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METHOD FOR FINDING SOLUTION TO NONSMOOTH
DIFFERENTIAL INCLUSION OF SPECIAL STRUCTURE

ALEXANDER FOMINYH"

Abstract. The paper explores the differential inclusion of a special form. It is supposed that the
support function of the set in the right-hand side of an inclusion may contain the maximum of the
finite number of continuously differentiable (in phase coordinates) functions. It is required to find
a trajectory that would satisfy differential inclusion with the boundary conditions prescribed and
simultaneously lie on the surface given. Such problems arise in practical modeling discontinuous systems
and in other applied ones. The initial problem is reduced to a variational one. It is proved that the
resulting functional to be minimized is superdifferentiable. The necessary minimum conditions in terms
of superdifferential are formulated. The superdifferential (or the steepest) descent method in a classical
form is then applied to find stationary points of this functional. Herewith, the functional is constructed
in such a way that one can verify whether the stationary point constructed is indeed a global minimum
point of the problem. The convergence of the method proposed is proved. The method constructed is
illustrated by examples.
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1. INTRODUCTION

Differential inclusions are a powerful instrument for modeling dynamical systems. In this paper the differential
inclusions of some special structure are explored. More specific: the support function of the set in the right-
hand side of a differential inclusion contains the maximum functions of the finite number of continuously
differentiable (in phase coordinates) functions. Such differential inclusions arise from systems of differential
equations with discontinuous right-hand sides (considering such systems moving in a sliding mode) and from
some other practical mechanical problems. So it is required to find a trajectory of such differential inclusion
which would simultaneously satisfy the boundary conditions and lie on the “discontinuity” surface.

Note here that many classical optimization problems, such as optimal control problems [1], constrained
finite dimensional problems treated wia the steepest continuous descent algorithm [2, 3], finding the root of
"multivalued” equation [4] etc. generate optimality conditions as differential inclusions of various types.
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2 A. FOMINYH

The majority of papers considering differential inclusions are devoted to such classical problems as: existence
of solutions [5-8], dependence of solutions on parameters [8, 9], attainability and viability [7, 9, 10]. Let us also
give some references [11-14] with optimality conditions in problems with differential inclusion. In these papers
differential inclusions of a rather general form are considered. There are cases of phase constraints as well as
nonsmooth and nonconvex ones. On the other hand, the works listed are more of theoretical significance and
some results seem hard to be employed in practice. Note that the majority of methods in literature consider only
differential inclusions with a free right endpoint and use some classical approaches as Euler and Runge-Kutta
schemes, various finite difference methods etc. (see, e.g., [15-19]). A survey of difference methods for differential
inclusions can be found in [20]. Note one paper [21] where an algorithm to solve boundary value problems for
differential inclusions was constructed.

Different approaches of approximating reachable sets are implemented in literature as well. Some [22, 23], [24]
are based on approximations constructed by means of corresponding ellipsoids. The others [25] use estimations
via specially constructed support functions. Another approach is the first-order approximations [26—-29] which are
explored under different assumptions on set-valued mapping in the right-hand side of the differential inclusion. A
similar viability kernel problem of differential inclusion evaluation in couple with some extenstions construction
was considered in [30], in [31] more strict convergence rates are obtained, while in [32] some interesting extension
are proposed. In paper [33] an attainable set is constructed; then a so called guide-type algorithm is implemented
to find a trajectory from this set satisfying a point boundary value problem. Note that numerical construction of
a whole attainable set (in contrast with picking out a separate trajectory as it is done in the suggested method
of the paper) is a very computationally expensive routine.

The apparatus used for solving the problem in the paper is based on the ideas developed in the author’s
previous works. The initial problem is reduced to a variational one and the resulting functional to be minimized
happens to be nonsmooth (but only superdifferentiable). So the methods of nondifferentiable optimization are
required to explore this problem. In paper [34] a method for solving the classical nonsmooth (but only subdif-
ferential) variational problem is proposed based on the idea of considering phase trajectory and its derivative as
independent variables (and taking the natural connection between these variables into account wvia the special
penalty term). This idea is novel and is used in the current paper as well allowing to overcome the principal
difficulties in the problem of constructing the steepest descent direction. (See section Discussion, Rem. 4.2 and
Rem. 5.3). Reducing solving differential inclusions to a variational problem wvia corresponding support functions
was carried out in papers [35-37]. Some other nonsmooth problems of optimal control and variational calculus
were considered via similar methods in papers [38, 39]. The paper also uses some ideas of V. F. Demyanov scien-
tific school on nondifferentiable minimization. For example, in book [40] a modified subdifferentiable (steepest)
descent method for minimizing the maximum of the finite number of continuously differentiable functions in
the finite dimensional space is justified. Note works [41, 42] where the variational approach as well is applied
to nonsmooth variational Bolza problem and Cauchy problem for differential inclusions respectively. In [41] the
codifferentiability of the functional is proved and optimality conditions in its terms are obtained. In [42] some
existence results and numerical approximations ideas are presented.

Among important applications regarding the mathematical problem considered in the paper so called sliding
modes and nonsmooth mechanics should be mentioned. In these problems nonsmooth and even discontinuous
systems arise that lead to a differential inclusion if some corresponding definition [43] of a discontinuous system
solution is implemented. As examples note only work [44] where the systems with Coulomb friction are opti-
mized and paper [45] considering a particular application of higher order sliding modes and a naturally arising
differential inclusion. It is well known that when the system state is in a sliding mode, new useful properties of
the model are observed. For example, such motions may be optimal in the sense of some criterion in the optimal
control theory. The sliding modes are also used to stabilize the system, as well as to get rid of unwanted external
disturbances. One can get in touch with the basics required as well as with the statement problem motivation
regarding sliding modes in works [43, 45, 46]. For some basics of nonsmooth mechanics see [47, 48].

As noted above, only a small part of the literature devoted to differential inclusions deals with constructing
numerical methods for solving the corresponding boundary value problem. Moreover, to the best of the author
knowledge literature devoted to differential inclusions all the more do not deal with the numerical methods



METHOD FOR FINDING SOLUTION TO NONSMOOTH DIFFERENTIAL INCLUSION OF SPECIAL STRUCTURE 3

for nonsmooth right-hand side of the inclusion as it is done in the current paper. Below two simple natural
examples are given (in both topics: sliding modes and roughly speaking nonsmooth mechanics) leading to such
a “nonsmooth” differential inclusion. (See the problem in Sect. 3, and formula (6.1) and an example after this
formula at the beginning of Sect. 6).

2. BASIC DEFINITIONS AND NOTATIONS

In this paper we use the following notations. Denote N the set of natural numbers. Let C,,[0, 7] be the space
of n-dimensional continuous on [0, 7] vector-functions. Let also P,[0,7] be the space of piecewise continuous
and bounded on [0, T] n-dimensional vector-functions. We also require the space L2 [0, 7] of square-summable on
[0, T] n-dimensional vector-functions. If X is some normed space then || - || x denotes its norm and X* denotes
the space conjugate to the space given.

We will assume that each trajectory x(t) is a piecewise continuously differentiable vector-function. Let ¢y €
[0,T) be a point of nondifferentiability of the vector-function z(¢) then we assume that @(ty) is a right-hand
derivative of the vector-function x(t) at the point to for definiteness. Similarly, we assume that ©(7) is a left-
hand derivative of the vector-function z(¢) at the point 7. Now with the assumptions and the notations taken
we can suppose that the vector function x(t) belongs to the space C,[0,7T] and that the vector function ()
belongs to the space P,[0,T].

