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Wavelets on the sets of M -positive vectors in the Euclidean space are studied. These sets
are multidimensional analogs of the half-line in the Walsh analysis. Following the ideas
of the Walsh analysis, the space of M -positive vectors is equipped with a coordinate-
wise addition. Harmonic analysis on this space is also similar to the Walsh harmonic
analysis, and the Fourier transform is such that there exists a class of so-called test
functions (with a compact support of the function itself and of its Fourier transform).
Tight wavelet frames consisting of the test functions are studied. A complete description
of the masks generating such frames is given, and an algorithmic method for constructing
them is developed. These frames may be very useful for applications to signal processing
because some examples of such systems on the half-line were already investigated in this
aspect, and it appeared that they have an advantage over classical wavelet systems when
used for processing fractal signals and images.

Keywords: M -positive vectors; Walsh function; test-function; tight wavelet frame; refin-
able function.

Mathematics Subject Classification 2020: 42C10, 42C15, 42C40, 68U10

1. Introduction

The set/space of M -positive vectors in Rd, associated with a dilation matrix M ,
was introduced and studied in [12, 26]. Many of such sets have a complicated
fractal structure. The sets of M -positive vectors are equipped with the coordinate-
wise addition modulo M, which makes them very similar to the Vilenkin groups,
although they are not groups. What makes this similarity possible is that on the
one hand, the functions χ(·, ω) play the role of the characters for Vilenkin groups,
and on the other hand, the Walsh functions, playing the role of harmonics, are
defined via these pseudo-characters.

Also, similarly to the Vilenkin groups, the concept of Fourier transform is asso-
ciated with these “characters”. The corresponding harmonic analysis was developed
in [26], where the Poisson summation formula, the Plancherel theorem, the inver-
sion formula, the Vilenkin–Chrestenson formulas and other natural properties of
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the Fourier transform and Walsh functions were proved. Another similarity between
the spaces of M -positive vectors and Vilenkin groups is the existence of a class of
compactly supported functions whose Fourier transform also has compact support
(called test functions), which never happens in classical harmonic analysis (see,
e.g., [15]).

In this paper we develop a method for constructing tight wavelet frames con-
sisting of the test functions. Problems of this kind have been actively studied for
the Vilenkin groups (see, e.g., [4, 5, 10, 18, 20, 24]), where the construction of
frames is based on a refinable function in the same way as in the usual wavelet
theory on the real line. An algorithmic method for constructing compactly sup-
ported tight wavelet frames on the basis of a Walsh polynomial (which plays the
same role as a trigonometric polynomial in the classical analysis) was known due to
[8, 25]. However it was not clear what Walsh polynomials provide the step wavelet
functions, although a lot of examples were known. The answer to this question for
the Vilenkon groups was given in [11]. Now we obtain similar results for the spaces
of M -positive vectors.

The simplest special case of the space of M -positive vectors is the half-line, where
the matrix dilation is just a positive integer M. Wavelet theory on the half-line,
equipped with a coordinate-wise addition modulo M, was developed in [3, 6, 7, 23].
In particular, a number of examples of tight wavelet frames consisting of the test
functions were presented there. Wavelet systems consisting of the test functions
are of interest not only in the theoretical aspect, but also for some applications, in
particular, for signal processing. It is shown in [7] that using some such systems
on the half-line for processing fractal signals and images has an advantage over
classical wavelet systems.

Note that study of wavelet frames defined on the whole space Rd is an old topic
(see, e.g., [16]), nevertheless, it is actively investigated up to now (see, e.g., [1, 19]).
We are interested in wavelets defined on the spaces of M -positive vectors, that is
an essentially new topic.

2. Space of M-Positive Vectors

In this section, all the necessary information about the spaces of M -positive vector
is given, and the proofs of all formulated statements can be found in [12].

Let 〈·, ·〉 be the inner product in a Hilbert space, and μ be the Lebesgue measure
on Rd. As usual, Zd is the integer lattice of Rd and 0 is the zero vector in Rd. The
characteristic function of a set Y ⊂ Rd is denoted by 1Y . Let Md denote the class
of dilation matrices of order d, i.e. integer (d × d)-matrices M such that all their
eigenvalues are bigger than 1 in absolute value. It is well known that

∞∑
n=1

‖M−n‖δ <∞ (1)

for any M ∈ Md and any δ > 0 (see, e.g., [21, §2.2]).
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Let M ∈ Md, m := | detM | and M∗ be the matrix transposed to M . Vectors
l, k ∈ Zd are said to be congruent modulo M (write l ≡ k (modM)) if l − k = Ms

for some s ∈ Zd. A set D = D(M) = {s0, s1, . . . , sm−1}, where si ∈ Zd, s0 = 0
and si 	≡ sj (modM) whenever i 	= j, i, j ∈ {0, 1, . . . ,m − 1}, is called a set of
digits for M . Similarly, D∗ = D(M∗) = {s∗0, s∗1, . . . , s∗m−1} denotes a set of digits
for M∗.

Let D be a set of digits for M ∈ Md. Denote by X+ = X+(M,D) the set of
vectors x ∈ Rd represented as

x =
∞∑

j=−∞
M−jxj =

∞∑
j=−N

M−jxj , xj ∈ D, (2)

where N = N(x) ∈ Z, i.e. xj = 0 whenever j < −N . Denote also by U+ the set of
vectors x ∈ Rd represented as

x =
∞∑
j=1

M−jxj , xj ∈ D. (3)

It is known that the Lebesgue measure of U+ is a positive integer, see [13].
An element x given by (2) can be also written as follows:

x = x−Nx−N+1 . . . x0, x1x2 . . . ,

that will be used in what follows. If x has a finite representation (2), i.e. xj = 0
whenever j > n, we will write

x = x−Nx−N+1 . . . x0, x1 . . . xn,

Denote by X0 = X0(M,D) the set of vectors x ∈ X+ for which a finite repre-
sentation (2) exists.

Theorem 1. Representation (2) is unique for almost all x ∈ X+(M,D), and for
every x ∈ X0(M,D) there exists a unique finite representation (2).

We will use the finite representation of a vector x ∈ X if it exists.

Definition 2. Given a matrix M ∈ Md and a set of its digits D, the space of
M -positive vectors is defined by

X = X(M,D) := (X+ \ X̃) ∪X0,

where X̃ is the set of vectors x ∈ X+ that have at least two infinite representa-
tions (2).

Thus, the set of M -positive vectors is more or less similar to the set of
non-negative numbers. Also we introduce the following analogs of the unit
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interval [0, 1), of the set of non-negative integers and of the set of n-digit
numbers.

U = U(M,D) := {x ∈ X(M,D) : xj = 0, ∀ j ≤ 0},
H = H(M,D) := {x ∈ X(M,D) : xj = 0, ∀ j > 0},

Hn = Hn(M,D) := {x ∈ H(M,D) : xj = 0, ∀ j ≤ −n}.
It is known that U is a bounded set, has a non-empty interior (see [21,§ 2.8;
16, § 6.1; 2, 17]) and, obviously,

MU =
⋃
s∈D

(U + s). (4)

The space X∗ and the sets U∗, H∗, H∗
n are defined similarly with respect to

the matrix M∗. Note that the sets U , U∗ have a complex fractal structure for some
matrices M , see, e.g., Fig. 1.

