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∑
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���#. J	  H=;5C;I A7:7A>A 9:I A9J7A>A 64:=;:=>= 87A;

πce πci πe πi πce πci πe πiN
complete complete 50 1185261644 0.1 1.0 0.1 0.3 28767 0.8 0.1 0.1 1.0
cycle complete 50 1144248878 0.6 1.0 0.1 0.3 29387 0.9 0.1 0.3 1.0
complete cycle 50 26467498 1.0 1.0 0.4 0.3 22850 1.0 0.1 0.1 1.0
cycle cycle 50 474773 0.1 0.1 0.6 0.9 26842 1.0 0.9 0.1 1.0
complete star 50 1602538 1.0 0.1 0.5 0.3 2018 0.1 1.0 1.0 0.3
cycle star 50 275898 1.0 1.0 0.1 0.3 2021 0.1 1.0 1.0 0.3
complete twoClique 50 492816970 0.2 1.0 0.1 0.3 28185 0.1 0.7 1.0 0.3
cycle twoClique 50 151026217 0.7 1.0 0.1 0.3 20923 0.1 1.0 1.0 0.3
complete twoClique 51 708728030 0.1 1.0 0.1 0.3 30628 0.9 0.1 0.1 1.0
cycle twoClique 51 449651392 0.6 1.0 0.1 0.3 26250 0.1 1.0 1.0 0.3
complete twoStar 50 2027297 1.0 0.1 0.5 0.3 3795 0.1 0.9 1.0 0.3
cycle twoStar 50 317571 1.0 0.9 0.1 0.3 3743 0.2 1.0 1.0 0.4
complete twoStar 51 2347437 1.0 0.1 0.5 0.3 4201 0.1 0.9 1.0 0.3
cycle twoStar 51 349638 0.7 1.0 0.1 0.3 4527 0.2 1.0 1.0 0.3

���#. K	  H=;5C;I A7:7A>A 9:I A9J7A>A K7::7:B 598;

πce πci πe πi πce πci πe πiN
complete complete 50 0.7 0.1 0.1 0.2 1.0 0.31 0.2 0.6 1.0 0.5
cycle complete 50 0.81 0.9 0.1 0.2 0.8 0.33 0.4 0.1 0.8 0.3
complete cycle 50 0.71 0.2 0.1 0.4 1.0 0.29 0.7 1.0 0.6 0.3
cycle cycle 50 0.82 0.1 0.6 0.1 0.6 0.25 0.2 0.9 1.0 0.6
complete star 50 0.7 0.1 0.4 0.2 1.0 0.24 0.3 0.4 1.0 0.4
cycle star 50 0.82 0.2 0.1 0.1 0.7 0.23 0.1 0.2 1.0 0.4
complete twoClique 50 0.68 0.5 0.7 0.4 0.8 0.3 0.7 0.3 0.9 0.9
cycle twoClique 50 0.76 0.9 0.1 0.1 1.0 0.28 0.2 0.8 0.6 0.5
complete twoClique 51 0.73 0.1 0.1 0.1 0.9 0.32 0.4 0.8 0.7 0.4
cycle twoClique 51 0.77 0.7 0.2 0.1 0.9 0.31 0.1 0.3 1.0 0.5
complete twoStar 50 0.72 0.1 0.4 0.2 1.0 0.26 0.1 0.8 0.8 0.4
cycle twoStar 50 0.77 0.8 0.2 0.2 0.9 0.25 0.3 0.3 1.0 0.3
complete twoStar 51 0.72 0.1 0.1 0.1 0.7 0.27 0.1 0.8 0.9 0.3
cycle twoStar 51 0.8 0.8 0.2 0.1 1.0 0.26 0.1 1.0 0.9 0.4
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���#. R	 #;=657L87C; =8987=876= 4< 6?>=8;5= K78M7: K7::7:B 598; N64AL?;8;$64AL?;8;$O(P

T_C_gI?ICA c`FA?IC cGF^? RI_^ k?K RL^ �9Q 9�Q 29Q R_]

πce

� .N/ ��181 ���8� ��. ��0 ��1 ��2 .��
. �08 ��91� ���82 ��. ��0 ��9 ��8 .��
� .8N ��920 ���21 ��. ��0 ��N ��8 .��
0 �/. ��910 ���8/ ��. ��0 ��9 ��8 .��
...

πci

� .N/ ��182 ��0�N ��. ��� ��1 ��2 .��
. �08 ��9/. ���/0 ��. ��0 ��N ��/ .��
� .8N ��900 ���2� ��. ��0 ��9 ��8 .��
0 �/. ��912 ���/� ��. ��0 ��9 ��8 .��
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πe

� .N/ ��9�/ ���/� ��. ��0 ��9 ��2 .��
. �08 ��98. ��0�1 ��. ��0 ��N ��/ .��
� .8N ��9�9 ���/� ��. ��0 ��9 ��8 .��
0 �/. ��982 ���8� ��. ��1 ��N ��8 .��
...

πi

� .N/ ��N/8 ���00 ��0 ��9 ��2 ��/ .��
. �08 ��N0� ���0� ��0 ��1 ��N ��8 .��
� .8N ��N0. ���02 ��0 ��1 ��N ��8 .��
0 �/. ��N�� ���0� ��0 ��1 ��N ��8 .��
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���#. S	 �4:=;:=>= 87A; 6?>=8;5 =7Q;= <45 ;96M A4I;?

RGKI` c`FA?IC � c`FA?IC .
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. DaD`I	DGg@`I?I	9� 0�1. ./
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`;54 <^76^b5 5: 6U<Ua^5^<7 πce � πci � πe� UY9 πi
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^G� �+ @@� �213�2/�

�� jG``Ia [� S�+ tLMMI?? l� R� UCMGKLD ?>IGCIgA EGC bI_h`a L^?IC_D?L^M L^s^L?I AaA?IgA _^K ?>I mG?IC
gGKI`� /�� �++�", �� 2��3�3�"��(+ ./29+ @@� N103NN0�

0� �_A?^IC R� l�+ dOGC^a r�+ �F`a�_A R� cG^AI^AFA ?LgI L^ _ mG?IC gGKI` bL?> DG^DI_`IK _^K
@FO`LD`a I]@CIAAIK G@L^LG^A� :�'�+�" �� �����,��?�" ��?��+�?,[ /����( �+! $q=��� �+�+ ��.8+ mG`� ��.8+
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ω = 0, sj = rj , j = 1, 2, 3. (3)
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=03 0<<8< :5 :B8 ?4>B:@B0/< 34<8 56 tYu� h8?8 a 0/< τ 0?8 75/3:0/:3 =4:B τ > 0� QB93P 0
;5<4�8< VWX 75/:?5118? t388 y�L{u =03 75/3:?97:8<�

�4:B :B8 04< 56 :B8 e20C9/5U <4?87: ;8:B5<P 4: =03 C?5U8/ :B0: 46

τ |a| < 1, (6)

:B8/ :B8?8 8R43: U01983 56 C0?0;8:8?3 kΛ, kM , hΛ, hM 9/<8? =B47B :B8 C?5C538< 75/:?5118?
8/39?83 :B8 032;C:5:47 3:0S414:2 56 :B8 C?5>?0; ;5<8 t*u� g5?85U8?P :B8 ?8391:3 56 /9@
;8?4701 34;910:45/3 <8;5/3:?0:8< :B0: 4:3 938 /5: 5/12 34>/4�70/:12 3;55:B 59: :?0/348/:
C?5783383P S9: 0135 4/7?80383 :B8 75/U8?>8/78 ?0:8 56 C8?:9?S8< ;5:45/3 :5 :B8 8m9414S?49;
C534:45/�

W/ :B43 C0C8?P 0/5:B8? :2C8 56 VWX 75/:?5118? =411 S8 0CC148<� W/3:80< 56 :B8 4/:8>?01
:8?; t+uP =8 =411 0<< :5 :B8 ?4>B:@B0/< 34<8 56 tYu :B8 :5?m98

M̂ = bkΛ

t∫
0

f(t− u)r3 × s3(u)du+ bkM

t∫
0

f(t− u)r2 × s2(u)du, (7)

=B8?8 b 43 0 75/3:0/: 758�748/:w f(t) 43 0 /5//8>0:4U8 0/< C4878=438 75/:4/9593 65? t � 0
69/7:45/ 397B :B0:

∫∞
0 f(u)du <∞� QB8/ :B8 8m90:45/3 tYu :0A8 :B8 65?;

J
dω

dt
− ω0J(ω × s2) + (ω + ω0s2)× (Jω) + ω0ω × (Js2) = kΛr3 × s3 +

+ kMr2 × s2 + bkΛ

t∫
0

f(t− u)r3 × s3(u)du+ bkM

t∫
0

f(t− u)r2 × s2(u)du−

�YL � %��&� �
"�
� 
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− hΛ(ω − (ω�s3)s3)− hM (ω − (ω�s2)s2). (8)

f)4,+W �� QB8 :5?m98 t+u 70/ S8 5S:04/8< 03 0 3C87401 7038 56 tEu 46 f(t) = a/b 65?
t ∈ [0, τ ] 0/< f(t) = 0 65? t > τ �

�8 =411 155A 65? 75/<4:45/3 9/<8? =B47B /8= 75/:?5118? 8/39?83 :B8 :?40R401 3:0S414T0@
:45/ 56 :B8 30:8114:8�

$� g(,Q.-.(U ,',-U5.5� e8: :B8 65115=4/> 0<<4:45/01 75/3:?04/:3 S8 4;C538< 5/ :B8
69/7:45/ f(t)�

V55346(.0' �� QB8?8 8R43:3 0 /9;S8? λ > 0 397B :B0:
∫∞
t
f(u)du � λf(t) 65?

t ∈ [0,∞)�
V55346(.0' �� QB8 4/8m9014:2

|b|
∞∫
0

f(u)du < 1 (9)

B51<3�
f)4,+W �� QB8 75/<4:45/ tGu 43 0 759/:8?C0?: 56 tLu�
f)4,+W !� l5? 4/3:0/78P .339;C:45/ � 43 30:43�8< 65? :B8 69/7:45/ f(t) = exp(−δt)P

=B8?8 δ > 0� W: 43 =5?:B /5:474/> :B0: VWX 75/:?5118?3 =4:B 8RC5/8/:401 A8?/813 0?8 =4<812
938< 4/ :B8 75/:8;C5?0?2 75/:?51 :B85?2 y�Y{�

X8/5:4/> hΛ = hĥΛP hM = hĥM P =B8?8 ĥΛ, ĥM 0?8 �R8< C534:4U8 75/3:0/:3 0/< h 43
0 C534:4U8 C0?0;8:8?P =8 5S:04/

hΛ(ω − (ω�s3)s3) + hM (ω − (ω�s2)s2) = hΞω + hq(ω, s2, s3),

B8?8

Ξ = R

⎛⎝ĥΛ + ĥM 0 0

0 ĥΛ 0

0 0 ĥM

⎞⎠R�,

:B8 7519;/3 56 :B8 ;0:?4R R 0?8 U87:5?3 r1, r2, r3P :B8 69/7:45/ q(ω, s2, s3) 30:43�83 :B8

83:4;0:8 ‖q(ω, s2, s3)‖ � β̂‖ω‖(‖s2− r2‖+ ‖s3− r3‖)P β̂ = const > 0P ‖ · ‖ 43 :B8 f9714<80/
/5?; 56 0 U87:5?� QB93P :B8 ;0:?4R Ξ 43 C534:4U8 <8�/4:8�

SO)0+)4� M9G 8;;?FYG($*; k #*< m I9 v?)s))9<	 H"9* G"9'9 9p(;G; # *?FI9' ĥ > 0
;?S" G"#G G"9 9w?()(I'(?F Y$;(G($* t*u $v G"9 ;Q;G9F t�uP tcu (; #;QFYG$G(S#))Q ;G#I)9 v$' #))

h � ĥ	
V ? 5 5 6� n9? 0/012343 43 S038< 5/ :B8 e20C9/5U <4?87: ;8:B5< 0/< 0CC?507B83 :5

