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Abstract For a weight structure w on a triangulated category C we prove that the corresponding
weight complex functor and some other (weight-ezact) functors are ‘conservative up to weight-degenerate
objects’; this improves earlier conservativity formulations. In the case w = wsPh (the spherical weight
structure on SH), we deduce the following converse to the stable Hurewicz theorem: H;'"9(M) = {0}
for all 4 < 0 if and only if M € SH is an extension of a connective spectrum by an acyclic one. We also
prove an equivariant version of this statement.

The main idea is to study M that has no weights m,...,n (‘in the middle’). For w = w*PP_ this is the case
if there exists a distinguished triangle LM — M — RM, where RM is an n-connected spectrum and LM
is an m — 1-skeleton (of M) in the sense of Margolis’s definition; this happens whenever H; ‘"7 (M) = {0}

for m <i<n and H;:ﬁgl (M) is a free abelian group. We also consider morphisms that kill weights
m,...,n; those ‘send n-w-skeleta into m — 1-w-skeleta’.

2020 Mathematics Subject Classification: Primary 18G80, 55P42, 55N91
Secondary 14C15, 55P91, 18E40

Contents

1 Weight structures: reminder 3
1.1. Some (categorical) notation 4
1.2. Weight structures: basics 4
1.3. On weight complexes and weak homotopy equivalences 7

2 On morphisms killing weights 10
2.1. Killing weights: equivalent definitions 10
2.2. Basic properties of our notions 12
2.3. Relation to the weight complex functor 15
2.4. On the relation to pure functors 17

3 Non-Karoubian generalizations and a conservativity application 18
3.1. Main statements in non-weight-Karoubian categories 18

@ CrossMark


https://orcid.org/0000-0001-8346-6057
mailto:m.bondarko@spbu.ru
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/S1474748022000470&domain=pdf
https://doi.org/10.1017/S1474748022000470

2 M. V. Bondarko

3.2. A conservativity application 21

3.3. An ‘indecomposable’ weight-degenerate object 23
4 On ‘topological’ examples and converse Hurewicz theorems 23

4.1. On purely compactly generated weight structures 24

4.2. Equivariant spectra and converse Hurewicz theorems 29
Introduction

Let us recall that, for any object M of a triangulated category C and any integer n,
a weight structure w on C gives (essentially by definition) an n-weight decomposition
triangle LM — M — RM — LM|1], where LM is of weights at most n and RM is of
weights at least n + 1;' however, this triangle is not canonical. In particular, for the
spherical weight structure w*P" on the stable homotopy category SH (see §4.2 of [7],
Theorem 4.2.4 and Theorem 4.2.5(1) below) one can take LM to be an arbitrary choice
of an n-skeleton for the spectrum M in the sense of §6.3 of [20]; thus, LM is not determined
by M uniquely. However, it was noticed by J. Wildeshaus that if one can choose an n-
weight decomposition such that LM is of weights at most m — 1 for some m < n, then
this stronger assumption makes the decomposition canonical. In this case, M is said to
be without weights m,...,n. In this paper, we prove that M satisfies this condition if and
only if its weight complex t(M) is homotopy equivalent to a complex with zero terms
in degrees —n,..., —m;” recall here that t is a ‘weakly exact’ functor from C into a
certain quotient K, (Hw) of the homotopy category of complexes in the heart Hw of w.
It easily follows that one can find out whether M is without weights m,...,n by applying
functors that are pure (in the sense of Definition 2.4.1 below) to M. Moreover, one can
put m = —oo or n = 400 in these statements to obtain that t is ‘conservative up to
weight-degenerate objects’. One may say that ¢ is conservative up to objects of infinitely
small and infinitely large weights. This is a significant improvement over previously known
bounded conservativity results. One may say that objects of C' may be ‘detected’ by means
of objects of a much simpler category Ky, (Hw). We apply our conservativity of weight
complexes result to calculate certain intersections of purely generated subcategories (this
result was applied in [5]) and to prove that certain weight-exact functors are conservative.
The latter statement generalizes Theorems 2.5 and 2.8 of [29]; in particular, we treat not
necessarily bounded weight structures.

Moreover, we apply our general results to equivariant stable homotopy categories and
spherical weight structures on them (as introduced in §4 of [7]). The aforementioned
conservativity of weight complexes results yield a certain converse to the equivariant stable
Hurewicz theorem. In particular, in the case of a trivial group the weight complex functor

'That is, LM € C,,<,, = C\,<oln] and RM € C\s 1 = Csoln+1].

2Here7 one has to assume that C' is weight-Karoubian, that is, that Hw is idempotent complete;
see Theorem 2.3.1(4). However, this is a reasonable assumption since it is fulfilled whenever
C is idempotent complete itself.

w<n
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essentially calculates singular homology; thus, we obtain that the singular homology of
a spectrum E € ObjSH vanishes in negative degrees if and only if £ is an extension
of a connective spectrum by an acyclic one. This statement appears to be completely
new since in all the previously existing formulations only the case where E is bounded
below was considered; see Theorem 2.1(i) of [18], Proposition 7.1.2(f) of [15] and Theorem
6.9 of [20]. Moreover, the vanishing of H"*Y(E) for two subsequent values of i gives a
canonical ‘decomposition’ of E into a distinguished triangle. This result is new as well.
Our main definitions and statements are nicely illustrated by Theorems 4.2.4 and 4.2.5.
In particular, we prove that wP"-Postnikov towers are the cellular ones in the sense of
[20] (thus completing the proof of [7, Theorem 4.2.1]). Our central statements can also
be applied to Tate motives; see Remark 4.1.8(1) below.

The main tool for obtaining these results is the new interesting notion of morphisms
killing weights m, ... n; for a morphism ¢ : M — N this means that g is ‘compatible with’
some morphism w<, M — w<,,—1N. This definition is equivalent to several other ones. In
particular, if m = n, then one can easily reformulate this condition in terms of ¢(g). Thus,
an SH-morphism g kills weight m if and only if H{}, (g,I') = 0 for every abelian group
I". More generally, an S H-morphism g kills weights m,...,n whenever it ‘sends n-skeleta
into m — 1-skeleta’; see Proposition 2.1.1(4) and Theorem 4.2.5.

Let us now describe the contents of the paper.

§1 contains some preliminaries, mostly on weight structures.

In §2, we define morphisms killing weights m,...,n and objects without these weights
and study these notions in detail. In particular, we relate killing weights to weight
complexes and pure functors. This gives a new conservativity of the weight complex
functor result.

In §3, we extend some of the results of the previous section to the case where Hw is not
Karoubian (thus, Hw-idempotents do not yield direct summands in C'), so we formulate
Theorem 3.1.3 that is central for this paper. We also give applications to intersections
of purely generated subcategories and prove that certain weight-exact functors are
‘conservative up to weight-degenerate objects’.

In §4, we study purely compactly generated categories. We also consider equivariant
stable homotopy examples to obtain certain converse stable Hurewicz theorems (see
Theorems 4.2.2 and 4.2.4) and several related statements (including the aforementioned
Theorem 4.2.5).

The author is deeply grateful to the referees for really actual comments.

An alternative version of this paper can be found at [6]. Another closely related text is
the new [12]; see Remark 2.3.2(2) below.

1. Weight structures: reminder

In §1.1, we introduce some notation and conventions. In §1.2, we recall some basics on
weight structures. The only new statement of this section is the technical (yet important)
Lemma 1.2.7(2).

In §1.3, we recall some properties of weight complex functors and of the weak homotopy
equivalence relation for morphisms between complexes.
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1.1. Some (categorical) notation

e Let C be a category and X,Y € ObjC. Then we will write C(X,Y") for the set of

morphisms from X to Y in C.

We say that X is a retract of Y if idx can be factored through Y.

A subcategory P of an additive category C' is said to be retraction-closed in C' if
it contains all retracts of its objects in C.

e For any (C,P) as above the full subcategory Karc(P) of C whose objects are all
retracts of finite direct sums of objects P in C will be called the retraction-closure
of P in C. Note that this subcategory is obviously additive and retraction-closed
in C.

Below A will always denote some abelian category; B is an additive category.
We will write Kar(B) (no lower index) for the idempotent completion B; see
Definition 1.2 of [1]. Recall that its objects are the pairs (A4,p) for A€ ObjB, p €
B(A,A), p* = p; the correspondence A+ (4,id4) (for A € ObjB) fully embeds B
into Kar(B); see Proposition 1.3 and Remark 1.4 of loc. cit. Moreover, Kar(B) is
Karoubian, that is, every idempotent morphism gives a direct sum decomposition
in Kar(B), and Kar(B) is triangulated if B is; see Theorem 1.5 of loc. cit.

e The symbol C below will always denote some triangulated category. Usually it is
endowed with a weight structure w. The symbols C’ and D will also be used for
triangulated categories only.

e For any A, B,C € ObjC we say that C is an extension of B by A if there exists a
distinguished triangle A LosB- All].

Moreover, we will write B = Cone(f). Recall here that different choices of cones
are connected by nonunique isomorphisms.

e For X,Y € ObjC we write X L Y if C(X,Y)={0}.If D and F are classes of objects
or subcategories of C, then we will write D L EFif X L Y forall X e D, Y € E.
Moreover, we write D+ for the class

{Y €ObjC: X LY VX € D};

dually, +D is the class {Y € ObjC: Y 1L X VX € D}.

e We write C(B) for the category of cohomological complexes in B, and the
corresponding homotopy category will be denoted by K(B). We will write M =
(M?) if M* are the terms of the complex M.

e We say that an additive covariant (resp. contravariant) functor H from C into A
is homological (resp. cohomological) if it converts distinguished triangles into long
exact sequences. We will write H; (resp. H') for the composition H o[—i].

1.2. Weight structures: basics
Definition 1.2.1. We say that subclasses C, ., and C, >, C ObjC give a weight
structure w or (C,w) on a triangulated category C and that C is weighted if the following
conditions are fulfilled.

(i) Cpy>o and C,, <, are retraction-closed in C, that is, they contain all C-retracts of
their objects). -

(if) Coy<o € Cucoll] and Cyyxo[1] € Cyzo-
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(iii) Orthogonality: C', o L C.,>o[1].
(iv) For any M € ObjC there exists a distinguished triangle

LM — M — RM—LM]1]

such that LM € C,, <, and RM € C,~,[1].
We also need the following definitions.

Definition 1.2.2. Assume that i,j € Z and (C,w) is a weight structure.

1. The full subcategory Hw of C whose objects are C,,_q = C,,>cNC,, < is called the

heart of w.
2. Cpy>; (resp. Cy<y, resp. C,,—;) will denote the class C, ~i] (resp. C,,<oli], resp.
Cooli])- ) ) )
3. Cy;, 5 denotes C,,5,NC

4. We will say that C (or (C,w)) is weight-Karoubian if Hw is Karoubian.

w<j» 50, this class equals {0} if i > j.

5. Let C’ be a triangulated category endowed with a weight structure w’; let F: C — C’
be an exact functor.
Then F is said to be weight-ezact with respect to w,w’ if it maps C,, -, into C’,, -
and sends C,~( into C7,5. - N
6. Let D be a full triangulated subcategory of C.
We will say that w restricts to D whenever the couple (C,,«oNObjD, C,~oN
ObjD) is a weight structure on D. - -

7. We say that M is left (resp., right) w-degenerate (or weight-degenerate if the choice
of w is clear) if M belongs to N;czC\,>; (resp. to NiezC, <;)-

8. We call UijezC,,>; (resp. UiezC,,<;) the class of w-bounded below (resp., w-bounded
above) objects of C.

9. We will say that w is bounded if every object of C' is w-bounded both above and
below.

Remark 1.2.3. 1. For an arbitrary additive B one can take C'= K (B) and set K (B) =<0
(resp. K(B)yst>0) to be the class of complexes C-isomorphic to complexes concentrated
in degrees > 0 (resp. <0); see Remark 1.2.3(1) of [9] for more detail. We will use this
notation below.