Note that, because of (4) and a similar relation for U∗, we have

Mn(U) =
⋃
γ∈Hn

(U + γ), (M∗)n(U∗) =
⋃

γ∗∈H∗
n

(U∗ + γ∗). (5)

To numerate the elements of H by the non-negative integers, we set

γ[k] :=
∞∑
j=0

M jskj , where k =
∞∑
j=0

kjm
j, kj ∈ {0, 1, . . . ,m− 1},

and

Un,k := M−nγ[k] +M−n(U), n ∈ Z, k ∈ Z+. (6)

The elements γ∗[k] and the sets U∗
n,k are defined similarly.

(a) (b)

Fig. 1. M =
“

1
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Next we introduce an operation ⊕ of coordinate-wise addition on X . Fixing a
set of digits D, we define the sum of vectors x, y ∈ X as

x⊕ y :=
∞∑

j=−∞
M−j(xj ⊕ yj),

where xj , yj are the digits from (2) for x and y, respectively, and xj ⊕ yj is the
digit congruent to xj + yj modulo M .

Proposition 3. If x, y ∈ X, then x⊕ y ∈ X.

For every x ∈ X and ω ∈ X∗, we set

χ(x, ω) := exp

⎛⎝2πi
∑
j∈Z

〈M−1xj , ω1−j〉
⎞⎠ (7)

and note the following trivial properties of these functions:

χ(x⊕ y, ω) = χ(x, ω) · χ(y, ω) for all x, y ∈ X, ω ∈ X∗,

χ(Mx,ω) = χ(x,M∗ω) for all x ∈ X, ω ∈ X∗.

Note that changing roles of X and X∗, we can consider a similar function
χ∗(ω, x), and obviously, χ∗(ω, x) = χ(x, ω).

Lemma 4. If ω ∈ H∗, ω 	= 0, then∫
U

χ(x, ω) dμ(x) = 0. (8)

Thus, we see that these functions χ have the same properties as the characters
of a group, although our X is not a group, and a concept of the Fourier transform
can be introduced in a similar way to groups.

Definition 5. For a function f ∈ L1(X), its Fourier transform is defined by

f̂(ω) =
1

μ(U)

∫
X

f(x)χ(x, ω)dμ(x), ω ∈ X∗ (9)

and it extends to the space L2(X) in the standard way.

Theorem 6. If f ∈ L2(X), then f̂ ∈ L2(X∗) and

1
μ(U)

∫
X

|f(x)|2 dμ(x) =
1

μ(U∗)

∫
X∗

|f̂(ω)|2 dμ(ω). (10)

If, moreover, f, g ∈ L2(X), then we have

1
μ(U)

∫
X

f(x)g(x) dμ(x) =
1

μ(U∗)

∫
X∗

f̂(ω)ĝ(ω) dμ(ω). (11)

Proposition 7. If f ∈ L2(X) and γ ∈ H, then

̂f(· ⊕ γ)(ω) = f̂(ω)χ(γ, ω), ω ∈ X∗.
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Let us introduce the following classes of step functions f given on X .

Sn(X) := {f : f(x) = f(x′) for all x, x′ ∈ Un,k, k ∈ Z+},
S(k)
n (X) := {f ∈ Sn(X) : supp f ⊂Mk(U)}, S(X) :=

⋃
n,k

S(k)
n (X).

The elements of the class S(X) are called the test functions. The classes Sn(X∗),
S(k)
n (X∗) and S(X∗) are defined similarly.

Theorem 8. Let f ∈ L2(X). For f ∈ Sn(X), it is necessary and sufficient that
supp f̂ ⊂ (M∗)n(U∗). In particular, for every integers n and k, there holds

f ∈ S(k)
n (X) ⇔ f̂ ∈ S(n)

k (X∗).

Proposition 9. The set S(X) is dense in L2(X).

Theorem 10. For every g ∈ L2(X∗) there exists f ∈ L2(X) such that f̂ = g. This
function f is the inverse Fourier transform of g, which is defined on L(X∗) by the
formula

f(x) =
1

μ(U∗)

∫
X∗

g(ω)χ(x, ω) dμ(ω),

and extends to L2(X∗) in the same way as the Fourier transform.

Definition 11. The Walsh function is a function Wα, α ∈ Z+, defined on X∗ by
the formula

Wα(ω) := χ∗(ω, γ[α]) = χ(γ[α], ω);

a linear combination of the Walsh functions Wα, α < mn, i.e.

m0(ω) =
mn−1∑
k=0

akWk(ω) (12)

is called the Walsh polynomial of order n.

Proposition 12. A function w : X → C is a Walsh polynomial of order n if and
only if it is an H-periodic function (i.e. w(u⊕h) = w(u) for all u ∈ U and h ∈ H)
that is constant on each set Un,k, 0 ≤ k ≤ mn − 1.

Theorem 13. The system {Wα/
√
μU∗}∞α=0 is orthonormal in L2(U∗).

3. Refinable Functions

We are going to construct wavelet frames following the standard scheme associated
with a multiresolution analysis generated by a refinable function.
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Let m0 be a Walsh polynomial of order n. Remind that, by Definition 2 and
Theorem 1, for every ω ∈ X∗ there is either a unique representation or a unique
finite representation (which is always chosen) of the form

ω =
∞∑

j=−∞
M∗−jωj =

∞∑
j=N

M∗−jωj , ωj ∈ D∗,

that we are writing as follows:

ω = ω−N . . . ω0, ω1ω2 . . .

or

ω = ω−N . . . ω0, ω1 . . . ωn

in the case of finite representation, and, due to Theorem 12, we have

m0(ω) = m0(0, ω1, . . . , ωn). (13)

In what follows, we consider Walsh polynomialsm0 of order n such thatm0(0) =
1 and denote the class of such polynomials by M(n)

0 .

Definition 14. A function ϕ ∈ L2(X) is called refinable if its Fourier transform
satisfies the following refinement equation:

ϕ̂(ω) = m0((M∗)−1ω)ϕ̂((M∗)−1ω), ω ∈ X∗, (14)

where m0 ∈ M(n)
0 . The Walsh polynomial m0 is called the mask of the refinable

function ϕ.

Proposition 15. If m0 ∈ M(n)
0 satisfies the following condition:∑

s∗∈D∗

∣∣∣m0

(
ω ⊕ (M∗)−1s∗

)∣∣∣2 ≤ 1, ∀ω ∈ X∗, (15)

then the function

g(ω) :=
∞∏
j=1

m0((M∗)−jω), ω ∈ X∗, (16)

belongs to L2(X∗) ∩ Sn−1(X∗) and a function ϕ such that ϕ̂ = Cg is a compactly
supported refinable function with the mask m0.

Proof. Setting

f0 = 1U∗ , fk =
k∏
j=1

m0((M∗)−j ·)1(M∗)k(U∗), k ∈ N, (17)
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due to (5), for every k ∈ N, we have∫
X∗

|fk+1|2 dμ =
∑
s∗∈D∗

∫
(M∗)kU∗+(M∗)ks∗

|fk+1|2 dμ

=
∑
s∗∈D∗

∫
(M∗)kU∗

|fk+1(ω + (M∗)ks∗)|2 dμ(ω)

=
∑
s∗∈D∗

∫
(M∗)kU∗

∣∣∣∣∣
k+1∏
j=1

m0

(
(M∗)−jω + (M∗)k−js∗

)∣∣∣∣∣
2

dμ(ω).