75/3:?97:4/> e20C9/5U 69/7:45/3 0/< e20C9/5Ur�?035U3A44 69/7:45/013 65? ;87B0/4701
323:8;3 <8U815C8< 4/ y�+z�c{� l4?3:P 7B5538 0 e20C9/5U 69/7:45/ 70/<4<0:8 03 65115=3I

V (ω, s2, s3) =
1

2

(
kΛ‖r3 − s3‖2 + kM‖r2 − s2‖2

)
+

1

2
μω�Jω − 1

h
Φ�Ξ−1Jω.

h8?8 Φ = kΛr3 × s3 + kMr2 × s2 0/< μ 43 0 C534:4U8 C0?0;8:8? :5 S8 38187:8< 10:8?� QB8/

1

2

(
kΛ‖r3 − s3‖2 + kM‖r2 − s2‖2

)
+ μβ1‖ω‖2 − 1

h
β2‖ω‖(‖r3 − s3‖+ ‖r2 − s2‖) �

� V (ω, s2, s3) �
1

2

(
kΛ‖r3 − s3‖2 + kM‖r2 − s2‖2

)
+

+μβ3‖ω‖2 + 1

h
β2‖ω‖(‖r3 − s3‖+ ‖r2 − s2‖),

=B8?8 β1, β2, β3 0?8 C534:4U8 758�748/:3�
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X4D8?8/:40:4/> :B8 69/7:45/ V (ω, s2, s3) =4:B ?83C87: :5 :B8 323:8; t�uP tcuP =8 5S:04/

dV

dt
= μω�(t)

⎛⎝Φ(t) + b

t∫
0

f(t− u)Φ(u)du− hΞω(t)− hq(ω(t), s2(t), s3(t))

⎞⎠+

+
1

h
(kΛr3 × (ω(t)× s3(t)) + kMr2 × (ω(t)× s2(t)))

�Ξ−1Jω(t)−

− 1

h
Φ�Ξ−1 (ω0J(ω(t)× s2(t))− (ω(t) + ω0s2(t))× (Jω(t)) − ω0ω(t)× (Js2(t))+

+Φ(t) + b

t∫
0

f(t− u)Φ(u)du− hq(ω(t), s2(t), s3(t))

⎞⎠ �

� μβ4‖ω(t)‖(‖r3 − s3(t)‖+ ‖r2 − s2(t)‖) + μ|b|‖ω(t)‖
t∫

0

f(t − u)‖Φ(u)‖du−

− hμβ5‖ω(t)‖2 − 1

h
Φ�Ξ−1

⎛⎝Φ(t) + b

t∫
0

f(t− u)Φ(u)du

⎞⎠+

+ hμβ6‖ω(t)‖2(‖r3 − s3(t)‖+ ‖r2 − s2(t)‖)+

+
1

h
β7‖ω(t)‖2 + 1

h
β8
(‖ω(t)‖+ ‖ω(t)‖2) (‖r3 − s3(t)‖ + ‖r2 − s2(t)‖)+

+ β9‖ω(t)‖(‖r3 − s3(t)‖ + ‖r2 − s2(t)‖)2,
B8?8 βi > 0P i = 4, . . . , 9�

q8R:P 75/3:?97: 0 e20C9/5Ur�?035U3A44 69/7:45/01 70/<4<0:8 4/ :B8 65?;

W (t, ω(t), s2t, s3t) = V (ω(t), s2(t), s3(t)) +
1

h

t∫
0

∞∫
t−u

f(σ)dσΦ�(u)ΓΦ(u)du,

=B8?8 Γ 43 0 75/3:0/: C534:4U8 <8�/4:8 ;0:?4RP s2t, s3t <8/5:8 :B8 ?83:?47:45/3 56 :B8 75??8@
3C5/<4/> 75;C5/8/:3 56 0 3519:45/P 4�8�P slt : u �→ sl(u) 65? u ∈ [0, t]P l = 2, 3� QB8/

1

2

(
kΛ‖r3 − s3(t)‖2 + kM‖r2 − s2(t)‖2

)− 1

h
β2‖ω(t)‖(‖r3 − s3(t)‖ + ‖r2 − s2(t)‖)+

+μβ1‖ω(t)‖2 + 1

h
β10

t∫
0

∞∫
t−u

f(σ)dσ‖Φ(u)‖2du �W (t, ω(t), s2t, s3t) �

� 1

2

(
kΛ‖r3 − s3(t)‖2 + kM‖r2 − s2(t)‖2

)
+

1

h
β2‖ω(t)‖(‖r3 − s3(t)‖+ ‖r2 − s2(t)‖)+

+μβ3‖ω(t)‖2 + 1

h
β11

t∫
0

∞∫
t−u

f(σ)dσ‖Φ(u)‖2du,

�Yc � %��&� �
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dW

dt
� μβ4‖ω(t)‖(‖r3 − s3(t)‖ + ‖r2 − s2(t)‖) + μ|b|‖ω(t)‖

t∫
0

f(t− u)‖Φ(u)‖du−

− hμβ5‖ω(t)‖2 + 1

h
β8
(‖ω(t)‖+ ‖ω(t)‖2) (‖r3 − s3(t)‖+ ‖r2 − s2(t)‖)+

+ hμβ6‖ω(t)‖2(‖r3 − s3(t)‖ + ‖r2 − s2(t)‖) + 1

h
β7‖ω(t)‖2 +

+ β9‖ω(t)‖(‖r3 − s3(t)‖ + ‖r2 − s2(t)‖)2 − 1

h
Ω(t),

=B8?8 β10, β11 0?8 C534:4U8 75/3:0/:3 0/<

Ω(t) = Φ�Ξ−1

⎛⎝Φ(t) + b

t∫
0

f(t− u)Φ(u)du

⎞⎠−
∞∫
0

f(u)duΦ�(t)ΓΦ(t)+

+

t∫
0

f(t− u)Φ�(u)ΓΦ(u)du.

e8: Z(t) = Ξ−1/2Φ(t)P γ =
∫∞
0
f(u)du� QB8/

Ω(t) = ‖Z(t)‖2 + bZ�(t)

t∫
0

f(t− u)Z(u)du− γZ�(t)Ξ1/2ΓΞ1/2Z(t)+

+

t∫
0

f(t− u)Z�(u)Ξ1/2ΓΞ1/2Z(u)du.

iB5534/> :B8 ;0:?4R Γ 4/ :B8 65?; Γ = εΞ−1P ε = const > 0P =8 5S:04/

Ω(t) = (1− εγ)‖Z(t)‖2 + bZ�(t)

t∫
0

f(t− u)Z(u)du+ ε

t∫
0

f(t− u)‖Z(u)‖2du �

�
(
1− εγ − γ

|b|
2υ

)
‖Z(t)‖2 +

(
ε− |b|υ

2

) t∫
0

f(t− u)‖Z(u)‖2du,

=B8?8 υ 43 0/ 0?S4:?0?2 C534:4U8 /9;S8?�
e8:

εγ + γ
|b|
2υ

< 1, ε >
|b|υ
2
. (10)

l5? :B8 8R43:8/78 56 υ > 0 65? =B47B :B8 4/8m9014:483 t� u B51<P 4: 43 /878330?2 0/< 39�748/:
:B8 691�1;8/: 56 :B8 75/<4:45/

γb2 < 4ε(1− γε). (11)

W: 43 =5?:B /5:474/> :B0: t��u 4;C5383 1803: 75/38?U0:4U8 75/3:?04/: 5/ :B8 C0?0;8:8? b 4/
:B8 7038P =B8?8 ε = 1/(2γ)� .3 0 ?8391:P =8 0??4U8 0: :B8 4/8m9014:2 tGu�
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l5? 397B 0 7B5478 56 C0?0;8:8?3P :B8 83:4;0:8 56 :B8 <8?4U0:4U8 56 W (t, ω(t), s2t, s3t)
:0A83 :B8 65?;

dW

dt
� μβ4‖ω(t)‖(‖r3 − s3(t)‖ + ‖r2 − s2(t)‖) + μ|b|‖ω(t)‖

t∫
0

f(t− u)‖Φ(u)‖du−

− hμβ5‖ω(t)‖2 + 1

h
β7‖ω(t)‖2 + 1

h
β8
(‖ω(t)‖+ ‖ω(t)‖2) (‖r3 − s3(t)‖+ ‖r2 − s2(t)‖)+

+ hμβ6‖ω(t)‖2(‖r3 − s3(t)‖ + ‖r2 − s2(t)‖) + β9‖ω(t)‖(‖r3 − s3(t)‖ + ‖r2 − s2(t)‖)2 −

− 1

h
β12‖Φ(t)‖2 − 1

h
β13

t∫
0

f(t− u)‖Φ(u)‖2du,

=B8?8 β12 > 0P β13 > 0�
W/ y�G{P 4: =03 C?5U8/ :B8 8R43:8/78 56 0 /9;S8? Δ > 0 397B :B0:

‖Φ(t)‖2 � 1

2

(
k2M‖r2 − s2(t)‖2 + k2Λ‖r3 − s3(t)‖2

)
(12)

65? ‖r3 − s3(t)‖ + ‖r2 − s2(t)‖ < Δ� �4:B :B8 04< 56 :B8 83:4;0:8 t��u 0/< :B8 3:0/<0?<
:87B/4m98 S038< 5/ :B8 0CC1470:45/ 56 �59/>�3 0/< h51<8?�3 4/8m9014:483 t388 y�LP �E{uP 4: 43

8032 :5 U8?462 :B0: 46 U01983 56 μ 0/< Δ 0?8 39�748/:12 3;011P :B8/ 5/8 70/ 7B5538 ĥ > 0
397B :B0:

1

4

(
kΛ‖r3 − s3(t)‖2 + kM‖r2 − s2(t)‖2

)
+

1

2
μβ1‖ω(t)‖2+

+
1

h
β14

t∫
0

∞∫
t−u

f(σ)dσ(‖r3 − s3(u)‖2 + ‖r2 − s2(u)‖2)du �W (t, ω(t), s2t, s3t) �

� kΛ‖r3 − s3(t)‖2 + kM‖r2 − s2(t)‖2 + 2μβ3‖ω(t)‖2+

+
1

h
β15

t∫
0

∞∫
t−u

f(σ)dσ(‖r3 − s3(u)‖2 + ‖r2 − s2(u)‖2)du,

dW

dt
� −1

2
hμβ5‖ω(t)‖ − 1

h
β16(‖r3 − s3(t)‖2 + ‖r2 − s2(t)‖2)−

− 1

h
β17

t∫
0

f(t− u)(‖r3 − s3(u)‖2 + ‖r2 − s2(u)‖2)du

65? h � ĥP ‖r3− s3(t)‖+ ‖r2− s2(t)‖ < ΔP ‖ω(t)‖ < Δ� h8?8 β14P β15P β16P β17 0?8 C534:4U8
75/3:0/:3� h8/78P :B8 <4D8?8/:401 4/8m9014:2

dW

dt
� −β̄W (t, ω(t), s2t, s3t), β̄ = const > 0,

B51<3 65? ‖r3−s3(t)‖+‖r2−s2(t)‖ < ΔP ‖ω(t)‖ < Δ� QB43 4;C1483 :B8 032;C:5:47 3:0S414:2
56 :B8 8m9414S?49; C534:45/ t*u� QB8 C?556 43 75;C18:8<� �
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"�
� 
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I� f)53-(5 0P (O) 70463()+ 402)-.'*�l5? 34;910:45/P =8 0339;8 :B0: ω0 = 0.001P
kΛ = kM = 1P hΛ = hM = 1P J = diag{1000, 1300, 1700} t011 <4;8/345/01 C0?0;@
8:8?3 0?8 >4U8/ 4/ W/:8?/0:45/01 j23:8; 56 o/4:3u� i5/34<8? 3:0S414T0:45/ 56 0 30:8114:8
4/ :B8 <4?87: 8m9414S?49; C534:45/P 4�8�P r1 = (1, 0, 0)�P r2 = (0, 1, 0)�P r3 = (0, 0, 1)��
W/ l4>9?83 � 0/< � :B8 <8C8/<8/78 56 :B8 U0198 ψ = ‖r3 − s3‖ + ‖r2 − s2‖ 5/ :4;8
43 C?838/:8<� QB8 65115=4/> 4/4:401 75/<4:45/3 65? 3519:45/3 =8?8 7B538/I ω(0) = 0P