The heart of this weight structure w*®® is the retraction-closure of B in K(B); hence it
is equivalent to Kar(B).

2. The distinguished triangle in axiom (iv) is not determined by M.

Still for every m € Z this axiom yields a distinguished triangle

WemM — M =5 w1 M = (wep M)[1] (1.2.1)

w<m

with some w<,,M € C <m and w>mi1 M € Qme—&-l' We notate this triangle with
WD, (M) and call WD,,,(M) an m-weight decomposition of M.
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We will often use this notation below even though ws,,+1M and w<,,M are not
canonically determined by M. We call any possible choice either of w>,4+1M or of w<,, M
a weight truncation of M. Moreover, when we write arrows of the type w<,,M — M or
M — w>my1 M we always assume that they come from some m-weight decomposition
of M.

3. In the current paper (along with several previous ones) we use the ‘homological
convention’ for weight structures, whereas in [4] the cohomological convention was used.
In the latter convention, the roles of C,,, and C,, -, are interchanged, that is, one takes
ngo =C,>0 and szo =Cy<o-

We also recall that weight structures were independently introduced in [24]; D.
Pauksztello has called them co-t-structures.

Proposition 1.2.4. Letm<ne€Z, M,M’' € ObjC.

1. The aziomatics of weight structures is self-dual, that is, on C' = C° (s0 ObjC’ =
ObjC) there exists the opposite weight structure w for which C'op<g = C.y>o and

f;ﬂopzo = ngo-

. szo = (ngq)J‘ and ngo = Lszr

. Chy<p 18 closed with respect to all coproducts that exist in C'.

- Co<os Cy>0, and C,— are additive.

fMedl then w<, M € C,, ) for every n-weight decomposition of M. Dually,

if M € ngn, then W, M € Q[m,n]'

6. Assume ge C(M,M"). If M' € C

of the latter object.
Dually, if M € C

7. If C is Karoubian, then it is also weight-Karoubian.

T o W N

w>m?

w>ms then g factors through w>,m M- for any choice

then g factors through w<,,M’.

w<m?’

Proof. Assertions 1-5 were proved in [4] (cf. Remark 1.2.3(4) of [9] and pay attention to
Remark 1.2.3(3) above!), whereas the easy assertion 6 is given by Proposition 1.2.4(8) of

ul

Assertion 7 follows from axiom (i) in Definition 1.2.1. O

Now we will study certain morphisms between weight decompositions.

Definition 1.2.5. Adopt the notation and assumptions of Remark 1.2.3(2); let m’ € Z.
Then a morphism of triangles

U)SmM . M meJrlM
l h lg lj (1.2.2)
wgm/M/ M’ me/HM’

https://doi.org/10.1017/51474748022000470 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748022000470

On morphisms killing weights and stable Hurewicz-type theorems 7

will be said to be a morphism WD,,(M) — WD, (M') that extends g: M — M’'. We
will say that the morphisms h and j are w-truncations of g.

Remark 1.2.6. Clearly, one can compose morphisms of weight decompositions. That
is, for a morphism WD,,(M) — WD, (M') as above, m"” € Z, and any morphism
WD (M) — WDy, (M") that extends any ¢’ € C(M’,M") one can compose the
corresponding arrows (provided that the corresponding choices of W D,,.(M’) coincide)
to obtain a morphism WD,, (M) — W D,,»(M") that extends ¢’ og.

Lemma 1.2.7. Adopt the notation of Definition 1.2.5, and assume m' > m.

1. Then an extension of g to a morphism W Dy, (M) — W D,,,(M') exists. Moreover,
this extension is unique if m' > m; consequently, in this case the morphism h (resp. j) is
the only one that makes the left- (resp. right-) hand square in diagram 1.2.2 commutative.

2. Assume that the rows of diagram 1.2.2 are equal, g =idy, m=m’/, h> = h, and
(C,w) is weight-Karoubian. Then there exists a decomposition w<.,, M = My @ My such
that h corresponds to idy, @ O0nr,, and the rows of (1.2.2) can be presented as the direct
sum of the corresponding two arrows in some m-weight decomposition M, — M — M,y
with (Mo — 0 — Mp[1]).

Proof. 1. This is Lemma 1.5.1(1,2) of [4].

2. Take a triangulated category C’ that is equivalent to Kar(C) and contains C as a
(full) strict subcategory. Consider the decomposition w<,, M = M; € My corresponding
to h in C’. Since the diagram 1.2.2 is commutative, ¢ = co h; thus, ¢ factors through
M. Hence, the rows of diagram 1.2.2 can be decomposed into the direct sum of the
C’-distinguished triangle My — 0 — Mj[1] with a distinguished triangle M; — M — M.
Thus, M, is a retract of w>,+1M[—1] as well. Hence, the morphism idy, factors through
some morphism a : W<, M — W41 M[—1]. Next, Proposition 1.2.4(6) implies that a
factors through N = ws,, (w<,, M); thus, M is a retract of N. Since N belongs to C\,_,,
by Proposition 1.2.4(5) and Hw is Karoubian, My belongs to C,,_,,, C ObjC. It follows
that M; and M, are objects of C as well. Applying axiom (i) of Definition 1.2.1 we
obtain M; € C,, <, and Mz € C,,>,,11; hence, My — M — My — M, [1] is an m-weight
decomposition of M indeed. O

1.3. On weight complexes and weak homotopy equivalences

To define the weight complex functor, we need the following definition. Recall here that
B is an additive category and C(B) is the category of B-complexes.

Definition 1.3.1. Let M and N be objects of K(B) and mq,mq € C(B)(M,N).

1. We write my v~ mg if m; —ms = dyx+ydys for some collections x*,y* € E(M*,N*_l)7
where djp; and dy are the corresponding differentials. We call this relation the weak
homotopy equivalence relation.

2. Assume k <l e ({—o0}UZU{+0o0}); also, k€ Z if k=1.

Then we write my i, ;) me if my —ma is weakly homotopic to mg € C'(M,N) such that
my =0 for k <i<[ (and i € Z).
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We need the following properties of these equivalence relations.

Lemma 1.3.2. Adopt the notation of Definition 1.3.1.

1. Factoring morphisms in K(B) by the weak homotopy relation yields an additive
category Ky (B). Moreover, the corresponding full functor p, : K(B) = Ky (B) is
additive and conservative.

2. Let A: B— A be an additive functor, where A is any abelian category, and my is
weakly homotopic to mo. Then my and ms induce equal morphisms of the homology
HL(A(M) = H,(A(NY)). |

Hence, the correspondence N +— Ho(A(N?)) gives a well-defined functor
Ky(B) — A.

3. Applying an additive functor F : B — B’ to complexes termuwisely, one obtains an
additive functor Ky (F): Kp(B) — Kn(B').

4. my ) me if and only if my ;5 ma for any i € Z such that k <i <I.

5. If k € Z, then my w1 0 if and only if there exists mg € C(B)(M,N) such that
my =mg in K(B)(M,N) and mk =0.

6. M belongs to K(B)wst>o if and only if idyr i, 400 Onr, and M € K(B)yst<o if and
only if idpyr oo, —1) Ons-

Proof. Assertion 3 is obvious, and the remaining ones are contained in Proposition B.2
of [7]. O

Let us describe the approach to weight complexes that we use below.

Remark 1.3.3.

1. In the current paper, we consider an additive weight complex functor ¢t : C — Ky, (Hw)
for any triangulated category C endowed with a weight structure w. Still to define a
canonical functor of this sort one has to replace C' by a certain equivalent category
C,; see §1.3 of [7] (and cf. Remark A.2.1(3) of ibid. where the inaccuracies made in
[4, §3] are discussed). Thus, to define ¢ one should compose the additive ‘canonical
weight complex functor’ teq, : C,, = Kn(Hw) with a splitting s of the canonical
equivalence C,, — C (see Proposition 1.3.4(3,6) of [7]). Clearly, any two splittings s
of this sort are isomorphic; thus, we can assume that s is chosen, and so t = t.qn 08
is fixed.

2. Moreover, we have no need to describe weight complexes of all morphisms in C
explicitly. We prefer to list a collection of properties of ¢ instead. So, we only sketch
the description of (M) for M € ObjC. The details can be found in loc. cit.

We choose arbitrary weight truncations w<,M of M for all n € Z and take g, :
W< M — w<py1 M to be the corresponding w-truncations of idys in the sense of
Definition 1.2.5. Denote Cone(gy,,) by M ~""1[n+1]. It is easily seen that M' € C,,_,
for all ¢ € Z and that the distinguished triangles coming from g,, connect these objects
to form a complex (M?).
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Clearly, this complex depends on the choice of the objects w<, M. However, for
any choice of this form, we have (M%) = ¢(M) in K(Hw). This isomorphism becomes
canonical in Ky, (Hw).

3. t can ‘usually’ be enhanced to an exact ‘strong’ weight complex functor 5t : C —
K(Hw). This is currently known to be the case if C possesses an co-enhancement
and w is either bounded (see Definition 1.2.2(9) and Corollary 3.5 of [26]) or is purely
compactly generated as in Theorem 4.1.2 below (see Remark 3.6 of ibid.).?

Consequently, the reader will not lose much if she assumes that ¢! exists
throughout the paper.

4. On the other hand, if Ky, (B) differs from K (B) (cf. Proposition 4.1.7(1) below) then
K (B) cannot be endowed with a triangulated category structure compatible with
that for K(B), that is, the functor p,, : K(B) = Ky (B) cannot be exact.

Indeed, Lemma 1.3.2(1) allows to reduce this claim to the following statement: If
p:C — ' is a full conservative exact functor, then p is also faithful. Now, assume that
p(m) =0 for some C-morphism m : X — Y and take the corresponding distinguished
triangle

X2y %7z Xx).

Then p(n) is split injective. Since p is full and conservative, the easy Lemma 1.5.2(1)
of [7] says that n is split injective as well. Hence, m = 0, and we obtain faithfulness.

Now we list the main properties of our functor ¢: C — Ky, (Hw).

Proposition 1.3.4. Assume that (C,w) is a weight structure, and M 2 M’ A Cone(g)
are two sides of a C-distinguished triangle.

1. Thenton]c = [n]k, (Hw)ot, where 0]k (Hw) is the obvious shift by [n] endofunctor
of the category Ky, (Hw).

2. There ezists a lift of the Ky (Hw)-morphism chain

(M) "W () " ¢(Cone(g))

to two sides of a distinguished triangle in K(Huw).

3. If MeCyep (resp. M € C,>,), then t(M) belongs to K(Hw),st<, (resp. to
K(@)w“Zn}-
Moreover, if M is left or right w-degenerate (see Definition 1.2.2(7)), then
t(M)=0.

3Actually7 as was originally noted by O. Schniirer, one has to change the signs of differentials
in complexes to make the weight complex functor of ibid. compatible with our ‘weak’ version;
see Remark 1.3.5(3) of [7] or §2 and Definition 5.7 of [25]. However, this subtlety does not
appear to affect any of the applications of weight complexes known to the author; hence, the
reader may probably ignore it.
Moreover, t** also exists whenever w is bounded and C is the underlying category of a stable
derivator; combine Theorem 7.1 of ibid. with Theorem 7 of [22].
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4. Let C' be a triangulated category endowed with a weight structure w'; let F: C — C’
be a weight-exact functor. Then the composition t' o F' is isomorphic to Ky (HF)ot,
where t' is a weight complex functor corresponding to w', and the functor Ky (HF):

Ky (Hw) — Ky (Hw') is defined as in Lemma 1.5.2(3).