Because of H∗-periodicity of m0, (15) and the equality

(M∗)−jω + (M∗)k−js∗ = (M∗)−jω ⊕ (M∗)k−js∗, ω ∈ (M∗)kU∗,

it follows that∫
X∗

|fk+1|2 dμ

=
∫

(M∗)kU∗

∣∣∣∣∣
k∏
j=1

m0

(
(M∗)−jω

)∣∣∣∣∣
2 ∑
s∗∈D∗

∣∣∣m0

(
(M∗)−k−1ω + (M∗)−1s∗

)∣∣∣2 dμ(ω)

≤
∫

(M∗)kU∗

∣∣∣∣∣
k∏
j=1

m0

(
(M∗)−jω

)∣∣∣∣∣
2

dμ(ω) =
∫
X∗

|fk|2 dμ.

Reiterating this k + 1 times, we obtain∫
X∗

|fk+1|2 dμ ≤
∫
X∗

|f0|2 dμ =
∫
U∗

dμ = μ(U∗).

Since m0(0) = 1, by Theorem 12, the polynomial m0 is identically equal to 1
on the set U∗

n,0. Therefore, for each ω ∈ X∗, the product (16) can contain only
a finite number of factors different from 1. Hence, this product converges for any
ω ∈ X∗, and, due to Fatou’s theorem,∫

X∗
|g|2 dμ ≤ sup

k

∫
X∗

|fk|2 dμ ≤ μ(U∗).

It follows that g ∈ L2(X∗). Since, by Theorem 12, for every j ≥ 1 the functions
m0((M∗)−j ·) are constant on the sets U∗

n−1,s, s ∈ Z+, we have g ∈ Sn−1(X∗).
According to Theorems 10 and 8, if a function ϕ ∈ L2(X) is such that ϕ̂ = Cg,
then it is compactly supported and, obviously, relation (14) is satisfied, i.e. ϕ is
refinable.
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Thus, given a suitable Walsh polynomial m0 ∈ M(n)
0 , for any constant C we

have a refinable function ϕ such that

ϕ̂(ω) = C
∞∏
j=1

m0(M∗−jω), C > 0, (18)

and, because of (13), this equality takes the form

ϕ̂(ω) = Cm0(0, ω0 . . . ωn−1) . . . ,m0(0,0 . . .0ω−N). (19)

Obviously, for any refinable function ϕ with a mask m0, its Fourier transform is
given by (18). Since m0 ∈ Sn (because of Theorem 12), it follows from (19) that
ϕ̂ ∈ Sn−1(X∗) and, by Theorem 8, the function ϕ is compactly supported. However,
we want to have refinable functions that are the step functions, i.e. we are interested
in refinable functions from the space S(X).

Definition 16. Given r ∈ Z+, n ∈ N and m0 ∈ M(n)
0 , σr = σr(m0) is the set of

vectors

(ξ0, ξ1, . . . , ξr), ξj ∈ D∗, ξ0 	= 0,

such that

m0(0, ξ1−n+l . . . ξl) 	= 0, ∀ l ∈ {0, 1, . . . , r}, (20)

where ξj = 0 whenever j < 0;
σ∞ = σ∞(m0) is the set of sequences

(ξ0, ξ1, ξ2, . . .), ξj ∈ D∗, ξ0 	= 0,

such that (20) holds for all r ≥ 0.

Note the following obvious properties of these new notions. If σr = ∅, then
σr+1 = ∅, and if σ∞ 	= ∅, then σr 	= ∅ for all r.

Lemma 17. Suppose that m0 ∈ M(n)
0 is the mask of a refinable test function ϕ.

Then σ∞ = ∅.

Proof. Assume that σ∞ contains a sequence (ξ0, ξ1, . . .) with ξ0 	= 0. Then, by (19),

ϕ̂(ξ0 . . . ξN , ξN+1 . . . ξN+n−1)

= m0(0, ξN . . . ξN+n−1)m0(0, ξN−1 . . . ξN+n−2) . . .m0(0,0 . . .0ξ0) 	= 0

for everyN ∈ N. Thus, the function ϕ̂ is not compactly supported, which contradicts
our assumption that ϕ is a test function, because of Theorem 8.

Lemma 18. Suppose that m0 ∈ M(n)
0 and r ∈ Z+. If σr = ∅, then the function

g(ω) :=
∞∏
k=1

m0(M∗−kω)

belongs to the space S(r−n+1)
n−1 (X∗).
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Proof. First of all we note that g(ω) is finite for every ω because, by (13), we have
m0(M∗−kω) = m0(0) = 1 whenever k is large enough. Since m0 ∈ Sn(X∗), obvi-
ously, g belongs to the space Sn−1(X∗). Let us check that supp g ⊂M∗(r−n+1)(U∗).
Assume that there exists ω ∈ X∗ such that ω 	∈ M∗(r−n+1)(U∗) and g(ω) 	= 0. If
now ω = M∗(r−n+l+1)(ξ0, ξ1, ξ2, . . .), where l ∈ Z+, ξj ∈ D∗ and ξ0 	= 0, then
m0(M∗−kω) 	= 0 for all k ∈ N. Due to (13), for every positive integer k ≤ r+ 1, we
have

m0((M∗)−k−lω) = m0

(
(M∗)r+1−n−k(ξ0, ξ1, ξ2, . . .)

)
= m0(0, ξr−n−k+2 . . . ξr−k+1) 	= 0,

where ξj = 0 whenever j < 0. Hence the vector (ξ0, ξ1, . . . , ξr) is in σr, which
contradicts our assumption that σr = ∅.

Theorem 19. Let m0 ∈ M(n)
0 , n ∈ N, and let r = mn−1 − 1. For the function m0

to be the mask of a refinable test function it is necessary and sufficient that σr = ∅.

Proof. The sufficiency follows from Lemma 18, Theorems 8 and 10.
To prove the necessity, we assume thatm0 is the mask of a refinable test function

ϕ. By Theorem 8, it follows that ϕ̂ is also a test function. Assume that σr 	= ∅,
which means the existence of a vector (ξ0, . . . , ξr) ∈ σr.

If ξl+1 = 0, . . . , ξl+n−1 = 0 for some l ≤ r − n+ 1, then

(ξ0, . . . , ξl,0,0, . . .) ∈ σ∞,

which contradicts Lemma 17.
Since there are at most r vectors (ξk+1, . . . , ξk+n−1), ξj ∈ D∗, different from

(0, . . . ,0), there exist k1 and k2, −n+ 2 ≤ k1 < k2 ≤ r − n+ 2, such that

ξk1+j = ξk2+j, j = 0, . . . , n− 2. (21)

If k2 − k1 > n− 1, then the vector (ξk1 , . . . , ξk2−1, ξk2 , . . . , ξk2+n−2) is a part of

(ξ−n+2, . . . , ξ−1, ξ0, . . . , ξr).

