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LONG-TIME EVOLUTION DESCRIBED BY THE
UNITARY GROUP OF THE MEHLER OPERATOR

M. A. Lyalinov* UDC 517.9

In this paper, the long-time asymptotics of the solution to the Cauchy problem is described by
means of the evolution unitary group of the self-adjoint Mehler operator. Spectral analysis of the
latter operator is also discussed. Bibliography: 12 titles.

1. INTRODUCTION

The Mehler operator! is a self-adjoint bounded integral operator defined by the expression

1
@=L [ " 4y (1)

in the space Lo(0,1). This operator arises naturally when studying spectral problems for
Laplacians with singular potentials supported on conical or wedge-shaped surfaces [1-3]. The
corresponding problems are reduced to some functional-difference equations, and then to the
perturbed Mehler operator, which is considered as a compact perturbation of the Mehler
operator (1). It is remarkable that the latter model can be called explicitly solvable; this means,
in particular, that its spectrum and the corresponding eigenvalues can be found explicitly.
Having described the spectral properties of this operator, we then consider the asymptotic
behavior of the solution to the Cauchy problem at large times (t — o0),

00 4 Dl =0, o(e,0) = £(2), ©)

f € L(0,1), whose solution has the form ¢(z,t) = exp{—it D} f(x).

In the following sections, we use the modified Mehler—Fock transform, which diagonizes
the Mehler operator, describe its spectrum and the corresponding “eigenfunctions.” We also
obtain the resolvent of the operator. Then this information is used to construct the evolution
operator exp{—it D} corresponding to the problem (2). Applying traditional asymptotic me-
thods to the integral representation of the solution to the Cauchy problem, we obtain estimates
of its behavior at large times.

The Mehler operator can be formally studied in a similar way as the Carleman [12] or
Hankel [8] operators; however, since it has some special kernel, it is reasonable and instructive
to study its spectral properties directly without reference to known results for the Carleman
or Hankel operators.

2. MODIFIED MEHLER—FOCK TRANSFORM AND ITS APPLICATION FOR THE MEHLER
OPERATOR IN L5(0,1)

In this section, we use the known results on the traditional Mehler—Fock transform [7]. We

1
begin by considering functions F' such that [ |F\§Z)| log(1+1/y)dy < oo, F' € Ly(0,1). Let us
0
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introduce

Py = VPP b o) @
with the asymptotics (see [6, 8.772(1)])
_ V/ptanh(mp) T(~ip) rajV/2-ip  T(ip) rajl/2+e) [ 1
Prlw)= x (F(—ip +1/2) M T rlip+1/2) M ) <\/7r +O($2)> (4

x — 04+, p> 0, and Py(z) = O(1) as p = o0, 1 > = > 0. The functions (3) are real-valued

for p > 0, in particular, Py(z) > 0. We recall that the Legendre function (with =% = cosh a)
is defined in [6, 8.715]:

V2 i cos(7t)dt

P ha) = .
' 1/2(COS @) T J Vcosh o — cosh t

()

The traditional Mehler-Fock transform [7, Chap. 7] leads to the required modified version
of the Mehler-Fock transform (mMF transform)

F(@) = [ Py} (o), (6)
01

() = [ Pyl Fla)da, ()
0

where F* is regular at p = 0, absolutely integrable on [0, 0o) with a locally summable derivative.
The expressions (7) and (6) (together with (3)) are considered as a modified Mehler—Fock
transform. Parseval’s equality takes the form [9]
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The following relation holds:

1 [e'e)
/wm&mzjmmw®
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We use the known Mehler formula, [7, (7-4-15)],

[e.e]

P, _1/(s P, 1w
/ p—1/2( )dSZﬂ‘ p—1/2( )7 (8)
540 cosh(mp)
1
for v > 1 and p € [0,00), and the inversion formula, [7, (7-6-28)],
T Pyp_1/2(5) Pp—1/2(v) 1
tanh P b dp = > 1.
/p anh(rp) cosh(mp) b (s +v)’ SU= ©)
0
Let us replace the integration variable with s = 1/y and introduce x = 1/v into (8). Thus, we
obtain X
1
m) x+y cosh(mp)
0



Relation (9) implies the spectral equation for the Mehler operator D,
[DPy)(x) = p(p)Pp(x),

where

1
. 11
cosh(mp) (11)

Equation (11) describes a single-valued map of the quasimomentum p > 0 and the en-
ergy p, (0 < u < 1), so that its inversion has the form

p=p(p) = log([1 + /1 — p2)/p) > 0.

