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Junst ymrupoBanaust: Baawkuna FO. E., Sazxapos B. B. lnterpanbpHast MOAEIb IPUTOKA M OTTOKA,
u ee nputoxenus: // Becrank Cankr-IlerepGyprekoro yuuBepcurera. [IpukiagHas MareMaTuka.
UNudopmaruka. IIporecent ynpasnerus. 2024. T. 20. Bom. 2. C. 120-134.
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Ormmcana obmast MHTErpajbHAs MOJEIb MPUTOKA W OTTOKA TUHAMHYECKONW CHCTEMBI, mapa-
MeTPBI KOTOPOH MMEIOT CTOXaCTUIECKIH XapakTep. [[jst TaKoro THa JUHAMUTIECKUX CHCTEM
dbopmymupyercs OO IPUHIMIT TUHAMAYIECKOrO DAJIAHCa, & TAKXKE BBOMATCS IOHSTHUS FH-
TEePBAJIBHOM IMHAMIYECKOH COAIAHCHPOBAHHOCTY HHTErPATHHBIX 00HEMOB IPUTOKA M OTTOKA,
M XapaKTePUCTHUKHN AMHAMUTIECKOro basanca. Kiace cToxacTWdecKmx NUHAMUYECKHUX IPO-
[IECCOB ¥ CUCTEM IIPHUTOKA M OTTOKA, Y/IOBJIETBODPSIOINX MPUHIHILY IMHAMHYECKOr0 DajIaH-
ca, TOCTATOYHO MUPOK (PACITPOCTPAHEHUE SMTUAEMUIT BUPYCOB W JMHAMUKA 3200/1€BAEMOCTH
B MEIUINHE, [TPOIECCHl M3MEHEHNsT YHMCJIEHHOCTH M CTPYKTYDHI HacejleHus B aemorpadun,
JIMHAMPKA, CIIPOCA-TIPEJIJIOKEHNS B SKOHOMUKE W T. [1.). BO3MOKHOCTH MIPUMEHEHWS ITPe/Iia-
raeMoi MOJENH sl IIOCTPOEHHUsT KPATKO- M JOJTOCPOYUHBIX TPOrHO30B JEMOHCTPUPYIOTCS Ha,
npumMepax pacrnpocrpaunenus suugemun COVID-19 8 Mockse n Caukr-Ilerepbypre, a Takxke
[IPOrHO3UPOBAHMS POCTA HACEJIEeHHs 3eM/IH U OTAe/]bHbIX cTpaH. [IpuBoagTCs pe3ynbraTs
BBIUHCINTEIBHBIX KCIEPUMEHTOB I[T0 TTOCTPOEHUIO PETPOCHIEKTUBHBIX IIPOTHO30B COCTOSIHUS
JAVMHAMUYIECKUX CHCTEM C MCIOJH30BAHNEM METOIA MUHAMUYECKNX TPEHIOB CTOXACTUIECKUX
mapamMeTpoB WHTerpabHoil Momenu u kiaaccudeckoro meroma ARIMA. Ilposogurca cpaBuu-
TEJIHHBIA AHAJIN3 TOYHOCTHU IIPOTHO3UPOBAHMUS.

Karouesvie ca06a: TMHAMUYIECKHE CUCTEMBI IPUTOKA W OTTOKA, IIPUHITAT JUHAMAIECKOTO Oa-
JIAHCA, XaPAKTEPUCTHKA JUHAMIIECKOT0 6AJIaHCa, MATEMATHIECKOe MOEIMPOBAHNE, TIPOTHO-
3UpOBAHIE.

1. Begenme. Kiacc croxacTudeckux JUHAMUYIECKAX TTPOIECCOB M CUCTEM TTPUTOKA,
M OTTOKA JIOCTATOYHO MUpokK. K Hemy, HampuMmep, OTHOCATCS MHOTOYNCTIEHHBIE MPOIIEC-

* HccmemoBaHne BBINOJIHEHO 3a cdeT rpaHTa Poccumiickoro Haywaoro douga Ne 23-21-10049
(https://rscf.ru/project /23-21-10049) u rpanrta Caukr-Ilerepbyprckoro Hayasoro douga Ne 23-21-10049.
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Cbl B 00JIaCTU 3/IpaBOOXPaHEeHNUs], TaKIe KaK 3BOJIOINMA BUPYCHBIX 3MUAeMuil 1 3abojeBa-
HUIl HEBUPYCHOTO XapakTepa, B 00JacTh meMorpadun — MpOIECCHl POCTA YUCIEHHOCTH
W M3MEHEHWUsI CTPYKTYPHI HACEJEHUsI CTPAH W 3eMJIM B IEJIOM, B SKOHOMUKE — TPOIECCHI
JIBUZKEHUSA KAIUTAJIOB.

[Tycrs qunamudeckas cucremMa X B MoMeHT Bpemenu t = to > 0 cocrout u3 X (tp) > 0
3JIEMEHTOB OIpe/IeIeHHOro Tuma. IIpe/nonoKuM, 9TO B KayKJblii MOMEHT BpeMeHu t =
to + 1,t0 + 2,...,t0 + T (1 <T < 00) 3a1aHO YUCIO Tine(t) > 0 HOBBIX JEMEHTOB
TOrO Ke THMa, TOCTYMAIIMINX B CHCTEMY, W YUCIO Zof(t) > 0 3J1eMEHTOB, MOKUIAIONINX
cucremy, Zine(to) = Tof(to) = 0. BpemeHHbIe pABI Tint(t) ¥ Xof(t) OYyIEM COOTBETCTBEHHO
HA3LIBATL IIPUTOKOM U OTTOKOM. PaccMOTPUM JMCKPETHYIO MOJAEIb JTUHAMUKU CHCTEMbI
X (t) npu HaIUYUM OPUTOKA Ting(f) U OTTOKA Tof(t). OUEBUIHO, YTO COCTOSTHUE CHCTEMBI
MOZKHO OTMHUCATH JIUCKPETHBIM yPABHEHUEM

X(t) = X(t— 1) + zine(t) — Tor(t). (1)

Eciu mpuTOK M OTTOK MPEACTaBISIOT COOOM HEAETEpMUHUPOBAHHBIE JUHAMUYECKUE TPO-
HecChl, TO 3Bosnonus cucrembl X () ecTb CirydaiiHblil IPOLECC, Opee/sieMblil JMHAMUKOI
BPEMEHHBIX PsJIOB IIPUTOKA M OTTOKA, a cama cucrema (1) B obiuem ciydae umeer croxa-
CTUYECKHUI XapakKTep.

[Mporuo3upoBaHue TUHAMUKY TAKON CUCTEMBI HE TTPEICTABIISAET TPYIA, €CIN 3HAYCHUS
MPUTOKA W OTTOKA Zinf(t) M ZLof(t) SBISIOTCS I€TEPMUHUPOBAHHBIMU (DYHKIMSIMHU BpeMe-
uu. [Iyist aHamM3a ¥ MPOTHO3UPOBAHUS CUCTEM, IJI KOTOPHIX YKA3aHHBIE BPEMEHHDIE PSIIhI
CTAIMOHAPHBIE, CYIIECTBYET MHOIO CTATHCTHYECKUX METOJIOB, MMO3BOJSIONIAX MEHEPUPO-
BaTh MPOrHO3bI JOCTATOYHO BBICOKOH TOYHOCTH. OHAKO €CJIM YCIOBUE CTAIMOHAPHOCTH
He BBITIOJIHSAETCS W/Mian (DYHKIMN PACTIPeIeIeHNsT HEN3BECTHBI, TO MPUHSTHE DereHnii o
MOCTPOEHUHN TIPOTHO30B JUHAMHUKU CUCTEMbI OyIeT CBSA3aHO CO 3HAYUTEILHONW HEeOpeIe-
JIEHHOCTBIO.

K naunbostee u3BECTHBIM U 9aCTO UCIOIB3YEMbIM MOJIEISM TPOrHO3UPOBAHUS BPEMEH-
HbIX psiioB orHocuTcs Monesib ARIMA((p, d, q). A66pesuarypa ARIMA nocur onucaresn-
HbBIl XapaKTep U OTpazKaer KJI0YeBble aciekThbl camoii mozgesnu (AutoRegressive Integrated
Moving Average, MHTErprpPOBAHHAS MOJIEJb ABTOPErPECCUN — CKOJIL3AIIEro cpennero). AR
OTBEYAET 32 ABTOPETPECCUOHHYIO YaCTh, T. €. 34 MOPsI0K 3anasapiBanus (p), I — 3a cre-
nenb pasuoctu (d), MA — 3a pa3Mep OKHa CKOJBL3AIIErO CPEIHErO, TaAKKE HA3bIBAEMOIrO
HOPsIZIKOM CKOJIb3smero cpeanero (g). Ilomydaercs, 4To pa3sHOCTH BPEMEHHOIO Psiad MO-
panka d noguunstorca moaean ARMA((p, q).

B obmem Buge mogens ARIMA (p, d, ¢) MOYKHO MpeICTaBUTh CJAELYIONM 00pa30M:

p q
AdXt =c+ Z aiAdXt_i + Z bjEt_j + &,

i=1 j=1

rjie a;, bj, ¢ — HapaMeTpbl MOJENH; £; — CTAIMOHAPHBIA Bpemennoii pat; A? — onepa-
TOP Pa3HOCTH BPEMEHHOIO pszia nopsaka d (nocienoBarenbHoe B3aTue d pa3 pa3HOCTeil
MepBOTro Mopsijika); X; cooTBercTByeT 3HaveHnio X (t).

ABTOKOPPEISIIMOHHBIE METOIBI PETrPECCHOHHONO AHAIN3a JOCTATOYHO TITHPOKO TTPUME-
HSIJTUCDH JJISI TTPOTHO3UPOBAHUSI, HATPUMED, NUHAMUKYA BPEMEHHOTO Psi/Ia, MPUTOKA, HOBBIX
cayuaen 3abosieBanus Bo Bpems mangemun COVID-19. B crarbsax [1-4] paccmarpuBaer-
cst ucnosb3oBanue mogaen ARIMA npu mocrpoenny mporHo30B PACIIPOCTPAHEHUS TTAHIE-
Muu B psge crpaH mupa. Ciaemayer OTMETHTh, YTO 3Ta MOIENIh MO0 CPABHEHUIO C JAPYTUMU
WHCTPYMEHTAMHU 1aeT 00jiee TOUYHBIE MPOTHO3bI, OJHAKO, XOTS MOJIEIN BPEMEHHBIX PSIIOB
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U SIBJISIOTCS TIOIMYJISTPHBIM MHCTPYMEHTOM IMPOTHO3UPOBAHUS, UX IIPUMEHEHUE JIJIsi OIEHKN
PACIpOCTPAHEHNST HOBLIX MH(EKIN HE BCEra MO3BOJISET MOCTPOUTH MPOTHO3BI BHICOKOM
CTEMeHN TOYHOCTH.

Mopenu aHanu3a BPEMEHHbBIX PsiIOB IUPOKO BHEJPEHBI JJisi MPOTHO3UPOBAHUS TEH-
JIEHIHH, CTPYKTYPHBIX CABUTOB, IUKJOB U HEHADIOJAEMbIX 3HAYEHUH U JOKA3AJIU CBOIO
H0JIE3HOCTH B ObacTu Meauuusbl [5, 6]. Bbuio nokasaHo, 4ro MOJE/b aBTOPErPECCHOHHO-
r'O CKOJIB3SIIEro CPEIHero 00/1a1aeT MHOTOODEIIAIOIIEeH TOYHOCTHIO JIJIsT TIPOTHO3UPOBAHIIS
JTMHAMWKY PA3INYHbIX HHGMEKIMOHHBIX 3aboseBannii [7, 8]. [Ipu sToMm mucciaenoBaTenn or-
veuaior, uro ARIMA crnocobua maBaTh KadeCTBEHHBIE PE3YIbTATHI HA KPATKOCPOUYHOM
ropu30HTE NPOrHO3upoBanus [9].

Mpu w3ygennu COVID-19 ¢ momoripio mogenun ARIMA mpoBoamioch mporao3upo-
BAHNE KOJMUYECTBA, HOBBIX CIIyYaeB 3aD0JEBAHUS, CMEPTEH U BBI3MOPOBJIEHUI HA OCHOBE
eYKeJIHEBHBIX JAHHBIX U3 PA3HbIX CTPAH JJIs OLEHKM Oyayieil AuHAMUKA smuaemun [10—
13]. B reuenne meproit BosHbl snuaemur COVID-19 66110 HECKOIBKO TOMBITOK CITPOTHO-
3UPOBATH JAJIbHEHIIIee PAZBUTHE IMUIEMUIECKOi cuTyanuu, brarogapst mogenasm ARIMA.
Hanpuwmep, B pabore [14] mogenr ARIMA npumensiach Jjisi KpATKOCPOYHOTO IPOrHO3a
0OIIIEro KOMUYIEeCTBA HOBBIX CIIy4YaeB 3aD0JIEBAHUs Ha OCHOBe exeaHeBHbIX jganabix OOH
¢ 21 auBapsa no 16 maprta 2020 1. 19 ONEHKM MOCTPOEHHBIX MOJEJEH MCIOTh30BANCH
undopmarmonusiiit kpurepuit Axauke (AIC) u recr Jlionr — Bokca. UTobbl OneHUTH 10~
CTOBEPHOCTH MPEJIOKEHHON MOJeNn, ObLIN PACCIUTAHBI CPEIHsIS abCOMIOTHAS MTPOIEHT-
nas omubka (MAPE) u cpenmekBaaparmdeckast onmbka (RMSE) mexay nHabmonaeMbl-
MU U CIPOIHO3UPOBAHHBIMU 3HAYEHUAIMU 4ducia HOBbIX ciaydaes COVID-19. Asropsr [14]
MPEJIOKIIN WCTIOIB30BaTh MoJesb ¢ mapamerpamMn ARIMA(L,2,1), mpu 5TOM TOpU30HT
MIPOrHO3WPOBAHNUST COCTABIAN 5 nHeil. B [15] Obuta mpoaHaan3upoBaHa IHHAMIKA PA3BATHS
srupemun COVID-19 B FOxHoit Adpurke. C nomorrpio momean ARIMA(11, 1,9) &bt ocy-
mecTBieH 15-THEBHBIM TPOrHO3 HOBBIX ciayuaeB 3aboneBanus COVID-19, obygarormuvu
WCTOPUIECKUMU JTAHHBIMU CIYKUIN CBeJeHus 3a mepuof ¢ 7 mapta 2020 r. mo 3 aBrycra
2021 1.

2. IaTerpasibHasi MOJIeJib IPUTOKA W OTTOKa. PacCMOTpUM CyMMBI 4JIEHOB Bpe-
MEHHBIX PSITOB MMPUTOKA U OTTOKA J0 MOMeHTa Bpemenu ¢t < T

Onpenenenne 1. Byjem nasbiBars Xi,¢(t) uHTErpaIbHBIM 3HAYEHUEM IPUTOKA B CH-
cremy X ¢ MOMeHTa Bpemeru tg + 1 10 MomerTa Bpemenu ¢ < T cyMMy 4JI€HOB BPEMEHHOTO
psijia IPUTOKA:

Xinf(t) = Z minf(7)~

T=to

Onpenenenne 2. Bynem nazoiBarb Xop(t) MHTErpabHbIM 3HAYEHUEM OTTOKA U3 CH-
crembl X € MOMEHTa BpemeHu ty + 1 10 momenTa Bpemenu ¢t < 1’ CyMMy 4IEHOB BPEMEHHOTO

pd/ia OTTOKA:
t

Xot(t) = D @ot(7).

T=to

Canenyer 3amMeruTb, 4YTO MOJIyYEHHbIE TAaKUM OOpa30oM BpeMmeHHble Dbl Xine(t)
u Xof(t) 3aBUCAT OT BCEX YJIEHOB BPEMEHHBIX DANOB Tine(T) U Top(T), to + 1 < 7 < ¢t
COOTBETCTBEHHO.

VYpaguenue (1) ¢ y4eTOM BBEIEHHBIX OTPAHUYEHUN MOKHO MPEo0pa30BaTh K BUILY

X(t) = X(to) + Xine(t) — Xog(t).
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Bsenem Takxke mjist moboro t >ty + 1 cremyrompe 0003HATMEHHS:
Xine(t) — Xing(t — 1)

Tinf(t) =100 - X f(t — 1) )

(2)

Xof(t) — Xof(t — 1) (3)
Xot(t — 1) '

BennunHa 7ine(t) HA3bIBAETCS MPOIEHTHBIM TIPHPOCTOM MHTErPAIHLHOTO 3HAYEHWS TPUTOKA

B MOMEHT BPEMEHW ¢, a T'of(t) — MPOIEHTHBIM MPUPOCTOM MHTErPAIHHOTO 3HAYEHUST OTTOKA.
Paccmorpum cucremy guckpernbix ypashenuii nepemenubix X (t), Xine(t) u Xof(t)

C HEJIETEPMUHUPOBAHHBIMHA HapamMerpaMi Ting(t) u roe(t) (cMm. (2) u (3)):

rop(t) = 100 -

X(t) = X(tO) + Xinf(t) - Xof(t)a (4)
Xinf(t) - <]- + %(g)) Xinf(t - 1)7 (5)
Xorlt) = (1 + Tfé?) Xoe(t — 1) (6)

upu Xing(to) = Xot(to) =0, t > tg + 1. Cucremy (4)—(6) Gyaem Ha3bIBATH UHTEIPAJILHOI
MOJE/ILIO0 IPUTOKA U OTTOKA CUCTeMbI X .

Torja cupaseiiuBo cleAylolee yTBep:K IeHue.

VYreepxaenne. ITycmo X (tg) = 0, Zine(to) = Zot(to) = 0, Zing(t) > 0 u zoe(t) > 0
oaa ecex t > to. JIaa mozo wmobv. mmosicecmeo dunamuneckoti cucmemv. X, COCMOA-
nue xKomopot ydosaemeopsem cucmeme (4)—(6), bviao ne nycmo npu t > to, 1eobxodumo
u docmamouno, wmobn. das 2106020 t > ty OBLAO 6LINOAHEHO HEPAGEHCTNEO

Xinf(t) > Xof(t). (7)

JdoxaszateancTBs o Heobrodumocms. IlycTh MHOXKecTBO cructeMbl X He
SIBJISIETCST TIYCTBIM TP ¢ > tg, 970 03Hadaet, uro X (t) > 0. Torma, mockonbky X (tg) = 0,
¢ yaerom cucreMbl (4)—(6) momygaem cupaBesuBOCTb HepaBeHcTBa (7) st © > 1.

Zocmamounocmo. Ilycrs nus Beex t > ¢y HepasencTso (7) BblnOJHsieTcsi. Torma
X (t) > 0 npu mrobom 3Hauennn X (t9) > 0. To ecTh MHOXKECTBO 3JIEMEHTOB CHCTEMBI
X He sIBISI€TCS MyCTHIM TIPU JIFOOOM Tipu t > . Il

Paccmorpum nist Bcex 3madenwmit t, Takux, uro tg + 1 <t < top + T, 3agauy
[EJTOYUCTIEHHOTO JTUHEHHOrO TIPOrPaMMUPOBAHIUST

min T (8)
to+1<7T<t
TIPU yCJOBUH, ITO
Xine(7) = Xog(t). 9)

O6o3HaunM 4epes 7(t) pemmenue 3ama4n (8), (9).

CupasejiuBa cleyiommas TeopeMa.

Teopema (IPUHIUN AWHAMUYECKOTO HGajlaHca CHCTEM MPUTOKA U OTTOKA).
Iycmo daa 006wz yeavx 3navernutd t, maxuz, wmo ty + 1 <t <ty + T, svinoarero
nepasencmeo Xing(t) > Xoe(t), u 7(t) ecmsv pewenue 360a%u UEAOUUCAEHHOZ0 NPOZPDAMMU-
posanus (8), (9). Tozda dana awbbx 3navenud t, maxuz, wmo to + 1 <t <ty + T,
UMEEM MECTNO HEPAEEHCME0

Xinf(T(t)) > Xof(t) > Xinf(T(t) — 1). (10)
JoKa3aTebcTBO 3TOM TEOPEMbI AHAJIOTHYHO JT0KA3ATEIHLCTBY TeopeMbl 1 B [16].
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3ameuaHune. B cooTBeTcTBUM C IPUHIIAIIOM IHHAMHIECKOTO DATAHCA CHCTEM TTPUTOKA,
1 OTTOKa BpeMeHHbIe PSIbl Xine(t) 1 Xof(t) ymosmersopsitor yemosmio (10), KoTopoe cozmep-
JKATEJHHO 03HAYAET, UYTO BEJIMYUHBI WHTErPAJILHBIX 0OHEMOB OTTOKA B MOMEHT BDEMEHU
t HAXOIATCS MEXKJIY MOC/IEJ0BATEILHBIMYI 3HAYEHUSMU MHTEMPABHBIX 00HEMOB MMPUTOKA
B MoMenTbl Bpemenu 7(t) — 1 u 7(t). Takoe cBoiicTBo Gy/ieM HA3BIBATH UHTEPBAJILHOI /U~
HAMUYECKOM COATAHCHPOBAHHOCTHIO MPUTOKA U OTTOKA.

Onpepaesnenne 3. ITycrs 7(t) ecth permnenne 3amaun (8), (9). Beanunna 0(t) = t—7(¢)
HA3BIBAETCS XaPAKTEPUCTUKON TUHAMUYECKOTO HAIAHCA WHTETPAJIHHBIX 00bEMOB MTPUTOKA,
” OTTOKa B cucreme X.

3. IIpuMeHeHMe UHTErPAJILHON MOJEIN MPUTOKA W OTTOKA.

3.1. IIpoznosuposanue duHamury Inudemuli HO8LT supycos. Haubomee mo-
MyJASPHON MOIENbIO I OMUCAHUS TPOIECCOB PACIPOCTPAHEHUS WHMEKIMOHHBIX 3a00-
JIeBAaHUI B HEKOTOPOI MOIMYJISIUU fABJsIeTcs TpexkamepHas momenb SIR (Susceptible —
Infected — Removed). B Texyuuii MOMEHT BpEMEHU KaKIbIi Y€JIOBEK U3 ITON MOy AN
NPUHAJIEXKUT OAHOI U3 TPex IPyII: BoCIpuuMUuBbIe K Bupycy (Susceptible), undunmpo-
sauuble (Infected) u rpynma, nis KoTopbix 60Jie3Hb 3aBEPINUIACH (BbI3J0POBEBIIUE UK
ymepime (Removed)). B rpynny BocnpuuMYMBBIX BXOAAT BCE JIIOAM, KOTOPBIE €IE He
MOJIBEPTIINCH 3apaykenuio wHdeknmeii. [1o Mepe pacnpocTpaHeHusl BUPYCA YACTh U3 HUX
NepexoIsdT B MPYMIy WHMUIMPOBAHHBIX, & 3a4TEM B IPYIITY BLIOBIBIINUX (BbI3IOPOBEBIINX
win ymepmux). IIpeznosiaraercs, 4ro mMOJHOE YUCJIO JIIOAEH B IOIY/ISIUA PABHO CyMMe
YHUCIEHHOCTeH 3TUX Tpex rpynim. Brmepsbie Momenb ObLTa B OOIIEM BHIE OMKUCAHA B padboTe
VY. Kepmaka u A. Mak-Kenapuka B 1927 r. [17], onnako naubodibiiuii uHTEPEC UCCIIEN0BA~
Tesielt ObLT B JAJBHEHINeM COCPeSOTOUEH Ha, YACTHOM CJIyYae STOW MO B BUIE CHCTEMbI
u3 tpex andbepeHIanbHbIX ypaBHeHNi ¢ mocToOsTHHBIME Kodd duinentamn [18].

Cnenyer 3amMeTuTh, 4TO MyOJMKYyEMbIE CTATHCTHYECKHE TAHHBIE O 3a00J€BAEMOCTH
COVID-19 comepzKar e:KeIHEBHOE YUCJIO HOBBIX CIIydaen 3ab00IeBaHus, €2KETHEBHOE KOJIH-
YECTBO BBI3JOPOBEBIINX M YMEPIINUX, ODIIee KOJTUIECTBO 3aD0MEBIINX U 0DIIee KOJTUIECTBO
BBI3JOPOBERINNX U yMEPIUX ¢ Hadaja smugeMun. Ha OCHOBAHWUU 3THX JAHHBIX MOXKHO
BBIUUC/IATH TEKYIIEEe YUCII0 OOCIONINX JII0/Iel (aKTUBHDBIX Clydaes 60s1e3nn). QakTudecku
CTaTUCTUYECKUE JTAHHBIE COJEPYKAT 3HAUCHUSI BDEMEHHDIX PSIOB IPUTOKA, (HOBBIX CJIydaeB
3abosneBanus) Tine(t) U orroka (0bIee YUCIO BHI3IOPOBEBIINX U YMEPINUX) Tof(t) B cucre-
Me, TeKyIlee YKUCJIO JEMEHTOB B KOTOPOi X (t) paBHO YMCIEHHOCTU TPYIIIbl MHGUIEPO-
BaHHbBIX (OOJIEIONMX JII0/Eil) B MOMEHT BpeMeHu t.

Bwmecto Tpexkamepnoii mogenu SIR paccMOTpuM MOIETh, OMUCHIBAEMYIO mipu t > tg
CUCTEeMOM JUCKPETHBIX YPABHEHUH CJIEIYIOMEro BUIA:

I(t) = C(t) - R(t), (11)
o) = (1 + T%ﬁ?) ot — 1), (12)

100
I(to) = C(to) = R(to) = 0.

R(t) = (1 + r°f(t)) R(t—1), (13)

B sroii Mmonesu nepemennas C(t) xapakrepu3yer WHTErPadbHbI IPUTOK (00liee Koiude-
cTBO) HOBBIX ciay4aes 3aboseBanus (Confirmed Cases), a nepemennast R(t) — nHrerpasb-
HBI OTTOK CyMMAapHOTO KOJUYECTBa, BbI3oposeBmmx u ymepunx (Removed), nauunas
C MOMEHTa BpeMenu tg + 1 10 MoMeHTa BpemeHu ¢ (BKJIIOUUTEIHHO):
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t=to+1

[TapameTpaMu MOZENN ABISIOTCA IPOIEHTHBIA IPUPOCT HHTErPAILHOIO 00beMa IPUTOKA,
(ob1iero KosMYecTBa BbISABIEHHBIX ClydaeB 3aboJieBaHus) Tine(t) U IPOLEHTHBINA IPUPOCT
UHTErpaJibHOro 00beMa OTTOKa (OOIIero KOJMYecTBa BbI3JOPOBEBIIUX M YMEPIIUX [alld-
€HTOB) Tof(t), MEHSIOMIMECS BO BPEMEHH.

Byznem nazsiBarh Momens auHamuku 3abosesanus (11)—(13) unrerpanbHOl MOIEIBIO
TIPUTOKA, M OTTOKA, OOJICIONINX JIIOIEH.

3.2. Pe3ayabmamot 8blHUCAUMEADHBLE IKCNEPUMERMOE. PaccMoTpuM pesynb-
TaThl BEIYUCIATEIbLHBIX SKCIEPAIMEHTOB [0 IOCTPOCHUIO PETPOCIEKTHBHBIX IIPOTHO30B CO-
CTOAHHUS JUHAMUYECKUX CHCTEM C HUCIOJIb30BAHHEM IIPOTHO30B JIMHEHHBIX 10 BPEMEHI
TPEHJOB CTOXACTHYECKHX MAPAMETPOB MHTErPAJILHON MOJEIN U KJIACCHYECKOTO METOIA
ARIMA.

IIpuBenem cHagama MpUMEp NPUMEHEHHS MHTErPAILHON MOJENN IPHUTOKA M OTTOKA,
GoJeroux JIoei 1 nporuosuposanus auHamuku 3abonesanus COVID-19 B Mockse
n Cankr-IlerepOypre B mepuoI epBOi BOTHBI SMUAEMIN IPH IPOrHO3UPOBAHIH JHHAMAKA
IPOIEHTHLIX TPUPOCTOB MHTEIPAJIBLHBIX 00HEMOB IPUTOKA, C IIOMOIIBLIO JTUHEHHLIX TPEHIOB
[16] sTEX mapaMeTpos.

Tabauya 1. PerpocieKTUBHBIE IIPOrHO3bI KoanmdecTBa Goseromux Joneit B Mockse
B nepuoyx nepBoit BoaHs! srugemuu COVID-19 B 2020 r. npu ucroib30BaHUN
JIMHEHHBbIX TPEHJ0B INPOLEHTHBIX IIPUPOCTOB MHTErPAJIbLHBIX 00 beMOB
IIPUTOKAa U OTTOKA

Jlata, WII, IIpupocT no, IIpupoct 1(¢), 1(t), gemn. TourOCTH
Tet. nt1, % Tet. "o, % qer. (nmpornos) | mporuosa, %
1 2 3 4 5 6 7 8

14 anpesns 13 002 12.93 1111 20.89 11 891

15 ampens 14 776 13.64 1311 18.00 13 465

16 ampess 16 146 9.27 1 507 14.95 14 639

17 ampens 18 105 12.13 1 644 9.09 16 461

18 ampess 20 754 14.63 1 827 11.13 18 927

19 ampens 24 324 17.20 1939 6.13 22 385

20 ampesst 26 350 8.33 2 042 5.31 24 308

21 ampena 29 433 11.70 2 290 12.14 27 143

22 ampensa 31 981 8.66 2 528 10.39 29 453

23 ampesst 33 940 6.13 2 736 8.23 31 204

24 amperst 36 897 8.71 3 060 11.84 33 837

25 ampesst 39 509 7.08 3413 11.54 36 096

26 ampemnsa 42 480 7.52 3 579 4.86 38 901

27 ampesst 45 351 6.76 3 959 10.62 41 392

28 ampensa 48 426 6.78 4 609 16.42 43 817

29 ampena 50 646 4.58 5 156 11.87 45 490

30 ampesst 53 739 6.11 5 746 11.44 47 993
1 maga 57 300 6.63 6 424 11.80 50 876 50 876 100.00
2 mas 62 658 9.35 7 069 10.04 55 589 53 813 96.81
3 mag 68 606 9.49 7 758 9.75 60 848 56 793 93.34
4 mas 74 401 8.45 8 337 7.46 66 064 59 802 90.52
5 mag 80 115 7.68 8 686 4.19 71 429 62 827 87.96
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1 2 3 4 5 6 7 8

6 mMasa 85 973 7.31 9 324 7.35 76 649 65 852 85.91
7 Mas 92 676 7.80 10 132 8.67 82 544 68 861 83.42
8 mMasa 98 522 6.31 11 215 10.69 87 307 71 835 82.28
9 mas 104 189 5.75 13 789 22.95 90 400 74 756 82.69
10 ma=a 109 740 5.33 14 858 7.75 94 882 77 604 81.79
11 ma=a 115 909 5.62 18 946 27.51 96 963 80 358 82.87
12 mas 121 301 4.65 20 821 9.90 100 480 MAPE = 13.24 %
13 ma=a 126 004 3.88 22 738 9.21 103 266

14 masa 130 716 3.74 24 617 8.26 106 099

15 maa 135 464 3.63 25 920 5.29 109 544 109 544 100.00
16 mas 138 969 2.59 27 464 5.96 111 505 112 873 98.77
17 mas 142 824 2.77 28 993 5.57 113 831 116 069 98.03
18 mas 146 062 2.27 30 493 5.17 115 569 119 114 96.93
19 mas 149 607 2.43 33 147 8.70 116 460 121 991 95.25
20 maga 152 306 1.80 38 662 16.64 113 644 124 683 90.29
21 masa 155 219 1.91 42 476 9.86 112 743 127 175 87.20
22 masa 158 207 1.93 45 449 7.00 112 758 129 450 85.20
23 mas 161 397 2.02 49 347 8.58 112 050 131 495 82.65
24 mas 163 913 1.56 51 833 5.04 112 080 133 298 81.07
25 mas 166 473 1.56 55 620 7.31 110 853 134 845 78.36
26 masa 169 303 1.70 63 729 14.58 105 574 MAPE = 10.63 %
27 mas 171 443 1.26 69 641 9.28 101 802

28 mas 173 497 1.20 73 505 5.55 99 992

29 masa 175 829 1.34 77 055 4.83 98 774

30 mas 178 196 1.35 80 732 4.77 97 464

31 masa 180 791 1.46 82 656 2.38 98 135

1 urons 183 088 1.27 84 792 2.58 98 296

2 uroHA 185 374 1.25 90 893 7.20 94 481

3 UIOHA 187 216 0.99 94 339 3.79 92 877

4 uroHs 189 214 1.07 97 464 3.31 91 750 91 750 100.00
5 uroHA 191 069 0.98 100 164 2.77 90 905 90 582 99.64
6 uroHS 193 061 1.04 103 295 3.13 89 766 89 379 99.57
7 noHA 195 017 1.01 105 633 2.26 89 384 88 147 98.62
8 mroHa 197 018 1.03 107 317 1.59 89 701 86 892 96.87
9 uroHA 198 590 0.80 112 766 5.08 85 824 85 620 99.76
10 mrons 199 785 0.60 116 618 3.42 83 167 84 338 98.59
11 urons 201 221 0.72 118 907 1.96 82 314 83 053 99.10
12 urona 202 935 0.85 121 211 1.94 81 724 81 771 99.94
13 urons 204 428 0.74 122 789 1.30 81 639 80 500 98.60
14 mionsa 205 905 0.72 124 972 1.78 80 933 79 244 97.91
15 urons 207 264 0.66 126 574 1.28 80 690 78 013 96.68
16 urona 208 680 0.68 129 500 2.31 79 180 76 811 97.01
17 mrons 209 745 0.51 131 819 1.79 77 926 75 645 97.07
18 urona 210 785 0.50 133 914 1.59 76 871 74 523 96.94
19 urona 211 921 0.54 135 965 1.53 75 956 73 449 96.70
20 uroHsA 212 978 0.50 138 114 1.58 74 864 72 429 96.75
21 uroHda 213 946 0.45 139 153 0.75 74 793 71 470 95.56
22 uroHsa 215 014 0.50 140 287 0.81 74 727 70 576 94.44
23 uroHg 216 095 0.50 142 891 1.86 73 204 69 752 95.28
24 uroHSA 216 906 0.38 144 925 1.42 71 981 69 003 95.86
25 uroHA 217 791 0.41 145 863 0.65 71 928 68 333 95.00
26 uroHA 218 604 0.37 147 885 1.39 70 719 67 746 95.80
27 wroHs 219 354 0.34 149 757 1.27 69 597 67 244 96.62
28 uroHg 220 071 0.33 150 833 0.72 69 238 66 831 96.52
29 wroHs 220 853 0.36 151 863 0.68 68 990 66 508 96.40
30 uroHa 221 598 0.34 154 193 1.53 67 405 66 278 98.33

MAPE = 2.71 %
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B Tabm. 1 B cronbnax 2—5 Haxoadarcs (pakTudIecKue JaHHbIE 00 WHTErpaIbHBIX 00be-
max nputoka (WIT) u orroka (M10), 3HAYEHNSX WX TPOIEHTHBIX TIPUPOCTOB W KOJNYECTBE
AKTUBHBIX CJIy4uaeB B MOCKBe, IOy YeHHBIE U3 €XKeTHEBHBIX 0TU4eTOB KOMMYHUKAIIMOHHOTO
nentpa [IpaBurenscrea P® mo curyamum ¢ KOpOHABHPYCOM, PA3MEIEHHBIX B OTKPBITOM
JIOCTyTIe HA TOpTaJje CTonKopoHasupyc.pd. B crosbie 7 npencraBieHbl peTPOCIEKTUBHBIE
MIPOTHO3bI KOJIMYECTBA OOJEONIUX JII0/Iel, MOCTPOEHHBIE MTPU UCIOIH30BAHUM JTUHEHHBIX
TPEHJIOB TPOIEHTHBIX MTPUPOCTOB MHTErPAIBHBIX 00HEMOB TTPUTOKA M OTTOKA, HA OCHOBA-
HUW CTATUCTUKU, TIPEIITECTBYOMIEH JaTaM TOCTPOEHUs TPOrHo308 1 Mast, 15 mas u 4 urons
2020 r., B cToJIOIE 8 — exKeTHEBHBIE ADCOTIOTHBIE 3HAYEHUST TOYHOCTH IOy YEHHBIX TPOTHO-
308, a Tak:ke MAPE — cpennss abcosrorHast omubKa B IPOLEHTAX JJIsi COOTBETCTBYIOIIEro
TOPUB0HTA TTPOTHO3UPOBAHUSI.

B tabn. 2 npuBenenst ananornynbsie ganubie s Camkr-IlerepOypra. Omnako mpo-
PHO3bI KOJIMYECTBA AKTUBHBIX CJIydaeB 003U (CM. CTOIOEI, 7) IOy YeHbI TIPU UCIOJIb30-
BAHWY JIJIsI IPOTHO3UPOBAHUS MTPOLEHTHBIX MTPUPOCTOB MPUTOKA U OTTOKA Mogesn ARIMA.
st aroro 66wmu mocrpoenbt Monenu ARIMA oraenbHO 71 TPOrHO3UPOBAHUS TUHAMUAKHI
W3MEHEHUsI MHTErPAJIbHBIX MPUTOKA U OTTOKA. [uneprnapamMerpbl Mojesel 0OHOBIISLITUCH
[IPU PACCMOTPEHUH PA3TUIHBIX WHTEPBAJIOB 7 MOAe upoBanus. Tak, [y MPOrHO3UPO-
BaHWSA TPUPOCTA WHTErPAJHLHOTO TPUTOKA B Hadase Masa 2020 1. mpuMeHsIach MOJETH
ARIMA(7,1,7), nyst wHTepBasa mporHosupoBanus ¢ 1 mo 30 wionst 2020 r. — Mozesb
ARIMA(2,1,1). Jnsi KaxKa0r0 rOpU30HTa IIPOrHO3UPOBAHUS TAKKE IPUBEIEHBI TOYHOCTh
[IPOrHO3a U nokasareab MAPE.

Tabaruya 2. PeTpocrieKTUBHBIE IIPOTHO3bI KOJIMYECTBA GoJIelOuX Jrroeit
B Cankr-IleTepGypre B nepuoxa nmepBoii BoJsiHbI snugemuu COVID-19 B 2020 r.
npu ucnosibzoBaunn ARIMA

Jlara WII, IIpupoct no, IIpupoct 1(t), I(t), gemn. TouroCTH
Tet. nt1, % Tet. "o, % Tet. (npornos) | mporuoza, %
1 2 3 4 5 6 7 8

14 ampesst 799 17.85 82 0.00 717

15 ampensa 929 16.27 100 21.95 829

16 ampesst 1083 16.58 117 17.00 966

17 ampens 1507 39.15 138 17.95 1369

18 ampesst 1646 9.22 240 73.91 1406

19 ampensa 1760 6.93 247 2.92 1513

20 ampesst 1846 4.89 249 0.81 1597

21 ampesst 1973 6.88 291 16.87 1682

22 ampens 2267 14.90 341 17.18 1926

23 amnpess 2458 8.43 385 12.90 2073

24 anpesnst 2711 10.29 431 11.95 2280

25 ampesst 2926 7.93 483 12.06 2443

26 ampemns 3077 5.16 516 6.83 2561

27 anpesst 3238 5.23 516 0.00 2722

28 ampesst 3436 6.11 571 10.66 2865

29 ampemnsa 3726 8.44 737 29.07 2989

30 ampesst 4062 9.02 808 9.63 3254
1 masa 4411 8.59 812 0.50 3599 3599 100.00
2 mast 4734 7.32 910 12.07 3824 3693 96.59
3 Mmas 5029 6.23 1095 20.33 3934 3858 98.07
4 mast 5346 6.30 1234 12.69 4112 4004 97.37
5 Mmas 5572 4.23 1505 21.96 4067 4138 98.25
6 mas 5 884 5.60 1572 4.45 4312 4265 98.91
7 mast 6190 5.20 1596 1.53 4594 4387 95.50
8 mas 6565 6.06 1645 3.07 4920 4506 91.59
9 mast 6990 6.47 1715 4.26 5275 4623 87.64
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OxoHnuarue mabauyv, 2

1 2 3 4 5 6 7 8
10 maa 7404 5.92 1727 0.70 5677 4739 83.47
11 mas 7711 4.15 1737 0.58 5974 4854 81.25
12 maa 8050 4.40 1842 6.04 6208 MAPE =7 %
13 mas 8485 5.40 1911 3.75 6574
14 mas 8945 5.42 1968 2.98 6977
15 maa 9486 6.05 2079 5.64 7407 7407 100.00
16 mas 10 011 5.53 2189 5.29 7822 7710 98.57
17 mas 10 462 4.51 2260 3.24 8202 8075 98.45
18 mas 10 887 4.06 2299 1.73 8588 8437 98.24
19 maa 11 340 4.16 2367 2.96 8973 8796 98.03
20 mas 11 795 4.01 2579 8.96 9216 9152 99.31
21 mag 12 203 3.46 2765 7.21 9438 9506 99.28
22 mas 12 592 3.19 2966 7.27 9626 9856 97.61
23 mas 12 955 2.88 3237 9.14 9718 10 203 95.01
24 maga 13 339 2.96 3585 10.75 9754 10 548 91.86
25 mas 13 713 2.80 3728 3.99 9985 10 889 90.95
26 mag 14 076 2.65 3894 4.45 10 182 MAPE =5 %
27 mas 14 463 2.75 4616 18.54 9847
28 mag 14 846 2.65 4950 7.24 9896
29 mas 15 215 2.49 5291 6.89 9924
30 mag 15 580 2.40 5564 5.16 10 016
31 mag 15 949 2.37 5884 5.75 10 065
1 urons 16 313 2.28 5961 1.31 10 352
2 uIoHA 16 689 2.30 6231 4.53 10 458
3 noHA 17 069 2.28 6571 5.46 10 498
4 nrona 17 444 2.20 6959 5.90 10 485 10 485 100.00
5 HIOHHA 17 822 2.17 7367 5.86 10 455 10 709 97.57
6 uroHA 18 169 1.95 7808 5.99 10 361 10 816 95.61
7 uioHsa 18 509 1.87 8136 4.20 10 373 10 924 94.68
8 nroHs 18 835 1.76 8307 2.10 10 528 11 035 95.18
9 uroHA 19 153 1.69 8534 2.73 10 619 11 148 95.02
10 urons 19 466 1.63 9003 5.50 10 463 11 262 92.36
11 urona 19 769 1.56 9384 4.23 10 385 11 379 90.43
12 urons 20 043 1.39 9837 4.83 10 206 11 497 87.35
13 urona 20 305 1.31 10 130 2.98 10 175 11 616 85.83
14 uronsa 20 561 1.26 10 274 1.42 10 287 11 738 85.90
15 urons 20 813 1.23 10 374 0.97 10 439 11 861 86.38
16 urona 21 047 1.12 10 660 2.76 10 387 11 986 84.61
17 urons 21 275 1.08 11 414 7.07 9861 12 112 77.18
18 urona 21 506 1.09 12 080 5.83 9426 12 239 70.15
19 urons 21 734 1.06 12 964 7.32 8770 12 369 58.97
20 uroHa 21 966 1.07 13 779 6.29 8187 12 499 47.33
21 uroHsa 22 195 1.04 14 303 3.80 7892 12 631 39.95
22 uwoHA 22 412 0.98 14 516 1.49 7896 12 765 38.34
23 uoHa 22 632 0.98 14 772 1.76 7860 12 899 35.89
24 uroHA 22 850 0.96 15 453 4.61 7397 13 035 23.78
25 uoHa 23 071 0.97 16 061 3.93 7010 13 172 12.09
26 mroHs 23 294 0.97 16 503 2.75 6791 13 311 4.00
27 uroHsa 23 518 0.96 17 276 4.68 6242 13 450 0.00
28 wroHs 23 735 0.92 17 895 3.58 5840 13 591 0.00
29 uroHa 23 954 0.92 18 161 1.49 5793 13 732 0.00
30 uroHa 24 207 1.06 18 446 1.57 5761 13 875 0.00

MAPE =45 %

Ha pucynke mpemcraBieHbl pe3yabraThl Mogenuposanus mjist Mockser u Caukr-Tle-
Tepbypra.

[Mpu wmcnonb3oBaHUM KPATKOCPOYHBIX MPOrHO30B JIMHEHHBIX TPEHIOB MPOIEHTHBIX
mpupocTos omubka MAPE mpu orenke OyayImero KOJIWYeCTBa OOJEIOMINX JIIOAeH s
Mocksbr B nepuogsr 1-11 u 15-20 mas 2020 r. meproii BoHbI coctapmia 13.24 n 10.63 % co-
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Yucao aKTUBHBIX CJIydacB
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Puyc. 1. ®axkTUdecKue U pacIeTHBIE TPACKTOPUH U3MEHEHNS TNCIIA
akTUBHBIX ciay4aes 3abosesanuss COVID-19 8 Mockse (a) u Caukr-IlerepGypre (b)

Ha PACCMATPUBAEMbIX HHTEPBasax nporao3uposanus (2020 r.)
KonuduecTBo akTHBHBIX CiaydaeB: | — ¢akTuaeckoe, 2 — MPOrHO3 C MOMOIIBI0 JIMHEHHBIX TPEHIOB,
8 — nporuos, mozxesnbr ARIMA.

orsercTBenHo. Ilokazaremu ang momemu ARIMA 6pimm pasubt 18 m 10 % coorsercrBeHHO.
[Tpu yBemyeHnn ropu30HTa, IPOrHO3UPOBaHUs 10 27 nueii (mepuos, ¢ 4 mo 30 urons 2020 r.)
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[IPOrHO3BI JIMHEAHBIX TPEHI0B IIOKa3a/ i DoJiee BLICOKHE pe3yibrarhl — owmndka MAPE co-
crapunaa 2.7 % nporus 10 % npn npumenennn momenm ARIMA. Cxoxne pe3yabTaThl ObLIn
MOJTydeHbl U ipu paccmorpennn curyanuu B Caukr-Ilerepbypre. OmmbKra KpaTKOCPOYHBIX
IPOTHO30B MPH OIEHKE C TIOMOINBIO JTMHEAHBIX TPEHAO0B He npepbimana 5.6 %, a momenn
ARIMA — ue 6osiee 7 %. B caryuae 6osiee jasekoro ropusoHTa poruo3uposanus (27 aHeil)
ommbka mozgenu ARIMA Bospacrana 10 45 %, B TO BpeMsi KaK IIPU UCIOJIb30BAHUU MOJIEIH
OLIEHKM JINHEHHBIX TPEHIOB MPOIEeHTHLIX mpupoctos MAPE = 3.6 %.

Taxkum obpa3oMm, ciaemxyer OTMeTuTh, 9To u mjist Mocksbr, u mua Caukr-Ilerepbypra
MpU KOPOTKUX MOPU30HTAX MPOTHO3WPOBAHUS KAaK MOIETh MPUTOKA W OTTOKA, TAK W MO-
nenb ARIMA nokasbiBanu cxoxkue pe3yibrarbl. [Ipy 3TOM Npu yBeIWYeHUH WHTEPBAIA
nporHozupoBanus omubdka Mogean ARIMA nauwnana HapacraTh, a MOJENb ONEHKH JIH-
HEHHBIX TPEHIOB CTOXACTUYECKUX TTAPAMETPOB WHTErPAJIHHONW MOME/N MPUTOKA W OTTOKA
JIEMOHCTPUPOBAJIA, 3HAYUTETHLHO 00JIee BHICOKYIO TOYHOCT.

3.3. IIpozno3uposarue QUHAMUKY YUCACHHOCTNU HaceaeHUus. 1 TporHo3u-
POBAHUS YUCIEHHOCTH HACETIEHUST 3EMJIA ¥ OTIETHHBIX CTPAH OCTPOUM HHTEMPATTBHY IO MO-
JIeNb TUHAMUKY 9UCJEHHOCTH HACETIeHUs. BpeMeHHbIE Psibl €2KEerOHbIX 3HAYCHUN KOJTH-
gyecTBa poauBinuxcs gereil B(t) u ymepuux sgwozneit D(t), dopMupyonmx mpuToK u 0TTOK
B CHCTeMy HapoJoHaceseHnsi 3eMun, comepxkarcs B 6ase nanabix OOH [19]. IIpu mocrpoe-
HUU MOJIEIU CJIEYeT JOTOJHUTEHHO YUIeCTh OTTOK HACEJIEHUS 33 CUET YUCTON MUTPAIUN
NM(t). Cucremy HapojgoHaceseHus: CTpanbl 0603uaduM N, YUCJIEHHOCTD €€ 3JIEMEHTOB —
N(t). Ilpurok B cucremy N obecrneunBaer rogoBas poxaaeMocTb B(t), OTTOK u3 cucrembl
DNM (t) pasen D(t) + NM(t).

Torma cucreMa AUCKPETHBIX YPABHEHUMH, OMUCHIBAIOIINX IUHAMUKY YUCIEHHOCTH Ha-
cenennst N (t), Gyaer UMeTh CIeIYIONi BUI:

N(t) = N(to) + Bing(t) — DN Ming (1), (14)

Bing(t) = (1 4 %) Bing(t — 1), (15)

DN My (t) = <1 + TW)) DN Min(t — 1) (16)
int 100 int )

rmae

Bun(t) = Y _ B(1),

to+1

¢
DN Mini(t) = > DNM(t).
to+1

Pe3yabraThl MOIEINPOBAHWS U TPOTHO3NPOBAHNS TUHAMUKN YNCIEHHOCTH HACEIEHWST
3eMiM B 1ETOM [peZCTaBIeHbl B crarhe [16], & YuCIeHHOCTH HACeTeHUs ABYX CTPaH 3a-
nasnHoit Abpuku — B [20]. BaskHBIME 0COOEHHOCTSAMHE MOJIYYEHHBIX PE3YIbTATOB IPUMeEHe-
uust Mogenu (14)—(16) npyu IPOrHO3MPOBAHNY YMCICHHOCTH HACEICHHS 3eMJIN U OT/IeIHHO
B3SITHIX CTPAH SIBJISIFOTCS JOCTATOYHO BBICOKAST TOYHOCTH PETPOCTIEKTHBHOTO TTPOTHO3UPO-
BaHWs ¥ JIOCTATOYHO XOPOIIO MpejacKasyemasi Oyaynias THHAMWKA XapaKTePUCTHKHU IH-
HAMIYECKOTO GaslaHCca PACCMOTPEHHBIX neMorpadnudeckux mporeccoB. Ciieyer OTMETHTD,
9TO B MPOLECCE BBITUCIUTENBHBIX IKCIEPIMEHTOB 110 PETPOCIEKTUBHOMY MPOrHO3UPOBA-
HHUIO MHTErPAIBHBIX 0GEMOB IPUTOKA M OTTOKA 3HAYEHUS XAPAKTEPUCTHKA THHAMUIECKO-
ro GajaHca, pPaACCYNTAHHBIE HA OCHOBE MOJIYYEHHBIX TPOTHO30B, MTPAKTHYECKH TIOJHOCTHIO

COBTIAQIAIOT C (DAKTUIECKUMU.
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4. 3akmrouenue. Onucannas B paboTe UHTErPATbHAS MOJIETH TPUTOKA U OTTOKA, ¥~
HAMWYECKON CHCTEMBI MOYKET OBITh HCIOIB30BAHA MPU MPOTHOZUPOBAHUY JUHAMUKU JI0-
CTATOYHO ITMPOKOTO KJIACCA TMPOIECCOB €O croxactuuecknmu mapamerpamu. Cdopmymn-
POBAHHBINM OOIMIMI NPUHITUI JUHAMWYECKOTO DAJTAHCA CHCTEM TPUTOKA M OTTOKA, & TAKIKe
HAJIMYUE Yy CUCTEMbI CBOHCTBA MHTEPBATBHON JTUHAMUYIECKON COATAHCUPOBAHHOCTH WHTE-
rPaJIbHBIX 00BEMOB MPUTOKA M OTTOKA BMECTE CO CBONCTBOM MOHOTOHHOIO yObIBAHUS 3HA-
YEHUH TTPOIEHTHBIX MPUPOCTOB ITUX 00HEMOB TIO3BOJISIIOT OOECIEYUTEH BHICOKYIO TOYHOCTD
MPOTHO3UPOBAHUS JUHAMUKYA TAKUX CUCTEM HAa JOCTATOYHO MPOIOIKUTEIHHBIX BPEMEH-
HBIX TOPU30HTAX.

[MpuBenernble pe3yabTATHI PETPOCHEKTHBHOIO MPOTHO3UPOBAHUS PACIPOCTPAHEHWS
snugevun COVID-19 ma npumepe meramnomucos, Kk KakuMm oraocsatcs Mocksa u CaHKT-
[Terepbypr, MOTYyT OBLITH TOJOXKEHBI B OCHOBY CO3JAHWS AHAJIUTUYECKOW CHUCTEMBI JIJIst
obecrieyeHnsi MEPONPUSATHH OPraHOB 3APABOOXPAHEHHU 10 HOphOE C IMUAEMUIMUA KK Ha
OO0IIeHAIIMOHAILHOM, TaK W Ha, PErMOHAILHOM ypoBHE. [IpuMenenne pa3paboTaHHO#i MeTo-
JIMKU TTOCTPOEHUsI JIMHEHHBIX TPEH/IOB 3HAYEHWI MPOIEHTHBIX MPUPOCTOB MHTErPATBHBIX
00beMOB MPUTOKA U OTTOKA BMecre ¢ Momeabio ARIMA nmaer BO3MOXKHOCTH MOJYydYeHUS
JIOCTATOYHO BBICOKOHM TOYHOCTH OyIaymieill TUHAMUKE OCHOBHBIX MEPEMEHHBIX PACCMATPU-
BaeMbIX mporeccoB. OIHAKO, KaK MOKA3a/IM MPOBEIEHHBIE YKCIIEPUMEHTHI, UCIOJIb30BAHNE
JINHEWHBIX TPEHIOB UMEET CYIIECTBEHHBIC MPEUMYIIECTBA B TOYHOCTU TTPOTHO3UPOBAHUS
Ha MPOJOIKUTETHHBIX TOPU30HTAX BPEMEHU. DTa METOAMKA JIJIsi MOCTPOEHUs TPOTHO30B
JMHAMWKY YUCJIEHHOCTH HACETEeHUsl 3eMIIH, ee CTPAH W PErHOHOB TaK¥Ke XOPOIIO 3ape-
KOMEHIOBaJIa ce0si B MPOIEcce MPOBEIEHIsT YUCTEHHBIX IKCIepUMeHTOB. [lepcrnekTuBHOM
3asageil Oyaynnx NCCIeIOBAHUI SABISETCS PACITHPEHe KJIacca TNHAMUYECKNX TPOIECCOB
U CUCTEM TPUTOKA M OTTOKA, IJI KOTOPBIX C MOMOIIBIO TPEIJIOKEHHON MOIEIN MOKHO OY-
JeT 00eCnevnTh MPUEMJIEMbIH yPOBEHb TOYHOCTH TPOTHO3UPOBAHUS OyIyIIeil TUHAMUKA
TAKWUX MPOIECCOB U CHCTEM.
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The article describes a general integral model of the inflow and outflow of a dynamic system,
the parameters of which are stochastic in nature. For this type of dynamic systems, the
general principle of dynamic balance is formulated, and the concepts of interval dynamic
balance of integral volumes of inflow and outflow as well as the concept of dynamic balance
characteristic are introduced. The class of stochastic dynamic processes and systems of inflow
and outflow that satisfy the principle of dynamic balance is quite wide (the spread of viral
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epidemics and the dynamics of morbidity in medicine, processes of changes in the size and
structure of the population in demography, the dynamics of supply and demand in the
economy, etc.). The possibilities of using the proposed model for constructing short-term
and long-term forecasts are demonstrated using examples of the spread of the COVID-19
epidemic in Moscow and Saint Petersburg, as well as using the example of forecasting the
growth of the Earth population and population of countries. The results of computational
experiments on constructing retrospective forecasts of the state of dynamic systems using
the method of dynamic trends of stochastic parameters of the integral model and using the
classical ARIMA method are presented. A comparative analysis of forecasting accuracy is
provided.

Keywords: dynamic systems of inflow and outflow, principle of dynamic balance, dynamic
balance characteristic, mathematical modeling, forecasting.
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MaremaTuueckasi MOJ€eJIb KBAHTOBOTO Te€HEPaTOpa CJIyYalHbIX 9uCeJT
Ha ocHOBe (QUIYyKTyanum BaKyyMa

A. A. Tatidew!, P. K. Tonwuapos', A. B. Kosyboe', II. B. Sxosneé’

I Vuurepcurer MTMO,

Poccuiickas Penepamust, 197101, Caukr-Ilerepbypr, Kporsepkckuit npocmekr, 49
2 Canxr-IleTep6yprekuit rocyJapCTBeHHbIH YHUBEPCHTET,

Poccuiickast @emepanmsi, 199034, Cankr-Ilerepbypr, YHuBepcurerckas Hab., 79

Huis nqurupoBauusi: [atidaw A. A., I'onuapos P. K., Kosybose A. B., Sxoeaes II. B. Marema-
THYecKas MOJEJb KBAHTOBOTO TE€HEPATOPA CIIyUYalHBIX IHCesI Ha OCHOBe (dJIyKTyanun Bakyyma //
Becruuk Cankr-IlerepOyprekoro yausepcurera. [Ipuknaguas maremaruka. Mudopmaruka. IIpo-
meccol ympasiaerus. 2024. T. 20. Berm. 2. C. 135-152.

https://doi.org/10.21638/11701 /spbul0.2024.202

PaccmarpuBaercs MaTeMaTuIecKas MOIEIb ITUPOKO PACITPOCTPAHEHHOTO (hU3MIECKOTO KBAH-
TOBOTO T€HEPATOPA CIy9IalHBIX YUCE Ha OCHOBE (hiiyKTyarmu Bakyyma. lIpuBomurcs mare-
MaTHUIecKoe 00OCHOBAHME «CJIy9IalHOCTH» TeHePUPYEMOil TOC/IeI0BATEIHHOCTH B IIPEIIOIIO-
JKEHUM 00 MCTUHHOCTH OCHOBHBIX IMOCTYJIQTOB KBAHTOBOW TEOPUU W CIPABEIIMBOCTHU TIyaC-
COHOBCKOT'O PACIIPe/Ie/IeHrsT BEPOSITHOCTH i TOTOKa (poTonoB. IIpemcraBiensr pe3yabraTh
SKCIIEPIMEHTOB U MOJIyYeHbI YNCJIEHHBIE OIEHKN MUHUMAJIBHOIN SHTPOINH.

Karouesvie ca06a: KBAHTOBBIN T€HEPATOD CAyYaWHBIX YHUCEN, OTEHKA MUHUMAJIBHONU SHTPO-
v, GIYKTYyalus BaKyyMa.

1. Onucanme onTudeckoii cxeMbl. CirydaiiHbie 9uCIa CIyKaT BaXKHBIM PECYPCOM
B HayKe, TEXHUKE ¥ MHOTUX aCIEKTaX MOBCEIHEBHOM KU3HU. B 9acTHOCTH, OHU €CTh HEOT'b-
eMJieMast COCTABJISIONIAs PA3IUIHBIX TOAXOI0B K MOJEIMPOBAHNIO, TTOCTPOEHUIO KPUTITO-
rpaduIecKnX CHCTEM U KOMITBIOTEPHBIX ceTeli. B 50-X Tomax mpormioro BeKa pa3BUTHE TO-
ayaun meron Monre-Kapso (Meros craTucTHYecKUX UCHBITAHUIT), OCHOBOM IIPUMEHEHUsT
KOTOPOTr'O SBJISIETCs OJHOMEPHAasi PABHOMEPHO pacupeesentas ua orpeske [0,1] cayuaii-
Hag Besauunna (cm.[1]). AKTuBHO poaOIZKaeT pa3BUBATHCs Teopus 3aaa4u noucka [2]. Bo
BCEX ITHX 33]a9aX BBICOKAS CKOPOCTH BHIPADOTKH CIIyYaHBIX OUTOBBIX MMOCIEI0BATEIHHO-
cTeil ¥ X CTelmeHb CIyYailHOCTHU SIBJIAIOTCS KpaeyroiabubiMu dakropamu. K ycrpoiictBam,
CO3/IAIONINM TOI0OHBIE TTOC/IEI0BATETBHOCTH, OTHOCATCS ¥ N€HEPATOPDI CIIyYAHHBIX IHCET
(T'CY).

B nacrosmiee Bpemst Bce I'CYH MOXKHO pa3iequTh Ha JIBE PYIIIbL: JeTEPMUHUPOBAH-
Hble, WM TICeBAOCTyqaiinbe, n dusndeckne. HecMoTpss Ha BBICOKYIO CKOPOCTH TeHEpa-
MU CIYyJafHOM mocaenoBaTeabHOCTH, ferepmuHupoBanubie ['CYH nMeroT oauH KII09eBoi
HeZ0CTAaTOK — Hasm4ne nukiaa. CymecTByer TOYKa, MOCie KOTOPOil MOC/IeI0BATETLHOCTh
HaunHaeT noBropsithesd. @usndyeckue ['CYH ocHoOBaHBI HA COOPE HEMPEICKA3YEMbIX TAHHBIX
B pa3nYHbIX pusndeckux cucremax. Hampumep, 370 MOXKeT ObITH JBUKEHUE MBIIIHIO KOM-
MhIOTEpA WJIN TIOSIBJIEHME 3aITPOCA B CETH, TEIMJIOBOH ITyM MPOIeccopa, aTMochepHbIil myM
u 1. 1. Ilpomecc cbopa HEMpeaCKa3yeMbIX JAHHBIX OOBIYHO HA3BIBAIOT COOPOM IHTPOIUU.
Paccmarpusaemsbrii B a1oit pabore 'CH orHOCHTCS K KiIaccy pusndeckux, a TOUHEE, K €ro
HOJKJIACCY KBAHTOBBIX reneparopos ciydvaiinbix uucesn (KI'CY). IMoxpobubiit 0630p KI'-
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CY conepxurcs B [3]. Ba3oBblil HpUHIKMI B MOCTPOEHUU ONTHYECKONH CXEMbI yCTPOACTBA
OblT paHee TpezcTaBieH B paborax [3-8]. OCHOBHBIM 3J€eMEHTOM MOMOGHBIX YCTPOWCTB
SIBJISIETCST TOMOJIMHHBII JIETEKTOD, JeTaJIbHBIN aHAJIN3 KOTOPOro MOYKHO Hafitn B [9].

B nannoit pabore npuBoaurcs obocHoBanue Bo3aMoxkuocru co3aanusg KI'CY, ocaoBan-
HOT'O HA KOTE€PEHTHOM M3JIyY€HUU OJHOMOIOBOrO jiazepa u hayKTyarmu Bakyyma. Ilomumo
9TOTO, MPOBOAATCSA YUCTIEHHOE MOJETMPOBAHMUE 10 PACIETY SHTPOIUH IOy IaeMO OUTOBOM
MOCJIETOBATEILHOCTH, 8 TAK¥KE CPABHEHUE PE3Y/IHTATOB MOIEIUPOBAHUS C SKCIIEPUMEHTOM.

2. OnucaHve MPUHIMOHUAIBHON cxemMbl paccmarpuBaemoit mogeaun KI'CY.
B o6meii crpykType I'CH MOKHO BBIIEIUTH I1BA OCHOBHBIX 6j10Ka (puc. 1).

ATIIT DKCTPaKTOp CIy4aitHOM
- ! HOCJIeZIOBATEIbHOCTH

5 Cryuaiinas
M3nyuenue :

: MOCIIEIOBATENbHOCTh

nasepa '
Bakyym
Brok cbopa sHTpOIHH Bnok moct-06paboTku

Pyc. 1. KI'CY Ha 0CHOBE TOMOAWHHOTO JIETEKTOPA

BJiok mcTOYHMKA SHTPOMUU COCTOUT U3 (PU3NIECKON CHCTEMbI, XapaKTEPU3YEeMOit
HEKOTOPO# «CIAydaiHON» (PUNIECKON BETUIMHON, M H3MEPUTEILHOIO 000PYIOBAHUS, €€
peructpupyioiiero. HakomnjaeHHbie aHAJIOTOBBIE N3MEPEHUS BEJINYNH MTPEo0Pa30BhIBAIOTCS
B OMTOBBIE CTPOKH C TIOMOIIBI0 aHAIOrO-IUpPOBBIX Mpeobpasosareseit (ALIIT).

OcHoBy romozmuHOrO merektopa [9, 10] cocramnsier ceeromenurens. Ha nsa Bxoma
CHMMETPUYHOTO cBerozenTens ¢ orHomenueM 50:50 (puc. 2) moJaroTcs CBETOBbBIE IOTOKH
¢ uaTeHcHBHOCTAMEU ¢ U [3. Citeysi 3aKOHAM KJIACCUYECKON ONTUKY, B CIydae, KOrJa STH
[MOTOKW HA BXOJE UMEIOT 110 OIHOM MOZE, aMILIUTY/Ibl MO/, Ha BBIXOE CBETOIAeTUTENs Oy/IyT

1
PABHBI E(oﬂrﬂ), E(af B). Ilepexo/ig K KBAHTOBO# TPAKTOBKE, 3AMEHUM MHTEHCUBHOCTH

Ha KBAHTOBbIE COCTOsHUSA |) U | ().
Ecau 9Tu cOCTOSTHUS KOTePEHTHBI W HE3aBHCHMBI, TO HA BBIXOJE CBETOJEINTENs Oylem

a+f a—p
MMETh COCTOSTHUS " COOTBETCTBEHHO. V3Mepenne pa3HOCTH WHTEHCHB-
V2 V2
HOCTH TIOJIsT HA BBIXOJIE CBETOMENUTENIS JTAET BO3MOXKHOCTH OIEHUTH CTATHUCTUKY (hOTOOT-
cuaeros (cM. [9,c. 402]).

B ob6uiem cayuae, Korzaa o) — KorepeHTHOE cocTOsHue, a |3) umeer BoJHOBYIO (DyHK-
A0 ODIIEro BH/a, CTATUCTUKA (POTOOTCUETOB BBIYUCsIETCS aHaanTudecku. Ecim ke oba
MMOTOKA KOTEPEHTHHI W HE3aBUCUMBI, TO BUI PACIPEIeTICHUs BEPOATHOCTH (POTOOTCUECTOB
cymectBerHo yrnporaercs. B pacemarpusaemom KI'CH onun BX01 CBETOIEINTE ST 3AKPHIT,
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atp atp
V2 V2

V2 V2

B 8)

Kitaccuueckas onruka KBanToBas ornruka
Puc. 2. CHMMETPUYHBIN CBETONEINTEH

|3) = 10). B srom cayuae roBopst (cm. [3-6]), uTO M3MEpsIeTCS COCTOSHIE BAKyyMa, KO-
TOPBIA B KBAHTOBOM TPAKTOBKE SIBJISIETCS YACTHBIM CIy4aeM KOTEPEHTHOrO COCTOSTHUS.
TouHee TOBOPsi, KOPEPEHTHOE COCTOSIHUE MOXKHO TPAKTOBATH KAK CMEIEHHOE COCTOSTHUE
Bakyyma (cm. [9,c. 336]). Orciona npoucxonur Hassanue «[eHeparop ciydaiiHbIX duced,
OCHOBAHHBIN HA, (DIYKTyaIlnu BAKYyMas.

Buiok mocr-o06paborTku noyvdaerT Ha, BXOAEe HEOOPAOOTAHHYIO MOCIEN0BATEIHHOCTH
o6ur n GpopMuUpyeT U3 HUX DOJee KOPOTKYIO IOCIEeN0BATEILHOCTh, CBODOIHYIO OT KOppe-
nanuit. JlanHas omeparisi Ha3bIBAETCA SKCTPAKIINEH CTyIafiHbIX OUT M sIBJISIETCS BayKHOI
cocrapisiforieit KCIM™. Dkcrpakiyst cry9aifHbIX OUT MPOU3BOJAUTCS TaK HA3BIBAEMOI XeI-
dyskmmeii, KoTopasi mpeodbpalzyer HeoOPaOOTAHHYIO TIOCIEIOBATEIHHOCTEL OUT B TTOCJIEI0-
BaTEIHLHOCTH OUT C COXPAHEHWEM YacCTH WJIM BCEil CIy9IaifHOCTH BXOIHON MOCIIE0BATEh-
HOCTH W WMEIOITIEei pacipeiesierne, MaKCUMAaJIbHO OJIM3Koe K paBHOMepHOMY. Kommpowmuce
BBIOOPA KOHKPETHO# Xem-(pyHKIUKA COCTOUT B OMpeIeeHnn DaJaHCca MEXKIy ObICTPOIeii-
CTBHEM U COXPAaHEHHEM «Ciydaiinocrus (cm. [11-14]).

3. OcHOBHBIE TEPMUHBI, OTIPE/IeJIeHUs U yTBepK AeHud. Bee nanbueiinmme 060c-
HOBAHUS SHTPOMMHHOCTH MCTOYHUKA U «CJIYYAHHOCTHS TeHepUpyeMoil MoceI0BaTeIhHO-
CTH YNCEJI OCHOBBIBAIOTCST HA CIEAYIONINX TTPE/IMTOIOKEHNIX.

1. [IpeanonaraioTcs BEPHBIMU TTOCTYIATHI KBAHTOBON TEOPUU CBETa, B YACTHOCTH TOT
dakT, 94TO KOMEepPEeHTHOE H3JIyUYeHHe OJHOMOIOBOTO JIA3€PHOrO HUCTOYHUKA MPEICTABIISET
co00it TTOTOK (POTOHOB, SBIAIOIIUIACA OTHOPOTHBIM IIyaCCOHOBCKUM ITPOIECCOM, KOTOPDIi
OTIMCHIBAETCS MJIOTHOCTHIO PACITPEIeIeHNSsT

)
pi(t) = e vt
¢ uHTeHCHBHOCTBIO v[c~ Y], umm, B Apyrux obo3nHadenusx, py(A\) = ’\k—’;e_’\, rae A = vi.

OIHOPOIHOCTH TTYaCCOHOBCKOTO MOTOKA O3HAYAET, YTO €r0 WHTEHCUBHOCTH ¥ HE 3aBUCHUT
OT BpEMEHWU.

2. Bce mporiecenl cranmonapubie. CanraeM, 9T0 W3MEHEHHEM WHTEHCUBHOCTH U3JTyde-
HHud J1a3€pPa B Ipeaeaax J0CTaTOYHO 6OJ'II)H_IOI'O KOJTMYIE€CTBa BPEMEHHBIX OKOH I'€Hepallnn
CIIyvIafHBIX YUCes, KaK W U3MeHeHHeM ITapaMeTpPOB KJIACCHIECKUX ITyMOB, MOXKHO IIpeHe-
Opedn.
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3. Bce npormeccest siBisiiorcest aprogudeckumu. CrarmoHapHBIH CIydafiHbii MPOnece Ha-
3BIBAETCS YPrOJUIECKUM, ECJIM 3HAUEHNE CPEIHEr0 W KOBAPUAIMOHHAS (DYHKIIVSA, BHIYUC-
JIEHHBIE IO aHCAMOJTIO BHIOOPOYHBIX (DYHKITHI, COBMAIAIOT CO CPEIHUM U KOBAPUAIIMOHHOMN
dyHKIMEl, OIpPeIeIeHHbBIMA TyTEM YCPEIHEHUs 110 BPEMEHU B Ipeiesax OT/IE/bHBIX BbI-
OOpPOYHBIX (PYHKIH, BXOIANIAX B AHCAMOIID.

4. Knaccuveckuit annaparibiii (006OYHbIM) HIyM €CTh aJIMTUBHbBIA HE3aBUCUMDbI
rayCcCcoBBIiT TPOIeCC ¢ HYJIEBBIM CPeJIHUM L, = 0 U gucrepcueii ag.

Paccmorpum mporiece m3mepenusi (BIAYKTYaIluu BaKyyMa, ¢ TOYKYM 3PEHUST MATEMATH-
9ECKOM CTATHCTUKHU U CBONCTB IyaCCOHOBCKUX IPOIECCOB (TIOTOKOB).

Onpenenenne 1 (He3zaBucumoe cmemenue). Ilycrs {z;(t)}, i =0,1,..., — cuy-
4JaiiHas MOCIeJ0BATEIFHOCTh JACTHUIL HA MPIMOii, obpasyomux npu ¢ = 0 cTanmoHAPHbBIHA
MyaccOHOBCKMiT MOoTOK. Koopaumnara KayKa0#t JacTuIp x; (t) MEHSIETCS CJIy9aiiHbIM 00pa-
30M BO Bpemenu t. [Ipuuem 3HadeHMsT CMEIIEHNs 33 WHTEPBAJ Bpemenn ot 0 110 ¢, paBHBIE
x;(t) —2;(0), mpemoIATaIOTCS HE3ABUCUMBIMY W OMHAKOBO PACTIPE/IEJIEHHBIMH CITy YaifHbI-
MU BeJmduHAMU. 1Orma Tako# MPOIecc W3MeHEHUsI KOOPINHAT HA3hIBAETCS HE3ABUCUMbBIM
CMEIIeHUEM .

Omnpenenenne 2 (Onepanumsi paspexkumBauud). Ilycrb [0CI€10BATENIBHOCTD
{z;},i=0,1,..., obpasyer cranmoHapHbI# MyacCOHOBCKMi MOTOK. OTpeseInM OrnepaImo
PA3pEKUBAHUS CAEAYIOMNUM 00pa30M: KayKIas TOYKA MOCIEI0BATETHHOCTA UCKITIOYAETCS
U3 UCXOIHOM TOCIEIOBATEIHbHOCTH C BEPOSITHOCTBIO Y, IPUYEM HE3ABUCUMO OT OCTAJIbHBIX,
U JIeJIaeTCH OHA W TOJIBKO OJIHA MOMBITKA MCKJ/IIOYATH KAXK/IYIO0 TOUKY.

YrBepxkaenne 1. Ecau 6 nawarouvii momenm spemenu t = 0 nocaedosamenrvbrocms
{z;(0)}, i = 0,1,..., o6pasyem cmayuorapHvil NYACCOHOBCKUT NPOUECC C UHMEHCUBHO-
CMbI0 UV, O NPu HE3ABUCUMOM cMmewenut nocaedosamensvrocms {x;(t)},i = 0,1,...,
68 MOMEHM 6pemeHy t makdtce obpasyem CmayuoHapHull NYaGCCOHOBCKUT NPOYUELCC € UH-
MEHCUBHOCTBIO V.

HJoxkaszarenxsbcTBo cM. B[L5]

Beuny BaxkaocTH 111 OOOCHOBAHVS SHTPOMUAHOCTH MCTOYHUKA CJEAYIOIINX YTBEP-
JKJIEHUH, TTPUBEIEM UX JTOKA3ATEIHCTBA.

YrBepxkaeane 2. Fcau k nyacconosckomy npoueccy ¢ uHMeHCUSHOCMbIO UV Npu-
MEHAEMCA ONEPAYUSA PA3PENHCUBAHUA C BEPOAMHOCNDGIO UCKAIOUEHUS Y, MO 0CMABWUTCSA
NOMOK ABAAECMCH NYACCOKOBCKUM € unmencushocmyio (1 — vy)v.

Jorkaszarensctso. CopaBeljIuBOCTL YyTBEPKICHUSA 2 CIE€IyeT U3 BHIMOTHEHUS
OTIPEIEJISIIONTNX CBONCTB MyaCCOHOBCKOTO MPOIECCA:

1) OpIMHAPHOCTD: BEPOATHOCTH HACTYILICHUS GOJIEE OTHOTO COOBITHS HA, TIOOGOM MAJIOM
uHTepBaJie Bpemenu At uMeer 60Jee BHICOKHUI MOPSAI0K MaaoCTH, yeM At;

2) CcTalMOHAPHOCTD;

3) orcyTCTBHE MOC/IEACTBUI: UMEET HE3ABUCUMbBIE [PUPAIIEHUS HA HEIEePEKDPbIBAIO-
[IIUXCS TPOMEXKYTKAX BPEMeHM.

