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BV-STRUCTURE ON HOCHSCHILD COHOMOLOGY FOR
EXCEPTIONAL LOCAL ALGEBRAS OF QUATERNION TYPE. THE
CASE OF AN EVEN PARAMETER

A. 1. GENERALOV AND A. V. SEMENOV

ABSTRACT. A full description is provided for the BV -structure on the Hochschild co-
homology of exceptional local algebras of quaternion type determined by parameters
(k,0,d) in the case of an even parameter k > 3, according to Erdmann’s classifica-
tion. The method of comparison morphisms and the weak self-homotopy method are
developed and used. This article may be viewed as a generalization of similar results
about the BV-structures on the Hochschild cohomology of algebras of quaternion
type.

§1. INTRODUCTION

Algebras of dihedral, semidihedral, and quaternion types arise naturally from Erd-
mann’s classical book [3] as a product of classification of tame blocks. The Hochschild
cohomology of such algebras is well studied by a large body of mathematicians, such as
A. I. Generalov (see [5, 6, 7]), A. A. Ivanov (see [11, 12]), C. Cibils (see [2]) and many
others: see also [20] and [8], where one can find more references on studies of Hochschild
cohomology. For an associative algebra A there are many structures on its Hochschild
cohomology algebra HH*(A): for example, it has a graded commutative algebra struc-
ture (see [9]) and graded Lie algebra structure, introduced by Gerstenhaber in his paper
[4]. T. Tradler was the first who described the BV -structure onthe Hochschild cohomol-
ogy of finite dimensional symmetric algebras (see [18]). The problem here is that the
BV-structure is defined in terms of the bar-resolution. It is almost impossible to com-
pute such a structure for concrete examples, because the dimension of resolution’s items
grows exponentially. In order to avoid this problem, we use the method of comparison
morphisms (see also [10] and [12]).

The significance of the BV -structure is in the fact that it gives a method to compute
the Gerstenhaber Lie bracket, which is an important and hard-reached structure on
HH*(A). In this paper we deal with the Hochschild cohomology algebra for algebras
of quaternion type R(k,0,d) over an algebraically closed field K of characteristic 2,
described in [8]. Some partial cases of this family of algebras were studied in [10] for the
case of R(2,0,0) and in [12] for the case of R(k,0,0). Here we study only the case of an
even parameter k > 3, because in [8] it was shown that the cases of an even and an odd
parameter differ significantly.

Key words and phrases. Hochschild cohomology, homological algebra, Gerstenhaber bracket, Lie
algebra, BV-structure.
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Note that the calculation of these structures is a difficult task and there are only a few
examples of such calculations: for instance, one should mention the papers of Menichi
(see [16, 17]), Yang (see [21]), Tradler (see [18]), Ivanov (see [12]) and two articles [19]
and [14] about BV -structures of Frobenius algebras.

§2. MAIN DEFINITIONS AND FACTS

2.1. Hochschild (co)homology. For an associative algebra A over a field K, its nth
Hochschild cohomology is the vector space HH"(A) = Ext%.(A, A) for n > 0, where
A¢ = A ® A°P is the enveloping algebra for A. Notice that the bar-resolution is a free
resolution

Al g2 qes A e Dot pqensd

with differentials
n

dn(ao X... a/nJrl) = Z(—l)iao ®R...Q ;41 ®R...Q Ap41-
i=0
One can construct the normalized bar-resolution, in which the nth element is given by the
formula Bar(A), = A® A®" @ A, where A = A/(1,4), and the differentials are induced
by those of the bar-resolution.
We define the nth Hochschild homology space HH,,(A) as follows:
HH, (A) = H, (A ®ac Bars(A)) ~ H,(A®(TD),

where the differentials 8, : A®(T1) — A®" come by mapping ag ® ... ® a, to
n—1
Z(—l)iao ®...000i+1Q...Qan, + (—1)"apa0 ® ... ® ap_1.
i=0
We look closely at the complex (Homye(Bare(A), A), 6°). As always,
HH®(A) = H*(Hom - (Bare(A), A)) ~ H*(Hom,(A®*, A)),
and for f € Homy(A®™, A) the element 6"(f) maps a; ® ... ® an41 to

alf(ag ®R...Q an+1)

n

Y (D) a1 ® .. @ a0 ® ... ® ansr) + ()" a1 ® .. @ ap) a1
1

One can describe a cup-product on HH*(A): for classes a € HH™(A) and b € HH™(A)
its cup-product a — b € HH"t™(A) is defined by the class of the cup-product of the
representatives a € Homy, (A®™, A) and b € Homy(A®™, A). So, by linear extension,

—: HH"(A) x HH™(A) — HH"™(A),
the Hochschild cohomology space HH®*(A) = @ HH"(A) becomes a graded commuta-
n>0
tive algebra.

2.2. Gerstenhaber bracket. For f € Homy(A®", A) and g € Homy(A®™, A) one can
define f o; g€ Homy(A®"T™=1 A) by the following rules:

(1) if n > 1 and m > 1, put

foiglar®...®antm-1)=fa1®...4;—1 @ 9g(a; ® ... Aipm—-1) @ ... Aptm—1);

(2) if n > 1 and m = 0, put
foiglar®...®ap—1)=f(a1®...0;-1 Q9gRa; R ... R Antm—1),

because g € A in this case;
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(3) otherwise set f o, g = 0.
n .
Soput aob= > (—1)m=DG=Ngo, .
i=1

Definition 1. For any f € Hom;(A®" A) and g € Homy(A®™ A) we define the Ger-
stenhaber bracket of f and g by the formula

[f.9l=fog— (- D Vo
This bracket obviously lies in Homy(A®"t™m=1 A) so for a € HH"(A) and b €
HH™(A) we can define [a,b] € HH""™~1(A) as a class of the Gerstenhaber bracket
for representatives a and b. This bracket induces consistently the map
[—,—]: HH*(A) x HH*(A) — HH*(A),

which gives us the structure of a graded Lie algebra on Hochschild cohomology. Also one
can show that (HH*(A),—,[—, —]) is a Gerstenhaber algebra (see [4]).

2.3. BV-structure.

Definition 2. The Batalin—Vilkovisky algebra (or BV -algebra) is a Gerstenhaber algebra
(A®,—,[—,—]) together with an operator A® of degree —1 such that Ao A =0 and

[a,8] = —(—1) 1=V (A(a — b) — A(a) — b— (~1)lla — A®))
for homogeneous a,b € A®.

Note that in this definition, we use the signs as in [18] (cf. [13], Remark 2.5).
For ap ® ... ® a, € A%t define

n
%(ao®...®an):Z(—l)ml(@ai@...@an®a0®...®ai_1
1=0

+Z(—l)inai®1®ai+1®...®an®a0®...®ai_1.
1=0

Obviously B(ag @ ... @ a,) € A2 2 ~ A @40 A2(H3) hence it can be lifted to the
chain map of complexes. Observe that B o B = 0, so one can consistently define the
induced map on HH*(A).

Definition 3. The map B: HH,(A) — HHq;1(A) defined above is called the Connes
$B-operator.

Definition 4. An algebra A is said to be symmetric if it is isomorphic (as an A¢-module)
to its dual DA = Hompg (A, K).

