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We study interference of two circle combs shifted
one to another. Assuming the number of jags of the
combs to be large, we estimate the Lebesgue mea-
sure of those values of the shift parameter which cor-
respond to overlapping of jags with some given preci-
sion. We apply the obtained results to study hyper-
bolic properties of cocycles generated by a smooth
family of skew products FA,t = (σω,At) over irra-
tional rotation σω(x) = x+ ω of a circle TTT1 with a
real parameter t. It is supposed that the transfor-
mation At : TTT1 → SL(2,RRR) is of the form At(x) =
R(ϕ(x))Z(λ(x)), where R(ϕ) stands for a rotation
in RRR2 over an angle ϕ and Z(λ) = diag{λ,λ−1} is
a diagonal matrix. Under assumption that cos(x)
possesses only two simple zeroes and λ(x) ≥ λ0� 1,
we obtain a low bound for the Lebesgue measure of
values of the parameter t which correspond to the
uniform hyperbolicity for the cocycle.

1 Introduction

In [1] V. F. Lazutkin found that two identical combs
overlapping with a small shift may produce an in-
terfering picture. Namely, let f : [α, β] → R be a
smooth function such that

f ′(ξ) > 0, f ′′(ξ) > 0, ∀ ξ ∈ [α, β]. (1)

Take a large positive integer N and consider a se-
quence xk = f

(
k
N

)
for k : k

N ∈ [α, β]. Then we
define a comb, Cmb, with jags at the points {xk}
as

Cmb =
{

(x, z) ∈ R2 : x = xk, z ∈ [0, 1]
}
.

Such a comb is shown in Fig. 1. For given B > 0,
the shifted comb, Cmb(B), is

Cmb(B) =

{
(x, z) ∈ R2 : x = xk +

B

N
, z ∈ [0, 1]

}
.

If one superposes Cmb(B) over Cmb(0) = Cmb, one
can see the interfering picture as in Fig. 2. Note
that changing the parameter B may lead to a situ-
ation when two or more jags overlap. The problem
of describing the values of B that guarantee the
disjointness of two combs was studied in [1].

To be more precise, define for (k, s) such that k
N ,

k+s
N ∈ [α, β], s > 0 the following characteristics

∆k,s(B) =

∣∣∣∣xk+s − xk −
B

N

∣∣∣∣ ,
∆(B) = min

k,s 6=0
∆k,s(B). (2)

Then, under some genericity condition, the follow-
ing theorem holds ([1]).

Theorem 1. For any ε > 0, there exist N0 ∈ N,
D > 0 such that for any N ≥ N0 there exists an
interval JN of the length |JN | = D/N , such that

∆(B) ≥
(

1
2 − ε

)
min f ′′

N2
, ∀B ∈ JN .

Thus, if conditions (1) are satisfied, one may sep-
arate two identical combs with precision of the or-
der O(N−2). In this paper we consider the opposite
question for similar objects — circle combs. We
study the problem of description of those values of
B, which correspond to overlapping of jags with
some precision.

Figure 1: A comb generated by the function
f(t) = t+ t2/2 with α = 0, β = 1, N = 250.

Figure 2: Interference of two identical combs
with parameters as in Fig. 1 and B = 9.1.
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Figure 3: A circle comb generated by the func-
tion f(t) = t+ 1

30 sin(2πt)+ 1
10 cos(2πNt) with

N = 300.

2 Circle combs

Let T1 = R/Z be the unit circle and N be a large
positive integer. We consider a smooth function
f : T1 → T1 and its lift F : R → R such that
π ◦ F = f and

(A1) ind(f) = 1,

(A2) F

(
ξ +

1

N

)
> F (ξ), ∀ ξ ∈ R,

where ind(f) stands for the index of the map f and
π is the quotient map π : R→ T1.

Then, for a given real B ∈ [0, N), one may con-
struct a sequence

xk(B) = f

({
k +B

N

})
, k = 0, . . . , N − 1,

where {x} stands for the fractional part of x, and
define a circle comb, Cmbc, with jags at {xk} as

Cmbc(B) =
{

(x, z) ∈ T1 × [0, 1] : x = xk,

z ∈ [0, 1]
}
.

An example of such circle comb is shown in Fig. 3.
As in the previous case the superposition of

Cmbc(B) and Cmbc(0) leads to the interfering pic-
ture as shown in Fig. 4.

It has to be noted that definition of circle combs
differs from definition given in [1]. Indeed, the sec-
ond condition in (1) can never be satisfied on the
circle. We also emphasize that the first condition
in (1) is replaced by (A2).