VciioBre OpAUHAPHOCTU 03HAYAET, UYTO

Plai(t+ At) — z;(t) = 1) = P(z:(At) = 1) = vAt + o(At),

Plai(t + At) — z;(t) > 1) = P(a:(At) > 1) = o(At).

IIpu onepanuu paspe:KUBaHUs OPAUHAPHOCTL COXPAHSETCS, TAK KaK KOJIUYECTBO TOYEK
MOXKET TOJIBKO YMEHBITUTHCH.

CTannoHapHOCTh COXPAHSIETCS, MOCKOIBKY OMEPAINS PA3PEKUBAHUS TTPOU3BOIUTCS
ONMHAKOBO IPH JIIOOOM 3HAYEHUU ;.
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U, nakoHell, B CUIy TOTO, 9YTO UCKJIIOYEHUE TOYEeK IIPOUCXOJUT BCEr/ia He3aBUCUMO OT
MPEIbIIYIIAX UCKIIIOUEHWI, COXPAHAETCS CBOWCTBO OTCYTCTBUS MOCICICTBHIA.

N3gecrro (cMm. [15]), ¥ro cayvafiHblii mporece, yIOBIETBOPSIONIMAN MepeInCIeHHBIM
TpPEM CBOMCTBAM, ABJIAETCA IIyaCCOHOBCKHM, & YJAJCHUE TOYEK C BEPOATHOCTHIO Y YMEHb-
[IaeT UHTEHCUBHOCTH HOTOKA Ha Ko dunuent (1 — 7). O

Cnencrsue. B cayuae, ecau ¥ nyaccoHo8CKOMY NPOUECCY € UHMEHCUSHOCTIIO U NPU-
MEHUMD ONEPAYUI0 PASPEHCUCAHUA C BEPOATIHOCTIDIO UCKAOUEHUA Y = %, Mo paspestce-
HoLll MPOUECC U NPOUECC, COCTNABAEHHVLT U3 YOAAAEMBLT MoUueK, OYoyYm NYaccoHo6CKUMU
¢ UHMEHCUBHOCTIDIO SV

Vreepxkaenue 3. Pasnocmd 06YT nyacconosCKUT NPOUECCOE U; = T; — IY; € UHMEH-

CUBHOCTMAMU O U L COOMBEMCMEEHHO UMEEM pacnpeae/LeHue

P, (k) = e~ (H(2) 5 (2, /agt),

20e I (z) — modudpuyuposannas Gynkuyus Becceas nepeozo poda uerozo nopsoxa.
Hoxkaszarenbctso. Halinem pacupenenenne ciaydaifHON BETUIUHBL U = & — ¥,
B KOTOPOM BEJIMYUHBI & W UMEIOT MyaCCOHOBCKOE PACITPENEIeHNE BEPOITHOCTH

P.(n) = (a;!)nef“t, P,(n) = %ej‘t.

BanwuiremM pacrnpeeeHne BEPOATHOCTH JIJTsl BeJIMYUHBL U = T — Y-

o0 21
_ —(atp) k V t
- " (at) Z CEDIA

Bocnonb3yemcst pasnoxkennem B psia MoaudunupoBanHoil pyHKImn beccens mepsBoro poaa
nesoro mopsinka (cm. [16])
o0
In(z) = (3)F
b(z)=(3) Z (k + z I

=

¥ OJIOXKUM, 9T0 2 = 2,/aut. Torma nuckomoe pacupeesenne mpuodbperaer TpedyeMblii BU,

P, (k) = e~ (H(2) 5 (2, /agit), (1)

O
CaencrBue. B cayuae, xo2da 6viuumaromcs 066 NYaccoHOBCKUT NPouecca ¢ 00UuHaG-
KOBBLMU UHMEHCUBHOCTAMY (¢ = [4, PE3YALMUPYIOWUT NPOYLCC umeem pacnpedeseriue

Pu(k) = =2t (2at).

B nanbHreiimem (pyHKINIO BEPOITHOCTH IIyaCCOHOBCKOIO IIPOIECCA ¢ HHTEHCUBHOCTHIO
« OymeM 3aMuChIBATH CJIEYIOMUM 00pPa30oM:

)\k —A

pk‘()‘) = ge )

371ech A = ot.
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Yreepxkaenne 4. Paznocmd 06Yxr nyaccoHoSCKUL NPOULCCO8 U; = T; — Y; € 00U-
HAKOBHLM CPEOHUM A NPU O0ABWOT UHMEHCUBHOCTNU ANNPOKCUMUPYEMCA HOPMAALHBIM
(2ayccosvim) pacnpedeseruem co cpednum = 0 u ducnepcueti o = \:

1 k2

A~ ——e” 2).,
pr() 2T\

Hdokaszareasbctso. Qo crneayer u3 annpokcumariuu GpyHKImu Beccemns npu
dbuxcuposannoMm 3nadennn k 1is Gonapnmx BeandrH A (eM. [16, c. 199]):

A > (n=1)(p—=3%) - (u—(2n—1)?)

rae = 4k?. TIpu 60IbIINX 3HAYEHUAX A HOIyYaeM, 4TO

6)‘ o . (k’Q)" e’\ 7k_2
L)~ —= 1+Zl(—1) | = e >

n=

OxoHYATETHLHO UMEEM, UTO
k2

1 k2
~ —— 2
Pr(N) me .
O
YacTHBIA cIydail pasHOCTH IBYX MyaCCOHOBCKMX MPOIECCOB C PABHBLIMH CPEIHUMU
3HadeHnsIMU ObLT mostyder B 1937 r. /Ixx. Upsurom (cMm. [17]), obmmii coaydait B 1946 .
paccmorpen JIxk. I Cresutam (cm. [18]). [lokazaresbCcTBO yTBEpXK/IeHUIE 2 U 3 IPUBEIEHO
B coorBercTBHH ¢ [15].
Cpennee 3ua4eHre A KOMMIecTBA (DOTOHOB B TIOTOKE U3JTyYEHUS JIa3epa, PACCMATPH-
BAEMOrO B KaYECTBE KOHKPETHOTO MCTOYHUKA, PACCUUTHIBACTCS IO (hopmyiie

A—PT 3.9-10%
T hw T

B KOTOpOil A — peaynupoBamHas nocrosuHas Ilmamka, T = 102 — Bpemsa ycpenHeHns,
onpeensaeMoe dacToroil muckperusamu 1 [T, w ~ 271.93414-10~ 14 — xpyrosas qacTora,
na3epa ¢ qiuHO# BoaHe 1550 M, P = 5- 1073 B — momHoCTb 1a3epa. JanHoe 3HAMeHne
A TO3BOJIIET BOCIIOJIb30BATHCS ACUMITOTHIECKUM MOBEICHUEM H3MEPSIEMOTO CJIyIaifHOTO
IpOIIecca.

[Mpusenennoe BoIe 060CHOBaHUE (DOPMYIIBI PACIPEIETEHUs CJIYUIANHOrO MPOIECCa,
OIUCHIBAIONIErO M3MEPEHUE BEJIMYMHBI HA BBIXOZE TOMOJWHHOIO IeTeKTopa (yTBepiKie-
HUg 2, 3) aHAJIOTUYHO ODOCHOBAHWSM, UCHOJIB3YIOMMM ODO3HAUEHUS W TEPMUHOJIOTHUIO,
npuHgAThIe B KBaHTOBOI onTuke [9,19]. Bo Beex ciydasix OCHOBOI MPOM3BOAMMBIX pacye-
TOB ABJISIIOTCS IBA OCHOBOIIOTArafomux (pakra:

® KOIU9IecTBO (POTOHOB B IMOTOKE OMMUCHIBACTCS pacupenenenneM Ilyaccona;

® CBETOE/NINTEIh TOMOJIUHHOIO JETEKTOPA PA3IE/IsIeT MOTOK (POTOHOB B PABHOI MpO-
noprru 50:50 B COOTBETCTBUM C TPUBEICHHBIM OIPEIEIeHNEM 2.

B obGmmproit mureparype, mocesimenunoit KI'CY, ocHoBaHHBIX Ha (DIyKTyaluun Ba-
KyyMa, BOOPOC O BHJIE PACIPEIE/ICeHUud CIy4YalHOU BEJMYUHBI, U3MepdAeMOil Ha BBIXOJE
TOMOJIMHHOTO JIETEeKTOpa, 9acTo omyckaercda. [Ipeamosararor, 9To0 CUTHAI HA BBIXOIE I'O-
MOJIMHHOTO J€TEKTOPA, OMUCHIBAETCS HOPMAJIBHBIM (rayCCOBBIM) 3aKOHOM PaCIpEIe/IeHus
(cm. [4-8)).
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OcHOBBIBasICH HA CAETAHHBIX MTPENOJIOKEHUIX U IPUBEEHHBIX BbIIIE Y TBEPIKICHUAX,
MOXKHO CEJIATh BBIBOJI, YTO KOTEPEHTHOE JIa3e€pHOEe HU3JIyYeHHe TeHEPUPYET CJIyvailHbII
CTAIMOHAPHBINH MOTOK (DOTOHOB, MOTIMHSIOMININICS pacnpeaeseanio [lyaccona co cpegaum
3HavYeHrneM \ 3a Bpems 1, paBHOE MHTEDPBAJLY JIE€TEKTUPOBaHUs (JAUCKPETU3AIUN).

Jlasiee myaccoOHOBCKMIT TOTOK (DOTOHOB, IPOXO/Is Y€Pe3 FOMOIUHHBIN AETEKTOD, pa3ie-
JIAeTCH MPU ITOMOIIY CUMMETPUYHOI'O CBETO/Ie/IUTE A Ha JIBa IIyaCCOHOBCKUX ITOTOKA C O~
HAKOBBIM CPEJIHUM 3HAUYEHUEeM %)\, MOCJIe Yero MPOUCXOIUT WX BblunTaHue. B pe3ymbrare
MTOJIy9aETCS CJIYUIANHBIN CTAIMOHAPHBIN MOTOK (POTOHOB, ACHMITOTHYIECKH OMUACHIBAEMBIH
rayCCOBBIM 32KOHOM DACIPEIe/IeHNs ¢ HYJIEBBIM CPEJIHUM U JUCIepcHei o2 = ).

4. OneHkKa MUHUMAJIbHOM SHTponuH. /1751 TOro 910661 BOCIOIB30BATHC PE3YITb-
TATOM JIEMMbI 00 OCTATOYHOM X€Ille U MOCTPOUTH Xerl-(bYHKIUIO, U3BJIEKAIONLYIO MOCTIe-
JIOBATEILHOCTD CIIYYANHBIX OUT, OJIM3KUX K PABHOMEDHOMY DACIIpPeIesIeHNI0, HeOOXOIMMO
OIEHUTh 3HaUYEeHNe MUHUMAJIbHON SHTPONUH YCJIOBHOTO pacCHpe/iesieHNs TUCKPETHOTO CHUT-
HaJIa TIPU YCJAOBUM HAJIUYAS NTyMA.

715 maeasibHOTO CiTydasi, KOraa HabJII0IaeM TOJIHLKO Pe3YIbTaT U3MEPEHUs COCTOSHUS
BakyyMa 0e3 MOCTOPOHHWX IIIyMOB, MOYKHO IMOJIYYUTh BEPXHIO I'DAHUIY MUHUMAJIHHOM
SHTPOINH /I PaCCMaTPUBAEMOr'o UCTOYHUKA U3/ydYeHUd

Hypin(X) = — logQ(m]?ka()\)) = —log, ( ) ~ log,(vV273.9 - 108) ~ 15.59 bur. (2)

1
V2T
st OneHKY yCIOBHON MUHMMAJIBHOM SHTPOIMA [IPU HATMYHH [IyMa BOCIIOIB3YeMCs Clie-
JAHHBIMA B II. 3 IPEIIONOKEHUAMA O mporeccax. CauraeM, 9T0 CHUIHAI T, HOJABACMBII
Ha Bxog AIIII, siBnsieTcsa cyMMO#i IBYX HE3aBHCHMBIX CTAI[OHAPHBIX IAyCCOBBIX MPOIECCOB
C HyJIEBBIM CPEJHEM: IIOJI€3HOIO KBAHTOBOIO CHIHANA Xq ((bnygTyz;uH;I BaK%/yMa)2 u myma
Te, T = Ty + Te CO CPETHUMHE f1, = i, = 0 W quCHepcusamu oy, 0;,0, = o, + 0. Torza,
YUYHUTbIBas MOC/IEHEE IPEINOTIOKEHHE, IIJIOTHOCTh YCIOBHOIO PACIPE/Ie/IeHIs H3MEPSIeMO-
[0 CHTHAJIA T NP HATWYHA [IyMa Z. paBHa (cM. [20])

1 (z—w)? 1 _lemw)?
pa|ze) = ———— 20700 = —— ¢ 2]
27 (0F — 0?) V2mog

a JIJIS yCJIOBHOM MUHWUMAJILHOM SHTPONUNA U3MEPSAEeMOro CHTHAJIA MPU HAJUYWHU NMIyMa 3a-
uIeM, 9To

max
ze€{zc€E|p(xe)>0} i €X

Huin(X|E) = — log, ( max P(xi|xe)> , (3)

TJe T; U e; — JIACKPETHbIE 3HAUEHNS U3MepsAeMOTo CUTHAJA U ITyMa COOTBETCTBEHHO.
Paccmorpum ugeasnbaoe AIIIl ¢ n ABOMYHBIMM pa3psaIaMH, JUHAMUYECKUAM [IHa-

na3oHoM [—R,R], WHTEepBAJIOM KBaHTOBaHWS 0§ = Qni,l U HyJEM B CepeIuHe
LHEHTpaJIbLHOro uHTepBaja. (OO003HAYMM TIpPaHUIbLI HMHTEPBAJIOB KBAHTOBAHUS Yepe3
{mi,ma,...,mans1},m1 = —R,maony1 = R. BBenem aBa A0M0JHUTEIBHBIX y3/1a KBAHTO-
BaHMS My = —00 | Man 1o = +00. Toraa, Mpou3Boas HHTErPUPOBAHNE B BBIPAYKEHUH JIJIsI

YCJIOBHOW MUHUMAJIBHON 3HTpONnuu (3), moIydaeM, 94To

Mi41

(z—zc)
1 —
Hoin(X|E) = —lo max max ——— e 2% dx
(XIE) 82 ze€{z EEIp(z)>0} 1€0:2"+1 /I, /
m;
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2
Mi41 (mfmﬁ)

2
PaCCMOTpI/IM BbIpazKeHue maQX \/70' f e 203 dr B npeaeaax INHAMUYECKOrO ITHNa-
S .
nasona [— R, R]. Haxonnwm, 1rto
Mi41 u;i 43
1 o 1 RIS P 5
max ——— e @ dr= max — e du=z(erf(5) —erf(—3)) =
i€l:2" \/21a, iel2n /1 2
my Uq

— erf(g) = erf(ﬁ),

x
= 2
e 0 = #Uq; u = = i:, erf(z) = % fe_“ du — dyaknus omubok. Takoe 3HAUEHUE
0

MaKCHUMyMa 00yCJIOBJIEHO TeM, 9T0 (PYHKIHA OIMUOOK UMEET MAKCHMAJbHOE IPUPAICHUE
BOMM3W Hynsa. B paccmMaTrpmBaeMoMm Clydae 3TO WHTEPBAJ WHTETPUPOBAHUSA C LIEHTPOM
B HyJIE.

Hobapisasi n1Ba GeCKOHEUHBIX MHTEpBaJIa [—o0, —R] u [R, 00|, momyunmM, 4To

s (1—erf(zm)),

Tq

Hpin(X|E) = —log, max max €Tf(m),

ze€{z.€E|p(ze)>0} 1
B (@Tf(ae 2) 4+ 1)

JIerko 3aMeTHTh, YTO BLIPAKCHUE MO, 3HAKOM JIOTapudMa CTPEMHUTCH K eIUHAIE, KOTIA
ZTe — —O00 WA Te — +00. [I03TOMY ISl MPAKTHIECKOA OIEHKH BBIHY 2K I€HbI OrPAHAIATH CSI
PACCMOTpEHHEM CIIydas, KOTJa 3HAYeHHe IOCTOPOHHErO IIyMa OTPAHHYEHO B IHAIIA30HE
[€min, €max). Hanpumep, eciiu BO3bMEM IUANA30H €min = —H0c, Cmax = DO, TO 3HAUYCHUE
nryma momaaer B Hero B 99.9999 % ciyuaes.

Torma, eClIl €nyin = €max, ONEHKA MUHUMAJILHONW SHTPOIWH MTPHOOpPETAeT BU

Hin(X|E) = — log, (max{; (1 - erf(ett) erf(zA- )}) (4)

Bormpoc BeIGOpa ONTUMAIBHBIX TAPAMETPOB JUCKPETU3ANUU (KOJIUIECTBO OUT, TUHAMUIEC-
CKHIi TMana3oH) paccMoTpeH B [21].

4.1. Yuem neaunetlinvir uckancenuti AITII. Ocuosubivu nckaxenusmu ATTIT,
KOTOPBIE MOT'YT MOBIUSATEH HA STPOIUIO U3MEPSAEMOro udpOBOrO CUTHAA, ABIAIOTCS Aud-
depennmanbuas wemuuelinocrs (DNL — Differential Nonlinearity) u ommbka cMenienus
(offset error). dudepenimanbuas HEIUHEHHOCTh U3MEPSETCS B JIONAX OT BEIUYUHDI
WHTEPBAJIa KBAHTOBAHUS, WM, IPYTUMHU CJIOBAMH, B TPOIEHTAX OT MJIAIIIErO Pa3psaia
(LSB — Least Significant Bit), ommbka cMmelrieHnss — B TPOIEHTAX OT JANHAMHYECKOrO
muanasona (FSR — Full Scale Range). O60o3HaduM 3T OMHOKH COOTBETCTBEHHO Yepes3
Adni, Aoy fs. Auddepennnanbhas HeNMHEAHOCTD MOKET yBEIUIUTD JIJIMHY UHTEPBAJIa HH-
TErpUpOBAHUS C § IO 5=6 (14 Agni)- Torma omneHka MUHUMAJIBHOW SHTPONNYM W3MEHUTCS
CTIeAYOMUM 00pa30M:

. _ 1 emintAorrs+R 5
Hmln(XlE) = — 10g2 (max{§ (1 — erf(T)) ,erf(m) .

Nurerpansuas wenuneiinocts AIIT (INL — Integral Nonlinearity) mo cyru npencrasis-
er coboit cymmy auddepeHInaIbHbIX HEJTHHEHHOCTEH, TTO9TOMY HE OKa3bIBAET BJIMSHUS
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Ha BEeJINYWHY MUHUMAJIHHOW SHTPONNN, TAK KAK ONPEIE/IAONINM SBIISIETCS MAKCUMAIbHOE
3HAYEHNE BEPOSATHOCTU HA KAKOM-JIMOO M3 WHTEPBAJIOB auckperu3amyn. OmmubKoil cMere-
HUST TAKKE MOYKHO MMPEHEOPEUb B CIy9ae TOCTATOYHON IITMPUHBI JUHAMUYIECKOTO JTHATA30HA,
AIITII. Hanpumep, npu quddepennuanproit nenuneiinocru 1.5 LSB onernka MuHMMAaIHLHON
SHTPOIUHU yMeHbInaercsa Ha 1.32 6ur paBaomepHo 1o paspsaaoctu AIIIL.

4.2. Ilapamempov. pacuema OUEHKU MUHUMAABHOU dHmMponuu. Ilockosibky
HET BO3MOKHOCTH OIIEHWBATH ITyMOBBIE TAPAMETPHI U MUCKAYKEHUsI, MTPOU3BOINMbBIE KarK-
JIBIM KOHKPETHBIM dK3EMILISIPOM YCTPONCTBA, TO €INHCTBEHHBIM KOPPEKTHBIM UCTOYHUKOM
OIIEHKYM MWHWMAJILHON SHTPONUN SIBJITIOTCSA MACTOPTHBIE XAPAKTEPUCTUKN UCTIOIB3YEMbIX
B YCTPOWCTBE MOAYyJIEH U UX NOATBEPKIAECHUE B MPOIECCe UCIbITAHUI:

o
q
o ornorenue curaas/mym SNR = 20log;, —, KOTOpoe MOXKeT ObITH OIEHEHO IO MaC-
Ue
TMOPTHBIM JAHHBIM JIa3epa, FOMOIMHHOTO JeTeKTopa W Apyrux KommoHenT KI'CY;

o muHamMndeckuii quamason AIII (R);

o paspsanocrb AIIIT u § — Besmuuna mitaamiero 3uadaniero paspsaga (LSB);

o nuddepennuanbuag HeJIMHERHOCTD U OMHUOKa cMemeHud Agni, Aof fo-

Biiusinue ymeHbIieHusT MOIITHOCTH JTa3epa Ha 3HAYEHWE MUHUMAJIBHON SHTPOIUN OIle-
HUBAETCs, NCXOs U3 (PopMyJIbl (2), Tak MpU yMEHbIIIEHUH MOLTHOCTH Jiadepa ¢ 50 mo 10 MB
BEPXHSS OIEHKA MUHUMAJILHOM SHTPOIIHN TIOHNKAETCs Beero Ha, 1 6mt — ¢ 15.6 no 14.6 6ur.

Hapyienne 6amaHCHPOBKYA CHMMETPUIHOIO CBETOJEUTENs MPUBOJUT K CMEIIEHUIO
CPEJIHEr0 3HAYEHKS UTOMOBOIO pacipe/enenus. [lycTh myacCOHOBCKUI TIOTOK CO CPEIHUM
3HaYeHmeM A\ nemurcs B cootHomennn vy u (1 — ), tme v € (0,1). U3 dopmymsr (1)
U anmpoKCUMAINK MOIUMDUIMPOBAHHON (yHKIME Beccems cieayer, 9To pa3sHOCTh TAKUX

IIOTOKOB OyZIeT IMETh CMEIIEHHOE CPeIHee A=A\ 71 —~)In . il . Ecnu cMmemenue 6a-

JIAHCHPOBKHY CBETOJIETIUTENST HE BBIBOJUT CUTHAJ U3 auHaMudeckoro muamnasona AILI, To
9TO He MPUBEIET K M3MEHEHUIO MUHUMAJIHLHOM SHTpONTNN. B MpOTUBHOM CTyvae CynecTBeH-
HO€ CMeIleHNe JIOJI?KEH BBISBUTH BCTPOEHHBIN TECT yCTPOHCTBA.

4.3. Bauanue 02paHUMEHHOCTIU NOAOCH. NPONYCKAHUS 20MO00UHHO20 demek-
mopa. Vlcrionb3yeMblil B pacCMATPUBAEMOM CXeMe TOMOIUHHBIA TETEKTOP ABJISIETCS JTUHEH-
HbIM ycrpoiictBoM. VckarkeHust, KOTOPBIM IOIBEPKEH CHUTHAJI, TPOXOAAIINN depe3 Hero,
00y CTOBJIEHBI:

® HAJIMYNEM HEe3aBUCHUMOTO aJIIUTUBHOTO TayCCOBA ITyMa, KOTOPBIN yUYUTHIBAETCA NPU
OIIeHKE MUHUMAJILHOW SHTPOTNY B TApaMeTpe CUIHAJ / TyM;

® OIPAHMYEHHOCTHIO IOJIOCHI IPOILYCKaHUS JIETEKTOPa, KOTOpad IPUBOJIUT K H3MeHe-
HUIO CIIEKTPAIBHON IJIOTHOCTU CUTHAJIA ¥ COOTBETCTBEHHO ero (DyHKIIUU ABTOKOPPEIAIHT.

Bocmonp3yemcs cBoiicTBaMu rayCCOBBIX CITy9aliHBIX ITPOIECCOB:

1) eciu A — VHBApPUAHTHBI BO BPEMEHU JIMHEHHBIH OMEpaTop, x(t) — CTaloHap-
HBIH CIIy<IaiHbIit rayccos mpomuece, To A(z(t)) TakKe sIBISETCS CTAIMOHAPHBIM [ayCCOBBIM
TIPOIIECCOM;

2) rayCccoB CTAlMOHAPHBIN CIyYaiHbIH IPOLECC C HYJIEBbIM CPEAHUM MIOJHOCTHIO OIIpe-
Jensercs (pyHKOUeR CIeKTPaabHON ITOTHOCTH.

PaccMoTpum cTanmoHapHbIil CIyIaiiHbIil TpoTiece x(t) C HYJIEBBLIM CPEIHUM.

O6oznaunM Sy, (f) = [ Rup(1)e”?™"dr = 2 [ Ry, (7) cos(2mf7)dT — cnexkTpan-
—00 0

Hy[0 IUIOTHOCTH mpomecca (t), rme Rg,(T) — dymxnus asroxoppemsmun. OmHOCTO-

0. F<o. Torma R, (1) =

POHHSISI CHEKTpabHAsA TJIOTHOCTHL paBHa G., =
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?Gm(f) cos(2n f7)df, w nucnepcus 02 = R,,(0) = ?Gm(f)df
0 0

Beenem moustusa 3d¢deKTuBHOI ITyMoOBO# IMUPUHBI cHeKTpa u 3¢ deKTnB-
HOT'O IIYMOBOr'o BpeMeHH Koppenadguuu (cM. [22]). DddekTuBHas nrymMoBas [IHPUHA
CTIeKTpAa, MO OTPEJIEIEHUI0, PABHA

B, = ({ CeeF)df _ R:c:c(o)
T GIEIE N GCECE ’
5, D ™ g, CeelD

a 3 HEKTUBHOE TITyMOBOE BPEMS KOPPEJIAINN ONpeaessieTcs mo hopMyie

oo o0

[ |Rux(T)dr 2 [ |Ryy(7)|dT
T, = — =20

max Ry, (7) R..(0)

T€[0,00)

HeprﬂHO IOKa3aTh, YTO BBITIOJIHAETCA TaK HA3hIBAEMOE COOTHOIIIEHHWE HeolIpeadeJieH-
HOCTHU

o0
2 f | Ry (7)|dT 1
0
BT, —— >
max G 2
F€[0,00) ()
JIj1s1 rayccoBa HOPMAJILHOTO MIyMa ¢ HYJIeBbIM CPEeJHNM U JTUCIepcHell o2 TaHHble BeTuyH-
HBEI PaBHEI

Opr/T 1 0.40
B, = i/\g—% 1.250,, T, = ﬁ% —
x x
1
B, T, = 3

CooTHOIIIeHNEe HEOTPEIEIEHHOCTH TOBOPUT O TOM, YTO YeM MeHbIe 3(DGMEKTUBHAS Ty MO-
Bas ITUPHUHA CIIEKTPa, TeM OOJbIe 3P GHEKTUBHOE IITyMOBOE BPEMS KOPPEIIIHN.

O6o3uauum H(f) — 9acTOTHYIO XapaKTepUCTUKY TOMOJMHHOIO JAETEKTOPA, KOTOpas
npejicTaBiasger coboil (PUILTP HIUKHUX IacTOT. TOrIa OJHOCTOPOHHSIS CIIEKTPATbHAS [LIOT-
HOCTh BRIXOAHOTO curHata y(t) 6yaer pasua Gyy(f) = |H(f)|*Gew(f). dna crammonap-
HOTO rayccoBa mporiecca y(t) aucrmepens paBHa

o0

7t = [ G0 = By 0) = [ 1HDGrat e
0

0

IMosTomy, eciu nostoca npomnyckanus aHuskogacroruoro duibrpa H (f) sHamHoro mmupe s¢-
ek TUBHO# MTyMOBO# MIUPUHBI CIIEKTPA curHaia x(t), TO BAUgHUEM JAHHOrO (bUIbTPa HA
JIACITEPCUIO CUTHAJIA MOYXKHO MpeHebpedb.

s paccMaTpuBaeMoro B paboTe yCTPOUCTBA IIMPWHA, MOJIOCHI MPOMYCKAHUS TOMO-
JIMHHOTO JeTekTopa pasia 1.6 [T, B To Bpems, Kak aucrepcus currana o2 ~ 3.9-10%. Ta-
KM 06pa3oM, 3¢bdeKTHRHAS Ty MOBas IMUPUHA, CIeKTpa curnaga B, ~ 2.0-10* < 1.6-10?,
U U3MEHEHWeM UCIEPCUH MOXKHO MpPeHeOpedb.

[ToarBepzkmeHue TOro, 9TO OrpaHWYEHHAS IIOJIOCA MPOIMYCKAHUS PACCMATPUBAEMOTO
YCTPOUCTBA HE OKA3BIBAELT BJIUSIHUS HA, JUCTEPCHUI0, MOYKHO MOJIYYATh, CDABHUB PACIETHYIO
1 (haKTUIECKYIO BEJIMYUHBI JUCTIEPCUN CUTHAJIIA.
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Kpowme Toro, B 060cHOBaHNY SHTPONMITHOCTYA UCTOYHUKA CITyYAHHBIX YUCEJ UCIOIb3Y-
eTCcs TOJBKO JINCTIEpCHUs W HUTJE He MPUMeHSeTCsd KOHKPETHBIM B CIeKTPAJIbHON TJIOT-
HOCTHU CHUTHAJIA ¥ €0 ABTOKOPPEJISIUOHHON (DYHKITAHN.

OrpaHU9YeHHOCTh TOJIOCHI TIPOIYCKAHWST YMEHBIIAET KaK JUCIEPCUI0 CUTHAJA, TaK
¥ IMCIEPCHIO TOCTOPOHHErO MyMa. ITUM MOXKHO BOCHOJIB30BATHCS, 9TODBI YBETUIUTE OT-
Horenue curaas/mym. Eciu umeercs anpuopHas ungopMmanus 0 CleKTpPe HOCTOPOHHEro
KJTACCUYECKOTO ITyMa, TO MOYKHO OT(UIHLTPOBATH YACTOTHI C MAJIBIM OTHOIIEHUEM CHUT-
Haust/mym. HampuMep, ecsin SHeprust TIOCTOPOHHErO IyMa Ha HUXKHuX dacrorax f € [0, fo]
mpeodIaIaeT HAM, YPOBHEM SHEPTUN KBAHTOBOTO IITyMa, HA, TE€X YKe YACTOTAX, TO MOXKHO UC-
[TOTb30BATH TIOJIOCOBOH (bUIHTD, YOUPAIOMINi JAHHBIE YACTOTHI, U YBEJIUYIUTH OTHOIICHHE

2 ~9 ?fob(f)df
U_q< 9q _ o
o2 T 52 X ’

°© e ffGee(f)df

r1e Gee(f) — OIHOCTOPOHHSIST CIIEKTPAIILHAS TIOTHOCTD TITYMA.

OrpannveHHOCTD TOJIOCHI TPOMYCKAHUS TETEKTOPA MOXKHO YUUTHIBATH PA3HBIMHI SKBH-
BasieHTHbIME criocobamu. Hanpumep, B pabore [7] BiusiHue OrpaHuYeHHOCTH TOJIOCKI PO~
MTyCKAHUS U TOsIBJIEHUE BPEMEHHDBIX ABTOKOPPEIANNI PACCMATPUBAIOTCSA B PAMKAX MOHSTHS
HE3aBUCUMBIX OJMHAKOBO pactpenenennbx Beuaun (HOP) (identical and independent
distribution, i.i.d.). JJaHHOE MOHATHE MPUMEHSETCA K CJAYYANXHBIM MTPOIECCAM C TUCKDPET-
HBIM BPEMEHEM, TTO3TOMY IMOsIBJIEHNE ABTOKOPPEJISIIY OIEHNBAETCS Yepe3 CpeaHee UnCiIo
perucTpupyeMbix (POTOHOB B JIMCKPETHBIE MOMEHTHI BpeMeHu. ABTOPBI crarbu 7] orBepra-
for runore3y HOP, npeanonaraior 3aBUCHMOCTD KOJIMIECTBA PETUCTPUPYEMBIX (DOTOHOB OT
IPEJbIAYIIUX u3MepeHuil (BCIecTBUe OrPaHUYEHHOCTH IOJIOCHI IIPOILY CKAHUS JIETEKTOPA.)
¥ BHOCAT COOTBETCTBYIOIIYIO MOMPABKY B PACUET IUCIEPCHUMN.

B mpenmaraemoii MeToguKe epexoInM K HEITPEPHIBHOM MOIEIN M3MEPSIEMOTO CUTHAITIA..
[Mepenarounbie (HYHKIUH TOMOJUHHOIO JIETEKTOPA, KAK U JAPYTUX KOMIOHEHT, BXOSIIAX
B yCTPOMCTBO, U3MEHSIOT CIHEKTPAJIbHYIO MJIOTHOCTH MOITHOCTH CHTHAJA W €r0 aBTOKOD-
pensuuonnyto ¢gyskuio. [Tosromy orcyersl curtajia, mosaydaembie Ha Boixone AIITI, me
MOTYT PAaCCMATPUBATHCS KAK HE3ABUCUMBIE OJMHAKOBO PACIPEIEIEHHBIE BEJIMINHBI, T. €.
rumore3a, HOP orBepraercs B MOMEHT Mepexoia K HEMpPEPbIBHOMY TayCCOBY MPOIECCY.
Tem He MeHee 5TO He MENTAeT MOJIYIUTh KOPPEKTHYIO OIEHKY MUHUMAJIBLHOM SHTPOINH, M0~
CKOJIbKY B Hell He yUUTHIBAETCS KOHKPETHBIN BUJ CIIEKTPA U aBTOKOPPETAIUOHHON (hyHK-
[UU CUTHAJIA, & UCIOIL3YIOTCA TOJIBKO HE3ABUCUMOCTh W IayCCOBOCTh CUTHAJA W IIyMa, a
TaKKe 3HAYEHUS WX JIUCIEPCHUi.

5. UncaeHHOe MOEINPOBAaHNE U PE3YyJbTAThI Y9KCIIePpUMEHTOB. [j1d mposee-
HUST IKCIEPUMEHTAJBHBIX PACYETOB U CPABHEHUSI C PE3YJIbTATAMU MOJIETUDOBAHNS TTPIME-
HSIJICSI TECTOBBIM CUTHAJ, SIBISIOMIUNCT u3dMepenueM (GJIyKTyalud BaKyyMa IIPUA MOMOIIH
TOMOJIMHHOTO JIeTeKTOpa. [lisi u3MepeHus UCIOMb30BAIICS OJHOMO/IOBBIN Ja3ep ¢ JAJIUHOM
BostHbl 1550 1M, Mommoctsio P = 5- 1073 B u AIIII ¢ paspganoctsbio 12 6uT 1 9acToOTOI
guckpern3amnuu 1 T

lucrorpamma TecToBOro curHaja npuBemeHa Ha puc. 3. O0o3HAUNM Uepe3 § OIEeH-
Ky CPEIHEKBAIPATUIECKOTO OTKJIOHEHUS PACITPEIEIEHNST BEPOSITHOCTHA TECTOBOTO CUTHAJIA.
Hunamugeckuit quanazon AIIIL B nansoM sxcnepumente cocraBui R ~ 4.44-6. JTns moe-
JIMPOBaHUs [OJIE3HONO0 KBAHTOBOIO CUrHAJIA ObLIO MCIIOJIb30BAHO HOPMAJIbHOE (rayCcCoBO)
pacupezeseHne ¢ HyJIeBbIM CPeJHUM U JTUCIIepCheit, paBHOM TUCKPETHOH OlleHKe TUCTTePCUN

TECTOBOTO CUTHAJIA! ag =42,
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Puc. 8. T'mcrorpamMma TeCTOBOrO CUTHAIA

VpoBeHDb MOCTOPOHHErO MIyMa, SBJISIONIErOCs, MO HAIIEMY IIPE/INOJI0KEHUIO, He3a-
BUCHMbBIM, CTAI[MOHAPHBIM T'ayCCOBBIM IIPOIECCOM, 33/1aeTCs 3HAYEHHWEM OTHOIIEHUsI CHUT-
was/mym (SNR).

Pucynku 4, 5 uIIIOCTPUPYIOT CPABHEHHE 3aBUCHMOCTH MAKCUMYMa, TUCKPETHOM TIIOT-
HOCTH BEPOSITHOCTH U JUCKPETHON OIEHKH MUHUMAJILHON SHTponuu or paspsanocta AT
JIJIsE MOJIETTBHOTO U TECTOBOT'O CUTHAJIOB. MOXKHO 3aMeTUTDb, YTO UMEIOTCsi HeDOJIbIIe Pac-
XOXKJIEHUS JJId MOJIEIbHOIO W TECTOBOIO CUTHAJIOB i KPAWHUX 3HAYEHUN Pa3PsIIHOCTH
AIII, paBubix 3 u 10-11 6ur. [Ipu MagoM KOJIMYECTBE OUT TaKOe PACXONKICHUE MOXKHO
00bSCHUTE CMEIIEHUEM NP MOJIeJIMPOBAHUY TIOPOrOBLIX 3HaUeHuil auckperusanuu (offset
error), KOTOPOe MOYKET HE COBIAJAThL CO CMEINEHUEM JUCKPETU3AIUUA TE€CTOBOTO CUTHAJIA
1 uMeeT OOJBIIONH OTHOCHUTETbHBIN BEC MPH MAJOH pas3psaaHocTH. Bo3MOXKHO, A7 3HAUE-
uuit pazpagaoctu 10-12 6ut nposiBIgeTCs OTKIOHEHNE TAPDAMETPOB CUTHAJIOB, TIOCKOJIBKY
TECTOBBIA CUTHAJ y2Ke COJEPKUT MOCTOPOHHUU IIyM.

B coorBercTeum ¢ dhopmyiioit (4) mpu oneHKEe MUHUMAJIBHONW SHTPONUA yIATHIBACTCS
BEPOSITHOCThH TOTAIAHUS 3AITYMJJIEHHOTO CUTHAJIA, 33 MPEIEIbl JUHAMUYIECKOTO TUATTA30HA
ATIT («xBocroBas cocrapisioliasy»). Ha puc. 6 npusejeHa 3aBUCHMOCTb OLUEHKU MUHU-
MasbHOM suTponuu ot paspaasocru AT u ornomenus curnas/urym. IlyHKTUpHO#R JiuHM-
eii 0003HaYEHA «XBOCTOBAS COCTABJIAONIASY MWHUMAJIBHONU SHTPOIUHU, KOTOPAsA 3aBUCUT
ot guHamudeckoro auanasona AIII. Bugwro, 9To mpu 3HAYEHUN TPAHUIIBI JHHAMUYECKOTO
nnarnazona R ~ 4.44 - 6 © MAKCUMAJHLHOM YPOBHE TTYMA €min = —H0e, Emax = D0, HATN-
Hasi OT YPOBHsI CUTHAJ/TIyM Bbimie 10 16, onpenessiomeil sBasieTcst EeHTPAIbHAs YacTh
obsactu ompenesennsi PYHKIUU IOTHOCTH PACIPEIe/IeHnsT BEPOSITHOCTH CUTHAJTIA.

6. DKcTpaKIngd paBHOMEPHOI cJiydaifHol mocJiegoBaTesibHOCTH. Popmupo-
Banue (IKCTPAKIMS) PABHOMEPHO PACIPEIESIEHHOH MOCIEI0BATEILHOCTH OUT U3 MCXOTHOM
CIAy9aiHON TOCIEI0BATEIHHOCTH OUT, MMEOMIEHl MPOM3BOJBHYIO (DYHKITHIO BEPOSTHOCTH
U 33aHHBIA YPOBEHbh MUHUMAJIHLHOM SHTPOIMNN, OCHOBAHO HA JIeMMe 00 OCTATOYHOM XeIle
(cm. [11] m c. 00).

Omnpeaenenne 3. Cemeiictso dyHukIwmit h € H, oTobparKaromux MHOKeCTBO A B MHO-
2KeCTBO B, HAa3bIBaeTCS CeMeNCTBOM YHUBEPCATbHBIX XeIl-(DYyHKINI, €CITU [JTs1 JTI0OBIX d1e-

146 Bectauk CII6TY. Ilpuknagmas maremaTruka. Madopmaruka... 2024. T. 20. Beim. 2



T T
04 —— paC‘{eT
” -3~ TECT
5
o
£ 03
=
=
<
=
2 0.2
S
Q
N4
o]
=
2 0.1
jus)
O
A
o]
© 0.0 I -—
4 6 8 10 12
Paspsinnocts AL

Puc. /. 3aBucuMOCTb MaKCUMyMa JUCKPETHON IJIOTHOCTH BepoaTHOCTH OT paspaaaoctu AITTT

T
10 - —e— pacuer

= -~ TecT
=

©

w 8

=

=

o

=

5 6

R

<

==

F

g 4

S

=

=

2 P
4 6 8 10 12

Pa3psanocts AL
Puc. 5. 3aBucuMocTh MUHUMAJIBLHON SHTpONUN 0T paspsiaHoctu AITTT

MEHTOB a1,a3 € A,a1 # as u by,by € B BeposSTHOCTH COBMAJEHUS OOPA30B 0OPATHO
MIPOTIOPIIMOHAIbHA KBA/IPATY MOIHOCTH MHOXKEeCTBa B:
1
P;LEH{h(al) =b; A h(al) = bl} = W

OmnpesienieHHOE BBIIIE CeMERCTBO Xell-(PYHKIUN 9aCTO HA3BIBAIOT YHUBEPCATIHLHBIM Ce-
meiicrBoM xem-gyHKiumil Broporo pozna (two-universal hash functions).

Onpenenenne 4. IKCTPAKTOPOM CIIyUANHBIX OUT HA3BIBAECTCs (DYHKIINST, OTOOpAXKa-
OIAs CAYUANHYIO TOCIEI0BATEILHOCTh OUT, ¢, BOOOINE TOBOPSI, HEM3BECTHBIM PACIPEIe-
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Puc. 6. 3aBucuMOCTD SHTPOIUST MOJAEJIBHOIO CUrHasa oT orHomenus SNR,

JIEHWEM BEPOSITHOCTH, B APYTyiO, 00Jiee KOPOTKYIO MOC/IeI0BATENbHOCTD CJIyYaHbIX OUT,
pacCIpeIeIEHHBIX 10 3aKOHY, OJIM3KOMY K PABHOMEDHOMY:

T:2={0,1}" -y ={0,1}".

Onpenenenune 5. 9xcrpakTopoM Teruniia HA3BIBAETCS SKCTPAKTOP, OMPeIeIeHHbBIH
[IPU [TOMOIIU MATPUIHI TeIIuIa, 3IeMEeHThI KOTOPOil COCTOAT U3 HyJIell U eIMHMNIL, BEIODAH-
HBIX CIyJafiHbIM 00pa30M, a reHepupyeMas CTPOKA OUT MOy 9aeTCss YMHOXKEHUEM TaHHON
MaTPHUIIHI HA BEKTOP MCXOJIHOH MOCIeI0BATEIbHOCTH TIO0 MOIYJTIO 2:

T=T[:0,1:n], Tli,j]=T[i—1,j 1],
y[1:l]=(T[1:m,1:n]-z[1:n]) mod 2.

Onpenenenune 6. /IBa BepOSTHOCTHBIX pacmpefenenns X u Y, 33JaHHBIX B OTHOM
M TOI ¥Ke 00JIaCTH ONMpeIe/IeHNsT 7, HA3bIBAIOTCS €-OJIM3KUMU, €CJIN

ma ;/(P(X =) —P(Y =v))|| <e

YrBepxkaenue 5. Cemeticmeo rew-@dynryutd, cocmoawur us sxemparmopos Ten-
AUYE CO CAYHATIHO BLIOPAHHILMU IAEMEHMAMY, ABAAEMCH YHUBEPCAALHBLM CEMETCTEOM
Tew-PyrKUUl 6mopozo poda.

JoxaszaTeabcTBO yrBep:KIeHus cM. B [13].

JIemma (JIemma 06 ocratrounoMm xere). ITyemv X — cayualinasd 6eAuvuHa,
Hpin(X|E) — munumanvnas snmponus X npu yeaosuu E. [Tyems F — cemeticmeo yru-
sepcarvur weu-dynryuti emopozo poda us X 6 {0, 1}, Toeda cpednee pacnpedesenue no
f € F 6ydem e-6au3ko £ pasHomepromy pacnpedesenuto, 2de

e L o xE)
2
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HdokaszarenbcTBoO JjeMMbl 00 OCrarodHoM xerne cM. B [11].

B kauectBe ciaencTBust K jemMme 00 OCTATOYHOM XeIe MOJIYyYaeM, UTO U3 CJIydaiiHOM
OC/IeIOBATENBHOCTH © € X IJIUHON 1 OUT MOYKHO W3BJIEYb | CIydalHbIX OUT, €-OU3KUX
K PABHOMEPHO PAaCIIPeIe/IeHHOM [I0C/IeI0BATEILHOCTU [IPU

1
I = |nHpnin(X|E) — log, = +2]. (5)

7. 3akJirouenne. B pabore paccmorpena MaremaTndecKkas Moaenb (pusnaeckoro KI'-
CY, ocHOBAHHOT'O HA KOTEPEHTHOM U3JIy9YeHUN OJHOMOIOBOrO J1a3epa. OU3nIecKuM UCTOU-
HUKOM SHTPOIUU CJIYyXKUT CJIyUANHBIA MTOTOK (hDOTOHOB JIA3EPHOTO W3JIYUEHUS, TIOTINHSIIO-
IMAACS TyacCOHOBCKOMY DPACIIpeieIeHuIo BeposgTHocTel. Vcnonmp3oBanue /I n3MepeHus
TOMOJIMHHOTO JIETEKTOPA, B KOTOPOM HCXOJHOE U3JIy9eHUE SIBJISIETCS OIMOPHBIM CUTHAJIOM,
OPUBOJUT K TAK HA3bIBAEMOMY M3MEPeHUIO (DJIyKTyaluu BakyyMma (HyJIeBOrO KBAHTOBOIO
COCTOsIHUS), YTO JIaeT MUPOKO pacupocrpanennoe naspanue takux KI'CY: «Kpanrosbiii
TEeHEPATOP CJIYYANHBIX YUCEJT, OCHOBAHHBIN Ha, (DJIYKTyaIu BakyyMmay. [[puBemeHHbIE Ma-
TEeMATUYECKUE YTBEPIK IEHUS TTO3BOJISIIOT YETKO OMPEIEIUTh HCTOYHIK SHTPOIUH U CIETATh
BBIBOJL O «CIy9aifHOCTU» TE€HEPUPYEMOI MOCIEI0BATEIHHOCTH YUCENI B PAMKAX CHETAHHBIX
OPeanOJIOKEeHUN.

Pesynbrarbl 4mucieHHBIX SKCIEPUMEHTOB MOKA3bIBAIOT, YTO PACCMATPUBAEMAas MaTe-
MaTHYecKas MOJIENIh XOPOIIO COTJIACYeTCs C IKCTIEPUMEHTOM.

s KI'CY, BRIIOYAIONIEM B KAYECTBE OCHOBHBIX KOMITOHEHT

e ja3ep ¢ quHOM BoMHEL 1550 M 1 MomHocTEIO 5 - 1073 B,

® POMOJMHHBIA JETEKTOP C CHMMETPUYHBIM CBETOIETUTEIEM,

o ATIIT 14 6ur, yacrora mauckperudanun 1-1.25 T,
MOXKHO TIOJIyYHUTh MOCIEI0BATEBHOCTD CIYIalHBIX YUCEI C MUHUMAJILHON dHTponmeil 10-
12 6ur B 3aBucuMOCTH OT ypoBHs Mmyma Bxogamux B KI'CH kommonent. [Ipu aTom mpuse-
JEeHHAS BBIIIE BEPXHAA OIeHKA MUHUMAJIbHON SHTPONMUU COCTABJISIET Hmin(X ) &~ 15.59 Gur.

CkopocTh reHepanuu CiiyIaifHoil mocIe0BaATeTbHOCTH JI/Tsi KOHKPETHOrO YCTPOHCTBA
MOXKHO TIOJIy9HTh, 3371aB TpeOyeMoe IOMyCTUMOe OTKJIOHEHWE OT PABHOMEDHOI'O pacIipe-
JIeJIEHUsT ¥ PACYETHYIO OIEHKY MUHUMAJIHHOM SHTPOINH, C YIETOM IIIYMOBBIX aPaMETPOB
yCTpOHCTBA.
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model of random number generator based on vacuum fluctuations. Vestnik of Saint Petersburg
University. Applied Mathematics. Computer Science. Control Processes, 2024, vol. 20, iss. 2,
pp- 135-152. https://doi.org/10.21638/11701/spbul0.2024.202 (In Russian)

A mathematical model of quantum random number generator based on vacuum fluctuations
is considered. A mathematical justification for the “randomness” of the generated sequence
is given under the assumption of the truth of the basic postulates of quantum theory and
the validity of the Poisson probability distribution for the photon flux. The results of exper-
iments and the obtained estimates of the minimum entropy are presented.

Keywords: quantum random number generator, minimal entropy estimation, vacuum fluctu-
ations.
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IIpuHIIMT MakcuMyMa SHTPONWUW B TEOPUU NPUHATUS PeEITTeHU

A. H. IIpoxaes

Cankr-IleTepOyprckuit HHCTUTYT HHMOPMATHKHE U aBTOMaTH3anuu — HaydHO-TeXHHIeCKOe B6I0pO BBICOKUX
TexHosoruit, Poccuiickas @enepamus, 199178, Caukr-Ilerepbypr, 14-a auaunsa B. O., 39

Jnsi uurupoBauusi: IIpoxaes A. H. TIpuHIUT MaKCUMyMa, SHTPOIIANA B TEOPUU TIPUHSITHS Pelie-
mnii // Bectank Cankt-IlerepOyprckoro yausepcurera. Ilpuknaanas maremaruka. adopvarn-
ka. IIpoueccer ympasmienns. 2024. T. 20. Berm. 2. C. 153-169.

https://doi.org/10.21638/11701 /spbul0.2024.203

TpaauImonHO TPUHITAT MAKCUMYMa, SHTPOTIMH MUCITOJIB3YETCS /I HAXO0XKIEHUS HEM3BECTHBIX
3aKOHOB PaCIPeeIeHNs CIyIaiiHbIX BeInanH. B Teopun mpuHATHS PeleHnil TaAHHbIN TPUH-
U TIPUMEHSAETCS ITPENMYIIECTBEHHO B CUTYAIIUN HEOTIPEeIeJIeHHOCTH OTHOCUTEIBHO PaCITpe-
JeJIeHUS BEPOSATHOCTH THUIIOTE3 O «COCTOSHWUM CpPenbly, T/e TOJ Cpeaoil MOHWMAETCS COBO-
KYITHOCTh TTAPAaMeTPOB, BIAUSIOMUX HA Pe3y/IbTAT TPUHUMAEMOTro penreruns. Paccmorpeno uc-
MO/IH30BAaHNE TTPUHITNIA MAKCIMyMa SHTPOIHH C WHOH IIeIhI0, a MMEHHO /1151 ONTUMAJILHOTO
pacrpenesieHust pecypcoB Pa3JIMIHOTO BHUIA. lIpWBe/ieHBI MOKA3aTEIhCTBA TEOPEM, TTO3BO-
AF0NAX CO3JAaTh aJIrOPATMBI PelleHNd Pa3HBbIX 3a/ad paclpeieeHusd PecypcoB Ha OCHOBE
MPWHIINITA MAaKCIMYMa SHTPOINHN, a TaKKe MIPUMepHhI PeNIeHns JeMOHCTPATUBHBIX 3a/1a¢.
Karouesovie carosa: Teopust nHMOPMAITNN, TEOPUS IPUHATHS PEITEHNM, TEOPUS ITONCKA, TEOPUST
OXKWTAE€MOH MOJIE3HOCTH, (DYHKIHS TOIE3HOCTH, IPUHITUAIT MAKCAMYMa, SHTPOIIHH.

1. Bsegenwme. IIpunumn maxcumyma surponuu (IIMD) 6bur cdopmynuposan
9. xeitucom [1, 2], ero cyrh 3aKiI0uyaeTcss B cjeayomeM. [IpeamosaokuM, IUCKpeT-
Has CAydJaiiHas BeaudnHa X MOXKET TPUHUMATH 3HAYEHUS X1,..., L, C BEPOSTHOCTAMU
D1y - - -y Pn- SHAYEHUS] BEPOSITHOCTEN HEM3BECTHBLI, HO W3BECTHO, HAIIPUMEDP, MATEeMATHYIe-
CKOE OXKMJIAHWE WJIM BTOPOW HAYaIbHbBIII MOMEHT HeKOTOpOi dyukuuu f(x) maHHOl ciy-
qaiinoit BemmauHbl. Tpedyercs: ompenenTh pacupeaeeHne BePOSTHOCTEH Py, . . ., Pn. LaK
HasbiBaeMblil «popmanusm . Txkeitncar cocrour B ToM [1, ¢. 622], 94T0 B yCaoBUIX HEIO0-
crarka WHMGOPMAIUKA O CIyYaiHON BeanuynHe X <«HAMMEHEEe COMHUTEIbHBIMY CUUTAETCS
TaKOEe PACIPEIEIEHIe BEPOSITHOCTEN, KOTOPOEe MAKCUMU3UPYET (DYHKIMIO WH(MOPMAIMOH-
uoit surponuu K. lennona [3] ¢ y4erom Ha/iOXKeHHbIX Ha BesimduHy X OrDaHUYEHMIA.
OyHKIMSA SHTPOIUU UMEET BHUJ

H=-KY pjlogp;, (1)

j=1

rae K — KOHCTaHTa, COOTBETCTBYIOMAS BBHIOPAHHOMY OCHOBAHWIO JIOTapudMa, KOTOPOE,
B CBOIO ouepenh, Moxer ObITh J0bbiM. CormacHo [Ixeitncy [1, c. 622], «IIMD MoxHO
paccMaTpuBaTh KaK PACIpPOCTPAHEHUE MPUHIIAIA HEJIOCTATOYHOTO OCHOBaHM bepHymmm —
Jlammaca ¢ TeM OTIMYMEM, 9TO OHO OJHO3HAYHO JOIYCKAET MO3UTUBHOE COOOPasKeHUe O
HamOOIBINEH W3MEHIMBOCTH HEJOCTAONEH WH(MOPMAIINN BMECTO HETATHBHOTO COODparke-
HUst 00 OTCYTCTBUU OCHOBAHU MPEIJIOKUTE UTO-Ir00 npyroes. Tam xe /IxkeiiHc yka3biBa-
€T, U4TO MOCKOJIbKY Bbipaxkenue (1) coorBercrByer hOpMy/e SHTPONUA B CTATUCTUUECKOM
MEXaHHUKE, TEpDMUHDI «3HTPOIIUA» U «HEOIIPEeACJIEHHOCTL» HCIIOJIb3YIOTCA UM KaK CHUHOHH-
MBI.
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Crenyer 3amerurh, aro [IMD, B cuity cBOell HEOYEBUIHOCTH, ObLIT MPUHAT HE CPa3y
u He Bcemu. B crarbe [4], a Takke B psizie mocaeayomux pador (mampumep, [5]) dxkeiinc
AT NeTaJbHYI0 «OTIOBEIb» CBOWM OMMOHEHTaM. Tem He meHee Oubaunorpadumsi, TOCBsI-
mennas kpuruke [IMD, 1o cux mop ocraercs gocrarodso oburuproit (cm. [6-9]). Heko-
Topbie U3 pabor (B 4acTHOCTH, [7]) JaxKe UMEIOT HA3BAHWs, CO3BYYHbIE C «MaHUMDECTOM
Hxkeitnca [4]. Kpome comHenuii B cupaseymmBocTu camoro npunimna, IIMD obcyxkmaercs
C TOYKW 3DEHUs ero HA3HAYEHUsI, 0DJIACTH TPUMEHUMOCTH ¥ OCOOEHHO YaCTO €r0 B3aNMO-
cBsA3U ¢ TeopeMoit Baiieca.

OnHako, HECMOTPS HA JOCTATOYHO TTPOTHBOPEYMBOE K HeMy OTHomreHnue, [IMD B Ha-
CTOSIITIEe BPEMsi IMUPOKO UCIOIB3YETCS B CAMBIX PA3JIMYHBIX MPEIMETHBIX obmacTax. Tak,
B [10] npuBenena 6ubsuorpadus uz 144 pador, cBsa3auubix ¢ npumenennem [IMD B 6uo-
soruu. Hac e Gyzer uarepecoBars posib [IMD B reopun npunsarus pemenuii (TTIP).

2. YerBepras wH(oOpMalmoHHas curyarnusi. B HacTosInee BpeMsi HAy9IHOE Ha-
mpaBJjeHne, oobeguasgemMoe obmum Haspanuem TIIP, mmeer nBa OCHOBHBIX TEUYEHHS, KO-
TOPBIE YCIOBHO HA30BEM <«OOBEKTHBHOE» U «CyObekTuBHOE». « CyObEeKTUBHBIM» OyaeM
HMEHOBATH HANPABJIEHUE, KOTOPOE CTAJTIO MPEIMETOM HAYIHOrO MCCIEIOBAHUS C BBIXOIOM
B cer paborbl Ixk. dou Heilimana u O. Moprenmrepna [11]. OHO uccienyer «panuoHaib-
HOE TOBEEHNE> YeJIOBEKA B TIPOIIECCE MPUHSITHUS PEIIEHUsT, TTPEXK I BCEr0 B 9KOHOMUIECKOM
obsactu. Pa3surmem Takoro HapaBJIeHs CTAIN TeOpHUs OTHOIEHU K pucky JI. CaBumka
u M. ®@puamana, reopus nepcuexktus A. Tsepcku un . Kanemana u ap.

B cBoto ouepeip, «0OObEKTUBHBIM Y HAPABIEHUEM OyIeM UMEHOBATDH MMOIXOJ, K 3a/1a496
NPUHATHUS PEIIeHUs, CYIECTBY oMMl B ucciaenosanun onepanuii [12, c. 120]. 3uecs mare-
MaTHYecKas MOJeJb TIPHHSATHS PeleHnsi B camoii obmieit dpopme nmeer sun U = f(xz, y),
re © 0003HAYAET yIpaBjseMble TIEpEMeHHbIe, Yy — HeympaBiseMmbe, a U — moka3aresb
3 HEKTUBHOCTH AEATETHHOCTH, T. €. OKUIAEMYIO [IEHHOCTh, TIOJI€3HOCTh, CTEMeHb JOCTH-
KEHHSA 33JaHHOTO COCTOSAHUS U T. A. Jlamee B meadax oOIMIHOCTH W3M0KeHust (pyHKmnio U
Oymem nmeHoBaTh (yHKIpei momesnoctu. Kpome Toro, B MOIE b MOTYT BXOJUTH OTPAHUAYE-
Hust (x, y) = 0. OueBngHO, YTO B CUTYAINH, KOT/IA CIIydaifHbIe (GaKTOPBI MMEIOT BOJIBITIOE
sHadenue (B CUTYAIlMM HEOMPEIEIEHHOCTH), Bbipa3uTh U B BUIE MpOCTON (hyHKIMU OT &
U Y CJIOYKHO — B TOM CJIy9ae TOBOPAT O MPUHSATUHU PENIEHUs B YCIOBUSAX HEOMPEIeIEHHO-
cru. Tem He MeHee «oObekTHBHOE» Hampasiaenne TIIP mpenmosmaraer, aro HeoOXoauMast
JIJTsl IPUHATHS PEIIeHusT HHMOPMAIUsT HUMEETCs UK OHA MOXKET ObITh TIOMyYeHa B 00beMe,
JIOCTATOYHOM JIJIsl PEIIeHUs] YKA3AHHOIO YPABHEHUS, & MATEMATUICCKUE METOJIbI, O3B0~
JIAIONIHE 3TO CAeNarh, cymectByior. lamee, rosopss o TIIP, OGymem umersh B BHUIY TOJb-
KO «OOBEeKTHBHOE» HAIMPABJIEHNE, W TOJIBKO Ty €ro 4aCTh, KOTOPAs CBS3aHA C CHTyaIuei
HEOIPeIeIeHHOCTH, TOHUMAsT TP 3TOM, 9TO YKA3AHHOE JIEJIEHUE JOCTATOYHO YCIOBHO.

B pa6ore [13] P. . Tpyxaes npeaipussiji HONbITKY (OPMaIn30BaTh HPOLECC IIPHU-
HaTus pemienus opranom yupasienus (OV). CoBokynHocrb (hakTOPOB, BIMSIONIAX HA
periearie OV, MMeHyeTCsS 37eCh «COCTOSTHUEM CPEIbI», COBOKYITHOCTH BO3MOYKHBIX COCTO-

sHui cpeapl mpencrasaser coboit Bektop C = {ci,..., ¢n}. B cBowo ovepenp, D =
{d1,..., dyn} — 310 MHOXKecTBO BO3MOXKHEIX perenuit OV, a F' = {f;;} — marpua ore-
HOYHBIX (DYHKIUOHANOB, i = 1,...,m, j =1,...,n, fij = f(c, d;). Torma, cormacuo [13,

c. 13], npobaema npunsrus pemenus {C, D, F'} cocrour B BbIGOPE COOTBETCTBYIOLIErO Pe-
menns d; Ha ocHoBaHWM mpuHATOro OY Kpnrepmsa. B cBoto ovepens, JanHasd mpobiema
xapakrepusyercst ocHoBHbIME (bakTopamu {1, K, R}, e I — nHbOpMAannOHHAS CATyaIus,
K — MHOKeCTBO KpUTEPUEB MTPUHSITHS perienusi, R — cucrema mpaBwI MPUHSITHAS PEITeHn
Ha ocHose kpurepues [13, c. 13]|. danee P. UI. Tpyxaes BBogur Kiaccudurainuio uHdOp-
marponnbix curyaruii (C) na ocHose undopmanuu, Biusmorieil Ha Boi6op perterus OV.
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On paccmarpusaer mects UC: I4, .. ., Ig. Hanmpumep, 1 xapakrepu3yercs 3aJaHHbIM Pac-
peIeIeHneM ampPUOPHBIX BEPOSTHOCTEN Ha dj1eMenTax ¢; MHOoykectBa C, I3 — 3amaHHOMN
CUCTEMOIi MPEIMOYTEHNI Ha AMPUOPHBIX BEPOSATHOCTSX PACIPEIEJIEHUs SJIEMEHTOB MHOMKEe-
crBa C' u 1. 1. Hac 31ech Oyner unrepecoBath Toibko MC Iy, KoTOpasi XapakTepusyercs
HEU3BECTHBIM PACIPEIETEHHEM BepOsiTHOCTEH Ha djemMenTax MHOxKecTBa C.

st paspemienns ykasamuoit neonpeaenennoctu P. . Tpyxaes npeaiaraer ucmoib30-
BaTh (popmasu3m . JKelHCA, CONTIACHO KOTOPOMY HAanboJIee BEPOSTHBIM PACITPEIeIeHIEeM
BeposTHOCTEH p; cocTosinus cpenbl C Oyner pacrnpeenenue, npu KoropoM suTporms (1)
UMeeT MaKCUMYM C yUeToM Bceil umeroneiics nudopmanun (orpanndennii). Janee on [13,
c. 100-108] nmpuBoaUT IPUMEPDI HAXOXK IEHUST SKCTPEMAJIbHBIX PACIIPEIEIeHUI p; JJist TPexX
cayydaes. B nepsom ciyuae o cpege C He u3BeCTHO HUYero (OrpaHUYeHusi OTCYTCTBYIOT),
[IMS npeamuchbiBaeT HA3HAYUTH BCEM HCXOJAM PABHBIE BEPOSTHOCTH, PEITEHUEM TAHHON
3aJa9u OyJIeT paBHOMEDHOE PACIPEIeIeHue p; = % Bo BTOpOM Cityuae B KaduecTBe orpa-
HUYEHHUsT BBICTYAET BEIUYNHA MATEMATUIECKOTO OXKWIAHUS ONEHOYHOrO (hYHKIIMOHAIIA,
£ At KaxI0ro pemtenus dy (OrpaHEYeHHe TIEPBOTO THTIA), & B TPETheM — BEJTHYHHBI f ),
U €ro aucrnepcuu oy (OrpaHuYeHre BTOPOro THUIIA).

B paborax [14, 15] paccmarpusaercs wucnosb3oBanue [IMD g pemenus 3anadu
noncka cTpyKTyphl dddekrusHoro mHBecTHIonHoro moptdens. Taxk, B [14] BBoguMTCS
MTOHSATHE «COCTOSTHIE SKOHOMUYECKON CPebly, KAKI0Ee U3 KOTOPHIX XaPAKTEPU3YETCS Be-
POATHOCTBIO PeaH3alus ¢j, Z?Zl g; = 1, B xoropoMm n — uucyio cocroguuit. Torna,
ecn umeer mecro derseprasg C, T. e. 0 TOBeIeHUN SKOHOMUYECKON CPEIbI HET HUKA-
Koii uudopmaruu, corsacuo [14, c. 114], cieayer npuMeHUTb «IHTPONMNAHBIA MOAXOI>:
H(q) =- 2?21 ¢j Ing; — max, 9TO COOTBETCTBYET PABEHCTBY 3HAYMEHUI §; = % B sroii
pabote [14, c. 115] onpeesieHHbIE TAKNM 00PA30M OIEHKH COCTOSTHHSI SKOHOMUYECKOH cpe-
JIBl @ MOTYT NMPUMEHAThCS B (HOPMY/IaX BEINUINH, XapaKTEPU3YIOMUX HOPMBI IPUOBLIN
AKTHBOB: MATEMATHIECKOTO OKUIAHUS JIOXOMHOCTH M; W JUCIEPCHH 02 §-TO aKTHBA, TTIe
m; = Z?zl 1ijQj, OF = Z?Zl rfjé} —m?, a r;j — HOpMa JIOXOJHOCTU i-FO AKTHBA B j-M
COCTOSTHUHM 9KOHOMUYecKoii cpenpl. ITo MHeHwo aBTopoB [14], momyvennast Takum o6pa3om
CTPYKTYPa WHBECTUIIMOHHOTO MOPTdeis 001a1aeT HAUMEHBITUM YPOBHEM PUCKA.

B [15] nccrenyercs nenesoit nokasarens noprdens C(z) = Yo z;C;, rae z; —
JIOJIS §-rO aKTWBA B WHBeCTUIIMOHHOM moprdene, C; — MeaeBoil MoKa3areib, 3HAYEHUE
KOTOPOI'0 XapaKTePU3yeT CTEeleHb JOCTUKEHUs WHBECTOPOM lesu (HApuMmep, JI0XO.) 110
i-my axktuBy. ®opMupoBanue mopTdens OCYIIECTBIAETCA B YCIOBUIX HEOMPEIETeHHOCTH
o okazaresnam C;, NMeIolell BepOATHOCTHYIO PUPOJLY, TpH 3ToM auamaszonst [CF, CF]
u3MeHeHus nokas3areseit C; W3BECTHBI, & MOKA3ATENN IS PA3IUIHBIX AKTHBOB CTATHCTH-
yecku HezaBucuMbl. [Ipennosaraerca [15, c. 48|, uro B cuTyanuu, KOrja OTHOCHTEIHHO
CITy4YaiiHOM BEJIMYMHBI U3BECTEH JIUIIH JHAITA30H ee BO3MOXKHBIX 3HAYEHU, pacipeesne-
HUEM C MAKCUMAJBHON SHTPOIHUEH SBIsIeTcss PABHOMEPHOE PACIpPEIeIeHne Ha 3aJaHHOM
uHaTepBaJsie. Vcxoas w3 3TUX TPEIOIOKEHU, UCCaenyeTcs (DyHKIUS MOJe3HOCTH BUIA
U(z) = —e%C(®) | pre s — MOMOKUTENBHAS BEJIMUMHA, OTPAKAIONAS CTENeHb HECK/IOH-
HOCTU WHBECTOPA K PHUCKY. PerenneM sSBJIsIeTCS BEKTOP &, MAKCHMU3UPYIOMINN [IEJIEBYIO
byskmmo U(r) nas 3amannex 3nadenntt s u uatepsaios [C4, Ch.

B kauecTBe mpeaBapUTENIBHOrO BBIBOJA MOXKHO 3akounTb, aro [IM3 B TIIP wuc-
MTOJTE3YETCsT HEYACTO U MPEUMYIIECTBEHHO «TIO MPSIMOMY HA3HAYEHHUIO», T. €. JJIsT HAXOXKIe-
HUST BEPOSITHOCTHBIX DACIIPEIEIEHUI «COCTOSTHUSI CPEIbI» B YCIOBUSX HEOMPEIEIEHHOCTH.
[Tpu sTOM HaIe BCEro OH MPUMEHSIETCS B «yPE3aHHON BEPCUMY, T. €. B «BEPCUU» TTPUHIIN-
a HeJI0CTATOYHOTO ocHOBaHus Bepuymn — Jlammaca, 9T0 BRIPAXKAETCS B UCIOIb30BAHUT
PABHOMEPHOI'O PACIPEIETIEHUsI [0 MIPUYIUHE TTIOTHON HEOPEIETEHHOCTH O «COCTOSTHIY CPe-
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ZIbI», & TAKKe OTCYTCTBHSA KAKHX-JUOO0 OrpaHWYeHuil wiu wHdOpManum O HuX. PaboThl,
B KOTODBIX MOJIyYeH ON[YTHMBIA MpakTudecKnii pesyibrar (cM. [15]), siBiasitorest ckopee
UCKJTIOUE€HUEM.

3. IIpunsiTue penieHus B yCJIOBHUAX HEOMPEIEIEHHOCTH KaK 3ajiada IMMOUC-
ka. B [16, c. 114] paccmarpuBaercs «CUCTEMa C MAKCUMAJIBHON [0JIE3HOCTBIO», KOTOPYIO
MOKHO OIHUCATDH CJIETYIOMUAM 0DPA30OM.

Iycrts x1,..., T, — KOJUIECTBO TOBAPOB, TIOKYMAEMBIX MOTPEOUTETIEM TI0 IIEHAM CO-
OTBETCTBEHHO C1, ..., Cp, UCXOAd u3 00Imero Omomxera B. ITorpeburens MakCUMU3UPYET
¢dbyusxumo nomesuoctu U =U(z), x = {z; >0}, j=1,...,n, B= Zj xjc;. Jlarpamxuan

Oyaer UMeThb BHI

L= U(m)—i—)\(B—ijcj), (2)

e A — MHOXKuUTeb Jlarpanxka. Torga KogndecTBo ToBapa T, MakCHMU3Upyomee QyHK-
uio nosie3HoCcTH U, ABJISETCs PEeleHneM CHCTEMBbI

90 " Acj. (3)
C ToYKM 3peHus KOJIMYECTBEHHOI Teopuu mnoJse3Hocru (Hampumep, [17, c. 100]) Bbipazke-
HUE B JIEBOH 4acTu ypasHeHus (3) mpeacTaBjger cobOil Tak HA3LIBAEMYIO <«IIPEIEIbHYIO
MOJIE3HOCTh» j-TO TOBApA, a CAMO YpaBHEHMe eCcTh 3aKoH crpoca A. Maprmasua [17, c. 104],
COTJIACHO KOTOPOMY TpeeIbHAs MOIE3HOCTD 6J1ara MpOMOPIMOHAILHA, €ro IEeHe.
Honst j-ro Tosapa B obmem 6iomxere B cocrasusier p; = “i, rorna Gpyskumio mo-
JIE3HOCTH MOKHO IIPeACTaBUTL B BuAe u = u(p), p = {p; >0}, j =1,...,n, Zj p; = 1.
Jlarpam:kuaH (2) mpuMer BHI

L=u(p)+A1-) p;) (4)
J
U BEKTOP P, MAKCUMU3ZUPYIOMINH (DYHKIINAIO TTOJIE3HOCTH U, €CTh PEIIEHNE CUCTEMBI

ou
— =\ 5
o )

IIycts Ha YHKIMO MOE3HOCTH HAKJIAIBIBAIOTCS OMPAHUIEHUST

fx (pj) = ks (6)

rome k =1,...,K; K — KOTAYeCTBO OrpaHUYIEHN; g — KOHCTAHTDI, HAIPUMEDP 3HATCHHST
MaTeMaTHIeCKOr0 OKUIAHUS WU JAUCIEPCUN j-TO djIeMeHTa BekTopa u. Torma dyHKIno
Jlarpanxa (4) 3amuieM Tak:

L=u(p)+A 1—ij +Zﬂk(9k_fk)a (7)
j k

371eCh [l — MHOMKHUTEIh JlarpaHsKa, CBA3AHHBIA ¢ k-M orpaHmdenneM. B aTux ycaoBusx
BEKTOD P, MAKCUMU3UPYIONHiT (DYHKIUIO MOJIE3HOCTH U, ABJIACTCS PEIeHIeM CHCTeMbI
ou

Of
=+ _—. 8
p; k 205 Bp; (8)
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[Ipeamonoxum, 910 POSIb DYHKIUHU TOJE3HOCTH U BBIMOJIHAET IUCIEPCUS HEKOTOPO-
r0 «MHBECTHIMOHHOTO MOPTQEIdy, KOTOPYIO HeOOXOTMMO MHHIMHU3HPOBATL, U = Pl Sp,
rae S — KOBapHAIMOHHAS MATPUIA MOPTQEIs, JIEMEHTHI BEKTOPA P — JOJIA «aAKTUBOB»
B noprderte. Toraa orpanuyeHne UMeeT BUJ, CL p = r, 3[eCh ¢ — BEKTOP CTOUMOCTH aKTH-
BOB, COZEP2KAMUXCSA B mopTdesne, r — BEKTOP WX 33JaHHON JOXOAHOCTH. B 3TOM ciiyuae
peiienue cucrembl (8) Gymer mnpeacTaBiaTh cOOOI pelleHre KIacCHYecKOl 3a/1a49u mopT-
dbenbroit onruvusaipn o I. Mapkoswuiry [18]. Ormernm nasee, 94To, €Ciu [eHA TOBapa
cj He FBJIAETCA KOHCTAHTOW, PACCMOTPEHHAS 33a9a aHAIN3a «CUCTEMBbI C MAKCHMAIhHOM
MOJIE3HOCTLIO> (Jasiee st KpaTKOCTH OyJeM MMEHOBATh ee Kak «3a/a4a MOJIE3HOCTH» )
npesparaerca B 3agady TIIP B ycnoBusax HeompeaemeHHOCTH, MTOCKOIbKY BEPOSTHOCTHOE
pacrpeie/leHne P; «COCTOAHNSA CPeNIbl» CTAHOBUTCH HEM3BECTHBIM.

B pa6orax [19, 20] paccmorpena 3aqa4da noncka cueayoiiero suaa. [Ipeamomnaraercs
[19, c. 28], 4TO M3BECTHO APHOPHOE JUCKPETHOE PACIpeIesIeHHe, TOKA3hIBAIOIIEe CTEMeHb
HaIllell yBEPEHHOCTH O MECTOHAXOXKJIEHWST OObEKTa MOUCKA — BEPOSTHOCTHOE PACIPEIe-
JIEHWE Ha KOHEYHOM MHOXKECTBE U3 M sd4ueek, uMeHyeMoe «001acTbio J». OObeKkT moucka
(Ha30BEM ero «IeJbl0») MOXKET HAXOJUTbCS TOJIBKO B ONHOI U3 d49€eK j C BEPOSITHOCTHIO
pj, J=1,...,m, 2?21 p; = 1. Jlna xaxmoit a4eiikn j cymecTsyeT QyHKIng oOHapYIKe-
Hust b(z;), IPeICTaBIsIoNast COOON YCIOBHYIO BEPOSITHOCTH OOHAPYKEHUST [EIN B sTIeiiKe
J TIOMCKOBBIMHU YCHUINSMN OOBEMOM z; MPM YCIOBWH, YUTO Ielh HAXOIWTCA B dAdeiike j.
Pemernem 3ama4un moucka gBIsieTCS [UIAH MOUCKA — (DYHKIWS PACIPEIETIEHUs MTOUCKO-
BBLIX ycunuil f, KoTopas ompesensdeT KOJHIecTBO MONCKOBBIX YCUIHH z;, PACTIpee/TeHHBIX
B gueiiky j. I[Iycrs F©' — 310 MHOKeCTBO (DYHKIIHN PACIPEIETCHNS MONCKOBBIX YCHIHIA.
s dyHKImy pacnpeneieHns f MOYKHO BBIYUCIUTH BEPOSTHOCTH OOHADY KEHIS

P(f) = p;b(z)) (9)
j=1

u TpebyeMoe KOJIMYECTBO IOMCKOBBIX YCUJIMI, WM Pecypc HNOMCKOBbIX ycumii, C(f) =
2?21 z;. llyerb M > 0 — 370 orpanmyenue Ha pecypc nouckoswix ycuiuit. Torma mo-
uckoBbIl maan f* € F onruManbusii ns pecypea M, ecnu C(f*) < M u P(f*) > P(f)
st Beex f € F npu yesosun C(f) < M. B [19, 20] npexnnonaraercs, 9To MOMCK BEIETCS
HE OJTHOBPEMEHHO BO BCEX N g9efKaX, a IMOITAIHO, IIyTeM ODCIIEIOBAHUS 1M A9€€K B XOIe
omHOro sramna, 1 < m < n, Ipu 3TOM KaK MpeaeabHOe UUCIo dTamoB moucka K > 1, tak
¥ JIUMHUT TIOMCKOBOrO pecypca M moryTt ObITh He m3BecTHBI. Jlasmee mos 3a7adeil moOMCKa
Oyzmer moJpa3yMeBaThCs TOJIHKO 33/1a49a JAHHOTO BUIA.

