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Wavelets on the sets of M-positive vectors in the Euclidean space are studied. These sets
are multidimensional analogs of the half-line in the Walsh analysis. Following the ideas
of the Walsh analysis, the space of M-positive vectors is equipped with a coordinate-
wise addition. Harmonic analysis on this space is also similar to the Walsh harmonic
analysis, and the Fourier transform is such that there exists a class of so-called test
functions (with a compact support of the function itself and of its Fourier transform).
Tight wavelet frames consisting of the test functions are studied. A complete description
of the masks generating such frames is given, and an algorithmic method for constructing
them is developed. These frames may be very useful for applications to signal processing
because some examples of such systems on the half-line were already investigated in this
aspect, and it appeared that they have an advantage over classical wavelet systems when
used for processing fractal signals and images.
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1. Introduction

The set/space of M-positive vectors in R?, associated with a dilation matrix M,
was introduced and studied in [12], 26]. Many of such sets have a complicated
fractal structure. The sets of M-positive vectors are equipped with the coordinate-
wise addition modulo M, which makes them very similar to the Vilenkin groups,
although they are not groups. What makes this similarity possible is that on the
one hand, the functions x(-,w) play the role of the characters for Vilenkin groups,
and on the other hand, the Walsh functions, playing the role of harmonics, are
defined via these pseudo-characters.

Also, similarly to the Vilenkin groups, the concept of Fourier transform is asso-
ciated with these “characters”. The corresponding harmonic analysis was developed
in [26], where the Poisson summation formula, the Plancherel theorem, the inver-
sion formula, the Vilenkin—Chrestenson formulas and other natural properties of


https://dx.doi.org/10.1142/S0219530524500064

20 Reading

March 8, 2024 14:34 WSPC/S0219-5305 176-AA 2450006

2 M. Skopina

the Fourier transform and Walsh functions were proved. Another similarity between
the spaces of M-positive vectors and Vilenkin groups is the existence of a class of
compactly supported functions whose Fourier transform also has compact support
(called test functions), which never happens in classical harmonic analysis (see,
e.g., [15]).

In this paper we develop a method for constructing tight wavelet frames con-
sisting of the test functions. Problems of this kind have been actively studied for
the Vilenkin groups (see, e.g., [4, [5l 10, 18, 20 24]), where the construction of
frames is based on a refinable function in the same way as in the usual wavelet
theory on the real line. An algorithmic method for constructing compactly sup-
ported tight wavelet frames on the basis of a Walsh polynomial (which plays the
same role as a trigonometric polynomial in the classical analysis) was known due to
[8l 25]. However it was not clear what Walsh polynomials provide the step wavelet
functions, although a lot of examples were known. The answer to this question for
the Vilenkon groups was given in [I1]. Now we obtain similar results for the spaces
of M-positive vectors.

The simplest special case of the space of M-positive vectors is the half-line, where
the matrix dilation is just a positive integer M. Wavelet theory on the half-line,
equipped with a coordinate-wise addition modulo M, was developed in [3] [6] [7], 23].
In particular, a number of examples of tight wavelet frames consisting of the test
functions were presented there. Wavelet systems consisting of the test functions
are of interest not only in the theoretical aspect, but also for some applications, in
particular, for signal processing. It is shown in [7] that using some such systems
on the half-line for processing fractal signals and images has an advantage over
classical wavelet systems.

Note that study of wavelet frames defined on the whole space R? is an old topic
(see, e.g., [16]), nevertheless, it is actively investigated up to now (see, e.g., [1I, [19]).
We are interested in wavelets defined on the spaces of M-positive vectors, that is
an essentially new topic.

2. Space of M-Positive Vectors

In this section, all the necessary information about the spaces of M-positive vector
is given, and the proofs of all formulated statements can be found in [12].

Let (-, -) be the inner product in a Hilbert space, and u be the Lebesgue measure
on R?%. As usual, Z¢ is the integer lattice of R and 0 is the zero vector in R?. The
characteristic function of a set Y ¢ R% is denoted by 1y. Let 91; denote the class
of dilation matrices of order d, i.e. integer (d x d)-matrices M such that all their
eigenvalues are bigger than 1 in absolute value. It is well known that

DM < oo (1)
n=1

for any M € M, and any § > 0 (see, e.g., [21] §2.2]).
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Let M € My, m := |det M| and M* be the matrix transposed to M. Vectors
I,k € Z% are said to be congruent modulo M (write [ = k (mod M)) if | —k = Ms
for some s € Z%. A set D = D(M) = {s0,51,...,5m_1}, where s; € Z% sy = 0
and s; # s; (mod M) whenever i # j, i,5 € {0,1,...,m — 1}, is called a set of
digits for M. Similarly, D* = D(M*) = {s{,s},..., s, _1} denotes a set of digits
for M*.

Let D be a set of digits for M € 9y. Denote by X+ = X (M, D) the set of
vectors = € R? represented as

o0

r= Y M7z = i M7 iz;, x;€D, (2)

j=—o00 j=-N
where N = N(z) € Z, i.e. z; = 0 whenever j < —N. Denote also by U™ the set of
vectors - € R? represented as
o .
x:ZM*ij, xzj € D. (3)
j=1

It is known that the Lebesgue measure of U™ is a positive integer, see [13].
An element x given by (2) can be also written as follows:

L=L_NT_N41-.-20,L1X2...,

that will be used in what follows. If x has a finite representation (), i.e. z; = 0
whenever 7 > n, we will write

=T _NL-_N+1---20, L1 ...Tp,

Denote by X? = X9(M, D) the set of vectors z € X for which a finite repre-
sentation () exists.