Similarly to (2) we define for (k, s) such that
k, k + s ∈ IN = [0, N) ∩ Z the following chara-
teristics:

∆k,s(B) = ρ(xk+s(B), xk(0)),

∆(B) = min
k,s 6=0

∆k,s(B),

where ρ denotes the standard distance on T1.

Figure 4: Interference of two circle combs with
parameters as in Fig. 3 and B = 1.2.

As mentioned above, we investigate the follow-
ing problem: given δ > 0, estimate the Lebesgue
measure of a set JB

JB = {B ∈ [0, N) : ∆(B) < δ}.

First, we note that due to relation

xk(B) = xp({B}), p = k + [B] mod N,

where [B] stands for the integer part of B, one has

Cmbc(B) = Cmbc({B}).

This enables us to make a reduction and consider
B ∈ [0, 1).

Besides, the function F can be represented as

F (x) = x+G(x),

where G : R → R is a 1-periodic function. We
denote its projection by g = π ◦ G : T1 → T1. It
satisfies ind(g) = 0.

Introduce

∆̃ks(B) = F

(
k + s+B

N

)
− F

(
k

N

)
.

Then ∆̃ks(B) can be rewritten as

∆̃ks(B) =
B

N
+G

(
k + s+B

N

)
−G

(
k + s

N

)
+

s

N
+G

(
k + s

N

)
−G

(
k

N

)
= F

(
k + s+B

N

)
− F

(
k + s

N

)
+ F

(
k + s

N

)
− F

(
k

N

)
and has the following properties:

1. ∆̃k,0(0) = 0, ∀ k ∈ IN ,

2. ∆̃k,1(0) > 0, ∀ k ∈ IN ,

3. ∆̃ks(B) = ∆̃k+s,0(B) +

k+s−1∑
j=k

∆̃j,1(0).
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For any k, s ∈ IN , we consider an equation

∆̃k+s,0(B) = −
k+s−1∑
j=k

∆̃j,1(0) mod 1 (3)

with respect to B ∈ [0, 1) and introduce a set

Jk,s = {B ∈ (0, 1) : B is a solution of (3)}.

One may remark that under two following condi-
tions the set Jk,s is empty:

1.
∣∣G′(ξ)∣∣ < 1 =⇒ Jk,s = ∅,

2.
∣∣g(ξ)

∣∣ < 1

2N
=⇒ Jk,s = ∅.

We will suppose that that the sets Jk,s are either
empty or consists of finite number, Mk,s, of points:

Jk,s =

Mk,s⋃
j=1

{Bk,s,j}, Mk,s > 0. (4)

We also assume that the following non-degeneracy
condition is fulfilled

G′(B) 6= −1, ∀B ∈ Jk,s. (5)

Then we arrive at

Theorem 2. Under conditions (4), (5), the follow-
ing holds true:
1. If

Jk,s ∩ Jp,l = ∅, ∀ (k, s) 6= (p, l),

then for sufficiently small δ > 0 there exists a pos-
itive constant C such that the Lebesgue measure
leb(JB) admits an estimate

leb(JB) ≥ CNδ
N−1∑
k=0

N−1∑
s=0

Mk,s. (6)

2. If G is 1
N -periodic function, then for sufficiently

small δ > 0 there exists a positive constant C such
that the Lebesgue measure leb(JB) admits an esti-
mate

leb(JB) ≥ CNδ
N−1∑
s=0

Mk,s. (7)

Note that the first statement is a direct conse-
quence of the implicit function theorem. Whereas
the second one is a consequence of the 1

N -period-
icity, since in this case

Mk,s = Mp,s, ∀ k, p, s ∈ IN .

Finally, one may obtain that if B/N ∈ [a, b] ⊂
[0, 1), then estimates (6), (7) take the following
form

leb(JB) ≥ C(b− a)Nδ

N−1∑
k=0

N−1∑
s=0

Mk,s

(
1 +O(N−1)

)
,

leb(JB) ≥ C(b− a)Nδ

N−1∑
s=0

Mk,s

(
1 +O(N−1)

)
,

respectively. Moreover, if the variance, Var(g), of
the function g is bounded from below, then Mk,s

admits an estimate

Mk,s ≥ 2

[
N Var(g)

s+ 1

]
. (8)

3 SL(2,R)-cocycles over irrational rota-
tion

In [2] we studied hyperbolic properties of linear co-
cycles generated by a family of skew-products over
irrational rotation

FA,t : T1 × R2 → T1 × R2 (9)

defined by

(x, v) 7→ (σω(x), At(x)v), (x, v) ∈ T1 × R2,

where σω(x) = x + ω is a rotation of the circle
T1 with an irrational rotation number ω, At ∈
C(T1, SL(2,R)) and t ∈ [a, b] is a real parameter.