���	 �	 �5U?;V;fU5;:Y 6<:b^77 @Y9^< b:Y5<:V `;54 9;75<;?@5^9 9^VUW

���	 �	 �5U?;V;fU5;:Y 6<:b^77 @Y9^< hO� b:Y5<:VV^<

s1(u) = (cosϕ,− cos θ sinϕ, sin θ sinϕ)�P s2(u) = (sinϕ, cos θ cosϕ,− sin θ cosϕ)�P
s3(u) = (0, sin θ, cos θ)� 65? u � 0P =B8?8 ϕ = 0.3P θ = −2� l4>9?8 � 75??83C5/<3 :5 :B8
0CC1470:45/ 56 :B8 75/:?51 =4:B <43:?4S9:8< <8102� QB8 :8?; 56 :B8 65?; t+u =03 938< =4:B
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:B8 65115=4/> U01983 56 C0?0;8:8?3I a = 1P τ = 0.75� W/ l4>9?8 �P :B8 ?8391: 56 0CC1470:45/
56 VWX 75/:?5118? 43 <8;5/3:?0:8<� QB8 4/:8>?01 :8?; =03 <8�/8< S2 :B8 65?;910 tEu =4:B
b = 3P f(t) = exp(−4t)� W: 43 =5?:B /5:474/> :B0: 4/ :B43 7038 aτ = b

∫∞
0 f(u)du = 0.75�

l?5; :B8 75;C0?435/ 56 l4>39?83 � 0/< � 4: 65115=3 :B0:P 9/<8? :B8 934/> /8= 75/@
:?5118?P :?0/348/: C?5783383 S875;8 3;55:B8? 0/< :B84? :4;8 43 34>/4�70/:12 ?8<978<�

J� ]0'7-35.0'� W/ :B8 C?838/: 75/:?4S9:45/P 0/ 8187:?5<2/0;47 75/:?51 323:8; 8/@
39?4/> :?40R401 3:0S414T0:45/ 56 0 30:8114:8 4/ :B8 5?S4:01 6?0;8 43 <834>/8<� QB8 C?5C538<
75/:?5118? 4/719<83 0/ 4/:8>?01 75;C5/8/: :B0: C8?;4:3 93 :5 4;C?5U8 7B0?07:8?43:473 56
:?0/348/: C?5783383� o34/> 0/ 5?4>4/01 75/3:?97:45/ 56 e20C9/5Ur�?035U3A44 69/7:45/01P
75/<4:45/3 5/ 75/:?51 C0?0;8:8?3 0?8 <8?4U8< >90?0/:884/> :B8 032;C:5:47 3:0S414:2 56 :B8
C?837?4S8< 8m9414S?49; C534:45/� W: 43 =5?:B /5:474/> :B0: :B838 75/<4:45/3 75/:04/ 35;8
75/3:?04/:3 5/ :B8 <4D8?8/:401 0/< 4/:8>?01 75;C5/8/:3 56 :B8 75/:?5118?P S9: <5 /5: 4;@
C538 0/2 75/3:?04/:3 5/ :B8 C?5C5?:45/01 75;C5/8/:� QB8 8D87:4U8/833 56 :B8 C?5C538<
0CC?507B 43 75/�?;8< S2 /9;8?4701 34;910:45/� W: 43 3B5=/ :B0:P 4/ 75;C0?435/ =4:B :B8
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∂x

∂t
+A(s, t)

∂x

∂s
= Φ(s, t)x+ f(s, t) + C(t)y, t�u

(s, t) ∈ Π, Π = S × T, S = [s0, s1], T = [t0, t1],
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= B(u(t), t)y(t − α) + d(u(t), t), t ∈ T, t*u

y(t) = y0(t), t ∈ [t0 − α, t0],
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J(u) =
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〈β(s), x(s, t1)〉 ds+
∫
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DAΔx = Φ(s, t)Δx+ C(t)Δy,

Δx(s, t0) = Δx+(s0, t) = Δx−(s1, t) = 0,

Δyt = B(ũ(t), t)ỹ(t− α)−B(u(t), t)y(t− α) + Δd(u(t), t), Δy(t0) = 0. tLu
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B(ũ(t), t)ỹ(t− α)−B(u(t), t)y(t− α) + Δd(u(t), t) =

= ΔB(u(t), t)ỹ(t− α) +B(u(t), t)Δy(t− α) + Δd(u(t), t),
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∫
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〈b0(s, t),Δx(s, t)〉 dsdt. tEu
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〈p(t),Δyt −ΔũB(u, t)ỹ(t− α)−B(u, t)Δy(t− α)−Δd(u, t)〉 dt,
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∫
S

〈ψ(s, t1),Δx(s, t1)〉 − 〈ψ(s, t0),Δx(s, t0)〉 ds −

−
∫
T

〈ψ(s0, t), A(s0, t)Δx(s0, t)〉 − 〈ψ(s1, t), A(s1, t)Δx(s1, t)〉 dt −

−
∫
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∫
〈DAψ +Asψ +ΦTψ,Δx〉 dsdt−

∫
Π

∫
〈ψ(s, t), CΔy〉dsdt +

+ 〈p(t1),Δy(t1)〉 −
∫
T

〈pt,Δy(t)〉 dt −

−
∫
T

〈p(t),ΔB(u(t), t)ỹ(t− α) +B(u(t), t)Δy(t− α) + Δd(u, t)〉 dt.
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〈p(t), B(u, t)Δy(t− α)〉 dt =
{

τ = t− α,
τ ∈ [t0 − α, t1 − α]

}
=

=

t0∫
t0−α

〈p(τ + α), B(u(τ + α), τ + α)Δy(τ)〉 dτ + tcu

+

t1−α∫
t0

〈p(τ + α), B(u(τ + α), τ + α)Δy(τ)〉 dτ.
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T

〈p(t), B(u, t)Δy(t− α)〉 dt =

=

t1−α∫
t0

〈p(t+ α), B(u(t+ α), t+ α)Δy(t)〉 dt.
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∫
Π

∫
〈ψ(s, t), CΔy〉 dsdt = −

∫
Π

∫
〈 ∂
∂s

s1∫
s

ψ(ξ, t) dξ, CΔy〉 dsdt.
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〈ψ(s, t), CΔy〉 dsdt =

∫
T

〈
∫
S

ψ(s, t) ds, CΔy〉 dt.
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DAψ +Asψ = −ΦT (s, t)ψ + b0(s, t), (s, t) ∈ Π, tGu

ψ(s, t1) = −β(s), s ∈ S, ψ(s1, t) = 0,

ψ−(s0, t) = 0, ψ+(s1, t) = 0, t ∈ T,

pt =

⎧⎪⎨⎪⎩
−BT (u(t+ α), t+ α)p(t+ α)− ∫

S

CTψ(s, t) ds, t ∈ [0; t1 − α),

− ∫
S

CTψ(s, t) ds, t ∈ [t1 − α; t1],

p(t1) = 0. t� u
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ΔJ(u) = −
∫
T

〈p(t),ΔB(u, t)ỹ(t− α) + Δd(u, t)〉 dt. t��u
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I(v) = −
∫
T

〈p(t, u), (B(v(t), t) −B(u(t), t))y(t − α, v) + t��u

+ d(v(t), t) − d(u(t), t)〉 dt → min,

yt = B(v(t), t)y(t − α) + d(v(t), t), t ∈ T,

y(t) = y0(t), t ∈ [t0 − α, t0], t�*u

v(t) ∈ U.

s��"� y(t) r m@���
�� ($
�)�� "�"���
��P u(t) � p(t, u) r (��"���#�

&� ($
�)��P
v(t) r $���#��bF�� #�H��%"�#��P $��#���#���bF�� ��� �� ����
�!�
��� 
� $���#@
��
��P !�� � # �"'��
�% H���!�� ��� "��&� ����H�
� "���#����#�"�� "���$bF���
$�#�����
���

�������� /�6 �EZ�P��[��3Z� �E�������6 u∗(t) � ������ t�uzt+u ����
���P�
� ��3Z�Z����� �Z��� �E�������� v∗ = u∗(t) ���� �EZ�P��[��P � ������ t��uP t�*u�
��� gZ�P �EZ�P��[��� �������� c���D������ �E�����6�Z36 c��P����

J(v∗) = J(u) + I(v∗).
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�������� O �#������ S × T = [0; 2]× [0; 2] ��"��#�� "���$bF$b H���!$ ��������
���
$���#��
��I

x1t + x1s = x2 − y,

x2t − x2s = (s+ 2) sin t,

yt = u · y(t− 0.15), u(t) ∈ [0, 3],

y(t) = t, t ∈ [−0.15; 0],

x1(0, t) = 0, x1(s, 0) = s, x2(2, t) = 0, x2(s, 0) = 0.
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J(u) =

∫
S

[3x1(s, 2) + 2x2(s, 2)] ds, u ∈ U.
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Φ(s, t) =

(
0 1
0 0

)
, C(t) =

( −1
0

)
, B(u, t) = u, d(u, t) = 0.
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ψ1t + ψ1s = 0, ψ2t − ψ2s = −ψ1,

ψ1(s, 2) = −3, ψ2(s, 2) = −2,

ψ1(2, t) = 0, ψ2(0, t) = 0,

pt =

⎧⎪⎨⎪⎩
−p(t+ 0.15) · u(t+ 0.15) +

∫
S

ψ1 ds, t ∈ [0; 1.85),∫
S

ψ1 ds, t ∈ [1.85; 2],

p(2) = 0.

O&J���� ���$"����� $���#��
�� u(t) ≡ 0 ��� #"�' t ∈ [0, 2]� ����� ��-�
�� "�@
�����
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ψ1(s, t) =

{
0, t < s,

−3, t � s,

p(t) = −3

2
t2 + 6, t ∈ [0; 2].
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I(v) =

2∫
0

(1.5t2 − 6) · v(t) · z(t− 0.15, v) dt→ ;4/,

zt = v · z(t− 0.15), z(t) = t, t ∈ [−0.15; 0],

v(t) ∈ [0; 3].
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y^ 75@9W 54^ 6@<7@;5�^]U7;:Y UY9 uV;c^ V;Y^v 9;w^<^Y5;UV =Ua^7 :c :Y^ 6@<7@^< UY9 :Y^ ^]U9^<�
`4:7^ b:Y5<:V7 U<^ 7@?s^b5^9 5: b:Y75<U;Y57 =;]^Y ?W q<�:Y`UVV 5W6^ ;Y^e@UV;5;^7� O5 ;7 7U;9
54U5 UY ^]U9^< 4U7 ?^^Y bU65@<^9 ?W U 6@<7@^< ;c 54^ 75U5^ :c 54^ 6@<7@^< b:;Yb;9^7 `;54 54^
75U5^ :c 54^ ^]U9^<� MY^ :c 54^ aU;Y U;a7 :c 54;7 `:<X ;7 5: c:<a@VU5^ :65;aUV 75<U5^=;^7 :c
6VUW^<7 UY9 9^tY^ =@U<UY5^^9 bU65@<^ 5;a^� �^<^ U 75<U5^=W :c 6U<UVV^V b:Y]^<=^Yb^ I?<;^_W�
Π�75<U5^=WL c:< 54^ 6@<7@^< ;7 7@==^75^9 UY9 6<:]^9 54U5 ;5 ;7 :65;aUV c:< 6@<7@;5� �: 7:V]^
54^ uV;c^ V;Y^v 6<:?V^a `^ `;VV ;Y]^75;=U5^ 9WYUa;b7 :c 54^ U55U;YU?;V;5W 9:aU;Y :c 6VUW^<7 ?W
h^5<:7WUY a^54:9� 54U5 ;7 c:< 54^ U55U;YU?;V;5W 9:aU;Y� b:Y9;5;:Y7 :c ^a?^99;Y= ;Y <^76^b5 5:
5;a^ U<^ =;]^Y� �4;7 `:<X =<:`7 UY9 aU;Y5U;Y7 54^ `:<X7 :c O7UUb7� h^5<:7WUY� h74^Y;b4YW;�
�fUa:] UY9 :54^< <^7^U<b4^<7�

=.$>,+8/8 9;w^<^Y5;UV =Ua^� 6@<7@^<� ^]U9^<� q<�:Y`UVV b:Y75<U;Y5� 75<U5^=W� 6U<UVV^V 6@<7@;5�
U55U;YU?;V;5W 9:aU;Y� uV;c^ V;Y^v =Ua^� 54^ �6:VV:Y;@7 764^<^�

�� &'(+0237(.0'� W/ :B8 :B85?2 56 <4D8?8/:401 >0;83P C?5S18;3 56 C9?394:@8U0345/
5779C2 0 3C87401 C1078 <98 :5 0 /9;S8? 56 3C874�7 m9014:483� W/ :B8 =5?A3 y�P �{P :B43 m9014:2
=03 7180?12 ;0/4683:8< 4/ :B8 75/3:?97:45/ 56 :B8 69/<0;8/:01 :B85?2 56 <4D8?8/:401 >0;83
0/< 4/ 0 /9;S8? 56 ;5<81 C?5S18;3� QB8 S55A y*{ 75/:04/3 3C874�7 >0;8 C?5S18;3 :B0:
=8?8 <4379338< 4/ <8:0413 0/< C?5C538< 65? 69?:B8? 3:9<2� n/8 56 :B838 C?5S18;3 43 :B8
35@70118< ^1468 14/8_ C?5S18; :B0: =03 4/4:40112 65?;910:8< 0/< 3:9<48< 65? 78?:04/ 3C87401
70383 4/ :B8 S55A ty*{P V?5S18; G�+��u� l5? :B8 7038 =B8/ 75/:?513 56 S5:B C1028?3 0?8
39S�87: :5 >85;8:?47 75/3:?04/:3P :B43 >0;8 B03 S88/ ?0:B8? 75;C?8B8/34U812 3:9<48< S2
e� .� V8:?5320/ yY{� W/ :B8 ;5/5>?0C yY{P :B8 /5:45/ 56 3:?0:8>2 56 C0?01181 C9?394: tS?48k2P
Π@3:?0:8>2u =03 4/:?5<978< 0/< 938< :5 351U8 :B8 m9014:2 C?5S18; 65? :B8 >0;8 =4:B 0 ^1468
14/8_� QB43 3:?0:8>2 C?5C538< 4/ 0 34;C18 C9?394: >0;8 =4:B >85;8:?47 75/3:?04/:3 S870;8
:B8 3:0?:4/> C54/: 65? :B8 <8U815C;8/: 56 :B8 C9?394: ;8:B5< 4/ >0;83 =4:B ;91:4C18
C9?398?3 t388 8�>� y+z��{u�

W/ :B8 :B85?2 56 <4D8?8/:401 >0;83P 75/:?51 69/7:45/3 0?8 ;04/12 39S�87:8< :5 >85;8:@
?47P 4/:8>?01 5? ;4R8< 75/3:?04/:3 t388 y��z�L{u� h5=8U8?P <4D8?8/:401 :2C8 75/3:?04/:3 5/
75/:?513 0?8 0135 0?438/ 4/ 35;8 0CC148< C?5S18;3 397B 03 87515>4701P :87B/4701 C?5S18;3
y�EP �c{�

W/ :B8 =5?A y�G{P :B8 75/78C: 56 `?@75/3:?04/: 5/ 75/:?513 56 C1028?3P =B47B 4/ 0
78?:04/ 38/38P >8/8?014T83 >85;8:?47 75/3:?04/:3P 43 4/:?5<978<� QB8 C?838/: =5?A C?5C5383
`?a5/=011 :2C8 75/3:?04/:3 5/ 75/:?513 56 C1028?3 65? <4D8?8/:401 >0;83 56 C9?394:@8U0345/
0/< 65? 3519:45/ 56 :B8 ^1468 14/8_ >0;8 S2 V8:?5320/ ;8:B5<� QB8 ;04/ C9?C538 56 :B43
=5?A 43 :5 75/3:?97: :B8 Π@3:?0:8>2 56 C9?398?P 0/< :5 �/< :B8 0::04/0S414:2 <5;04/ 56
C1028?3P 0/< 0135 :5 >4U8 0/012:4701 3519:45/ 56 :B8 ^1468 14/8_ C?5S18; 4/ :B43 7038�
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�� g(,()4)'( 0P 6+0Q-)4� W/ :B8 C?838/: C0C8?P 75/:?513 56 :B8 C9?398? 0/< 8U0<8?
0?8 39S�87:8< :5 :B8 65115=4/> `?a5/=011 75/3:?04/:3 y�GP * {I

|u(t)| � ρ0 + ρ1t+ k

t∫
0

|u(s)|ds 65? 01;53: 8U8?2 t � 0, t�u

|v(t)| � σ0 + σ1t+ k

t∫
0

|v(s)|ds 65? 01;53: 8U8?2 t � 0, t�u

?83C87:4U812P =B8?8 ρ0P σ0P ρ1P σ1P k 0?8 >4U8/ C534:4U8 /9;S8?3�
q5:8 :B0: 4/ t�u 0/< t�u 0/< 4/ 69?:B8? 75/3:?04/:3P 03 :B8 /5?;3 56 :B8 75/:?51

U87:5?3 u 0/< v 4/ :B8 3C078 R
nP =8 =411 75/34<8? :B8 93901 f9714<80/ /5?;P 4�8� |u| =√

u21 + u22 + ...+ u2nP B8?8 u1, u2, ...un 0?8 :B8 755?<4/0:83 56 :B8 U87:5? u 4/ :B8 3C078 RnP

0/< |v| = √v21 + v22 + ...+ v2nP B8?8 v1, v2, ...vn 0?8 :B8 755?<4/0:83 56 :B8 U87:5? v 4/ :B8
30;8 3C078 R

n �
f)4,+W� l5? :B8 70383 ρ1 = σ1 = 0P :B8 C9?394:@8U0345/ 0/< ^1468 14/8_ C?5S18;3 =4:B

`?a5/=011 75/3:?04/:3 5/ 75/:?513 B0U8 S88/ 75;C18:812 3:9<48< 4/ :B8 =5?A y�G{�
e8: ;5:45/ 8m90:45/3 56 C9?398? P 0/< 8U0<8? E S8 >4U8/ S2 :B8 65115=4/>3I

ẋ = u, x(0) = x0, t*u

ẏ = v, y(0) = y0, tYu

75??83C5/<4/>12P =B8?8 x, y, x0, y0, u, v ∈ R
nP n � 2P x0 	= y0�

e)Z'.(.0' �� 8 v?*SG($* u(·) = (u1(·), u2(·), ..., un(·)) (; S#))9< #* #<F(;;(I)9 Y?']
;?9' S$*G'$) (* U#F9 t*u� tYu (v (G ;#G(;s9; S$*<(G($* t�u	 B(F()#')Q� # v?*SG($* v(·) =
(v1(·), v2(·), ..., vn(·)) (; S#))9< #* #<F(;;(I)9 S$*G'$) $v G"9 9=#<9' (* U#F9 t*u� tYu (v (G
;#G(;s9; S$*<(G($* t�u�

QB8 38: 56 011 0<;4334S18 75/:?513 56 :B8 C9?398? 0/< :B8 8U0<8? 43 <8/5:8< S2 :B8
32;S513 U
� 0/< V
�P ?83C87:4U812� QB8/ :B8 C04?3 U
� 0/< V
� 65?; :B8 ;5:45/ :?0@
�87:5?483

x(t) = x0 +

t∫
0

u(s)ds, y(t) = y0 +

t∫
0

v(s)ds

56 :B8 C9?398? 0/< :B8 8U0<8?P ?83C87:4U812�
e)Z'.(.0' �� 8 v?*SG($* u : R+ × R

n → R
n (; S#))9< # ;G'#G9UQ $v G"9 Y?';?9' (v

u(t, v) (; # M9I9;U?9 F9#;?'#I)9 v?*SG($* n(G" '9;Y9SG G$ t v$' 9#S" sp9< v #*< (; # C$'9)
F9#;?'#I)9 v?*SG($* n(G" '9;Y9SG G$ v v$' 9#S" sp9< t�

e)Z'.(.0' !� uG (; ;#(< G"#G # ;G'#G9UQ u = u(t, v) U?#'#*G99; S#YG?'9 #G G(F9 F$F9*G
T (u) (v #G ;$F9 G(F9 t∗ ∈ [0, T (u)] #* 9w?#)(GQ x(t∗) = y(t∗) (; ;#G(;s9< v$' #*Q S$*G'$)
v(·) ∈ V
� $v G"9 9=#<9'� "9'9 x(t) #*< y(t) #'9 G"9 ;$)?G($*; $v G"9 (*(G(#) =#)?9 Y'$I)9F

ẋ = u(t, v(t)), x(0) = x0,

ẏ = v(t), y(0) = y0,

n"9'9 t � 0�
e)Z'.(.0' $� 8 v?*SG($* v : R+ → R

n (; S#))9< # ;G'#G9UQ $v 9=#<9' (v v(t) (; #
M9I9;U?9 F9#;?'#I)9 v?*SG($* n(G" '9;Y9SG G$ t�

�LL � %��&� �
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� 
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e)Z'.(.0' I�x9 ;#Q G"#G # ;G'#G9UQ v(t) (; S#))9< n(**(*U v$' 9=#<9' (* G"9 `?]U#F9
$v 9=#;($* $* [0,+∞) (v v$' #*Q S$*G'$) $v Y?';?9' u(t) ∈ U
� G"9 S$*<(G($* x(t) 	= y(t)
"$)<; v$' #)) t � 0� "9'9 x(t) #*< y(t) #'9 G"9 ;$)?G($*; $v G"9 (*(G(#) =#)?9 Y'$I)9F;

ẋ = u(t), x(0) = x0,

ẏ = v(t), y(0) = y0.

�8 938 :B8 65115=4/> 3:0:8;8/:�

n)44, t388 y*�{u� uv |ω(t)| � α+
t∫
0

(β + γ|ω(s)|)ds� G"9* |ω(t)| � β
γ (e

γt − 1) + αeγt�

n"9'9 ω(t)� t � 0� (; # F9#;?'#I)9 v?*SG($*� #*< α� β #'9 U(=9* *$*]*9U#G(=9 *?FI9'; #*<
γ (; # U(=9* Y$;(G(=9 *?FI9'	

d2 :B43 e8;;0P 46 u(·) ∈ U
� 0/< v(·) ∈ V
�P :B8/

|u(t)| � ϕ(t), t � 0, t+u

|v(t)| � ψ(t), t � 0, tLu

=B8?8
ϕ(t) =

ρ1
k
(ekt − 1) + ρ0e

kt, ϕ(0) = ρ0, tEu

ψ(t) =
σ1
k
(ekt − 1) + σ0e

kt, ψ(0) = σ0. tcu

W: 70/ S8 803412 7B87A8< :B0: :B8 75/U8?38 43 /5: :?98P :B0: 43P :B8 4/8m9014:483 t+u 0/<
tLu <5 /5: 4;C12 t�u 0/< t�u� Q5 <8�/8 :B8 /5:45/3 56 5C:4;01 3:?0:8>483 56 C1028?3 0/<
5C:4;01 C9?394: :4;8P =8 75/34<8? :=5 >0;83�

QB8 >501 56 :B8 C9?398? P 43 :5 70C:9?8 8U0<8? EP 4�8� 07B48U8;8/: 56 :B8 8m9014:2
x(t) = y(t) tV9?394: C?5S18;u 0/< :B8 8U0<8? E 3:?4U83 :5 0U54< 0/ 8/759/:8? tfU0345/
C?5S18;uP 4�8�P :5 07B48U8 :B8 4/8m9014:2 x(t) 	= y(t) 65? 011 t � 0, 0/< 4/ :B8 5CC534:8 7038P
:5 C53:C5/8 :B8 4/3:0/: 56 8/759/:8? 03 15/> 03 C5334S18�

QB43 C0C8? 43 <8U5:8< :5 351U4/> :B8 65115=4/> C?5S18;3 65? `?a5/=011 :2C8 75/3:?04/:3
5/ 75/:?513�

d+0Q-)4 �� j51U8 V9?394: C?5S18; 4/ :B8 >0;8 t*uP tYu =4:B :B8 `?a5/=011 :2C8
75/3:?04/:3 t�u 0/< t�u tS?48k2P `?@>0;8 56 V9?394:u�

d+0Q-)4 �� j51U8 fU0345/ C?5S18; 4/ :B8 >0;8 t*uP tYu =4:B :B8 `?a5/=011 :2C8
75/3:?04/:3 t�u 0/< t�u tS?48k2P `?@>0;8 56 fU0345/u�

d+0Q-)4 !� j51U8 :B8 <4D8?8/:401 >0;8 56 ^1468 14/8_�
!� V 50-3(.0' 0P (O) 63+53.( 6+0Q-)4� W/ :B43 387:45/P =8 75/3:?97: :B8 5C:4;01

3:?0:8>2 65? C9?398? 0/< >4U8 0 351U8 56 :B8 C9?394: C?5S18;�
Q5 75/3:?97: 0 3:?0:8>2 65? C9?398?P �?3: =8 0339;8 :B0: C9?398? A/5=3 tP v(t) 0: :B8

79??8/: :4;8 t�
e)Z'.(.0' J� uv δ0 � 0� δ1 � 0� G"9* G"9 v?*SG($*

3
�(t, v) = v − r(t, v)ξ0 tGu

(; S#))9< # Π
�@;G'#G9UQ $v G"9 Y?';?9' (* G"9 `?@U#F9 $v Y?';?(G� n"9'9 r(t, v) = 〈v, ξ0〉+
+
√〈v, ξ0〉2 + ϕ2(t)− |v|2, ξ0 = z0/|z0|� δ0 = ρ0 − σ0� δ1 = ρ1 − σ1� z0 = x0 − y0� 〈v, ξ0〉

(; G"9 ;S#)#' Y'$<?SG $v G"9 =9SG$'; v #*< ξ0 (* G"9 +?S)(<9#* ;Y#S9 R
n	

q5:8 :B0:
|3
�(t, v)| = ϕ(t). t� u

� %��&� �
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W/<88<P 46 =8 3m90?8 8m9014:483 tGu 5/ S5:B 34<83P :B8/ =8 >8:

|3
�(t, v)|2 = |v|2 + r(t, v)(r(t, v) − 2〈v, ξ0〉).

l?5; B8?8 0/< 6?5; :B8 65?; 56 :B8 37010? 69/7:45/ r(t, v)P 4: 43 8032 :5 7017910:8 8m9014:2
t� u� e8: 93 /5= 7B87A :B8 0<;4334S414:2 56 3:?0:8>2 tGu 65? 8U8?2 0<;4334S18 69/7:45/
v(t) ∈ R

nP t � 0� l?5; 4/8m9014:2 t�u 0/< 6?5; 8m9014:483 tEu 0/< t� u =8 B0U8

ρ0 + ρ1t+ k

t∫
0

|3
�(v(s), s)|ds = ρ0 + ρ1t+ k

t∫
0

ϕ(s)ds =

= ρ0 + ρ1t+ k

t∫
0

[ρ1
k
(eks − 1) + ρ0e

ks
]
ds = ϕ(t) = |3
�(v(t), t)|,

=B47B C?5U83 :B8 0<;4334S414:2 56 3:?0:8>2 tGu�
d+0605.(.0' �� uv δ0 � 0� δ1 � 0� G"9* G"9 v?*SG($* r(t, v) (; S$*G(*?$?; #*< *$*]

*9U#G(=9 v$' #)) (t, v) ∈ [0,∞)× R
n	

d+0605.(.0' �� y$' 9=9'Q z0� z0 	= 0� #*< v(·) ∈ V
�P G"9'9 9p(;G; # ;S#)#' v?*SG($*
R(t, v(·)) ;?S" G"#G z(t) = z0R(t, v(·))� n"9'9 z(t) = x(t) − y(t)	

d+0605.(.0' !� M9G Φ(t) = A(1 − ekt) + Bt + 1� n"9'9 A = δ1+kδ0
k2|z0| , B = δ1

k|z0| 	 uv
δ0 � 0, δ1 > 0 $' δ0 > 0, δ1 � 0 (; =#)(<� G"9* G"9 v?*SG($* Φ(t) (; F$*$G$*9 <9S'9#;(*U (*
t, t � 0� #*< G"9'9 9p(;G; ?*(w?9 Y$;(G(=9 '$$G $v G"9 9w?#G($*

Φ(t) = 0 t��u

n(G" '9;Y9SG G$ t	 O9'9 n9 S#)) # U?#'#*G99< S#YG?'9 G(F9 G"9 Y$;(G(=9 '$$G $v 9w?#G($* t��u
#*< <9*$G9 (G IQ T
��

�8 C?5U8 :B8 3:0:8;8/:3�
SO)0+)4 �� uv δ0 � 0, δ1 > 0 $' δ0 > 0, δ1 � 0 (; =#)(<� G"9* G"9 Π
�@;G'#G9UQ

U?#'#*G99; S#YG?'9 (* G"9 `?@U#F9 $v Y?';?(G $* G"9 G(F9 (*G9'=#) [0, T
�]�
V ? 5 5 6� e8: v(·) ∈ V
� S8 0/ 0?S4:?0?2 75/:?51 56 :B8 8U0<8?P 0/< 18: :B8 C9?398?

938 :B8 Π
�@3:?0:8>2� o34/> :B8 8m90:45/3 t*u 0/< tYu =8 >8: :B8 4/4:401 U0198 C?5S18;

ż = 3
�(t, v(t)) − v(t) = −r(t, v(t))ξ0, z(0) = z0.

l?5; :B43P =8 70/ 388 :B0:
z(t) = R(t, v(·))z0, t��u

=B8?8

R(t, v(·)) = 1− 1

|z0|

t∫
0

r(s, v(s))ds.

q5= =8 =411 3:9<2 :B8 S8B0U45? 56 :B8 69/7:45/ R(t, v(·)) 56 t� o34/> :B8 <8�/4:45/ 56
:B8 69/7:45/ r(t, v)P =8 B0U8

R(t, v(·)) � 1− 1

|z0|

t∫
0

[
√
〈v(s), ξ0〉2 + ϕ2(s)− |v(s)|2 − |〈v(s), ξ0〉|]ds.

�Lc � %��&� �
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j4/78 :B8 69/7:45/ f(t, ς) =
√
ς2 + ϕ2(t)− |v(t)|2 − ς P ς ∈ RP 43 ;5/5:5/8 <87?8034/>

=4:B ?83C87: :5 ς 65? 8U8?2 t � 0� QB8?865?8P S2 :B8 4/8m9014:2 |〈v(t), ξ0〉| � |v(t)| � ψ(t)P
0/< 0135 6?5; tEu 0/< tcu =8 B0U8

R(t, v(·)) � 1− 1

|z0|

t∫
0

[ϕ(s) − ψ(s)]ds = 1− 1

|z0|
[(

δ1
k2

+
δ0
k

)
(ekt − 1)− δ1

k
t

]
= Φ(t)

5?
R(t, v(·)) � Φ(t). t�*u

.775?<4/> :5 V?5C534:45/ *P :B8?8 43 35;8 :4;8 T
� 397B :B0: Φ(T
�) = 0� i5/38m98/:12P
6?5; t�*u :B8?8 8R43:3 :4;8 t∗P 0 � t∗ � T
�P :B0: R(t

∗, v(·)) = 0P 0/< B8/78 z(t∗) = 0 S2
t��u�

q8R:P =8 =411 C?5U8 :B8 0<;4334S414:2 56 :B8 3:?0:8>2 tGu 65? 011 tP t � 0�
W: 43 8032 :5 7B87A :B0: :B8 8m9014:2 43 U014<

ϕ̇(t) = kϕ(t) + ρ1.

W/:8>?0:8 S5:B 34<83 56 :B43 8m9014:2

ϕ(t) = ρ0 + ρ1t+ k

t∫
0

ϕ(s)ds.

Q0A8 4/:5 07759/: 56 t� u

|3
�(t, v(t)| = ρ0 + ρ1t+ k

t∫
0

|3
�(s, v(s))|ds.

QB43 �/43B83 :B8 C?556 56 QB85?8; �� �
SO)0+)4 �� uv S$*<(G($*; $v G"9 H"9$'9F k "$)<� G"9* v$' #*Q S$*G'$) $v G"9 Y?';?9'

G"9 ;G'#G9UQ $v G"9 9=#<9' R(t) = −ψ(t)ξ0P t � 0P U?#'#*G99; G$ :99Y G"9 (*9w?#)(GQ x(t) 	=
y(t) $* G"9 G(F9 (*G9'=#) [0, T
�)�

V ? 5 5 6� e8: 0 � t < T
�� QB8/

〈x(t) − y(t), ξ0〉 = |y0 − x0| −
t∫

0

〈v(s), ξ0〉ds+
t∫

0

〈u(s), ξ0〉ds �

� |y0 − x0|+
t∫

0

ψ(s)ds−
t∫

0

ϕ(s)ds > 0.

h8/78P x(t) 	= y(t)P 0 � t < T
�� QB43 75;C18:83 :B8 C?556� �
QB85?8;3 � 0/< � 0115= 93 :5 75/719<8 :B0: T
� 43 :B8 5C:4;01 C9?394: :4;8P :B8

Π
�@3:?0:8>2 43 0/ 5C:4;01 3:?0:8>2 65? C9?398? 0/< R(t) = −ψ(t)ξ0 43 0/ 5C:4;01 3:?0:8>2
65? :B8 8U0<8? E�

$� V 50-3(.0' 0P (O) )R,5.0' 6+0Q-)4� W/ :B8 C?838/: 387:45/P :B8 8U0345/ C?5S18;
43 75/34<8?8< 03 0 75/:?51 C?5S18; 6?5; :B8 C54/: 56 U48= 56 :B8 8U0<8? E� Q5 351U8 :B43
C?5S18; =8 39>>83: 0 3:?0:8>2 65? :B8 8U0<8? E 0/< >4U8 0 <8�/4:45/ 56 3519:45/ 56 8U0345/�
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e)Z'.(.0' M� x9 S#)) # ;G'#G9UQ $v G"9 9=#<9' G"9 v$))$n(*U S$*G'$) v?*SG($*

R
�(t) = −ψ(t)ξ0, t � 0, t�Yu

(* G"9 `?@U#F9 $v 9=#;($*	
�8 C?5U8 :B8 65115=4/> 3:0:8;8/:�
SO)0+)4 !� uv δ0 � 0, δ1 � 0� G"9* G"9 ;G'#G9UQ t�Yu (; n(**(*U v$' G"9 9=#<9' (*

G"9 `?@U#F9 $v 9=#;($*	
V ? 5 5 6� e8: δ0 � 0, δ1 � 0P 0/< u(·) ∈ U
�� j9CC538 :B0: :B8 8U0<8? 4;C18;8/:3

3:?0:8>2 t�Yu 65? 011 t � 0� nSU459312P R
�(t) ∈ V
�� QB8/ 65? 0/2 u(t) =8 5S:04/

|z(t)| �
∣∣∣∣∣∣z0 −

t∫
0

R
�(s)ds

∣∣∣∣∣∣−
t∫

0

|u(s)|ds = |z0|+
t∫

0

ψ(s)ds−
t∫

0

|u(s)|ds.

o34/> :B8 4/8m9014:2 |u(t)| � ϕ(t) 5S:04/8<

|z(t)| � Ψ(t),

=B8?8 Ψ(t) = |z0|+ ((δ1 + kδ0)/k
2)(1 − ekt) + (δ1/k)t.