Theorem 1. Representation ) is unique for almost all x € X T (M, D), and for
every x € X°(M, D) there exists a unique finite representation (2).

We will use the finite representation of a vector z € X if it exists.

Definition 2. Given a matrix M € 9; and a set of its digits D, the space of
M -positive vectors is defined by

X =X(M,D):=(XT\X)UX",

where X is the set of vectors # € XT that have at least two infinite representa-

tions ().

Thus, the set of M-positive vectors is more or less similar to the set of
non-negative numbers. Also we introduce the following analogs of the unit
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interval [0,1), of the set of non-negative integers and of the set of n-digit
numbers.

U=UMM,D):={zxeX(M,D):z; =0, Vj <0},
H=HM,D):={xe X(M,D):2; =0, Vj >0},
H,=H,(M,D):={x e HM,D):x2; =0, Vj<-—n}

It is known that U is a bounded set, has a non-empty interior (see [2IL§ 2.8;
[I6l § 6.1;[2, [I7]) and, obviously,

MU= | (U +59). (4)
seD

The space X* and the sets U*, H*, H; are defined similarly with respect to
the matrix M*. Note that the sets U, U* have a complex fractal structure for some
matrices M, see, e.g., Fig. [Il

Note that, because of [ and a similar relation for U*, we have

MUY= | U+y), )"0 = |J @+ (5)
~YEH, y*eH?

To numerate the elements of H by the non-negative integers, we set
VK] = ZMjskj, where k = ijmj, k; € {0,1,...,m —1},
j=0 j=0
and
Unpp =M "y +M""(U), ne€Z, kecZy. (6)

The elements '7[*k] and the sets Uy ;. are defined similarly.
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Next we introduce an operation @ of coordinate-wise addition on X. Fixing a
set of digits D, we define the sum of vectors x,y € X as

rdy = Z M_j(:chByj),

j=—oc0

where x;, y; are the digits from (2)) for 2 and y, respectively, and z; & y; is the
digit congruent to x; + y; modulo M.

Proposition 3. Ifz,y € X, thenxdy e X.
For every z € X and w € X™, we set
X(x,w) := exp 27TiZ<M_1xj, wi—j) (7)
JEL
and note the following trivial properties of these functions:
x(z®y,w)=x(r,w) x(y,w) forallz,y e X, we X*,
X(Mz,w) = x(z,M*w) forallze X, weX".

Note that changing roles of X and X*, we can consider a similar function
X*(w, z), and obviously, x*(w,z) = x(x,w).

Lemma 4. Ifw € H*, w # 0, then
/ x(x,w)du(z) = 0. (8)
U

Thus, we see that these functions y have the same properties as the characters
of a group, although our X is not a group, and a concept of the Fourier transform
can be introduced in a similar way to groups.

Definition 5. For a function f € L'(X), its Fourier transform is defined by
/f x(z,w)du(r), weX* (9)

and it extends to the space L2(X ) in the standard way.

Theorem 6. Iff € L*(X), then f € L*(X*) and

1 7 2
55 | @R dntw) =~ [ 1F) dute), (10)

If, moreover, f,g € L*(X), then we have

1 - 1 o
m /X F@)glw) dulz) = w(U*) J - f(Ww)g(w) du(w). (11)

Proposition 7. If f € L*(X) and v € H, then
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Let us introduce the following classes of step functions f given on X.
Sn(X):={f: f(z)=f(a') for all z, 2’ € Uy, k € Z },
SIX) i={f € Su(X) s supp f € MF(U)},  S(X) = [JSP (X).
n,k
The elements of the class S(X) are called the test functions. The classes S, (X*),
S (X*) and S(X*) are defined similarly.

Theorem 8. Let f € L?(X). For f € S,(X), it is necessary and sufficient that
supp f C (M*)™(U*). In particular, for every integers n and k, there holds

FesSP(x) & Fes(x).
Proposition 9. The set S(X) is dense in L*(X).

Theorem 10. For every g € L?(X*) there exists f € L*(X) such that f=g. This
function f is the inverse Fourier transform of g, which is defined on L(X™*) by the
formula

!
-~ uw(U¥)

and extends to L*(X*) in the same way as the Fourier transform.

f(z)

| sonta.)duw).

Definition 11. The Walsh function is a function Wy, o € Z, defined on X* by
the formula

Wa(w) = X*(w,’)/[a]) - X(’Y[a]vw);
a linear combination of the Walsh functions W, o < m”, i.e.

m"”—1

mo(w) = Y arWi(w) (12)
k=0

is called the Walsh polynomial of order n.

Proposition 12. A function w : X — C is a Walsh polynomial of order n if and
only if it is an H-periodic function (i.e. w(u® h) = w(u) for allu € U and h € H)
that is constant on each set U, , 0 <k <m" — 1.

Theorem 13. The system {Wo/\/uU*}2, is orthonormal in L?(U*).

