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Abstract
The inelastic electron scattering is one of the processes thatmust be understood in detail for the correct
interpretation of astrophysical data.We suggest ab initioQED treatment of the inelastic scattering of
quasi-free electrons on hydrogen-like ionswith possible formation and subsequent decay of
intermediate autoionizing states.We calculate the doubly differential cross sections for scattering on
F8+, Ca19+ andKr35+ in the range of energies where doubly excited l l3 3 ¢ states are involved. The
energies andwidths of these states are presented.

1. Introduction

Highly charged ionswith a small number of electrons occupy a significant place in atomic physics. In such ions,
electronsmove in a very strong electric field of the atomic nucleus, which for heavy ions ismuch stronger than
thefields available in laboratory. The processes occurring in collisions of electrons and atomswith the highly
charged ions are especially interesting as they allow us to verify the theoretical description of electrons in strong
fields, in particular their correlation and dynamics.

The highly charged ions arewidely used for the production ofmaterials with a specific nanostructure [1, 2],
obtaining sources of strong x-ray radiation [3] and inmany otherfields, includingmedicine. The study of highly
charged ions is also necessary to describe the laboratory and astrophysical plasmas. The x-rays originating from
the radiative decay of the excited states of highly charged ions are detected in the observations of astrophysical
objects (for example, galaxy clusters). The resulting spectra provide important information about various
characteristics of these objects such as temperature structure, density ormetal abundances [4].

Electron impact excitation (or inelastic electron scattering) is an importantmechanismof production of ions
in excited states in astrophysical plasmas. In this process, an incident electron is scattered on an ionwith one or
more bound electrons transferring a portion of its energy to the ion causing its transition to an excited state. In
the energy region considered in this work, three different channels occurwith ion excitation from1s to 2s,
2p12 and 2p32.

The lines in x-ray spectra originating fromhydrogen-like and helium-like ions are among themost
prominent. The scattering of electrons by hydrogen-like and helium-like ionsmay lead to the formation of
intermediate two-electron states, which are simple enough for an accurate theoretical descriptionwithin the
framework ofQED.Nevertheless, the existing calculations employ the R-matrixmethod or the relativistic
distortedwave approximation [5–10]. In theseworks, the total probability of ion excitation in plasmas of certain
temperaturewas investigated. However, these approaches can give different values for collision strengths [4],
especially for high temperature plasmas (i.e., for the collision energies where the relativistic effects are
significant) and highZ ions. Accordingly, it would be beneficial to have a calculationmethod suitable for
scattering onmedium to highZ ions and for relativistic impact energies that has predictable accuracy.
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The theoretical calculations aswell as the experimental data for the doubly differential cross sections of the
resonant inelastic electron scattering have so far been limited to light ionswithZ up to 9 [11–15]. In these works,
again theR-matrix approach is used for the theoretical description.

Recent developments in experimental apparatus at GSI inGermany [16] and atHIRFL andHIAF inChina
[17], which, in particular, resulted in the newopportunities for conducting scattering experiments withmedium
and highZ ions, have sparked a renewed interest in such experiments.

We present an ab initioQED treatment for the resonant inelastic scattering of quasi-free electrons on
hydrogen-like ions that directly takes into account relativistic andQED effects and can therefore be applied to
the inelastic electron scattering on ionswithmedium and largeZwhere these effects become important.We
demonstrate the application of this approach to the description of the inelastic electron scattering by F8+, Ca19+

andKr35+ ions for the energy rangewhere the intermediate autoionizing states can contribute to the process. For
the low-Z ions, we compare our results with the available experimental and theoretical data showing that our
method can also be successfully applied to the light systems.

The relativistic units are used throughout the paper.

2. Theory

In this work, we look into the inelastic scattering of electrons on hydrogen-like ions initially being in the ground
state.We consider the excitation of the ion into the 2s, 2p12 and 2p32 states. The inelastic electron scattering
can be divided into two channels: the non-resonant channel

( ) ⟶ ( ) ( )( ) ( )e X s e X l1 2 , 1p p
Z Z1 1

i f
+ +- - + - - +

and the resonant channel, inwhich the scattering proceeds through formation and subsequent decay of
intermediate autoionizing states

( ) ⟶ ( ) ⟶ ( ) ( )( ) ( ) ( )e X s X l l e X l1 3 3 2 . 2p p
Z Z Z1 2 1

i f
+ ¢ +- - + - + - - +

Here pi and pf are the incident and scattered electronmomenta, respectively.We note that the Coulomb
scattering of electron (theMott scattering) does not change the energy of electron. Accordingly, this channel
does not contribute to the inelastic scattering.

