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Abstract—This paper is devoted to the theoretical investigation of the robustness of singular spectrum
analysis (SSA) if the length N of a time series tends to infinity. The latter condition distinguishes the
work from quite a lot of works on the robustness of SSA. Here, we used a version of the SSA method
that is intended for extraction of the signal from the sum of the signal and noise. Therefore, taking the
series corresponding to the available outliers as noise, we can obtain uniform estimates for the signal-
approximation errors at large N. If these estimates tend to zero as N — oo, then the method is robust.
Several examples of this approach for specific signals and outliers are considered; some of them are
illustrated using computer experiments.
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1. INTRODUCTION

The paper discusses theoretical issues of robustness of the singular spectrum analysis (SSA) method if
the length N of a time series tends to infinity. We note straightaway that precisely the condition N — oo
distinguishes this paper from quite a lot of works on the robustness of SSA (see, e.g., [1] or [2], § 3.12]).

In this case, we use a version of the SSA method designed to extract the signal from the sum of the sig-
nal and noise.

Therefore, considering the series corresponding to the existing outliers as noise and using the tech-
nique developed in (| 3], § 5.3), we are able to obtain uniform estimates for the signal-approximation errors
at large N. If these estimates tend to zero as N — oo, then the method is robust.

Subsection 2.1 describes the used version of the SSA method, and Subsection 2.2 describes a method
for estimating approximation errors with some constraints on the kind of signals.

Section 3 is devoted to the outliers themselves: the required definitions are given there, as well as the
necessary theory devoted to the so-called single outliers, see Section 3.1. Section 3.2 applies this theory to
several specific signals, and Section 3.3 presents considerations for multiple outliers.

Finally, Section 4 contains computational experiments that confirm and clarify some of the theoretical
facts proved.

2. GENERAL CONSIDERATIONS
2.1. SSA Method

Let us first look at the version of the singular-spectrum-analysis method that is used in this paper; a
general description of this method can be found in [4] or [5].

A real-valued “signal” F = (f;, ..., f,, ...) is considered. It is assumed that the series F is governed by a
linear recurrent formula (LRF) of order d

d
fo=D @ty n2d, (1)
k=1
which is minimal in the sense that there is no LRF of lower order governing series F.
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336 NEKRUTKIN

In addition, we introduce “noise” E = (e, ..., e,, ...) and assume that the series X, = Fy + OEy is
observed, where F, and E, are matched segments of length NV of the signal and noise, and § is the pertur-
bation parameter. In other words,

Fy =(fo,---s fva)s En =(ey,...,en_), and X, =(fy +0ey,..., fvy +0ey_)).

The general problem is to extract (approximately) the signal F from the sum X. In this case, it is assumed
that only the order value d of the LRF (1) is known.

Description of the SSA method. The SSA method looks in this case as follows.

(i) The window length L < N is chosen and the Hankel frajectory matrix H(8) of dimension L X K, K=
N — L + 1, with elements H(d)[ij] = Xi+j_2 1 SIS L, 1< j<K, is constructed from the series X,. Here
we assume that min(L, K) = d. In [4], this operation is called embedding.

If H and E denote the Hankel matrices obtained from the series F and E by the embedding operation
with the same window length L, then, of course, H(6) = H + JE.

(ii) The matrix H(J) is subjected to a singular-value decomposition and d principal (i.e., corresponding
to the largest singular values) elementary matrices of this decomposition are summed. The result of this

operation is denoted by H ().

(iii) We search for the Hankel matrix ﬁ(8) that is closest to H () in the Frobenius norm. Explicitly,

this means that, for each secondary diagonal i + j = const, all elements of the matrix H (8) are replaced by
their average values. Therefore, this operation is called diagonal averaging in [4]. Denoting it by &, we

obtain H (8) = YH(J).
(iv) Finally, applying to H () the operation inverse to embedding, we arrive at the reconstructed series
Fp(0) = (f5(D), ..., fy_ 1(d)), which is declared as an approximation to the signal F.

It is natural to call the series Ry(8) = (ry(9), ..., Fy_ 1(8)) with r(d) = f{(d) — f; a series of reconstruction
errors. In ([3], § 5.3), a general scheme of asymptotic analysis of reconstruction errors is proposed. Let us
give a brief description of it.