For some arbitrary set ' C R™ define the support function of the vector ¢ € R™ as ¢(F,¢) = sup(f,¥)

feF

where (a, b) is a scalar product of the vectors a,b € R"™. Denote S, a unit sphere in R™ with the center in the

origin, let also B,(c) be a ball with the radius r € R and the center ¢ € R™. Let the vectors e;, i = 1,n, form

the standard basis in R™. If ¢ is some vector from R"™, then Pq = {(p,q) | p € P}. Let 0,, denote a zero element

of a functional space of some n-dimensional vector-functions and 0, denote a zero element of the space R™.

Let E,, be an identity matrix and Op m — & zero matrix in the space R™ x R™. If p(x) = min f;(x) where
i=1,M

=1,
fi(z) : R* — R, i =1, M, are some functions, then we call the function f;(z), i € {1,..., M}, an active one at
the point zg € R", if i € R(zg) ={i € {1,..., M} | fi(xo) = o(z0)}.

In the paper we will use both superdifferentials of functions in a finite-dimensional space and superdifferentials
of functionals in a functional space. Despite the fact that the second concept generalizes the first one, for conve-
nience we separately introduce definitions for both of these cases and for those specific functions (functionals)
and their variables and spaces which are considered in the paper.

Consider the space R™ x R™ with the standard norm. Let d = (dy,d2)’ € R™ x R™ be an arbitrary vector.
Suppose that at the point (z,z) there exists such a convex compact set Oh(z,z) C R™ x R™ that

1
5 2% a(h(x + ady, z + ady) — h(z,2)) = weglhi(li,z)<w7 d). (2.1)

In this case the function h(z,z) is called [40] superdifferentiable at the point (x,z) and the set Oh(z,z) is
called the superdifferential of the function h(z, z) at the point (z, z).
From expression (2.1) one can see that the following formula

h(z + ady, z + ads) = h(x,z) + a% +o(a,z, z,d),
ola, x, z,d) 0, alo,

holds true.
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If the function ¢(¢) is differentiable at the point & € R’, then its superdifferential at this point is represented
in the form

05(&0) = {<(%0)} (2.2)

where ¢’(&) is a gradient of the function ¢(§) at the point &. Note also that the superdifferential of the finite
sum of superdifferentiable functions is the sum of the superdifferentials of summands, i.e. if the functions ¢ (€),
k = 1,r, are superdifferentiable at the point & € R’, then the function ¢(¢) = Y, _, sk (£) superdifferential at
this point is calculated [40] by the formula

9s(%) = > Iok(&o)- (2.3)
k=1

Consider the space C,,[0,T] x P,[0,T] with the norm L2[0,T] x L2[0,T]. Let g = (g1, g2)" € Cn[0,T] x P,[0,T]
be an arbitrary vector-function. Suppose that at the point (z,z) there exists such a convex weakly* compact

set 0(z,2) C (Cnl0,T] x Po[0, T, || - |lz2(0.7)x22[0,7))  that
ol 2) —liml(l(x—i—a z+agy) —I(z,2)) = min  w(g) (2.4)
8g - al0 « I 92 ' B wedl(z,z) 9 .

In this case the functional I(z, 2) is called [49] superdifferentiable at the point (z,z) and the set 9I(z, z) is
called a superdifferential of the functional I(x, z) at the point (z, 2).
From expression (2.4) one can see that the following formula

ol(x, z
Iz +agr,z+ag) =1(z,2) + (8g )—l—o(a,x,z,g),
ola,x, 2, 9) 50, alo,

holds true.

3. STATEMENT OF THE PROBLEM

Consider the differential inclusion

&; € A + [a;,a]|z][-1,1) = Az + [—ai, @i)|z|, i=1,n, (3.1)
with the initial point
z(0) = g (3.2)
and with the desired endpoint
zj(T) =xr;, jeJ (3.3)
In formula (3.1), A; is the i-th row of the constant n X n matrix A, ¢ = 1,n, and g, a@;, i = 1,n, are given
nonnegative numbers and a; = @; = 0, ¢ = m + 1,n. The system is considered on the given finite time inter-

val [0,T]. We assume that z(t) is an n-dimensional continuous vector-function of phase coordinates with a
piecewise-continuous and bounded derivative on the segment [0, T]. In formula (3.2), g € R™ is a given vector;
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in formula (3.3), 27 ; are given numbers corresponding to those coordinates of the state vector which are fixed
at the right endpoint, here J C {1,...,n} is a given index set.

Let F(z) = (fi(x),..., fa(z)) where fi(z),..., fn(z) run through the corresponding sets Fj(z),...F,(z)
from the right-hand sides of inclusions (3.1), so we can rewrite the given inclusions in the form

z € F(x). (3.4)

Let us also take into consideration the surface

where s(z) is a known continuously differentiable m-dimensional vector-function.

We formulate the problem as follows: it is required to find such a trajectory x* € C,[0,T] (with the derivative
i* € P,[0,T]) which moves along surface (3.5), satisfies differential inclusion (3.4) while ¢ € [0,7] and meets
boundary conditions (3.2), (3.3). Assume that there exists such a solution.

Let us discuss one practical problem which leads to the statement of the problem above. Consider the system

& = Az + Bu (3.6)

with boundary conditions (3.2), (3.3). In formula (3.6) A is a constant n x n matrix, B is a constant n x m
matrix. For simplicity we suppose that B = [Ey;,, On—m m]. The system is considered on the given finite time
interval [—t*, T] (here T is a given final time moment; see comments on the time moment ¢* below). We suppose
that z(t) is an n-dimensional continuous vector-function of phase coordinates with a piecewise-continuous and
bounded derivative on [—t*, T]; the structure of the m-dimensional control u will be specified below.

Let also “discontinuity” surface (3.5) be given.

Consider the following form of controls:

ui = —aylzlsign(si(x)), i=T,m (3.7)

where «; € [a;,@;], i = 1,m, are some positive numbers which are sometimes called gain factors.

In book [46] it is shown that if surface (3.5) is a hyperplane, then under natural assumptions and with
sufficiently big values of the factors «;, i = 1,m, controls (3.7) ensure system (3.6) hitting a small vicinity
of this surface s(z) = Oy from arbitrary initial state (3.2) in the finite time ¢* and further staying in this
neighborhood with the fulfillment of the condition s;(z(t)) — 0, i = 1,m, at t — oo, i.e. controls (3.7) ensure
the stability “in big” of the system (3.6) sliding mode. In [46] one may also find the estimates on the time
moment ¢*. Here we assume that all the conditions required are already met, and the numbers a;, @;, i = 1,m,
are taken sufficiently big. Now we are interested in the behavior of the system on the “discontinuity” surface
(on the time interval [0,T7).

We see that the right-hand sides of the first m differential equations in system (3.6) with controls (3.7)
are discontinuous on the surfaces s;(z) = 0, i = 1,m. So one has to use one of the known definitions of a
discontinuous system solution.

Let us use one of the classical variants of such definition [43, 50]. The essence of this definition is as follows. On
the finite time interval [0, T consider the system & = f(x,ui(x,t),...,un(x,t),t) in which the vector-function
flz,u1, ..., Um,t) is continuous in all its arguments and the vector-functions u;(x,t), i = 1, m, are discontinuous
on the sets s;(z) = 0, i = 1, m, respectively. At every point (z,t) of discontinuity of the vector-function w;(z, t),
i =1,m, a closed set U;(x,t), i = 1, m, must be defined. It is a set of possible values of the variable u; of the
function f(x,u1,...,um,t). Denote F(x,t) = f(x,u1,..., um,t) the set of the function f(x,us,...,um,t) values
at the fixed variables x,t, and while uy,...,u,, run through the sets Uj(z,t),...,Up(z,t) respectively. Then
the solutions of this differential inclusion are taken as solutions of the original differential equation with a
discontinuous right-hand side. In physical systems the sets U;(z,t), i = 1,m, usually correspond to different
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blocks and are assumed to be convex. At every point (z,t) of discontinuity of the vector-function w;(x,t),
i = 1,m, the set U;(z,t) must also contain all the limit points of all sequences vy € U;(zy, tx), where zj, — @
and t; — t if & — oco. If the control is of form (3.7), then it is natural to consider U;(z,t) = co{—a;|z|,a;|z|},
i=1,m, as such a set.