3. Refinable Functions

We are going to construct wavelet frames following the standard scheme associated
with a multiresolution analysis generated by a refinable function.
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Let mg be a Walsh polynomial of order n. Remind that, by Definition 2] and
Theorem [I], for every w € X* there is either a unique representation or a unique
finite representation (which is always chosen) of the form

o0 o0
w= g M*_]wjzg M*w;, wje D",
j=—o0 i=N

that we are writing as follows:
W=W_N...Wy, WiWg...
or
W=W_N...Wp, Wi...Wy
in the case of finite representation, and, due to Theorem [I2], we have
mo(w) = me(0, w1, ..., wy). (13)

In what follows, we consider Walsh polynomials mg of order n such that mg(0) =
1 and denote the class of such polynomials by Mg‘”.

Definition 14. A function ¢ € L?(X) is called refinable if its Fourier transform
satisfies the following refinement equation:

P(w) = mo((M*)Lw)P((M*) lw), we X*, (14)

where mg € ./\/lén). The Walsh polynomial mg is called the mask of the refinable
function ¢.

Proposition 15. If mg € Mén) satisfies the following condition:

2
3 ‘mo(w ®(M")'s*)| <1, Vwe X, (15)
s*eD*
then the function
g(w) = Hmo((M*)_jw), we X", (16)
j=1

belongs to L*(X*) N Sn—1(X*) and a function ¢ such that $ = Cg is a compactly
supported refinable function with the mask mg.

Proof. Setting

!
fo=1y~, fr= HmO((M*)ij')l(M*)k(U*)v k€N, (17)
j=1
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due to (@), for every k € N, we have

/ e Pdp = > /M | fesa|* dp

s e D )kU*-‘r(M*)ks*
= X [ e Q0P
s*eD* kU

k+1 2

Hmo( ]w—l—(M*)k_js*)

du(w).

Because of H*-periodicity of mg, (IT) and the equality
(M*)w+ (M s* = (MH) Hwe (M* s we (M) U*,

it follows that

/ | freral® dp
X*
o

S

Reiterating this £ + 1 times, we obtain

/Ifk+1|2du§/ |fo|2du:/ dp = p(U*).
X* X* U

Since mo(0) = 1, by Theorem [I2], the polynomial mg is identically equal to 1
on the set Uy . Therefore, for each w € X™, the product (@IG) can contain only
a finite number of factors different from 1. Hence, this product converges for any
w € X*, and, due to Fatou’s theorem,

Hmo( )

Hmo( )| dute) = [ 1l

/ 9 dy < sup /X a2 dpt < u(U).

It follows that g € L?(X*). Since, by Theorem [[2 for every j > 1 the functions
mo((M*)77.) are constant on the sets Ur_, ., s € Zy, we have g € S,_1(X*).
According to Theorems [I0 and B if a function ¢ € L?(X) is such that ¥ = Cyg,
then it is compactly supported and, obviously, relation (Id]) is satisfied, i.e. ¢ is
refinable. O
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Thus, given a suitable Walsh polynomial mg € Mén), for any constant C' we
have a refinable function ¢ such that

pw) =C [ mo(Mw), C>0, (18)
j=1
and, because of [[3]), this equality takes the form
P(w) =Cmp(0,wg ... wp—1)...,mp(0,0...0w_p). (19)

Obviously, for any refinable function ¢ with a mask mg, its Fourier transform is
given by ([I8). Since mg € S,, (because of Theorem [I2)), it follows from (9] that
» € §,—1(X™) and, by Theorem[8] the function ¢ is compactly supported. However,
we want to have refinable functions that are the step functions, i.e. we are interested
in refinable functions from the space S(X).

Definition 16. Given r € Z;, n € N and mg € Mé"), o, = or(mg) is the set of
vectors

(607517"'757‘)7 §JED*7 60#07
such that

m0(07£17n+l-~-§l) 7&07 vie {0717"'7T}7 (20)

where £; = 0 whenever j < 0;
Ooo = Ooo(myp) is the set of sequences

(607&17527"')3 é-] ED*? 607507
such that (20) holds for all r > 0.

Note the following obvious properties of these new notions. If o, = (), then
ort1 =0, and if oo # 0, then o, # () for all r.

Lemma 17. Suppose that mg € Mén) is the mask of a refinable test function .
Then oo = 0.

Proof. Assume that o contains a sequence (&, &1, . . .) with & # 0. Then, by ([I9),
P(€o---ENsEN+1 -+ EN4n—1)

= m0(0,§N .. .£N+n_1)m0(0,§]\[_1 .. -£N+n—2) .. .mo(0,0. . Ogo) 7& 0

for every N € N. Thus, the function @ is not compactly supported, which contradicts
our assumption that ¢ is a test function, because of Theorem O