For a symmetric algebra A one can always find a nondegenerate symmetric biliniar
form (—,—): A x A — K. Obviously, the reverse statement is also true: for any such
form the corresponding algebra A is symmetric. So in the case of symmetric algebras the
Hochschild homology and colomology are dual to each other:

Hompg (A ® gc Bare(A), K) ~ Hom e (Bare(A), Homg (A, K))
~ Hom se(Bare(A), A),
hence there exists an operator A: HH"(A) — HH" 1(A), which corresponds to the
Connes B-operator.
So for symmetric A the algebra HH*(A) is clearly a BV -algebra (see [18] for details),

and, as noticed, the Connes operator for homology corresponds to the A operator on
cohomology.
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Theorem 1 (15, Theorem 1]). The above cup-product, the Gerstenhaber bracket, and
the operator A induce the structure of a BV -algebra on HH*(A). Furthermore, for
f € Hompg (A®™, A) the element A(f) € Homg (A1 A) can be calculated by the
formula

AN ®...@an-1),an)=> (1) " V(f(a;®...Qtp-100, @01 ... ®a;_1),1)

i=1
for any a; € A.

Remark 1. All constructions here can be described in terms of the normalized bar-
resolution.

§3. WEAK SELF-HOMOTOPY

3.1. The resolution. Let K be an algebraically closed field of characteristic 2 and let
¢,d € K. Define R(k,c,d) = K(X,Y)/I, where I is the ideal in K(X,Y’) spanned by

X2+ Y (XY)F 4 (XY Y2+ X (Y X)L 4 d(XY)E, X (Y X)R Y (XY)F.

It can easily be seen that (XY)* + (YX)¥ € I. Now let B be the standard basis of
R = R(k,c,d): we recall that

B = {1, z(yx)",y(zy)’, (xy)", (yx)' iy U {(ay)"}

(see [8]). So the set By = {u®v | u,v € B} is the basis for the enveloping algebra
A =R® R°P.

The algebras of the family R(k, ¢, d) are symmetric, because there exists a nondegen-
erate symmetric bilinear form

1
<b1,b2> _ R blbg S SOC(R)’
0, otherwise.

In order to describe the structure of a graded Lie algebra, one should only know how A
acts on HH*(A). In this article we are interested in the case where ¢ = 0, so consider
only R(k,0,d): we often write R for this algebra.

Observe that the right multiplication by A € A induces an endomorphism A* of the
left A-module A. Also we will use the endomorphism of the right A-module A induced
by the left multiplication by A, which we denote by *A.

For computations we construct a 4-periodic complex in the category of (left) A-modules

d() d1 dz d3 d4

PO P1 P2 P3 P4

where Py = Py = A, P, = P, = A? and the differentials given by the formulas

d d
do=(z®14+10z yl+lxy), dlz(d“ d12)’
13 14

do— TR®1+1®x dom \*
T\yel+tloytdyoy+l@do(yr)* 1t + Py @a(yz)t-t) BT
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where
k-2 ) )
di=z®1+10z+ Y ylzy)' @ y(zy)* 27,
k—1 . 0 . k—1 . .
dip= ZOI (zy)' @ (yz)F 1" +d EOZ (zy)' @ y(ay)" 177,
k—1 . .
diz= Y (yz)' @ (wy)* 174,
0 k—2 . ) k—1 . .
du=y®l+1ey+ Y z(yr) @a(yz) 27" +d Y a(yx)’ @ (ay) 1,
0 0
and
k ‘ ) k—1 ‘ ) k—1 ) ‘
A= (ey)' @ @)+ () @ (ya) T+ ) ylay) @ wya)t !
0 1 0

k—1

+ 3 a(yz) @ yley) T + da(ya) T @ a(yx)F
0

Also consider the map p: A — R induced by multiplication: p(a ® b) = ab.

Theorem 2 (Proposition 3.1 in [8]). The complex P, equipped with the map p forms the
minimal A-projective resolution of R.

It is useful to rewrite the resolution as in [10]: using the quiver Q; of R one can
define modules K@ = (z,y), and KQj = (ry,ry), where r, = 2% + y(zy)*~ !, r, =
y? + 2(yx)* = + d(zy)F. Tt is easy to see that

RRKQ1®R=RQ(z)Q RERQ(yY)® R~RIRPPRIRP=ADA,

so we can represent the resolution P, in the following form:

R+t ROR+%® ROKQ ®R+“ R®KQ, ®R+«% R®R+%—
where P14 = P, for n € N. The differentials are given by the formulas

e h(I1®zrx®1l)=21+1Qz, d(lyel)=y1+1xy;
) ) k=1 ‘

e i(l®r,®l)=1RzRz+20201+ Y ylry) @z@y(zy) 271+ 3 (y2)'®

i=0 =0

y @ (xy) 7,
k—2 ) ) k=1 )
di(1er,®1) =1yey+yeyel+ Y. z(yr) @yez(yr) 27 +d 3 z(yz)'®
=0 =0
k=1 . ) k=1 . )
y® (ay) 1+ Y (ay) @z @ (ya) T+ d Y (ay) @ 2 @ y(ey) T

i=0 i=0
e Hh(l®l) =20, 1+101,r+y0r,01+1071r,Qy+dy®r,Qy+d®
ry @ a(yx) ! + Py @ ry @ a(yz)
o d3 = pp, where p(1) = Y. b* @b+ dr(yr)* ' @z(yx)* L and p: RER — R
beB
is a multiplication map.

3.2. Construction.

Definition 5. For the complex

do dy do

0 N QO Ql QQ

we define the weak self-homotopy as a collection of K-homomorphisms t,11: @, —
Qn+1 and to: N — Qo such that t,d,, + dp1tn4+1 = idg, for all n > 0 and dotp = idn.
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Now we need to construct a weak self-homotopy {t;: P, — P;11};>_1 for this
projective resolution, as in [1] (here P_y = R). In order to do this, we define a bi-
module derivation C: KQ — KQ ® K@i ® KQ by sending the path «a;...q, to

Sy .01 ®@a; @iy . . . iy, and consider the induced map C: R — R KQ1 ® R.
i=1

So one can define t_1(1) = 1 ® 1 and #(b® 1) = C(b) for b € B. Now construct
t1: P, — P by the following rules: for b € B let

hb®r®1)
0, bre B\ {y(zy)" '},
1®r, ®1, b=ux,
1@ @+ Q@1 @r+2> @ re ® 14
@) e, @ (zy) b=(zy)"*,
)T @ @1+ (@) ©re @ y(ey) TPl e, @ (ay)*
tdz @re @ (zy)* ! + dy(ay)* ! @ re @ y(ay)*?), b="Tyz,
YT, @1 +1Qr, Qy+dy@ry @y
+d@ry @a(ys) ' + Py @r, @ z(yr) T, b=y(zy)* ",
and let
0, by € B,
_Jiernel, b=y,
B Txor,®1+ (y2)* tor,@z(yz)* 2 +10r, ® (yo)k 1,
+d @1y @ y(ry)* " +d(yx)* Tt @1y © (xy)* ), b= Tuxy.