Thus, accordingly to this definition a solution of the discontinuous system considered satisfies differential
inclusion (3.1) above. Note that the more detailed version of the definition given is presented in [50]. It has
a strict and rather complicated form so we don’t consider the details here. For our purpose it is sufficient to

postulate that the system (3.6) solutions with controls (3.7) employed are the solutions of inclusion (3.1) by
definition.

Remark 3.1. Instead of trajectories from the space C,[0,T] with derivatives from the space P,[0,T] one
may consider absolutely continuous trajectories on the interval [0, 7] with measurable and almost everywhere
bounded derivatives on [0, 7] what is more natural for differential inclusions. The choice of the solution space
in the paper is explained by possibility of its practical construction.

4. REDUCTION TO A VARIATIONAL PROBLEM

We will sometimes write F' instead of F'(x) for brevity. Insofar as V& € R™ the set F'(x) is a convex compact
set in R™, then inclusion (3.4) may be rewritten as follows [51]:

(D) () < e(Fi(z(t)), i (t)) Vb (t) € S1, VE€[0,T], i=1,n.

Let us calculate the support function of the set F;. For this, note that the set Fj is a one-dimensional “ball”
with the the center

ci(z) = Az, i=1,n

and with the “radius”

Ti(x):ai|x|ﬂ i:]-ama

ri(z) =0, i=m+1,n.

So the support function of the set F; can be expressed [51] by the formula

c(Fi(x), ;) = vidix + @;lxl|vs], i=1,m,

c(Fi(x),1:) = YiAdiz, i=m+1,n.
We see that the support function of the set F; is continuously differentiable in the phase coordinates z if

i ?é 0, 1= 1,7’/7,
Denote z(t) = @(t), z € P,[0,T], then from (3.2) one has

z(t) = xo +/O z(T)dr. (4.1)

Let us now realize the following idea. “Forcibly” consider the points z and = to be “independent” variables.
Since, in fact, there is relationship (4.1) between these variables (which naturally means that the vector-function
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z(t) is a derivative of the vector-function x(t)), let us take this restriction into account by using the functional

(@, 2) = ;/OT (x(t) . /Otz(r)d7'>

Besides, it is seen that condition (3.2) on the left endpoint is also satisfied if v(x, z) = 0.

For i = 1,n put

gi(dji,zwz) = <Zza7/)1> - C(Fl(‘r)vwl)3
hi(z,z) = max max{0, ¢;(¢;, x, 2)},

P €851
then put
h(z,z) = (hi(z,2),...,hn(z,2))

and construct the functional

T
Pz = g [ M0, 2(0) et

It is not difficult to check that for functional (4.3) the relation

{ o(x,2) =0, if 2;(t)Yi(t) < e(Fi(x(t)),¥i(t)) Vibi(t) € Si,

o(xz,2z) >0, otherwise,

holds true, i.e. inclusion (3.4) takes place iff p(z,z) = 0.
Introduce the functional

x(z) = %Z <x0j+/0 zj(t)dt—:ch> .

jeJ

We see that if v(z, z) = 0, then condition (3.3) on the right endpoint is satisfied iff x(z) = 0.

Introduce the functional

T
w(w) = 5 [ ls(@(t) ont

Obviously, the trajectory z(t) belongs to surface (3.5) at each t € [0, 7] iff w(x) = 0.

Finally construct the functional

I(x,2) = p(x, 2) + x(2) + w(z) + v(z, 2).

(4.2)

(4.6)

So the original problem has been reduced to minimizing functional (4.6) on the space C,[0,T] x P,[0,T].

Denote z* a global minimizer of this functional. Then

t

x*(t) = zg —|—/0 2" (T)dr

is a solution of the initial problem.
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Remark 4.1. The structure of the functional p(z, z) is natural as the value h;(x(t),2(t)), i = 1,n, at each
fixed ¢ € [0, 7] is the Euclidean distance from the point z;(t) to the set F;(z(t)); functional (4.3 half the sum
of squares of the deviations in L2[0,7] norm of the trajectories z;(t) from the sets F;(z), i = 1,n, respectlvely
The meaning of functionals (4.2), (4.4), (4.5) structures is obvious.

Remark 4.2. Despite the fact that the dimension of functional I(z,z) arguments is n more the dimension
of the initial problem (i.e. the dimension of the point x*), the structure of its superdifferential (in the space
C,[0,T] x P,[0,T] as a normed space with the norm L2[0,7T] x L2[0,T1]), as will be seen from what follows, has
a rather simple form. This fact will allow us to construct a numerlcal method for solving the original problem.

5. MINIMUM CONDITIONS OF THE FUNCTIONAL [(z, 2)

In this section referring to superdifferential calculus rules (2.2), (2.3), we mean their known analogues in
functional space [41].
Using classical variation it is easy to prove the Gateaux differentiability of the functional x(z), we have

T
VX(Z) = Z (ij +/ Zj(t)dt - ICTj> €j.
jed 0
By superdifferential calculus rule (2.2) one may put
B T
ox(z) = Z Toj + / zj(t)dt —xr; | €5 p . (5.1)
jeJ 0
Using classical variation it is easy to prove the Gateaux differentiability of the functional w(x), we have

i (2(1)) ds; (x(t)) .

S\
or

i=1

By superdifferential calculus rule (2.2) one may put

{Z 88(;))} . (5.2)

Using classical variation and integration by parts it is also not difficult to check the Gateaux differentiability
of the functional v(z, z), we obtain

x(t) — xo — /Ot 2(T)oT

_/tT (x(f) - /0 z(s)ds) dr

By superdifferential calculus rule (2.2) one may put

Vou(z, z,t) =

x(t) —xo— [ z(r)dr
ov(z, z) = /0

- /tT (a?(T) - /OTz(s)ds) dr



METHOD FOR FINDING SOLUTION TO NONSMOOTH DIFFERENTIAL INCLUSION OF SPECIAL STRUCTURE 9

Explore the differential properties of the functional ¢(z, ). For this, we first give the following formulas for
calculating the superdifferential Oh?(z, z) at the point (x,2). At i = 1,m one has

B (LR (2,2)) = hule, 2) (w:em (A 00 + 38 (a7 ) (5.4)
j=1

where at 7 = 1,n we have
76i|1/)j|ej, if T > 0,

O(—aglz;|[0f]) = @lyile;, if z; <0,
co{ — @[y} |e,aslyfle;}, if a; =0.

At i =m + 1,n one has
9 (3 hi(x.2)) = hi(z, 2) (1 €irn — ] [A], On]).

In the formulas given, the value v} is such that max{0,¢;(¢)}(x, 2),z,2)} = maxy,ecs, max{0,4;(¢;,x,2)},
i = 1,n. In [38] it is shown that if h;(z,2) > 0 then ¢} (z,z) is unique and continuous in (z,z). In [52] it
is shown that the functional ¢(x, z) is superdifferentiable and that its superdifferential is determined by the
corresponding integrand superdifferential.

Theorem 5.1. Let the interval [0,T] be divided into a finite number of intervals, in every of which each
phase trajectory is either identically equal to zero or retains a certain sign. Then the functional o(x,z) is
superdifferentiable, i.e.

1 T
——— =lim — (p(z + ag1,z + age) — p(x,2z)) = min / w(t), g(t))dt,
o =lm o (ol o bag) o) = min [ u(n).o0)

where g = (g1, 92)" € Cn[0,T] x P,[0,T] and the set dp(z,z) is defined as follows

Op(z,2) = {w = (w1, ws) € L°[0,T] x Ly°[0,T] | (5.5)

(wi (1), ws(t)) €D (L h2(x(t), 2(t)))  for ae. te [o,T]}.