5. For any morphism of triangles

W<p_1 M -2 w<p,M ——— Cone(a)

lc ld lh (1.3.1)

Wep_1 M’ SLENN w<p,M' ——— Cone(b)

where a, b, ¢ and d are the corresponding w-truncations of idys, idy and g (see
Definition 1.2.5), respectively, we have Cone(a), Cone(b) € C,,_,,. Moreover, t(g) is
isomorphic as a Ky (Hw)-arrow to a morphism z whose —nth component x~™ €
Mor(Hw) equals h[—n].

Furthermore, if t(g) is isomorphic to a Ky (Hw)-morphism y such that y~™ =0,
then any choice of the rows in diagram 1.3.1 can be completed to the whole diagram
with h =0 in it.

Proof. Assertions 1—4 are given by Proposition 1.3.4(7,9,10,12) of [7].

Lastly, the first two parts of assertion 5 follow from the definition of ¢ in ibid. and its
‘furthermore’ part easily follows from Proposition 1.3.4(13) of ibid. along with Lemma
1.3.2(5) above. O

2. On morphisms killing weights

In this section, we introduce and study the main new notions of this paper.

In §2.1, we define morphisms killing weights m,...,n and objects without these weights.
We give several equivalent definitions of these notions.

In §2.2, we establish several interesting properties of our notions. In particular, we prove
that any object without weights m,...,n admits a weight decomposition avoiding these
weights (in the sense defined by J. Wildeshaus) if C' is weight-Karoubian.

In §2.3, we prove that M is without weights m,...,n if and only if t(M) possesses this
property.

In §2.4, we relate killing a weight m and objects without weights in a range to pure
functors; those were introduced in §2.1 of [7].

2.1. Killing weights: equivalent definitions

Proposition 2.1.1. Let M,N € ObjC, g€ C(M,N) and m <n € Z. Then the following
conditions are equivalent.

1. There exists a choice of w<p,M and w>,N such that the composed morphism

w<n M HME5NYS w>m N is zero (here x and y come from the corresponding
weight decompositions; see Remark 1.2.5(2)).
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2. There ezists a choice of w<,M and w<,—1N and of a morphism h making the
following square commutative:

anM L) M

lh lg (2.1.1)

’wgmle — N.

3. There exists a choice of wspy1M and w>, N and of a morphism j making
commutative the square

M — wZnJrlM

lg lj (2.1.2)

N —Y— ws,N.

4. Any choices of WD, (M) and W D,,_1(N) can be joined by a morphism that extends
g in the sense of Definition 1.2.5.

5. For any choice of WD, (M) and WD,,_1(N) and for the corresponding truncations
a: w<m1M = w<, M and b: w<p— 1N — w<, N of idy and idy (see Lemma
1.2.7(1)), there exists a commutative diagram

wem 1M —*— we,M —— M

lc ld lg (2.1.3)

b
wfm—lN ? anN > N

along with h € C(w<, M, w<m—1N) that turns the corresponding ‘halves’ of the left-
hand square of diagram 2.1.3 into commutative triangles.

6. For any choice of the diagram 2.1.3 as above, its left-hand commutative square can
be completed to a morphism of triangles as follows:

W<mo1 M SELIEN w<pM —— Cone(a)

lc ld lo (2.1.4)

W<m_1 N LN w<p, N ——— Cone(b).

7. There exists a choice of diagram 2.1.3 whose left-hand square can be completed to a
morphism of triangles as in diagram 2.1.4.

Proof. Conditions 1, 2 and 3 are equivalent by Proposition 1.1.9 of [2].

Loc. cit. also implies that any of these conditions implies the existence of a morphism
WD, : WD, (M)—WD,,_,(N) that extends g, where WD, (M) (resp. WD,,_,(NN)) is
the corresponding n-weight decomposition of M (resp. m — 1-weight decomposition of N).

Next, Lemma 1.2.7(1) gives the existence of some choices of ‘modification of weight
decomposition’ morphisms WD,,(M) — WD, (M) and WD), _(N)— WD,,_1(N) that

m—1
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extend idjs and idy, respectively. Composing WD, with these morphisms (see Remark
1.2.6) we obtain condition 4. Conversely, this condition obviously implies conditions 1, 2
and 3.

Next, condition 5 clearly implies condition 2. Conversely, to obtain the commutative
diagrams in condition 5 we apply Lemma 1.2.7(1) and take a and b to be the canonical
truncations w<m,m—1 M = w<, M and w<py—1 N — w<, N of idps and idy, respectively. We
also take c=hoa, and d =boh.

Next, condition 6 clearly yields condition 7. Now, consider the exact sequence
Clw<nM,w<pm—1N) = Clw<yM,w<, N) — C(w<, M, Cone(b)) (for an arbitrary choice
of diagram 2.1.3). If condition 7 is fulfilled, the composed morphism w<,, M 4 W<, N —
Cone(b) is zero; hence, there exists a morphism h € C(w<, M, w<m—1N) making the
corresponding triangle commutative. Combining this with the commutativity of the right-
hand square in diagram 2.1.3 we obtain condition 2.

It remains to verify that condition 5 implies condition 6. The aforementioned long exact
sequence gives the vanishing of the corresponding composed morphism w<, M — Cone(b),
whereas the exact sequence

Q(wgnMawgm—lN) - Q(wgm—lM;wgm—lN)
— C(Cone(a)[—1],w<m-1N) —...

yields the vanishing of the composed morphism Cone(a)[—1] — w<,,—1.N. We obtain that
diagram 2.1.4 is a morphism of triangles indeed. O

Now, we give the main original definitions of this paper.

Definition 2.1.2. Let m <ne€Z, g C(M,N).
1. We will say that g kills weights m,...,n (and also that g kills weight m if n=m) if it
satisfies the equivalent conditions of Proposition 2.1.1; denote the class of C-morphisms
killing weights m,...,n by Morj, »+C.
2. We say that M is without weights m, ... n if id; kills weights m,...,n; the class of
C-objects without weights m,...,n will be denoted by C

w¢[m,n]*

Remark 2.1.3. Proposition 1.2.4(1) easily implies that these definitions are self-dual
in the following natural sense: g € Mot +C (resp. M € C\,¢[,, ;) if and only if g kills
weP-weights —n, ..., —m (resp. M is without w°P-weights —n,..., —m) in C' = C".

2.2. Basic properties of our notions

Theorem 2.2.1. Let M,N,0 € ObjC, h € C(N,0), and assume that a morphism g €
C(M,N) kills weights m,...,n for some m <n € Z. Then the following statements are
valid.

1. Assume m <m’ <n’ <n. Then g also kills weights m’,...,n’.

2. Morp,+C is closed with respect to direct sums and retracts (i.e., @ g; kills weights
m,...,n if and only if all g; do that).

3. Morp,+C is a two-sided ideal of morphisms, that is, for any h' € C(O,M) both
hog and goh' kill weights m,...,n.
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4. Assume that h kills weights m’,...,m—1 for some m’ <m. Then hog kills weights

!/
m,...,

n.
5. Let F: C — D be a weight-exact functor (with respect to a certain weight structure
on D) and assume that h kills weights m,...,n. Then F(h) kills these weights as

well.

6. For F and h as in the previous assertion, assume that F is a full embedding and
F(h) S MOTMQ. Then h € MOI‘MQ.

7. Assume that O is without weights m,...,n and also is without weights n+1,...,n/
for some n' >n. Then O € C\gm, n)-
8. O is without weights m,...,n if and only if O is without weight i whenever m <i <n.

9. Assume that there exists a distinguished triangle
X—-0-Y — X]]] (2.2.1)

with X € Cpyem1, Y € Cuspnyy- We call it a decomposition avoiding weights
m,...,n for M. -

Then triangle 2.2.1 gives an l-weight decomposition of O for everyl € Z, m—1<
Il <n. Moreover, O is without weights m,...,n, and this triangle is unique up to a
canonical isomorphism.

10. Assume that C is weight-Karoubian. Then the converse to the previous assertion is
also valid, that is, every O without weights m,...,n admits a decomposition avoiding
weights m,...,n.

Proof.

1. This is easy from Lemma 1.2.7(1); see Remark 1.2.6 and condition 2 of Proposition
2.1.1.

2. Proposition 1.2.4(4) implies that direct sums of I-weight decompositions are [-weight
decompositions. Here, we take | = n,m — 1. This implies the assertion easily; see
condition 1 in Proposition 2.1.1.

Assertions 3 and 4 easily follow from Lemma 1.2.7(1) as well; see Remark 1.2.6
and condition 2 in Proposition 2.1.1.

5. If we vanish in condition 1 of Proposition 2.1.1, then we obtain this condition
for F'(h).

6. For any choice of w<,M and w>,,N, the composed morphism

h)

FwenM) — F(M) "% F(N) = F(wsmN)

is zero (see condition 2 of Proposition 2.1.1); hence, h € Mor |y, +C.

7. Since idp oidp = idp, the statement follows from assertion 4.

8. If O is without weight i whenever m < ¢ < n, then, iterating the previous
assertion, we obtain that O is without weights m,...,n. Conversely, it O € C,,¢[m,n)
and m < ¢ < n, then idp kills weight i (i.e., O is without weight i) according to
assertion 1.

9. Each statement in this assertion easily follows from previous ones.
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Indeed, triangle 2.2.1 gives the corresponding I-weight decompositions of O just
by definition. We obtain that O is without weights m,...,n immediately. Here, we
can use either condition 2 or 3 of Proposition 2.1.1. This triangle (2.2.1) is canonical
by Lemma 1.2.7(1); we take M = M’ =0, g=idp, m=n—1, and m’ =n in it.

10. The idea is to ‘modify’ any fixed n-decomposition of O using Lemma 1.2.7(2).

We also fix an m-weight decomposition of O. According to condition 2 in
Proposition 2.1.1, there exists a commutative square

w<, O — O
|: |ido
W10 — O.
Next, Lemma 1.2.7(1) gives the existence and uniqueness of the square
W<m10 —— O
K 140
w<,O — O.

Now, if we ‘compose’ these squares in the sense of Remark 1.2.6, then the
aforementioned uniqueness statement implies ¢t = to zot. Thus, the endomorphism
u = toz is idempotent, and the square

wenO — O

lu J/ido
w<,O —— O
is commutative. Now, we apply Lemma 1.2.7(2); for X being the image of u, we

obtain an n-weight decomposition X — O — Y. It remains to note that X € C
since u factors through w<,,_10.

wm—1

Remark 2.2.2.

1. In the original Definition 1.10 of [28] O was said to be without weights m,...,n
if there exists a decomposition (2.2.1) for it. Thus, our definition of this notion is
equivalent to loc. cit. if C' is weight-Karoubian. Recall here that this is automatically
the case if C is Karoubian according to the easy Proposition 1.2.4(7). Yet in §3.3
below, we demonstrate that this equivalence fails in general; see also §3.3.2 of [6] for
a w-bounded (cf. Definition 1.2.2(9)) example of this sort.