CpaBHenwne 3371a<1 TTONCKA C PACCMOTPEHHOHN BHIITE 3a/1a4eil TTOJIE3HOCTH MTOKA3hIBAELT,
9TO OHH UMEIOT MHOTO O0IIero, a GpopMalbHO — IPAKTUYIECKH WACHTHIHBI. IloKazkeM 3T0
Ha chemyiomeM npumepe. Ilocne moncka B AdYefike j yCHIUAME 00bEMOM Z; alpHOPHAA
BEPOSTHOCTD D; HAXOXKIEHUsI [eIN B Heil yMeHbIINTCS Ha Beauduny p;b(z;) u Oyaer paBHa

4 =i —p;b(z))- (10)

Mozxno 3ameTuts (cM. BhIpaxenue (9)), 410 p;jb(2;) eCTb BEPOATHOCTH OOHAPY KEHUSI [N
B sueiike j yCHIuaMu z;, 06o3HadnM ee w; = p;b(z;). Toraa amocrepropHast BepOATHOCTD
7 HaXOXKJEHNUS TN B sveiike j COCTaBUT
j=1Wj j=1Wj
n o o
rae Y i, Wj — CyMMa BepOATHOCTel OGHAPY KeHUs LeH BO BCeX sueikax, T/e BBINOJI-
HSJICS TIOUCK (1aiee — sivefiKu MOMCKa).
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Temepb NpeamoNoKuM, ITO PACCMOTPEHHOE AIPHOPHOE pacipegenaenne p; («obm1acTs
J») — 310 pacnpezaenenue noeil (TOBaApOB, IPUPOIHBIX PECYPCOB, (DUHAHCOBLIX aKTUBOB
U JIp.) B HEKOTOPOM HAOOpE (MOTPEOUTEIHCKON KOP3UHE, HHBECTUITMOHHOM TopTdere, 6101
XKETe U T. JI.), 30€Ch P; = “=d, I; — KOIMIeCTBO KOMIIOHEHTOB j-r0 BUIa B HAOODE, ¢j —
UX CTOMMOCTh, B — COBOKyIIHas CTOMMOCTB BCeX KOMIIOHEHTOB HAOOpa. Y Ka3aHHbIN HAOOD
OyseM MMEHOBATH Jajee Kak MOpPTdenb Win OI0/ZKeT, & ero KOMIIOHEHTHl — KaK aKTUBBI,
BUIBI PECYPCOB, TOBAPHI UJIN MO «TPAAUIIUU» — sTYEHKU, UMesi B BUJY, UTO 3TO He Oojee
9YeM YCJIOBHO.

[Iycrs b(z;) ecTb PyHKIMS, IPEACTABIAIONAS COOOM YCIOBHBIN IPUPOCT OJIH PECyP-
ca j-ro BUJIA 32 CUYeT BJIOJKEHHs PECyPCOB, WM MHAYEe, CPeACTB (Hanpumep, GUHAHCOBBIX )
06'beMOM Z; IPU YCIOBUH, YTO UCXOAHAS JO0JI cOcTaBseT p;. Perrennem 3a1a4u spiisgercs
naak pacnpedesenus — HYHKINS PACTPEIETEHUS PECYPCOB f, KOTOpast OMpeIesisieT KO-
€CTBO CPEJICTB Z;, BBIIEIEHHBIX [JIs TPHOOPETEHUsS PECYypPCa j-T0 BUA, UIIH, [I0 AaHAJIOTUH
C TIOMCKOM, «DACIpPENeJIeHHBIX B si4eiky j». Ilycth F' — 3TO MHOXKECTBO (DyHKIWIA pac-
npejenerusi pecypcos. g dyarnun pacnpenenernsi f MOXKHO BBIYUCIUTH CyMMapPHBIH
OTHOCHUTEJIbHBIN TIPUPOCT «CTOUMOCTH» PECYPCOB

P(f) =Y (1-p;)b(z) (12)

j=1

u pebyemoe Kosmuectso cpeacrs C(f) = Z?Zl zj. llycts M > 0 — 310 OrpaHuyeHue Ha
sarparbl. Torna mian pacnpenenenus f* € F aBIsSeTCS ONTHMAIBHBIM I OrPAHUYIEHAS
M, ecmn C(f*) < M u P(f*) > P(f) nna scex f € F upu ycnosun C(f) < M.
[Tocme BIOXKEHNS B AYeKy j pecypca 06beMOM 2; OIS p; YBEIWINTCA HA BEJTMINHY
(1 —p;)b(z;) n mpumer Buz
g =p;+ (1 —p;)b(z). (13)

Moo samerutsb (cum. (12)), aro (1 —p;)b(2;) ecTb OTHOCHTEIbHBI TPHPOCT JOIM pe-
cypca j-ro BHJA 3a CYeT BIOXKEHUs CPEICTB O0ObEMOM zj, ODO3HAYUM ee KaK —w; =
(1- pj)b(zj). 3HAaK «MUHYC» II€peJ w; O3HAYAET, YTO U3MEHEHUE W; B CUTYAIUAX [OHCKA
U <IIOIIOJTHEHHUSA OHOJZKeTa» MMeeT IIPOTUBOIOIOKHYI0 HAIlPABIEHHOCTh. Toraa amocrepu-
OpHAsl «BEPOSTHOCTb> (B PACCMATPUBAEMOM CJIytae JO0JIST) P; TaKKe OYIeT OIpeIessiThCs
dopmymoit (11), uz gero ciemayer, 9To 00€ 3a7aUu SABJIAIOTCA AHAJOTUUHBIMU 3a1a9aMU
pAacCIIpeIe/IeHnsT OTPAHUYEHHBIX PECYPCOB.

C y4eroM CKa3aHHOTO, PACCMOTPUM JAHHBIE 3aJa49H KaK JBE B3aUMOCBA3AHHBIE OIe-
parun. IToCKOIbKY B XOje IEPBOi OIepalii p; yMEHBIIACTCs, 3aMEHUM CI0BO <IOUCK»
CJIOBOM «pacxomoBanues. [Ipu pacxomoBanuu (mpogaxke) pecypc (HAIpUMep, JeHEXKHBIX
CPEJICTB) BBICBODOKIAETCS, OITOMY 0003HadNM BenmdauHy w; B (11) Kax w;r = p;b(zj).
B cBoI0 01epesn, IpH HOMONTHEHNH (IIOKYIIKE) PECYPC PACXOLYETCs, HOITOMY BEJIHIHHY W
B Bbipazkennu (11) obosnauum kak w; = —(1 —p,)b(z;). IIpeanonoxum, 4ro Hexkoropas
4aCTh PECYPCOB HECKOJLKHX BHJIOB IIPOJACTCA M HA BLIPYYCHHBIE CPEICTBA MOKYHMAIOTCS
pecypcehbl Apyrux BHIOB. B 000MX CIydasdx amoCTepropHasd IO PEeCypca j-ro BHIA MO-
JKeT ObITh BbipaykeHa (opmysoit (11) mpu caeayomeM yCIOBUU: €CIU Pecype j-ro BUIa
PaCXOIyeTCs, TO Wj = ;-r, a ecym TOTIONHAETCS, TO W) = W) -

Taxkum 06pa30M, PACCMOTPEHHBIE 331a9N TTOUCKA U TOJIE3HOCTH ABJISIOTC AHAJIOTHY-
HbeiME 3agadamMu TIIP B yCI0BUAX HEONPEIETEHHOCTH, PA3IAYAE MEKILY KOTOPBIMHA COCTO-
UT TOJILKO B MCTOYHHUKE yKA3aHHON HEOIpeNeTeHHOCTH. B 3amade moncKa BepOATHOCTHOE
pacrpeie/ieHue — 3TO 10/ Haleil «paHTa3um», MOCKOIbKY MECTOHAXOXKICHUE eI HEN3-
BecTHO. B 3a/1a9e MoJIe3HOCTH UCTOUHUKOM HEOMPEIE/IEHHOCTH CIIYKUT BOJIATHIHLHOCTD.
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4., DuTponud KaK (PpYHKIUA MOJEe3HOCTHU. Termeph BepHEMCs K BOIPOCY O PYHK-
W TIOJIE3HOCTH W OTTPEICINMCS C TOHATUSMHA. B pacCMOTPEHHBIX BBIIE 31a9aX BEJTATNHA,
P(f) (popazkenns (9), (12)) urpaer posb «obrmeiis HYHKIUN TTOJE3HOCTH, T. €. DYHKIUH
HOJIE3HOCTH Beero Habopa («obmactu J»). B cBoio ouepens, B cocras P(f) Bxomur Beiu-
unHa «byHKIUE 00HApyXKeHus» b(z;), KOTOpas OpeacTaBiser coOOil yCIOBHBI IPHPOCT
JIONH j-TO Pecypca 3a CUeT BIOXKEHUS CPEICTB OObEeMOM Zj, T. €. SBJSETCS <«IaCTHON»
dbyHKIMEi TOIE3HOCTH pecypca j-TO BRIA.

B pab6ore [19] nokaszano, uro P(f) uMeer MakCHMyM B TOM cjydae, KOrJa B sueii-
KaxX IOMUCKA «(PyHKIHSA OTKIHKA> b(zj) p;j IPUHUMAET DABHBIE 3HAUEHUsI, 31€Ch b(zj) —
IPOM3BOIHAS OT b(z;) 1O 2 JJaHHOE pelleHne «KJIACCUIECKOes He TOJILKO ISl TEOPUH IO~
MCKa, OHO WMEET JOCTATOYHO MIMPOKOE pacrnpocTpanenue. Hampumep, oTpaskaer BTOPOit
zakon I'. Toccena m3 obacTH SKOHOMHUKH, YTBEPKIAONINANA, 9TO MAKCAMYM IOJE3HOCTH
noTpebasemMbIx OJ1ar 33 OrpaHWYEHHBIH TEPUOJ, BPEMEHH JOCTHTAETCS B TOM CIIydae, €CJIu
upezienbHble noje3nocru 6iar oqunakosst [17, ¢. 101]. B pabore [19] caenanbl cienyomme
BBIBOZIBI O BiusHuy Bunia Gyurimu b (z;) Ha pelrenne 33134 moucka. O THOBPEMEHHOE J10-
CTHYKEeHVe MaKCUMyMa BEepOsiTHOCTH obHapy kenusi P(f) u paBeHCTBaA «0cTaTOYHON MHMOD-
Manuu» (anocrepuopHoii BepoaraocTr (11)) B sueiikax MOMCKA BO3MOKHO B €MHCTBEHHOM
caydae — ecnu QyHKuus b (z;) sABIseTcs sKkcmoHeHmanbHol. «Kmaccudeckoes perenue
3a/1a4M MOUCKa (& TaKyKe aHAJIOIMYHBIX el 3a/1a4 U3 JAPYIUX [PeJIMEeTHbIX 00JacTeil, cM.
BBIIIIE) BO3MOKHO TOJIBKO B C/Iydae, KOra b(z]) < 0. Ecrm b(z]) > 0, TO pellleHHE MOXKET
YZOBJIETBOPATH KPUTEPHIO MakcumyMa P(f), HO Ipu 5TOM IPOTHUBOPEYUTH JIOTHKE. 3ame-
THM, 9TO B Pa3HBIX 00JACTAX JEATENHHOCTH (DYHKIMHU MOJE3HOCTH MOTYT OBITH CAMOTO
pasangnoro Buga (cMm. [17, c. 92; 22, c. 67]), . e. ycioBue b(zj) < ( BBITOIHAETCS TAJIEKO
He BCerma.

C y4yerom CKa3aHHOTO PACCMOTPHM B KadecTBe (DYHKIMW TTOJIE3HOCTH 3HTPOIHUIO PAaC-
IPeIeTIeHUs P:

H:prjlnpj. (14)
j=1

B [19, c. 40] caenan BbIBOL O TOM, 4TO Haubosiee WH(OPMATUBHBIM SBJISETCH TAKOW aJi-
FOPATM TOMCKA, TIPH KOTOPOM AIOCTEPHOPHAS SHTpOmms H T0C/Ie KarkKI0r0 OYepesHoro
STara MoMCKa MMeeT MakcuMyM. B cBowo odepenp, B [20, c. 354] mokasaHO, 9TO MaKCH-
MyM IHTPONUH JOCTUTAETCS NP YCJIOBUM PABEHCTBA ANOCTEPUOPHOI BeposTHOCTH (11)
B sideffKax [OMCKA BHE 3aBHCUMOCTH OT Buxa (yukunun b (2;).

B dem emre 3akii09ai0TCS CMBICT U IPEUMYIIECTBA UCIOIH30BaHUS (DYHKIIANA IHTPO-
Uy B KadecTBe (pyHKINU noje3HocTr! PaccMOTpUM HEKOTOPBIE U3 HUX.

1. ®@yukius saTponu H MOHOTOHHO BO3PACTAET OT N W MPUHUMAET HAWOOJIbIee
3HAUEHMe, eI Bce p; PaBHHI [19, c. 38]. Yka3amHOe CBONCTBO MO3BOJISET HCIOIL30BATD
dbyHKINIO SHTPONHUH B TeX 0OIACTIX, [/e UMEET MECTO POCT rmosie3nocTu U mpu yBeIndeHun
n. Hampumep, muBepcudrkariiss (PUHAHCOBBIX AKTUBOB CIIOCOOCTBYET CHUKEHUIO YPOBHSI
UHBECTHIMOHHOrO pucka. B pabore [21, c. 29| npuBesen rpaduk 3aBUCHMMOCTH 0OIIErO
GbUHAHCOBOrO pHUCKA OT YHC/IA BUIOB IEHHBIX OyMAar, BKIIOUEHHBIX B WHBECTHUI[HOHHBIN
mopTdesib. I3 HEero ciieyer, 9T0 WHBECTUIMOHHBIN PUCK WMEeT TEHIEHITUIO K IKCIOHEH-
AATBHOMY YMEHBIIEHHUIO [0 MePe POCTa KOJUYECTBA BUIOB IIEHHBIX Oymar B moprdere, a
npu nx yBeandernu g0 40-50 TpuHUMAET TOCTOSHHOE 3HAYeHNe, pABHOE TaK Ha3bIBAeMOIt
CUCTEMATUYECKOU COCTABJIAIONIE PUCKA.

2. @yuknust H gomyckaeT «ONTHUMHU3AIUIO MO YacTsiM» — poct H B J000i gactu
pacIpesieleHust p; BeJeT K ysenudenuio H Bcero pacmpenesnenus [19, c. 38].
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3. Bagada MakcuMusanuu SuTponun H GopMaibHO 9KBHBAJIEHTHA 33/1a49€ MAKCUMHU-
3anun GYHKIMH MOJIe3HOCTH 1 (p), & BEKTOP p, MAKCHMHU3UPYIONTHH (DYHKIMIO SHTPOINH
H, ecth perieHne CUCTEMbI, aHAJIOTHYHON crucreme (8). JIefCTBUTENBHO, €CIM HA CHCTEMY
(8) HakIaIpIBAIOTCH Te ¥Ke orpaHudeHus (6), TarpaHKuaH MPUHEMAET BU,

L=H+XA[1=>"p;j | +>_ mlgr — fx),
7 K

T. e. Oyzner anasoruden soipaxkenuio (7). [logcrasus B neByto yacTb ypaBHenus (8) Bbipa-
Jkerue st SuTponmu (14), mocse HE3HAYUTETBHBIX MTPeoOPA30BAHUIN TIOIYIHM, ITO

o1
iy

J

—1npj—1:)\+z,uk (15)
k

4. B ciayuae orcyrcTBus orpanuuenuii (6) perrenue cucrembl (15) He oTamyaercsa or
pemienus cucreMbl (5) 1yist 110606 GYyHKIMA MOJE3HOCTH U — UM ABJISETCS PABHOMEDPHOE
pacpesienenye pj = =.

5. IIpakTuuyeckas 3agada. Benuauny w;r Oy/em Ha3bIBATL «TIOXOOM», & W; —
«pacxonoms. [IockoIbKyY ZOXOAHAS B PACXOLHAS TACTH Wj HMEIOT PA3HBI 3HAK, 0003HATNM
Besmmanny P = Z?Zl w; KaK <«IPHOBLIH», IPH 3TOM, ecnu P < 0, Oyzem HCIomb30BaTh Tpa-
IOUIUOHHBIA TePMUH «yOBITOK». VI3MeHeHns pecypca z; OyoeM HMEHOBATb «3aTPATaMUy,
COOTBETCTBEHHO TOJIOKUTEIBHBIMI («TPOJaKay, «MOMOMHEHNes (BI0IyKeTa)) Wil OTPH-
HATEJILHBIMU («OKYTIKa», «PACXOJ0BaHue» (CPeICcTB)), CyMMapHBIE 3aTPaThl 0003HAUUM

C = Z_?:l Zj-
3a,£[aqa. Hmeemea HEKOMOPOE BEPOAMHOCTMHOE pacnpedeﬂeuue p = {pj > 0}, j =
1, o, n, Zj pj = 1. Heobxodumo nepepacnpede/mmb pecypcot z; M@Dicay AeUKaMU max,

umobv, snmponusa (14) docmuzaa MAKCUMYMA € YUEMOM GOZMOIICHBLL 0ZPDAHULEHUT:

e paczodyromesa pecypeo, 0 < my < n 6udos, a nonoanarmes — 0 < my < n 6udos;

o cymmapnoe sampamov. C < M, npubviav P > g, 2de M u g — nexomopowie koHcman-
mol;

® KOAUNECBO 6UA0E NONOAHAEMBLT Pecypcos pasho d, npu smom j = 1,....n +
d, pny1=...=DPnya=0.

CroBoM «3amatas OymeM 00O3HAYATH UMEHHO 3TY 337149y C yKa3aHHeM KOHKPEeTHBIX
orpannyenwuii. /Iy ydInero moHUMAHUST W3/Iara€MOT0 PACCMOTPUM MPOCTOH MTPUMED.

[Ipeamonoxum, GopMupyeM HHBECTUIIMOHHBIN TOPTQETb, B KOTOPOM IPEIIOIAraeTCs
HAJIMYMe aKTUBOB YETHIPEX BUIOB: aKIUU, ODJIUTAINHU, HEJIBUKUMOCTh U 30710TO. VI3Bect-
HO, 9TO PUCK, KOTOPbIN IPUHUMAET HA Ce0st MHBECTOP, OIIPEIEIIeTCs COOTHOIIEHUEM JI0JIei
aKTUBOB B mopTdese (mpuMep BHIGOPA TAKOTO COOTHOIIEHUS [JI MOPTdEIs ¢ yKA3AHHBIM
COCTaBOM aKTHBOB MpuBeeH B [23, c. 16]). IlycTh obuias cronmMocTs opTdess HHBECTOpa
cocrapyser B, Torga J07s akKTHBOB j-TO BUAA B mopTdene p; = ijcj , TIe T; — KOJde-
CTBO TIEHHBIX OyMar akTHBa j-ro BUJA, ¢; — UX cTomMOCTh. IIpeamonoxknm, 9To nHBECTOD,
HCXO/si U3 CBOErO OTHOIIEHUS K PHUCKY, BHIOPAJ CIEYIOIINe COOTHOINEHUS T0JIei: aKInuu
p; = 0.1, obmuramuu p, = 0.2, HenBUKUMOCTb p; = 0.3 u 30m0T0 P, = 0.4. BBemem

D mi .
ko3 urment k; = ~57, TAe B NPUBEICHHOM IIPHMEDE Pj 1y, = 0.1, m mpeacTaBUM mpe-
J
kD,
00pa30BaHHYI0 BETHYUHY BEPOATHOCTH B BHAE p; = Z—’ka 31ech p; mpumer paBHbIE
3 RiP;

3nagenus p; = 0.25, a SHTpONUA TAKOrO pacipeseaeHus OyleT MAKCHMAJbHA. 3aTeM, 10
Mepe N3MEeHEHN IIeHBl aKTHROB Cj, B CUJIY PHIHOYHBIX WJIM WHBIX TPUYNH, 3HAYEHUS p; OY-
JyT U3MEHAThCsI, & SHTPOIHST PACTIPEIEIEHNST Pj yMEHbIIAThCsL. VICX0MHbIe BEPOSATHOCTH P
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1
TaK>Ke M3MEHATCs, UX MOKHO ONpPeJeuTh No (opmyne p; = Zz_jifj' Kosddurmentn
j FPJ)
k; COXpaHSIOTCS HEM3MEHHBIMHU B TEUEHNE BCETO BPEMEeH! HpOBeaeH;/IH OTIepaIlii C «IOpPT-
demrems» 10 TEX Mop, MOKa WHBECTOP HE U3MEHUT CBOErO OTHOINEHUS K PUCKY. [I0CKOIBKY
BCe BEJIWYMHBI, COCTABIAIONIIE O0IKeT B = Zj Z;Cj, ABAAIOTCA TIepeMeHHbIMH, mof, B
TOHUMAETCs ero TeKyIee 3HAYEHHE.

VBem4IuTh SHTPOMUIO C [EIbI0 IPUBEIEHUs H0JIeil AKTUBOB K MCXOIHOMY COOTHOIIIE-
HUI0 MOXKHO PA3JIUYHBIMHU CITOCODAMU.

ITyctsr pacnpenenenwe p; MMeeT BHUI, TTPEJICTABIEHHBIN Ha puc. 1, a: Tpemmonaraer-
¢S, 9TO MCXOJHOE pacrnpesiesienne p; ObLIO MpeoOpPa3soBaHo K BUAY pj TaK, KakK yKa3aHo
BBIIE, & 3aTeM IPETEepPIeso U3MEHEHNs IIOJ BO3AeHCTBHEeM Kakux-moo (pakropos. B pa-
6orax [19, 20] paccmarpuBatorcs byHKIMU OOHAPY KEHUST HECKOJIbKUX BUIOB, UX IpaduKu
npuseneHs B [19, c. 32]. B kauecTBe yacTHOH DYHKIMH TTOIE3HOCTH OYIEM HCIOIB30BATH
OJIHY «yHWBepcasbHyI0» byHKIno b(z), rpaduk KoTopoi wimocTpupyer puc. 1, 6. Dra
dbyHKIINS TOCTPOEHA HA OCHOBE MOKA3ATEIHHON (DyHKINN

17(17k¢)r, z > ak,
b(z) = — (1 — (1 — k@)r) , z < ak. (16)

rae mapamerpsl 0 < k < 1 # a onpenessiior COOTBETCTBEHHO MacITad u caBur OyHKIUNA
o 1Kaje z, a nmapamerp r 3azaer ee (Gopmy u crenenb KpubusHbl. Ecan r > 1, T0o b(2)
apjsgerca yHKIMe, BRIMyKI0#H BBepX (Kpuas 1), ecnmu 0 < r < 1 — BBIMyKJIO# BHU3
(kpupas 3), ecam r = 1 — auneitnoit dyskumed (npsmas 2).

Cwmbicst dyukuuu b(z) 3akmouaerca B caepytoiem. Eciiu k = 1 u r = 1, To 3arpara
pecypca B oObeme z; = k O3HadaeT, ITO JOJS j-TO Pecypca p; U3PACXOMOBaHA (IPOTAHA)
MOTHOCTBIO, T0X0J, cocTaBunl p;B. B cBoio odepens, momomHenne pecypca B o0beMe —z;
O3HAYaAeT, UTO JOJd j-TO pecypca yBeaunduaach Ha 1 — Dj, PACXOJ COCTABUII (1- pj)B.
IMockonbky mpu r = 1 dbyukms b(z) siBAsieTcss JWHENRHON, TO M3MEHEHWe MOXOIA VIIH
pacxoa IPOUCXOIUT IIPOLIOPIUOHATILHO 3aTpaTaM z;. Eciu xe b(z) Bblmykita BBepx (BHE3),
TO B IAHHOM IIPOILIECCE UMeeT MecTo orcraBanue (onepexkenue). B cBoro ouepesp, napamerp
@ OTIPEJIeNISIeT BETMIUHY «U3AEPKEK», HAIPUMEDP KOMUCCHIO OMPKEeBOro OpoKepa.

Pemenue 3a1a4u OCHOBAHO Ha pe3y/braTax, HoaydeHHsix B [20]. Cormacuo Teopeme 1
B [20], ecsin ipu MoWCKe B siveiike $ anprOpHAasi BEPOSITHOCTh Ps YMEHBIITUTCS JI0 3HAYEHNSI
¢s = v (em. [20, c. 350]), To amocrepuopmast suTponust H nocturier Makcumyma. COracHo
reopeme 3 B [20], eciiu B Kakoit-mmbo u3 sigeek obsacTh S BEIMYMHA BEPOITHOCTU Ds HE
MIPEBBIIIAECT 3HAYEHUS Y, TO TIOUCK B JAHHON s9eifiKe He MPUBOIUT K YBEJUICHUTO H.

Onmako ciexyer 3aMeTuTh, 9To B pabore [20] pedb uaer TOJBKO O TIOUCKe 0ObEKTOB,
TMO3TOMY TPUJIOKEHWe TTONCKOBBIX YCUIWH z; MOMKET MPUBOIUTH TOJIHKO K YMEHBITIEHIIO
BEPOATHOCTH D;, HO HUKAK HE K ee yBeJIWIeHno. B ycaoBusax e TaHHON 337a91 «BEpOsIT-
HOCTHb» MOXKET PACTU: KaK YKA3aHO BBIIIE, MOC/IE BIOXKEHUS B sT9eiiKy S pecypca o0beMoM
Zs JON ps CTaHoBUTCA Oosbine Ha Bemmunny (1 — p,)b(zs) n npumer 3uagenue g, (dop-
mysa (13)), T. e. uMeeT MeCTO COOTHOIIEHUE P > Ps. TeM He MeHee MOKHO yOeauThCst, 4TO
¥ B 9TUX YCJOBUSAX YBEJIUYEHUE Pg 0 3HAUEHUS (s = 7y TPUBOAUT ATOCTEPUOPHYIO SHTPO-
mo H K MakcnmyMmy. emo 31ech B TOM, 9TO NP JI0Ka3aTerhcTBe TeopeMbl 1 (eum. [20,
c. 351]) 3HaK BeamumMHBI Ap; = ps — P, HE OTOBAPUBAJICSA, TIOITOMY TOIyYeHHBIe B [20]
Pe3yIbTAThI CIIPABE/IINBBL, B TOM YHCTIE U JJIS CUTYAIUA Py > Ds.

Coruacuo ciepcrsuio 4 [20, . 354], 1715 AOCTUKEHUST MAKCUMYMa SHTPOIUU YCIIOBHAs
BEPOSATHOCT b (25) OOHAPYIKEHWs IeJIM B sTueiike $ 001aCTH TONCKa S JOIKHA OBITH DABHA,

b(zs) =1— L. Ilony4yeHne aHAJIOTWIHOTO COOTHOIIEHNSI B CUTYAINHN Dy < Y MPOU3BEIEM

Ds
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Puc. 1. Pacupenenenue anpuopnoii BepostaocTr (a) n dynkmum mose3nocrr (6)

O6bsiCHEHHE B TEKCTE.

3 yCIIOBHUS ¢s = 7y, T/ (s Onpeensercs Berpazkennem (13): v = p, + (1 — p,)b (25). Toraa
BEPOATHOCTD b (25) MOXKHO IPEJCTABUTH B BUJIE

1— 2 ps >
b(zs) = ’y_%;a ps =27,
“ip. Ps <7 -

[Tpumepsr perenuii, npeaCcTaBICHHBIE HA PUC. 2—4, BBITOJHEHBI IJIs CIEIYIOIINX 3HA~
vennit mapamerpor: k = 1, r = 0.3 (byukuus b(z) peimykia suu3), a = 0.03.

BapuaHTbl perienus 3a1a4u [IPU PACIpPEJETICHUH PECYPCOB 2; 6e3 orpaHuyeHHil Ha
KOJIMYECTBO s9eeK WiurocTpupyer puc. 2. B orcyrcrBue apyrux orpaHudeHuil 3a1ada
umeer GeCKOHEYHOe Yucao perreHuii. Vcxons u3 aToro, Ha puc. 2, 4 MPUBEIEHO PElieHre
C orpaHWYeHweM Ha, «IpubbLIby P = 0, cymmapubie 3arparsl cocrapiasior C = 0.577.
B cBoto ouepenn, Ha puc. 2, 6 JAHO pEIIEHUE C OTPAHUYECHHEM HA CYMMAapHBIE 3aTPATHI
C =0, B 3TOM Ccityuae «yOBITOK» cocrapisier P = —0.24. [Ing dyukimpn b(z), BHITYKIONHN
BBepx (r = 3), rpaduku OyayT umerb noxoxkuil Buz, HO B ciaydae P = 0 cymmapubie
3arparst coctaBaT C = 1.138, a mpu C = 0 «ybbiTOK» Oyzmer pasen P = —(.295.

B o6oux mpumepax suTporms H moctmraer MakcuMyma Hpax = Inn, MOCKOIBKY
armocTeprOpHOe PACTIPEIENICHNE P; CTAHOBUTCST PABHOMEDPHBIM, Ji; = % Pemenne mpu P = 0
OTIPEJICNISIETCS CIIEYIONIEHl TEOPEMOiA.

Teopema 1. Ecau nocae nepepacnpedesenus pecypcoe z; Me?fcdy avelikamu j =

1,...,n eepoammnocmov p; usMeHUMCA 00 3HAYEHUA (; = %, mo H = Hpax = Inn, a
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Puc. 2. Pacripesienienre pecypcoB Mo KPATEPHIO MAKCHMYMa SHTPOTIUH
6e3 orparmdenus Ha wncyao sueek (P =0 (a), C =0 (6))
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Puc. 3. AnocrepnopHoe pacrpenesenne BeposTHOCTH (a) M pacrpemesieHue pecypcos (6)
II0 KPUTEPUIO MaKCUMyMa SHTPOIINU C OrPAHUYIECHUEM Ha YUCJIO AYeeK

P=0.

Hdokaszareasnscrt s o. Beiuuuna P («upubbuib») P = Z _, Wj eCTb CyMMa
«JI0XOJI0B» w = p;b(z;) u «pacxonos» w; = —(1 —p;)b(z;), B3ATHIX CO CBOUMY 3HAKAMHY.
B cBoro oqepeglb, (cm. Boipazkenwe (11)), p; = ¢; + w;. Takum 06pa3oM, MOXKHO 3aNUCATD,

+ Z
S + n - +
gro P = E j=1W; + E j=1W; , TIe N KOJINYIECTBO sg4eeK, JJisi KOTOPhIX BBIIOJHIETCs

yenosue p;—q; > 0,n~ = n—n". [lockoabky ¢; = ¢ = 71w TO ¢ ABJIAETCA MATEMATHTIECKIM
+ _ _

OXKUJAHAEM pacnpegeneHHH Dj, OTKY/IQ CIIE/LYeT, YTO Z i 1 wi = — Z j=1 w;, e P=0.

Hy u nockosbky ¢; = 5, T0 B coorsercTBuu ¢ (11) P =7y, T e H = Hyox = Inn. O

Ananurnyeckoe perenne 3a1a4u ¢ IpyTUMA OI‘pa,HI/ILIeHI/IHMI/I ua P unu C, no narmemy
MHEHUIO, Dojiee ciioskHoe. Hampumep, ero MOXKHO MOJIYYUTh TYTEM BBEICHUS YKA3ZAHHBIX
orpanuvenuii B Gyunkuuio Jlarpanxka npu gokaszareiabcrse teopembl 1 (cm. [20, c. 350]),
OJTHAKO TAKOE PEIIeHne MOKET OBITh TOJIBKO st (DYHKIMH [TOJIE3HOCTH KOHKPETHOIO BUIA.
Pemenne, npuBenenHoe Ha puc. 2, 6, HAKIEHO METOIOM UTEPAIHUA IMyTeM MOI00PA MOIX0-

Bectauk CII6TY. Ilpuknaanas maTemaruka. Madopmaruka... 2024. T. 20. Beim. 2 163



a % _

P - 03F —[ _
0.10} oalk

] 0.1
0.05}+

00f———— 0

s o) A A

12345678 91011127 1234567 891011127

Puc. 4. AnocTepunopHoe pacupeseneHne BepoaTHOCTH (6) U pacrupeeneane pecypcos (6)
110 KPUTEPUIO MaKCUMyMa 3HTPOIHUK C BBOJIOM JIONOTHUTETHHBIX A9eeK

IAIIEero 3HAYEHns ¢ = ¢.

Hckirouenne cocTaBisieT JUIIb JuHelHas GyHKiws b(z), s KOTOPO# perenne Mo-
JKET GBITH MOIYYEHO € NCTOIb30BaHneM TeopeMbl 9 (cum. [20, c. 365]). Kak u B pabdore [20],
moJT TueiikamMu s objacTu S majee MOHUMAIOTCS g9k j = 1,...,8, ..., M, MEXKIY KOTO-
PBIMU BBIMOTHSIETCS TIEPEPACIIPEIETEHIE PECYPCOB, M = M1 +msg. C yaerom ocobeHHOCTEH
JAHHOM 3a/1a49u (BO3MOXKHOCTH HE TOJBKO PACXOJOBAHUS, HO U MONOJIHEHUS COAEPIKUMO-
ro s49€eeK), ecjii U3 HEeKOTOPOH d4eifiKu $ Pecype zs Pacxoiyercs, To OyJeM UMEHOBATH ee
saueiikoit sT obmactu ST, a Tak:ke mcnomb3oBarh obozHavenus pl u zt. Ecim, mampo-
THB, COIAEPKUMOE TUEHKU § TOMOIHAETCs, OyIeM UMEHOBATH ee sdeiikoit s~ obmactu S,
a TaKKe MCIOTb30BaTh 0003HATEHUS Py U 2, -

Teopema 2. ITycmo Pynryua nosesnocmu b(z) suda (16) asasemca aunednod (r =
1, a =0), a cymmapuvie 3ampamu. paswo, M. Tozda xoauwecmeo pecypcos zs, komopoe
Heobxodumo pacnpedesumsd 6 AveUKU S 0AA OOCTNUNCEHUS MAKCUMYME GNOCTMEPUOPHOT
anmponuu H ;, onpedeanemca ewpascenuamu

1 mq 1 _ 1 mo 1
Fe— (- == (- 22 4
% xj< T e A G
rie
mi 1 ma 1
=1P; j=1 J
A
My =M + My, My= =2
Ay

1 1 /1—pC
e ().
Y ab g Py
1 mi M 1—p; mo
Ap= (o) () () (k) ()
’ <kp:> <kx+> <x+> <ps+ )(kx‘)

Joxkaszareancrtso. Cormacro memme 1 (cm. [19, c. 38]), pocr suTpOmMN
B HEKOTOPO#l yactu obsactu J Bemer K ee yBeJMYeHWIO BO Bceit obsactu J, mpu 3TOM
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MAKCHUMYM AlOCTEPUOPHOM sHTponuu H j uMeeT MeCTO MpHU JOCTUKEHUN PABEHCTBA AIO-
CTEPUOPHOI BEPOSTHOCTH Py B sideiikax obmactn S. B coorBercrBum ¢ Teopemoii 9 [20,
c. 365] ans auueitHoi GyHKIMK b(z) KOJMYECTBO MOMCKOBBIX YCHUJINiT, KOTOPOE HEOOXO-
JIUMO TPHUJIOXKUTH B s9eiiKe S s JOCTUKEHUs PABEHCTBA AIOCTEPUOPHON BEPOSATHOCTH
Ps B suelikax obmactu S, ONPEJeNAeTCs BhIPAKEHUEM Zs = —— (M — %) + %, B KOTOPOM
s
Ty =00 (g—;), j=1,...,8...,m m — KomrdecTso sieex momcka, M = Y7 z; —
nouckoBbiil pecypc. C yduerom ocobenHocTeil naHHO 3a7a4u (BO3MOXKHOCTD MONOJIHEHUS
mi ma2 —
conepKuMoro sveex) samimenm, uto M = My — Ma, a My = 3770, 25, My = 3702 2.
+
+ — L _m R _ ma 1 + — mio(Ps
Torma z5 = — (My—22) + 1, 27 = - (M — 22) + 1, tme zf = 2 i (pi),
; , ]
- ma 1—p_
xS - Z]:l (1_17;).
Cremyer 3aMeTuTb, 4TO yciaopue s € ST BBHIIOMHAETCA B TOM CIIydae, eCim Ds = 7,
B KOTOpOM 7y omnpegeisiercsa Teopemoii 1 (cm. [20, c¢. 350]), B uporusHoM ciaydae s € S,
ITockonbky M7 m My ABASIOTCA MCKOMBIMHA BeTWIUHAMHU, TO ypasuenne M = My — My
nMeeT DECKOHEYHOE YnCIO pernenwii. [Iyis Haxox aenvs 3uadenvit My, u Mo, Tpu KOTOPBIX
BBITIOJIHAETCS yCJIOBUE ¢ = g, , npupasHsem ¢F (cm. dbopmyny (10)) u g5 (dbopmyna
(13)), mompasymeBas B HUX IIOZ Ps JIFOOOE M3 3HAYEHW, COOTBETCTBEHHO P W pj

ph—pfb(zF) =ps + (1—ps)0b(27),

3mech b (z5) onpenensiercs BeipaykerneM (16) 1uist yesosuii qanHoi reopemst (1 = 1, a = 0).
B pesysnbrare agarebpandeckux npeoOpa30BaHUI MOIYyYUM TTPUBEIEHHBIE BBIIIE BhIPAYKE-

ausg gasa My u M. O
Brimme yka3bIBasioch, 9TO pelleHue, IpUBEIeHHOe Ha pHC. 2, 6, MOJIYyYIeHO METOIOM
uTeparnyit myTeM Momb0pa MOAXOAAMmeH BeTHINHBI ¢; = ¢. Y TOYHHM, UTO CyTh MeTOJA

3aKII09aIach B mombope 3uadenuit My u My njist GyHKIAN MOIE3HOCTH BRIOPAHHOTO BHIA,
YZIOBJIETBOPAIONINX YCIOBUIO ¢ = ¢ € yI€TOM 3aJJaHHBIX OTDAHUYEHUi Ha BeWInHbl M
u P.

Paccmorpum perrenve 3a7a4uu ¢ OrpaHuYeHUEM HA KOJUYECTBO PECYyPCOB: MYCTh KO-
JINYECTBO BUJIOB PACXO/IyeMbIX 1M U TOMOJTHAEMbBIX 1My PECYPCOB PABHO, HALIPUMED, M =
mgo = 2. Jla BeiOOpa sideek, mepepacupeesieHne Pecypca MexKIy KOTOPBIMH JAaeT MaK-
CUMAJIBHBIN mpupocT dHTporuu AH = HJ — Hj, Bocmomb3yemcst Teopemoit 5 (em. [20,
crp. 359]), yrepxkmatoireit, utTo MakcuMyMm AH IT0OCTHraeTcst Mpu TIOWCKe B TOM sTueiike
obmactw J, B KOTOpO# p; MakcnmasbHa. Torga ¢ y9eToM pacCMOTPEHHBIX BBITE OTIIMYIMi
JIAHHOM 33291 OT 33/]a491 [MOUCKA PACXO/T PECYPCa [I0JIKEH MPOU3BOIUTHCS U3 sideek b u 6,
a nomnosinenne — B sueiiku 1 u 10. Takoe pemrenne MOXKHO TPEACTABUTDH, HAIPUMED, KaK
MPOMIAYKy YACTH AKTUBOB 5 U 6 C MOCTEIYIOIIMM HCIOJIH30BAHUEM BBIPYUEHHBIX CPEICTB
JIJIS TIOTIOJIHEHHWsT aKTUBOB 1 1 2.

Ha pwuc. 3 npuBeneno perenne JaHHON 3aJa4UM ¢ OTPAHUYEHUEM TOJBKO HA YHUCJIO
A9eeK: rpauKn anoCTEPUOPHOrO PACHPE/IEeHHs BEPOATHOCTH P; (a) u pacnpenesienus
pecypcoB z; (6) O KPUTEPHUIO MAKCHMYyMa SHTPOINH.

IIpu orpanuYeHnr TOJNBLKO HA YUCIIO si9eeK (PHUC. 3) MAKCUMYM SHTPOINUM JOCTUIAETCs
mpu P = 0.035 u C' = 0.389, a ero 3Hadenne BhIIIE, 9eM MAKCUMYMOB SHTPOINHU, IOy Iae-
MBIX B YCJIOBUSIX JOTOJHUTEILHBIX Orpanndenuii. [Ipy HaInany yKa3aHHBIX OrPAHUYEHUN
rpaduku OyIyT WMETh BHEITHEE CXOACTBO, HO TPU OCPAHWYEHUN HA «IpuObLIby P = 0
cymmapubie 3arparebl cocraat C = 0.335, a npu orpanndenun wHa pecypc C = 0 Oyzaer
nMerhb MecTo «ybbrroky P = —0.15.

Cnenyer 3ameruthb, 4ro Jyist byHKIun b(z) mo6oro apyroro Buga rpadbukn amnocre-
PHUOPHOTO PACIPEIEIEHUS BEPOSTHOCTH OYIyT WIASHTUIHBI TPEICTABIEHHBIM HA, pUC. 3, @,
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OTJIMYMs UMEIOT MECTO TOJIBKO B pacupesenennn pecypcos (cum. puc. 3, 6). Hanpuwmep, nis
dbyuxyn b(z), Beimykoit BBepxX (r = 3), pu orpanwyennn P = 0 cyMMapHbIe 3aTPAThI
6ynyT pasubt C' = 0.665, a mpu C' = 0 «yObITOK» coctaBur P = —0.158.

Haxkomerr, paccMOTpuM pereHre 3a/1a49u TP HAJTMYIUN BCEX OTPAHUYEHU, YKAZAHHBIX
B ycaoBuu. [Ipeamonoxum, aro my = 3,d = 2, T. e. HOSBJISIOTCS 1B HOBBIX BUJIA PECYPCOB,
ux (popMupoBanue ([OKYIKa) MIPOM3BOJUTCA 33 CYET TPEX PECYPCOB U3 YUCIIA UMEIOIIUXCS.
Torma ncxomHOe ampUOPHOE pachpeneeHne p OyIer comepkarh yxke 12 sueek, rae p1; =
p12 = 0. 3a UCKITIOYEHNEM 3TOrO JAHHAS 33]a9a HUYEM HE OTIUYIAETCS OT PACCMOTPEHHON
BBIITIE, [IJIST €€ PEIIeHusi TakyKe BOChosb3yeMcst Teopemoit 5 (cm. [20, c. 359]). Ha puc. 4
[MPUBEIEHO DEIIEHNe TAaKOW 3aJa9d C OrpAHWYEHHEM TOJBKO HA YHUCIO sdeek. B aTom
Cydae MaKCUMyM SHTDONUU MPUHUMAET HAUDOIbINee 3HAYEHUE U TOCTUraeTcsa npu P =
0.074u C = 0.686. [Ipu orpannyeHnn Ha, «MpudLLIL> P = 0 CyMMapHbIe 3aTPAThI COCTABSIT
C = 0.55, a pu orpanwdennn Ha, pecypc C' = 0 6yzer umerb MecTo «yobIToky P = —0.23.

Kaxk ykasbiBasioch Bbinie, s dbyHkuun b(z) moboro apyroro Buaa rpadbukn anocre-
puopHoro pacupeesenus (puc. 4, a) OyayT UAEHTHYHBIME, HO PACIPEIEIeHIe PECYPCOB
(puc. 4, 6) 6yuner orauuarbea. Hanpumep, s dbyuaxiuu b(z), Boinykioi seepx (r = 3),
npu orpaunudenuun P = 0 cymmapusie 3aTparst coctaBat C' = 1.17, a npu C = 0 «yObITOK>
Oymer paBen P = —0.235.

6. 3akurouenne. Hacrosimass cTrarbs sBJISETCS JIOTUYECKUM MPOIOJIZKEHHEM PadoT
[19, 20]. 9. xkeitnc yTBepK A, YTO T€OPHsd UHMOPMAILMK J0JI?KHA UMETh TOYHYIO, aHA~
JINTUYECKU JIEMOHCTPUPYEMYIO BCEOOBEMIIONLYIO CBSI3b HE TOJBKO C TEOPHel MOMCKA, HO
U C ONTHUMAJLHBIM ILIAHUPOBAHUEM B JIIODOH 0OIACTH, MOCKOJIBKY JI00as ONTUMAJIbHAS
CTpaTeruss — 3TO TOJBKO MPOIEIYPa, UCIONL3YIOMAasd AMPUOPHYI0 WHMOPMAIUIO IJIsT 10~
CTHIKEHWST TTOCTABJIEHHON IIEJIM HACTOJIBKO 3(DMOEKTUBHO, HACKOIBKO TO BO3MOXKHO [24,
c. 17]. Uenb mpeacTaBIeHHON CTAThU — OYEPEIHOE MOATBEPKICHNE TAHHON WIEH U JaJlb-
Helillee yCTaAHOBJIEHUE 3TOU «aHAJMTUYECKHA JEeMOHCTPUPYEMOU CBA3UY.
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Traditionally, the principle of maximum entropy is used to find unknown distribution of ran-
dom variables. In decision theory, this principle is used primarily in situations of uncertainty
regarding the probability distribution of hypotheses about the “state of the environment,”
where the environment is understood as a set of parameters that influence the result of
the decision made. This paper considers the use of the principle of maximum entropy for
a different purpose, namely for the purpose of optimal distribution of resources of various
types. A proof of theorems is given that make it possible to create algorithms for solving
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various problems of resource allocation based on the principle of maximum entropy, as well
as examples of solving demonstrative problems.

Keywords: information theory, decision theory, search theory, expected utility theory, utility
function, maximum entropy principle.
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We have developed a microscopic version of general concealed voter model (GCVM).
Original GCVM uses only statistical-physical methods, while our new approach starts with
a real network. A microscopic model is suitable for any two-layer network (with internal
and external layers) satisfying the definition given in the paper. We conduct a series of
simulations with different network structures and found that a cyclic external structure
prolongs consensus time in comparison with a complete external structure. Moreover, a cyclic
external structure has a positive impact on a winning rate, and this result is different from the
one obtained in the macroscopic version of GCVM. The possible reasons for this difference are
discussed in the paper. Additionally, we propose and validate the hypothesis that there exists
a strong linear relationship between a consensus time and pairwise average shortest paths d in
the network structure. We performed a controlled variable approach to validate the impact of
each individual parameter on key performance indicators (KPIs) including a consensus time
and winning rate. Furthermore, we assess the influence of parameter combinations on KPIs
by analyzing the results using the K-means algorithm. We conclude that certain parameter
combinations can have a significant impact on the consensus time.

Keywords: opinion dynamics, voter model, concealed voter model, general concealed voter
model, winning rate.

1. Introduction. Opinion dynamics models can be divided into two main groups:
macroscopic and microscopic. Macroscopic models examine social networks using statisti-
cal-physical methods and applying probability theory and statistical methods to analyze
the evolution of opinion distribution, e.g., the Ising model [1], voter model [2], concealed
voter model (CVM) [3, 4], and a macroscopic version of the general concealed voter model
(GCVM) [5]. The Ising model has a long history in statistical physics [6]. The Sznajd
model [7] is one of the well-known modifications of the Ising model. In each round of
the Sznajd model, a pair of agents a; and a;; is selected for interaction to influence the
nearest neighbors, i.e. agents a;,—; and a;12. In a voter model [2], a random agent a; is
chosen, then her random neighbor is chosen, and this neighbor adopts a;’s opinion. In
CVM [3, 4], it is supposed that the social network is divided into external and internal
layers, and the individuals conceal or publicly express their opinions. The external layer
in CVM is a complete network, and each node in the external layer is linked with her
prototype node in the internal layer. Moreover, there are no connections between nodes in
the internal layer. Therefore, no internal interaction between agents is assumed in CVM.

* The work of the second author was supported by Russian Science Foundation grant N 22-11-00051,

https://rscf.ru/en/project/22-11-00051/
© St. Petersburg State University, 2024
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In paper [5] GCVM is introduced, where it is supposed that the individuals can interact
in the internal layer, which is motivated by the wish of individuals to share their real
opinions with their close friends.

Microscopic models directly describe how individuals’ opinions evolve social indivi-
duals’ perspectives, e.g., see the DeGroot model [8], the Friedkin — Johnsen (F-J) model
[9], and bounded confidence models [10, 11].

In the DeGroot model, each individual updates his opinion based both on his own
and his neighbors’ opinions. The F-J model is an extension of the DeGroot model in which
stubborn agents are considered. In the F-J model, actors can also take into account their
initial prejudices in every iteration of opinion [12]. The possibility to control the agents’
opinions by nonmembers of network is considered in [13, 14]. The upgraded F-J model
with passive and active agents is introduced in [15]. A bounded confidence model (BCM)
is a model, in which agents ignore the opinions that are very far from their own ones [6].
The BCM includes two essential models: the Deffuant — Weisbuch model (D-W) proposed
in paper [11], and the Hegselman —Krause (H-K) model introduced in the work [10]. In
the D-W model, two individuals a;, a; are randomly chosen, and they determine whether
to interact according to the bounded confidence [16]. The comprehensive survey [17] exa-
mines various models in the bounded confidence opinion dynamics domain, highlighting
key mechanisms leading to consensus emergence, polarization, and fragmentation within
groups.

According to [18], opinion dynamics models are usually composed of a few essential
elements: (i) opinion expression formats defining how to represent opinion mathematically,
(i) fusion rule determining how individuals interact with each other, and (iii) opinion
dynamics environments, that is, a structure of such a social network.

In a social network, individuals neither fully accept nor completely ignore the opinions
of other individuals. To a certain extent, they consider these opinions in forming their new
opinions in a process defined by a fusion rule. Through a group interaction, individuals
continuously update and integrate their opinions on the same issue. Eventually, there are
three varieties of stabilized fusion results: consensus, polarization, fragmentation, and one
unstable fusion result, that is oscillation [10].

The GCVM [5] belongs to the group of macroscopic models, we start with a network
structure and use statistical-physical methods and probability theory to formulate and
simulate the opinion dynamics process (i.e. in the simulations, we do not create a real
network and simulate this model based on formulas).

In this paper, we examine several real networks and simulate the opinion dynamics
on these networks. First, for the given internal and external structures, we create the
corresponding networks. Then, we initialize the initial opinion for each individual/agent
based on some parameters. Like in a macroscopic version of GCVM, we allow players to
exchange their opinions with players from internal layer.

The difference between macro and micro versions of GCVM is that in a micro version
model we do not need to adjust the simulation program according to a different network
structure. As long as a network structure is given, the program will automatically produce
simulations. Therefore, it will be convenient to use this program to simulate a real network
structure. But in a macro version, for different network structures, we should adjust the
corresponding state transition formulae.

The primary conclusion drawn from this research indicates that a cyclic external
structure invariably increases consensus time and positively impact a winning rate. Fur-
thermore, it has been observed that when a circle in the external layer is extended to a
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complete graph, it significantly impacts the consensus time due to the reduction of the
average shortest path between every pair of nodes in the external layer (see formula (2)).
While each parameter individually influences consensus time, none of them impact the
winning rate.

The rest of this paper is organized as follows. Section 2 introduces a model. In Section 3
we present the experiments and results. The conclusions are given in Section 4.

2. Model. A two-layer network with N individuals/agents is defined by

e N: number of individuals/agents in the network;

e a; = (af, al): individual /agent i, where i = 1,..., N, a? (a!) is a representation
of agent i in the external (internal) layer (i.e. a set of individuals/agents is the same for
both layers);

e Gg(Vg,Eg): predefined external network, where Vg = {aF}, i = 1,..., N, repre-
sents a set of individuals and £ — a set of social relations between individuals in the
external layer;

o G (V1,&r): predefined internal network, where V; = {al}, i =1,..., N, represents
a set, of individuals and £; — a set of social relations between individuals in the internal
layer;

e &c = {(aF,al)li = 1,...,N}: set of edges connecting individuals in external and
internal layers.

We define a two-layer network with N individuals/agents as

I

GV, &), (1)

where V = VgUVy, [Vg| = |Vi| = N, and £ = EgUETUE. This definition is independent
of a specific network structure, i.e. external/internal networks can be different.

2.1. The general concealed voter model (macro version). Zhao and Parilina
[5] proposed GCVM based on CVM introduced in [3]. These papers use simulations to
represent opinion transmission processes in two-layer networks. In the following section,
we introduce GCVM in a micro version.

2.2. The general concealed voter model (micro version). In the GCVM, we use
R, B (r,b) to represent individuals’ external (internal) red and blue opinions respectively.
There is a list of notations:

e S = {Rr, Rb, Br, Bb}: set of all possible states of an individual;

e w(a;,t) € S: opinion of individual a; at time ¢, where i =1,...,N,and t =0,1,.. ;

e p,.: ratio of individuals having red opinion in external layer;

e p,,: ratio of individuals having red opinion in internal layer;

e p,: ratio of individuals having red opinion in both internal and external layers;

e 7.: number of individuals having red opinion in external layer;

e 7;: number of individuals having red opinion in internal layer;

e 7: number of individuals having red opinion in both internal and external layers;

e 7. : external copy rate, that is a probability of an individual to copy opinion of
his/her external neighbor;

e 7.,: internal copy rate, that is a probability of an individual to copy opinion of
his/her internal neighbor;

e T.: externalization rate, that is a probability of hypocrisy* choosing to publicly
express his/her internal opinion;

* By hypocrisy we mean a node having different opinions in external and internal layers, i.e., the
nodes in states Rb and Br.
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e 7;: internalization rate, that is a probability of hypocrisy accepting his/her external
opinion.

In Sections 2.2.1-2.2.3, we describe GCVM of opinion dynamics in a two-layer net-
work. The description is organized so that to understand how numerical simulations pre-
sented in Section 3 are done. In the following section, we introduce GCVM in a micro
version.

2.2.1. Two-layer network structure initialization. We start by setting two
networks G and G (we read these networks from the file, and an example of such a file
representing external cycle and internal star structures is shown in Listing. Then we add
the edges between external and internal representations of individuals).

Listing. Example of graph file with external cycle and internal star structure

>>>external

E0 E1

El1 E2

E2 E3

E3 EO
<<<external end
>>>internal

100 I1

100 1I2

100 13
<<<internal end

This results in a two-layer network GG we store as an adjacency list.
2.2.2. Initialization of individuals’ initial states. Denote a number of indivi-
duals in state s € S by #s. We have the following relations:
N = #Rr + #Rb+ #DBr + #DBb,
re = #Rr + #Rb,
r; = #Rr + #DBr,

r = #Rr,
#Bb=N —re —r; +7,
#Rb=1,—1,
#Br=r; —r.

Assuming a uniform distribution for each agent to belong to any state s € S at the initial
time, we adopt the following rule of setting the initial state w(a;,0) for any agent a; at
time ¢t = O:

Rr, 0< 2 <py,

(a0,0) = fla) = { 0 PrS TS o
oy
v Br, pr, <z <pr,+ pr, — pr,

Bb, pr, +pr, —pr <z <1,
where x ~ U(0,1).

2.2.8. Opinion transmission process. We can divide individuals into hypocrites
and nonhypocrites based on the consistency of their external and internal opinions. Hypo-
crites are individuals who have different opinions in the internal and external layers, while
non-hypocrites have the same opinions in both layers.
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We focus on two measurements to analyze GCVM:

o consensus time: Teons is consensus time in (G)CVM, that is, the time required for
all individuals to form the same opinion in internal and external layers (i.e., p,, = pr, =
pr =0 or 1 for Teons);

e winning rate: p is a winning rate of red opinion in a series of simulations. For the
opinion, to win means that there is no other opinion that agents have in the whole network
(i.e. in a series of simulations, the number of simulations, in which red opinion wins blue
opinion divided by the number of simulations).

Before presenting an algorithm of GCVM, we briefly define the actions available for
a randomly chosen individual a;:

e picking up a;’s neighbor: randomly choose a neighbor among all a;’s neighbors. Let
it be individual a; (this is a prerequisite action for external/internal copying);

e external copying: a; copies a;’s external opinion with probability m._;

o internal copying: a; copies a;’s internal opinion with probability ., ;

e externalization: a; expresses his/her internal opinion with probability 7. (this action
is available only for hypocrite);

e internalization: a; accepts his/her external opinion with probability m; (this action
is available only for hypocrite).

Externalization and internalization are meaningless for non-hypocrites, so they have
only two possible actions (external and internal copies).

Algorithm of GCVM:

Step 1. Initialize t = 0.

Step 2. Choose an individual a;, uniformly random from N individuals in two-layer
network G.

Step 3. Check all valid actions of individual a; (depending on his/her state) and ran-
domly choose one of the valid actions with equal probabilities:

I) a; is a hypocrite, then he/she has four possible actions: (i) external copying, (ii)
internal copying, (iii) externalization, and (iv) internalization. Any action is chosen with
a probability of 0.25;

IT) a; is a nonhypocrite, then he/she can perform only external or internal copying.
Any action is chosen with a probability of 0.5.

Step 4. Generate random number x ~ U(0, 1). Perform the action chosen in Step 3:

a) if external copying is chosen in Step 3 and < =, then a; copies a;’s external
opinion;

b) if internal copying is chosen in Step 3 and = < m,, then a; copies a;’s internal
opinion;

c) if externalization is chosen in Step 3 and = < 7., then a; expresses his/her internal
opinion;

d) if internalization is chosen in Step 3 and = < m;, then a; accepts his/her external
opinion.

Step 5. Increase t by 1. If consensus is reached*, stop iteration. Otherwise, go back to
Step 2.

3. Experiments and results.
3.1. General description. The experiment focuses on observing the effect of an
external network structure on a winning rate of opinion and consensus time.

* The algorithm will be stopped when all individuals in both layers hold the same opinion, i. e.
consensus is reached.
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We consider two types of external structures: cycle and complete, and seven internal
structures: cycle, complete, star, two-star (odd and even cases), and two-clique (odd and
even cases). This gives us 14 different combinations of external-internal structures, i. e.
14 two-layer networks.

Figure 1 is an example of a two-layer network with an external cycle and internal two-
clique layers. For other structures, we need to modify the corresponding layer accordingly,
which we do not present here to save the space.

Figure 1. Representation of external cycle with internal two-clique network
Black represents red opinion, and white represents blue opinion.
a — odd number of nodes; b — even number of nodes.

For our experiments, we fix the following parameters: p,, = 0.75, p,, = 0.25, p, = 0.2,
e, = Te, = 1, me = 0.01, m; = 0.5, N = 100. Then we observe the effect of external
structure on the winning rate of opinion and consensus time (number of iterations) for
the given internal structure. We conduct 100 simulations for each model and obtain the
following statistical results. The models presented in Figure 2, a and b below are named
as “external layer — internal layer — # of individuals”.

As shown* in Figure 2, a, we conclude that cyclic external structures prolong consensus
time in comparison with complete external structure (the similar result is obtained in
[5]). This conclusion is true for all internal structures we examine in the experiment.

* The number in the model name represents the number of individuals. e.g. 50 represents an even
case, and 51 is an odd case.
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Figure 2. Observed consensus time (a) and winning rate (b) for models
with different two-layer network structures

Additionally, we observe that the internal structure also has an impact on consensus time.
For instance, consensus time for a two-star internal structure is less than that of a two-
clique internal structure.

However, the observation results for the winning rate are quite different than in our
previous work [5], as shown in Figure 2, b. We can notice that except internal structures
“twoStar-51” and “star-50”, a cyclic external layer decreases the winning rate. For all other
models, a cyclic external structure has a positive impact on the winning rate. The possible
reason is in specification of a microscopic model, i.e. actions that an individual/agent
can take are related only to his current state*. In a macroscopic version of GCVM, the
probability of each possible action is related to the overall state of the system represented
by a triple (pr_, pr,, pr) (see [5]).

* For nonhypocrites, an individual has two possible actions, and for hypocrites, an individual has four

possible actions. The probability for each possible action of an individual/agent at the present moment is
fixed.
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3.2. Main results and observations. Based on the findings from Section 3.1 indi-
cating that a cyclic structure has a positive impact on consensus time, we have formulated
the following research questions. A series of experiments were designed and conducted in
order to address these research questions:

1. How does an external structure influence KPIs, i.e. are there any features of a
network that significantly affect KPIs? To address these question we do the following:

a) extend a cyclic structure to a complete one in different ways*,

b) reduce a cyclic structure to a line, and observe the KPIs,

c) conduct statistical tests to determine if there are significant differences in the dis-
tribution of KPIs for different ways of constructing a complete graph (see Item a),

d) check the correlation between network features and KPIs.

2. How do externalization and internalization rates influence KPIs?

a) avary 7. from 0.1 to 1.0 with a step of 0.1,

b) vary 7; from 0.3 to 1.0 with a step of 0.1 (note: when m; = 0.1 or w; = 0.2, consensus
cannot be reached in some models).

3. How does a copying rate influence KPIs?

a) vary 7. from 0.1 to 1.0 for both layers with a step of 0.1.

4. How does a combination of parameters influence KPIs (i.e. which combinations
maximize or minimize consensus time and winning rate)?

a) use a combination of parameters (m;, 7, 7¢,, e, ), Where we vary m; € [0.3,1] and
TeyTe;s e, € [0.1,1] with a step of 0.1.

We start by extending a cyclic structure in the following three different ways:

e normal: find a set of edges presented in a complete graph but not in a cyclic graph,
and add them sequentially to a cyclic graph until finally obtain a complete graph;

e random: find a set of edges presented in a complete graph but not in a cyclic graph,
and add them randomly to a cyclic graph;

e shortest: find a set of edges presented in a complete graph but not in a cyclic graph,
and add the edges from the list that minimizes d, where d is the average of the shortest
paths among all pairs of nodes in external layer. Here d is calculated as follows:

d = Z M (2)

s,tEVE nE(nE o 1)7

where d(s,t) is the length of the shortest path between s and ¢, Vg is a set of nodes in
external layer, n = |Vg| is the number of nodes in external layer.

Obviously, for an undirected graph with N nodes, a cyclic structure has only N edges,
and a complete structure has N x (N — 1)/2 edges. Therefore, a cyclic graph can become
a complete graph by adding N x (N — 3)/2 edges. If we remove one edge from a cyclic
strucutre, it will degenerate to a line.

In our experiments, we extended a network structure from ‘cycle-complete-50’ to
‘complete-complete-50°, defined ‘cycle+d-complete-50" as an intermediate network struc-
ture, where § € Z means the number of edges which we have added to a cyclic structure
by an iteration. Here ¢ € [—1,1175], and the value § = —1 corresponds to the case when
we deleted an edge from a cycle degenerating this cycle into a line. When § = 1175, the
cycle becomes a complete graph, i.e. the maximal number of edges that can be added into
a cycle with 50 nodes is equal to 1175. In our experiments we examined the dynamics of
consensus time and d when § is increasing.

* A cycle graph can be transformed into a complete graph by adding several nonexistent edges, or
degenerate into a line by deleting an existing edge.
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The results of simulations are shown in Figure 3. In particular, Figure 3, a shows
how d (0) influences winning rate for different ways of extending a cyclic structure to a
complete one. The right figure is an increase of the first 150 points from the left graph,
we did the same in Figures 3, b and 4. Looking at Figure 3, a, we can notice that winning
rate is almost white noise with changes of §*.
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Figure 3. Winning rate (a) and consensus time (b) for the models
with different extension ways

Figure 3, b shows a trend of consensus time when § is changing, and it is easy to
recognize that the black solid and gray dashed lines have almost the same trend. At

* The winning rate is white noise for “random” with lag 1-10, for “shortest” with lag 1-3, but the
winning rate for “normal” extending way is not white noise which is confirmed by Ljung— Box test.
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Figure 4. Consensus time vs d
a — for different extending ways, b — aggregated data

the beginning, with an increase of the number of added edges, consensus time signifi-
cantly decreases. After reaching a certain level, the increase in the number of edges has
no significant impact on consensus time. First points in Figure 3, b correspond to a net-
work structure “cycle+-1-complete-50” having an external line structure. It is obvious that
diine > deycle > deomplete- Therefore, we formulate Hypothesis 1.

Hypothesis 1. There is a significant correlation between consensus time and d.

In order to verify Hypothesis 1, we should find d for each graph in Figure 3, b. After
calculating d for each graph, we construct the third subfigure in Figure 3, b. Obviously,
the first and third subfigures have a similar trend.
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We represent the relation between d and consensus time in Figure 4. The difference
between Figure 4, a and b is that in Figure 4, a we group the data by extending way first,
and then draw the trend, while in Figure 4, b, we do not specify the way of extending the
graph, but only make an analysis based on different d and consensus time.

We can observe an approximately linear relationship in Figure 4. We can further use
statistical methods for correlation analysis [19, 20]. The results of examining the Pearson
correlation coefficient (PCC) [21] are shown in Figure 5. We make the following conclusions:

e the correlation between d and consensus time is significantly strong, and PCC is
0.78;

o for other pairs of KPIs, the correlation is not significant, and the absolute values of
PCC are less than 0.15.

Consensus Time

Winning Rate

I
Consensus Time Winning Rate d

Figure 5. Pearson correlation coefficients

Hypothesis 2. There are significant differences in KPI distributions for different
ways of constructing a complete graph.

We are interested in how a different extending way influences the distribution of
KPIs. We show empirical distributions of KPIs in Figure 6. We should notice that their
distributions are significantly different for different ways of extending the graph from a
circle to a complete one. But for ‘normal’ and ‘shortest’ extending ways, KPIs distributions
are very similar. We use the Kolmogorov — Smirnov test for further analysis [22, 23]. The
results are shown in Table 1. From Table 1 we can see that p-values for all KPIs when we
compare normal and shortest extending ways are larger than 0.05. We make the following
conclusion: we should accept the null hypothesis that the distributions of KPIs for normal
and shortest extending ways are identical.
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Table 1. Results of Kolmogorov — Smirnov tests

Pair | Statistics | p-values
Consensus time
normal vs random 0.557 0.0
normal vs shortest 0.031 0.641
random vs shortest 0.574 0.0
Winning rate
normal vs random 0.114 0.0
normal vs shortest 0.02 0.967
random vs shortest 0.121 0.0
d
normal vs random 0.121 0.0
normal vs shortest 0.02 0.978
random vs shortest 0.12 0.0

For now we find out that some ways of extending a circle to a complete graph have
an impact on KPI distributions. But how significant is this impact? How are mean and
variance affected? Therefore, we formulate next hypothesis.

Hypothesis 3. Means and variances of KPIs are the same for different ways of
extending a circle to a complete graph.

We use some statistical tests to verify equity of variances and equity of means. Before
doing this, we first run normality tests [24, 25] since some statistical tests are parametric,
i.e. they assume normality of the data. The results of normality tests are shown in Table 2,
where we can see that the p-value for all KPIs are smaller than 0.05. Then we should reject
the null hypothesis that any KPI is normally distributed.

Table 2. Results of normality tests

KPIs | Statistics | p -values
Normality testing overall
Consensus time 0.5 0.0
Winning rate 0.996 0.0
d 0.396 0.0
Mode | KPIs Statistics | p-values
Normality testing grouped via mode

normal Consensus time 0.379 0.0
normal Winning rate 0.996 0.003
normal d 0.32 0.0
random Consensus time 0.347 0.0
random | Winning rate 0.996 0.003
random | d 0.469 0.0
shortest | Consensus time 0.442 0.0
shortest | Winning rate 0.995 0.001
shortest | d 0.369 0.0

In Tables 3 and 4, we have two group of results, ‘ev/em test for all’ corresponds to
whether the variances/means of three extension ways are all equal. The ‘pairwise ev/em
test’ corresponds to two-sample equity test of variances/means. As none of KPIs is nor-
mally distributed, we use the Levene test for variance equity [26—29].

We make the following conclusions from Table 3:

e the variance of winning rate is the same for all extension ways (all p-values in the
Levene tests are greater than 0.05);

e we reject the null hypothesis that the variances of the consensus time are equal for
all extension ways (all p-values in the Levene tests are less than 0.05);
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Table 3. Results of variance equity tests

Test | Description | KPIs | Statistics | p-values
EYV test for all
Distribution free Consensus time 195.249 0.0
Fligner test when populations Winning rate 1.206 0.547
are identical d 23.341 0.0
More robust Consensus time 12.533 0.0
Levene test for significantly Winning rate 1.074 0.342
non-normal population | d 5.441 0.004
More depends Consensus time 320.877 0.0
Bartlett test | on normal Winning rate 3.584 0.167
population d 351.795 0.0
Pairwise EV test
normal vs random Consensus time 20.967 0.0
normal vs shortest Consensus time 6.579 0.01
random vs shortest Consensus time 7.651 0.006
Levene test normal vs random Winning rate 1.572 0.21
for pairs normal vs shortest Winning rate 0.003 0.959
random vs shortest Winning rate 1.71 0.191
normal vs random d 0.187 0.665
normal vs shortest d 8.533 0.004
random vs shortest d 10.099 0.002

e variances of d are equal for normal and random extension ways.

Since none of KPIs is normally distributed, and not all KPIs are homoscedastic, to
verify equity of means we use the Kruskal test [30-33]. The results of the tests are given
in Table 4 and we conclude the following;:

e the means of d are equal for all extension ways, i.e. a way of extending a circle to a
complete graph does not affect the mean of d (all p-values in the Kruskal tests are greater
than 0.05). For consensus time and winning rate, the means are not all equal, i.e. they
differ by extension ways;

e we accept the null hypothesis that the means of consensus time (and winning rate)
are equal for normal and shortest extension ways (all p-values in KruskalResult are greater
than 0.05).

Figures 7 and 8 show how parameters (n., and 7., in Figure 7, and 7. and 7; in
Figure 8) influence winning rate. We can see that winning rate fluctuates within a certain
range, but not too much. Therefore, we temporarily think that an impact of parameters
on winning rate is limited.

Figures 9 and 10 show how consensus time varies with a change of parameters (7,
and 7., in Figure 9, and 7. and 7; in Figure 10). We make these interesting observations:

e an increase of external copying rate m., has a negative effect on consensus time.
The interpretation is as follows: when an individual in a society is more inclined to listen
to the opinions of his/her external neighbors, it is helpful to reach consensus;

e with an increase of internal copying rate m.,, consensus time increases;

e with an increase of externalization rate m., consensus time first increases until it
reaches the maximal value, and then decreases. The interpretation of this is as follows:
expressing your true opinion to a certain extent is not effective to reach consensus within
the whole system, but beyond this threshold, along with an increase of desire to express
your opinion, for the system, it is easier to reach consensus;

e with an increase of internalization rate m;, consensus time decreases. This can be
interpreted as follows: when people are more willing to accept their own external opinion,
it will accelerate consensus of the whole system.
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Table 4. Results of mean

equity tests

Test | Description | KPIs | Statistics | p-value
EM test for all
f oneway Independent sample; each sample is | Consensus time 99.143 0.0
test from a normally distributed Winning rate 23.205 0.0
population; homoscedasticity d 4.795 0.008
Consensus time 1100.711 0.0
Kruskal test | Sample size should > 5 Winning rate 46.919 0.0
d 1.596 0.45
Alexander Independent sample; each sample is | Consensus time 261.282 0.0
Govern test | from a normally distributed Winning rate 47.419 0.0
population; heteroscedasticity d 12.243 0.002
Pairwise EM test
normal vs random Consensus time 795.081 0.0
normal vs shortest Consensus time 0.775 0.379
random vs shortest Consensus time 854.985 0.0
Kruskal test | normal vs random Winning rate 32.215 0.0
for pairs normal vs shortest Winning rate 0.229 0.632
random vs shortest Winning rate 37.928 0.0
normal vs random d 1.092 0.296
normal vs shortest d 0.001 0.972
random vs shortest d 1.301 0.254
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Puc. 7. Winning rate for different copying rates

a — varying external copying rate .., b — varying internal copying rate mc;.

In Tables 5 and 6, we show minimal/maximal consensus time and winning rate re-
spectively for different combinations of parameters. If we compare the left and right parts
in Tables 5 and 6, there is a large difference between maximum and minimum values.
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Table 5. Observed minimum and maximum consensus time

External Internal | NV Max Te, | ey | Te | T Min Te, | Tey | Te | T
complete complete 5 | FEEEEEEEEE 1185261644 | 0.1 | 1.0 | 0.1 | 0.3 | MEESSEEEE 28767 | 0.8 | 0.1 | 0.1 | 1.0
cycle complete 50 | R 1144248878 | 0.6 | 1.0 | 0.1 | 0.3 | FEEEEEEEE 29387 1 0.9 [ 0.1 [ 0.3 | 1.0
complete | cycle 50 | ! 26467498 1.0 | 1.0 | 0.4 | 0.3 | Fe——= 22850 | 1.0 [ 0.1 | 0.1 | 1.0
cycle cycle 50 474773 0.1 |0.1]0.6 |09 | 26842 | 1.0 [ 0.9 | 0.1 | 1.0
complete | star 50 1602538 1.0 101]05[03]|"8 2018 0.1 |1.0] 101 0.3
cycle star 50 275898 1.0 10]01][03]|"8 2021 0.1 | 1.0] 1.0 0.3
complete | twoClique | 50 | B 492816970 02| 1.0[ 0103 | F== 28185 0.1 [0.7]1.0]0.3
cycle twoClique | 50 | & 151026217 [ 0.7 | 1.0 | 0.1 | 0.3 | s 20923 | 0.1 | 1.0 | 1.0 | 0.3
complete | twoClique | 51 | F=== 708728030 | 0.1 | 1.0 | 0.1 | 0.3 | BEEEE 30628 | 0.9 | 0.1 [ 0.1 | 1.0
cycle twoClique | 51 | === 449651392 0.6 | 1.0 | 0.1 | 0.3 | Fe———= 26250 | 0.1 | 1.0 | 1.0 | 0.3
complete | twoStar 50 2027297 1.0 10105 ]03]™= 3795 0.1 109110103
cycle twoStar 50 317571 1.0 109/01]03]|= 3743 02 |1.0] 10|04
complete | twoStar 51 2347437 1.0 [01]05]03]H= 4201 0.1 10910103
cycle twoStar 51 349638 07 10[01]03]|™ 4527 | 0.2 | 1.0 | 1.0 | 0.3
Table 6. Observed minimum and maximum winning rate
External Internal N Max Te, | Tey| Te s Min Ty | Tey | Te | i
complete | complete | 50 | FEEEEEEE 07 |01 [01]02]10|F===E 031]02]06]10]05
cycle complete | 50 | EEEEEEEEEE (081 [ 09 | 0.1 | 0.2 | 0.8 | == (33|04 [0.1]08]03
complete | cycle 50 | EEEEEE 071102 | 0.1 |04 | 1.0 | === (029 |07 [ 10]06]03
cycle cycle 50 | MRS 082 [ 0.1 | 0.6 | 0.1 | 0.6 | Ee—= 02502 |09 | 10|06
complete | star 50 | EE—— 0.7 |01 [04]|02] 1.0 | F— 024103 [04]|10]04
cycle star 50 | BEEEEEEEEE 082 [ 02 [ 0.1 ] 0.1 |07 | = 02301021004
complete | twoClique | 50 | FE s 0.68 [ 0.5 0.7 ]04 |08 |F====E 03 [07]03[09]09
cycle twoClique | 50 | BEEE (.76 | 0.9 | 0.1 | 0.1 | 1.0 | Fe—— 0.28 [ 0.2 | 0.8 0.6 | 0.5
complete | twoClique | 51 | S 073 [ 0.1 | 0.1 | 0.1 | 0.9 | === 032 | 04 |08 ]0.7] 04
cycle twoClique | 51 | B 077 [ 0.7 | 0.2 | 0.1 | 0.9 | === 031 | 0.1 |03 ] 1.0 05
complete | twoStar 50 | MEEEEEEE 072 (0.1 | 04| 02| 1.0 | Eem———— 026 |0.1[08]08]04
cycle twoStar 50 | BEEEEEEEE 077 1 08 [ 0.2 ] 0.2 | 0.9 | = 02503 |03 | 10|03
complete | twoStar 51 | BEEREEEE 072 (0.1 [ 0.1 ] 0.1 | 0.7 | Fem—" 027 1 0.1 [ 0.8 0.9 ] 0.3
cycle twoStar 5] | RS 08 | 0.8 | 0.2 | 0.1 | 1.0 | Fe——— 0.26 | 0.1 | 1.0 | 0.9 | 0.4
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a — varying externalization rate m., b — varying internalization rate ;.