Using formulas (4.6), (5.1), (5.2), (5.3), (5.5) obtained and superdifferential calculus rule (2.3) we have the
following final formula for calculating the superdifferential of the functional I(x, z) at the point (z, 2)

0I(x, z) = 0p(x, z) + Ox(x, 2) + 0W(x, z) + Jv(x, 2), (5.6)

where formally X(z, z) := x(z), W(z, 2) := w(x).
Using the known minimum condition [41] of the functional I(z,z) at the point (z*,z*) in terms of
superdifferential, we conclude (see also Rem. 4.1) that the following theorem is true.

Theorem 5.2. Let the interval [0,T) be divided into a finite number of intervals, in every of which each phase
trajectory x;(t), i = 1,n, is either identically equal to zero or retains a certain sign. For the point (z*,2*) to
minimize the functional I(z,z), it is necessary to have

OI(x*(t),2"(t)) = {O2n} (5.7)
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at each t € [0,T] where the expression for the superdifferential OI(z, 2) is given by formula (5.6). If one has
I(x*,z*), then condition (5.7) is also sufficient.

Remark 5.3. Theorem 5.2 already contains a constructive minimum condition since on its basis it is possible
to construct the steepest (the superdifferential) descent direction and for solving each of the subproblems
arising during this construction there are known efficient algorithms for solving them (see Sect. 6 below). Once
the steepest descent direction is constructed, one is able to use it to apply some of nonsmooth optimization
methods (see Sect. 7 below). Note once again that without the “separation” of the variables x and z proposed the
considered functional superdifferential would have a very complicated structure. That would make constructing
the superdifferential descent direction of this functional a significantly difficult (and as it seems, practically
impossible) problem (see section Discussion for more details).

6. A MORE GENERAL CASE OF THE SET F(x) SUPPORT FUNCTION

Consider now a more general case when support functions of the corresponding sets F;(x), i = 1,n, are of
the form

c(Fy(@), i) = diAs + Y @iy max { fij, (@), fijg, (@03}, (6.1)
j=1
where f;j, (x),..., fij., (@), i = I,n, j = 1,7 (for simplicity of presentation we suppose that r is the same

for each ¢ = 1,n), are continuously differentiable functions and @;;, ¢ = 1,n, j = 1,7, are some nonnegative
numbers. (We also still consider only convex and compact sets Fy(x),... F,,(x) at every © € R™).

This case indeed is more general as we have |x;||[v;| = |x;1;] = max{z¢;, —x;1; }.

One can also give a practical problem which leads to such a system. From some physical considerations let
the “velocity” @1 of an object lie in the range [min{xy, 2, 23}, max{x1, x2, x3}] of the “coordinates” x1, xa, x3.

3
The segment given may be written down as co{x1,x2, 25} = co |J {x;}. The support function of this set is [51]
i=1

maX{$1¢17$2¢1,$3¢1}-

For simplicity, consider the case n = 2, r = 1, k(1) = 2, and only the functions ¢ (¢, 2, 2) and hi(z, 2)
(here we denote them £(vy,x1,29,21) and h(x1,xzs,21) respectively) and the time interval [t1,t2] C [0,7] of
nonzero length; the general case is considered in a similar way. Then we have £(¢1, x1, T2, 21) = z21¢1 — @111 —
—agx2t1 —bmax{ f1(x)¢1, fo(x)1}, where ay := a1 1, a2 :=a12,b:=a11 >0, f1:= fi1,, fo := f1,1,. Fix some
point (z1,x2) € R%. Let fi(z(t))y1(t) = fo(x(t))1(t) at t € [t1,t2]; other cases may be studied in a completely
analogous fashion.

a) Suppose that hi(x,z) >0, i.e. hi(x,z) = maxy, es, ¢1(¥1,2,2) > 0.

Our aim is to apply the corresponding theorem on directional differentiability from [53]. The theorem of this
book considers the inf-functions so we will apply this theorem to the function —£(4)1, x1, 22, 21). For this, check
that the function h(z1, 22, 21) satisfies the following conditions:

i) the function £(3)y,x1, T2, 21) is continuous on S; x R? x R;
ii) there exists a number § and a compact set C C R such that for every (1, T2,%1)’ in the vicinity of the point
(z1,x2,21) the level set

levﬁ(_f(VElvavEl)) = {1/}1 €5 | - é('l/]bflaf%zl) < B}

is nonempty and is contained in the set C
iii) for any fixed ¢; € Sy the function £(1)1, -, -, -) is directionally differentiable at the point (x1,x2,21)’;
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iv) if d = (dy,d3)’ € R2 x R, v, | 0 and vy, is a sequence in C, then 1;, has a limit point 1); such that

_€(¢1n , L + 7nd1a z+ ’ynd2) - (_g(wln y Ly Z)) a(_g(al’ €, Z))

lim sup >
n—00 Yn od
(Y1, 1,29, 21) o e . o
where (s il 221) is the derivative of the function £(1),, z1, 2, z1) at the point (1,22, 21)’ in direction d.

The verification of conditions i), ii) is obvious.

To verify the condition iii), it is sufficient to observe that since b > 0, then for the fixed 1; € S; the func-
tion —bmax{fi(x)y1, fa(x)1} is superdifferentiable [54] (hence, it is differentiable in directions) at the point
(z1,22)"; herewith, its superdifferential at this point is b co{<w1 agz(f),w aglw(: ) (w ag‘;f),w 81(;3:)) }
An explicit expression of this function derivative at the point (x1,22) in the direction d; is

_bmax{<w18f57§f), d1> , <¢1 3f§f)’d1>}'
Finally, check condition iv). Let (d1,d2)" € R x R, ,, | 0 and v, be some sequence from the set C. Calculate

I —L(Y1,,, 21 + Yndi1, T2 + Yndi 2, 21 + Ynda) — (—0(1,, @1, T2, 21))
im sup

n— 00 Tn

. 1
= lim sup — ( — (21 + Ynd2)¥1,, + a1(x1 + Yndi1)1, + as(ze + Yndi2)Yn,

n—o00 Yn

+bmax { f1(z1 + d1,1, T2 + Ynd12)U1, s fo(T1 + Yndi1, T2 + Yndi2)Y1, }

+2101, — a1z, — agwetfy, — bmax { fi(z1, x2)r,, fo(21, 22)Y1, })

. 1
= lim sup — ( — Yndo1,, + Ynai1di 1, + Ynaadi 291,

n—oo Vn

+bmax{ {fl(x) + %<8Jg§”)7d1> + 01(Yn, a:,d)] V1., {fQ(x) + Y <a=’;2;x) , d1> + OQ(Pyn,x,d)} wln}

—bmax { f1(x1, 22)Y1,, fo(z1, T2)1, })

. 1
> lim sup — < — Yndo1,, + Yna1di 11, + Ynaadi 291,

n—o00 Yn

+ynb maX{<8f$g(j)7 d1>¢1”7 <8J;23(3x), d1> z/Jln} + bmin {01 (yn, x, d)1,,, 02(Vn, T, d)1, })
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where 04(Yn,2,d)/vn — 0, 7, 4 0, ¢ = 1,2, and the last inequality follows from the assumption
f1(x)1 = fo(x)11 (on the time interval considered) made and from the corresponding property of the maximum
of two functions [40] when this assumption is satisfied.

Let 1, be a limit point of the sequence v, . Then by the directional derivative definition we have

W = _d2E1 + a1d1,1al + agdl,gil + bmax{<¢1 a.fgif) s d1> R <18J;;f), d1>} .