We can see that Pp(x) is a generalized eigenfunction of the continuous spectrum o (D) = [0, 1]
of the self-adjoint operator D.? The generalized orthogonality and completeness of these
functions take the form

1= p(p) =

/Pp(x)Pq(x)dx =d(p—q), /Pp y)dp = d(z — y).
0 0

3. RESOLVENT OF THE MEHLER OPERATOR

We find the resolvent by solving the equation [Du|(z)— pu(z) = f(x) in L2(0, 1) and, taking

into account (11), we obtain (Coshl(wp) —p)u*(p) = f*(p) and

N o 1 s _ 1 _ 1 1
O =re =T (=0 ooy )
We use (6) (u ¢ o(D)). We have
1
u(e) = s+ | [ aleyimf )y
0
with
Py(2)Py(y)
@) = [ Y ap (12
Thus, we arrive at
u(@) = (D= @) = = 1T+ Au} @) (13)

and A, is the operator defined in L(0,1) by the expression

[Apfl(z) = a(z,y; p) f(y)dy, (14)

N =
S Y—

2Note that formula (9) can also be written as
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where the kernel is given by formula (12). It is useful to note that the kernel a(x,y; 1) solves
the integral equation (Hilbert’s identity for the resolvent):

1
aly, z; 1)

pa(x, y; p) = x+y+ / T
0

The resolvent is a holomorphic operator function p ¢ o(D). It has finite limits on the sides
of the cut along the segment (0,1). It is also bounded at 1 = 1 and the kernel a admits the
estimate
1+ |log xlog y|

a(x,y; <C ,
(e, y: )| o

(z,y) € (0,1] x (0,1]

in some neighborhood of p = 1.

4. ASYMPTOTICS OF THE SOLUTION TO THE CAUCHY PROBLEM AT LARGE TIMES

The solution to the Cauchy problem (2) is represented as

od(x,t) = exp{—itD}f(z) = / _ltDP p)dp = / o~ itu(p) ) f*(p) dp,
0 0

where p(p) = 1/ cosh(mp),

1
<m:/%mm@m
0

is assumed to be sufficiently smooth and decreasing at infinity. We use the representation (5)
of the Legendre function and change the order of integration, which is justified. We have

U .
z,t) X d tanh(7p) £*(p)eitlPv/t—r®)] . (15
" 77\/2£E \/cosh a(x) — cosh v / PV (mp)f*(p) (15)
where f*(p) is assumed to be extended to (—o0,0) as an even function f*(p) = f*(—p),
a(z) = arccosh(1/z) = log{1/xz + Va2 — 1}.
Introducing the new integration variable 7 = —f:;, from (15) we arrive at
0 dar 9(r,1)
t T Y(7,1
Qb(ZL‘, t) = / ’ (16)
22z . \/cosh a(z) — cosh (mtT/2)
—w(x,t
where
s T 1
U(r,t) = / dpF*(p)elt< TP costiton))

w(x,t) = 207;(?), F.(p) = /ptanh(mp)f*(p), and f* is considered to be smooth and rapidly
decreasing at infinity.
We calculate the asymptotics of 1(7,t) as t — oo, which is uniform over 7 € [—w(z,t),0].

To this end, we find the stationary points of the phase function

T 1
O(p, )= —" p— .
(p,7) 2 P cosh(mp)
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We must solve the equation

TT 7 sinh(mp)

o (p,7) = —
b 7) 2 1+ sinh®(7p)

=0,

where 7 is the parameter. For negative 7 € (—1,0), the last equation has two negative
7 sinh(7p)
1+sinh?(7p)
— log(\/Z + 1). These roots coincide when 7 = —1, then become complex for 7 < —1. Thus,
we have a situation of two merging stationary points for 7 = —1. In this case, the second

derivative ® is equal to zero at 7 = —1, which follows from the expression

solutions p;(7), j = 1,2, since the odd function — reaches the maximum 7 /2 at 7p =