Hence, the uniqueness statement in Theorem 2.2.1(9) coincides with Corollary 1.9
of [28]. Moreover, Lemma 1.2.7 and Theorem 2.2.1(9) imply Proposition 1.7 of ibid.
that is essentially as follows: If X; — O; — Y, are decompositions avoiding weights
m,...,n, then any g : O; — Oy uniquely extends to a morphism of these triangles.

2. Combining parts 2 and 3 of our theorem, one immediately obtains that the sum of
any two parallel morphisms killing weights m,...,n kills these weights as well.
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Moreover, part 2 implies that C,¢(, ) 1S additive and retraction-closed in C,
whereas part 3 yields that every C-morphism from M kills weights m,...,n if (and
only if) M is without these weights.

2.3. Relation to the weight complex functor
Theorem 2.3.1. Let g € C(M,N) (for some M,N € ObjC); m<n € Z.

1. Then g kills weight m if and only if t(g) “—m,—m) 0; see Definition 1.5.1 for this
notation.

2. If{fi} forn>i>m form a chain of composable C-morphism such that t(f;) i —q
0 for all i in this range, then f,,0---o f,_10 f, kills weights m,...,n.

3. M is without weights m,...,n if and only if t(idas) ~[—p,—m) 0.

4. Assume in addition that C is weight-Karoubian. Then M is without weights m,...,n
if and only if t(M) is homotopy equivalent to a complex C = (C*) with C* =0 for
—n<i< —m.

Proof.

1. Immediate from Proposition 1.3.4(5); see condition 7 in Proposition 2.1.1.
2. Straightforward from assertion 1 combined with Theorem 2.2.1(4).

3. If M € Cyg¢pm,p)> then combining assertion 1 with Lemma 1.3.2(4) we obtain
t(idas) [—n,—m] 0. Conversely, if t(idas) [—n,—m] 0, then t(iday) i, ] 0 for all ¢
between —n and —m; thus, applying the previous assertion to the composition
id3" =™+ we obtain that M is without weights m,...,n.

4. The ‘if’ implication follows from the previous assertion immediately; cf. Definition
1.3.1(2).

Conversely, assume that M is without weights m,...,n. By Theorem 2.2.1(10), M
possesses a decomposition avoiding weights m,...,n. Then for the corresponding
objects X and Y (see diagram 2.2.1) Proposition 1.3.4(3) says that ¢(X) €
K(Hw)yst<m-1 and t(Y) € K(Hw)yst>nt+1. Recalling the definition of w*
in Remark 1.2.3(1) and applying Proposition 1.3.4(2), we obtain a K(Huw)-
distinguished triangle

Tx — t(M) — Ty — Tx[l],

where Tx and Ty have zero terms in degrees at most —m and at least —n,
respectively. Thus, we obtain the ‘only if’ implication. 0

Remark 2.3.2. 1. Let us demonstrate that Theorem 2.3.1(2) generalizes Theorem
3.3.1(I1) of [4]. The latter says that for f = f,,0---0 f,,_10 f, we have f =0 whenever f;
are Cf,, ,j-morphisms (see Definition 1.2.2(3)) such that ¢(f;) = 0.

Now, if this is the case, then t(f;) «~_; —; 0 for m <4 <n; hence, f kills weights m,...,n
by Theorem 2.3.1(2). Next, if f € C(M,N) for M,N € C,, ,,j, then we can take w<, M =
M and w>,, N = N. Thus, f =0 indeed; see condition 4 in Proposition 2.1.1.
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Thus, we obtain an alternative proof of loc. cit. that does not depend either on it or on
Proposition 3.2.4 of ibid. (cf. Remark A.2.1(3) of [7]).

2. More criteria for killing weights for morphisms and for the absence of weights in
objects are given by Theorems 2.1.2 and 2.2.2 of [12]. These matters are also studied
in Theorem 3.1.1 of ibid., where the additional assumption of the existence of a t-
structure adjacent to w (see Definition 1.2.2(3) of ibid.) was imposed. Note here that
this assumption is fulfilled whenever w is purely compactly generated (see Theorem 4.1.2
below). In particular, it is valid if w =w§ (see Proposition 4.2.1(2) and Remark 4.2.3(6)
below).

Let us now improve the conservativity property of weight complexes given by Theorem
3.3.1(V) of [4].

Definition 2.3.3. 1. We say that w is left (resp., right) nondegenerate if all left (resp.
right) w-degenerate objects (see Definition 1.2.2(7)) are zero.

We say that w is nondegenerate if it is both left and right nondegenerate.

2. We will say that M € ObjC is w-degenerate or weight-degenerate if t(M) is zero in
Ky (Hw); hence, it is zero in K(Hw) as well.

Theorem 2.3.4. Let g: M — M’ be a C-morphism, m € Z.

L.1. Then t(g) is an isomorphism if and only if Cone(g) is w-degenerate.

2. Any extension of a left w-degenerate object Y of C by a right w-degenerate object X
s w-degenerate.

3. If M is an extension of a left w-degenerate object Y by X,, € C,, <., (Tesp. an extension
0f Yo € Cysm by a right w-degenerate object X), then t(M) € K (Hw).yst<m (resp. t(M) €
K (Hw)yst>m; see Remark 1.2.3(1)).

II. Assume that C is weight-Karoubian.

1. Then M is w-degenerate if and only if M is an extension of a left w-degenerate Y by
a right w-degenerate X; cf. assertion I.2.

2. t(M) € K(Hw)wst<m (resp. t(M) € K(Hw)yst>m ) if and only if M is an extension
of a left w-degenerate Y by X, € Cpec (resp. an extension of Yy, € Cys., by a right
w-degenerate X; cf. assertion 1.3). N N

Proof. I.1. Immediate from Proposition 1.3.4(2) combined with the conservativity of the
projection functor p,, : K(B) — Ky (B) given by Lemma 1.3.2(1).

2. If N is left or right w-degenerate, then ¢(N) =0 according to Proposition 1.3.4(3).
Hence, the assertion follows from the previous one.

3. Similarly to the previous assertion, it suffices to combine Proposition 1.3.4(3) with
assertion I.1.

I If t(M) € K(Hw)yst<m, then for every n > m we have idyar) “—n,—m—1] 0; see
Lemma 1.3.2(6).

Since C is weight-Karoubian, for every n > 0 Theorem 2.2.1(10) gives a distinguished
triangle

Xm = M =Y, — Xn[l] (2.3.1)
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with X, € C <, and Yy € C 5,1 - All of these triangles are isomorphic to the one for
n=m+1 by the uniqueness statement in Theorem 2.2.1(9). Hence, T =Y}, 1 is left w-
degenerate and we obtain the ‘only if” implication for this case. Next, the ‘if” implication
is given by assertion I.3.

The proofs of the two remaining statements are similar and left to the reader. O

Remark 2.3.5. 1. Thus, we get a precise answer to the question when t(g) is an
isomorphism in the weight-Karoubian case. In particular, the weight complex functor
is conservative if and only if w is nondegenerate.

2. To obtain the latter statement in the general case, one should combine part I.1
of our theorem with Theorem 3.1.3 below. Moreover, that theorem contains several
equivalent conditions for ¢(M) to belong to K(Hw),:t<o. However, those formulations
require Definition 3.1.1(2); see §3.3 below.

2.4. On the relation to pure functors

Let us prove that the assumption that a C-morphism g¢ kills a given weight m can be
expressed in terms of pure functors.

Definition 2.4.1. Assume that C is endowed with a weight structure w.

We will say that a (co)homological functor H from C into an abelian category A is

w-pure or just pure if H kills both C',~; and C,«_;.
Theorem 2.4.2. 1. Let A: Hw — A be an additive functor, where A is an abelian
category. For M € ObjC and t(M) = (M?), we set H(M) = H*(M) to be the zeroth
homology of the complex (A(M?)). Then H(—) yields a pure homological functor, and the
assignment A H* is natural in A.

2. The correspondence A — H* is an equivalence of categories between the following
categories of functors: AddFun(Hw, A) and the category of pure homological functors from
C into A.

3. Dually, the correspondence sending a contravariant functor A’ into the functor H 4/
that maps M into the zeroth homology of the complex (A'(M~7)) gives an equivalence
of categories between AddFun(Hw°P,A) and the category of pure cohomological functors
from C into A.

Proof. Assertions 1 and 2 are contained in Theorem 2.1.2 of [7], and assertion 3 is their
dual; cf. Proposition 1.2.4(1) or Remark 2.1.3(1) of ibid. O

We also need the following definitions.

Definition 2.4.3. Assume that C is smashing, that is, closed with respect to (small)
coproducts.

1. We will say that C is a Brown category if any cohomological functor from C into Ab
that converts C-coproducts into products of groups is representable in C.

2. We will say that a weight structure w on C is smashing if the class C,,~ is closed
with respect to C-coproducts (cf. Proposition 1.2.4(3)). -
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Proposition 2.4.4. Assume that C is endowed with a weight structure w, g: M — N is
a C-morphism, and j € Z.

I. Then the following assumptions are equivalent to g € MorMQ.

1. Hi(g) =0 for every pure cohomological functor H 4 as above.

2. H’(9) =0 for every pure cohomological functor H 4 coming from A € AddFun(Hw®?,
Ab) such that A converts Hw-coproducts into products of groups.

3. HJA(g) =0 for every pure homological functor HA.

II. Assume in addition that C is a Brown category and w is smashing. Then the functors
H 4 as in condition 1.3 are the pure representable ones.

Proof. I. Proposition 1.3.4(1) enables us to assume j = 0.

Next, if g € MOI‘Mg7 then condition 1 is fulfilled by Proposition 1.3.4(2) combined
with Theorem 2.3.1(1). Moreover, condition 1 clearly implies condition 2.

Furthermore, if g ¢ MorMQ, then £(g) ¥0,0) 0 by Theorem 2.3.1(1); here, we use the
notation of Definition 1.3.1(2). Thus, Proposition B.2(8) of [7] gives the existence of a
functor A as in assertion 2 such that H 4(g) # 0. Hence, condition 2 implies g € MorMQ.

Lastly, g € Morj; +C' if and only if condition 1.3 is fulfilled since 1.3 is the categorical
dual of condition I.1; see also Remark 2.1.3.

II. This is Proposition 2.3.2(8) of ibid. O

3. Non-Karoubian generalizations and a conservativity application

In §3.1, we extend Theorem 2.3.4(IT) to the case where C is not necessarily weight-
Karoubian.

In §3.2, we apply our results to prove that certain weight-exact functors are ‘conservative
up to weight-degenerate objects’; we also discuss the relation of this proposition to the
corresponding results of [29] and [7].

In §3.3, we consider an example; it demonstrates that the modifications made in §3.1
to generalize Theorem 2.3.4(II) cannot be avoided.

3.1. Main statements in non-weight-Karoubian categories

Definition 3.1.1. 1. We call a triangulated category C' C Kar(C) a weight-Karoubian
extension of C if C' contains C, the retraction-closures of C, -, and C, . in C’ give a
weight structure w’ on it, and Hw' is Karoubian. - N

2. We say that an object M of C is essentially w-positive (resp. essentially w-negative)
if M is a retract of some M € ObjC that is an extension of an element of C,~o by a right
w-degenerate object of C (resp. of a left w-degenerate object by an element of Cl<0; see
Definition 1.2.2(7)). -

Proposition 3.1.2. 1. Let C’ be a weight-Karoubian extension of C. Then the embedding
C — C' is weight-exact with respect to (w,w'), and C',_, equals the retraction-closure of
Clp—p in C’.