Lemma 18. Suppose that mg € J\/lén) and r € Zy.. If o, = 0, then the function
g(w) = H mo(M* Fw)
k=1

belongs to the space S,(f:lnﬂ)(X*).
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Proof. First of all we note that g(w) is finite for every w because, by (I3)), we have
mo(M**w) = my(0) = 1 whenever k is large enough. Since mg € S,(X™*), obvi-
ously, g belongs to the space Sn_1(X*). Let us check that supp g € M*"—"+D(U+),
Assume that there exists w € X* such that w ¢ M*" "+ (U*) and g(w) # 0. If
now w = M*(“"HH)(&),&,&,...), where | € Z4, § € D* and & # 0, then
mo(M*"w) # 0 for all k € N. Due to ([I3), for every positive integer k < r+ 1, we

have
mo((M*) ™" w) = mo((M*)™ 7" (&,6,&,..)
=mo(0,&—n—rt2.--&r—ky1) # 0,
where {; = 0 whenever j < 0. Hence the vector (&,¢&1,...,& ) is in o,, which
contradicts our assumption that o, = (. O

Theorem 19. Let mg € Mé"), n €N, and let r = m"~! — 1. For the function mq
to be the mask of a refinable test function it is necessary and sufficient that o, = ().

Proof. The sufficiency follows from Lemma [I8 Theorems [§ and

To prove the necessity, we assume that mg is the mask of a refinable test function
. By Theorem [ it follows that @ is also a test function. Assume that o, # 0,
which means the existence of a vector (&, ...,&.) € 0.

€41 =0,...,&1n—1 =0 for some ! <r—n+1, then

(607"'75[70707"') € 00,

which contradicts Lemma [T71

Since there are at most r vectors (€x+1,.-.,E&+n—1), § € D*, different from
(0,...,0), there exist k1 and ko, —n + 2 < k1 < ko < r —n+ 2, such that
Sty = Ehatgs J=0,0..,m—2. (21)

If ko — k1 > n — 1, then the vector (§kyy- -5 ka1, Ekas -« s Ehptn—2) I8 & part of

(€7n+27 s 75*17607 v 7&”)'

Hence, taking into account (21I), we have

(507'"751617"'7§k2717§k17"'7516271751617"'7516271751617"') € 0o (22)

whenever k1 > 0, and

(607"'7516271751617"'7§k2717§k17"'75/6271761617'"75162717"') € 0o (23)

whenever k1 < 0.
Let now ko —k; < n—1, and let L be the maximal integer such that L(ke —k;1) <
n — 1. Since the vector

(gk'l?"'75]62*1751617'"75]62*17"'751617"'75]@‘2*1)7
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where &g, , ..., &ky—1 is taken L + 1 times, is a part of
(6—71—&-2’ cee 75—17607 e 757”)7
again ([22) or ([Z3) holds, which contradicts Lemma [T m|

Due to Theorem [I9] to construct a refinable test function one has to choose
mg € Mén) such that for every chain of digits

507617"'7&”7 T:mnilila £]ED*7 507&0

there exists | < r such that

mo(0,&1—nyr...&§) =0,

where & = 0 whenever j < 0. To see all possibilities choosing zeros of my, it is
convenient to present the vectors (§1-pn4i,...,&) as tree vertices (see Fig. B for
the case m = n = 3, where for simplicity we write kikoks instead of the vector
(5%, 5%y Shy)- We set the null vector to the root, and organize each branch as
follows:

(0,...,0) = - = (&G1ontis - &) = (Eomnily -, E141) — -+

Consider the case m = n = 3 in more detail. Note that four first columns of the
tree contain all elements corresponding to different vectors (£1,£2,€3), & € D*, so
myg is defined by setting all the values mg(0,&1€2€3). We need to provide at least
one zero of mg on every branch of the tree. The simplest way is to choose zeros
in the elements of the second column. However, if we want ¢ to have smaller size
of the steps, it’s worth to keep non-zero elements as long as possible. Each of the

Eu‘-u‘-
-
- o

010

—
—
o

o
—_
—_

012

—_
—
[\

00

=)

(2

)
_——

% R E,\-
e O
YRS~ =

o
o

VAR

(e}
[N
—_

VNN

020

022

Fig. 2. The scheme for choosing zeros in the case m =n = 3.
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zeros in the second column can be replaced by three zeros from the third column. If
there are no zeros in first three columns, we can vanish mg in some elements of the
fourth column. It is clear from the proof of Theorem [I9] that mg must be vanished
in the points 0, &1£2€3 corresponding to the elements

100,101, 111, 200, 202, 222.

Taking into account that the elements 100, 101, 102 follow again after 110 and 210
and the elements 200,201,202 follow again after 120 and 220, we see that it is
not necessary to vanish mg in the points, corresponding to 110, 210, 120 and 220.
Next, since the elements 120,121, 122 follow again after 112 and 212, the elements
110,111, 112 follow again after 211, and the elements 210, 211, 212 follow again after
221, we see that it suffices to vanish mg only in the points, corresponding to the
circled elements.

4. Tight Wavelet Frames on X
Let ™M), ... (@ € L?(X), where ¢ > m — 1. The set of functions

{wj(-,",zzlﬁuéq,jez,kem},
where
W) (0N — )3/ 2, (0) (N[

is called the wavelet system, generated by the wavelet functions ™).
A wavelet system is called a tight wavelet frame in L*(X) if

SN SR UEOE = BIAIR, B>, (24)

JEL keZy v=1

for every f € L?*(X). If B = 1, then the system is said to be a Parseval frame.