One may associate with a skew-product (9) a dif-
ference equation

ψ(y + ω) = A(y)ψ(y), y ∈ R,

where A = A◦π is a 1-periodic matrix-valued func-
tion, π : R → T1 = R/Z is the quotient map and
ψ = (ψ1, ψ2)tr is an unknown vector-function. Such
difference equations have many applications: spec-
tral theory of the Schrödinger operator [3–6], sta-
bility theory [7], diffraction in a wedge-shaped do-
mains [8] and others.

Besides, skew-products (9) are of great interest
due their intermediate position between one- and
two-dimensional cascades since they keep many fea-
tures of multidimensional systems, but on the other
hand the governing dynamics is much easier [9–12].

A skew product (9) generates a cocycle M(x, n)
by

M(x, n) = A(σn−1
ω (x)) . . . A(x), n > 0;

M(x, n) =
[
A(σ−nω (x)) . . . A(σ−1

ω (x))
]−1

, n < 0;

M(x, 0) = I.
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We remind definition of the uniform hyperbolic-
ity.

Definition 1. A cocycle M is said to be uni-
formly hyperbolic (UH ) if there exist continuous
maps Eu,s : T1 → Gr(2, 1) and positive constants
C, Λ such that the subspaces Eu,s(x) are invari-
ant with respect to the map (9), i.e. Eu,s(σω(x)) =
A(x)Eu,s(x), and ∀x ∈ T1, n ≥ 0∥∥M(x,−n)|Eu(x)

∥∥ ≤ Ce−Λn,∥∥M(x, n)|Es(x)

∥∥ ≤ Ce−Λn.

Here Gr(2, 1) stands for the set of 1-dimensional
subspaces of R2. Due to the Oseledets theorem,
such invariant subspaces exist for a.e. x ∈ T1, but,
in general, the maps Eu,s are only measurable.

This definition is equivalent (see e.g. [11]) to ex-
istence of positive constants C and Λ0 such that
∀x ∈ T1 and n ≥ 0

‖M(x, n)‖ ≥ CeΛ0n. (10)

In the present paper, we consider a family of
skew-products (9) satisfying the following assump-
tions. We suppose that transformation At can be
represented as

At(x) = R(ϕ(x)) · Z(λ(x)),

where

R(ϕ) =

(
cosϕ sinϕ
− sinϕ cosϕ

)
, Z(λ) =

(
λ 0
0 λ−1

)
with some smooth functions ϕ : T1 → 2πT1, λ :
T1 → R, such that

(H1)
{
x ∈ T1 : cos(ϕ(x)) = 0

}
=

1⋃
j=0

{cj};

(H2) C1ε
−1 ≤ |ϕ′(x)| ≤ C2ε

−1, ∀x ∈ Uε(cj);

(H3)
∣∣cos(ϕ(x))

∣∣ ≥ C3, ∀x ∈ T1 \
1⋃
j=0

Uε(cj);

(H4) ind(ϕ) = 0;

(H5) λ(x) ≥ λ0 � 1, ∀x ∈ T1;

(H6)

∣∣∣∣dρ(c0(t), c1(t))

dt

∣∣∣∣ > C4, ∀t ∈ [a, b].

Here Ck denotes a positive constant, ε � 1, Uε(x)
is the ε-neighbourhood of a point x ∈ T1.

In the present paper, we continue studying the
problem of constructive description of the set

Th = {t ∈ [a, b] : M(x, n) is UH}.

It has to be noted that despite a cocycle M , which
corresponds to (9), is a product of matrices Ak with
such sufficiently large norm ‖Ak‖ ≥ λ0, the product∏n
k=1Ak may not admit estimate (10). The reason

for this fact is the presence of the critical set, C0,
defined as

C0 = {c0} ∪ {c1}.

It was emphasized in [2] that hyperbolic properties
of M(x, n) strongly depend on the dynamics of the
critical set itself. To describe the dynamics of the
critical set, we introduced in [13] notions of collision
and time of collision.

Definition 2. For a given δ > 0 define τj,j′ to be
the minimum of integer k > 0 such that

σkω(cj) ∩ Uδ(cj′) 6= ∅.

We say that the points cj and cj′ collide with ac-
curacy δ at the time τj,j′ and call such event a col-
lision and τj,j′ the time of collision. A collision is
called primary if j = j′ and secondary otherwise.

There is essential difference in behaviour of the
primary and secondary collisions with respect to
the parameter t. First, we note that the times of
primary collisions τj,j do not depend on j and we
may denote them by τ0. It is a characteristic of the
rotation number ω and the parameter δ only. On
the other hand, the assumption (H6) implies that
relative positions of the points cj vary with respect
to t and, hence, the times of secondary collisions
depend on the parameter t in a non-trivial way.