We focus our attention on the resonances corresponding to the excitation of l l3 3 ¢ doubly excited
(autoionizing) states. In accordance with the energy conservation law the energies of the incident (εi) and
scattered (εf) electronmust satisfy the following equality

( ), 3i s f l1 2e e e e+ = +

where ε1s is the initial energy of the ion (1s) and ε2l is thefinal energy of the ion (2s, 2p12 or 2p32).
We introduce wave functions m

i
,i i

Y m and m
f

,f f
Y m describing the initial andfinal states of the two-electron

system in the zeroth order of the perturbation theory:

( ) { ( ) ( )} ( )
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whereψ1s(r) and ψ2l(r) are thewave functions of the bound states (1s and 2s, 2p12 or 2p32) in the hydrogen-
like ionwith the total angularmomentumprojections on z-axismi andmf; ( )( ) rpy m

 is the in- (+) or out-going
(−)wave function of an electron in the electric field of the atomic nucleus with the asymptoticmomentum
( ˆp pn= ) [18]:

( ) ( ) ( ) ( ) ( )( ) r r
p

v e i
2

, 6p
jlm

jlm
i l

jlm

3 2
jlå ny

p
e

y= Wm m
f

e
 + 

z z



whereψεjlm(r) is the continuum solution of theDirac equationwith certain parity, total angularmomentum and
its projection,fjl is theCoulomb phase shift [18]. The spinor vmz for a given direction ẑ is determined by the
following equation:

( ˆ ) ( )v v
1

2
, 7zs m= zm mz z

whereσ is the Pauli vector.
For the description of the resonant channel we employ the line-profile approach (LPA) [19]which is suitable

for the treatment of the quasi-degenerate states within the framework ofQED. The application of the LPA to the
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elastic electron scattering is discussed in detail in [20].Within the LPA thematrixV=V(0)+ΔV is introduced.
ThematrixV(0) is a diagonalmatrix defined by

ˆ ˆ ( ) ˆ ( ) ( )( ) r rV h h . 80
D 1 D 2= +

Here ĥD is theDiracHamiltonian:

ˆ ( ) ( ) ( )r p rh m V i, 1, 2, 9i i e iD a b= + + =

whereα and β are theDiracmatrices,me is the electronmass andV(ri) is the potential energy of the electron in
the electricfield of the atomic nucleus.We take into account the interactionwith the atomic nucleus in all orders
by employing the Furry picture [21].

ThematrixΔV contains variousQED corrections including the one- and two-photon exchange corrections,
the electron self-energy and vacuumpolarization corrections which are derived order by order within theQED
perturbation theory. The Feynman graphs representing the one- and two-photon exchange corrections are
presented infigure 1. It is convenient to present thematrixV as a blockmatrix

( )
( )

( )⎜ ⎟
⎛
⎝

⎞
⎠

⎛

⎝
⎜

⎞

⎠
⎟V

V V
V V

V V V

V V V
, 10

11 12

21 22

11
0

11 12

21 22
0

22
= =

+ D D

D + D

wherematrixV11 is afinitematrix defined on the given setG. The setG includes all two-electron configurations
with energies close to the energies of the reference (initial andfinal) states. In particular, it contains all two-
electron configurations consisting of electronswith principal quantumnumbers n�Ng (calculations were
performed forNg= 3, 4 and 5) and a continuum state describing the incident and scattered electrons (processing
of a continuum electron is discussed in [22]). Accordingly, the two-electronwave functions satisfy the following
equation

( ˆ ( ) ˆ ( )) ( )( ) ( ) ( )r rh h E . 11k k kD 1 D 2
0 0 0
g g g

+ Y = Y

The states with n>Ng are taken into account indirectly through the two-photon exchange corrections in the
second order of theQEDperturbation theory as the terms in the electron propagator (n1 and n2 in b and c graphs
figure 1).We demonstrate the effect of the different selections of the setG on the cross section infigure 2.

In this work, we include intomatrixV11 the following corrections: electron self-energy and vacuum
polarization, one-photon and two-photon exchange corrections. For the two-photon exchange correctionwe
take into account only the box diagram (figure 1(b))within the Breit approximation neglecting the
retardation [23].

ThematrixV11 is a complex symmetric finitematrix. It can be diagonalized numerically:

( )V B V B B B I, . 12T Tdiag
11= =

The eigenvectors ofV11 yield the functions ng
F corresponding to various states of the atomic system:

( )( )B , 13n
k g

k n k
0

g

g

g g gåF = Y
Î

the eigenvalues ofV11 give the corresponding energies ng
e andwidths :ng

G

( )E
i

2
. 14n n ng g g= - G

Figure 1. Feynman graphs corresponding to the one-photon (a) and two-photon (b and c) exchange corrections. The double solid
lines denote the electrons in the external potential (the Furry picture); the internal wavy lines describe the exchange of the photon
between two electrons; the indices n1 and n2 correspond to the intermediate one-electron states.
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The function ( )r r,m
i

, 1 2i i
F m can bewritten as

( ) ( ) ( ) ( )( )r r r r r rC, , , . 15m
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k G k
k k
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, 1 2 , 1 2

,

0
1 2i i i i

g g

g g
åF = Y + Y +m m

Î Î

where the coefficients Ckg
are determined by thematrixB. The term ( )r r,m

i
, 1 2i i

Y m corresponds to the non-

resonant channel (1). The orthogonal term ( )( ) r rC ,k k
0

1 2g g
å Y contains the admixture of the bound states of the

ionwith two electrons and describes the formation of the intermediate autoionizing states in the resonant
channel (2).