2. Any (C,w) possesses a weight-Karoubian extension.
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Proof. Assertion 1 immediately follows from Theorem 2.2.2(1.1) of [9], and invoking part
III.1 of loc. cit., one also obtains assertion 2. O

Now, we generalize Theorem 2.3.4(II) to arbitrary weighted categories; see Definition
2.3.3, Remark 1.3.3, and Theorem 2.4.2 for the definitions.

Theorem 3.1.3. The following assumptions on M € ObjC are equivalent.

1. M is w-degenerate (resp. t(M) € K(Hw) <o)

2. M can be presented as an extension of a left w'-degenerate object Y' of C by a
right w'-degenerate object X' (resp. by X} € C'i<o; ¢f. diagram 2.3.1) in a weight-
Karoubian extension (C',w') of (C,w).

3. In any weight-Karoubian extension of C, there exists a presentation of M as in
condition 2.

4. M is a C-retract of an extension M of a left w-degenerate object Y of C by a right
w-degenerate X (resp. M is essentially w-negative in the sense of Definition 3.1.1(2)).

5. The object M @ M[—1] is an extension of a left w-degenerate Y € ObjC by a right
w-degenerate X (resp. by Xo € C\,<p)-

6. M is without weight i for all i € Z (resp. for alli>0).

7. Hi(M)=0 for alli € Z (resp. i >0) and every w-pure homological functor H from
C.

8. HY(M)={0} for alli € Z (resp. fori>0) and every additive functor A: Hw’ — Ab
that respects products; here we use the notation of Theorem 2.4.2(3).

Proof. Let us study the conditions in brackets (that correspond to the essential w-
negativity of M).

Clearly, the corresponding version of condition 5 implies condition 4. 2 follows from 3
since a weight-Karoubian extension (C’,w’) of C exists; see Proposition 3.1.2(2).

Condition 1 is easily seen to be equivalent to condition 6 according to Theorem 2.3.1(3,1)
combined with Lemma 1.3.2(4,6). Moreover, condition 1 is equivalent to ¢(M) «~; ;1 0 for
all ¢ < 0 by the latter lemma; thus, applying Proposition 2.4.4(I), we obtain that this
condition is also equivalent to conditions 7 and 8.

Next, for any weight-Karoubian extension C’ of C the complex t,(M) belongs
K(Hw),st<o if and only if it belongs to K(Hw'),st<o; see Proposition 1.2.5(1) of [10]
that easily follows from Proposition 1.2.4(2) above. Applying Proposition 1.3.4(4), we
obtain that condition 4 implies 1.

Now, we fix some (C’,w’) and apply Theorem 2.3.4(I1.2) to C’. We obtain that
condition 1 implies condition 3.

It remains to deduce condition 5 from condition 2. Any N’ € ObjC’ is the image of
an idempotent p € C(N,N) for some N € ObjC (see §1.1), and Cone(p) 2 N' @ N'[1] €
ObjC; cf. Lemma 2.2 of [27]. Hence, the direct sum of the C’-‘decomposition’ of M given
by condition 2 with its shift by [—1] yields condition 5.
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The equivalence of the conditions corresponding to (M) = 0 is similar; note that the
functors K(Hw) — K(Hw') — Ky (Huw') are conservative. O

Corollary 3.1.4. If w is a weight structure on C and M is its object, then the following
conditions are equivalent.

1. t(M) € K(Hw)yst>0-
2. M is without weight i for all i <O0.

3. M is an extension of some Yy € Q;u’zo by a right w'-degenerate object X' in some
weight-Karoubian extension (C',w') of C.

4. In any weight-Karoubian extension of C there exists a presentation of M as in
condition 5.

5. M is essentially w-positive in the sense of Definition 3.1.1(2).
6. The object M @ M[1] is an extension of Yo € C,,>¢ by a right w-degenerate X.

7. Hy(M) = {0} for all i <0 and all additive functors A: Hw’® — Ab that respect
products.

Proof. Conditions 1-6 are the categorical duals of the corresponding conditions in
Theorem 3.1.3, whereas conditions 2 and 7 are equivalent according to Proposition
2.4.4(T). O

Remark 3.1.5. 1. Clearly, the formulation of conditions 8 in Theorem 3.1.3 and
condition 7 of Corollary 3.1.4 can be combined with Proposition 2.4.4(II) to obtain the
following statement: If C' is a Brown category and w is smashing, then an object M
is w-degenerate (resp. essentially w-negative, resp. essentially w-positive) if and only if
Hi(M) = {0} for any pure representable H and any i € Z (resp. any i > 0, resp. any i < 0).

2. [9] contains a lot of information on weight-Karoubian extensions and related matters.
In particular, the smallest strict triangulated subcategory €’ of Kar(C) that contains
both C and Kar(Hw) is essentially the minimal weight-Karoubian extension of C; thus,
it makes sense to apply conditions 3 of Theorem 3.1.3 and 4 of Corollary 3.1.4 for this
choice of C'.

3. Moreover, in §3.1 of ibid. it was demonstrated that there does not have to exist
a weight structure on Kar(C) whose restriction to C equals w; thus, weight-Karoubian
extensions are necessary for our arguments.

Now, let us prove a few results closely related to our theorem. The reader may consult
Definition 1.2.2(8, 6) for some notions mentioned below.

Proposition 3.1.6. Let w be a weight structure on C.

1. Assume that w is left (resp. right) nondegenerate.

Then every weight-degenerate object of C is right (resp. left) w-degenerate, and every
essentially w-negative (resp. essentially w-positive) object belongs to C.,, <o (resp. to
szo)'

2. Assume that w is left nondegenerate, an object M of C is weight-degenerate and either
M is w-bounded below or w is also right nondegenerate. Then M 1is zero.
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3. For an object M of C, assume that Hw-complezes t; = (M?) for j =1,2 are K(Huw)-
isomorphic to t(M), and F : C — (C',w') is a weight-exact functor that annihilates the
groups C(M},M3) for all i € Z.

Then F(M) is w'-degenerate.

4. Assume that C;, Cy, and Cy are full triangulated subcategories of C such that w
restricts to them; suppose that the Verdier localization functor F :C — C' = C/Cj exists
(i.e., all morphism classes in this localization are sets) and all Hw-morphisms between
elements of the corresponding classes Cy , o and Cy ,,,_o are killed by F.

Then there is a unique weight structure w' on C' such that F is weight-exact, and
for any M € ObjC, NObjCy the object F(M) is w'-degenerate. Moreover, if w' is
left nondegenerate, then F (M) is w'-right degenerate, and M belongs to Karc(ObjC5)
whenever M is w-bounded below.

Proof. 1. By axiom 1.2.1(i), retracts of left (resp. right) w-degenerate objects are left
(resp. right) w-degenerate. The assertion follows easily.

2. According to the previous assertion, M is right weight-degenerate, that is, it belongs
to NiezC,,y<;- On the other hand, M belongs to C,,>,, for some i € Z (and it actually
belongs to all of these classes in the second case by the previous assertion). Since C,, «; L
Cw>ip1» M L M; hence, M = 0. -

3. Let m be a Ky (Hw)-isomorphism t; — t3. Then, for the functor Ky (HF) :
Kw(Hw) — Ky (Hw') given by Lemma 1.3.2(3), we clearly have Ky, (HFE)(m) = 0. Here,
HF is the restriction of F' to hearts. Since K, (HF)(m) is also an isomorphism, we
obtain K, (HF)(t1) =0. On the other hand, by Proposition 1.3.4(4) we have t,, (F(M)) &
Kw(HF)(t(M)) = Kw(HF)(t1); hence, t, (F(M)) =0, as desired.

4. w' exists according to Proposition 8.1.1(1) of [4], and w’ is uniquely determined by
w according to Proposition 3.1.1(1) of [10].

Next, Proposition 1.3.4(4) gives the existence of Hw-complexes t; and ts such that
t(M) 2ty 2ty (both in Ky(Hw) and in K(Hw); see Lemma 1.3.2(1)). The terms M;
belong to Cy ,,, g, and the terms of 5 belong to Cy ,,,_¢. Thus, F((M) is w'-degenerate
by assertion 3.

By assertion 1, it follows that F(M) is right w’-degenerate whenever w’ is left
nondegenerate. Lastly, if M is weight-bounded below, then F(M) also is. Hence, our
assumptions imply that F(M) = 0 according to assertion 2. Thus, M belongs to
Karc(ObjCj3). Here, we apply the well-known Lemma 2.1.33 of [23]. O

We will describe some consequences of Proposition 3.1.6(4) in Corollary 4.1.4 and
Remark 4.1.5 below.

3.2. A conservativity application
Our results imply that certain weight-exact functors are ‘almost conservative’.
Proposition 3.2.1. Let F': (C,w) — (C',w') be a weight-exact functor.

Assume that the induced functor HF : Hw — Hw' is full. Every Hw-endomorphism
killed by HF is nilpotent, and for some M € ObjC the object F(M) belongs to Q;u/é[m,n]
for some m <n €Z (resp. F(M) is w'-degenerate, resp. essentially w'-positive, resp.
essentially w'-negative).
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Then M is without weights m,...,n (resp. M is weight-degenerate, resp. essentially w-
positive, resp. essentially w-negative).
Consequently, M =0 if F(M) is w'-degenerate and w is nondegenerate.

Proof. Let us prove the first statement in our proposition for m = n; thus, assume that
F(M) is without weight m. We should prove that this assumption implies M € C
we call this implication Claim (*).

According to Theorem 2.3.1(3), this claim is equivalent to the following one:
t(idas) N[—m, —m)] 0 whenever t,, (idF(M)) [—m, —m] 0.

Now, we can assume that t,.(F(M)) is obtained from the weight complex t(M) =
(M?,d%); see Proposition 1.3.4(4). Thus, there exist morphisms h' € Hw'(F(M~™),
F(M~™=Y)) and j' € Hw'(F(M'~™),F(M~™)) such that idps-m) = j' o F(d™™) +
F(d=™ 1) o h’. Since the restriction of F to Hw is full and conservative, we can lift
I/ and j' to some Hw-morphisms h and j, and for lifts of this sort the endomorphism

(c.\:idM*ﬂ‘L —jodim_dimiloh:Mim—}Mim

wé[m,m]

is nilpotent. Hence, there exists n > 0 such that
idy-m = (jod ™™ +d ™ L oh)(idps—m +e+e -4,

Therefore, idp;-m can be presented in the form aod ™ +d ™ 'ob for some a €
Hw(M~™ M~™"1) and b€ Hw(M*'~™,M~™); one can just write down explicit formulas
for a and b in this setting. Thus, t(idas) =, —m] 0.

Next, the general case of the ‘without weights m,...,n part’ follows from Claim (*)
immediately according to Theorem 2.2.1(8).

Lastly, our remaining statements follow from Claim (*) as well; see condition 6 in
Theorem 3.1.3, condition 2 in Corollary 3.1.4 and Proposition 3.1.6(2). O

Remark 3.2.2.

1. Our proposition essentially says that F is ‘conservative (and detects weights; cf.
Remark 1.5.3(1) of [7]) up to weight-degenerate objects’. The latter feature of the
result is unavoidable. Indeed, arguing similarly to Proposition 4.2.1(1) of [10] one can
easily prove that for any set W of weight-degenerate objects of C the localization
of C by the triangulated subcategory generated by W gives a weight-exact functor
that restricts to a full embedding Hw — C’.

2. Let us relate our proposition to earlier results.

In Theorem 1.5.1(1,2) of [7], only the case where M is bounded either above or
below was considered. On the other hand, HF was just assumed to be full and
conservative. Thus, neither our proposition implies loc. cit. nor the converse is valid.
Note also that, in the case where the endomorphisms killed by HF are nilpotent, all
the conclusions of loc. cit. can be easily deduced from our proposition.