Hence, taking into account (21), we have

(ξ0, . . . , ξk1 , . . . , ξk2−1, ξk1 , . . . , ξk2−1, ξk1 , . . . , ξk2−1, ξk1 , . . .) ∈ σ∞ (22)

whenever k1 ≥ 0, and

(ξ0, . . . , ξk2−1, ξk1 , . . . , ξk2−1, ξk1 , . . . , ξk2−1, ξk1 , . . . , ξk2−1, . . .) ∈ σ∞ (23)

whenever k1 < 0.
Let now k2−k1 ≤ n−1, and let L be the maximal integer such that L(k2−k1) ≤

n− 1. Since the vector

(ξk1 , . . . , ξk2−1, ξk1 , . . . , ξk2−1, . . . , ξk1 , . . . , ξk2−1),
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where ξk1 , . . . , ξk2−1 is taken L+ 1 times, is a part of

(ξ−n+2, . . . , ξ−1, ξ0, . . . , ξr),

again (22) or (23) holds, which contradicts Lemma 17.

Due to Theorem 19, to construct a refinable test function one has to choose
m0 ∈ M(n)

0 such that for every chain of digits

ξ0, ξ1, . . . , ξr, r = mn−1 − 1, ξj ∈ D∗, ξ0 	= 0

there exists l ≤ r such that

m0(0, ξ1−n+l . . . ξl) = 0,

where ξj = 0 whenever j < 0. To see all possibilities choosing zeros of m0, it is
convenient to present the vectors (ξ1−n+l, . . . , ξl) as tree vertices (see Fig. 2 for
the case m = n = 3, where for simplicity we write k1k2k3 instead of the vector
(s∗k1 , s

∗
k2
, s∗k3). We set the null vector to the root, and organize each branch as

follows:

(0, . . . , 0) → · · · → (ξ1−n+l, . . . , ξl) → (ξ2−n+l, . . . , ξl+1) → · · · .
Consider the case m = n = 3 in more detail. Note that four first columns of the

tree contain all elements corresponding to different vectors (ξ1, ξ2, ξ3), ξj ∈ D∗, so
m0 is defined by setting all the values m0(0, ξ1ξ2ξ3). We need to provide at least
one zero of m0 on every branch of the tree. The simplest way is to choose zeros
in the elements of the second column. However, if we want ϕ to have smaller size
of the steps, it’s worth to keep non-zero elements as long as possible. Each of the

Fig. 2. The scheme for choosing zeros in the case m = n = 3.
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zeros in the second column can be replaced by three zeros from the third column. If
there are no zeros in first three columns, we can vanish m0 in some elements of the
fourth column. It is clear from the proof of Theorem 19, that m0 must be vanished
in the points 0, ξ1ξ2ξ3 corresponding to the elements

100, 101, 111, 200, 202, 222.

Taking into account that the elements 100, 101, 102 follow again after 110 and 210
and the elements 200, 201, 202 follow again after 120 and 220, we see that it is
not necessary to vanish m0 in the points, corresponding to 110, 210, 120 and 220.
Next, since the elements 120, 121, 122 follow again after 112 and 212, the elements
110, 111, 112 follow again after 211, and the elements 210, 211, 212 follow again after
221, we see that it suffices to vanish m0 only in the points, corresponding to the
circled elements.

4. Tight Wavelet Frames on X

Let ψ(1), . . . , ψ(q) ∈ L2(X), where q ≥ m− 1. The set of functions

{ψ(ν)
j,k : 1 ≤ ν ≤ q, j ∈ Z, k ∈ Z+},

where

ψ
(ν)
j,k (x) = mj/2ψ(ν)(M jx⊕ γ[k]), x ∈ X,

is called the wavelet system, generated by the wavelet functions ψ(ν).
A wavelet system is called a tight wavelet frame in L2(X) if

∑
j∈Z

∑
k∈Z+

q∑
ν=1

|〈f, ψ(ν)
j,k 〉|2 = B‖f‖2, B > 0, (24)

for every f ∈ L2(X). If B = 1, then the system is said to be a Parseval frame.
The above concept of wavelet tight/Parseval frame is a special case of the well-

known notion of a frame in a Hilbert space, and the general frame theory is deeply
investigated (see, e.g., [16, Sec. 1.2]). In particular, it is known that a wavelet system
{ψ(ν)

j,k }j,k,ν is a Parseval frame if and only if for every f ∈ L2(X) there holds

f =
∑
j∈Z

∑
k∈Z+

q∑
ν=1

〈f ψ(ν)
j,k 〉ψ(ν)

j,k .

Now we describe a method for constructing tight wavelet frames in L2(X) based
on a suitable Walsh polynomial m0 given by (12).

Lemma 20. Let m0 ∈ M(n)
0 satisfy (15) and q ≥ m−1 (q > m−1 in the case of the

strict inequality in relations (15)). Then there exist Walsh polynomials m1, . . . ,mq
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of order n satisfying the following condition:
q∑

ν=0

mν((M∗)−1(ξ ⊕ s∗k))mν((M∗)−1(ξ ⊕ s∗k′)) = δk,k′ , ∀ ξ ∈ X∗. (25)

Proof. First of all we note that (15) may be rewritten in the form

m−1∑
k=0

∣∣∣m0

(
0, s∗kξ2 . . . ξn)

∣∣∣2 ≤ 1, ∀ (ξ2, . . . , ξn), ξj ∈ D∗. (26)

For every fixed (ξ2, . . . , ξn), we set b0k = m0(0, s∗kξ2 . . . ξn), k = 0, . . . ,m−1, choose
numbers b0m, . . . , b0q, such that |b00|2 + · · · + |b0q|2 = 1. Note that one can take
q = m − 1 only in the case |b00|2 + · · · + |b0,m−1|2 = 1. Using the Householder
transform, we find numbers bνk, ν = 1, . . . , q, k = 0, . . . , q, such that the matrix
B = {bνk}qν,k=0 is unitary, and set

mν(0, s∗kξ2 . . . ξn) := bνk, k = 0, . . . ,m− 1.

Since each set U∗
n,l, 0 ≤ l ≤ mn − 1 contains one and only one point 0, s∗kξ2 . . . ξn,

we extend mν onto every U∗
n,l, and then extend it H∗-periodically onto the entire

space X∗. Thus we defined Walsh polynomials mν such that
q∑

ν=0

mν

(
0, s∗k, ξ2 . . . ξn)mν

(
0, s∗k′ξ2 . . . ξn) = δk,k′ , ∀ (ξ2, . . . , ξn), ξj ∈ D∗,

that is equivalent to (25).

Let now m0 ∈ M(n)
0 satisfy (15) and σr(m0) = ∅, r = mn−1 − 1. Because of

Theorem 19, the function m0 is the mask of a compactly supported refinable step
function ϕ, i.e. ϕ ∈ S(X).

Definition 21. Let m0 ∈ M(n)
0 be the mask of a refinable step function ϕ, and

let mν , ν = 1, . . . , q, be the Walsh polynomials from Lemma 20. The functions
ψ(1), . . . , ψ(q), defined by

ψ̂(ν)(ω) = mν((M∗)−1ω)ϕ̂((M∗)−1ω), ω ∈ X∗, ν = 1, . . . , q, (27)

are called the wavelet functions associated with ϕ.

Since ϕ ∈ S(X), obviously, the functions ψ(ν) also belong to S(X).

Theorem 22. Let m0 ∈ M(n)
0 be the mask of a refinable step function ϕ, and

let ψ(1), . . . , ψ(q), q ≥ m− 1, be the wavelet functions associated with ϕ. Then the
wavelet system generated by ψ(1), . . . , ψ(q) is a tight frame in L2(X), and this frame
is a Parseval frame whenever ϕ̂(0) = 1/

√
μ(U).