W6 δ0 � 0, δ1 � 0P 0/< k > 0P :B8/

dΨ(t)

dt
=
δ1
k

−
(
δ1
k

+ δ0

)
ekt � 0

65? 011 t � 0�
QB43 4;C1483 :B0: :B8 69/7:45/ Ψ(t) 43 ;5/5:5/8 4/7?8034/> 5/ [0,∞)� h8/78 4: 65115=3

:B0: Ψ(t) � |z0| > 0� QB43 75;C18:83 :B8 C?556 56 QB85?8; *� �
I� SO) 2.X)+)'(.,- *,4) 1.(O j-.P) -.')k� h8?8 =8 0?8 >54/> :5 3:9<2 ;04/12 :B8

>0;8 =4:B CB038 75/3:?04/:3 65? :B8 8U0<8? S84/> >4U8/ S2 0 39S38: M 56 Rn =B47B 43
70118< :B8 ^1468 14/8_ t65? :B8 8U0<8? /0:9?0112u� tq5:478 :B0: 4/ :B8 7038 M = ∅ =8 B0U8 0
34;C18 >0;8�u

W/ :B8 :B8 X4D8?8/:401 `0;8 =4:B ^1468 14/8_ :B8 C9?398? P 04;3 :5 70:7B :B8 8U0<8?
EP 4�8� :5 ?8014T8 :B8 8m9014:2 x(t) = y(t) 65? 35;8 t > 0, =B418 :B8 8U0<8? E 3:023 4/ :B8
T5/8 R

n \M. QB8 04; 56 :B8 8U0<8? E 43 :5 ?807B :B8 T5/8 M S865?8 S84/> 709>B: S2
:B8 C9?398? P 5? :5 A88C :B8 ?810:45/ x(t) 	= y(t) 65? 011 tP t � 0� q5:478 :B0: M <583/�:
?83:?47: ;5:45/ 56 :B8 C9?398? P � l9?:B8? =8 =411 0339;8 4/4:401 C534:45/3 x0 0/< y0 0?8
>4U8/ 397B :B0: x0 	= y0 0/< y0 	∈M.

e)Z'.(.0' o� 8 ;G'#G9UQ u
�(t, v) $v G"9 Y?';?9' P (; S#))9< n(**(*U $* G"9 G(F9
(*G9'=#) [0, T
�] (* G"9 U#F9 $v z)(v9 )(*9{ (v v$' 9=9'Q v(·) ∈ V
� G"9'9 9p(;G; ;$F9 F$F9*G
t∗ ∈ [0, T
�] G"#G x(t

∗) = y(t∗) #*< y(t) 	∈M n"()9 t ∈ [0, t∗].
e)Z'.(.0' p� 8 S$*G'$) v?*SG($* v∗(·) ∈ V
� $v G"9 9=#<9' E (; S#))9< n(**(*U (*

G"9 U#F9 $v z)(v9 )(*9{ (v v$' 9=9'Q u(·) ∈ U
� : G"9'9 9p(;G; ;$F9 F$F9*G t, t > 0, ;?S"
G"#G y(t) ∈M #*< x(t) 	= y(t) n"()9 t ∈ [0, t), $' x(t) 	= y(t) v$' #)) t � 0.

Y��� _:+-47/6 0? 3() -33-7+-H7.73: 104-7+� j9CC538 :B0: δ0 > 0, δ1 � 0� W/
75/38m98/78P 0 38: 56 70C:9?8 C54/:3 ;02 75/343: 56 35;8 �/4:8 38:� �8 =411 75/3:?97: :B8
0::04/0S414:2 <5;04/ 9/<8? :B838 75/<4:45/3�

.339;8 :B0: :B8 8U0<8? E 7B55383 0/2 75/:?51 69/7:45/ v(·) ∈ V
� 0/< :B8 C9?398?
P 0CC1483 :B8 3:?0:8>2 tGu� X8�/8 65? 807B 75/:?51 :B8 65115=4/> :?0�87:5?483 56 :B8 8U0<8?

�E � %��&� �
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E 0/< C9?398? P I

y(t) = y0 +

t∫
0

v(s)ds, x(t) = x0 +

t∫
0

u
�(s, v(s))ds

5/ 4/:8?U01 t ∈ [0, τ ] ?83C87:4U812P =B8?8 τ 43 0 C9?394: :4;8�
q5= =8 >8/8?0:8 :B8 38:3

BP (t) = BP (x(t), y(t)) = {p : |p− x(t)| � h(t)|p− y(t)|} , t�+u

BP (0) = BP (x0, y0) = {p : |p− x0| � h(0)|p− y0|} t�Lu

65? :B8 C04? (x(t), y(t))P =B8?8

h(t) =
ϕ(t)

ψ(t)
=

ρ1

k (ekt − 1) + ρ0e
kt

σ1

k (ekt − 1) + σ0ekt
, h(0) =

ρ0
σ0
.

h8?8 4: 43 5SU4593 :B0: :B8 ?810:45/ y(t) ∈ BP (t) B51<3 65? 807B t ∈ [0, τ ]�
d+0605.(.0' $� uv δ0 > 0, δ1 � 0� G"9* v$' G"9 ;S#)#' v?*SG($* h(t) G"9 '9)#G($*

h(t) > 1 "$)<; $* G"9 G(F9 (*G9'=#) [0, τ ]	
SO)0+)4 $� H"9 ;9G t�+u (; 9w?(=#)9*G G$

BP (t) = x(t) +R(t, v(·))[a(t, z0)S + c(t, z0)] t�Eu

v$' #)) t ∈ [0, τ ]� "9'9 S (; G"9 ?*(G I#)) n"$;9 S9*G9' (; $* A9'$ Y$(*G (* R
n #*<

a(t, z0) =
h(t)|z0|
h2(t)− 1

, c(t, z0) = − h2(t)z0
h2(t)− 1

.

V ? 5 5 6� l?5; t�+u =8 >8:

BP (t) = x(t) +B∗
P (t), t�cu

B8?8 B∗
P (t) = {p : |p| � h(t)|p+ z(t)|}� q5= =8 =411 C?838/: :B0: B∗

P (t) 43 0 S011� l5? :B43
C9?C538P 3m90?8 S5:B 34<83 56 :B8 4/8m9014:2

|p| � h(t)|p+ z(t)|,

0/< 06:8? :B0: 34;C1462 :B8 103: ?8391:P 4�8�

|p|2 � h2(t)
(|p|2 + 2〈p, z(t)〉+ |z(t)|2)

5?
(h2(t)− 1)|p|2 + 2h2(t)〈p, z(t)〉+ h2(t)|z(t)|2 � 0. t�Gu

X4U4<8 S5:B 34<83 56 t�Gu S2 :B8 8RC?83345/ h2(t)− 1

|p|2 + 2h2(t)〈p, z(t)〉
h2(t)− 1

+
h2(t)|z(t)|2
h2(t)− 1

� 0. t� u

� %��&� �
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.<< :B8 8RC?83345/
(

h2(t)z(t)
h2(t)−1

)2
:5 S5:B 34<83 56 t� uP 0/< =?4:8 4: <5=/ 03

|p|2 + 2

〈
p,

h2(t)z(t)

h2(t)− 1

〉
+

(
h2(t)z(t)

h2(t)− 1

)2

�
(
h2(t)z(t)

h2(t)− 1

)2

− h2(t)|z(t)|2
h2(t)− 1

.

.6:8? 35;8 34;C14�70:45/ =8 70/ >8/8?0:8 :B8 ?8391:∣∣∣∣p+ h2(t)z(t)

h2(t)− 1

∣∣∣∣ � h(t)|z(t)|
h2(t)− 1

.

h8/78 =8 B0U8 38:

B∗
P (t) = {p : |p− c(t, z(t))| � a(t, z(t))} = c(t, z(t)) + a(t, z(t))S,

=B8?8 B∗
P (t) 43 :B8 S011 =B538 78/:8? 43 5/ :B8 C54/: c(t, z(t)) = −h2(t)z(t)

h2(t)−1 0/< =B538

?0<493 8m9013 a(t, z(t)) = h(t)|z(t)|
h2(t)−1 � QB8/ 6?5; 65?;910 t��u =8 5S:04/

c(t, z(t)) = −h2(t)z(t)

h2(t)− 1
= −R(t, v(·)) h

2(t)z0
h2(t)− 1

,

a(t, z(t)) =
h(t)|z(t)|
h2(t)− 1

= R(t, v(·)) h(t)|z0|
h2(t)− 1

.

W/ 75/38m98/78P :B8 t�cu 70/ S8 =?4::8/ 4/ :B8 65?;

BP (t) = x(t) +R(t, v(·))
[
h(t)|z0|
h2(t)− 1

S − h2(t)z0
h2(t)− 1

]
5? 4/ :B8 65?; t�Eu =B47B �/43B83 :B8 C?556� �

q5= =8 0?8 >54/> :5 3B5= ;5/5:5/2 56 :B8 38: BP (t)�
SO)0+)4 I �d)(+05U,' (U6) (O)0+)4 y� {�� M9Gf #e ρ0 > σ0, ρ1 > σ1� #*< Ie

ρ1σ0 � ρ0σ1	 H"9* G"9 ;9G BP (t) (; F$*$G$*9 (* '9)#G($* G$ G"9 (*S)?;($* n"()9 t ∈ [0, τ ]�
(	9	 BP (t1) ⊃ BP (t2) v$' 0 � t1 � t2	

V ? 5 5 6� l4?3:P S2 t�Eu =8 <8:8?;4/8 :B8 <8?4U0:4U8 56 :B8 39CC5?: 69/7:45/ t388 y*�{u
F (BP (t), μ) 56 :B8 38: BP (t) 65? 0/2 μ ∈ R

n 0/< |μ| = 1P :B0: 43P

d

dt
F (BP (t), μ) =

d

dt
F (x(t) +R(t, v(·))[a(t, z0)S + c(t, z0)], μ) =

=
d

dt
[〈x(t), μ〉 +R(t, v(·))[a(t, z0)F (S, μ) + 〈c(t, z0), μ〉]] =
= 〈ẋ(t), μ〉 + Ṙ(t, v(·))[a(t, z0) + 〈c(t, z0), μ〉] +

+ R(t, v(·))[ȧ(t, z0) + 〈ċ(t, z0), μ〉] = Φ1(t, μ) + Φ2(t, μ),

=B8?8
Φ1(t, μ) = 〈ẋ(t), μ〉 + Ṙ(t, v(·))[a(t, z0) + 〈c(t, z0), μ〉],

Φ2(t, μ) = R(t, v(·))[ȧ(t, z0) + 〈ċ(t, z0), μ〉].
q5= =8 C?5U8 :B0: :B8 4/8m9014:2

d

dt
F (BP (t), μ) = Φ1(t, μ) + Φ2(t, μ) � 0

43 :?98 5/ t ∈ (0, τ ]�

�E� � %��&� �
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Q5 <5 :B43P =8 �?3: 3B5= :B0: Φ1(t, μ) � 0� jm90?8 :B8 4/8m9014:2 |v(t)| � ψ(t) 0/<

;91:4C12 S5:B 34<83 56 :B8 ?8391: S2 :B8 8RC?83345/ h2(t)
h2(t)−1

|v(t)|2h2(t)
h2(t)− 1

� ϕ2(t)

h2(t)− 1
.

g0A8 35;8 34;C14�70:45/

|v(t)|2
(
1 +

1

h2(t)− 1

)
� ϕ2(t)

h2(t)− 1
⇒

⇒ |v(t)|2 � (ϕ2(t)− |v(t)|2)
h2(t)− 1

. t��u

.775?<4/> :5 <8�/4:45/ 56 :B8 69/7:45/ r(t, v(t)) t388 X8�/4:45/ Lu =8 70/ 8RC?833 :B8
8m9014:2 ϕ2(t)− |v(t)|2 = r(t, v(t))[r(t, v(t))− 2〈v(t), ξ0〉]P 0/< ;0A8 35;8 39S3:4:9:45/3 4/
t��u

|v(t)|2 � r(t, v(t))

h2(t)− 1
[r(t, v(t)) − 2〈v(t), ξ0〉]

5?

|v(t)|2 + 2r(t, v(t))
〈v(t), ξ0〉
h2(t)− 1

� r2(t, v(t))

h2(t)− 1
. t��u

.<< :B8 8RC?83345/ r2(t,v(t))
(h2(t)−1)2 :5 S5:B 34<83 56 t��uP 0/< ?8=?4:8 4: 0>04/

|v(t)|2 + 2r(t, v(t))
1

h2(t)− 1
〈v(t), ξ0〉+ r2(t, v(t))