Next, we recall that in Theorem 2.8 of [29] (as well as in the weaker Theorem
2.5 of ibid.) it was assumed that F' is weight-exact, HF is full and conservative,
Huw is Karoubian and semiprimary and w is bounded (see Definition 1.2.2(9)). Now,
these assumptions imply that endomorphisms killed by HF' are nilpotent. Indeed,
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the conservativity of HF means that these endomorphisms belong to the radical of
Hw, and semiprimality means that all elements of this radical are nilpotent. Thus,
our proposition implies Theorem 2.8 of ibid.

3. One can obtain plenty of examples to our proposition by taking F' = K(G) : K(B) —
K(B'); here, G : B— B’ is a full additive functor such that every B-endomorphism
killed by G is nilpotent, and one takes w and w’ to be the corresponding stupid weight
structures. Note that in this case we have HF = Kar(G) (see Remark 1.2.3(1)); thus,
HF fulfills our assumptions as well.

Since w is nondegenerate, our proposition implies that F is conservative. The
author wonders whether a proof of this statement ‘without killing weights’ exists.
This may allow to modify the assumptions on HF in Proposition 3.2.1.

Other examples to our proposition are given by Corollary 4.1.4(2).

3.3. An ‘indecomposable’ weight-degenerate object

Let K®(L —vect) be the category of bounded complexes of vectors spaces over a field L.
We take O' = (K®(L —vect))® and C to be the subcategory of C’ consisting of objects
whose ‘total Euler characteristic’ is even in the following sense: The sum of dimensions
of all homology of all the three components of M = (My,Ms,Ms3) should be even. We
define C!, -, as the class of all M = (My,My,M3) such that M; =0 and M, is acyclic
in negative degrees; M € C!~o if M3 =0 and M, is acyclic in positive degrees. We set
Cpeco=ClcoNObjC and C, ~o = <o NObjC. Obviously, w' is a weight structure on
C’. w is a weight structure on C since for (M1,Ms,Ms3) € ObjC any triangle of the form

(0,M',M3) — (M1, Ma,M3) — (M;y,M",0),

where M’ — My — M" is a w*'-decomposition of M, with the corresponding parities of
the Euler characteristics, gives a w-decomposition. Clearly, (C’,w’) is a weight-Karoubian
extension of C.

Take M = (L,0,L) and a distinguished triangle X' — M — Y’ with X’ = (0,0,L) and
Y’ =(L,0,0). Then X’ (resp. Y”') is right (resp. left) w’-degenerate. Thus, M is weight-
degenerate and without weight 0 both in C’ and in C; see conditions 1 and 2 in Theorem
3.1.3 and Theorem 2.2.1(9,6).

Next, for a distinguished triangle X — M — Y with X € C/ ,._;, Y € C’ ,~;, we have
X = X" and Y 2 Y’ by Theorem 2.2.1(9). Since X’ (as well as Y’) is not an object of
C, X is not an object of C either. Thus, neither of the parts of Theorem 2.3.4(II) nor
Theorem 2.2.1(10) extends to C.

Consequently, the notions of essential w-positivity and w-negativity are necessary for
Theorem 3.1.3 and Corollary 3.1.4.

Note also that t,,(M) = 0; hence, Theorem 2.3.1(4) does not extend to C as well.

4. On ‘topological’ examples and converse Hurewicz theorems

In this section, we discuss the applications of our results to equivariant stable homotopy
categories as well as to general purely compactly generated weight structures. We
significantly extend the main results of 7, §4].
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In §4.1, we recall some properties of weight structures generated by sets of compact
objects in their hearts and apply the main results of the previous sections to this setting.
As an application, we establish important prerequisites for [5].

In §4.2, we apply our results to prove some new properties of the spherical weight
structure w® on the equivariant stable homotopy category SH(G) of G-spectra (w® was
introduced in [7]; actually, we work in a somewhat more general context). We obtain a
certain converse Hurewicz theorem in this setting. Moreover, the theory of objects without
weights gives canonical ‘decompositions’ of spectra whose singular homology vanishes in

two subsequent degrees; see Theorem 4.2.4(5) and Remark 4.2.3(2) below.

4.1. On purely compactly generated weight structures

In this section, we always assume that C' is a smashing triangulated category; see
Definition 2.4.3.

Definition 4.1.1. Let P be a full subcategory of C.

1. We will say that P is connective in C if P L (UjsoPli]).*

2. Let P’ be the category of ‘formal coproducts’ of objects of P, that is, the objects of
P’ are of the form [[, P; for families of P; € ObjP, and

P'(II M [TV = [T P(Mi, Ny). (4.1.1)
i J

Then we will call the idempotent completion of P’ the smashing idempotent

completion of P.

3. We will say that a full triangulated subcategory D C C is localizing whenever D is
closed with respect to C-coproducts. Respectively, we will call the smallest localizing
subcategory of C' that contains a given subcategory P C C the localizing subcategory
of C generated by P.

4. An object M of C is said to be compact if the functor HM = C(M,~) : C — Ab
respects coproducts.

5. We will say that C' is compactly generated by its subcategory P if P is small, generates
C as its own localizing subcategory and objects of P are compact.

Now, let us recall the main properties of purely compactly generated weight structures.
These are the ones provided by the following theorem.

Theorem 4.1.2. Let P be a connective subcategory of C that compactly generates it.
Then the following statements are valid; cf. Definition 2./.5.

1. C is a Karoubian Brown category.

2. There exists a unique smashing weight structure w on C such that P C Hw; w is left
nondegenerate.

4In earlier texts of the author, connective subcategories were called negative ones; another
related notion is silting.
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3. The corresponding C,, <o (resp. C,,~o) is the smallest subclass of ObjC that is closed
with respect to coproducts and extensions and contains ObjPli] for i <0 (resp. for
1>0), and Hw 1is equivalent to the smashing idempotent completion of P.

Moreover, C.,5 = (Ui<oPli])*.

4. Let H be a cohomological functor from C into an abelian category A that converts all

small coproducts into products. Then it is pure if and only if it kills U;oP[i].

5. Let F: C — D be an exact functor that respects coproducts, where D is a triangulated
category endowed with a smashing weight structure v. Then F is weight-exact if and
only if it sends P into Hv.

6. The category Ht C C' of w-pure representable functors from C is equivalent to the
category Ap of additive contravariant functors from P into Ab (i.e., we take those
functors that respect the addition of morphisms).” Moreover, Ap (and thus also Ht)
is Grothendieck abelian and has enough projectives. Consequently, Ap is cogenerated
by an object I that is injective in it; we fix the choice of I.

Furthermore, restricting functors representable by objects of P to Hw one obtains
a fully faithful functor Ap : Hw — Ap whose essential image is the subcategory of
projective objects of Ap.

7. The following assumptions on an object M of C are equivalent.

(i). t(M) € K(Hw)yst>0-
(ii). H]AP (M) =0 for j <0; see Theorem 2.4.2(3) for this notation.
(ii). M L (Uj<o{Z[j]})-

8. Assume that there exists an integer j > 0 such that P L U;>;P[—i]. Then w is

nondegenerate.

Proof. Assertions 1-7 were mostly established in [23] and [10]; see §3.2 of [7] for the
detail.

Next, if P L (U;>;P[—i]), then the compactness of elements of P along with the
description of C <, in assertion 3 imply that U;>,;P[i] L C,, <o. Thus, every right weight-
degenerate element of C belongs to (U;ezP[i])*. Now, the well-known Proposition 8.4.1
of [23] says that the latter class is zero since C' is compactly generated by P; hence,
w is right nondegenerate. Since w is also left nondegenerate by assertion 2, we obtain
assertion 8. O

Remark 4.1.3. We will now discuss certain examples to our theorem. Note, however,
that the spherical weight structure on SH is purely compactly generated and still right
weight-degenerate; see Remark 4.2.3(4) below.

Corollary 4.1.4. Let n > 0.
1. The assumptions of Theorem /4.1.2 are fulfilled if C' is one of the following categories:
(i) the derived category of a small differential graded category B (see §3.2 [16]) such
that the complex B*(M,N) is acyclic in positive degrees whenever M,N € B. Here, we
take P to be the subcategory of C' corresponding to B;

5According to Proposition 4.3.3 of 7], the category Ht is actually the heart of a t-structure on
C (cf. Remark 4.2.3(6) below), whence the notation.

https://doi.org/10.1017/51474748022000470 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748022000470

26 M. V. Bondarko

(ii) the derived category of E-modules, where E is an S-algebra and m;(E) = {0} if i <0;
see Example 1.2.3(f) of [15] for the detail. In this case, we take P = {E}.

Moreover, the additional assumption of Theorem 4.1.2(8) is fulfilled in these cases as
well whenever all the complexes B*(M,N) are acyclic in degrees less than —n or if m;(E) =
{0} for i > n, respectively.

2. Let A and B be differential graded algebras whose cohomology H*(A) and H*(B) is
concentrated in negative degrees, and assume that B is a Tight A-module.

Take C = D(A), wya to be the weight structure corresponding to P = {A} according to
assertion 1 and Theorem J.1.2(2), C' = D(B), wg to be the weight structure corresponding
to P' ={B}. Assume that n-th power of the kernel of the ring homomorphism C(A,A) —
C'(B,B) induced by F is zero.

Then for the exzact functor F : C = D(A) — C' = D(B) described in §3.8 of [16], the
assumptions of Proposition 3.2.1 are fulfilled. Here, we take X = B and consider X as an
A — B-bimodule when we apply loc. cit.

3. Assume that C is compactly purely generated by its subcategory P, and that for
i =1,2,3 we have full subcategories P; of P such that all morphisms between Py and Po
factor through Ps. Denote by C; the localizing triangulated subcategory of C generated by
Pi (i=1,2,3).

Then the localization functor F: C — C' = C/Cy exists (cf. Proposition 3.1.6(4)), there
is a unique weight structure w' on C' such that F is weight-exact and for any M €
ObjC,NObjC,, the object F(M) is right w'-degenerate. Moreover, M is an object of Cs
whenever M € ObjC; NObjCy and M is w-bounded below.

Proof. 1. In case (i), the objects of C' coming from B are compact by Corollary 3.7
of [16]. Moreover, in the discussion preceding loc. cit. the equality (U;czP[i])*t = {0} is
mentioned. Hence, P compactly generates C by Proposition 8.4.1 of [23]. Next, formula
(3) in [16, §3.2] says that for every j € Z and M,N € B the jth cohomology of the complex
(B*(M,N)) is isomorphic to C(M,N[j]). This easily implies all the remaining statements
for this case.

The statement that {E} compactly generates C in case (ii) can be found in Example
1.2.3(f) of [15]. Furthermore, loc. cit. states that C(F,X) is the zeroth homotopy group of
the underlying spectrum X for any object X of C'. This yields all the remaining statements
for this case.

2. The description of F' given in §3.8 of [16] immediately implies that F' is exact, respects
coproducts and F'(A) = B. Applying Theorem 4.1.2(5), we obtain that F' is weight-exact.

Next, the hearts of w4 and wp are equivalent to the categories of projective modules
over C(A,A) and C'(B,B), respectively, according to Theorem 4.1.2(3). Hence, the
nilpotence condition in Proposition 3.2.1 follows from our nilpotence of the kernel
assumption.

3. It clearly suffices to prove that Cj is retraction-closed in C, (C,w,C))
satisfy the assumptions of Proposition 3.1.6(4), and the corresponding w’ is left
nondegenerate.