The above concept of wavelet tight /Parseval frame is a special case of the well-
known notion of a frame in a Hilbert space, and the general frame theory is deeply
investigated (see, e.g., [16, Sec. 1.2]). In particular, it is known that a wavelet system
{wj(yk) }j ko is a Parseval frame if and only if for every f € L?(X) there holds

q
F=303 el
JEL k€l v=1

Now we describe a method for constructing tight wavelet frames in L?(X) based
on a suitable Walsh polynomial mg given by ([I2]).

Lemma 20. Let mg € J\/lg") satisfy [@3) and g > m—1 (¢ > m—1 in the case of the
strict inequality in relations (D). Then there exist Walsh polynomials mq, ..., m,
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of order n satisfying the following condition:

Y om((M)THE@s))m (M) THED 53)) = bk, VEEX™  (25)
v=0

Proof. First of all we note that (I3 may be rewritten in the form

—_

m—

2
> |mo(0.sige- )| <1, Vige,. &), g eD (26)

k=

(=)

For every fixed (&2, . ..,&,), we set bop, = mo(0, s5&2...&,), k=0,...,m—1, choose

numbers bo, . . ., bog, such that |bog|? + -+ + |bog|> = 1. Note that one can take
g = m — 1 only in the case |boo|? + -+ + |bom—1/> = 1. Using the Householder
transform, we find numbers b, v = 1,...,q, K = 0,...,q, such that the matrix

B = {buk}}, p—o is unitary, and set
my (0,582 ... &) ==byr, k=0,....m—1.

Since each set Uy ;, 0 <1 < m™ — 1 contains one and only one point 0, ;2. .. &n,
we extend m, onto every Uy, and then extend it H*-periodically onto the entire
space X*. Thus we defined Walsh polynomials m, such that

q
Zmu(OaSZafz---fn)mu(O»SZr&---§n):(Sk,k’» v(€27"'>£’n)7 f_] GD*v
v=0
that is equivalent to (25)). m|

Let now mg € Mg") satisfy (@) and o,(mo) = 0, r = m"~! — 1. Because of
Theorem [[9, the function myq is the mask of a compactly supported refinable step
function ¢, i.e. p € S(X).

Definition 21. Let mg € Mé") be the mask of a refinable step function ¢, and
let my, v = 1,...,q, be the Walsh polynomials from Lemma The functions
O @) defined by

P (W) = my (M) 'w)B(M)7w), weX*, v=1,...,4q (27)
are called the wavelet functions associated with ¢.
Since ¢ € S(X), obviously, the functions ¥*) also belong to S(X).

Theorem 22. Let mg € Mé") be the mask of a refinable step function ¢, and
let V.. @D g >m—1, be the wavelet functions associated with ¥. Then the
wavelet system generated by v ... (D is a tight frame in L? (X), and this frame

is a Parseval frame whenever $(0) = 1/+/u(U).

To prove this theorem we need a number of auxiliary results.
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Lemma 23. Let f € L*(X), ¢ € S(X). Then the function

[Flw) = Y flw+h)y Dw+h), weU*
heH*
belongs to L*(U*), and

Z ’ L@ ym)) ’2 = 5<[(](i; /U Hﬁ{ﬁ\Hde (28)
keZy

Proof. By the Cauchy inequality, we have

2

/ wa—i—h w+h) dp(w)
U” lheH"
<[ 3 WFwrhE Y 10+ o) du(w),
U* here gEH*
where the sum with respect to g is finite. It follows from Theorem [G] that
2
/ waJrh w+h) dp(w)
U* |hen~
<c 3 [ Ifw)ldut) < c AR
nem- U +h

which yields [f, 9] € L2(U*).
Again using Theorem [ and Proposition[d taking into account that x(h, yu) =
1forall h € H* and w+ h = w @& h whenever w € U*, h € H*, we get

Lo
7 [ TN ) due)

—~

1 N -
oM ., ). ) e

_ U*/ S Flw+ b + h)x(@ + b ) dp(e)
h*eH*

1 -

= wT U*[f’ [(W)Wi(w) du(w),

i.e. the product /uU*(u(U)) = (f, ¥ (- ®7px)) coincides with the kth Fourier coeffi-
cient of the function [f, 1] with respect to the orthonormal system {W,/+/p(U*) }x.
Using Parseval’s equality, we obtain ([28]). O
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Lemma 24. If ¢ € S(X) and f € L*(X), then

Yo e < CollflBllell3, Vi€ Z. (29)

keZ 4
Proof. First we will prove that the system {¢(- @ h)}nhem is Bessel. Let

c={chthen: Z len|? < oo.

heH

Using that  + v = = & v whenever x € U, v € H, we have

/X > cnelz®h) Qdu Z/U

heH ~eH YUY

2
chP(x@h)| du(x)

heH

—Z/ S enelz+y)@h)| du(x)

yeEH heH
2
= Z/ > enbl@d (yoh)| du(x).
yeEH heH

For every v € H, setting Qy ={h € H: Jx € U :st.: ¢(x + (y® h)) # 0} and
using Cauchy’s inequality, we obtain

J

Y enel@s (y@h)

heH

2
dute) = [ |3 avlwe am)| dut

heQ,

<Yl Y [ oo aem) dw.

heq, h'eH

Since {y @ 1 }pem = {h'}hren for any v € H, there holds

> [ ewe Gen) duw)

h'eH

Z/IM+ (v& W) dp(x)

h'eH

S [ teta s w0 duta) = [ e@) dute) =113

h”eH

Obviously, €1, is contained in a neighborhood of v depending only on the support
of ¥, which yields

DD lenl < Collellz,.