In order to define t5: P, — P3, one can put

e tr(z®@r,®1)=1®1,
o by(ry @1, ®1) = dy(zy)* ! @ y(zy)2,
o Lylxy)rer,®1) =11,

(

o br((zy)fer,®1) =Y (y2) @y(zy)* ' +y(zy)' @ (xy)* 1) +da(yz) 1 @

=0
(zy)F 1,
1—1 1

o tr((yz)' @re®@1) = Y (yx) @y(zy) I~ + 3 ylay) ' @ (zy) 7 +da(ya) '@
i=1 j=1
(xy)*=t for i > 1,

k—2 ‘ ‘
o LHyr®r,®1) =y 1 +dr(yz) 1@ 1+d(zy) 1 @r+ > dz(yr)' @ (yr)F~i-1 4

1=0
k—2 . )
> d(zy)' @ x(yz) i,
=1
o tr(z(yz) @r,®1) = Y ((zy)! @ (zy)" 7 +a(yx) L @y(zy) ) +6; 1dy(zy) 1@
j=1
(yx)k=1,
o t5(b®r, ®1) =0 otherwise;
next, let
o ir((zy)'@r,®1) = Y (zy) @x(yz) 1+ 3 w(yz) '@ (yr) T +d Y x(yz)’ !
j=1 j=1 j=1

Ry(zy) 7 +d > (vy) @ (zy)~ for i > 1,
j=1
o Lzy®ry,®1)=21+dr®y,
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o ta(y(zy) @ry®1) = Z ((yz)? @ (yo)' 7 +y(ay) " @ a(ye) /) +d Z ((yz)’ ®
=
y(ey)' 7 +y(zy) ' @ (2y) ) + Pa(y) ! @ (vy) + de(ye) ! ®9€(ny)z "+
Si1-dxy)ft@y(ry)Lfor 1 <i<k-—1,
o tr(b®r, ®1) =0 otherwise.
Finally, let t3: R® R — R ® R be the map defined by the rules t3((zy)* ® 1) =1®1
and t3(b® 1) = 0 elsewhere. It remains to put ¢,4 = t, for any n > 4.

Theorem 3. The above family of maps {t;: P; — Pi1};5 together witht_1: R — Py
forms a weak self-homotopy for the resolution P,.

Proof. For any n € N it remains to verify the commutativity of the required diagrams,
which is straight-up obvious from the definitions of ¢,, for n < 4 and from periodicity for
n > 5. O

§4. COMPARISON MORPHISMS

Consider the normalized bar-resolution Bare(R) = R® R®*®@ R, where R = R/(k-1g).
We now need to construct a comparison morphisms between P, and Bare(R):

®: P, — Bare(R) and U: Bare(R) — P..

It is easy to check that there exists a weak self-homotopy defined by the formula s, (ag ®
R, ®1)=1®a®...®a, @1 over Bare(R), so one can put ®, = s, 19, _1dl_,
and @0 = idR®R.

Lemma 1. Let U: Bare(R) — P, be the chain map constructed by using te. Then for
any n € N and any a; € R the following formula holds:

U,1001®..0, 1) =t 1(a1¥,-1(1 Qa2 ®...®a, ®1)).
Proof. This follows from Lemma 2.5 of [10]. |

Let us, for example, compute first items of ®, directly.
(1) The map ®; is induced by the embedding R® kQ; ® R — R® R® R,

k—2 ) ) k—1 .
(2) (107, ®1) =1zze1+ Y 1Qy(ry) @zey(zy)" "2+ Y 10 (yz)'®
1=0 =1
y @ (wy)k—i7t,
k—2 i ) k—1 )
Py(1er,®1) = 10yeye1+ Y 10z(ye) @yez(yz) 2 +d 3 10z(yr)'®
1=0 1=0
-1
y @ (wy)h i 4 Z 1@ (zy)' @z @ (yz)" - 1+d2 1@ (zy)' @z @y(zy)F 1,
=1 =1
k—2

(B) ¢3(1el)=1RkzRrzere 1+ Z I@zey(ry) @ry(zy)* 2 + Z 1@z

= z 1

(yz)' @y (zy) T +1leyeyeyel+doyz(ye) Toyol+ E loy®
1=0

. k-l ) .
z(yr) @y@z(yz)" 2+ Y 10y (2y) @@ (yz) T +deyQyRyQy+d® @
=1
yRz(yz) 1 eyey+dyyyz(yr) T+ doyer(yr) T @yeo(ye) L,
(4) 24(1@1) =3 p 1 @bP3(1 @ 1)b* +d @ a(yz)* 31 ® V)a(yz) "

Also it is easy to see that Uy = idrgr, V1(1 @062 1) = C(), V2(1®R a1 ® a2 ® 1) =
t1 (alC (ag)), and so on: we are only interested in the recursive structure like in Lemma
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In order to obtain a BV-structure on the Hochschild cohomology, one needs to compute
A:HH"(R) — HH"'(R). By the Poisson rule

[a —b,d = [a,e] — b+ (1)l (@ — b)),
S0, since charK = 2, we obtain
A(abe) = A(ab)e + Aac)b + A(be)a + Aa)be + A(b)ac + A(c)ab,

hence we only need to know A on the generating elements of H H*(R) and also on the cup-
products of such elements. Also for « € HH™(R) there exists a cocycle f € Hom(P,, R)
such that the following formula holds: A(a) = A(f¥,)®,,—1. So

Ale)(a1 ® ... @ an_1)

n

= Y O (" Va(ee.. . ®a1®0b@a ®...®a; 1), 1),
beB\{1} i=1

where (b, ¢) is the bilinear form defined above.

§5. BV -STRUCTURE

For an algebraically closed field K of characteristic 2 consider

X = {p1,p2,p3, P4, 91, q2, w1, W2, w3, €},
where
p1] = P2l = |ps| = lpal = 0, lg1| = lga| = 1, Jun| = |wa| = |ws| = 2, [e] = 4
and the ideal Z in K[X] is spanned by the elements

e of degree 0: p’f,p%,p%,pi and p;p; for i # j;

o of degree 1: psqi + pagz, Py~ a1 + dpsqr, P12 + p2gi, PRg2;

o of degree 2: qigo, p} w3 + dpaws, 2wy, pawi, p3wa, Paws, PAWs, P24, P3a3,
prwy + powa, 1wt + Psws, prwy + Paqi, Pswi + Prwa, P3wi + Paws, 3w + Pags;

e of degree 3: qrw1 + qowa, ¢f + ¢ + wpl%wh DP3qaW1 + P1gaWe, P3gawi +

p2gaws, P qrws + dgawa, Py gows, prgawy, prgaws, qrws + Gaws;
e of degree 4: w3 + pie, 3wy, Fws, gaw1, Gawa, W, w3, wiw; for i # j.

Theorem 4 (Theorem 2.1 in [8]). HH*(R) ~ A= K[X]/T.

For computations one needs to know a simple form of these elements. Let P be an item
of minimal projective resolution R. If P = R ® R, then denote by f the homomorphism
in Hompge (P, R) that sends 1® 1 to f. f P=R®KQ®R (or P=R® K@, ® R),
then we denote by (f,g) the homomorphism that sends 1® 2z ® 1 (or 1 ® 7, ® 1) to f
and 1@y ®1 (or 1®ry, ®1) to g. So one can rewrite the generating elements like in [8]:

elements of degree 0: p; =xy+yz, po=2(yx)* =1, ps=y(zy)*, ps=(zy)*,
elements of degree 1: ¢, = (y(zy)* 2, 1+dy), 2= (1, d(zy)* ' +z(yx)k=2),
elements of degree 2: w;=(x,0), wa=(0,y), ws=(y, x+dxy),

elements of degree 4: e = 1.