C5 is retraction-closed in C since C4 is Karoubian (see Theorem 4.1.2(1)). Next, w
restricts to C'; and Cy by Theorem 4.1.2(5).
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The localization functor F is well-known to exist and (also) to respect coproducts
and the compactness of objects; see Proposition 9.1.19, Theorem 8.3.3, Corollary 3.2.11
and Theorem 4.4.9 of [23]. Thus, Theorem 4.1.2(3) implies that all Hw-morphisms
between elements of the corresponding classes C'; ,, _o and Cy,,,_o are killed by Fj;
see equality 4.1.1.

Lastly, by Proposition 3.1.6(4) there exists a unique weight structure w’ such that F' is
weight-exact. Thus, F(P) C C!,_; hence, F(P) is a connective subcategory of C’. Since
P compactly generates C, F(P) compactly generates C’ and applying Theorem 4.1.2(5),
we obtain that w’ is purely compactly generated by F(P). Hence, w’ is left nondegenerate
by Theorem 4.1.2(2). O

Remark 4.1.5. Corollary 4.1.4(3) slightly generalizes Proposition 1.9 of [5] which
seriously depended on an earlier version of the current paper. Thus, we obtain an
unconditional proof of loc. cit. This is crucial for ibid.

Now, let us relate purely compactly generated weight structures to the main definitions
of the current paper.

Corollary 4.1.6. Adopt the notation and the assumptions of Theorem j.1.2. Let m <
n € Z.

1. The class of essentially w-positive objects coincides with +Uj<o {I[j]}, where I is
an injective cogenerator of Ap. This class is also characterized by the vanishing of
HJAP(—) for j <0.

2. The class of w-degenerate objects coincides with +Ujcz {I[j]} and also with + U ez
{Ht[j]}. Moreover, this class is characterized by the vanishing of HJAP(—) for all
jEeZ.

3. A C-morphism g kills weight m if and only if H™(g) =0 for every pure representable
functor H.

4. An object M of C is without weights m,...,n if and only if HY (M) =0 whenever H
is pure and representable and m < j <n.

5. Coyco =" (UjsoHL[j]). Moreover, this class is also annihilated by H; for alli>0 and
for every w-pure homological functor H from C.

Proof. 1. According to Corollary 3.1.4, an object M of C is essentially w-positive if and
only if t(M) € K(Hw),st>0. Combining this fact with Theorem 4.1.2(7), we obtain our
assertion.

2. w is left nondegenerate by Theorem 4.1.2(2); hence, Proposition 3.1.6(1) implies
that M is essentially w-positive if and only if it belongs to C,, <. On the other hand,
M is weight-degenerate if and only if it is right weight-degenerate. Thus, M is weight-
degenerate if and only if M[j] is essentially w-positive for all j € Z. Hence, our assertion
follows from the previous one.

3. Since w is smashing and C' is a Brown category, the assertion follows from Proposition
2.4.4 immediately.
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4. This is a straightforward consequence of the previous assertion combined with
Theorem 2.3.1(1,3) along with Lemma 1.3.2(4).

5. Since w is left nondegenerate, C,, -, coincides with the class of all essentially w-
negative objects according to Proposition 3.1.6(1). Thus, Theorem 3.1.3 gives the result
in question; cf. Remark 3.1.5(1). O

Now, let us demonstrate that one can say more on this setting if an additional
assumption is imposed.

Proposition 4.1.7. Adopt the notation and assumptions of Theorem 4.1.2, and suppose
in addition that the category Ap is of projective dimension at most 1, that is, any its object
has a projective resolution of length 1. Let m <n €Z and g: E — E’ be a C-morphism.

1. Then the category Ky (Hw) equals K(Hw), and the natural functor K(Hw) —
D(Ap) is an equivalence.

2. For any objects C and C" in D(Ap), we have natural isomorphisms C = [ H;(C)|j]
and

D(4p)(C,C") = [ Ap(H N [ Exth, (H;(C), Hj1(C)).
JEL JEZ

3. g kills weight m if and only if HA?(g) =0, the class of t(g) in the group
Extlép(Hm_l(t(E)),Hm(t(E’))) (here we use the identification provided by the
previous two assertions) vanishes, and the morphism H;,?_’l(g) factors through a
projective object of Ap.

4. E is without weights m,...,n (resp. E € C,,<,, 1) if and only if H]AP (E)=0 for
m <j<n (resp. for j >m) and HA? (E) is a projective object of Ap.

Proof. 1. These statements easily follow from Theorem 4.1.2(6) according to Remark
3.3.4 of [4].

2. The first splitting statement is well-known, and the second statement easily follows
from the vanishing of higher extension groups in Ap.

3. Once again, we should check whether #(g) “~[—,, —m] 0; see Theorem 2.3.1(1). Now,
assertion 2 implies that

tH(E) =k ) [ Cin (4.1.2)

i€EL

where C; = Cone(A; LS B;)[i], and f; are Hw-monomorphisms; thus, f; are also Ap-
monomorphisms between projective objects. Similarly, we present ¢(£’) as [[C}, where

O} = Cone(4] f4 B;)[j]. Clearly, it suffices to treat all our assumptions on t(g) separately
for the morphisms g;; : C; — C} induced by t(g), for {i,5} C {m,m —1}.

Next, C,,, L C},_; since fn 1 is monomorphic. It remains to verify that the three
remaining cases of (4,7) give our three conditions on g¢.

Assertion 2 implies that K (Hw)(Cp—1,Cl,) = Extkp (HA? (E),HA?(E')). Moreover,
Gm—1,m ) 0 for all [ # —mj; thus, gm—1,m =0 if and only if gpm—1,m kills weight m.
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Hence, grm,m—1 kills weight m if and only if the class of ¢(g) in Extlép (HA? (E),HA?(E"))
vanishes.

Next, if g kills weight m, then H?(g) = 0 by Proposition 2.4.4(I). Conversely,
K(Hw)(Cp,Ch) = Ap(H:? (E),HA7 (E')); thus, if H;\?(g) =0, then g, = 0.

Lastly, gm—1,m—1 “[=m,—m) 0 if and only if g, 1,1 factors through the obvious
! lm—1] = C!,_,. The latter condition clearly implies that HA" (g)

morphism B,
factors through B! . Conversely, if HA? (g) factors through a projective object of Ap,
then gp—1,m—1 factors through C,,_,,_;. Note here that A, embeds into K (Hw) st >m—1
via projective resolutions. Thus, ¢m—1,m—1 factors through BJ,_;[m —1]. Here, we apply
Proposition 1.2.4(6) to the category C = K(Hw) endowed with the stupid weight
structure.

Assertion 4 follows from the previous one more or less easily. Combining Corollary 3.1.4
(see condition 2 in it) with Proposition 3.1.6(1) we obtain that F belongs to C,, «,,_ if
and only if id g kills weight i for all i > m. Recall also that E is without weights m, ... n if
and only if id g kills weight 4 for m < i <n; see Theorem 2.2.1(8). Hence, it remains to note
that for every ¢ € Z the morphism HiAP (idg) clearly equals the corresponding identity,
whereas the classes of ¢(idg) in all the groups Ext}AP (H;(E),H;+1(FE)) (see assertion 2)

are zero. O

Remark 4.1.8. 1. Let us describe a motivic example to our proposition.

One can take C to be the localizing subcategory DT M generated by the Tate motives
Z(i), i € Z, in the category DM of motives with integral coefficients over any perfect field
k; see §4.2 of [13]. Then the category P = {Z(i)[2i], i € Z} is connective in DT'M since
Z(3)[24] L Z(j)[24] for every i # j € Z, whereas DM (Z(i)[2i],Z(3)[2i]) = Z for all i; see
Corollary 6.7.3 of [3]. Hence, the corresponding category Ap is equivalent to AbZ: thus,
Ap is of projective dimension 1.

Moreover, Ap is of projective dimension 1 for the R-linear motivic category DT Mp
whenever R is a Dedekind domain or a field. Note also that for any R the corresponding
functor HA? essentially computes the so-called Chow-weight homology of Tate motives
(inside DMy > DMg''); see [8] and [11].

2. The case E € C,,<,,_1 in part 4 of our proposition is an abstract generalization of [20,
Proposition 6.16] (where C = SH was considered; see Theorem 4.2.4 below). Respectively,
Proposition 6.17 of loc. cit. is the corresponding case of the orthogonality axiom for the
weight structure w®?". Note, however, that the methods of loc. cit. do not seem to extend
to the case of a general G as well as to the setting of Theorem 4.1.2.

4.2. Equivariant spectra and converse Hurewicz theorems

Let us generalize Theorem 4.1.1 of [7] to the setting of S-local equivariant stable homotopy
categories and extend it. We need some notation.

e Choose a set of prime numbers S C Z, and denote Z[S™!] by A. S may be empty.
Then A =Z, and this case is quite important.

e G is a fixed compact Lie group. We will write SH(G) for the stable homotopy
category of G-spectra indexed by a complete G-universe; see [19] and [21] for lots
of detail on these categories.
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e We write SH)(G) for the full subcategory of S-local objects of SH(G), that
is, M € ObjSHA(G) whenever the morphism pid,; is invertible for every p € S.
According to Proposition A.2.8 of [17], SHA(G) is a triangulated subcategory of
SH(G) and there exists an exact left adjoint lg = (—)[S™!] to the embedding
SHA(G) — SH(G).

e We take P to be the set of spectra of the form l5(S%), where B is a closed subgroup
of G (cf. Definition 1.4.3 of [19]. Recall that S% = Y"°G/BT is constructed
starting from the G-space G/B). We will write P for the corresponding preadditive
subcategory of SHA(G). If A =7, then P is the (stable) orbit category of ibid.

Recall also that S%[n] € ObjSH(G) is the corresponding sphere spectrum S%
essentially by definition; see loc. cit.

e The equivariant homotopy groups of an object E of SH(G) D SHA(G) are defined
as 72 (E) = SH(G)(S%, E) (for all n € Z; see §1.6 and Definition 1.4.4(i) of ibid.).

e We will write EMg for the full subcategory of SHx(G) whose object class is
(Uiez\{o}P[i})L. In the case A =7, the objects of EMg are the Eilenberg—MacLane
G-spectra; see §XII1.4 of [21].

e We write Mg for the category of additive contravariant functors from P into Ab
(cf. Theorem 4.1.2(6)). We call its objects Mackey functors. Respectively, Ap :
P — Mg is the Yoneda embedding.

e We call L(U;ezEMgli]) C ObjSHA(G) the class of acyclic spectra; that is, a
spectrum is acyclic if it is annihilated by H® for all H represented by S-local
Eilenberg—MacLane spectra and i € Z.

Now, let us describe a weight structure on SHy(G).

Proposition 4.2.1. Let n € Z. Then the following statements are valid.

1. The restriction of lg to the category SHA(G) C SH(G) is fully faithful. Moreover,
SHA(G)(15(SR),ls(C)) =2 SH(G)(S3,15(C)) 2 nB(C)®z A for any closed subgroup
B of G and an object C of SH(G).

2. The category C = SHA(G) and the class P specified above satisfy the assumptions of
Theorem 4.1.2. The heart @f of the corresponding weight structure w$§ on SHA(G)
consists of retracts of coproducts of elements of P, and @f is equivalent to the
smashing idempotent completion of P; see Definition /.1.1(2).