” __,cosh(mp)[1 — sinh?(7p)]
(I)p2 (p, ’7') = 7T2 [1 + SiHhQ(TFp)P

whereas the third derivative is nonzero at this point:

m _ 2 d cosh(7p) sinh2(x 2 cosh(mp) d[1 — sinh?(7p)]
e (poT) = dp <[1 + sinh2(7rp)]2> I b))+ <[1 + sinh2(7rp)]2> dp '

The stationary points can be found explicitly,

(T 0'2- T
p;i(T) = iarcsinh{aj(v')/v'} = 71rlog 0]7(_ ) —i—\/ ](2 ) +1|, j=12, (17)

where 0]2- (1) =14 (\/ 1- 7'2) . In formulas (17), we must distinguish the branches of the square
j

root and arcsinh. The branches (\/ 1-— 7‘2> _differ by the index j and are chosen as follows. We
J

perform cuts from the points +1 to 400, respectively, and assume that (\/ 1—7 2) lr—0 =1
1

for j = 1, whereas (\/1 — 7'2)2 |r=0 = —1 for j = 2. Let us now define the branch arcsinh(().

We perform cuts from =+i to +ioco, respectively, assuming that arcsinh(0) = 0. It is useful to
follow the change of 0;(7)/7 when 7 passes from —oo to —1 and then to —0 along the real axis.
In this case, 01(7)/7 moves from —oo along the real axis to —1 and then, becoming complex,
along the arc of the unit circle in the lower half-plane to the point —i. Similarly, oo(7)/7
moves from —0 along the real axis to —1 and then, becoming complex, along the arc of unit
radius in the upper half-plane to the point i. This allows us to calculate the position of p;(7)
in the complex plane when 7 goes from —oo to —1 and then to —0. We recall that if 7 = —1,

pr(=1) = pa(-1) =~ log(v/2+1).

Note that we also have (7 < 0)

py(1) = 71Tlog (Ujf) + \/20;57)) . j=12

Let us note that pa(7) = —0 as 7 — —0 and p1(7) = —o0 as 7 — —0.
We use the uniform version of the stationary phase method [5] for merging stationary points.

Let us introduce the variable ¢ = ((p) according to
3
2(p,7) = ao(r) — (1) +
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The stationary points p1(7) and py(7) correspond to zeros

& (p.7) = (~ar(r >+<>d]§

so that (1 = v/a1(7), (o = —v/a1(7). Introduce

CLO(T) — é(pl(T)vT) ;— @(p2(7'),’7')7 CLl(T) —

We find (see [5]) that (t — o0)
1/}(7_ t) ¢a(7_ t) (1 +O(t_1/3)> ’

/3

[@(p2(7),7) = (pa(7), 7))
(4/3)%/% '

wa(Ty t) _ \/7'(' eié[<I>(p1(7'),7')+<1>(p2(7'),7')]

—2y/ay (1) 2v/a1(7) o(—2/3 g1 (+
x{<F*(p)J &, (p,7) ()+F( )\L),, (o7 > (—t*3ay (7))
p=p2(T

p=p1(T)

Y P PN B Y PR ) B

p=p1(7)
X v’(—t2/3a1(7'))},
where v(-) (and v'(-)) is the Airy function (and its derivative) having the asymptotics
_2,3/2
v(z)=13° 7. /(1 +0 (2_3/2)) , 2 — 00,
cos[%(—2)3/2—T _
v(z) = [3((_2))1/4 al (1+0((-2) 3/2)) , 2z — —o0.
The asymptotics of the representation for ¢(z,t) takes the form
0
t2/3 d7+/cosh a(x) i, (7, t)
2v/2y/x \/cosh a(x) — cosh (7t 7/2)

—w(x,

o(z,t) = (14 0@~ 3)). (19)

For arbitrary = € [0,1], the expressions (18) and (19) are not simplified. However, if the
variable z is not too small, namely,>
1> 2> 2exp(—7t/2 — Ct~1H9)

for some C' > 0 and small § > 0, the arguments of the Airy function and its derivatives are
large as t — oo and their asymptotics can be used. The expressions for ¢, (7, t) are simplified.
The stationary points are not close and the traditional stationary phase method is used to
calculate the asymptotics of ¢(7,t). We find