YeH heQ,
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Combining this with the previous estimate gives

/X ZCMO @ h)

heH
which means that the system {¢(- @ h)}pen is Bessel. This yields (see, e.g., [21]
Theorem 1.1.2 and Remark 1.1.3]) that

2
du(x) < CollellZ, | 2113,

D L@ < Coll I3l

keZy

Thus lemma is proved for j = 0. To verify ([29) for arbitrary j it remains to note
that (f, @) = (M2 f(M ), 0(- @ ) and [m =2 f (M)l = || fll. O

Lemma 25. If ¢ € S(X) and f € L*(X), then

im0 = w@)IB0))1£13 (30)

Proof. First we consider the case where f € S(X). Using Lemma 23, we have

Do e =D Um 2 F (M), 0 @ )P

keZ 4 k€eZ4

7m]/’l/2(U) T *] A
- M(U*)/U*H (M w)|? dp(w (31)

IfweU* W ,he H* and ¥’ & h = 0 then

[F(M*),8] = > F(M*) (w+h)P(w +h)

heH*

= HMYweleheh)pwasl &hah)
heH*

Z FUMY (w+H) & h)P((w+ W) @ h).

heH*

It follows that

[ Far), gl dute)

D>

he H*

Y @+ h)2w+h) Y FUM) @+ 1)Bw + 1) dp(w)
h'eH*



20 Reading

March 8, 2024 14:34 WSPC/S0219-5305 176-AA 2450006

Tight wavelet frames on the space of M -positive vectors 17

- ¥ [ Ry @)

h'eH*

x 3 F(MY (w+ 1) @ h)P((w + 1) @ h) dp(w)
heH*

= [ J(M)i(w)2w) > F(M*Y (we h)P(w e h) du(w)
X heH*

— 5 F@)2(M)=iw) 3 flw e (M*) h)2((M*)~iw & h) du(w).

Obviously, there exists jo such that if j > jo, B’ € H* and h' # 0, then

o~

Fw) flwe (M*h) =0, Ywe X

Hence, there holds
/ FOr7), @) du(w)

=m0 | PR ) dpw). Vi 2 o

Together with (31I), this yields

_ /'L2<U) N 3 *\—7 - -
ke%;l(f,%,k)I?— u(U*)/X* [f@)PIe((M) V)P dp(w), Vj=go. (32)

Since lim;_, 100 P(M*)Jw) = $(0) for every w € X*, by Lebesgue’s theorem
and Theorem [B the equality [B0) follows from (B2) by passing to the limit as
Jj — +oo.

Let now f be an arbitrary function from L?(X). Due to Proposition[d, for every
£ > 0 there exists f € S(X) such that ||f — f||2 < e. Since @) is proved already
for the function ]7, using Lemma and the triangle inequality, we obtain (B0)
for f. O

Lemma 26. If f € L?(X) and ¥ € S(X), then

Jim > e =0. (33)

keZ 4

Proof. Repeating the final arguments of the previous proof, we see that it is
sufficient to consider the case where f € S(X). Thus we can assume that

supp f € MY (U) for some positive N. Suppose also that j < —N. Then, tak-
ing into account that z + h = x & h whenever x € MY+ (U) and h € H, we
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have

> (el <md 3 (/ F@I P2 &) due >>

kEZy kEZ,
<718 Y / PO @) dia)
keZy
— 11712 Z/ o (@ + )2 dia(z).
keZ 4

Since ¥ is compactly supported and U is bounded, there exists N’ such that ¥ (z +
Yik) = 0 whenever k > N’ and € MY/ (U). This yields

S Kol < IFI2 / (@) duu(a), (34)
kEZy S(N,j5)
where
SING) = | (MNHU) + )
0<k<N’
Obviously,

lim 1g(njy(x) =0 for every z € X \ H.
j——00

It follows from Lebesgue’s theorem that

lim Lsv.g| P(2)]? du(z) =0, ie. lim | o(2)|? du(z) = 0.
Im= Jx 7= JS(N.j)
Together with ([34)), this implies (33)). |

Proof of Theorem Let us prove that if f € L?(X) and 4,5’ € Z, j < j,

then
i'=1 ¢
Z|f7§0jk| +ZZZ|JC7¢(V) Z|f7§0]/k . (35)
keZy i=j v=1keZ, keZy

Obviously, it suffices to verify that (3] holds for j* = j + 1, i.e. we need to prove
that

Z|f»50], |2+ZZ| Z|f7<'0]+1k : (36)

keZy v=1keZ4 keZy
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Remind that the functions 1)(*) are defined by (Z7), where m,, are Walsh poly-
nomials satisfying (23]). Using Lemma 23] (I4) and 7)), taking into account H*-
periodicity of the functions mg, m1, ..., mg, we have

ST AP+ S [ uiP

keZy v=1keZ4

= D> Wm P FM ), (- @ )P

keZy

+Z Z [(m J/ZfM J)w ( @'V[k]m

v= 1kEZ+

:mj“2<U)/ PO, 816 duu(€)

mote ) Z [ AFar). 6016 dute

(€+m)