(h2(t)− 1)2
�

� r2(t, v(t))

(h2(t)− 1)2
+
r2(t, v(t))

h2(t)− 1
. t�*u

QB8 607: :B0: :B8 186:@B0/< 34<8 56 t�*u 75/343:3 56 m90<?0:47 3:0/<0?< 65?; 56 :B8 39; 56
:=5 U87:5?3P 0/< 03 0 75/38m98/78 56 34;C14624/> :B8 ?4>B:@B0/< 34<8 56 t�*u =8 5S:04/∣∣∣∣v(t) + r(t, v(t))

h2(t)− 1
ξ0

∣∣∣∣ � h(t)r(t, v(t))

h2(t)− 1
. t�Yu

W: 43 5SU4593 :B0: 65? 0/2 U87:5? μ ∈ R
nP |μ| = 1 :B8 4/8m9014:2〈

v(t) +
r(t, v(t))

h2(t)− 1
ξ0, μ

〉
�
∣∣∣∣v(t) + r(t, v(t))

h2(t)− 1
ξ0

∣∣∣∣
43 U014<�

.775?<4/> :5 :B43 0/< 6?5; t�YuP =8 B0U8〈
v(t) +

r(t, v(t))

h2(t)− 1
ξ0, μ

〉
� h(t)r(t, v(t))

h2(t)− 1
⇒

⇒ 〈v(t), μ〉 − r(t, v(t))

(
1− h2(t)

h2(t)− 1

)
〈ξ0, μ〉 � h(t)r(t, v(t))

h2(t)− 1
⇒

⇒ 〈v(t) − r(t, v(t))ξ0 , μ〉+ h2(t)r(t, v(t))

h2(t)− 1
〈ξ0, μ〉 � h(t)r(t, v(t))

h2(t)− 1
⇒

� %��&� �
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⇒ 〈ẋ(t), μ〉 − r(t, v(t))

|z0|
(
− h2(t)

h2(t)− 1
〈z0, μ〉+ h(t)

h2(t)− 1
|z0|
)

� 0 ⇒

⇒ 〈ẋ(t), μ〉 + Ṙ(t, v(·))[a(t, z0) + 〈c(t, z0), μ〉] � 0. t�+u

l5?;910 t�+u ;80/3 :B0: Φ1(t, μ) � 0�
q5= =8 0?8 >54/> :5 C?838/: :B0: :B8 4/8m9014:2 Φ2(t, μ) � 0 B51<3� d870938 56

R(t, v(·)) � 0 5/ t ∈ (0, τ ]P 4: 43 8/59>B :5 C?5U8 :B0:

ȧ(t, z0) + 〈ċ(t, z0), μ〉 =
(

h(t)

h2(t)− 1

)′
|z0| −

〈(
h2(t)

h2(t)− 1

)′
z0, μ

〉
� 0. t�Lu

l4?3:P 75;C9:8 :B8 �?3: <8?4U0:4U8 5/ :B8 ?4>B:@B0/< 34<8 56 t�Lu(
h2(t)

h2(t)− 1

)′
=

−2h(t)h′(t)
(h2(t)− 1)2

.

n/ :B8 5:B8? B0/<P 934/> tEuP tcu 0/< S038< 5/ :B8 75/<4:45/ Su 56 QB85?8; + =8 B0U8
:B8 65115=4/>I

dh(t)

dt
=
ϕ′(t)ψ(t) − ϕ(t)ψ′(t)

ψ2(t)
=

(ρ1σ0 − ρ0σ1)e
kt

ψ2(t)
� 0. t�Eu

i5/38m98/:12P :B43 4/8m9014:2
(

h2(t)
h2(t)−1

)′
� 0 43 30:43�8< 4/ :B8 4/:8?U01 (0, τ ]�

q5= ;91:4C12 S5:B 34<83 56 :B8 4/8m9014:2 〈ξ0, μ〉 � 1 t65? 0/2 μ ∈ Rn, |μ| = 1u S2

:B8 8RC?83345/ −
(

h2(t)
h2(t)−1

)′
−
(

h2(t)

h2(t)− 1

)′
〈ξ0, μ〉 � −

(
h2(t)

h2(t)− 1

)′
. t�cu

.<<
(

h(t)
h2(t)−1

)′
:5 S5:B 34<83 56 t�cuP 0/< 5S:04/

(
h(t)

h2(t)− 1

)′
−
(

h2(t)

h2(t)− 1

)′
〈ξ0, μ〉 �

(
h(t)

h2(t)− 1

)′
−
(

h2(t)

h2(t)− 1

)′
. t�Gu

i5;C9:8 :B8 ?4>B:@B0/< 34<8 56 t�Gu 0/< 4/ ?810:45/ :5 t�Eu =8 5S:04/ :B43 ?8391:(
h(t)

h2(t)− 1

)′
−
(

h2(t)

h2(t)− 1

)′
= − h′(t)

(h(t) + 1)2
� 0.

l?5; :B43P =8 >8/8?0:8 :B8 65115=4/> ?810:45/ 65? :B8 186:@B0/< 34<8 56 t�GuI(
h(t)

h2(t)− 1

)′
−
(

h2(t)

h2(t)− 1

)′
〈ξ0, μ〉 � 0. t* u

g91:4C12 S5:B 34<83 56 t* u S2 |z0| 0/< =8 >8: t�Lu� h8/78 4: 65115=3 :B0: Φ2(t, μ) � 0�
QB43 75;C18:83 :B8 C?556� �

Y��� C 60.<370+ 0? 3() *-4) 973( `.7?) .7+)a� W: B03 S88/ /5:8< 0S5U8 :B0: W30073�
>0;8 =4:B ^1468 14/8_ =03 75;C?8B8/34U812 351U8< S2 e� .� V8:?5320/ 934/> :B8 ;8:B5< 56
0CC?5R4;0:4/> ;8039?0S18 75/:?513 S2 C4878=438 75/3:0/:�
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SO)0+)4 J� uv H"9$'9F r (; =#)(< #*< M
⋂
BP (0) = ∅� G"9* G"9 Π
�];G'#G9UQ tGu (;

n(**(*U (* G"9 U#F9 t�u^tYu n(G" z)(v9 )(*9{	
V ? 5 5 6� QB8 C?556 <4?87:12 65115=3 6?5; QB85?8; +� �
q5= =8 <8�/8 0 38: 4/ :B8 65?;

BE(t) = {p : |p− x0| � χ(t)|p− y0|}

65? 011 t ∈ (0, T
�]P =B8?8

χ(t) =

t∫
0

ϕ(s)ds

t∫
0

ψ(s)ds

=
(ρ1 + kρ0)(e

kt − 1)− kρ1t

(σ1 + kσ0)(ekt − 1)− kσ1t

0/< T
� 43 :B8 �?3: C534:4U8 ?55: 56 :B8 8m90:45/ t��u� W:�3 5SU4593 :B0: limt→0 χ(t) =
ρ0

σ0
.

SO)0+)4 M� M9G G"9 S$*<(G($*; ρ0 > σ0� ρ1 > σ1 #*< ρ1σ0 � ρ0σ1	 H"9* χ(t) (;
(*S'9#;(*U $* (*G9'=#) t ∈ (0, T
�] #*< G"9 ;9G BE(t) (; <9S'9#;(*U n(G" '9;Y9SG G$ t ∈
(0, T
�]P (	9	� #* (*S)?;($* BE(t1) ⊃ BE(t2) "$)<; v$' #*Q t1, t2 ∈ (0, T
�] #*< 0 < t1 � t2	

V ? 5 5 6� l4?3: 56 011P =8 =411 C?5U8 :B0: χ(t) 43 4/7?8034/>P 4�8� χ′(t) � 0 9/<8? :B8
75/<4:45/3 56 QB85?8; E� l5? :B43 C9?C538P 7017910:8 :B8 <8?4U0:4U8 56 χ(t)

dχ(t)

dt
=
k2(ρ0σ1 − ρ1σ0)(e

kt − 1− kektt)

[(σ1 + kσ0)(ekt − 1)− kσ1t]2
.

q5=P 0/012T8 0 34>/ 56 8RC?83345/ l(t) = ekt − 1− kektt 65? 8U8?2 t ∈ (0, T
�]P 4�8�I 0u

limt→0 l(t) = 0; Su dl(t)
dt = −k2ektt � 0. j5P l(t) � 0 5/ 4/:8?U01 t ∈ (0, T
�]�

QB8?865?8P χ
′
(t) � 0 43 :?98 46 ρ1σ0 � ρ0σ1� j4/78 χ(t) 43 4/7?8034/> 5/ t ∈ (0, T
�]P =8

70/ =?4:8 0 ?810:45/ χ(t) > 1 5/ :B0: 4/:8?U01�
l?5; t�+uP t�LuP =8 B0U8

BE(t) = x0 − χ2(t)

χ2(t)− 1
z0 +

χ(t)

χ2(t)− 1
|z0|S. t*�u

QB8/ =8 <8:8?;4/8 :B8 7B0?07:8? 56 :B8 <8?4U0:4U8 56 39CC5?: 69/7:45/ F (BE(t), μ), =B8/
|μ| = 1 0/< t ∈ (0, T
�]I

d

dt
F (BE(t), μ) = −

(
χ2(t)

χ2(t)− 1

)′
〈z0, μ〉+

(
χ(t)

χ2(t)− 1

)′
|z0| =

=
2χ(t)

(χ2(t)− 1)2
χ′(t)〈z0, μ〉 − χ2(t) + 1

(χ2(t)− 1)2
χ′(t)|z0| =

= (2χ(t)〈ξ0, μ〉 − χ2(t)− 1)
χ′(t)|z0|

(χ2(t)− 1)2
=

= −|ξ0χ(t)− μ|2 χ′(t)|z0|
(χ2(t)− 1)2

� 0.

�
SO)0+)4 o� M9G δ0 > 0, δ1 > 0, ρ1σ0 � ρ0σ1 #*< M

⋂
BE(T
�) 	= ∅� H"9* v$'

9=#<9' E G"9'9 9p(;G; ;$F9 S$*G'$) n"(S" (; n(**(*U (* G"9 U#F9 t�u^tYu n(G" z)(v9 )(*9{	
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V ? 5 5 6� e8: p ∈ M
⋂
BE(T
�) 0/< :B8 8U0<8? E 4;C18;8/:3 :B8 75/:?51 v∗(t) =

ψ(t)ν, v∗(·) ∈ V
�P =B8?8 ν = (p − y0)/|p − y0|� j4/78 |v∗(t)| = ψ(t) 65? 011 t � 0P :B8/
39S3:4:9:4/> :B43 4/:5 4/8m9014:2 t�u =8 >8: 65?;910

σ0 + σ1t+ k

t∫
0

|v∗(s)|ds = σ0 + σ1t+ k

t∫
0

ψ(s)ds =

= σ0 + σ1t+ k

t∫
0

[σ1
k
(eks − 1) + σ0e

ks
]
ds = ψ(t) = |v∗(t)|,

=B47B C?5U83 :B8 0<;4334S414:2 56 :B8 75/:?51 v∗(t) 65? 011 t � 0� QB8/ :4;8 56 :B8 07B48U8@
;8/: 56 :B8 C54/: p 43 η̄ 65? 8U0<8? 0/< =8 B0U8

η̄∫
0

|v∗(s)|ds =
η̄∫

0

ψ(s)ds = |p− y0|, t*�u

0/< 6?5; 56 QB85?8;3 � 0/< EP 4: 65115=3P :B0: η̄ � T
�� �8 39CC538 :B0: 65? :B8 C9?398?
8R43:3 0 78?:04/ 75/:?51 69/7:45/ u∗(·) ∈ U
� :B0: x(t̄) = y(t̄) B51<3 0/< t̄ < η̄� W6 z(t) =
x(t)− y(t) 0/< z(0) = z0P :B8/ 6?5; ż(t) = u∗(t)− v∗(t) =8 B0U8

z(t̄) = z0 +

t̄∫
0

(u∗(s)− v∗(s))ds = 0.