Since theCoulomb scattering does not contribute to the inelastic scattering, the amplitudeU is determined
by thematrixΔV as [20]

( )∣ ˆ ∣ ( ) ( )r r r rU V, , . 16if m
f

m
i

, 1 2 , 1 2f f i i
= áY D F ñm m

In 16, only the one-photon exchange corrections were included in thematrixΔV.
The double differential cross section for the inelastic electron scattering reads [18]

( ) ∣ ∣
( )

( ) ( )
d

d d
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f f
f f
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if
i
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2
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i i

f f
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s

e
e q p

e e

p
d e e e e

W
= ´ + - -

m
m

The results of application of this approach are presented and discussed in the next section.

3. Results and discussion

Themethod described in the previous section has been developed primarily formedium and highZ systems
where the relativistic andQED effects are pronounced. Nevertheless, we can also apply it to the scattering on the
light ionswhere theoretical calculations using theR-matrixmethod as well as experimental data are available
[11–14]. In [14] the comprehensive study of the inelastic scattering in the collision of F8+withmolecular
hydrogen is presented. Thus, in order to test our approachwe start our discussionwith the revision of the
inelastic electron scattering on hydrogen-like F8+ ions studied in [14].

3.1. Inelastic electron scattering onF 8+

In the context of the inelastic scattering, the intermediate autoionizing states that contribute to the resonant
scattering channel are locatedwithin a densely populated energy region. Consequently, careful treatment of the
interelectron interaction is necessary. The accuracy of ourmethod is principally determined by the electron
states included into the setG. In order to illustrate the relative importance of different electron states we
calculated the backward scattering cross section on F8+ ion (with the ion excited from1s to 2s state) for three
choices of the setG. The setG is defined byNg, which represents the highest principal quantumnumber among
the one-electron states forming the two-electron configurationswithin the setG. The resulting cross sections for
Ng= 3, 4 and 5 are presented infigure 2.Wefind that the differences in the position of the resonances between
the choicesNg= 3 andNg= 4 aremost significant for the higher lying (right side of the graph) resonances. This
is expected as the corresponding autoionizing states are getting close in energy to the l l3 4 ¢ states. Our
calculations forNg= 5 show that the inclusion of additional electron states to the setGwithNg= 4 does not

Figure 2.The backward (θ= 180°) differential cross section for the inelastic electron scattering on F8+with the excitation 1s→ 2s for
different choices of the setG: blue dashed line corresponds to the setG with Ng= 3, black solid line toNg= 4 and red dotted line to
Ng= 5. The autoionizing states involved in forming the resonances are listed on the right.
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significantly change the cross section. Overall, wefind thatNg= 4 is optimal for the purposes of this work. The
fast convergence of themethod in respect toNg is provided by taking into account the interactionwith the n� 5
electron states present in the two-photon exchange graph (two right graphs infigure 1).

The energies andwidths of the intermediate autoionizing states, as well as the corresponding incident
electron resonance energies for F8+ are presented in table 1. For F8+we also specify the corresponding LS
coupling scheme states.We clearly see that the LS coupling schemeworkswell in this case.We estimate that the
accuracy of our calculations is about 0.1 eV for the resonance energies and 0.005 eV for thewidths. At this level of
accuracy thewidths of the electron states are completely determined by theAugerwidths.

The existing experiments have studied the inelastic scattering of electrons in the collision of one-electron
ionswith a hydrogenmolecule, which served as a source of quasi-free electrons [11–14]. In these experiments,
no distinctionwasmade between 2s, 2p12 and 2p32final ion states. Consequently, the double differential
cross sections given in [14] contain contributions from all three channels. Our results presented infigure 3 and
discussed below also take into account all possible excitations of the F8+ ion.

In order to adapt ourmethod to the description of the ion-atom and ion-molecule collisions, we employ the
impulse approximation [24, 25] (see appendix). The relevant double differential cross section reads as

Table 1.Energies (E) andwidths (Γ) of l l3 3 ¢ autoionizing states in F7+

and corresponding incident electron resonant energies ( i
rese ) in eV.