U hem+

s my, (M*~HE + 1)) @ (M1 (€ + h))

ST T (MAIE ) my (MTHE ) & (M TN (E+B)) du(€)

h'eH*

( FOUTD) Gl (M* (€ + 5))m, (M*-1<£+s>)>

: ( PO Gl e+ 8)ymy, (M (E+ s/))> du(€).  (37)

s'eD*

Since € + s = £ @ s whenever £ € U*, s € D*, due to (28]), there holds

q
Zmu (M*_l(f + s))my (M*_1(§ +5)) =055, 5,8 € D",

v=0

and hence the right-hand side of (7)) can be reduced to

Frrt) G/ + 9))| dpal€)

seD*
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Using the equality U* = Ugep- M* ™1 (U* + s), we obtain

STEe P30S e

keZy v=1keZ

— pit! M2(U)
- u(U~) GZ,;

PO [ Gt s
=mt e [ Far .2 aute)

To prove ([B4), it remains to use Lemma 23] once more. Hence the equality (35)
holds true as well.
Using Lemmas 23] 26 and passing to the limit in (33) as j — —oo and j' — 400,

2

/ [Fr 9+, 2 due
M*=1(U*+s)

we obtain [24) with B = p(U)|$(0)|?, which was to be proved. O
Example 1 (Haar system). Set ¢ = ﬁlu Ifwe X* and w = h & W', where

h e H* o' € U*, then, due to Lemma ] we have

~ 1 _
Pw) = s | e duta)

1 - 1
- oo /U X ) dufa) = -1

and $(0) = ﬁ Obviously, the function ¢ is refinable with the mask mg € Mél)
that coincides with the function 1. -1y« = 1yy ~on U*, and hence

Z ’mo(w & (M*)~'s") .

s*eD*

1, Vwe X"

To construct wavelet functions (D, ... (™= defined by (@17), we need wavelet
masks my, ..., my,_1. Following the proof of Lemma 20, one can easily provide
identity matrix as B = {bl,k}:f,;:lo setting m,(w) = 1lu; (w) for w € U*. By
Theorem [22] the functions (), ... (™1 generate a Parseval wavelet frame. It
is not difficult to check that the system {1/J§z)}y7j,k is an orthogonal basis (see
also [22]). Hence, every f € L?(X) can be decomposed as

m—1
F=55 S e,

JEZ KEZ, v=1

where the convergence is unconditional.

Example 2. Let m = n = 3. To construct a Parseval wavelet frame generated
by wavelet functions from S(X), we need to have a Walsh polynomial mg as in
Theorem[22] By Theorem[I2] a Walsh polynomial mq € /\/lg") is defined by its values
mo(0,£18283) for all vectors (&1,&2,&3), §; € D*, that correspond to the vertices of
the tree in Fig.[2l As it was explained in the end of Sec. 3, we must provide at least
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one zero of mg for every branch of the tree. First, let us consider the simplest way,
choosing zeros corresponding to the elements of the second column. Obviously,
oo = () in this case. It follows from Lemma [I8 and Theorem that mg is the
mask of a refinable function ¢ such that its Fourier transform ¢ satisfies (I8)) with
C =1/+/u(U), and belongs to the space 82(_2) (X™), i.e. ¢/C is the characteristic
function of M*~*U* = U . Hence, mo(Us o) = 1, mo(Us.,,) = mo(U3,) = 0, and
@ does not depend on mo(Us,,) k = 3,...,26. To construct the wavelet functions
M) (2 defined by @T), we need wavelet masks m;y,mo. Obviously, ¥*) v =
1,2, do not depend on the values ml,(Ug*)k), k = 3,...,206, respectively. Setting
ml(Ug,l) = m2(U§,2) =1 and ml(U:jf,z) = m2(U§,1) = ml(U?f,o) = m2(U§,0) =0,
we get (D) = lus s @ = 1y; ,. Using Theorems 22} [6 I3 and Proposition[7] it is
easy to see that the wavelet system generated by ("), 42 is an orthogonal basis
that after normalization may be considered as an analog of the Haar basis.

Now let us choose zeros of mg as it was described in the end of Sec. Bl (corre-
sponding to the circled elements in Fig. [), and let mq be non-zero in all points,
corresponding to the elements of first three columns of the tree. The function my
is not defined yet in eight points corresponding to the elements of fourth column.
Add zeros in the points corresponding to 110, 210, 212 and 220, and let mg be
non-zero in the remaining four points. So, the function my is identically zero on the
14 sets Uz, k = 0,...,26, and non-zero on the other ones. Setting mo(Us,) = 1
for k=0,1,2,3,8, and mo(Us ;) = V2/2 for k = 4,5,6,7,14, 15,22, 25 we have

Imo(0,06283)* 4 |mo(0, 576:83)[ + [mo (0, s56283) 17 =1, V&, & € D,

which is equivalent to

Z 'mo(w ® (M*)~'s*) ’

s*eD*

=1, YweX™ (38)

It is not difficult to check that (s3, s3, s1, s, s5,0) € 05, and g = 0. It follows from
Lemma [I8 and Theorem [I0] that mg is the mask of a refinable function ¥ such that
its Fourier transform @ satisfies (I8) with C' = (uU)~'/? and belongs to the space
854) (X*). Hence, we have

(’5: Z Z Z CYh“‘s’sl11\/[*72(U”‘)-i-h-i-O,ss’a (39)

heH} se D* s’e D*

where
5
Onse = P(h+0,s8) = (uU)~4/? H mo (M*fj (h+0,ss")).
j=1

The sum in (B9) looks huge, but most of its terms are zero, there are only 19
Nnon-zero ones.