We performed a clustering procedure using K-means method with input variables being
consensus time and winning rate separately [34, 35]. The resulting cluster labels are then
added to the original data. Based on these cluster labels, we observed the distribution of
the corresponding four parameters (7, , 7, e, and ;).

Ideally, we prefer having two clusters since it allows us to determine which parameter
combinations result in respectively large or small KPIs. In practice, we specify a range for
the number of clusters k, from 1 to 20, and calculate the silhouette score [36]. In some
sense an optimal value of k is the one maximizing the silhouette score.

Since the distributions of winning rates are very close to a normal distribution, based
on clustering results of winning rate, we cannot observe any significant differences in
descriptive statistics of clusters (see Table 7). Therefore, in our future analysis we only
focus on performing a clustering analysis of consensus time.

Table 8 shows the number of elements in the clusters of consensus time, where we
selected to have two clusters since it maximizes the silhouette score.

In Figure 11, a, the distributions of consensus time are almost consistent for different
multi-layer models. At the same time, in Figure 11, b, we can clearly observe noticeable
differences. This interesting result provides us with a valuable insight that the diverse
parameter distributions can significantly prolong consensus time.

In the top right corner of Figure 11, b, we observe that when the internal structure is
complete or twoClique, parameter 7., differs significantly consensus time for these models
in comparison with other models. In the lower left corner, we can see when the internal
structure is complete or twoClique, a value of 7, in cluster 1 is always equal to 0.1. For the
figures in the top left and lower right corners, we can get similar conclusions by comparison.
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Table 7. Descriptive statistics of clusters within winning rate (complete-complete-50)

Parameters | Cluster | Count | Mean Std Min | 25% | 50% | 75% | Max
0 169 0.484 0.282 0.1 0.3 0.4 0.7 1.0

1 238 0.540 0.287 0.1 0.3 0.5 0.8 1.0

Tee 2 186 0.573 0.274 0.1 0.3 0.6 0.8 1.0
3 291 0.543 0.289 0.1 0.3 0.5 0.8 1.0

0 169 0.487 0.306 0.1 0.2 0.4 0.7 1.0

1 238 0.591 0.293 0.1 0.3 0.6 0.9 1.0

e, 2 186 0.533 0.272 0.1 0.3 0.5 0.8 1.0
3 291 0.547 0.290 0.1 0.3 0.5 0.8 1.0

0 169 0.509 0.290 0.1 0.3 0.5 0.7 1.0

1 238 0.581 0.304 0.1 0.3 0.6 0.9 1.0

Te 2 186 0.525 0.292 0.1 0.3 0.5 0.8 1.0
3 291 0.587 0.282 0.1 0.4 0.6 0.8 1.0

0 169 0.698 0.233 0.3 0.5 0.7 0.9 1.0

1 238 0.632 0.230 0.3 0.4 0.6 0.8 1.0

T 2 186 0.631 0.237 0.3 0.4 0.6 0.8 1.0
3 291 0.622 0.230 0.3 0.4 0.6 0.8 1.0

Table 8. Consensus time cluster sizes for each model

Model Cluster 0 | Cluster 1
0 complete-complete-50 3267 20
1 cycle-complete-50 3241 19
2 complete-cycle-50 3319 105
3 cycle-cycle-50 3027 400
4 complete-star-50 3219 205
5 cycle-star-50 3124 312
6 complete-twoClique-50 3239 24
7 cycle-twoClique-50 3348 11
8 complete-twoClique-51 3904 14
9 cycle-twoClique-51 3831 17
10 complete-twoStar-50 3171 197
11 cycle-twoStar-50 3100 372
12 complete-twoStar-51 3598 225
13 cycle-twoStar-51 3634 362

4. Conclusions. The paper introduces a novel approach to simulate GCVM by crea-
ting a real network instead of using statistical-physical methods for its modeling. Therefore,
our approach is suitable for any two-layer networks that are represented by (1). Addition-
ally, we use different way to extend an external cyclic structure to a complete one. We
highlight a hypothesis on how the way of extension of a circle to a complete graph influen-
ces consensus time and winning rate based on simulation results and use a statistical test
to verify them. The main conclusions are as follows:

e cyclic external structure always increases consensus time;

e cyclic external structure has a positive impact on winning rate;

e cyclic external structure influences consensus time by an increase of d, i.e. there is
a strong linear relationship between d and consensus time. The lower d is the higher is
consensus time;
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e the way of extension of a circle to a complete graph has a significant impact on

consensus time and winning rate;

e ecach parameter has a different impact on consensus time, but almost has no impact

on winning rate;

e the combination of parameters has a significant impact on consensus time.
We find the following developments of our work interesting: (i) analysis of other mea-
surements (e.g., centrality) of two-layer network structures and their impact on consensus;
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(ii) verification of other hypotheses based on data obtained in experiments, whether these
measurements are related to consensus time and winning rate; (iii) it would also be inter-
esting to incorporate stubbornness and redefine the condition for consensus to observe an
impact of stubbornness on KPIs.
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TIpoBenena cepus YUCIEHHBIX SKCIIEPUMEHTOB C PA3JIMYHBIMU CETEBBIMU CTPYKTypPaMu U 06-
HapyKEHO, YTO IUKJINIECKast BHEITHSS CTPYKTYPa YAIUHIET BPeMs JOCTHKEHWST KOHCEHCYCa,
10 CPABHEHUIO C TOJIHOM BHemHel cTpykTypoit. [luksimaeckas BHENIHAS CTPYKTYPa IIOJI0XKU-
TEJIBHO BJIMSIET HA IMPOIEHT BBIUTPHINIEH, U STOT Pe3yabTAT OTJINYAETCS OT PE3yIbTATa JJIsT
makpockorudeckoit Bepcun GCVM. Bo3MoykHBIE TIPUYMHBI 9TOTO pa3Inyns 00CYKIAIOTCS B
crarbe. Kpome Toro, B Heli OATBEPKIAEHA TUMOTE3a O TOM, YTO CYIIECTBYET CHUJIbHAS JIV-
HeliHas 3aBUCHUMOCTh MEXK/Iy BPEeMEHEM KOHCEHCYCa W OIMPEJIeIEHHON Mepoil IeHTPAIbHOCTH
B ceTeBOil cTpykType. [IpoBepeHo BIMsHME KaXKIOTO OTAEHHOTO MapaMeTpa Ha KIIIOUEBHIE
nokazaremn sbdexkrusaoctn (KPI), Bkmovyas BpeMs JOCTHKEHUS KOHCEHCYCA W IIPOIEHT
BRITpBIeil. OIEHUBAETCS BIVSHIE KOMOMHAIUI MapaMeTpOB Ha KJIIOUEBbIE TTOKA3ATEN (-
GEKTUBHOCTH C MCIOIb30BaHueM aaroputma K-cpemaux. Ceran BRIBOI, UTO OMPEIETICHHBIE
KOMOWHAIUY [MapaMeTPOB MOI'YT OKa3aTh CYIECTBEHHOE BIUSHUE HA BPEMs JIOCTUKEHUsI KOH-
CeHcyca.

Kmovesvie cr066: muHaMUKa MHEHHI, MOJIE/b U30MpaTeisa, MOJAEIb CKPBITOrO n3bupares,
00001IeHHAS MOJEb CKPBITOrO U30MPaTe s, 9aCTOTa BBIUTPHIIIA.
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ABTOSMUCCHOHHBIE XapaKTEPUCTUKA U CTPYKTypa
yriepo/jcoaep2Kanx KaTOJHbIX MaTepuaJioB

. M. Qyne, E. II. Illewun

MockoBckuit (DU3UKO-TEXHUIECKUH HHCTHTYT,
Poccuiickass @eneparmst, 141701, loaronpyaustit, UacTuryTckuii mepeyiok, 9

Jas wurupoBanusi: Oywne J. M., [Illewun E. II. ABrosMUCCHOHHDBIE XaPAKTEPUCTUKUA U CTPYK-
Typa YIJIepOACOAEPKAIMX KAaTOAHBIX Marepuayos // Becrauk Camkr-IlerepGyprckoro yHuBep-
curera. [Ipukmagnas maremaruka. Uadbopmaruka. IIporeccsr ynpasienns. 2024, T. 20. Boim. 2.
C. 193-205. https://doi.org/10.21638/11701/spbul0.2024.205

IIpoBeneno comocTaBieHne aBTOIMUCCUOHHBIX U CTPYKTYPHBIX XaPAKTEPUCTUK MOBEPXHOCTEMH
PSa YIJIEPOICOAEPIKAIIMX MATEPUAIOB, B TOM UHUCJIE W HAHOCTPYKTYPUPOBAHHBIX, TEPCIIEK-
TUBHBIX JIJIsi WCIIOIb30BAHUS TIPU CO3MAHUNA ABTOKATOIOB CO CTAOMIHHBIMUA SMUCCHOHHBIMUI
xapakrepuctukamu. Vlccaenosammuch BOJIOKHA 3 yriepoaabix Hanorpy6ok (YHT-BomokHO),
MTOJIMAKPUIOHUTPUIHHBIE BOJIOKHA, 00PA3I[hl MIPOINTUIECKOr0 TpaduTa M MEIKO3ePHUCTO-
ro mwroraoro rpadura (MIIT-6). CTpykTypa moBepxHOCTH OOPA3IOB M3y9anach 10 W IIO-
cjie mX pabOThl B KAYeCTBE ABTOKATOA C IIOMOIIBIO ONTHIECKON MHUKPOCKOIINN, PACTPOBOM
SJIEKTPOHHONW MHUKPOCKOIUN W CIIEKTPOCKOIMN KOMOWHAIMOHHOTO pacCesHusi. Pe3yabrarhl
COIIOCTABJISLIIUCH C BOJIHTAMIIEPHBIMU XaPaK TEPUCTUKAMU COOTBETCTBYIOMKX KaTomoB. Onru-
9ecKas U 9JIeKTPOHHAS MUKPOCKOIIHS [TOKA3aJIa HAJINYINe KPYITHOMACIITAOHBIX CTPYKTYPHBIX
[ePeCcTPOeK KATOA M IOBEPXHOCTH €r0 MATEPHAJIOB B IIPOIECCE ABTOIMUICCHUH, a AHAJINS CITeK-
tpoB kKomOmHarmonnoro paccesnausa (CKP) — menkomacmrabubrx. B cnekrpampaoM amarma-
zome 1000-2000 cvm~ ' B CKP kpoMe crasgapTHO HabJII0IaeMbIX XaPAKTEPHBIX [Isl YIJIEPOJi-
COZEPIKAIIX MATEPUAJIOB JIMHIHA ¢ MAKCUMyMaMy 9acTOT B auamasonax 1363-1374 cm !
(mumua D), 1581-1599 cv™! (numma G), 1619-1626 cm™ ! (numua D) obmapysxena aumus
B unTepsaie 1450-1480 cv™ ! mast nuposmTrgeckoro rpadgura n YHT-BomokHa 10 1 mocie
sxcmryaranun, a giasa MIIT-6 — mocse sxciuryaTanuu 3STHX MaTepHUajIoB B KadeCcTBe aBTOKA-
tonos. O6cyxkaennt namenenns B CKP orHOCHTE/IHON MHTErpAIbHON NHTEHCUBHOCTY JIMHUT
D, xoropas yBemmunBaercs ayis nuponautudeckoro rpadurta u YHT-BomokHa u ymenbimaer-
ca s MIIT-6 B mporecce X 3KCIIyaTallMy KaK aBTOKATOMOB. BelmyanHa OTHOCUTETHHOMN
WHTETr PATHHON MHTEeHCUBHOCTH JIMHUK D MCIIOIR30BAHA, [IJIST OIEHOK PAa3MepPOB KPUCTAJIINTOB
¥ UX U3MEHEHWI B XO/e aBTOIMMCCUU, 9TO ODOCHOBBIBaeT BO3MOXKHOCTH npumenenuns CKP
JJISI KOHTPOJIST CTPYKTYPBI TIOBEPXHOCTH YTJIEPOICOAEPIKAIIMX MATEPUAJIOB U aHAJIN3A CBSI-
31 CTPYKTYPhI IOBEPXHOCTH U €€ SMUCCUOHHBIX XapakrepucTuk. OOCYKAEHBI TePCIEK TUBBI
YAYYIIeHns aBTOIMUCCUOHHBIX XaPAKTEPUCTUK YIJIEPOJICOMEPIKANUX KATOIOB.

Karouesvie ca066: aBTOIMUCCHSI, ABTOIMUCCUOHHBIM KATO, TOK aBTOIMUCCHHU, BOJIbTAMIIED-
HAad XaPAKTEPUCTUKA, ONTHYECKAd MAKPOCKONUS, PACTPOBAA (CKAHUPYIOMAS) STEKTPOHHAT
MUKPOCKOTIHS, CITEKTPHI KOMOMHAIIMOHHOTO PACCESTHISI, YTIIEPOACOAePIKAIINe MATePHUAJIbI, Ha-
HOCTPYKTYPHUPOBAHHBIE MATEPUATIBI, CTPYKTYPa MOBEPXHOCTH.

1. BBegenue. Pa3paboTka v MpuMeHEHNE HOBBIX JIEKTPOBAKYYMHBIX PUOOPOB C WC-
mob30BanneM 3 deKTa aBTOIMUCCUH, BKITIOYAs PA3HbIE NCTOYHUKU U3JIy9€HUsI, B YACTHO-
cru, Jazepst mis yabrpaduosnerosoro (Y®) cnekrpasnbaoro auamnasona [1], karomosoMu-
HecreHTHble jJaMibl B uHdpakpacaoM (UK), sugumom u Y@ CreKTpaabHBIX JIHANA30HAX
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[2], MasioMoIIHbIE peHTreHOBCKIEe TPYOKHU [3] i1 pa3sHooOpa3Hbix cdep JesaTebHOCTH, Ha-
TMPUMED, 1151 Je3WHMEKITNN WK CO3TAHNS TUHEHKN 3(PDEKTUBHBIX NCTOYHUKOB PEHTTEHOB-
CKOTO M3JIy9YeHNs PA3JIMIHOrO HA3SHAYEHUS, TPEICTABISIOTCS YPE3BBIYANHO AKTYAIbHBIMUA.
[Tpu 5TOM 0COBEHHO UHTEPECHBI UCCIETOBAHUS PA3HBIX YTIEPOICOIEPKAIINX, B TOM YUCTIE
HAHOCTPYKTYPUPOBAHHBIX, MATEPUAJIOB [IJIsI ABTOIMUCCHOHHBIX KATO0B, HOCKOIbKY UMEH-
HO WX JIEKTPOMU3NIECKHE XaPAKTEPUCTUKN B 3HAYUTEIHHON CTENeHU OMpeIesisioT BO3-
MOXKHOCTH TOSBJIeHUsT 3(DDEKTUBHBIX KATOMOTIOMUHECIIEHTHBIX UCTOYHUKOB W3]y IEHUS.
B uacrHOCTH, MOJTOBEYHOCTH U CTAOMIHLHOCTH SMUCCHOHHBIX XaPAKTEPUCTUK PSIa yIJjIe-
POJIHBIX MaTEPHUAJIOB, 3ABUCSINNX U OT PEKUMOB ABTOIMUCCHN, O0YCIOBIUBAIOIINX CTPYK-
TYpHbBIE U3MEHEHUS IMUTHPYIOMIEH MOBEPXHOCTH, MOT'YT ODECHEeYnTh CTAOUIHLHOCTD aBTO-
SMUCCHOHHBIX XapaKTEPUCTUK KATOMOB. IIOCKOIBKY OT BHA M MAPAMETPOB HAHOCTPYK-
TYDP 3MUTHUPYIOMIEH 3JIEKTPOHBI MTOBEPXHOCTU YTJIEPOAHBIX MATEPHUAJIOB 3aBUCAT UX ABTO-
9MUCCUOHHBIE XAPAKTEPUCTUKU, C WX IBOJIIOIMEH B XOe MPOIECCOB aBTOIMUCCUU CBI3aHA
IVHAMUKA W3MEHEHUs] TOKA ABTOIMUCCHUU MPU MPUJIOKEHUU MOCTOSTHHOTO YCKOPSIOIIEro
HAMPSXKEHUS, a 3HAYUT, U CTADUIBHOCTH PAbOTHI ABTOIMUCCHOHHBIX YCTPOWCTB, CO3/1a-
BaeMbIX Ha OCHOBE YIJIEPOJCOJAEPIKAIIMX MATEPUATOB. ITO IETAET 0CODO aKTyaTbHBIMU
U3ydJeHre U3MEHEHU TOBEPXHOCTH TAKMX MATEPUAJOB B MPOIECCE ABTOIMHUCCUU U BBISB-
JIEHUE CBsI3€il MEXKIy CTPYKTYPOi MOBEPXHOCTH U ABTOOMUCCUOHHBIMU XaPAKTEPUCTUKAMU
COOTBETCTBYIONINX YTJIEPOIHBIX MATEPUAJIOB. XOPOIIO U3BECTHO, YTO HAPSIAY C PA3IMIHBI-
MM BHJIAMHU OINTHIECKON M ITEKTPOHHON MHUKPOCKOIHNHU, TMEHHY0 HHEMOPMAIHIO O TOHKOM
CTPYKTYPE HOBEPXHOCTEH YIIePOJHBIX MATEPUATIOB MOXKET JATh CIIEKTPOCKOIN KOMOMHA~
MOHHOrO paccesinus [4, 5]. Caeayer eme pa3 0cobo MOTIEPKHYTH, YTO HAPAMETPBI J0JIIO-
BEYHOCTHU W CTaOMILHOCTH ABTOKATOIOB HAMPSIMYIO OMPEIEISTIOT KOHKYPEHTOCITOCOOHOCTD
HOBBIX 3JIEKTPOBAKYYMHBIX TTPUOOPOB C UCIHOJb30BaHuEM 3P (heKTa aBTOIMUCCHH, B IACT-
HOCTH JJIsI MCTOYHWKOB W3JIy9YeHWs B PA3HBIX CIEKTPAJbHBIX AUana3oHax. Panee ObLIn
[OJTyYEeHbI BbIpaXKeHus s 3(DMEKTUBHOCTH COOTBETCTBYIONUX UCTOYHUKOB U3JLYICHUS
pazsmunoro tuna [2, 6, 7.

OneHKU MOKA3BIBAIOT, YTO I O0ECTIEUeHUsT KOHKYPEHTOCTOCOOHOCTH aBTOIMUCCUOH-
HBIX UCTOYHWKOB CBETA, OOIIEr0 HA3HAUEHUS HEOOXOANMO OOECTIEYNTh CPOK HEMPEePhIBHON
CTabUIBHON PAOOTHI HCTOYHUKA U3TyIeHUs T’ MOPSIIKA HECKOJIBKUAX JECITKOB THICAY YACOB
(>kemarensHO 50000 9 u Goee).

910 03HaYaeT, YTO 0CcOOOE BHUMAHUE OJIZKHO OBITH Y/EIEHO BOIMPOCAM CTAOHIHLHON
U JJIATESIbHOM paboThl ABTOKATOMOB U BLISBICHUIO NEPCIEKTUBHBIX MATEPUATIOB M PEIKH-
MOB UX pabOThI, MOCKOJIbKY, B 9aCTHOCTH, B YTJIEPOICOAEPIKAIINX MATEPUATIAX ABTOKATO-
JIOB B XOJIe pabOTHI TPU IMUCCUN JIEKTPOHOB TTPOUCXOIAT U3MEHEHUE W TIOCTOSTHHOE OOHOB-
JIEHHE CTPYKTYPhI UX MOBEPXHOCTH, & BMECTE C STUM U IMUCCHOHHBIX CBOWCTB ABTOKATOIA
[2, 6-8].

2. Marepuajbl 1 MEeTOAbI.

2.1. Yeaepodrnvie mamepuaavt 0as uccaedyemuvir asmoramodos. B mannoit
pabore, Kak u B [6-8], OBIIM NCITOIB30BAHBI BOJIOKHA M3 YTJIEPOAHBIX HaHOTPy6OoK (YHT-
HUTH) ¥ NOJMAKpUIOHUTPUIoBbIe BookHa ([IAH-BOIOKHO), a TakyKe Takhe yriIepoIHbIe
MaTepuasbl Kak BbICOKOIPOYHbIH MesiKo3epHucThiii miorHbiii rpadur (MIIT-6) u nuposu-
THYIeCKuit rpacdur.

2.2. Memoduxa uameperuti. Meronuka moaroToBKY KaTOM0B U3 U3y IAEMbBIX MATE-
praJIoB ObLIa OTMcaHa HaMu paHee [4, 7, 8]. I3MepeHre aBTOIMUCCHOHHBIX XapAKTEPUCTHK
IPOBOIHUJIOCK TIO JBYX3JEKTPOTHOM cXeMe B BaKyyMHOI Kamepe mpu gasiaernu 10~% Topp
[PU PACCTOSHUY 1 CM MEXK/Ty KATOJOM U3 UCCJIEIyeMOr0 MATEPUAIA U AHOIOM, IPE/ICTAB-
JISIOMUM U3 ceDsi 3JIEKTPOJ] ¢ HAHECEHHBIM HA HEr0 KATOMOTIOMHHOMOPOM € JTHAMETPOM
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6.5 cM, 3HAYUTENHHO I[PEBBIMIAIONIEM PA3MEPhl M3JIyYaonieil NOBEPXHOCTH Karona (s
Pa3IMYHBIX MATEPHUAJIOB — KATOIbI C XaPAKTEPHBIMU JIUHEHHBIMU DA3MEPAMU W3JIYIar0-
mieit nosepxuocTy oT 1 10 6 MM).

[Ipu npunokeHUU MOIOKUTETHHOIO HAMPAKEHNWsT K AHOAY BO3HUKAJA JJIEKTPOHHAS
SMHUCCHUs C KATO/IA, U3MEPSIUCh BobraMmuepubie xapakrepuctuku (BAX) u 3aBucumocTu
TOKa OT BPEMeHW /IJIsi PA3HBIX KATOJAOB U3 YIJIEPOCOAEPAKAIINX MATEPUATIOB.

MukpocTpyKTypa Beex 06pa3ioB HAOIIOIAIACH C MTOMOIILIO PACTPOBOTO (CKAHUPYIO-
mero) 3mekTpornoro mukpockona (POM) JEOL JSM 7001F mpu ycKopsiiomeM Hampsyke-
uun 30 kB n dokansHOM paccrosauu 810 MM 10 ¥ MOCJE JEKTPUYECKUX H3MEpPEeHUi
B BakyyMHOIT Kamepe. [To uzobparkenusm, noaydeHHbiM Ha POM, BU3yaIbHO OIEHUBAJICS
XapakTep IBOJONNN Marepuaia Karoja. Pazmep mons uzobpakenust POM npu mocrarod-
HOM YEeTKOCTH KAPTUHKKW MOXKET BAapPbUPOBATHLCSA B AUAMA30HE OT 1 MKM JI0 HECKOJIBKUX
COTEH.

CriekTpoCcKOus — HEepa3pyIIAOIIWi METO, ITHPOKO HCIOJIB3YeMbIH s Ompee-
JIEHUsI CTPYKTYPHBIX XapaKTEPUCTUK yTJIEPOAHBIX MarepuasioB. Hacrosmas crarbd uc-
[TOJIBb3YeT Ty K€ METOJNKY MOJIYyYeHUs U aAHAJIN3A CIIEKTPOB KOMOMHAIIMOHHOTO PACCETHUS
(CKP) u psin nannbix u3 [8], mpomoszkas 3Ty pabory.

CKP perucrpupoBajanch Ha CIeKTpoMeTpe KoMmMbuHannonuoro paccesuns 3VJI MTH-
TETPA CIIEKTPA npu Bo30yK/IeHUN JTa3epHBIM U3IyUYeHHEM C JJINHON BOJHBI 473 HM
Ha audpakinuonHoit pemterke 1800 mrp./MMm B crnekrpasibHoM auanaszone or 1000 mo
2000 cm~!. Pasioxkenme 3aperncTPUPOBAHHBIX CIIEKTPOB Ha OTAeTbHBIC JTHHUHE U OIpe-
JleJIeHe WX OCHOBHBIX MMapPaMeTPOB, & UMEHHO JYACTOTHI, MMUPUHBI, OTHOCUTEIHLHON WHTE-
IPAJILHOM WHTEHCUBHOCTHU, BBITTOIHSINCH B CBOOOIHO pacripocTpanseMmoii mporpamme Fityk
[4]. Kaxnas muaus onucbiBaiach dbyHkumeit JIopeHiia, onpeaensanch TPUK bl TapaMeTpbl
JIMHUH TPpYU PA3HBIX YPOBHAX (DOHA, & TAKIKE CPEIHEe 3HAUEHWE M MAKCUMAJIbHOE OTKJIO-
merne. TOYHOCTDH ONpe/iesieHus MapaMeTPOB ObLIA BBIIIE JJIs JTUHUH ¢ OOJIbINell NHTEeHCHUB-
HOCTBIO. MakcuMaabHOE OTKIOHeHHe He npesbimnao 10 %.

3. PesyubTarhl u 0b6cyXaeHune.

3.1. CmpyxmypHsie U GBMOIMUCCUOHHDBIE TAPAKMEPUCTNUKY Y24eP0dCo-
depotcawur Mamepuanos u Kamodos u3 HUT.

3.1.1. Xapaxmepucmuru meakozdepHucmozo naommnozo epapuma (MIIT-6)
u nupoaumuyeckozo zpagpuma. [pu perucrpanuu BAX MIIT-6 u nuponuruaeckoro
rpadura 66110 MoKa3aHo [8], YTO HOPOroBasi HANPSKEHHOCTD JIEKTPUIECKOrO TI0JIst ABTO-
SMUCCUU I PA3JIUIHBIX 00PA3IOB 000UX TUIIOB MATEPUAJIOB COCTABIISIET OJIU3KYIO BEJIH-
gnHy B amanasore 3600-3800 B/cm. B To ke BpeMms yrKe TpH HATPSIXKEHHOCTH 3JIEKTPH-
4yeckoro nosist nopsizka 4500 B/cM mw10THOCTh TOKA aBTOIMUCCHU C €MHUILIBI W31y 9ai0Ieit
TOBEPXHOCTHU KATO/A I TUPOJATHIECKOro rpaduTa B HECKOIBKO pa3 Bbimre 1iist MIIT-6.
Mpumepsr BAX mist o6pasiios aBrokaronos uz MIIT-6 u nuposuruydeckoro rpadura ¢ mpu-
MEPHO OJMHAKOBBIMHU TIJIOMIAIAMY U3JIYIAONINX JIEKTPOHBI MOBEPXHOCTEN TPUBEIEHBI HA,
puc. 1.

s Mmukpockonmuaeckoro KoHTposs u perucrpanyu CKP mis kaxkmoro u3 marepua-
JIOB BBIOMPAJIICH HECKOIBKO TOYeK HabmomaeHus. [Ipumep BIOOpa TOUYEK I PErUCTPATIII
CKP g pasnuaabix obpasnos MIIT-6 mpegcraBienst Ha puc. 2.

3aMernM, UTO /I PA3HBIX TOYEK perucrparmu kak oopasmnos MIIT-6, rak u mjs o6-
Pa3IoB MUPOJMTUIECKOTO rpaduTa, XOTS U UMEIOTCS HEKOTOPBIE PA3INYUUs N300PaKeHUi
(omTuueckux U 7IEKTPOHHBIX (hoTOrpaduii) MOBEPXHOCTH, HO APKO BBIPAYKEHHBIX CTPYK-
TYPHBIX IIEPECTPOEK J0 U TOCTE MPOIECCOB IMUCCUH BbIABUTDH He yraaercs, a ans CKP ra-
Kr€ DPa3/Indusi, HECOMHEHHO, HAOIIOJAIOTCs, YTO MOXKET CBUIAETEIHCTBOBATH O HEKOTOPOit
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Puc. 1. BAX mna xaronos u3 maccusos rpadura MIIT-6 (1) m nmuponurmaeckoro rpadura

_~Touka 1

_ Touxa 2

_ Touka 3 —__

Touka 4

Puc. 2. Ilpumepsr pa3maabix obpasmnos MIIT-6

Ob6paser;: ¢ — UCIOJIBL30BAHHBIA KaK aBTOKATOM; O — HEUCIIOJH30BAHHBIA KaK aBTOKATOI,.

HEOTHOPOTHOCTH MOBEPXHOCTU MCXOIHBIX MATEPHUAJIOB, C OIHON CTOPOHBI, U O BO3MOYKHOIM
HEOTHOPOTHOCTH CTPYKTYP TOBEPXHOCTEH MAaTepuaJjIoB Mocjie uX paboThl B KAYECTBE ABTO-
KaTO/0B, O0YCJIOBJIEHHON HE TOJIbKO PA3IUIUsAMK UCXOAHBIMU, HO U BO3MOXKHBIMHU (HEOIHO-
POIHOCTAMH ), 0OPA30BABIIUMHUCS B XOJ€ CTPYKTYPHBIX U3MEHEHUI OBEPXHOCTH MaTepUa-
JIOB B IIPOIIECCE ABTOIMUCCUU JIEKTPOHOB (OT/INYMS JUHAMUKU CTPYKTYDHBIX U3MEHEHUi
JIJI1 PA3HBIX YYaCTKOB MOBEPXHOCTH) — ¢ Apyroii. Ha puc. 3 npeacrasnens: CKP gys pas-
JINYHBIX YYACTKOB MoBepxHOCTH 00pa3nos MIIT-6 (puc. 3, A) u nuposutudeckoro rpadura
(puc. 3, B) Kak /10 UCIOJIb30BAHUS B KAYECTBE aBTOKATO/IOB, TAK U MOCJIE.

N306pakenuns MOBEPXHOCTEH METKO3EPHUCTOrO IJIOTHOTO M MHPOIATHIECKOrO rpadu-
toB (puc. 3, B), nosy4eHHble C OMOIIBIO PACTPOBOIl 3JIEKTPOHHOW MUKPOCKOIIUY, TAKIKE
HE TPOJIEMOHCTPUPOBAJIH CYIIECTBEHHBIX PA3IUUMil IJIs PA3HBIX TOYEK PErUCTPAINE KaK
10, TaK U TIOCJIe UCTIOIH30BAHUS 3TUX MATEPUAJIOB KaK ABTOKATONOB. THUMUYHBINA BUI TO-
BEPXHOCTEH 3TUX MaTepHaJsioB MPeJCTaBIeH Ha puc. 4 (cM. Takke [6-8]).
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Puc. 3. CKP pasmmanbrx yaactkos 06pa3nos MIIT'-6 (A) u maposmruaeckoro rpadmura (5)
1o (a) m moce (6) MCIOIB30BAHUS B KATIECTBE ABTOKATO/A

3.1.2. Xapaxmepucmuky noOAUGKPUAOHUMPUALHBLL B0A0KOH U HUMEU U3
yaaepoduwvir nanompybox. Cpasuernne BAX ucciie[o0BaHHBIX KATOJOB MOKA3BIBAET, 9TO
MUHUMAJILHOE TI0JIe BOBHUKHOBEHMST aBTOIMUCCHOHHOTO TOKa /st Katoma w3 Y HT-uutn
HUYKe TIPUMEpPHO B 3 pasa, dem jyist karoga u3 [TAH-Bosokon, n mpumepHo B 6 pas, dem
qs karogos u3 MIIT'-6 u nuposmruyeckoro rpadura.

Jlnana3oH W3MeHeHusT yCKOPSIIONIErO HAPSIYKEHUST [Tl Y BEJIMIeHI SMUCCHOHHOTO TO-
Ka Ha mopsaaok B ciaydae Y HT-#uru 3aagurensHo ke, dem qis [TAH-sorokua, MIIT-6
n nuposuTndeckoro rpadwura. IIpu nagpHeineM BO3pacTaHNN YCKOPSIOIEro HAIPSIKEHHUST
(mocrostnroro Hanpsikernst okoso 1380 B ans YHT-untu n 2345 B ans [TAH-BosiokHa)
HaOJIIOIAeTCs POCT HMUCCHOHHOTO TOKA BO BPEMEHU C MOCJEIYIONIell CTabnIn3almeil Toka
qiist YHT-waurn, a s [TAH-sonokaa depe3 HEKOTOpOe BpeMsi TOCTE YBEJIUYeHUsS TOKA
9MHUCCHU HaOIIOAeTcst ero najenue [7].

B nccmenosanbt BAK cTpyKTypHBIE XapaKTePUCTHKYM KATOIOB M3 HAHOYTJIEPO]I-
HBIX W TOJIMAKPUIOHUTPUIILHBIX BOJIOKOH U OTIMCAHBI JUHAMHUKA W3MEHEHWST SMUCCHOHHOTO
TOKa BO BPEMEHW TIPU PA3INYIHBIX YCKOPSIOMINX HAMPSKEHNIX B IBYXJIEKTPOTHOMN CXEMe.
ITo nonyyenubiv panee [6—8] 1 yTOYHEHHBIM B HOCTOsiIEH paboTe JAHHBIM IIOKA3aHO, Y4TO
MOPOTOBas HAMPSYKEHHOCTH IJIEKTPUIECKOTO OIS ABTOIMUCCUE TSI 0OPA3IOB U3 TOTHA-

Bectauk CII6TY. Ilpuknaanas maTemaruka. Madopmaruka... 2024. T. 20. Beim. 2 197



Puc. 4. ®ororpabdun nmoepxuocreil karomos u3 maccusoB MII-6 (¢) m mupommTraeckoro

rpadwura (6), mosyUeHHbIe ¢ TOMOMBI0 POM

KPUJIOHUTPUIIHHBIX BOJIOKOH cocTaBisier 16001850 B/cwM, a mias HUTell M3 yriepomHbIx
HaroTpy6ok — 500-600 B/cm. ITpn 3TOM i1t KATOMOB M3 YIIIEpOAHBIX HAHOTPY6oK BAX
C POCTOM YCKOPSIOIINX HAIMPSIYKEHWIH TOK IMUCCUN YBEIUINBAETCS 3HAUYNTENIHHO OBICTpEE,
9eM [IJIsi TIOJIMaKPUIOHUTPUILHBIX BOJIOKOH. Bosiee TOro, 1j1d yriepoaHbix HAHOTPYOOK
[PU [OCTOSHHON yCKOpsifolieil HanpsizkenHocTy 1osist nopgaaka 1300-1400 B /cm smuccuon-
HBII TOK BO3PACTAET MO CPABHEHNIO C HAYAJIHLHBIM 3HAUYEHNEM B 2-2.5 pa3a B TedeHHe Jaca
U OCTAETCS CTADWILHBIM B T€UEHHE HECKOJIbKUX MOCJIEAYIONNX YacoB. B ormane ot 3TOr0O
NI KaTOJOB U3 TMOJMAKPUIOHUTPUIHHBIX BOJOKOH TIPW PA3HBIX YCKOPSIONINX HAMPIAKE-
HUSIX BBIIIE TTOPOIOBBIX 3HAYEHWH HAOIIONAETCs MaIeHNe TOKA SMUCCUU BO BPEMEHH JI0O
cpasy, subo 1mocje HEeKOTOPOro Bo3pacraHus (BO BPEMEHHOM UHTEPBAJE IOPSKA 9aca)
U OTHOCHUTEIHbHOM CTAOMIM3aIuu B TeYEHHUE ABYX-TPeX rnocjemayomnux 4acoB. @ororpadun
MTOBEPXHOCTEH COOTBETCTBYIONINX MaTEPHAJIOB 3JEKTPOIOB, TTOJYIEHHBIX C TTOMOIIBIO OT-
traeckoit Mukpockonuu, u CKP Takux MareprajoB Kak yrjepoaIHble HAHOTPYOKY U IO~
KPUJIOHUTPUIIbHBIE BOJIOKHA JI0 U MOCJe UX PabOThI B KAY€CTBE ABTOKATOIOB IIPECTABIICHbI
COOTBETCTBEHHO Ha puc. 4, 5.

[Monyyennbie B [6—8] u HacTosIIEl cTaThE PE3YIIbTATHI AHAIN3A U300PAKEHHUIT € TIOMO-
IbIO0 ONTHYECKONW M CKaHUPYIOe (pacTpOBOii) 3JIEKTPOHHON MUKDPOCKOIUM, KATOIOB U3
YTJIEPOIHBIX HAHOTPYOOK ¥ MOJIHAKPUIOHUTPUIHHOTO BOJIOKHA MOKA3BIBAIOT, 9TO 0JI1aro1a-
ps IJIUTEIHHON ABTOIMUCCUM 3JIEKTPOHOB, HAOIOIAEMON TP TTPOIOIKUTEIHLHON padboTe
KATOJOB U3 JAHHBIX MATEPHUAJIOB, IMPOUCXOIUT XOPOIIO BbISBIIsI€Mas CTPYKTYpPHAs Iepe-
cTpoiika u Karozia B nesioM (cM. puc. 4, 5), 1 OTAeJIbHBIX BOJIOKOH (puc. 6, 7, cKoMGuHUPO-
BaHbBI U3 NaHHBIX [6-8]). Ha m3o6paskeHnsx Ha OCHOBE ONTHYECKONH MUKpocKomun n POM
BHUJIHO, UTO B PE3yIbTaTe aBTOIMUCCUOHHBIX MPOIECCOB MOTNAKPUIOHUTPUIHHBIE BOJIOKHA,
OTLIABJISAIOTCS, TAK KaK MPU JIUTEIBHON paboTe 9THX BOJOKOH B KAUYEeCTBE ABTOKATOIOB
[IPU TOCTATOYHO BBICOKUX YCKOPSIONINX HAMPAKEHUSX OHU HATPEBAIOTCS, YTO U MIPUBOIUT
K CTPYKTYPHOM JEerpajaliid U yXyAIIEHUIO UX ABTOIMHUCCHOHHBIX CBONCTB. DTU BBIBOJIBI
[MOJTHOCTHIO COOTBETCTBYIOT OMMCAHHBIM U3MEHEHWSM TOKA ABTOIMWCCHAU BO BPEMEHU JJTsi
aBTOKATOOB U3 JTAHHOTO MaTepUaa.

Hamporus, mjsi karoga Ha OCHOBE HUTEH W3 YTJIEPOAHBIX HAHOTPYOOK MPOUCXOIUT
VIIYUIlTeHre SMUCCUOHHBIX CBOMCTB CO BpPEMEHEM, YTO XOPOIIO KOPPEJTUPYeT C Pa3ymnops-
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Puc. 6. Onrraeckas mukpockonms (yBeqmaenne B 20 pa3) KaToaa W3 MOIMAKPUTOHUTPUIHHOTO
BostokHa u ero CKP mo (@) m mocse (6) mcmop30Banus B Ka9eCTBE aBTOKATOIA

JIOYEHUEM CTPYKTYPbI aBTOKATOIA W PA3PYIIEHUEM YIJIEPOIHBIX HAHOTPYOOK TP IIJIH-
TEJIbHOW aBTOIMUCCHU JJIEKTPOHOB U3 STOI'0 MATEPHUATIA, MOCKOIbKY MPU TUX MPOIECCax,
IO-BUAUMOMY, 0Opa3yeTcss DOMBIITOe IUCI0 HOBBIX d(PPEKTUBHBIX IMUCCHOHHBIX TEHTPOB.
M3menenne cTPyKTYphI U CAMOTO KAaTO/A, & TAKXKE CTPYKTYPHAsS MePecTpoiika OTAeIbHON’
YTJIEpOTHON HAHOTPYOKM OYEHB XOPOIIO HADIIOMAIOTCS HA PUC. 4 U 8, TIOJIYIEHHBIX C IMO-
MOIIBIO ONTUYECKON M PACTPOBON 3JIEKTPOHHONW MUKPOCKOIUH.

3.2. Obcyacdenue pesyabmamos uameperuti. ConocraBieHre aBTOIMUCCHOH-
HBIX XaPAKTEPUCTUK HCCJIEIOBAHHBIX YIJIEPOACOAEPKAIIUX MATEPUAIOB JEMOHCTPUPYET
OTIPEJIEIEHHY 0 TTPOTUBOPEednBOCTh. C OIHON CTOPOHBI, KaToAbl 13 MaccuBoB MIIT-6 u mu-
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Puc. 7. Ourngeckass mukpockonusi (yBenaudenue B 10 pa3) Karoma u3 yryepOAHBIX HAHOTPYGOK
u CKP nns mux (YHT-murn) no (¢) u nocse (6) ucnonp3oBaHus B KadeCTBEe aBTOKATOIA

Puc. 8. Tlosydennsie ¢ MOMOIIHIO PACTPOBOM STEKTPOHHON MUKPOCKOINN U300paKeHns
MOJTMAK PUTIOHATPUIBHBIX BOJIOKOH (A) M OTAEIBHBIX YTJIEPOIHBIX HAHOTPY6OK (B)
B TIporiecce paboTHI B COCTABE ABTO3IMUCCUOHHOTO KATOIA

1, 4 — mo paborsr; 2, 3, 5§ — mocse paboOTHl Py PA3HOM AINTEILHOCTH SMHCCHOHHOIO IIPOIECCA.
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posmTugeckoro rpadpura 06IaJa0T IOPOroM BOBHUKHOBEHUs SMUCCUOHHOIO TOKa, (MUHU-
MaJIbHAS HAMPSAXKEHHOCTh JIEKTPUYIECKOTO MOJIsI, 00ECIIEYNBAIOIIAST BOSHUKHOBEHNE ABTO-
SMUCCHOHHOTO TOKA), HEMHOTO 60/Iee BHICOKUM, YeM JIJIs KATOJIOB U3 HAHOCTPYKTYPUPOBAH-
HBIX BOJIOKOH, TAKUX KaK [MOJIMAKPUIOHUTPUIIbHBIE BOJIOKHA (OT/IMYME IPUMEDPHO B 3 pa3a)
U 0COBEHHO [1J1s1 HUTel U3 yriIepoaHbIX HaHOTPYOOK (oTsindme npumepto B 6 pa3). C apyroi
CTOPOHBI, ABTOIMUCCUOHHBIE XaPAKTEPUCTUKYA MACCHBHBIX KATOJOB U3 YIJIEPOICOIEpPIKA-
[IIX MATEPUAJIOB 3HAYUTEIHHO CTAOMILHEE B IITMPOKOM IUATIA30HE 3HAUYECHUN YCKOPSIIOITNX
HAPSXKEHHOCTEH TOJIsA, XOTS YBEJIMYUTh ABTOIMUCCUOHHBIN TOK JJIst HUTEH U3 YTIePOIHBIX
HAHOTPYOOK HA MOPSIIOK MOYKHO B 3HAUUTEIHHO H0Jiee Y3KOM THAa30He YCKOPSIOMINX Ha-
MPSZKEHHOCTEH MEKTPUIECKOr0 MO, 9eM JayKe JJIsl Iy 9IIero u3 MACCUBHBIX MATEPUATIOB
ABTOKATO/A MUPOTUTHIECKOrO Ipadura.

Taxke HEOOXOAMMO OTMETHUTh, YTO, XOTS JIJIsT ABTOKATOIOB U3 HAHOCTPYKTYPUPOBAH-
HBIX BOJIOKOH MOKHO JOOUTHCS 60J1€e BHICOKUX TJIOTHOCTEH aBTOIMUCCHOHHOTO TOKA, BUJI-
HO, YTO MPU TAKWUX I[JIOTHOCTSX TOKA, MPOUCXOIAT MAKPOCKOTMIECKUE HAPYIIEHUST CTPYK-
TYPbl W CAMOTO KAaTOJa U3 HAHOBOJOKOH, U OTJIEIBHBIX BOJIOKOH. [[JTsl TIOTHAKPUIOHUT-
PUIBHBIX BOJIOKOH — 3TO ILJIABJIEHUE W JErPaJIalifsi UX aBTOIMUCCHOHHBIX CBOHCTB. s
OTJIENTbHBIX YTIEPOJAHBIX HAHOTPYOOK — 3TO MHOIOYMCJIEHHBIE PAa3PBIBbI, KOTOPHIE B WH-
TepBaJie HECKOJILKUX YaCOB PADOThI aBTOKATOIA HE TOJBKO HE YXYIIMAIOT €ro MCXOIHBIE
ABTOIMUCCUOHHBIE CBOMCTBA, HO JAYKe MOTYT WX YIIYUIIUTh, 9TO, BIIPOYEM, HE TAPAHTUPY-
er cTabWIbHOCTH PabOThI ABTOKATO/IA B TEUEHUE JIECSITKOB THICAY YACOB, TPEOYEMBIX s
3 dekTUBHON PaBGOThl MHOTUX aBTOIMUCCUOHHBIX YCTPOHCTB [2, 3.

Hawnbosree naTepecHbIM HAOTIOAAEMBIM 3P (MEKTOM M0 TaHHBIM CIIEKTPOCKOMNNA KOMOH-
HAI[MOHHOTO PACCEAHUsT I UCCAEJOBAHHBIX MATEPUAJIOB MPEICTABISETCS N3MEHEHNEe OT-
HOCHUTEJILHOM WHTErpaIbHOM HHTeHCHBHOCTH JuHuu D mo orHomenuio K tunuu G. B pabore
[5] oTHOCHTEIbHAS MHTETPAJIbHAS WHTEHCUBHOCTh TWHUK D 117151 METKO3epHUCTOTO rpadu-
Ta CBA3BIBAETCS C PA3MEPAMHU €r0 KPUCTAILTUTOB. Pe3yibraThl U3MEPEHHsT OTHOCUTEIbHOM
WHTErpagbHON WHTEHCUBHOCTH JUHUK D 10 W mocie JIUTeTHHON SMUCCUU SJIEKTPOHOB
JIJIT BCeX O0DPA3IoB yIIepOACOAEPIKAIINX MATEPUAJIOB, UCITBITAHHBIX KAK MATEPHUAJIBI I
aBTOKATOOB, ITPEICTABJIEHBI HA PHUC. 9.
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Puc. 9. OrHOCUTETHLHAS UHTEerpaJjibHad MHTEHCUBHOCTH JIMHUU D J0 | TI0CJIE L[JIHTeJIbHOﬁ
9MUCCHUA SJIEKTPOHOB [IJId BCEX MUCCICAOBaHHBIX 06pa31.10B yryiepoacoaepxKaliux MaTepuaJjioB,
UCTBITAHHBIX KaK MaTepUuaJjibl I/ aBTOKATOA0B

BAX u uccienoBaHusi 3BOJIOMUK TOKA BO BPEMEHH MOKA3bIBAIOT, YTO B JUAMA30HE
WCIIOJIb30BAHHBIX HANPSXKeHu misi nupoautudeckoro rpadura u MIII-6 wabmaomaercs
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JIOCTATOYHO BBICOKAsT CTAOMITHLHOCTD TOKA, 9TO MOATBEPIKIAET U OTHOCUTEIbHASI CTPYKTYP-
HAsT MAKPOCKOMUYECKAsT CTAOUIHBHOCTD IO TAHHBIM ONTUYECKON U PACTPOBOM DJIEKTPOHHON
mukpockomuu. Tem ne menee ganabie CKP mokassBaioT, 9To mpu paboTe ITUX MaTepraioB
MIPOUCXOIUT OIpENeTeHHAd METKOMACIITAOHAS CTPYKTYPHAA MEepPecTpoiika, UTO, BUIMMO,
CBSI32HO C U3MEHEHHEM Pa3MepOB KPHUCTAIATOB.

U3 puc. 8, A no meroauke, npemiioxenHoit B [5] ays MIIT-6, 6b11u olieHeHbI pazMepbl
CPEIHUX KPUCTAJLUIUTOB B 3TOM MarepuaJe 10 paboThl B KauecTse aprokarona (7.9 um)
u nmocyie (9.6 um). Xors wATEHCUBHOCTH D junnu B nuporpadure 3HAYATETHHO HUKE,
gem B MIIT-6, MOYKHO TTPETOJIOKUTH, YTO JIjIs 3TOTO MaTepuaa pa3Mepbl KPUCTAJINTOB
CYTIECTBEHHO MEHbIITE, ITO KOPPETUPYET U C 601ee BHICOKUMU 3HATEHUSIMI TOKA aBTOIMUC-
cun TIpu OJIM3KHUX YCTOBUAX, U ¢ TeM (PAKTOM, ITO THPOTPAMUT CIOKEH CIOIMH TOJIIIITHON
mopsaaka 1 M, a XapaKTepHBIH pa3Mep JacTHIl, n3 KOTOPhIX cipeccoBan MIIT-6 cocraBnsger
0K0J10 50 HM, XOTs, KaK MOKA3BIBAIOT HAIU OIEHKU, XapPAKTEPHBIE PA3MEPHI KPUCTAJLIN-
TOB JIJIsi TAKUX MATEPUAJIOB 3HAUYUTEIHLHO MEHbIE. Bojiee TOro yBeInderne OTHOCUTETHHOM
HHTErpaJbHOI MHTEHCUBHOCTH JUHAK D B pe3ynbrare IJIUTETLHON 3TeKTPOHHON SMUCCHN
MOKeT CBHIETE/HLCTBOBATH jisi NMuporpadura 00 yMEHLIIEHHH Pa3MepPOB 3MHUCCHOHHBIX
[IEHTPOB B IMPOIECCe IKCILTYATAIMH ITOTO MATEPHAJIA B KAYECTBE aBTOKATOMA, XOTS JaH-
HBII BOTIPOC Tpedyer 0oJjee IeTahHOM MPOPabOTKY U TOMOJTHATEIHHBIX UCCJIETOBAHMUIA.

Ocraercsi OTKPBITBIM U BOIIPOC 00 WHTEPIIPETALNY CYIIECTBEHHOTO YBEJIUYEHUsT OTHO-
CHATeTbHON MHTerpabHON MHTEHCHBHOCTH JUHUKA D B pe3yabrare JJIUTEILHON 3JTEKTPOH-
HOI SMUCCHU I YITIEPOIHBIX HAHOTPYDOOK, MTOCKOJBKY IMPABOMEPHOCTH MPUMEHEHHUs 0~
HATHUSA KPUCTAIIATOB K HAHOTPYOKAM BBI3BIBAET HEKOTOPLIE COMHEHHUsI. TeM He MeHee i1
BOJIOKOH CTPYKTYPHBIH aHAJN3 MOKA3BIBAET CYIIECTBEHHYIO KaK KPYITHOMACIITAOHYIO, TaK
MEJIKOMACIITabHYI0 TIepeCTPORKy Karona u ero mosepxuoctu. [Ipuuem, ecim mus TTAH-
BOJIOKHA, B PsZIe PEXKWMOB HAOIIOJACTCS CIIeKaHne BOJIOKHA, TO st Y HT-BosmokHa cBOii-
CTBEHHO CHJIBHOE MaKPOCKOIIMYECKOe Pa3yIMopsaAmn0ueHre BOJOKHA, COIIPOBOXKIAEMOE pa3-
PBIBOM HAHOTPYOOK WM yIydIIEeHHEM ABTOIMUCCHOHHBIX XapaKTEPUCTHK, IO Kpaiimeil Mepe
BO BPEMEHHOM WHTEPBAJIE B HECKOJIHKO YACOB.

4. 3aksaroyenne. [lomyyeHHbie pe3yabTATH CBUIETENIBCTBYIOT O TOM, 9TO JJIs yT-
JIEPOJICOMIEPIKAIIUX MATEPUAJIOB MPYU UX WCIOJIH30BAHNY B KAYECTBE MATEPHUAJOB ABTOKA~
TOJOB TIPOUCXOIUT M MAKPOCKOMUYIECKAsI, I MUKPOCKOIIUIECKASA MePECTPOKaA CTPYKTYPbI
MMOBEPXHOCTH M CAMHX KATOJOB, a TAaKXKe UX MOBEPXHOCTEH B 3aBUCHMOCTH OT PEXKHNMOB
UX IKCIUTyaTaruu. [Ipudaem s KazKI0ro U3 MCCIeIOBAHHBIX MATEPHAJIOB BO3MOXKEH IOI-
60p PEKUMOB IKCILTYATAIUN ¥ KOHCTPYKTUBHBIX peIeHuii (HampuMep, 00ecnednBaroux
3¢ EeKTUBHBIN TEMI00TBO, JJIs ABTOKATOMOB W3 MOJHAKPUIOHUTPUILHBIX BOJIOKOH, HE
JIONYCKAIONIMX [IeperpeBa U PacIjIaB/eHus JAHHONO MATEPUasa), KOTOPbIE TIO3BOJISIOT UX
PUMEHSTh I CO3aaHust 3P HEKTUBHBIX aBTOIMUCCUOHHBIX IIPHOOPOB U yCTPOICTB.

Ocoboe 3HaYeHHe IPU 3TOM HPUOOPETAET U3YyUEeHHE UX ABTOIMUCCHOHHBIX XapaKTe-
PUCTUK, TUHAMUKHU WX U3MEHEHUsS W CBSI3AHHBIX C 3TUM CTPYKTYPHBIX TIEPECTPOEK UX ITO-
BEPXHOCTY TIPU PA3JIMYHBIX PEKUMAX JKCILUIYATAINN MATEPUAJIOB KaK aBTOKATOIOB. be3
3HAHUS TAKUX XaPAKTEPUCTUK HEBO3MOYKEH MMOJI00D COOTBETCTBYIOIMINX PEKUMOB IKCILIYa-
Tarun, obecrednBaroNux 3PGEKTUBHOCTD UCIOMb30BAHMS STHX MATEPHATIOB B HOBBIX aB-
TOOMUCCHOHHBIX MPUOOPAX M yCTPOHUCTBAX.

[Monydenre naHHBIX 00 ABTOIMUCCHOHHBIX U CTPYKTYPHBIX XapAKTEPUCTHKAX TTOBEPX-
HOCTH YTJIEPO/ICOIEPIKAIIUX MATEPUAJIOB JIJIsT ABTOIMUCCUOHHBIX KATOIOB MPUBOIUT K OTI-
TUMU3AIUN PAOOTHI ABTOKATOIOB, CO3JABAEMBIX HA OCHOBE PA3JIMYHBIX YTJIEPOICOIEPIKA-
IMAX MATEPUAJTIOB, B 9aCTHOCTH MCIOJH30BAHUE TPEXIITEKTPOIHON CXEMbI MO3BOJISET I T
PA3IUYIHBIX MATEPHATIOB O0ECIeYNBATH HEOOXOAWMBIA TOK ABTOIMUCCHM, U3MEHSIsT COOT-
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BETCTBYIONUM 00PA30M HAIPSXKEHWE U PACCTOSTHUE MEXKIY KaToIoM U ceTKoit. OrMeHssa
dopmy, pasMep TIIOMAINA KATOIA, PEXKUM BO30OYKIEHNMS TOKA IMHUCCHU MOXKHO obecre-
YUBATH HEOOXOAMMYIO TLIOTHOCTH TOTO TOKA, KOTOpAas MO3BOJAET U30EraTh W3JIUIITHEro
neperpeBsa 1 BOSHHKHOBEHHA HEAOIIYCTUMbBIX MEXaHNYIeCKUX HaHpH)KeHI/IfI, BbISBIBAIOIINX
pa3pyleHne CTPYKTYp MATEPUATIOB KAaTO/A.

[Mokazano, uro ananmu3 CKP uccieqoBaHHbIX yriaepoacoaepKaiux MaTepruaaioB JaeT
BO3MOZKHOCTbH O6Hapy)KeHI/IH MeJIKOMaCLHTa6HbIX IepecTPoOEeK MOBEPXHOCTHU B IIPOIIECCEe UX
pa6OTbI B Ka4YeCTBE aBTOKATOIOB. HepCHeKTI/IBHbIM METOAOM ABJIACTCA U3MEPEHNEe OTHO-
CUTENHLHON WHTErpaJbHON WHTEHCUBHOCTH JUHUM D, MO3BOJISIONIEH OIEHUBATL XapaKTep
3MUCCUOHHBIX 3JTEKTPOHHBIX IEHTPOB, & B HEKOTOPBIX CAyYasdX U X Pa3Mep.

Broigasiena komugecTBeHHAS CBS3b MEXKIY CPEIHUMHI Pa3MepaMy KPUCTAIATOB U Psi-
nom xapaktepuctuk CKP yriieponHpix MarepuajioB v MPUMEHEH KOJMYEeCTBEHHBIA METO.T
OIIEHKU Pa3MepOB YTJIEPOJAHBIX KPUCTAJIJIUTOB.

C moOMOIIBI0 YKA3aHHOTO METOa YCTAHOBJIEHO, UTO mist obpasmos MIIT-6 qo u mo-
CJjie ero UCIIOJIb30BaHUA B Ka4eCTBE€ KaTOJda aBTOIMHUCCHOHHOI'O UCTOYHUKA CBeTa Cpe,ILHI/Iﬁ
pa3Mep KPHUCTAJJIUTOB OTIHYaCTCA KW II0 IMIPOBEACHHBIM OIEHKaM COCTAaBJIAET IIPUMEPHO
8 u 10 um coorBercrBenHO. [losyueHHbIe pe3yibraThl OOOCHOBBIBAIOT BO3MOXKHOCTD MIPH-
MEHEHUs TpPeIIoKeHHoro Merona anaiauza CKP s merajJbHOTO M3ydeHus U3MEHEHUs!
CTPYKTYPBI MOBEPXHOCTU YTJIEPOAHBIX MATEPUAJIOB TIPU WX IKCILIyaTallid, B TOM YUCIIC
IOIPpU PA3JTHYIHBIX PDEKUMaX HUX pa6OTbI KaK KaTOJOB U aBTO9MUCCHOHHBIX MCTOYHUKOB MN3-
JIyIeHusd.
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Field emission characteristics and structure of carbon-containing cathode

D. M. Phung, E. P. Sheshin

Moscow Institute of Physics and Technology, 9, Institutsky per., Dolgoprudny,
141701, Russian Federation
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containing cathode materials. Vestnik of Saint Petersburg University. Applied Mathematics. Com-
puter Science. Control Processes, 2024, vol. 20, iss. 2, pp. 193—-205.
https://doi.org/10.21638,/11701/spbul0.2024.205 (In Russian)

Field emission and structural characteristics of carbon nanotube fibers, polyacrylonitrile
fibers, pyrolytic graphite and micrograined dense graphite were experimentally studied be-
fore and after their operation as a field cathode using registration of the current-voltage
characteristics, optical microscopy, scanning electron microscopy and Raman spectroscopy
in the spectral range from 1000 to 2000 cm™'. The experiments carried out showed large
and small structural rearrangements of carbon-containing cathodes and their surfaces in
the process of field emission. In addition to the G, D and D’ lines characteristic of carbon
materials, a line was detected in the range of 14501480 cm ™', which is observed in the
starting materials of pyrolytic graphite, carbon nanotube fibers and persists after operation,
and also appears in the micrograined dense graphite sample after operation in as a cathode.
The relative integral intensity of line D in pyrolytic graphite, micrograined dense graphite,
and carbon nanotube fibers undergoes the greatest change. In pyrolytic graphite and carbon
nanotube fiber, its increase is observed, and in micrograined dense graphite its decrease is
observed after operation as a cathode. This made it possible to use the relative integral
intensity of the D-line to quantify the change in the surface properties of carbon materials
as a result of field emission when using these materials as cathodes, in particular. to as-
sess changes in crystallite sizes. Thus, the possibility of using Raman spectra to control the
surface structure of carbon-containing materials has been demonstrated, which significantly
facilitates the possibility of further analysis of the relationship between the surface structure
and its emission characteristics. The prospects for improving the field emission characteris-
tics of carbon-containing cathodes were discussed.

Keywords: field emission, field emission cathode, field emission current, volt-ampere charac-
teristics, optical microscopy, raster (scanning) electron microscopy, Raman spectra, carbon-
containing materials, nanostructured materials, surface structure.
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I/ICCJ'IE,I[OBaHI/[e MeTOAO0B IIPOTrHO3UPOBaHUA BpeMEHHBbIX pPAJ0B
AJId IIpeJcKa3daHud KavdecTBa BO3/dyXa: 00 bIICHATEIBHBI CpaBHI/ITeJIbeIﬁ
aHaJIu3

. Hu, B. M. Bype

Caukr-IleTrepbyprckuit rocy1apCTBEHHBIN yHHBEPCHTET,
Poccuiickag @enepanust, 199034, Cankr-IleTepbypr, YHUBepcuTeTcKkas Hab., 7-9

Hnsa murupoBauust: [u /I., Bype B. M. UccnenoBanre MeTOI0B IPOrHO3UPOBAHUS BPEMEHHBIX
PSIZIOB [IJIST TIPEJICKA3aHMsl KAueCTBa BO3/LyXa: 00bsICHATEbHBIA CPABHUTE IBHBIN aHanmu3 // Bect-
unk Cankr-Ilerepbyprckoro yumsepcurera. [Ipukaagmnas maremaruka. Muadopmaruka. IIporeccst
yupasmenns. 2024. T. 20. Bem. 2. C. 206-219. https://doi.org/10.21638/11701/spbul0.2024.206

Ananmsupyercs 3 dekTHBHOCTD MOIe/Iell IPOrHO3UPOBAHNS BPEMEHHBIX DIOB ISl IIPeJi-
CKa3aHMs KadecTBa Bo3ayxa. /Iy 3TOro mcmosb3yorcst Habopsl JAHHBIX OT ceHcopa Purple
Air Dual Laser Air Quality Sensor u mnardopmbr Kaggle Online. ITomyuentbie JaHHBIE COAED-
JKaT JIOCTOBEPHYI0 MHMOPMAIIIO, HEOOXOIUMYIO /I OXPAaHBI OKpyKaomeil cpeapl. B xorme
HCCJIeOBAHMST OCHOBHOE BHUMAHME YIE/ISETCs OIPEIeSIEHUIO ITOIXOISIINX MOJeIei ITPOrHo-
3UPOBAHMS [JIsT AHAJIN3A OKPYIKAIOUIEH CPebl, BKJIIOYAs MOMY/ISPHBIE CTPYKTYPHI aIrOpPUT-
MOB, TaKWe KaK HeHPOHHBIE CeTH 1 aHcaMbieBble Mogemm. TakxKe IPUMeHsIeTCs MeTo 00bsic-
HUTEIHHOTO NCKYCCTBEHHOTO MHTEJIJIEKTA, KOTOPBII 00eCIeInBaeT 00bICHEHUST IUTsT MO/IesIeit
C BBICOKOIl IIPOM3BOANTEIHLHOCTHIO M IMOBBINIAET UX JOBEpPHE WM MPO3PAYHOCTH. IIpom3Boam-
TEIBHOCTD MOJIETIE OIEHMBAIACH C IOMOIIBIO METPHK, cpenudas abcomorrnaa ommbka(MAE),
KBaJIPATHBIA KOPEHb U3 cpeaneil kpagaparwanoii omubku(RMSE) u R-kBagpara. Pesyaprarst
ITOKA3bIBAIOT, UTO HEHPOHHBIE CETH U aHcaMbJeBble Moxean 3M(EKTUBHBI ISt TPOTHO3UPO-
BaHMUs BPEMEHHBIX PsI0B Ka4eCTBa BO3/IyXa. DTO HMCCJIEI0BAHME BHOCUT BKJIQJl B Da3BHUTHE
Mozesieil TPOrHO3UPOBAHIS BPEMEHHBIX PSI0B M MPEJOCTABJISET IMOJIE3HBIE PEKOMEHIAINN
st OyAyIUX MCCIIETOBAHUI B 00IACTH TTPOTHO3MPOBAHNS KATECTBA BO3IyXa.

Karouesvie ca080: Ka1eCTBO BO3/IyXa, IPOrHO3UPOBAHIE BPEMEHHBIX Ps0B, HePOHHbIE CeTH,
aHcaMObIeBble MOJIEIH, O0bICHUTEIHHBIH NCKYCCTBEHHBII NHTE/LIEKT.

1. Beegenne. Baxxuocts KagecTBa BO3ayxa, ocobenno PM2.5, u TouHOE ero mportHo-
3UPOBAHUE — ITO KJIIOUEBBIE TEMBI B YKOJOTHYECKUX HCCIemoBanusax. PM2.5 orHocurcs
K MEJKHM a3DO30JbHBIM YACTUIAM JIAAMETPOM 2,5 MKM W/ MEHbIIE, KOTOPbIEe MOLYT
OKAa3bIBATH HETATUBHOE BJIMSHIE HA 3/I0POBhE JIOAEH U OKPYKAOIILyio cpeay. Todnoe mpo-
THO3WPOBAHNE KAYECTBA, BO3/yXa, BKIIOYAs KOHIeHTpanuio PM2.5, urpaer BaxkKHyI0 poJb
B OIIEHKE TIOTEHIIMAIbHBIX PUCKOB IJIS 3[0POBbs, UCIOIb30BaHNN d(DMEKTUBHBIX MEp MO
O6opbOe ¢ 3arpsi3HeHNEM U pa3pabOTKe COOTBETCTBYIOIMIUX CTPATErUil YIIPABIEHNUST OKPY KA~
forieii cpenoit. CBoeBpeMeHHbIE U HAJIEIKHBIE TPOrHO3BI MTO3BOJSIOT BIACTIM W OTAETHHBIM
JINIIAM IPUHUMATH TPOAKTUBHBIE MEDBI, TAKME KAK MPeIyNpPeK/IeHus O 3I0POBbe, KOPPEK-
TUPOBKA AKTUBHOCTEH HA OTKPBHITOM BO3/yX€e WJIA BHEIPEHUE WHUIUATUB 0 COKPAIIEHUIO
3arpsa3HeHnii.

Jluneitnas perpeccusi u ARIMA — 370 MIMPOKO UCTONB3yeMbIe METOIbI TTPOTHO3UPO-
BaHUsI BPEMEHHBIX PsoB. JIuHeitHas perpeccusi nMeeT HEKOTOPbIE OTPAHUYEHUS B MOJe-
JINPOBAHUY HEJIMHEHHBIX OTHOIIEHUH U CJIOKHBIX 3akoHoMepHocreit, a ARIMA moxer wnc-
MBITHIBATH CJIOXKHOCTHU MPU PA0OTE C HECTAIMOHAPHBIMA JAHHBIMA U CJIOXKHBIMU HEJTMHel-

© Camnxkr-ITerepbyprckuii rocyJapCTBeHHBIN yHUBEpcuTeT, 2024

206 https://doi.org/10.21638,/11701 /spbul0.2024.206



HBIMU OTHOITEeHUsIMU. [IjIs1 TPE0I0oIeHrst STUX OrPAHUYEHHI BCe OOJIBIIYIO MOMYISAPHOCTD
HaOUPAIOT AJITOPUTMBI MAITUHHOTO OOyUYeHUs ¥ rIIyOOKOro 00ydYeHusT B TTPOrHO3UPOBAHIH
BPEMEHHBIX PsifioB. MeTonpl MAaMMHHOrO O0YYeHUsT TTPEJIaraloT rMOKOCTh B MOJIEIMPOBA-
HUAW CJIOXKHBIX OTHOIEHWH U paboThl ¢ Henmueiinoctsvu. [IpuMenenne MeTo0B MaIuH-
HOTO 00yd4eHusi U riyOOKOro o0ydeHusi B MPOTHO3UPOBAHUU BPEMEHHBIX PSIOB MMOJIOKUIIO
HAYAJIO HOBOM 3II0XEe B dTOH 00JACTH M OOECIIEIMBAET MOBBIMIEHHYIO0 TOYHOCTDH, THOKOCTH
U HAJEYKHOCTh TI0 CPABHEHWIO C TPAJMIMOHHBIME MerofaMu. Pabora [1] mocesimiena mpo-
THO3WPOBAHWIO TTOYACOBOM KoHIeHTpainn PM2.5 8 Kurtae ¢ ncnoib30BaHneM aJroOpuTMa,
XGBoost. B meii onennBaercss mpousBoautesbHOCTE XGBoost myTem cpaBHeHUsS HAOIIIO-
JAeMbIX U MPEICKA3AHHBIX KOHIeHTpammit PM2.5, 9ro nmoareepkaer ero mpeBocxoCTBO
[0 CPABHEHHUIO C JPYIMMU METOAAMU MAIIMHHOrO oOyuenus. B crarbe [2] ucnonb3osasiu
MOJIeSTb HEHPOHHON CeTH Ijis MPOTHO3WPOBAaHWS KadecTBa Bo3myxa. LSTM wmomens pac-
cmorpena B [3], a RNN moznens — B [4].

[esib HACTOSIIErO UCCIIEIOBAHIS — KPUTUYIECKAST OIIEHKA, U BEIOOP 3 DEKTUBHON 1 MH-
TEPIPEeTUPYEMOI MOJIEIU MPOTHO3UPOBAHUS IIyTEM MPOBEIEHUS BCECTOPOHHEIO CPABHU-
TEJIbHOT'O aHAJIN3A MUPOKO MPU3HAHHBIX MOJIEJIEl, TPUMEHSIEMbIX B KOHKYPCAaX IO MPOTrHO-
3UPOBAHUIO BPEMEHHBIX PsioB. s obecreveHns MPaKTUIECKON 3HAYMMOCTHA TPOTHOCTH-
9eCKUX MOz eil OymeM UCIOIh30BATh TOCTOBEPHBIE 3AMUCH CEHCOPOB B KaYecTBe HADOPOB
JaHHBIX. KpoMe TOro, cOCpemoToOUeHre Ha YIIPABISHUH OKPYKAIOIIEi Cpeoii rapaHTUpyeT
AKTYaJbHOCTD U MPUMEHUMOCTDb UCCIEI0BATEILCKUX PE3YIbTATOB K PEATIbHBIM CIIEHAPUSIM.

N nentndukamms (HakTopoB, TAKAX KaK TEMIIEPATypa, JABICHHE, HAIPABICHUE BET-
pa u OCaIKu, SABJSIETCS KJIIOYEBON JId ONTUMU3AINNN CUCTEM MMPOrHO3UPOBAHUSA KAYECTBA
BO3IyXa. T (HAKTOPHI HEOCPEICTBEHHO BO3IEHCTBYIOT HA (DOPMUPOBAHUE, PACCENBAHNE
¥ KOHIIEHTPAIUI0 aTrMochepHbIX 3arps3uuTeseil. [lonnManne nx BIUSHUS TO3BOJISIET TPO-
BOJUTH IIEJIEHATIPABJIEHHBIE MEPOIIPUATHS, TAKWe KaK KOHTPOJIb BHIOPOCOB U yIPABJIEHUE
TpaHCcmopToM, it 3(hMEKTUBHOrO cMsArdeHus 3arpsizHenus. ONTUMU3AIUS CHCTEM TPO-
THO3WPOBAHUS C MPUMEHEHHEM 3TUX (PAKTOPOB CIOCOOCTBYET MPUHATHIO OOOCHOBAHHBIX
PEIleHuit W yIydIaeT yopaBjeHune 3arps3HenneM. J[efiCTBUTENHHO, TTPU UCIOIb30BAHUT
HEHPOHHBIX CeTefl B OOJIBIIMHCTBE CIIYYAEB CJIOXKHO OObSCHUTH, KAKOW MMEHHO (haxTop
BJIMSIET HA 3aBUCHMYIO TTEPEMEHHYIO, U MPEICTABUTH SBHYIO (DYHKIIMOHAJIBHYIO 3aBUCH-
MOCTb.

Bueapenue Texunosioruu o0bACHUTEIBHOrO UCKyccTBeHHOro unresiekra (XAI) mpes-
jlaraeT HOBOE BHIEHHE OIEHKHU IPOTHOCTHYECKUX Mmogeseil. Bymsem wmcrmonb3oBaTh merosn
SHapley Additive exPlanations (SHAP) — mupoko npumensiemyio rexauky XAI, koropas
TO3BOJISIET OIEHUTH BKJIAI KAYKIOTO MPU3HAKA B KOHEUHBIN Tporuo3. Onpenesisis Hanboee
BJIUSATEIbHBIE TIPU3HAKHU B MIPOIECCEe TPUHATHS PENIeHuil MOJIesu, moaydaem bosee rirybo-
KO€ MOHWMaHWe OA30BBIX JAHHBIX, YTO MOXKET PACKPBITH MOTEHIHUAJIbHBIE 00JIACTH IJId
VIIydIeHns MOJeau. TaKoil MeTOJ[ MOMOTaeT MOHATb, KAK KaXKIas MEePEMEHHAs BHOCHUT
CBOI1 BKJIQJ B MPEICKA3aHNE, HECMOTPS HA, TO, YTO OH HE JAET SABHYIO (PYHKIIMOHAIBHYIO
3aBUCUMOCTb.

Vike onyOJUKOBAH Psifi UCCIIEIOBAHNI, B KOTOPBIX MPUMEHSIIACH PA3IUIHBIE METOIBI
JIJTsl TIPOTHO3UPOBAHUS WHIEKCA KadecTBa Bo3ayxa. OHAKO OHU TPEDYIOT ydera HECKOIb-
KX (haKTOPOB, KOTOPBbIE MOLYT IOBJIASATH HA WX COIVIACOBAHHOCTH U HAJEKHOCTH. Bo-
MEPBBIX, OTCYTCTBYET CTAHIAPTU3UPOBAHHBIN MPOIMECC MPUMEHEHUS TUX METOMIOB, UTO
MPUBOIUT K HECOTJIACOBAHHBIM PE3yJibTaraM. Bo-BTODBIX, HE TPOBOIUTCS JOCTATOTHBIH
anan3 (HPaKTOPOB, OKA3HIBAIOIINX BIUSHIE HA KAIECTBO Bo3ayxa. HampasiaerHoe pa3surue
Oyaymux padoT HOJKHO YCTPAHUTDH 3TH MPODJIEMBblI U MOBLICUTH KAYECTBO U HAJIEXKHOCTD
TOI00OHBIX PaboT.
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OcHoBHOE BHUMAaHHUE Oy/IeM YAEIsITh CIeJAYOMUM OCHOBHBIM BKIIAIAM: TIPEIJIOKEHNE
CTaHIAPTHOTO MPOIECCA UCIOIb30BAHUS METOIOB MAITMHHOIO 00y YeHus IJisi OOecedeHus
CIIPABEJIMBOTO CPABHEHUST MPOU3BOAUTEIHLHOCTY, BBEIEHNE WHTEPIIPETUPYEMBIX METO/IOB
XAT gyt nporHO3UpPOBaHUST KAYECTBA BO3/LyXa M KOMILIEKCHBIN aHaIn3 (PAKTOPOB, BIIUs-
IOIUX HA KAYEeCTBO BO3IYXA.