To prove this theorem we need a number of auxiliary results.
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Lemma 23. Let f ∈ L2(X), ψ ∈ S(X). Then the function

[f̂ , ψ̂](ω) :=
∑
h∈H∗

f̂(ω + h)ψ̂(ω + h), ω ∈ U∗,

belongs to L2(U∗), and

∑
k∈Z+

∣∣∣〈f, ψ(· ⊕ γ[k])〉
∣∣∣2 =

μ2(U)
μ(U∗)

∫
U∗

∣∣[f̂ , ψ̂]
∣∣2 dμ. (28)

Proof. By the Cauchy inequality, we have

∫
U∗

∣∣∣∣∣ ∑
h∈H∗

f̂(ω + h)ψ̂(ω + h)

∣∣∣∣∣
2

dμ(ω)

≤
∫
U∗

∑
h∈H∗

|f̂(ω + h)|2
∑
g∈H∗

|ψ̂(ω + g)|2 dμ(ω),

where the sum with respect to g is finite. It follows from Theorem 6 that

∫
U∗

∣∣∣∣∣ ∑
h∈H∗

f̂(ω + h)ψ̂(ω + h)

∣∣∣∣∣
2

dμ(ω)

≤ Cψ
∑
h∈H∗

∫
U∗+h

|f̂(ω)|2 dμ(ω) ≤ Cψ
μU∗

μU
‖f‖2

2,

which yields [f̂ , ψ̂] ∈ L2(U∗).
Again using Theorem 6 and Proposition 7, taking into account that χ(h, γ[k]) =

1 for all h ∈ H∗ and ω + h = ω ⊕ h whenever ω ∈ U∗, h ∈ H∗, we get

1
μ(U)

〈f, ψ(· ⊕ γ[k])〉 =
1

μ(U∗)

∫
X∗

f̂(ω)ψ̂(ω)χ(ω, γ[k]) dμ(ω)

=
1

μ(U∗)

∑
h∈H∗

∫
U∗+h

f̂(ω)ψ̂(ω)χ(ω, γ[k]) dμ(ω)

=
1

μ(U∗)

∫
U∗

∑
h∗∈H∗

f̂(ω + h)ψ̂(ω + h)χ(ω + h, γ[k]) dμ(ω)

=
1

μ(U∗)

∫
U∗

[f̂ , ψ̂](ω)Wk(ω) dμ(ω),

i.e. the product
√
μU∗(μ(U))−1〈f, ψ(·⊕ γ[k])〉 coincides with the kth Fourier coeffi-

cient of the function [f̂ , ψ̂] with respect to the orthonormal system {Wk/
√
μ(U∗)}k.

Using Parseval’s equality, we obtain (28).
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Lemma 24. If ϕ ∈ S(X) and f ∈ L2(X), then∑
k∈Z+

|〈f, ϕj,k〉|2 ≤ Cϕ‖f‖2
2‖ϕ‖2

2, ∀ j ∈ Z. (29)

Proof. First we will prove that the system {ϕ(· ⊕ h)}h∈H is Bessel. Let

c = {ch}h∈H :
∑
h∈H

|ch|2 <∞.

Using that x+ γ = x⊕ γ whenever x ∈ U , γ ∈ H , we have∫
X

∣∣∣∣∣∑
h∈H

ch ϕ(x⊕ h)

∣∣∣∣∣
2

dμ(x) =
∑
γ∈H

∫
U+γ

∣∣∣∣∣∑
h∈H

ch ϕ(x⊕ h)

∣∣∣∣∣
2

dμ(x)

=
∑
γ∈H

∫
U

∣∣∣∣∣∑
h∈H

ch ϕ((x + γ) ⊕ h)

∣∣∣∣∣
2

dμ(x)

=
∑
γ∈H

∫
U

∣∣∣∣∣∑
h∈H

ch ϕ(x ⊕ (γ ⊕ h))

∣∣∣∣∣
2

dμ(x).

For every γ ∈ H , setting Ωγ = {h ∈ H : ∃x ∈ U : s.t. : ϕ(x + (γ ⊕ h)) 	= 0} and
using Cauchy’s inequality, we obtain

∫
U

∣∣∣∣∣∑
h∈H

ch ϕ(x⊕ (γ ⊕ h))

∣∣∣∣∣
2

dμ(x) =
∫
U

∣∣∣∣∣∣
∑
h∈Ωγ

ch ϕ(x⊕ (γ ⊕ h))

∣∣∣∣∣∣
2

dμ(x)

≤
∑
h∈Ωγ

|ch|2
∑
h′∈H

∫
U

|ϕ(x⊕ (γ ⊕ h′))|2 dμ(x).

Since {γ ⊕ h′}h′∈H = {h′′}h′′∈H for any γ ∈ H , there holds∑
h′∈H

∫
U

|ϕ(x⊕ (γ ⊕ h′))|2 dμ(x)

=
∑
h′∈H

∫
U

|ϕ(x+ (γ ⊕ h′))|2 dμ(x)

=
∑
h′′∈H

∫
U

|ϕ(x+ h′′)|2 dμ(x) =
∫
X

|ϕ(x)|2 dμ(x) = ‖ϕ ‖2
2.

Obviously, Ωγ is contained in a neighborhood of γ depending only on the support
of ϕ, which yields ∑

γ∈H

∑
h∈Ωγ

|ch|2 ≤ Cϕ‖c‖2
�2.



2nd Reading

March 8, 2024 14:34 WSPC/S0219-5305 176-AA 2450006

16 M. Skopina

Combining this with the previous estimate gives

∫
X

∣∣∣∣∣∑
h∈H

ch ϕ(x⊕ h)

∣∣∣∣∣
2

dμ(x) ≤ Cϕ‖c‖2
�2‖ϕ ‖2

2,

which means that the system {ϕ(· ⊕ h)}h∈H is Bessel. This yields (see, e.g., [21,
Theorem 1.1.2 and Remark 1.1.3]) that∑

k∈Z+

|〈f, ϕ(· ⊕ γ[k])〉|2 ≤ Cϕ‖f‖2
2‖ϕ‖2

2.

Thus lemma is proved for j = 0. To verify (29) for arbitrary j it remains to note
that 〈f, ϕj,k〉 = 〈m−j/2f(M−j·), ϕ(· ⊕ γ[k])〉 and ‖m−j/2f(M−j·)‖2 = ‖f‖2.

Lemma 25. If ϕ ∈ S(X) and f ∈ L2(X), then

lim
j→+∞

∑
k∈Z+

|〈f, ϕj,k〉|2 = μ(U)|ϕ̂(0)|2‖f‖2
2. (30)

Proof. First we consider the case where f ∈ S(X). Using Lemma 23, we have∑
k∈Z+

|〈f, ϕj,k〉|2 =
∑
k∈Z+

|〈m−j/2f(M−j·), ϕ(· ⊕ γ[k])〉|2

= mj μ
2(U)
μ(U∗)

∫
U∗

∣∣[f̂(M∗j ·), ϕ̂](ω)
∣∣2 dμ(ω). (31)

If ω ∈ U∗, h′, h̃ ∈ H∗ and h′ ⊕ h̃ = 0 then

[f̂(M∗j ·), ϕ̂] =
∑
h∈H∗

f̂((M∗)j(ω + h))ϕ̂(ω + h)

=
∑
h∈H∗

f̂((M∗)j(ω ⊕ h′ ⊕ h̃⊕ h))ϕ̂(ω ⊕ h′ ⊕ h̃⊕ h)

=
∑
h∈H∗

f̂((M∗)j((ω + h′) ⊕ h))ϕ̂((ω + h′) ⊕ h).