From the last two relations one obtains that condition iv) is fulfilled.
Thus, the function h(xi,x9,21) satisfies conditions i)-iv), so it is differentiable in directions at the point
(21,2, 21) [53], and its derivative in the direction d at this point is expressed by the formula

Ohzvn,21) _ ) 0L T, 2)
ad Y1E€8(w1,w2,21) 9d

where S(x1,z2,21) = argmaxy, es, (Y1, 1, T2, 21). However, as shown above, in the problem considered, the
set S(x1, w2, 21) consists of the only element 17 (x1,x2, 21), hence

Oh(w1,m2,21)  OL(YT(w1,%2, 21), 01,22, 21)

od od

Finally, recall that by the directional derivative definition one has the equality

—8(_6(23 %2) _ —dap] + ardy 197 + aady 297 + bmax { <¢f 8];1?) ) d1> , <1/)T af;ix) ) d1>}

where we have put ¢ := ¥ (z1, 2, 21).

From the last two expressions, we finally obtain that the function h(xz1,2,21) is superdifferentiable at the
point (1, 2, 21)" but it is also positive in the case considered, so the function h?(x1,z2, 21) is superdifferentiable
at the point (21,2, 21)" as well as the square of a superdifferentiable positive function (see [55]).

b) In the case hy(z,z) = 0 it is obvious that the function h?(x1, 22, 21) is differentiable at the point (1, x2, 21)’
and its gradient vanishes at this point.

Now we explore the differential properties of the functional ¢(x, z). For this, first give the following formulas
for calculating the superdifferential Oh?(z, z) at the point (z,z). At i = 1,7 one has

T 120, 2) = hi(a. 2) (w:ei+n (AL 00) 3 (< max { fug (@0 fry (@07 ) ) (6.2)
j=1

and at j = 1,7 we have

_ Ofi;, .
0 (g mas (g (2007 oy @05)) = co{ [0 P2 0] b e mue, 0

Rij(x) = {jp € {jr, i} | fig, @) = max { fij, (2)¥], .. ~,fi,jk(j)($)1/)f}}'
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Let us calculate the derivative of the function 1 h?(z,z) in the direction g = (g1, g2)’ € R x R". By virtue
of formulas (6.2) and (6.3) and superdifferential calculus rules [40] we have

s a l X
B9 = hi(z,2) (lﬁgzi — (U] A, 1) + min <—aij¢fjcg;(x),g1> ) (6.4)

e Jp€Ri;(z)
We show that the functional ¢(x, z) is superdifferentiable and that its superdifferential is determined by the
corresponding integrand superdifferential.

Theorem 6.1. Let the interval [0,T) be divided into a finite number of intervals, in every of which one (several)
of the functions { f; ;, (x), .. -7fi,jk(j)(1')7/}i}; i=1,n, j=1,r, is (are) active.
Then the functional p(x,z) is superdifferentiable, i.e.

0p(z, 2) o1 . /T
0 — lim — + ,Z+ - ,2)) = t),g(t))dt 6.5
oy —lmo(bletaguztap) —p@2) = min () o) (6.5)

where g = (g1, 92)" € C,[0,T] x P,[0,T) and the set Op(x, 2) is defined as follows

dp(x,2) = {w = (w1, ws) € L0, T] x Ly2[0,T] | (6.6)

(wr (t), wa(t)) € (L h2@(t), 2(t))  for ae. te [o,T]}.
For the point (x*, z*) to minimize the functional I(x, z), it is necessary to have
AI(z*(t),2*(t)) = {O2n} (6.7)

at each t € [0,T], where the expression for the superdifferential dI(x, z) is given by formula (5.6) (where we take
formula (6.6) for the superdifferential dp(x,z)). If one has I(x*, z*), then condition (6.7) is also sufficient.

Proof. In accordance with definition (2.4) of a superdifferentiable functional and in order to prove the first part
of the theorem, one has to check that:

1) the derivative of the functional ¢(z, 2) in the direction g is actually of form (6.5);

2) herewith, the set Op(z,z) is convex and weakly* compact subset of the space
(Cul0,T) x Pa[0, T || - ||z j0.79x 22 0,77)

Let us prove statement 1).

At first, we show that the following relations are true.

1 r .
lim —|p(z + agi, 2 + ags) — p(x, 2) — / min (w1 (1), augr (1)) + (w2(2), agz(t)>)dt‘ =0 (6.8)
al0 0 (wl,wz)’ea(%iﬂ(:c,z))
or
1 T (5 h*(=(t),2(1)))
i ~ ol + agn. 2+ age) — ole.2) — [ s o
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Denote at ¢t € [0, 7]

B(t,a) = é (P2(@ () + agi (1), 2(1) + ags (1) — b2 (w(t), 2(1)) ) (6.9)

- min ((w1(t), g1 (1)) + (wa(t), g2(1)))-
(w1, w2)"€0h?(x,z)

Our aim is to prove relation (6.8) wvia Lebesgue’s dominated convergence theorem applied to the function
O(t,a) (at ] 0).

At first, note that by superdifferential definition (2.1) and by the superdifferentiability of the function h?(z, 2)
(proved at the beginning of this section) for each t € [0,T] we have ®(¢,a) — 0 when « ] 0.

In the following two paragraphs we show that for every a > 0 one has ®(¢, ) € L$°[0,T].

Insofar as z, g1 € Cn[0,7], z, g2 € P,[0,T] and the function h?(z,z) is continuous in its variables due to
its structure [40], we obtain that for each a > 0 the functions ¢t — h2(x(t), 2(t)) and t — h?(z(t) + agi(t),
z(t) + agaz(t)) belong to the space L°[0,T.

Due to the upper semicontinuity of a superdifferential mapping [54] and the structure of the superdifferential
Oh?(x, z), it is easy to check that the mapping t — Oh?(z(t), 2(t)) is upper semicontinuous, so it is measurable
(see [51]). Then due to the continuity of the function g;(t), the piecewise continuity of the function gs(t) and
due to the continuity of the scalar product in its variables we obtain that the mapping

t— min ((wi(t), g1(1)) + (wa(t), g2(1))) (6.10)
(w1,w2)’ €0h2(x(t),2(t))

is upper semicontinuous [56] and then is also measurable [51]. In proving statement 2) it will be shown that
under the assumptions made the set Oh?(z, z) is uniformly bounded in ¢ € [0, T, then by the continuity of the
function g;(¢) and the piecewise continuity of the function g2(t) it is easy to check that mapping (6.10) is also
uniformly bounded in ¢ € [0, 7. So we finally have that mapping (6.10) belongs to the space L§°[0,T].