To construct the wavelet functions ("), 42 defined by 7)), we need wavelet
masks my, ms. Using the scheme described in the proof of Lemmal[20, for every fixed
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digits &2,&3 € D*, we set by, = mo(0, sp&2&3), then find numbers b,i, k = 0,1, 2,
v = 1,2, such that the matrix B = {byk}z,kzo is orthogonal, and set

mV(07 826253) = buk = bUk(€27£3)'

It is easy to see that the functions mi, msy take only values 0,1 and 4++/2/2. For
example, for 62 = 53 = 0 we have blO = b12 = b20 = b21 = 0, b11 = b22 = 1, ie.
m1(Us,0) = m1(Us,18) = m2(Us,0) = m2(Us,9) = 0 and m1(Us9) = ma(Us,18) = 1;
for 62 = 53 = ST we have blO = b12 = b21 = 0, b11 = 1, b20 = \/5/2, b22 =
7\/5/2, ie. ml(U3,4) = m1(U3,22) = mQ(Ug’lg) = O, ml(Ug,lg) =1 and ’ITLQ(UgA) =
—mg(Us 22) = v/2/2. The corresponding wavelet functions are defined by 21), i.e.

D) = m, (M*~L)@(M L

2
Z Z Z ah,s]’;,s’1M**2(U*)+h+0,sZs’(M*_l')ml/(M*_l')

heH} k=0 s'€D*

2
Z Z Z Qp sy s’ Z buk(8/76)1M**S(U*)+h+0,sl’;s’§<M*_1')

heH; k=0 s'€D* ¢eDx

2
Z Z Z Z Oéh,s;;,s’buk(Slvg)lM**Z(U*)wLM*ths,’;,s’g'

heH; k=0 s'€D* ¢€D*

Now, let us find the functions 1) themselves. Setting g = M*h + sy, '€, we have

ﬁ /X* 1M*72(U*)+g(w)X($7ﬁd) du(w)
= ﬁ /X Ly -2y (W)x (2, w + g) dp(w)

= M((lj*) /M”(U*) x(z,w @ g) du(w)

o X(:T,g) —2x w w

_ x(z,9) ,2
- X /X Lo (@)X (M 22,0) dp().

Taking into account that, because of Lemma [l there holds

ﬁ /X* 1+ (w)x(y,w) dp(w) = 1y (y),

due to Theorem [I0, we obtain

1 2
¢(V)($) - W Z Z Z Z ah,sz,s’buk(slvé.)X(va*h+Slt?slg)lMQ(U)(I)'

heH} k=0s'€D* £€D*

By Theorem 22 the functions (1), (2) generate a Parseval wavelet frame.
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Thus, we gave a complete description of all masks generating Parseval wavelet
frames consisting of test functions (test-wavelets). Also, a simple explicit method
for their construction was illustrated by examples. It is not difficult to see that there
are enough orthogonal wavelet bases among these frames (see, e.g., [LT, Theorem 4],
where a similar description was given for Vilenkin groups). These frames/bases may
be useful for applications to signal processing. Some examples of wavelet systems
on the half-line were already investigated in this aspect. It is shown in [9] that
for processing some images, a considered wavelet system on the half-line (with
M = p) has an advantage over the standard Haar, Daubechies, and biorthogonal 9/7
wavelets. Moreover, for some fractal signals, discrete wavelet transforms associated
with test-wavelet systems have advantages over the zone coding method and the
discrete Haar transform corresponding to the Haar basis (see Example 1). According
to [7], this can be illustrated by encoding the values of generalized Weierstrass
function:

o0
Wa,p(x) = Zakeﬁk””, 0<a<l, B>1/a
k=1

Numerous orthogonal bases generated by masks mg € ./\/l(()") (i.e. constructed as in
Lemma [20]), where my, in turn, is determined by a vector b = (bg, b1,...,bpn_1) of
its values, satisfying the condition

b1 + [bspn—1]® 4+ bty =1, 0<1<p" ' —1, (40)

were considered. The corresponding discrete wavelet transform O(p, n) was used for
processing. For each signal, a vector, that gave the minimum error, was selected,
and mainly it corresponded to a test-wavelet basis. The ability to select this vector
expands the known methods of adapting the applied discrete transform to the
processed signal. The four initial signals in [7] were the values of the function
We () in 243 nodes of a uniform partition of the interval [0, 1) for pairs of indices
(o; B) € {(0,6;9),(0,8;6),(0,8;9),(0,9;4)}. The root mean square coding errors
show that for all four signals the methods O(3,1) and O(3,2) have advantages over
both the discrete Haar transform H(3) and the zone coding method Z(3) (for the
definition of this method, see [14, §11.3]).
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