2. Beibop gaaabix. B cokpamennn nadopa nanabsix Kaggle npumensiercs: komrrekc-
HAs KOJUIEKIIMST SKOJOTUIECKUX u3MepeHuil, Bkiaodas PM2.5, koropast pecTaBisieT co-
00ii a3pO30JbHBIE JACTHUIIHI PA3MEPOM 2,5 MKM WM MEHBINE W OKA3BIBAET 3HAYNTEIHLHOE
BO3IEHCTBIE Ha KauecTBo Bo3ayxa [5]. B mannom ciayvae PM2.5 siBisiercst 3aBuCHMOi me-
PEMEHHOI1, & TakKe MPUCYTCTBYIOT 16 HEe3aBUCUMbBIX IIEPEMEHHbBIX, BKio4Yasg No (HoMep),
year (rom), month (mecsan), day (mens), hour (uac), PM10, SO2, NO2, CO, 03, TEMP
(remmeparypy), PRES (masienue), DEWP (Temneparypy TOYKH pOCHI), rain (yKa3bIBAeT
Ha BbImaenne ocaakon), wd (mampasienue Berpa) u WSPM (ckopoctb BeTpa).

N3amepenus PM2.5 umeror 6obIoe 3HAYEHWE 1T 370POBbs YE/IOBEKA, MOCKOIBKY
9TH 9aCTHUIBI MOTYT IIPOHUKATH B JIETKUE W BBI3BIBATH OTPHUIATEIbHBIE TOCIEICTBUS JIJTs
oprauusma [6]. CyuiectByer Koppeisuus Mexiay yposHem PM2.5, uameHenusivu pasiie-
HUS U COJEPKAHUEM 3arPSI3HUTENeH, CBI3AHHBIX C METEOPOJIOrHIeCKIUME (DAKTOPAME. DTH
baKTOPBHI MOTYT OKA3BIBATH MPSIMOE BJIMSHIE HA PACTPOCTPAHEHNE 3arPSA3HUTENIeH, XUMU-
YECKUIl COCTAB U KJIMMATUIECKYIO CTAOMIBHOCTD, YTO, B CBOIO OYEPEh, BIUSET HA YPOBHU
KagecTBa Bo3ayxa [7].

Ananusupys Bce pa3mudHbe MTapaMeTpbl OKPYKAOMIEH CPeIbl, MOKHO MOJIYIUTh 6O-
Jiee TOIPOOHOE MPE/ICTABIEHUE O TUHAMUKE KA9eCTBA BO3/IyXa, OCOOEHHO B KOHTEKCTE TeM-
meparypbl Bo3ayxa. Paccmorpenne takux (haKTOPOB TAeT BO3MOMKHOCTE JIYUINE MOHATH
B3aMMOCBSI3Y U BJIUSTHUE PA3JIMIHBIX MAPAMETPOB HA KAYECTBO BO3IYXA.

Ananu3 BpeMeHHBIX PSJIOB UMEET HECKOIHKO TIPEUMYIIECTB MTPH OIEHKE KAUeCTBa BO3-
JIyXa, Iejias ero BaXKHBIM HHCTPYMEHTOM [IJIsi MICCJIEIOBATE e 1 SKOJTOTUIeCKUX MEeHE 12Ke-
pos. Ucnonp3oBanne Moeeil BDEMEHHBIX PSAIOB JIaeT BO3MOXKHOCTH OOHADPYKUTH CKPbI-
ThIE TPEHIbI, CE30HHBIE 3AKOHOMEDHOCTH U IUKJIMYECKOE TOBEIEHNE TAHHBIX O KAIECTBE
BO3ayxa. C MOMOIIBIO 9TUX MOIEIEH aHAJIUTHKHU MOTYT BBISBJISITh U HHTEPIPETUPOBATD MO~
BTOPSIIOIINECS 3aKOHOMEPHOCTH, BO3HUKAIOIINE CO BPEMEHEM, 8 TAKYKE TOHUMATH CJIOYKHBIE
B3aMMOCBSI3UM MEXK/Ty PA3IUIHBIMU 3arPA3HUTENSIMA BO3ayxa. TakuM oOpa3zoM, KOMILIEKC-
HOE IOHWMAaHUE TAKOW BPEMEHHOW JUHAMUKYN — KJII09eBoe 171 3 (MEeKTUBHOrO yIpaBieHns
OKPYZKaIOIei cpemoit, pa3pabOTKu MOJUTHKNA W IPUMEHEHHsI TeJIeBhIX CTPATErnil BMela-
TEJILCTBA, JIJIsT CMATYEHUST 3arPS3HEHUsT BO3IYXA.

[Mpumenenue momesell MO3BOJITET WHTErPUPOBATH MEPEIOBbIE TEXHUKU MAITUHHOTO
obydenus u rtexHomoruu XAl ymydiras wHTEpIpPETUPYEMOCTb U MPO3PAYHOCTH AHAIU3A
Ka4yecTBa BO3ayxa. BKiroyenne Meroios, Takux Kak SHAP, naer BO3MOXKHOCTB HCCJIEI0-
BaTeJIsIM OIMPEIETUTh HANOOJIee BJIUATE/IbHbIE TPU3HAKNA B MPOIECCE MPUHATHSA PEIreHnit
MOJIeJIei, 9TO MPUBOIUT K JIyUIIeMy MOHUMAHWUIO 0230BBIX JAHHBIX U B3AUMOCBsI3eil, KOTO-
poe CIIoCOOCTBYET JOBEPHIO K MOIEISIM CO CTOPOHBI 3aMHTEPECOBAHHBIX CTOPOH U TO3BO-
JISTIET TIPUHSTDH JAHHBIE OPUEHTUPOBAHHBIX MMOJXOI0OB B YIIPABJIEHUH OKPYKAOMIEH CPeIOii.
Boutee Toro, HenpeposiBHOE pa3BUTHE METOIOB MOJIEIUPOBAHNUSA BPEMEHHBIX PsiIOB CIIOCOD-
CTBYET MOBBIIIEHWIO TOYHOCTH U HAJIEXKHOCTHU ITPOTHO30B KAYECTBA BO3IY XA, JOTOTHUTE b=
HO YCWJINBAs WX MPUMEHUMOCTH U IIEHHOCTh B JAHHON 00JIaCTH.

B pamkax HACTOAIIErO MCCIEIOBAHUS KOHKDETHBI MOMEHT BDEMEHHU CJIYKUT Tpa-
HUIEH MeXKIy ODYdJaloIuM W TEeCTOBBIM HADOPAMH JAHHBIX BMECTO MTPOU3BOJIHHOTO CIIY-
qaiirmoro Beibopa. Taxoit moaxom Oosiee oTBedaeT BHYTPEHHEi JIOTHKe BPEMEHHBIX PSAIOB.
ITpumepno 70 % 371€MEHTOB BBIAEIEHBI 71T O0yYaomero Habopa, JaHHBIX. Y YAThIBAS Pa3-

208 Bectauk CII6TY. Ilpuknagmas maremaTruka. Madopmarnka... 2024. T. 20. Beim. 2



JINYHBIE IPOMOPIINKA OTCYTCTBYOIMIMX 3HAYEHUI JIsT PA3HBIX BUIOB JAHHBIX, MOXKHO 00eCc-
TTEYNUTh JIOCTATOTHOE KOJIMIECTBO MPU3HAKOB ITPY MTPOTHO3UPOBAHUN KOHITEHTPAIIMH TaCTHI]
PM2.5 B kauecTBe HENEBOI MepeMeHHo st TaHHOrO uccaenosanus (puc. 1). YcraHosus
Pa3yMHYIO IPaHUILY, IPOMOPIHKA OOYUIAIoNero Habopa JAHHBIX, TECTOBOTO U BAJIHAIAIMOH-
HOro HaBOPOB SAHHBIX ompenenensl Kak 70, 15 u 15 % cooTsercTBeHHO.

PM2.5 )

60 06yuatowas Beibopka NMpoeepouHasn | TecroBds
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Puc. 1. Pactipenenenne TaHHBIX

3. Mogean nNporHo3snMpoBaHUd B NPUJIOKEHNAX BPeMeHHBIX PAJ0B.

3.1. Ocrosnbvie memodvt. B Hacrosiiiee BpeMs: CTPYKTYPbI HEHPOHHBIX ceTeil U aH-
caMOJIeBbIX MO/IEeH MUPOKO MPUMEHSIOTCH B PA3JIMYHBIX MPUIoKeHusX. [losromy BaxkHO
BBIOPATH MPEICTABUTEIHHBIE MOIEIN B 9TUX CTPYKTYPAX I BCECTOPOHHErO CPABHUTEIh-
HOTO aHAJIN3a MPOTHOCTUYECKUX Mojesieil. B kadecTBe Momesn HEPOHHO ceTn BhIOUpaeM
uckyccreennbie Helipornbie ceru (ANN), pexkyppenrtabie Heiipountbie ceru (RNN), nsyna-
upasJieHHbIe peKyppenTHble Heiiponnbie ceru (Bi-RNN), nsynanpasiennbie 10arocpodtbe
Helipontbie ceTu ¢ KOpoTKoil namsarbio (Bi-LSTM) u apynanpasiienabie 6J0KUpyOIue pe-
kyppenatubie eauauinl (Bi-GRU). AucambieBble MOIEIN BKIIOYAIOT aJIFOPUTMbI OyCTHHTa,
u 63rrunra; Beibupaem Light GBM, XGBoost u CatBoost.

[MpuanunuraabHO 068 THITA, MOIEIeH — 1 aHcaMOJIeBbIe, U HEHPOHHBIX CeTeil — permaior
IPOOIEMBI ITyTEM TOCTEI0BATETHLHON JeKOMIIO3UINH, a He pa3bueHns Bcero HabOpa TaH-
HBIX C TIOMOIIBIO CJIOXKHBIX TDAHUI], KAK B METO/I€ OMOPHBIX BEKTOPOB WJIM JIOTUCTHIECKOM
perpeccun. Tak Kak sICHO, YTO aJrOPUTMBI HA OCHOBE TEPEBHEB MTEPATUBHO PA3IEIISIOT
MPOCTPAHCTBO MPU3HAKOB M0 PA3JIUIHBIM MPU3HAKAM I ONMTUMU3ANNYA WH(MOPMAIMOH-
HOTO BBIMTDHIIIA, HEHDOHHBIE CETH PADOTAIOT AHAJOTMYHO, HO MEHEe OUEBHIHBIM 00PA30M.
Kaxxaprit HelipoH OTCiIe’KMBaeT KOHKPETHYIO OOJACTh MPOCTPAHCTBA MPU3HAKOB C HEKO-
TOPBIMU MEPEKPBITUSMA, AKTUBUPYS ONPEIeIeHHbIEe HEHPOHBI IPU BXOAE B 3TH OOJIACTH.
Heiiponnbie cetn moaxoasaT K TAKOMY MOJEJMPOBAHUIO IIyTEM IMOCTPOEHUS MOJEJel C WMC-
TOTF30BAHUEM METO/IA, BEPOSTHOCTHON Pa30UBKY, TOTIA KAK B METOIAX HA OCHOBE JI€PEBHER
MPUMEHSIETCS TeTEPMUHUPOBAHHBIN moaxo. B goboM ciiyuae mpou3BOIUTEILHOCTD 000-
¥UX THUIOB MOJeJeil 3aBUCUT OT WX IIyOMHbBI, TIOCKOJIBKY MX KOMIIOHEHTHI COOTBETCTBYIOT
Pa3IUIHBIM CEerMEHTaM MIPOCTPAHCTBA MpU3HAKOB. B HacTosme pabore B KadecTBe 00b-
ekroB uccienoBanus BbiOpansl Light GBM, ANN, RNN, Bi-RNN, Bi-LSTM u Bi-GRU.
Hampsvyro ucnonb3yem Bepcuto Light GBM, mobenuprryto B copeHoBanusx M5, koropas
JIEMOHCTPUPYET YIYUIIEHHYIO aJANTUBHOCTD K CJIOKHBIM CTPYKTypaM MPU3HAKOB W 3HA-
YUTEIHHO YJIYYIIEHHYI0 TPEeICKA3aTETbHYI0 MPOU3BOIUTETHHOCTD MO CPABHEHUIO CO CTAH-
JapTHOU Bepcueii.

3.2. Light GBM. Light Gradient Boosting Machine (Light GBM) — aro ycosepuien-
CTBOBAHHAsS BEPCUsl AJTOPUTMA IPAJMEHTHOrO OyCTUHTa, Ha JepeBbax pemenuit (GBDT),
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XapaKTEPU3YIOMIASC TPEBOCXOJAHBIM KAa4eCTBOM pabOThl B PA3IMYHBIX 33a9aX MAITHH-
HOTO OOyUeHUsI, OCODEHHO ¢ OOMBITUMI HAOOPAMU JAHHBIX W CJIOKHBIMU TTPOCTPAHCTBAMU
MpPU3HAKOB. B Hell mpuMeHseTcs MeTo ] Ha, OCHOBE TMCTOIPAMM [IJIsT MMOCTPOEHUS U Pa3Ie-
JIEHUSI JIEPEBBHEB PEIIeHUil, 9TO YMEHBIIAET HCIIOJIb30BAHUE MAMATH U BBIYUCIATEIHHYTO
HAPPY3KY MyTeM JUCKPETH3AIUU HEMPEPhIBHBIX 3HAYEHWUN MTPU3HAKOB B JUCKPETHBIE OJI0-
ku. B pesynbrare Light GBM sddexkruBnee obpadbarbiBaer Gobinue HAOOPHI JAHHBIX MO
CPaBHEHMIO C TPAAUIMOHHLIMI peann3danusavu GBDT.

Emre omua ortnmunrenpuas xapakrepuctuka LightGBM — sTo crpareruns Exclusive
Feature Bundling (EFB), koropas MCIONB3yeT pa3pe:KEHHbIE CTPYKTYPHI JAHHBIX IS
AIeHTU(PUKAIME B3aNMOUCKIIOYAMOMNX MPU3HAKOB U MX OObeTuHEeHHsI, ITO 3(HPEKTHB-
HO YMEHBIIIAET PA3MEPHOCTH HAOOpA JAHHBIX. DTO MO3BOJIET U30eXKATH «ITPOKIISATUS PA3-
MEPHOCTH» U YCKOPSIET TPOIECC 0DydeHusi Oe3 MOTepu MpeacKa3aTeaIbHON CIOCOOHOCTH
MOJIEJIN.

Light GBM mnpemyraraer nBe WHHOBAIMOHHBIE CTPATErHU POCTA HepeBbeB: Leaf-wise
u Depth-wise gjs ynydmenus npoussoaurenbaoctu Mozenn. [loaxon Leaf-wise paszaes-
€T y37bI JepeBa ¢ HanbObIIel AembToi (DyHKIINK MOTePh, B TO BpeMs Kak Meroa Depth-
wise cmocobcTByeT cOATAHCHPOBAHHOMY PA3BUTHIO JepeBa. IIpemocTaBienne 3TUX aabTep-
HATUBHBIX TMOXOMOB MO3BOJISET MOJIH30BATENISM BBHIOPATH COOTBETCTBYIONIYIO CTPATErHIO
pPOCTa, B 3aBUCUMOCTH OT KOHKPETHOM 33a4Yi ¥ BBIYUCIUTEILHBIX Oorpannydennii. Kak wc-
CTIeTOBATEIH, TaK U MPAKTUKU MOTYT HOJYyYUTh BbIrOAy oT npeumyinects Light GBM, oco-
O6eHHO TIpU paboTe ¢ ODMIMPHBIMU U BHICOKOpPa3MepHbiMEu Habopamu maHubix. Bepcus M5
LightGBM orHOCHTCS K XOPOIIO OOTUMU3MPOBAHHON Pear3alii, UCIOIb3YIOMeil Tia-
TEJIbHBIN MOI00D MPU3HAKOB I U3BJIEUEHNS BHICOKOKAYECTBEHHON nH(pOpMAIy U3 JTaH-
HBIX.

3.8. ANN. Artificial Neural Network (ANN) — 310 OCHOBHAasT apXUTEKTypa MaIlNH-
HOrO OOydYeHHsI, KOTOpasi MOJENUPYET CIOKHBbIE 3aKOHOMEDHOCTH B JIAHHBIX, UMUTUPYSI
cTpyKTypy ¥ GyHKIMIO 6uosorndeckux HedporHos. ANN npuMeHsoTcs B 3a1a4ax pacio-
3HaBaHWst 00Pa30B, 0GPABOTKH €CTECTBEHHOTO SI3bIKa, M KjlacTepu3armn [8].

3.4. RNN, LSTM, GRU. Recurrent Neural Network (RNN) — 310 cnenuamusu-
pOBaHHAs HEHPOHHAS CETh, pa3pabOTaHHAs IJisi PAOOTHI C MOCIEI0BATEILHBIMU JAHHBIMU
myTeM BKJIIOYEHUsS PEKYPPEHTHBIX CBsA3€id, YTO MO3BOJSIET COXPAHATH WH(MOPMAIUIO HA
nporsxkenuu Bpemensbix maros [9]. RNN mocruraer 3HaqurebHON IPOU3BOAUTEIILHOCTH
B TAKUX 33729aX, KaK 00pabOTKa eCTeCTBEHHOIO S3bIKa, AHAJIN3 BPEMEHHBIX PSJIOB U PAC-
MMO3HABAHUE DEUMN.

Long Short-Term Memory (LSTM) — sro npoasunyTas moaudukamus RNN, koro-
pasi UCIOIb3yeT MEXAHU3MbI NefTOB JJIsi PErYIUPOBAHUS TOTOKA WH(MOPMAIMY U yCTPAHE-
HUs TPODJIEMBI 3aTYXAIOIIEro rpajguenTa, xapakrepuoit qis riaybokux RNN. Bayrpennue
BEHTHUJIM — BXOJHOM, 3a0biBanus 1 BbIxoaHoi — B LSTMS m03BOILIOT JIyYllle HOHATh J0J1-
TOCPOYHBIE 3aBUCUMOCTH U CJIOXKHBIE MTa0JIOHBI B MOCIEIOBATEIHHOCTIX, U9TO Y/IydIIaeT
MPOM3BOIUTEIHHOCTD B 33/1a9aX MAITHHHOTO MEPEBO/Ia U TEeHEPAIUH TEKCTA.

Gated Recurrent Unit (GRU) — emie omno pacmmpenne RNN, ynpomaiomiee apxu-
rektypy LSTM ¢ ucnonb3oBanrem BeHTHIIEH OOHOBIIEHUS W COPOCA IS PEryTUPOBAHUS
noroka utgopmanuu [10]. OHo npemiaraer cbanaHCUPOBAHHBINH KOMIIPOMUCC MEXK/LY BbIDa-
surenbHOCTHI0 LSTM u mpoctoroit cranmaprabix RNN, mocrurass KOHKYpeHTOCTOCOOHOIM
MPOW3BOIUTEIHHOCTH TIPY CHUYKEHHON BBIYMC/IUTEIHHOM CIIOKHOCTH B TAKUX 33a9aX KaK
aHAJIN3 TOHAJIHLHOCTU W MOIETUPOBAHNE TIOCIEIOBATEIHHOCTEH.

3.5. Bi-RNN, Bi-LSTM, Bi-GRU. [IsynanpaBiieHHbIE PDEKyPPEHTHbIE HEHPOH-
ubie ceru (Bi-RNN), asyHanpasieHHbIe JOJITOCPOUHBIE HEHPOHHBIE CETH C KOPOTKOIT [aMsi-
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thi0 (Bi-LSTM) u nBynanpasiensbie 6iokupyiomue pekyppenrabie eaunuibl (Bi-GRU)
SIBJISTFOTCST TIEPEIOBBIMU APXUTEKTYPAMHU MAIMMHHOTO 00y YeHNsT, KOTOPBIE PACITUPSIOT BO3-
MOYKHOCTH DPEKYyppeHTHbIX Heiiponubix cereii (RNN) myrem oOpaboTKu moC/iem0BaTe b
HBIX JAHHBIX B HAIPABJIEHUSX BIEPE] U HA3aJl, OJHOBPEMEHHO. 3aXBATHIBAsST 3aABUCUMOCTH
OT MPEIBIAYIINAX U OYAyIIUX BXOIOB OJHOBPEMEHHO, TAHHBIE MOJIEIN JOCTUTAIOT IIPEBOC-
XOJTHO¥ TPOU3BOINTEIHHOCTH B 33]a4aX 00PADOTKH €CTECTBEHHOIO si3bIKA, PACIIO3HABAHUS
peYN M aHAJN3a BPEMEHHBIX DSIIOB.

Bi-RNN pacmmupstior crammaptasie RNN ¢ oTaenbHbIM 00paTHBIM CJI0EM, KOTOPHIit 00-
pabaThIBaeT MOCeI0BATEIHLHOCTA BBOJAA B 00pAaTHOM Topsiake. CKPBIThIE COCTOSHUS MPsi-
MOr0O 1 0OPATHOrO CJI0eB OObEeTUHSIOTCA HA KarKJIOM BPEMEHHOM Iare, odbecrnednBas KOM-
ILJIEKCHOE IIpeJIcTaBeHne nocaeaoparesbaoct Boja. Bi-LSTM u Bi-GRU — sro Bapuan-
sl Bi-RNN, BKIIIO9aOmye Crenuajan3npoBaHHbIe STYEHKN MaMATH I PEIIeHnss mpobJie-
MBI 3aTyXAOIIEro TPAINEHTA, YACTO BO3HUKAIOIIEH Mpy UCHoab30Bannu riyboknx RNN.
LSTM wucrnosib3yer MexaHu3Mbl YIIPABIEHUs, BKIIOYAsi BXOIHBIE, 3a0bIBAIOIINE U BBIXO-
HbIE BEHTWJIH, [Jis PEryJUPOBAHUSA [MOTOKA WHMOPMAINNA MEXKIy BPEMEHHBIMHU ITAraMH,
rorga kak GRU ymporaer aTor mporece ¢ moMomnibio BeHTU el obHOBIeHus u cHpoca.
B pesynbrare Bi-LSTM u Bi-GRU mnpemraraor yiaydiieHHyO COOCOOHOCTb K OOy YEHUIO
JIOJITOCPOYHBIX 3ABUCAMOCTEHN M CJIOXKHBIX IMTA0JOHOB B TOCIEI0BATETHHOCTSAX, YTO B KO-
HEYHOM HWTOTE MPUBOIUT K 0OJIEe TOYHBIM W HAIEIKHBIM MOJENSAM [IJIsT PA3JIMIHBIX 3329
MAIITUHHOTO 00y IeHNUsI.

3.6. XGBoost, CatBoost. XGBoost — onTUMU3MPOBAHHBIN ATTOPUTM T'PATUEHT-
HOTO OyCTHHTA, KOTOPBII MCIOJIb3yeT HECKOJbKO KJiacCu(PUKATOPOB HA OCHOBE IEPEBHEB
peIeHuii mOCIeI0BATEIFHO Jid MuHUMu3anuu (yukuii moreps. OH 0071am3eT OTINY-
HOI TIpeICcKa3aTeIbHON CIOCOOHOCTHIO, MACIITAOUPYEMOCTHIO ¥ BO3MOYKHOCTSIMU TAPAJI-
JIEJTU3AINAN, 9TO JIeJIAeT ero MOIXOIAINNM JIJI PA3HBIX 33034, BKIIIOYAs KJIACCU(PUKAIIIIO
u perpeccuo. CatBoost — ere ouH aaropuTM rpagueHTHOro OyCTHHra, KOTOPbIH obpa-
6aThIBAET KATErOPHUAJIbHBIE IEPEMEHHBIE C TIOMOIIHI0 HOBATOPCKOI'O METOAA KOAUPOBAHUS,
OCHOBAHHOT'O HA CTATUCTHUKE IIEJIEBO MEPEMEHHOM, 3TO TMO3BOJIIET n30exKaTh mepeodye-
HUSI ¥ TIOBBICUTH NPOM3BOANTEILHOCTH Mozesn [11]. CatBoost nmeer HaseKHbIe 3HAYEHWS
TUIIEPTIAPAMETPOB MO0 YMOJIYAHUI0 W TEMOHCTPUPYET WUCKJIIOUYUTETHHYIO 3(h(EKTUBHOCTD
B 3a/1a9aX C BbICOKOPA3MEPHBIMY KATEropuajbHbIMU npusHakamu [12].

4. PesyabTaTbl MomeaupoBaHud. lIpu orenke Momeneil MAIIHHHOTO OOYIeHMS
KpaifHe Ba)KHO YUYUTHIBATH BBIYUC/IUTEIHHYIO MOIIHOCTH HUCIIOJb3YEMOrO KOMITHIOTEPA.
Broin BeiOpan Habop gaHHbIX, cogepxkammii 11 300 06pa3Ios, KOTOpbIe OBLIN pa3aeaeHbl Ha
TPU OTAEJIBHBIX HAOOpa: obyuaromuii, cocrosiuii u3 8000 0b6pa3ios, TecToBbril ¢ 1650 00-
pasmamu u HAOOP I TPOBEPKH, TakxkKe coxepzxkamuii 1650 obpasmnos. Takoe pa3menenue
[TO3BOJIAET OCYIIeCTBUTH b dekTrBHOE 00ydeHne, TECTUPOBAHUE W ONEHKY MOIETH JIJIs
obecIiedeHust ee XopoIrei 00o0IaIIei cnocodbHocTr. /I npeacTapaeHnst JAHHBIX TOTHO
¥ TIPU 3TOM COXPAHSIS BBIYUCIUTENHHYIO 3(hBEKTUBHOCTH, 12 BEKTOPOB MPU3HAKOB ObLIN
TIIATEILHO BHIOPAHBI HA OCHOBE MPEIMETHBIX 3HAHWM U TPEIBAPUTEIHHOTO aHAIN3A.

KpuBasi o0ydennsi Bcex pacCMATPUBAEMBIX MOJEJEH MOKA3BIBAET yYMEHBITAOILYIOCST
TEH/IEHIIAIO, YTO YKA3bIBAET HA YLy 9lI€HUE POU3BOIUTEIHLHOCTH IO Mepe 06paboTku 60IIb-
IIIero KOJIMIECTBA 00y Jaroniux 06pasioB. DTo MOT0KUTETHHBIN TPU3HAK TOT0, 9TO MOJIEIIH
00yJar0TCS Ha JAHHBIX M XOPOIIO AJANTUPYIOTCS K 3aa9e.

s obecrniedennsi BCECTOPOHHETO CPABHEHUsT PA3JIMYHBIX MOJEell HeOOXOAMMO MPO-
BECTH JIETAJIbHBIA AHAJIN3 KOJTMIECTBEHHBIX METPUK, KOTOPbBIH MO3BOJUT UCCIEIOBATEIAM
BBISBUTD CUJIbHBIE U CJIA0bIE CTOPOHBI KaXK/I0 MOJIEN B OTHOIIIEHUH KOHKPETHOH mpobJie-
MbI. Bosiee TOro mosie3Ho ONEeHUTh MPOU3BOAUTEIHHOCTh MOJEEH C yIeTOM KOMIIPOMUCCA
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MeK/Ty BPEMEHEM BBIYMCIEHUI U MMPEeICKA3ATETbHON CIIOCODHOCTHIO C yYeTOM [IOCTYITHBIX
BBIUUC/IUTE/IFHBIX PECYPCOB. JTO MOMOMKET OMPEIEIUTh HAUOOJIee TMOIXOMANIYI0 MOIETh
JIJIST pa3BEPTHIBAHNS, COATAHCHPOBAB MTPON3BOIUTEIHLHOCTD W 3P PEKTUBHOCT.

TmarenbHOe U3yYeHre MPOU3BOAUTEIHLHOCTH MOIEEH, N3MEPAEMOI TPEUMY IIeCTBEH-
HO TIO IWCIIEPCHH, TIOKA3BIBALT, ITO OHU BCE OOIAIAIOT 3aMEeYATETbHON 3P PEKTUBHOCTHIO
(puc. 2 u rabnuna). Cpequ uux ceru ANN nemoncTpupyoT Haubosee BbIIAIONLYIOCS IPO-
U3BOAUTEILHOCTh. TeM He MeHee BayKHO YUYUTHIBATH U Apyrue (PAKTOPbI, HAITPUMEDP BhI-
YUCTUTETBHYI0 3(DMEKTUBHOCTD, TPU BHIOOPE TIOIXOMAIIEH MOIEN TPOTHO3UPOBAHUS JIJTsT
permaemoit 3amaun. B atom koutekcre XGBoost mpencrasisiercs BeChbMa MPUBJIEKATE b=
HBIM BBIOOPOM, O1aronaps 3HAYUTETHHO O0Iee HU3KOMY BPEMEHU BBITIOJIHEHUSI 110 CPABHEe-
HUIO C IPYTUMHU MOJeIsaMU. Takoe CHUYKeHne BbhIaucanrenbuoi Harpy3ku XGBoost mpuso-
AT K JOCTUKEHWIO CPABHUMBIX YPOBHEH TOYHOCTH C APYTUMH MOJEISME, HO 33 TOPAa3/I0
MeHbIIlee BpeMsi. B pe3yabrare KOMIIJIEKCHOTO CPABHEHWS, YIUTHIBAIOMIETO KaK TOYHOCTH
MPEICKA3AHUM, TAK U CKOPOCTh Bbruncaenuit, XGBoost MoxxHO cunTaTsh 00IIeit Hanaydreit
MO/IEJIBIO TIPOTHO3UPOBAHUS.
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Puc. 2. Kpusble 00ydeHus MPOrHOCTUIECKUX MOIEIei
1 — ANN; 2 — RNN; 3 — LSTM; 4 — GRU; 5 — Bi-RNN; 6 — Bi-LSTM; 7 — Bi-GRU.

Tabauyae. KadyecTBo mmporHosa rekymiero PM2.5

Mogenn R? MSE 3aTpadeHHOe BpeMsi, C
ANN 0.8535 | 6.7295 15
RNN 0.8226 6.6638 23.5
LSTM 0.8094 | 6.1287 41
GRU 0.7833 | 7.2667 38
Bi-RNN 0.7668 8.2554 20.8
Bi-LSTM 0.8227 | 6.9529 42.4
Bi-GRU 0.8481 5.9622 39.6
LightGBM | 0.8239 | 6.9952 4.05
XgBoost 0.8268 6.9714 3.64
CatBoost 0.8351 | 6.0393 9.52
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Boigatomasics npouspoauresibHOCTh XGBoost 00bscHIeTcss ero OCHOBHBIM IIPHHIIM-
TOM — WHTErPUPOBAHHBIMU IrOpuTMaMu 00yueHus. HecMOTpsi Ha KayKyIIyIOCs MPOCTO-
Ty, 3TH AJTOPUTMBI YACTO NAIT BIEYATISAIONINE PE3YIbTATHI HA MpakTuke. KoMOWHUDYsT
HECKOJIBKO CIabbIX YYEHUKOB B OJIHY CHJIBHYIO MOJIE/h, HHTEIPUPOBAHHBIE AJITOPUTMBI 00Y-
qenus, rakue kKak XGBoost, cozmaror yeroiuupyio u 3 OEKTUBHYIO CUCTEMY TPOTHO3UPO-
BaHUSA. DTO MO3BOJIET MOIE/U AJANTUBHO O0ydaThCs HA JTAHHBIX, YIydIlas ee MpeicKa-
3aTeJIBHYIO CMOCOOHOCTh W CIOCOBGHOCTh K 0600Mmennio (puc. 3).

B 3akstouenue, yauThIBas KAK TOYHOCTH MPEACKA3AHUN, TAK U BHIYUCIUTEILHYIO (-
dexruBHOoCTh, XGBOOSt BBIENSIETCS Cpeau IPYruX AJbTEPHATUBHBIX MOIEIEHl B Kade-
CTBe Jydieil Mojeu nporao3upoBanusg. Ero ocHOBaHWe HA WHTErPUPOBAHHBIX AJTOPUT-
Max ODy4YeHUs HE TOJBKO 00ECeYMBAET BBHICOKYIO MPOU3BOAUTENLHOCTh HA MPAKTUKE, HO
¥ TIOIYEPKUBAELT 3HAYMMOCTh TAKUX, KA3aJO0Ch ObI, IPOCTHIX KOHIIEMIIWHA I TOCTUKEHIS
BIIEYAT/ISIIONINX PE3YILTATOR.

5. ObbsicHEeHE MOOEJIN.

5.1. Obsacnenue uckyccmeennozo unmeanexma. VIcKycCTBeHHDBIN UHTEILIEKT
¢ O0bICHEHUSIMY HAIIPABJIEH HA MOBBIIIEHHE MPO3PAYHOCTH TPAJUIMOHHO HEMPO3PATHBIX
«YEPHBIX SIIUKOBY MOJIEJeH MyTeM UCIIOIb30BaHUA PA3TUIHbIX MeTogomoruit. Cpeau pac-
MTPOCTPAHEHHBIX MOIXOI0B MOXKHO BBIIEINUThH BHIUUCIEHNE BKJIAJA MPU3HAKOB, TJe KOJIH-
YECTBEHHO OIEHWBAETCS 3HAYUMOCTH KAXK/IOT0 MPU3HAKA B MOe . BoJjiee BRICOKMiT BKIIAT,
yKa3bIBaeT Ha GOJIbIee BAUSHUE HA KOHEYHBIM Pe3ysibTaT MPOrHO3UPOBAHUSA. DTOT METOJ,
TaKXKe MO3BOJISET MPEICTABUThL B3aMMOCBSI3M MexKy npusHakamu. [IpegocraBienue wH-
TYUTHUBHO MOHSATHBIX U JIOTHYECKU MOCTIEI0BATEBHBIX BKIAI0B MIPU3HAKOB BMECTE C TPO-
THO3aMHU MOYKET 3HAUYUTEIBHO VIIYUIIUTH JIOBEPUE TOJb30BATENEH K «UEePHBIM SIIUKAMS
Mozeseit. BaXXHO MOTYEpKHYTH, 9TO OCHOBHAS II€JIb UCKYCCTBEHHOTO WHTEJIJIEKTA C 00b-
SICHEHUSIMU HE 3aKJII0YAETCS B PACKPBITUU BCEX JIETajieil W MPOIECCOB BHYTPU <«IEPHOTO
smpkay Mozaenu. OH CKOHIIEHTPUPOBAH HA MPEJICTABIEHUN KIIOYEBBIX ACIEKTOB MPOIEC-
ca MPUHATHS PEIeHnH MOJIETH TaKUM 00pa3oM, 9TOObI 3TO ObLIO TOHATHO W 3HAYUMO JIJTsT
moIb30BaTe 1. TaKkoi MOIX0I CTOCOOCTBYET CO3TAHUIO CPE/IBI, T/Ie CUCTEMBI UCKYCCTBEHHO-
T'0 WHTEJIJIEKTA MOTYT OBITH 60JIee JIErKO MPUHATHI, MOHATHI U 3P (HEKTUBHO UCTOIH30BAHBI
B Pa3JIMYIHBIX TPUIOKEHUIX.

WcKyccTBEHHBIM MHTETEKT C OObICHEHUSIMHA MOYKET OBITh KIACCH(PUITMPOBAH HA OC-
HOBEe OObeMa OObSCHEHWsI W OCHOBOMOJAraromux npuHiunoB. C Touku 3peHus obbeMma,
0ObACHEHUST MOTYT ObITh JIOKAJIBHBIMU WU TJI00aIbHbIMHE. JIOKAIbHBIE 00bsicHeHns (HOKY-
CUPYIOTCS HA OTJE/NBHBIX CIydasX, B TO BpeMs KaK TIOOAJIbHBIE OXBATHIBAIOT BCIO BHIOOD-
Ky maHHBIX. HampuMep, ¢ OIHO# CTOPOHBI, B 33Ja4€ MPOTHO3UPOBAHNST BPEMEHHBIX PSIIOB
JIOKAJIbHOE OObICHEHWE TPEIOCTaBIsger WH(MOPMAIUIO O BKIAJE MPU3HAKOB HA KAXKIOM
BPEMEHHOM II1are, 9T0 JaeT BO3MOKHOCTH PEAJTbHOMY BPEMEHM KOHTPOJUPOBATL JAHHBIE.
C npyroit cropoHbI, NI0bATHEHOE 0ObICHEHIE OIEHUBAET CPEIHee BIUSHUE KAXKIOTO MPH-
3HAKA, 33 ONPEIEIEHHBIN TePUO, YTO JAET BO3MOXKHOCTH OCYIIECTBUTDH BCEOOHEMITIONLY IO
OIIEHKY «YEPHOTO SIIIIUKA» MOIEH, KOTOPas MOXKET CJIYXKUTh BCIIOMOTATEILHON TEXHOJIO-
rueil i CpaBHEHWS MPOM3BOAUTENbHOCTH MoOfenei. C TOYKU 3peHusl MPUHIMIOB 00b-
SICHEHUSI METOJIbI UCKYCCTBEHHOTO WHTEJJIEKTA ¢ O0bSICHEHUSIMU JEJISITCS HA BCTPOEHHBIE
¥ TMOCT-XOK. BCTPOEHHBIE METOJIBI OTHOCITCA K BPOXKJIECHHON OObICHUMOCTH MOJENH, Ta-
KM KaK «OeJible AIUKNy, HAIPUMeD, JINHEHAsT PETPeCCus U IepeBbs pertennii. s «aep-
HBIX SIAKOB» BCTPOEHHBIE MMOIXOIbI CTPEMATCS HHTErPUPOBATH BO3MOKHOCTH 00bsICHEHU S
HEMOCPEICTBEHHO B MOJE/h, 9TO TPUBOANUT K YHUKAJIBHBIM O0bICHEHUSIM, CIEIU(MDUIHBIM
JJIsl 3TOM Momenu wian Tuma mozeneit. ITocT-xok MeTomsl POKycHpyroTcs Ha pa3paboTke
MO/JIETbHO-ArHOCTHYECKUX OObSICHEHMI, TPUMEHUMBIX K JTIO00MY «9IepHOMY SIIIUKY » MOJe-
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Puc. 8. OpuruHasibHble JAaHHBIE IPOTUB MPOrHO30B Pa3HbIX Mojenei: 10-MomebHbIil
CPaBHUTEIHLHBIA aHAIN3
1 — ANN; 2 — RNN; 3 — LSTM; 4 — GRU; 5 — Bi-RNN; 6 — Bi-LSTM; 7 — Bi-GRU.

sii. OOBIYHO OHU BKJIIOYAIOT M3MEHEHNE KarXKJI0r0O MPU3HaKa B HAOOpE JTAHHBIX U H3MEPEHUe
COOTBETCTBYIOIIUX W3MEHEHUN B MPOTHO3HBIX PE3YIbTATAX JJIs BHIYUCICHUS BKJIAIA TPU-
3HAKOB, HE TPUHUMAS BO BHUMAHUE OCHOBHYIO MOJIEb.

C yueroMm menu 00bICHEHUS CYIIECTBYIONUX MPOTHOCTUYECKUX MOJEelH B Kad4ecTBe
00bSICHUTETHLHON OCHOBBI UCTOIb30Bascsa Meroa, SHAP. Dror Beibop obycioBieH yeroitau-
BBIM TEOPETHYECKUM (DYHIAMEHTOM, MPEJOCTABIAEMBIM TEOPHEH KOOIEPATUBHBLIX UTP, &
TaK¥Ke HAJMIUEM KOMILJIEKCHBIX WHCTPYMEHTOB TPOrPAMMUPOBAHUS, KOTOPHIE 00JIer4aioT
MPAKTHYECKYIO PEeaTU3AIHIO.

5.2. Hnwmepnpemauyus pe3yasbmamos ¢ yuemom 00sacHeHul Ha O0CHO8e
SHAP. SHAP — sro meron oObsicHenusi, pa3paboTaHubiii Ha ocHoBe 3uadenwit [1len-
s [13]. OH ucnosib3yer TeOpUi0 KOOEPATUBHBIX UI'D B KAYECTBE TEOPETUYECKOH OCHOBBI,
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pacCMaTpPUBAET YEPHBIN AIMMUK MOIEIN KAK «ATPY» M KarXK bl MPU3HAK KaK «urpokay. I1y-
TeM BhramciieHus 3uadenus [1lenmm MOXKHO OMPENe/InTh CTeeHb BKJIA1a KayKI0TO UTPOKA,
(mpu3zHaka) B mpouecc Urphbl (PaboTy «UE€PHOrO AMMKA> MOJEIN), & 3aTeM y3HATh CTEICHb
ero BrJaga [14].

MoxkHO co3marh WHPOPMATHBHYIO CTOJOYATYIO AUATPAMMY, KOTOpas TaeT BO3MOK-
HOCTb IPOJEMOHCTPUPOBATH ODIIYI0 BAXKHOCTb TPU3HAKOB, KOHKPETHO OTOOpakasi Cpej-
HUW BKJIAJ, KaXKIOTO MPU3HAKA B PE3YJIbTATHI MPOTHO3UPOBAHUS Momenu. llosmydeHHbIe
rpadUKU-CTOIOIBI TPEIOCTABISIOT KPATKU 0030p BAXKHOCTY MPU3HAKOB W TOMOTAIOT MO~
HATh, KAK MOJIEJIh /I€JIAeT MPOTHO3bI HA OCHOBE TPU3HAKOB, M, CJIEIOBATEIHHO, PYKOBOISAT
PeIleHns MU, CBSA3AHHBIME C BBIOOPOM ¥ WH2KEHepueil mpu3HakoB. B KoHedHOM wmTOre 3Ta
TEXHUKA TPUMEHSIETCsT K OTIETbHBIM 3HAYeHUsIM BO Bcex Habmomenusx. Oupenensrorcs ab-
COJTIOTHBIE 3HAYEHUS ITUX BKJIAJIOB, 3aTEM CYMMUPYIOTCS U YCPEIHAIOTCS, ITOOBI MTOJIY YUThH
MOJIHOE TIPEJICTABJIEHHUE O PAHYKUPOBKE MepeMeHHbX (puc. 4). B mejom npuswax PM10 me-
MOHCTPHUPYET JOMWHUPYOIIYIO PAHKUPOBKY BKJIAIA, 38 HuM ciaeayor CO u DEWP. 9tu
PAHKUPOBKY yKA3bIBAIOT HA BEAyIUe IPU3HAKU, BIUSIIONNE HA PE3YIHTATHI TPOTHO3UPO-
BaHUs MOJIEJIH.

PM10 +0.05
CO
DEWP
TEMP
No
month
03
hour
PRES

Sum of 7 other features

0.00 0.01 0.02 0.03 0.04 0.05
W3smenenne SHAP

Puc. 4. Ilpumep pe3yabTaToB TI00aJIBHOTO O0bICHEHUS

Kpome TOro, BO3MOXKHO MPOBECTH [1€TATHLHOE HMCCIEJOBAHUE BJIUAONIAX (PAKTOPOB,
AHAJIU3UPYsT OTAE/IbHbIE TOYKW HADIIOOEHUN. DTO MOYKHO CIEJIATh MyTeM CO3IaHUS BO-
JOTIATHON TUarpaMMbl, KOTOpas SCHO TTOKA3bIBAET BIMSHUE MOJETN HA, TPOTHO3UPYEMbIE
pe3yIbTaThl [IJIsi KOHKPETHON TOYKM JaHHBIX. Bomomagrasi quarpaMma BU3yaabHO IPe-
CTaBJIgeT BEJIMYNHY BKJIAA KAXK/IOTO MPU3HAKA B MPOrHO3BI MOIEJIH.

st wiutocrpaluy 3Toil METOIOJIOMMH Ha PUC. 5 [IOKA3aH IpuMep Habmoaenus (2 ok-
1a6ps 2016 r., 6:00), JEMOHCTPUPYIOIIETO JIOKAJU30BAHHOE PACCMOTPEHUE MEPEMEHHBIX, OT
KOTOPBIX 3aBUCUT MMPOTHOCTUYECKAST MOJIE/Ib, B OTJINYNE OT ODIIEro MOIX0/1a, MPeICTABIEH-
HOTO Ha puc. 5. B qaHHOM CiIydae mMpOrHOCTHYECKAs MOJIENh BBIIAJIA TTOCTOSTHHBIA BBIBOJT
B pasmepe 0.119 B 6:00. Ormegaercs, aro PM10 okazana oTpunaresbHoe BO3aeHCTBIE
B pazmepe —0.05 na nporuos, CO — orpunarenproe Bo3aeiicraue B pazmepe —0.04 u npy-
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e MepeMeHHbIe CIeI0BaIN MOA00HON TeHaeHnwH. B pe3ynbTrare OKOHYATENHHOE Ipe-
ckazannoe 3uadenne cocraBmyio 0.005. DTOT aHAIN3 MOTIYEPKUBAELT IEHHOCTH W3YUEHUST
OTHENBHBIX TOYEK TAHHBIX, 0DOraIas moHnManne (pyHKIMOHUPOBAHUS MOIETH U WHMOP-
MUPY4d OOCJEIYIONINe PellleHnd W KOPPEKTUPOBKHU B OTHOIIEHUU KOHKPETHBIX 3HAYECHUN
[IPU3HAKOB.

fix) =0.005

~19.9 = DEWP
3 =No . +0.01
13 = NO2 -0.01 .

74 =03 ~o{
0.2 = WSPM ' +0
-3 = TEMP ' +0
3 = month ’ +0
7 other features ' +0

000 002 004 006 008 010 012 014
EIfiX)] =0.119

Puyc. 5. Tlpumep pe3ynbTaToB JIOKATBHOTO 00bSICHEHUS

6. 3akirrouenue. OCHOBHOM BKJIA[ HACTOAIIEH PAOOTHI BHIXOIUT 38 PAMKHU ITPOCTOTO
CpaBHEHUS MOJIEJIeil MPOTHO3NPOBAHNS BPEMEHHBIX PSIOB HA, PA3IMYHBIX TAHHBIX. MbI TaK-
K€ CTPEMUMCS TIPEJIOKUTH TMOHSATHBIE HA, YPOBHE WHTEPIPETAINN UIEHU IS TOBBIICHUS
MPO3PAYHOCTH «9IE€PHBIX SIIIUKOB» MPOTHOCTUYECKUX MOJENEH U MOMOIIY TTOTb30BATEISIM
B OIpeJIe/IeHUH JIOCTOBEPHOCTH U3YydaeMbIX Mojeneil npusnakoB. Ha ocHOBe Tpaaunuon-
HBIX TOKa3aTesIell MpOon3BOAUTEILHOCTH OB caean BuIBOM, uTo XGBoost B Hacrosiee
BpEMSI SIBJISIETCST MTPEBOCXOIHOM MPOTHOCTUYIECKON MOIEIBIO MIJIsA 33039 MPOrHO3UPOBAHIIS
BPEMEHHBIX PsiioB Heprun [15, 16].

Pesynbrarsl uaTEpIIpETAIINE, IOy Y€HHbBIE ¢ Hcnoab3oBanuem SHAP, no3sosior ore-
HUTH BKJIAJ OTJAEIbHBIX MPU3HAKOB MpU uCHoab30oBannu XGBoost B KOHKPETHBIX KOH-
TEKCTaX. JTO NOHUMAHUE TIOMOTAET BBIIETUTh BAXKHbIE MPU3HAKU B ONPEIETEHHBIX 00CTO-
SATEILCTBAX.

B macrosimem mccienoBaHUU MBI COCPEIOTOYUINCH HA TJI00AJBHON WHTEPITPETAINN
C TEJTbI0 aHATN3a, BKJIA/Ia MPU3HAKOB HA TPOTIKEHUH TPOIOIKUATETBHOTO MEPUOA BpEMe-
Hu. B ganbreiinem miaHupyeM yaeauTh BHIMAHUE JIOKATBHOW WHTEPIPETAIMN JITsl 331449
[POrHO3UPOBAHKS BPEMEHHDIX PSIJIOB, IJIe PE3Y/IbTATHI HHTEPIPETAIIUN TeHEPUPYIOTCS 1151
KaykKJIOr0 MOMEHTa BpeMenu. Takoii momxonm Oymer CrnocoOCTBOBATH PEAIBHOMY BPEMEHU
WHTEPIPETAINH U, BO3MOXKHO, BBISIBJIEHUIO MTPODOJIEM, TAKUX KAK KOHIIENTYAIbHBIE U3MEHEe-
HUsI, KOTOPbIE MOTYT HETATUBHO BJIUSITH HA MPOTHO3bI BPEMEHHBIX PSIIOB.

B pabore He TOJIBKO CPABHUBAIOTCS PA3TAIHBIE MOJEN TPOrHO3UPOBAHUS BPEMEHHBIX
PSJIOB, HO W TPEIOCTABIEHBI MOHITHBIE HA YPOBHE WHTEPIPETAIMH WU 00 X BHYTPEH-
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Hem ycrpoiicrse. Ucnonb3yst obbsicaenus Ha ocaoe SHAP, MOKHO yecTaHOBUTH BKIA OT-
JIeJIBHBIX MMPU3HAKOB, 9TO TIOMOXKET HACTPAMBATH MOJIEU JIsi KOHKPETHBIX TTPUJIOKEHH.
B Oymymiem miaHupyeM MCCIeI0BATH PEAThHOE BPEMST U JIOKAJIbHBIE WHTEPIIPETAIUN, ITO-
Obl CIPABUTHLCS C TOTEHIMATBHBIME BBI30BAME B 33Jla9aX MPOTHO3UPOBAHUS BPEMEHHDBIX
PSIOB.
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This study explores the effectiveness of time series forecasting models for predicting air
quality using datasets from a Purple Air Dual Laser Air Quality Sensor and the Kaggle
Ounline platform. These datasets contain reliable and real sensor records, ensuring the richness
of information required for environmental protection. The research focuses on identifying
suitable forecast models for environmental analysis, including popular algorithm structures
such as neural network models and ensemble models. Moreover, the study introduces the
Explainable artificial intellect (AI) method to provide explanations for models with excellent
performance indicators, thereby enhancing their trust and transparency. The performance
of the models was evaluated using metrics such as mean absolute error (MAE), root mean
square error (RMSE), and coefficient of determination (R-squared). Results indicate that the
neural network and ensemble models are effective in forecasting air quality time series. The
study contributes to the body of knowledge on time series forecasting models and provides
insights for future research in air quality prediction.
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Bri6op cmocoba mepesadym JaHHBIX IPU MIPOBEIECHUN MCCJIETOBAHUS,
HaIMPaBJIEHHOTO HAa IOBBIMIEHNEe HAJEXXHOCTH N obecnedeHmne Ge30IracHOM
SKCILIyaTaluu M3JeIni
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Hast qurupoBanusi: Baesckut A. A., Anocos M. C., Ilanos A. FO. Buibop criocoba mepemadn
JAHHBIX IIPU IIPOBEIEHUU UCCJIE0BaHNs, HAIIPABJIEHHOrO HAa TOBBINIEHUE HAJEXKHOCTH U obecre-
ueHne Ge3omacHoi skciuryaramuu usnemmit // Becrauk Cankr-IlerepGyprckoro yHuUBEpCUTETA.
IIpuknagnas maremaruka. Madopmaruka. IIporecest ynpasnerus. 2024. T. 20. Bom. 2. C. 220—
230. https://doi.org/10.21638/11701/spbul0.2024.207

Ilesp marHOM paboOThl — BBIOPATH ONTHUMAJIBHBINA CIIOCOD IMepesavn JAHHBIX I [TPOBEIeHIS
KCCJIeIOBAHMS TIOBBIIEHUS HAEXKHOCTU U obecrieveHns 6e301acHON IKCITyaTaluu U3 IeIui,
MMOJIyYEHHBIX MeTOA0M 3D-TledaTu M 3KCIUIYaTUPYEMBIX TPU MMOHUKEHHBIX TEMITEPATyPax.
OTO OYEHb BAaXKHO, TaK KakK J00as BO3ZHUKAIONIAd OIMMOKA YpeBaTa JAJIbHEHIITUMHU HETOY-
HOCTSIMH, & BIIOCJIEJICTBUM, BO3MOXKHO, U IPUBEET K rubesm yeiaoBeka. Omucanbl OCHOBHbBIE
CIIOCOOBI TIepeIavn JAHHBIX, TOIXOISIINE A U3y9aeMoro ciaydasi. [1ompobHo pa3obpaHbl ux
[IPEeNMyIIeCTBa, HeJAOCTATKHU. [IPOBEIEHO CpPaBHEHME KaXKIOro Crocoda IyTeM IIPUCBOCHUS
OIIEHOK 10 TpebyeMbIM rpymnnaM rnokasareseii. [lo pesyabraram cpaBHEHMS CAETaHbI BIBOIbI
0 HAWJIYUIIEM CIIOCO0e TepeIadn TAHHBIX, YTO MOYKET OBITH TTOJIE3HO JJIsi ITPOBEIEHUS TaTh-
HeHmuX paboT W CXOXKWUX WUCCIeIOBAHUN B OymymeM.

Karoueswie caosa: mepemada mauusrx, 3D-meuars, Wi-Fi; RFID, Bluetooth.

1. Beegenue. [Ipn u3ydeHnn MOBLINEHUS HAJEKHOCTH U OGECHeYeHUs GE30MacHOi
SKCIIIyaTaIliN U3AenH, TOIyY9eHHBIX MeToA0M 3D-TedaTn 1 9KCIIyaTupyeMbIX TpH MOHMU-
JKEHHBIX TEMIIepaTypax, BLIABUIOCH HECKOILKO Mpobiaem. OHa U3 HUX CBA3aHA, ¢ HAyIHBI-
ME OCHOBAMH JJIS OTIEPATHBHON ONEHKH XJIaJ0CTOHKOCTH METAJIOB, BLIABIEHHBIX METO-
oM 3D-neuaru B mpolecce UX IPOU3BOJCTBA, & TaKKe ¢ yU4eTOM IKCILTyaTal[dd Ha OCHOBE
UX CBA3W C MAPAMETPAMHU CPEICTE TeXHWYIECKOH TUATHOCTUKY (YABTPA3BYKA W aKyCTHYE-
ckoit ammccnn) [1]; apyrast — ¢ pa3paboOTKOi TMOAXOMOB M METOIOB OLEHKN MEXaHW3MOB
pa3pyIIeHUs METAJLIOB, TOJYyUYeHHBIX MeToAoM 3D-meuaTn, OCHOBAHHBIX HA MCIOJIb30Ba-
HAN KOMOMHNPOBAHHLIX METOJOB HepaspyMIAIONero KOHTPOIS, MPIMEHSIONAX MOIX0IbI
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mpoBoit 0O6pabOTKH M300pazKeHnit u (PPaKTATLHOIO aHAIN3a (PPAKTOTPAMM, a TAKKe
MCKYCCTBEHHOTO WHTEJIJIEKTA B PEXKUME PEAJHLHOIO BPEMEHH.

2. Meroauka mpoBeleHus UcCHbITaHUEi. [ TpPOBEIEHNST HU3KOTEMITEPATY PHBIX
WCOBITAHWI B PAMKAaX HACTOSINEr0 WCCIe0BAHUs ObLT pa3paboTaH ClenuaIn3upOBaH-
HBIA creHs ¢ Kpuokamepoil (puc. 1), nomaepxKuBaroiiell crabuiabHyI0 Temrneparypy ob-
pasmnos B gauanazone or —80 mo +20 °C. Wcnbrranus npoBOAWIn ¢ yaeToM TpeboBaHuit
I'OCT 25.502-79* Yacrora ynpyromiacTUuIeCKOro MUKINIECKOro 1eOpMUPOBAHUS yCTa~
HAB/IMBAJIACH C MCIIOJB30BAHUEM YaCTOTHOIO mpeobpasosareis, pasHoit 8.3 T'i (500 muk-
708/ MuH). AMmuuTyay gedbopManuii B mponecce NCBITAHN KOHTPOJUPOBAIIH C TIOMOIIIBIO
Jrla3epHOro garduka mepemeinenuii ¢ morpemaocthio 0.001 mm. Temmeparypy B 30HE Mak-
CUMAJIbHBIX HAIPSKEHWH KOHTPOIUPOBaIK nardukamu temmeparypsl «pt100». Ilorper-
HOCTh M3Mepenusi reMmeparypbl £1° C [2].

|
|

Pezynsmop 4acmomsi,
cyemyuk yuk/1ob

puﬁop ana o/
memnepamypsi

(G5 ysrempaszbyxkobozo
J"

Puc. 1. Creng myist yCTAJIOCTHBIX MCIIBITAHMI METAJJIOB B IIMPOKOM THAIIA30HE TEMIIEPATYD

B nporiecce ucnbITanmii pErucTpUPOBATH YUCTO IUAKIOB [N 1 aMILTUTYAY HAIPI KEeHNH
B IUKJE Opar. Hampskenne B uccaemyeMoit 06/1acTi JOTIOTHUTETHHO KOHTPOJIHPOBAJIH,
UCIIOJIB3Y Sl TEH30METPUIECKU JATUUK C TePMOKOMIIEH CAIMeH 1jis crau (puc. 2).

Kpmusyio ycramoctn anaan3nponaiu mo Meroanke, ormrcanuoit B 'OCT 25.502-79 n m-
TepaType Ha OCHOBE OIEeHKM TAHTeHCA YIJIa HAKJIOHA 3TOH KPHUBOH B JIOrapu(pMUICCKUAX
KOOpAuHaTaX U IIpeaejla BBIHOCIUBOCTH.

Merasutorpadudeckne uCCaenoBaHusi 00pa3IoOB OCYIIECTBISIN B 30HE HAubOsee Be-
POSITHOTO Pa3pyIIeHnsi 06pa3Iia, OMpeIeTsieMOT0 Kak PACYETHBIM TIyTeM, TaK U MyTEeM MO-
nmenuposanus B cpege Autodesk Inventor Nastran 2022 (puc. 2) mo meromy Multi-Axial
Fatigue Analysis (aHainu3 MHOIMOOCHO# yCTAJIOCTH C OCHOBHBIM KPUTEPUEM [0 SKBUBAJIEHT-
HbIM Hanpsizkenusm don Muzeca) [1, 2].

Bce mokazanusi ¢ JATYUKOB MEPENAOTCs B KOMIBIOTEPHYIO CUCTEMY BPYYHYIO. DTO
3aHUMaeT 6OJIBLHO€ KOJIMYIECTBO BpEMEHN, UMEET BBICOKYIO TPYJOEMKOCThH, BO3SHUKAET BE-
POATHOCTDH OH_II/I6KI/I WJIX HETOYHOCTHU TIPpU TIepeaave, 9TO HeJOTyCTUMO TTpU NCCIeJOBaAHUU.
[ToroMmy HYKHO TPOAHATU3UPOBATH W BHIOPATH METO, Mepeaatin JAHHBIX Ha KOMIIHIOTED,

* TOCT 25.502-79.Pacuersl u uCOBITAHHS HA IPOIHOCTH B MamuHOocTpoenuu. M.: Crangaprundopu,
1979 r., 25 c.
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Puc. 2. MecTO yCTaHOBKM T€H30METPHYECKHUX JATINKOB (a)
7 HamGOJILIINX PACIETHBIX HANpsKernit (6) Ha obpasime

KOTOPBII TIO3BOIUT YOPATH 3TU HEJOCTATKHU M, BO3MOXKHO, JOMOJHUT BCIO CUCTEMY KAKUMU-
OO0 IPEMMYTIIECTBAMH.

3. Ommucanne cmoco6oB mepegadu JaHHBIX. CyIeCcTBYIOT HECKOJIBKO BAPUAHTOB
mepeIavn JAHHBIX, TOAXOMSIINX IS TIEPEHOCa TTOKA3aHui TpuOOPOB HA, KOMITBIOTED, TIIe
NPOUCXOAUT 0OPabOTKA PE3YILTATOB (pHC. 3, a—d): PYUYHOl, Mepe1aya mo MPOBOLY, HECKO/Ib-
KO BapuaHTOB GecrpoBomHoil mepeaun ganubix (Wi-Fi, Bluetooth, RFID). ¥V kaxkmoro
METOZ@ €CTh CBOU MPEUMYINECTBA W HEIOCTATKH, MOPO BEChbMa KPUTUIHBIE IS MOJTyde-
HUS JJOCTOBEPHBIX PE3YIbTATOB uccaeoBanusi. CpaBHUM 3TH BUBI IEPEIAYN TAHHDBIX JIJIs1
ONTUMUBAINA [TPOIIECCA TPOBEICHNS UCC/IEIOBAHNS U CHUKEHUST PUCKOB OITUOKU.

Pyuwuoi#t cmoc o0 npeamosaraer, Kak siCHO W3 HA3BAHWSA, MEPEHOC MOKA3AHUI
U TMapaMeTPOB BPYUYHYIO OMEPATOPOM, CIEASINUM 33 MOKA3AHWSMU MPU pabOTe IKCIEpU-
MEeHTaIbHOM ycTaHoBKY. [Ipuyuem oneparop MoxKeT ObITh OUH WU HECKOJIBKO, YTO MOXKET
KaK MOBBICUTH HAJIEKHOCTb, TAK U YBEJUIUTH MIaHC omubku. Cxema mepesadu JaHHBIX
[pe/icTaBIeHa Ha PUC. 3, a.

Hedocmamxu:

1. Yemoseueckas ormubka. JIromam 0otee MOIBEPIKEHBI OMMUOKAM, €M KOMITHIOTEDHI.
XOoTsI KOMIBIOTEpHAS CHUCTEMa WHOTIA JAeT COOii, OHAa OOBIYHO 3aMUCHIBAET JTAHHBIE U OP-
raHm3yer mx Oojiee TOIHO, UeM JIOAN, C MEHBINEeil MOTPeOHOCTHIO B MPOBEPKe OMINOOK.
Pyunas obpaborka maHHbIX TpedyeT ropasmao OOJbIIe ria3 I/ IPOBEPKH U ABOMNHOMN mpo-
BEPKHU JAHHBIX HA, TOYHOCTb.

2. Cropoctb. BBOI JaHHBIX BPYYHYIO 3aHUMAET MHOTO BpeMeHu. MaIuHbI U KOMITBIO-
TepBI, KaK MPABUJIO, PADOTAIOT OBICTPEE, YEM JIFOIM, U9TO MTO3BOJISET COTPYIHUKAM COCPe-
JIOTOYUTHCS HA IPYTUX BEIIax.

3. Tpynozarparst. [lnaturs m0a59M 32 BBOJ JAHHBIX BPYYIHYIO CTOUT OOJIBININAX JIEHET.
Pabora MHOrmX MOXKeT ObITH BBIMOJHEHA OJHUM 9YEJIOBEKOM, a 9TO O3HAYAET, UYTO HYKHO
MEHBIIIE COTPY/IHUKOB, 3AHIMAOIIAXCST BBOJOM JIAHHBIX, UJIH MOYKHO MCIOJIB30BATH COTPY/I-
HUKOB B 00JIACTSIX, KOTOPBIE JIYUIe WCIOJIB3YIOT UX CIIOCOOHOCTHU JIsi YCKOPEHUsT POCTA
KOMITAHUH.

Ilpeumywecmaa:

1. Cucremubie 3arparbl. PydHo#t BBOJ, JaHHBIX HE TPeOYeT JOPOrUX CHCTEM, MAIMH
u mporpamm. Cucrema pydHOi 00pabOTKHU MO3BOJISET HAYATH, HE BKJIAIBIBAST MHOTO JIpa-
TOIEHHOTO KATMTAJIA B KOMITHIOTEPHI, MAITUHBI ¥ METOIBI KOMIBIOTEPHON 00pabOTKH.

2. JlerkocTsb mjisi HEOOIBITUX KCIEPUMEHTOB. He Tpebyercs MOKymaTh HEIEIIEBYIO
TEXHUKY, ee HACTPAWBATH HA HAYAJIHLHOM JTalle, KOTJA MOXKEeT ObITh HEM3BECTHO, HACKOJIBKO
CJIO’KHAS CUCTEMA MOXKET [MOHATO0OUTHCS, YTO MOMKET MPUBECTU K MMEePBOHAYAIbLHBIM IIepe-
MJIATAM 33 CJIUIITKOM MOIIHYIO CUCTEMY WJIN K€ K MOTPEOHOCTH B JIOKYTKE 000Dy IOBAHIIS
CO BCEMU BBITEKAMOIIUMHU MTPOOIEMAMY.
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Onepartop verpoiicreo () EYFTISTS

BBOAA

Moyns

oOpaboTkn

pitcizizinnge

ﬂ'a TUUK Onepamp YCcTpoHcTeo Aa““ﬂe

88043

KaHanol nepepaun 2 Oanubie
ARHHBIX nepudepus
Motyis
o6paboTkn
JIAHHBIX
KaHanb! nepenaumn J [auuble
AaHHBIX

Bluetooth- I PYFTST
NPUEeMHHK

Moryns
o00OpaboTKH
JTAHHBIX

Bluetooth- § nauuue

NPUEMHUK

Wi-Fi- AaH“ue
NPUEMHMK
Mojyne

obpaboTki
JIAHHBIX
Wi-Fi

NpUeMHMK

RFID-meTKa
Mouyns
oOpadboTKn
JIAHHBIX
RFID-meTKa

Puc. 8. Cxema nocrynienns: neadbOPMAIAN TIPU CIIOCO6AX MEPEaTn JAHHBIX: PyTHOM (a),
o nposoay (6), ¢ nomompsio Bluetooth (6), Wi-Fi (2) u RFID-rexnonoruu (d)

3. Ycunennsrii Hamzop. Korma BeayTes 3ammcu BpYYHYIO, MOXKHO KOHTPOJHUPOBATH,
B KaKue KaTeropuu TOMeITaeTcsa KayKIbIi OTAe/IbHBIN HOMED.
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Pydmoit mepeHoc JaHHBIX OBLT KCTOPUIECKHN TIEPBBIM. lastee MosBUIACH IepeIatia, TaH-
HBIX T O T P OB O 1y — Tenerpad, renedon u ap. Cxema nepenadn wHMOPMAIUA TPU
TaKOM CIIOCODe Tepeiadn NAHHBIX TpecTaBIeHa Ha puc. 3, 6 [3].

9TO a0 HEOCTIOPUMbIE MPEUMYIIECTBA, HO NOSBUINCH U CBOM HemocraTKu. OCHOB-
HOE JOCTOMHCTBO IIPOBOJHON CeTH — CTabOMIBHOCTH W HAIEKHOCTH paboThl. Pacemorpum
npeuMyuecmea moapodHee:

1. Bbicokasi CKOPOCTh W CTAOMILHOCTH PabOThl. VTak, BO3bMEM PACIPOCTPAHEHHYIO
KOH(MDUIYPAIMIo CETH CO CKOPOCThI0 paborsl 1 I'Gur/c, KoTopas AOCTYMHA IJIsi KAXKI0TO
KJINEHTA B CETU W HE JEJUTCS MEXKy HUMH, TIFOC 3TO CKOPOCTh B KAXKIYI0 CTOPOHY, T. €.
CyMMapHas MPOIyCKHAas CrocobHocTh Moxker gocrurarb 2000 Mour/c (B coorsercrBuu co
crangaprom Hecrpososnoii nepenadn nanubix IEEE 802.3ab). Kpowme Toro, ectb noamepx-
ka Gosbmux nakeros (Jumbo Frame, sro nakers: 1o 9 u 16 k0), 4T0 JaeT BO3MOKHOCTD
YBEJIMYNUTH CKOPOCTH MPU Tepeaade DObINX 00bEeMOB JAHHBIX 33 CUET COKPAIIEHUS TIe-
penaun ciry:kebHoi nHdOPMAINH, a TaKyKe CHU3UTh HATPY3Ky Ha, mporeccop. Eire ogHnm
CrocoO0M, TOBBIIIAIOIIMM MPOIMYCKHYIO CIOCOOHOCTH CETH, SIBJISIETCS arperaius KaHaJIoB
(ucnonb3yemas B crangapre IEEE 802.3ad), koropas 1mo3BoJIsSeT MOJIYYUTh IPOILYCKHYIO
criocobHocrb Boie 1 ['6ur/c. Hakonern, Buras napa sddekruBuo paboraer mnpu JjuHe
nposoza 1o 100 M 6Ge3 yxyzieHnst cTabHILHOCTH W CKOPOCTH COenuHeHust [4].

2. O6opynoBauue. ['MrabuUTHBIN KOHTPOJLIEP MTPOBOIHON CETU CErOgHs WHTErPUPOBAH
B JTIOOYTO MPOJAIONIYIOCS MATEPUHCKYTO TLIATY, T. €. 0 (DAKTY SIBJISETCsST OECIIATHBIM JIJTst
nosib3oBaresis. Kabenu Toxke OTHOCHTENHHO JElIeBbl, KPOME TOTO MX MOXKHO HApe3aThb
CAMOCTOSATENIbHO 710 Hy»KHOU Jmuabl. CereBoe 0DOPYIOBaHME HA PBIHKE €CTh HA OO0
BKYC ¥ KOITIEJIEK, BCErIa MOYKHO HAWTH HEIOPOrHe W Mpu 3TOM 3(D(EKTUBHBIE PEITEeHUS .

3. Besonacuocth. OuH U3 CyNIECTBEHHBIX ILIFOCOB MTPOBOIHOM CeTH — OE30MacHOCTD.
B mepByto ouepens pusnyueckasi, Tak Kak, YTOOBI TIOIKIIOYATHCS K CETH, 3JI0Y MBIIILIEHHUKY
HyKeH (HU3NIECKUil TOCTYI B MOMEIIEHHE K PO3EeTKe.

Ho ectb u nedocmamiku y Takoil cetu, a UMEHHO:

1. Kak u ¢ g006b6iM KabeseM, OCHOBHOM MHUHYC — 3TO HEOOXOTUMOCTH MPOKJIAIKA
Kabeseit 10 Kayka0ro pabodero Mecra, a B JAJbHENIeM MPUBI3Ka K HeMY pPabOTHUKA.
Pa3poaka, Kak mMpaBUiIO, OCYIIECTBIAETCS W3HAYAIBHO, MOITOMY MPH JIFOOBIX HW3MEHEHUSIX
B PACCTAHOBKE CETEBYIO HH(PACTPYKTYPY TOXKE, CKOPEe BCEro, MPUAETCs MePEeKIaIbIBATD.
B pesynbrare moMeHATH paccagKy COTPYIHHUKOB, TOOABUTH pabOUMe MECTa WU CETEBOe
0060pyI0BaHUE, U3MEHUTH PACIOJIOKEHNE CTAHKOB WU JPYroro 000py/I0BAHUS — HETPUBH-
aTbHAS 3314494, I KOTOPOI MOYKET TOTPe0OBAThHCS MEPETPOKIIA KA Kabeseil nim pa3sHoro
PO/Ia, TOTOTHUTEIHHBIE YXUIIPEHUS .

2. K omHOMY MPOBOY BO3MOXKHO MOJKJIIOYEHHE TOJTHKO OJHOIO YCTPOWCTBA, & HEKO-
TOPBIE YCTPOMCTBA K TMPOBOIHON CETH BOOOIIE HE TOIK/IIOUHUIID.

Teneps HEOOXOAUMO PACCMOTPETH O € CIPOBOAHY O Mepegady IaHHBIX.
CyiecTByeT HECKOJIBKO OCHOBHBIX ee BUI0B. 910 Bluetooth, Wi-Fi, RFID. Paz6epem mpe-
UMYIIECTBA W HEJOCTATKN KAXKIOrO st 0oJiee TOAPOOHOTO W yIUIyOJIEHHOrO CPaBHEHWS
IAHHBIX BUJIOB TIEPEIAdN JTAHHBIX.

Cospanne paguomonyis Bluetooth 66110 03HaMEHOBAHO BO3MOXKHOCTHIO OECIIPOBOIHO-
rO COEIMHEeHUsT PA3TUIHBIX YCTPONCTE, HCKIIIOYNB 13 00UX0ma Hey00Hbe Kabenu. A cero-
JIHST — TO MUPOBOM CTAHIAPT, TOCTYIHBIN BO BCEX YIOJIKAX MJIAHETHI, C paboUeil 4acToToi
2.4 TTx [5]. JoCTymHOCTD €ro 00YCIOBIMBACTCS B OTCYTCTBHEM O0S3aTEIBHOTO JIUICH3H-
POBAHWS, UTO JAET BO3MOXKHOCTD UCIOJIH30BATH BCeMU Keaamumu. CXeMma mpoXOoK IeH s
uHbOpMAIK TIPU OPraHU3alUKd CETH C MOMOIIBIO JAHHOW TEXHOJOTHU MpeICTaBIeHa Ha
puc. 3, 6 [6].
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Ilpeumywecmaa:

1. Bo3MOXHOCTHL OBICTPOTrO OOMEHA, JAHHBIMY MEXKy YCTpOicTBaMu 6€3 yJacTus Ka-
Gest.

2. Beumy mocrymmocTu ycrpoiicrBa Moaynia Hammdue Bluetooth me cymecTBerto Bim-
sleT Ha CTOMMOCTB ycTpoiicTsa [7].

3. Ucnonp3oBanne Mmomynsd He Tpebyer 0CODBIX HABBIKOB U HE BBI3BIBAET CIIOKHOCTEH.

4. Tlo cpasuenuio ¢ Wi-Fi momyns Bluetooth 6osiee skoHOMUYEH B OTHOITIEHUH IHED-
romnorpebienus [8].

Hedocmamzxu:

1. OrnocurenbHas yHUBEpCAJIbHOCTh. OHA SBISETCS KaK OPEUMYIIECTBOM, TaK
n HemocrarkoM Bluetooth. Bo-mepsbix, He BCce amamTepbl MOIAEPKUBAIOT BCE MIPODH-
i (MMEHHO TIO 3TO TpUYKHe yHUBepcaabHoCTh Bluetooth ornocurenbuast). Bo-Bropbix,
B HEKOTOPBIX CUTYaIUsX 3T4 YHUBEPCAJIbHOCTH MOXKET OKa3aThCs W3JIMINHEH (Hampumep,
MOTYT BO3HHUKHYTH TPYIHOCTH MPU HAXOXKIEHWH YCTPONUCTBA B CETU C OOJBITAM UHCIOM
nojK/iodenuit) [9].

2. K rnmaBubpiM HemocrarkaMm cereit Bluetooth orHocmTcst obecmednBaeMbIii ypoOBEHD
6e3omacuocru. Crabocru 3amursl Bluetooth, B yacTHOCTH, BBI3BAHBI TE€M, 9TO 3TA TEXHO-
JIOTHS JIeJTAeT CUJIbHBIN YIIOp HA OMO3HAHNE YCTPOUCTB /111 O€30MACHOTO OOC/TY X KUBAHUST, &
TaKKe Ha, KOHTPOJIb, KOTOPBIM 00JIaaeT MOIh30BaATe b HAI yeTpoiictBamu Bluetooth u mx
kouduryparueii. Coppementas Bluetooth-rexHosmorus He nmpegmaraeT HUKaAKOrO CPeIcTBa
OITO3HAHUSA TOTH30BaTe A, UTO nemaer Bluetooth-ycrpoiicTBa 0cOOGEHHO yI3BUMBIMEU K TaK
Ha3blBaeMbIM spoofing-nanaaenusm (paauoe3undopManum) U HeIPABUIBHOMY IPUMEHE-
HHUIO OTIO3HABATEIHHBIX ycTpoiicTB. Ocobenno ciaborit acnekT Bluetooth — mpomece «cma-
puBanus» (pairing) ycTpo#icTB, IpU KOTOPOM MPOUCXOAUT OOMEH KJIIOUaMU B HE3AKOIUPO-
BAHHBIX KaHaJaxX. KC/n HAMTAMAONINI MEpEeXBATUT TIePeIady MPOIECCa CIAPUBAHKS, TO OH
CMOZKET TIOJIYIUTH KJII0Y WHANAAIU3ANNAN TyTeM KAJbKYIANMUA ITUX KJII0Yel /i J000ro
BO3MOXKHOI'O BAPHUAHTA MAPOJIA W CPABHEHUS PE3YJIbTaTOB C IIEPEXBAYEHHON Meperadeii.
Knrou nHUIMAIM3anu NCIOIb3YETCS 11 PACIETa KIII0Ya, CBsA3U. PaccunTanHbIil XakepoM
KJIIOY CBSI3U CPABHUBAETCS C MEPEXBAYEHHON meperadeil ¢ IMeblo y3HATH, BEPEH OH WJIN
uet. TakKe MIPUIMHON yA3BUMOCTH SIBJISIETCST BO3MOXKHOCTD MPUMEHEHHUsT KOPOTKUX, & TaK-
JKe 3ayPAJHbIX WM PACOPOCTPAHEHHbIX Maposieil (CuTyanus aHAJIOMMYHA UCIOIb30BAHKUIO
IPOCTBIX APOJIEil CUCTEMHBIMU aJIMUHUCTPATOPAMHU KOMIILIOTEPHBbIX cereii). Takue mapo-
JIA 3HAYUTEILHO YIPOIIAIOT WHUIUAIM3ANUI0. VIMEHHO 3TO [nesraeT KJII0Yd CBs3U OYEHb
MPOCTHIMHU TS W3BJIEYEHNsT M3 TIEPEXBAYEHHBIX CIIAPUHTOBBIX mepenad [10].