2.2. Approach to the Analysis of Reconstruction Errors
First of all, we are interested in the uniform convergence of the residuals ,(d) to zero, i.e., the behavior
of the norm [|[Fp(8) — Fallmax = MaXy < ; < pr{(d)| as N — oo.
Further, if UOL is a linear space generated by columns of the matrix H, then it follows from (1) that,
for L, K > d, the dimension of U, equals d.

Let us denote by POl an orthogonal projector onto the linear space U OL and by POl (0), an orthogonal pro-
jector onto a linear space generated by columns of the matrix H (). Then, as shown in ([3], § 5.3),

H(3) - H = (P (5) - P ) H(3) + 3P E. )

In this paper, following [3], we use two matrix norms. For a matrix A of size L X K, the spectral norm ||A||
is the maximum singular number of this matrix and the uniform norm [|A|,,, is the maximum of the mod-
uli of the elements of A. The relation between these norms is well-known, according to [6] (see § 2.3.2), as

"A”max = ”A” s LK”A”max : (3)
Since |F Allpax < [|All ey, We obtain
max|r(3) < |(Py'(8) - P HE) + SPE| . (4)

Inequality (4) is used as follows. Some operator N : R" s R is chosen and equality (2) is rewritten in the
form

H@E) -H = (POL(S) Py - N)H(6) + 8P, E + NH(3).
If it turns out in this case that, as N — oo,

(5@ - B - N)H)| < (5" ®) - By = N)|[H@)| - o,
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ON THE ROBUSTNESS OF SINGULAR SPECTRUM ANALYSIS 337

then (see (3)) checking the asymptotic behavior of the elements of a specific (even perhaps complex)
residual matrix E‘)POl E + NH(J) remains.

In this paper, we use the following option for choosing the operator N.

Let us denote the maximum and minimum positive eigenvalues of the matrix HH" by W, = [[H|]> and

Wmin» Tespectively. In addition, let S, be the pseudo-inverse Moore—Penrose matrix to the matrix HHT
with ||Syl| = 1/Umi,- Further, we put

B(8) = H(S)(H(®))' —HH' =8HE' + EH") + 8EE' and
W,(8) = P,B(3)S, + S,B()P,
= P,B()S, + SBO)P, = 8V;" + &’ (REE'S, + S,EEP ),

where V\" = P.EH'S, + S;HETP,, P, =1 — P;", and I is the identity L X L matrix.

Then the following assertion holds (see [3], Theorem 2.4), which is derived using the classical results
of Kato ([7], Ch. 2, § 3).

Theorem 1. Let &, > 0 and |[B(O)||/Uin < 1/4 for all & € [—0; &y]. Then there exists an absolute constant
C such that

HPOl ©) -P; - WI(S)H < C(”B(S)”jz 1

Mimin /1= 4[BE| /Manin
Thus, we arrive at the following inequality, which holds under the conditions of Theorem 1:

2
max [r,(8)| < C (”B(S)”] HEf [P E+ W@HE)|
0<i<N Mmin 1- 4||B(8)||/umm max

Considering that H'S H = QOL, where QOL is the matrix of orthogonal projection onto the space of rows
of the matrix H, we write

Py E + W,(9H() = 3(P; E + P,EH"S,H(3) + S,HEP,H(5))
+ 8’ (P,EE'S, + SEE'P, | H(3) = 5(P,'E + EQ; - PyEQ;) (5)

+8° (REH'S(E + S,;HE'P,E + P,EE'SH) + 5 (S)EE'P,E + PEE'S(E).