Autoionizing state F7+

E i
rese Γ

( )p S3 2 1 ( )p3 3 2
2

0 −233.3 869.9 0.19

( )s p3 3 1 2 0 −232.9 870.3 0.12

(3s3p)3P ( )s p3 3 1 2 1 −232.9 870.3 0.12

( )s p3 3 3 2 2 −232.8 870.3 0.12

( )s d D3 3 1 ( )s d3 3 5 2 2 −231.6 871.6 0.21

( )p3 1 2
2

0 −230.7 872.5 0.20

( )p P3 2 3 ( )p p3 31 2 3 2 1  −230.6 872.5 0.20

( )p p3 31 2 3 2 2  −230.6 872.6 0.20

(3s3p)1P ( )s p3 3 3 2 1 −230.2 873.0 0.56

( )p d3 31 2 3 2 2  −229.7 873.5 < 0.01

(3p3d)3F ( )p d3 33 2 3 2 3  −229.7 873.5 < 0.01

( )p d3 33 2 5 2 4  −229.6 873.5 < 0.01

(3p3d)1D ( )p d3 33 2 5 2 2  −229.5 873.7 0.01

( )s d3 3 3 2 1 −228.9 874.3 0.03

( )s d D3 3 3 ( )s d3 3 3 2 2 −228.9 874.3 0.03

( )s d3 3 5 2 3 −228.8 874.3 0.03

( )p d3 31 2 3 2 1  −227.4 875.7 0.14

(3p3d)3D ( )p d3 33 2 3 2 2  −227.4 875.7 0.14

( )p d3 33 2 5 2 3  −227.4 875.8 0.14

( )d D3 2 1 ( )d3 5 2
2

2 −227.2 876.0 0.46

( )s S3 2 1 ( )s3 2
0 −226.8 876.3 0.76

( )d3 3 2
2

2 −226.5 876.6 0.15

( )d F3 2 3 ( )d d3 33 2 5 2 3  −226.5 876.6 0.15

( )d3 5 2
2

4 −226.5 876.7 0.15

( )p d3 33 2 3 2 0  −226.3 876.9 0.05

(3p3d)3P ( )p d3 33 2 3 2 1  −226.3 876.9 0.05

( )p d3 31 2 5 2 2  −226.3 876.8 0.05

( )d G3 2 1 ( )d d3 33 2 5 2 4  −224.5 878.6 1.07

(3p3d)1F ( )p d3 31 2 5 2 3  −224.1 879.0 0.58

( )d3 3 2
2

0 −223.5 879.6 < 0.01

( )d P3 2 3 ( )d d3 33 2 5 2 1  −223.5 879.6 < 0.01

( )d d3 33 2 5 2 2  −223.5 879.6 < 0.01

( )p D3 2 1 ( )p3 3 2
2

2 −221.6 881.6 0.19

(3p3d)1P ( )p d3 33 2 5 2 1  −220.1 883.1 0.15

( )d S3 2 1 ( )d3 5 2
2

0 −215.3 887.8 < 0.01
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( ) ( ) ( ) ( )d

d d
J p

d

d
,

1
, , 18H

f f
f f H i

f
f f

2
2

2

s
e

e q
gb

s
e q

W
=

W

whereβ is the collision velocity, 1 1 ,2g b= - ( )J pH i2
is theCompton profile ofmolecular hydrogen

obtained experimentally [11].
To compare the cross section 18with the experimental data, we also need to take into account the

experimental resolution. To do this, we convolute the resulting cross sections with theGaussian function [14]

( )
( )⎜ ⎟

⎛
⎝

⎞
⎠

1

2
exp

2
, 19

f

r

2

r
2p s

e e

s

- -

with parameterσr= 0.28 eV corresponding to the experimental resolution.
The resulting forward (upper panel) and backward (lower panel) scattering cross sections for F8+ are

presented infigure 3. For the spectral region εf < 50 eV, our results are in excellent agreement with the
experimental data [14]. For the region εf> 50 eV, our results are in reasonable agreement. Three right peaks are
shifted to the left compared to the data given in [14]. Discrepancies observed in the higher energy region can be
attributed to the insufficient accuracy of the calculations. The energies of the rightmost resonances calculated
with different choices of the setG are given in table 2.We particularly emphasize the energy shift caused by
taking into account the 4f electronswhich shows that high-l electrons should not be neglected in the
calculations.We note that the contribution from the electronswith the principal quantumnumber n= 5 is too
small to explain the discrepancy.

Using F8+ as an example, we have demonstrated that ourmethodworks reasonably well and can be
successfully applied even to the light systems. In the next sectionwe consider scattering on heavier ions.

Figure 3.The double differential cross section for the forward (left panel, θ= 0°) and backward (right panel, θ= 180°) inelastic
electron scattering on F8+ in collisionwithmolecular hydrogen.

Table 2.Energies of the highest-lying l l3 3 ¢ autoionizing states in F7+ in eV. The results for the setG with Ng= 3
are presented in thefirst column. The second column gives the results forNg= 4 except 4f electrons are
completely excluded from the calculation. The third column gives the results for N where f4 4g = electrons are
excluded from the setG and are accounted for in the box two-photon exchange correction (figure 1(b)). The
values used in this work (Ng= 4) are shown in the fourth column and are highlighted in bold. The results for the
setG with Ng= 5 are presented in thefifth column.

Ng= 3 Ng= 4 Ng= 4 Ng= 4 Ng= 5

4f excluded 4f partially

included

( )d3 3 2
2

0 −223.46 −223.42 −223.51 −223.53 −223.52

( )d P3 2 3 ( )d d3 33 2 5 2 1  −223.45 −223.41 −223.50 −223.52 −223.51

( )d d3 33 2 5 2 2  −223.44 −223.40 −223.49 −223.51 −223.50

( )p D3 2 1 ( )p3 3 2
2

2 −221.43 −220.88 −221.51 −221.60 −221.55

(3p3d)1P ( )p d3 33 2 5 2 1  −219.89 −219.22 −219.99 −220.09 −220.03

( )d S3 2 1 ( )d3 5 2
2

0 −215.04 −214.87 −215.24 −215.33 −215.29
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3.2. Inelastic electron scattering onCa19+ andKr35+

In this section our calculations are performed for the inelastic scattering of free electrons.We consider the
energies of incident electronswhere the resonance structure of the cross section arises from the contribution of
the lowest-lying autoionizing states contributing to the process ( l l3 3 ¢). In this energy range, we can differentiate
between three channels of the inelastic electron scatteringwith the excitation of the ion from the ground state to
the 2s, 2p12 and 2p32 excited states. In contrast to the scattering on the F

8+ ion, in the case of heavier ions such
asCa19+ andKr35+, the scattered electrons have noticeably distinct final energies depending on the scattering
channel. For each scattering channel the scattered electron energy is strictly determined by the incident electron
energy (3).