Now we prove that the function ®(¢, «) is dominated by some integrable function on [0, 7] for all sufficiently
small @ > 0. As shown in the previous paragraph, the second summand in (6.9) is an integrable function. So it
remains to consider for sufficiently small « > 0 the first summand in (6.9). From the mean value theorem [48§]
(applied to the superdifferential) at each t € [0,T] and at each « > 0 one has

1 _
~ (W(@(t) + ag1(t), 2() + aga(8)) = h2(w (), 2(1)) ) € D (v (e 1), val2, 1)) g (1)

where vy (o, t) € co{z(t),z(t) + agi(t)}, v2(a,t) € co{z(t),z(t) + agz2(t)}. In proving statement 2) it will be
shown that under the assumptions made the set dh?(x,z) is uniformly bounded in t € [0,7], then by the
continuity of the function ¢, (t) and the piecewise continuity of the function go(¢) the first summand in (6.9) is

dominated by a piecewise continuous function for all sufficiently small o > 0.
In [34] it is shown that

T T
/ om0, 00(0) + (a8, 02(0)d = i | w0000 + twn(t) (et 611

wiwa)'€8($h?(.2)) wedp(z,2)

From relations (6.8) and (6.11) one obtains expression (6.5).
Prove statement 2): the corresponding proof may be found in [52].
The theorem is proved. 0
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7. CONSTRUCTING THE SUPERDIFFERENTIAL DESCENT DIRECTION
OF THE FUNCTIONAL [(z, 2)

In this section, we consider only the points (z,z) which do not satisfy minimum condition in Theorem 6.1.
Our aim here is to find the superdifferential (or the steepest) descent direction of the functional I(x, z) at the
point (z, z). Denote this direction G(z, z). Herewith G = (G1,G2)" € L2[0,T] x L2[0,T]. In order to construct
the vector-function G(x, z), consider the problem

T
max [l 0.1z = max / wA(t)dt. (7.1)
wedl(x,z) wedl(x,z) JO

Denote w the solution of this problem (below we will see that such a solution exists). The vector-function w,
of course, depends on the point (z,z) but we omit this dependence in the notation for brevity. Then one can
check that the vector-function

w(z(t),2(t),t)

| WI \Lgn [0,7]

G(a(t). 2(1), ) = (7.2)

is superdifferential descent direction of the functional I(z, z) at the point (x, z) (cf. (8.5), (8.6)). Recall that we
are seeking the direction G(z, z) in the case when the point (z, z) does not satisfy minimum condition (6.7), so

H@HLgn[o,T] > 0.
Note that we have the equalities

ol (x, 2) , /T . /T ~(t)
——= = min w(t), G(x(t), 2(t),t))dt = min w(t), ————— ) dt
(')G(x,z) wedl(z,2) Jo < ( ) ( ( ) ( ) )> wedI(z,2) Jo ( ) HwHL%n[O,T]

-1 ) T _ -1 r _ _
== |~ min / (—w(t), w(t)) dt | = ——— max / (w(t), w(t)) dt = —[[wl[rz 10,7
||w||L§n[O,T] wedl(z,2) Jo HwHLgn[o,T] wedl(z,z) Jo

which, considering (2.4) and the inequality [[w[|z 0,77 > 0, implies
I((z,2)+aG(z,2)) < I(x,2) (7.3)

for sufficiently small o > 0.

It is easy to check that in this case the solution of problem (7.1) is such a selector of the multivalued mapping
t — 9I(x(t), 2(t),t) that maximizes the distance from zero to the points of the set dI (z(t), z(t),t) at each time
moment ¢t € [0, T]. In other words, to solve problem (7.1) means to solve the following problem

_max w?(t) (7.4)
w(t)edI(x(t),z(t),t)

for each t € [0,T]. Actually, for every t € [0, 7] we have the obvious inequality

_ max w?(t) > w?(t)
weBI(w(t),2(t),t)
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where w(t) is a measurable selector of the mapping ¢ — 0I(z(t), 2(t),t) (from (5.5) we have w € L53[0,T]),
then we obtain the inequality

T T
/ _ max w?(t)dt >  max / w?(t)dt.
0 wedl(x(t),z(t),t) wedl(x,z) JO

Insofar as for every ¢ € [0,T] we have

Cmax  wi(t) € {uﬂ(t) | w(t) € éf(x(t),z(w,t)}
wed (z(t),z(t),t)

as the set 01 (z(t), z(t),t) is closed and bounded at every fixed ¢ by definition of the superdifferential and the
mapping ¢ — 01 (z(t), z(t), t) is upper semicontinuous [54] and besides, the norm (and its square) is continuous
in its argument, then due to Filippov lemma [57] there exists such a measurable selector w(t) of the mapping
t — 9I(x(t), 2(t),t) that for every ¢ € [0, T] one obtains

_ max wz(t) = @2(75)7
weBI(x(t),2(t),t)

so we have found the element w of the set dI(x, z) which brings the equality to the previous inequality. Hence,
finally we obtain

T T
/ _ max w?(t)dt = max / w?(t)dt.
0 wedl(x(t),z(t),t) wedl(x,z) JO

Problem (7.4) at each fixed ¢t € [0,7] is a finite-dimensional problem of finding the maximal distance from
zero to the points of a convex compact set (the superdifferential). This problem can be effectively solved;
the next paragraph describes its solution. In practice, one makes a (uniform) partition of the interval [0, T,
and this problem is being solved for every point of the partition, i.e. one has to calculate G(z(t;), 2(t;), t;)
where t; € [0,T], i = 1, N, are the points of discretization (see notation in Lem. 7.1). Under some natural
additional assumption, Lemma 7.1 guarantees that the vector-function obtained with the aid of the piecewise
linear interpolation of the superdifferential descent directions evaluated at every point of such a partition
of the interval [0,7] converges in the space L3,[0,T] to the vector-function G(xz(t),z(t),t) sought when the
discretization rank tends to infinity.

As noted in the previous paragraph, to construct the superdifferential descent direction of the functional
I(x, z) at the point (z,z) it is required to find the maximal distance from zero to the points of the functional
I(x(t), z(t)) superdifferential at each moment of time of a (uniform) partition of the interval [0, T]. From formula
(5.6) (see also (6.2)) we see that the superdifferential OI(z(t), z(t)) is a convex polyhedron P(t) C R*". Herewith,
of course, the set P(t) depends on the point (x, z). We will omit this dependence in the notation in this paragraph
for simplicity. It is clear that in this case it is sufficient to go over all the vertices p;(t), j = 1,s (here s is a
number of vertices of the polyhedron P(t)) and choose among the values ||p;(t)|| g2» the greatest one. Denote the
corresponding vertex pz(t) (j € {1,...,s}), and if there are several vertices on which the maximal norm-value
is achieved, then choose any of them. Finally, put w(t) = pz(?).

In work [52] one lemma is given which, on the one hand, has rather natural for applications conditions and,
on the other hand, guarantees that the function L(t) obtained via piecewise linear interpolation of the function
v € L$°[0, T] sought converges to this function in the space L?[0,7] when the rank of a (uniform) partition of
the interval [0, 7] tends to infinity.
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Lemma 7.1. Let the function v € L°[0,T] satisfy the following condition: for every & > 0 the function
v(t) is piecewise continuous on the set [0,T] with the exception of only the finite number of the intervals
(21(0),22(0)), - -, (£:(0),&41(8)) whose union length does not exceed the value §.

Choose the (uniform) finite splitting t1 = 0,to,...,ty_1,tn =T of the interval [0,T] and calculate the values
v(t;), i = 1, N, at these points. Let L(t) be the function obtained via piecewise linear interpolation with the nodes
(ti,v(t;)), i = 1, N. Then for every e > 0 there exists such a number N(g) that for every N > N(¢) one has
L = vl g < =

2
L3[0,T]

At a qualitative level Lemma 7.1 condition means that the function sought does not have “too many”
points of discontinuity on the interval [0, 7. If this condition is satisfied for the vector-function w(¢t) (what is
natural for applications), then this lemma justifies the approximation of the vector-function w(t) and hence,
the approximation of the vector-function é(.]?(t), z(t), t), by the values wW(t;), i = 1, N, at the separate points
of discretization implemented as described above.

8. ON A METHOD FOR FINDING THE STATIONARY POINTS OF THE
FUNCTIONAL I(z, 2)

Once the steepest (the superdifferential) descent direction has been constructed (see the previous section),
one can apply some methods (based on using this direction) of nonsmooth optimization to find stationary points
of the functional I(z, z).

The simplest steepest (superdifferential) descent algorithm is used for numerical simulations of the paper. To
convey the main ideas, we first consider the convergence of this method for an analogous problem in a finite-
dimensional case (which is of an independent interest); and then turn to a more general problem considered in
this paper.