Thus, we obtain a natural estimate:

fnax |’7'(6)| <Ji+J,+J;, where ©)
J = C(||B(5)||T LG/ .
Hmin /1= 4||B(6)||/““min

J, =9 (HPOLE +EQ; - P,EQ;

max ) ’ and (8)

max)

J, =8 (“POEHTSOE

+ HSOHETPOE

+ HPOEETSOH

max) ’
We now introduce additional constraints.
Lemma 1. Let N — oo and ||E|| = ¢ = const. If Uya/Mmin < & = const and || |[E||/|[H|| — 0, then the term
J| + J; on the right side of (6) has the form O(S*|E|*/|H])).
Proof. First of all, |[B(8)||/Wyi, = O(0] |[Ell/|H])) as N — oo. Indeed, since |[B(8)|| < 2/ |H]| |[El| + &E|?
and W, = |[H|]?, then

max max

3 T T (9)
+ 13 (SoEE Pyl +HP0EE S,E

||B(8)|| /Mmin < 2|6|||E|| \/Mmax/umin + 62 ”E" /“’min
< 2R{ B Vi + 8 [ 22/ b = O (S [E]/ ]
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338 NEKRUTKIN

Thus, the condition of Theorem 1 is satisfied, 1 — 4||B(&)|l/Umin — 1, (IBO|/Mimin)? = O(SP |E|? [[H[2),
and |H(9)|| ~ |H|. The required assertion about J; now follows from (7).

Since [|S,E[ < [[Soll [E[l = [E]/IHIP and [|SoHI| < IS, [HI| = [ H]~", then, according to (3),
* [[PoEHTSE]|,yo < [P EHTSE]| < [Pl [E] [HIIS,E[l = IE[*/[HI,

+ similarly, |SyHE"P,El .., <[|E[’/[H]|| and [P EETS H|,,, < |E[*/[H],

* |SeEE™PEl||. < SoEETPE|| < |[E[?/|[H]]? and, similarly,

P,EE'SE|| <|[E|*/|H]?.

Therefore, J; = O E|>/|H]) + O(3] |[E|*/|H|). Taking into account the fact that ||E|| is separated
from zero and [9| | E|/|H|| — 0, we obtain the desired assertion regarding J;.

d

Remark 1. The boundedness of the ratio W,,,,/Lmin holds, in particular, for d = 1 and also (under natural
conditions for the dimension of the matrix H) for polynomial signals and signals that are a linear combi-
nation of different harmonics (see, for example, [3], Lemma 3.1).

Remark 2. It is easy to see that, if we replace the condition |9| |E|/|[H|| — 0 in Lemma 1 by |3|A/|H| —
0, where |[E|| < A = Ay, then it turns out that J, + J; = O(8*A?/|H])).

3. ROBUSTNESS TO OUTLIERS

In our case, the problem lies in examining the robustness of the SSA method to outliers. Let us give the
corresponding definitions.

Definition 1. Consider the sequence of series as N — oo:

Ey =(e",...,el")
and denote by Re(NV) the set of nonzero elements of the series Ey. Let 11(NV) = card(Re(N)).

For any signal F, we consider the sequence of series Xy = Fy + 0E,. If 1(N)/N — 0 as N — oo, then
the sequence of series Ey will be called an asympfotic additive outlier with respect to the series F, and the
quantity || |e] will be called the power of the ith element of E for i € Re(N).

If n(N) =1 for any N, then the series Ey will be called a single outlier.

Let us denote by r,(E,, d) the error of reconstruction of the series F for an additive outlier E,. In the
case of a single outlier with position M, we write r(M, d) instead of #,(E, 0).

Definition 2. The SSA method is called asymptotically robust with respect to outliers Ey if
max,<; < Mr(Ey, 0)] = 0as N — oo,

Remark 3. (i) Thus, the problem of checking the robustness of the SSA method with respect to outliers
can be solved in the way described in Subsection 2.1.

(ii) Here, the formal parameter d is not assumed to be constant. That is, we believe it possible that [0 =
|0(N)| = oo or [0]| — 0 as N — oo. In particular, the condition || |[E|//|[H|| = 0 of Lemma 1 can be satisfied
not only at |[H|| — oc but also under a bounded norm |HJ| due to  — 0.

(iii) In this formulation, the problem of filling gaps can be formally reduced to the problem of robust-
ness to outliers. Indeed, if the gap numbers make up the set Im(/), and the gaps themselves are coded as

zeros, then for this it suffices to take Re(/N) = Im(/N) and put Sefm = —f(N) for i € Re(N).

3.1. Single Outlier

If card(Re(NV)) = 1, then we can assume that e), = 1 for M € Re(/N) and the magnitude of the outlier is
equal to d.