In tables 3 and 4we present the energies (E) andwidths (Γ) of the autoionizing l l3 3 ¢ states for Ca18+ and
Kr34+ respectively as well as the corresponding resonance energies of the incident electron ( i

rese ). For these ions
we also give the radiative (Γr) andAuger (Γa)widths separately. The order of two-electron configurations is
carried over from table 1 for F7+ ion. The resonance energies of the scattered electron for any scattering channel
can be obtained using

Table 3.Energies (E) andwidths (Γ) of l l3 3 ¢ autoionizing states inCa18+ and corresponding
incident electron resonant energies ( i

rese ) in eV. RadiativeΓr andAugerΓawidths are given
separately in eV in the last two columns.

Autoionizing state Ca18+

E i
rese Γ Γr Γa

( )p S3 2 1 ( )p3 3 2
2

0 −1170.7 4299.2 0.78 0.021 0.759

( )s p3 3 1 2 0 −1187.7 4282.2 0.14 0.022 0.117

(3s3p)3P ( )s p3 3 1 2 1 −1187.2 4282.7 0.14 0.022 0.122

( )s p3 3 3 2 2 −1185.9 4284.1 0.14 0.022 0.119

( )s d D3 3 1 ( )s d3 3 5 2 2 −1171.2 4298.8 0.45 0.015 0.435

( )p3 1 2
2

0 −1181.4 4288.6 0.23 0.037 0.197

( )p P3 2 3 ( )p p3 31 2 3 2 1  −1180.7 4289.2 0.23 0.038 0.196

( )p p3 31 2 3 2 2  −1182.8 4287.2 0.22 0.028 0.196

(3s3p)1P ( )s p3 3 3 2 1 −1179.5 4290.5 0.54 0.024 0.518

( )p d3 31 2 3 2 2  −1178.6 4291.3 0.03 0.027 0.004

(3p3d)3F ( )p d3 33 2 3 2 3  −1177.3 4292.6 0.03 0.027 0.004

( )p d3 33 2 5 2 4  −1175.9 4294.0 0.03 0.027 0.002

(3p3d)1D ( )p d3 33 2 5 2 2  −1169.3 4300.6 0.08 0.026 0.056

( )s d3 3 3 2 1 −1176.8 4293.2 0.04 0.008 0.031

( )s d D3 3 3 ( )s d3 3 3 2 2 −1176.5 4293.5 0.04 0.008 0.031

( )s d3 3 5 2 3 −1176.1 4293.9 0.04 0.008 0.030

( )p d3 31 2 3 2 1  −1172.5 4297.4 0.16 0.027 0.133

(3p3d)3D ( )p d3 33 2 3 2 2  −1172.1 4297.8 0.16 0.027 0.128

( )p d3 33 2 5 2 3  −1171.4 4298.6 0.16 0.027 0.134

( )d D3 2 1 ( )d3 5 2
2

2 −1157.0 4312.9 0.21 0.019 0.187

( )s S3 2 1 ( )s3 2
0 −1188.3 4281.7 0.18 0.015 0.165

( )d3 3 2
2

2 −1169.3 4300.7 0.17 0.014 0.154

( )d F3 2 3 ( )d d3 33 2 5 2 3  −1168.9 4301.0 0.16 0.014 0.147

( )d3 5 2
2

4 −1168.4 4301.5 0.16 0.014 0.150

( )p d3 33 2 3 2 0  −1169.3 4300.6 0.08 0.027 0.057

(3p3d)3P ( )p d3 33 2 3 2 1  −1169.4 4300.6 0.08 0.026 0.057

( )p d3 31 2 5 2 2  −1176.5 4293.4 0.04 0.027 0.009

( )d G3 2 1 ( )d d3 33 2 5 2 4  −1163.3 4306.7 1.09 0.014 1.072

(3p3d)1F ( )p d3 31 2 5 2 3  −1162.9 4307.0 0.61 0.027 0.579

( )d3 3 2
2

0 −1162.5 4307.5 0.02 0.016 0.004

( )d P3 2 3 ( )d d3 33 2 5 2 1  −1162.3 4307.7 0.02 0.016 0.004

( )d d3 33 2 5 2 2  −1161.9 4308.0 0.02 0.017 0.005

( )p D3 2 1 ( )p3 3 2
2

2 −1179.3 4290.6 0.23 0.037 0.195

(3p3d)1P ( )p d3 33 2 5 2 1  −1153.8 4316.2 0.19 0.024 0.164

( )d S3 2 1 ( )d3 5 2
2

0 −1142.2 4327.8 0.03 0.020 0.008
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( ) ( ), 20f i l s
res res

2 1e e e e= - -

where energy differences (ε2l− ε1s) can be found in table 5 for eachfinal excited state of the ion.We can see that
the increasing importance of spin-orbit interaction for Ca18+ andKr34+makes the jj coupling schememore
suitable for describing autoionizing states. For the heavier element of Kr34+, the spin-orbit interaction is so
important that it leads to a significant change in the energy distribution of autoionizing states.