First, consider the problem of minimization of a function which is a minimum of the finite number of
continuously differentiable functions. So let

p(z) = min fi(x),
1=1,M

where f;(x), ¢ =1, M, are continuously differentiable functions on R™.
It is known [40] that the function ¢(x) is differentiable at every point zg € R™ in any direction g € R",
[lgl|r =1, and

(o) . <3fz‘($o) > .
= min s = min w,g), 8.1
ag 1€R(x0) ox g w€5<p(xo)< g> ( )

Rlxo) ={i € {1,..., M} | fi(xo) = ¢(x0)},

Dy (o) = co { 8%(;0), i€ R(azo)} .

It is also known [40] that for the point * € R™ to minimize the function ¢(x), it is necessary to have

min  min ,g ) >0. 8.9
llgllrn=14i€R (x") < oz 7 (82)

Denote

U(z) = min min <8J;;x),g>. (8.3)

llglln=1i€R ()
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Then necessary minimum condition (8.2) of the function ¢(z) at the point z* may be rewritten as the inequality
U(z*) > 0.

From formulas (8.1) and (8.3) we see that, by definition, the vector go € R™, ||go]
descent direction of the function ¢(z) at the point 20 if we have

min <‘9f"(””0),go> = U (). (8.4)

iER(z0) ox

rn = 1, is the steepest

In terms of superdifferential (see (8.1)), the steepest descent direction [54] is the vector

Wo

go = T T 8.5
||’lU0| R™ ( )
where wy is a solution of the problem
max |[w|| = [[wol]. (8.6)
weop zo)

Let us apply the superdifferential (the steepest) descent method to the function ¢(z) minimization. Describe
the algorithm as applied to the function and the space under consideration. Fix an arbitrary initial point
x1 € R™. Suppose that the set

levg(e)p(-) = {x € R" | p(x) < p(21)}

is bounded (due to the arbitrariness of the initial point, in fact, one must assume that the set levy,,y¢(-) is
bounded for every initial point taken). Due to the function ¢(z) continuity [54] the set lev,,,,)¢(-) is also closed.
Let the point 23 € R" be already constructed. If U(xy) > 0 (in practice, we check that this condition is satisfied
only with some fixed accuracy &, i.e. U(xy) > —2), then the point z}, is a stationary point of the function p(z)
and the process terminates. Otherwise, construct the next point according to the rule

Tp+1 = Tk + QkGk,

where the vector g is the steepest (superdifferential) descent of the function ¢(z) at the point z
(see (8.5) and (8.6)) and the value «y is a solution of the following one-dimensional minimization problem

min p(zx, + agr) = e(Tk + argr)-
a>0

Then ¢(zr41) < o(zk).

The following theorem may be proven in the same way as in book [40].

Theorem 8.1. Under the assumptions made one has the inequality
limy,_, o ¥ (21) > 0 (8.7)

for the sequence built according to the algorithm above.

Now turn back to the problem of functional I(z, z) minimization. Denote (see formulas (7.1) and (7.2))

) oI(x,z) 9Ol(x,z)
U(x,z) = min = . 8.8
( ) HgHL%[O,T]xL%[O‘T]:l ag oG ( )
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Then necessary minimum condition of the functional I(x,z) at the point (z*, z*) may be written [58] as the
inequality ¥ (z*, z*) > 0.

We now apply the superdifferential (the steepest) descent method to the functional I(z, z) minimization. Let
us describe the algorithm as applied to the functional and the space under consideration. Fix an arbitrary initial
point (1), 2(1)) € Cn[0,T] x P,[0,T]. Suppose that the set

levregy,zand(h) = {(z,2) € CL[0,T] x P,[0,T] | I(z,2) < I(za),21))}

is bounded in L2[0, T] x L2[0, T]-norm (due to the arbitrariness of the initial point, in fact, one must assume that
the set levy(z,, z,,) L (+; ) is bounded for every initial point taken). Let the point (z (1), 2(x)) € Cn[0,T] x P[0, T
be already constructed. If \I/(:v(k), z(k)) > 0 (in practice, we check that this condition is satisfied only with some
fixed accuracy g, i.e. W(x(x),2x)) > —£) (in other words, if minimum condition (6.7) is satisfied (in practice,
with some fixed accuracy z, i.e. ||E(:Ek(t),zk(t)7t)\|L§n[07T] < §)), then the point (), z(x)) is a stationary
point of the functional I(z, z) and the process terminates. Otherwise, construct the next point according to the
following rule

(T (ht1)s 2k 1)) = (@ (k) 20) + ) G (2 (k) 2(8))

where the vector-function G(m(k),z(k)) is a superdifferential descent direction of the functional I(x,z) at
the point (z(), 2x)) (see (7.1) and (7.2)), and the value o) is a solution of the following one-dimensional
minimization problem

mmf((x(kw 29) + G (@0, 2) ) = T((@), 200) + a0 G 2y, 209) ).
Then according to (7.3) one has
H(@ (o) 201)) <T@y 208 ) -

Introduce now the set family 7. At first, define the functional I, ¢ = 1, (H i1 k(i )) as follows. Its integrand

is the same as the functional I one, but the maximum function max {fi,jl ()i, ., fi,jk(j)(x)wi}, j=1,r,is
substituted for each ¢ = 1,n by only one of the functions f; j, ¥, .., fisjupy¥is 3 € {1,...,7}. Let the family
7 consist of sums of the integrals over the intervals of the time interval [0,7] splitting for all possible finite
splittings. Herewith, the integrand of each summand in the sum taken is the same as some functional I, one,

ve (1 (I k))
Let for every point constructed by the method described the following assumption be valid: the interval [0, T]
may be divided into a finite number of intervals, in every of which for each i = 1,7 either h;(z ), 2(x)) = 0, or

one (several) of the functions < a;jr ot “’(m(“ , G (), 2(k ))> j=1,r,p=1,k(j), is (are) active.

Let us illustrate this assumption by an example. Consider the following simplest functional (whose structure,
however, preserves the basic features of the general case)

/1 %minQ{x(t) + 1, —x(t) + 1}dt.
0

Consider the point x(;) = 0 (i.e. x(1)(t) = 0 for all ¢ € [0,1]). To find the steepest (the superdifferential)
descent direction of the functional at this point one has, according to the theory described, to minimize the
1

directional derivative (calculated at this point), i.e. to find such a function G € L2[0, T], / G?(t)dt = 1, that
0
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minimizes the functional

1
/ min{z () + 1, =2y (t) + 1} min{g(t), —g(t) }dt.
0
1
Here g € L3[0,T], / g*(t)dt = 1. Take
0

G(t)_{ —1, ifte[0,0.5],

1, ifte(0.5,1]

1

as one of obvious solutions. Herewith, ¥(x () = / —1dt = —1. We see that the assumption made is satisfied.
0

Take

0.5 1
i) = /O 5 (at) + 17241 + /0  (t) + 1%t

5
Then we have
I (z) +aG(zwy) = L(zw) + a¥(zq) + o(za), Glz), o)
since
- [ 1, ifte]0,0.5],
Vi) = { —1, ifte(0.5,1],
A 1 A~
i.e. VI(x))G(z)) = / —1dt = —1. It is obvious that I € Z. Note that with a(;) = 1 one gets the point
0
[ -1, ifte]0,0.5],
z)(t) = { 1, ifte(0.5,1],
which delivers the global minimum to the functional considered.
For functionals from the family Z we make the following additional assumption. Let there exists such a finite

number L that for every I € Z and for all Z, %, T, Z from a ball with the center in the origin and with some finite

radius R’ + & (here R > sup [[(z,2)||L2[0,7)x L2 [0,r] and & is some positive number) one has
(z.2)€levicay oy 1)

IVI(z,z) — VIE,Z)|

20,7xz20,7) < LT, 2)" = (@, 2) |12 0,7)x L2 [0,7)- (8.9)
Remark 8.2. At first glance it may seem that the Lipschitz constant L existence for all Iez simultaneously
in the assumption made is too burdensome. However, if one remembers that on each of the finite number
of the interval [0,7T] segments the functional I € 7 integrand coincides with the integrand of the functional

n
I, q€ {1, e (H;Zl k(j)) }, by construction (see the set Z definition), then this assumption is natural if we
J
continuity condition is a common assumption for justifying classical optimization methods for differentiable
functionals.