Remark 2. Also note that
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~
|
—

(zy) @ x @ y(zy) 7'+ Z w(yz) @y @ (zy)' 77", b=(xy),

];0 . 1 =0

S (ay) @ o @ (ya)i i+ 3 alyz) @ y@a(ya)i L, b=a(ya),
C)=4"7" g

;O(yw)j@)y@(xy)l 3+¥0y(xy)3®x®y(fry)l = b=y(ay),

lg(yx)j@@y@x(yx)l Ty Zoy(fvy)j®a?®(yx)l 71 b= (yx)".

5.1. Low degree cases. Obviously A is equal to zero on each combination of elements
of degree zero, because it is a morphism of degree —1.

Lemma 2. For elements of degree 1 in HH*(R) the following statements hold: A(q1) =
Alg2) = Alpsgz) = 0, Alpar) = dp, Alprge) = Alp2ar) = dpa, Alpagr) = p,
A(p3q1) = A(p2q2) = pi, A(pag2) = ps3-

Proof. We have already seen that A(a)(1® 1) = > {(a(C(b)),1)b*, so we only need to
compute (a(C(b)),1) on elements of degree 1. It ist:sy to check that

par = (y(xy)* Y, dyzy),  paar = (0, x(yx)* ' +d(zy)®),

psar = (0, y(2y)* ™), paqr = (0, (2y)"),

and also one can do the same for each p;qo by symmetry. Now it is clear that

dka a = (i, b= (fy)k»
d(k_ 1)7 a=piq1,b € {(xy)k_1><y$)k_l}>
da a < {pquapQQI}a b =Y,
(a(C(D)),1) =
1, a € {p3q1,p2q2},b € {wy,yz}
Or @ =paqi,b =y or a =psge,b =1z,
0, otherwise,
hence the required formulas are established. O

Lemma 3. A(z) =0 for any monomials v € HH?*(R).
Proof. 1f a € HH?*(R), then

Al (1@z®1)=A>Y)P(1®rx1) = Z((a\lfz)(b @z +x®b),1)b,
b#1

Ala)(loy®1) =AaP)d(1oy®1) =Y ((al)(b®y+yeb), )b
b£1
Observe that U5(1@b@2@14+120b®1) = t1(b® z® 1 4+ zC(b)). Obviously,
A(g1g2) = 0. Furthermore, we have

3

d’k
= (L 0), ¢f =0, 1+d*+ == (xy)").

One needs to compute U5(10b@r®1+1®rb®1):
(1) if b= (wy)’ for 1 <i <k — 1, then

ty (b Qrel+ xC(b)) =1®r,® y(avy)i_1 + (ya:)k_1 Ry ® (J:y)i_1
+ 051 (y(2y) > @ re @ (y2)* '+ dy(ay)* 7 @ rp @ y(ay) ),
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(2) if b= (yz)’ for 1 <i <k —1, then

tib@rel+200) =y(@y) ' @r, @1+ (yz) ' @ry ® (vy)"
+ 051 (@) @re @ y(ay)* 2 + de @ rp @ (2y)F 7 + dy(ay) T @ re @ y(ay) ),
(3) if b= a(yx)’ for 1 <i <k — 1, then

ti(b@z®1+20(0b) = (zy) @r, @1+ z(yz) ' @r, @ (zy)" ' +1@7r, ® (yz)’
+ (o)t ey @ a(yr) T + 651 (d2? @ e @ ()P + d(2y)* @ e @ y(ay)F
+dy(zy) T @ 1o @ (2y)"),
(4) if b = y(zy)*~!, then

ti(b®z®1+300) =yer,®@1+10r,Qy+dy®@r,@y+d@r, ® z(yz)" !
+dPy @1y @ x(yz)
(5) if b = (zy)*, then
t(bRze1+2C0) =20, z+2°R7r, ®1,
(6) if b=x or b=y(zy)" for 0 <i <k — 2, then
ti(b@z®14zC(b)) =0.
Now consider U5(1®@bRy®1+10y0b@1)=t;(b@y®1+yC(b)):
(1) if b= (yx)* for 1 <i <k — 1, then
by ©1+yCh) =10y @a(ys) ™" + (@y)* " @ re ® (yo)™!
+dr®@r, @ 2(yr)t +det @1, @ (yr) T+ 5i,1(x(yx)k_2 @1y @ (zy)*t
+d®7r, ®2? +d(yz)* 1 ® Ty ® (my)k_l),
(2) if b= (zy)’ for 1 <i <k —1, then

t(boye1+yC®) =z(yr) ' @r, @1+ (zy) ' @r, ® (yo)F
+d(zy) T @1 @ y(ay) T 400 ((y2) T @y @ 2(ya)F
+d(ya) ™t @1y @ (ay)" ),
(3) if b= x(yx)*~!, then
H(boy@1l+yCh) =y@r,@1+1Qr,Qy+dy®@r,Qy
+d®r,® x(yx)kfl +d*y ® Ty ® :c(yx)kil,
(4) if b = y(zy)* for 1 <i <k — 1, then

by 1+yC00b)) = (yo)' @1y ® 1 +y(zy) ' @re ® (ya)*
+dy(zy) T @ re @ y(ay) T H1@ry @ (2y)' + ()" @ 10 @ y(lay)' T
+dr @1, @ (xy)' +do? @ r, @ ylay) ™,
(5) if b = (wy)*, then
H(boy®1+yCD) =y@r,@y+1amn, @ z(yx)* ' +dy@r, @ z(yx)* 1,

(6) t1(b®y @14 yC(b)) = 0 otherwise.
Hence the lemma is true by given computations.
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5.2. Middle degree cases.

Lemma 4. We have A(qiw1) = A(gewsa) = pi2ws, Alqrws) = A(gws) = (1+d3(1+
1)p4)q% + dws, A(qrws) = g3 + dwsz, Algw) = ¢3, where | = %

Proof. In this proof we use the delta-like function

_J1, a=>b,
Hab =30, <.

Fix a € HH?(R). By the identifications 1 ® a1 ® ... ® a4, ® 1 = a1 ® ... ® ap, in the
R-bimodule R ® R®™ ® R, one can observe that

Ala)(1 @7, ®1) = A(als)Ps(1 @ rp @ 1)
:Z((a%)(b@x@x+x®b®x+x®x®b>,1>b*

b#1
k—2
+ Z Z«G‘I’S)(b ylzy) @z +ylzy) @rb+ @b y(zy)'), 1)b* - y(:zcy)k 2
b#£1 i=0
k—1
+ Z Z«G\I/S)((yz)l RYRD+yYRb® (yx)l +bR® (yx)l ®y), 1)b* - (xy)kil*i,
bl i=1

It is easy to see that
\113(b®x®x+x®b®x+x®x®b):tg(b@m®1+$t1(b®x®1+x0(b))).