l?5; :B43P 4: 65115=3 :B0:∣∣∣∣∣∣z0 −
t̄∫

0

v∗(s)ds

∣∣∣∣∣∣ �
t̄∫

0

|u∗(s)|ds �
t̄∫

0

ϕ(s)ds ⇒

⇒ |z0|2 − 2

t̄∫
0

ψ(s)ds〈z0, ν〉+
⎛⎝ t̄∫

0

ψ(s)ds

⎞⎠2

�

⎛⎝ t̄∫
0

ϕ(s)ds

⎞⎠2

⇒

⇒
⎛⎝ t̄∫

0

ψ(s)ds

⎞⎠2

(χ2(t̄)− 1) + 2

t̄∫
0

ψ(s)ds〈z0, ν〉 − |z0|2 � 0 ⇒

⇒
t̄∫

0

ψ(s)ds � f(t̄) :=
1

χ2(t̄)− 1
[
√
〈z0, ν〉2 + |z0|2(χ2(t̄)− 1)− 〈z0, ν〉]. t**u

W6 χ(t) 43 4/7?8034/> 65? t ∈ (0, T
�]P :B8/ 4: 43 8032 :5 7B87A :B0: f(t) 43 <87?8034/> 69/7:45/
5/ (0, T
�]� i5/38m98/:12 6?5; t̄ < η̄P 4: 65115=3 :B0: f(η̄) � f(t̄).

j4/78 p ∈ BE(T
�) 0/< η̄ � T
�P :B8/ 6?5; QB85?8; E =8 B0U8 p ∈ BE(T
�) ⊂ BE(η̄)�
h8/78 =8 5S:04/

|p− x0| � χ(η̄)|p− y0| ⇒
⇒ |z0 − (p− y0)|2 � χ2(η̄)|p− y0|2 ⇒
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⇒ |z0|2 − 2〈z0, p− y0〉+ |p− y0|2 � χ2(η̄)|p− y0|2 ⇒
⇒ 0 � (χ2(η̄)− 1)|p− y0|2 + 2|p− y0|〈z0, ν〉 − |z0|2 ⇒

⇒ |p− y0| � f(η̄) � f(t̄).

QB8/ 6?5; :B8 103: 4/8m9014:2 0/< 6?5; t*�uP t**uP =8 B0U8
t̄∫
0

ψ(s)ds �
η̄∫
0

ψ(s)ds 5?

t̄ � η̄P :B59>B :B43 75/:?0<47:3 59? 39CC534:45/� �
SO)0+)4 p� M9G δ0 � 0, δ1 � 0	 H"9* v$' G"9 9=#<9' E G"9'9 9p(;G; ;$F9 S$*G'$)

n"(S" (; n(**(*U (* G"9 U#F9 t�u^tYu n(G" z)(v9 )(*9{	
V ? 5 5 6� e8: :B8 8U0<8? 938 :B8 75/:?51 t�YuP 0/< 18: :B8 C9?398? 7B5538 0/ 0?S4:?0?2

75/:?51 u(·) ∈ U
�� QB8/P 34;410? :5 :B8 C?556 56 QB85?8; *P 9/<8? :B8 75/<4:45/3 56 :B8
79??8/: :B85?8; =8 0>04/ <8?4U8 |z(t)| � Ψ(t) � |z0| > 0 65? 0/2 t ∈ [0,+∞)P 6?5; =B47B
=8 4/68? z(t) 	= 0P 4�8� x(t) 	= y(t) t388 V?5C534:45/ �u� QB8?865?8P S2 U4?:98 56 X8�/4:45/ G
4/ :B8 >0;8 t�uztYu =4:B 0 ^1468 14/8_ :B8 8U0<8? E 43 0135 75/34<8?8< :5 S8 =4//4/>� QB8
C?556 43 75;C18:8� �

J� YT,46-)� .339;8 :B0: :B8 >0;8 t�u@tYu 43 <837?4S8< 03 t388 l4>9?83 � 0/< �u

ẋ = u, x0 = (0, 0), |u(t)| � 2 + 2
√
2t+

t∫
0

|u(s)|ds, t � 0, t*Yu

ẏ = v, y0 = (0,−1), |v(t)| �
√
3 + 2t+

t∫
0

|v(s)|ds, t � 0. t*+u

Q&4 +. �	 �4^ <^6<^7^Y5U5;:Y `4;b4 54^ Π���75<U5^=W ;7 `;YY;Y=
;Y 54^ =Ua^ I��L� I��L `;54 uV;c^ V;Y^v

QB8/ S038< 5/ QB85?8; �P =8 70/ 5S:04/ T
� = 0.37� W/ 0775?<0/78 =4:B QB85?8; YP
=8 >8/8?0:8 :B8 38: BP (0) = {p : |p− c| � a, c = (0,−4), a = 4 + 2

√
3}� . 38: 56 C54/:3

p = (p̃1, p̃2) 5/ 0 S59/<0?2 56 BP (0) 75/343:3 56 :B8 74?718

∂BP (0) = {(p̃1, p̃2) : p̃21 + (p̃2 + 4)2 = 28 + 16
√
3}.
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Q&4 +. �	 �4^ <^6<^7^Y5U5;:Y `4;b4 54^ ^]U9^< `;Y7
;Y 54^ =Ua^ I��L� I��L `;54 uV;c^ V;Y^v

o34/> t*�u 0/< QB85?8; EP :B8 38: BE(T
�) = {p : |p− c| � a, c = (0,−3.323), a =
2.779} 43 75/3:?97:8<� . 38: 56 C54/:3 p = (p̂1, p̂2) 5/ 0 S59/<0?2 56 BE(T
�) 75/343:3 56
:B8 65115=4/> 74?718I

∂BE(T
�) = {(p̂1, p̂2) : p̂21 + (p̂2 + 3.323)2 = (2.779)2}.

�8 =43B :5 :B0/A C?568335?3 .� .� .T0;5U 0/< `� W� WS?0>4;5U 65? <4379334/> :B43
C0C8? 0/< 65? C?5U4<4/> 35;8 938691 75;;8/:3�

0;<;5;:6;=

.� TG^?Ca_ML^ t� k� 5-3��++(� ��'!( ���"�?��! >���,�� RGADGb+ RS~k TCIAA+ ���1+ 99. @� =\^ [FAAL_^J
�� ~C_AGmAhLL n� n�+ kFOOG?L^ S� \� 0� �]��������?�" ?�+���" =��3"� ,� nIb xGCh+ k@CL^MIC+ ��..+
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7��"� ���!� 6�'� ���)+ ./8.+ mG`� �9N+ ^G� 0+ @@� 90�3909� =\^ [FAAL_^J
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@CGO`Ig EGC ALg@`I @FCAFL? M_gIA bL?> DG^A?C_L^?�� ���!�?� %'"4����?�� �����+ kGs_+ ./8N+ mG`� .�+ ^G� .+
@@� 08310� =\^ [FAAL_^J

8� S|_gGm S� S�+ k_g_?Gm r� l� l>I Π	A?C_?IMaB _^_`GMLIA _^K _@@`LD_?LG^A� /�� Z�'���
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.1� TI?CGAa_^ t� S�+ fF?hImLD> e� �� \MCa A �`L^LIH |>L|^L�+ k`FD>_H l	|_>m_?_ ��_gIA bL?> �_ kFCmLm_`
�G^I�+ dDD_?LG^ l	D_?D>�� #�,�+�� �� ��+�+4��! ����� @+�J��,��(+ ./N/+ mG`� 0+ ^G� .0+ @@� 0.308� =\^
[FAAL_^J

.9� TI?CGAa_^ t� S�+ [Lh>ALIm r� r� 2��,"�!�J�+�� +� ="�,��,�� �2'�,'�� �+ ��� ="�+��� RGADGb+
n_Fh_ TFO`�+ .//.+ /N @� =\^ [FAAL_^J

.N� TI?CGAa_^ t� S�+ R_|_`Gm e� e� 0� � �����( �+! �=="�?����+,� 55� nIb xGCh+ nGm_ kDL�+ .//N+
�./ @�

.2� k_g_?Gm r� l� d^ _ @FCAFL?	Im_ALG^ @CGO`Ig F^KIC _ `L^I_C D>_^MI GE ?>I @FCAFIC CIAGFCDI�
��3����+ �!J�+?�, �+ ����� ���?,+ ��.0+ mG`� �0+ ^G� .�+ @@� �/130���
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Vi(t, S, μt, kt, αt, βt) = Ai(t, μt, kt, αt, βt)S +Bi(t, μt, kt, αt, βt),

i = 1, 2, ..., N.
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Ai(t, μt, kt, αt, βt) = −bi +Ai(t, μt, kt, αt, βt)η̂tδ,

Ai(T + 1, μt, kt, αt, βt) = 0
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S(x̃, y, t) = y1(x̃1 cosωt+ x̃2 sinωt) + y2(−x̃1 sinωt+ x̃2 cosωt),
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ẋ1 = y1 + x2, ẏ1 = − 3x1

||x||3 + 2x1 + y2,

ẋ2 = y2 − x1, ẏ2 = − 3x2

||x||3 − x2 − y1,

ẋ3 = y3, ẏ3 = − 3x3

||x||3 − x3,
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x∗ = (1, 0, 0), y∗ = (0, 1, 0).
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2
||y||2 − 3

||x|| −
3

2
x21 +

||x||2
2
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ẋ1 = y1 + x2, ẏ1 = − 3x1

||x||3 + 2x1 + y2 + u1,

ẋ2 = y2 − x1, ẏ2 = − 3x2

||x||3 − x2 − y1 + u2,

ẋ3 = y3, ẏ3 = − 3x3

||x||3 − x3 + u3.
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J���' y��P �*{ ����H�
�P !�� $���#��
��� u1(x) = a(x1−1) ��� a < −9 �J�"��!�#���"�
$"��%!�#�"�� �� ���$
�#$ "��)��
��
��� ��-�
�� (x∗, y∗) "�"���& t�u� ��%"�#�����@

�P "�"���� t*u " $���#��
��� tYu ����� ��������
�#$ (���$� ��������
��
 H���"&@
#���"� "���$bF�� �J��H��I

H∗(x, y) =
1

2
||y||2 − 3

||x|| −
3

2
x21 +

||x||2
2

+ x2y1 − x1y2 − a

2
(x1 − 1)2.

O ��
����H�#�

�� "�$!�� ��������
��
 H∗(x, y) J$��� ����� #��

H∗
���(x, y) =

1
2 (y2 − x1)

2 + 1
2 (y1 + x2)

2 + 3
2x

2
2 −

(
9+a
2

)
(x1 − 1)2 +

+ 1
2y

2
3 + 2x23,

���$�� #��
�P !�� ��� a < −9 �#������!
�� (���� H∗
���(x, y) ����������
� ������@

��

��� ���
�� ����H#��
�� �� ��������
��
� H∗(x, y) ��#
� 
$�bP � �H ������@
����
�% ��������

�"�� �#������!
�% (���& H∗

���(x, y) "���$��P !�� ��������
��

H∗(x, y) J$��� ($
�)��% ���$
�#� "�"���& t*uP tYu # 
�������% ����"�
�"�� ��!��
��J��)�� # (�H�#�� ���"���
"�#�� ����� �J��H��P $���#��
�� u1(x1) �J�"��!�#���
$"��%!�#�"�� �� ���$
�#$ "��)��
��
��� ��-�
�� (x∗, y∗) $���#�����% "�"���& t*uP
tYu�

���#���� $��#
�
�� �#���
�� # "�$!��P ����� $���#��
�� �����H$��"� " ����@
F�b "��
�!
��� ���$"� yLzc{I

ẋ1 = y1 + x2, ẏ1 = − 3x1

||x||3 + 2x1 + y2 − 2k pS
m cos3 ϕ− (1 − k)pSm cosϕ,

ẋ2 = y2 − x1, ẏ2 = − 3x2

||x||3 − x2 − y1 − 2k pS
m cos3 ϕ sinϕ,

ẋ3 = y3, ẏ3 = − 3x3

||x||3 − x3,
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x(0) = (1.093, 0.001, 0), y(0) = (0, 1.089, 0).
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x∗ = (1.089116540, 0, 0), y∗ = (0, 1.089116540, 0).
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