3. OTHOCUTEIHHO HU3KAas CKOPOCTD TEPeIady TaHHBIX.

Tenepp paccmoTpuM CemyOmuil Bua OECIPOBOMHON mepemadn maHHbIXx — Wi-Fi.
Tpynuao cebe mpencraBUTh COBPEMEHHBIE ceTu 0e3 3Toit TexHosoruu. IIpuHmun meiicTrBus
rexronorun Wi-Fi mocraroumno npoct. s opranu3anyum ceT HeOOXOIUMO UMETh CIIeI-
aJIbHOE 0DOPYIOBAHME, & UMEHHO TOYKY MOCTYTIA, T. €. POYTeP, MOAKIIOUYEHHBIN K TPOBOJI-
HO# cetu HTEpHET M yCTPONCTBO, KOTOPOE HYXKHO MOAKJIIOUYNTEH K OecrmpoBoauoit Wi-Fi
ceTH, OCHaIleHHoe paaroMozyiem [11]. Poyrep o6opymoBan TakuM yKe paauoMOIyIeM, KO-
TOPBIN BBITOIHAET (DYHKIUKA TPUEMaA U Mepenadud OGeCpoOBOIHOIO CUTHAIA. DTU MOJLYIIH
MOTYT OBITH OT PA3HBIX MPOU3BOAUTENEH U OTIUYATHCS MEXKIy COOOM KOHCTPYKIMeH |9u-
ma, HO, Ostarogaps equnomy crangapry Wi-Fi, obecrieunBaercs moHast 1X COBMECTUMOCTD,
YTO 03HAYAET BO3MOXKHOCTD MOJAKJIIOUEHUsT PA3INIHBIX yerpoiicTs Kk cernt Wi-Fi [12]. Cxe-
Ma MTPOXOKIEHUS JTAHHBIX TMPEICTABIEHA HA pUC. 3, 2.

Ilpeumywecmaa:

1. Opranuzaius, UCMIOIB30BAHNE W PACIIUPEHIE ceTh H6e3 MPUMEeHEHUs Kabes.
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2. Bo3moxKHOCTD TIpe0CcTaBIeHUs HOCTYIa K CeTH MOOUIBHBIM yCTPOHCTBAM.

3. Boabmoit Beioop Ha peiake Wi-Fi ycTpo#icTB 1 X COBMECTUMOCTS, Oaromapst 0osi-
3aresnbHOl ceprudukaimn obopynosanus Wi-Fi Alliance [13].

4. MoOHILHOCTh KJINEHTOB W BO3MOXKHOCTDH MOIb30BaHus HTEpHETOM B JI000# 00-
CTAHOBKE.

5. Bo3aM0OKHOCTB MTOIB30BAHUS O/THOM TOYKO# TOCTYIIa HECKOJIbKIMHU [TOTh30BATEISMH.

Hedocmamxu:

1. I[Tomexn B MCMOJH30BAHWY CETH, TaK KaK YaCTOTHBIM nuama3oH 2.4 I'm moctymen
MHOIMM JPYTHM ycTpoiicTBaM, noaiepusatomum Bluetooth [14].

2. OrpaHudeHusi 9aCTOTHBIX JUATA30HOB.

3. ObsizarenbHast pPErucTpals TOUYKH OECIHPOBOAHOrO AOCTyma u aganrepa Wi-Fi
€ MOTIHOCTBIO m3ydenus, npesbimarornieit 100 mBr B PO.

4. Nudopmanronnasi 6€30MacHOCTD, T. €. aJrOPUTM MTH(MPOBAHUS MOXKET OBIThH B3JI0-
ma [15].

U, nakoner, nociaenauii BapuaHT 6€CIPOBOIHOIO COEIUHEHNUsI, KOTOPBIA MOXKHO ITPH-
MEHHUTH B JAHHOM CIydae — TexHosorus, ocaoBannas Ha RFID. Cxema opranusamnuu ce-
T TIOXOXKa Ha mpeApiayntyio. Tompko BMecto Wi-Fi-obopymoBanus ucmomb3yoTcs napbi
MeTKa-cYuThiBaTesib MeTku [16]. IIpnuem mocaequuii TOIBKO HA3BIBAETCS MPOCTO CYUTHI-
BaTEJIEM, OH TIO3BOJISIET CUNTHIBATH W 3AMMCHIBATHL WHMOPMAIHIO Ha MeTKY. Cxema mpoxo-
J1a TaHHBIX IO CeTH, OPTaHU30BAHHON C IMOMOIIHIO TAKON TEXHOJIOTWHU, HMPEJCTaBJIEHA HA
puc. 3, d [17].

Ilpeumywecmaa:

1. Beckonrakraas pabora — RFID-merka moxker ObITH mpouynTana 6€3 KaKoro-imbdo
bU3UIECKOr0 KOHTAKTA MEXKIY METKOW U PUIEPOM.

2. Tlepesamuch nanubix — nanuble RFID-merkn ¢ nmepesammncbio (RW-merku) moryT
OBITH Mmepe3anucanbl DObIIoe Yucao pa3 [18].

3. Pabora Bue mpsmoii Buaumoctu — 4To0bl RFID-Mmerka 6pw1a nmpouyntana RFID-
pumepoM, B O0OIIEM CJIydae He TPeOYEeTCs ee HAXOXKIEHUsI B 30HE MPSMON BUIMMOCTH DU-
zepa.

4. Pasnoobpasne muamna3oHoB drennss — auana3on urenns RFID-merkm moxker co-
CTABJIATH OT HECKOIbKNX caHTUMETPOB 110 30 M u Gosee [19].

5. llTupokwue Bo3dmokuOCTH Xpanenns ganubix — RFID-merka moxker xpanuTsb uadOp-
MaIruio 00bEMOM OT HECKOJIbKHX OAWTOB 0 MPAKTHYECKA HEOrPDAHWYEHHOTO KOJIMIECTBA
JTAHHBIX.

6. Ilonmeprkka yrenust HecKOMLKUX MeToK — RFID-pumep MoxkeT aBTOMaTnIecKn 9u-
tatb HecKOIbKO RFID-meTok B cBOeil 30He uTenus: 3a OUeHb KOPOTKUI epHUO] BPEMEHH.

7. Illpourocts — RFID-MeTku MOTyT B 3HAYUTENHHONW MEPE MPOTUBOCTOSATH XKECTKUM
YCJIOBHSIM OKPY?KAIOMIEN CPE/IbI.

8. BrbImosiHeHWE WHTE/IEKTYAJIBHBIX 33789 — KPOME XDAHEHWs W MepeIadn TaHHBIX,
RFID-meTka MOXKET TpeIHA3HAYATHCS JJIs BBIMOJHEHUS APYTUX 33139 (HApUMED, s
U3MEDPEHUsT YCIOBUI OKPYKAIOIIEH CPeIbl).

9. Beicokas Tounocts urenuss — RFID apnsercs rounoit ma 100 %.

Hedocmamxu:

1. HeBbicokue paboure XapaKTEPUCTUKU B MPUCYTCTBUM PAJAUOHEPO3PAUHBIX U Pa-
JMOTIOTTIONIAIINX 00beKTOB. Takoe MmoBeAeHe 3aBUCUT OT 9aCTOTHI. TeXHOJIOTHS B COBPE-
MEHHOM €€ COCTOSTHHU TIJIOXO PAdOTaeT C TAKUMW MATEPUAIAMU, 8 B HEKOTOPBIX CJIydYasTX
OTKA3bIBAET [MOJHOCTHIO.
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2. BozzeiictBue hakTOPOB OKPYKAIOIIEH CPebl. YCIOBUS OKPYKAIOIIEH CPE/Ibl MOTY'T
oka3bIBaTh HeraruBHoe Bausgaue Ha RFID-perenns.

3. OrpaHnvyeHHOe YUCIO0 YUTAEMBIX MeTOK. CyIIecTByeT OrpaHnIeHrne Ha, KOJTUIECTBO
METOK, KOTOPbIE MOYKHO MIPOYUTATH 33 OMPEIeIeHHOE BPeMs.

4. BozzeiictBue momex ot annaparypst. Ha RFID-perenne moxer orpumiaresibHO Bid-
ATh HElPaBUJIbHAS YCTAHOBKA annaparypbl (HAIPUMED, PACIOIOKEHNE U OPUEHTAIMS AH-
TerHbI) [20].

4. Beibop crocoba mepegaun JgaHHbIX. [Ipu BeIOOpE crocoba mepemadn TaHHBIX
OBLIV TPOAHAIM3UPOBAHBI €10 TTPEMMYIIECTBA U HETOCTATKY, & TAKIKE UX KPUTHIHOCTh JIJIs
uccnenopanus. Ouu ObLTH KIACCH(MUIMPOBAHBI HA, 4 TPYIIIBL: CKOPOCTH MEpeIadn JAHHbIX,
3aTparhl, yA00CTBO Pa3BepTbIBAHMS CUCTEMbI U BEPOATHOCTb OMIMOKU (B TOM YHUCJIE BbI-
3piBaeMbiMu moMexamu). [Tapamerp «CKOpOCTh TepeIadn JaHHBIX» MO3BOJIAET ONEHWUTD,
HACKOJIBKO OBICTPO JAHHBIE OT JATYMKOB OYAYT ITOCTABJIEHBI JO KOHEYHOTO YCTPOUCTBA,
YUIUTHIBAS TIPOMEKYTOUIHBIE cTanmuu, o tuny Wi-Fi-poyrepa u np. [Tapamerp «3arparsis
[IPE/II0IAraeT CyMMAPHYIO CTOMMOCTb PAa3BEPTHIBAHUS BCEH CHCTEMbI MMEPEIAdn JTAHHBIX.
[Tapamerp «YmobcTBO pa3BepThIBAHUS CUCTEMBI» MOKA3bIBAET, HACKOJIBKO OBICTPO, JIETKO,
6e3 [IOMOJIHATEIbHBIX PEMOHTHBIX PAbOT, OPraHU3ANNN JIOTOJHATEIHHBIX Pab0InX MecT
MOXKHO cOOparh Januyto cucremy. [lapamerp «BeposTHOCTE OMUOKM» TIO3BOJISET OIEHUTH
HAJJEXKHOCTh CeTH C TOYKHU 3PEHUs OTCYTCTBUS MCKAYKEHUN JAHHBIX U TOTEPU WX TMPHU TIe-
penade. PaccraBum uuciioBbie koadduuumentor or 1 no 5 (1 — mauxymmuii nokasaresb,
5 — HamIydImuii) i KasKI0ro crnocoba nepesadu JaHHbIX JJisd TAKUX IPYII U BbIACHUM,
KaKoil criocobd HamboJIee MOAXOAUT B CAydae [IPOBEJEHNs ITOro IKciepuMenTa (Tabiauna).
Cronber, «ITOros mosiyueH myTeM CJIOXKEHUsT YACTOBBIX KOIDDUIMEHTOB U TaeT BO3MOXK-
HOCTB OIIEHWTH CYMMAPHBIN MOKA3aTeIb Cocoba Mepeaatn JAHHBIX, eCIIH ero MPUMEHSITh
B YCJIOBHSIX SKCIEPUMEHTAJIBHONW YCTAHOBKY MOIOOHOTO THIA, KAK OMUCAHO B M. 2.

Taé/mu,a. CpaBHeHne crmocoboB nepegavun JaHHBIX B paMKaX 3KCIIepUMeEeHTa

CKOpOCTh YrobcTBO
Crocob nepegadn | 3arparhl | pa3BepPTHIBAHUS Beposrrocrs, Wroro
omubKu
JTAHHBIX CHUCTEMBI
Pyqnoit 1 1 2 1 5
IIpososx 5 2 1 5 13
Bluetooth 2 5 4 2 13
Wi-Fi 3 3 3 3 12
RFID 4 4 5 4 17

Kak BuaHo u3 Tabawuibl, JYUITUM DPE3yJIbTATOM sIBJseTcs mokasareih 17 y RFID-
TEXHOJIOTUH BBUIY HEKPUTUIHOCTHU BCEX HEIOCTATKOB, TPUCYIINX JAHHOMY CIToco0y, B paM-
Kax YCJIOBHi, B KOTOPBIX MPOBOJUJIOCH McciaemoBanne. VIMeHnHo oHa Oblaa BhIOpaHa st
epeaviy JAHHBIX [P U3YyYeHUH PACCMATPUBAEMOrO BOIIPOCA.

Buibpannbiit MeTo1 ObLT OIIPOOOBAH IPHU MPOBEIEHNN SKCIEPUMEHTa U MOKA3aI XOPO-
ITTFe Pe3yJIbTaThl, 9TO MO3BOJIMIIO CIIETIATH BBIBO O HEOOXOIUMOCTH PACIITMPEHUST CCIEI0-
BaHUST TAKOTO Crrocoba Tepeiadn JAHHBIX, B TOM YHCJIE B YCIOBUSX MTPOM3BOICTBA.

5. BaksaroueHue. B crarbe onrcanbl OCHOBHBIE CITOCOOKI Tepeadn HaHHbIX. [1o1po6-
HO PACCMOTPEHBI UX MperMyIecTBa u Hegocrarku. Crocodbl CpaBHUBAY ITyTEM TTPUCBOE-
HUsI OIEHOK IO TpebyeMbIiM TpymnaM nokalzareseit. Caesanbl BHIBOABI O HAMIYYIIEM CIIO-
cobe mepegadn JaHHBIX, 9TO MOXKET OBITH MOJIE3HO M IMPOBEeIeHNsT PAabOT.
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The purpose of this work is to choose the most optimal method of data transmission for
conducting research on improving the reliability and ensuring safe operation of products
obtained by 3D printing, operated at low temperatures. This is very important, since any
error that occurs when transmitting the results of the study is fraught with further inac-
curacies, and, subsequently, possibly human lives or environmental and economic disasters.
The article describes the main methods of data transmission suitable for this case. Their
advantages and disadvantages, possible problems when deploying networks in production or
when scaling the experiment are analyzed in detail. Further, a comparison of each method
is made by assigning estimates for the required groups of indicators. Based on the results of
the comparison, conclusions were drawn about the best way to transfer data for this study,
which may be useful in carrying out further work, as well as in similar studies in the future.

Keywords: data transmission, 3D-printing, Wi-Fi, RFID, Bluetooth.
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MyabsTumonanbuas aHcambJieBasi HelipoceTeBasi cucTreMa OOHaApyXKeHUsi paka
KO>KM HAa OCHOBE aHaJIN3a TeTEPOTeHHBIX JePMAaTOJOTUYECKUX JTAHHBIX"

V. A. Jlaxosa, II. A. Jlaxos

Cesepo-Kaska3ckuil deepaabHbIii YHHBEPCUTET,
Poccuiickasg @enepanus, 355017, Crapomoss, Ilymkuna, 1

Jas uurupoBanus: Jaxosa Y. A., Jlaxos II. A. Mynbrumonanbuasa ancambiesas Helpocere-
Basl CUCTeMa ODHAPYKEHWsI PaKa KOXKHW Ha OCHOBE AHAIN3d TeTEPOTEHHBIX IePMATOIOTHIECCKUX
nausbix // Becrauk Camkt-IlerepGyprekoro yumsepcurera. [lpukiansas maremaruka. Nadop-
maruka. [Ipomeccsr ynpasienus. 2024. T. 20. Bem. 2. C. 231-243.
https://doi.org/10.21638/11701 /spbul0.2024.208

B macrosmiee BpeMsi pak KOXKW CIIyZKHUT OJHON M3 BEAyNIUX MPUYNH CMEPTHOCTH B MWUDe.
Ero mmarmocTmka Ha paHHHX 3TAllaX MMeEeT pemaollee 3HAUEHWE JJIsT YBEJTUYEHUS TTOTEH-
UaIbHOU BhIKHBaeMocTHu. [lo3ToMy BazxkHa pa3paboTKa BHICOKOTOYHBIX HHTEJIEKTYATbHBIX
CHCTEeM BCIIOMOTATETbHOU IUATHOCTUKY [jIsi BBISABJIEHUs PaKa KOXKW HA PAHHUX CTAIUAX.
AmncambieBoe o0ydeHme — OOWH W3 AKTYAJIBHBIX U TIEPCTIEKTUBHBIX METOIOB TIOBBINICHUST
TOYHOCTH CHCTEM MHTEJIEKTYAIHLHON K/TACCH(DUKAIIH 33 CIET YMEHbIIEeHUs TUCIIEPCUH U Ba-
PUATUBHOCTH IIPOTHO30B OT/IEJIHHBIX COCTABJIAIOMMX 001Iell cuctembl. [IpencraBiena ancam-
O/1eBast MHTE/IEKTYAJIHHAS CUCTEMa aHAJIN3a, TeTEPOTEHHBIX JePMATOJIOTHTICCKUX JAHHBIX HA,
OCHOBE MY/IbTUMOJAIbHBIX HEHPOHHBIX ceTeil. TouHOCTh pa3paboTaHHoil ancaMmbieBoll cucre-
MBI coctapuna 85.92 %, aro Ha 1.85 MPONEHTHBIX IIYHKTA BBINIE TI0 CPABHEHUIO CO CPETHEelH
TOYHOCTHIO OT/IE/IHHBIX MYJIBTUMOMAIBHBIX APXUTEKTYD I KIACCU(PUKAINN TeTEPOTEHHBIX
JePMATOIOTUIECKUX JTAHHBIX. [IpeqIokeHHast CHCTeMa MOYKET HCIIOIH30BATHCS KAaK BBICOKO-
TOYHBIN BCIIOMOTATe/TbHBIN AUArHOCTUIECKUI HHCTPYMEHT, IIOMOTAIOIMIN IPUHATH MeIUITIH-
CKO€ PEIleHne, UTO MO3BOJIUT MOBBICUTH MIAHC PAHHErO BBHISBICHUS MTUTMEHTHBIX OHKOTATO-
JIormit.

Karuesvie caosa: MYJIbTUMOJaIbHAA HeﬁpOHHaH CeTh, amcam0OIeBast HeﬁpOHHaH CceTh, Ma-

IUHHOE 00yUeHre, reTepOreHHble TaHHbIE, TePMATOIOTHIYEeCKe N300PAKEHNsI, TIMTMEHTHBIE
HOBOOODPA30BAHUS KOXKM, PAK KOXKHU, METAHOMA.

1. Bsegenwme. CornacHo naHHBIM BcemMHPHO# OpraHm3anyu 3IpaBOOXPAHEHUS
(BO3), pak aBaserca Beayleil NPUYMHON CMEPTHOCTH B MUDE, 4 PAK KOXKH 3aHUMAET
MSITOE MECTO CPey HamboJIee PACTpOCTPaHEeHHBIX (hbopM oHKomarosoruii [1]. Panuss nua-
THOCTHKA PaKa KOKU MMEET DEITAIOIIEe 3HAUEHNE [T yBEJTUYEHNS TIOTEHINATBLHON BBIKI-
BAEMOCTH, OJTHAKO MATHOCTUKA HA PAHHUX CTAJUAX CIOXKHA U CyObEeKTHBHA U3-38 CXOKUX
MOPQOIOrIIecKIX NPU3HAKOB 3JI0KAYECTBEHHBIX W JTOOPOKAYECTBEHHBIX TTMIMEHTHBIX HO-
Boo6pazoBanuii. CpesHss TOIHOCTH METOAA BU3YATbHON IMATHOCTUKYU MUTMEHTHBIX HOBO-
00pa30BAHMIl 3ABUCAT OT MOJTOTOBKHU U KBATN(DUKAINY BPATa-IEPMATOJIOTa B COCTABIIAET
65-75% [2]. HecMoTpsi Ha TO, YTO THUCTOMATONOIMYECKUH AHAIN3 CUNTAETCS <«30J0THIM
CTAHJAPTOM» TWACHOCTUKHM DAKA KOKH, TAHHBIA METOJ OTHOCHTCS K WHBA3ZWBHBIM W MO-
KeT OBbITh HeyOeIMTENbHBIM B MOTPAHUYHBIX CIyYasX, KOTAA PACXOXKIEHHS B JMATHO3E,

* UccnemoBanue B 1. 2 BuINOJHEHO B CeBepo-KaBKa3CKOM IEHTpE MAaTeMAaTHUYECKUX MCCJIETOBAHMI
B paMKax COIJIamieHusi ¢ MHUHHCTepCTBOM HAyKH U BbICIIero obpasoBamusi Poccuiickoit Peneparmuu (co-
rmamenne Ne 075-02-2023-938), m. 3 — 3a cuer rpanta Poccuiickoro Hay4uaoro donma Ne 23-71-10013
(https://rscf.ru/project/23-71-10013/). Asrops Gaarogapsar Cesepo-Kaskasckmit demepanbHblil yHEBED-
CUTET 3a MOMOIIb B PAMKAX MPOEKTA MOIIEPKKHM MAJIBIX HAYYHBIX TPYII U OTJEIbHBIX YIEHBIX.
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MOCTABJIEHHOM DA3HBIMHU MATOJOTOAHATOMAMH MOTYT cOCTaBIATh 1o 25 % [3]|. Tlostomy
B HACTOSAINEE BPEMs aKTyaJbHA pa3pabOTKa BBICOKOTOYHBIX WHTEJIEKTYAJIbHBIX CHCTEM,
KOTOPBIE MOTYT UCIOJIH30BATHCS B KAYECTBE BCIIOMOTATEILHBIX TUATHOCTUIECKUX WHCTPY-
MEHTOB J|jIsi BbIBJIEHUs PAKa KOXKU Ha paHHUX craausx [4]. Ancambiesoe obyuenue siBiisi-
eTCsl OJHUM U3 AKTYAJTbHBIX U [IEPCIEKTUBHBIX METO/IOB MOBBIMIEHNs] TOYHOCTH WHTEILIEK-
ryasbHOil Kinaccudukanuu [5]. OH 06beqUHAET BbIXOIHBIE CUIHAJBI HECKOJIBKUX KJIACCHU-
GUKATOPOB JIJIsT TTOJIyYeHUsT OOIIEro PEIeHnst MyTeM ToJIOCOBaHus. AHcaMbIeBble MeTOIbI
TAI0T BO3MOXKHOCTH YMEHBIITATH JUCIEPCHIO M BAPUATUBHOCTHL MTPOTHO30B, MIPU STOM 3HA-
YUTENLHO TIOBBINIAS TOYHOCTh HelfipoceTeBoil Knaccubukamn [6].

ens wmccaemoBanmst — pa3paboTKa aHCcaMOJIEBOH MyJIbTHMOIAJIBHON Heipocere-
BOIl CHCTEMBI PACIO3HABAHWS MUT'MEHTHBIX HOBOOOPA30BAHWIT KOXKM 33 CUeT OObeIuHe-
HUST MYJIBTUMOIAJIBHBIX APXUTEKTYD QHAJIN3d MeTEPOTEHHBIX JEPMATOIOTHIECKAX JTAHHBIX
B aHcaMmOJIeByIO MOJESbh B3BEIEHHOro TojiocoBanust. IIpecTapientas ciucreMa MO3BOJINAT
YMEHBITUTH KOJMYECTBO OIMMUOOYHBIX KIACCHU(MDUKAIMIA ¥ 3HAYUTEHHO MOBBICUTH HAIEK-
HOCTB, OJTarosapsi MCIOJb30BAHUIO KaK UX PA3HOOOPA3HBIX MOMAXOMO0B K KIIACCH(DUKAIIII
JIAHHBIX, TAK ¥ PA3HOPOJHBIX IEPMATOIOIHYECKUX IAHHBIX W ITANA MPEIBAPUTETHHOMN
OYUCTKHU BOJOCAHBIX CTPYKTYP JJIs TIOJANOTOBKY BU3YATbHBIX TAHHBIX K JAJTbHEHIIIEMY 13-
BJIEYEHUIO MPpU3HAKOB. HoBU3HA mpeamaraeMoii aHcamM0OJIeBO HHTEIIEKTYAJTHHON CHCTEMbI
3aKJIIOYAETCS B OJHOBPDEMEHHOM MPUMEHEHWN METO/Id TPEIBAPUTENHHON OYUCTKU BOJIO-
CAHBIX CTPYKTYP HA JIEPMATOJIOTHYECKUX U30DPAKEHUAX U aHCAMOIIS MYJIbTHMOIATBHBIX
APXUTEKTYD AHAJIN3A PETEPOreHHBIX JAHHBIX.

2. AncambJiieBagi cucTeMa paclioO3HABaHUs MUTMEHTHBIX HOBOOOpa3oBaHMIA
KOXXKHM Ha OCHOBE MYJIbTUMO/IAJbHBIX HEHPOHHBIX cereil. AncambyeBoe o0yueHue
HUCKYCCTBEHHOTO MHTEJJIEKTa B OOJACTH IEPMATOJIOTHH MPEACTABISET COOON pa3InIHbIe
METOBI JIJIsT CO3IAHUS HAMEKHOW U TOYHON KOMOWHWPOBAHHONW MOMEIN MyTEM arperupo-
BaHUs 6A30BBIX HEHPOCETEBBIX APXUTEKTYP [/ KIACCU(DUKAIUT JePMATOJTOTMICCKIX JTAH-
HbIX [7]. AncambiieBbie MOzeIU OOBEAUHSIIOT PE3YJILTATHI OTAEIbHBIX CUCTEM HCKYCCTBEH-
HOTO WHTEJIJIEKTA I TIOBBIMEHUS] TOYHOCTH 3a CYET MCIOIbL30BAHUS WX PA3HOOOPA3HBIX
MOIXOIOB K KjaaccuduKamu JaHHBX. KaXkaas OTmebHAs WHTEIEKTyaIbHAs CUCTEMa,
WMEeT CBOU TPEMMYINECTBA B METOJAX W3BJICUYEHUS MPU3HAKOB W MPU ITOM OTPAHUYEH-
HYIO CIIOCOOHOCTH (PUKCUPOBATH Pa3zbpoC BBIXOAHBIX JaHHBIX. OObenuHeHne HECKOTbKUX
HHTEJIIEKTYATbHBIX CUCTEM B aHCAMOIEBYIO MOJENb MOXKET MOBBICUTH HAJEKHOCTH Pe-
3YJBTATOB KJIACCH(DUKAIINN, & TAKIKE YMEHBIIUTH CUCTEMATHYECKYIO OIMUOKY W JIUCIep-
cuito [8]. Hanbosiee pacnpocTpaHeHHast CTPATErusi B CO3JIAHUM AHCAMOJIEBBIX Momenel —
BBIUUCJIEHNE CPEJHEr0 3HAYEHUsT MPOTHO30B, CAEJAHHBIX KAXKIOW MOIE/IHI0 HA aHAJIOTHI-
HOM Habope JaHHbIX. AHcaMOJb yCpeaHeHHsI B PABHON CTEleHH OObeJUuHSIEeT IIPOrHO3bI
HECKOJIbKMX OOYYEeHHBIX MOZIE/Iel U reHepupyeT Cpeiiue KOMOMHUPOBAHHbBIE IPOrHO3bI [9)].
Omnako s obecrniedenusi 60Jee BBICOKOM MPOM3BOAUTETHHOCTH HEOOXOIUMO YIUTHIBATH
pa3HOoOOpa3ue MPUMEHSIEMBIX B aHCAMOJIE HEMpPOCETeBbIX MOJEJEeH M TOYHOCTH KarKIOTO
BBIOPAHHOTO KjaccuduraTopa. K BO3MOXKHBIM METOIAM peau3allnid pa3HOOOpa3us WH-
TEJIEKTYATBHBIX CHCTEM JIJIsT AaHCAMOJIEBOTO 0Oy IeHNsT OTHOCHUTCST CO3/TaHNe HeHPOCETEBbIX
MOzIesIeil C UCHOJIb30BAHUEM Pa3JIMYHbIX HABGOPOB onruMu3aTopos [10].

MynbTUMOATBHOE MAIMIMHHOE OOydYeHHe MpejCcTaBiasger cOOOM MHTEIEKTYATbHBINH
aHann3 MHOOPMAIMY W3 Pa3sHBIX MomasibHocTeil [11]. OHO Mo3BOJIsSET M3BJIEKATH MPU3HA-
KU W3 TETEePOTEeHHBIX JAHHBIX IJIS ONPEIeJIeHNs HEOYEBUIHON B3AMMOCBSA3U MEXKIY 00-
pabaThIBaeMBbIMU JJAHHBIMH U pe3yibraraMu kiaccudukamum [12]. B obractn nepmarosio-
UM HauboJIee pacnpoCTPAHEHHBIMY TUIIAMU JAHHBIX SIBJISIOTCS N300PAXKEHMS ITUTMEHTHBIX
HOBOOOPA30BAHMI KOXKU U TAKWe METAJAHHBIE KAK IOJI, BO3PACT, JOKATU3AIMA TUIMEHT-
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HOTO TOPaKeHus Ha Teje MalnueHTa. B KadecTBe OCHOBHOI'O METOA IUATHOCTUPOBAHUS
OHKOTIATOJIOTHI MCMOJIB3YeTCs BU3yaJbHOE KJIMHUYIECKOE MCCIeI0BaHe KOXKu. [Ipu 3Tom
CTATUCTUYECKNE METATAHHBIE MAIMEHTOB TAKYKE MOTYT YKA3bIBATH HA, PUCK PA3BUTHUS 3JI10-
Ka4ecTBEHHBIX (DOPM IHMIMEHTHbIX HOBOOOpaszoBauuil koxku [13]. Bcecroponnwuii anasus
Pa3HOPOIHBIX [TAHHBIX MO3BOJISET MOBBICUTH TOYHOCTH W HAJEIKHOCTH PE3yJIbTATOB Iep-
BUYHON KJIACCH(DUKAINN 33 CYET MOMCKA JIOMOJHUTEIbHBIX CBA3EH MEXKIY BU3yaJbHBIMU
00beKTaMM MCCICIOBAHNN W METAJAHHBIMUA KAaK Y MEIWKOB U CIEIUAJJNCTOB, TAK U y CHU-
CTeéM HCKYCCTBEHHOTO WHTEJIIeKTa. Hanbosree onTuMaabHON WHTENIEKTYaIbHON apXUTeK-
TYpO#l JjIs aHaIN3a CTATUCTUIECKUX METAJAHHBIX MAIMEHTOB SIBJISETCS MHOTOCJIONHBIM
JIMHEHHBIA 1epcenTpoH ¢ npsiMoii cBa3bio [14]. Iia o6paborTku 1epMaToJorndecKkux u306-
pazkenunii HanboJIee TMOAXONAIIMI TUII HEHPOHHBIX CeTeil — CBEPTOYHBIE HEHPOHHBIE CETH
(CHC) [15].

[TpenraraeMast MyJbTUMOIAIbHASA HHTELIeKTYa bHasa cucreMa (MUC) amanusa re-
TEPOTeHHBIX IEPMATOJOTUIECKUX TAHHBIX COCTOUT U3 CBEPTOYHBIX CJIOEB MPEIBAPUTEIHHO
0Oy4IeHHOM HEHPOHHOI CeTH M TUHEHHOrO MEPCENTPOHA, KOTOPDIE TAPALIeTLHO U3BIEKAIOT
NPU3HAKY U3 JAHHBIX PA3JIUYHBIX MOJAJIbHOCTEH. B pe3ysibrare 06paboTKy BU3yaIbHBIX
MHOroMepHbIX manabix npu nomoinu CHC mpoucxoauT co3ganme KapT W3BJIEYEHHBIX TPH-
3HAKOB CJIEIYIONIUM 00Pa30M:

mk*l

o=f > i wh+p |,
7

rae m*~! — konmuecrso KapT obbexTa B cioe k— 1; Ii’“*1 — BBIXOJI CJIOS AKTUBAIINN; wf] —

BecoBble KO3 HUIMEHTHI (PUIBTPA MACKH; pz» — KO3(PHUIUEHT CMEITEeHNA.
B sumeitnoM mepcenTpoHe HEHPOHBI BHITOIHSIOT CyMMUPOBAHUE IOy YEHHOTO BEKTO-
Pa BXOIHBIX METAJAHHBIX M U KO3 MUIMEHTa, CMEIIeHuUsT P, (DOPMUPYsT BBIXOTHOMW CHTHAJ:

k
M* = f ZmiwiJFp )
i

37IeCh W; — BECOBOM KOI(DDUIIMEHT HEHPOHA.
Ha cimoe KOHKaTeHAIIMN TTPOU3BOIUTCS 00beIUHEHNE TTOCTPOEHHON KapThl MPU3HAKOB
I* u BeIxOIHOTO Ccurnasa M*:

J
C= St 3wk,
A 7 n i=1

1)

e w;;, — BEeCOBOH KO3 dunmenT myia o6pabOTKU KapT MPU3HAKOB [ jk JepMaTOJIOT e~

2 .
CKHUX BU3YaJbHBIX JAHHBIX; win) — BecoBO# KoaduiueHT a1 00pabOTK U3BIEIEHHBIX

mpu3HAKOB M* BXOIHOrO BeKTOpa METaIaHHBIX.

AxTuBanys MOCIEIHErO CIOS MYJIBTUMOIAILHON HEHPOCETEROI CUCTEMBI TIPOM3BOIUT-
cs1 ipu omoIu MyHKIWH softmaz. [lonydenHoe BBIXOIHOE paCIpeaeeHre BepOsSTHOCTEH
MeXKJy THAarHOCTUYECKUMHU KaTeropusaMy CPABHUBAETCS C UCTUHHBIM paCIIpejiesiIeHueM Tpu
TIOMOITN (DYHKIIMK KPOCC-IHTPOMHUMHBIX MOTEPh, B PE3YyIbTaTe KOTOPOrO IMPOUCXOMAT IO~
CTEMEeHHOEe 3aOMUHAHNE NCTHHHBIX BEKTOPOB W MUHUMHU3AIMS IIOTEPh Ipu o0ydeHnn. Pe-
TyJIMPOBAHNE 3HAYEHUI BECOBBIX KO MUIIMEHTOB JIMHEHHOTO MEPCENTPOHA M CBEPTOUHBIX
CJIOEB TPOU3BOIUTCS MPU TIOMOIINY BHIOPAHHOTO METOA ONTHMU3AINN JIJIsT 00JIee TOTHON
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cxoauMOocTH (PyHKIUU m0oTepu B 0071aCTh raobanbHOro MuauMyMa. CroxacTudeckuil rpa-
muenTHblit ciyck (SGD) u amantusHas onenka MoMmeHToB (Adam) B HacTosIiee Bpems
SABJISIOTCS HAmbOJIee paCIpOCTPAHEHHBIMY aJjropuTMamu ontumusaiuu. [Ipu stom Yogi
u Diffgrad ornocsites k Hanbotee mepeoBbIM METOJAM ONTHMU3AIMY TPOIECCA 00y IeHST,
KOTOPbIE MO3BOJIAIOT JOCTHYb HAUOOIBIIEH TOYHOCTH KITACCU(DUKAIIUH.

Bce MUC, obyuennbie ¢ TpUuMEHEHUEM PA3HBIX TAPAMETPOB, O0bEIUHIIOTCS B AHCAM-
OJIEBYIO MOJIEJIh C UCIOJIb30BAHNEM BHIODAHHOTO MMPABUJIA KOMOWHUPOBAHUS MPU TOMOIIA
ycpenuenusi. Kapra nporuao3a ancam0/1eBOil MO/ CTPOUTCS TTyTeM CYMMWPOBAHUS 3HA-
YeHUI TPOTHO30B OTAEIBHBIX MO e 1Tst Kaxkaoro D ciaydasi B Habope JaHHbIX. [IporHo3
kareropun N Jid KaxKJOro ciaydas Bbraucisgercd mo Gyukuuu A(S ,(f), tV), Koropas co-
MOCTABJISET MPOTHO3UPYEMOE 3HAUEHUE KAXKION OTIEIHHON MOMIENN C COOTBETCTBYIOIIEH
METKOM KATeropuu CJEAYIONUM 00pa30oM:

1, eciu S,(f) etl,
2, ecun S,(f) € t?,
3, econ S,(f) €3,
4

A(S 1Y) =
(S ) , ecan S,(f) € t4,

N, ecin Sl(f) eth.

x .o o
Ecnn S,i ) nporao3 MIIC, o6ydenHoii ¢ ToMOMIbo onTuMu3aropa k, o caydait D®)
npuaagaexkur kareropun N. Ob1iee KOIUIECTBO MPOrHO30B, TOIYY€HHBIX OT OTIETbHBIX
Mogesteit s kareropuu N, MOXKHO MPEICTABUTH TaK:

n
x
AL =3 AS ), 1<n<N.
k=1
[Iporuos ancambJIeBOM MOIE/IM PACCYUTHIBAETCS HA OCHOBE IIPABUJIA B3BELIEHHOrO I'O-
JIOCOBAHUA:

A;ENS) = maXAgf).

Takum 00pa30M, PACCMATPUBAEMOMY CIIYUYAI0 TPUCBAMBAETCS KATETOPWS, TTOJIYIWUB-
mass MAaKCHUMaJIbHOE KOJMYIECTBO T'OJIOCOB OT Kaxkaoil meiipocereBoit momenu. Ha puc. 1
[IPECTABIIEHA TIPe/yIaraeMas ancamMbiieBas My IbTUMOIAIbHAS HEPOCeTEeBAas CHCTEMAa aHaA-
JIN3a TeTEPOreHHBIX JAEePMATOJOTMYECKUX TAHHBIX HA OCHOBE CBEPTOYHON aAPXUTEKTYPHI
Densenet_161. B pe3ynbTare mpenBapuTeanbHO# 00pabOTKH CTATUCTHYIECKAX METAJAHHBIX
dbopMupyeTcst BEKTOP BXOIHBIX TPU3HAKOB, BKIIOYAIONINI B ce0st 14 mepeMeHHbIX, YKA3aH-
HBIX B O/10Ke «/lepmaTonorndeckue maHHbes. V300parKeHust Tak»Ke MPOXOIAT dTAIl Ipe-
BapUTEJIbHON 00paboTKM, B Pe3ysibTare KOTOPOro BU3yaJibHBIE JAHHBIE [TOJIAI0TCS HA BXOI,
BeiOpannoit CHC. TMocie monydeHus KapT NpU3HAKOB MU MOMOIINM CBEPTOYHBIX CIIOEB
dbopMupyeTcst BBIXOTHON CUTHAJ, COCTOSIININ W3 pacipeerenns BeposTaocTeil mo 10 pac-
MO3HABAEMBIM KATEropusaM. AHAJOrMIHBIM 06pa30oM (OPMUPYETCsS BBIXOAHONW CUTHAJ W3
JMHEWHO! HellpoceTeBO apXUTEKTYPhI, COCTOATINI TakxKe n3 10 3HaYeHni, COOTBETCTBYIO-
[IUX KOJIMYEeCTBY PacCIo3HaBaeMbiX Kareropuii. Ha cioe KoHKaTeHamu mpou3BOAuTCA 00b-
eIuHEeHre PA3HOMOJAJIbHBIX CUTHAJIOB. B pe3ysibrare kiaccuduKammy BXOAHBIX TAHHBIX U3
BEPOSITHOCTHOT'O PACIIPEIEIEHUS BEIOMPAETCI MAKCUMAJIHLHOE 3HAUEHNE, XaPAKTEPHOE TNa-
THOCTHYECKOI Kareropun. Bee nporuo3upyembie kareropun kaxkaoit MUC cymvupyrorcs,
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U METOIOM B3BEIIEeHHOTO TOJJOCOBAHUS aHCAMOJIEBOH MOIETN BHIOMPAETCS KATErOpHs, KO-
TOPO#i OBLIO MPUCBOEHO HAMOOJIBIIEE KOJTUIECTBO MOJIOCOB.

4‘ JepMaTosioruyecKue JaHHbIe

‘ Pamopo;mble JaHHBIC |
[

H300pazkenne MeranaHHble

Mon
[ Bospacr }

Jlokasmnsanus.

Mpensapureannas IlpeasapuTenbHas
TKA H i paboTKa MeTaJaHHBIX

P P
14 ‘

TIpenoGpadorannoe Ipeno6padorannsie
H300pakeHne MeTaJaHHbIE

MyJIbTHMOJANBbHASI HHTEJUIEKTYaIbHAS
cHcTeMa, 00yueHHas ¢ ontuMusaropom SGD

Caeprounbie

Denselnet_161 MI/I C, MI/IC’ C,
0 o0yuyenHas o0y4yeHHast o0y4eHHasi
Croii ¢ YOgi (v Diffgrad ¢ Adam
KOHKameHnayuu

|
Kameeopuu
bocm &

Puc. 1. Cxema ancamM0J/IeBOM MOIEIN U3 MYJIBTUMOIAIBHBIX WHTEIEKTYAJTHHBIX CUCTEM
Ha OCHOBe apxuTeKTypsl Densenet 161

3. MarepuaJsl u MeToAbI. [ljis IPAKTHYIECKOTO MOJEIHPOBAHUS HCIOIb30BAIICH
JaxHble n3 orkpeiroro apxusa The International Skin Imaging Collaboration (ISIC). Oro-
6pamnast 6a3a TaHHBIX [JIsT 00y9eHWs] W TeCTHpOBaHust cocrouT u3 41 725 nepmarosoru-
YeCKUX M300parKeHuil MMIMEHTHBIX HOBOOOPA30BAHUI KOKM, CBSI3AHHBIX C METATAHHBIMI
MAIMEeHTOB U TMCTOATONONMYECKH OITBEPK ICHHBIMI nuarno3amu. Bee nanmsre paznese-
Hbl Ha 10 IHATHOCTHYMECKM 3HAYMMBIX KaTeropuil. Pacnpenenenve oro6panHbIX JepmMaTo-
JIOTUYECKHX JJAHHBIX [0 THATHOCTHYECKH 3HAYMMBIM KATErOPUAM IIPEJICTABIECHO Ha PHUC. 2.
BeiGpaHHble JepMaTOIOrH9eCKHe KATETOPUH HOIPA3IAETIAIOTC Ha TPYIIIbL «3/I0KAYeCTBEH-
HBIE» 1 «TI00POKAYECTBEHHBIE» M PACIOIATAIOTCS B IOPSIIKE BO3PACTAHMUST PUCKA, U TSZKECTH
Teuennst 3abosieBannst. IIOCKONIbKY aKTUHIYECKUH KEePATO3 SIBISETCS] BHY TPHIIUTEINAIb-

Bectauk CII6TY. Ilpuknaamas maTemaTruka. Madopmaruka... 2024. T. 20. Beim. 2 235



HOH JpCILIasuell KepaTHHOIUTOB U XapaKTePU3yeTCs KaK MPEHHBA3HBHBIA ILITOCKOKIETOY-
HbBI pak (pak koxu craguu 0), TO TaHHAA KATErOPUs OTHOCUTCS K TPYIIE «3JI0KAIECTBEH-
HBIX» TIMTMEHTHBIX MOpaskeHni Koxu [16].

Konnuectro naunenton, uen.
0 5000 10 000 15000 20 000 25000 30000

Cocyoucmuie nopasiceriia | 253
Hesycol 27878

Coaneunvie 1enmuco | 270

depmamoguopomsr | 246

Cedopeitibie Kepamosvl 1464
Hodbporauecmasennvle kepamosnl 1099
Axmunuveckue kepamosor Ml 869 7
Bazaasnoxremounvie kapyunosrs: I 3393
I1ockoxaemoynvie kapyunoss: M 656 - 2

Meranovy: I 5597

Puyc. 2. I'paduk pacripenesienrss OTOOPAHHBIX JTEPMATOTOTUIECKUX JTAHHBIX
10 JUArHOCTHYECKAM KaTeropusiM: 106pokadecTBeHHbIM (1) 1 3/10KadecTBeHHBIM (2)

Meragagabie 471 KaxK/I0ro n300paskeHus IPeICTaBISIIOT cob0it mHGOPMAIINIO O BO3-
pacre MAIMEHTA, TIOJOBOIM MPUHAIIEKHOCTH U JAHHBIE O JIOKAJIM3AIUN MTUTMEHTHOTO HO-
BoOOpa3oBaHus Ha Teje. Ha srame mpenBapuTesbHON 00pabOTKYM METAIAHHBIX (DAKTOD
«Bo3pacT» ObLT pasmeneH Ha YeThbIpe TPYIILI B COOTBETCTBUU C BO3PACTHON Kaaccuu-
karmeit, npuaaroit BO3. Takum o6pa3om, BapuabesbHOCTh TapaMerpa «Bo3pacrs ObLia
cumkena ¢ 18 1o 4 BO3MOXKHBIX 3HadUeHni. Pacmpeaenenne 1epMaTOIOrIIeCKIX TAHHBIX
[0 PA3JINYHBIM CTATUCTUIECKUM (DAKTOpAM MPEICTaBIEHO HA PUC. 3, 4—6.

a 9]
Mycewor: | Aoreoacumen el
yoreckou 2234 Hoocunori NN 7788

Cpeonuii N 10720
Monoooi I 17927

0 5000 100001500020 00025000 0 5000 10000 15000 20000

JKenckuii 18 431

OpanvHroe/2enumanvroe pacnonoxcerue | 64
boxoeas yacme mynoguuja | 83
Jlaoownu/cmonvt 411
Bepxnue xoneunocmu NN 3844
Tonosa/wes NN 5375
Huocnee koneunocmu NN 7182
Hepeonsis uacme mynosuwa NN 7440
3aonssn wacmo mynosuwa  INEEEEEEEE—— 17 326

0 2000 4000 6000 8000 10000 12000 14000 16000 18000 20000

Puc. 3. Pactipenesienme 0TOOpAHHBIX JePMATOIOTUIECKUAX JAHHBIX
MO CTATUCTHYECKUM (haKTOPaM MAIMEHTOB: 10 oy (a), mo Bo3pacty (6), o JIOKaIu3anmm
MUTMEHTHOTO 00Pa30BaHMs HA TeJe marueHTa. (6)

[Ipakruveckoe MozenupoBanue nposoauiaoch Ha komnbiorepe Intel(R) Core(TM) i5-
8500 ¢ uacroroit 3,00 I'T'm ¢ 16 ['6 omeparwBHON maMATH W 64-OMTHON OMEpPAIMOHHON
cucremoit Windows 10 ¢ uCHosb30BaHHEM sI3BIKA, MPOTPAMMUPOBAHUS BBICOKOTO YPOBHS
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Python 3.11.0. Ina obydenusi MyIbTUMOAIBHBIX HEHPOCETEBBIX CHCTEM U MOIEIHMPOBa-
HUsT AHCAMDJIEBOM CHCTEMBI PUMeHsICS (bpeiiMBOpK MammHHOrO 00y4uenus: Pytorch cos-
mectHO ¢ rpadudeckum mpomeccopom (GPU) ma 6a3e Buneounncera NVIDIA GeForce
GTX 1050TI, maist 06paboTKM craTUCTHIECKUX JaHHBIX — Oubimoreku NumPy, Pandas
u ScikitLearn, misi Busyanusarnuu gaHabix — Obubmmorexka Matplotlib. duis momemupo-
BaHUs BCEX MYJIHTUMOJAIbHBIX WHTEIIEKTYAIbHBIX CHCTEM AHAJIM3A JIePMATOIOTHIECKIX
JAHHBIX B KAYECTBE APXUTEKTYPHI I U3BJIEUEHUS TPU3HAKOB U3 BU3YAJIbHBIX TAHHBIX UC-
rosb3oBasiack CHC Densenet  161. Boibpannast cBepTounas apXxuTekTypa OblIa mpeisa-
pUTENBHO 00y YeHa Ha HabOpe ecTecTBeHHBIX n300paxkenuii ImageNet. B kadecTse MmeTomoB
JUTsT onTUMU3aImy mporecca odydenus 6oumu Beidpanst SGD, Adam, Yogi u Diffgrad.
[IpenBapurenbHas 00pabOTKa BU3YAJTbHBIX JAHHBIX COCTOANA W3 IPEOOPA3OBAHUS
JIEpMATOJIOTHIECKUX W300paskeHuil 70 Tpedyemoro paszmepa 224 X 224 mukceneil v mpume-
HEHWMH METO/Ia OYNCTKHU OT BOJIOCSHBIX CTPYKTYD, MpecTaBieHHoro B padore [17]. [Ipenpa-
puTenbHas 00pabOTKa METATAHHBIX 3aK/II0YAIACH B TPEOOPA30BAHNN BCEX CTATHCTUIECKITX
¢daKkTOPOB B BEKTOP BXOJHBIX MPU3HAKOB IIpu mmomoinu metona one hot encoding. B coor-
BETCTBUM C 30JI0THIM CTAHIAPTOM MAIIMHHOTO OOYYeHWs IJisd MOIEJTMPOBAHUS JI€PMaTO-
Jlorudeckas 0a3a JAHHBIX ObLIa pa3/esieHa HA ODydaroliye, BAJIUIAIMOHHBIE U TECTOBBIE
JIAHHBIE B TIPOIEHTHOM coorHommeruu 60:20:20 (25 035 obyuaiomux, 8345 BaJIUIAIMOHHBIX
u 8345 TecToBbIX Caydaes). B Tabi. 1 mpencTaBieHo pacupeieaeHue IepMaTOJIOrMIeCKUX
M300paskeHnii M0 KaTeropusiM B OOy IAoIIei, BAJIUAIMOHHON M TeCTOBOH BHIOOPKAX.

Tabauya 1. PacipegesieHne JepMaTOJIOTUYECKUX U300pa>KeHUil IO KaTeropusM
B 0o0y4arolneii, BAJINJAIMOHHON M TECTOBOI BBIGOpKaxX

K Bribopka
areropusi

obydaromas | BaJHJAIMOHHAS | TECTOBAsS
CocyaucTele OpaKeHus 151 51 51
Hesycot 16 730 5574 5574
CosHeYHbIE JTEHTUTO 162 54 54
JlepmaTodubpoMbL 146 50 50
CebopeliHbie KepaTO3bl 878 293 293
JTo6poKageCcTBEHHBIE KEPATO3bI 659 220 220
AXTUHHUYECKHE KEePATO3bI 521 174 174
BaszanbHOK/IETOYHbIE KAPIMHOMBI 2035 679 679
T1;10CcKOKJIETOYMHBIE KAPIIMHOMBI 394 131 131
MemaHOMBI 3359 1119 1119

Habop mamubIX OBLT pa3mesieH Ha 00yYaroIyio, BATHIAIIMOHHYIO U TECTOBYIO BBIOOD-
KJ TaKAM 00pa30M, 9TOOBI COOTHOIIEHUE BU3YAJIbHBIX TAHHBIX B KAXK/ION KaTeropuu 66110
MTPOTIOPIIMOHAIBHBIM KaK IS 00yJaloOIIero, Tak U JJis BaJUJAIMOHHOTO W TECTOBOrO Ha-
6opos. K obyuaromeii BHIOOpKE BU3yaJbHBIX JAHHBIX MPUMEHSINCH adGUHHBEE Tpeodpa-
30BaHNS, TAKME KAK OTPAYKEHWE, BPAIEHNe, TTepEeMeIleHre, MacIITabupOBaHue U Ap., JJIsd
MUHAMA3AIMUE PUCKA BO3HUKHOBEHWs MepeoOydenusi moneneii. Pazmep makera BXOTHBIX
JAHHBIX COCTaBJIs 8 mpuMepoB. Iy Bcex ONTMMHU3ATOPOB ObLIA BBIOPAHA OMMHAKOBAs
cranmaprtaas ckopocts o0ydenns 0.001. Ha puc. 4 npeacrasienst rpaduku TogHOCTH TIPU
obyuennn n Banugannonnoi mposepkn MUC na ocrose CHC Densenet  161.

[IpenBapurensHo 00pabOTAHHBIE IEPMATOIOTHUECKUE M300paKeHusT U3 O0ydJaroIeit
BBIOOPKY monaBasnch Ha Bxoa apxutektyphl CHC Densenet 161, 3aKonnpoBaHHBIH BEK-
TOP NPU3HAKOB METAJaHHBbIX — Ha BXO/l MHOT'OCJIOMHON JIMHEITHON HelpPOCeTeBOil apXUTEeK-
Typel. Ha cjoe komkarenaruu mpou3BOAUIOCH OObEIMHEHNE PA3HOMOIATHHBIX TAHHBIX,
TTOJTy9YeHHBIX Ha BBIXOTHBIX cyIoax Densenet 161 m smueiiHo#t HeitpoceTeBOH apXUTEKTY-
pbl. OObenVHEHHBIH CUTHAJ MOMABAJICA HA BXOI CJIOS Softmax [Jisi OMpeesIeHusi Bepo-
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Puc. 4. I'paduku rpermposognoii (1) n Basmaanmonnoit (2) roanoctn npu nposepke MIUC
Ha ocHOBe onrumu3aropos: Adam (a), Diffgrad (6), Yogi (s), SGD (2)

STHOCTHOTO COOTHOIIEHUST TPOTHO3UPYEMBIX METOK W BBIOODA MAKCUMAJIHLHOTO 3HAYEHIS.
B nporecce 0byueHnst UCTOMB30BAJICS AJITOPUTM MPUHYAUTEIHLHON OCTAHOBKY, MPU KOTO-
poum mpekpamanock obydenne MUC, eciu B TedeHMe HECKOJIBKHX 3MOX OTCYTCTBOBAJIO
yBeTMYeHHe BATUIAINOHHON TouHocTH. Takum obpazom, kaxgas MUC obydamach B Te-
gerne 10 snox. [Ipu GosbiioM KomdecTBe SMOX HADIIOAATIOCH BHIPAXKEHHOE 1TepeodydeHne
KaXKJIOM W3 MPEJIOKEHHBIX MYJIHTUMOJAIBHBIX CHCTEM.

4. Pe3ynbraTbl MogempoBaHus. /i MOIydeHns: pe3yIbTaTOB TECTUPOBAHUS aH-
caM0OJ1eBOI MOJIE N BCe TPOTrHO3UpyeMblie Kareropun kaxkaoii MUC cymmupoBauch, u Me-
TOJIOM B3BEIIIEHHOTO TOJIOCOBAHUS [IJIsT KAXKJIOT0 CIIydas BBIOMPATACh KATErOPHs, KOTOPO
OBLIO TIPUCBOEHO HAMOOJIbIIEe KOMIecTBO roocoB. Ha puc. 5 mokazambr npuMepsr KapT
3HAYMMOCTH 11 npeniaraeMmbrx MIC.

B Taba. 2 mpeacraBieHbI pe3ysbTaThl ONEHKW MPU TECTUPOBAHUHN BCEX O0YUEHHBIX
MUC na ocrose apxutekTypsl Densenet 161 s kiaccudukaiuy MIrMEHTHBIX HOBOOO-
pa3oBaHmii KOXKU. B KadecTBe KOMMYECTBEHHBIX METOMOB TECTOBOH CTATHCTHYIECKON OIEeH-
Ku Mozeneil 6puin Boibpanbl crenubuanoctb (Sp), koaddunuent koppessiuu Marbioca
(MCC — Matthews correlation coefficient [18]), gacrora T0KHOOTPHIIATETHHBIX PE3YIIb-
ratoB (FNR — false negative rate), gacrora JIOKHOMOIOKUTEILHBIX pe3yiabraros (FPR —

false positive rate).
Tabauya 2. Pesynprarhl cTaTUCTUYECKON OLlEHKU Mpu TecTupoBaHun Kaxaoit MUIC
Ha ocHOBe apxXuTeKTypbl Densenet 161 u mpesJio>keHHOI aHcaMbjeBoii Mozenun

Mogenn Tounocts, % Sp MCC FNR FPR
MUC Adam 83.70 0.9819 | 0.6828 | 0.1630 | 0.0181
83.94 0.9822 | 0.6904 | 0.1606 | 0.0178

MIC_Diffgrad

MWC_ Yogi 84.10 0.9823 | 0.6917 | 0.1590 | 0.0177
MIC_SGD 84.52 0.9828 | 0.7032 | 0.1548 | 0.0172
Ancavbnn_MIAC 85.92 0.9844 | 0.7268 | 0.1408 | 0.0156
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Puc. 5. Tecrosele gepMarosorudeckue usobpaxenus (a)
U IpUMepHI KapT 3HAYMMOCTH, TI0JIydeHHble mocse tectuposanust MUC Ha ocHoBe

apxurekTypbl Densenet 161 B pesyJibrare HHTEILIEKTYaIbHOrO aHaau3a (0)
MMUC, obyuenusie npu momoniu onrumusaropos: ! - Adam, 2 - Diffgrad, & - Yogi, 4 - SGD.

B pesynbrare TecTupoBaHusi HAMIY YU TOKA3ATEh TOYHOCTH PACIO3HABAHUS ITUT-
MEHTHBIX HOBOOOPA30BAHUI KOKU COCTABUWII 85.92 % 1 ObLI MOy YeH Mpu TTIOMOIIM pa3pabo-
TaHHOH aHCcaMOJIEBOI MOJIETVM B3BEITEHHBIX TOJIOCOB HA OCHOBE OOYYIEHHBIX MYJILTHMOIAIh-
HBIX cucteM. Ilpemmoxkennas ancamobseBas Momeab Ha 1.40 MPOIEHTHBIX MyHKTA TOYHEE
o cpaBHeHuio ¢ Hawmydireit no roanocru MUC, koropast ObL1a 00ydeHa ¢ MCIOIb30BAHMU-
em onrrumm3aropa SGD, u va 1.85 TPOIEHTHBIX MyHKTA TOYHEE [0 CPABHEHUIO CO CPETHEelH
rogroCThIO Beex 00ydennbix MUC (84.06 %). Hanyurmue nokasarenu Sp, MCC 6bim 1mo-
JIy9deHbI PU TECTUPOBAHWN pa3paboTaHHON aHCaMOJIEBOH MOIETN HA OCHOBE PA3IMUHBIX
MUC u cocrapmmm 0.9844 u 0.7268 cooTBeTcTBEHHO. [IjI TAKUX MEp CTATUCTHIECKOM OIEH-
k7 paspaboranubix naTeekTyaabHbix cucreM Kak FNR u FPR wmawnyqmue nokazaremn
cocraBuiin 0.1408 u 0.0156 u Takke ObLIN MOJIyYEHBI IPU TECTUPOBAHUY PA3PaOOTaAHHOM
ancam0JIeBOI MOJE/TH B3BEIIIEHHBIX [0JIOCOB HA OCHOBE OOyYEHHBIX MYIbTUMOIAIbHBIX CH-
crem. [IpuBeneHHbie pe3yabTaThl MOKA3bIBAIOT, uTO 00benuuenune MUC B ancambieByro
MOJIEJTb TIO3BOJISIET 3HAYUTEHHO MMOBBICUTH TOYHOCTh U HAJEXKHOCTh KJIACCU(DUKAIMN TIVT-
MEHTHBIX HOBOOODA30BAHUIT KOKH TI0 CPABHEHUIO ¢ 3P (DEKTUBHOCTHIO KaXKI0i OTAETHHOMN
WHTEJIEKTYAJIHHOW CUCTEMBI.

5. 3akmtoueHne. [Ipeacrasiena amncambieBass HHTEIIEKTYAIbHAS CHCTEMa, AaHAIU3a
TNeTEPOTEHHBIX JIEPMATOJIOTHYECKUX JTAHHBIX. Eeé TOYHOCTH HA OCHOBE MYJTbTUMOIATHHBIX
ApPXUTEKTYP CO CBePTOUYHbIMHU cyosimu Densenet 161 cocrasuia 85.92 %. Cucrema cocto-
UT U3 HECKOJIbKUX MYJIBTUMOIAJIBHBIX APXUTEKTYD, KOTOPHIE aHAJIU3UPYIOT PA3HOPOIHBIE
JIepMAaTOJIOTUYIeCKUE [TaHHbIe, PEICTABICHHbIE N300PaKEHUSIMHU MUTMEHTHBIX HOBOOOpPa-
30BAHUI KOXKHU M CTATHCTUICCKUMHU MeTaJaHHbiMu maruenToB. Oobeaunenne MUC B an-
caMOJIEBYIO0 MOJIE/Ib MO3BOJIMIO MUHUMU3UPOBATH BO3MOXKHBIE ONTUOKYM W UCIEPCUIO TTPU
KJTaCCU(DUKAINN Y KaXK IO OTIEJIbHOM HEHPOCETEBOM APXUTEKTYPHI, & TAKIKE SHAUUTETHHO
MTOBBICUTh HAIEKHOCTH 33 CYET WCIOJIH30BAHUS WX PA3HOOOPA3HBIX MOAXOIOB K KJIACCH-
dukanum gaHHLIX. PazpaboTanHas ancaMOaeBas MOJIETb B3BEIIEHHBIX TOJIOCOB Ha OCHOBE
MYJIbTUMO/IATHHBIX APXUTEKTYP MO3BOJIMIA JOOUTHCs 0OOJIee BHICOKOM TOYHOCTHU IO CPAaB-
HEHUIO C Pe3yJIbTaTaMM TECTUPOBAHUS KaXKIOU OTIEIbHON MyJIbTUMOMAIBHON CHCTEMbI, &
TaKKe TI0 CPABHEHUIO C PE3YIHTATAMU TOYHOCTU AHAJOTHIHBIX AHCAMOJIEBBIX CUCTEM PaC-
TIO3HABAHMS 3JI0KAYECTBEHHBIX HOBOOOpa3oBanmii Koxku [19-21]. B pabore [19] npencras-
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nena ancambnenasi cucrema Ha ocHoBe CHC AlexNet, VGGNet u GoogLeNet, recroBas
TOYHOCTH KOTOPO# cocTapmuia 83.85 % 11 9eThIpex JUATHOCTUIECKUX KATETOPHi, 9TO Ha
2.07 TPOIEHTHBIX TYHKTA HUYKE M0 CPABHEHUIO C TOYHOCTHIO MPEIJTOKEHHOM aHcambJe-
BOIl MHTEJIEKTYAIbHON CUCTEMbI AHAJIN3A F€TEPOr€HHBIX JePMATOJIOTHIECKUAX TAHHBIX HA
ocaoe MUIC. Apropsr paborsi [20] mpeiokuiu ancaMbIeBy0 MOJIEIb HA OCHOBE CBEp-
rounbix apxurekryp Resnet-50, VGG-16, Densenet, Mobilenet, Inceptionvd u Xception,
TECTOBAsT TOYHOCTH KOTOpOil papHa 78.00 %, uto Ha 7.92 MPOIEHTHBIX MYyHKTa HUKE IO
CPaBHEHMIO C TECTOBOI TOYHOCTHIO MPEIJIOXKEHHON B3BEITEHHONH aHCaMOJIEBO MOIEIN Ha
OCHOBE MyJIbTUMOJIAJIBHBIX apXUTEKTYD. ABTODHI [21] MpenIoKuiIn pasindHble BAPUAHTHI
ancaM0JIeBBIX MOJeJIell, COCTOAINX U3 JABYX APXUTEKTYDP, OOy9IeHHBIX HA OIHOM ONTHMU-
zarope. g ancambias uz CHC DenseNet-201 u MobileNet, o6y4eHHbIX ¢ OOTHMHA3ATO-
pom Adam, Tounocts cocrapmia 84.43 %, uro ma 1.49 MPOUEHTHBIA MyHKT HUXKE, YeM
y mpejIoKeHHol ancambeBoit cucrembr Ha ocaoe MUC. dna apxurexktyp DenseNet-201
u ResNet-50, oOy4ueHHBIX ¢ HCMOAB30BaHUEM ontumuszaropa Adam, TecToBasi TOYHOCTH
rakxke cocrapuna 84.43 % mms 25 smox, uro Ha 1.49 NPOIEHTHBIA MyHKT HHUXKE IO CPaB-
HEHUIO C pa3pabOTaHHOM B3BEIIeHHON aHcaMOIeBOH MOIETbIO aHAIN3a TeTePOTEHHBIX IepP-
MaTOJIOTUYECKUX JAHHDIX.

OCHOBHBIM OTDAHMYEHUEM TTPEICTABICHHONW aHCAMOJIEBOM HEHPOCETEBON CUCTEMBI HA,
OCHOBE MYJIHTUMOJIATHHBIX apXUTEKTYD M aHAJIN3a TeTePOTeHHBIX JIePMaTOJOTHIECKUX
JIAHHBIX ABJISETCA TO, 9TO MEJWKH U CIEIUAJACTHI MOTYT MPUMEHSITh CHCTEMY TOJIBKO
KaK BCIIOMOTATEIbHBINA JUATHOCTUIECKUH HHCTPYMEHT. Takas cucreMa He MOXKEeT ObITb WC-
[MOJIb30BAHA, B KAYECTBE CAMOCTOATEIHHOTO METO/Ia JUATHOCTUKY U3-32 BO3SMOXKHOTO PUCKA
BO3HUKHOBEHWS JIOKHOOTPHUIATETHHBIX OMUO0K. OIHAKO €6 MOXKHO CUMTATh BBICOKOTOY-
HBIM BCITOMOTATETHLHBIM WHCTPYMEHTOM, MOMOTAIONINM TPUHIATH METUITNHCKOE pelleHue,
YTO MO3BOJIUT COKPATUTH MOTPedIeHrne (DUHAHCOBBIX M TPYIOBBIX PECYPCOB, 33eICTBOBAH-
HBIX B MEIUIMHCKON OTPAC/IH, a TAKXKE IMOBBICUT IIAHC PAHHETO BBHISBICHUS TATMEHTHBIX
OHKONATOJIOTUHA.
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Today, skin cancer is one of the leading causes of death in the world. Diagnosing skin cancer
early is critical to increasing potential survival. Therefore, it is relevant to develop high-
precision intelligent auxiliary diagnostic systems for detecting skin cancer in the early stages.
Ensemble learning is one of the current and promising methods for increasing the accuracy
of intelligent classification systems by reducing the dispersion and variability of predictions
of individual components of the overall system. The work proposes an ensemble intelligent
system for analyzing heterogeneous dermatological data based on multimodal neural net-
works. The accuracy of the developed ensemble system was 85.92 %, which is 1.85 percentage
points higher than the average accuracy of individual multimodal architectures for classifying
heterogeneous dermatological data. The developed system can be used as a high-precision
auxiliary diagnostic tool to help make a medical decision, which will increase the chance of
early detection of pigmented oncological pathologies.

Keywords: multimodal neural network, ensemble neural network, machine learning, hetero-
geneous data, dermatological images, pigmented skin lesions, skin cancer, melanoma.
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A satellite moving on a circular equatorial orbit is considered. The satellite is equipped with
a controlled magnetic moment and a controlled electrostatic charge. The problem of triaxial
stabilization in the orbital frame is studied. The electrodynamic control system is proposed.
In addition, to improve characteristics of transient processes, PID controller of a special form
is used. With the aid of the Lyapunov direct method, asymptotic stability conditions of the
program mode are obtained. The results of computer simulation are provided demonstrating
the efficiency of the developed approach.

Keywords: satellite, electrodynamic control, triaxial stabilization, Lyapunov — Krasovskii
functional, PID controller.

1. Introduction. The development of control systems for the attitude stabilization
of satellites with respect to their centers of masses is one of the most actual and chal-
lenging problems of space dynamics [1-3]. There are various approaches to solving this
problem, e.g., application of flywheels, power gyroscopes, reactive control systems, solar
radiation pressure, etc. In last decades, magnetic control systems based on the interac-
tion of their executive devices with the Earth magnetic field are widely used [4-9]. Such
systems are especially effective for small satellites. Existing magnetic attitude control sys-
tems, their specific features, advantages and disadvantages are described, for instance, in
[5, 10]. Moreover, it is worth noting that, to increase the efficiency of this approach, in [11],
the electrodynamic method for the stabilization of satellites was proposed. This method is
based on the simultaneous using the magnetic moment and the moment of Lorentz forces.
In [12], the electrodynamic method was applied for the triaxial stabilization in the orbital
frame for a satellite moving on a circular equatorial orbit. The problem of the satellite
stabilization in the direct equilibrium position was solved.

However, it should be mentioned that, in many problems of satellite attitude con-
trol, it is necessary to ensure not only stabilization of program modes, but also sufficient
smoothness of transient processes [13, 14]. An effective tool for damping undesirable oscil-
lations of mechanical systems is the use of PID controllers and their modifications [15-19].
This method is widely applied in space dynamics (see, e.g., [20-22] and the bibliography
cited therein). At the same time, in [17], it was noted that a general satisfactory theory
and a general approach that can provide explicit design formulae for the PID parameters
are still lacking.

The results of [12] were further extended in [23]. Firstly, instead of the direct equilib-
rium position, an arbitrary equilibrium position in the orbital frame was stabilized. Sec-
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ondly, a development of the concept of the electrodynamic control was proposed providing
compensation of disturbing torques. Thirdly, to improve the characteristics of transient
processes, a modified PID controller was designed. The previously constructed control
torque was supplemented by a term with distributed delay. Applying the Lyapunov direct
method, conditions for the asymptotic stability of the program mode were derived. The
effectiveness of the proposed control was confirmed by numerical modeling. It was shown
that such an approach permits us not only to significantly smooth out transient processes,
but also to increase the convergence rate to the program mode.

In the present contribution, we will propose another construction of a PID controller.
It is worth mentioning that the controller designed in [23] is a special case of the new
one. Conditions on the control parameters will be found under which the stabilization
can be guaranteed. With the aid of numerical simulations, we will demonstrate that, via
appropriate choice of these parameters, it is possible to improve the characteristics of
transient processes compared with those obtained using the controller from [23].

2. Problem formulation. Consider a satellite equipped with a controlled magnetic
moment I and a controlled electrostatic charge distributed over certain volume. Assume
that its center of mass C' moves on a circular equatorial low-Earth orbit. We will study the
rotational motion of the satellite with respect to its center of mass in the orbital frame.
Let the axis C¢ of this frame be directed tangent to the orbit in the direction of motion,
the axis Cn be directed normal to the orbital plane, and the axis C'( be directed along the
radius vector of the satellite’s center of mass relative to the center of the Earth. Denote
by &o0,M0, o the unite vectors of this frame. The orbital coordinate system rotates with
respect to the inertial one with an angular velocity wy.

The system Cxyz of principal central axes of inertia is rigidly connected with the
satellite. In this system, the vectors &, 19, (o are denoted by s1, s2, s3. Assume that a right
triple of mutually orthogonal unite vectors 71,7y, 73 is given in the system Cxyz. These
vectors define the program orientation of the satellite.

Let the perturbed gravitational torque Mg act on the satellite. As the satellite moves
relative to the geomagnetic field with magnetic induction B, the Lorentz moment M, and
magnetic moment M, are excited, where My = P x T, My =1 x B, P = pgQ, Q is the
total charge, pg is the radius vector of the satellite’s charge center with respect to its center
of mass, T' = Vo x B, V¢ is the speed of the point C' relative to the geomagnetic field.
Assume that the vector B coincides with its value at the center of mass. In this paper,
as well as in [12, 23], we will use “direct magnetic dipole” as a model of the geomagnetic
field. In this case, the vector B is constant in all points of the equatorial orbit.

The rotation motion of the satellite is modeled by the Euler dynamic equations

d
Jd—;” — wo (W X 82) + (w + wos2) X (J(w + wos2)) = Ma + Mar + Mg (1)
and the Poisson kinematic equations
ds.:
%:—wxsj, j=1,2,3, 2)

where w is the angular velocity of the satellite with respect to the orbital frame; J =
diag{ A1, Az, A3} is the inertia tensor in the coordinate system Czyz; Mg = 3w3sz x (Js3).

Our objective is to design an electrodynamic control providing triaxial stabilization
of the prescribed program orientation of the satellite. This means that we should choose
laws of variation of vectors I and P under which the system (1), (2) admits asymptotically
stable equilibrium position
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w=0, sj=r;, j=1,2,3. (3)

3. Design of control torques. In [12], a special approach to solving the problem of a
satellite triaxial stabilization in the direct equilibrium position was developed. Each of the
vectors I and P was chosen as a sum of restoring and damping components. In [23], this
approach was extended to the case of arbitrary equilibrium position in the orbital frame.
Vectors I and P were supplemented by compensating components. The need for these
additional terms is due to the fact that, under the action of disturbing forces, the considered
system may not have the required program mode. As a result, the Euler equations were
represented as follows:

d
Jd—C: —wod (W X 82) + (w -+ Wosa) X (Jw) + wow X (Jsz) =

= kars X 83+ kpro X S2 — hA(OJ - (WT83)S3) - hM(W - (WTS2)S2)a (4)

here ka, kpr, ha, hps are constant positive coefficients.
Furthermore, to improve the characteristics of transient processes (in particular,
damping undesirable satellite oscillations), a term with distributed delay of the form

t t
Maist = akp / r3 X s3(u)du + akps / ro X so(u)du (5)
t

t—7 —T

was added to the right-hand side of (4). Here a and 7 are constants with 7 > 0. Thus, a
modified PID controller (see [16]) was constructed.
With the aid of the Lyapunov direct method, it was proven that if

Tla| <1, (6)

then there exist values of parameters ka, knr, ha, has under which the proposed controller
ensures the asymptotic stability of the program mode (3). Moreover, the results of nu-
merical simulations demonstrated that its use not only significantly smooth out transient
processes, but also increases the convergence rate of perturbed motions to the equilibrium
position.

In this paper, another type of PID controller will be applied. Instead of the integral
term (5), we will add to the right-hand side of (4) the torque

M = bkA/f(t —u)rg X s3(u)du + bkM/f(t —u)rg X so(u)du, (7)
0 0

where b is a constant coefficient; f(¢) is a nonnegative and piecewise continuous for ¢ > 0
function such that [;° f(u)du < co. Then the equations (4) take the form

d
Jd—UtJ —wod (w X 82) + (w + wps2) X (Jw) +wow X (Js2) = kars X 83+

t t
+karo X s2 + bsz/f(t —u)rg X s3(u)du + bkM/f(t —u)re X sz(u)du—
0 0
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—ha(w — (w's3)83) — har(w — (W' s2)89). (8)

Remark 1. The torque (5) can be obtained as a special case of (7) if f(t) = a/b for
t€[0,7] and f(t) =0for ¢t > 7.

We will look for conditions under which new controller ensures the triaxial stabiliza-
tion of the satellite.

4. Stability analysis. Let the following additional constraints be imposed on the
function f(¢).

Assumption 1. There exists a number A > 0 such that [~ f(u)du < Af(t) for
t € [0,00).

Assumption 2. The inequality

|b|/f(u)du <1 9)

holds.

Remark 2. The condition (9) is a counterpart of (6).

Remark 3. For instance, Assumption 1 is satisfied for the function f(t) = exp(—dt),
where § > 0. It is worth noticing that PID controllers with exponential kernels are widely
used in the contemporary control theory [24].

Denoting hy = hsz, hy = hsz, where sz, sz are fixed positive constants and h is
a positive parameter, we obtain

ha(w — (wT53)53) + hy(w— ((UTSQ)SQ) = hZw + hq(w, s2, $3),

here R )
ha+hy O 0
=E=R 0 ha 0 | RT,
0 0 hu
the columns of the matrix R are vectors r1,rq,73, the function ¢(w, s, s3) satisfies the
estimate ||q(w, s2,53)|| < Bllw||(|[s2 — 2|l + l|s3 — 73]|), B = const > 0, || - || is the Euclidean

norm of a vector. Thus, the matrix = is positive definite.

Theorem. Let Assumptions 1 and 2 be fulfilled. Then there exists a number h>0
such that the equilibrium position (3) of the system (2), (8) is asymptotically stable for all
h > h.