It follows that∫
U∗

∣∣[f̂(M∗j ·), ϕ̂](ω)
∣∣2 dμ(ω)

=
∫
U∗

∑
h∈H∗

f̂((M∗)j(ω + h))ϕ̂(ω + h)
∑
h′∈H∗

f̂((M∗)j(ω + h′))ϕ̂(ω + h′) dμ(ω)
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=
∑
h′∈H∗

∫
U∗
f̂((M∗)j(ω + h′))ϕ̂(ω + h′)

×
∑
h∈H∗

f̂((M∗)j((ω + h′) ⊕ h))ϕ̂((ω + h′) ⊕ h) dμ(ω)

=
∫
X∗

f̂((M∗)j(ω))ϕ̂(ω)
∑
h∈H∗

f̂((M∗)j(ω ⊕ h))ϕ̂(ω ⊕ h) dμ(ω)

= m−j
∫
X∗

f̂(ω)ϕ̂((M∗)−jω)
∑
h∈H∗

f̂(ω ⊕ ((M∗)jh))ϕ̂((M∗)−jω ⊕ h) dμ(ω).

Obviously, there exists j0 such that if j ≥ j0, h′ ∈ H∗ and h′ 	= 0, then

f̂(ω)f̂(ω ⊕ (M∗)jh′) = 0, ∀ω ∈ X∗.

Hence, there holds∫
U∗

∣∣[f̂(M∗j ·), ϕ̂](ω)
∣∣2 dμ(ω)

= m−j
∫
X∗

|f̂(ω)|2|ϕ̂((M∗)−jω)|2 dμ(ω), ∀ j ≥ j0.

Together with (31), this yields∑
k∈Z+

|〈f, ϕj,k〉|2 =
μ2(U)
μ(U∗)

∫
X∗

|f̂(ω)|2|ϕ̂((M∗)−jω)|2 dμ(ω), ∀ j ≥ j0. (32)

Since limj→+∞ ϕ̂((M∗)−jω) = ϕ̂(0) for every ω ∈ X∗, by Lebesgue’s theorem
and Theorem 6, the equality (30) follows from (32) by passing to the limit as
j → +∞.

Let now f be an arbitrary function from L2(X). Due to Proposition 9, for every
ε > 0 there exists f̃ ∈ S(X) such that ‖f − f̃‖2 < ε. Since (30) is proved already
for the function f̃ , using Lemma 24 and the triangle inequality, we obtain (30)
for f .

Lemma 26. If f ∈ L2(X) and ϕ ∈ S(X), then

lim
j→−∞

∑
k∈Z+

|〈f, ϕj,k〉|2 = 0. (33)

Proof. Repeating the final arguments of the previous proof, we see that it is
sufficient to consider the case where f ∈ S(X). Thus we can assume that
supp f ⊂ MN (U) for some positive N . Suppose also that j ≤ −N . Then, tak-
ing into account that x + h = x ⊕ h whenever x ∈ MN+j(U) and h ∈ H , we
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have

∑
k∈Z+

|〈f, ϕj,k〉|2 ≤ mj
∑
k∈Z+

(∫
MN (U)

|f(x)||ϕ(M jx⊕ γ[k])| dμ(x)

)2

≤ mj‖f‖2
2

∑
k∈Z+

∫
MN (U)

|ϕ(M jx⊕ γ[k])|2 dμ(x)

= ‖f‖2
2

∑
k∈Z+

∫
MN+j(U)

|ϕ(x+ γ[k])|2 dμ(x).

Since ϕ is compactly supported and U is bounded, there exists N ′ such that ϕ(x+
γ[k]) = 0 whenever k > N ′ and x ∈MN+j(U). This yields

∑
k∈Z+

|〈f, ϕj,k〉|2 ≤ ‖f‖2
2

∫
S(N,j)

|ϕ(x)|2 dμ(x), (34)

where

S(N, j) :=
⋃

0≤k≤N ′
(MN+j(U) + γ[k]).

Obviously,

lim
j→−∞

1S(N,j)(x) = 0 for every x ∈ X \H.

It follows from Lebesgue’s theorem that

lim
j→−∞

∫
X

1S(N,j)|ϕ(x)|2 dμ(x) = 0, i.e. lim
j→−∞

∫
S(N,j)

|ϕ(x)|2 dμ(x) = 0.

Together with (34), this implies (33).

Proof of Theorem 22. Let us prove that if f ∈ L2(X) and j, j′ ∈ Z, j < j′,
then

∑
k∈Z+

|〈f, ϕj,k〉|2 +
j′−1∑
i=j

q∑
ν=1

∑
k∈Z+

|〈f, ψ(ν)
i,k 〉|2 =

∑
k∈Z+

|〈f, ϕj′,k〉|2. (35)

Obviously, it suffices to verify that (35) holds for j′ = j + 1, i.e. we need to prove
that

∑
k∈Z+

|〈f, ϕj,k〉|2 +
q∑

ν=1

∑
k∈Z+

|〈f, ψ(ν)
j,k 〉|2 =

∑
k∈Z+

|〈f, ϕj+1,k〉|2. (36)
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Remind that the functions ψ(ν) are defined by (27), where mν are Walsh poly-
nomials satisfying (25). Using Lemma 23, (14) and (27), taking into account H∗-
periodicity of the functions m0,m1, . . . ,mq, we have

∑
k∈Z+

|〈f, ϕj,k〉|2 +
q∑

ν=1

∑
k∈Z+

|〈f, ψ(ν)
j,k 〉|2

=
∑
k∈Z+

|〈m−j/2f(M−j·), ϕ(· ⊕ γ[k])〉|2

+
q∑

ν=1

∑
k∈Z+

|〈m−j/2f(M−j ·), ψ(ν)(· ⊕ γ[k])〉|2

= mj μ
2(U)
μ(U∗)

∫
U∗

∣∣[f̂(M∗j ·), ϕ̂](ξ)
∣∣2 dμ(ξ)

+mj μ
2(U)
μ(U∗)

q∑
ν=1

∫
U∗

∣∣[f̂(M∗j ·), ψ̂(ν)](ξ)
∣∣2 dμ(ξ)

= mj μ
2(U)
μ(U∗)

q∑
ν=0

∫
U∗

∑
h∈H∗

f̂
(
M∗j(ξ + h)

)
×mν

(
M∗−1(ξ + h)

)
ϕ̂
(
M∗−1(ξ + h)

)
·
∑
h′∈H∗

f̂
(
M∗j(ξ + h′)

)
mν

(
M∗−1(ξ + h′)

)
ϕ̂
(
M∗−1(ξ + h′)

)
dμ(ξ)

= mj μ
2(U)
μ(U∗)

q∑
ν=0

∫
U∗

(∑
s∈D∗

[f̂(M∗(j+1)·), ϕ̂](M∗−1(ξ+ s))mν

(
M∗−1(ξ+ s)

))

·
( ∑
s′∈D∗

[f̂(M∗(j+1)·), ϕ̂](M∗−1(ξ + s′))mν

(
M∗−1(ξ + s′)

))
dμ(ξ). (37)