LetE, ; bean L X Kmatrix with ¢, , = 1 and the remaining zero terms, | <k< L, 1 <{<K.ThenE, , =
0,(L)o;(K), where 0,(k) e R is the jth unit vector in R*. Therefore, IE .l =1

We consider noise of the form Ey = (e, ..., e5 _ ), Where ¢),= 1 for 0 < M'< N — 1 and the rest are zeros:
e;= 0. Thus, M is the position of a single outlier and M = M(N).
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ON THE ROBUSTNESS OF SINGULAR SPECTRUM ANALYSIS 339

Let E be an L x K-trajectory matrix of the series Ey, L < K. Then

E= > Eg= Y 0dD0yK) =Y 0,10y, (K),
k

k+€=M+2 k+€=M+2
where

M+1
> at 0<M<L-1
k=1
L

> = at L—-1<M <K,

3 =1

—K+1
at K<M<N.

k=M—-K+2

Nevertheless, ||E||..x = |[E| = 1 for any behavior of M.

Since ||E|| = 1 for a single outlier, we have J, + J; = 0(|8?|/|H]|)) under the conditions of Lemma 1. Thus,

if|8]/]H]|| — 0 as N — oo, then, under the conditions of Lemma 1, we still have to take a look at the term
J, on the right side of (6).

The next estimation will be useful here. Let G be some matrix of size L X L, and let G® be a K x K
matrix.

Lemma 2. The inequalities |GVE|| . < |GVl nax @7d JTEGP|pax < IGP||max 201d for any position M of
a single outlier.

Proof. The assertion for ||GVE|,,, follows from the fact that every nonzero element of the matrix GVE

coincides with some element of the matrix G'". More precisely, let G, € R" denote the ith column of the
matrix GV. Next, let G, = [G;: ... : G]] for 1 <i,j< K. Then, for L<K,

[GMHJ : O(L’K‘M*”] at 0<SM<L-1,
GE =[04"2: G 00 ) ar L1« M <K -,
[0<L,M72) : GL,K-M+2] at K-1<M<N -1,

where 0%/ is the zero matrix of size i X j. Therefore,

”GMH,l"maX at 0<M<L-1,
=106l at L-1<M<K-1, an

max

IGLk s, at K—-1<M<N-I1.

|G:E|

max

This immediately implies the assertion of the lemma for G ,E. For EG,, everything is the same.

3.2. Examples. A Single Outlier

We consider a real-valued signal F = ( /g, ..., f,, ...) and assume that the series F is governed by the min-
imal linear recurrent formula of order d.

Noise is a sequence of single outliers Ey = (e, ..., ey _ ), where e;;, = 1 for 0 < M < N — 1, and the rest
are zeros: e;= 0; so, M= M(N) is the position of a single outlier in the noise series Ey. As usual, we assume
that L/N — o€ (0, 0.5].

Let N — co. We apply the SSA method to the series X,y = Fy + 8E, with the choice of the d principal
components. In addition, let #(M, d) be the error of reconstruction of the term f; in the series F when
the noise E is used.
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340 NEKRUTKIN
Theorem 2. 1. If |8| = o(a™?), then, as M/N — B, for a growing exponential signal f,, = a" with a > 1,

g OPN PN B <o,
lim sup max (M, 8) <[§)(1 - a )41 a<P<l-o,
N 2 B>1-q.

2. If|0|/N — 0, then, for a linear signal f,, = 0,n + 0, with 0, =0,
mﬁ?xmax|ri(M,6)|:0(|8|/N) -0 at N — oo (12)

3. We consider a constant signal F with f,, = 1. Then

* if |8] £ 8y, then max,, max,|r{M, d)| = O(|d|/N);

* if 8] = o0 and /N — 0, then max,, max,|r( M, d)| = O(8*/N).
4. For the signal

fo=> fin where f.,=b cos(wn+7;) (13)

=
with pairwise different frequencies »; € (0, 1/2) and nonzero amplitudes |b,|
* if |8] £ 9, then max,, max;|r( M, d)| = O(|3|/N);
* if |8] = o0 and /N — 0, then max,, max,|r( M, 8)| = O(8*/N).

Proof. In all the cases, we use inequality (6). To estimate the quantities J,, J,, and J;, we use the results
of Lemmas 1 and 2; moreover, representation (11) may be useful to us in the last case.