Denote this formula by ¥3(b, z).

o If b ==z, then U3(b,z) =1®1,
o if b=a(yx) for 1 <i<k—1, then

Us(b,z) = > ((2y) @ (xy) ™ +a(yz)’ " @yley) ™) + 1@ (y2)'

j=1
+ i1 ((yz zy)" T+ dy(ey)* T @ (yao)h T+ dy(ay) T @ (ay) ),
o ifb=y(x y)k 1 then \Ilg(b r)=1zx+z®1,
o if b= (zy)* for1<z<k—1 then
Uy(b,x) = 1@ y(wy)' " + 6 1dy(ay)* " @ y(zy) 2,

o if b= (yx)’ for 2<i <k —1, then

i—1
Uy(b,x) = > (ya) @y(ey) 7" + Zy zy)’ @ (xy)" 4 de(yz)" Tt @ (ay) Y
7=0 j=1

e if b = yz, then

k—2
Uy(b, ) =y @ 1+ de(yr)" ' @ 1+d(ay)* ' @e+ ) de(ye) @ (ya)" 7!
=0

N

-2
+ ) d(zy) @ x(yz)F I,
j

Il
—

o if b= (2y)¥, then U3(b,2) = 1 @ y(zy)* 1,
o U3(b,z) = 0 otherwise.
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Next for 1 < i < k — 2 one needs to compute
Va(b@y(ry)' @z +ylry) @r @b+ b y(zy))
= 12 (b (yl(zy)’ © 2 @ 1) + y(ay) 't (O (1)) + 2t (WC(y(ay))) )
Denote this formula by ¥3(2,b, z, 7).
o Ifb=a(yx) for 1 <j<k—1,i>0andi+j>k, then
U3(2,b,2,8) = y(ay)* ' @ y(ay) ™70 4+ 6 nya) T @ ¢,
e if b=y and i > 0, then
U3(2,b,2,i) = dy(zy) ! @ y(zy) ™ + 6i1d(yz) ' @ y?

e if b = xy, then

k—1
5(2,b,2,8) =d Y ((y)! @ y(ay)* ' +y(ay) ' @ (zy)* )
=1

+ da(yx)" ' @ (2y) T 4+ 80 (1@ (y2)* T + da(ye) T @ a(yx)t 2
+d®y(zy) )

(yz)F 1 @ (zy)?, i>0

k

+ —1 k—1 )
121 (yx)' @ (yx)k 1" + lZl y(zy)t @ x(ye)7 i=0

oif b = (yx)) for 1 < j <k—1,i+j > k and i > 0, then U3(2,b,7,i) =
z @ y(zy) Ik,
o U3(2,b,x,1) = 0 otherwise.

Only one step remains now: we need to describe
U3(3,b,7,4) == V3 ((y2) @y @b+ b® (y2)' @y +y@b® (yz)")
for1<i<k-—1.

o If b = x(yx)? for 0 < j < k — 1, this formula can be rewritten as:
(1) j=k—1:

> (o) @ (ya) ™ + y(ay) ' @ x(yx) ™) +y @ a(ya) !
=1

+ 01 (y® 2? +d(zy)" ' ® 3”2),
(2) it+j=k j#Ak—1
y ®x(yl‘)i+j_k + dx(yx)k_l ® x(yx)i-&-j—k + 5i+j,kd($y)k_1 ® $27

o if b= (yx)? for 1 < j <k, this formula can be rewritten as:

(1) ifj = 1:
4 k—1
dy(zy)' ™ @2 + 6ixda(y)* ' @ (2y)* 4 Gk (D (ay)' @ w(ya)
=1
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(2) if1<j<k-—1:

pitgien - 2(ye) Tt @ a(yz) TR S (4 a(yx)' T @ (ya)
=1
k-1

+ dZ(my)l ® z(yx) ) 4 5 - (2y)F T @2,
=1

(3) if j = k:

Gia(wy) @ a? + a(ya)* T @ a(yz)

+> (w2) @y(ay) ™ +y(ey) ™" @ (2y)) + do(ya) " @ (zy)'k

=1
k ‘ k—1 ‘
+ dz z(yz)' 7! @ (yx)k T 4 dZ(xy)l ® a(yx)Fti-i=t
=1 I=1

o if b= y(xy)’ for 0 < j <k — 1, this formula can be rewritten as:
(1) j =0

1@ z(yz) "' 4+ dy @ z(yx)' ! + d®z(yz) ! @ z(yx) = + 6;1d*(xy) ! @ 22,
(2) j=landi=1:
d(zy)" ' @ (xy)* + dy(ay)" ™ @ (ay)",
e U5(3,b,x,i) = 0 otherwise.

Now one should deal with 1 ® r, ® 1:

Ala) (1@, ®1) =Y (Aa)(T3(b2y0y+y0boy+y@yb)),1)b
b#£1

k—2

DY AT @a(yr) @y +alyr) @y @b+ y b a(ye))), b a(ye)F >
b£1 i=0

k—1
+d Y D (A@)(Ts(b@ 2(yr) @ y+a(yz) @y @b+y @b a(yr)')), b (zy)
b1 =0

k—1
+Z z:<A(a)(\I!3,((9cy)Z RrRb+r@b® (zy) +b® (zy) @x)),1)
b£1 i=1
b ((yx)" 1 + dy(ay)* )
First, observe that
Us(bRyRy+yRbRy+y®@yeb) =t2<b®ry®1+yt1(b®y®1)+yt1(y0(b)))-

Denote this formula by ¥3(b, y).

o If b= (wy)’ for 1 <i <k —1, then
(1) if i =1, then U3(b,y) =2 ® 1+ dx ®y,
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(2) if i > 1, then

i—1 i

Us(b,y) = > (ey) @a(yz)™ "+ a(yz) ' @ (ya)!
=1 =1

+ dzz yr)' Tt @ yley) T+ d Y (wy)' @ (2y),
=1

o if b= (yx)' for 1 <i <k —1, then:
(1) if i =1, then

Us(b,y) =10z +dy @z +d*(ay)" ' ©2? + dPa(yr)* ' @,
(2) if i > 1, then
Us(b,y) = 1@ a(ye) ™" +dy @ a(ye) ™" + d®w(y2)* ! @ a(yz) "
o if b= (xy)¥, then

k—1 k
Us(b,y) = > (zy)' @a(ye)* "7+ ) w(ya) ' @ (yo)t
1=1 1=1
o if b=x2(yx)*"1, then
k—1 k
Us(b,y dey V@ (yx) It 4 Z @ (yx)k.

=1
o if b=y(xy)’ for 0 <i <k —1, then

Us(b,y) = > () @ (y2) ™' +y(ay) ' @ a(yz)™") +d Y ((y2) @ y(ay)™

=1 =1
+y(zy)' ! @ (2y) ") + da(yn)* T @ a(ye) T + dy © (2y)' + 1@ (zy)’
+ 001 ((xy)* ™ @ (y) ' + dy(zy)" T @ (ya) T+ Py (ay) T @ yley) ).
e U3(b,y) = 0 otherwise.
Observe that if 0 < i < k — 1, then

Us(b@z(yz) @y+2(yz) @yRb+yRb@a(yz)') =t (x(yx)i ® t1 (yC(b))
i A i—1 ‘
st (b o) w0 ) 45 Y alyn)! @y () ),
=0 =0
so in order to deal with the second and third terms of the sum we only need to know the
values of the obtained formula. Denote this formula by ¥5(2,b,y).
o If b= (wy)’ for 1 < j <k, then
(1) if ¢ > 0, then

i i+1
a(2:b:9) = O ( > @y © @y ™+ ) ae) e y(a:y)l_Hl)
=1 =1

+ Hitjh (y ® a(yz)™ 0 + da(ye) T @ w(ya) T+ 8k (d(ay) T @ wQ)),
(2) if i =0 and j = k, then
U3(2,b,y) =2 @y +y @+ de(ye) ™ @+ d(zy) " @ a?,
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e if b = yx, then
U3(2,b,9) = d(zy)' ® y(:ﬂy)’“’1 +dio (1 ® (xy)kfl +dy ® (xy)kﬂ
k—1
T+ d%(ye) T @ (ay) T d@at + Y ((ay)! @ (o) T+ a(ya) T @ y(ey) 1Y)
=1