. n
suppose the Lipschitz-continuity of every of the gradients VI, ¢ = 1, <H7:1 k(j )) ; and this gradient Lipschitz-
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Lemma 8.3. Let condition (8.9) be satisfied. Then for each functional I € T and for all (z,2) €
levr(egy 205 ), G € Col0,T] x P[0, T, ||Gllrz(0,m)x220,1) = 1, @ € R, 0 < av < & ome has the inequality

I((x,2)+aG) <I(z,z)+a(VI(z,2),G)+ a2§.

Proof. The proof can be carried out with obvious modifications in a similar way as for the analogous statement
in [59]. O

We suppose that during the method realization for each k € N one has o) < & where & is a number from
Lemma 8.3 (see also the assumption before Rem. 8.2).

Theorem 8.4. Under the assumptions made one has the inequality
liimkﬁoo\p(z/ﬁ Zk) >0 (810)

for the sequence built according to the rule above.

Proof. Assume the contrary. Then there exists such a subsequence {(zy;, z,)}32; and such a number b > 0
that for each j € N' we have the inequality

\I'(xkj,zkj) < —b. (8.11)

From the steepest descent direction (see (8.8)) and the set T definitions (see also (6.4)) it follows that for
every j € N there exists a functional I from the family Z such that for each o > 0 the relation

1 ((xk]. »2hy) + O‘G(xkj’zkj)) = f(xkj’zkj) +aW(wg,, 2x,) + 0 ((xkj’zkj)’ G(xny, 2hy), O‘) (8.12)
holds; herewith,

\I/(xkj,zkj) = <Vj($kj,2kj)7G(lL'kj,ij)> .

Recall that [ (wx;, zx;) = I(zk;, 21,) for each functional I from the family Z by this set definition. Then from
inequality (8.11) by virtue of Lemma 8.3 there exists @ > 0 which does not depend on the number k;, such that
for I € T satisfying (8.12) and for each o € (0, @] one has the inequality

R 1
I ((l‘kj s ij) + aG(xkj ) Zk; )) < I(ilfkj R ij) — iab
Using the set Z definition, we finally have

1
I (((Ekj 5 ij) + aG(xk]. 5 Zk])) < I(l‘k] 5 Zk].) — 557 (813)
where 8 = @b, uniformly in j € N.
This inequality leads to a contradiction. Indeed, the sequence {I (l‘(k), z(k))}zozl is monotonically decreasing
and bounded below by zero (recall the functional I(z, z) is nonnegative by construction), hence, it has a limit:

{I(xgy, 20))} = I* at k — oo, (8.14)

herewith, at each k € NV one has {I(z),zx))} > I*.
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FIGURE 1. Example 1.
Now choose such a big number ; that
L 1
I($(k7),2(k7)) <I"+ 56
Due to (8.13), we have

I(@ (1s11)5 2(041)) < L@ k5)5 2(05)) +OGRy) < I

what contradicts (8.14). O

Remark 8.5. It is easy to show that, in fact, in formulas (8.7) and (8.10) the lower limit can be substituted
by the “ordinary” limit and the inequality can be substituted by the equality in the cases considered.

9. NUMERICAL EXAMPLES
In this section we give two illustrative examples of the algorithm described implementation.
Example 9.1. Consider the differential inclusion
&1 € w2+ [=2,2](|z1| + [z2]), 2 € 21+ [-2,2] (|1 + [22])
on the time interval [0, 1] with the boundary conditions
301(0) = 0, LIJ‘Q(O) = ]., xl(l) = 0, %2(1) = 2.
As the phase constraint surface put
s(z) =z =0.

Take (2(1), 2(1)) = (0,0,0,0)" as the first approximation (i.e. all the functions considered are identically equal
to zero on the interval [0, 1]), then I(xz(1), 2(1)) = 1. At the end of the process the discretization step was equal to
2% 10~". Figure 1 illustrates the trajectories obtained. Denote yif = x; + 2(|z1| 4 |@2|), ¥ = @2 £ 2(|z1| + |22]).
From the picture we see that the differential inclusion is satisfied. The trajectory lies on the surface required as
well. The boundary values error doesn’t exceed the magnitude 5 x 1073. To obtain such an accuracy 5 iterations
have been required. The functional value on the trajectory obtained is approximately 3 x 1072,
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FIGURE 2. Example 2.

Example 9.2. Consider the differential inclusion
&1 € co{®y, xa, 23}, dg € co{—2x1,23}, I3 =121+ T2
on the time interval [0, 1] with the boundary conditions
21(0) = —1, 22(0) = —1, 23(0) = 2.5, x1(1) =1, 2o(1) =1, z3(1) = 2.5.
As the phase constraint surface put
s(z) =21 — 22 = 0.

Take (1), 2(1)) = (0,0,0,0,0,0)" as the first approximation (i.e. all the functions considered are identically
equal to zero on the interval [0,1]), then I(x(y), 2(1)) = 8.125. At the end of the process the discretization step
was equal to 10~!. Figure 2 illustrates the trajectories obtained. From the picture we see that the differential
inclusion is satisfied. The trajectory lies on the surface required as well. The boundary values error doesn’t
exceed the magnitude 2 x 1073, To obtain such an accuracy 66 iterations have been required. The functional
value on the trajectory obtained is approximately 2 x 107°.

Note that we have intentionally taken such a constraint surface to make the trajectories z1(t) and xo(t)
coincide. So if on some iterations the trajectory already lies on the surface s(x) = 0 and hy(x, z) > 0, then both
of these trajectories would be active on some nonzero time interval (if x;(t) = xo(t) > z3(t) on this interval).
That would lead to calculating the “full-fledged” superdifferential (not the one that degenerates into a single
point) on these iterations.

10. DISCUSSION

Let us briefly explain why the paper novel idea of the variables x and z separation is crucial. Denote

I(2) = ¢(2) + x(2) + w(2)

- ;/OT h? (mo + /OtZ(T)dT,Z(t))dt + % > (x()j + /OT z;(t)dt — ij> + % /OT 2 (mo + /Ot z(r)dq—)dt.
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If this “separation technique” is not implemented, on some iteration k of the functional Z(z) minimization
algorithm one has to solve the following problem:

T
max / w?(t)dt. (10.1)
wedI(z) Jo

However, if one calculates the functional Z(z()) superdifferential than it is seen that the integrand of functional
t

in expression (10.1) contains, in general case, the functions of the form [ W(r)dr, t € [0,T]. It is an Aumann

integral, because W (7) belongs to some compact set at each 7 € [0,¢] (and other conditions required of the
Aumann integral definition are satisfied as well). It is unclear how to choose the function W (t) in this case
to solve problem (10.1). The idea of the paper implemented allows to get rid of such Aumann integrals in the
superdifferential structure and to solve problem

_max w?(t)
w(t)edI(z(t),z(t),t)

at each point t € [0, 7] (see (7.4) and justification therein).

Also note that the method proposed is original in the following sense: it is “continuous” as the discretiza-
tion is implemented only after the supderdifferential descent direction is already obtained. So this method is
qualitatively different from the majority of the existing ones based on the direct discretization of the initial
problem.

Acknowledgements. The main results of this paper (Sects. 6, 7, 8, 9) were obtained in IPME RAS and supported by Russian
Science Foundation (grant 20-71-10032).
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