In other words, as follows from Subsection 3.1, if |3|/|H|| — 0, then
max|r(M,8)| = O(&/|H] + [§ [Py E + EQ; — P EQy| ).
1. For a growing exponential signal, d = 1 with |H|| =< a" and therefore, since |9]/a" — 0, we have J, +
Jy= O(a ).

Since, for 1 <i,j< L,

N ) ai+j—2
Pyli, jl=(a - D)—=5—
a -1
— const = 1 — a~2. Therefore, for the “worst” location of the place M of a single

it follows that HPOL
P, E

max

does not tend to zero. Similarly, for 1 <i,j < K,

max

outlier,
i+j-2

Qili, j1=(a" - 1) Lr—
a’ -1

and max ,, HEQOLH does not tend to zero. At the same time, this may not be the case for specific locations

of the outlier. Let L < K, L/N — o€ (0, 1/2]. Then

L+j-2 j
max Py Eli, j| = Py E[L, j] = (a" = 1) & — = (1-a)—%—
! a - a

and therefore, it follows from (11) that “POl E” ~(1—a?a©@PNfor M/N—B<a.
But if M/N — B > 0., then HPOLEH >1—a
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Similarly, if M/N — B < 1 — o, then [EQj| ~ (1 —a)a1-*~P¥, and if M/N— B> 1 — o, then
[lalen

— 1 — a2 In addition,

max

min [P EQ;

> [Po,(Lo,(K)'Qq| = [PrQsm]

2@ -D@ -1 _
(aZL _ 1)(a2K _ 1)

It immediately follows that, for L/N — a.€ (0, 1/2] and M/N — j3,

max

=(1-a? o@™).

1. < (o] +[EQi], - min[piEQi] )
aOPN gy g

~[efa a1 ospei-o
) B>1-o.

The statement is proved.
2. First of all, we can restrict ourselves to the case 0, = 1.

Then, according to Lemma 3.1 in [3], if L/N — . € (0, 1), then U,/ N* — O, and Wi,/ N* — Opin
for some O, = O, > 0.

max —

Thus, since ||E| = 1 and |[H|| =< N? for L/N — a.€ (0, 1), it follows from Lemma 1 that the term J; + J;
on the right side of (6) has the order O(6*N?) = 0(|d|/N).

Let us now prove that the equality max,, HPOL EH = O(N ") is true.

Indeed, elementary calculations show that, for 1 <i,j< L,

Loa U3 L=D L 12 6
LPyli, j1=1+ 11 +L2—1(l DG -1 L+1(Z+J 2) .
CU3L=Y 6 ([ =1\ . i),
=T L+1((l L—l) G 1)+(1 L—l) / l))'

It immediately follows that ”POL
pletes the proof.

<4/L. A reference to Lemma 2 and to the relation L/N — o com-

ma.

In complete analogy, max,, HQOLEHmax = O(N").

—+

max

Further, since HPOl EQOl

< ”POl

LHEQg = O(N7'), then HPOEQOl < ”EQé
HPOLEQOL“MX = O(N~") uniformly in M. Therefore, J, = O(8|N"") and the statement is proved.

max max max max

3. In the case of a constant signal H = v LKU V', where Ue R" and Ve R" are vectors with all the
same coordinates equal to 1/~/L and 1/vK , respectively. Therefore, [H| ~ a(1 — o) N.
Further, in both cases, |9|/|[H]| — 0; therefore, J, + J; = O(&%*/|H|)) = O(8?/N).

Moreover, P = UUT and Q; = VV™; and so, [P E| = HEQOl = N~'and HPOLEQOl = O(N7).
Therefore, max,, |r,,(8)| = O(8?/N) + O(|9|/N), which implies the result.
4. As follows from [8], in this case, d = 2r, and all the quantities ||[H]|, HPOLH ,and HQL have the order
of decrease O(N71).
Therefore, the result is the same as for a constant signal.
O

Remark 4. It is seen that the order of convergence O(|9|/N) in the theorem is completely determined by
the first (linear with respect to d) term on the right side of (5). This means that, in this case, the use of the
linear version of perturbation theory (for example, [9]) is correct.
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342 NEKRUTKIN

3.3. About Multiple Outliers

As before, we denote the set of nonzero elements of the series Ey by Re(V) and put n(N) =
card(Re(NN)). We note that

_ (N)(N) _ (N)p(N)
Ey= > ¢VE" = > ¢"E},

JjeRe(N) 0<j<N

where E(jN ) has a single nonzero element equal to 1 at position j. Then, if E and E; are L X K-trajectory

matrices of the series E and E(jN), we have E = Z eVE ;- Therefore, since [[E] = 1,

0<j<N J
[Bl< Y |eV|[E) =[Exl,, where [EJ, = > ).