Table 4.Energies (E) andwidths (Γ) of l l3 3 ¢ autoionizing states inKr34+ and corresponding
incident electron resonant energies ( i

rese ) in eV. RadiativeΓr andAugerΓawidths are given
separately in eV in the last two columns.

Autoionizing state Kr34+

E i
rese Γ Γr Γa

( )p S3 2 1 ( )p3 3 2
2

0 −3869.3 14066.8 1.01 0.332 0.681

( )s p3 3 1 2 0 −3934.7 14001.4 0.33 0.220 0.112

(3s3p)3P ( )s p3 3 1 2 1 −3931.2 14005.0 0.37 0.222 0.148

( )s p3 3 3 2 2 −3912.6 14023.5 0.34 0.223 0.117

( )s d D3 3 1 ( )s d3 3 5 2 2 −3886.6 14049.5 0.48 0.281 0.201

( )p3 1 2
2

0 −3915.6 14020.5 0.55 0.298 0.253

( )p P3 2 3 ( )p p3 31 2 3 2 1  −3902.8 14033.3 0.61 0.411 0.194

( )p p3 31 2 3 2 2  −3906.5 14029.7 0.50 0.307 0.197

(3s3p)1P ( )s p3 3 3 2 1 −3900.0 14036.2 0.66 0.239 0.418

( )p d3 31 2 3 2 2  −3900.4 14035.8 0.29 0.286 0.006

(3p3d)3F ( )p d3 33 2 3 2 3  −3866.7 14069.4 0.44 0.281 0.163

( )p d3 33 2 5 2 4  −3870.0 14066.1 0.29 0.284 0.002

(3p3d)1D ( )p d3 33 2 5 2 2  −3861.8 14074.4 0.35 0.281 0.070

( )s d3 3 3 2 1 −3896.6 14039.5 0.11 0.082 0.033

( )s d D3 3 3 ( )s d3 3 3 2 2 −3894.1 14042.0 0.17 0.112 0.055

( )s d3 3 5 2 3 −3889.2 14046.9 0.11 0.080 0.029

( )p d3 31 2 3 2 1  −3883.0 14053.1 0.40 0.273 0.125

(3p3d)3D ( )p d3 33 2 3 2 2  −3872.4 14063.7 0.36 0.284 0.076

( )p d3 33 2 5 2 3  −3850.6 14085.5 0.77 0.281 0.494

( )d D3 2 1 ( )d3 5 2
2

2 −3836.9 14099.2 0.31 0.173 0.140

( )s S3 2 1 ( )s3 2
0 −3934.8 14001.3 0.33 0.167 0.160

( )d3 3 2
2

2 −3861.9 14074.2 0.31 0.158 0.150

( )d F3 2 3 ( )d d3 33 2 5 2 3  −3857.2 14078.9 0.29 0.147 0.144

( )d3 5 2
2

4 −3843.9 14092.2 1.08 0.146 0.933

( )p d3 33 2 3 2 0  −3865.5 14051.5 0.36 0.283 0.074

(3p3d)3P ( )p d3 33 2 3 2 1  −3865.6 14070.6 0.36 0.279 0.085

( )p d3 31 2 5 2 2  −3884.6 14070.6 0.33 0.280 0.051

( )d G3 2 1 ( )d d3 33 2 5 2 4  −3852.6 14083.5 0.41 0.146 0.264

(3p3d)1F ( )p d3 31 2 5 2 3  −3887.8 14048.3 0.33 0.282 0.043

( )d3 3 2
2

0 −3849.7 14086.4 0.17 0.154 0.019

( )d P3 2 3 ( )d d3 33 2 5 2 1  −3846.4 14089.7 0.17 0.155 0.014

( )d d3 33 2 5 2 2  −3846.3 14089.8 0.24 0.160 0.082

( )p D3 2 1 ( )p3 3 2
2

2 −3871.2 14064.9 0.62 0.250 0.366

(3p3d)1P ( )p d3 33 2 5 2 1  −3838.6 14097.5 0.49 0.268 0.217

( )d S3 2 1 ( )d3 5 2
2

0 −3810.9 14125.2 0.24 0.197 0.043

Table 5.The energy transferΔε in the inelastic electron
scattering for 2s, 2p12 and 2p32final states of theCa

19+

andKr35+ ions in eV.

Δε (eV) ε2s− ε1s p s2 11 2
e e- p s2 13 2

e e-

Ca19+ 4100.4 4100.2 4107.6

Kr35+ 13430.9 13429.2 13508.8
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Infigures 4–9we present the differential cross sections for three different channels of scattering onCa19+

andKr35+. The forward scattering cross sections are shown in the bottompanels, the backward scattering cross
sections are demonstrated in the top panels and the cross sections for all scattering angles are presented in the
middle panels in a 3D color format. The vertical lines indicate the positions of the resonances corresponding to
the energies from tables 3 and 4. The rawnumerical data can be found in supplementalmaterials.