3. The class of n— 1-connected S-local spectra (see Definition I.4.4(%i) of [19]; that
is, this is the class (Uj<,P[i])*) coincides with SHA(G)wg>n- In particular,
SHA(G)w/CgZo is the class of S-local connective spectra. It is the smallest class of
objects of SHA(G) that contains U;>oP[i] and is closed with respect to coproducts
and extensions.

4. SHA(G) <o s the smallest subclass of ObjSHA(G) that is closed with respect
to coproducts and extensions and contains P[i] for i < 0. This class also equals
L(Uiso EMg[i]) = J-SHA(G)wX;N, Moreover, it is annihilated by H; for all ¢ >0
and for every pure homological functor H from SHA(G).
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5. A (co)homological functor from SHp(G) into an abelian category A that respects
coproducts (resp. converts them into products) is wf—pure if and only if it kills
UizoP[d].

In particular, all objects of EMqg represent wf—pure functors.

6. The category EM¢g s naturally equivalent to Mg via Yoneda; thus, EM¢g is

Grothendieck abelian and has an injective cogenerator I.

Proof. 1. The restriction of lg to SHA(G) is fully faithful since lg is left adjoint to
the embedding SHx(G) — SH(G). Next, the only nontrivial isomorphism for morphism
groups in the assertion is given by Corollary A.2.13 of [17].

2. The fact that objects of the form S% form a connective subcategory of SH(G) that
compactly generates this category can be deduced from the results of [19]; see [7, Theorem
4.1.1] for more detail. Applying the previous assertion, we obtain that P is connective in
SH)(G). Next, the functor Is sends any family of compact generators of SH(G) into a
one for SHy (G) according to Proposition A.2.8 of [17]. Lastly, we apply Theorem 4.1.2(3)
to compute the heart of wf

3. By definition, a G-spectrum N is n— 1-connected whenever 7 (N) = SH(G)(S4,N) =
{0} for all i < n and every closed subgroup B of G. Since SH(G)(S}E,N) =
SHA(G)(1s(S%),ls(IN)) (see assertion 1), it remains to apply Theorem 4.1.2(3) to obtain
all the statements in question.

4. The first of these descriptions of SH)(G),¢<( is given by Theorem 4.1.2(1). Next,
SHA(G)ws <o = J-SHA(G)w/c\;E according to Proposition 1.2.4(2). It remains to apply
Theorem 4.1.2(5) to conclude the proof.

Assertion 5 follows from Theorem 4.1.2(4) immediately. Lastly, assertion 6 is just the
corresponding case of Theorem 4.1.2(6). O

Now, we apply the results of this paper to w§; consult Definitions 2.3.3, 2.1.2, 3.1.1(2)
and 2.4.1 for the notions mentioned in it.

Theorem 4.2.2. Let E € ObjSH(G); I is an injective cogenerator of EMg.

1. The following conditions are equivalent.
(). Eis acyclic
(ii). E is w§- degenemte
(iii). E is right w§ -degenerate.
(iv). B L SHA(G)yg > for every i € Z.
(v). H“AP( E) =0 for every i € Z.
(vi). E L (UiczIli]).
2. The following assumptions on a SHA(G)-morphism h are equivalent.
(i). h kills weight 0.
(ii). H(h) =0 for every w§ -pure functor H from SHA(G).
(iii). For every J € EM¢g and P = SHA(G)(—,J), we have P(h) = 0.
3. The following conditions are equivalent as well.
(i). E is essentially w§ -positive.
(ii). E is an extension of a connective spectrum by an acyclic one.
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(iii). H(E[j]) =0 for every w§-pure functor H from SHA(G) and j > 0.

(iv). E L I[j] for all j <O.

(v). H{*P(E) =0 for all j <0.

4. Let m <n € Z. Then the following conditions are equivalent.

(i). E is without weights m...n.

(ii). There exists a distinguished triangle Ey — E — Eo — Eq[1] such that Ey €
SHA(G) w6 <m—1 and Ez € SHN(G) G >nq1- Moreover, if this is the case, then this
triangle is canonically determined by FE.

(ifi). B L (Um<i<n EMg[—1]).

(iv). E is annihilated by H; whenever m <i <n and H is a pure homological functor
from SHA(G).

Proof. 1. According to Proposition 4.2.1(2), we can apply Corollary 4.1.6(2) to obtain
that conditions (i), (i), (v) and (vi) are equivalent. Next, conditions (ii) and (iii) are
equivalent since w§ is left nondegenerate (see Theorem 4.1.2(2) and Proposition 3.1.6(1)),
and applying Proposition 1.2.4(2) we obtain the equivalence of (iii) and (iv).

Assertion 2 immediately follows from Proposition 2.4.4.

3. Since SH)(G) is Karoubian, conditions (i) and (ii) are equivalent according to
Corollary 3.1.4(II) combined with Proposition 4.2.1(3) and assertion 1. Moreover, (i)
is equivalent to (iv) and (v) by Theorem 4.1.2(1), and condition (iii) clearly implies
condition (iv).

4. By definition, F is without weights m...n if and only if idg kills these weights.
Hence, applying assertion 2 we obtain the equivalence of conditions (i), (iii) and (iv).
Lastly, conditions (i) and (ii) are equivalent according to Theorem 2.2.1(9,10). O

Remark 4.2.3.

1. Let us explain that part 3 of our theorem is a certain converse to the natural Hurewicz
theorem for this context.

We recall that the ‘usual’ stable Hurewicz theorem essentially says that in the
case G ={e} (and A =7Z, so SH(G) = SH) a w§ = w*P"-bounded below spectrum
E is connective if and only if its singular homology is concentrated in nonnegative
degrees. An equivariant version of this statement is given by Theorem 2.1(i) of [18]
(cf. also Theorem 1.11 of ibid. and Proposition 7.1.2(f) of [15]). Note that one replaces
singular homology by HA7 in it (cf. part 4 of this remark).

Now, it is easily seen that those essentially w§-positive objects that are w§-
bounded below are connective. Hence, part 3 of our theorem naturally generalizes
the aforementioned converse equivariant Hurewicz theorem to arbitrary objects of
SHx(G). Our generalization depends on the notion of acyclic spectra, and the
corresponding part 1 of our theorem also appears to be quite new; cf. also part
4 of this remark.

2. The notions of killing weights and being without weights m, ... ,n (along with parts
2—4 of our theorem see also Proposition 4.2.1(4)) appear to be new in this context
even when restricted to the case C = SH. Note that one can obtain canonical
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‘decompositions’ of some spectra (see condition 4. (ii) in our theorem) by looking at
their cohomology with coefficients in Eilenberg-Maclane spectra.

3. Recall that if A =Z, then the pure homological functor HA? is the equivariant
ordinary homology with Burnside ring coefficients functor H§’ considered in [18] (cf.
also Definition X.4.1 of [21]), and for every Mackey functor M the corresponding
pure functor Hys coincides with HZ(—,M) in Definitions X.4.2 and §XIIL.4 of ibid.
Clearly, it follows that the functors H? and H); are closely related to these notions
as well.

4. None of the descriptions of acyclic spectra in part 1 of our theorem characterizes
them ‘explicitly’. In the case G = {e}, our definition of this notion coincides with the
definition in [20]; see Theorem 4.2.4(2) below. Thus, Theorem 16.17 of ibid. gives an
explicit example of a nonzero acyclic spectrum.

5. Proposition 4.1.7 certainly gives some more information on (‘weights of’) objects
of SHx(G) whenever the corresponding category Mg is of projective dimension at
most 1. So we note that this assumption is fulfilled whenever G is a finite group of
order n and 1/n € A. One should join Theorem 2.1 of [14] with the finite projective
dimension statement established in §6 of ibid. to obtain this fact.

6. Let us mention some nice properties of w®.

Firstly, it restricts to the subcategory of compact objects of SH(G); cf. Theorem
4.1.1(2) of [7]. Next, the class SH)(G)ce>0 can also be described as SHA(G)i>0
for a certain Postnikov t-structure t (see Definition 4.3.1(I) and Proposition 4.3.3 of
ibid.), yet this ¢-structure does not restrict to compact objects of SHx(G).

Note also that our theory gives a certain converse Hurewicz-type theorem (and also
other ‘decompositions’ as well as several new definitions; see part 2 of this remark)
for the so-called connective stable homotopy theory as discussed in §7 of [15]; cf.
version (ii) of Corollary 4.1.4(1) and see Remark 4.3.4(2) of [7] for more detail.

Now, we apply our results to the stable homotopy category SH. Some of these
statements were already stated in Theorem 4.2.1 of [7]. This corresponds to the case
of trivial G and S in Proposition 4.2.1, so we will write EM for EMg and w®P" for w/Cf

in this case and use the remaining notation from the proposition.

Theorem 4.2.4. Set P = {S°}, and assume m <n€Z and g: E — E' is an SH-
morphism.

1. Then the functor SH(S®,—) gives equivalences Huw*™" — FreeAb (free abelian groups)
and EM — Ab; thus, Ap is equivalent to Ab as well.

2. The last of the aforementioned equivalences makes the functor Ap isomorphic to the
singular homology functor H"9 = H*"9(— 7). Consequently, acyclic spectra in SH
are characterized by the vanishing of their singular homology (cf. §6.2 of [20]).

3. For every abelian group T and the corresponding spectrum EM' € ObjEM, the
functor SH(—,EMF) is isomorphic to the singular cohomology with coefficients
in I
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4. g kills weight m if and only if HZ™9(g) = 0, the class of t(g) in the group
Exth, (HZ™9 (E),H:"9(E")) (see Proposition 4.1.7(3)) vanishes and the morphism
Hﬁﬁ% (g9) factors through a free abelian group.

This condition is also equivalent to the vanishing of Hg;, (—,I')(g) for every abelian
group T.
5. E is an extension of an m-connected spectrum Y by X,,—1 € Sstph,Sm_lﬁ if and

only if H;mg(E) = {0} form <j<n, and H:™(E) is a free abelian group.
6. F is an extension of a connective spectrum by an acyclic one if and only ifH;mg(E) =

{0} for all j < 0. This is also equivalent to the vanishing of Hgmg(EQ/Z) for all
j<o0.

Proof. Assertions 1-3 easily follow from Theorem 4.1.2. They are also contained in
Theorem 4.2.1 of [7]. These facts also yield that Theorem 4.1.2(3) implies our assertion 6.

Next, the category Ab = A, is of cohomological dimension 1; hence, we can combine
Proposition 4.1.7(3,4) with the preceding assertions along with Theorem 4.1.2(2,4) to
obtain assertions 4 and 5. O

Now, we can relate w*P" to central notions of [20].

Theorem 4.2.5. 1. The following assumptions on a spectrum E (that is, an object of
SH) are equivalent.

(1) FE e SstphSn;

(it) H'™(E) = {0} fori>n and H™(E) is a free abelian group;

(iii) H;ing (E,T) ={0} for every i >n and every abelian group T';

(iv) E is an n-skeleton (of some spectrum) in the sense of [20, §6.3].

2. A w*P"-Postnikov tower (see Definition 1.3.8 of [7]) for E is the same thing as a
cellular tower for E in the sense of [20, §6.3].

Proof. Applying Theorem 4.2.4(1-3) we obtain that Proposition 4.2.1(4) gives the
equivalence of conditions 1(i) and 1(iii), and also that Proposition 4.1.7(4) implies the
equivalence of conditions 1(i) and 1(ii). Moreover, the latter equivalence statement implies
that these conditions are fulfilled if and only if F is an n-skeleton, and also that assertion
2 is valid according to Theorem 4.2.1(4,5) of [7]. O
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6Sstph <m—1 consists precisely of m — 1-skeleta; see Theorem 4.2.5(1).
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