JjeRe(N) 0<j<N

In addition, ”E”max = man S Re(N)‘e;‘N)‘ = ”EN”max-
Collecting the results of Lemma 1 and Remark 2 with A = ||E,/||;, we find that, under the condition
IEA, > ¢ = const and |3] [EAll,/[H]| = 0, we have J, + J, = &’ ||EN||12 /|H]|.

Let us now see what Lemma 2 turns into. Since, for an arbitrary L X L matrix |G|,

then

<l

max max ’

GE=)¢"GE, and |[GE,
J

G Bl < 2Je" 16 = IEN Gl -
J

and a similar inequality holds for |[EG,|.x-

From here, for example, it immediately follows that, under the condition ® = sup,||[Exl|; < oo, all the
results of Theorem 2 remain in force with the replacement of || to |3|© on the right-hand side of the cor-
responding inequalities.

Remark 5. We note that the condition ® < oo, generally speaking, applies not only to outliers.
For example, as follows from Theorem 2 and previous arguments, for a linear signal and noise E = (e,, ...,

e,, ...) with z‘|ei| < oo, for fixed d and L/N — a € (0, 1), the relation max|r(8)| = O(N~') holds.

4. COMPUTATIONAL EXPERIMENTS

This section presents several variants of computer experiments aimed at illustrating the theoretical
results of Section 3.

We consider three options for the signal f;:
(i) exponential signal (EXP): f, = a” and a = 1.01;
(ii) linear signal (LIN): f, = an and a = 1/3;

(iii) harmonic signal (COS): f, = cos(2rwn) with ® = 2 /4.
In all experiments, e,, = 1 and L = N/2 were taken.
The first point of Theorem 2 states, in particular, that the SSA method for the EXP signal at a fixed

position M of a single outlier is asymptotically robust, while this robustness cannot be obtained for the
outlier position at the last point of the series.

Figure 1 confirms both of these estimates: for M = 0, it is seen that the maximum reconstruction error
quickly tends to zero, while such a tendency is not observed for M = N — 1.

It follows from the second point of Theorem 2 that, for a linear signal, the reconstruction errors have
the form O(N~") regardless of the position of a single outlier. Figure 2 confirms this theoretical result.

Finally, the fourth point of Theorem 2 and the reasoning of Section 3.3 allow us to state that, for the
COS signal in the case of multiple outliers of uniformly limited power with card® (N) < const, all the

reconstruction errors have the order of decrease O(N~"). Figure 3 with R (N) = {0, 1} and 8 = 1 confirms
this conclusion.
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Fig.1. Maximum reconstruction errors for two positions of a single outlier as a function of the series length N for the EXP
signal with & = 1.
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Fig. 2. N multiplied by the maximum reconstruction errors for two positions (M = 0 with=1and M= N — 1 with § =
2) of a single outlier as a function of the series length N for the LIN signal.
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Fig. 3. N multiplied by the maximum reconstruction errors in the case of a double outlier with e; = e; = 1 as a function
of the series length N for the COS signal.
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5. CONCLUSIONS

For simplicity, we restrict ourselves to the case & = const and ||[H|| — oo as N — oo, Then it follows from
the results of the paper that, if the ratio W,,/Umin is bounded (see Lemma 1), all is determined by the
quantity J, defined in (8). Namely, if L/N — a € (0, 1) and J, — 0, then the SSA method is asymptotically
robust with respect to any single outlier.

Furthermore, it turns out that J, corresponds to the linear term of perturbation theory and, since J, is

expressed in terms of the projectors POL and QOl , the uniform norms of these projectors play a special role
here.
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