Vit ; dr/cosh a(z)(1 4+ O(t~1/3))

ole.t) = 2\ \/cosh a(x) — cosh (7t 7/2)
—w(z,t) (20)
" ( Ep2(7))  itwa(r),r)+in/a n Fi(p1(7)) eit@(pl(T),T)_iw/z;)_
18 p2(r). 7) V121 (7). 7))

3In this case, we have 0 < —w(z,t) < —14 Ct .
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The asymptotics (20) enables us to write down a very rough estimate

0

. Vit dr \/cosh a(x) . |Fy(p1(7))]
[ola t)] < C2\/$ \/cosh a(x) — cosh (7t 7/2) 8 <|F*(p2( I+ VTl > - 2

—w(z,t)
However, instead of (21), it is also useful to describe more precisely the behavior of ¢ as t — oo.
To simplify the integral in (20) asymptotically, we use the approach of [11], although with
some variations of it.

5. ASYMPTOTIC SIMPLIFICATION OF (20) WHEN 1 > x > 2exp(—mt/2 — Ct~119)

Let us represent (20) in the form of two terms

QS(:E?ZL/) = ¢1(x7t) + ¢2(x7t)7

where

0
b1 (2.1) = vt dr/cosh a(z) Fi(pa(7)) it<I>(p2(T),T)+i7r/4’ (22)
2y/x - \/cosh a(x) — cosh (wt 7/2) \/|<1>” (p2(7), 7)
—w(x,t
and simplify the integral asymptotically as ¢ — oco. To this end, we note that the phase

function

TT 1

1/’1(7_) = (I)(p2(7_)’7—) = - 9 p2(7_) - COSh(?TpQ(T))

has the first derivative

d®(py(r),7) 7

/ _ 9 _ —

pin) = T - T =,

which is zero at the end of the integration of 7 = 0. The second derivative
ney _7rdp2(7') o1
==y | T

is negative at this point, since o2(7) = 72/2 + O(7*) and pa(7) = J_+ O(72). We recall that

o cosh(mpa(7))[1 — sinh2(7rp2(7'))]

[1 + sinh?(7py(7))]2
is equal to 72 at 7 = 0. However, at the end of integration in (22), 7 = —w(z,t), we
have cosh a(x) — cosh (7t 7/2) = 0, so that the traditional stationary phase method should be

modified accordingly.
To this end, we introduce the new integration variable 8 = 7 + w(x,t). We obtain

w(x,t)

O (po(r),7) =

_ Vat dg {0 (0,0)
¢1($7t) - g(9,w)e e (23)
2V O/ Vo
where
‘11(9,(,4.)) = (I)(p2(9 - w),@ - w)7
S Veosh a(x)v4 Fu(pa(r >> in/4
v/cosh a(z) — cosh (1t[f — w(x,)]/2) \/|<1>” ,7)|
O=7+w(zx,t)
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The function g is continuous on the integration interval. We will use the ideas from [11] and
estimate asymptotically the integral (23) with the algebraic singularity of a slowly varying
function \}0 g(0,w) on the path of integration.

We introduce the new integration variable z according to
T(0,w) —V(0,w) = —[2%/2 + a(w)z].
We assume that if § = 0, then z = 0, and if # = w, then z = —a(w), where
a(w) = —/2(¥(0,w) — ¥(0,w)).

In this case,

dé _ ztaw) o 1
dz|,__, ‘11/0(9’("}) 2——a ‘I//g/2(waw) élz ——a
and
dé a(w)
&)y~ w00 Y
The integral for ¢, takes the form
Vrt T dz a0
_ VT pw(0,w) z —it[z2/2+a(w)2]
t) = 0 . 24
ha) = )T 0.0 (24)
0
Let us introduce the notation using the function G(z),
—-1/2 _ 9(97w) do
() = 70

and also set

G(z) = bo(w) + by (w)z + 2(z + a)’G1(2),
where the last equality can be considered as the definition of G;. We find by and b; by
setting z = 0 and z = —a,

deo
dz

Gl-a(w)) - G(0)

bo = G(0) = ¢(0,w) \/ . b= S

z=0

To complete the asymptotic reduction of (24), substituting G(z) into the integrand, we
integrate by parts over
—a(w) —a(w)
/ dz\/z (Z + a)2 Gl(z) e—it[22/2+a(w)z] _ 1 / dz e—it[22/2+a(w)z} GQ(Z)
it ’
0 0

where G3(2) = G1(2) (2\1/Z (z+a)+ \/z) + dG;llz(z) Vz(z +a). As a result, we find that