Since the type of collisions is descibed by the rela-
tive position of the points c0 and c1, we may always
consider the case when only c1 depends on the pa-
rameter t, but position of c0 is constant. Moreover,
due to assumption H6, one may assume that

t = ρ(c0, c1).

In [2] we showed that the dominance of secondary
collisions may lead to the uniform hyperbolicity of
the cocycle (in contrary to the dominance of pri-
mary collisisons [13]). To formulate the result, we
assume that for a fixed positive δ � 1 the secondary
collision occurs before the secondary one, i.e.

τ0,1(δ) = n, τ0(δ) > n. (11)

Moreover, we suppose that there exists t0 ∈ [a, b],
such that

σ−nω (c1(t0)) = c0. (12)

Then the following theorem holds [2].
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Theorem 3. Let hypotheses (H1)–(H6) and con-
ditions (11), (12) be satisfied. If additionally

τ0 > Cλn, Cλ = 1 +
2 log λmax

log(C3λmin)
,

then there exists ε0 > 0 such that for any ε ∈ (0, ε0)
the cocycle M(x, n) is uniformly hyperbolic for all
t ∈ Uh(t0), where

h = O
(
ελ−n0

)
.

Here λmin, λmax stands for the minimum and
maximum values of the function λ, respectively.

4 Circle combs generated by cocycles

In this section we investigate how a cocycle associ-
ated with the skew-product (9) may generate circle
combs and consider their interference.

Each irrational number ω ∈ (0, 1) has a unique
representation as a continued fraction

ω =
1

a1 + 1
a2+ 1

...

, an ∈ N ∀n ∈ N

or, using the list form,

ω = [a1, a2, . . . , an, . . .].

Then the rational number pn/qn = [a1, a2, . . . , an]
is called the n-th convergent to ω and gives the
minimum for |qω − p| over all rationals p/q with
q ≤ qn. The n-th convergents satisfy an estimate
[14]

1

2qnqn+1
<

∣∣∣∣ω − pn
qn

∣∣∣∣ < 1

qnqn+1
.

Since ω is assumed to be irrational, a trajectory of
any point x ∈ T1 under the rotation σω is dense in
T1. We take n0 ∈ N and choose sufficiently small
positive δ such that

1

qn+1
< δ <

1

2qn
. (13)

Then
τ0(δ) = qn0

and we denote N = qn0
− 1.

Using the singular value decomposition, one may
represent the cocycle M(x,N) as

M(x,N) = R(ΦN (x))Z(µN (x))R(χN (x))

and consider the following equation

cos(ΦN (x)) = 0.

This equation defines the critical set of the N -th
order, CN (see [13])

CN = {x ∈ T1 : cos(ΦN (x)) = 0}.

Then we arrive at the following lemma.

Lemma 1. The N -th order critical set has the fol-
lowing representation

CN =

N−1⋃
k=0

{
x

(0)
k

}
∪
N−1⋃
k=0

{
x

(1)
k (t)

}
,

where

x
(0)
k = c0 +

k

N
+ g

(
c0 +

k

N

)
+O

(
1

qn0+1

)
,

x
(1)
k = c0 + t+

k

N
+ g

(
c0 + t+

k

N

)
+O

(
1

qn0+1

)
,

and g : T1 → T1 is a smooth function such that
ind(g) = 0 and its lift, G, is a 1

N -periodic function.

We remark here that x
(1)
k (0) = x

(0)
k .

One may construct two circle combs with jags at

the points x
(0)
k and x

(1)
k (t) generated by the cocycle

M(x,N). We denote them by Cmbc(0), Cmbc(B)
with t = B/N , respectively, and consider their in-
terference.

It can be proved that the variance of the function
g from Lemma 1 satisfies

Var(g) ≥ C5 Var(ϕ)ελ−2
0 . (14)

Thus, Var(g) is small due to assumptions (H2),
(H5). However, the estimate (14) is uniform with
respect to N .

We apply Theorems 2 and 3, Lemma 1 and esti-
mates (8), (14) to get the following statement.

Theorem 4. Let hypotheses (H1)–(H2) be satis-
fied. Suppose that for a given n0 ∈ N and δ satis-
fying (13) the conditions of Lemma 1 are fulfilled.
Then the Lebesgue measure of a set

T (n0)
h = {t ∈ [a, b] : M(x,N) is UH, N = qn0

− 1}

admits an estimate

leb
(
T (n0)
h

)
≥ C(b− a)Nε2λ−2

0

×
k2∑
k=k1

N−1∑
s=0

λ
−(k+1)
0

Var(ϕ)

s+ 1
,

where

k1 = max

{[
ln εδ−1

lnλ0

]
, 0

}
, k2 =

[
N

Cλ

]
.
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