+ i (dy(zy)* ' @ (ya)' + (29)* " @ (y2)'),
o if b= (yx)? for j > 2 and i = 0, then

U3(2,0,y) = dy(wy)" " @ (yz)’ !,
o if b =y(zy)? for 0 < j <k —1, then

W3(2,b,9) = pj10:0(dy(zy) ' @ y(xy)? ' + 6;,1d(yz)* ! @ y?)

k—1 k
i (A3 (@) @ 2(ya) T+ d Y a(ya) Tt @ (ya) )
=1

=1
k
+ pisgattin (2(y2) T @ a(ye) HE 4 A a(yn) Tt @ (ya)
=1

k—1

4 dZ(x:y)l ® .’L‘(ym)i+j_l + 5i+j7k($y)k_1 ® 1,2),
=1

o if b= 2(yxz)*"!, then

(1) it i =0, then ¥3(2,b,y) =z @1+ 1®ux,
(2) if i > 0, then

U3(2,0,y) = 1@ z(yz)' + Y (xy)' @ z(yz)' ™" +
1=1
e U3(2,b,y) = 0 otherwise.
Finally, it remains to compute

\Dg((my)i®x®b+x®b®(xy)i-i-b@(xy)i@x)

—ty ((wy)itl (zC (b)) + 2t (bc((w)w)

for 1 <4 < k — 1. Denote this by U5(3,b,y).
o Ifb=(zy) for 1 <j<kandi+j—12>k,then
Us(3,b,y) = y(ey)" ' @ y(zy) ™ + 6 rra (ya) T @97,

o if b=y(xy) for 0<j<k—1andi+j>k, then U3(3,b,y) =z @ y(zy)ti*,
e if b=z, then
U3(3,b,y) = diady(ey)" ' @ y(ay) 7 + 1@ y(ey) ™,
e U3(3,b,y) = 0 otherwise.
It remains to note that qiw; = (ay)*~!

= Qu2,qwz = Y,qw3 = T + dyx,gew; =
x, gowsz = y. Now the required formulas follow from direct computations. O

Now we need to understand how A works on elements of degree 4.

Lemma 5. A(z) =0 for all monomials x € HH*(R).
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Proof. First, observe that for a € HH*(R) the following formula holds:
Ala)(1®1) = A(a¥y)P3(1®1)

:Z((a\Il4)(b-m-m~m+a:-b-x~x+az~x-b-x+x~m-x~b),1>b*

bl
k72 . . . .
YO (Vs (@ ylay) -z b+y(ay) z b-z+a-b-z-ylay) +b- 2 y(wy) - x),1)
btl i=0
« b*y(xy)k7i72

+ZZ (aa)(@- (yo)' -y b+ (y2) -y -b-x+y-b-z- (yp)' +b-z- (yx)' - y), b (xy)* """
b#1 i=1

D (@B by y y+y-boy-y+ty-y-boy+y-y-y-b), Db (1 +dy+dy(zy) )
b£1

+D ((aa)(b-y-a(yx)* " y+y-alye) ™y bae) Ty by ty by a(ye) ), 1)
b1

X b*(d+ dy + d*z(yz)" 1)

3 Sy aya) -y bt yr) oy by by a(ya) +bey- o) u), 1)
b#£1 i=0
X b*as(yx)k*if2

+D 0> (@Pa)(y- (@)’ b+ (zy) - w-boy+w-boy-(wy) +b-y- (zy) - z), N (y)" "
bAL i1

Second, note that t3 is not equal to zero only on (zy)* ® 1. Denote the evaluation for
the ith sum by W4(i,b) for any b € B. Now for the first sum we have:
1.1) if b= xy, then U (1,b) = d ® y(wy)* 2,
) if b = zyz, then Wy (1,0) =d ® (yz)* 1 +d® (zy)F!
1.3) if b = (zy)*, then U4(1,b) =1®1,
) Wyu(1,b) = 0 otherwise.
For the third sum and 1 <7 < k — 1 we have:
3.1) if b = yz, then ¥4 (3,b) = d @ y(zy)* !,
3.2) Uy(3,b) = 0 otherwise.
For the fourth sum we have:
4.1) if b= z(yz)*!, then U (4,b) =d ® 1,
4.2) if b = (xy)*, then Uy (4,0) =1 @1,
4.3) U4 (4,b) = 0 otherwise.
For the fifth sum we have:
5.1) if b=y, then ¥4(5,b) =d®1,
5.2) W4(5,b) = 0 otherwise.
It is easy to see that the other sums give zero impact, so \114( b) = 0 for any b € B and
any i € {2,6,7}. Now one can deduce that A(e) = A(pse) = 0, A(pee) = A(z(yz)*~1) =

0, A(pse) = 1+1+dy+dy =0, and A(pie) = A((zy)" + (y:r) ') = 0 for any i > 1, which
yields this lemma. O

)
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5.3. Higher degree elements. Note that if we know A(a) and A(b), then we do not
need to compute A(ab) directly: it is sufficient to know [a, b]. Let a be represented by a
cocycle f: P, — A and let b be represented by g: P,, — A. One can use the following
formula:

[a’7 b] = [f o ‘Ijnug o \Ijm] o (I)nerfl-
Remark 3. Observe that ®4 can be visualized directly:

k—2
2,(101) =) 10berezezab +Y Y 10bar®y(ry) @z y(wy) " °b"
beB beB =0
k-1 ) )
Y N 10teze yr)' @ye (@) T + ) 10beyeyey e (1+dy+da(yr)* )b
beB i=1 beB
k-2 ) ) k—1 ) )
DD 10bey@ayr) ®y@a(yn)' T+ Y Y 10beye (1) @@ (yo)" T
beB i=0 beB i=1

1

—|—Z 10b®yRzyr) '@y (d+d*y + dPz(yz) W +dozyz) ' 9rerer@(yr)
beB

k

+d@z(yz) ' @rey(ey) TP 0o () +deayn) T @z e (y2)" T @y @ a(yr) !

+d@ () ' eyeyeyey +d®@zyr) eyes(y) T eyey’

k—1

@ a(yz) " @y (1y)" @ a(yr)
Lemma 6. We have A(q1e) = A(gze) = 0.
Proof. Fix a € HH'(R). By the definitions,

[a,e](1®@1)=[ao¥i,e0Pylody(l®1)

= ((a¥1) 0 (e¥y))P4(1® 1) + ((e¥4) 0 (a¥1)) Py(1 @ 1).

What is ¥4®,47 From the proofs of above lemmas, it follows that
Usd3(1® 1) =V3(z-z-2)=1®1,
SO
Uiy (1@1) =Y t3(bWsPs(1® 1)b*) + dits(w(yz)* " Us®s(1 @ a(ya)* ') = 1.
b#1

Finally, for a = ¢ or a = ¢ we obtain

((aoW¥y)o(eoWy))o@y(l®1) = (aoWy)(l)=0.