Since ξ + s = ξ ⊕ s whenever ξ ∈ U∗, s ∈ D∗, due to (25), there holds

q∑
ν=0

mν

(
M∗−1(ξ + s)

)
mν

(
M∗−1(ξ + s′)

)
= δss′ , s, s′ ∈ D∗,

and hence the right-hand side of (37) can be reduced to

mj μ
2(U)
μ(U∗)

∫
U∗

∑
s∈D∗

∣∣[f̂(M∗(j+1)·), ϕ̂](M∗−1(ξ + s))
∣∣2 dμ(ξ).
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Using the equality U∗ = ∪s∈D∗M∗−1(U∗ + s), we obtain∑
k∈Z+

|〈f, ϕj,k〉|2 +
q∑

ν=1

∑
k∈Z+

|〈f, ψ(ν)
j,k 〉|2

= mj+1μ
2(U)
μ(U∗)

∑
s∈D∗

∫
M∗−1(U∗+s)

∣∣[f̂(M∗(j+1)·), ϕ̂](ξ)
∣∣2 dμ(ξ)

= mj+1μ
2(U)
μ(U∗)

∫
U∗

∣∣[f̂(M∗j+1·), ϕ̂](ξ)
∣∣2 dμ(ξ).

To prove (36), it remains to use Lemma 23 once more. Hence the equality (35)
holds true as well.

Using Lemmas 25, 26 and passing to the limit in (35) as j → −∞ and j′ → +∞,
we obtain (24) with B = μ(U)|ϕ̂(0)|2, which was to be proved.

Example 1 (Haar system). Set ϕ = 1√
μU

1U . If ω ∈ X∗ and ω = h⊕ ω′, where
h ∈ H∗, ω′ ∈ U∗, then, due to Lemma 4, we have

ϕ̂(ω) =
1

(μU)3/2

∫
U

χ(x, ω) dμ(x)

=
1

(μU)3/2

∫
U

χ(x, h) dμ(x) =
1√
μU

1U∗

and ϕ̂(0) = 1√
μU
. Obviously, the function ϕ is refinable with the mask m0 ∈ M(1)

0

that coincides with the function 1M∗−1U∗ = 1U∗
1,0

on U∗, and hence∑
s∗∈D∗

∣∣∣m0

(
ω ⊕ (M∗)−1s∗

)∣∣∣2 = 1, ∀ω ∈ X∗.

To construct wavelet functions ψ(1), . . . , ψ(m−1) defined by (27), we need wavelet
masks m1, . . . ,mm−1. Following the proof of Lemma 20, one can easily provide
identity matrix as B = {bνk}m−1

ν,k=0 setting mν(ω) = 1U∗
1,ν

(ω) for ω ∈ U∗. By
Theorem 22, the functions ψ(1), . . . , ψ(m−1) generate a Parseval wavelet frame. It
is not difficult to check that the system {ψ(ν)

jk }ν,j,k is an orthogonal basis (see
also [22]). Hence, every f ∈ L2(X) can be decomposed as

f =
∑
j∈Z

∑
k∈Z+

m−1∑
ν=1

〈f, ψ(ν)
j,k 〉ψ(ν)

j,k ,

where the convergence is unconditional.

Example 2. Let m = n = 3. To construct a Parseval wavelet frame generated
by wavelet functions from S(X), we need to have a Walsh polynomial m0 as in
Theorem 22. By Theorem 12, a Walsh polynomialm0 ∈ M(n)

0 is defined by its values
m0(0, ξ1ξ2ξ3) for all vectors (ξ1, ξ2, ξ3), ξj ∈ D∗, that correspond to the vertices of
the tree in Fig. 2. As it was explained in the end of Sec. 3, we must provide at least
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one zero of m0 for every branch of the tree. First, let us consider the simplest way,
choosing zeros corresponding to the elements of the second column. Obviously,
σ0 = ∅ in this case. It follows from Lemma 18 and Theorem 10 that m0 is the
mask of a refinable function ϕ such that its Fourier transform ϕ̂ satisfies (18) with
C = 1/

√
μ(U), and belongs to the space S(−2)

2 (X∗), i.e. ϕ̂/C is the characteristic
function of M∗−2U∗ = U∗

2,0. Hence, m0(U∗
3,0) = 1, m0(U∗

3,1) = m0(U∗
3,2) = 0, and

ϕ̂ does not depend on m0(U∗
3,k) k = 3, . . . , 26. To construct the wavelet functions

ψ(1), ψ(2) defined by (27), we need wavelet masks m1,m2. Obviously, ψ(ν), ν =
1, 2, do not depend on the values mν(U∗

3,k), k = 3, . . . , 26, respectively. Setting
m1(U∗

3,1) = m2(U∗
3,2) = 1 and m1(U∗

3,2) = m2(U∗
3,1) = m1(U∗

3,0) = m2(U∗
3,0) = 0,

we get ψ̂(1) = 1U∗
2,1

, ψ̂(2) = 1U∗
2,2

. Using Theorems 22, 6, 13 and Proposition 7, it is
easy to see that the wavelet system generated by ψ(1), ψ(2) is an orthogonal basis
that after normalization may be considered as an analog of the Haar basis.

Now let us choose zeros of m0 as it was described in the end of Sec. 3 (corre-
sponding to the circled elements in Fig. 2), and let m0 be non-zero in all points,
corresponding to the elements of first three columns of the tree. The function m0

is not defined yet in eight points corresponding to the elements of fourth column.
Add zeros in the points corresponding to 110, 210, 212 and 220, and let m0 be
non-zero in the remaining four points. So, the function m0 is identically zero on the
14 sets U∗

3,k, k = 0, . . . , 26, and non-zero on the other ones. Setting m0(U∗
3,k) = 1

for k = 0, 1, 2, 3, 8, and m0(U∗
3,k) =

√
2/2 for k = 4, 5, 6, 7, 14, 15, 22, 25 we have

|m0(0,0ξ2ξ3)|2 + |m0(0, s∗1ξ2ξ3)|2 + |m0(0, s∗2ξ2ξ3)|2 = 1, ∀ ξ2, ξ3 ∈ D∗,

which is equivalent to∑
s∗∈D∗

∣∣∣m0

(
ω ⊕ (M∗)−1s∗

)∣∣∣2 = 1, ∀ω ∈ X∗. (38)

It is not difficult to check that (s∗2, s∗2, s∗1, s∗1, s∗2,0) ∈ σ5, and σ6 = ∅. It follows from
Lemma 18 and Theorem 10 that m0 is the mask of a refinable function ϕ such that
its Fourier transform ϕ̂ satisfies (18) with C = (μU)−1/2 and belongs to the space
S(4)

2 (X∗). Hence, we have

ϕ̂ =
∑
h∈H∗

4

∑
s∈D∗

∑
s′∈D∗

αh,s,s′1M∗−2(U∗)+h+0,ss′ , (39)

where

αh,s,s′ = ϕ̂(h+ 0, ss′) = (μU)−1/2
5∏
j=1

m0

(
M∗−j(h+ 0, ss′)

)
.

The sum in (39) looks huge, but most of its terms are zero, there are only 19
non-zero ones.

To construct the wavelet functions ψ(1), ψ(2) defined by (27), we need wavelet
masksm1,m2. Using the scheme described in the proof of Lemma 20, for every fixed
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digits ξ2, ξ3 ∈ D∗, we set b0k = m0(0, s∗kξ2ξ3), then find numbers bνk, k = 0, 1, 2,
ν = 1, 2, such that the matrix B = {bνk}2

ν,k=0 is orthogonal, and set

mν(0, s∗kξ2ξ3) := bνk = bνk(ξ2, ξ3).