We note that the channels under consideration lead to differentfinal states, particularly in terms of their
parity. This results in qualitative differences between the cross sections associatedwith these channels. In
particular, for the final ion state of 2s the scattering occursmainly in the forward and backward directions. The
resonance peaks also reachmaximumat 0°and 180°. In contrast, for the 2p states the angular dependence of the

Figure 4.The decimal logarithmof the differential cross section for the inelastic electron scattering onCa19+ as a function of scattering
angle θ and scattered electron energy εf for the 2sfinal ion state (central panel). Corresponding forward and backward scattering cross
sections are presented in the bottom and top panels respectively.

Figure 5. Same asfigure 4 but for the 2p12final state of the ion.
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differential cross section changesmaking scattering into other anglesmuchmore significant. For these two
channels we canfind resonances where electrons tend to scatter to the side.

The comparison of the cross sections for F8+, Ca19+ andKr35+ also shows a significant dependence onZ.
The differences are explained primarily by the different spectra of autoionizing states (see tables 1, 3 and 4). Due
to the increased spin-orbit interaction,many previously (in light ions) indistinguishable resonances become
separatedwhich leads to the increase in the number of isolated peaks in the cross section.

In collisions involving atoms ormolecules we can observe contributions from all possible scattering
channels simultaneously as the incident atomormolecule can be regarded as a source of quasi-free electrons
with a continuous energy spectrum. In the case of heavier ions, the differences in scattered electron energies for

Figure 6. Same asfigure 4 but for the 2p32final state of the ion.

Figure 7.The decimal logarithmof the differential cross section for the inelastic electron scattering onKr35+ as a function of scattering
angle θ and scattered electron energy εf for the 2sfinal ion state (central panel). Corresponding forward and backward scattering cross
sections are presented in the bottom and top panels respectively.
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various scattering channels become large compared to thewidths of the autoionizing states. Consequently, the
cross section for atom-ion ormolecule-ion collisions emerges from the partial overlap of resonant structures
associatedwith the three scattering channels. This leads to a significant increase in the complexity of the cross
section.Notably, different autoionizing statesmay contribute to a single peak via different scattering channels.
We include complete numerical data for the inelastic electron scattering onCa19+ andKr35+ in the
supplementalmaterials so that the relevant cross sections can be obtained for any experimental setup.

Resonant channel in inelastic scattering substantially alters the overall impact excitation rate, a phenomenon
of particular significance in astrophysical investigations of cosmic plasma [4].Wemade a rough estimation of
the contribution of the resonant channel to the total impact excitation cross section in the energy range of l l3 3 ¢
resonances. For that purposewe calculated the value of s ,res where

Figure 8. Same asfigure 7 but for the 2p12final state of the ion.

Figure 9. Same asfigure 7 but for the 2p32final state of the ion.
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( ( ) ( )) ( )s d . 21f f f
res total nonresò e s e s e= -

The results are presented in table 6wherewe also give an approximate share of the resonant channel for the
energy range under consideration. Overall, the total cross section of the non-resonant channel varies for
different excitations of the ion, being largest for the 2p32 state and smallest for the 2sfinal state. It is notable that
the contribution of the resonance structure increases with the nuclear chargeZ in a complexmanner and also
depends on thefinal state of the ion. In particular, we observe that the relative contribution of the resonant
structure for the excitation to 2s and 2p12 is larger for Ca

19+ than for F8+ andKr35+.

4. Conclusions

Wedeveloped ab initioQED treatment of the inelastic scattering of quasi-free electrons on hydrogen-like ions
with possible formation and subsequent decay of intermediate autoionizing states. The developedmethod can
be applied to awide range of ions, from relatively light to heavy. Our study focused on the energy rangewhere
doubly excited l l3 3 ¢ states are involved.

We revised the theoretical description of the inelastic scattering on F8+ ions presented in [14]. For this
purpose, we calculated the double differential forward and backward inelastic scattering cross section in the
collision ofmolecular hydrogenwith F8+ and compared our results with previous theoretical calculations as well
as the experimental data.We also explored the importance of accounting for the interelectron interaction of
n�4 and n�5 electrons nonperturbatively.

The developedmethodwas subsequently applied to the scattering on heavier ions, yielding the differential
cross sections for the inelastic scattering onCa19+ andKr35+ for three scattering channels leading to the
excitation of ions into 2s, 2p12 and 2p32 states. The results for Ca

19+ andKr35+ ions demonstrate that
variations in final states result in substantial qualitative differences in the cross sections across different channels,
in particular for thefinal states with different parities. Furthermore, we investigated the resonant structure and
demonstrated that the inelastic scattering cross sections exhibit non-trivial dependence on the atomic numberZ
in regards to the energy distribution of the autoionizing states and the relative contribution of the resonant
channel.

Additionally, the energies andwidths of the l l3 3 ¢ doubly excited states in F7+, Ca18+ andKr34+were calculated.
The results obtained emphasise the increasing importance of the spin-orbit interactionwith increasingZ.
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Table 6.The estimated contribution from the resonant
channel to the total cross section in the energy range
where l l3 3 ¢ autoionizing states are involved (kbarn eV). In
the brackets the ratio of the resonant channel to the total
cross section is given.