4

Now consider F* = (eo Wy ) o (uo Wy) = > F¥, where F* = (eo Uy)o; (uo ¥y). In
i=1

order to compute this, we need to know uW¥;(b) for u = g1 or ¢o. By direct computations

we arrive at

y(zy)k2, b=

1 + dy, b =1,
diz(yz) + 6;.1 - y(ay)* 1, = 1< < ,
@0 (b) = (i/ ) i y(‘ Y) i i .

(zy)* + (yx)' +d( + Dy(zy)', b=y(zy)’, 1<i<k-—1,
di(zy)" + x(yz) ", b= (zy)’, 1<i<k,

di(yz)" + x(yx)* L, b= (yr), 1<i<k-1,
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1, b=uz,

2(yz)h =2 + d(zy)*, b=y,

(xy) + (yx)t, b=2xz(yz)', 1<i<k-—1,
V1 (b) = { =(yz)*, b= yxy

y(zy), b=(zy)’, 1<i<k,

y(ry) =t + 6 1dx(yx)* L, b= (y2)t, 1<i<k—1,

0, otherwise.

Since 6\114(1 ® b X a; ¥ ax X az X 1) = €t3 (btz (a1t1 ((JQC((Ig)))), we only need to
calculate F}* and Fj' on the elements b ® a1 ® as ® ag such that asas ¢ B.
1) First consider F}* for u € HH'(R). It is easy to see that

tz(l‘tl($ T ® 1)) =1®1,
SO
ets (qi\Ifl(b)tg (l‘tl(ﬂ? Rdr & 1)))b* = etg(q1\I/1(b) ® 1)b* =0

for any b € B and any i € {1,2}. Hence all summands in ®4(1 ® 1) involving z ® x ®
give us zero. It remains to check that t2(yt1(y @ y® 1)) = 0, so

FP'=FP2 =0.
2) For F (where u € HH'(R)) one needs to notice that
t3(bta(u¥(z)t1(x @ x @ 1))) = t5(bt2(u¥(z) @ r, ® 1)) =0,

for any b € B and u € {q1,q2}, so the first and eighth sums give us zero. Second,
whiti(yyel)=u¥ ®r, ®1, so

dx(y:v)k_Q, U=qz, b:yCUZL

ets (th (U\Pltl(y VY 1))) (Lo dy dafye)*) = {07 otherwise.
Obviously, another sums from ®4(1 ® 1) are coming up with zeros, so
F{* =0 and F{® = da(yx)*2.
3) In order to compute F3', notice that ((eoWy)os (uo¥1))(1QbQa; ®as®az®1) =

ets (btg (a1t1 (u\Ill (ag)C(CLg)))) . Then

to (wt1 (101 (2) @ 2@ 1)) = to (a1 (y(zy) 2 @2 ® 1)) =0,
ta(2t1(q2¥1(2) ® 2 ® 1)) = ta (V1 (2)t1(z @ 2 ® 1)),

and all other sums from ®4(1® 1) give zero, what can easily be verified via the definition
of t1 and t5, therefore in this case we can use computations of the previous case. So,

F{*=F} =o.
4) Finally, we want to describe Fj}*. It is not hard to show that

((e oWy)oy (uo \Ifl))(l Rb®ar®az®az® 1) = ets (btz (a1t1 (QZC(U‘I’I(GS)))>)-

Also
k—2

> (ya) @y ® (ay)—2!

s

+ > ylay) @z ylzy) 7 uw=q,
=0

07 U = g2,

Cu¥q(x))=
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and
C(u¥1(y))
deyel, u=an
k=2 k=3
= (T @) eoe @)+ ¥ o) @y o a(ya)*—)
1=0 =0
(1+dy) + +dae(ya) 2@y @1, v
So we have
to <$t1 (xC(q1\II1($)))>
k—2 k=3
=ty <g;t1 ( Z ryz) @y () 271+ (@)t ere y(my)k3l)> =0,
1=0 1=0
and

to <$t1 (y(xy)ic(fh ‘1’1($)))>=5i,0t2 (z@ry® () 4 dy(zy)* ' @1, @ (my)k_g).
Further observe that

to(zt1(qe¥1(z) @2 ® 1)) = ta(g2¥1 (2)t1(z @ 2 @ 1)),

and by the definition of ¢; and ¢2 one can deduce that all other sums from ®4(1®1) give
zero impact, so this case also can be reduced to previous ones. So

F* =0 and F{* = da(yz)* 2.

Now we only need to collect our previous results and notice that ¢;A(e) = 0 for
ie{1,2}:

4
Alge)1®1) = [g.e(l®1) = ZF =0,

Algze)(1®1) = [go,e](1@ 1) = Y F® = da(yz)** + da(yz)** = 0. O

i=1
Remark 4. For elements of degree six we should understand what &5 is:

o(1Rae1)=) 1040bRr@rRT b
b
k—2 ) )
+ZZl®a®b®x®y(a:y)’®x®y(my)k_2_1b*
b =0
k—1 ) )
+ZZl®a®b®x®(yx)’@y@(xy)kil*lb*
b i=1
+Zl®a®b®y®y®y®(1+dy+d2x(ym)k_1)b*
b
k—2 )
+Y Y 1eaobeyez(yr) @y a(yr) >
b =0
k—1 ) )
+Y D) 10a2bey® (vy) @z @ (yo)* ' b
b i=1
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+Y 10abeyea(ys)" " @y (d+d’y + do(ys)*)b*
b

+d®a® z(yr

( k
+d®a® z(yx
(

lpzerer@a(yr)k!

'oreyey) T @r e (wy)*
tdea®a(yr) '@z (y2)" oy @ a(yr)
+d@azyr)  'oyeyeyey?
+d*@a@r(yr) oy a(yr) T @y oy
+d®a@z(yr) '@y (ey) T @z z(yr)

) —
)*
)k— 1
) _

k

Lemma 7. For all v € {w1, w2, w3} and e € HH*(R) all the brackets [v,¢€] are equal to
zero.

Proof. For v € HH?*(R) and e € HH*(R) we have
v, e]1®a®1) = ((v¥2) o (e¥4))P5(1®a®@ 1)+ ((e¥4) 0 (v¥2))P5(1 QR a® 1).
Now we need to show that the first summand here is equal to zero. It is obvious that
((U\IJQ) ¢} (6‘1’4))@5 = ((U\IIQ) o1 (6@4))@5 + ((U\I’Q) Og (6\114))(1)5. Let us denote these
summands by S7 and S§ respectively. One can quickly show that S3 is equal to zero for
all v. Indeed,
S3(a1 @ ... ®as) = vt1(a1C(etz(aztz(asti(asC(as)))))),

1, b= k
and since C(1) =0 and et3(b® 1) = ) (zy)",

0 therwise the required formula holds true.
, otherwise

One can prove that S} equals zero on all summands from ®5(1 ® a ® 1) except the
fourth and seventh. Finally,

St(leae (@) ©y@a(ye) ™ @y (d+dy+ dz(yz)" 1))
dy + d?z(yz)*¥~1, a=vy, v=ws,
=< dx, a=1y, v=uws,
0, otherwise,
Si(lea® () @yeyoy® (1 +dy+dz(yz)" "))
dy + d?z(yz)k¥=1, a=vy, v=ws,
= ({ dx, a=y, v=uws,
0, otherwise,
and for other combinations of these sums S7 is equal to zero. So
S{(a1®...®a5)=0
for any a1,...,as € B, and hence ((v¥3) o (e¥y4))®5 = 0.