. —a(w)
Jrt ¥ 02 il 24at)
P1(z,t) = 2V/x bo(e) / vz ©

0

—a(w)
: 1
+ b1 (w) / day/z e /2 ra(w)e] it Jl(w,t)>,
0
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where
—a(w)
Ji(w,t) = / dze it /2Ha(w)7] Ga(2).
0

The integrals in (25) are related to the Weber function (a cylindrical function) D,(s). We

introduce some notation
S

d .
Wols) = [ e

Vz

and
S

Wi(s) = /dz Vze /2],

o

The asymptotics of ¢; takes the form (w = w(z,1t))

Vrt et (0w) <b0 (w) b (w)

$3/4

b1(z,t) = Wo(—Vta(w)) +

2y/x t1/4

5.1. Asymptotics of ¢o(z,t). Finally, we consider

Wl(—\/ta(w)) + ilt Jl(w, t)) . (26)

Vot / dT\/COSh ax) e im/4 " F.(p1(7))

Pa(x,t) = XML (27)
2\/33_ ) \/cosh a(x) — cosh (rt 7/2) \/|<1>g2(p1(7),7)|
The phase function x(7) := ®(p1(7),7) = =" p1(7) — Cosh(71rp1(7') has no zeros of the first

derivative on the integration interval and is monotone, however, the integrand has singularities
of square root type at the ends of integration, in particular, \/|<I>gz (p1(7),7)| ~ /—7. Let us
also note that x(r) ~ —7log(—7) as 7 — 0—, whereas X'(1) = —5pi(r) ~ —3log(—7)
as 7 — 0—.

The new integration variable z = x(t) in (27) leads to the expression

0
B N drelt?
@2(1‘,15) - 2\/1, / log(—T)\/—T(T+w) h(T,l‘,t),

Zx

where —z, = —z.(x,t) := x(—w(x,t)),

h(r,2,t) = \/cosh a(z) o—im/4 1og(—7')\/—7'(7' +w) Fi(p1(7)) .
o \/cosh a(z) — cosh (wt7/2) X' (1) \/‘q;}/g/z (p1(7),7)]

We introduce the function H(z) by the equality
H(z) B h(r,z,t)
log(—2)\/—2(2 + ) B log(—7)y/—7(T + w)’
also implying the following representation for H:
H(2) = Cy(z,t) + C1(x,t)z + (—2)(2 + 24) Ha(2).

It is obvious that
H(0) — H(—24)

Zx

Co(x,t) = H(0), Ci(z,t) =
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We arrive at

0
dzelt?
92(,1) = 2\/${C0xt /log —2(z + z4)

0
+Cl(x7t)/ dZZe —i—/dzeltz 1/2\/(Z+Z*)1H2(Z) }

log(—2)v/—2(2+2x) 0g(—2)
Integrating by parts in the last integral, we have
1 0 Hs(2)
itz\ (_ _\1/2 2\%
. / d(e"?) (=2) Viz+ z*)log(—z)

e
0

1 ” -1 Z+ 2« 1 —z
- _ itz g
it / dze < 2(2) <210g(—z) \/ —z * 2log(—2) \/z + 24

1 Z+ 24 dHy(2) (—2)Y2/(2 + 2)
W ) . )

- log?(— —z dz log(—=2)

The desired asymptotic estimate for ¢ now takes the form (¢ = tz, (x = (u(,t) = tzi(z, 1))

0
— \/Wt dCeiC
do(z,t) = 2y/x {Co(;v,t) / llog(—¢) — log t]\/—C (¢ + Cu(z, 1))
. —Cx(z,t) (28)
Cl(l‘,t) dCCeiC ; }
Ty / [log(—C)—IOgt]\/_C(CJFC*(m’t))(1 +O0(1/1)) ¢-

The  asymptotic  expressions  (28) and  (26)  determine  the  required
estimate for ¢(x,t) = ¢1(z,t) + Pa(x,t).
Translated by E. M. Nikonova.
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