P r o o f. Our analysis is based on the Lyapunov direct method and approaches to
constructing Lyapunov functions and Lyapunov —Krasovskii functionals for mechanical
systems developed in [25-28]. First, choose a Lyapunov function candidate as follows:

1 1 1 —
V(w, s2,83) = 3 (kallrs — s3|® + ka2 — s21?) + §uwTJw - E@T: Lw.
Here ® = kpars X s3 + kpro X s2 and p is a positive parameter to be selected later. Then

1
(kallrs = ssll* + karllrz = s211%) + pBrflwl® = 2 Ballwll(lIrs — sall + lIra = s2]) <

N~

1
< V(w, s9,83) < 5 (kA||7"3 — s3]|2 + kar||re — 52||2) +

1
+ uBsllwl® + 3-Ballwli(lirs — ssll + s = s2])),

where (31, B2, B3 are positive coefficients.
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Differentiating the function V(w, sz, s3) with respect to the system (2), (8), we obtain

% = ( +b/f (t —u)®(u)du — hZw(t) — hq(OJ(t),SQ(t)753(t))) +

%(km % (w(t) % s5(t)) + karra x (w(t) x 52(£)) T2 LJw(t) —

- %@Tafl (wo (w(t) X s2(£)) — (W(E) + wosa(t)) x (Jw(t)) — wow(t) x (Jsa(t)) +

T () +b / F(t = u)®(u)du - hq(w<t>,sz<t>,sg<t») <

0

< pBallw@®)|(llrs — ss(®)[ + llr2 — s2(8)I]) + ulbll\w(t)II/f(t — w)|[®(w)l|du —
0

— huBs||w(t)]|® - %@TE* ( +b/f (t—u)® du) +

+hpsBollw ()1 (lIrs — ss ()l + [lr2 — s2(B)]) +
+ %&Ilw(lﬁ)ll2 + %ﬁs (lw @+ lw @) (lrs = s3@)ll + llr2 = s2(B)I) +

+Bollw®)ll(llrs — s3] + llr2 = s2(B)I?,

here 8; >0,i=4,...,9.
Next, construct a Lyapunov — Krasovskii functional candidate in the form

t
0
where I is a constant positive definite matrix, so, s3; denote the restrictions of the corre-
sponding components of a solution, i.e., s;; : u — s;(u) for u € [0,¢], { = 2,3. Then

W (t,w(t), s2t, 53t) = V(w(t), sa(t

3‘I>—‘

7 0)do® " (u)['®(u)du,

t—u

% (kallrs = s3@)II* + karllr2 = s2(8)]1%) — %ﬂzllw(t)ll(llrs —s3()]| + lIr2 — s2()1) +

b + 300 [ [ £ B dn < Wt w(0), 521, 50) <
0 t—u

1

< 5 (Rallrs = ssOI* + arllr2 = s2(8)[1%) + %ﬂzllw(t)ll(llrs —s3(t)]| + llr2 — s2(D)1) +

t 0o
+ubalwlF+ 10 [ [ Fo)dolew)du

0 t—u
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t

d—vf S pBallw@®II(llrs = s3(®)| + lIr2 = s2 (1) + plbll|w (@)l /f(t — w)||®(u)|du—

0
— hpafs||lw(t) 1 + %ﬁs (lw @l + lw @) (lrs — ss @)l + llr2 = s2(B)]) +
+hpfsllw®)]* (s — ss (@)l + r2 = s2(8)]) + lﬂ7llw(lﬁ)ll2 +
+Bollw®l(llrs — ss(®)] + llr2 = s2()[)* ~ —Q( );

where (319, 811 are positive constants and

Qt)y=do"=" t)+b [ f(t—u)d f(w)dud® " ()T D(t) +
h e mrn) - [

Jr/f(tfu)CI>T(u)I‘CID(u)du.

Let Z(t) =Z27Y2®(t), v = [~ f(u)du. Then

Q) =1Z@®)|? + b2 (1) / ft —u)Z(w)du—~Z " (H)EV2TEYV2Z(t) +

/f )~1/2F~1/2Z( )d

Choosing the matrix I in the form I' = eZ~!, ¢ = const > 0, we obtain

t) = (1 - en | 2] +b27 (1) / f(t - u)Z(u)du + ¢ / £t~ w)l|Z(w)|Pdu >
0 0

> (121 -vg0 ) 12l + (e - 15°) /f (t — )12 (w)]?du,

where v is an arbitrary positive number.
- b b
v
€ — <1, e>—. 10
7+75, 5 (10)
For the existence of v > 0 for which the inequalities (10) hold, it is necessary and sufficient
the fulfilment of the condition

% < 4e(1 — 7e). (11)

It is worth noticing that (11) imposes least conservative constraint on the parameter b in
the case, where ¢ = 1/(27). As a result, we arrive at the inequality (9).
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For such a choice of parameters, the estimate of the derivative of W (¢, w(t), sat, s3t)
takes the form

% < pBallw@II(llrs = s3(B)] + lIr2 = s2 (D)) + plbllw(@)]] /f(t — w)||®(u)|du—

0
— s [ )? + el (D7 + s (Ol + (@) (s = sl + 2 = s2(6)]) +
+ o027 = sa(0)] + lra = sa20]) + Bollw( s = sa )]+ lrz = s2(0)])? —
~ 3Bzl @@F - 1B [ £t = wlle(w)Pdu
0

where 12 > 0, $13 > 0.
In [29], it was proven the existence of a number A > 0 such that

IR@)I1* > 5 (kasllr2 = s2 ()] + KR llrs — s3(t)]1?) (12)

N | =

for ||rs — s3(t)|| + [|r2 — s2(t)|| < A. With the aid of the estimate (12) and the standard
technique based on the application of Young’s and Holder’s inequalities (see [26, 27]), it is

easy to verify that if values of u and A are sufficiently small, then one can choose h > 0
such that
2 2 1 2
7 (kallrs = s3I + kel = s2(O1°) + SO +

t oo
d38u [ [ 5@t = sa(@I? + 2~ sa(w)|P)du < Wt 0(t)521,53) <

0 t—u

< kallrs = s3I + karllra = s2 (0117 + 2uBs]lw(®)]* +

30 [ [ F@)do(lra = s + 12 — sofu)| P
0 t—u
dw 1 1
o S hwBslw®ll = 5 Pre(lrs — s3> + [lr2 — s2(1)]1?) —

~ e [ 1= w)lra = sa()|P + 2 — sa(u) )
0

for h > h, ||rs — s3(t)|| + [|r2 — s2(8)]| < A, [[w(t)]| < A. Here B4, Bis, Bis, Si7 are positive
constants. Hence, the differential inequality

aw - -
r —BW (t,w(t), Sat, S3t), B = const > 0,

N

holds for ||rg —s3(t)||+||r2 —s2(t)|| < A, |lw(t)]] < A. This implies the asymptotic stability
of the equilibrium position (3). The proof is completed. O
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5. Results of the computer modeling. For simulation, we assume that wg = 0.001,
kn = kv = 1, ha = hy = 1, J = diag{1000,1300,1700} (all dimensional param-
eters are given in International System of Units). Consider stabilization of a satellite
in the direct equilibrium position, i.e., 1 = (1,0,0)", 7o = (0,1,0)", r3 = (0,0,1)7.
In Figures 1 and 2 the dependence of the value 1 = |rs — s3|| + [[r2 — s2]| on time
is presented. The following initial conditions for solutions were chosen: w(0) = 0,

¥(t) 45

3.0

2.5

2.0

1.5 i 1

0.5

0.0

0 1000 2000 3000 4000

Puc. 1. Stabilization process under control with distributed delay

P(t) 45
3.0
2.5
2.0
1.5
i
0.5 :
VVVWWWWVVVW"\NVWW\/W»M
0.0
0 1000 2000 3000 4000 ¢
Puc. 2. Stabilization process under PID controller
s1(u) = (cosp,—cosfsingp,sinfsinp)’, so(u) = (sinep,cosfcosp, —sinfcosy)’,

s3(u) = (0,sin6,cosf) T for u < 0, where ¢ = 0.3, § = —2. Figure 1 corresponds to the
application of the control with distributed delay. The term of the form (5) was used with
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the following values of parameters: a = 1, 7 = 0.75. In Figure 2, the result of application
of PID controller is demonstrated. The integral term was defined by the formula (7) with
b =3, f(t) = exp(—4t). It is worth noticing that in this case ar = b [, f(u)du = 0.75.

From the comparison of Figsures 1 and 2 it follows that, under the using new con-
troller, transient processes become smoother and their time is significantly reduced.

6. Conclusion. In the present contribution, an electrodynamic control system en-
suring triaxial stabilization of a satellite in the orbital frame is designed. The proposed
controller includes an integral component that permits us to improve characteristics of
transient processes. Using an original construction of Lyapunov — Krasovskii functional,
conditions on control parameters are derived guaranteeing the asymptotic stability of the
prescribed equilibrium position. It is worth noticing that these conditions contain some
constraints on the differential and integral components of the controller, but do not im-
pose any constraints on the proportional component. The effectiveness of the proposed
approach is confirmed by numerical simulation. It is shown that, in comparison with the
previously constructed control, the new one permits us not only to significantly smooth
out transient processes, but also to increase the convergence rate to the program mode.
An important direction for further research is an extension of the obtained results to the
case of more complex model of the magnetic field.
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PaccmarpuBaercs 3a7a4a ONITUMAIHFHOTO YITPABJIEHU T TUHEHHOM rUIepOoImIecKoil CHCTeMOi
IIePBOTO TOPS/IKA, B KOTOPOI HEOIHOPOIHOCTH B MIPABON YaCTH OIPEIEIseTCss U3 YIIPaBJIs-
eMOll JTMHeWHOU CcHuCTeMbl OOBIKHOBEHHBIX arddepeHInaaIbHbIX YPABHEHUH C MOCTOSHHBIM
3amazabiBaneM. Marpura k03 dumenTos npu (Hpa3oBbIX MEePEeMEeHHBIX B CHCTEeME OOBIKHO-
BeHHBIX MuddepeHITnaIbHbIX YPAaBHEHIH 3aBUCHAT OT (pyHKIWH yipasiaenns. LlemeBoit GpyHk-
mmonast mHeer. Ha ocroBe TounOl (6€3 0CTATOYHBIX 9IeHOB) (POPMYJIBI IPUPAIIEHAS TIETIe-
Boro (yHKIMOHAIA 33/a49a CBEJEHA K 33/a49e ONMTHMAJIHLHOIO YIIPABIEHUST CHCTEMO OOBIK-
HOBeHHBIX mquddepeHnua bublx ypaBuennii. Pe3yibrar chopmymmpoBan B Buie HEKJIACCH-
9eCKOr0 YCJIOBUsI ONMTHMAIbHOCTH BAaPWAIMOHHOTO Tuia. lIpemraraeMasi peyKius 3aa9n
CYIIECTBEHHO COKPAIIAET 00bEeM BBITHCICHUI NIPU HUCIIOJIH30BAHUN THUCICHHBIX METOIOB OI-
TuMu3anun. [IpuBeseH WIIOCTPATUBHBIA TIPUMED.

Karouesvie crosa: rubpuaHas 3a/1a49a, THIEPOOIINTIecKast CHCTeMa, CUCTEMA C 3aIa3IbIBAHIEM,
TouHas (POPMYJIA MPUPAIIEHHUsI, BAPUAIMOHHOE YCJIOBHE OMTUMAJIHLHOCTH, PEAYKITUS 33 Ia9H.

1. BBenenue. Vcropus uccienoBanust 3aaa4d yrpasienns anddepeHnuaabHbIMI
YPABHEHUSMHU C YACTHBIMHU HTPOU3BOAHBIMEU ¥ d(PDEKTOM 3ama3abIBaHUs TJIABHBIM 0Opa-
30M IIOBTOPsAET U Pa3BHUBaeT IOJIyYeHHbIe paHee Pe3yJ/bTaThl JIjId 3ajad yIpaB/IeHud CH-
CTEMaMU C COCPEIOTOYEHHBIMU MapaMerpaMu. MOKHO BbIIEIATH TOCTUKEHNUSA B BOIIPOCAX
CYIIECTBOBAHUST W €IMHCTBEHHOCTH ONTMMAJBHBIX yrpaBjeHuii [1], momaydyennn yciopmii
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ONTUMAJILHOCTHA THUINA KJIACCHMYECKOrO IPUHIMUIIA MAKCUMyMa [2], IOCTPOEHUHM BBIYUCIIU-
TeJBLHBIX MeTONOB [3], cuuresa [4] u crabunusanun [5-7].

B Hacrosieit ctarhbe OMUCHIBAETCS 33a49a ONTUMAJIBHOTO YIIPABJICHUS JTUHENHOW TH-
epOOTUIECKON CHCTEMOM MEPBOro MOPSIIKA, B KOTOPOl HEOAHOPOAHOCTH B MPABOH JacTh
OTIPEIEJISIeTCH U3 YIPABJISIEMO JIMHEHHON CrCcTeMbl OOBIKHOBEHHBIX Ju(depeHInambHbIX
YPABHEHUH ¢ TIOCTOSTHHBIM 3aMAa3/IbIBAHUEM . 33Ja91 TAKOTO BUIA BO3HUKAIOT, B YACTHOCTH,
B MOJIEJISIX, OMMCHIBAIOIINX IUHAMUKY JIBYX B3aUMOIEHCTBYIOIIUX TOMYISAINNA «PDACTUTE b~
HOSIZIHBIN KOHCYMEHT — pacTenusi» [8, ¢. 218-219]. CTpyKkTypa pacTUTeIbHOSIIHOM oMy~
JISTIAY YKUBOTHBIX OMPEIEIIeTcss NHTerpoaudGepeHInaIbHbBIM YPABHEHHEM ¢ TUEPOOIH-
geckuM udPepeHuaIbHbIM ONepaTopoM B JeBo# dactu. ljis 3Toi momyasnuu BaykKHO
pacrpeeieHue ee 9IeHOB M0 Bo3pacry. B KadecTBe HE3ABUCHMBIX MEPEMEHHBIX BBICTY-
Mal0T BpeMsi, B T€UEHWE KOTOPOTO M3y4aeTcs MpOoIecc, W BO3pacT ocobeii. s Momenn-
POBaHWS K€ MWHAMUKHU MOMYJISIUN PACTEHWS BO3PACT YACTO HE MMEET CYIIEeCTBEHHOTO
3HAYEHUS, & TIOITOMY MOYKHO OTPAHUYUTHCSA KJIACCHIECKUM ODBIKHOBEHHBIM Tu(dEPEHIIH-
AJIbHBIM YDaBHEHUEM.

OcobEeHHOCTHIO pACCMATPUBAEMOI 33/1a9K SIBJISIETCS TPE/IITOIOKEHIE O TOM, YTO MaT-
puna K03 uUIneHToB Ipu (Pa30BbIX MEPEMEHHBIX B CHCTEME OOBIKHOBEHHBIX auddepeH-
[MUAJBHBIX YPABHEHUN 3aBUCHT OT (DYHKIMU yrpasieHus. [[03TOMy, HECMOTPsT Ha, JIMHEH-
HOCTH I11e1eBOT0 (DYHKIMOHAJA, Kaaccudeckuii mpuuiun makcumywma, JI. C. I[MouTpsiruna
B JIAHHOU 3a/adYe siBJISIeTCS TOJbKO HEOOXOIWMBIM, HO HE JOCTATOYHBIM yCJIOBHUEM OIITH-
ManabHOCTH. L1 pelnrenns moao0HBIX 33129 OOBIYHO MPUMEHSIIOTCA METOIbI, pa3paboTaH-
HBIE JJIs1 OOIUX HEeJTHHEHHBIX TpobieM.

B crarhe BriepBbIe 1151 33149 € 3aMa3bIBAHIEM TTPUMEHEHa, MOAUMUIITPOBAHHAS Me-
ronuKa [9], ocHOBaHHAast HA MCMOIB30BAHNM TOYHON (6€3 OCTATOYHBIX UJIEHOB) (DOPMYIIBI
MPHUPAIIEHUS eIeBOT0 (PYHKIIMOHATIA. DTOT MOIXO/, TO3BOJIUI CBECTH MCXOMHYIO 33729y
ONTUMAJIHLHOTO yIPABJIEHUS K 3a7a4U€ ONTUMAIBHOTO YIPABIEHUS CHCTEMON OOBIKHOBEH-
HBIX auddepeHnnanbHbX ypaBHennit. Pe3ynbrar chopMyIupoBaH B BHIE HEKJIACCHIE-
CKOT'O YCJIOBHUSI ONTUMAJILHOCTH BAPUAIIMOHHOTO THUTA. JlOKa3aHHAS TEOpeMa MO CYIIEeCTBY
OTIPEJIEJISIET [IEJI0e CEMENCTBO HEOOXOMMMBIX U TOCTATOYHBIX YCIOBUI ONMTHUMAJIBHOCTH. Pe-
MYKIUS 33a90 JA€T BO3MOXKHOCTb B 3HAUUTENHHON CTEMEHN COKPATUTH O0bEM BBIUUCIIE-
uuii. [Ipu peanusanuy onTUMU3AMMOHHBIX METOOB B MMOJOOHOrO POjIa 33439aX OCHOBHOE
BpeMsl TPATUTCH HA MHOTOKPATHBIE WHTEIPUPOBAHUS UCXOTHON W COMPSIKEHHOU CHUCTEM
nuddepeHuanbHbIX YPABHEHUN B YaCTHBIX MPOW3BOAHBIX. llomydenHblii B HacCTOsIIEH
paboTe pe3yabTaT MO3BOJISET OTPAHUYUTHCT MAKCUMYM JIBYMS MPOIELYPAMU JOCTATOU-
HO TPYJOEMKOTO PEIeHrsT HAYAJIbHO-KPAEBBIX 330a9 JIJIT CUCTEM TUMEPOOTUIECKUX YPAB-
HEHUI: OJHOKPATHOE WHTErPUPOBAHUE COMPSIKEHHOW CUCTEMBI M, €CJIA 3TO HEOOXOIUMO,
dbuHATBHOE PEIIeHne i OIPe/IeIeHNsI COCTOSHUS MPOIECCa, COOTBETCTBYIOIIErO HAMIeH-
HOMY ONTHUMAJIHLHOMY ymhpasieHuio. lIpuBeneHHbI B 1. 5 TpUMEp HJLIIOCTPUPYET TaKOH
MTOTXOI.

2. [TocranoBka 3amadu. PaccMoTpuM cucreMy JIMHEHHBIX TUMEPOOTUIECKUX YPAB-
HEHUIT TIepBOTO MOPAIKA

ox ox
— + A(s,t)g

- = (s, t)z + f(s,t) + C(t)y, (1)

(S,t)EH, H:SXT, S:[So,sl], T:[to,tl],

B KOTOPOii 2(s,t), y(t) — n- u m-mepubie BekTOp-pyHKuuu; A(s,t) — quaronanbHas Mar-
pura nopsigka (n X n); C(t) u ®(s,t) — marpuunbie GyHKIHM pasmepa (n X m), (n X n)
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COOTBETCTBEHHO; 7(5, t) — n-mepHas BeKTOp-pyHKuus. J{0noJHUTeIbHO CYUTAEM, YTO Ira-
TOHAJIHBIE SJIEMEHTHI a; = a;(s,t), 1 = 1,2,...,n, Marpurp Ko3bOUIHEHTOB 3HAKOTOCTO-
auHbr B 11

ai(s,t) >0, i=1,2,...,mq,

ai(s,t) =0, i=m1+1,mi+2,...,ma,
ai(s,t) <0, di=ma+1,ma+2,....,n.

[Tycrs marpuna A1 (s,t) nopsaaka (my x mq1) n marpuua A~ (s,t) nopsaka (n — ms) x

(n — mg) — aWaroHaJbHbBIE NOAMATPULBI, COCTABJIEHHBIE W3 MOJOXKUTEJbHBIX U OTPH-
IATEeTbHBIX 37eMeHTOB Marpuisl A. PaccmMorpum nmomsekTopsl 7 = (x1,T2,. .., Tm, )
0L = (Tmgt1l, Tmgt2y -« -5 Tn), KOTOPHIE OTBEYAIOT TTOJOKUTEILHBIM U OTPUIIATEIHHBIM

SJIEMEHTaM MaTpuIlbl A.
Hauanbho-kpaesble ycsioBus s cucrembl (1) 3a1auM B TOYKaX HAYAJIa XapaKTePH-
CTUK TUMEPOOSNIECKUX yPABHEHUI:

Q'J(S,to) - xO(S)’ s €5 ‘TJF(SOat) = n(t)a xi(slvt) = N(t)a tel, (2)

¢ yernosuamu cormacosanus 0(tg) = (2°(s0))t, p(te) = (2%(s1)) ™.
®Oyukuus y(t) onpexpesnsiercd U3 ynpapiseMoil cuCTeMbl 00bIKHOBEHHbIX Juddepen-
[UATBHBIX YPABHEHU C 3ama3/iblIBaHIeM

W Blu(t) 0yt o) + d(u(t), 1), €T, 3)

y(t) = yo(t)a te [tO - Oz,to],

rue B(u(t),t) — marpuunas dyskiua pazmepa (m X m); d(u(t),t) — m-mepHas BeKTOp-
byHKIMST; o — 330aHHAS MTOJOKUTEIHHAS KOHCTAHTA.

B kauecTBe MHOXKeCTBa JOMYCTUMBIX YIIPABJIEHNH BHIOEPEM COBOKYITHOCTh OTDaHNIEH-
HBIX U M3MEePUMbIX Ha 1'; Tae r-MepHbIX BeKTOP-QyHKumii u(t), yA0BIETBOPAIOMIUX IOYTH
BCIOZLy HA HTOM OTPE3Ke OrDAHUYEHUAM THUIA BKIIOYCHUS

ult)eUCE", teT, (4)

rae U — KOMIIaKTHOE MHOXKECTBO.
Tpebyercst HaliTH AOMYCTHMOE YIOPABJIEHHE, JIOCTABISIONIEE MUHUMYM IIEJIEBOMY
GYHKITHOHATY :

J(u):/(ﬂ(s),x(s,h»ds+//<bo(s,t),x(s,t)>dsdt. (5)
S II

31ech 1 mastee yriaoBbIME CKOOKAMA 0603HAMAETCSA KITACCHIECKOE CKATSPHOE TPOM3BEICHUE
B KOHEYHOMEPHOM EBKJIHIOBOM MPOCTPAHCTBE COOTBETCTBYIOIIEH PA3MEPHOCTH.

Bazaua onrumasbHOro yrnpasienus (1)—(5) paccMaTpuBaeTcs mMpu CIeLyIOMUX MTPe-
TTOJIOYKEHU X :

1) mmaroHasbHBIe 3JeMeHTHl a;(s,t), ¢ = 1,2,...,n, Mmarpurpl A HempepbiBHO Anud-
depentEpyembr B mpaMoyroabHEKe 11;

2) sexrop-ynxmun x°(s), p(t) u n(t) nenpepwsabt Ha S w0 T COOTBETCTBEHHO;

3) marpmunbte ynxmun O(s,t), B(u,t), C(t), a Taxxke BexTop-pynxmun f(s,t),
d(u(t),t) HETPEPHIBHBI MO COBOKYTTHOCTH CBOMX APTYMEHTOB B OOJIACTAX UX OMPEIEJIEHUSI.
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[Tpu yka3aHHBIX MPEANONOKEHUAX HA MAPAMETPBI 3318491 s JIIOO0r0 IOy CTUMOTO
YIPaBJIEHUS CYIIECTBYET €IUHCTBEHHOE ODOOIIEHHOE pellieHne HavalbHO-KPaeBoil 3a1aum
(1), (2) u3 knacca HenpepblBHBIX B 11 dbyHKIWMIA, TpudeM KaxKaas KOMIOHEHTA, PEIIeHUs
xi, 1= 1,2,...,n, HenpepbIBHO AuddepeHImpyemMa BI0Ib XapaKTEPUCTHK CHCTEMbI THIIEP-
Gonmdeckux ypasaenuii [10].

3. ®opmysia npupatnennd pyaknmonana. 3anada (1)—(5) apisercs jauHelHOi,
OIHAKO KJjaccuueckuii mpunnun makcumywma JI. C. Tlourpsaruna He Oymer B Heit mocra-
TOYHBIM YCJIOBUEM OMTUMAJIBLHOCTH. [[pUdmHa 3TOr0 — 3aBUCUMOCTH OT YIPABICHUS MAT-
putel ko3dduinenTos B (3). OOGBIYHO /i peleHus MOJOOHBIX 33Ja4 TPUMEHSIIOTCA Te
K€ MEeTOIbI, UYTO U JIjIs ODIero HeJIMHEHHOro ciay4das. B Hacrosmei pabore UCIoab3yeTcs
METO/MKa, PaHee puMeHeHHas B [9] 1yisd 3a1a4 IpU OTCYTCTBUU 3aIla3/bIBAHUL.

PaccMoTpuM JiBa MPOM3BOJIBHBIX PA3IWYHBIX JIOMYCTUMBIX mporecca: {u,z} n {u =
u+ Au, T = x + Az}. Beenem oboznavenne st andbepeHImainLHOro Oneparopa B JeBoil
qacru (1): Dax = x¢ + A(s, t)xs. 3nech Dax = (D121, ..., Dpa,) — 060OIIEHHAS TPON3-
BOJIHAS, KAXKJAsh KOMIIOHEHTa KOTOPO# D;T; HEmpepbIBHA BIOJb COOTBETCTBYIOIIETO i-TO
ceMeiiCTBa XapaKTePUCTUK. ¥ DABHEHUE B MPUPAIEHUAX /15T HCXOAHONW HAYIAIbHO-KPAaeBOt
381497 TPUMET CJIEAYIOINA BU/I;

DaAx = O(s,t) Az + C(t)Ay,

Ax(s,tg) = Azt (so,t) = Az~ (s1,t) =0,
Ay = B0, 0t — a) — Blu(t), y(t — o) + Ad(u(t), 1), Aylto) =0.  (6)

Baecs Ad(u(t),t) = d(u(t),t) — d(u(t),t).
[Mepenumem npaByio 9acThb (6) TakuM 0Opa30OM:

B(u(t),)y(t — o) — B(u(t), )y(t — o) + Ad(u(t), t) =
= AB(u(t), t)y(t — ) + B(u(t), t)Ay(t — «) + Ad(u(t),t),
rae AB(u(t),t) = B(u(t),t) — B(u(t),t). IIpupamenue dbyHKIHOHAIA 3AMKUIIIEM TAK:

AJ(u):J(ﬂ)—J(u):/(6(5),Aat(s,t1)>ds+//(bo(s,t),Am(s,t))dsdt. (7)
S 11

B npasyio gactb Gopmyiibt (7) qo6aBuM HyJseBble caraeMbie

//W(&ﬂ; DaAx — ®(s,t)Ax) dsdt

II

/<p(t), Ay — AgB(u, )y(t — o) — B(u,t)Ay(t — a) — Ad(u, 1)) dt,
T

rie (s, t) u p(t) — MoKa MPON3BOJIBHBIE BEKTOP-(DYHKIINH.
[Ipumensia GOPMYITbI HHTErPUPOBAHUS TIO TACTAM, MOJLYIUM, 9TO

AJ(u) = /(B(s),Am(s,t1)> ds + //(bo(s,t), Aa(s, 1)) dsdt +
S 11
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+/<w(s,t1),Ax(s,t1)) (s, t), Aa(s, b)) ds —
S
- / (50, 1), A(so, ) Az(s0, 1)) — (Wh(s1.8), A(s1, £) Ao, £)) d —

_ //<DAT/) + Ayt 4+ T, Az dsdt — H//(z/;(s,t), CAy)dsdt +

II

T (p(ty), Ay(ty)) - / (pe, Ay(t)) dt —

T

- / (p(t), AB(u(t), )(t — ) + B(u(t), ) Ay(t — a) + Ad(u, b)) dt.
T

Jlajiee pacCMOTPHUM BBIPAXKEHUE

/<p(t)7B(u,t)Ay(t —a))dt = { T=t-a } _

T E [to —a,t1 —a]
T

- / (p(r + @), Blu(r + ), 7+ @) Ay(7)) dr + (8)

+ /(p(T—l—a),B(u(T—I—a),T—l—a)Ay(T))dT.

[Tepeiinem obparso k nepemennoil t. C ygerom Toro, 4ro nepsoe ciaraemoe (8) paBHO
HYJIIO, TPUXOIUM K CJIEAYIOIMEMY BBIPDAXKEHUIO:

/<p(t), B(u,t)Ay(t — o)) dt =

T

tl—()é

= [ Wt +a) Blutt +a), e+ )dy() at.

3amerum, 9To

[[wiso.capasa—- [[ / (€, 1) de, Cy) st
11 II s

[Ipumensisi popmyTy HHTErpUPOBAHUS [0 YACTAM, [TOJIYIAEM, ITO

H//<1/)(s,t),CAy> dsdt = !<5/w(87t) ds, CAy) dt.
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ITorpebyem, urobbr byukiwu (s, t), p(t) OGblIM PEIIEHUsIMU CONPSZKEHHON 3a1a49u
Datp+ Agp = =0T (s,t)1h 4+ bo(s,t), (s,t) €I, (9)
P(s,t1) = =B(s), s€S, ¥(s1,t) =0,
Y (s0,t) =0, ¥t(s1,t) =0, teT,
—BT(u(t + a),t + a)p(t + o) — g CTy(s,t)ds, te[0;t; —a),

LA [ CTy(s,t)ds, t €ty — ast],
s
p(t1) = 0. (10)
Torma dpopmyna npuparennss GyHKITHOHAIA TPAMET BUT,
AJ(u) = — /(p(t), AB(u, t)y(t — ) + Ad(u, t)) dt. (11)
T

®opwmyina (11) aeagercs Tounoil (6€3 OCTATOUHBIX YIEHOB) JJIsl 000N Maphl JOMYCTUMBIX
MPOIIECCOB, TTPU ITOM HCXOHAS CUCTEMA OOBIKHOBEHHBIX MU (hepeHITnATBHBIX YPABHEHUH
(3) unTErpupyercs Ha BO3MYIIEHHOM YIPABICHUH.

4. YeaoBue ontumasibHocTu. Ha ocrose nosydenuoii ¢popmysibr npupainesus (11)
MOKHO OCYIIECTBUTH PELYKIMIO HCXOTHON 3841 ONITHMATBLHOTO YIIPABICHUS TUIEPOOTH-
YECKOW CHCTEMON K 3aJade ONTUMAJILHOTO YIPABJICHUS CUCTEMAMU OOLIKHOBEHHBIX -
depeHnmMaIbHBIX YPaBHEeHUI:

H@=—/@@mmmmmo—3mwwwu—mw+ (12)

+ d(v(t),t) — d(u(t),t)) dt — min,
ye = Bo(t), Oy(t — ) + d(u(t),1), teT,
y(t) =y°(t), t € [to— o, tol, (13)
v(t) e U.

Baech y(t) — m-mepuas dbyukuus cocrosuus, u(t) u p(t, u) — dbukcupoBanubie QyHKIUH,
v(t) — ynpasmsomee BO3AeHCTBIE, YIOBIETBOPAIONIEE TEM Ke OrPAHMICHAAM Ha yIPaB-
JIeHWsi, 9YTO W B WCXOnHOM 3amade. TeM caMbIM JOKa3aHa CHPABEIIMBOCTH CIIENYIONIErO
YTBEDPIKIEHMNS.

Teopema. /[aa onmumasvrocmu ynpassenus u*(t) e zadave (1)—(5) neobxrodumo
u docmamouno, wmobv, ynpasaenue v* = uw*(t) ov.ao onmumarvuolm 6 3adave (12), (13).
IIpu smom onmumaavroe 3nauenue GyHKEGUOHaLa onpedessemces Popmyaot

JW*) = J(u) + I(v*).

[Tosmygennnrit pe3yIbTaT MOYKHO PACCMATPUBATHL W KAK BAPUAITMOHHOE YCJIOBUE OTI-
TUMAJIBHOCTH (B OTJIMYHE OT TPAIUIIMOHHBIX KOHEYHOMEPHBIX YCJIOBUI ONMTUMAJIHHOCTH).
OTmeruM, 9TO TEOPEMa, CIIPABEJIUBA, JJisd JIIOOOro JOMYCTUMOrO ynpasienus u(t).

Onwurrem cxeMmy perreHust HCXOTHON 3a1a4u.
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1. Bamaercss POU3BOILHOE MOMYCTUMOE yripaBaenue u = u(t). Beraucnsercs coorser-
cTByMoIee eMy perierne p = p(t,u) comnpsizkennoii 3amaun (10). st 9T0r0 HEOOGXOANMO
Takxke HaiiTu perrerue 331a9n (9), KOTOPOEe He 3aBUCUT OT BHIGOPA JOMYCTUMOrO yIIPaB-
JICHUSL.

2. Pemraerca BcnoMoraTenbHas 3a4a49a ONTHEMAJIBLHOTO YIPABIEHUS CHCTEMON OOBIK-
HOBeHHBIX JuddepeHnTnanbHbIX yPAaBHEHHH ¢ TUHEHHBIM nenesbiM GyHKImonasom (12).

Takum obpasoM, mjisa pemienus 3amaun (1)—(5) HEOOXOAMMO BCETO JIWIIL IBa Pa3a
MTPOMHTErPAPOBATE CHCTEMY AU HEepeHIualIbHBIX YPABHEHHH C YACTHBIMA TPOU3BOIHBIMA
(mowck (s, t) n mpu HeoGxomMMOCTH ¥ (s, t, v*)).

5. NnntocTpaTuBHBIN mpuMmep. PaccMoTpuM mpuMep IpuMeHeHHs OITUCAHHOTO aJl-
ropurma. B kBagpare S x T' = [0; 2] x [0; 2] nocraBuM cieAyIoOnyo 3a1a4y ONTUMAJIBLHOIO
yTIPABJICHUS:

Tit + T1s = T2 — Y,
Tor — xTas = (s + 2)sint,
Yo =u- y(t - 015)7 u(t) € [Oa 3];
y(t) =t, te[-0.15;0],
x1(0,t) =0, x1(s,0) =s, x2(2,t) =0, x2(s,0)=0.

ITocraBum 3amady Ha MEHEMYM HEI€BOrO (PyHKIIMOHAIA
J(u) = /[3301(572) +229(s,2)] ds, u € U.
S

B npuHATHIX 0003HAUEHUSTX

B(s,t) = ( 8 (1) ) C(t) = ( *(1) ) Bu,t) = u, d(u,t) = 0.
ComnpsizkeHHasi 3a/1a9a IPUHIMAECT BHUJ,
Y1t + P15 =0, o — tha2s = =1,
Y1(s,2) = =3, 1a(s,2) = -2,
¥1(2,t) =0, ¥2(0,¢) =0,
—p(t +0.15) - u(t + 0.15) + éf Yy ds, t€[0;1.85),

PEZ [ ds, t e [1.85;2,
S

p(2) =

0.
BeiGepem momycrumoe ynpasaenue u(t) = 0 mus Beex ¢ € [0, 2]. Torma pemenue co-
OPSKEHHOH 33,91 MOKHO 3aIlUCATDh TaK:

0, t<s,
wl(s’t):{ -3, t>s

3
p(t) = f§t2 +6, te[0;2].
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Ucxonuas 3amada MOXKeT OBITh CBEIEHA K 33/aY€ ONTUMAILHOIO YIIPABIEHUS
2
I(v) = /(1.5152 —6)-v(t) - z(t — 0.15,v) dt — min,
0

zr=v-2(t—0.15), 2(t)=t, te€][-0.15;0],
v(t) € [0; 3].

6. 3akuarogenne. OTMernM, 9TO PEAYIUPOBAHHAS 33298 ONTUMAIBHOIO yIpaBiie-
aus (12), (13) umeer cnenuanbHyIO CTPYKTYPY. DTO TaKKe 33Jada C 3ana3iblBAHUEM,
B KOTOPOI MaTpuria Ko3(dunuenTos npu (Hpa30BbIX MEPEMEHHBIX 3aBUCUT OT COCTOSHUSI.
st perieHust JAHHON 331291 MOYKHO KCIIOJIH30BATH ITUPOKU apCceHas METOIOB, pa3pa-
OOTAHHBIX JJIsi ONTUMU3AINN CHCTEM C COCPEIOTOYEHHBIME MapaMerpaMu. B 4acTHOCTH,
OMTHHEHHOCTDh 33Ia9U TO3BOJIAET 3(DPEKTUBHO MPUMEHITH AJTOPUTMBI, pa3paboTaHHbLIe
B [11]. B kauecrBe nasbHeiinero HanpasjieHus paboTbl MOXKHO IIPEIJIOKUTH UCCIIEN0BA~
HUe CIIydasi KBaIPATHIHOTO 11eJ1eBoro (byHKIMOHAA ¢ oMOIbio Meroaukn [12]. Oanako
caydail KBQJIPATUYHOTO KPUTEPUsST KAYecTBA TPeOyeT nmpuMeHeHusi (hopMys MpUpAIIeHUst
BTOPOT'O MOPSIAKA U MATPUIHBIX uMyabcoB P. @. [abacosa.
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In this paper, we consider an optimal control problem for a system of linear first-order hy-
perbolic equations in which the inhomogeneity in the right-hand side is determined from the
controlled linear system of ordinary differential equations with constant delay. The coeffi-
cient matrix at phase variables in the system of ordinary differential equations depends on
the control function. The cost functional is linear. On the basis of the exact increment for-
mula (without remainder terms) of the cost functional, the problem is reduced to the optimal
control problem of a system of ordinary differential equations. The result is formulated in
the form of a non-classical variational optimality condition. The proposed problem reduction
significantly reduces the amount of calculations when using numerical optimization methods.
An illustrative example is given.

Keywords: hybrid problem, hyperbolic system, delayed system, exact increment formula,
variational optimality condition, problem reduction.
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We study the pursuit-evasion and “life line” differential games of one pursuer and one evader,
whose controls are subjected to constraints given by Gronwall type inequalities. It is said
that an evader has been captured by a pursuer if the state of the pursuer coincides with the
state of the evader. One of the main aims of this work is to formulate optimal strategies of
players and define guaranteed capture time. Here a strategy of parallel convergence (briefly,
II-strategy) for the pursuer is suggested and proved that it is optimal for pursuit. To solve
the “life line” problem we will investigate dynamics of the attainability domain of players by
Petrosyan method, that is for the attainability domain, conditions of embedding in respect to
time are given. This work grows and maintains the works of Isaacs, Petrosyan, Pshenichnyi,
Azamov and other researchers.

Keywords: differential game, pursuer, evader, Gronwall constraint, strategy, parallel pursuit,
attainability domain, “life line” game, the Apollonius sphere.

1. Introduction. In the theory of differential games, problems of pursuit-evasion
occupy a special place due to a number of specific qualities. In the works [1, 2], this quality
was clearly manifested in the construction of the fundamental theory of differential games
and in a number of model problems. The book [3] contains specific game problems that
were discussed in details and proposed for further study. One of these problems is the
so-called “life line” problem that was initially formulated and studied for certain special
cases in the book ([3], Problem 9.5.1). For the case when controls of both players are
subject to geometric constraints, this game has been rather comprehensively studied by
L. A. Petrosyan [4]. In the monograp [4], the notion of strategy of parallel pursuit (briefly,
IT-strategy) was introduced and used to solve the quality problem for the game with a “life
line”. This strategy proposed in a simple pursuit game with geometric constraints became
the starting point for the development of the pursuit method in games with multiple
pursuers (see e.g. [5-21]).

In the theory of differential games, control functions are mainly subjected to geomet-
ric, integral or mixed constraints (see [22-26]). However, differential type constraints on
controls are also arisen in some applied problems such as ecological, technical problems
[27, 28].

In the work [29], the concept of Gr-constraint on controls of players, which in a
certain sense, generalizes geometric constraints, is introduced. The present work proposes
Gronwall type constraints on controls of players for differential games of pursuit-evasion
and for solution of the “life line” game by Petrosyan method. The main purpose of this
work is to construct the Il-strategy of pursuer, and to find the attainability domain of
players, and also to give analytical solution of the “life line” problem in this case.

© St. Petersburg State University, 2024
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2. Statement of problem. In the present paper, controls of the pursuer and evader
are subjected to the following Gronwall constraints [29, 30]:

t

|u(®)| < po + p1t + k:/ |u(s)|ds for almost every ¢ > 0, (1)
0
¢
lv(t)] < oo + o1t + k/ |v(s)|ds for almost every ¢t > 0, (2)
0

respectively, where pg, o, p1, 01, k are given positive numbers.

Note that in (1) and (2) and in further constraints, as the norms of the control
vectors u and v in the space R™, we will consider the usual Euclidean norm, i.e. |u| =
\/u% +u3 + ... + u2, here uy, uz, ...u, are the coordinates of the vector u in the space R™,
and |v| = \/v? + v3 + ... + v2, here v1,v2, ...v, are the coordinates of the vector v in the
same space R" .

Remark. For the cases p; = 01 = 0, the pursuit-evasion and “life line” problems with
Gronwall constraints on controls have been completely studied in the work [29].

Let motion equations of pursuer P and evader E be given by the followings:

T =u, ’JJ(O) = Zo, (3)

y=v, y(O) = Yo, (4)

correspondingly, where x, y, o, yo, u,v € R™, n > 2, x¢ # yo.

Definition 1. A function u(-) = (u1(-),u2(:), ..., un(-)) is called an admissible pur-
suer control in game (3), (4) if it satisfies condition (1). Similarly, a function v(-) =
(v1(+),v2(*)s -, vn(+)) is called an admissible control of the evader in game (3), (4) if it
satisfies condition (2).

The set of all admissible controls of the pursuer and the evader is denoted by the
symbols Ug, and Vg, respectively. Then the pairs Ug, and Vg, form the motion tra-
jectories

z(t) =xo+ [ u(s)ds, y(t)=yo+ [ v(s)ds
/ /

of the pursuer and the evader, respectively.

Definition 2. A function u : Ry X R” — R"” is called a strategy of the pursuer if
u(t,v) is a Lebesque measurable function with respect to t for each fized v and is a Borel
measurable function with respect to v for each fized t.

Definition 3. It is said that a strategy u = u(t,v) guarantees capture at time moment
T(u) if at some time t* € [0,T(u)] an equality x(t*) = y(t*) is satisfied for any control
v(-) € Var of the evader, here z(t) and y(t) are the solutions of the initial value problem

where t > 0.
Definition 4. A function v : Ry — R™ is called a strategy of evader if v(t) is a
Lebesgue measurable function with respect to t.
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Definition 5. We say that a strategy v(t) is called winning for evader in the Gr-game
of evasion on [0,+00) if for any control of pursuer u(t) € Ug, the condition x(t) # y(t)
holds for all t > 0, here 2(t) and y(t) are the solutions of the initial value problems

& = u(t), z(0) = xo,
Y= V(t)a y(O) = Yo.
We use the following statement.
t
Lemma (see [31]). If |w(t)] < a+ [(B +v|w(s)|)ds, then |w(t)| < g(evt —1) + ae?,
0

where w(t), t = 0, is a measurable function, and «, B are given non-negative numbers and
v is a given positive number.
By this Lemma, if u(-) € Ug, and v(:) € Vg, then

u(®) < (1), t>0, (5)
o] < V(). ¢ >0, (6)

where
olt) = B (e = 1)+ poc®, 0(0) = po. (™)
b(t) = (e = 1)+ oe, (0) = oo, ®)

It can be easily checked that the converse is not true, that is, the inequalities (5) and
(6) do not imply (1) and (2). To define the notions of optimal strategies of players and
optimal pursuit time, we consider two games.

The goal of the pursuer P is to capture evader F, i.e. achievement of the equality
z(t) = y(t) (Pursuit problem) and the evader E strives to avoid an encounter (Evasion
problem), i.e., to achieve the inequality x(t) # y(t) for all ¢ > 0, and in the opposite case,
to postpone the instant of encounter as long as possible.

This paper is devoted to solving the following problems for Grénwall type constraints
on controls.

Problem 1. Solve Pursuit problem in the game (3), (4) with the Gronwall type
constraints (1) and (2) (briefly, Gr-game of Pursuit).

Problem 2. Solve Evasion problem in the game (3), (4) with the Gronwall type
constraints (1) and (2) (briefly, Gr-game of Evasion).

Problem 3. Solve the differential game of “life line”.

3. A solution of the pursuit problem. In this section, we construct the optimal
strategy for pursuer and give a solve of the pursuit problem.

To construct a strategy for pursuer, first we assume that pursuer knows ¢, v(¢t) at the
current time ¢.

Definition 6. If 5 > 0, §; > 0, then the function

uc:(t,v) = v —r(t,v)é 9)

is called a Tlg,-strategy of the pursuer in the Gr-game of pursuit, where r(t,v) = (v,&) +
+ /v, &0)% + @2(t) — [v[?, & = 20/l20], b0 = po — 00, 61 = p1 — 01, 20 = T9 — Yo, (v,&0)
is the scalar product of the vectors v and &y in the Euclidean space R™.

Note that

uc: (, 0)| = ¢(?). (10)
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Indeed, if we square equalities (9) on both sides, then we get
g (t,0)[* = [ +r(t,0) (r(t,v) — 2(v, &o))-

From here and from the form of the scalar function r(¢,v), it is easy to calculate equality
(10). Let us now check the admissibility of strategy (9) for every admissible function
v(t) € R", t > 0. From inequality (1) and from equalities (7) and (10) we have

t

t
po-t ont [ Juan(v(s).s)ids = po -+ put 4 [ o(s)ds =
0 0

t

—po-t otk [ [BHE = 1)+ pock?] ds = o(0) = fucu(0(0). 0],
0

which proves the admissibility of strategy (9).

Proposition 1. If 6y > 0, 61 > 0, then the function r(t,v) is continuous and non-
negative for all (t,v) € [0,00) x R™.

Proposition 2. For every zo, z0 # 0, and v(-) € Vg, there exists a scalar function
R(t,v(-)) such that z(t) = zoR(t,v(:)), where z(t) = x(t) — y(t).

Proposition 3. Let ®(t) = A(1 — e*) + Bt + 1, where A = 5;;753[’, B = %. If
0o = 0,61 >0 ordg > 0,8 >0 is valid, then the function ®(t) is monotone decreasing in
t,t = 0, and there exists unique positive Toot of the equation

®(t) =0 (11)

with respect to t. Here we call a guaranteed capture time the positive root of equation (11)
and denote it by Tc,.

We prove the statements.

Theorem 1. If 69 > 0, 61 > 0 or §o > 0, 01 > 0 is valid, then the Ilg,-strategy
guarantees capture in the Gr-game of pursuit on the time interval [0, Tq,|.

Proof Let v(-) € Vg, be an arbitrary control of the evader, and let the pursuer
use the IIg,-strategy. Using the equations (3) and (4) we get the initial value problem

Z=ug(t,v(t)) —v(t) = —r(t,v(t)&, z(0)= z.

From this, we can see that
z(t) = R(t,v("))zo, (12)

where

) ¢
R(t,v(-) =1— ol O/r(s,v(s))ds.

Now we will study the behavior of the function R(¢,v(-)) of t. Using the definition of
the function r(¢,v), we have

1

| o]

R(t,v(-) <1- /[\/<v(s),§0)2 +¢2(s) = [v(s)]> = [{v(s), &o) [l ds.
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Since the function f(¢,¢) = /s + ¢2(t) — [v(t)]2 — ¢, s € R, is monotone decreasing
with respect to ¢ for every ¢ > 0. Therefore, by the inequality |[(v(t), &) < |v(t)] < ¥(t),
and also from (7) and (8) we have

|20

R@W»<1T%jpww@us1J;K%+%Q@“n%4@m

or
R(t,v(-)) < ®(t). (13)
According to Proposition 3, there is some time Tq, such that ®(7T,) = 0. Consequently,
from (13) there exists time t*, 0 < t* < Tqy, that R(¢t*,v(-)) = 0, and hence z(t*) = 0 by
(12).
Next, we will prove the admissibility of the strategy (9) for all ¢, ¢ > 0.
It is easy to check that the equality is valid

p(t) = ko(t) + pr.
Integrate both sides of this equality

t

o) = pot it + k[ pls)ds
0

Take into account of (10)

t
mmuwmr:m+pn+@/mm@m@mw.
0

This finishes the proof of Theorem 1. (I
Theorem 2. If conditions of the Theorem 1 hold, then for any control of the pursuer
the strategy of the evader v(t) = —(t)&o, t > 0, guarantees to keep the inequality x(t) #
y(t) on the time interval [0,TG,).
Proof. Let 0 <t < Tg: Then

t

<wwww@wﬂm—m—/w¢@m+/M¢@m>

0

t t
> |yo — xo| + /w(s)ds — /cp(s)ds > 0.
0 0

Hence, z(t) # y(t), 0 < t < Tg,. This completes the proof. O
Theorems 1 and 2 allow us to conclude that Tq, is the optimal pursuit time, the
I, -strategy is an optimal strategy for pursuer and v(t) = —¢(t)& is an optimal strategy
for the evader E.
4. A solution of the evasion problem. In the present section, the evasion problem
is considered as a control problem from the point of view of the evader E. To solve this
problem we suggest a strategy for the evader E and give a definition of solution of evasion.
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Definition 7. We call a strategy of the evader the following control function

var(t) = —(t)é, t =0, (14)

in the Gr-game of evasion.

We prove the following statement.

Theorem 3. If 69 < 0, 61 < 0, then the strategy (14) is winning for the evader in
the Gr-game of evasion.

Proof. Let dp <0, 61 <0, and u(-) € Ug,. Suppose that the evader implements
strategy (14) for all ¢ > 0. Obviously, va;(t) € Var. Then for any u(t) we obtain

t

201> |20~ [ vauls)ds| - / [u(s)lds = |20 + / vlyds ~ [ lus)lds.
0 0

0 0

t

Using the inequality |u(t)| < ¢(¢) obtained
[2(0)] = P (?),

where W(t) = |2o] + ((61 + kdo)/k?)(1 — e¥t) + (81/k)t.
If 9o <0, 01 <0, and k > 0, then

d\II(t) 61 61 kt
N — = | = >
ik ( KT 50) er =0

for all ¢ > 0.

This implies that the function ¥(¢) is monotone increasing on [0, c0). Hence it follows
that U(t) > |z9| > 0. This completes the proof of Theorem 3. O

5. The differential game with “life line”. Here we are going to study mainly the
game with phase constraints for the evader being given by a subset M of R™ which is
called the “life line” (for the evader naturally). (Notice that in the case M = ) we have a
simple game.)

In the the Differential Game with “life line” the pursuer P aims to catch the evader
E, i.e. to realize the equality x(t) = y(¢) for some ¢t > 0, while the evader E stays in the
zone R™ \ M. The aim of the evader F is to reach the zone M before being caught by
the pursuer P or to keep the relation x(t) # y(t) for all ¢, ¢ > 0. Notice that M doesn’t
restrict motion of the pursuer P. Further we will assume initial positions zy and yg are
given such that zy # yo and yo & M.

Definition 8. A strategy ug:(t,v) of the pursuer P is called winning on the time
interval [0, Tq;| in the game of “life line” if for every v(-) € Vg, there exists some moment
t* € [0, Ty that z(t*) = y(t*) and y(t) € M while t € [0,t*].

Definition 9. A control function v*(-) € Vg, of the evader E is called winning in
the game of “life line” if for every u(-) € Ug, : there exists some moment t, t > 0, such
that y(t) € M and x(t) # y(t) while t € [0,1), or x(t) # y(t) for all t > 0.

5.1. Dynamics of the attainability domain. Suppose that dg > 0, 67 > 0. In
consequence, a set of capture points may consist of some finite set. We will construct the
attainability domain under these conditions.

Assume that the evader E chooses any control function v(-) € Vg, and the pursuer
P applies the strategy (9). Define for each control the following trajectories of the evader
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FE and pursuer P:

on interval ¢ € [0, 7] respectively, where 7 is a pursuit time.
Now we generate the sets

Bp(t) = Bp(x(t),y(t)) ={p: [p— ()| = h(t)lp — y(®)[}, (15)

Bp(0) = Bp(wo,y0) ={p: [p — 20| = h(0)|p — yol} (16)
for the pair (z(t),y(t)), where

(ekt _ 1) +po€kt

t p1
ht) z8::%@MU+%&W ==

Here it is obvious that the relation y(t) € Bp(¢) holds for each t € [0, 7].

Proposition 4. If 6o > 0, 61 > 0, then for the scalar function h(t) the relation
h(t) > 1 holds on the time interval [0, 7].

Theorem 4. The set (15) is equivalent to

Bp(t) = 2(t) + B¢, v(-)|a(t, 20)S + e(t, 20)] (17)

for all t € [0, 7], here S is the unit ball whose center is on zero point in R™ and

~ h(t)]20] o hR(t)z
a(t, 20) = W—Ol’ c(t, 20) = *W_Or
P roof From (15) we get
Bp(t) = z(t) + Bp(t), (18)

here By(t) = {p: |p| = h(t)|p + 2(t)|}. Now we will present that B5(¢) is a ball. For this
purpose, square both sides of the inequality

lp| = h(B)lp + 2(1)],
and after that simplify the last result, i.e.
pI = 22(t) (Ipl* + 2(p, 2(t)) + [2()[*)
or
(R2(t) — Dp|* + 202(t)(p, 2(1)) + h*(t)]2(1)* < 0. (19)
Divide both sides of (19) by the expression h%(t) — 1

ip[? 2R3 () (p, 2(t)) | R2(1)[2(1)[?
R2(t) — 1 R2(t) — 1

<o0. (20)
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h2(t)—1

) h2(t)2(t) R2(0)z(t)\° _ (h*(0)2()\°  h(0)|=(2))?
Il +2<p’ h2<t>1>+<h2<t>1) < (fﬂ(t)l) TR -1

After some simplification we can generate the result

R0(t) | h®)=)
‘p+h2<t>1‘<h2<t> |

2
Add the expression (M) to both sides of (20), and write it down as

Hence we have set

Bp(t) ={p:lp — c(t, 2(1)] < a(t, 2(1))} = c(t, 2(2)) + alt, 2(1))S,

where B} (t) is the ball whose center is on the point c(t,2(t)) = 7222(8;7(? and whose
radius equals a(t, z(t)) = % Then from formula (12) we obtain
h2(t)z(t) h2(t)zo
t2(t) = — =2l = —R(t,v("))
et 5(0) =~ = ~R(t00) g
_ h@®)lz®)] _ h(t)|zo|
a(ta Z(t)) - h2(t) —1 - R(ta U( ))hg(t) 1"

In consequence, the (18) can be written in the form

5

or in the form (17) which finishes the proof. O

Now we are going to show monotony of the set Bp(t).

Theorem 5 (Petrosyan type theorem [10]). Let: a) po > oo, p1 > 01, and b)
p100 = poo1. Then the set Bp(t) is monotone in relation to the inclusion while t € [0, 7],
i.e. Bp(tl) ) Bp(tg) fOT‘ 0 <t <to.

P r o o f. First, by (17) we determine the derivative of the support function (see [32])
F(Bp(t), ) of the set Bp(t) for any p € R™ and |u| = 1, that is,

d

d
S F(Bp(t), ) = TF (0(t) + Rt o())lat,20)S + clt, ), ) =

= 2 Lalt), 1)+ R v()lat, 20)F(S, ) + (elt, 20), )] =

= (&(t), ) + R(t,0(-))]a(t, 20) + (e(t, z0), )] +
+ R(tv U())[a(tv ZO) + <C(t7 ZO); ,LL>] - q)l(ta ,LL) + @9 (ta M)a

where

(t,v())a(t; z0) + {c(t, 20), 1)),

q)l(taﬂ):< () >+Rta
v())alt, z0) + ((t, z0), )]

Do(t, ) = R(t,
Now we prove that the inequality
d

is true on t € (0, 7].
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To do this, we first show that ®;(¢, ) < 0. Square the inequality |v(¢)| < 9 (t) and
multiply both sides of the result by the expression hf t t() ) T

[o@®Ph2(t) _ ()
R2(t) —1 ~ h2(t)—1

Make some simplification

(21)

Accordlng to definition of the function r(t, v(t)) (see Definition 6) we can express the
equality @%(t) — [v(t)|? = r(t,v(t))[r(t,v(t)) — 2{v(t), &)], and make some substitutions in
(21)

O < g (e v(t) - 20000, 6o}

or

(I + 2r(t, v(0)) }ig((?) Sl 22(3)”“)1) . (22)

Add the expression % to both sides of (22), and rewrite it again

1 r (t v(t))

2(to) | (L o()
<GEG -1 O —1

The fact that the left-hand side of (23) consists of quadratic standard form of the sum of
two vectors, and as a consequence of simplifying the right-hand side of (23) we obtain

ot + Tt | M)
h2(t) — 1 R2(t) —1

W + 2r(t () 75—

(23)

50‘ < (24)

It is obvious that for any vector p € R"™, |u| = 1 the inequality
r(t, v(t)) r(t, v(t))
¢ < fu(t
(v + He2 D ) <o) + s

is valid.
According to this and from (24), we have

r(t, v(t)) h(t)r(t,v(t))
<”“> EOESE “> STRH o1

2 T v
= (0(t)) = r00) (1 g2 ) (o) < Pt

h2(t)r(t, v(t)) h(t)r(t,v(t))
)+ W@On@ < m =

Bectauk CII6TY. Ilpuknaamas maTemaTruka. Madopmaruka... 2024. T. 20. Beim. 2 273

= (u(t) = r(t,v(t)€o, p



r(t,v 2
= (@(t), u) + R(t,0()) alt, z0) + (e(t, 20), )] < 0. (25)

Formula (25) means that ®;(¢, 1) < 0.
Now we are going to present that the inequality ®2(¢, ) < 0 holds. Because of
R(t,v(-)) = 0ont € (0,7], it is enough to prove that

alt20) + e o)) = (g ) Fol = <<#@1> u> <o (2)

First, compute the first derivative on the right-hand side of (26)

( h2(t) ) _ —2h(HK' (1)
h2(t) —1 (h2(t) — 1)2

On the other hand, using (7), (8) and based on the condition b) of Theorem 5 we have
the following;:
dh(t) _ @' OP(t) — o(OY'(t) _ (100 — poo1)e™

a = ww o wn 2 0

/
Consequently, this inequality (%) < 0 is satisfied in the interval (0, 7].

Now multiply both sides of the inequality (£, u) < 1 (for any p € R™, |u| = 1) by

I
the expression — (%)

!
Add (%) to both sides of (28), and obtain

Compute the right-hand side of (29) and in relation to (27) we obtain this result

From this, we generate the following relation for the left-hand side of (29):

TORY n2t) '
— <0. 30
Multiply both sides of (30) by |z0| and we get (26). Hence it follows that ®5(t, 1) < 0.
This completes the proof. (I

5.2. A solution of the game with “life line”. It has been noted above that Isaacs’
game with “life line” was comprehensively solved by L. A. Petrosyan using the method of
approximating measurable controls by piecewise constant.
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Theorem 6. If Theorem 5 is valid and M () Bp(0) = (), then the Ilg-strategy (9) is
winning in the game (1)—(4) with “life line”.

P r o o f. The proof directly follows from Theorem 5. (]

Now we define a set in the form

Be(t) ={p: |p— ol = x(t)lp — yol}

for all t € (0, Tq,], where

7 (p1 + kpo)(e™ — 1) — kpit

(o1 + kop)(eFt — 1) — kot

t
[ o(s)ds
0
x(t) =5
Jw(s)ds
0
and T, is the first positive root of the equation (11). It’s obvious that lim; o x(t) = g—g.
Theorem 7. Let the conditions py > o9, p1 > o1 and p1og = poo1. Then x(t) is
increasing on interval t € (0,Tq,] and the set Bp(t) is decreasing with respect to t €
(0, TGy), i-e., an inclusion Bg(t1) D Bg(t2) holds for any t1,t2 € (0,Tqr] and 0 < t1 < to.
P r o o f. First of all, we will prove that x(¢) is increasing, i.e. x’(¢) = 0 under the
conditions of Theorem 7. For this purpose, calculate the derivative of x(t)

dx(t)  k*(poo1 — p1og) (et — 1 — keF't)

dt [(01 + kog)(eFt — 1) — koqt]?

Now, analyze a sign of expression [(t) = ekt — 1 — kek't for every t € (0, Tq,], i.e.: a)
limg_y0 1(t) = 0; b) 2t — k26Kt < 0. So, I(t) < 0 on interval t € (0, Te.].

Therefore, X/ (t) = 0 is true if pyog > pooi. Since x(t) is increasing on t € (0, T,], we
can write a relation x(¢) > 1 on that interval.

From (15), (16), we have

|20]S. (31)

Then we determine the character of the derivative of support function F(Bg(t), 1), when
|u| =1 and ¢ € (0, Tay):

L p(Bo(t), ) = - (Ltjl) (o, + (%) 2ol =

dt X2(t) 2(t)
= ()(2?;;7(?1)2%(15)@0,@ - %X'(Ulml =
= X' ()] zo]
= 2x0leon) ~ ()~ D
= —Jéox(t) — uP L <o

() = 1)
(|

Theorem 8. Let 69 > 0, 61 > 0, p1og = poo1 and M (\Bg(Ta:) # 0. Then for
evader E there exists some control which is winning in the game (1)—(4) with “life line”.
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Proof Let p € M(Bg(Ta:) and the evader E implements the control v*(t) =
Y(t)v, v*(-) € Vg, where v = (p — y0)/|p — yol|- Since |v*(t)| = ¢(¢t) for all ¢ > 0, then
substituting this into inequality (2) we get formula

¢ ¢
00+01t+k/|v*(s)|ds:00+01t+k/1/) )ds =
0 0

— oo+ out + k/ (224 1)+ o0et] ds = () = [o* ()],

which proves the admissibility of the control v*(¢) for all ¢ > 0. Then time of the achieve-
ment of the point p is 77 for evader and we have

ﬁ s)|ds = 711) (s)ds = |p — yol, (32)
[

and from of Theorems 1 and 7, it follows, that i < Tg,. We suppose that for the pursuer
exists a certain control function u*(-) € Ug, that z(f) = y(¢) holds and ¢ < 7. If 2(¢) =
x(t) — y(t) and z(0) = zp, then from 2(t) = u*(t) — v*(¢) we have

2(B) =20+ [ (w'(s) — v*(s))ds = 0.

O\m

From this, it follows that

= [(s)ds > 10 = WP RPOCH D - (o)l (69

If x(t) is increasing for t € (0, Tq,], then it is easy to check that f(¢) is decreasing function
on (0, Tg,]. Consequently from ¢ < 7, it follows that f(77) < f(£).
Since p € Bg(Tar) and 7 < Tgr, then from Theorem 7 we have p € Bg(Tar) C Bg(7).
Hence we obtain
lp — @0l = x(M)|p — yo| =

= |20 — (0 — o)|* = X*(@)lp — wol* =
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= |20/* — 2(z0,p — vo) + [P — vo|* = X*D)|p — wol* =
=02 (X*@) — )lp — vol® + 2[p — yol(z0,v) — |20|* =

= [p— ol < f() < f(D).
7 7
Then from the last inequality and from (32), (33), we have [ (s)ds = [(s)ds or
0 0
t > 7, though this contradicts our supposition. (|

Theorem 9. Let 69 < 0, §; < 0. Then for the evader E there exists some control
which is winning in the game (1)—(4) with ‘life line”.

P r o of. Let the evader use the control (14), and let the pursuer choose an arbitrary
control u(:) € Ug,. Then, similar to the proof of Theorem 3, under the conditions of the
current theorem we again derive |z(t)| > U(¢) > |z0| > 0 for any ¢ € [0, +00), from which
we infer z(t) # 0, i.e. 2(t) # y(t) (see Proposition 2). Therefore, by virtue of Definition 9
in the game (1)—(4) with a “life line” the evader E is also considered to be winning. The
proof is complete. O

6. Example. Assume that the game (1)-(4) is described as (see Figures 1 and 2)

t
i=u, xo=1(0,0), |u(t)]<2+2V2t+ / lu(s)|ds, t >0, (34)
0

WV
o

J=v, yo=(0,-1), ()] <V3+2t+ / [o(s)lds, ¢ (35)
0

16 —14 —12 -10 ,8|,.f 6 4 2 P 2 4 6 8\ 10N 1416 18/ 20 22 24 26 28

\ -8
10 /
""'\-\.__\_\___

12

Figure 1. The representation which the Ilg,-strategy is winning
in the game (34), (35) with “life line”

Then based on Theorem 1, we can obtain T, = 0.37. In accordance with Theorem 4,
we generate the set Bp(0) = {p: |p —c| < a, ¢ = (0,—4), a = 4+ 2v/3}. A set of points
p = (P1,P2) on a boundary of Bp(0) consists of the circle

OBp(0) = {(P1.P2) : 5 + (P2 +4)* = 28 + 16V/3}.
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Figure 2. The representation which the evader wins
in the game (34), (35) with “life line”

Using (31) and Theorem 7, the set Bg(Tgy) = {p:|p—c| < a, ¢ =(0,-3.323), a =
2.779} is constructed. A set of points p = (p1,p2) on a boundary of Bg(Tq,) consists of
the following circle:

OBp(Tar) = {(p1,P2) : PT + (P2 + 3.323)% = (2.779)%}.

We wish to thank professors A. A. Azamov and G. I. Ibragimov for discussing this
paper and for providing some useful comments.
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duddepennuaibHasg urpa ¢ «JIMHUEH >XU3HU» MIPpU orpaHnYeHngax ['poHyoJ1a
Ha yrnpaBJieHUsd

B. T. Camamoe', A. X. Axbapoe®

1 HamaHrasckwmit TOCyTapCTBEHHBIH YHHBEPCUTET,
Hawmanran, yiu. Yitan, 316116019, V3bekucramx,
2 AHIMKAHCKHN roCyTapCTBEHHBIN YHUBEPCUTET,
170100, Y3bexkucran, Anngu>kan, Y HUBEPCUTETCKAs Y., 129
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Jns qurupoBauus: Samatov B. T., Akbarov A. Kh. Differential game with a “life line” under the
Gronwall constraint on controls // Becrauk Canxr-IlerepGyprckoro yausepcurera. [IpukiaHast
varemaruka. Uudopmaruka. [Iponeccor ynpasneaus. 2024. T. 20. Bom. 2. C. 265-280.
https://doi.org/10.21638/11701 /spbul0.2024.211

N3ydgaercs nuddepeHnuaibHas Urpa ¢ «JIXHAeH KU3HU» 15 OJHOTO IIPEC/IeI0BATE I U OJ1-
HOTO y0eraomero mpu yIpaBIeHUsIX YIO0BIETBOPSIONNX HEPABEHCTB THMa ['panyosia. Yoe-
raloIUil CYNTAETCS MOMMAHHBIM CO CTOPOHBI [IPEC/IEI0BATEIs, €C/IA COCTOsIHUE yOeraimero
COBITQJIAeT C COCTOSHMEM npecienoBaresis. OHa M3 OCHOBHBIX IiesIeil HacTosmel paborsl —
ITOCTPOEHNE ONMTUMAIHHBIX CTPATETHNi JJIsi UTPOKOB ¥ OIIPE/IEIEHIE ONTHMAIHLHOIO BPEMEHHN
monmkwr. s mpecsienoBaTess MpPeIaraeTCs CTPATErus MapaJsuleIbHOro cOmmkenns (KO-
poue, II-cTparerns) u MOKa3BIBAETCA €€ ONTUMAJIBHOCTD. [lJIsl PereHns 33/1a9m ¢ <«JInHueH
JKU3HU» MCCIIEIYeTCs] TUHAMUKA 00IaCTH JOCTIKUMOCTH UTPOKOB MeTooM Ilerpocsiaa, T. e.
HalIeHBl YCIOBHS MOHOTOHHOCTH II0 BKJIIOUEHHIO OTHOCUTEIHHO BPEMEHH TON 06JIaCTH 110-
crumxumoctu. Ormerum, 9ro pabora npogoskaer uccienosanus Aiizekca, [lerpocsana, ITire-
HUYIHOTO, A3amMoBa u 1p.

Karouesvie caosa: nmuddepeHmaibaas urpa, mpecieioBanne, yoeramnme, orpanndenne ['po-
HYOJIJIa, CTPATErus, MapaJuIe/IbHOe TIPECIeI0BAHNe, 00IaCTh JOCTUKUMOCTH, UTPA, C «JIMHUS
JKU3HN», cdepa AmosoHus.

KounrtakTHas maEdOpMAmAS:
Camamos Barpom Tadrcuarmamosuy — n-p dpus.-mar. HAyK, npod.; samatovH7Qinbox.ru

Axbapos Adaxamber Xacanbaesun — xamz. dus.-mar. Hayk; akbarov.adhambek@bk.ru
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Cxema 06paTHOﬁ CB4A31M B KOHTEKCTEe aKCHuOMaTNUYeCKOro moaxoga K Cy>KeHUuro
MHO>KecCcTBa HapeTo

A. B. Caukos

Cankr-IleTep6yprckuit rocyJapCTBEHHBIM YHUBEPCHUTET,
Poccuiickast ®egepanmsi, 199034, Cankr-Ilerepbypr, YHuBepcurerckas Hab., 79

s yuruposauusi: Caukxos A. B. Cxema 00paTHON CBSI3M B KOHTEKCTE aKCHOMATHIECKOTO TIOJI-
X0Za K CyKeHuio MHOxkecTBa [lapero // Becruuk Camkr-IlerepGyprckoro yHusepcurera. IIpu-
kiaaHaa maremaruka. Uuadopmaruka. [Ipoueccsr ynpasienus. 2024. T. 20. Bom. 2. C. 281-288.
https://doi.org/10.21638/11701 /spbul0.2024.212

IIpemoxkena cxema oOpaTHON CBA3M I PEIIEHUSA 3329 BHIOOpA B KOHTEKCTE aKCHOMATH-
YeCKOro IMOMX0Ma K CyKeHuio MHoxkecTBa [lapero. IIpuBenensr HEoOXOaUMBIE CBeIeHUs 00
AKCMOMATHUYIECKOM ITO/IX0/1e, n3ydeH mpumMep. Cxema 0OpaTHON CBIA3U paCKpbITa B KOHTEKCTE
3a/1a9M O BO3MOXKHOCTU 3aKJIIOYEHHUS JOIOBOPa CTPAXOBaHUs. PacCMOTPEHBI BO3HUKAIONIUE
B IIPOIECCE MOCTPOEHUsI CXEMBI COMYTCTBYIOIINE BOIIPOCHI: O BBIIETEHUN KPUTEpPHEB, 00 aB-
TOMATUYECKOM COOpe KBAHTOB HA OCHOBE JAHHBIX O JEHCTBUSAX MOJIb30BaTesst u ap. Cxema,
MomudUIMPOBaHA, ITPUBEIEH aJITOPUTM pelreHus. PacKpbIThl HaIPaB/IeHNs JAJIbHEHITUX UC-
CJIeTOBAHUIA.

Kmoueswie caosa: BoibOp, MHOXKecTBO [lapero, obpaTHast CBA3b.

1. BBegenue. Crarbs GoKycupyercs Ha MPUMEHEHUH AKCHOMATHYIECKOTO MOIXO/A
K cyxeHuio MHOXKecTBa [lapero B pasnndabix 3agadax. C BHIGOPOM MBI CTATKHBAEMCS
MMOCTOSTHHO, ¥ 33J]a9W BBIDOPA PEIIAINCh C JPEBHUX BPEMEH B CAMBIX PA3HBIX KOHTEKCTAX.
B wmacrosiiiiee BpeMsi pa3BUTHE BBIYUCIUTEIHHON TEXHUKHU CIIOCOOCTBYET ABTOMATHU3AIUAU
MPOIECCa HAXOXKIEHWS DEIIeHNs BO MHOTHX CIIEHAPUSAX, PACCMATPUBAEMBIN CIydail — He
ucksrodenue. JTaHHON TeMaTuKe MOCBAIIEHO GOJIBIIOE KOJIUYIECTBO padboT (CM., HAapuMep,
[1, 2]). Yacro npu penienun mog0OHBIX 33129 IPE/JIAraeMble BADUAHTHI OLEHUBAIOTCS CO-
IJIACHO CBOMM CBOMCTBaM — KpuUTepusaM. AGcTpakTHas HpUpoaa OObEKTOB JAUKTYeT Heob-
XOIUMOCTH WX MEPEBOA B YHCJIOBYIO0 (DOpMYy MJisd JajbHelmux ¢ Humu aedicreuii. Kiac-
CUYECKUIi TIOIXO0]] 3aKII0YAETCS B COCTABIEHUN TaK HA3BIBAEMOM B3BEIEHHOW CYyMMBbI KPH-
TepUueB — KayKJIOMYy W3 HUX MpHUNHUChIBaerca Bec (uucsao or 0 mo 1, cymMMma BecoB paBHa
1), coorBercTByIOIIMIT BayKHOCTH KPUTEPUsl, 3HAYEHNsI KPUTEPUEB YMHOXKAIOTCS HA BECa
¥ CKJIQJIBIBAIOTCS. B 3aBHCHMOCTH OT MOCTAHOBKH 33J]a9d BBHIOMPAETCS BAPUAHT C HAH-
GOTIBITIeN NN HANMeHbITel cyMMoit. Takoil moaxom HHTYUTHBHO TTOHSATEH, HO B TO K€ Bpe-
Ms He ONMPAETCS Ha CTPOTMH MareMaTWdecKuil (pyHIaMeHT. AKCHOMATHYECKWHA TOIXO,
K Cy»XeHWio MHOXkecTBa IlapeTo mpesajaraer oauH U3 BaApUAHTOB CTPOTOTO ODOCHOBAHMS
JefCTBHUil TIpU pelreHnn 3a71a49 BbiOopa. Ha ocHOBe 3T0i Teopun mperaraercs cxeMa, «00-
PATHOH CBsI3W», MO3BOJISAIONIAST YIUTHIBATH MPEAIOYTEHUA KIMEHTA.

[ToapobHoe ommcamme aKCHOMATHIECKOrO MOAXOMA K CyKeHHI0 MHOXKecTBa Ilapero
npuBoxuTcs B padore [3]. B Heit mocienoBaTebHO pacCMOTPEHBI He TOJIBKO 6A30BbIE KOH-
Hennuu, Ho u Gosiee MpoaBUHYTHIe TeMbl. CraThst [4] comepkuT Gojlee KpATKOe OMHCAHWE
TAKOTO TIOJXO/IA.

Uckycersennniii unresnekr (M) kpaiine mupoko pacnpocrpaned [5], ucnosbdyem
€ro Jiisi ONTUMHU3AIUE [TPejIaraeMoil CXeMbl B CMBICJIe BbIOODPA MApbI pelnenuit, Hanboree
COKPAITAIOIIeH MHOXKECTBO BCEX BAPUAHTOB.
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2. ITocranoBka 3agaun. OnuieM OCHOBHbBIE 3JIEMEHTHI AKCHOMATUYIECKOTO MOIX01a
B Teopun BhIGOpa. IlogpobHOCTH 0 HeM comepskarcs B [3, 4].

ITycTh cymecTByeT MHOKECTBO pellieHuii (aIbTepHATHR, BAPUAHTOB) X MPOU3BOJILHOM
npupobl (aBTOMOOKIIN, KBAPTUPbI, MOOUIbHBIE TesteOHbI, TeJeBU30pbl 1 1p.). Heobxo-
IUMO CIeTaTh BBIOOp M3 dMeMeHTOB X, T. €. MomoOpaTh JIydilee B HEKOTOPOM CMBICTIE
pellleHre U MHOYKECTBO PeIleHui.

CpaBHUMBATH pereHus 6yIeM C ITOMOIIBIO YUCEHHBIX OIEHOK UX KAYECTB — KPUTEPU-
eB. B masbHeiimem moso)um, 9T0 KpUTEpPUil — BEeKTOpHAsS (DYHKIWS

f:X >R,

r7e N — KOJIWYECTBO BBIJEJIEHHBIX [IAPAMETPOB PEIIeHusi, KaXKIOMY U3 KOTOPHIX OTBEYAET
BemiecTBeHHOe 9ncio. [1o yMOomIanuio KpuTepuu mpenoiaraeTcss MaKCUMI3UPOBATD, €CJIN
JKe M0 CMBICJTY TpebyeTcs 0OpaTHOe, TO COOTBETCTBYIOIINI KPUTEpUil OEpercsi ¢ MPOTUBO-
MOJIOYKHBIM 3HAKOM.