F8+ Ca19+ Kr35+

2s 78.0 (39%) 14.0 (53%) 2.1 (37%)
2p12 90.9 (35%) 15.9 (49%) 2.4 (36%)
2p32 177.1 (34%) 12.3 (27%) 0.8 (9%)
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Appendix

The impulse approximation is a useful tool for dealingwith processes occurring in asymmetric ion-atom and
ion-molecule collisions when the process in question can be consideredwith a high degree of accuracy as
involving only one electron from the atomormolecule [26]. In this case, the atomic ormolecular target can be
adequately described by a quasi-free electron beamwith the initialmomentumdistribution determined by the
internal structure of the systemneglecting further interactions with atomic nuclei or other bound electrons.
Starting from the one-electron approximation for the atomic ormolecular target, we introduce the relation
between thewave functions of the bound electronwith the ionization energy εb in the target rest frame (O¢) in
coordinate ( )rY¢ ¢ andmomentumΦi(λ) representations:

( )
( )

( ) ( ) ( )r rd i
1

2
exp . A1i3 2

3ò l l l
p

Y¢ ¢ = F ¢


The physicalmeaning ofλ is themomentumof the target electron in the target rest frame.
Our first approximation is to neglect the real trajectory of the target.We assume that in the rest frame of the

ion (O) the target ismovingwith the velocityβ along the z-axis. In order to transition to the rest frame of the ion,
we use the Lorentz transformations

( ) ( )t t z A2g b¢ = -

( ) ( )z t z x x y y, , A3g b¢ = - + ¢ = ¢ =

to obtain the vector re pointing from the center ofmass of the target to the bound electron in the rest frame of the
ion and represent the vector r of the bound electron in the rest frame of the ion as

( )r r r , A4a e= +

where ra is the vector of the target center ofmass in the rest frame of the ion.We also neglect transverse electron
momentumprojectionsλx and λy (this is the second approximation) so belowwe assume that themomentum
of the incident electron is directed along z so that p= pzez. Thus, the resulting expression for the incident
electronwave functionΨi(r) can bewritten as follows:

( )
( )

( ) ( )r dp e d d e e
1

2

1
, A5pr

i z
i

x y i
i x i y

3 2
x a y aò ò l

p g
l lY = ´ F l l- -



( ) ( )p p . A6z z bg l be= = +

We introduce function j(p, x, y) depending on the electronmomentum and the impact parameter:

( ) ( ) ( )( )j p x y d d e, ,
1

. A7a a x y i
i x yx a y aò l

g
l l= F l l- +

Then for theΨi(r)wehave the following expansion:

( ) ( ) ( ) ( )( )r rdp j p x y, , , A8pi
Z

a a
0òY = Y =

where ( )( )
( )

r ep
prZ i0 1

2 3 2Y =
p

=
 is thewave function of free electronwith certainmomentum p and energy

ε= γ(εb+βλz) in the ion rest frame. In the impulse approximationwe replace ( )( ) rp
Z 0Y = with Ψp(r) - wave

function of the electron in thefield of the ionwith asymptoticmomentum p (6):

( ) ( ) ( ) ( )r rdp j p x y, , . A9pi a aòY = Y

The electron scattering is one of the processes where the energy transfer to the target can be neglected.
Therefore, fromnowonwe assume that the initial and final energies of the electron satisfy some variation of the
energy conservation law:

( ), A10f ie e e= + D

and the corresponding amplitude can bewritten as:

( ) ( ) ( ) ( )p p pU U, . A11i f f f id e e e= - - D

Sincewe neglect the transverse components of the incident electronmomentum, the energy conservation law
implies that for a given energy of the scattered electron the incident electronmomentum is fixed:

( )p p p p1 , 0, 0. A12z i i x y
2e= = - = =
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The amplitude of the process under consideration in the ion-atom collision then can bewritten as:

( ) ( ) ( ) ( ) ( ) ( )p p p pU x y dp U j p x y
p

U j p x y, , , , , , , . A13if f a a
i

i
i f i a aò

e
= =

Weare interested in the square of the amplitude absolute value averaged over all impact parameters
(xa and ya):

∣ ( )∣ ∣ ( )∣

( ) ( )

( )( ) ( )

p pdxdy U x y U

d d d d

dx dy e e

, ,

A14

if p i f

x y x y i i

a a
i x i y

1

2
2

2
2i

i

x x a y y a

2

2

*

ò
ò ò
ò

l ll l l l

=

´ ¢ ¢ F F ¢

´

p
e
pg

l l l l¢ - ¢ -

∣ ( )∣ ( ) ( )p p
p

U J p, , A15i

i
i f i

2

2
2e

g
=

wherewe introduce theCompton profile J(p) of the bound electron:

( ) ∣ ( )∣ ( )J p d d . A16x y i
2ò ll l= F

TheCompton profile J(p) gives the distribution of the z-projection of the incident electronmomentum. In
equation (A15) theCompton profile corresponds to one of the one-electron orbitals of the target. For atoms or
molecules withmultiple electrons, the one-electronCompton profile Jt(p)must describe themomentum
distribution of all electrons in the target. The cross section then reads:

( ) ( ) ( ) ( )d

d d
J p

d

d
,

1
, A17

f f
f f t i

f
f f

target free2s
e

e q
gb

s
e q

W
=

W

In this work, we use the approximation for theCompton profile of the hydrogenmolecule obtained from
experimental data [11].
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