
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