4
It remains to consider ((e¥y) o (v¥3))®5 = > ((eWy4) 0; (v¥2))P5. Denote ((eWy) o

i=1
(v¥3))®5 by FP. It is easy to see that FY(a; ®...® as) equals zero for any i € {1,2,4}
on any summand of @5, except maybe the first, fourth, eighth, and eleventh summands,
because otherwise t1(asC(as)) = 0.

1) Obviously, t2(yt1(y ® y ® 1)) = 0, so for FY it remains to investigate only the first
and eighth summands. The computations show that

FP1l®ae@brr®x®b)
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et (vt (as @z y(:cy)i’l-t,-y(xy)k*l RY® (wy)iil) ® 1)(xy)k7i, b= (ary)i and a = z,
ets(vhi(¥@ Y@ ee) '+ ¥ @e® (v2)' ) @ 1) (We) 7, b=(ya)' and a =y,
= Et3((yx)k ® 1)y($y)k727 v =ws, b=2zyz and a = z,
et3((zy)k®1)z(yz)k_2v v=wi, b=yzry and a =y,
ets ((@0)" ®1), v=ws, b= (ey)¥ anda =1y
0, otherwise
L, v=wi, b= (zy)* and a =z,
d(zy)k~!, v=ws, b=xyand a =z,
d(yz)*=t, v=w, b=yz and a =y,
= qy(@y)* 2, v=ws, b=ayzrand a ==,
z(yz)"2, v=wy, b=yry and a =1y,
1, V= Wa, b= (my)k anda::%
0, otherwise.
So
— k—2 _
o — L, a =4z, w2 _ y(zy) , 4=,
B = k—2 k-1 2=
x(ym) +d(y.’17) , a=1Y, 1; a=Yy,

Fws — d(xy)k_la a4 =,
! 0, a=1y.

2) For F we need to examine only the summands with numbers one, four, eight, and
eleven from ®5. So for the first summand

F)1l®abrrz®x®b)

etz (at2(z3 @ ry @ 1)), v=w; and b = (zy)*,
ets(ata(zyz @ T2 @ 1)), v =ws and b = (zy)*,
et (at2((zy)* re @ 1))y(ay)*—2, v =wsg and b = zyz,
et3 (ay Rz + dax(yx)k_l Qx4+ day(:z?y)’l“_1 ® (y:r)k_l), v =w3 and b= y(:py)k_l,
et3 (atQ(yZ Qrz ® 1))(yx)k717 v =ws and b = yz,
0, otherwise
1, v=w, b= (zy)* and a = =,
d(yz)*=!, v=ws, b= (zvy)* and a =z,
B y(zy)*2, v=wy, b=2ayxr and a = z,
) d(yx)*t, v =ws, b=y(zy)* ! and a = ,
d(yz)k=', v=ws, b=yr and a =z,
0, otherwise,

and for the forth summand
FFleoaeoboyeyoy® (1 +dy+dc(ye)*)pY)

ets(atz((zy)* @ ry @ 1)) (2(yx)* 2 +d(yx)*~1), v=w1, a =y and b=yay,
= {ets(atz2((zy)* @ ry ® 1)) (1 + dy + d2x(yx)*~1), v =w2, a =y and b= (zy)*,
0, otherwise

, v=w, a =y and b= yxy,
=41, v =wy, a =y and b= (zy)*,

0, otherwise.
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So the eighth and eleventh summands give us zero and hence

Py = {17 T e {y(my)“, a=u,

z(yz) =2, a=y, 1, a=y,

F2w3 _ {d(yx)kla a =1,
0, a=1y.
3) In the case of Fy, if t1 (a3C(a4)) = 0, then the summand of the form

Yloame.. . 0aaeag

give us zero. Also if (a3, a4,as5) = (x,z, ), then
1®r,®1, v=w,

tvth(z@zel)@rel) = !

0, v # Wy

and
F'1eze (ry)erererel)=ct;((zy)f @ 1) =1
There is a zero in all other cases. For the forth sum F3™ = 0, and if v = ws, then

FF1leabyeyy®1)

ets ((my ) (1+dy), v=ws, b= (zy)* and a =y,
= { ety (ata((y2)* @ ry @ 1)), v=ws, b=y(zy)" ",
ets(d(zy ym)k Y dP(zy)f @y(zy) ), v=ws, b= (zy)" and a =z,

so if b = (zy)* for v = wy or if b = y(ay)k~! for v = ws, this sum equals (1 + dy)(1 +
dy + d?z(yz)*~1) = 1 for a = y. If b = (zy)* for v = ws, this sum equals d(yx)*~* for
a = x. At the seventh summand Fy = 0 if v # ws. And in the case of v = w3 we have

FP(leaboyez(yr) ' @y e (d+ d’y + dPz(yz) 1))
= ety (atz (h(zy@y@l+yrey©l+2dyry @y © 1)))(d +d?y + dPa(ye)t )
b

so we do not need to compute it, because these two summands kill each other. All other
combinations give us zero, so the eighth and eleventh sums also give us zero. So

Fwn ]-v a=2z, w2 — 07 a=1,
! 0, a=y, L, a=y,
P — {d(yx)’“1 +dye) Tt a=w,

r+x, a=1y

4) Finally we need to know the evaluation of F} at the first, forth, eighth, and eleventh
summands from ®5. It is obvious that for the first summand Fy = 0 if v # w;. But

F'1a@b@r@r@r®1) =etz(at(b@r, ®1)) = F;"'(10a@b@r@r @ ® 1),
so the first summand gives d, ,1, and F;"* is equal to zero for the eighth sum. Further

F?10a2b@y0y@ye1) =cs(at(b@r, 1) = Fi?(1042b0y2yy o 1),
so Fy"* gives d,,1 at the forth sum and F} gives zero v # wsy for the forth and eighth

sums. So
Flwl — y =T, Flwz _ Oa a =2, Flwz =0.
O, a = 13 a=1y,
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2 4

It remains to compute [v,e] = > SY + > F¥ =0 for any v € {wy, w2, w3}, hence the

2

required formulas hold true. O

Corollary 5. We have A(ve) =0 for any v € {wy, wa, w3}.

Proof. A(v) =0 for any v € {wy, w2, w3} by Lemma 3, and A(e) = 0 by Lemma 5. So
by Tradler’s equation we have

A(ve) = A(w)e +vA(e) + [v,e] =0-e+v-0+0=0

for v € {wy,wq, ws}. O

§6. MAIN RESULT

Theorem 6. Let R = R(k,0,d) over an algebraically closed field K of characteristic 2,
and let A be the BV -operator from Theorem 1. Then

(1) A is equal to O at the generators of HH*(R) from the set X;
(2) A satisfies the relations

A(p1g1)=dp1, A(p1g2) = A(p2q1) = dp2, A(paq1) =p2,
A(p3qr) =A(p2a2) =p5 ", A(pagz) =ps;
Alqrwr) = Agaws) = py~?ws,
o in degree 3+ Algruws) = Algaws) = (1+ (1 + Dpa)g? + dus,
Algeuwr) = @3, A(qrws) + A(gawy) = dws.
(3) A(ab) =0 at all other combinations of generators a,b € X.

e in degree 1:

Proof. The identities of degree 1 come from Lemma 2 and the identities of degree 3 come
from Lemma 4. Statements 1 and 3 now come from Lemmas 3-6 and Corollary 5 and it

is clear from the lemmas above that there are no other conditions for A. O
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