Tenepb BBeeM OTHOIIEHUE MPEATOYTEHUS - x HA X , ABJISIONIEECS BOILIOIIEHUEM TTPe-
dbepennmii auna, npunumatomero pemterus (JITIP). Takum obpasom, eciau s JIIIP pe-
merne x1 € X NOpeamodTuTeNbHee pelreHns o € X, TO BePHO T1 > X Ta.

C yderoMm BBIMIECKA3AHHOTO CPOPMYIUPYEM MOCTAHOBKY 3aa9d MHOTMOKPUTEPUAIH-
HOT'O BBIOOpA.:

Bamaua 1. IToctpontsh C(X) — MHOMXKECTBO BHIOMPAEMBIX PEITIEeHH, KOTIa eCTh TPOii-
Ka (X7 f7 >X)

Baecs C(X) — perienue 3a1auu, coiepzKallee ajlbTePHATUBbI, BLIODAHHBIE HA OCHO-
Be npeanourenuit JITIP. CroxuocTh paboThl HEMTOCPEACTBEHHO € 3JIEMEHTAMA MHOXKECTBA
X 3akII09aeTcsd B MPOU3BOJIBHOCTH UX TPUPOILL. [Ij1s GOpHOBI C 3TUM 0OCTOSTETHCTBOM
BBEJIEM MHOXKECTBO BO3MOXKHBIX BEKTOpoB Y = f(X), comepxkaiiiee BEKTOPHI 3HAYEHMIT
KPUTEPUEB BCEX PEIeHUil, U OTHOIIEHUE TPEANOYTEHNs Ha Y >y, VIOBJIETBOPSIOINIEE CO-
OTHOIITIEHUTO

fx1) =y =y y2 = f(x2) & 1 >x X2.

Brenenubie moHATHS JAOT BO3MOYKHOCTH C(OOPMYIMPOBATH 3349y MHOTOKPHUTEPH-
aJILHOTO BBHIOOPA, TAK.

Bamaua 2. ITocrponts C(Y'), Korma ects mapa (Y, >=y).

Paccmorpum akcrombl, jiekaliime B OCHOBE aKCHOMATHYIECKOT'O MOIXO/A K CYKEHHUIO
muokectBa [lapero; oHun OCHOBaHBI HA PEATHHOM TOBEICHUH JIIO/EH MPU PEIeHr: 33,149
BBIOOpA W HAKJIAILIBAIOT OTPAHUYEHUS HA >y . IIpu 3TOM OyAeM mpeamnoaraTh, 9To CyIe-
CTBYeT MPOJIOJI’KEHNEe OTHOIIIEHNsT —y € MHOXKecTBa Y Ha MHOXkecTBo R™. UIx Bcero 4 [3]:

Axcuoma 1. y1 >y y2 < y2 ¢ C(Y).

Axkcuoma 2. >y TPaH3UTHUBHO.

Axkcumoma 3. >y COMTACOBAHO C KaXKIbIM W3 KPUTEPHUEB f1,..., fy; 9TO O3HAYAET,
a0 Vi, €Cl Y1 W Yo OTAMYATOTCS TOJBKO B i-il KOMIIOHEHTe, U i > yb, Toraa y1 =y Y.

Axkcuoma 4. >y JUHEHHO U OTHOPOIHO.

[Mousarue «3memenTapubiii KBaHT wHMOpMaIuu 06 oTHOmeHNU Tipeanourenus JIITP»
(UM 2Ke MPOCTO «KBAHT») JIEXKUT B OCHOBE AKCHOMATHYECKOTO MOJXO/A K CYZKEHUI0 MHO-
xkectBa IlapeTo m mMeeT CMBICT MPW BBIMOJHEHUHU BBIIIEONUCAHHBIX akcuoM. lIpuBenem
ompezesienure ero ynpoinenHoit popmbl (B [3] comepzxurcs moapoGHbI BHIBOL).

Onpenenenune 1. Ilycts i, j € 1 : n. ToBOpsAT, 9TO 3a7aH IJIEMEHTAPHBIN KBAHT
nndopmaimu 06 ornomenun npegnodrenns JIIIP (ksaur) w;, w; > 0, ecnn y € R™ Bunga
Y =w;, y = —w;, y* =0, k # i, j ynosnersopser suipaxkenwio y =y (0,...,0) € R™.
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CwubIc (hOPMATBHOTO OMPEIETEHUsT MOYKHO HHTEPIIPETHPOBATE CJIEIYFOIIAM 00Pa30M:
JITIP roToBO paccTaThCd € w; KOIWIECTBOM EIMHNI] KPUTEpWd f;, TIPM 3TOM MOJIYyYIHB
B3aMeH w; €IUHUI KPUTEPUst f;.

Kax MOXHO HCIOTL30BATL IOMYyYEHHLIH KBAHT? DTO JENAeTCA TaK: IePeCIUThIBACM
crapblit Kpurepuii f u noyuaem HOBbIH f1, e f] = fC X wj + fI x w;, fF=f* k#j.
Ucnons3yem f1 nmst mepecyera Bcex y € Y, mocse 4ero orbpachlBaeM T€ PerreHnsi, KOTOPbIe
TOTATAOT O], MEfiCTBHUE TIEPBOM AKCHOMBI, U B 3aBUCHMOCTH OT CHTYAIIUH TTPOIOIIKAEM
mportecc cbopa KBAHTOB WJIM 3aKAHYMBAEM €0, OTJIAlas pelleHue.

[TpuBemem TpuMep MCMOTH30BAHUS JIEMEHTAPHOTO KBAHTA JIJIs TIPUHSITHS DETEHUsT
B ODJIACTH CTPAXOBAHMS: MyCTh UMEETCA CAYyYIaMHBIA PUCK X, KOTOPBI OIEHEH dKCIepT-
HO ¢ Maremarudeckum oxunanunem E(X), crpaxoBarens (Toro, Koro crpaxyor) obsanaer
KaIUTaJIOM W, P €CTh TIPEMUsT — TapaHTHPOBAHHBIN yObITOK. Torma crpaxoBaresio mpes-
naraem Ha cpasrenue pemenns Buga (0, E(X)) u (p, E(X) + L), tme L — obmas cymma
CTPAXOBBIX BBHILIAT (MOMKET OBITH €JIMHOBPEMEHHOM WJIM PACTAHYTOW BO BPEMEHH, YCIIOB-
HOIT 1 6e3yCJIOBHON B 3aBUCUMOCTHU OT TuUIla A0rosopa (nosmca)). Moxer mokasarbcs, 9ro
TaKOe CpaBHEHWE JOBOJIHHO GECCMBICIEHHO, OJHAKO ITO HE TakK, KOO0, UCXO/d U3 PeIleHus,
MPUHATOrO CTPAXOBATETEM, MOXKHO JIEJIATH PEKOMEHIAINU B MOJOOHBIX CHUTYAIusIX B Oy-
Ty IIEM.

PaccMoTpuM TakyKe WHCIOBOW TpPHUMEp, UTOOBI JIyUINe TOHSATH MEXaHU3M pabOTHI
C KBaHTaMU: IyCTh TPeOYyeTCs BBIOPATH MOIUC HA OCHOBE JABYX KpuTepues. [lepBbiit — BbI-
roja. B KagecTBe BTOPOro BO3bMEM PEMyTAIlMI0 CTPAXOBIIUKA — €CTeCTBEHHO, 9T0o Gotee
MU3BECTHBIE U CTAOUIbHBIE KOMIIAHUN BBITSIAT B TIa3aX KJIUEHTOB 0OJiee MPUBJIEKATETh-
HbIME. VIMeoTCst BapuaHTh:

1) L =1000, R = —10,

2) L =500, R = —1,

3) L =700, R= -5,

B KOTOPBIX R — pefTHHT cTpaxoBINUKa, R OTpUIATEIeH B CHITy TOTO, 9TO YeM OH MEHBIIIe,
TEeM JIydiiie; BOODINE pa3Hble 3HAKW 3HAYEHWH KPUTEPUEB CHMBOJIM3UPYIOT PA3HOCTH WX
CYUTHOCTH.

ITycts JIIIP cnenan Boibop Mexay 1 u 2: 2 =y 1. VI3 3TOr0 M3BJIEKAEM KBAHT: Wi =
500, wy = 9. IepecunThiBaeM Kputepmit: fi = (9 x f1 + 500 x f2, f?) u BapuanThL:

1) L =4000, R = —10,

2) L =4000, R = —1,

3) L =3800, R = —5.

Taxkum 0O6pa3oM, BTOPOI MOJUC MPU3IHAETCS JIYYINTUM — OH MO BTOPOMY KPHTEPHIO
JIydIlie OCTATbHBIX, a [0 MEPBOMY HE XyXKe JIBYX IPYTuX.

MOKHO 3aMeTUTh, YTO MOHATHE 3JEMEHTAPHOTO KBAHTA CUJIHLHO OTPDAHUYUBAET €ro
06acTh TPUMEHUMOCTH, BEJb B TOJABJISIONIEM DOJBIMTHHCTBE CIIy9aeB YUCI0 KPUTEPUEB
> 3. CiiennoBaTeIbHO, IOTUIHO OBLIO ObI BBECTH moHATHE 00IIero KanTa uadopmarmu (06
ornorernn npeanodrerus JITIP), Koropoe yxe COBMECTHMO C JIIO0BIM YUCIOM KPUTEPUEB.

ITycts n obo3mauaer unciao kpurepues, I = {1,...,n} — MHOXKeCTBO HOMEPOB KpH-
TEpPUEB.

Onpenenenne 2. [lycte A, B € I, A # (), B # (. Toopsar, uaro 3aman (o6mmuii)
kBaHT uHGOpManuu 06 orHomeHun npeamnodrenus JIIIP (KBaHT) s Tpynn KpUTEPUEB
A, B BumecTe ¢ HADOPAMU MONOKATENBHBIX TAPAMETPOB W] I BCeX ¢ € A 1w} Anis Beex

j € B, eciiu 1711 BEKTOPA y' € R” Buga
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y; = w! nnsBeex i € A,
y;:fw;‘ JJisl BCex j € B,
y;:0 st Beex s € I\ {AU B}

semosasiercst y =y (0,...,0) € R™.

Kak M0OXHO BUIETH, APy WHIEKCOB 371€Ch MbI 3aMEHUJIN HA APy TTOJIMHOKECTB MHO-
2KECTBA WHJIEKCOB, KOTOPBIE IIPEICTABISIOT COOO IPYMIbl KPUTEPHUEB, CPABHUTEIHHYIO
BayKHOCTH KOTOPBIX MTOKA3bIBAET KBAHT.

CMBICTT TIOHATHS TIOXOXK Ha, TaKOBOE JIsT 3jJeMeHTapHoro kaHta: JIITP roroso mo-
JKEPTBOBATH W; KOJIMYECTBOM €JIMHUIL KPUTEpUeB f; I BCeX j € B, mpu 3TOM NOTyvnB
B3aMeH w; equHun Kpurepusa f; 1ma Beex ¢ € A. Takoe onpenenenue mpenocTaBiger ro-
pa3ao 6OMBINYI0 THOKOCTD TP BBIOOPE CIEKTPa PeIraeMbIX 3a0ad.

@opwmysa st mepecdera KPUTEPUEB 3/1€Ch HECKOJIHKO MEHSIeTCS, IPU STOM TaKKe
IPOUCXOIUT IOBBIIIEHUE PA3MEPHOCTH CaMOro Kpurepus 0o p = n — |B| + |A] x | B.

Nrak, Hy»kHO mocrponth C'(X ) — MHOXKeCTBO BHIONPAEMBIX DEITeHniT Ha OCHOBE KBaH-
TOB 00 oTHOmeHn npeanodrenus JIIIP. Packpoem cyTh perenus 3Toii 3a1a491 9epe3 CXeMmy
0OpaTHOM CBA3M.

3. Cxema obGpaTHO# cBa3u. [IpuBeseM KpaTKoe ee ONMHCAHHME HA IMPUMEPE 33T
BO3MOXKHOCTHU 3aKJII0YEHMs JIOroBopa crpaxoBanus [6]. B crpaxoBanuu nse cTopoHbI —
KJmeHT (crpaxoBaresib) u (hupMa (CTPAXOBINUK), ¥ KayKJI0i CTOPOHBI CBOU 3aa4u. 3a1a-
YaMU KJIMEHTA, SABJISIOTCS CJIeIYOIIne:

1) IpUHATD peleHne O CTPAXOBAHUN BOOOIIE;

2) BbIGpaTh CTPAXOBILUKA;

3) u3bparb KOHKPETHbII IIPOIYKT.
st GUPMBI K€ CTOAT TaKWe BOTPOCH:

1) npuHATHE BHYTPEHHUX DEIICHUI;

2) cbop undopmaryu (KBAHTOB) OT KJIHUEHTOB;

3) noabop napamerpoB HPOAYKTOB. Jljisi pelieHns TuX 3a7ad IPEeJIaraeTcs CJAeLy-
folee: gepe3 MOOMIbHOE MPUIOKeHne (PUPMa COOMPAET OT KJINEHTOB KBAHTHI, IPH dTOM
[IOCJIETHUAE MOy YAI0T MPOAYKT C HO00PAHHBIMY ONTUMAJIbHBIMY [TAPAMETPAMU 110 CBOUM
MPEIOYTEHNSM, 8 EPBAst JIYUIe MOHUMAET PBIHOK U TMOI0UPAELT MaPAMETPHI.

[IpencraBuM Temeph KOMITOHEHTHI MPOTPAMMBI, aBTOMATH3UPYIONIEH cOOpP KBAHTOB
n npenocrtapienne pekomengamuit JIIIP wa ocHoBe nx mpeamourennii. PactipocTpanenne
MOOMIIHHBIX YCTPOUCTB IO BCEMY MUPY MOACKA3BIBAET PA3YMHOCTD UCIIOJIH30BAHUS HMEHHO
Takoii mporpammbl. QHA COCTOUT U3:

1) ymasenHnoro cepsepa, 3aHUMAIOIIETOCS OCHOBHBIMHU BBIYUCICHUSMU, arperamueit
BXOJIHBIX JAHHBIX MyTEM WMCCIEIOBAHUS CANTOB-KATAJIOIOB, NX HAKOIJIEHUEM, XPAHEHUEM
n 00pabOTKOI;

2) rpacduueckoii obosouku (rak nazwpiBaembiii GUI — Graphical user interface, rpa-
duueckuii nonbp3oBarenbckuii naTEpdEiic), I03BONLOIEH M0JIH30BATEIIO JIETKO M0y YaTh
HY>KHbIE DEKOMEHIAIINHN;

3) BBIYMC/IMTEILHO-TEXHAUECKHUH OJIOK HA yCTPONCTBE MOJIB30BATE IS, MPUBOISIIIH
K TIOJIyYEeHUI0 PEKOMEHIAINY JAXKe TIPY OTCYTCTBUY IOCTYMa K cetu VHTepHerT;

4) npouue ciayxk6bl. Umenno ror dhakT, YTO BHIYUCIEHHs IIPEANOIATAIOTCS K IIPOBE-
JIEHUIO KAaK HA yIAJeHHOM CePBepe, TAK U HA YCTPOMCTBE MOIH30BATE I, DA3HUIIA B IIPOU3-
BOJUTEIBHOCTU MEXKIY KOTOPBIMHU MOXKET OBITh JEeCATKHU ThICAY Pa3, YKA3bIBAET HA HEOO-
XOIUMOCTD ONTHUMHU3AINAN COOTBETCTBYIOIIMX BBIUUCTIEHUIA.

284 Bectauk CII6TY. Ilpuknagmas maTemaTuka. Madopmaruka... 2024. T. 20. Beim. 2



Bcraer Takike pe30oHHBIH BOMPOC — YTO ecjid WHMOPMAIHs OT KBAHTOB IPOTUBOPEYH-
Ba? CIpaBUTHCS C STUM MTOMOXKET KPUTEPHil HEMPOTHBOPEYNBOCTH |3].

Urak, kpaTkoe onncanne cxeMbr caemayioree: JIIIP maer cpaBHenme, n3paekaeM KBAHT,
Cy2KaeM MHO2KeCTBO perrenuii, BHOBb uzeM K JIIIP. B pamkax 310l cxeMbl BO3HUKAET s/l
COITyTCTBYIOIINX 33/a4. PaccMOTPUM HEKOTOPBIE U3 HUX.

4. ConyrcrByrorue 3agaun. OCHOBHAs 3a/1a4a, 3aC/IyKUBAIOIIAsT BHUMAHUSI, CJIe-
JYIOMAs: KayKIbIi KBAHT COKPAIIAET MHOXKECTBO DEIeHWl MUHUMYM Ha OTHO, COTJIACHO
nepBoit akcuome — ecau JIIIP He BBIOpaJ OIHO M3 MPEIOCTABICHHBIX PEIIeHuil, OHO He
MOXKET BOUTH B OKOHYATEIHLHOE MHOYKECTBO. B CBS3M C 9TMM BO3HUKAET BOMPOC: KAK HA
KazKJIOM IIIare aJropuTMa MOAOWPATh TAKYIO MApy pelIeHwil, KoTopas Oyaer mpu Jo0oM
BbiOOpe JITIP naBarh MakCHMAIbHOE COKpaIleHue (pUHATHHOTO MHOKECTBA?

JlaTh OTBET Ha BOTPOC TOTEHINAILHO MoykeT : B Teopun JOCTATOYHO HATPEHUPO-
BATh €ro Ha OOJBIIOM KOJUYIECTBE PA3MEYEHHBIX JAHHBIX, U MOIEIb CMOXKET MpEe/IIararh
OTNITUMAJIFHYIO B BBIMIEOMICAHHOM CMBICTIE APy PEITeHMiA.

Jpyroit comyTCTBYIONUI BOMPOC MOXKHO OXapPaKTEPU30BATH CJIEAYIONMM 00pPa30M:
BO3MOXKEH Ji cOOp KBaHTOB 00 orHoineHwn mpeanourenus: JIIIP 6e3 menocpeacTtBenHo-
ro ero ompoca? B macrosiee BpeMs 00e3TMIEHHBIE JTAHHBIE O JEHCTBUSX MOJIb30BATE e
B ceru VHTepHer cobuparorcs u 00pabaThIBAIOTCS CAMBIM IITMPOKAM KPYTOM KOMIIAHWIA,
YTO OTKPHIBAET BO3MOXKHOCTH IJIsT UX MPUMEHEHHUs] B PACCMATPUBAEMON CXeMe.

[Ipumepom HAHHBIX, TOAXOISAINIUX IS PEITAEMbIX [eseil, OyayT JaHHBIE O MEPEX0IAX
nmop30Baress o Beb-crpannmnam. Hanpumep, JIIIP xouer Beibpars cmaprdoH, noab3yer-
ca caiitom-arperatopom. [Ipumepnbie geiicTBus B TAKOM CIIydae CJIEAYIONIUe: U3BJIEKAEM
OTMeueHHBbIE 4Yepe3 (bUIBTPhI MapaMerphbl (pa3mMep dKpaHa, 6aTaped, KaMepbl U Ip.), WX
3aMOMUHAEM; TAKKE M3y9IaeM MEepPEXOIbl MOJb30BATE/IST HA CTPAHUIIBI KOHKPETHBIX MOIE-
Jieit m ux 3anomMuHaeM. Kcim mpu 3TOM TPOCTIEeKUBAESTCS MPEANOUTeHe KAKOW-TO MApPKH,
TO 9TO TaKXKe y4uuTbiBaeM. Ha ocHOBe moaydeHHO#! nHGMOPMAIMN U3 CPABHUBAEMBIX AP
pereruit BeiOupaercss Hanbosee coorsercrByomiee npeamodrenusy JITIP.

HemasoBa:kHO TakKe OTMETHUTH MPOOJIEMY BBIIEIEHUS 3HAYUMBIX Kputepuen. Oue-
BUIHO, UTO JIs KaXKIOW OTHEJHbHOW KATErOpuu MpPEJIMETOB BO3MOYKHO BBIIEIUTH COTHU
Pa3IMYHBIX KPUTEPUEB, YTO HEPA3YMHO. BIOOp M3 HUX HAMOOJIEE 3HAUMMBIX CYIIECTBEH-
HO ObsierduT perrenue. /[pyroii acmekT TOro »Ke TOJIKA — MEPEBOJ, HE WMEIOIINX SBHBIX
YHUCJIEHHbIX AHAJIOIOB KPUTEPUEB B YUCJIOBOH dopmar (Hampumep, 1Ber).

Bazken Tak:xe BOmpoc 00 ONTUMAIBHON TOYKE OCTAHOBA AJITOPUTMA C YIaCTHEM KBaH-
TOB — B KAKOIl MOMEHT MBI TiepecraeM ux cobmparsh?! VHadye roBOpsi, B KaKOW MOMEHT
BBIYMCJIEHUsT, HEOOXOIUMBIE JJIs OYePEIHOrO MIara, aJITOPUTMA, CTAHOBSITCS HEIPOIOPINO-
HAJILHO CJIOXKHBIMU [I0JIy9aeMOil OT HUX BbIroje (COKPAIEHUIO MHOXKECTBA perieHuii)?

[Mocnenuwit 3aciykuBaonuii BHUMAaHUA BOIPOC — POCT PA3MEPHOCTH TIEPEMHOXKA-
eMbIX B PAaMKaX ajrOpuTMa MAaTPHUIl, OH MEPEKJTUKAETCS C MPEAbLIYIINM B CMBICJIE pa-
[IMOHAJLHOCTY BBIYUCIEHUN. Y MHOKEHHE MATPHUIl — JOCTATOYHO TPYIOEMKAsi OMEPAIVs
B CMBIC/IE KOJIMYECTBA 3aTPAYMBAEMBIX BBIUUCIUTE]HHBIX PECYyPCOB. Jlydimas BBIYUCIIHU-
TEJIbHAS CJIOYKHOCTH AJITOPUTMA YMHOMKEHUS MATPHUIl, JOCTUTHYTAS HA JAHHBIA MOMEHT,
coctapaser npubmuzurensao O(n?37) [7], mpu stom 3Hauenus croxnoctn muze O(n?) He
MOTYT OBITH JIOCTUTHYTHI, 1 TPeOyeT BHUMAaHUS CTPYKTYPa BOSHUKAIOIIUX MATPHIL C TETHI0
onTuMu3any. HeBO3MOKHOCTh MPUMEHEHUST AJITOPUTMOB JIJIsl, HATPUMED, PA3PEKEHHBIX
MATPHUI[ BMECTE C OCOOEHHOCTSIMU TPEIJIaraeMoil MpOrpaMMbl JUKTYIOT HEOOXOIUMOCTH
CHUKEHUST HATPY3KHU HA, YIACTBYIOIILYIO B BBIUMCICHUSIX ANIapaTypy.

st periennst BOIIpoca MpeaaraoTca IBa moaxoaa. Ilepserit mpeamoaaraer apobiie-
HU€ MHOXKECTBA aJIbTEePHATUB HA KYCKU U MPUMEHEHNE AJTOPUTMA C BHIOOPOM HAWITY UITUX
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AJbTEPHATUB [IJI KAyKIOTO U3 HUX MO OTAEIBHOCTH, TOCJIE Yero MOJyYUBIINECs PelleHns
00beIMHSAIOTCS, U JJIs HUX AJITOPUTM 3AITyCKAETCS BHOBL. HeCMOTPST HA OYEBUIHBIE TLITFOCHI
B TIJIAHE MOHUKEHUST PA3MEPHOCTU MATPWI], BOZHUKAIOIINX B MIPOIECCe TPUMEHEHUS aJIro-
pUTMA, TOABJILIOTCS W AOMOJTHUTEIbHBIE BOIMPOCHI, B YACTHOCTU OYIET JU COXPAHATHCS
COOTBETCTBHE AKCHOMAaM, [IPYTUMHU CIOBaMU — KOpPPeKTHOCTh. Ilpm masoit pasmepnocTu
X 11e71€c000PA3HOCTD MOIX0/IA B MEIOM BBI3BIBAET COMHEHHUSI.

Bropoit moaxon cocrout B onTuMu3anywu mporecca noaydenus y JIIIP kBanTos, yxe
ocBeIeHublii Boime. [lomuMo moaroroBku s 3Toit nenn moaenaun MW mpeacraBnsercs
Pa3yMHBIM PACCMOTPEHUE CAEAYIOMNUX IBPUCTUIECKUX UIeil: OyIeM mpeiararh Jjist CPaB-
HEHUdA pelieHus y/, y” C MaKCHMAJIbHO abCOMIOTHON CyMMapHON pas3sHHUIE 0 BCeM KpH-

TepUAM:
n
’ 12
max — Y |y, — v, |
Yy =1

nJn »Ke TOJIBKO II0 KaKOMy—JII/I6O OAHOMY KPUTEPUIO:

max — ly; — ;| ast Kakoro-mu6o i € I.
Yy

5. MoaudunupoBanHasd cxema obpaTHoi cBa3u. C y4eroMm BBINIECKA3AHHOTO
nosydaeM cjeayrouii obuuii aaropurm nocrpoeaus muoxkecrsa C(X):

1) 3nag MHOXKeCTBO pemienuii X, OCTPOUTH MHOXKECTBO BEKTOPOB, COCTABJIEHHbBIX U3
3HAYEHUN WX KPUTEPUEB Y , BBIIEJIsIS MPU ITOM JIWIIL 3HAYUMBIE U TPEe0OPA30BbIBas ab-
CTPAKTHBIE B YKUCJIOBBIE 3HAUEHUST;

2) ompee/iuTh ONTUMAJIbHBIE HAPHI penlenuii ¢ ygerom moaeaun WU

3) MOJIyYUTh KBAHTHI HA OCHOBE 0OE3JIMYEHHBIX JAHHBIX, B CMbICJIE OTCYTCTBUS B HUX
YKa3aHWs HA PEAJbHYIO ePCOHY, B3AMEH MMEeTCs JIUIh YHUKATbHBIN UIeHTH(OUKATOD;

4) cy3uTh MHOXKECTBO pelleHuii Ha 6a3€ MOJIyYeHHBIX KBAHTOB;

5) MOBTOPUTH [0 JOCTHKEHWs U30PAHHON TOUKU OCTAHOBA.

Ha ocHOBe TOCTOSTHHO MOCTYMAIONINX HOBBIX JAHHBIX (DPATMEHTHI AJITOPUTMA, KOPPEK-
TUPYIOTCsI, TEM CAMBIM OJIUIIETBOPsisi OOPATHYIO CBS3b.

6. 3akirodeHne. B craTbe paccMoTpeHa cxema 00paTHOI CBA3M I PEIeHnsT 33,1219
BBIOOpA B KOHTEKCTE aKCHOMATUYIECKOTO TIOIX0a K Cy»KeHuto MaoKecTBa [lapero. Kparko
PACKPBITA CYTh TOSIBJISIIOIINXCST COMYTCTBYIONINX 33/1a4. Bee 3To mo3Bossier pa3paborarh
MPOTPAMMHBIN KOMITLJIEKC, ABTOMATH3UPY IO HEOOXOIUMbIE BHIYUCIEHUS C JAJIbHEATIeH
ontumuzanueii Ul u camoro mporecca Boraucsennii. Takzke miaHupyercs mpoBeCTH CPaBHe-
HUE C aKTyaJbHBIMU PEKOMEHIATETbHBIMYA CUCTEMAMU, TAK KAK 00€ CYIITHOCTH MPECIeay 0T
OIHY 11eJib. EIlle OTHUM HAIIPABIEHUEM UCCJIEIOBAHUI sIBJISETCS BHEIPEHUE SJIEMEHTOB TE0-
puu Beibopa u VIN B cucTeMbl yITpaBIeHNs CJIOKHBIMI TEXHUIECKUME KOMIIJIEKCaMu [8, 9].
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conclusion. Problems arising with such approach are discussed, such as criteria selection,
automatic quanta collection based on user behavior data and others. The scheme is then
modified and an approximate solution algorithm is presented. Future research directions are
outlined.

Keywords: choice, Pareto set, feedback loop.

References

1. Hamel A. H., Kostner D. Multi-weight ranking for multi-criteria decision making. arXiv:
2312.03006. Available at: https://arxiv.org/abs/2312.03006 (accessed: February 2, 2023).

2. Bednarczuk E. M., Miroforidis Ja., Przemyslaw Pz. A multi-criteria approach to approrimate
solution of multiple-choice knapsack problem. arXiv: 1712.06723. Available at:
https://arxiv.org/abs/1712.06723 (accessed: February 2, 2023).

3. Noghin V. D. Reduction of the Pareto set: an azxiomatic approach. Cham, Switzerland, Springer,
2014, XIX, 232 p. (Rus. ed.: Nogin V. D. Suzhenie mnozhestva Pareto: aksiomaticheskii podkhod. Moscow:
Physmatlit Publ., 2018. 272 p.)

Bectauk CII6TY. Ilpuknaamas maTemarnka. Madopmaruka... 2024. T. 20. Beim. 2 287



4. Baskov O. V. Algoritm posledovatel’nogo ucheta informatsii ob otnositel’noi vazhnosti kriteriev
v zadache mnogokriterial’nogo vybora // Protsessy upravleniia i ustoichivost’ [Algorithm for sequential
accounting of information on the relative criteria importance in the multicriteria choice problem. The XLI
annual international conference on Control Processes and Stability (CPS’10). St. Petersburg, Publishing
House of St. Petersburg State University, 2010, pp. 553-558. (In Russian)

5. Erdil E., Besiroglu T. Ezplosive growth from AI automation: A review of the arguments. arXiv:
2309.11690. Available at: https://arxiv.org/abs/2309.11690 (accessed: February 2, 2023).

6. Sachkov A. V. Issledovanie vozmozhnosti zakliucheniia dogovora strakhovaniia s uchetom funktsii
poleznosti [Examining the possibility of insurance contract conclusion based on utility function|. Vestnik of
Saint Petersburg University. Applied Mathematics. Computer Sciences. Control Processes, 2023, vol. 19,
iss. 3, pp. 369-373. https://doi.org/10.21638/11701/spbul0.2023.305 (In Russian)

7. Duan R., Wu H., Zhou R. Faster matriz multiplication via asymmeltric hashing. arXiv: 2210.10173.
Available at: https://arxiv.org/abs/2210.10173 (accessed: February 2, 2023).

8. Ilyushina A. N., Pershin I. M., Trushnikov V. E., Novozhilov I. M., Pervukhin D. A., Tukeyev D. L.
Design of a software complex for control of induction equipment of metallurgical manufacture using systems
theory. 2023 V International Conference on Control in Technical Systems (CTS). St. Petersburg, Russian
Federation. LETI Publ. House, 2023, pp. 83-87.

9. Novozhilov I. M., Sidorenko A. A., Tukeyev D. L., Podkina M. E., Pervukhin D. A., Trushni-
kov V. E. Design of software and hardware complex of temperature field diagnostics using the theory of
distributed parameter systems. 2023 V International Conference on Control in Technical Systems (CTS).
St. Petersburg, Russian Federation. LETI Publ. House, 2023, pp. 88-91.

Received: January 4, 2024.
Accepted: March 12, 2024.

Author’s information:

Alezander V. Sachkov — Postgraduate Student; st031354@student.spbu.ru

Bectuuk CIIGI'Y. Ilpuknaguas maremaTturka. Muadopmaruka... 2024. T. 20. Beim. 2



Bectuuk CII6I'Y. [Ipuknaguas maremaruka. Uudopmaruka... 2024. T. 20. Beim. 2
UDC 519.237.5, 519.83
MSC 91A25

Dynamic decision-making under uncertainty: Bayesian learning
in environmental game theory*

J. Zhou', O. L. Petrosian'?, H. Guo?

1 St. Petersburg State University, 7-9, Universitetskaya nab., St. Petersburg,
199034, Russian Federation

2 Qingdao University, 308, Ningxia Road, Qingdao,
266071, China

For citation: Zhou J., Petrosian O. L., Gao H. Dynamic decision-making under uncertainty:
Bayesian learning in environmental game theory. Vestnik of Saint Petersburg University. Applied
Mathematics. Computer Science. Control Processes, 2024, vol. 20, iss. 2, pp. 289-297.
https://doi.org/10.21638/11701 /spbul0.2024.213

This paper investigates the issue of pollution control dynamic games defined over a finite time
horizon, with a particular focus on parameter uncertainty within the ecosystem. We employ
a dynamic Bayesian learning method to estimate uncertain parameters in the dynamic
equation, differing from traditional single-instance Bayesian learning which does not involve
continuous signal reception and belief updating. Our study validates the effectiveness of
the dynamic Bayesian learning approach, demonstrating that, over time, the beliefs of the
players progressively converge towards the true values of the unknown parameters. Through
numerical simulations, we illustrate the convergence process of beliefs and compare optimal
control strategies under different scenarios. The findings of this paper offer a new perspective
for understanding and addressing the uncertainties in pollution control problems.
Keywords: HIDS, dynamic Bayesian learning, pollution control games, ecological uncertainty,
optimal control strategy.

1. Introduction. The corpus of literature on dynamic game models with unknown
parameters, specifically within the realm of pollution control games, has expanded consid-
erably. At the beginning of the nineties, several papers formulated a deterministic growth
of pollution stocks [1-4]. The introduction of uncertainty into these models was pioneered
by [5-8], which examined a dynamic game of international pollution control under eco-
logical uncertainty and integrated a learning mechanism for the players. This approach
allowed for the characterization and comparison of non-cooperative emission strategies in
response to incomplete knowledge about the distribution of ecological uncertainty.

Paper [9] delved into learning within the context of a resource extraction and invest-
ment game, acknowledging that agents grapple with uncertainties in both the dynamics
of the environment and their payoff functions. While most of the literature has focused
on scenarios where parties have incomplete knowledge of others’ private information, the
work [10] considered the strategic implications of a player’s partial knowledge of the truth.
This body of work collectively enhances our understanding of strategic behavior in the face
of uncertainty in dynamic environmental games.

Bayesian updating is a pivotal method for addressing uncertainties regarding un-
known parameters within dynamic systems. This method has been previously utilized to
investigate decision-making processes involving binary choices. Specifically, the Continuous

* This research was supported by Saint Petersburg State University (ID project: N 94062114).
© St. Petersburg State University, 2024
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Opinions and Discrete Actions (CODA) model, introduced by Martins, provides a frame-
work where each choice is linked to a continuous probability, bridging the gap between
continuous beliefs and discrete actions [11, 12]. In this model, agents maintain continuous
opinions and base their decisions on the discrete actions observed from their peers.

Further expanding on this concept [13-15], explored the dynamics of agents’ opinions
concerning an unknown parameter. Agents would form and adjust their opinions con-
tinuously, while also considering the likelihood of different values, which could follow a
distribution that combines Gaussian and uniform characteristics. This dual-distribution
approach encapsulates the possibility of agents operating under partial ignorance during
interactions.

Building upon the foundational work in Bayesian updating and its applications in
dynamic systems, our research explores new dimensions in environmental economics and
game theory. We focus on how players form and adjust their beliefs in the face of ecological
uncertainties, and how these beliefs, in turn, guide their strategies in a dynamic setting. We
extend our inquiry to the long-term effects of belief-driven strategies on the stability of the
system and the achievement of optimal outcomes. The research questions whether a belief-
centric approach leads to more efficient decision-making or whether it potentially limits
adaptability and innovation in response to environmental challenges. Through a blend of
theoretical exploration and empirical analysis, our paper aims to deepen the understanding
of the role of beliefs in shaping strategies within dynamic, uncertain environments.

2. Description of the problem. We focus on tracking the cumulative net emissions
in the environment, represented as a function of time S(t). The dynamics of this stock
variable are crucial for understanding the environmental impact and are formulated as
follows [5]:

N
St+1) =77<Zw(t)+55(t)>7 S(to) = So, (1)

where 0 < § < 1 indicates that 1 — § is the natural decay rate of pollution. The variable
7 introduces ecological uncertainty into our model, accounting for various factors that
significantly influence the environmental dynamics.

A pivotal aspect of our model is the incorporation of uncertainty, represented by 7
in the dynamic equation. This uncertainty factor is integral to the environmental model,
capturing the unpredictable elements that typically affect ecological systems. The variable
7] is not just a mathematical construct but a reflection of real-world phenomena like climatic
variations, unanticipated ecological responses, and other environmental stochasticities. It
serves to model the often erratic and non-linear impact of emissions on the environment,
thereby adding a layer of realism to the simulation. Understanding and quantifying this
uncertainty is crucial for accurate modeling and effective decision-making in environmental
management.

The realization of the random variable 7, denoted by =z, follows a probability dis-
tribution ¢ (z]0). Here, 6 in the parameter space © C R! defines the vector of sufficient
parameters for the probability density function (p.d.f.) ¢.

Players form their beliefs about the unknown parameter £(6), particularly crucial in
contexts laden with uncertainty, like environmental issues. This uncertainty may represent
factors such as the rate at which nature absorbs pollutants.

The optimization problem for player i = 1,2, ..., N, assuming a behavior of welfare
maximization over a finite horizon, is given by
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T
max > us(t)(a — ui(t)) — bS], (2)
u; (t) =0
subject to the pollution dynamics described in Equation (1). In formula (2), a;, i =
1,2, ..., N, are constants, and b; for each, i = 1,2,..., N, denotes the positive marginal cost
of the pollution stock.

3. Dynamic Bayesian learning method. In this chapter, we delve into the strate-
gies players employ for updating their beliefs in the face of uncertainty within the state
equation. Such uncertainty might stem from variables like unknown parameters or er-
ratic environmental factors. Grasping the nuances of belief revision in response to new
information and observations is pivotal.

We initiate our discussion by outlining the conditional expectation method, which is
used to predict the realization of a random variable at time ¢, denoted as ;. We will then
explore how players incorporate fresh signals into their decision-making, thereby enhancing
the accuracy of their estimations.

In this Section, we analyze how the planner employs Bayesian methods to interpret
and learn from the signal x; observed at each time t. To streamline our model, we stan-
dardize the initial beliefs of all players. The following assumptions are made for simplicity
and clarity: at the beginning of each stage, players collectively adopt a prior belief & (),
which is recognized as common knowledge among them. Players make their decisions with-
out the knowledge of the current period’s signal; the signal is observed only post-decision.
This information is then utilized to update their beliefs about . In each stage, players use
mathematical expectation to estimate the unknown parameter 6. The estimated value at
stage t, denoted as 6;.

Formally, given the prior belief £ (#) and the signal x; at time ¢, the posterior belief
&:(6]z,) is defined by the following equation:

o o <P($t|9)€t(9)
§i(Olze) = (3)
Jo plzily)&(y)dy
for # € ©. This formulation, based on Bayes’ inference, describes the learning process
through the continual updating of beliefs in light of the insights derived from each observed
signal x;. Significantly, Equation (3) functions independently of the control vector.

In the context of sequential decision-making, dynamic games of incomplete informa-
tion are characterized by the uncertainty and evolving nature of the environment in which
players operate. Players are required to make strategic decisions based on limited infor-
mation, aiming to maximize their expected payoffs over time. The fundamental principles
governing their behavior and decision-making process can be described as follows:

a) at each time ¢t = 0,1,2,...,T, players do not know x;, 141, ..., zr, when choosing
their strategies u;(t);

b) they aim to maximize their payoff from time ¢ to 7', which depends on future states;

c) players use their prior beliefs & () about unknown parameters based on informa-
tion available up to time ¢, which are based on the information accessible up to time ¢
(i.e., zg,...,2¢—1), in order to estimate the unknown parameters. They then apply this
estimation as the actual value of 7 starting from time ¢;

d) upon receiving the signal x;, players update their belief to the posterior belief
&:(6|z¢), which is assigned as the prior belief at time ¢ 4 1.

Proposition. At any stage t, the posterior belief about an unknown parameter 6
aligns with the prior distribution for the next stage ¢+ 1. This proposition underscores the
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consistency and progression in belief formation, ensuring a seamless transfer of knowledge
from one stage to the next.

At the outset of each stage, players establish a prior belief regarding the unknown
parameters. This belief, coupled with the current state, guides them in selecting an optimal
strategy. Following this decision, players are presented with signals that provide insights
into these parameters. Utilizing the information from these signals, they update their
initial belief to a posterior belief. This updated belief then serves as the new prior for
the subsequent stage, setting the stage for the next cycle of decision-making. This process
repeats itself, creating a dynamic, iterative game, where Bayesian learning plays a central
role in strategy adaptation and decision-making.

4. Theoretical analysis. At the start of each stage, players assign prior beliefs to
the unknown parameters 6. These beliefs are based on normal-gamma conjugate priors
and are represented as follows:

&) N (] e (kN1 ) G (M| @, mate = B),

where G denotes the gamma, distribution, N is the normal distribution.
Using Equation (3) of Bayes’ inference, the posterior distribution of unknown param-
eters 6 can be updated as

€u(0]¢) ocp(@e| e, N (0) o
kt t t — kt t — Mt 2
ocN(u|,§‘t—jf,<<kt+1>A> 1)xg<x|at+§,ﬂt+%>. (4)

Applying Proposition and exploit the property that the distribution is conjugate, we
get the following formula:

gy = ke £ 2
ke +1
kiyr = ke +1,
Qi1 = o + 5, (5)
k¢ (IUt — Mt)2
Bi+1 =Bt + W;

here ¢t € {0,1,2,...,T— 1}, given the initial beliefs pg, ko, ag, and 5y. The left-hand side of
Equation (5) represents the players’ initial beliefs for stage ¢ + 1, whereas the right-hand
side of Equation (5) is linked to Equation (4) based on Proposition.

As we delve deeper into the implications of our Bayesian learning model, it becomes
essential to establish the theoretical underpinnings that guarantee its effectiveness over
time. A key aspect of this is the convergence of the Bayesian estimator, which we address
in the following theorem. This theorem demonstrates that the iterative Bayesian learning
process leads to a convergence of the estimated mean towards the true mean as the number
of stages increases indefinitely.

Theorem. As the number of stages progresses to infinity, the expected value of the
Bayesian estimator for the unknown mean converges to the true value of the parameter.
Formally,

lim E(M,) = p,

n—oo
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where M, is a random variable representing the Bayesian estimate of the unknown mean
1 at stage n.

P r o o f. In our model, the sequence Xy, X1,... represents an infinite series of in-
dependent and identically distributed (i.i.d.) Lebesgue integrable random variables. Each
variable in this sequence has an expected value denoted as E(X;) = p, which is constant
across the series.

Considering the Bayesian estimator M, for the unknown mean at stage n, we have

n—1

kopio 1 Koo np koo 4 4,
E(M,)= E(X;) = —_n . 6
(Mx) ko+n+k0+nz (X:) k0+n+k0+n %0.4_1 (6)

=0

Taking the limit of Equation (6) as n approaches infinity, we find

. 0+ p
Jim E (M) = 0or1 M

This result demonstrates that the expected value of the Bayesian estimator M,, con-
verges to the true mean p as n becomes infinitely large. Therefore, the theorem is proved.
O

The aforementioned theorem has profound implications for our dynamic game model.
It validates the approach of using Bayesian learning mechanisms with evolving uncertain-
ties. The convergence of the Bayesian estimator to the true parameter value as the number
of stages increases provides a solid foundation for decision-making in uncertain environ-
ments. This theoretical assurance of convergence is not just mathematically significant;
it also instills confidence in the practical application of our model, especially in complex,
real-world scenarios where long-term strategy and adaptability are crucial.

Having estimated the unknown parameters in our dynamic game of pollution con-
trol, we now turn our attention to identifying the Nash equilibrium of the model. This
equilibrium represents a state, where no player can benefit by changing their strategy
while others keep theirs unchanged. To find this equilibrium, we employ the Hamilton —
Jacobi — Bellman method, a powerful tool in dynamic optimization.

The Hamilton — Jacobi — Bellman equation for each player in our pollution control
model is central to identifying the Nash equilibrium strategies. We denote the value func-
tion of player i as V;(t, S, s, ki, cu, Bt), which represents the player’s maximum expected
utility at a given state. This equation for this value function is expressed as

Vi(t, S, pe, ke, o, Br) = g}i§{(ui(t)(ai —ui(t)) — biS) +

N
+ %(t + 17ﬁt(z ut(t) + 55)7”& kta Qt, ﬂt)}a
1=1

where 7, = E(7|ue, e/ Bt)-
Assuming a linear-state structure for our model, the value function is hypothesized
to be linear and is formulated as

‘/;(ta Sa Mt kta at7ﬁt) = Ai(t7/j/ta kt7 Qg Bt)s + Bi(t7/j/ta kt7 Qg 615)7

i=1,2,...N.

To derive the coefficients of the value function, we equate the coefficients in terms of
S:
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Ai(t, pey ke o, Be) = —bi + Ai(t, e, ke, o, Be) 716,

Ai(T + 1, pg, kg e, Br) =0

fort € {0,1,...,T},i=1,2,...,N.
We then define the Nash equilibrium strategies with dynamic Bayesian learning for
each player i = 1,2, ..., N in the subgame:

(e 0, 60) = 5 = b= ()T ),
where a = Zfil a;; b= Zfil bi; t€{0,1,....,T}.

5. Numerical simulation and results analysis. We present the results of our
numerical simulations designed to demonstrate the effectiveness of our dynamic Bayesian
learning approach in the context of ecological uncertainty. The signals we generate follow
a normal distribution with a mean of 0.5 and a variance of 1, thus the true value of the
unknown parameter regarding the mean of the random variable is 0.5. The parameters of
the model are set as a =8, b =3, N = 5, and § = 0.6. The time interval considered is
T ="170.
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Figure 1. Received signals in estimating ecological uncertainty

Figure 1 illustrates the dynamic nature of signal reception in the context of ecolog-
ical uncertainty estimation. It highlights how varying data inputs, represented through
different signal types, contribute to the evolving understanding of ecological systems.

Upon analyzing Figure 2, we observe a significant trend: as time progresses, the play-
ers’ estimates of the unknown parameter increasingly converge to the true value, which
in this case is 0.5. This convergence is a clear indication of the effectiveness of dynamic
Bayesian learning in reducing uncertainty and enhancing the accuracy of parameter es-
timation. The simulation thus validates our model’s capability to adaptively learn and
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Figure 2. Dynamic Bayesian estimation of unknown parameters over time
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Figure 3. Comparison of optimal control strategies with and without ecological uncertainty

refine estimates, ultimately leading to more informed and precise decision-making in the
face of ecological uncertainty.

Figure 3 presents a comparison between the optimal control strategies adopted by
players under different conditions of ecological uncertainty. When ecological uncertainty
is absent, the control strategy adopted by players is markedly more stable.This line rep-
resents the benchmark control action, assuming the players have complete knowledge of
the ecological parameters. On the other hand, the blue dots depict the control strategy
under ecological uncertainty, where players must continuously adapt their actions based
on the signals they receive. The scattered nature of these points highlights the variability
and dynamism in the players’ control strategies as they attempt to estimate and account
for ecological uncertainty.
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6. Conclusion. This study has provided a comprehensive examination of dynamic
Bayesian learning in the context of ecological uncertainty within pollution control games.
Through a series of detailed numerical simulations, we have demonstrated the significant
impact of uncertainty on players’ decision-making processes. Our results show that as play-
ers receive signals over time, their estimates of unknown ecological parameters converge
to the true values, allowing for more informed and optimal control strategies.

The simulation analysis reveals that the presence of ecological uncertainty necessitates
a dynamic approach to control. Players must adapt their strategies in real-time, based on
the evolving signals they receive, which capture the uncertain state of the ecological system.
This adaptability is crucial for managing environmental challenges effectively, especially
when long-term outcomes are uncertain.
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Wccnenyerca mpobiaema auHaMudecKux urp mo 60pbbe ¢ 3arps3HeHneM, OIMPEeIe/IEHHBIX Ha
KOHEYHOM BPEMEHHOM TOPHU30HTE, C OCOOBIM AKIIEHTOM HA HEOMPEIeJIEHHOCTh MapaMeTpoB
BHYTDH 3KocucTeMBbI. Vcnomp3yercs quHaMuTecKuil 6aileCOBCKMIT MeTo 00y I€HMsT I OIIeH-
KU HEOIPe/Ie/IeHHBIX [TAPAMETPOB B JUHAMUIECKOM YPABHEHUH, OTIMIAONAACT OT TPa IATIH-
OHHOTO H6ateCOBCKOTO O0OYUeHMST HA eUHUYIHBIX TTPUMEpPaxX, KOTOPOE He TIPeIno/IaraeT Hermpe-
PBIBHOTO TIpHeMa CUTHAJ A W OOHOBJIEHUs TIpeacTaBjeHuii. [IpoBemenHoe ncciemoBaHme mo-
TBepKIaeT 3DHEKTUBHOCTh JUHAMUIECKOrO OANECOBCKOTO MOIX07a K OOYYeHWIO, TeMOH-
CTPUPYS, UYTO CO BPpEMEHEM YOeXKIeHWsI WUTPOKOB ITOCTEIEHHO MPUOIUKAIOTCT K MCTUHHBIM
3HAYEHUSM HEU3BECTHBHIX TTapaMeTpoB. C MOMOIIBIO YMCIEHHOTO MOJIEIMPOBAHUS WJITIOCTPHU-
pyeTcs mporecc KOHBEPTeHIInN yOeK IeHIH, CPABHUBAIOTCS CTPATErUU ONITUMAIBHOTO YIIPaB-
JIEHVWSI B PA3JINYHBIX CIIEHAPUSAX W QHAJIU3UPYEM BJIASHUE CUTHAJIOB HA, YIIPABIEHYECKUE Pe-
MIEHUsT YYACTHUKOB. Pe3yIbTaThl CTAThU OTKPBHIBAIOT HOBYIO MEPCIEKTUBY IJIsi TOHUMAHUS
¥ yCTPaHEHHUs HeompeaeIeHHOCTel B 3a7a1uax O0PbObI C 3arpsi3HEeHUEM.
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YupaBiieHne opOUTAIBHBIM ABUXKEHUEM KOCMUYECKOTO anmnapara BOJmu3m
TOYKHW JIMOPAUU C IIOMOINBIO N3MEeHEHNSA OTPa>KaTeJbHOU CIIOCODHOCTH
COJIHEYHOTrO mapyca*
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Has uurupoBanusi: [Ilmwpos A. C., IHImwpos B. A., ITumanywyx . B. Yupasnaenue opou-
TAJIBHBIM IBHKEHNEM KOCMHYECKOrO aImapaTa BOIN3U TOUKN JINOPAIUH C TTOMOIIBIO M3MEHEHHsT
OTpazkaTenapbHOH crocobrocTr comuedroro mapyca // Becrank Camkr-IleTepGyprckoro ynusep-
curera. [Ipukmagmas maremaruka. Muadopmaruka. I[Iponeccsr ympasienus. 2024. T. 20. Bem. 2.
C. 298-306. https://doi.org/10.21638/11701/spbul0.2024.214

PaCCManHBaeTCH CTpaTerud yaepKaHugd KOCMUYECKOro allfmapaTa B OKPECTHOCTH HeyCTOﬁ—
wuBoii Toukm Jlarpamka (Toukm smbpamun) cucrembr Cosame — 3emua. DTa cTpaTerns mom-
Pa3yMeBaeT UCIOIH30BAHNE CIIEIHAILHOIO YIPABJICHNS, TEHCTBYIONEro KOJIMHEAPHO JIMHIN
Courite — 3eMutst ¥ 00€CIIeNBAIOIIETO YCTONINBOCTS 110 JIAIMyHOBY OpOUTAIHLHOTO IBUKEHUS.
Peanuzanus Takoro ynpas/ieHUs IPejIaraercs ¢ MOMOIIbIO comHedroro napyca. O6cyxma-
IOTCS TTPEUMYIIeCTBa W TPYAHOCTU JaHHON CTpaTeruu.

Karouesvie cao6a: 3a1a9a Tpex TeJI, TOIKA JUbpammm, COTHETHBIA mapyc, ynpaBIeHue, yaep-
JKaHue.

1. Beenenne. HeckoibKo nociieHUX AeCcATUIETHH UCCIeN0BaTe I B 0baacTu Hebec-
HOM MEXaHWKW U yIPABJIEHWS aKTUBHO Pa3pabAThIBAIOT MPOEKTHI, CBABAHHBIE C KOJIJIUHE-
apHbBIME TOUYKamu jubpanuu (Toukamu Jlarpanxka) cucrembl CostHIe — 3eMiis 1 CUCTEeMBI
Bemst — JIyua. Crucok TakKuX TPOEKTOB, KAK PEATU30BAHHBIX, TAK U IJIAHUPYEMBIX, BECh-
ma payIuresned. [lepsoiit mpoekt ISEE-3 6611 3amymen NASA B 1978 . B 1994 r. 3amy-
mena craunus Habaogenus Cosnnma SOHO (NASA, ESA). B pamkax npoekra Genesis
(2005 1.) peaju30BAHO MHTEPECHOE MAHEBPUPOBAHUE MEXKJY OKPECTHOCTAME TOYEK JIub-
pamuun L1 u Lo. Kocmmueckuit ammapar Yanbs3-2 CNSA B 2011 r. coBepmia MaHEB-
pbl B okpectHOCTH TOYKH Lo. [IpoexT Cnexktp-PI' Pockocmoca uw DLR 6nu1 peanu3oBan
B 2019 r. u OCBHAIIEH TOCTPOEHUIO CXEMbI KAPThI BeesreHHoi B PEHTIeHOBCKOM [THAIA30HE.

B mocnemsue rompr uMerOTCs MPAKTUYECKUE AOCTUXKEHUS KOCMUYECKON HABHUTAIWH,
MIPUMEHSIIONUe COMHeYHbIH napyc. MccaenoBanns KOCMUYECKUX MOJIETOB C COJTHEYHBIM ITa-
pycom BemyTcs maBHO. MOXKHO cKa3aTh, 9TO pa3paborana MyHIAMEHTAIBHAS TEOPETIIe-
ckast 6a3a g mosieToB. Hacrosimye TpyaHOCTH 00YyCIOBIEHBI TEXHUYECKON pean3amnmeii
pa3MenieHus COJIHEYHOTO Mapyca B KOCMUYECKOM MPOCTPAHCTBE W YIPABJIEHUS UM JIJIsi
MaHeBPUPOBaHMsA. TakKe K aKTyaJIbHBIM IIPOOIEMaM [Jisi COBPEMEHHBIX MMOJIETOB TAKOTO
PO/ia OTHOCHUTCH Pa3pabOTKA MOIXOAIINX CHCTEM YIPAaBJIeHUs, KOTOPbIE, C OIHOM CTOPO-
HbI, OyayT 3 dekTUBHO paboTaTh, a ¢ APYroil, — MPOCTHI U €CTeCTBeHHBI. [loToMy ciemyer
ormernTh MoHOrpadun [1, 2|, conepskaiue byHIAMEHTATIBHBIE HCCIEIOBAHNS B 3TOM 00-
mactu. [Tojeram ¢ COJTHEYHBIM MAPYCOM, CBSI3QHHBIM C TOYKAMU JIMOPAIIAU, MOCBSIIEHO

* Pabora Beimosinena npu duHAHCOBOH moagepkke Cankr-ITerepOyprckoro rocy1apCTBEHHOIO yHHE-

BepcureTa (mpoekT Ne 95438429).
© Cankr-Ilerepbyprekuit rocyjapcrBeHHbIi yauBepcurer, 2024
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Hemasio pabor. B [3] nposesenbl uccienoBanus B paMKax JIMHEAPU3OBAHHBIX yPABHEHUIT
KPYTOBOIf OrpaHnveHHoi 3a1aun Tpex Tei. B [4] mpemiaraercst ¢ MOMOIIBIO CHII CBETOBO-
T'0 ABJIEHUS YIPABIATH B3ANMHBIM PACCTOSTHUEM T'DYIIUPOBKU KOCMUYECKUX AMMTapaTOB
B OKpecrHOCTH TOYKHU Jubpauuu Lo. B [5] usydyena 3anadya uaMeHeHus IJIOMIAAU APY-
Ca W ero OpPUEHTAIWU ISt YIAEPKAHUS B OKPECTHOCTH YCJIOBHO-IEPUOIUIECKON OPOUTHI
B okpectHoctu Touyku jubparuu. B 2020-2023 rr. aBropamu HacTOsIEedl pabOThl ObLIH
OIy6IIMKOBAHBI CTATHY [6—8], MOCBSAIIEHHBIE PEIIEHNIO 331841 YIIPABIEHWsT COHEYHBIM TT1a-
PYCOM B OKPECTHOCTH TOYKH JIUOPAINHU, CIenudUKOil KOTOPOH SBIISIETCS UCIOJIb30BAHUE
crernuaabHON hyHKIMY (HPA30BBIX TEPEMEHHBIX, TI€ POCT MOIYJIsi CBUIETEIHCTBYET 00 yXO-
JIe U3 OKPECTHOCTU TOYKY JTUOPAIUH.

Kosnuueapubie Touku neycroituusbie [9], u, rakum obpasoM, 3ajada ylnpaBieHHs
HY’KHA HE TOJIBKO JJis MaHEBPUPOBAHWS, HO W IS yAE€PKAHUS KOCMUYECKOTO AIMapara,
(KA) B 3THX 06IACTSIX TPOCTPAHCTBA.

B mpencrasientoit pabore m3ydaercsi OpOUTAJIBHOE IBUXKEHUE B OKPECTHOCTH KOJI-
JinHeapHoil Touku Jmbpauun L cucrembl Cosmile — 3emis. 31eCh OKa3bIBAeTCs yI00HO
OPUMEHUTH CIENUAJIBbHYIO HEJWHEHMHYIO AlNpPOKCHUMAIIAI0 OIPAHUYEHHONH KPYrOBOHU 3aJa-
91 TPEX TeJl, TAK Ha3bIBAEMYIO MOjeab Xuita. Touku Jlarpam:ka, uin TOYKY TuOpamnuu,
SIBJITFOTCST MOJIEJIBHBIMY MOHATHSME KPYTOBON OIPAHUYEHHON 331a91 TPEX TEJI U €€ JaCT-
ubiMu pemenuamu (puc. 1). Tlpu 3ToM noppasymeBaercs, YTO CUCTEMa TpexX TeJ, T. €.
KA u 1Ba MaccuBHBIX HEOECHBIX TeJla, COXPAHSIIOT CBOK MEOMETPUIECKYI0 KOH(DUTY PALILIO
B TeueHue BpeMeHu. Bymem paccmarpuBaTh KOJIHHEAPHYIO TOUYKY Jlarpanxka L cucrembr
Comie — 3emiisi. 9Ta TOYKA ABIAETCS HEYCTONIUBOM, W I JJIUTEJTHHOrO MpeObIBAHUS
B €e OKPeCTHOCTH Tpebyercss pemarh 33aa4dy yrnpasiaenus. OkpecrHocTs L — mpuTsra-
TEJIbHOE MECTO JIJIs PEATU3AIUNA MHOTUX KOCMUYECKUX MPOEKTOB.

3eMiE e,
D L
(O Connue e,

Puc. 1. Tlomoxkenunst TOUEK JTUOpAITAN
OnybMKOBAHO MHOTO HAYYHBIX pabOT, MOCBSIIEHHBIX IBUMKEHUIO B OKPECTHOCTU TO-
4ek Jubpaiuu, B yacTHocT, 0630p [10]. O6bruHO cTpaTerus mojaera B OKPECTHOCTb TOYKY

TUOpAIN 3aK/TI0IAETCS B TIOJIETE ¢ OKOJIO3EMHOM OPOUTHI Ha 3apaHee MPOCIUTAHHY IO OpOH-
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Ty OKOJIO TOYKH JiuOpaluu, Tak Ha3biBaeMylo rajo-opoury. Ha rakux opburax KA moxer
HAXOIUTHCS B HEYIPABJISEMOM DEXKIMME HECKOJHKO MECSIEB C MOCIeIyONneil KOpPeKIei
OpOWTHI B BUE MAJIBIX UMITYJIHCOB. B 3T0if cTaThe paccMaTpuBaeTcst Ipyras 3a71ada, KOTaa
[O/IPA3yMEBAELTCST PEATTU3AINS HEIIPEPBIBHOTO YIIpaBIeHus JJis yaep:xKanus KA.

[TepcieKTUBHO UCIIOAB30BATH COJIHEYHBIA Hapyc s pelieHus Takoil 3amadum [1, 2.
Pamee mamu ObL1a omybMMKOBaHA cepus paboT, MOCBSIIEHHAA TPUMEHEHHUIO COTHETHOTO
mapyca B 3ajatde opOuTaIHLHOrNO0 MAaHEBPUPOBAHUS B OKPeCTHOCTH L7 3a cUeT M3MeHeHWs
opueHTanuu mapyca [6-8].

B nacroseit paboTe mpenosgaraeTcs, YTo yIIpaBIdONM MapaMeTpoM sIBIISIeTCsT OT-
paxkarenabHas CIIOCOOHOCTH COJIHEYHOTO mapyca. Perenne naercst B Buzie cuHTE3a, IPUIEM
yIpaB/IeHHe 3aBUCUT TOJBKO OT OFHOM (Pa30BOil epeMeHHOIA.

2. Maremaruueckas Moaesib aBmkeHnss KA. YpaBHeHus HEyNPaBIIeMOro IBU-
swennst KA B reolieHTpUYecknX KOOPAMHATAX B PAMKAaX KPYTOBOH 3a1a9M TPEX TeJI MOYKHO
3ammcars B Buze [9)

= ymad RI(t) — & 1
F= T+ (= - 10). g

rae & = (%1, T2, Z3) — reoleHTpudeckre KoopanHatel KA; 4 — rpaBuTaiioHHasi mocTosH-
Has; my, me — Maccel 3emun u Connna; R — paccrosuue mexay 3emsteit u Comnunem (1
a.e.); [(t) — enuHUYHBII BEKTOD, HAIPABJIEHHBIH 110 Juaun emiis — CosHie.

Eciu monoxurs §j = &, 10 ypastenne (1) IPHBOAMTCA K TAMEIBTOHOBOH CHCTEME
C MAMUJIBTOHUAHOM

ymi - yma 1 @)z
Nz rRO\|it)- %[ R

Hasnee, kak nokazano B pabore [11], packnaapiBas, caemys Xuiy [12], connednbiit
NOTEHIHA IO BeJTHIHHAM % (KOTODPbIE MaJibl B OKPECTHOCTH IEePBOi TOUKH JHODAIlii),
BBOJIA CHENUATBHYIO CACTEMY €IMHHIL M IIEPEXO/d BO BPAIIAIONLYIOCA CHCTEMY KOOPIUHAT

C TIOMOIIHI0 KAHOHUYECKOH 3aMeHBI ePEMEHHBIX ¢ MPOU3BOSAIIEH (DYHKIMH TOBOPOTA
S(Z,y,t) = y1(Z1 coswt + To sinwt) + ya(—Z1 sinwt + To cos wt),

IOJTy4aeM allpPOKCHMUPOBAHHbLIE yDABHEHUs [BUKEHUs OIDAHUYEHHON 3a/Ja4i TPeX Tell
B BHJIE, KOTOPBIH MPUHSATO HA3BIBATH XHJLIOBCKUM IPHUOJIMKEHUEM WIIH YPABHEHUSMU MO-
nemu Xuta [10, 11]

T1 = Y1 + T2, y1=—W+2x1+y2,

. o . o 3.’,82

T2 = Y2 — T, y2f*W*9€2*y17 (2)
. _ g _ 313

xr3 = Y3, y3__w_$3a

3meck © = (x1,%2,23) — KoopamHaThl KA BO Bpamaroireiicss cucTreMe KOODIMHAT, Y =
(y1,Y2,Y3) — UMITYIbCHL. PaccrosiHne Mexkay IEeHTPOM MAacC 3eMJIM W TOYKOH JIMOparym
(upumepHno 0.01 a.e.) 6epercs B KauecTse equHuUIbI paccrostus. Eqununa spemenu 6epercs
u3 coobpaxkenus, 4To BpeMs obpamenus 3emun Bokpyr Cosnna (1 roa) paBHo 27 equHMuIL
Bpemenu (w = 1). B srom cayyae eaunuiia ckopocru cocrasiser 303.14 M/c, a eqununa
yekoperusa — 5.93 - 1077 m/c?.

Touka nubpaiuu Ly B cucreme (2) sBISETCA CTAIMOHAPHON ¢ KOOPAUHATAMHA

z* =(1,0,0), y*=(0,1,0).
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Cucrema (2) numeer raMUIBTOHOB BHJL C TAMIIBTOHHAHOM

[l
2

1 3 3
H(z,y) = =|lyl]> — —= — af

+ Toy1 — T1Yo.

ypaBHeHI/IH yupaBjideMOT0o ABUZKEHUA 3allUChIBAIOTCA B BUIE

T1 = y1 + T2, y1:7%+2x1+y2+u1,

To = Y2 — T1, 102:—“‘1%—362—?]14-1&, (3)
. - 313

T3 = Y3, y3:*W*ﬂ?3+u3-

B pa6ore [10] 6bL1 MpeIIoxKeH 3aKOH yIIpaBICeHUS

ui(z1) = a(z1 — 1), a < =9,
Uy = 0, (4)
0

N3 (4) Bugmo, dro ympasisioiiee Bosjeiictsue peasusyercsa mo juaun CosHie —
Bemuisa. Takum 06paszom, ynpasienue B cucreme (3) OyJer BXOAUTH TOJbKO mpu ¢1. B pa-
Gorax [11, 13] nokazamno, 4ro ynpasiaeuueM u;(z) = a(z; — 1) npu a < —9 obecneunBaercs
ycroituusocTh 1o JIdnyHoBy cranuoHaproro pemenus (z*, y*) cucremst (2). HeiicTBuresin-
HO, cucteMa (3) ¢ ynpasienuem (4) umeer raMuIbTOHOBY (HOpMy. [aMUIBTOHMAH 3AMUCHI-
BAETCS CJIEIYIOMMM 00pa30M:

3

. 1 3
H*(z,y) = §||Z/||2 e 595? +

[l
2

a
+ Toy1 — T1Y2 — 5(581 —1)%

B smHeapu3oBaHHOM ciaydae ramusbrornad H*(x,y) Gymer nmersh Bu,

H*y(z,y) = %(yQ —x1)? + %l(yl + x2)% + %m% - (9-5_@)(391 - 1)+
+ §y§ + 233%;

OTKYZa BUIHO, 9TO mpu ¢ < —9 kBanparudnas dopma H} (2, y) TOTOKATEILHO OIpese-
nennas. IlonHasi mpon3BofHas OT ramuibroHnana H*(z,y) paBHA HYJIIO, W W3 MOJOXKW-
TEJILHOM ONMpPEeIeICHHOCTH KBaJpaTudHOi dopmst H{ (z,y) cilemayer, 9To raMuIbTOHHAH
H*(z,y) 6yner dbyunkuueit Jlsanyrosa cucremsl (3), (4) B HEKOTOPON OKPECTHOCTH TOYKU
smubpanuu B ¢dazosom npocrpancrse. Takum obpasom, yupasienue uq(z1) obecneduBaer
YCTOWIMBOCTH 1O JISTTYHOBY CTanMoOHapHOTO perienus (¥, y*) ynpaisemoit cucreMsbr (3),
(4).

[IpuBenem ypaBHeHUs IBUKEHUS B Ciydae, KOTJa yIIpaBIeHNEe Peajn3yercs C MOMO-
IIBIO COTHEYHOrO mapyca [6-8]:

&1 =y + x2, yl:*@%+2z1+y272k%cos3cpf(17k)%coscp,
To = Y2 — X1, Z)zZ—H‘Z%—xg—yl—%%cos%psimp,
T3 = ys, ?)3:*“‘;%7:53,

e m — macca mapyca; S — ero miomab; p — COJIHeYHOe aaBieHue; k — ko3 dunment
orpazarenabHOili criocobrocru, k € [0, 1]; ¢ — yros opuenranuu napyca (puc. 2). pu k = 1
mapyc UMeeT UIeAJbHYI0 OTPaXKATEIbHYI0 MOBEPXHOCTD, pu k = (0 00samaer abCoTIOTHO
YEepPHOI MOBEPXHOCTBIO.
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M,

Puc. 2. Moznensb COTHEYHOrO mapyca

VipasiisieMoe IBUKEHUE C COJTHEYHBIM APYCOM B CIy4Yae, KOI/a IOBEePXHOCTh Iapyca
HePIeHIUKYJIAPHA COTHEYHbIM JiydaM (yrod ¢ = 0), OIUCHIBAETCs Y PABHEHUSAME

. . 3z S S

iy =y1+@2, 1= 20ty —kE - B2

. . 3xo 5
T2 =Y2 — X1, Y2 = —qpE L2 Y, ()
. _ . _ 33E3

T3 = Y3, yS**W*QE:’,

B coorBercTBum ¢ 3akoHoM ynpasienus (4). Kosddunuenr orpazkaresbHoil criocobHO-
cru k OymeM paccMaTpHUBATL KAk 3/IEMEHT ympapieHnus. lamee ympaB/ieHue, ¢ IOMOIILIO
KOTOPOT'0 00ECIEYNBACTCS yCTONIUBOCTD 110 JISIyHOBY, pean3yercs 4epe3 JaBIeHue CO-
HeuHBbIX Jyueii. lasee, 6yaeM cuurarTh, YTO OTparkaTeabHas CIOCOOHOCTH Mapyca — 3TO
yrpaBiienue, peannsyworee 3akoH u1(z) = a(zry — 1) mpn a < —9. B cBsi3u ¢ Tem, 9ro
JTABJIEHVE COJTHEYHBIX JIydeii HampaBmeHo or CoJTHIIA, CTAIIMOHAPHAS TOYKA CMEIAeTCs, |,
corsacto ypasuenusM (3)—(5), 3aKOH yIIpaB/IeHus 3aMUIIETCH TaK:

w(z) =a(lzx1 —1-0)=—k— — —, (6)

rae KoucranTa § > 0 cBsi3aHa ¢ GOTOrpaBUTAIMOHHON TOYKON TUOPAIIN TTPU KOIPDPUIHI-
enTe orpazkennst k = 0.5.

3. Yucaennoe mogesuposaHue. PaccmorpuMm asmxkenune KA ¢ commeddbiM mapy-
COM C Maccoi m = 5 KI' ¥ IJIOMaabio mapyca S = 32 M2, [IpuBesem HaYAIbHBIE JAHHDLIE
Ui TpaekTopun asuxkenus KA, npejcraBienHoil Ha puc. 3:

2(0) = (1.093,0.001,0), y(0) = (0,1.089,0).

JIBuzKeHne MPOUCXOAUT B TIJIOCKOCTH SKJIUMTUKYA. PUCYHOK 3 MIITIOCTPUDPYET yIIPABJIS-
emoe apuxkenne KA B okpecTtHocTH (pOTOrpaBUTAIMOHHON TOYKK JIMOpALMK, Ha PUCYHKE
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0.003
0.002
0.001
0+ T T 7 :
| 1.086 1.087 1.088
~0.001-% /

-0.002

-0.003

-0.004

Puc. 3. TpaekTopusi ypaB/IsieMOro JBUKEHUsI COTHETHOTO [Tapyca

[TOKA3aHa siBHAS KAPTUHA YCTONIUBOCTH 110 JISAIIyHOBY, BpeMEHHON HHTEPBAJI IPE/ICTABIIEH-
woro rpaduka — nopsaka 20 mecsnes, a ko3 dunuent B ynpasieanu a = —12. Yupasie-
uue (6) obecrieunBaer ycroiausocTs 1o JIanynosy aeuxkenus KA B okpecraoctu dhoTorpa-
BUTAIMOHHON TOUYKY JimbOparnuu. [Ipu onpenemennn (poTorpaBUTaAIMOHHON TOYKHU TUOpAIAN
koaddunuent k = 0.5, rorga miis npegcraBieHHOro mpuMepa mapaverp § = 0.089116540.
Koopaurarer ¢poTorpaBUTAIMOHHON TOYKY JTUOPAIUHU TSI 9TOTO IPUMEPA, UMEIOT BU/

2* = (1.089116540,0,0), y* = (0,1.089116540,0).

Ha puc. 4, a npusenen rpaduk QYHKIWN yOPABJIEHUS HA BPEMEHHOM MTPOMEKYTKE
nopsaaka 20 MecsIes.

Ha puc. 4, 6 moka3ana 3aBUCHMOCTH KO3 DUIMEHTa OTpaXKeHusi k OT BpeMeHu. 3HAYe-
st KO3QDUIUEHTA OTPAYKEHNS B IPEICTABICHHOM MOJIEINPOBAHUY HE BHIXOAT 33 TPDAHU-
upt orpeska [0, 1]. OgHako npu APYyrux HAYAJIbHBIX JAHHBIX, DOJIEE YIAJEHHBIX OT TOYKH
JMOPAINY, €M HA HECKOJIBKO THICAY KUJIOMETDPOB, yiKe HaOJII0JAETCS BBIXOJ BEJTUIHHBI
ko3 durmenTa orpaxkennst u3 orpeska [0, 1]. Takum 06pa3oM, BO3HUKAET 3a/a9a yIpaB-
JISTEMOCTH VIV TTOCTPOEHUsT OKPEeCTHOCTU L1 B (DA30BOM MPOCTPAHCTBE, B KOTOPOH 331243,
yaepxkanus KA penraercs ¢ mOMOIIBIO COTHETHOTO TAPYCa ¢ U3MEHSIOMENCsT OTpayKaTe h-
HO# CIIOCOOHOCTBHIO M 33 JAHHON TMAPYCHOCTHIO.

4. 3akaodeHne. B macrosmeir pabore paccMOTpeHa BO3MOXKHOCTH CTAOWIM3AINAN
OpOUTAILHOTO JBUKEHUS B OKPECTHOCTH KOJIJIMHEAPHON TOYKU Jubpamuu L, CHCTEMbI
Comaite — 3emsd ¢ TOMOIIBIO CUJI CBETOBOTO JaBjeHus. [Ipu 3TOM OTKA3aIuCh OT yIpaB-
JIEHUsI TTPOCTPAHCTBEHHON OPUEHTAINMeN COJTHEYHOTO Mapyca, MOCKOJIbKY Ha IMPAKTHKE pe-
aIn3aIys TAaKOro yIPAaBJIEHUs TEXHUYECKN BecbMa CI0KHA. B ommchiBaeMoii mocTaHOBKe
TOBEPXHOCTH COJIHEYHOT'O TTAPyCa PACIOJIOXKEHA TEPIeHINKYIAPHA HAIPABIEHUIO COTHEY-
HBIX JIy4eil, 8 yIpaBJIEHUEM SBJISIETCS OTPAXKAIONMIAS CITOCOOHOCTH COHEYHOTO MAPYCA.

OcCHOBHO# BBIBOI M3 YHCJIEHHOTO MoAenupoBanus cieayiommii: KA ¢ mapycHocThio
64 cM? /T MOYKHO yaep:KaTh, H3MEHAS OTPAyKATETLHYIO CIIOCOOHOCTH, B OKPECTHOCTH (ho-
TOIPABUTAIIMOHHONW TOYKK JTHOPAIMY HA PACCTOSHUU HECKOJBKO THICAY KHJIOMETPOB OT
sroii Touku. [Tomoxkerne camoii GpOTOrpaBUTAIMOHHON TOYKH OMPEIETACTCA MapaMeTPOM
0, 33IAI0IMUM €€ OTKJIOHEHWE OT TOYKM judpanuu L.
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0.56
0.54
0.52
0.50
0.48
0.46
0.44

0.42

Puc. 4. I'padukn ynpasnenus (a) n ynpasasomero mapamerpa (6)
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Controlling the orbital motion of the spacecraft near the libration point
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The article considers the strategy of keeping the spacecraft in the vicinity of the unstable
Lagrange point (libration point) of the Sun —Earth system. This strategy involves the use
of special management. This control acts collinearly to the Sun— Earth line and ensures
Lyapunov stability of the orbital motion. The implementation of such control is proposed
using a solar sail. The advantages and difficulties of such a strategy are discussed.

Keywords: three bodies problem, libration point, solar sail, control, keeping.
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