It is easy to see that the functions m1, m2 take only values 0, 1 and ±√
2/2. For

example, for ξ2 = ξ3 = 0 we have b10 = b12 = b20 = b21 = 0, b11 = b22 = 1, i.e.
m1(U3,0) = m1(U3,18) = m2(U3,0) = m2(U3,9) = 0 and m1(U3,9) = m2(U3,18) = 1;
for ξ2 = ξ3 = s∗1 we have b10 = b12 = b21 = 0, b11 = 1, b20 =

√
2/2, b22 =

−√
2/2, i.e. m1(U3,4) = m1(U3,22) = m2(U3,13) = 0, m1(U3,13) = 1 and m2(U3,4) =

−m2(U3,22) =
√

2/2. The corresponding wavelet functions are defined by (27), i.e.

ψ̂(ν) = mν(M∗−1·)ϕ̂(M∗−1·)

=
∑
h∈H∗

4

2∑
k=0

∑
s′∈D∗

αh,s∗
k
,s′1M∗−2(U∗)+h+0,s∗ks

′(M∗−1·)mν(M∗−1·)

=
∑
h∈H∗

4

2∑
k=0

∑
s′∈D∗

αh,s∗
k
,s′
∑
ξ∈D∗

bνk(s′, ξ)1M∗−3(U∗)+h+0,s∗ks
′ξ(M

∗−1·)

=
∑
h∈H∗

4

2∑
k=0

∑
s′∈D∗

∑
ξ∈D∗

αh,s∗k,s′bνk(s
′, ξ)1M∗−2(U∗)+M∗h+s∗k,s

′ξ.

Now, let us find the functions ψ(ν) themselves. Setting g = M∗h+ s∗k, s
′ξ, we have

1
μ(U∗)

∫
X∗

1M∗−2(U∗)+g(ω)χ(x, ω) dμ(ω)

=
1

μ(U∗)

∫
X∗

1M∗−2(U∗)(ω)χ(x, ω + g) dμ(ω)

=
1

μ(U∗)

∫
M∗−2(U∗)

χ(x, ω ⊕ g) dμ(ω)

=
χ(x, g)
m2μ(U∗)

∫
U∗
χ(M−2x, ω) dμ(ω)

=
χ(x, g)
m2μ(U∗)

∫
X∗

1U∗(ω)χ(M−2x, ω) dμ(ω).

Taking into account that, because of Lemma 4, there holds
1

μ(U∗)

∫
X∗

1U∗(ω)χ(y, ω) dμ(ω) = 1U (y),

due to Theorem 10, we obtain

ψ(ν)(x) =
1
m2

∑
h∈H∗

4

2∑
k=0

∑
s′∈D∗

∑
ξ∈D∗

αh,s∗
k
,s′bνk(s′, ξ)χ(x,M∗h+ s∗k, s

′ξ)1M2(U)(x).

By Theorem 22, the functions ψ(1), ψ(2) generate a Parseval wavelet frame.
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Thus, we gave a complete description of all masks generating Parseval wavelet
frames consisting of test functions (test-wavelets). Also, a simple explicit method
for their construction was illustrated by examples. It is not difficult to see that there
are enough orthogonal wavelet bases among these frames (see, e.g., [11, Theorem 4],
where a similar description was given for Vilenkin groups). These frames/bases may
be useful for applications to signal processing. Some examples of wavelet systems
on the half-line were already investigated in this aspect. It is shown in [9] that
for processing some images, a considered wavelet system on the half-line (with
M = p) has an advantage over the standard Haar, Daubechies, and biorthogonal 9/7
wavelets. Moreover, for some fractal signals, discrete wavelet transforms associated
with test-wavelet systems have advantages over the zone coding method and the
discrete Haar transform corresponding to the Haar basis (see Example 1). According
to [7], this can be illustrated by encoding the values of generalized Weierstrass
function:

Wα,β(x) =
∞∑
k=1

αkeβ
kπix, 0 < α ≤ 1, β ≥ 1/α.

Numerous orthogonal bases generated by masks m0 ∈ M(n)
0 (i.e. constructed as in

Lemma 20), where m0, in turn, is determined by a vector b = (b0, b1, . . . , bpn−1) of
its values, satisfying the condition

|bl|2 + |bl+pn−1 |2 + · · · + |bl+(p−1)pn−1 |2 = 1, 0 ≤ l ≤ pn−1 − 1, (40)

were considered. The corresponding discrete wavelet transform O(p, n) was used for
processing. For each signal, a vector, that gave the minimum error, was selected,
and mainly it corresponded to a test-wavelet basis. The ability to select this vector
expands the known methods of adapting the applied discrete transform to the
processed signal. The four initial signals in [7] were the values of the function
Wα,β(x) in 243 nodes of a uniform partition of the interval [0, 1) for pairs of indices
(α;β) ∈ {(0, 6; 9), (0, 8; 6), (0, 8; 9), (0, 9; 4)}. The root mean square coding errors
show that for all four signals the methods O(3, 1) and O(3, 2) have advantages over
both the discrete Haar transform H(3) and the zone coding method Z(3) (for the
definition of this method, see [14, §11.3]).
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ric Aspects (Birkhäuser/Springer, Basel, 2014), xii, 222 pp.

[16] A. Krivoshein, V. Protasov and M. Skopina, Multivariate Wavelet Frames, Industrial
and Applied Mathematics (Springer, Singapore, 2016).

[17] J. C. Lagarias and Y. Wang, Self-affine tiles in Rn, Adv. Math. 121(1) (1996) 21–49.
[18] W. C. Lang, Wavelet analysis on the Cantor dyadic group, Houston J. Math. 24(3)

(1998) 533–544.
[19] R. Lu, A structural characterization of compactly supported OEP-based balanced

dual multiframelets, Anal. Appl. 21 (2023) 1039–1066.
[20] S. F. Lukomskii, Step refinable functions and orthogonal MRA on p-adic Vilenkin

groups, J. Fourier Anal. Appl. 20 (2014) 42–65.
[21] I. Ya. Novikov, V. Yu. Protassov and M. A. Skopina, Wavelet Theory, Translations of

Mathematical Monographs, Vol. 239 (American Mathematical Society, Providence,
RI, 2011).

[22] I. Ya. Novikov and M. A. Skopina, Why are Haar bases in various structures the
same? Math. Notes 91(6) (2012) 895–898.

[23] V. Yu. Protasov and Yu. A. Farkov, Dyadic wavelets and refinable functions on a
half-line, Sb. Math. 197(10) (2006) 1529–1558.

[24] B. Sendov, Multiresolution analysis of functions defined on the dyadic topological
group, East J. Approx. 3(2) (1997) 225–239.

[25] F. A. Shah, Tight wavelet frames generazed by the Walsh polynomials, Int. J.
Wavelets Multiresolut. Inf. Process. 11(6) (2013) 1350042.

[26] M. A. Skopina and Yu. A. Farkov, Walsh-type functions on M -Positive sets in Rd,
Math. Notes 111(4) (2022) 643–647.


	Introduction
	Space of M-Positive Vectors
	Refinable Functions
	Tight Wavelet Frames on X
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 900
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


